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I'maBa 1

KonTunyajabHblil THTErpa.Ji
B KBAHTOBOI TeOpUU I10JId

1.1 IIpousBoasimmii dpyHKOnoHnaa ajiasd dyHKOuii I'puaa
B KBaHTOBOII Teopunu mnoJid. lIpeacraBiieHne mmpon3BOAAIIETrO
dbyHKIIMoHaJIa KOHTUHYAJbHBIM MHTErPaJjoM

Haubosee mociie1oBaTe IbHBIM METOA0M KBAHTOBAHUA I10JISI ABJISETCI KAHOHUIYECKOe KBAHTO-
Banue. [IpakTtuvuecku Best yaebHast urepatypa mo KTII mocTpoena Ha 3ToM MeTome. Mbl JIAIIb
KPaTKO KOCHEMCsT 00IIero popMaan3Ma KAaHOHIIEeCKOT0 KBAHTOBAHMSI B TOM Mepe, KOTopast HeoO-
XOJMMa I TOrO, 4TOOBI BBISICHUTH, 4TO siBjsgercs B KTII ocHOBHBIM OOBLEKTOM BBIYHCICHUST
(moo6HO aMILIUTY/Ie TIePeXo/ia B KBAHTOBON MeXaHUKe M MaTpHIEe IUIOTHOCTU B KBAHTOBOII cTa-
TUCTHYECKOI MEXAHUKE).

Haunéwm c npocreiiniero ciydast ckassipaoro nois ¢ (&, t). Kiaccnueckas dynkuus Jlarpanxka
OIIpeJieJIsSieTCs Yepe3 CBOIo IOTHOCTL L, Ou¢p) ¢ COOTHOIIEHHEM

L(t) = /d?’xﬁ(go, Opp). (1.1)

Hust mepexona kK dyHKuu [aMuabToHa ONpEIeSNM CONpsizKeHHbIe KoopauHare (T, t) um-
IIYJIbCHI:

w(Z,t

SL(t) oL
z,

)= $Gop(@ 1) ~ 9 00p@ 0] (12)

a 3aTeM IIOCTPOMM KBAHTOBYIO Teopuio. Jljist 9TOro 3aMeHnM KiaccHuecKue (DYyHKIUH OIepaTo-
paMu B reiizenbeprosckoM mpejcrasienun o(Z,t) — ¢(Z,t), n(Z,t) — 7(F,t), nagoxkus Ha
HUX KAHOHUYECKHE KOMMYTAIMOHHbIE COOTHOIIEHHUsI TIPU COBIIAJIAIOIINX BPEMEHHBIX apI'yMeHTax

[@(fﬂ t)? 7%(?77 t)} = ihd®) (f - g)? (1'3)



IPUIEM KOMMYTATODPBI [P, @] u [ff, ] paBubl Hy/t0. Boipaxast ¢ nomomipio (1.2) dyp yepes 7 u @,
HAXOJIUM ollepaTop 'aMH/ILTOHA B Teii3eHOePrOBCKOM IIPeICTaB/ICHIN:

(. ¢) = / @z {#(Z, 70)0p(F, 20) — L($,7)} (1.4)

Hampumep, /st caMOJEHCTBYIOIIEr0 CKAJISPHOTO IMOJIst ¢ HOTEHIHAJIOM V (), OMICHIBAIONIETO
IJIOTHOCTD JIarpaHzKuaHa,

_L(Op 90 ap
L= 5 (8:{;” Dz, m*p V(). (1.5)

Oneparop lamunssrona (1.4) ectsb
. 1 .
H:i/fx{zﬁl+W@F+nﬁ&)+V@ﬂ}. (1.6)

[Tocrpous oneparop amusbrona (1.4)-(1.6), MOXKHO, B IPUHIIUIIE, OIPEJIETUTE €I0 COOCTBEHHBIE
dyHKINT U cOOCTBEHHbIE 3HAUEHUS:

~

H(#, ) [n) = Enln), 0< Ey<E1<...<Ep<.. (1.7)

Cocrosinue ¢ HauMenbineit sneprueii |n) urpaer 8 KTII orpoMHyto poJib 1 Ha3bIBaeTCsi BAKYyyM-
HBIM (MM IPOCTO BakyyMoM). IIpu 9T0M OOBIMHO SHEprusi BaKyyMHOI'O COCTOSIHUSI [I0JIAraeTcst
PABHOII HYJIIO, ITOCKOJIBKY Ha Heé KaJuOpyeTcs SHEPTHus BCEX M3MEPUTEIbHBIX ITPUOOPOB:

Hin) =0. (1.8)

OcnoBubIM 00bekTOM Bbruncsienusi B KTII sisisitorest nosiesbie dbyukiun ['puna (OI'). n-roueunast
OI' G (x1,x9, ..., ) OUpesessiercs B Teopun ckassipaoro mouist (1.4)-(1.6) Kak cpejiHee 10 Baky-
YMy OT XPOHOJOTHYIECKOTO MPOU3BEICHUS TOJIEBBIX OIEPATOPOB B I'eif3eHOEPrOBCKOM IIPEJICTAB-
nernu (z = (%, x0)):

(O T [P(21)¢(
(0]

Gn(x1,22,..., %) (1.9)

2)...p(xn)] |0)
0 .

Hepes @I (1.9) ¢ mOMOIIBIO TAK HAZBIBAEMbIX DEJIYKIIMOHHBIX (DOPMYJI CTPOSITCST MATPHYHBIE
3JIEMEHTBI MaTPUILI PACCESHUS, BXOISIIUE B HEIIOCPEICTBEHHO SKCIEPUMEHTAIBLHO U3MEPIEMbIe
BestmauHbl. MBI He Oy/eM OCTaHABIMBATLCS HA 9TOM BOIIPOCE B HACTOSIIEM BBOJHOM yIeOHOM
Kypce, & HHTEPECYIOIIErocs IUTATE/IsI OTChIIAeM K COOTBETCTBYIOIIEH JuTepaType.

B cBoro ouepenp dyuknun 'puna (1.9) MOXKHO MTOCTPOUTDH M3 HEKOTOPOT'O IEPBUIHOIO 00HEKTA,
C TIOMOIIBIO omneparuu PyHKIHOHAJIbHOrO nuddepentinposanus. MeTosm, ¢ MOMOIIBI0 KOTOPOTO
910 menaercs, ObL1 paspaboran FO. IlIBuHrepoM m Ha3bLIBAETCS METOIOM MCTOYHUKOB. V3m0oXKmM
BKpATIIE CyTh METOJIA.

[Tycts B KaxK 101t TOUKE 4-IIPOCTPAHCTBA BMECTE C KBAHTOBAHHBIM TosieM (T, t) ompeneseHa
HekoTopast Kiaccudeckasi by J(Z,t), uHTepuperupyomasics Kak GOyHKIHs KJIaCCHIeCKUX
[OJIEBBIX UCTOYHUKOB. DTO MOXKET OBLIThH U peajibHast (PU3NIecKas BeJIUYNHa, HAIPUMED BHEIITHUH



9JIEKTPOMATrHUTHBINA TOK, ecian ¢(Z,t) = A, (Z,t), a MoxkeT OBITH, I HEKOTOPOE BOOOPazKaeMoe
KJIACCHUYECKoe II0Jie. B3zaumMojeiicTBue 3TUX MCTOYHUKOB C KBAHTOBBLIM IIOJIEM CTPOMTCS MUHH-
MAaJILHBIM 00pa30M:

L(@a 8#95) — £(¢7au¢) + J(f7t)¢(fu t)‘ (110)

B Takom ciyuae

H(#,p) — H(#,p) — /d%J(f, H@(T,t). (1.11)

Jlist ontmcannst KBAHTOBOM CHUCTEMBI ITPU BKJIIOYEHHDBIX MCTOYHUKAX YI00HO MepelTH K Mpe/I-
CTaBJIEHWIO B3aUMOJIEHCTBUsA. B 1peicraBieHni B3anMOIeACTBIASA BOJIHOBAsT (PYHKIUST COCTOSTHISI
(1, B 9aCTHOCTH, BaKyyM) 9BOJIIOIUOHUPYET BO BPEMEHHU JIUIIb [P BKJIIOYEHUN TaMUIBTOHHAHA
B3aMMOJIENCTBUS, KOTOPBIN B MIPEINHTEPOBCKOM TIPEJICTABIEHUN JIJISI OMIEPATOPOB MMEET BUJ

Fit = — / B (F,8)psn(E). (1.12)

Ecsn Teneps 3a1aTh B npencraBiennn B3anmoeiicTsus (1.12) B kadecrBe Bakyyma upn t = 0
reitzen6eprosckoe Bakyymuoe cocrosinue |0) (He 3aBuCHT OT BpemeHwu!), TO MOYXKHO OCTPOUTH
cocrosinue |07) npu t = —00, KaK TaKoe BaKyyMHOE COCTOsIHUE IPU ¢t = —00, KOTOPOE IIPO3BOJIIO-
nmonuposaso 1o |0) pu t = 0, a Takke coctognue |07, Kak Takoe BaKyyMHOe IIPU ¢ = +00, KO-
Topoe nostydaercst u3 |0) npu ¢t = +00 pu 3BoJIOINE B GECKOHEYHO y/IasIéHHOe Oy ryIiee ¢ = +00
nog, aeficrsuem (1.12). st aMIumTy sl epexoa, KoTopyio Mbl Oyaem obosuadars (0] 07) , B
IPEICTABICHIN B3aNMO/JICHCTBUS [TOJIyIaeTCsl CJIeLyIoNas HeTpUBuaJIbHasa hopMyia:

(0*]07), = <oyT{exp [—i/h/

—00

—+00

dtﬁmt(t)} } 0), (1.13)

e sBostonueit oneparopa Hiny(t) yupasisier oneparop H B IIpeMHIePOBCKOM IIPE/ICTABIECHHN:

Hin(t) = eimﬁmte_im = —eim (/ d%J(a‘c’, t)g&Sh(i) e‘im = (1.14)
_ / B (7D 1).

Amabaruueckas runoresa (MsrKoe BKJIIOUEHHE - BBIKJIIOUEHNEe B3auMOJIEHCTBHsI) CBOJUTCS K
TpeboBaHNIO Ha (DYHKITUIO UCTOIYHUKOB

J(Z,1) 0. (1.15)

‘t—>:|:oo

Takum obpazoMm, HAMH OIIPEJIeJIEHA AMIUIMTY/A HepPeXo/ia KBAHTOBAHHOI'O IOJI U3 BaKyyMHOIO
COCTOSIHMS B OECKOHEYHO yIaJIEHHOM IIPOIIJIOM B BAKYYMHOE COCTOSTHUE B HECKOHEYHO Y/IaJIEHHOM
Oyay1IeM IPU BKJIIOYEHEHHBIX UCTOYHUKAX:

(0707, = (0| T {exp [i/h/d"‘xj(x)@(x)] } 0). (1.16)



I'umoresa ajnabaTndeckoro BKIIOYEHUs B3anMoeiicTBus ¢ mcrounukamu (1.15) mpusoaur K
ycaoBuio ynurapuocru (ecrectBennoe dbusnueckoe ycaosue, uro [07) u |07) pasmuvaiorcs Ha
bazoBBIil MHOKHATEID ):

Z[J] = (0% 07), = eiWll. (1.17)

dynknnonasnsr or ucrodnnkos Z [J| u W [J] naspBatorcst 8 KTII coorBercTBeHHO ITPON3BO/IS-
muM byuknronaaom it PI' u npousosamumM dyHkinonaaoM jid ceazanubix OI'. TTokakem,
YTO U3 HUX, KAK U3 HEPBUYHBIX OOBEKTOB, JIEHCTBUTEIBHO MOTYT OBITH OIpe/iesieHbl (DYyHKITNH
Ipuna. OHu, KaK HETPYIHO yBUJIETH, HOaydatoTcs u3 dyukinuonana Z [J] (1.16) upu ero dbyHk-
MUOHAJIBHOM U PEPEHITPOBAHUN 110 UCTOTHUKY

_ <l> " {01 T [p(21)P(@2)---@(zn)] 0)
h (01 0)

1 5@z 0]
Z[0]0J(21)8J (x2)...0.] ()

J=0
t

— <h)nGn(x1,x2, - T). (1.18)

OupejiesM 06beKTHI, KOTOpBIE moJyvarorcs 1pu juddepenimposannn dbyukiuonana W [J].
st sroro 6ymem nocsenoaresnbho nuddepenimposars (1.17) o ucrounukam J(x).
[Tpu B3siTHHN TepBOi (PYHKIMOHAIBLHON TPOU3BOIHOMN IOy IUM

LSzl i oW i olgo)
0] 6J(x)|,_y Hh 6J(x)|,—, R (0]0)
Taxum obpaszom,
SW [J] (0] ]0)
= = G1(x). 1.19
6J(x) [;—o (0] 0) 1) (1.19)
Bropas npoussosinast 1aét
1 2ZJ] i PW[J]

Z[O} 6J(x1)5J(a:2) J=0 - h 5J(1‘1)(5J({L'2)
)

_ <h> <orT<¢<<agl|>£<xz )10) _ <i>2G2($1,m>,

OTKYy/da HaXO/ UM

Go(z1,m2) = G1(21)G1(x2) + Ga(21, 22),
rJe cBs3Has AByxTodeuHasds DI

[k &2W [J]
Ga(z1,22) = <2> m

(1.20)

J=0



Ananormano TPeThbd IIPOU3BOJHAaLA IIPUBOINT K COOTHOIIIECHUIO

G3(x1, 20, 23) = o|r (@(x1z§<g>2)¢($3)) |0) _

= Gl(.%'l)G1<1'2)G1(-TJ3> + [62(-751; $2)G1<$3) +ég<$1,$3)G1($2)+
+Go (22, 23)G1(21)] + Gs(w1, 2, 33),

rie cBa3Hag Tpextodeynas OT

_ n\? W [J]
= |- . 1.21
G3(z1, 72, 73) <2> 57 (21)0 (2)0 (3) | 1, (1.21)
[Iponosizkast 3TOT IPOIECC JI0 N-TO IIara, MOJy4YuM CBA3HYIO n-Todednyio DI
_ A\"! 5"W [J]
n ’ sy ) = n . 1.22
Gnl@r, 22, s n) <z) 3.0 (1)0 (x2) .00 (2n) | g (122)

Taxum o6paszom, sefictBuresnbao, W [J] siBisiercst Ipou3BoasiuM (DyHKIMOHAIOM JIJIsl BBIIHUCIIE-
uust cBsa3ubix PI') uepes Koropbie, B cBOIO 0vepe/ib, crposites nosabie OI' (1.9).

OcHoBHolt 3a1a4eii B uaytaraemoM nojxoje K KTII, kak ciemgyer u3 npeablayiero, siBisieTcst
BOIIPOC O TIPEJICTABIEHUN KOHTHHYAJIHHBIM HHTEIPAJIOM OCHOBHOTO OOBEKTa — IPOU3BOISINErO
dbyuximonana W [J]. dust eé pemenus: Bocrosibdyemcst TecHoit ananorneit mexxiay KTIT n kBan-
TOBOI MexaHukoil. Kak Mbl yBHJIMM HUKe, 9TO HO3BOJUT IOCTPOUTH AMILIUTY/LY IIE€PEX0/a B
KTII, uro, B cBOIO Ouepeb, IPUBEIET HAC K npejcraBieHuio dyukiwonana W [J] uepes K.
Haunéwm ¢ Toro, 4ro moJsie, B INPHUHIIAIIE, OTJINYAETCS OT KBAHTOBOMEXAHWMYECKOW CUCTEMbI JIMIND
TeM, UTO IEPBOE MMEEeT KOHTHHYYM CTelleHell CBOOOIbI, B TO BpeMs KaK ITOC/IE/HSsT - KOHEU-
HOe (MM CYETHOE) YHUCIIO CTeleHeil CBOOOJbI. DTO NPUBOJUT K CJIEJYIONIeli TeCHON aHAJIoruu:
AHAJIOTOM CHCTEMBI OIIEPATOPOB KOODJMHATHI ¢; B KBAHTOBOI MEXaHUKE SIBJISIETCS IIOJIEBOH Olre-
paTop B IIPEINHI€POBCKOM IIpeJCTaBIeHu (X)), Tjie aHAJIOIOM JUCKPETHOIO MHIEKCA 1 CIIYXKUT
"koutunyaabubiil"unaeKe . Jlamee mo aHAJOTHU CTPOMM ypaBHEHUE Ha COOCTBEHHBbIE (DYHKITUU
— cobCTBEHHbIE 3HAYEHUS:

Gi lai) = gilas) & (&) |(F)) = (@) [2(F)) ,
rje cobcrBennble 3HadeHns P (Z), momedaembie "KOHTHHYATBHBIM "MHIEKCOM &, SIBJISAIOTCS OObIY-

HBIMHA YMCJIOBBIMH (bYHKH,I/IHMI/I 1 Ha3bIBalOTCd IIOJIEBBIMM KOH(i)I/IpraH,I/IHMI/I. ITo anasioruu ¢ AIl
Z

1" / /
B KBaHTOBOI MexaHuke { ¢, ,t | q;,t > MOXKHO OIIPEJEJINTD aMILIUTYJLy IIEePEX0oa U3 II0JIEeBO KOH-

dburypamun @ (Z) B Moment ¢ B noesyio koudurypamuo Po(Z) B momenr ¢t B KTII:
(2@, "] @1(2).1') = (@3] HC = 0y 3, (1.23)

e oneparop amuibrona H (7, ¢) onpenesnén namu B (1.4). ITo anasorun ¢ KBAaHTOBOI MeXaHU-



Koit, (1.23) mpezcrasisiercs, B cBOIO ouepeipb, depe3s KU1 B rammibToHOBO# opme:

<<I>2(f),t

(f),t/> =M / Dr(Z,t)Dp(Z,t) x
)7 t) (I)l( )

t)=0
xexp{ / dt/d3 [WCI) H(, (p)}} (1.24)

riae H(m,p) — wioTHOCTD Kiaccuueckoit dyukimu [amuibrona. Beerya mm MoxKHO mepeiitun oT
raMusIbToHOBOI (1.24) K dbenmanoBckoii popme, pourTerpuposas (1.24) mo umiyabcam? B mpo-
crom ciay4dae (1.6) - uaTerpas mo uMiysabcaMm rayccoB. OH JIEPKO BBIYUC/ISIETCsI, U B PE3yJIbTATe
nostydaeM npeacrasiaenne All B deifitamaHoBCKO dopme:

<<I>2 )t ‘ oy (7 :./\//D@(f,t) X exp{;/t/t dt/d?’xﬁ(q),(“)u@)}.
B(Z,t) = Oo(T), B(T, 1) = B1(7). (1.25)

OxHako B 11€JI0M psijie caydaes 3ajada nepexosa or (1.24) k (1.25) nerpusuanbaa. K TakoBbiMm,
HAIPUMED, OTHOCSITCSI TTOJIEBBIE CHCTEMbI C HAJIOXKEHHBIMU HA HUX CBA3SIMU (KATUOPOBOUHBIE TEO-
pun). XapakTepHbIM IIPU3HAKOM TaKUX TEOPHH sIBJISIETCS] HAJIMYUE B HUX IIUKJINYECKHUX T10JEBbIX
KoopauHaT. Mbl He OyIeM KacaThCs 31eCh IPob/IeMbl KBAHTOBAHUSI KaJIMOPOBOYHBIX Tosieil. U nen
JUTs1 JTAJIbHEHIIero MpoJIBIzKeH sl BIepé JaéT sHeprerudeckoe npejcrasienne All (1.23) B one-
paTopHOM (hbopMasu3Me:

<<I>2(f), ¢

(f>7t'>:Z<% [n) (n [B1) e~ 1000, (1.26)

Eciun nepeiiTu, Kak B CTATHCTHYECKOI KBAHTOBON MeXaHUKe, K €BK/IMI0BOMY IIPOCTPAHCTBY (aHa-
JIUTUYIECKOE IIPOJIOJIPKEHNe Ha MHUMYIO OCh BpeMeHHn) T = it (neiicrBuresbHoe), To (1.26) mepe-
XOJIUT B

(@),7 ) =" (@ [n) (n |@1) e FET =), (1.27)

n

<<1>2(g:~'),7

OTKYJIa CJeIyeT

Jim (@y(@), 7

’
T —T —00

(#),7) = (@2 [0) (0 [@1) = Wy @3] W [@1], (1.28)

Z) u
28),

riae Yo [Po],, Uo [P1] — BosHOBBIE DyHKIMN BaKyyMa, IIOCTPOCHHBIE HA KOHUrypanusx P;
Oy (7). Anasmrunaecku npogosnkas dopmyiy (1.25) Ha MHUMYIO OCb U KOMOUHUDYs €€ ¢ (

(
1
I10JIY UM

Wo (0] W5 [@1] = N - / DO(F, r)e t5E0, (129)

B(Z), 7" =+00)=B2(Z),B(Z),7' =—00)=d1 (F)



e eBKJINI0BO JeiicTsre (1.29) murst ciaydast, HampumMep, IpocToii cucremsl (1.6)

+oo 2 . 2
@]—/ dT/de{; (?) + (V@) + m2®?
oo T

ITpu obpaTHOM HEpexo/ie B MPOCTPAHCTBO MHUHKOBCKOIO I'DaHUYHbBIE YCJIOBUS, [IPE/ICTABIISICMbIE
B (1.29), nmeror BuJ

+ V(CD)} : (1.30)

’

(Tt = +ico) = Do(Z), D(Z,t = —ico) = D1 (),

9YTO O3HAYAET, YTO BakyyMHas KoHburyparms Po(Z) 3amaéres B nporuiom, @1 (Z) - B Oyymem.
Jlesast wactb (1.29) ecrs (0 |0), u st Toro uro6er nocrpours Z [J] = (07| 07);, Heobxoxu-
Mo BBectn B KU (1.25) ucrounnku. It 9TOro IUIOTHOCTH JIarpaHKUAHA B [OJBIHTErPAILHOM
sKcrionenTe (1.25)

L(D,0,8) — L(D,9,D) + J(z)D(). (1.31)

Jlamee BBOIMM aabaTHIECKyIO THUIOTE3y Ha sI3bIKe KOHTHHYAJbHOTO mHTerpaJga. Jlms sToro
[IEPEXO/IUM K €BKJIMJIOBY HPOCTPAHCTBY € YYETOM TOrO, UTO POJIb JarpaH:kuana urpaer(l. 31)
U CYATAEM, YTO UCTOYHHUKH BKJIIOYAIOTCA aauabaTUYECKH B CBKJINI0BOM HPOIIIOM T >7 u
BBIK/IIOYAIOTCS 8 MabaTUIeCK B €BKJINI0BO OymayimieMm T’ < T

Torna Mbl Brpase 3anucarb iyt Al npy BKIIIOUEHHBIX UCTOUHUKAX:

<(b27 7—”

Jlist aMILIUTy A, He 3aBUCAIUX OT UCTOYHUKOB, MOJIYIUM, MEPEXOJsl K SHEPreTHIECKOMY IPE.I-
CTaBJICHUIO,

_ /D@D@’ <c1>2,7” 1, T) (@, T ’@’,—T>J <<I>’,-T ‘@1,7’>. (1.32)

lim (@, 7" [®,T) = lim Y (@3] ) (n] @) e T ~Er = (5] 0) (0] @),

(’T” —T)—o0 n

lim (@, =7 01,7) =lim > (@'| n) (n] &) e HCTIE = (

(r'=T)—o0

0) (0 @1),

OTKY/Ia, BOCIIOJIb30BaBIINCH (1.32), mosryanm

<CD27TH > , , ,
lim = lim DODP (0| &) (S, T|P,-T)(P |0) = 0" 0™
o o (@2 0) (0] B1) T 0] @) (@, 7 &, =T) (8" |0) = (0" [07),

(1.33)

Taxkum obpazom, ucnosbsys (1.25), (1.29) u (1.33), moxxuo Beipasuts Z [J] B Buge KU1 B yersr-
PEXMEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE:

fD(IJexp{—f (Sg (@] — [d*zpJ - (I))}

1
Zp[J] = e sWel =
1] fDq)exp{—ﬁ £ [®]}

(1.34)
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OTmMeTHM, ITO rPAHUTIHBIE YCIOBHS HA CAMOM JeJle He HIPAIOT POJIH, TOCKOJIbLKY He BXOJST B Jie-
By10 dacThb (1.34). Huxke, Ha psizie npumMepoB OyieT oKa3aHo, 9To, X0Tst (POPMAJIBLHO 9TU YCIOBHS
u 3aJ1at0Tcs B npasoii yactu (1.34), upu Berauciennn @I (1.9) 3HaHNE UX KOHKPETHOTO BUa HE
TpebyeTcs.

st Beraucoenus: Gyunxponanos Z [J| u W [J] (1.17) HeoOX0AUMO CAeIaTh aHATUTHIECKOE
npeobpaszoBanne (MoBOpOT B ¢ mi ky IJIOCKOCTSAX) K mpocrpancrBy Munakosckoro. Ilpn srom,
OJIHAKO, BO3HUKAET IIpobsieMa 00X0/[a MOJII0Ca [IEPBOro HOPsi/iKa, KOTOPDIl MOSIBIISICTCS B PE3YJIb-
TATE AHATNTHYECKOrO MPOJOIKEHHs Ha pealbHol ocu ¢ wim ko (B Toukax ko = +V k2 + m?2,
HAIPUMep, B CJIydae MAacCHBHOIO CKaJIsIPHOIO T10JIs C JarpamkuasoM (1.5) ).

Mo2KHO OKa3aTh, ITO HpaBuiIa 00X0/1a ITUX MOTIOCOB SKBUBAIEHTHBI TAKUM IIPABIIIAM BbI-
YHCJIeHNs TPOU3BO/IsIero dbyukiuonaa (1.17) HenocpeacreeHHo B ipocTpancTBe MUHKOBCKOTO,
IpU KOTOPOM (PyHKINOHAIBHBI nHTerpast (1.34) mpu aHaInTHIeCKOM IIPOIOJIZKEHIN B IIPOCTPAH-
cTBO MHIHKOBCKOro 3aBeZioMo cxoauTcs. llocieniiee TOCTUraeTCss ¢ IIOMOIIBIO TaK HA3BIBAEMOIT
€-IIPOIIE Ly PBI

Z(J) = etV = [D@exp{+ (S [‘I),?E] + f.d4acJ @)}
[ DPexp {15[®, ic]}

, (1.35)

rjie PyHKIMOHAT JeHCTBUSI, HAIPUMED JJIs CIIydasi MACCUBHOIO CKAJIIPHOIO OIS C JIAPAHKH-
anoMm (1.5), nmeer BuI:

S[®,ic] = /d% {; [(0,@)(0"®) — (m? — ic)®?] — V(@)}. (1.36)

Beomumerit B jrarpam:kuai "pykaMmu"djieH, cojeprKalnnii MaJiblii mapamerp € — +0, npuBoauT,
C OJIHO} CTOPOHBI, K 3aBeoMoil cxopumoctu (1.35), ¢ Ipyroit CTOPOHBI, TAET HyKHBIE TIPABUIIA
06X071a TIOJIFOCOB [IEPBOTO MOPSIJIKA B BhIPpAYKEeHUN i1 (heHMAaHOBCKOrO mporaratopa (CM. HUXKE
nyHKT 1.3) .

1.2 @yHKIIMOHAJIbHBbIE I'ayCCOBbI MHTETrPAJIbI
1mo 6o3e- 1 pepMU-NOTIAM

B macrosimem pasgesie 6yIyT TPUBEEHDBI MOIE3HbIE W HYKHBIE HAM B JajbHEHIeM (HhOopMyIIbl
BBIUUCJIEHUs] TAyCCOBBIX MHTEIPAJIOB B Teopuu 1ojisd. [Ipu 3ToM mojipasyMeBaeTcst, ITO rayccoB
MHTErpaJl B €BKJINJOBOM IIPOCTPAHCTBE CXOAMTCST HEIIOCPEICTBEHHO, a B mpocTpaHcTBe MUHKOB-
CKOT'O — C IIOMOIIBIO E-TIPOIIE/LY PHI.

Hauném co citydas meficTBUTE/ILHOTO CKaJIApHOrO 1oJjis. [Ipu 3aanum B €BKJIUIOBOM IIPO-
CTPAHCTBE KBaIPATHIHON (DOPMBI IO MOJISIM HamboJjee 00IImero BuIa

Qo] = ;//d4xEd4yE<P(33E)A(eTE7yE)SO(yE) _/d4xEJ(33E)<P(37E)7 (1.37)

e A(zg,yp) = Ay, zE) — GyHKIHOHAIbHAS MATPHUIIA KBAJIPATUIHON (DOPMBI, JJIsi TayCCOBOIO
UHTErpaJjia uMeer Mecto opmyia

/ Dy (&, 7)e Q% = A [det 4] /2 - exp {—; / / d4xEd4yEJ(ﬂcE)A_1(;vE,yE)J(yE)}. (1.38)
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B cayuae xomiuiekcHOro cKajsipHoro mojst @, @*, sKBuBa€eHTHOTO JABYM JEHCTBUTEILHBIM CKa-
JISPHBIM TIOJISIM (01, P2:

—q +1i
oo P72 g p1T e
V2 V2
IpY 3aJaHIU KBAAPATUIHON (POPMBI 110 TOJIAM BUIA

Q[", 8] = / / P yn®* () Az, yp)®(ys) — / dap(J O + ) (1.39)

BBIYMC/ICHIE I'ayCCOBOTO MHTETrpaJia IPUBOJUT K PE3YyAbTATY
/ DO* (7, 7)DD(Z, 7)e QP = N [det A] 71 - ¢~ [ dendlyp " @p) A wpyp) I (e) (1 40)

[Tpu BBIYmCIEHNN rayccoBoro nurerpasa (1.38) HernocpencTBeHHO B pocTpancTBe MUHKOBCKOrO
C IIOMONIBIO E-TIPOIEYPHI ITOJIYINM

/Dgo(f,t)eiQ[“”ig] = N [det A]7V/2. 671/2ffd4mEd4yEJ(r)[A(x,y)ﬂsa(“)(r*y)}_IJ(y)’ (1.41)
rue
: 1 4. . <(4) 4
Qlp,ic] = 5 [ [ d'ed'yp(e) [Alw,y) +ie8D (@ —y)| o) + [ de@p(@).  (142)

Amnajormano MOXKeT OBITH BBITHCaHa (DOPMYyJIa U JIs BbUucIeHns rayccoBa nurerpasa (1.40) B
rnpocrpancTBe MUHKOBCKOTO.

Bosuukatomuii B mpaBbix gactsax Gopmyi1 st rayccoBbix unTerpaios det [A(x, y)] nonuma-
ercsd Kak IPOU3BeeHre BeeX COOCTBEHHBIX 3HAUYEHMI oleparopa

Az, Y)on = Aatpn,
det [A(z,y)] = [[ M. (1.43)

[Tepeitném k ciydaio dpepmu-tioseii. CBoboaubie dpepMu-1o0s MoryT ObiTh omucanbl B KTIT au-
PAKOBCKUM JIArPAHKHAHOM

L= / BE TE 1) (0" — m)F (1) (1.44)
U J1J1sl KAHOHUIECKU CONIPSIZKEHHOTO UMITY/IhCA JIMPAKOBCKOMY 4-criuropy ¥ (T, t), Kak KoopuHare,

nostyanM corviacuo (1.2)

)
)= S @.0)

IPUYEM Ha KBAHTOBYIO TEOPUIO HAKJIAJBIBAIOTCS COOTHOINEHUS], CBI3aHHBIE C AaHTUKOMMYTalliei
I10JICH ¥ UMILYJIbCOB:

—

(&t =Wt (Z,1), (1.45)

{W(f, 1), 9+ (7, t’)} = h®)(Z — ). (1.46)

£t
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Heobbranocts obbekra ¥(x) BuaHa yrke u3 Toro, uro (1.46) B "kmaccmaeckoM"npenene b — 0
[EPEXOJIUT B

{L[/(aj), W—F(y)} =0,

YTO O3HAYAET, YTO MBI B ciaydae dpepMu-1osieil B "KiaccuueckoM "ipesesie mMeeM JeJ10 ¢ BeJInIn-
HaMu, HogYuHsIomuMucs ajaredbpe I'paccmana

{61,0} =0, {01,0,}=602=0, {6,605} =62=0. (1.47)

Kaxk mocrpours npousomsmuii dyukimonan rtuna (1.35) mis dbepmu-noseii? Buepsbie rakast
3ajiada B (popMasin3aMe KOHTUHYAJBHOIO WHTerpaJja Obljaa mocraBjieHa u pemieHa 6ojee 40 jer
Ha3aJ[ 3aMedaTe/bHbIM coBeTcKuM MaTeMaTukoM @. A. Bepésunbivm. "Kiaccuaeckum" o6 bekTOM
B CO3JIaHHOM UM (hbopMasiu3Me sABJISIOTCs obpasytoriue ajiredbpol ['pacemana. [Tockonbky Kiaccu-
qecKkre (pepMHU-II0JIs B MPUPOIE OTCYTCTBYIOT, TO IO TAKHM IIOJISIM O0SI3aTEJILHO JTOJIXKHA OBITH
nposejieHa narerpaius. Habsomaembivu sipyisitorest @I B KOTOpbIe BXOMAT HOMTapHbIE KOMOMHA-
nun nosteit Tuna ¥ (x), ¥(y).

Cnenyst Bepésuny, paccMoTpuM BHaYaJie JBE I'DACCMAHOBBI IIEPEMEHHbIE, Ha KOTOPBIX pea-
mu3yercst asnrebpa (1.47). Torga s GyHKIMA OT 9TUX EPEMEHHBIX, KaK JIEMKO BHJIETb, MMeeT
MECTO pa3JIoXKeHue

f(@l, 02) = Cy + C1601 + Ca65 + 039102, (1.48)

rie C; — KoMIuieKcHble unciia. Orepaliis HHTeIrPUpOBaHUsl IOCTYJIUPYETCsS B BHJIE TaK HA3bIBAE-
MBIX TIpaBuy Bepésumna:

/d91 = /d92 == 0, /d9191 == /d@geg = 1, (149)

Ipu 3TOM {d@l,gl} = {d91,92} = {d92,91} = {d02,02} = {d@l,deg} = 0. I/ICHOHBSyH (1.48),

(1.49), mosryuaem npasuio "Bk apryMenTa:

/def(e—eo) = /def(e), (1.50)

a TaK2Ke JIE'KO BBIYHCJIFEeM HMHTEr'paJi

/ 6, / a6y £(61,05) = / 6 / 461 [Co + C101 + Cably + C10165] —

:C3/d92/d919192 = 03/9292/d9191 = Cg. (1.51)

B wacrHocTH, ast dyHKIMN BUa
f(601,02) = %2 =1+ 46,6, (1.52)

nmMeemM

/d92/d916A9192 = /d92/d01(1 + A616,) = A. (1.53)
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O600ITIM TTOJTyIeHHbIE Pe3YIbTATHI Ha, CIyYail CHCTEMBI 21 TPACCMAHOBBIX MTEPEMEHHDIX:
05,0, =1,2,...,n), {0),03} = {92,9}} = {04,053} =0. (1.54)

Paccemorpum kBasipaTudHyio hopMy Ha STUX I'PACCMAHOBBIX MTEPEMEHHBIX:

S[67,6) = > 05 Aas0s, (1.55)
a,B=1

rie Ayp — cummerpuynasg (n X n) marpuia. C IOMOIIBIO OPTOrOHAIBHOIO HPEOOPA3OBAHNS MBI
BCET/[a MOYKEM IEPEUTN K TAKUM IOJISIM 1), TJIE

S10%,6] = S[n*,nl = > Banina (1.56)
a=1

u 1pu nepexoze (1.56)

/ [[ dbado;e”" = / [ dnadngzeStrl. (1.57)

BaMeTI/HVI, YTO 3KCIIOHEHTa IIOJ] MHTETPAJIJIOM pDal3JjiaracTCda B IIOJIMHOM
S 1 2 1 n
S =1+ 8+ 80+ + 5", (1.58)
: n:

rJie TOCJAeHUI 9JIeH B IIOJIMHOME UMEET BU,

S" = Z Z Ba1-'-Ban(77;177@1)"-(77;n77an) =

ar1=1 an=1
n

=n! H Ba(n;na)a (159)

a=1

rje n! — HOJIHOe YUCJIO [IepecTaHoBOK Hap (1)17q)-
Crnenyst npasuiam Bepésuna (1.49), moxyunwm juist (1.57) ¢ yaérom (1.59)

* * * S"
[~ o 5 -
« o
n
= (=1)" - [ Ba = (=1)" - det A, (1.60)
a=1

Pacnpocrpanenue (1.60) Ha ciyuail kBajgpaTuaHoii hbopMbl Hauboee 00IIEro Bua

QIO%,6] = 05 Aasls — > (Jibo + 05.T0) (1.61)
a,f a
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MPUBOINT K hopMmyite
/ [T d0ad6e@0 %) = (“1)" - det A - =747, (1.62)

Haxkomner, pacmupenne na KTII maér mis rayccoBoro murerpasia mo (GpepMu-moJisiMm OT KBaIpa-
TUIHON POPMBI BUIA

Q [@, W] = // d%d%@(w)A(m,y)W(y) + /d%(n?—i—@n) (1.63)

B IpocTpancTBe MUHKOBKOTO (hOpMyITy
/ DU (2)DF ()27 ) = N det Ae= /T4 nd'x (1.64)

Dopmyna (1.64) siBisiercst 6a30Boil IPU BBIYUCIEHUN [TPOU3BOJSINETO (DYHKIMOHATA 1O (hepMu-
IOJISIM:

[ DwDT ot/ M S [T W]+ [ d*a(me+0m) }
[ DwDTE /ST Y]

Z[f,n) = /M = , (1.65)

rie S [0 = [ L(P,¥,0,¥)d*x —neficreue Ha bepMu-TI0JIAX.

Pernen Boraucsenus rayccooro unrerpaja (1.64) rapanTupyer Kak BepHOE BbIDAXKEHUE JJist
deifHMaHOBCKOrO IIponaraTopa (epMu-roJieii ¢ yKasanueM IpaBuUl 00X0/1a MOJI0COB, TaK U MOSIB-
Jenne MHOXKUTENsE (—1) JIst KasK10ii 3aMKHYTOl (hepMUOHHON TeTin 1pu (DOPMYJIHPOBKE JTHa-
rpammubix npasui Deitamana.

1.3 IIpousBoasimmii GyHKINOHAJI OAJIsI CBOOOIHBIX
6o03e- n dhepMmu-noJieii. PeiiHMaHOBCKUI IIPOIIATATOP

st Branciienus npoussosiiero dbyukiponana W, [J] ceoboxHoro 603e-mosist ¢ jeiicTBrem

Solipiel = 5 [ dto [@u)(@"9) — (m® — ie)? (1.66)

VIO00OHO IEepeiTH B UMILYJILCHOE ITPOCTPAHCTBO
d4p 5 .
o(z) = / (27)290(29)8")3:7

4 ) /
§D(z —2') = / (;Z 1)’4 ePle=2), (1.67)
T

Torna

Soliiel + [ da@)et) =

= 1/d4p {tﬁ/(p) [p> —m? +ie] ¢ (—p) —

p2 —m?2 +ic

J@ﬂm}
> ,
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rIe

7 )=o) + 8

. (1.68)

9TO O3HAYAET, KaK JIerKO YBHJETh ¢ IoMoIbio (1.67) cienyioniyio 3aMeHy [epeMEeHHBIX B -
IPOCTPAHCTBE:

4 7 .
R e (1.69)

YunreiBast, uro 1pu 3amene (1.69)

/

Dy = Dy, (1.70)

IIOJIyYuM

p? —m? +ie

et/ [ 1] = exp {i/2h/d4p‘2](p)‘](_p) } : (1.71)
OTKYJIa [IPU TIEPEX0JIe B I-IIPOCTPAHCTBO
1
Wolg) == [ ate [ dys@ant—9)I) (1.72)

Baech deitnmanoseknit npomnaratop (PII)

dip  e~le—y)
AF(x_y)E/(27r)4p2—m2—|—i5' (1.73)

Boisicaunm dpusnaecknit cmbicst PII. Hemocpeacrsennoit mpoBepkoil yoexK 1aeMcs, 9To
(O, + m?)Ap(z) = —6W (), (1.74)
aro o3Havaet, 9To OII ectb dyuknus 'puna ypasuenus: Kieitna-I'opmona:
(O +m®)p(z) = 0.

OrseruM Ha Boupoc, KakuM obpasom pacipocrpansiercs: @I, koropoit orseuaer PIT (1.72). Ba-
KOH paCIPOCTpaHeHUs 3aJaéT e-1poleaypa obxoja mosioca. JleficTBuTebHo, SBHO BBIYUCIISAS
uHTerpas 1o po B (1.73), umeem

&P iz [ dpo e~ "poro
# () / (277)36 21 p3 — p? —m? +ic

d3n . o . L
- / Gy [V0)eT P 4 (gl (1.75)
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rne By = \/p?2+m?, E_=—\/p?+m?, 0(z)-bynknua Xesucaiina. 13 mocieanero Boipa-
kenust cieinyer, aro PIT Ap(x) onucwiBaer jpuxkenue dactunpl (E = E) Buepén Bo BpeMeHH
(Xo > 0) u antnuacrunsl (E = E_) Hasaj Bo BpeMennu (zg < 0).

[TokazkeM Terepb, 9TO Mbl IPUJIEM K TOMY ke pesyiabrary jist OII, serancisst Wy [J] werno-
cpescrBerHo 110 (opmyste (1.41), kak raycco unrTerpad. Ilpumenenne 3roit hopmysioit gaér st
Wy [J] BeIpakenue

e%WO[J] = exp {—;h /d4xJ(£L‘)|M12_|_25J($)} > (1'76)

rie 0 = —0,0" = —88—;2 + V2 — oneparop [enambepa. Ilepexons B mpaBoil dacTu (1.76)
HMIIYIIBCHOMY [POCTPAHCTBY, OJIYIIM

/d4xJ(x)D_W1L2+Z_€J(x) = /d%MJ(w),

910 Tpu 1ojcTaHoBKe B (1.76) mpuBoaMT, Kak U cjejoBajio 0Kujuarh, K (opmyne (1.71), uz
KoTopoii ciezmyer Boipaxkenue st PIT (1.73). Beipaxkenue s GeliHMAHOBCKOIO MPONAraTopa
CBOOOJIHBIX (hepMU-TIOJIel Oy IuM, HOJCTaBIsAst (DOPMYJIY JiJIsi rayccoBoro marerpaia (1.64) B
(1.65). Yurém 1pu 910M, 9TO JeficTBUe HA CBOOOIHBIX JAUPAKOBCKUX HOJISIX

So [¥,¥,ie] = / d*x T (10" —m + ic). (1.77)

HO,ZLCT&HOBK& OPpUBOAUT K PEIYJIbTATY

Wolm — [d%27(2) e
enWolmnl — . / xn(x)za#'yﬂ—m+zan(x)7

OTKY/Ia JIJIsT IPOU3BOJISIIIEro (byHKITMOHATIA

Walmnl = — [ dioi e dip =
o [, / pn(p)ﬁ_mﬂgn(p) P

— / d*zd y7(x)Sp(z — y)n(y),

e (betHMAaHOBCKUI ITPOIIAraTop JAUPAKOBCKUX IMOJIEH

A d4p —1 —ip(z—y) d4p _Z(ﬁ + m)e—ip(l‘—y)
SF(x_y)_/(Qw)4p—m+i66 _/(271')4 P-mitie (1.78)

Bosspamasich k opmyiie (1.22), Bujum, 94T0 B cirydae CBOOOIHBIX TI0JIEHl € JMHCTBEHHON CBI3HOM
dbyukiueit ['puna gBseTcs AByXTOUedHas W OHA CBsA3aHa MPOCTHIM cooTHomenneMm ¢ PII:

Go(z,y) = ihAp(z —y), (1.79)

Gol(z,y) = ihSp(z — y), (1.80)

rae (1.79) coorsercrsyer 603e, a (1.80) depMu-10JISIM COOTBETCTBEHHO.
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I'1aBa 2

Teopus Bo3mylleHnii 10 KOHCTAHTE
cBda3u. JlmarpamMmMHasi TEXHUKA
DeitHMaHA

B ciydae maJioit KOHCTAHTHI CBsI3u B3amMojeiicTus mnoseit B Herpupuaabuoit KTTI fyst BbI-
YUCJIEHUS CBA3AHHBIX (DYHKIUiI ['prHa MCMONb3yeTcs ammapaT TeOpUHd BO3MYINEHHU Ipu pas-
JIO)KEHUHU B PsiJl 110 CTEIEHSAM MAaJIO KOHCTAHTBHI CBA3HW. MBI U3JI0XKHUM 3TOT allapaT B Caydae
KBAHTOBOI MOJIEJIN BENECTBEHHOI'O CKAJISIPHOIO TOJIst ¢(Z) € IUIIOTHOCTHIO JIArPAHKUAHA:

1 1
L= 5(0u9)(0"0) = §m2<p2 —V(p), (2.1)
TJIe ITOTEHITUAT
>‘ 4 >‘ 3
Vip) = Tkd (d=4), V(ip)= Thd (d=6), (2.2)

d - pa3MepHOCTDL IIPOCTPAHCTBA-BPEMEHN ¢ METPUKOit MUHKOBCKOTO, A - KOHCTAHTa CaMOIeCTBHST
noJieil (KOHCTaHTa CBsA3H), YUCJI0BON KODMDUIMEHT BHIOPAH B HEJSAX Y100CTBA BIUUCIEHUIA.

OTmernM, 9TO BBIOOD HOTEHIMANOB (2.2) JUKTyeTCsl TeM, 9TO A - Ge3pa3MepeH JJisi TaKIX
HOTEeHIMAJIOB. B jasbHeiinem Mol 6yjieM paborarb B 00b9HOM 1pocTpancTse Munkosckoro (d =
4) ¢ moTeHIIAIOM

V(p) = A/4lp!
B Ipeanosioxkernn A < 1.
[Tpouspomsamuit byHKIMOHAT /Ui cBA3HbIX PI' Takoit Momgem uMeeT BUI:
) fD(p(x)eiSo[w]e*i<V(so)>w€i<J<P>w
- fpgo(%)eiso[@}e_i(‘/(@»x ’

e So [¢] = [dix [%(Oucp) (OFp) — %m%pﬂ — JeficTBrE CBOOOHOIO CKAJISPHOIO I10JIs,

(F (2, )y = /d4x/d4y...F(JU,y,...) (2.4)
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— yzobHble 0003HAYEHUS JIJIsi UHTETPAJIOB IO IIOJHOMY IIPOCTPAHCTBY-BpeMeHnu MUHKOBCKOTO.
[Tosip3ysich ompejiesieHreM BapUAITMOHHONW MTPOU3BOIHOMN:

OF[J] _ OF[J(Y)] sy,

57(x) 07 (z =), (2:5)

MOZKHO TIOJIYYUTDH CJIEJIYIOINE COOTHOIIECHUA:

5J@0<J¢> = ¢(x), (2.6)

el = p(a)e’t e (2.7)

(1 i ) Vip()eeh, 2.9
< (z 5J(z:c )> W = (W (p(@))g O, (2.9)
5)). ¢l

:t€ Yy — e—i<V(¢(1’))>z X ei<‘]<p>y. (210)

[Toxcrasisist mosrydennoe coorrorenne (2.10) B Boipakenue (2.3) Hpou3BoJAIiero GpyHKINO-
HaJla, IOJIy4YUM

WL _ e*i<V(%sz . [ Dy(x) ZSo[w]—Uso)z
N f o(x)etSolel= V(@) ’

rjie orepaTop PyHKINOHAJILHON ITPOU3BOIHON 110 HCTOYHUKY BBIHECEH 338 KOHTUHYaJbHBIA MHTE-
IpaJl o MOJIIM. DTO BbIPAXKEHUE HETPYIHO IPUBECTH K BUILY:

W — e—l’<"(%ﬁm)>z x e"oll s 0] (2.11)

31ecn

f@ 6150

— Ipou3BOJANINN (DYHKITHOHA CBOOOIHOTO CKAJISIPHOTO TOJIS,

f Dop(x iSo[SO]
f SD 7'50 [50] (Lp)>z

K[0] = (2.12)

~ KOHTHHYyaJIbHBIN HHTerpas, He 3aBucsmnuii (1) or mCTOIHHKOB.
Hamomunm, 4ro npoussoasmuil pyHKIMOHAI CBOOOJHOI TEOPHM HAXOAUTCS, KAK MHTErpaJ
oT (befiHManOBCKOro IIponaraTopa:

Wo [0] = —% (A= 2)J), 5. (2.13)
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Beipazkast I1® reopun W [J] u3 coornomenns (2.11), mosyanm
W [J] =Wy [0] —iln(1+ 6 [J]) —ilnK[0], (2.14)

rIIe

1.8

§1J) = e Woll [ei<v(i @), 1} x eWolJ], (2.15)

Bamernm,uro npu branciaennn OI' uz I1D (2.14) :

G2y, 29, .o y) = <1.)n_1 6J(6"W 7]

i x1)...0J () (2.16)

J=0

He 3aBuCsIuUil 0T ucTouHnKoB wieH (—iln K [0]) He macT BKIasa.
aJjee, IOCKOIBKY OllepaTop

A (st (o)),

B citydae A < 1 omieparop B KBaJpaTHBIX CKOOKax B (2.15) MoxkeT ObITh pasiiozxeH B psiJ| Teitiopa:

st 1] i < <15J<§x)>4> .
P Gt} {Cad)'), oo

Taxum 06pazom, dyHKIMOHAI § [J] MOXKET ObITH MpeIcTaBIeH GECKOHEYHBIM PsIJIOM 110 KOHCTAHTE

ST =X-01 [J]+ A2 62 [J] + O(N?). (2.17)

31ech

—i 1§ \*\
51 [J] = Ze WO[J] <<ZW> > e WO[J}, (218)

(=) (=) i 1 5 \* 15 \*'\

W MBI OPPAHIYMIIACE TIOPSIKOM A2 1pm passozxkennu § [J] B psa 110 Masoit koncranTe A < 1.
[Moncrasum dbyukmonas 6 [J] B (2.14) u Bocnoab3yeMcsi pasiozKeHHeM B PsiJl J0 HYZKHOTO
HOPsIJIKA:

(14 8[J]) = 5 [J] - %5 2 + %5 TP + .. =

— A0 [J] 4 A2 [52 ] - %5% [J]} +O08).
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Takum obpazom,
, . 1
W [J] = Wo [J] —iA6y [J] — id2 (62 [J] — 55% [J]) + O(\3), (2.20)
sajiaua HaxoxieHns csasubx O (2.16) B myskuom nopsyke (O(A3) B mamem ciyuae) Teopuu
BO3MYIIEHUI 110 KOHCTAHTE CBSI3U CBOJAUTCS K BBIYUCJICHUIO (DYHKIMOHATOB 01 [J] (2.18) u d9 [J]
(2.19) npu M3BECTHOM BBIDAXKEHHMU JIJIsl Ipou3BosAmiero dgyukiuonana (2.13) @I cobosuOro

TTOJI4.
B Boipaxkenuu 09 [J] MOKHO CIIEJIATH TOXKJIECTBEHHYO €INHUIE BCTABKY:

()g (ordy = () eMVollem Mol Ty

IIOCJIE Y€r0 HETPYHO IIOJYYUTh:

s (1)
aggemin fomin { (L8N .
(G ()
o () ) o (b)) s

() ) o Ca)) s+ () ) o] ea

[Mocennuit (IOA4EPKHYTHI) YIeH B BbIpaskeHUH 02 [J]:

(%) \/
8
—
mN.
S
&~
(«%)
fry
=
——
|

lje—iWO[J] 1§ \* Mol . 5, []] = 152 [J]. (2.22)
21 a1 i57(x) 2™

[ToxcraBum B BhIpazkeHusi 01 (2.18) u d2 (2.21) Beipaxkenue Wy (2.13) u BbrancaumM QyHKIHO-
HAJIbHBIE [IPOU3BO/IHBIE.

Huzke MBI BBIIMCHIBAEM BCE HeO6XO,HHMbIe HaM beHKIlI/IOHaJIbeIe IPOU3BOJHLBIE!

4
LV e (18 VYt
i0J(x))/, i0J(x)

N (2.23)

1,x

31€ech MBI ydIH, ITO BapuaoHHast npoussoanast 1o J(x) or J(z1), J(z2) BeIMmCIsIeTCs He3a-
BHCHMO, 9TO JaéT KO3 PuUImenT 2.
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Amnajiornano

2
<<1 ) ) > e_iWO[J} = |:<J1J2A1wA2$>1727x +1 <A:L":p>x:| e—iI/Vo[J}7 (224)

i0J(x)

16 \*\ 4 ~
<<Z(5J(Q}>> > € ol = |:<J1J2J3A13UA25EA3~T>1,2,3@_32 <J1A1rAxw>17x:| € WO[J], (225)

1 (5 4 HIU[J]

- t == JJJJA;EA:EAIACE +

<<Z SJ( )> > € {< 1J2J3J4821 2 3 4 >1,2,3,4,x
T

+617 <J1J2A1xA2xA:m:>1,27x -3 <A§x>x] e_iWO[J]. (226)

Besikuit pas npu BeIYACIEHIN TPOU3BOSHON MBI JOJIXKHBI CJIEIUTH 38 (PAKTOPUAIBLHBIMEI KO-
nuentamu. Tak, koadduiment 6 B 10 4uépkayTOM 1ieHe (2.26) BOSHUKAET CJIE/LyOMUM 06pa3oM.
1.4
i

Bbruunciierne mpousBoHOM ( W) or npoussenenust (—J(x1)J (x2)J (x3)) naér 3iJ(x1)J(x2),

IIOCKOJIbKY BapHallii OT KaxKJ0I'0 UCTOYHHUKaA BBIYHUCJ/IAIOTCA HE3aBUCHUMO. Taxkoit ke qjieH II0JIy-

L5\
T ) e,

Ioxcrasisist (2.26) B (2.18), nosyunm

unM, Beraucssist (—3iJ (1)

1
6 [J] = 1 [—i (J1J2J3 4815805 N33 A 42)1 93 4, +
+ 6 (1201 A% Ay 5, + 3i <A§x>} . (2.27)

Taxkum o6pazom, Bxojdmuii B npoussosiuii dyuxmuonan W [J] (2.20) 01 [J] mact Briaag ~ A

—(2) —(4) .. .. . .
B O G, G, upuuém TOMUEPKHYTHIA YIeH He JAaéT BKJaja, MOCKOJbKY HE 3aBUCHT OT
HCTOYHUKOB. Vcnonb3yst ostydenHoe Bbipazkenue 1 [J] (2.27), Beraucisiem jasee:

< (15(]5@) >y 51 [J] = —% (JaBazDaaAay), o —

1
*6 <JaJbJcAaxAbacAch:L‘y>a7b7cJ7y ’ (228)
1§\ 1
T T T/ N = -3 AmmAQ
<<2 5J(y)> > )= =3¢ 20y T
Yy
?
+5 (JadoBaz Do A2y) 0 (2.29)

3
Yy

4
<<1M§(y)> > 61 [J] :—z’(Aiy)M. (2.31)

HOILCTa.B.HHH BC€ BbIYUCJICHHBIE ITPOU3BO/JHBIC B BbIpazK€HUE JIgd CBSI3HOI 4YaCTH

1] = 6217 — 50 1] (2.32)
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¢ yuérom (2.21),(2. 22) HOJTY UM

c 1-— 3 2
(52 [J] 2 4' { 4 <J1A1yAy;1:ACL‘2J2>1’27x’y -6 <J1J2A1yA2yAyxAmt>1727x7y -
—6 <J1A1xAxmAyxAyyAy2J2>1727x7y + 4i <J1AlwAmAywAzﬂAy?)AzAJ?J3J4>1,2,3,4,x,y +
+317 <J1 JQAlyA2yA§xAx3A1‘4J3J4>1727374’x7y +

2
+3 (J1J2J381y Doy Asy A ye ApaDas A6 JsI5J6)1 93 456,00 —

~i(Ay),, 3 <A§yAmAyy>m’y} : (2.33)

Takum o6paszom, Bxojsmuii B nponssosnmii dyuxmmonan W [J] (2.20) 65 nact ~ A2 BKIIaI B
—2) =4) = . .
ol G' ),G( ),G(G), IPUIEM TIOIEPKHYTBIE “WIEHLI He JIAIOT BKJIA/A, HOCKOJIBKY He COJEpIKar
HNCTOYHUKOB.
Hanee mbr oncrasisgem (2.13), (2.27), (2.31) B BeIpazKkemnue IPOU3BO/SIIETO (DYHKIMOHATA

W [J] = Wo [J] — iX6y [J] — iA265 [J] + O(\3).

Kak caemyer us Buna 61 [J], 02 [J], B nanuoit mogenn KTII e pasusl myso jums cBsisabie OT
=(6)

. —(2) =(4
C YETHBIM YHCJIOM TOYEK G( ), G( ), G
Toueunbie OI*

u. T. I. Huzke Mbl BBIYMCJIMM SIBHO JABYX- 1 ‘{eTpréX-

—(2) 1 EWJ]

G (xlny) - ;5J($1)5J(f132) J:O7 (234)
—(4) §AW [J]
G (w1, 72,73, 74) = 57 (2050 ()3 (23)57(22) |,y (2.35)

C yuérom (2.13), (2.27), (2.31), Bbruncisst HyHKIMOHATIbHBIE Ipon3BojHbIEe (2.34), (2.35) B 1pe-
nene J — 0, momyvaum:

@(2)(351,:1:2) = iA(z1 — x2) — ;‘/d‘l:pA(xl — 2)A(z — 2) Az — 39)—
MZ // d*zd*yA(z; — 2)A3(z — y) Ay — 29)—
2/\2 / d41:d4yA(:L‘1 —x)A(xg — x)AQ(x — Ay —y)—

M2 // dtzd*yA(zy — 2) Az — 2)A(z — ) Ay — y) Ay — x2) + O(\3), (2.36)

h )(xlvx%x&m) = _l)\/d4$A(331 —2)A(zy — 2)A(r3 — 2)A(2g — )+
+ [A; / drdtyA(rs — 2)A(zs — ) A% (2 — y) Ay — 23) Ay — 24) + (22 <> 23) + (T2 4> 74) | +

2
+ [>\2 // drzdiyA(zy — 2)A(x — 2)A(z — ) Ay — 20) Ay — 23) Ay — 24)+

+ (2?1 ~ xg) + (1‘1 — xg) + (1‘1 — x4)] + O()\3) (2.37)
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B BoIpazkenun jijist a¥ (1, %2, %3, T4) YKA3aHBI BCE HEIKBUBAJICHTHBIE [IEPECTAHOBKY BEPIIIHH.
Bropoii wien B (2.37) onucsiaer nepexoz (1) — (2,3, 4), eMy cOOTBETCTBYIOT TPU HESKBUBAJIEHT-
uble epectaHoBu: (2) — (1,3,4), (3) — (1,2,4), (4) — (1,2,3).

Oyuxiuu 'puna (2.36),(2.37) MOryT GbITH OJIyY€HBl TPOCTHIMU PABUIAMHA JUAIDAMMHON
rexnnkn PeliHMana, KOTOPbIE Mbl IPUBOIUM HUKE.

IIpaBujia guarpaMMHON TeXHUKH JAJis MOJEJM CKAJSpPHOIro IOoJis C caMozeii-
crBueM \p*

DJIeMeHTBI IMarpaMMHON TeXHUKH:

>

= iA(x1 — x9) — uHUs

= [d'z(iA(x — z)) — neras

= —’4%‘ — BepIIuHA.
Mpr BbIGHpaeMm oy Bepumny (mopsamox TB A), ase sepmmmubr (mopgaok TB A2) u . . u
CTPOMM U3 BEPIINH BCE HESKBUBAJCHTHBIC 3aMKHYTbIe I'Padbl, HCIOIL3YS JTUHAN U IIETIIH.

ITocTpoenune a®? (x1,22)

0-opsiiok TB

1-nopsnok TB

Dakropuanbublii ko3 duimenT = 4(Koau4ecTBo crocoboB BLIOpATh TOUKY 1) X3 (KoJmde-
CTBO CIIOCOOOB BBIOPATH TOUKY X2).
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CDYHKHI/IOH&JH:HOG BhIpazKCEHHE:

ey 4|A Po(iA (@ — 2)(iA@ — 2)) (i@ — 39)) =
= —;\/d4xA($1 —x)A(x — z)A(x — z2)

2-i1 mopsiyiok TB

—~
N

daxropuasbhblii KodddunuenT = 4(4nciio crocoboB BEIOPATH TOUYKY X1 B OJHOI BepIinuHe) X 4(4Iucio
c11ocob0B BBIOPATH TOUKY X2 BO BTOPOIl BepuInHe) X 3 X 2(4ucsio crnocoboB COeIMHEHNST [IIeCTH KOH-
OB TPeMsi JINHUSIMH)

D yHKIMOHAILHOE BhIPAYKEHUE:

4.4-3-2- ar //d4xd4 (iA(x] — 2))(iA(z — 9))?(iA(zg — 2)) =

i 2
- —% // d'zdyA(z) — ) A%z — y) Ay — 22)

dakropuasbhblii KoadduimenT = 4(BbIOOP TOYKU 1 B OJHON BepiimHe) X 3(BbI6OD TOUKH To
B Heil xke) x4 (mepBasi JIMHUS B 1I€PBOi 11eTiie) X 3(Bropasi JIMHUS B II€PBOi eTJIe)
QYHKIINOHAIBHOE BBIPAYKEHHUE:

4-3-4-3- a //d4xd4 (IA(z1 — x))(1A(xg — x)) X
ZA (z = y)*(iAy —y)) =

i 2
- _% // d'zd*y Ay — ) A(zy — 2) A%z — y)A(y — y)

OO
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CDYHKHI/IOH&JH:HOG BhIpazKCEHHE:

4-3-4-3- 4' //d4a:d4 (iA(z1 — 2))(iIA(x — x)) X
(%A(ﬂﬂ* VA — ) Ay — 22)) =

Z 2
S / dizd'yA(z; — 2)A(ws — 2)A( — y)A(y — ») Ay — 22).

. —2
Taxum obpazom, Ha "asbike" muarpamm Oeitavana G- (21, 22) ¢ TourocTbio 10 O(A3):

R
@*W

OrmeruM, aTo ynobHee BeraucaaTb PI' u cocrapisTs npapuia PeifHMaHa He B KOOPIUHAT-
HOM, & B UMIIYJIbCHOM IIPEICTaBJIEHIN. DTO HETPYIHO CAE/IaTh IEPEXOIOM K (Dypbe-IIpeICTaBICHUN

dip e~l@—y)
Alx —y) = / r)i g —me e (2.39)

(2.38)

IporaraTopa:

2.1 KoHTpoJIbHBIE 3adaHUSA

1. Bbruucsiss nuHTErpaJibl Mo Py ¢ MOMOIIBIO TEOPEMbBI O BBIUETAX, IOKA3ATh, UYTO (DeHMAHOB-
CKUIi IPOoItaraTop CBOOOIHBIX 0603e- u (hepMU-1I0/Iell TPUIUHHDBIN, T. €. ONMUCHIBACT PACITPO-
CTpaHeHNe CUTHAJA C MOJIO2KUTEJHLHON Heprueil BIepEN 110 BPEMEHH U C OTPUIIATETHLHON
SHEepruen - Ha3aj 110 BPEeMEHU.

2. Vcnonb3yst M3102KEHHYIO BBIIE TEXHUKY, TIOCTPOUTH YeThIpéxToUueunyio ¢gpyukmuio ['puna
JIJIsL BEIIECTBEHHOTO CKAJISIPHOIO T10JIsi KakK cyMMy juarpamm Deitnmana.

3. CdopmymmpoBaTh IpaBuIa AMArpaMMHON TEXHUKHA JJIST MOJEIN CKAJISPHOTO TIOJISA C CAMO-
. . -2 —4
neiicTBreM %@4(d = 4) B uMIyJIbCHOM IIpOocTpaHcTBe u Haiitu G (p1,p2), G (p1, P2, P3, P4)-

4. Haiiru dynxmmonan W [J] B mopsaxe O(A3) myst Mojie it cKaIspHOTO OIS ¢ CAMOJIeHCTBH-
—2 —A
eM %gp%d = 6). Boranciurs @' G, G B 9101t MOzENN.

. . —2 —A
5. Chopmynuposars npasmia PeifHMana U HAWTH, ucnoab3ys ux, G, G Jjis MOJIEIN CKa-
JISIPHOT'O TIOJISI ¢ caMojieficTBueM %@3 (d=6).
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