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Beenenue

YpasHeHHs TepBOro NOPSALKA C 3anas/ibiBAHAEM BUAA
@+x=flz(t-T)) (T >0) (0.1)

BO3HHKAIOT BO MHOTHX Npukiaaumix 3apadax [9, 31, 30, 33, 34, 35, 36, 39,
40, 43, 26, 5, 6, 21, 32, 22, 24, 29].

DPazosnm npoctpancTsom ypasrenns (0.1) yiaobuo cuntaTs NpoCTPAHCTBO
C-r,) HeNpepsiBHBIX HA [~T,0] ¢yuxkunit co crannapTHoit Hopmo#i. B sTom
cumbicqie ypasrende (0.1) cyiiecTsenHo cioiHee ypaBHeHHs

T +z = f(x), 0.2)

B Kotopoe oxc nepexcaut npu T = 0. O6bikHOBeHHOE AHpPepeHinaIbHOe
ypasuenue (0.2), Kak M3BECTHO, HHTerpxpyercs B KBaaparypax. Ero peme-
HMA CTPEMATCH JHOO0 K COCTOIKHIO PABHOBECHH, T.€. K pelleHHI0 YPaBHeHHS
z = f(z), MM60 HEOrPaHHUYEHHO PACTYT O MOAYJMIO npH ¢ — co. Peiennn
ypasHennsi (0.1) Toxke BBIMHCAMTH AOCTATOMHO npocTto. Tak, NOJOXKHB B Ka-
yecTBe HadalbHOTO ycioBHs (yrkumio p(s) € Clyy (T.e. z(s) = p(s) npu
s € [=T,0]), ua orpeske t € [0, 1] IPUXOAHM K YPABHEHHIO

T+az=flot-T)), tel0,T]

M3 KoToporo noayuaem, 4to npu ¢ € {0, 7]

i

x(t) = @(0)e "t 4 [f’ (&9 f(p(s — T)) ds.

0

Teneps, anaa pemenue x(t) npu t € [0,7], Mbl aHANOTHYHO MOXKEM NOJY-
uuth dopmyny aas z(t) npu ¢ € [T,2T] u T.n. Huxe Byfet nokasaxo, uro
B otavupe ot ypasxedus (0.2) aunamuxa ypaskenus (0.1) moxer GbiTb Cy-
mecteeHHo Goraye W HHTepecHee. DCHOBHOe BHUMaHKe OyjeT yAeNeHO H3y-
uennio AuHamuky ypasrenus (0.1) acumnrorruecknmu metonamu. llepsas
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6 Bieenenue

HaCTb IIOCBAILEHA JIOKAJILHOMY aHannsy ypasuenus (0.1), T.e. Hcesenopa-
Hio nosepenus pewenudt (0.1) B manoil okpectTHoCTH coctosHus paBHOBe-
cust. Haubonbliuil untepec B 3700 yacty NPECTaBAACT H3YUeHHe NOBE/IeHUS
PCLIeHU# 3TOTO YPABHEHHS NPH YCAOBHH, KOTAA 3anasabiBanue T A0CTATOU-
HO Benuko. Bo BTOpo# uacTH Mayuaercs HesoKanbHOe noBeaeHue pelieinii
ypasrexus (0.1). PazauyubiMi ananuTHUCCKUMH MeToRaMH GyayT HayyeHsl
BOTIPOCHI O CyIECTBOBAHUM, YCTOHUHBOCTH H aCHMNTOTHKE NEPHOAMYCCKUX
PeINeHHIH CAOKHON CTPYKTYpLI.



Yacrts 1.
JIOKaJbHBbIM aHAJU3

CrpykTypa uactv | takosa. B nepsom u BTepoM naparpatax npHeoaaTcs
ofulMe CBEJEHHS W XOPOLI0 H3BeCTHbe GA30BLIE Pe3yNbTarhl O TNOBEIEHHH
pelieHHi HeJHHeHHLIX YPABHEHHH C 3anasjibiBaHHen.

B §3 pacemarpusaercs JoKaabHas AHHAMHKA ypaBHeHMH ¢ Gonbwium 3a-
nasgnisanuem. [lpusonstea pesyibratsl M3 [14] w noayyenunie HoBble pe-
3YJIBTATH, CYLIECTBEHHO UX [ONOJHSUIME.

[aparpacer 4 — 7 noceauleHsl JOKAaALHON AHHAMHKE YPABHEHRI ¢ ABYMH#
3anasawnBadusiMd. B §4 usyvaercs cayuali, xorjga ofHO 3anasiblBaHqe aBJIf-
erca GoaewuMm, a Bropoe Wmeer nopanox 1. Mecnenyeres Takxe cutyainus,
KOrfa ciaraeMoe ¢ GOAbIUHM 3a0a3/1bIBAHHEM BXOAHT ¢ MAJBIM MHOXHTEJEeM.
Onucansl pe3ynbTaThl, npusefeHHble B [19], a Takxke psj HOBLIX pesyilb-
raroB. B §5 paccmarpupaerca cayuail, korfa o0a 3anasibiBaHus ABAAKTCA
GOJIBLUIMMH, PA3JIHYAIOIHMHCHA HA KOHCTAHTY YHc/aamy, a B §6 — curyauus,
Korga oba 3anasgbisaHud OoJbUIMe, NPONOPUHOHANLHEIE APYT OPYTY BeJH-
yunel. Hakorew, s §7 paccmarpusaetcs cuTyauus, Korga ofa 3anasgblBaHnA
GoJsislllke, HO pasjuyHbie 1o nopaaky. OTaedsHe TaM XKe H3ydaertcs cay4ai,
KOTAa Mepef CAAaraeMbiM € CaMbiM OOMbLINM 32Ma3ibIBaHHeM CTOMT MaJbiit
MHOXKHTe b, Bo Beex caydasx rnpHBefledbl HOBbie, creun(UIHbIe IS AaHHO-
ro THNA ypaBHeHWH pe3y/bTaThl.

B naparpadax 8 n 9 paccmaTpuBaetca jokasbHas AMHaMHKa ypaBHeHHH
¢ pacnpeleseHHbIM Ha aCUMNTOTHYeCKH GOJbLIOM OTPE3Ke 3aNa3fibiBaHHeM.
Ilaparpad) 8 nocsaiuen ypaBHeHHAM ¢ JHHEHHO paclpefeneHHbIM 3aNasabl-
BaHMEM, a naparpad 9 — ypaBHeHWAM C NEPHOAMYECKH PACTpeJeeHHbIM
3anasibiBaHHem.

[Mocnepnuit naparpad copepykHT WTOrH, cOOOLIEHHS W CPaBHEHHEe MOJY-
YeHHBIX Pe3yJIbTATOB.



8 Qacrte 1. Jlokanbumii aHanus

§1. O6mme crepenus

1.1. Paccmatpusaetcs nudgepesunanbHo-pazHocTHoe ypasHeHue
4= flz(t-1)), (1.1)

roe T =0, a dpynxuus f(z) npeanonaraercs HOCTaTONHO [IaLKOM. Iyerb x
— COCTOSIHHE PABHOBECHS 3TOI'0 YPaBHEHUA, T.e.

zp = flxo).
B ypasnennu (1.1) npoussenem zameny
T =2y Y.
B peayabrate nosyunm ypaphenue
v+y=ay(t - T)+ F(y(t - T)), (1.2)

rhe a = f'(xp), a Fy) uMeer B Hyje NOPSIIOK MaJOCTH BHILIE nepeoro, T.e.

lim £& - 0. Kak u B ciyyae oBuIKHOBeHHLIX audbe €HUKHAABHBIX ypaBHe-
Y p yp

lu|—0

HHH, aas ypasHenns (1.2) umeer mecto Teopema Jlsnynosa o6 YCTOHUMBO-
CTH 1o nepsoMy npuGaukenro. Ilas toro, yto6n cqopMyaupoBaTh cooTBeT-
CTBYIOUMH PE3Y/IbTAT, PACCMOTPHM JIHHEAPH3OBAHHOE HA HYJECBOM COCTOSHUM
paBroBecus ypasHenus (1.2) ypasnenue

y+y=ayt~T). (1.3)

Huxe vepes R(r) obosuaven wap pajiMyca r ¢ UeHTPOM B HyJle B NpoCTpaH-
cTRe (:E__‘]‘J}]-

Yreepiaenne 1.1 [lycmo peienus ypasnenun (1.3) acumnmomuuecku
yemotiwuset. Toeda natidemea makoe vy > 0, umo npu ecex w(s) € R(ry)
pewenusn ypagrenus (1.2) ¢ nauanonoimu ycaosusmu z(s) = ¢(s) cmpe-
MAMCA K HYAO npu t — 00,

Ecau xme ypasuenue (1.3) umeem IKCNOHEHYUAALHO pacmyuiee no mo-
dyato npu t — oo pewenue, mo naiidemca makoe ry > 0, umo das Kaxcdozo
0 <r <7y 6 wape R(r) naddemes maxod snemernm w(s) u maxoe ty(r, p),
IO PEUUEHLE C HAYANLHLLM YCACBUEM (S) He npunadiexcum wapy R(ry)
npu t = tU(TT ‘P)



§ 1. O6wue cBegerus 9

Takum 0Gpaszom, AJisi aHAIU3a PeleHHii HeXoaHoro ypasHenns (1.2) Bechb-
Ma BAXKHO MOBeJeHHe CYyllecTBeHHO 6ojiee NPOCTOrO JMHEHHOrO ypaBHEHHH
(1.3). Kak u 8 cayuae OIlY, nosefexve pelleHHit JHHEHHOrO aBTOHOMHOTO
YpaBHeHHs ollpejiesisieTcs] XapaKTepucTHYeCKHM ypashexuem. Jlis ero Ha-

X0 aeHus noaoxum B (1.3)

y = et

H nocae oveBMAHBIX COKP&I.I.IEHHFI HONYHHM [Ji HaxXoxKAeHHs HeH3BEeCTHOTO
napameTpa A xapamepncmwecmﬁ KBAa3HMHOTOYJIEH

A+1=ae. (1.4)
HmMeer Mecto caenyloiee yTBepaeHHe,

Yrepmaenue 1.2 [lycmob 6ce KOpHU XAPAKMEPUCTMUMECKO20 YPABHEHUR
(1.4) umerom ompuyamenvisie seujecmeennvie wacmu. Tozda pewenus
(1.3) acumnmomuuecku yemotivusol. Ecau e xapaxmepucmuieckutll Kea-
aunoaurom (1.4) umeem Kopeto Ay € NOA0NCUMEALHOL BELYECIMBEHHOL Hi-
cmbio, mo ypassenue (1.3) umeem 3KCnOHERHUANBHO pacmyujee peuienue
2 = exp Agt.

Ormetum, uto KpasunoanHom (1.4) umeer GeckoHedHOe 4YUCJIO KODHEH,
HO AJ51 JI06OTO BEUIECTBEHHOrO p B KOMIJIEKCHOH MOJYIJOCKOCTH ReA = p
KOJIMYECTBO €r0 KOpHeH KOHeuHo.

Takum 06pa3oM, HEOGXONHMO MCCENOBATH NOBE/ieHHe PellieHHH ypaBHe-
uus (1.2) B MasIo#l OKPECTHOCTH COCTOAHMSA DABHOBECHS AHIb B TeX Caydasx,
koraa ksasunosnHom (1.4) uMeeT KOPDHM ¢ HYJEBOM BelleCTBEHHOH 4acTblo
(Wan BUM3KOM K HYJIIO) M HE HMEeT C NOJIOKUTEIbHOH,

1.2. WsyunM noBejeHre KopHeii XxapakTepucTHeckoro Kpasunosnnoma (1.4)
B 3aBHCHMOCTH OT NapaMmeTpos.

IIpu a = 0 Bce KopHH (1.4) nMeloT oTpHilaTENbHbIE BEIECTBEHHBIE YACTH,
a 3HAYMT, NPH BCeX BAM3KHX K HYMIO 3HAYEHUSX @ 3TO CBOKCTBO COXPAHAETCA.
B cuay HenpepbiBHOH 3aBMCHMOCTH KOPHeH OT napaMeTpa @, HallyTcs TakHe
a(T) > 0 1 ag(T) < 0, uro npu ag(T) < a < a"(T) Bce KOPHH KBAIUMIONH-
HOMA MMEIOT OTPMIATe/IbHbe BELIeCTBeHHbIe YacTH, a npH a = ag(T') 1 npu
a = a(T) xsasunoantom (1.4) nmeer uHCTO MHUMBIH KopeHb Ay = iw(T)
(w > 0).

Paccmotpum chauana cayuat a < 0. [Toxoxum 8 (1.4) a = ao(T) u
A = iw. B peayabTate noayuum

wH+1= ﬂ-[jf.'“iuT,



10 Hacrs I. Jokannuelf ananus

Boiaenum nefictsurenbryio ¥ MEMMYIO MacTu:

1 = apcoswT,
w = —apsinwT.
Orcona
a = 14w (1.5)
-t = tgwT, (1.6)

B chay yenosusi @ < 0 3nauenue w He Moxer obpaiarbes B Hoslb, OGo3Ha-
4HM yepes w(T') HaMMEHbIIMI NONOKHMTebHBL KopeHb ypasrenns (1.6) (cm.

prcyHok 1). Honoxkum ag(T’) = —/1+ w?(T).

Pue. 1.

Jlemma 1.1 [Mpu ay(T) < a < 0 6ce kopuu ypaenenusn (1.4) umerom ompu-
qamensroie seiyecmeentioie wacmu, a npu a < ao(T) cyujecmsyem xopens
(1.4) ¢ nonoxcumenvroii sewecmeennor wacmoro.

Jlasi ofocHoBaHMs JeMMBI HAZO JIMINL 1OKA3aTh, UTO NpH  KaxJoM
@ < ap(T') HalpeTcs KopeHb ¢ MOJOKHTENbHOI BelecTBeHHOH YacTuio, Q6o-
3HaunM yepes A(a) KakoH-n1H60 KopeHb ypasiienis (1.4). Ouesuano, uto A{a)
HCMIPEPLIBHO 34BUCHT OT MapameTpa a. YTBepxieHHe OGyieT N0Ka3aHO, ecu
YAACTCS [10KA3aTh, 4TO

Be dA(a)

< ().
da

a=dyy, )\(0:1] =t
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Huddepenunpyn pasercrso {(1.4) no a, nonaras a = ag ¥ Aleg) = iw H
yuuTteisas pasenctea (1.5)-(1.6), nonyuaem, 4to

2 ] e ol
Re%l wT+1+7

Ae T a0+ TP+ W) (1.7)

a=ap, Alag)=w

Orciona 1 13 yenoBua a < 0 cnepyet Tpefyemoe HepaBeHCTRO.
[Tyers teneps a > 0. H3 (1.5)-(1.6) ouenano, uro ag{T) = 1 u w(T) = 0.

Jemma 1.2 [Tycmo 0 < a < 1. Toeda sce kopnu (1.4) umerom ompuya-
menbHble sewjecmaennsle wacmu. Ecau oce a > 1, mo ypasHenue (1.4)
HMeem KOpeHv ¢ ROAONCUMEAbHOL BeUecmEeHHON HacmuHo.

Kak ¥ npu pokasateanctee nemmul 1.1, nJsi jokasarenbcTBa BTOPOro
YTBepXKIeHHA 3TOH TeopeMbl NpPHBJAeKaeM HepaBeHCTBO

dX(a)|
o) L
aa | u=ag, Mag}=iw

Re

Kortopoe caepyet u3 (1.7) u yeyoua a > 0.
Vopamuenne 1.1. [Mokasars, uto npu yeaosuu 0 < aT' < 7/2 pewenns
ypaBHeHHA

T = —az(t - T)

4CMMITOTHYECKH YCTOWUHMEBLL, a NpH a < 0 Wik a > /2 — HeyCTOHYHBLL

§2. budypkauyua Angponosa-Xonda

2.1. M3yunm OMHAMHUKY ypaBHeHHA
g+x=ar(t—T)+ F(z(t —T)) (2.1)
B cJyuae, KOrja 3HaueHUs napameTpoB @ M T' OJM3KH K KPHTHUECKHM, T.e.
T = Ty(1 +€TY), a = ag + £ay.
3pech 0 < ¢ < 1 manmii napamerp, ay = ag(Tp) aubo ag = a"(Tp), rae
ag(T) n a"(T') onpemenenn B npeawniayiiem naparpacde. Iloctasum 3apady

vccae/IoBarh noseeHue peienu (2.1) npy noCTaTOYHO MaNbIX 3HAYEHHAX £
B HEKOTOPOH MaJsIo (HO He 3aBUCALLEH OT £) OKPECTHOCTH HYJNEBOr0 PeLieHHs,



12 Yacre [ JlokanbHeli aHaans

YA0GHO CUMTATh, YTO B OKPECTHOCTH HyJIs hyukuns F'(z) umeer pun
F(z) = fsz® + fox® + ...

Jnst TOro, YTOGB UCKIIOUHTE 3ABUCHMOCTb 3aNA3AbIBAHHA OT MAJIOIO Na-
pamertpa ¢, npoussenem B (2.1) zameny

i (] + ET] )1(,1

" nepeoGosuadum onath #; uepes ¢ u z((1+eT))t)) uepes z(t). B peaynnrare
NOJYHHM ypaBHEHHE

1 da o R
W;ﬁ” = (ao(To)+ear)z(t—To) + for2*(t—To) + faa®(t—Tp) +. .. (2.2)
i 1

Pacemorpum otnensho cayyad ap < 0 ¥ ag > 0.

2.2, Mycrs cHauana
g = &f;(Tg) < (.

B srom CAYHae XapaKTePHCTHYECKHH KBAZUITOIHHOM
A +1= (I.Uf’__'wu (2.3)

HMCET Ndpy HHCTO MHHMBLIX KODHeH A 3 = iwp, a Bee OCTANLHEIE €ro KOpHH
HMEIOT OTpHlATeNIbHBIE BelleCTBeHHbIe YacTH. JlukeapusoBanHoe ypaBHeHHe

&+ = apx(l — Tp) (2.4)

HMEET NepHOiHYecKoe pewenne y = exp(iwpt).

Mssecrho, uro B dazonom npocrpaHcrTse U, o) MMEETCS JIOKAJIbHOE 3KC-
MOHEHIHANBHO yCTOHUMBOE HHTErpanbHOe MHOrooGpasue (cum. [30, 25, 2, 1])
€. K s1omy mHoroo6pasuio npu t — oo CTpemMATcsl Bee pewnedus (2.2) ¢
AOCTATOUHO MaIbIM (1 He 3aBHCALIHM OT £) Haua/ibHBIM yCJoBHeM. Takium
06pazoM, HEOGXOAMMO JIMILL HCC/IE0BATH OBCACHHE PelieHH (2.2) Toabko
Ha nBymepHom muorooGpaaun C3. Ha nem ypasnenue (2.2) mokHO 3amy-
cath B Buie cuctemsl asyx OJ1Y, Kotopyio ¢ nOMOIsI0 HEKOTOPBIX fipe-
00pasoBaHHH MOXKHO TPECTABHTH B HauboJee npocroit opme. Ita opma
flasbiBaeTC HOpManbHo# (cM., Hanpumep, [2, 1]). B pacemarpupaemon cay-
"1ae, Korna B JMHeapH30BaBHOM ypasHeHun (2.4) peanusyercs KPHTHYECKHH
CyHaH napsl MHCTO MHMMBIX KODHeH XapaKTepHCTHYeCKOro KBAZHMHOrMOUIe-
Ha, COOTBETCTBYIOUlAs HOPMaJbHas )OPMa UMEET BHJ OJHOTO KOMIIEKCHOTO

ypaBHEHuSA
iz . ;
i—ﬂv- =Mz +dlz|%2 + O(® + |2)° + £]2]?). (2.5)
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B cnyuae, korna Re Ay # 0 u Red # (0 juHamuyeckue cBOfCTBa pelueHHH
(2.5), a 3uaunt, ¥ ypasHenus (2.2), onpenessioTcs YKOPOUEHHBIM HOpPMAJIM-
30BAHHLIM YpaBHEHHEM ;

L = N+ digPs, (26)
rie T = et U z = /=€, Popmyaa, KoTopas cBsi3biBaeT pewenus y(t, &) ypas-
werua (2.2) u ero HopmadibHoi dopmul {2.5), nmeeT BHJ

z(t,e) = e [{{’r)e“"“"‘ + E(T'}e""“""‘] + exqlt, T) + lxg(t,r)+... (2.7

OTMeTHM, UTO 3aBHCUMOCTL OT ¢ B (2.7) 2w /wy-nepuoguunas. Popmyna (2.7)
[4eT OIHOBPEMEHHO ajirOPUTM HaXOKieHHun Ko3(@hHuHeHTOB A; (Ha3wBaeT-
csl HAAKPUTHUHOCTLIO) M d (HasbiBaeTCs JMANYHOBCKOM penHudHoi). Jlna
onpegenenns A\, v d noacrasum B (2.2) dopmyny (2.7) u Gynem cobupath B
T0/lyHBUIEMCS TOXKAECTBE KOA((HIHEHTH NPH OJMHAKOBLIX cTenenax . Ha
NepBoM Liare, NPUPABHUBAA KOI(MHHIHKEHTH NPy e'/?, B cuny onpenenenns
BeJHYMH ap M wy NOJYUHM BepHoe ToxkgecTBo. Ha Bropom wmare npujem x
nr¢depeHHaNbHOMY YPABHEHHIO OTHOCHTENbHO Ty

%2 4 2= aumalt — To,7) + fo [E(r ™t o [g(r) + E(r Yl 2intt ).
W3 ycj0BHA NEPHOAMYIHOCTH (DYHKUUH Z(t, T) HAXOAHM, YTO
To = Tgp + Ta €20t 4 Ty e 20t
rae
on = TP,
s fa exp(—2iwyTp) £2(r).

1 - 24wy — ag exp(—2iwpTp)

Hakoneli, co6upas koadduumuents npu %2, nosyunm sbipakeHne

d{;ﬁ + a3 — agza(t — Ty, 7) =

=—({(1+ ftni'ht’-"*“"’l"’)-géei“’"” + ke |+

+ (0T + a1 — 1) (&(7)e™elt=T0) 4 £(7)ew0lt=T0)) 4
+ 2fymalt — Ty, 7) (£(r)et 1) + E(r)ertinlT0)) +
+fs (E{T}Em"“’ To) . E(T)e muf:-'n,))ah
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Heo6xonumoe u pocratouHoe ycioBHe CyliecTBOBAHHS 27 /wy-niepuo-
AHHECKHX DELIeHHH STOrO yPaBHEHHS COCTOHT B TOM, YTO CyMMa Beex KO3(-
$unpentos npn exp(iwgt) u npu exp({—iwpt) B NPaBOH Y4CTH [OMKHA GBITH
paena Hymo. [lonctapnss BhipaeHne 1as g, PACKPbIBAS CKOGKM M HCIIOMb-
3ya (2.3), nonyynm, 94To Aas CylleCTROBAHUA 27wy~ NEPHOAMYECKUX DeILIeHUH
JLOJIAKHO BBITIOJHATLCA PABEHCTBO

(1 + rjh 4 ,I"fbw‘))—jc _ a; + i.f.v[](ﬂ.] + (L[].!‘l)g £
T fl(‘]l (28)

1 i
22 ey I Y S -3yl e Togp2e
’j j? (l — dy : 2’.5&){} — apexp —QIWUT}]) -+ 1) 4 f‘iJ ‘ Iér E

AnanoruuHoe ypasnenue Takze Gyer w nan &. Kak Jierko 34METHTh, TIONY-
“IEHHOE DaBCHCTBO B TOUHOCTH cooTBeTctBYeT (2.6). Mcnosnbays BhIpaXKeHue
(2.3), mapkputHuHOCTL Ay H JIANYHOBCKYI0 BEJWYHHY d MOMHO B3aMucarh
CAenyUHM 06pasom:

= _y 1+ dwgla; + apTh
M = (L4 T 4 T 10 )
0

. i 1 14 4wy
1= |22 —— & g S2088
‘ ]: fz (1 — 7 inﬁ 2 ﬂ(}(‘}}{p(—*zi(&)[)ﬂ]) -+ 1) g Jf{l 4]
Hopmasnusosannoe ypasrenne (2.8) spasieTcsi KOMIIEKCHBIM. ECau KoM-

TICKCHYI0 yHKumio § npeactaButh B Buge £(1) = p(7) expip(T), To ans
AMIVIHTYb 0 B A0S BasEl o NOJAYMHM YpaBHEHHS

d,

3-:? = {Reh)p+ (Red)p®, (2.9)
d

i_;: = (ImA)p+ (Imd)p’. (2.10)

Pacemorpum ypasuenne (2.9). 310 CKansipioe, asroHoMHoe ypasuense. Kop-
HH €ro npaBoil 4acTH — 3TO KOPHH YpaBHeHusl

(Re M)p+ (Red)p® = 0.

OTO ypaBHEeHMe BCEra HMEeT HY/eBOil KopeHb, u, ecid Re \; n Re d pasnbix

3HAKOB, napy KopHe# +p,, roe
_ [ Rex
P=Y"Rea
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Kak usBecTHo, pelienua cKansapHeIX AuddepeHiiHaibbX YpaBHEHHH JTH-
60 cTpeMATCs K NOCTOAHHOA BestvuMHe (KOPHIO NpaBoi yacTH), aHGO Heorpa-
HHYeHHO Bo3pacTaloT. [losToMy crnpaBefsHBO caefyoliee yTBepKAeHHe.

Teopema 2.1 Fcau ReAy < 0, Red < 0, moeda sce pewenus ypasuerus
(2.9) cmpemamca K HYAIO npu T — ©0.

Ecau Red) < 0, Red > 0, moeda pewenus ypasnenus (2.9) ¢ na-
warerom yerosuem |p(0)] < p. cmpemamcs & Hyaro, a 8ce OcmavHuie
HEOZPAHUYEHHO BO3PACMAIOM NPU T — 00,

Ecau Rely > 0, Red > 0, moeda sce pewenus ypasuenus (2.9)
HEOSPAHUYEHHO 803PACIAIOM APU T — 0O,

Ecau Re My > 0, Red < 0, moeda ace pewenus ypasuenusn (2.9) cmpe-
mamea aubo K p,, Aube K —p, RPU T — O,

B cuny Teopembr 2.1 1 pasencrsa (2.7), KoTOpoe cBs3hIBaeT pelieHus
HOpMaJ/ibHOH (OpMbl H PellieHHs WCXOJHOTO YPABHEHHS Ha 3KCNOHEHLHANBHO
YCTOHUHBOM HMHTErpaibHOM MHOroo6pasum Cy, BepHBI CleNyIOlLHe YTBEPMKAe-
HHUS.

Teopema 2.2 Ecau Re)y < 0, Red < 0, mo npu docmamouno maivix
3Hauenuax € peuenus ypasuenus (2.2) u3 HeKomopot oKpecmHocmu Hyis
cmpemMamen K Hyaw npu t — oo,

Teopema 2.3 Ecau Re Ay <0, Red > 0, mo npu docmamouno manvix 3na-
YeHuAX £ Hyreeoe pewenue ypasrenun (2.2) acumnmomuvecku ycmoiiuu-
80, KpOME MO020, 8 OKPECMHOCMI HYAR CHLYecmBYyem Heycmouiusnil yuxKa
¢ acumnmomuxoil x.(t) = /ep. cosp(et(1 + o(1))){1 + o(1)).

Teopema 2.4 Ecau Reh, >0, Red > 0, mo npu marelx £ 1yresoe peuie-
Hue ypaerenus (2.2) Heycmouduueo, u 6 e2o Hekomopoil (ne 3asuciujeli om
£) OKpecmHOCMU Hem YCMOUYUBHIX PEHCUMOB.

Teopema 2.5 Ecau Rehy > 0, Red < 1}, moeda sce pewenun ypaeare-
Hus (2.2) u3 Hekomopot OKpecmHOCMIL HYAR CIMPEMAMCA K YCMOUYUBOMY
yuray ,(t) = ep, cosp(et(1 + 0(1)))(1 + o(1)).

Teopemsl 2.2--2.5 noJAHOCTBIO ONHCBIBAIOT JIOKAJIbHYIO AHHAMMKY ypasHe-
uua (2.2) B OKPECTHOCTH HYMS NPH Majdbix £. (DA30BBII NOPTPET CHCTEMBbI
(2.2) na muoroo6pasuu Cy 110Ka3aH Ha pPHCYHKe 2.

2.3. [lyctb Teneps
a = {.'I.U(Th) > (0.
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a) 6)
N\
7N

B) )

Puc. 2. ®asosbie noprperh cuctemnl (2.2) Ha MHoroobpazun C', 1npu
ap = ap(T) < 0 B cayyasx: a) Red; < 0, Red < 0; 6) Re), < 0, Red > 0;
B) Re Ay >0, Red > 0; 1) ReAy > 0, Red < (.

Torna, kak 6bi10 nokasawo B §1,
a’(Tp) = 1.
IMps Takux 3Havenusx napameTpa NMHeapH3OBAHHOE ypaBHeH e
&4z =zl —Tp)
MMeeT MOCTOANHOE HeHyJaeBoe pelueHHe. XapaKTepHCTHYECKOE ypaBHeHHe
A4 1=¢g

HMEeT HyJeBOil KOPEHb, 4 BCE OCTANbHBIE eT0 KOPHH HMEIOT OTPHUATEJILHBIE
AeHCTBHTENbHBIe HacTH. B atom cayuae s ¢asosom npocrpanctse Cig g
CYHICCTBYET SKCNOHEHIHAILHO YCTOHYHBOE HHTErpaabHoe MHOrooGpaste Cf.
Bee pewenus (2.2) ¢ noctatouno mManbim (1O He 3aBHCAMUM OT £) HAuAJID-
HBIM YCJIOBHEM CTPEMATCH TIPH 1 — o0 K 3TOMY MHOroo6pasmio. ClienoBaresb-
HO, HYJXHO HCCJIENI0BATL NOBCAEHHE DelllenHit (2.2) Ha rMankoM OJHOMEpPHOM
MHOroo6pasun ). Tak e kak M B NpepbayLieM ¢ilyyae, Ha 3TOM MHOro-
00PasHH HCXOAHYIO CHCTEMY MOXMCHO UpeicTapHTh B HanbGonee npocTod —
HOPMATBHOK — opme. B nawem cayuae, xorga XapAKTePUCTHHECKHH MHO-
FOUIeH UMEET O/MH KODEHb HA MHUMOH OCH, HOpMAsbHAS dopma rmeer pun
CKaJIAPHOTO YpaBHeHHs!

i =eMz+d2? + O + e2° + 2). (2.11)

B cayuae obimmoctu nonoxenus, korma Ad # 0, nosegeHue pewenuit
(2.11), a snauut, u (2.2), onpenensiores YKOPOUEHHBIM — HOPMAaJH3I0BAHHbIM
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~ ypaBHEHHEM
d
22— Nz4dP (2.12)
dr

3neck z = €€, T = ct. ANropuTM HaxoxiaeHus KospduUHeHTOB A\ W d

noayuaetcs H3 GopMynbl, cBA3LBapLeH pelreHua cucTeMsl (2.2) ¥ ee nop-
MasbHOH thopmul (2.11):

z(t, &) = ez(r) + E‘L):f.'g{'f') + ... (2.13)

JleitcTByst Tak ke, Kak M Bbie, T.e. nogcrasasa (2.13) B (2.2) u cobupas
B MOJYYHBIIEMCS PaBeHCTBe KOIM(GHIWEHTH NPH ONHHAKOBHIX CTENeHsX &,
HOJYUHM, 4TO [jf 2(7) JOMKHO BHITOJIHATLCS COOTHOLIEHHE
dz it o 4

dr 14T T1+Ty (2.14)

ﬂ,}‘l}lah’llﬂia 3TOH CHCTeMbl NOJHOCTLIO ONHCHIBAETCA c.nenylomeﬁ TEOPEMOﬁ,

Teopema 2.6 llycmov a; < 0, f; > 0 (fa < 0), moada pewenus (2.14) ¢
HQUGAbHBIMY YeaoBuAMU Menbuie (Boavwe) —ayf;' cmpemames Kk Hyaro
npu T —+ 00, @& OCMAABHBIE HEOZPAHUYEHHO 803PACMAIOM NO MOOYAIO.

Hycmo ay > 0, fo > 0 (f2 < 0) moeda pewenusn (2.14) ¢ noaosxcu-
meabHbimi (OMPUUAMENbHbIMU) HAYAAbHOLMI CAOBUAMU CMPEMAMLA 1O
MOOYAt0 K GECKOHEUHOCMU, @ 8Ce OCMAAbHLIC CXOOAMCA K Zy = —aify '
npy T — 00,

Hcexopa ua 3TOH TeopeMbl, MOKHO ONHCATh AMHAMHKY ypaBHeHHs (2.2) »
OKPECTHOCTH HYJIEBOTO DELIEHHA.

Teopema 2.7 [Tycmo a) < 0, mozda npu docmamouno Maabix SHAHEHUAX €
Hynesoe peutene (2.2) acumnmomudeck yemoliuso.

Teopema 2.8 [Tycms a, > 0, moeda nyaesoe pewenue (2.2) neycmoiuu-
80, U 8 e20 marol (HO He 3Q6UCAULEl OM £) OKPECMHOCMU Cyulecmayem
COUNHCIBEHHOE ACUMNMOMULECKY YCmoUusoe peulerue

2, == —-ch—;(l +o(1)).

Vnpaxunenne 2.1. Pacemorpets Gosiee obuiee, mo cpasrennio ¢ (2.1) ypas-
HeHHe

iz = (ag+ )x(t — To) + farz?(t — To) + farx(t — To) + fasz®(t) + farz®(t).

SEIOLE
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Ynpaxuenne 2.2, Jlng ypasrenus XatumHcoHa

rae al' = /2 + &, U3YyUUTH BONPOC O MOBEACHHH PeIleHHi 3TOro ypaBHeHHs
npu 0 < & < 1 B AOCTATOMHO ManoH OKPECTHOCTH HYJIEBOFO COCTOSIHUA
paBHOBeCHSI.

§3. Jlokanbuasi AMHAMUKA ypaBHEHUs ¢ GOJBIINM
3anasabIBaHUEM

3.1. OcHoBHoe npeanooxenye 310ro llaparpaga COCTOMT B TOM, YTO B ypas-

HEHHH q
= ax(t = T)+ F(z(t - T)) (3.1)
napamerp 7', XapakTepH3yIOLHH 3anasasiBanue, SBASETCS JOCTATOUHO 60J1b-
LIHM, T.e.

138,

Ipu sTom yenosru paccmatpuBaercs Bonpoc o nopeneHny peleHuit ypaBHe-
Huna (3.1) B Masoit (Ho He saBucsmel oT T') OKPECTHOCTH HYJEBOrO COCTO-
FIHHA paBHOBeCUA. YnoOHO uepes ¢ 0603HAYHTH Madbil napamerp £ = T,
Tem cambim

D<exl

B ypasresnn (3.1) npoussegem dameny BpemeHH t — Tt. B peaynwrate
NPHXOAHM K YpaBHEHHIO

r‘é"; + 2 = az(t — 1) + Fla(t - 1)). (3.2)

B okpecrnocty wyns wenuneiinas GbyHkuus F(x) npeacraBuma B Bue
o\ e fon2 3
F (r) s=fart L et g

Tax e, Kak ¥ B npeabiiymux naparpagax, o noKajbHON JUHAMHKe ypaB-
HeHHA (3.2) MOMHO CYIUTH 110 AHHAMMKe JIHHEAPH30BAHHOTO YPABHECHUH

rd:r_i_.__ gt 1)
e te=ax :
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DTO ypaBHenHe ABNACTCH CHHTYJAPHO BO3MYUIEHHbIM, MOJYHAIOLIEeCHd MPU
£ = (} BHIpOXKIEHHOE YPaBHeHHe

T = ac(t — 1)

He apasercs auddepenuHanbHbiM. [ogcTasum ciona x = exp At. s A no-
JYUHTCA XapPaKTEPHCTHYECKOE YypaBHeHHe

ex+1=ae. (3.3)

Pacnionoxenne KopHeil XapakTepueTHYECKOre KBaaunoauHoma (3.3) onpe-
pedaset nosejienye pewennit (3.2). CnpasesiuBsl CliefyiolIMe yTBEPKACHHS.

Yreepwaenwe 3.1 [Tycmo cywecmsyem maxoe M > 0, wmo npu awbom
cKoab Yeodno marom e > (0 Haiddemcea Kopetb XapaKkmepucmuueckozo no-
ausnoma (3.3) Me), makod wmo ReMe) > M. Toeda cywecmsyem ey > 0,
maroe umo npu ¢ € (0,eq) Hyaesoe pewenue ypasuenus (3.2) neycmodiuu-
80, Goaee mozo, 8 Hekomopoi e2o docmamouno Marol (Ho ne sasucaujedl
Om £) OKPECMHOCMIL Hem YCMOUULBHLX PEHCUMOS.

Yreepwaenne 3.2 [lycme cywecmeyem maxoe M > 0, umo npu Kasoom
docmamouHo maiom £ > (} 8ce KOPHIL XAPAKMEPUCMULECKO20 K8A3UNOAL-
noma (3.3) ydosaemsoparom ycaosuw Re) < —M. Tozda npu maavix e
HyAegoe peuwlenue ucxoOHozo ypasnenus (3.2) acumnmomudecku yemot-
YLBO,

Takum o6paszoM, HeoGXOAMMO TMPOBOAHTL AONOJHMTEJbHHE HCCEeL0Ba-
HHsl TOBEAEHHs pelleHHH ypapHenus (3.2) ToMbKO B TOM c/yuae, Koraa
XapakTepHcTHYeCKUH KBasumoauHom (3.3) nmeer KopeHb A(e) Tako#, uTo
Re Me) — 0, ¥ He MMeeT KOpHeil B MpaBofl KOMILIEKCHOH HOJYNJIOCKOCTH,
OT/leIeHHbIX OT MHUMOH OCH IIpH € — 0.

3.2. Mccnegyem pacnosioxkeHre KopHeH Kpasunoanuoma (3.3) npH Masieix
BHAYEHHAX £ B 3aBHCHMOCTH OT rNapamerpa a.

Tpy @ = 0 BCce KOPHH HAXOASTCH B JIEBOH KOMILIEKCHOH MOJYTIOCKOCTH.
3uHauuT, npd GIU3KUX K HYJIO 3HAYeHHSX o Bee KopHH (3.3) yaoBaeTBOpsior
yenosuam yreepxaesns 3.2, [lyers 9T0 CBOHCTBO BriepBble HapyluaeTcsl TpH
a=ag<0una=a">0. B cuiy HenpepbiBHO# 3aBUCHMOCTH KopHei (3.3)
OT @, 1IpY TaKOM 3HAYEHHH NapaMeTpd Y XapaKTepHCTHYECKOro KBA3HONHHO-
Ma CYILECTBYET KOpeHb, AeHCTBUTENbHAR HACTh KOTOPOTO CTPEMHTCH K HYJIIO
rnpu € — 0. [IpegcTapiumM 3TOT KOpeHb B BUJe AaCHMITOTHYECKOTO Psfla

Ale) = ilw e +wy(e)) + o(1),
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rae v > 0, a wy orpaHuueHo npu manwix ¢. Tloxctasum ato B (3.3) u Gynem
NOCJE/IOBATENLHO TIPHPABHUBATL KOIPPHUIMEHTH TIPH OAHHAKOBBIX CTENEeHAX
E.

Ecan v > 1, 10 crapuweii crenenbio Gyaer 17, a rnasuas yacTh ypaBHe-
HHS HPHMET BHJL

gl =10,

OTKyna w_ = 0.

Ecan v = 1, 10 npu € nonyunm pasencrso

a2t ] ;
oo exp(—iw_e Y — dwp(e)).

(

Monyan npaBoi YacTH paBeH eAHHHLE, CJe10BATENbHO, MOJY/Ib JIEBOH 4acTH
TOMe JONXKeH OLITh paseH ejMHUle. l'Jo.rlyllaeM

wi(e) + 1 =al.

Haumennwee [a|, npu xoTopom 510 paBeHCTBO MOKeT GHITH BHIONHEHO, 5T0
laj = 1. Tlpu s1om w_ = 0.
Hakonen, ecnn 0 < v < 1, To pasencTBo Koadpuuuentos npu ¥ 6yner
HMETh BHJL
1 = aexp(—iw_e™7 — jwy(e)).
310 yparHenue GyAeT HMeTHh peleHHe, TOMLKO echH la] =1
Mrak, Mbl nosyumniu aHauenus napameTpos

ag = —1, a’ = 1.

[lycrs cHavana @ = a° = 1. Kak Guiio noxasano seime, BO3MOMKHBL zBe
CHTyauun: w.. =0 u w_ # 0. B nepeom caywae napamerp -y TepsieT cMbica, a
BO BTOPOM HeOOXOAHMO, YTo6H () < et I
Ecan w_ = 0, To rmapHas wacTb KBasumoJHHoMa (3.3) npunumaer Bun
YyPaBHEHHsA
1 = exp(—iwp),

KOTOpOe HMMeeT CueTHOe uMCn0 KopHeH wyy = 2mk, k € Z. Iloayvaem
ACHMNITOTHYECKOE npeacTaBJenye KopHei (3.3), cTpemAmMXCs K MEMMO#H ocH
(ke 2)

Ap = 2mik(1 — € + €%) — 27%k%2 + O(e®). (3.4)

Ecnu 0 <y < 1, w_ # 0, 1o rnasnas yacts (3.3) npeacrasasercs Kax

1 = exp(~iw_e™" — iwy(e)). (3.5)
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Beeaem seanuuny f = 8(e) no npasuay
0(s) = -2 (mod 2).
Y

Takum obpasom, #() € [0,27) u w_e 7 4 B(c) sABnsercH ueabm Kpar-
HuiM 2a. Torpa BuAHO, 4TO 1pH JMI0060M w_ ypaBheHHe (3.D) HMeeT KopeHb
w_ e + #(e)i. CnenoparenbHo, rosyyaeM eile OIHY ACHMINTOTHKY KOpHeH

(3.3) (k€ 2)

whk o e F 22y w?k?

Ap(w, ) = E—z—i—kﬂ(s)z%—zs T(—wk+o0(1))+e =g o(1) ). (3.6)
OtmMeTHM, 4TO X0Th dopmyaa (3.6) 3aBUCHT OT HENPEPHIBHOTO NapaMeTpa w,
ypagrenue (3.3) MMeeT JHINL CUETHOE YUCIIO KOPHEH.

3uauuTt, Npi @ = 1 y XapakTepHCTHYeCKOro KpazHMHorouseHa (3.3) cy-
HIeCTBYeT OECKOHEUHOE YHMC/0 KOpHeH, CTPEMALIMXCS K MHHMOH OCH NpH
e — 0.

AnanornyHbiM 06pa3oM PacCMOTPHM CUTYaLHIO a = ag = —1. B pesyib-
TaTe NOAYYHM, YTO IPH TAKOM @ KBA3HIOAMHOM (3.3) TakKe uUMeeT CueTHoe
YKCJIO KOPHEH, AeHCTBUTeNbHAA YacTh KOTOPLIX CTPEMHUTCA K Hy/0. B cayuae
w_ = 0 nonyuaem acumnrotuky (k € Z)

, 2k — 1)2r?
Ap = mi(2k — 1)(1 — & +¢%) — (—3)——52 + O(e%). (3.7)
Mycts 0 < v < 1. Paccmotpum Torga Beandnny 6, = 61(g) € [0, ) Taxyio,
m bi(e) = ~= (mod m)
1\ £} = _IE_"' moa m).

Torna MOKHO cKasaTb, YTO Yy KBasunonuHoMa (3.3) ecTh KOpPHH ¢ acHMITO-
Tuxoil (k € Z)
22k — 1 . .
Ap(w, ) = L:’—(——w-—)-i + (2k — 1)6; ()i + "7 (—w(2k — 1) + o(1))i+

+ ¢ m (—J—JE—@%:—”:)- + 0(1)) ;
(3.8)

Jlemma 3.1 Ecau |ef < 1, mo cywecmeyrom maxkue M > 0 u g > 0,
4mo 8ce KOpHU xapaxmepucmuteckozo kgasunoruroma (3.3) npu scex
0 < & < gy ydosaremeaopsiom ycaosuto Re d < —M.
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Ecau |a| > 1, mo cywecmsyrom maxkue M > 0 u g9 > 0, umo npu Kaxc-
dom 0 < & < g K8asunorurom (3.3) umeem Kopeno Ny, yoosaemeoparowuil
ReXo > M.

Haisi fjokasaTedibeTBa JIEMMBI HAM J0CTATOMHO [10KA3aTh, YTO npu |a| > 1
Haipyres M > 0 u g > 0 takue, uro npu 0 < € < gy ypasuenue (3.3) ume-
€T KOPCHb C BelleCTBEHHOH 4YacThio Gousbiieit M. OGosnauum vepes A(a,c)
Kakof-HUOYIb KOpeHb. Yreepxkaenue BynerT noxasaHo, ecau YAacTcA NoKa-
3aTh, 4TO /IS KAKOro-HMOYAb HOMEpa k HepaBeHcTBa

d :
Re M >0 u Re _/\_({li) <0
da la=1 A=\ da as—1A=Xi

BLInosnawTes npu Beex 0 < € < gg. B nepsom HepasexcTse Ay onpefesieTcH
no topmyne (3.4), a Bo Bropom — no dopmyae (3.7). Buumcanm 3naueuye
NEHCTBUTEJLHON YacTH NPOHZBOAHOH, KOTOPas CTOHT B JIEBOH YacTH Hepa-
BeHeTB, [lonyuum

dMa,€)  1+e(eRed+1+2Re) +e[AP)
Re = = ;
da ale + 1+ e)?

Dukcupyem A = A; (k Bo3bMeM nponssosibHbIM). Torna Beipaxkenue, crosniee
B UHC/IMTEJIe APOGH, NPH MaLIX € NOJNOKHUTENLHO, CEA0BATENbHO, 3HAK Boel
ApOOH cOBMafaer co 3HakoM a. Yro u Tpe60oBasoch HOKA3aTh.

3.3. Uayuum nunamuxy (3.2) NpH 3Ha4eHusx a Gnuskux K 1, Ecan a = 1, To,
Kax Obl/I0 NOKa3aHO BLILIE, Y XaPAKTEPHCTHUCCKOIO KBASHIIONHHOMA (3.3) uer
KOPHEH ¢ OTAENEeHHON NPH & — 0 NOJOKHTEALHOH BelleCTBeHHOMN HacThio H
€CTL CHETHOE YKCJIO KopHel Ar(e), deiicTBHTeNIbHAS YacTh KOTOPBIX CTPEMHT-
€A K Hymo npd ¢ — 0. Bce TakHe KOpHH ONHMCHIBAIOTCH ACHMIITOTHUECKHMH
paserctBamu (3.4) u (3.6).

PaccmoTpum chavana cayuait, korna

gz 1 3%, (3.9)

B npenmaymewm naparpade mbi pacemarpusanu cayuafi, Korma TOABKO 1Ba
KOpH#A XapaKTepHCTHUECKOrO KBa3HMHOTOUJICHA CTPEMHINCh K MHAMON OCH.
Hecmotps Ha 1o, yro Teneps Takmux KOpHeH GeckoHewyHoe KOJIHYeCTBO, BOC-
NOJbL3YEMCA aHANOTHUHEIM METOOM.

Tonoxum B (3.2)

& =g* Z & (T)e¥™* 4 (b, 7) + ..., (3.10)
k=—00
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rae 7 =%, t; = (1 —e +€%)t, a pyuxuus xy({y, 7) NpeanonaracTCs nepUoaH-
4eCKO# 10 MepBOMY apryMmeHTy ¢ nepuonom 1. Tak ke xak M BbIILe, NOACTA-
BUM BhipaxKeHue ans « B dopmyay (3.2) # 6ynem cobupath koshpuuHEHTLI
MIPH OJHHAKOBHIX CTEIIEHHX €. Ha nepBom ¥ BTOPOM Ilare, NpUpPaBHUBaA Ko-
shpuiimenTh NpH =2 1 £7 COOTBETCTBEHHO, NONYYHM BepHbe ToXaecTBa, Ha
TPETHEM 1Iare NPHAEM K YPABHEHHIO OTHOCHTENLHO Ti.

1 =x1(t1 — 1,7) + Z [(a; — 202k E(T) — 'if]e“m'“‘ +

k=-20

i 2
+ fz ( Z £k(T)B2mktl )
k

Taxk kak i (t1,7) nepuoguuna, To z1{ty,7) = z(ty — 1, 7), caenopatesuHo, 570
ypaBHeliHe NPHHHMACT BH

o &5 2
0= Z [(al o Qﬂ_if.‘kz)fk(,r) = %}]czﬂktl + fo ( Z {k(,r)c?mktl)
k

——y k=—o0
OTKy,Ela caenyet, YTo Nnd Kaxaoro k € Z BoinoJaHsieTcs

dé

ok [ax — 27Kk + fapr(£). (3.11)

3nech uepes p(€) ofosnauen kKosddrunent npu exp(2rikt) B pasaoKenuH
(pyHKUHH

a0 2
2mikt
( 3 e

k=--03

8 paa Oypoe.
Cucremy (3.11) MoKHO 3anMcaTh B BHe GAHOTO NapaboiHueckoro ypas-
HEeHHA
ou l(')zu
ar  20r%
C [IePHOIMIECKHM KPAEBHIM YCIOBHEM

+ayu + fou (3.12)

w(r,r + 1) = u(r,r). (3.13)
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JedcrsuTensto, ecay paznoxuts pewenve 3agaun (3.12)—(3.13) B psg no
COBCTBEHHBIM (QYHKIMAM JHHEAPH30BAHHOH NPaBOH YaCcTH, KOTOPLIA cOBMa-
naetr ¢ pajgom Pypoe,

u(r,r) = Z Ex(T) exp(2mikr),

k=—o0

TO AJi onpejelieHus amminTyn &.(7) noNyYHM B TOMHOCTH cHetemy (3.11).
[Tosromy sanaua (3.12)—(3.13) urpaer poan HopManusosanuoii Gopmbl s
ucxonHoro ypasnenus (3.2). Kak u3secTHo, yCTOHUKBHIME pelIeHUs MU TaKoH
KpaeBOH 3a/la4i MOTyT ObITh TOJBKO TPOCTPAHCTBEHHO-OMHOPOJHBIE COCTOS-
HHS paBHOBECH:, KOTOPHIM, B cHay (opmynsl (3.10), GyayT cooTsercTBOBaTH
ycroiunsble pewenus (3.2), 6amskue K nocTosHHBIM. B cuay storo, auHa-
muka (3.2) B cayuae (3.9) onucniBaetes caepyiomeii TeopeMoii.

Teopema 3.1 [lycme a; > 0. Tozda nyaesoe pewenue ypaswenus (3.2)
HeycmoLuueo, u cyujecmayem acUMnMOMULEcKy YCMoliueoe Cmayuonap-
Hoe pewerue yo(t, c), npuvem

Vi) =~ %1 +of1).

Ecau e ay < 0, mo nyaesoe pewenue ypasrenus (3.2) acumnmomuuecku
ycmotuugo.
Ilepeitnem Tenepb K cuTyauuu

e=1+eaq, 0<p<?2 (3.14)

Mosoxum v =1 — p/2.
Hopcrasum B (3.2) cnenyrommit psn:

8.9}
z(t,e) = &* z Exr)e™ 4 ePza(ty, ™) + ..., (3.15)
k=-—n0
rae 7 = &', ) = (we T+ 0(e) — £ Tw+o(1)), a za(ty, 7) 2m-nepuoanuna no

nepsoMy aprymenty. JleHcTBys Tak Xe, Kak M Bhiute, T.e. coGupas Ko hu-
IMEHTEL NIPH OAMHAKOBLIX CTENeHAIX €, NONYYHM CHCTEMY JIA ONpejesieHHs
aMIIHTYA &, KOTOPYIO MOKHO MPE/ICTABHTh B BU/E OJHOIO NapaboJHuecKoro
YpaBHeHHs

Ou 1 0%u

i + a1 -+ 1,,1_ 316

5 = a2t Jou? (3.16)
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C NepHojHYeCKHMH KpaeBbiMHK YCJOBHAMH

wh

u(r,r) = u(v’?-i—z—w—)‘ (3.17)

Otmerum, uro puibop w Ow1 abconioTHO npousBodeH. CrenoBartesibHO,
ecjii Mbl BO3bMEM JpYyroe 3HaueHue napameTpa w = wj, TO [OJAYYHM aHa-
goruanyio (3.16)—(3.17) kpaesyw 3afaqy, HO KpaeBnle YCJIOBHA OyOyT yKe
HUHBIMH. TakuM o6pasoM Mbl MOJYUHJHM Cpasy LeJsbld KJacc ypaBHeBHH, fAB-
JAAIOUHXCA HOPMANTHI0BAHHLIMH (hopMamu. Tak ke Kak ¥ y cHeTemnl (3.12)-
(3.13), v xpaesoi zagaun (3.16)-(3.17) moryT ObITL YCTOHYMBBHI TOJIBKO
NPOCTPAHCTBEHHO-0AHOPOHEIE COCTORHUA paBHOBecUs (KOTOphie oT BhiGopa
W HE 3aBHCAT).

Teopema 3.2 [Tycmb ay > 0. Toeda nynesoe pewenue ypasnenus (3.2)
HeYCmOLMLE0, U CYLECmBYem ACUMILMOMUIecKY Yemoiuugoe cmayuonap-
Hoe pewerue, donyckalouee npedcmasienue suoa

z{t,e) = Hsp?lgl +o(1)).

Ecau me a; < 0, mo Hyresoe pewlenue ypasnenus (3.2) acumnmomuuecku
HCmOU4Uso.

3.4. Paccmorpum reneps (3.2) npu 3nauenuax e 6nuskux k —1. IMonoxum
cHavasa
a=-1+e%a. (3.18)

PaccMoTpHM aCHMITOTHYECKHI paj, aHagoruyustit (3.10)
z(te) =¢ Z E(r)em V0 4 200t 1) 4+ Sag(ty, ) + ..., (3.19)

rle BCE lapaMeTpnl TakMe ke, KAK W B MpeAbjylieM caydae: 7 = &2t
t1 = (1—e+e?)t, x,(ty, 7) NEPHONHUHBI IO NIEPBOMY apPryMeHTY ¢ nepHosom 1.
MMoncrasum psan (3.19) B (3.2) 1 nocnencartensHo Bylem npUpasBHKBATh KO-
sqbULMEHTE IPH ONMHAKOBEIX cTenensx £. [Ipu £!, kak Jerko yGeauThbes,
NOJIYYKM Beproe TOXAecTso. M3 ypasHeHus, mogyunBuierocsi npu £* nocae
OUEBHHBIX COKpalUeHHMl,

2

-
ry+za(ti — 1, 7) = f Z Ex(r)emi-Dh |
k=-—00
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HCNIOJTb3YA MePHGAHYHOCTD Tg, NoOAYy4YHM

o0 2
tl;?')‘-“—(z Ek( }mek l)h) ;

k=—o0

Ipupasnupas kosdduunents: npu €*, npuxonum x ypasnennio

bt = 5 [(~EEEZ ) o) 28] g

k= =00

oo x o0 ‘*
+ 2fozy Z Ex(r)em =D 4 £y ( Z &r(7)em R ])E‘) .

k=00 Kevio
B nieBoil uacTi CTOMT mepuomMueckas mno # qzyuxu}m 3HAuKT, BRIpaKEeHHE
B NDABOH YaCTH TOXe NEPUOAMYECKH 3ABHCHT OT f1. DTO MOXKET GbITh, TOMb-
KO ec/iu Npasasi 4acTh paBHa Kymo. T.e. s Beex nesnmix k BHIIOMHSIOTCS
paBeHCTRA

g&% . (f(z—kgi‘)‘ 4 “]) &+ (f + f3)e(€), (3.20)

rae uepes pi(£) obosnauen kosduunent npu exp(n(2k—1)it) B pasnoxenun

( z ‘Ek(’-")cﬁwk_”fl)
k_

=

B pang @ypoe.
Cucremy (3.20) MOXHO NPenCTABHTL B BMAC ONHONO napabonnueckoro
YpaBHeHHs
o 10% a 3
5o = oy au A+ (fy + f)u® 3.21
o = 353 T au+ (4 fy) (3.21)
¢ AHTHNEPHOAHYECKHMH KPACBLIMH YCJIOBUAMY

u(r, ) = —u(r,r + 1). (3.22)

Ecnu pewennn (3.21)-(3.22) pasnoxurs B psig 10 coBCTBeHNBIM yHK-
LHAM JHHEAPH30BAHHON NpaBoil YacTy

u(r,r) = Z & (r)em 2 -br

k=00
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TO ANA onpefeNeHus aMIHTYA & noaydunm cuctemy (3.20). ITosTomy kpae-
By 3afady (3.21)-(3.22) MoxKHO CuMTaTH HOPMA/IH30BaHHOH OPMOH ypaB-
Heuns (3.2) npu yenosuu (3.18).

Y 3Tof kpaeepol 3azaum, B otauune ot (3.12)-(3.13), moryT 6bITh yeTOM-
YHBHIE HECTALHOHAPHLIE AEePHONUYECKYe pellieHHs.

Bynem rosoputs, uto x,{t,2) ABAseTcs pemleHHeM 110 HeBs3Ke YpaBHeHHs
L(x,e) =0 c trounoetbio ", ecan suinonnsercs L(z.(¢,€),e) = o(e™).

Teopema 3.3 [lycme kpaesan sadawa (3.21)-(3.22) umeem pewenue
u.(7,1). Toeda ypasnenue (3.2) umeem acumnmomuueckoe no Heeaake pe-

weHue
z.(t,€) = eu(e?t, t(1 — e + €2))(1 + o(1)).

PaccMoTpum Tenepb cayuai
a=—1+¢eba;, O0<p<2 (3.23)

Tonoxum v =1 — p/2.
[Toncrapum B (3.2) caeayownit pan:

z(t,e) =" Y &(r)e®* VN 4 Pty 1) + P 20g(ty, T) + ..., (3.24)

k=—00

rae T = &P, £ = (we T + O1(2) — €' w + o(1))t, a za(ty, T) W 3Ly, T)
2m-niepiogduHBl 10 neppomy aprymenty. Hanomuum, uto 8,(e) € [0,7) Bbi-
GupaeTtci TaK, 4To6Ll UHea0 we Y + 8 (¢) Obio LeanM KpaTHLIM 7. [eiicTBys
TaK JKe, KaK H Boile, T.e. cofupas Ko3pPpHUHEeHTh NP OAHHAKOBEIX CTene-
HAX £, NOJNYYHM CHCTeMY AJA ONpefefieHHs aMIVIHTYA &, KOTOPYIO MOMXKHO
NPEeACTAaBUTh B BHAE OAHOro Napabosuyeckoro ypaBHeHHs

ou  10%

or 20,2 T

C AHTHNEPHOJHYECKHMH KDAaeBbIMH YCJOBHAMH

@+ (ff + f3)ul (3.25)

u(r,r) = —u(r,r+ :T—J) (3.26)

Tak e, KaK ¥ B NPeAbIAYLIeM NYHKTe, MW [OJYYHJIX B KauecTse HOpMa-
nH30BaHHON popmbl cemeilicTBO Kpaepnix 3amayq (3.25)-(3.26), sasucsinee ot
HenpepniBHOro napamerpa w > 0. [lpn pasnuuHbix 3HayeHusx napamerpa
OHHaMHPKa 9TOH 33724 MoKeT OblTh, BOOOLIC IOBOPS, Pa3NHUHOMH.
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Teopema 3.4 [lycmo npu xaxom-mo guxcuposannom w > 0 Kpaesas 3a-
daua (3.25)-(3.26) umeem pewenue u,(7,7). Toeda ucxoOnoe ypasuerue
(3.2) umeem acumnmomuueckoe no HeeR3KE peuienue suda

[
e7

z4(t,€) = e u (ePt, (= + 8(e) — e "w + ef(e))t).

W3 3Toil TeopeMBl MBI He MOMKeM CHeJaTth BHIBOJ, cyiecTryet Ju y (3.2)
TOYHOR pelleHHe ¢ MpHBeeHHOH acHMITOTHKONH, MoyKeM JMlIb CKa3arh, 4T0
ECHM U, HEYCTOMHUMBO, TO JaXKe €C/IH TOYHOE PelleHHe M CYILECTBYET, TO OHO
3aRefloMO HeycTOHYHBO. [103TOMY paccMaTpuBaTh HYMKHO TONLKO YCTOHYHBRIE
pemenus (3.25)-(3.26). "

Ynpammnenne 3.1. PaccmoTpum KBasuauneiinoe ypasneime
ez+z=az(t — 1)+ pf(z(t - 1)),

rie 0 < e < 1. Tlokaxure, 4ro npu yeaoBsk a = 1 4 a = —1 ponb HOpMa-
JII30BAHHOTO YPABHEHHSA, ONHCHIBAIOILETC JHHAMMKY HCXOJHOH CHCTeMBl yiKe
He B MaJIoH, HO B IPOH3BOJIbHON (PHKCHPOBAHHON OKPECTHOCTH HYJIs!, HTPAIOT,
COOTBETCTBEHHO, KpaeBhie 3ajJaun

9, 52
g’? - g%;; + f(w), ulr,r)=u(r,r+ 1)
u )
ou 5 _ - _
v + ®(u), ulr,r)=-—u(r,r+1),

rae obosnaueno: & = eu~ 2 Bu) = (f(—u) — f(u))/2.

§4. JlokanbHasi AMHAMHKA ypaBHeHMs C ABYMS
3anasibIBaHUAMMY

4.1. B 5TOM # Tpex NoCAeAyIOMHX naparpadax Hayunm JIOKANLHYIO THHAMH-
KY AH}epeHunanbboro ypaBHeHus ¢ ABYMS 3aNasibiBalusiMu BUAA

&+x = azx(t —T) +bx(t — Th) + f(z,2(t = T),z(t — T})). (4.1)

Ypasrenne (4.1) sBasiercn ecTecTBeHHbLIM 0606UICHHEM YPaBHeHHS C OiHHUM
sanasavbiBanveM. 3peck O < T < Ty, a nocTaTo4yHO raankan GpyHKIHA Flye)
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HMEeT B HYJe NOPAJOoK MaloCTH Bbille nepsoro. IlAA ynpolweHHs padbHei-
IIMX BhYHCAeHHH OyleM CUMTaTh, UTO HENHHEHHOCTb f 3aBHCHT TONBKO OT
nepsoro aprymenta, r.e. f(x,y, z) = f(a). llpencraBum B oxpecTHoCTH Hyaa

f(z) = Fat Y o

Curyauus, korja [ 3asucur ot z(f — T) n ot z(t — 7)), pasbupaercs nosHo-
CThIO AHAJIOTHYHO.

LlenTpajbHOE MECTO MCCJICHOBAHHA 3AHHMACT HM3Y4eHUe [OBEeJIeHHs KOop-
Hell XapaKTepHCTHUecKOro KBa3HIIoJIHHOMA

A+ 1—aexp(—AT"} - bexp(—AT}), (4.2)

JIHHeAPH30BAHHOIO B HyJie ypasHeHusa (4.1).

Kpuruueckuit cayuait B 3azaue 00 ycTOHUMBOCTH HYJIEBOIO COCTOSIHHA
paBHoBecHn (4.1) peasuayercs mpH yCIOBMM, KOTjJa XapaKTepHCTHYECKoe
ypaBhenue (4.2) UMeeT KOPHM € HYJEBOH BeleCTBEHHON 4acTbI0 H He HMeeT
¢ noJoxHTenbHol. B otmuume or cayuas onHOro 3anasjbiBaHusi, 3/1eChk Mo-
JKET Peanu3oBLIBATECA KPHTHUECKHH cayyad ABYX Map YHCTO MHHMHIX Kop-
He#; cayyail HYJeBOro W Napel YMCTO MHHMbIX KopHedt u np. HanGoabuni
HHTEpeC MpejCTaBJAfeT BLIABJEHHE TeX ocOOeHHOCTeH, KOTOphIE, BO-NEePBLIX,
BOZHHKAIOT MPH YCAOBHH, Koraa xorTa Obl oAMA u3 papamerpoe 1' uan T,
XapaKTepH3ayIOUIHX 3arasabiBaHue, ABASETCA [AOCTATOUHO OOJbLILIKWM H, BO-
BTOPBIX, ceUU(HUHbl IJf YPAaBHEHHA ¢ JBYMA 3a01a3/biBAHHAMH.

4.2. Vayunm nuHamuky ypasuenns (4.1) npu ycaosuu, koraa napamerp Ty
ABJAETCA JOCTATOYHO GOMBIIHM. 3aech OyAeM NPEANONAraTh, YTO NapaMeTpbl
a, b 1 T Kak-To (GUKCHpOBAHDBI, @ A napamerpa T) BBIIOJNHEHO yCJIOBHe

> 1. (4.3)

Bumoanum HOpMHPOBKY Bpemenn ¢ — t77. B urtore nonyunm apyryio
(hopmy samucu ypasHenus (4.1)

et +z =az(t —eT)+ bx(t — 1) + f(z), (4.4)

med<e=T'« 1
PaccmoTpum cHadaja JMHeHHOE ypaBHeHHe

et +a = ozt — eT) + bx(t — 1)
M ero XapaKTepUCTHUECKHH KBA3HMONUHOM

A+ 1 = aexp(—eAT) + bexp{—A). (4.5)
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BsejeM KoMIJIeKCHYIO GyHKILHIO
Plw} = iw + 1 — a exp(—iwT) = p(w) explip(w))

BEIUECTBEHHOrO aprymenTa w, Kotopas noaydaercs uz (4.5) npu A = iw.
3nech p(w) > 0 1 p(w) — BeiecTBeHHO3HAUHKE PyHKuHK. TIycTh by Takoe,
yto bby = 0 u

bo| = ”}_?ill‘\_ plw) = p(wy).

OtmeTum, 4TO wy OnNpesenseTcs eAMHCTBEHHHM oOpazom. Cdopmynupyem
HECKOLKO NPOCTHIX NPOMEMYTOUHLX YTBeprraeHHH. Yepes g Huxe 0603Ha-
HAeTCA HEKOTOPAR NOJOHKUTENbEAS H HE 3aBHCAILAS OT £ TOCTOSHHANA, TOYHOP
3HAUEHHE KOTOPOH HECYLIECTSEHHO,

B naparpage 1 6naa srenena xoncranra ag(7').

Jemma 4.1 [Tycmo a > 1 aubo a < ay(T). Tozda npu scex dOCmMamouno
manvix € ypasrenue (4.5) umeem Kopeus Ne), ydosremeopsrouyuti Hepa-
sencmey Rel(e) > g

Tem camum B yenoruu nemmp 4.1 3agaua o guHaMike ypasHenus (4.4)
CTAHOBUTCS HENOKANbHON: B MPOM3BOABLHO (MKCHMPOBaHHOH (HO He 3aBucs-
e OT £) OKPECTHOCTM HYJIEBOTO COCTOSINMA PABHOBECHS ypastenuns (4.4)
HE MOXET CcyluecTBoBaTh arTpakrTop. IloaToMy Hve npennonaraem, 4o Bbi-
NOAHEHO HEPABEHCTBO

ap(T) < a < 1.

Otmerum, uto B cayyae a = ag(T") nin a = 1 napamerp by = 0. Jror cayuai
OyAeT pACCMOTPEH B CACAYIOILEM NYHKTE. 3/16Ch e OyaeM CUMTATL, UTO

au(T) i, (4‘6)

B §1 6uno nokasano, uto yeaosue (4.6) gEaseTCH HEOBXOLUMBIM U AoCcTaToyu-
HBIM [ aCHMITOTHHECKOH YCTOHYHBOCTH pelucHuii Goaee 1pocToro ypas-
HEHMS

x4+ x = qz(t —eT).

Jlemma 4.2 [lycmo |b] > |by|. Tozda npu scex docmamouno manrsix & cyuge-
cmeyem maxkoi Kopens AMe) ypasrenus (4.5), das komopoeo ReAe) > q.

Jlemma 4.3 ITycmo |b| < |byl. Toeda npu ecex docmamouno marvix = sce
Kopru ypasuenus (4.5) ydoaremeopaom nepasercmeay Re) < —q,
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B yenosuu nemmn 4.2 3anava o nusamuke ypassenus (4.4) cHosa sBasiercs
HeJIOKANLHOM, a B yC/I0BMM JieMMbl 4.3 — TPUBHAMBHON: BCE peileHus U3 npo-
W3BO/LHO (DUKCHPOBAHHOMA (HO He 3aBUCALLEH OT £) OKPECTHOCTH HYJeBOre
PEIICHHA CTPEMATCS K HYJO npH { — oo.

Takum 06paszom, B MBYUEHMH HYXKAACTCA CHTYallUsi, Korja napamerp b
6nu30K Mo Monynio K by. Mbi H3yuum aBe curyaunu:

b= by(1 + %), (4.7)

b=bo(l+eh), 0<p<?. (4.8)

[Tycrs cHavana sunoadeno yeaosue {4.7). Torna KsasuMHOrowsen (4.5)
MMeeT GeckoHeuHoe KOJM4eCTBO KopHel BHaa

b= u__:l? + (0(e) + Q + 27k)i + edia + %A + O(°),

rae @) € [0,27) Taxce, uto wye ! + 0(e) ABAETCS LEJBIM KPaTHBIM 27,
Q2 € [0,27) onpenensercs ypasHeHHeMm

bo exp(—1Q) = wip + 1 — aexp(—iwyT),

a s Agy B Ag, cnpasejuBbl GopMydibl

Mi o= —'(w)(0(e) + Q + 27k,
1 , £t
Mg = by — 5((,0 (wo)? + %(:Edf—))(ﬂ(a) + Q+ 27k)? —
0

~ (@) (0 + R+ 20k)i — 2" () (0(e) + Q1+ 2mk)%i

Pacemorpum acuMnToTHUECKHE pa

og
4 s R Swhpe ™ 0 —ep (wo) 0+ Y 2kt
a(t,€) = ee D &lr)erih 4
k=—o0
o0
+ ce (e 040 —e w0 ) Z Z‘k{’.?—)e 2mikt =E (49)
k=-—-00

+ 22z +emy 4.,

B KOTOpOM &) = (1 — e'(w))t, 7 = %, a bynkunn z; = x;(te ' 4, et,7)
MEePHOAHYHBL 110 NEPBbIM Tpem aprymenTam. TloacraBum ator psig B (4.4)
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n cobepem KO3((GUUMEHTH NPH OAHHAKOBLIX crenesx & Jlpu e nonyumm
YPaBHeHHE OTHOCHTENLHO T3, KOTOPOE MMeeT l1epHOJHYeCcK e pellleHus Toraa
H TOJILKO TOTJia, KOIA BHITOJHAITCH PABCHCTEA

I | =

= st o+ (356 420 [Pn) - o) ) wie),  @10)
rae uepes Wi({) obosnauen xosdduuuent npu exp(2wikt) B pazioxKeHUH
PyHKUKH

o o5 3
(5 atrrmes S5 o)
L ! Fi=—00

B psn Pypoe.

Cruerema (4.10) moxer GbiTh 3anycaHa B BHAE ONHON Kpaepoli 3ajaum

?E v Pu du

5 ool = "
5 el -+ d;;g'g +dgu + dulul|®,  u(r,r) =ulr,r+1), (4.11)

rue
]. ’ " - =
d = S @0) + o' (o)l + i (o)),
dy = —(¢'(wp))? + 2id; (6 + ),

dy by — dy (6 + 0)? — (¢'(wa))*(0 + Q),
d = 3f3e" + 2£[P(2uwy) — bye #3,

D12 cHcTeMa Hrpaet podb HOPMAaJbHON hopMul aas ypasrenns (4.4).

Teopema 4.1 [lycmo (4.11) umeem nepuodunecxoe opbumansro yemotii-
goe (neycmouuusoe) pewenue u,(7,r). Tozda ucxodHoe ypasnenue (4.4)
umeenm Golempo OCYUAUPYIOUEE GCUMNMOMULECKOE NO HEBS3Ke peuienie

2 (t) = eelune™ 40+0-eo ) O+Mity (24 y(1 — eyl (wg)) + k.. )(1 + (1)),
(4.12)

Hycts Teneps Beimonneno yenoeue (4.8). Terna XApaKTepHCTHYECKH I
mHorowen (4.5) umeer aas 06010 w > 0 HAGOP KopHell Buna

wk
M(e) = ( T i Ou(E) + kO(e) + 9) e %At o(1))+e (Meato(1)),
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rae By, B € [0,27) W AONOAHAIOT [0 HENOTe KPAaTHOTO 27 BeJHUMHE woe
v weP’2 ! cooreercTBeHHO. A KOO(DGUUMEHTH Mgy H Age OTIpeieJISIIOTCS 110

(popmynam

A = —iwky'(wp),

wk?

Az = b — Tf(‘ﬂ;(wn)z + p"(wo)by ).

[Tpoussenem B (4.4) 3ameny, ananornuuyw (4.9)

<]
o(tye) = 2P/2 glwns ™ +O+ Q)i Z Ek(,}_)cufkil +

k= 20

+ Fp;‘;! — (o O+t Z wzkt, + "p$g+€3p{2$3+
N
(4.13)

3nech t) = (weP21 40— P2 (wo))t, T = €Pt, a pynKumMu z; = z;(te™) by, T)
MEePHOAMYHLI TIO NepPELIM ABYM aprymenTam. JleficTBys Tak e, Kak W BHIle,
TOAYUYHM, UTO AMIVIMTYALl & AGJMHE YAOBJIETBOPAThE CHCTEME

(;? = Mae+ (3556 + 262 [P(2un) —boe 2 ) Wefe).  (4.14)

3neck, Kak u pasee, uepes Wi(€) obosuaver xosdduuuent npu exp(2mikt)
B Pa3/oKeHUH QyHKIHH

3
(Z Em(r)E" ™ + Z Enl(r)e 2’“’"*)

= Ti==—00

B psn Qypee.
Cucrema (4.14) moxer OuTb npeactasfeHa B Bufle napabojdvecKoro
ypasHeHus

) biu+ dulul®, u{r,r)=u ('r, T+ %) : (4.15)
rae

1 ; , g )
b = EZ'((J’O’(M“)A + 0" (wo)by ! + i (wo)),
d = 3f3+ 2 o[ P(2uwp) — boe™ 2i$!] -1
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Teopema 4.2 /Tycmo xpaeeasn sadaua (4.15) umeem pewenue u (7, 7). To-

20a y ucxodnozo ypaenenus (4.4) CYULECMEYem QCUMILIMOMUNECKOS NO
Fad ;

Hessiake ¢ mounocmoro do O(e*/?) pewenue suda

T, (t, &) = P/ 2elwnc™! Ho+ My, (ePt, (weP/2! + 0 — E”/znp’(wg))t)(l +o(1)).

OTMeTHM, UTO Mbl He MOMKEM CHeJaTh BRIBOJ o CYLLeCTBOBAHUH Y (4.4)
TOUHOTO pelieHus ¢ npuBeleHnod acumnrorukoit. OpHaxo, ecau wu, HEeYCTOH-
HHBO, TO aMe eCiaH TOYHOE pelUeHHe CYLIeCTBYeT, T0 OHO HeycToiunso, Ta-
KHM 00pa30M, HaM JIOCTATOYHO PACCMATPHUBATL TONbKO YCTOHYHBbHIE pelieHns
(4.15).

4.3. Viayuum postb Manblx BOSMYIUIEHHH B YpaBHeHHAX ¢ BOAbLINM 3anasfbl-
sanueM. [lpeanonoxum Teneps, uto kpome yenosus (4.3) Bunonneno

b < 1, (4.16)

T.¢. HOMBLIOEe 3HAYCHUE 3anas/ikBadua TNPHCYTCTBYET B CjlaraeMoM ¢ MabiM
MHOMHTeneM. Beenem 00603HayeHHn;

e=T7", b=e"y, e O<e< 1, O<p<l
Torpa ypasuenue (4.4) zanucupaetes p BHLE
€2+ = az(l — eT) + ePbyz(t — 1) + f(2). (4.17)
Pacemotpum nuneapusosantoe ypasHerue
et + = azx(t — eT) + ePbya(t — 1) {4.18)
H €ro XapakTepUCTHHECKHH KBaZHIOAUHOM
€A+ 1= aexp(—eAT) + e exp(—A). (4.19)
Kpome atoro, pacemoTpum xapakrepucTHuecKii KBa3HMHOTOMEH
A+ 1= aexp(—AT) (4.20)
»BHPOMAEHHOTO" ypaBHCHHA
T4z =ax(t-T). (4.21)

Cebopmynupyem Heckoabko npocTeix YTBEPHKACHHH,
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Jlemma 4.4 [Tycme xapaxmepucmudeckut keasumnozouien (4.20) ypasne-
Hus (4.21) umeem Kopews Mg € NOACHCUMEABHOU BEW,LCMBEHNHOL HACMbIO.
Tozda xapaxmepucmudeckull ksasumuozouren (4.19) ypasrenus (4.18)
umeem xopens M(e) ¢ acumnmomurodl

/\I] =

}\”(E) = — U(E ]).

E
Tem campiM, npH yeaosHd He g > 0 1 npu J0CTAaTOYHO MafblX £ pelIeHus
ypaeHenus (4.18) neycToiuKBLL M 33Ja4a O NOBEJIEHHH DelleHHH ypaBHeHHS!

(4.1) B Man0Hl OKPeCTHOCTH COCTOSHHSI PABHOBECHSI CTAHOBHTCS HEJIOKallb-
HOH.

Jlemma 4.5 [lycmo 8ce KOpHU XAPAKMepPUCMULECKO20 KBA3UMHOZOYAEHA
(4.20) umetom ompuyamenvHoie gewjecmeaentoie wacmu. Tozda npu marvix
€ 8ce peuieHua Autelno2o ypaenenus (4.18) u ece pewenua us docmamou-
HO MaAol (HO He 3asucsujeidl Om £) OKPECMHOCMU HYAEB020 COCIMOAMUS
pasrosecusn ypasuerus (4.1) cmpemamen K wyato npu i — oo.

Taxum o6pa3oM, B M3yHEeHHH HYXKIAIOTCH JHIIL TaK HasbiBaeMble KPHTH-
ueCcKHe CJydad, Kor[a XapakTepucTdaueckuil kpasunonwtom (4.20) ypasue-
uEs nepBoro npuGaxxenus (4.21) vmeer KOPHHM ¢ HYJIeBOH BelleCcTBEHHOH
YACTBI) M HEe MMEET ¢ TOJNOMHTeaLHOH. Kprruueckux cayuaes, xak Gwiio
nokasaHo B §1, BeaMoXKHB! Aumb ABa. Ilepebiit U3 HHX peanu3yercs, Koraa
@ =1, u ypasuenue (4.20) umeeT npocTod HY/AEBOH KOpPeHb, 4 BTOPOH — Ko-
raa a = ag{T) < 0, 4 ypasuenwne (4.20) umeeT napy YHCTO MHUMBIX KOpHeil
A== :t?‘.tu‘g.

[Tepeuiit cnyuaii. Tlyerh

a=1+¢&Pa.
Torna ypasHenue nepsoro npubismxenus (4.20) umeet Kopen
Mley=01+T) Lae + O(e?),

a BCe OCTa/bHLIE €r0 KOPHH UMCIOT OTPHUATE/ILHBIE BEUCCTBEHHLIE YacTH
M OTAeNeHB! 0T MHUMOH ocH npu £ — 0. PaccMoTpum Bonpoc o noseagHHH
KopHe# ypaBHenus (4.19).

Ecan a; > 0, 10 y Hero cyuiectsyet kopedb Ap(e) = a;e? (1 + o(1)).
IToHATHO, YTO MPH MAJBIX £ 3TOT KOPEHb HMEET NONOKHTebHYIO BELeCTBeH-
HYIO uacTb W oTAenen or Hyus. CiefoBatenbHo, B HEKOTOPOH OKPECTHOCTH
HYJEBOr0 peuleHHs ypasHeHus (4.4) HeT yCTOHUHMBLIX peileHui.
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Ecnu ) < 0, To noaoxum (4.19) X = EP"'1A1(E) +.... Buneass raasuyio
HacTh ypaBHEHHA, NOAYYMM, 4TO Aj(€) Ao/KHO YACBAETROPATH

(L +T)M(e) = a; + by exp(—e” T Ay(€)). (4.22)

Ypasrenne (4.22) ABAseTCH XapaKTEPUCTHYECKHM KBASHIIOMHHOMOM st
YPaBHEHHH ¢ 3anasibIBaHKieM

(14 )i = a1z + bra(t — 1), (4.23)

O6osnauum yepes Ay (k= 0,1, .. .) Bee kopuu (4.292) (3anymepyem B nops-
Ke yObIBaHHS BEIeCTBEHHbIX yacreil). Takum obpasom onpeaensercs Gecko-
HEUHOe MHOXeCTBO KopHe#H Ay(e) (k= 0,1,...) ypasuenns (4.19) puna

Ar(€) = " A 4+ O(e?),

4 3HAUNT, YCTOHYMBOCTh peltienuii ypasnenns: (4.18) onpeneasiercs croficTsa-
MK YCTOHYMBOCTH pellieHHs ypaBHenus (4.23).

ITepeiinem Tenepsb k paccMOTpeHHIO HeaNHelHOrO ypaerenus (4.17). Ilo-
JIOHHM B HeM

z(t,€) = eP€(r) + e’ma(r) + Sra(r) + ..., (4.24)

rae 7 = e”"lt, a bynkumun 5(7), 23(T) M T.0. — OrpaHHYeHs! mpH 7 — 50,

Honcrasum (4.24) B (4.17) u Oynem cobuparh Ko3(QHUHEHT b NPU OfH-
HAKOBLIX cTenensx €. Ha nepsom mare npuxogum k BepHomy TOKAECTRY, a
Ha BTOPOM — I10N1Y4UM YpaBReHUe s Haxoxpenus &(r)

(14 T) 5 = ait(r) + be(r - ) 4 foe (4.25)
OcHOBHOI peayaibTaT COCTOMT B TOM, 410 B paccMAaTPHBAEMOM CJ1yuae ypasHe-
nne (4.25) Hrpaet posub HOPMATH3OBAN HOM (POPMBI 4151 HCXOAHOTO YPaBHEHHS
{(4.17).

Ormetnm, urto npu p < 1 ypaswenue (4.25) apasercs ypaBHeHueM ¢
GomblikM 3amasupisanneM. JJ MCCACAOBAHUA €10 AMHAMMKH NpUMEHHMb!
MeTCb, H3NoxeHHbe B §3.

Teopema 4.3 /lycme ypasnenue (4.25) umeem skcnonenyuavio yemoti-
‘tueoe cocmosnue pasnosecus (1) = €,. Toeda ypasnenue (4.17) umeem
YCMoluueoe peulerite

x(t e} = eP6,(1 + o(1)).
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Mycmo ypasnenue (4.25) umeem pewenue £'(1). Tozda u ucxodnoe ypas-
Henue (4.17) umeem acuMmnmomuieckoe no HesasKe petieHue
z(t,€) = ?6* (P17 (1 + o(1))(1 + o(1)).
Bropoit cayqait. Ilycrs

a = ap(T)(1 + ’ay), (4.26)

roe ag{T) raxoe, Kak 6ui10 onpepenero B §1. Kpazunonusom
A4 1= ap(T)exp(—AT)

MMeeT [Ba MMCTO MHHMBIX KOPHS :biwp, @ BCE OCTANLHLIE KOPHH Jexar B
NeBOi KOMIJIEKCHOH noaynjiocKocTy,

Ipu yesosun (4.26) ksazumuorouner (4.20) uMeer napy KoMmnuaekcHo
CONPAXKEHHBIX KOpHel Ay(g) BHOA

Ap(e) = iwp(T) + €Ay + O(e2), (4.27)
rpe Al ONHCBLIBAETCA BLIpaMeHHeM

_ay(fwp(T) +1)
T 1+ T(iwe(T) + 1)

[lpu stoM Bce ocTalbHble KOpHH KBasumuorodmaeHa (4.20) umeiorT oTpuia-
TeJbHbIE BellleCTBeHHble YaCTH K OTleqeHbl oT Hyad npd ¢ — 0. [Ipu yenosuu
(4.26) paccMoTpuM Bompoc 00 YCTOHYHMBOCTH pelueHHH JHHeHHOro ypasHe-
uua (4.18). [lag 5710ro U3yuuM noBeeHMe KOpHER €ro XapakTepUCTHUECKOTO
kBazumHorounena (4.19). Brenem ogno oboanavenne. Ilycrs

_wo(7T)

0 =#H() = g

(rnod 2w).
To ectb O(e) € [0,27), n Buipaxenre wo(T)e ! + 6(e) aeanercs uennM Kpar-
HelM 277, 3atem B (4.19) nonoxum

A= Ae) = ‘—“"[—;@—) + &P IN(E) + ...

Cobupas ko3(dHUMEHTH NPH OAHHAKOBLIX CTEMEHSIX €, NPUXOAUM K YpaBHe-
HHIO 117 onpeneneHus A;(e)

AL = A + Bexp(—Aef™), (4.28)
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B KOTOpPOM

r:.lf’f:wu(TJ F j')
14 (iw(T) + 1)T
bl P =
B = R exp(if(=))

Ypastenue (4.28) umeer cuetHoe MHOKeCTBO KopHeH Ay (k = 1;200000,
KOTOpbIe MOXKHO 3aHYMEPOBATh B MOP#JKe yOLIBAUUS X BELIECTBEHHBIX Ya-
cTed. BaXKHO OTMETHTL, YTO 3TO YPABHEHHE ABASETCH XapaKTePUCTHUECKHM
KBAZHTIOIMHOMOM YPaBHEHHA C 3a1a3/kBalHeM

& — Az = Ba(t — e"1).

Bee octasbibie KopHH XapaKTepHCTHYIECKOTO KBasunoanHoMa (4.19) ume-
10T OTpHLATENbHbBIC BEUIECTBEHHbIE YACTH, KOTOPHE NpH £ — ( HaxoasTes B
JIeBOJT KOMIUIEKCHOM NONYNAOCKOCTH M OTAEJNEHH OT MHMMOM OCH.

BepHemcsi K vcxonHoMy HequEelHOMY ypasHeHwio (4.17). Tlonoxum B
HeM

x(t,€) = ePl? [E(T)ef“'”('f')""]" + K.C.J +ePaot, T) + ¥ 2s(t, 1) + ..., (4.29)

rne 7 = &Pt a dynkuun ;(t,7) ssasorcs 2 Jwo(T)-nepronuyecknMu no
nepsoMy aprymenty. [loacrasum (4.29) 8 (4.17) 1 Gynem coupars Koau-
UHEHTE! NpH OAMHakoBHIX cTeneHsax ¢. Ha nepsom ware noayuurtes BepHoe
TOHCACCTBO, @ HA BTOPOM, T.€. 1PV £7, NOJIYYUM YPAaBHEHUE IS HAXOMK IHEHUS
zz(l,T)
Oy , X { 2.\ 2iwns= 1t Sla\12 4 F2f - Titpe 1t
Y + 2y — ag(T)xa(t — T) = f .\f (r)e +25(r)[* +& (r)e
(4.30)
M3 (4.30) naxomum dyuxumio ay(, )
3 R . P e} L g
22t 7) = en€ ()N g g (1) 4 By () B

rane
; (r) . Jaug (7)
oy (l + I!:\I-bl{'(’fz—l))Q + a““ = 2%{.&)0(?‘}) )

A
1 —ap(T)

.'1?2?(7) =
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ITocne »toro, cobrpas KOapDUUHEHTH NPH g2, IPUXOAMM K YPaBHEHHIO
I onpejenenyn GyHKunu z3(t, 7)

da; o gl =
K’i + 23 — ao(T)z3(t — T,7) + [{1 +T(1 + 'r.wn))ﬁge""*“' by K.(‘.,:| =
= (1] [(1 t 'fw'{_;)(ft’.hll}‘:‘lr =+ K.C,} + {’1 {E(T —ef l)ﬁiH(E}+iw“E it + K.C.| +

\ 3

+ 2f231:2(£‘ T) (geiw,;c"t 5 gc_,---wg-:' ll) 4y (geiw”e‘—‘i 4 EE‘ e ‘!) )

YenoBue pazpeniuMOCTH 3TOTO YPaBHEHWS B Kaacce 2me/wy-nepHoauueckux
(GYHKIHH COCTOMT B BLINOJHEHHH PaBeHCTBA

-~ AL = BE(r — &) + anlels, (4.31)

rae
o1 = 2fo(zn -+ 222) + 3f3.
Ypasnenue (4.31) urpaet posib HopManbHOWU (OpMB s ypaBHenus (4.17)
B cayyae (4.26). Tax xe Kak ¥ Bbllle, eCiH p < 1, TO 9TO ypaBHeHHe HBJIA-
eTcsl ypaBHeHHeM ¢ GOJbBLIMM 3ana3fibiBaHHEM, AJs HCCJieI0BAHHA KOTOPOro
MOXHO NPUMEHATH METOR!, OnHcaHHue B §3.

Teopema 4.4 [lycmo ypasnenue (4.31) umeem pewenue &,(7). Tozda ypas-
Henue (4.17) umeem pewenue no Hesaske ¢ mownocmoro O(e?) suda

z.(t,8) = & (E(e)e™ D 1 E (et)e ™) (1 + (1))

Ynpawunenune 4.1. [Tokaxure, 4T0 ecsid HenuneHHan (yHKuMA [ 3aBHCHT
He Tonbko ot x(t), Ho ¥ ot z{t — T) v ot x(t — 1), o HopmanuzoBanHan
thopma ann ypasrenns (4.1) npu yenosusx (4.3), (4.16) u (4.26) 6yaer umetnb
BHJ
d€ - . . o
= — A¢ = BE(T = 1) + o1’ + 0al€PE(r — 1) + 056%E(r — 1) +

dr

+ 04l&(T — 1)* + 0586 (T — 1) + a6lé(T — 1)[P(r - 1).

Ynpawuenue 4.2. [TocTpolite B OKPECTHOCTH HYJIA HOPMATH30BAHHYIO hop-
My JLIS ypaBHeHHA

z =¢ebx(t — %) + az*(t) + ba®(t — -1—)
. £
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Ynpamuenne 4.3. [locrpoiiTe B OKPECTHOCTH HYJIEBOrO COCTOSHMUS parHo-
BECHS HOPMAJH30BAHHY0 QOPMY AJisi YpaBHEHHs

= —-%(1 fem)a(t — 1) + ebya(t - i} b f(z,2(t—1),2(t - g)

§5. Jlunamuka ypaBHeHMS C ABYMSI OOJILIIMMU
»OIUSKHMH" DPYT APYry 3anasablBaHUASIMH

5.1. Tak e, KaK W B npeisnyiem Ila])al‘pa(jw, pacceMarpuBaeTrcs YpaBHetHe
T 4+ 3= aI(t —Tl} -i— b'?:(f_’rg) +f(.£) (51)

3necs no-npexuemy 0 < 77 < Th, a AOCTATOUHO rAafKas yrkuua f(-)
HMEET B HYJIe NOPANOK MaJOCTH Bhllue nepsoro. ByneMm cuutats, uto

f(z) = for® + fo® + ...

Ochosroe npeanonoxense sToro naparpada cOCTOMT B TOM, UT0 06a 3Ha-
denus Ty u 1y RoCTaTOMHO GOJBIIME M OTHOCHTENLHO BAM3KHE ApYT Apyry
BEJAHYHHBL, T.€.

Ti=e!, Th=T(1+e), O<e<l. (5.2)

Caenaem B (5.1) craspaptiyio 2ameny spemenu ¢ — Tt flonyuennoe
YpaBHeHHe OyleT umerTh BUJl

€ +x = ax(t — 1)+ bz(t — 1 — ec) + f(z). (5.3)

HocTponm xapakTepucTHYCCKHi KBASHMIOTOWICH JIHHEAPHIOBAHHOTO ypag-
HeHus
EA+ 1 = exp(—A)[a + bexp(—ce))]. (5.4)

Ilna orpaunuentioro na HEKOTOPOH NOC/IENOBATENLHOCTH £ = £, — () KOpPHA
A(€) 9TOTO ypaBHEHH: BLIIOAHATCS paBeHCTBRA

Men) = Aoy 1= exp(—XAg)fa + B

Tem cambim, kpurhueckuit cryuai, aHasorHUHLIL paccmatpubaemomy B §3,
BOSHMKACT [PH YCJAOBUH
a+b=1 (5.5)
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HIH
o+b=~1 (5.6)

HeobXoiuMo JikLIb HCKIOUHTS BO3MOMKHOCTh CYIECTBOBAHHA HEOTPaHHHEH-
HbIX 1py £ — O KopHe#t (5.4) ¢ NONOKHUTENLHOR BEUIECTBEHHOH YacTblo. 310
YCJIOBHE COCTOMT B BBINOJIHEHHK HEDABEHCTBA

1 +abc? > 0. 8.7

5.2. Paccmorpum cHauana nunamuky (5.3) B cayuae (5.5). Coorserctsyio-
lHe MoCcTPoeHHA NMOBTOPAIOT MpuBeaeHHble B MyHKTe 3 §3. Buinuwem Heo6-
xoaumsle (opmynsl. [lyctn

a=ag+¢e%y, b=by+e%by, ap+b=1, 1+ aphpc® > 0.

[Topcranoska, ananoruunan (3.10), umeer Buja

z(t &) = & Z E ()N 4 elaa(ty, ) + ... (5.8)

k==00

3pech 7 = &%, t; = (1 — (1 + boc)e + (1 + bye)?e?)t, a dyukuus zo(t;, )
ABJIAETCS NEePHOAHYECKOH N0 nepeoMy aprymenty ¢ nepuogom 1. [Ipoussons
TaKHe e JeHCTBHS, Kak H B §3, noJyunM, 4T0 {4 NpH BeeX k € Z NOMMKHEI
YAOBMETBOPATL CHCTEME

i _

== = (=2n"k%boc(1 — bo) + a1 + bu) & + fopu(€), (5.9)

rae uepes i(£) ob6osnauen kosdHUMEHT NpPH exp(2mikt) B pasioxeHHH

(bYHKLHH
( i (:-ke'érrikt)

hk=—00

B pag Oypee. Beckoneunomepiylo cuetemy (5.9) MOXKHO CBEPHYTH B OIHO
ypaBHEHHE B YACTHBIX NMPOU3BOAHBIX

1+ aghye® Pu . 9

= ——— 4+ (a1 + b)u + fou 5.10

ar 2 or? (@ +bjut fy (5:10)
C KPaeBBIMH YCJIOBHAMH

w(r.r) =u(r,r+1). (5.11)
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OtmeTHM, UTO BBUTOAHEHHE yenoBuil 1+ aghyc® > 0 rapanTipyer napabonuy-

HOCTb 3TOH 3apa+qu. ¥ kpaesoil 3apauu (5.10)-(5.11) yetodumBbiMH Moryr

OLITH TOABKO MPOCTPAHCTBEHHO-OAHOPOAHBIE COCTOSHUA PARHOBECHS.
ITpusenem ocHOBHOK pesyabTaT,

Teopema 5.1 Ecau ay + by < 0, mo npu marelx © nysesoe pewenue ypag-
nenus (5.3) acumnmomuvecku yemoiinugo.

Ecauw ay + by > 0, mo npu maavx € Hyaesoe peutenue YpasHerus
(5.3) neycmoiiuuso, a 8 ezo OKPECMHOCMU CYLECMEYEM QCUMIMOMUYLE-
CKU yemotiuugoe OAURKOE K NOCMOAHNOMY pettenue suda

z. = —e*(a1 + b)) 51 (1 + o(1)).
Awnanoruino, ecau
a=ap+tela, b=by+e, a+b=1 1+ahc>0, 0<p<?2,

clieqiacM 3amMeny

ot e) =& Y &G(r)er™*h 4 epy(ty 1) + ... (5.12)

k=—00

3neck 7 = €Pt, ty = (we 7 + 0(e) — £ Mw + o(! M), a Gynkuna z9(t;, )
ABISETCS NEPHOAHUECKOI 10 NePBOMY apryMeHTy ¢ reproaom 2n/w. Kak u B
§3, w — 370 nponzsonLHOe NONOKHUTEALHOE YHCNO, ¥ = 1- p/2, a0 € [0, 2]
BOMOHRET we ™ 1o nesioro kparroro 2. Mopcrasum (5.12) s (5.3) 1 Haunem
CoOKpaTh KO3DMHUIHEHTH NIPU OIHHAKOBLIX CTeneHax c. B utore NpuaeM K
NapaboMHUeCcKOMY YpaBHeHHIO

du 1+ aghed® Fu o

o= e o (g By Yt ot (5.13

or 2 ar? J ) F ' )
¢ NePHOJAMYECKUMH KPACBLIMU YCAOBHAMMU

ul{r, 1) = ulr,r + 2—ﬁ). (5.14)
W

Kak 1 panbuie, B Kauectse HopMaiusoBaHHON (opmur gas (5.3) mbl nosy-
HAH CeMEHCTBO Kpaeswix sanay (5.13)-(5.14), sasucsimee oT HenpephisHo-
ro napamerpa w > (). OiHaKo, NPH KKIOM w Y COOTBETCTBYIOUleH 3ana-
HH YCTOHYHMBLI MOTYT GLITH TONBKO IIPOCTPAHCTBEHHO-OIHOPOAHBIE COCTOMHNS
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pA4BHOBECHHA, KOTOpHIE He 3aBHUCAT 0T w. llosromMy B JaHHOM ciyyae HmeeT
mMecTo Teopema 5.1.

5.3. llpeanonoxum teneps, uTo BhModHeHo yciosue (5.6). INoxoxas cutya-
uMs paccMatpuBajiach B nyukte 3.4 §3. Ilycrte chHauana

a=ag+ea;, b=b+ fzbl, ag+by = —1, 1+ aghyc® > 0.

Torpa medcTsys nmo TOH e cxeme, 4To M B nyHkte 3.4 §3, noayuum, urto
JoKaIbias AHHaMHUKa ypasHeHHs (5.3) onpejenseTcs B IaBHOM TOBeJeHHeM
pelleHHi KpaesoH 3ajauu napabosiHyecKoro THia

Ou_ 1+ aoh? P
or 2 ar?
u(r,r) = —u{r,r+1). (5.16)

[lpupeseM ocHOBHOI pesyabTaT B 9TOM cJyvae.

+ (a1 + b)u + (f2 + fa)u® (5.15)

Teopema 5.2 [Tycmv kpaesan 3adaua (5.15)-(5.16) umeem pewenue
u,(7,r). Tozda npu docmamouro mansix ¢ ypasrenue (5.3) umeem acumn-
momuueckoe no Heeaske pewerue x.(t,g). Hpuvem

z.(t, ) = eu (€2(1 4 o(1))¢, (1 + o(1))t) + o(1).
AHaOrHYHO, eClIH
a = ag+€Pay, b= by + by, ap+ by = —1, 1 + aghpc® > 0,0 < p < 2,
TO HOpMa/bHas (opMa UMeeT BUA

Ou 14 agbyc? 0%u
ar 2 ar?

+(ay +b)u + (ff + f3)u® (5.17)

u(r,r) = —u(r,r + TI') {5.18)
w

31ech w — 9T0 NPOM3BOMLHOE NONOKHUTEbHOe uucno. Teopema, aHanoruyxas
TeopeMe 5.2, UMeeT MecTo.

Teopema 5.3 [lycme npu xkakom-mo w > 0 kpaesaa sadaua (5.17)-(5.18)
umeem pewerue u.(7,r). Tozda npu docmamouno marsix € ypasnenue (5.3)
umeem peuienue no nesaske T.(t e). Hpuuem

2oty €) = e”?u.(eP(1 + o(1))t, (1 + o(1))t) + o(1).
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Takum obGpazom, npu BbnoONHeHUN yeaosuit (5.2), (5.5) wau (5.6), (5.7)
HaJMsHe ABYX OOJbWIHX 3anasibiBaHuii He NPHBOAMT K NPHHUMNUATLHOMY
YCAOKHEHHIO AMHAMUKY ypaBhedns (5.3), a sHauMt, u ypaeuenun (5.1).

5.4. Mayuum teneps punamiky (5.3) npn yenosuu
la + b < 1. (5.19)

AHanu3upys KOPHH XapakTepHCTHYECKOro KBasHMHOTOWIeHA (5.4), mox-
HO BBIACJHTE KPHTHUCKUH caiyuall B 3ajiaue o6 yCTOHYMBOCTH HYJIEBOTO CO-
CTOSHUS pasHOBecus. BreeM neckonvko obosnauennit. [lonomum

a=(a+b? p=ab (5.20)

M 1pr QUKCHPOBaHKLIX 3HavenusX « € (0,1) w e > 0 PaccMOTPHM CHCTEMY
ABYX ypasHeHHH

Rw)=w?4+1—a+28(1 - cos{cw)) = 0 (6.21)

R(w) = 2[w + Besin{cw)] = 0 (5.22)

OTHOCHTCJIBHO HEH3BECTHLIX BelECTBEHHBX w > (0 u 3. Ofoanauum yepes wy
U Oy KOpHH 5TOH CHCTEMBI, ecsii OHM cymecrsyior. B cayuae ecaun kopheit
HECKO/ILKO, Gepem TOT, rae 3uavenue [y HauGoavuiee. OTMETHM, YTO IS 6N
BHINOJNHEHO HEPABEHCTBO [y < 0.

Jlemma 5.1 [lycmo svinoanero yerosue (5.19) u B > By Tozda, npu do-
CIMAMOURO MUABLX £ 8C€ KOPHU XAPAKMEPUCIIUNCCKO20 KEASUNOAUHOMA
(5.4) umerom ompuyamenvroie sewecmeaentvie wacmu u omdererv om Hy-
an npu e — (),

Jlemma 5.2 fycims svinoaneno (5.19) u § < By Tozda npu docmamouro
MAAbLY SHAYEHUAX € Keazunorurom (5.4) umeem xopens ¢ seujecmeennol
‘acmeto, KOMOpPAK umeem noroxcumervrsili npedea npu & — (.

OGocHoBanHe ITHX YTBEPKACHHH CTAHAAPTHO, NO3TOMY MBI €10 OLYCTHM.
OrmetuM, uto ® yenosusx Jemmbl 5.1 pee pewernus (5.3) ua nekoropoii
AOCTATOMHO MaJIOH M He 3aBHCAWEH 0T £ OKPECTHOCTH HYJ€BOro COCTOSHMS
PaBHOBECHA CTPEMSITCH K HYJIO NPH § — 0o,

Taknm o6pasom B paccmorpennu Hyxaaercs wKPHTHYCCKUR® cayuait, Ko-
raa B (5.3) 8 = 8. Uz (5.20) umeem

T3l —
a,b=S(Va+ /a=15).
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Ilonoxum cHauana B (5.3)
a = ag + €4, b= b{p ~+ Eb]. {I{;,bg = -2*(\{{&:1" + \,/0.‘ o 4;‘3[])

W3 (5.21) seiTexkaert, uto

| (iwg + 1)(ag + by exp(—icwy)) ™| = 1.
BemectsenHoe aHauenve §) € [0, 27) onpeaeanm paBeHCTBOM
63_‘.” = (J.E.uu + l)(ﬂ.(} + bn exp(—mu[,))".

Haxkonely, uepes () oBo3nauum Takoe 3HaueHHe W3 moayunTepsana [0, 2m),
YTO BEIpAXKEHHUE woe ' + By(c) ABASETCA UENBIM KPATHBIM 27,

OTHOCHTENbHO KOpHe# XapaKTepHCTHUeCKOro KBasunoauxoma (5.4) Mox-
HO TOTA YTBEPMKAATH CJCAYIOUIee: HMEeTCH CUeTHOe MHOMECTBO TAKHX KOp-
nelt Ag(e) (k= 0,%1,+2,...), aCUMNTOTHKA KOTOPLIX MMEeT BHJ

Aile) = i (% + 0o(e) + 2k + Q) 6% NG ey (5.23)

a Bce ocTasbHble KOpHH (D.4) HMMEOT OTpULlaTe/ibHble BellecTBeHHblE Ha-
CTH, OTAG/EHHbIE OT MHUMOH ocH mpH £ — 0. Ilpu atom Rely = 0,
Re )\kz = “—4k2ﬂ'2d1.

[Moxoxan curyauus Guuia ueeseposana B nyHkte 4.2 §4. Orniyckas anaJjio-
rHUYHbIE TOCTPOEHHS, MOMKHO TOKa3aTh, YTO POJb HOPMANH30BaHHOH (Gopmbl
B 9TOM cJyyae HrpaeT napaboJiHyeckoe ypaBHeHHe

du Fu Au 3
o —dlm§+d25;+d3u+dizlu| (5.24)
C KPaeBbiMH YCJAOBHSIMU
u(r,r) =u(r,r+1). (5.25)

3neck dy, dy = da(0(€)), ds = d3(by(£)) u d — HeKoTOpBIE KOMIJIEKCHBIE YHC-
aa, npuuem fted; > 0. @opMyabl Ans UX BEIYHCJEHHA MOTYT OhITh 3anHCaHbl
ABHO, OJHAKO OHY SBJSIOTCA BECbMa TPOMO3AKHUMH, NMO3TOMY MPHBOJAHTL HX
Mbl He Gynem.

Teopema 5.4 [lycmo (5.24)-(5.25) umeem pewenuve w.(r,r). Toeda ucxood-
HOE YpaBHeHUEe umeem acuMnmomuieckoe no Heeaske peuerue suda

z(t,€) = e(exp((woe ' + Q + Bo(e))it)u (%, (1 + o(1))t) + x.c.)(1 + o{1)).



46 Yacre {. Jokaapupiit ananua

OTMETHM, YTO TOYHOTO PELIEHHSA ¢ NPHBEIeHHOR ACHMNTOTHKON MOXKET U He
cymectsoats. Oanako, ecan u,(r,7) HeycToluHBO, TO Aa)e ecay TouHoe
pelleHde W cytecTeyet, To OHO HEYCTOHUYHBO.

AnanornusbiM 00pasoM pasbupaeTcs cHTYaLus

1

a=ay+ea;, b=by+eh, ag by = 2(\/6} + /o — 43)), O0<p< 1.
B stom cayuae nns kopHedl xapakrepuctHueckoro KpasHnosnnoma (5.4)

ACHMIITOTHYECKYIO (POPMYITY yioOHO 3anHCaTh B CIeAYIOLICM BHAE:

ok , .
Me(e) =1 (-‘i’_‘l + s +0(E) + kflo(e) + sz) + N0+ P Mg ... (5.26)
£ gHa 5
3peck w > 0 — npoussonpHoe, (HKCHPOBAHHOE YMCJO, a 0(e) € [0,2m)

aonoauser we' P? no nesoro, kpatxoro 2.
[lpouseonsi e xe peficreyn, UTo W panee, B KayecTBe HOpMaNH30BaHHON
(OPMEI Mbi NOJIYUHM HabOp KpaesbX 3ajavd

Su J*u thy 5
3 =45 + dg—g; + dyn + dujul®, (5.27)

2 :
u{’r, '.") g n('r} r+ —). (5.28)
y
Teopema, ananoruunan teopeme 5.4, uMeer mecro.

Teopema 5.5 Jlycme npu duxcuposannosm w cucmema (5.27)-(5.28) ume-
em peutenue w,(r,v). Toeda ucxodnoe ypaerenue umeem acumnmomuue-
cKOe no neanske peuwenue euda

a(t,€) = e"*(exp((wpe ™! + ) + O(e))ithun(ePt, (1 + o(1))t) + K.c. W1+ o(1)).

5.5. B sakmouenne naparpada paccmorpum caeayomyio cnaryanio. yern
smecto (5.2) Buioanaercs

Ti=et, =T+ gl¢), O<e<xl, ¢g>0. (5.29)

Torna, nocne crannapTHOl 3aMeHbl BpEMENH HCXOMHOP ypaBHeHHe HPHBOAUT-
cfl K BHAY

ex+x =ax(l — 1)+ bx(t — 1~ %) + fuz® + Farde . (5.30)
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XapakTepucTHUeCKHH KBAa3UMHOTOUNEH JIHHeapH30BAHHOTO B HYJie ypasHe-
uus (5.30) npuHuMaet BHJ

X+ 1 = e Ma + be~ ™). (5.31)

Ecayu ansa napamerpa g soinojuseTcsa yenosre ¢ 2> 1, to pis (5.29) sepubi
BCe NMPHBeAEHHBIC Bbille paccykaehus. Byaem nanee cuurars, yro 0 < g < 1.

Jlemma 5.3 flycme [al + |b] > 1, moeda xapakmepucmuueckuil Keasuno-
aurom (5.31) umeem Koperv ¢ NOAOHCUMEALHOU BELLECMBEHHOL Hacmbio,
omdesenubtli om muumoti ocu. B amom cayuae nyresoe pewenue (5.30)
HeYycmoLsuso, u 6 Hexkomopoit docmamouno marol (Ho He sasucaue om
£) €20 OKPecmHoCmu Hem YCmouuusulx pertimos.

[Tycmo |a| + |b] < 1, moeda sce KopHU XapaxmepUCmULecKko2o Keasuno-
auroma (5.31) umerom ompuuamenvole seujecmeensie wacmu u omdese-
Hbt om muumott ocu npu ¢ — 0. B amom caynae nyresoe pewenue (5.30)
ACUMPMOMUMECKU YCMOUUE0, BCC POUIeHUs U3 HeKOmOopoUu Gocmamoino
Man0l (HO He 3a8ucAUjell Om £) OKPECMHOCMU HYAR CIPEMAMER K HYAIO.

Ecau |a| + |b] = 1, mo y xapakmepucmuueckoeo ypasnenusn (5.31) ne
cyujecmayem Kopued 8 Npasod KOMNACKCHOU ROAYNAOCCKOCMU, OMOEAeH-
HbIX OM MHUMOL OCU, U Clujecmayem GeCKOHEUHOE KOAUHECMBO Koprel,
CMPEMAUUXCA K MHUMOL ocu npu € — 0.

Acumnroruka xopred (5.31), cTpemsumuxes K MHUMOH OCH, CYILeCTBEH-
HO 3aBHCHT OT TOYHOTO 3HaueHus rapamerpa ¢. CupaBefJiMBE CJiefyiolHe

thopmy.bl:
A

L+ Ao(e)i + D (e)i + 2 (e), <1; (532

Loy
5=
<g<

B

A= :)—qi—i-)\g(e}-i + eI ()i + £2Dg(e), 0 . (5.33)

B a71HX (opMynax w, Ay, Aj M Ay — 3T0 JeHCTBUTENBHbLIE YUCAa, TIPHUeM Ay,
Ay ¥ Ag umetor nopagok O(1). Hus onpejeneHus w H Ay B 000HX Ccay4anx
clipaBeJIuBEL PaBeHCcTBa

2wk - )
w = —, Xfe)=2akl(c) +2an, a>0,b>0 (5.34)
e
w = M Aole) = 27k@(e) + 01(2) + 27n, a > 0,b<0;(5.35)
¢
W= K—(ﬁl—l—) Aofe) = m(2k + 1)0(=) +2mn, a<0,6>0; (5.36)
c

Tk .
w = gﬁ-—, Mole) = 2mkB(e) + a(2n+ 1), a<0,b<0. (5.37)
i
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[napnue yacta Ap u Az Tenepn onpepensiorcs 6e3 tpyna. Beenem s paccMoT-
PEHHE BHAUEHHE p,, KOTOPOE BLIYHUCHSIETCA 110 NPABUIY

o [2-2, i1<q<1,
b1 % Deg< g
Bynem jlanee cuMTaTh, 4TO apamMeTPhi ¢ M b TAKOBHI, NTO 3HAYCHHE Bbi-
paxenus la| 4 |b] 6musko k enunnne. Ioaoxum
a = ag <+ E”‘u.]_. b= b[; = Ep"bl, }(J.(].| + H)U; =4 (538)
Hepewit cayvait. yeth ap > 0, by > 0. Torna caenaem s (5.30) sameny
g o= gk ng{,r)ﬂ[u\_ g Ag+eP ) )it + E‘zp'.’.f.'g(f-, I M (5.39)

rae 7 = £”°1, a xy NPEANIONATaeTCA NEPHONHYCCKON 110 NePBOMY apryMeHTy ¢
nepuonom 1. [Ipoussons cranpapThule onepaumy, NoJyuHM, UTO aMIIHTY/LI
€k MOJKHBI YIOBJETBOPATL CHCTEME YPABHEHUH, KOTOPYIO MOXKHO IPEACTA-
BHThL B BHLE KPaeBOH 3ajauu napabosiMuecKoro tuna. Jta Kpaesas 3aiava
AsJseTcs HopManu3osaHHoi dopmoit nas (5.30) B sToM cayuae.

Mpu 3 < g < 1 nonyvaercs caeayiowas cuerema:

Ju 1 &%
_—— +b 2 40
9 = 2252 + {aq + Du+ fou®, (5.40)
u(r,r) = ulr,r 4+ 1). (5.41)
Hunamuka sTolf 3ajaun npocra — yYCTONYMBBE TOMBKO NPOCTPAHCTBEHHO-

OJHOPOAHDIE COCTOSHHR PaBHOBECHSA. Cnpaacnﬂusa Cleylollas Teopema.

Teopema 5.6 [lycmov xkpaesas sadava (5.40)-(5.41) umeem IKCIOHCHY L
AAHO YCMOULUBOC NPOCMPARCMBERHO-00HOPODHOE COCMOSHUE PABHOBECU
uy. Toeda ucxoonoe ypasnenue (5.30) umeem acusnmomunecxu yemotiuu-
80e pelierie ¢ ACUMRMOMUKOL

z =¥ My, (1 + o(1)).
Ecan 0 < g < % TO HOPMaJNM3OBaHHAdA (POPMA NPUHUMAET B

du _ aph?® (0P, 0% .  OPu ;
U _ Gob ("_ hoa 908 L}"Zt’i) - (ay + b))u + faul, (5.42)
orse

o 2

s o

or? drds
u(r,r,8) = u(r,r 4+ 1,8) = u(r,r,s + 1). (5.43)
Irta cuctema sBasercs BupoaeHHOR. Ofnako, 3nas ee PELIeHUA, Mbl MO-

?KEM HAXOUTH ACHMITOTHUECKHE 110 HEBA3KE PELIEHHS HCXOMHOTO YPABHEHUS
=
(5.30).
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Teopema 5.7 [lycmo cucmema (5.42)-(5.43) umeem pewenue u.(7,7v,s).
Toeda ucxodioe ypuaarnerue (5.30) umeem ACUMAMOMUMCCKOR 10 HEBA3Ke
pewenue suda

; 1
r.(t, €) = e%u, (Ez“'t, (;b;; 4 0 — ghyct + o(e"))L, (1 — e¥bye + o(e"))f) (1+0(1)).

Bropo#t cayuait. Tlyets ag > 0, by < 0. Ecan § < ¢ < 1, To poas
HOPMaJIH30BaHHOH (hOPMbl MTPaeT CHCTeMa
o 1 3 22 ,
('; 2(125.5 + {ay + by )u + (m] - _-g[; + f;) Wy (5.44)

u(r,r) = —ulr,r + 1). (5.45)

Cpfiab MeXy pelleHHsIMH HOPMAJIH30BaHHOM (POPMBI H HCXOZHOTO YPAaBHEHUS
(5.30) onucrIBaeT caegylollas TeopeMa.

Teopema 5.8 [lycmo (5.44)—(5.45) umeem pewenue u.(7,r). Toeda ypas-
nenue (5.30) umeem acumnmomusecKoe no HeeasKe peuienue

Eemn 0 < ¢ < 2 TO HOPMalH30RaHHOH (hopMoit ypasHenus (5.30) sipaa-
eTcsl Kpaepas 3aja4a

Bu  aollby|c? (82?1 i PFu 0*u ) ( 2f3 3
52 - 23 g 592 +(ay+by jut m + fd) U

(5.46)

ulr,ry8) = —u{r,r+1, ~u(r,r, s+ 1). (5.47)

ar 2

Teopema 5.9 [Tycme kpacsas sadaua (5.46)-(5.47) umeem petenue
w1, r.8). Toeda ypasuenue (5.30) umeem acumnmomuyeckoe no Hesss-
ke pewerue suda

x.(t, &) = e%u, (szq(., (;1—,! + 8 — g%yct + o(e¥))t, (1 — e%bpe + o('c“"))t) (1+o(1)).
£

Tperuit cayuait. [ycts ag < 0, by > 0. Ecau % < g < 1, To B Kave-
CTBE HOPMAJIHM30BAHHOA OPMbI MBI TONYYHM Kpaesvio 3aaauy (5.44)-(5.45).
CooTBercTeeHHo @yueT BepHa M Teopema 5.8,
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Ecnn 0 < ¢ < §, T0 poab HOpMANK30BaHHOW GopMbI GyeT Urparh ypas-

Henue (5.46) ¢ KpaeBLIMM YCAOBHAMH
u(r,r,8) = —u(r,r + 1,5), ulr,rs)=u(r,r,s+1). (5.48)

Teopema, ananoruunas teopeme 5.9, HMeeT MecTo.
Yersepruiil cayuait. [lycrs, Rakonen, ay < 0, by < 0. Torna TpH 5 1<g<1
HOPMa/IM3CBaHHAs OPMA NPUHUMAeT BU napaBonuieckoi xpaennn 3ajiauu

a 1 &° 2
B T (b (4 o) (549)
u(r,r) = u(r,r + 1). (5.50)

B 3Tom cayuae 'rami{e BepHa Teopema, aHajoruunas Teopeme 5.8.
Ecau xe 0 < g 4 g TO POJib HOPMAIHIOBAHHOI POPMBI HrpaeT ypaBHeHHe

u _ aghoc® (u o*u *u ) 3
il TR 4 + 5.51
or 2 (d A 20?'839 5az )t (ar +ba)u+ (£ + fa) w* (551)

C KPaeBLIMH YCJOBHSIMH
’Ll'-(‘?‘, Ty 3) = U(T, Tt ]:- ‘5)! u(‘i", T, "“) o "'"{T! T, 8 ]) (552)

Ynpaxuuenne 5.1,
[ocpoiite nopmainsopannyio gopMy aas ypashenus (5.30) B ciydae,
Koraa napamerpel a M b sajaircs GopMynaMu

a=ay+éefay, b= by+ePh lao| + ool =1, p # Pu

§6. HMunamuka ypaBHeunss ¢ aBymMs Goabmummu
NPONOPUUOHANLHBIMM 3aMa3AbIBAHUAMHU

6.1. B s7om naparpade 6ynet mayuena JMoKanbHAA AMHAMHKA CHCTEMbI ¢
HABYMSI 3anasiblBaHHsaMi

T+ = ar(lt —-T) + bx(t — To) + f(x) (6.1)

B CHTYauHH, Koria napame‘rpbl T] H Tg HPOHOI}[LHOHEJ]]:HH H JOCTATOYHO
BEJHKH, T.e.
Ty=T, T=kT,
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rmek>17T>1.
3amenoit Bpemenn ¢ - (T nepefinem K ypasuennio (¢ = T 1 < 1)

et +x = ax(t — 1) + bzt — k) + f(x). (6.2)

Jns HecaeoBaHHA NOBEJICHHA PEUICHUH B OKPECTHOCTH HYJIEBOTO COCTOSHHA
pasHoBecHsi ypasHeHus (6.2) paccmoTpHM XAPAKTEPUCTHUECKHH KBA3HIONH-
HOM

A+ 1 = aexp(—A) + bexp(—Ak). (6.3)

Cepopmynupyem TPH NPOCTHX YTBEPKALHHS O CTPYKTYPE KOPHEH 9TOro Kpa-
3HIOJHHOMA.

Jdemma 6.1 {Tycme |a| + |b] < 1. Tozda npu docmamouno marsix anawe-
Husx £ gce kopuu (6.3) umerom ompuyamenvuble 6euiecmaentsie Yacmu u
omdenenvt om Hyas npu € — 0. B amom cayuae sce pewenus (6.2) ¢ na-
UANLHDIMU YOACEUAML U3 HeKomopoll (He zasucsiyed om €) oxpecmuocmu
HYAEB020 COCMORHUS PABHOBECUS CIMPEMAMCA K HYAIO NpiL § — 00,

Jlemma 6.2 [Tycmo |a| + |b] > 1. Toeda npu scex docmamouno manrvix
3HAUEeHUAX £ Xapakmepucmuueckull mrozounen (6.3) umeem kopens ¢ no-
AOHUMEABHOL U OMmOeseHHOL om HYyAs BewjecmeenHolt aacmeorto. B amom
cayqae zadaxa o nosedenuy peuterud (6.2) cmMaHoBUMCS HEAOKAAbHOL: 6
210604, CKOAL YeOOHO MANOU OKPECMHOCMU HYACBO20 COCMOANUS PAGHO8e-
cus Haidemcs pewienue, noxudaLiee HeKomopsili GUKCUposanmbil wap
C KeHIMPOM 8 HYAC U HE 3ABUCAUUM OM £ paduycom.

Jlemma 6.3 [Tycmes
ja) + 6] = 1. (6.4)

Toeda xapaxmepucmuseckuii muozouaen (6.3) we umeem Kopued ¢ noso-
HCUNCADHOU BEUYECIMBEHHOI HACMEID, OMOCACHHBIX OM MHUMOIL OCU, U NpU
Kascdom cg > 0 i HAMYPAABHOM Tt UMEEM NPU MUNBLY £ HE MEHEE T KOPHEL

Ai(g) ydoeremsoparowux ycaosuro |Re X;(e)f < e,

Tem cambiM BO3HMKAET 3a/1a4a H3YYeHHUH JICKAJLHOTO (B OKPECTHOCTH HY-
JEBOTO COCTOSHKA PABHOBECHA) TOBEJEHWS pelieHUH ypaeHenusn (6.1) npu
yeqosun (6.4). B ¢BA3y ¢ 3THM NOJNCKUM

o = ay + £ay, b= bU =+ Er’)l._ |U!.ﬂ| -+ |b1_|| = ] (55)
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Kax okasbiBaercs, NOCTpoeHHe aHA/NOra HOPMAJLHON (OPMEI B 3TOM CJiy-
uae BO MHOI'OM 3aBHCHT OT airebpanyeckux cBoHcTB Kosdhunnenta k. Ipo-
HJLILIOCTPUPYEM 3TO.

PaccMoTpuM TaK HasbiBaeMoe ,BHIDOXKACHHOE" XapaKTepHCTHUECKoe ypas-
HeHue

1 = apexp(—A) + byexp(—kA). (6.6)

lMonomum A = iw (w > 0). Toraa nonyyaem cucremy ABYX YpABHeHUH OTHO-
CHUHTEJBHO W

I =ageosw + bpcos(kw), 0= agsin(w) + by sin(kw). (6.7)

BhiilenM 0Tfie/IbHO HECKOILKO CJIVYaeR.
Ilepsuiii cayuaid. Tlpeanonoxum, uTo uMeno k wppammonanbhoe. Torpa
HAaNJIeTCA TaKas NOCHeAOBATeAbHOCTb Wy, — 00, IS KOTOPO

11— ag coswy + by cos(kwy)| + |ag sin(w) + by sin(kw)| — 0, (6.8)

HO TOYHLIE paBeHcTBa (6.7) He BHINOAHSIOTCA. B 3TOM cayuae noayuuTh ana-
JIOT HOpMaJibHOH (POPMBI 3aTPYIHHUTENbHO.

IIpepnonoxuM nanee, 4To UMCAO k pauHoOHANbHOE, T.. AJA HEKOTOPhIX
HeNbIX, B3AHMHO NPOCTHIX YHCEN 1 B 72 KMEET MEeCTO

k=—.
7
Bropoit enyuait. ay > 0, by > 0, .e. ag+by = 1. B atom clyuyae ypaBHeHHe
(6.6) nmeer Geckonedno MHOro Kopheit Ajo = twj, TRe § € Z, w; = 27nj.
31ech NPUMEHUMEI BCE HOCTPOEHHUS, TIPUBEACHHBIE B NPEABIAYILHX napa-
rpaax. IMosTopsin cooTBercTBYIOWIME YTBEPXKACHHA, NOAYUAEM B KayecTBe
anasora HopmanbHol Gopmbl ypashenua (6.2) kpaesyw sanauy

Ou  (agn® + bym®)n® 0%u .
Fr = 2agn + bym)® o2 T (@ tbut S, $5.8)

w(r,r) = u(r,r+1). (6.10)

Kak yxe ormenanocs panee, Bee yeroitunsbie pexkumsl (6.9)-(6.10) ssasior-
Csi IPOCTPAHCTBEHHO-OAHOPOIHEIMH COCTOSIHHAMH PaBHOBECHS.

Tpetuit cayyait. [Tycts umcsa m u n HeveTHble M ag < 0, by < 0, T.e.
ag + by = —1. KBasunonnnom (6.6) umeer 6eCKOHEUHO MHOFO YHCTO MHHMbIX
KopHe# Ajy = dwj, 7 =0,4£1,42,..., a wy; = (25 + 1),
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HMcnossaya moctpoesus, npuseflenHble 8 §3, B KauecTBe aHanora Hop-
MasbHOH (DOPMBI MONYHaeM KpaeBylo sanady
2 3 a2
Au (agn® + bymMn® Fu

= Sl bt g (ay -+ by + (f3 + fa)u®, (6.11)

u(r,r) = —u(r,r+1). (6.12)
Y 5TO# CHCTEMEl MOTYT ObiTh YCTOAUHBB He TONBLKO COCTOAHHA PABHOBECHS,
HO W Goee cnoKubie pexumbl (HANPUMED, NEePHONHUECKHE PELICHHS] — LHK-
Jbt).
Herpeproiit cayuait. [lycrs ag > 0, by < 0, m nevyetHoe, n yetHoe. B sTom
cJy4ae posib HOpMaJau30BaHHOH (GOpMbI UTpaeT Kpaesas 3ajavua
Ou  (agn® — bym?)n® Ou 5
— = —————= +(a; + by)u + fou®, (6.13)
ar 2(agn — bym)3 Ar
w(r,r) = u(r,r41). (6.14)
[MaThit cayuai. ag < 0, by > 0, m uernoe, n HeuerHoe. Torpa aHanor
HOPMAJIbHOH (GOPMbI NPHHKMAET B

O (—agn? + bym?)n® 9u
or 2(-agn + bym)® or?

u(r,7) = —u(r,r+ 1). (6.16)

B ocranbHbix cayuasx KopHed cucrembl (6.7) He cyuiectryer.

OTMeTUM, YTO BO BCEX CAYYASX HOPMAJM3OBAHHBIE CHCTEMBl MMEIOT BHI
ypaBHeHHs fapabo/iiyeckoro THIA C MePHOIHUECKHMH WM aHTHIepHoaHYe-
CKHMH KPAaeBHLIMH YCJIOBHAMH. JIHHAMHKA HOPMANH30BaHHBIX (HOPM BO BTOPOM
W H9eTBEPTOM CJAYHASK OYeHb HPOCTA: Y HUX MOFYT ObiTh YCTOMMHBE TOJIBKO
OAHOPOAHBIE COCTOSHHA PABHOBECHH. B TpeTheM K [ATOM Cayvafx HOPMAJH-
30BaHHLIe (OPMLI MOTYT MMeThL Gosee CAOXKHEE, HANpHMEp MepHOJH'ecKHe,
YCTOHYHBREIE pelleHus.

+ (a1 +b)u+ (fF + fayu?, (6.15)

Teopema 6.1 [fycme k maxoso, imo peaiusyemcs emopot ualy wemeep-
moul cayuad. flycme coomeememeayOwas HOpMALL308anHaa Gopma ume-
em IKCNOHCHUUAALHO YCMOUHUE0e COCMOAHIE PABHOSECUS Uy, To20a Y uc-
xoounozo ypasnenusn (6.2) cyujecmeayem pewienue

z.(t, ) = £2u, + ofe?)

Mol He Yemoluusocmu.
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Teopema 6.2 [lycme k makoso, umo evinoansemcs mpemiuil uAu namottl
cayuail. [lycms coomseemcmeyiowan Hopmaruzosannasn Qopma umeem pe-
wenue u.(7,r). Toeda ucxodnoe ypasnenue (6.2) umeem acumnmomuue-
CKOe no HesAsKke peulexue enda

To(t,€) = eu, (€%, 4(1 + o(1)))(1 + o(1)).
6.2. Ilyctb Bmecto (6.5) BRINOMHEHO yesioBHe
a=ay+cfay, b=by+ &by, |an| + |f![)i =1, 0O0<p<l.

B stom Ciydae pce NpHBeneHHbe Pacey2KAeHHA TOXKe HMeloT MecTo. B kaue-
CTBE HOPMaJM30BAHHONH (oOpME (KOorma ee Boamoxno Gymer MOCTPOUTh) MBI
OyneM moJiyyaTsh ceMeficTBa KpaeBmX 3ajau napaGonuyeckoro Tana. Bo Bro-
POM ¥ HETBEPTOM CAy4asix CHCTeMa OyjeT coCToATh W3 ypasHenus (6.9) unu
(6.13) u kpaesmix yenoBuii

2
u(r, 1) = ulr,r + —ﬁ),
w

TA€ W — NPOM3BOILHOE MOJIOKUTEALHOR YHCAO. A B TPeTHEM M NATOM cayya-
X HOpMaNU30BaHHasA popMa Oy/ieT cocToAThL U3 ypasenus (6.11) uau (6.15)
H KPAeBbIX YCJHOBHH

u(7, 1) = —u(r,r + E)

Teopemsni, anasoruunble Teopemam 6.1 M 6.2, Takike UMelOT MecTo,
Ynpaxuenne 6.1. Pacemorpute ypasuenne (6.1) IIpH YCJOBHH

1 1
Tl F— g, Tg = (k'n + f?k])g, 0<e < 1.

§7. lunamuka ypaBHeHus ¢ GOJILIIMM U O4eHDb
OoJbmIVM 3anasabIBaHUeM

7.1. Kak n B npeamaymmx naparpagax, paccmaTpHBaeTCs ypapHenHe
T+ =az(t—T)) +bz(t - T) + f(z,z(t — T1), z(t — T3)). (7.1)

3neck Mpl Mayunm cay4ad, korpa oba 3anaspiBaHUA ABJSIOTCS GONLIIMMH,
HO, B OTJIHYHE OT mpensliyLiere naparpada, pasHbiMKU 1o NOpAJKY, T.€.
Ty

izl ===31.
1 Tl
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[Monoxum y |
T} = -, T:_J; =y c > 0, S R o
€ ce
CranpapTHoii 3ameHoll ¢ — te~ ! nepeitieM K ypasHeHuio
et +x =azx(t— 1)+ bz (t — (eg) ) i f( x(t — 1), z(t — (ee) l)) (7.2)

Kax u pauee, nas ynpoiuenus phuHcaeHud Bynem cuHTath, 4To hynkuus f
3aBUCHT TOJIBKO OT MepBoro aprymenta, t.e. f(z,y,2) = f(z). [onoxum B
oKkpecTHOCTH HYARA f(z) = for® + fax + .. ..
PaccMOTpUM XapakTepHCTHUCKHH KBA3UIIONUHOM JIHHEHHOH yacTH ypas-
Heuus (7.2)
e+ 1= aexp(—A) + bexp (—A(ce) ™). (7.3)

Crnpasennuso cneayiolice yTeepiKaeHue.

Jiemma 7.1 Ecau |a| + |b] < 1, mo uynesoe pewienue ypaenenus (7.2)
ACUMAMOMUYECKH YCMOLULUSO, 6CE Pelienua U3 HEKOmopol Marot (Ho He
3asucauiell om £) e2o OKPeCMHOCHUL CIMPEMAMCI K HYAIO.

Ecau o]+ |b| > 1, mo uynesoe pewenue ypasuenun (7.2) Heycmoiiuueo,
KpOME MO020, 8 HEKOMOPOL €20 He 3a8uUCAWE Om & OKpecmuocmu Hem
YCMOQUUBbLY PEACUMOS.

1
]

B ocraememcs cnyuae, korma |a| + |b] 1 BO3HMKaeT KPHTHUeCKHit
cayuait: y ypasneuus (7.3) He CywecTByeT KOPHEH C NONOMHTENbHOH Be-
IIeCTBEHHON HacTbio, H CYIeCTBYIOT KOPHH, BEleCTBCHHAH HacTh KOTOPbIX
CTPEMHTCH K HYJIO NpH € — (. PacCMOTPHM OTACABHO CYYaH MONOXKHUTENb-
HBIX M OTPMUATEJNbHHIX 3HaYCHHl mapaMeTpoB a H b.

IMonoxkum

a=ag+ebpay, b=by+e’boby, |ao|+ |by] = 1.

Iepeoiit cayuai. [lyets ag = 0, & > 0. Torna ypasueune (7.3) umeer
GeckoHeyHoe KoMHuecTso Kopuel (k,n € Z)

A = 2mik + & (2mn + k) ic — E‘b (2mk + GU( (2mn + £8)) 2 —

t'g 2r2 + 2nk -b-—*{’...?l' 7+ kf?) (:’11 -+ b])) -+
o

ade? — e 00
3 ((er, b kg)(ffﬁ_ﬁ_}ﬁ_) I g%‘fﬂk) 3 s
] 0 b

—&' (sz (2mn + k0)* + 2%

roe @ = 6(e) = 2wd,(c), a G(e) € 10,1) nonoasnser {ce)~! 1o uenoro wuena.
£) } i {
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PaccmoTpum acummroTuueckuit pas

o0
z(t,e) =€ D Lin(r)e?™hemint L (4 by T 4., (7.4)

k=00

rae 7= eceit,

- T P
by = (1 +ech (e) — €55 (1 + apel(e)) + 5355(0,[; —cb(e) + -ﬁ?f?l(e))) L,
ly=¢ (r". — eagcby! + g2(adcby® ~ ety l)) t,

a xp(ty, by, 7) MIEPHOAHYHA N0 NEePBLIM ABYM apryMeHTaM C NepuogoM 1.
Honcrasum (7.4) B (7.2) u 6yaem nocaegosareabHo IPUPABHHBATH KO3()-
(pHuMenTH NpH OfMHAKOELIX cTeneHax e. Ha Tperbem ware (npu €*) nony-
'IHM YpaBHEHHE OTHOCHTENIBHO ¥y, HEOOXOAMMBIM H JOCTATOMHBIM YCJOBHEM
Pa3pelIiMOCTH KOTOPOTO B NPOCTPAHCTBE NEPHOAHYECKHX (YHKUMIET Gymer

BHITIOTHEHHE JUIS BCEX HENBIX k U n paBeHcTB
@hien = —(—1:? (21[‘2:-12(:2 -+ 2?1'2.&12(-1- + 2c6; + *0}) +

dr bi g

(7.5)
+ dn*kne(l + 091)) Ekn + (a1 + b1)ékn + foiorn(8),

TAE @iy — 3T0 KOIDPUUKEHT Npu exp(2mikty + 2mwinty) B PasJIoKeHHH
2

o0
Z Eku(?_)e:hriﬁ:he‘zﬁmﬂz

kn=—o0

B pan Pypoe.
Cuctemy (7.5) MoxHO 3anucath B BHiE OLHOrO Napabonnyeckoro ypas-
HEHHS
du ape? 0 1 gy 0% e
— = 775 T o5 (14 2apc8) + agc?8?) =— + —=(1 + cf
or 265 0s? F 203 ( 200+ bgtoh) or? b (t+6f)
+ (o 4+ 0w+ fou?

Pu i
ris
(7.6)
C KPaeBBIMH YCJIOBUSIMH
w(r,r,8) = u(r,r +1,8) = u(r,7, s + 1). (7.7)

Kpaesas 3agaua (7.6)-(7.7) sasercs HOPMaTU30BaHNO0I (hopMol aast He-
XofHoro ypashenus (7.2).



§ 7. [uHamuka ypapHeHusi ¢ OOJbLIHM H OYeHb BONLIIHM. .. 57

Teopema 7.1 [lycmo ypasnernue (7.6)—(7.7) umeem pewenue u,(t,r,s). To-
eda npu docmamouno Marsix € ypasuenue (7.2) umeem dcumnmomuieckoe
no Hesaaxe pewierue x.(t ). fpuuem

z.(t,8) = £*uy (2(1 4 o(1), (1 + o(1))t, (1 + o(1))t) (1 + o(1)).

Bropoii cayuaii. [lycets ay < 0, by > 0. Toraa ananor Hopmansnod dopmu
ypaBHenus (7.2) umeer BHA

L lagl6 PPy | 1 a2y 00U
g IBEC b
d7 22 55 + 53 sz ( + |apledy + 2|ag|c’0}) = 0.!3 n .
- laole AT ( A :
b[! 1—ag—by
u(r,r,8) = —u(r,r+1,8), ulr,rs)=u(r,r,s+1). (7.9)

Has cuctemnr (7.8)-(7.9) cnpaseasus ananor teopemst 7.1.

Teopema 7.2 [lycms ypasrenue (7.8)-(7.9) umeem pewenue u,(t,r,s). To-
2da npu docmamoiHo maablx e ypassenue (7.2) umeem acumnmomuieckoe
no Heeaske peutenue x,(t, e). fpunen

zy(t,€) = eu, (£2(1 + o(1))t, (1 + 0(1))t, £(1 + o(1))t) (1 + 0(1)).

Tperu#t cayuadt. ITyete ap > 0, by < 0. Torga posb HopmannsoraHHON
opmbl ypagreuun (7.2) urpaer ypasHenude

du  aptPu 1 Fu age O
ML Baoddh San o8] o BB i TR
5r zbz 52 b% 1+ 2agct) 4 age a2 + b% (l. -+ Cb‘l)(jras-f-
+{ay + by )u+ C] f +f3)
(7.10)
€ KPAEBLIMH YCJIOBHAMM
ulr,rys) =u(r,r+1,8), u(r,r,s)=—ulr,r,s+1). (7.11)

B atom cayuae anagor teopem 7.1 ¥ 7.2 Takxe HMeeT MecTo,

Teopema 7.3 [lycmo ypasrenue (7.10)-(7.11) umeem pewenue u, (7,7, s).
Toada npu docmamouno maaeix ¢ ypasrenue (7.2} umeem acumnmomuie-
ckoe no Hegsske pewenue x.(t, ). [puiem

zo(t, £) = gup (£2(1 + o(1))t, (1 + o(1))t, £(1 + o(1))¢) (1 + o(1)).



58 Yacre 1. Jlokaneusid ananus

Herseproiit cayuait. Ecam ag < 0, by < 0, 10 ananor HOPMaJIbHOM (hopMbl
ypashenus (7.2) umeer Bup

du lag|c? 8% 1 _ auan P
— = e 2|ap|cl “07) —5 -
or T af o5 2"32“ e el e e b @13
lagle,. u . 3 *
; ﬁlé (1-+ (?gj)m“s' + (@) + by)u + (fg 4+ f3) U
u(7,r,8) = —u(r,7 +1,s), wulr,rs)= ~u(r,r, s+ 1). (7.13)

Jlis1 5TOR creTEMBl TakKe BepHa Teopema, aHANOMHYHAs Teopemam 7.1,
72w 7.3

Teopema 7.4 [lycme ypacnenue (7.12)~(7.13) umeem pewenue w (7,1, 8).
Toeda npu docmamouno mareix € ypasuenue (7.2) umeem acumnmomude-
ckoe no Heeaske pewente . (t,c). [puuem

2o(t,€) = eug (2(1 + o(1)L, (1 +o(1))t, (1 + o(1))2) (1 + of(1).
ABnanoruyHble NOCTPOEHHS MOXKHO NPOBECTH H B Gojiee 0GIIHX cayuanx.
IlycTb
1 - 1
Ti=- T=T—, ¢>0 ¢>0.
E cel
a = ap + ’bgay, b= by + e’byby, |ag| + |by] =1, 0 < p < 29, p< 2.

Mbi npuBeneM pesysabTaThl AAS CHTYALHM ap = 0, by > 0. Ocranehbie cury-
auMH pasbupaloTes TOYHO Tak ke. Ilpegnososxum chauana, uto 0 < g< 1,
p = 2q. Torna nopmanusoBannas Qopma nmMeer BHa YPaBHeHHs, TAaKOro e
Kak H (7.6)

Ou  apct FPu 1 oy U aye Sy
= = =+ = (1 4 20008 + agc?0?) — + =22(1 - e
or = 2 o T g (L + 200t +aoct]) 2 i L+ g+
+ (a1 + by )u + fou?
(7.14)
C KPAaeBbIMH YCJIOBHAMH
2
u(r,r,8) = u(r,r + ——?E, 5) = u(r,rs+1). (7.15)
wt

3pech, Kak M paHee, w > () — NPOH3BOJILHOE HHCO.
Eean Buinonneno 0 < ¢ < 1, 0 < p < 2¢, 10 HOpMasiM3oBanHasn ¢opma
nnst ypasuenus (7.2) npunumaet BHJ CHCTEMBI

du apc O 1 *u  age Pu

S o i O i i O, g B i - 2
or T 2 957 T 2ot il args T (Gt but St (7.16)
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w(r,r, s} = w(r,r + -2—?-1- §) = (7,7 8+ 2—?1.-) {(7.17)
Wi L
3nech wy > 0 4 wy > 0 — npousBodbHbE Yneaa. Takum o6pa3oM HopMasnu-
30BaHHasn (opma npejacrasaser coboll ceMeHCcTBO KpaeBBIX 3a1al, 3aBHCALLEe
Cpasy oT ABYX HelpepblBHLIX 11apaMeTPOB.
Tpy yenosun g > 1, p = 2 poab HOpMAAH30BaHHOR (HOpMHL Gynet urpath
cHerema (w > () — NpoH3BoAbHOE)

du LL[]LIJ *u 1 Fu tIQL 3

8?. s zb” 852 3 QT.?}('}T bﬁ {) e (ﬂ.] + by )u + fau®, (7.18)

u(r,r,s) = ulr,r+1,8) = u(r,r, s + 2——?T) (7.19)
w

Hakoden, ecin ¢ > 1, 0 < p < 2, To NONYYHM ABYXNapaMeTpUUECKoe
ceMeHcTBO KpaeshlX 3ajad.

du HD(‘Z Fu 1 %y ape Pu 5
S - -b)u A+ fou® -
5= o T e T ares T (@ et (#:20)
2 2
u(r,r,8) = ulr,r + il 8) = u(r,r, s+ —?E). (7.21)
wh Ws

7.2, Pacemorpum ypasuerue (7.1) B cayuae, xorua napamerp b 6nusox k
nynio. Ilyers

Th=—, ¢>0, 0<e<l.
[ocne 3amensl BpeMery ¢ — tz~! nonyuum
ef +x = az(t — 1) + bz (f — 52) + f{z). (7.22)

AHauu3dpysi pacnofoKeHHe KOPHeH XapaKTepHCTHIECKOro KBasHMHOIOYIeHa

‘i A
eA+1=aexp(—A)+ehexp (—-3
TOJIyHaeM, 4TO CIIPaBeANHBLEl CleYIOUIHE YTEePHKACHHA.

Jlemma 7.2 [lyeme |a| > 1. Toeda nyresoe pewsenue (7.22) neycmotivueo,
U 8 e20 HEKOMOpPOL Qukcuposarnoi (He zasucawel om &) okpecmuocmu
HEM YCMmOouYUebix peLderul.
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Jdemma 7.3 Ilycmo |a| < 1. Toeda nyresoe pewenue (7.22) acumnmomu-
HeCKU YCMOUNUBD, 6CE pewlenus u3 HeKomopoll manecil, Ho e sasucaued
OM € OKPECMHOCMU CIMPEMAMES K HYAIO.

Kak BHAHO, B [ONONHHTENLEOM WCCNENOBAHMH HyIKIaeTcs CHTYaL st
la| = 1. Pas6epem oraensio cayuan a = 1 v a = —1.

Mepsbiit cayuait. [lyctb @ = 1 4 £2a,. Toraa XapaKTepHCTHYECKH I KBa3u-
NOJUHOM ypaBHenus (7.22)

; /e
eX+ 1= (1+¢€ar)exp(—A) + 2y exp k-z—g)

HE MMeeT KOPHeH B MpaBoH KOMIJIEKCHOH MOYINOCKOCTH, OTHeNeHHbX OT
MHHMMO# OCH, H MMeeT KOPHH BMja

Ap = Qﬂk(l ! e 6'2)?'. + 52,\2k -+ O(EJ)
I'ne Aoy onpenensiercs ypasnenunem
Aok = —2m°k? + ay + by exp(—cAai + 2mikéh). (7.23)

Snec B = 6i(c) € [0,1) monoanser c(e™? — e 4 1) no nenoro umcsa.
OrmetuM, 4o (7.23) ABARETCA XAPAKTEPHCTHUECKUM KBA3HIOJMHOMOM Jinb:|
YPaBHEHHs ¢ 3anasgblBaHHeM

4 = (—2m%k? + ay)y + byexp(2nikdy )y(t — c).

Cnenaem B (7.22) noncranosky

oo

z(t,e) = &? Z Ex(r)e’ 0 4 zalty, Ty + ..., (7.24)
;A

rae T = €%, t; = (1 - &+ e, a zp nepuonMuna no 1IEPBOMY apryMeHTy
¢ nepuonom 1. CoGupas nocaefoBaTebHo KOS(PHUUMEHTE NPH OAMHAKOBBIX

CTENEeHAX £ NOJMYYHM, YTO JOJMHL BbIITOJIHATHCSH NpH BCEX LehiX k paBeH-
CTBAa

d&;, 5 .
Tg: = (—27%* + a))& + by exp(2mikt )i (i — ¢) + fopr(€). (7.25)

3neck uepes pi(£) o6osnauen koshpuuHeHT npu exp(2nikt) B pasnoxkeHun
2

( 3 ﬁk(r)eg“*k‘) B pss Pyphe.
h==00
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Cuctemy (7.25) MOXHO CBepHYTh B ONHO ypaBHeHHE NapaGONHUECKOro
THINIA ¢ 3anas/biBaHHeM
ou  18%
dr  20r?
€ KPaeBbIMH YCAOBHAMM

+ayu+ byt —eyr + 0)) + for? (7.26)

w(r,r) =u(r,r+1). (7.27)

Ota Kpaesass sajlada ABJAAETCH HOPMANH30BAaHHOH (DOPMON ANs ypaBHeHus
(7.22). CnpaBepnupra cienyiolwas Teopema.

Teopema 7.5 [lycmv kpaesas sadaua (7.26)-(7.27) umeem sxcroneniyu-
anpro ycmoiiuusoe nepuoduueckoe pewenue u,(7,r). Toeda ypasnenue
(7.22) umeem acumnmomuuecku ycmotinugoe peuteste 6uda

T.(t, &) = 2u, (52«5(1 +o(1)),t{1 —e+e¥)(1 + 0(1))) (1 +o(1)).

Bropoit cayuad. Tlyets a = —1 + ¢%a;. B a10M ciyuae xapaktepucTiue-
CKHI KBAsHIIOJHHOM

eA+ 1= (—1+¢%a;) exp(—A) + %bg exp(— %} (7.28)
uMeeT Habop KopHeH
Ak =72k + 1)i(1 — € + %) + 2 Mg + O(),
rae Agz ONpeiesiseTcs ypasHeHHeM

1 = o
Aojp = — -:érrz(Qk +1)% + ay + by exp(—cAgi + T2k + 1)6,),

B KoTopom fy = 6y (e) € [0,1), Tak XKe Kak H Bhile, fononuser cle 2 —e"141)
no uejero uncna. Bee ocraqensie kopuu (7.28) MMeOT oTpHUATENLHbIC Be-
LeCTBEHHbIC YaCTH W OTAEJCHD! OT Hyns 1pu € -+ (.

PaccMoTpum acHMITOTHUECKHE psijt

z(t,e) =€ Z Ee(r)e™ @Dt 4 2ot )+ edasty, T) +...,  (7.29)
k=00
rae T =g%, to = (1 —e 4+, a x5 ¥ 3 MepHOAHTHEL M0 NepBOMY apryMeHTy

¢ mepuogonm 1. Tlopcrasnsn (7.29) 8 (7.22) ¥ nocnepoBatenbso npupasHuBas
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KO':]C]J[leIHQHTb] HpH ONHHAKOBLIX CTENEHNAX &, NOAYYHUM, YTO MPH BCeX ueahx
k MOJIXKHBI BHINOJHATLCA papencTea

S (a1 — o722k 4+ 1206 + e (b 0) (72 + fo)oul6).

3neck uepes pi(€) obosnaven kosaddriment npu exp(wi(2k + 1)t) B paso-
4

HKEHHH ( Wi .Ek('r)e’”"(z‘“rm) B psia Pypre.
k=-00

Hocnennss cucrema moxer OLITL 3anMcana B BHAE OHOS KpaeBoH sagauu

u  10% ’

- — + ayt + bpul(r — ¢, 7 + 01) + (f7 + fa)®, (7.30)

u(r,r) = ~ulr,r + 1), (7.31)
KOTOpast MTpaeT poJik HOPMaAbHOH (OpPMLI B 3TOM chyuae,

Teopema 7.6 [Tycms (7.30)-(7.31) umeem pewenue u,(r,r). Tozda ypas-
Henue (7.22) umeem acumnmomuneckoe no Hesaske pewlenue euda

2.(t,€) = eus (£%(1 + 0(1)), 801 — £ + £2)(1 + o(1))) (1 + o(1)).

AHajoru4HBIM 0GPa30M MOXHO PAacCMaTpUBaTh W CHTYaUMH, Korga Ty 1o
nopsifky Goabue vem ¢ % 6o menbie wem £72, Tlyets

1 :
b = ePby, T1==;,T?:T“1-%, c>0, ¢g>0, O0<p<yg, p<2.
; £

Ecnn

a=1-4+ 5”@1,
TO HOpMAJIH30BAHHAA (opMa HCXonHOro ypasHenus (7.22) npencraBjiser co-
Goif ofHOonapameTpuieckoe ceMeHCTBO KpaeBbIX 3aJlay ¢ 3anas/biBaHHeM cJe-
AYI0LIero sMaa:

du  18% - 5
G =502 +agu + bou(r — ce?4r 4 6) + foul,

2n

(1) = u(r,r+ =)
u(r,r) = ulr w)

3neck w > 0 — npouaBosibHOE YHCAO, 4 6 = 0)(e,w) € [0,27) nononnsaer mo
LEJIOro KpaTHOTO 27 3HaYCHUE HEKOTOPOrO BLIPAXKEHHSI, ABHbIH BHA KOTOPOTro
CYIIECTBEHHO 34BHCHT OT p H .
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Auanornyno, ecsu
a = —1+Pa;,

TO B Kayecrse HOPMBJIHBOB&]HHL}ﬁ (b(}prl NoRYyUHM CHCTEMY BMIA

a 18
8_: =g T et bow(T — ce” U v+ 0y) + (7 + fa)u®,

T,
w(r,r) = —ulr,r + =),
w
3aBHUCSULYIO OT HENPEpPbIBHOro NONOKUTENLHO NapaMeTpa w.

§8. /IuHaMuKa cucTeMsl ¢ JUHEHHO
pacnpejejieHHbIM 3ana3ibiBaHHeM

8.1. B npepwbinyummx naparpacax usyuyanach IHHAMYKA YPaBHEHHH C OQHHM
WY ABYMd 3anasapiBaHuaMu. Jlornueeim ofoGieHHeM TaKHX Ciy4aeB sB/s-
eTCA CAy4aH, KOrja B ypaBHeHHe BXOHAT 3HAYEHHH HeM3BECTHOH (yHKUMH,
HE B OTAG/JBbHBIX TOUKAX, 4 Ha HEKOTOpoM npomeskyTke. OGuIMi BHA ypaBHe-

HMH Takoro THna :

p+a= [alt+)irts) + S(o)
_T'
TaKHe ypaBHEHHH Ha3biBAKITCH ypaBHEHHﬁMH C pacﬂpeﬂe.ﬂeHHb}M 3aNd34biBa-
HHEM,
B stom naparpade u3yuaeTcs BOIPOC O MOBEAEHHU B OKPECTHOCTH HYy.s

pellieHuH KHHTer po-AH(depeHIHATBHOTO YPABHEHHA C THREHHO pacrpeneeq-
HEIM 3anasfuBatieM

4]

T4z = /(a—i—b%) t+ s)ds + f(x) (8.1)

B NPEANOAOKERUH, 4TO
T %1 (8.2)

(DYHKU.HH f, KaK 0oOLIYHO, HMMeeT B Hyde Nopajox ManOoCTH Bbillle NepBOro.
nU?TOMy B OKPECTHOCTH HYMA MBI NPEACTABHM €& B BHe

(@) =far® + faz® + ...
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Ipn ycnosru (8.2) ynobno npoussect 3ameHy spemenu f — tT u 3ameny
z(tT) — x(t). B utore npuxonHUM K ypasHeHHIO

0
i+ ex = /fa. + bs)x(t + s)ds + & f(x), (8.3)
J

rae e =T71 < 1. dro YPABHEHHE ABJSETCH CHHIYJASPHO BO3MYILIEHHBIM.
PacemoTpum ypasHenue, KoTopoe noayuaercs u3 (8.3) nyrem ot6pachiBa-
HHA HeJHHeHd HOCTH

0
&'t + ex = /(a + bs)x(t + s)ds.
g

[oacrapum x = exp(At). Ecim A # 0, 10 nonyunm caeyiomee ypasseue:
XY+ eX? = aA[l — €7 4+ bAe ™ — b1 — e, A#£0. (8.4)

Jlas A = 0 nonyuum
b=2a— 2¢.

Ypasrenne (8.4) apnsieTcsi XapaKTEPHCTHUECKUM ypABHEHHEM /ISl 3aauu
(8.3). D70 sHauNT, 4TO ANHAMHKA HCXOAHOM 3a/1a4H BOJM3H HYJEBOTO COCTOS-
HUsI PABHOBECHSA ONHCHIBALTCS PACTIONOKEHHEM KOPHEl XapaKTepHCTHUECKOro
ypasuenus. BoaMoxkuu TpH cayuas:

1. Cymeersyer Takoe M > 0, 4To npu mo6oM cKoab YTOIHO MasoMm £ > {)
Haiinercs kopeb A(g) Takoi, uto ReA(e) > M. B artom cayuae ny-
JIeB0E pelleHHe MCXOAHOH 3afaiuy 3aBeiloMO HEYCTOHUHBO, GoJiee Toro,
B Er0 OKPECTHOCTH TAaKXKe HeT yCTOHUMBHIX pexcnmoB. Hasomem sTor
CaIydaH caydaem HeycTOHUYHBOCTH.

2. Cywmecrsyer takoe M > 0, uro NPH Ka)/10M A0CTATOUHO MaJoM £ > ()
BCe KopHy ypashenus (8.4) yposnetsopsior Red < —M. B stom cay-
Hae Hysnesoe pellleHHe HCXOAHOH 3ajauM aCHMITOTHYECKH YCTONUHBO.
Bynem nazmearh stot cayuaii cayuaem YCTOHYHBOCTH.

Lo

HAaa xaxporo M > 0 waitpetes takoe £(M) > 0, urto npu ¢ € (0, e(M))
BCe Kopu (8.4) sexar B noayniockoctd Re X < M, npu stom cy-
LEeCTBYIOT KOpHH A(e), Takue uto ReA(s) — 0 npu € — 0. B stom
CJIyHae /i M3YUEHHS NMHAMMKH MCXOAHOrO ypaBHEHHS HY)KHO 1POBO-
AUTH NONOAHHUTEALHBIE HCCAeAOBaHMA. IDTOT caydail GyaeM Ha3uLBaTh
KPHTHUECKUM.
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8.2. Hccnenyem BosMoKHOe pacriosnoeHre Kopred (8.4). Cpasy oTMmersM,
4TO Beerna cyliecTsyer kopenb A = 0. Ham on ne uHTepecen, kpome cayuasi
b = 2a — 2¢, xoTopuiit pazbepem oraennno. [Toatomy nanee H3 paceMoTpernst
Mbl €r0 HCKJII0YaeM.

Cpasy oTMETHM, 4TO ecqid a > (), TO IPH ZOCTaTOYHO MaJbX £ CYUIECTBY-
0T KOPHH B IPaBOil KOMIVIEKCHOH MONYIIOCKOCTH BUAA

foe BT L R, el

T.e. peajHayercs cJiyuyad HeyCcTOHUHBOCTH.
Hanee dynem cyurath, 4to a < (.
Mayuum, npu Kakux sHadeHHnax napamerpos y (8.4) ectb KopeHb, Tako#
yto Re Ale) — 0 npu e — 0.
Taxoe A nmpenctaBKMO B BHJE:
Me) = w_(e) + dwo(=) + O(e), (8.5)

rie wole) = O(1), a w_(e) — oo npy £ — 0 Au60 w_ = 0.
Pacemorpum cHauasa BapHadT w. # (. [Togcraeum (8.5) B (8.4).

28— ew? = aw_ [1 S e ““'"] i+ bw_e W-Hiwog 0(1)

Orciopa caeayer, 4To A6 w_. HMeeT NOPSOK ety

(b — @) exp(—iw_ + iwp) = —e%w? + ew_i —a, (8.6)
JAKu60 w_ MeHbille MO NOPANKY, UeM £~! u Bunonusercs
(@ — b) exp({—iw_ + iwg) = a. (8.7)

Jlus toro urob ypasHenue (8.6) uMeso pewienvie, HeofxonuMo, uTOOB MO~
AyJM 1paBol ¥ Jepol uactel GbiaH paBHL. ClefioBaTesbHO, el cleaTh B
3TOM YPABHEHMY 3aMEHY w. == w_1 /£, NOMYUHM

wly 4 (a+w ) = (b—a). (8.8)

1o YypaBHeHHe Gy;'.ll':‘T HMeTE JeHCTBHUTeNbLHOEe HeHyiesoe pelueHre, TOJbKO
€CJIH BBRINOJHAKTCA CAeQYOUlHe YCIOBHAL

20 +1>0 2a+1<0
b>0 WIIH b> by =a+ 34/—(1 +4a) (8.9)
b< 2a b<b. ~a~-~\,/u(_1 + 4a)
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Ypasuenue (8.7) Gyner umets peuierde, ToAbKO ecau |b— af = lal.
Teneps pas6epem cutyaumio w = 0. Toraa A = iwy + £A; + ... [nasuas
HacTte ypasrenus (8.4) Gymer umers BHA

(b + (b — a)wyi)e ™ = b — awyi.

HTo6h petenie NOCKEHEro YPABHEHHS CYLECTBOBANO. HeoOX0AHMO, YTOObI
BBIIOAHAIOCE PABEHCTBO MOIYJeH npapofl U JAeBOoH yacTel,

b* + a*wi = b? + (b — a)’wl.
Pemenue wyp = 0 nopoaut ominuHoe oT Hyns peurenue (8.4) TogbKO ipH
b = 2a. Takum o6pazom, HeOOXOAUMOE YCAOBHE CYULECTBOBAHHUS! HEHYJ/IEBOIO
KOPHSI NI0CAe/IHEr0 YpaBHeHNA

b=0 wnau b=2qa (8.10)

Hrak, Kopelb XapaKkTepicTHUECKOro KRasunosunoma (8.4) suga (8.5) npu
w. =0 MOXKeT CYIECTBOBATL TOJBKO MPH BHNOAHEHUH YCAOBH (8.10).
Brejem B paccmoTpente npomexyToxk suauenuit b

1=/ @30, 2a+1>0
T (b-by), 204+1<0

Hasosem stor npomexyrok ,uyTpennum®. Kak 6o noxasaHo, ecsin b € /1,
TO HE MOMKET BHINONHATHCSH HAKAKOH M3 KPHTHUECKHX cayyzes. Mayuum no-
ApolHee pacnonoxkenue xopueir (8.4) NPH TAKUX b.

Ilycte Bunoansercs b e 7, rpe T — BHYTPEHHHI nipoMesxyTok. Kak 6uuio
JIOKa3ano pariee, NpH TakoM b KPUTHUECKHE Caiyuall He MOXKET HMeTh MecTd.
CliefoBaTesibHo, ecau npH KakoM-To by € I umeer mecto cayuair yeroituu-
BOCTH (HEYCTOHUMBOCTH), To caryyail yCToHuHBOCTH (HeycToliuuBocTH) Gyaer
HMeThb MEeCTo TpK Beex b € T,

Pacemorpum anasenne b = a. Ouennpno, uro Takoe b NpHHANJIeRUT [,
Torna ypasiienne (8.4) npunrmaer i

€223 + eX? = g) + a(e™ - 1).
IIpepcrasum A B Bupe
A=A (e)+ Xo(E) + ...,

rae |A_(g)| crpemuten K GeckoneyHoCTH MIPH €, CTPEMSILIeMCS K HYJII0, JinG0
A- =0, Ay = O(1), a B MHOroTouuH cobpaHsl cnaraeMeie BoJee BLICOKHX
HOPHAKOB MaJOCTH,
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Ormeram, dro fle A < 0. JlefictBuTesibHO, ecin BhioaHeHo obpaTHoe,
TO € HeoOXOAMMOCTBIO JOJIKHO BHTOJHAThCS a > 0, uto Hesepro. Ecuu
ReA_. < 0, to npn pocratoudo mamawx ¢ Red < 0. Pacemorpum cay-
yaih ReAd_ = 0. T.k. KpUTHUeCKHH cay4yal MecTa UMeTb He MOMKeT, TO H
ImA =0.

[lopcrasum A = Ay +o(1) B ypasHenne. [1aBHasi 4aCTh TOTAA HPUMET BHA

arg+ae™ e — g =0,

OTKYAa CAenyer

e M =1 + Ap.
Ecan Re)y > 0, 1o moaynn mpapof wacty Soabiie 1, a mogyap Jjesoit —
menbie. Buinoauarecs 310 He moxer, CreposarefibHo, Red < 0 (cayuaii
Re Ag = 0 HeBO3MOXKeH, T.K. HEBO3MOXKeH KPHTHYeCKHH cayuait).

Wrak, Mbl nokasaju, 4to npu b = a y ypasHeHusi (8.4) He moxeT GbiTh
KODHEH ¢ [OJIOKUTEILHOH BelleCTBeHHOH MacThio NIPH MaJjblX £, T.e. BLIIOJ-
HseTed cayuad yerodunsoctH. CiaeioBaTenbHo, npu Beex b € I umeeT MecTo
cayyal yeToHUHBOCTH.

TocTporM acHMNTOTHKY COOGCTBEHHBIX 3HAYEHWH B KPHTHUECKHX CJIy-
uasx. [lycTs swinosHedo oano u3 yeaosuil (8.10). Toctpoum acumnrtoTH-
KY CTPEMALIMXCA K MHMMOH OCH pelueHuH XapakTepHCTHYeCKOro ypaBHeHHd
(8.4) B sToM cayyae. Takue A, Kax ObIO NOKA3aHO Bhllle, TPEACTABHMEL B
BUjlE

A=wi+e+e29+...

Ecan b = 0, To ypasHeHne (8.4) npuHuMaeT BH]
2N el =al —e™
Y Hero ectb uenovyka kopreh Buga (k € Z, k # 0)

I ' 20+1 2wk
Ak(e) = 2mik (1+g_) +E£( opy22etl i _TE_%) \
% a? a

Kpome toro, aas kaxporo 0 < y < 1 v w > 0 MOXHO OCTPOUTH ACHMIITO-
THKY KOpHeH BHAA

4wk, ;o =i L a2y p2a+1 .
Ae(e) = Py Ble)ki+e (a + c)(l)) i€ (—w T o(l) ] .

3aecy B(e) € [0,2r) TakoBo, uro #(c) + we™? ARAALTCA LEJbIM KPATHBIM 27
OrmeTum, uto ecan 2a + 1 < 0, To npu M060M CKOJNb YrogHO MAajoOM £ H
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s mobore nonokuTeanHoro M Haligetcs HoMmep k Takod, uto Reh, > M,
CJIEA0BATEABHO, OYIET PEasiM30BHBATLCA CAYYall HEYCTONYMBOCTH.
Ecan b = 2a, 1o yparnenue (8.4) npuuumaer sug

EXN +eX =all+ e -2l —e gl
Hna onpenenenns w nonyuaem ypapienue
it ? — iw

e = m——
2+ 4w

IT0 ypaBHeHHE MMEET CUETHOE YWC/0 PelleHKH wy = w2k + 1)+ (k € Z).
[Tpuyem shinoansercs vy € (0,7/2), ».lim vy, = 0. lenouka Ar(c) B atom
<tk 00
cayae NpHHUMaeT BHIL
24wy 5 (wi(14+2a)+20 2wla—w?+12.
S T 5= ) ki)
a 2a acwy

Aple) =idwy + €

Otmerum, yto ecni Za-+1 < 0, To T.X. Wy = 00 NIPH k — 0o 149 Jboro no-
JOMHTeNLHOTO M Haiinerca nomep k Takol uro Re Ay > M, CHeJ0BATEINbLHO,
OYNET PeajiH3oBBIBATLCS CAyuait HEYCTONYHBOCTH.

HocTporm Teneps acHMITOTHKY COBCTBEHHBX 3HAUCHMUIT B cayuae BhIIOJ-
HeHUs ofioro U3 yenosuii (8.9). B stom caywae cyulecTsyer neficTBUTENbHO®
peuienne ypasuenus (8.8). He orpanmunsas obwmocts, 6yzem paccMatpH-
BaTh TOJIBKO NOJOXHUTENBHOE PellieHHe

—(20 +1) + /(20 + 1)2 ~ 42 + 4(b — a)?
3 .

Wy =

Pewenne (8.4), crpemsuteecs K MEHMOM 0CH, B 9TOM cllyyae NpeicTaBuMo B
opme
Wy, 4
A= -?z wn(E)+eA + ...
Pacemorpum pasencrso (8.6), xak YPABHEHHE OTHOCHTRNIBHO wy. Bee ero
PEUIEHHA MOXKHO NPeACTABHTHL B BHjE

wor(e) = O(e) + QU+ 2nk, ke Z,

rae 6(c) € [0,2nr) ponoanser w_=~* o nesoro Kpartoro 2m, a } € [0,27) -
9TO PelIeHHE YPABHEHHs

o —ﬂw?l +w i—a
' b—a
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Takum ofpasom,
. (% () + Q+ 27k) i+ eM + 2Nz + ..., k€ 2.
&

Ioncrasum 310 Bhipaxenue B (8.4) u cobepem KodDPHUKCHTL TIPH OfHHA-
KOBBIX creneHsx €. [Tonyunm

Akl = Crwok + ¢ + eai + 2wkeqt,

rae
. w(2a+ 22 +1)
a4 T a2
e — b
o= G
bbb+ w?) —w (WP —a)(8(c) + Q)
|== (b— a)2w_
. a-uw?
T G-ap

3ameTHM, YTO wWor MOXKET HPUHHMATL NIOJNOMHUTENLHLIE U OTPHUATEIbHbIE 3HA-
YeHHsl, CKOMIb yToaHo Gosbluue no moxyaio. CrepoBaredsbHo, eciu ¢ # 0, To
npy A1060M, CKOJbh YTOAHO MaJIOM £ HalieTca Takoe k, 410 Re A > M > 0,
roe M -~ NPOM3BOJIBHOE NCNOXHTENLHOE 4YMCa0. 3HAUMT, NMPH ¢; # 0 pea-
JaH3yeTca cayuaidl HeyctoiuusocTH. [Toatomy unTtepec Oyjner npeicTaBisith
TOABKO cayuail ¢; = 0. 3T0 ycaoBHe MOXKHO 3anHcaTh B BHje

14 2a+ 2%, =0.

2., NOMYYHM

[Moncrasass ciona sHadeHue 1 w
(2a+1) —4a® +4(b—a)’ =0, 14+2a<0.
Otkypa caenyer
b=byp=at % —(1 + 4a).

Ilpu takux sHaueHHHX mapametpa b

A(g) = = -i;—g—-l_-?l? + i16(e) + 182 + 2mik +
(40: + 24/ (1 + 4a)

i 1+ 4a

ticg — Amik) + ...




70 Yacrs [, JlokansHbii aHAIH3

Takke, acumnroTHka Kopuei XapaKTePUCTHYECKOr0 KBAa3HIOJNMHOMA B
3TOM CAy4ae MoxKet OuTh NpPecTaBieHa B BHAE

Aple) = X -_—(:::——}-El +i6(e) + 152 + 2mik +
(fa +2/~(1 +4a)

teg -— Adaak) ...
14 4a o P

CyMMHMpYst BCe CKazaHHOe B 5TOM NMyHKTE, MOXKHO COPMYJAHPOBATH Clie-
AYIOUIHe YTBEPKACHHS.

Teopema 8.1 [Tycmo 6vinoaneno 000 u3 yeaosuil:

a >0,

20+1>0, |b—al >a,

2a+1<0, |b—-al > 3/~(1+4a).

Tozda npu docmamouno Marwlx e Hyreeoe pewenue 3adauu (8.3)
HEYCMOUHIUEO, U 6 €20 OKPECTNHOCMU Hem YCmOduablx PeNCUMO8 npL Ao~
botl ¢ynryuu f(x).

Teopema 8.2 [lycme svinosneno 0ono us YCAOBULL:

a<0 2a41>0, |b—a|] <a;

a<0,2a+1<0, [b-a] < 1\/=I(1 + 4a).

Tozda npu docmamouno marvix & Hyresoe peuwtenue sadaun (8.3)
acumnmomusecku yemouuuso npu amoboi gynkyun f(x).

Ecan napamerpw a u b Takosbl, uTO yesaoBus HM omHON W3 TeopeM He
BEIMOMHAIOTCA, TO HEOOXOAMMO NPOBOJHTH AONGAHHTENbHBIE HCCJEA0RAHHS.
[Ipi sToM, Kak 6HII0 NOKAa3aHO BLIWIE, HET COGCTBEHHBIX 3HAYEHMA, OTAENEH-
HEIX OT MHHMOH OCH 1pH £ — 0, C HONOMKHTeNBLHON BCIECTBeHHON HacThio,
H eCTh GECKOHeUHOE KOMHURCTBO KOPHe# Ax(¢), AeHCTBUTENbHAS YACTH KOTO-
PBIX CTPEMHTCA K HYJIO NpU £ — ().

Pasbepem oTaesbHO Bee BapHaHTH 3HaueHHil NapaMeTpoB, IPH KOTOPHIX
MMECT MECTO KPUTHUCCKHH cayuai.

8.3. Hcenepyem nusamuky (8.3) B cayuae b 6amskoro K Hymo. Ilyers cha-
yana
<0, 20+1>0, b=e%,.

B stom cayuae vicxoanoe ypasuenue (8.3) NPUHUMaeT BUA

0
% + ez = /(u. + e%bys)x(t + 8)ds + & f(x). (8.i1)
21
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¥ XapakTepHcTHUYeCKoro ypasHenus (8.4) umeercs 6eCKOHEUHO MHOTO KOpHE#
Ale), k€ Z, k # 0, rakux uto ReAr — 0 npy € — 0, a Bce ocranbhbie
KOPHH 3TOr0 YPaBHEHHs JIeXKaT ¢/IeBa H OTAeNeHbl pH £ — 0 0T MHMMOH
ocd. Kax Gb1/10 HalileHo Bhille, KOPHH, CTPeMALIHeCH K MHHUMOH OCH, MOMXKHO
NpeacTasHTL B BHAEL

: 1 . G 1 2mk
Au(e) = 2k (l + -r;) i+ e (-—-2172!:2—% + —:-_,—z t- hl) +o.

(44

Cornacro o6ineii ¥aeonoruy GUGYPKaLHOHHLIX METOJIOB, YCTAHOBUBILIHE-
csl perkuMul ypasHenus (8.11) MoryT (hopMHpoOBaTLCH B ,0KPECTHOCTH" KpH-
THUeckux Hactor 2mik, k € Z, k # 0. llpeacrasum x B Bune dopmanbHOro
psina

T =€ Z Ek{*r}ez""“l + Ezfrg(tl,T) + !:‘3:1;3(t1,'r) o S
kEZ,k£0

rae 7 = €%, {; = (1 4+ ca”! + %), a z;(t;,7) nepHOAHYHH N0 mepBOMY
apryMeHTy ¢ nepHojom 1.

Toncrasum srot paa B (8.3) u cobepeM KOIQHIMEHTR IPH OAWHAKOBHX
crenensx £. [pu &% nonyuum pasencrso

0
= 1 i 2
g E(r)e™ M =g E ~Ek ()™ j[arg(t + 8, 7)ds.
keZkA0 kezkto & £

Orkypa caeayer, uto
0

f:l:g(f +8,7)ds = 0.
1

TMonoxxum x5 = 0. [pu €* noayunm:

: 2rik 1 k Qi
2mi Z képelritt = g Z (rm-i;%r_ + blﬁk) p2mikt

KEZKAD keZ kA0
0 2
+-f::c;;(t+3, T)ds + f Z Fpanis
¥ kEZ K0

Tax kak r3 — nepuognyHas QyHKLHA, TO €€ MOXKHO Pa3NoKHTL B psift Pypoe.
CoGupas kKo3pHUHeHTH npH exp(2mikt), NOJAyUHM, 4TO MJsA CYLIECTBOBAHHA
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TakoH &3 AOJIZKHE! BRINOJHATLCA CAelY0lHe [PABEHCTRA:

2a+1
a?

+ 01)6k — 2mik fapr(€), Kk #0, (8.12)

i& = (—2n%k?
dr

rae pr(€) — 310 KoadpduitenT npu exp(2wikt) B pasnomennu

2
Z &'keZm:H
ke 2k
B pag dypoe.
Pacemotpum cneaywoiee ypasnenue:
Ou  2a+10% a ,
e e b — [y m— IB
B o8 gz T i hr')'ru (8.13)
C TPaHUIHLIMH YCJIOBUAMH
I
u(7,7) = ulr,r + 1), /u(T, r)dr = 0. (8.14)

0

Yenosue 2a + 1 > 0 ofecneunBaer napaGoNHUHOCTL 5ToH 33229, Pasiomum
PEINEHKE STOrO ypaBHEHMs B DS/ TI0 COOCTBHHBIM (DYHKUMAM JHHEapH3o-
BAHHOW NMpaBOH JacTH, KOTOPHIE COBNAgeT ¢ psaom @ypre:

'E!.(T', T) . Z fk(,r)e‘zwi};r.

kEZ k0

HMoxcrasass nocneanee pasencreo B (8.13), nosyuum cucremy (8.12). Ilo-
3TOMY ypasHenue (8.13) MOMHO cHUTATh HOPMAIM3OBAHHOS thopmoii pas we-
Xomioro ypasherus (8.3). Cripaseanisa crefiyiomas reopema.

Teopema 8.3 [Iycmo sadaua (8.13)~(8.14) umeem pewenue uy(r,r). Toeda
Y ypasnenun (8.11) cywecmayem acumnmomuuecioe no weesake pewenue

2(t e} = cug(e®, t(1 + ca + %72 + o(1)))(1 + of1)).
Pacemorpum teneps cutyanmio, koraa

a<®, 20+1>0, b=¢Ph, 0<p<2
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Kax 6bi10 110Ka3aHo Bbllle, XapaKTepHCTHYeCKHt KBa3unosnHoM (8.4) umeer
KOPHH C aCHMNTOTHKOH

k 1 9
Ar(e) = %7 (3 L (; +o(l)) i4 e H (b; - Luzza"-i_ : na (1))

3neck Mul nosaraem v = 1 —p/2, a w > 0 Gepem TPOK3BOJLHEIM. BRINoaHHM
B (8.11) 3ameny

T =" Z E(T)e™ 4 e%Ps(ty, T) + a3y, T) + . . .,
kEZk#0

rae T = &%, t; = (we"T+0(e) +e” 20 +o(eP/2))t, a xi(t1, T) 2m-nepHOAMYHK
no nepsomy aprymenty. [IpupaBHuBas K03()(pHUHEHTH NPH OAMHAKOBHIX CTe-
MeHsIX €, Mbl, KaK W BbIlle, NOMYYHM, HTO aMIVTHTYAR £ MOMKHEL YAOBIETBO-
PATH CHCTeMe

w Qa
Lo = (- L

)‘Ek —wik frpr(€), k#0,
KOTOpas MOXeT GbITh CBEPHYTA B OHO NApaGONHuecKOe ypaBHEHHE

du  2a+1 Pu
ar 2% or? '
C KpPaeBhLiMH YCJIOBHAMH

b]U — fg—u

2!

2m
‘U(T’, f) = 'U.(T, r+ 'a'): -/ H(T’ T‘} dr = 0.

0

JTa KpaeBas 3ajaud Urpaer pojlb HOPMAaJH30BAHHOM (OPMLI B paccMaTpHBa-
emoM cayvae, CripapediHB aHajgor teopeMsl §.3.

8.4. Paccmorpum caydait, korsa napamerp b 6au3ox K 2a. ITycth
a<0, 2a4+1>0, b=2a+be+be’

Torga ucxoanoe ypassenne (8.3) npuHumaet Buy

i

et +ex = [(0+[2rt+b]F+5252) ) 2(t + s)ds + e f (). (8.15)

-1
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XapaKTepHCTHUECKOE YpaBHEHHe HMeeT HaOOp KOpHeH, CTpeMALIMXCH K MHH-
MOt ocH. B cnyuae by # —2, UX aCHMITOTHKA 3aNHCBIBAETCH KaK

; 1
)kk(f') = Wy -+ &75(2 -+ 'i‘..{.:)k + bl) g ke Z, k ?f{ UJ
6+ 3b
Ag = —"“‘—lﬂ )
4
TAE wy TaKue, Kak OblUIH ofpefiesiedt B nyHkTe 2. Eean by = —2, 1o KOPHH,

BELIeCTBeHHAas 4YacTh ROTOPLIX CTPEMHTCH K HYJI0, HMEIOT BHI

020+ 3\ 1 ((20+ Dw?
Ak(e) = dwy (1 + s% 1 ez-‘%—) ~ 2= ((—Zﬁ—kﬁ T bz) + 0(e%),

a 2a

by
Aole) = 52—51 + O(e%).

Bee ocrambhnie kopHu HaxopsTest B neBoil KoMIICKCHOH NOJIYNJAOCKOCTH H
OTRENeH NpH € — 0 or MuuMoll ocu. TloaokuM wy = 0.
[eppwiit cayuait, Tlyery cHavana b # —2. Torna npeacrasum z B Buge

z(t,e) =¢ ): Ee(T)e ™ 4 2y, 7) + ...,
keZ

TAe T = €1 — MennenHoe Bpems, a z;(t,7) NOYTH NEPHORHYHBI 1O fepBoOMy
aprymenty. IloactaBum 3707 paa B HCXOMHOE ypasHeHue u cobepem Koagihu-
UHEHTEL NIPY ONHHAKOBLIX cTenensx €. [lpy e? nosyuum:

0
. ] d}ckl 4
Z{Ik{'r}ﬁ“—'&f- = G’Z <‘——--_____ _."’_'.) R g / ﬂ.(l + 28) 29 (i’ + 8, '?'}ds.
kez 5 \2+wp +b dr J

HeoOxoaumoe ycosue cyiecTsoBanus ¥y, YAOBJECTBOPAWILENO TAKOMY YpaB-
HEeHHIO

déy 2+ dwy F b

e O 11&” ke Zk+#0;

E ’

dge _ 6'43b,, (8.16)

5 e 1
dr a

dr

OT0 JMHeHHAA CHCTEMa, BCe ee pelleHus JuGo CTPEMSITCH K HYJ0, AHOO0
HeorpanuienHo Bospactalor. HMexoas us storo, nonyuaem reopemy.
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Teopema 8.4 [Tycmo by < —2. Toeda nyresoe pewenue (8.15) neycmorivu-
80. B e20 HeKOmOpOLL He 3ABUCALLEL OM & OKPECIMHOCMU Hem YCmOotiHuesLx
pediern.

flyeme by > 2. Tozda nyregoe pewenue ypasnerus (8.15) acumnmo-
MuiLecKy YCmoUsiso, 8Ce Peierua U3 e2o HeKomopol docmamouHo Masol,
HO He 3UuBHCAWel Om £, OKPECMHOCMLL CIMPEMAMCA K HYRIO.

OTmeTHM, 4TO ecad by = 2, TO Bee OpHBeJeHHbIE NOCTPOCHHS TaKKe
umeioT mMecto. OpHako B aToM ciyuae cuerema (8.16) cranosuTca HerpyGoii,
T.€. ¥ Hee HeT 3KCNOHEeHIMHANBHO YCTOHUKBRIX peuleddi. TlosTomy no nose-
[EHUIO e pelleHnH Mbl He MOXKeM CYMTh O JHHAMHKE HCXOLHOro ypaBHeHHs
(8.15).

Bropoii cayuaii. [lycrs rTeneps b = —2. [onoxum B (8.15)
z(t,€) =&Y &(r)e™h + ey, T) + ..,
ke

rae 7 =%, by = (1 +ea"t +&*(2e + 3)a"?), a xy ABASETCH KBAAPATUIHON
dopmoit ot & exp(iwyT). B pesynbrate pnis onpefeneHus MefNEHHO MeHso-
IWHXCA aMIHTYR &x(7) noayunm cueremy ypashenuit (k # 0)

R
o (—M + ’2)&-— 2(“"”’“)“&& (8.17)

dt 2a? a
3t 2
‘f:__() = ""}‘2‘60 I “_fz Z fmg o (818)
’ mes

Cucremy (8.17)-(8.18) mo:kHO 3anucars B BH@ YPaBHEHMs B YACTHBIX Mpo-
H3BOLHBIX

u b 2b.
Ou s M?ﬁ+ 2 _;___ZM'M)_.

B 242 Ot ' a a (8.19)
_ & (g—EM(‘H) - 2uM(u) — |!'n.||2 + 2{1"’{(“})2)
a

¢ AOMOMHHTENbHLIMH KPACBLIMH YCAOBHAMM: ¢ NPUHALNENHUT 33aMBIKAHUIO JTH-
HEeHHOrc NPOCTPAHCTBA, HATHHYTOrO Ha QYHKUHH expliwgr)

u € Lin{exp(iwr)} i (8.20)

3nech M(u) — 3T0 cpejHee (YHKUHU u, T.C.
h
1 )
M(u) = lim —]u('r, r) dr,
b b

[
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a uepes ||ul}? o6osnaueno

0

[fae] > = [ug('r. r)dr.

-1

Ormernm, uto ecay B (8.19) nopcrasurs
u(r,r) = 3 Gulr)e,
keZ
TO nonyuum cuctemy (8.17)-(8.18). IMosromy 3anaua (8. 19)-(8.20) apnsercs

B IaHHOM cilyyae HOPMAnM30BaHHOH BopMoit ans (8.15).

Teopema 8.5 [lycmu (8.19)-(8.20) umeem pewenue u,(7,r). Tozda ypas-
nerue (8.15) umeem acumnmomuueckoe no wesaske pewerue auda

x(t,e) = eu(c’, (1 + o(1))t)(1 + o(1)).

8.5. Mayuum nunamuky (8.3) B kpurHueckom ciiydae Ha Gonbiupx Mojax.
Iycrtn

i ’
a<0, 204+1<0, b=b.=a+ 5\/—(1 + da) + by 4 £%b,.

Torna ypasuenue (8.3) umeer pugn

0

i ter=a /(rz + (bs + by -{—Ezbg)S).’I:(.‘: b s)ds + e f(x). (8.21)

XapakTepucTuueckoe ypasuenue (8.4) wmeer B 5Tom Cayvae cyer-
HOE  MHOMECTBO KopHeH Ai(e), cTpemammxcs k Muumol ocu. Eesu

bi # =1F 2ay/—(1 +4a) T, 10

da =+ 2(1 4+ b)) /—(1 + 4a)
. ( - e f ])\/ g a} +teg — -'hnik) = ot
1+4a
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B cayuae by = —1 F 2a\/—(1 + da)~*

e
Akle) = (_\/.;_?‘i_) +0(e) + Q4+ 2k § i+ = (ieg — dwik) +
4+ g4(—1 w2k? (dy + idy) + 2mik{ds + idg) + ds + idg) . . .,

roe peficruTenbHeie wucna d; > 0, do dy = dy(6(e)), dy = da(8(e)),
dy = ds(8(e)) ¥ dy = ds(f{e)) onnoanayHo onpepesifloTCA uepes napamer-
Pl @ ¥ by o

[epasiit cayuait. Tlyers by # —1F 2ay/—(1 + 4a)~1. Ipencrasum z s
BHE paja

z = Vexy(to, b1, 7) + €xa(to, t1, 7) + VeSza(to, tr, 7) + .. .,

rae ty = (u)' 14/ —(40 + 2 (2&" + 0+ &'C;;)t ty = (1 - 2E)t T=¢t, a
T = Eitu Zék(r)eiiﬂikh 4 e--itg z gk(,r)c--hikn_
keZ keZ

IMoncrasum soipaxkesue Aas = B (8.21) u cobepem KO3(hMHUUHEHTH NPH OIH-
HAKOBBIX CTE[IEHHX e. Ilpu €% nonyunm seproe ToXpectBo. U3 ypasHennii
npH € U 2 HaiineMm Xy

2 2
Za(to, t1, 7) = yre®® (Z {k(ﬂr)e””“') + g, 2ito (Z gk(,_,.)e—zﬁu]) 7

keZ kez

rpe Y
2i0 =
a(l — e #*) + by
J2 ( 2w
W3 pasencrsa kosdpuUHEHTOB NPA &2 nonyaum ypaBHEHHE OTHOCHTENALHO
T3. YCJOBHE CYIECTROBAHUS ero PelleHHs NPUMEeT BUJ

e dat2(1+b)y/~(1+ 4a) . w-

dr 1 +4a S+

d!
—(2foy1 +3fa)pu(€),  (8.22)

rie 9(€) Koappuument np exp(2mikt) B pasnoKeHUH

2
§ r 2mimdt E > L a2mimnt
( gnie 1) ( ¢m e ‘)
meZ med
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B pag Dypve. Cucremy (8.22) MOXKHO NPEACTABHTH B BUAe ypaBHeHHA
: 201+ b)/—(1+4 ) ie™ ;

du _ _dat2(1+ )V -(1+ JaJu R e -(2farn + 3f3)ulul®.  (8.23)

dr 1+ da by —a

3aech u = wu(7,7) NPH KKAOM 7 SBJIAETCH KOMIICKCHOL NEePHOMYECKON
bynkuueii napamerpa r ¢ nepuogom 1. dro YpaBHeHHe npejicTasifer coOoM
HOpMaJIM3oBailyio Gopmy s ypasuenua (8.21), T.e. cipapeanuBa Caeny-
0l1as TeopeMa.

Teopema 8.6 /lycmo ypaerenue (8.23) umeem pewenue w7, 1), moeda
ucxooroe ypasuenue (8.21) umeem pewenue no nessske

. (t, E) o (c{u_.ljr:-rﬂ(r)-i.h‘ﬂ‘m +°(€)}“u,(st, (1 — 2% + D(&“))t) %

+e (w1 /e+2(g)| ﬂ-l—ﬁt!l+ﬂ{1’))itﬁ* (E{" (l T U(E)}t)) (] + 0(1))

Bropoit cayuaii. [Tycrs Teneph by = —1 F 2ay/~(1 +4a) L. [onoxum B
{8.21)
T = exy(to, ta, 7) + 2a(to, 1y, T) + 323k, £1, L B {8.24)

rae o = {w. 1\/‘741?132‘)'(25)"1 +0(e) + Q+eca)t, t1 = (1 - 2)t, 7 =%, a
zy = e Z f:‘r("")f!gmk"" + e ka(v-)a'“”*""_
keZ keZ

Ilponssons raxue xe, xak v Buie, JeficTBEs, NONYHHUM, YTO POJIb HOPMAJib-
HO# OpMbI B 9TOM Cityyae Hrpaer ypamwenue (y, TaKoe e Kax u BbILLE)

e % L O ; S UL 3 9
d‘; £ (ﬂf] + ?dz)f),_ﬁ + (ds + 'r.{i4)5;' + (ds + idg)u -+ ?T:—a (2}21,«. - 3)‘3_)?1]?4".
(8.25)

C KpaeBLIMH YCAOBHAMH
ulr,r) = u(r,r + 1). (8.26)

Hunamuka sanauu (S8.25)-(8.26) onwucuipaer 10BeJileHUe DelleHHil ypas-
Hernsi (8.21) B OKPECTHOCTH HYACBOIO COCTOSHHA paBHoBecust. CripasenJinpa
C/CAYIOLIAN TEOpeMa.
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Teopema 8.7 [lycme kpaesas zadaua (8.25)-(8.26) umeem pewenue
w,(7,7), mozda ucxodnoe ypasrenue (8.21) umeem pewenue no Heeaske
auda

z.(l,e) = ¢ (e[“""'E'*e("'m”"‘+”[£“)“u.(szt‘ (1 — 22 +o(e))t) +

4o lrfe :.H[E)H!-;--em-i-o(.e))it.ﬁ* (&_El{, (i =B 0(6))t)) (1 + o(1)).

§9. Hopmammzaumsa B cucTeMe C INepHOIHUYECKH
pacrnpe/ejieHHbIM 3ana3/biBaHueM

9.1. Paccmarpusaercs BONpoc 0 JAMHaMAKe HHTErpo-augdiepeninasbioro

ypaBHeHu:
1]

: os i
z+z:a/cos(?"):r(t +s)ds + f(z), (9.1)
-7
rae @ # 0 B o HekoTOpuie napameTpsl (He orpanWuMBasi 0OWHOCTH, GyieM
cuntarb, uyto o > (). Tak xe kak U panee, Gyaem cuurark, uro f(z) —

AOCTATOUHO Taaakas (PYHKUMs, HMEWWas B HyJe NOPAACK MaJOCTH Bhbille
AEPBOro, T.e. B OKPECTHOCTH HyAA f(x) MOXKHO NpeICTaBUTL B BHjE

f@) = foz* + fsz® + ...

Hanboaslnii nHTepec AuHaMHKa ypaBienus (9.1) npeactasaseT npH 1o-
crarouno Gosbuiom sanasamsannu. [lostomy 6yzem cuurars, yro T > 1.
Tlpy Takom ycaoBHH yAOOGHO MPOH3BECTH 3aMEHY CJICAYIOULEro BHAA:

t— 1T, z(tT)—~z(t), e=T'<1.
B wrore noayuism ypaBHeHHe
o
g2t +ex=a | cos(os)a(t + s)ds + e f(x). (9.2)
-1

Vsyuenue nrHaMUKK cuetemsl (9.2) HadHeM ¢ MCCenOBaHKs JIHHEAPH30-
saHHoro ypastenun. CranaaprHeim 06pa3oM NOCTPOMM XapaKTepHCTHYECKOE
ypaBHeHKe JIf ero JIMHeAHOH H4aCTH

A% 4 eA? + %07 + 60 = a [A — Ae P cos(o) + oe P sin(o)], AT+ 0® £ 0.
(9.3)
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Alasi KopHeH 5T0ro KBa3MNOANHOMA CTIPABEANHBBI CEAYIONLHe YTBEPKIE-
HUS.

Jlemma 9.1 Mycmo a < 0, 2a+1 >0, 0 < ¢ < 7. Tozda cyuiecmeyem ¢ < 0
maxoe, umno npu Gocmamoino MALbiX € 80¢ DEIUERUR N XAPAKMEPUCMULe-
croee ypasuenus (9.3) yoosaemsopsiom yciosuw Rel < c.

Jlemma 9.2 [lycmo svinoaneno odno us ycaosul

a>0

2a+1<0

a<0 20+1>0 2n<o<w(n+l), n- namypaavroe.

Toeda cywecmeyem maxoe ¢ > 0, umo npu awbom, cxos Y200HO Ma-
AO0M, € Xapakmepucmuueckoe ypaenenue (9.3) umeem xopenv A, maxoi,
umo Rely > c.

Jlemma 9.3 flyemsv 0 < 0, 2041 >0, 0 = n, n — 0,1,2,.... Tozda npu
JdOCmamouHo ManbiX € XAPAKMEPUCMULECKOE YpPasHenLe (9.3) e umeem
KOpHetl 8 npasolt KOMAACKCHOU NOAYNAGCKOCMEL, OMOCACHHBLY OM MHUMOL
ocu, u cyuecmeyem kopeto M), maxoti «mo Rel(e) — 0 npu & — 0.

B cuny nemm 9.1-9.2 u [30], cnpasennusa caepyiomas Teopema

Teopema 9.1 [lycme svinosnens yeaosua nemmor 9.1, mozda nyreeoe pe-
wenue ypasnenun (9.2) acumnmomuvecky ycmolivuso npu A06ot hyHk-
yuu f(z).

Iycmo sotnornenst yerosus aemmor 9.2, moeda Hynesoe peutenue ypas-
nenun (9.2) neycmotivueo, u & HEKOMOPOU eco oKpecmHoCmu Hem ycmori-
UUBHIX PeNUMOE npu A060l dynkyuu f(x).

Taxkum 06pa3som, NONOIHHTENLHBIE HCCJACNOBAHKA AOKANbHOM AHHAMHKH
HEOOXOUUMO TMPOBOJATE, ecau NapaMerphl @, ¢ TAKOBLI, YTO BHINOJHAIOTCS
ycaosus semmul 9.3, Kax yxe oTMeuanocs, B 31oM cliiyyae HeT coGCTBEeHHBIX
3HAUEHIHA C OTACRCHHOK OT MHWMOM OCH MONOKHMTENBHON BeleCTBeHHON a-
CTBIO, H eCTL KOpeHb, AEHCTBHUTEJbHAR YacTh KOTOPOTO CTPEMUTCH K HYJT10,
Ormerum, 4TO B 9TOM caryvae OJJHOBPEMEHHO CYILEeCTBYeT GeCKOHeUH0e KoJiH-
HECTBO KOPHEH XapaKTepHeTHYeCKOro KBAZHNOANHDMA (9.3), crpemammxcs K
MHAMO# ocH npn ¢ — (. Takum 06pazom peanusyercs KPATHYCCKHH Cayuan
GeckoHeunoi pasMepHocTH,
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Eciva <0, 2a+ 1> 0, 0 =0, to ypasuenne (9.2) npuanuMaer Bug

0
et tex=a / z(t + s)ds + e F(x). (9.4)
!

Mceaenopanye anHamMuki Takoro ypasHenus onycano ssiwe (§8 nyskr 3)
9.2. lyete ¢ < 0, 2a+ 1 > 0, ¢ = 27n, n — HatypaabHoe. B 3TOM cayyae
XapaktepucTHyeckoe ypasHenre (9.3) nmeer Habop KopHE#, cTpemsilMxcs

npu & — (} K MHAMOH OCH
N2
"N
:rrN«\fwnze”‘* —_— .,
a “da

1 2 \r?
_'3,51;2 + s
g1

Ap

X = -—'er\— E4...,
M = miK +eda+e a+....

3nech k uenoe (k # 0, +n), K = 2k, N = 2n,

Tl'(f\—z - 2)
A =
k1 C.'.K
_ N2 _ K2 -t prd
Mg = 5 2&"( K3{((2a+1)K? N*Yi.

Bee ocransupie peuenus (9.3) HaXonsTcs B JeBod KOMMIEKCHOH nmosymioc-
KOCTH ¥ OTAEJeHb! NpH & ~» ( 0T MHUMOIT OCH.

Cornacuo obuiei Hieooruu GHGYPKAUKOHHHX METONOB YCTAHOBHEILIHECS
pexumel ypassenus (9.2) moryT QopMHPOBATBLCA B ,,0KPECTHOCTH KpHTHYe-
CKHX uacTor 2mik, k # 4n. [Ipeacrasum = B Buge dopmasibHoro psna

z(t) = Ve 3 &(r)eMPem™Kt 4wy 4 e3 2y + clug + 52y, +
k#0,kn B - (95)
+ VE (&8 4 Ey(g)ehV )

rie T =g, 0 = et, t; = /Et, a Qynkunm up = w(f, 4y, 6, T) npepnonaraiwTes
MePUOAHYHBIMH N0 NEePBOMY apryMeHTy H OIPAHHYEHHHLIMK 1O BTOPOMY H
Tperbemy aprymentam. Ilopcrasum (9.5) 8 (9.2) u Gynem nocnenopaTesnbHO
cOBUPATh C/lAaraeMule NP OfMHAKOBLX CTENEHAX £,

W3 ypasuenus npu ' caegyer

u; = Z uik(ty, 9, 7)e™ 5,

kst
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Ipu €%* nonyuaem papencrso

0

g —, Ie 6":’le ikl h
0 = k%ﬂ TRE— N o1, ¢ + f(:()S(‘?[’NR)Ug (t+s,y,0,7)ds.

%y

Jlna eynectinoBanns NepHOAUUECKOTO 1y, VAOBIETBOPAIOILEIO 3TOMY YpaBHe-
Hitlo, Heobxoaumo, utobbl aaa Bcex k # 0, £n BHINOJAHAJOCDH

iy

b P
dtl

[lpn sTom

Uy = Z ’h‘.gk(il‘g, ‘T)Cﬂ”ﬂ.
kstn

[Ipupasuusasn koahdunmenTs Npy £, nosyuaem

- K 3ulk g @ 0‘214
§ : ulkem}(t =i § : : emht_i____ 10 +

Kkn &, 7(K? =N 06 TIN? O
o 0
12k miKt
+ Cﬂ'l . N > X t &
akg‘ﬂ,u{z N2 oty +afcoq(7r s)ug (L + s,ty,0,7)ds +

==k

+ /2 Z Ex(T)eM%emiht 4 g, (H)e”N‘r:‘Fr“‘ +&(@)e ™ Ve | 4
kA0 4n

1 dé o, ™ 4\ NS,
R S ;o Here il ™ ity
i aﬂN-\/~n (( d(? fu)b s )

A8 cyn1ecTBOBANMA NEPHOJHYECKOTO uy HEOBXOLMMO, YTOGH GblLIN PABHHI
Kos(ppuurenTh npr peex exp(aik't). 3HaUUT, MOMKHBI BLITIOJHATBCH CHELY-
I01IHE PABEHCTBA.

a Puy NT T 9
= Wﬁ?q 4 f'.? Z fmf m -+ ('Eﬂf—’w e - K‘C.) *

m#l +n (96)
2 $ EA,rZ
4w f ((f—'_‘_‘fﬂ d‘aﬂ)E,wN —a-Lit, 2 K.C.)

TN —a
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M 1pH Beex k # 0, +n

aul.’r t')u«k - A i
i(K? - N? o
7” { 4
o ok )fz E gm&k .-m_f!l)\ml.l./\i_'m'l)” e lg?)

mAk tnk4n
G2 __ ar2 - SR
‘_27”(}‘ ; N __) fk (tl‘-:-nefr."\"»q"lah + gnﬂ f.'Nv'—n"'z't]) (-;AHH.
ah
Haa rtoro, 4To6H CYmIECTBOBAJO OrpaHHUCHHOE 11y, YHOBITETBOPS-
wiuee  (9.6), HeoOxoauMo W 10CTATOMHO, HTOOH Ko3(UUHERTE npH
exp(m NV —atit) 6bumu pasHbl HYTIO, T.€.

dgﬂ - WZAFZ d:ﬁ:u s ?721"\‘?‘2-—
= = —f e y
df 4a 7 do 4a ™0
3HauuT, & 1 &) SKCHOHEHUMANBHO CTPEMATCS K HYMO U HHKAKOrO BIHAHUS

Ha AMHAMMKY CHCTeMbl He OKa3wBaiol. Byaem panee cunrats & = £, = 0.
Torna ns (9.7) v u3 OrpaHHUYEHHOCTH Uy CARLYET, YTO

f)ﬂgk -
oty

a uy; BHpaxkaercd Kak (k # 0, +n)

:
_— s.m&i'um C(A’"’ + A1 )8
-; ?

U = foApi
Akl = Aml — Ak—m,

maElLk,4n kdn

U = fa Z Em&—m-
m0,dn
Tpupasusiem koadhuunentsl npu e/
0

Z rKibpeMe™ " 4 yy = g /(‘OS(Q?FHSJ?M (t +5,t1,0,7)ds +

k20,4 n ‘1
Jr\ 2 -+ N‘g) 9 A0 mikK
______ oL AR T AT W midit
+ akgu . azl( ( e 2AK? - N )z) Exe™e 1

ak  dg ) K Ouy pigy
X ._._—_._—'.._ -+- [ —
+”k;_lmuc‘z ~N?) dr “k; T(K:-N%i o8 ¢ T
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2
a  0*uyy Z 774 Z i
e ) 2_{21‘1.1 fkcz\uﬂemfﬂ, g f:i 5;;6)'“861“;“

N2 g2
TN? Ot
' 1 kADEn k0,4

Jats cymecTsoBanusa NePHOAMYECKOro ty HeoOXOIHMO M AOCTATOUHO, UTO-
Oel cymma BeeX Kos(pHUMEHTOB NpH ekt () # tn) Obia paBHa RYNIO.
Taknm oOpazom, noayyaem HaGop aHiepeHHaNTLHBIX YPABHEHHH 0THOCH-
TENbLHO g

ua | Bk r0 = Akalie™? + Ayugy —

of dr
2 fymi( K2~ N?) ¢ i iR = N
T EmUk-me ™" — "y,
ok mtl,En kitn Ak
2mikt

e ) ~ 3710 KoshhULHeHT 11pH e B pasnoenuu B paa Dypse GyHkumy

3

N £ Al ikt
Lot gke &
k#0,:Ln

Hans Toro, uto6p y 3TOro ypaBHeHHs CYIIECTBOBAJO OrpaHHYEHHOE pelle-
HHe, HeobXoaHMo, HTOOE KO3(PUIHENTL NPH PE30HAHCHOH SKCIOHEHTe Obi-
JM paBHH, T.e. cyMMa Kosmmentor npu e nosxna 6LTh paBHa Hydo.
Ionyuaem

ALy ; ~ D= A g
_._6_. = Aok — 2f§)\klt€k Z 0 k4,1 k1 nl
w mi#0,4n )\k+m,1 ~ Ak = Aml (9 8)
= 3fs Akl Z Emé-m- |
m#l,kn

Cucrema (9.8) aBisercs nopmanuzosannoik HopMOi A% MCXOAHOTO ypaBHe-
nus (9.2). Cnpasenansa caepyiouwas tTeopema

Teqpema 9.2 [lycmo cucmema (9.8) umeem zpyGoe cocmosnue PaBHOBECUR
{&8 o pen. To20a ypasnenue (9.2} umeem pewenue

a(t)=vE Y &emtem i1+ o(1))

k#0,4n

moil e yemoliyusocmil.
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93. IMyctha <0, 2a+1>0, 0 =7(2n—1), n - HatypanbHoe. B atom
cryuae ypapHenue (9.3) nmeer uaGop kopuell cTpemsmuxcs npu £ — 0
MHHMOH oCH
Nix?
Ag = E——+...,
! 2a
A o= miK +ed et + ...

3nech k nenoe (k # 0,+n), K = 2k — sign(k), N = 2n — 1,
m(K? - N?)

ahr b
2 4 4

o s i 2 2 2 2y, T(K*—N1)

Akg = W(N - K )((2ﬂ+ 1){)—{ - N ) = —'“'GW{S—*—T

*“kl =

Bee ocranbubie pewenns (9.3) HaXopATCH B JeBOI KOMIVICKCHOM noaynaoc-
KOCTH W OTAgJeHbl 1IpH € — {} 0T MHUMOH OCH.
Tax e kak ¥ B npebIAYIIEM NVHKTE, CaenaeM NOACTAHOBKY

z(t) = Ve 3 &(r)eMbem Kt 4 \[EEy(8) + euy(t, 8, 7) +
k#0:kn _ . (9.9)
+ e¥%uy(t,0,7) + cus(t, 0, 7) + ¥ uy(t,0,7) + . ..,

rae 7 = £%, a § = et, hynkunn uy({,0,7) npeanoaaraiores CTpaHHYEHHBIMH,
a B MHOrOTOUMAX cOOpaHbl cjiaraembie 6o/ee BBICOKOrO MOPAAKA MAJIOCTH.

HeiicTByst Takum e 06pasoM, Kak K Bhille, Gyaem cobuparth craraemue
TIIPH OAMHAKOBHIX CTeneHsx £. B KoHeHHOM HTOre NOJYYMM, YTO M AMILJIH-
TYA & (k # +n) 10MXHB BHNONHATHCS PaBEHCTBA

déy N

e 4 {(9.10)
dty .
Sk - Nt - MR 4306 Y Enbim (9.11)

a7
t mF0,4n

M3 (9.10) cneayet, uto & 3KCNOMEHUMATLHO CTPEMUTCA K HYJIIO, a CEA0Ba-
TeJNbHO, HUKAKOro BAMAHMA HA JHHAMUKY CHCTEMbl HE OKa3hiBaer.

Ilyers dynkums u(y) Takosa, uro u{y) = —u(y + 1). Torna y Hee cyuie-
CTBYeT neppoobpasHas, YAOBJAETBOPAKILAA 3TOMY JKe YcioBui. Bymem o6o-
3HAYaTL TaKyw nepsoobpasuyio yepes J{u).
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PaCCMO'FpHM CAeLYOUIYIO 3anavy:

Ju 2a+16% 1 0u ?’[BNZ 2}'2 + qu 2
o g ST R T R I
or ;20.2; dy? + r;.24f)yl+ a? azf z}u a ” I+

U NY N Ne@2fs+ 3

2 =Ty SRR Mt

a’ 2
(9.12)
C rPaHMMHBIMH YCJIOBHAMH
u(r,y) = —u(r,y + 1), [COS(?TNy)u(T,y) dy = 0. (9.13)

0

3nech 0603HaYEHO
1

mwzfﬁmw@'
0

Ecan pasnoxuth pelenve 1o 2ajiaun B pag no coGCTBEHHLIM (GYHKUH-
AM JinHeRHoi wacty (9.12), kotopsiii cornaaaer ¢ psinom Dypne

wry)= Y &lr)es,

k#tdn

T0 1oay4kM, 4To aas & (7) HOJKHBL BRINOAHATLCA pasencTra (9.11).
[losromy sapauy (9.12)-(9.13) moxkHO cunTaTh HOpMaJIM3OBaHHOH Gop-
MO A5 HeXofiHoro ypasnenus (9.2). Cnpasepansa caenyiolas Teopema.

Teopema 9.3 Ilycme 3adaua (9.12)-(9.13) umeem pewenue uy(7,y). Tozda
y ypasuenus (9.2) cyujecmayem peuiente no HesasKe ¢ ACUMRMOMUKOL

x(t) = eup (€%, t(1 + o(1))) (1 + o(1)).

§10. Saxinouenne

B omanune oT ypasHeHusi ¢ MOCTOSHHBIM 3anasjbiBaHHeM, ypaBHeHHe ¢
OO/ILINKM 3anas/ibiBaHueM umeer Gonee Goratyio AMHaMuKy. Bo-nepsuix, Bo3-
HHKAIOIMe 3/ieChb KPUTHYECKHE C/lyuan HMeloT OeCKOHEYHYI0 pasMepHOCTD
(cpasy OeckomneyHoe MMCIO KOPHEH XapaKTEPUCTHUECKOTO KBA3WIIOJHHOMA
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CTPEMHUTCS K MHHMOH ocH). Bo-BTOPSIX, HOpManusoBaHHas (Gopma, KoTopas
OMHCHIBACT JIOKANBHY K AMHAMUKY UCXONHOH 3a8auM, ABJAETCSH ypapHeHHeM
B HaCTHBIX NIPOM3BOMHBIX, @ He OOLIKHOBEHHBIM AH(hepeHIHaNbHBM YpaBHe-
HHeM. B-TpeThHx, 4acTO B KauecTBe HOPMANM3OBAHHOM (hopMbl MBI TIOJIyYa-
M He 0gHO YpaeHeHHe, a uenoe ceMencTBo KpaeBnlX 3anadv, 3aBucsillee oT
HENPEPLIBHOTO MONOKHTENLHOTO HapaMeTpa.

obapsenye BTOPOI0 3a11430bIBAHKS TAKIKE BHOCHT CBOIO cnenndrky. Kax
Obii0 niokazano B §4, HopmanH3oBalHad (GOPMA CTAHOBHTCH KOMILIEKCHOI,
CAeNOBATENbHO, ee AMHaMAKa yenoxuaeTca. Kpome Toro, ucxons M3 popmy-
abl (4.12), ceasuiBaloule’t peuieHMs UCXOAHON cucTembl (4.4) H HOPMaJIM30-
BAHHOH (hOpMH! (4.11) BUAHO, UTO BO3MOMHbL BHICOKOUACTOTHLIE KoJieGanun.

Maamii MHOXHTEIE Nepes NHHEAHBIM YIeHOM ¢ GOJbIUMM 3anasibiBaHt-
€M, KaK OKa3blBaeTcsl, CH/bHO MeHseT CTPYKTYPY HOPMAaJW30BaHHOrO ypas-
HeHusi. Bmecto napaGosnueckol KpaeBoil 3a/iaui Mbl nosyuaem ypaBHeHHe ¢
3anasapieaHyeM. [lpuuemM B 3aBHCHMOCTH OT COOTHOLIEHUA nopaakoB 604b-
HIOro 3anasjibiBaHKA W MaJloro MHOXHTeNs 3alasfiblBadie MoMeT OhTh Ma-
JIbIM, OOABIIHM HJIH NOCTOSHHBIM,

Ecan B ypasnenun oba 3anasfibiBaHus — GO/bLIHE NPOTIOPHHOHANbHBIE
BEJMYHHB, TO HHTEPECHO, UTO Pe3yNbTAT CYLIECTBEHHO 3aBHCHT OT anreGpau-
YeCKHX cBOHCTB Kos(uiinenta. [locTpoenue HOPMAIM30BAHHOTO YPABHEHUS
BO3M®MKHO TOJLKO NPH PALMOHANLHOM KOI(QMRUHEHTE NPONOpUHOHANLHOCTH,

B cutyawn, Korga ofa 3anasgmiBaHMa GoJibiide, pazHele No NopsaaKy
BeJIHYHHBI, HOPMAJH30BaHHast (POpMa ellle YCAOKHACTCS, NPUHUMan BHI 11a-
pabosiHieckoH 3anayy yxKe C ABYMA NPOCTDIHCTBEHHBIMH [ePeMeHHBIMH. A
ecsid NpH camMoM OGOJIBILOM 3aNa3ALIBAHUM CTOMT MaJiblil MHOMKHTEMh, TO Mbl
HOJTy4aeM onATb KPaeBylo 3aavy ¢ OfIHMM NPOCTPAHCTBEHHBIM NePeMEHHLIM,
HO B OTJHUYHE OT BCEX OCTANbHBIX CNYHAEB, 3TO yPaBHEHHEe CONCPIKUT 3anas-
ALIBAHHE 110 BPEMEHN M OTKJIOHEHHE N0 IPOCTPAHCTBEHHOH MepeMeHHo,

Bsefexne pacnpeesleHHOr0 3aNa3jbiBaHMA TaK JKe CYLIECTBEHHO YCI0XK-
HAET 3aja4y Aaxe B MPOCTEHINEM Cayuae, KOT1a pacnpeieieHue JHHEHO,
CuTyailda H3MEHSeTCA YiKe Ha 3Tane noCTPOEHHA XapaKTepUCTHIeCKOro KBa-
3UNOMMHOMA: €70 BHAL BOblIe ITOX0XK Ha XapAKTEPUCTHYECKHH KBA3HIIOAHHOM
ypaBHeHHs BTOPOro nopsiaka ¢ sanasnsisanuem (cm. [18]).

B cayuae nepuonuvecky pacnpefeleHHOTO 3anasfiblBAHHA CHUTYalHs yc-
neKHAeTes ente fonbine. B HeKOTOPEIX CHTYauMAX HOpMaau30BaHHywo (hopmy
Boobule He NMOJYYAeTCs CBEPHYTh K YPABHEHHIO B YACTHHIX TIPOM3BOAHLIXK. A
KOTA@ 3TO YHAeTCSH, TC NONYYEHHAS CHCTEMA CONEPIKHT KPOMe HeH3BECTHOH
(PYHKIHH 4 ee [POM3BOAHLIX elle H neproobpasHble.

OTmeTHM, 4TO OCHOBHAR 4YacTh NMPUBEACHHBIX TeOpeMm rapaHTupoBasa cy-
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INeCTBOBAHKE Y HCXOMHOH CHCTEMBI TOILKO PELICHHS 110 HeBsidKe. I1pu sTom
MLl He MOMEM CeNaTh BBIBOL, CYLIECTBYET JIM Y MCXOAHOH CHCTEMH TOYHOE
pelweHre ¢ MpHBENEHHONH ACHMNOTOTHKON. MOXHO AWIL CKAa3aTh, YTO ecau
pelieHHe HOPMANH3OBAHHON (DOPMBI 1, HEYCTOHUMBO, TO [NAXKE CCJAH TOUHOE
pelieHHe H CYLIeCTBYET, TO OHO saBefoMo Heyctoiumpo. [losromy paccmar-
PHBAThL HYXHO TOMBKO YCTOHUMBEIE pelleHHs HOPMANH30BAHHEIX (OpPM.

B HexoTopeIX cuTyalHsx (Hanpumep, B ciydae, KOTa i, ABIAETCS rpy-
OLIM COCTOSHHEM PABHOBECHSA HJIM NEPHOLHYECKHM peiueHuem (11KAoM)), Of-
HaKO, BO3MOMKHO YTBEPXKAATh, YTO HCXOAHAA CHCTEMA HMEET TOUHOe pellleHHe
¢ NpUBeIeHHON acHMNTOTHKON. [loKasaTeabeTBO COOTBETCTBYIOUIMX YTBEp-
XKAeHHH NPOBOLMTCS 1O HasecTHol cxeme Crokeca [44]. pumepn npumene-
HUA 3TOH CXEMBI Vil YpaBHeHuii Takoro supa cm. [4, 20)].



Yacts II.
HegokanpHbIN aHaIM3

B  Hacros ueil  raaee NponOJIKHM H3YUeHHe TOre e camoro
AudepeHLNaNLHO-PA3HOCTHOrO YPABHEHH A NepBoro NHepsiKa ¢ 3anasjibisa-
W1leHd 00paTHON CBA3LIO BUA

&+ = flz(t—T)), (0.1)

rae 7' > 0 — Bpems sanasabiBanus. B orauuue or yacru | 6yayr pacemarpu-
BaTLCA NOBEJCHHA PellieHHH U3 HeKoTOpOoH obnacTk $a3oBOro NpocTpaHcTsa,
a He H3 OKPEeCTHOCTH HYJA.
Haunbosee pacnpocTpaneHHBIMH HenuHelHBIMH (YHKUUAMH SBASIOTCSH
OYHKIMH BHaA:
f(s) = as(1+ ")}, (0.2)

f(s) = Msexp(—(s — 7)%), (0.3)

1, a<s<h,

fle) = { 0, s<awuids>b,

D<a<b<l. (0.4)

INas HeauneifHocTeH nepBLIX ABYX THIOB OBJIM NMPOBEAEHB! AOCTATOMHO
NMOJHBIE YHCJACHHBIE W IKCNepUMEeHTa/bHble (Ha (DHBHUECKOM YPOBHE) Hece-
AOBAHHA AMHAMUKH NPH PASAHYHBIX 3HAUEHUAX QUTYPHPYIOUIMX B HUX napa-
METPOB, M NOAYUeHb! JOCTATOYHO NOJHBIE NPEACTABICHHA 06 U3MEHeHHH 1H-
HAMMYECKHX CBOWMCTB NPH BAPbUPOBAHMH TEX WM MHBIX NaDAMETPOE 3a]1a4H.
Hennueiinocts nocaenero u3 npHBefeHHbX THMOB (CM. puc. 3) A0BOALHO
NPOCTO peannsyercs B 3afauax saekrporexuuku [39, 40, 10].

Caepyet cpasy oroBOpUTS, YTO OIHHM M3 LEHTPAIbLHBIX BONPOCOB SBJSET-
CH Hecaefosanue IMHAMHKY ypasHens (0.1) npy gocratouso 6oMbuX 3Ha-
vennsx sanazavisanus T. C ogHo# cropoust, 6odbluue (riopaaka 10% — 10%)

&9
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Puc. 3.

3Hauenusn T' OTHOCHTENBHO NPOCTO PealiMayloTcs B (DM3MYECKOM 3KCNepH-
MeHTe, OfHaKO, ¢ APYrOH CTOPOHBI, IIPH 3TOM PE3KO BO3PAcTaloT TPYAHOCTH
UHC/IEHHOTO aHA/IH3a ypaBHeHHs. ITO CRA3AHO C TEM, YTO NMOC]E HOPMHpY-
towell samenbl Bpemeny ¢ — Tt ypasnenne (0.1) craHOBUTCH CHHTYSIPHO
BO3MYLICHHLIM

ei+x = f(z(t - 1)), (0.5)

tae € = T°1. Jlnst uayuenus acHMNTOTHKH NpH & — () peuleHuit 3Toro ypas-
HEeHHA ¢ 3aflaHHbIMH HaYaJbHBIMM YCJIOBHSIMH Ha KOHEUHOM OTpe3ke M3Me-
HEHWA BPeMEHH IPUMEHUMbI METO/I TeOPHH CHHTVJSPHBIX BO3MYyIenui [3].
B sanavax o aumamuke, T.e. npu Msyuenuu pemwenuii ais £ — 0o, penKo
yHaeTcst nonyuuth ,0auskHe” pesyavratht aas pewenuit (0.5) M pemernnit
BbIPOKACHHOTO YpaBHEHUs

z = f(z(t —1)).

HekoTopbie BEIBEORBI 0 NPHUHHAX 5TONO HECOOTBETCTBHS M 06 YCAOBHAX, KOIAA
TaKoe COOTBETCTBHE HMeeT MeCTo, npuseseHn B [31, 14].

Hacrosuan rnaga nocpsiena uayueHnio ypaBHeHns (0.1) B cayyae cry-
nenyuarof Heauneitnoctu (0.4). IIpu srom ocoboe sHuManne Gyner yAeneHo
AHAJHTHIECKOMY H3YUEHHIO IMHAMHUYECKHX CBOMCTB PELUEHHIT NP YCJIORKH,
korna napamerp T' noctarodno seauk. Cpasy OTMETHM, HTO B 3TOM CJyyae
YAAJOCh [OAYYUTh PAJL PE3YJBTATOB, He HMEIOWMX AHAJIOTOB ANS YPABHEHHS
¢ HeanHeHHocTsimu (0.2) u (0.3).

Crpyktypa rnasb takosa. B nepsoM pasgese mayueHa AMHAMHKA ypas-
nenus (0.1) ¢ peneitnoit pyukumeit f, T.e. cuavana npu a = 0, a 3atem npH
b = 1. Bropoin paznes ABJMAETCSH OCHOBHBIM M NOCBALLIEH ACUMIITOTHYCCKO-
My aHalH3y ypaBHEHHS C HEeJAHWHEHAHOCTBIO CTYNCHYATOrO THNA H H3YHEHHIO
KaK yCTOMHHMBBIX, Tak W ,AONTOXKHBYWIMX® CTPYKTYp. B Tperhem pasnene
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HCCIelOBaHA MHHAMHKA YpaBHeHH: ¢ HeNHHEHHOCTBIO HMIYJALCHOTO THIIA B
CPABHEHHH C pPe3y/bTaTaMH H3 BTOpOro pasjaehna. e nocjaenHeM, YeTBep-
TOM pasjene H3y4YeHb! 4YHUCJIOBLIe XapPaKTePHCTHKH ATTPAKTOPOB YpaBHeHHA
€O CTYNEHYATOH HEeNTHHEHHOCThIO.

§1. IlnnamMuka ypaBHeHHd C peJeiHoi
3anasjablBalomein 00paTHoON CBA3BIO
1.1. Pacemotpum Hanbosee npoctoil caydalt, Korna HeadHeiHasa QyHKuHs

ABJISIETCA pesielHol, T.e. cyuTaem, uto g = 0 (cM. puc. 4):

1, s<b,

hidjued, 35 220 (L)

Coaepxanue aToro paspena Gasupyercs Ha pesysstatax pa6ot (11, 12].
OtmeTuM cpasy, uTo ypaBHeHHe

t+x= fiylz(t—T)), (1.2)

He MUMeeT COCTOAHUH PaBHOBECHS.

T e s,

!
|
I
I
i
I
|
I

0 b 1
Puc. 4.

1.2. Tloctpoenne npocrediero wukna. Haszopem umka xy(t,7T') ypaBueHus
(1.2) MeaneHHO OCUMIIMPYIOLIMM, €ClIH PACCTOAHHE MEXY COCeHUMH KOp-
Hamy ypasuenus zp(f, T) = b Goabuie, vem T'.

Meroanka neesenoBatikg Takoea: B (hazoBom npocrpanctse Cigg ypas-
nenns (1.2) Bunessem HekoTopoe MuokKecTso ' HaYaNLHIX QYHKUMIH. Sarem
nocaesosatensto npu ¢ € [0,7], t € [T,27],... cTpoum peleHus ypapHe-
Hua (1.2) ¢ HavaneHeiMu yenosuamu u3 C'. Jlasee ¢ NOMOILBLIO HEKOTOPOro
onepatopa [lyaukape Il ynaercs nokasars, uro IIC C (7. CaenosateasHo,
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onepatop Il MMeeT HerMoABHMKHYIO TOUKY, KOTOPOH OTBEeYaeT NepuofiHueckKoe
pewienne ypasHenns (1.2).

Hrtak, BBejieM B paccMoTpenHe MuoxecTso C' HauadbHLIX GyHKLANR ¢(s).
Ya00HO HayanbHBIA MOMEHT BpeMeHH (UKCHPOBATh Tak, 4Tobu x4(0,7) = b
u (0, 7) < 0, cnegosareiibHo, d(0) = b, Torna u3 ycaoBus MejneHHo
OCUHJLIALHK CElyeT HepaBeHCTRo ¢(s) > b npu s € [—T,0]. BaxHo, uto
pewenne w(t, T) ¢ HauanbubiM yesoueM ¢(s) € C' He 3aBHCHT OT BwGOpa
KOHKPETHOI'O 3JIeMeHTa MHoXecTBa (.

Ha nureppane spemeny (0,T) umeem pasenctso z4(t, 7') = bexp(—t). Ha
HEKOTOPOM OTpe3Ke, NMPUMBIKAIIEM cnpasa K Touke ¢ = T, chpaBenauso
COOTHOWIEHHE

zp(8, T) = 2(T, T exp (—(t - T)) + 1 —exp (—(t — T)). (1.3)

Ilyets & 4ty COOTBETCTBEHHO TNePBLI W BTOPOH NONOKHUTENBHBIE KOPHHM
ypasuenus z(f,T) = b. Torna us (1.3) nonyuaem, uro
1-b -7
G Ty A ) (1.4)
1-b
Dopmyaa (1.3) ocraercs 8 cune npu t € (T4, + T]. Ha orpeske [t; + T, 5]
HMEEM PABCHCTEBO
(8, T) = zp(tr + T, T) exp —(t — (t, + T))

a pasi ty BepHa dopmyda

TR W ﬂ%"iz (1.5)
BaxxHbilt BRIBONL 3aKal0uaeTcs B TOM, uto (pyuxuus zy(iy + 8, 7) npHHamie-
KUt mHoxectBy O npu s € [~T,0]. Crenorarenbo, oneparop [lyankape
I(¢(s)) = stz + 5, T) umMeeT HENOABMKHYIO TOYKY, KOTOPOH OTBeuaer Ie-
proanyeckoe pewenue xy(t, 7).
B wrore noayyqaem caenyommii peayasrar:

Teopema 1.1 Ypasnenue (1.2) umeem sxcnonenyuanbno opbumarsro
yemottuugoe ty-nepuoduneckoe pewenue x,(t,T). Eeo nepuod onpedeis-
emes gopmynamu (1.4), (1.5).

Ha puc. 5(a) usoGpaxen rpaduk pemenns z,(t,7) npu T =1 n b = 0.3.
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1.00
075

050 /! (a)
025

am 2P
0.0 250 5.00 1.50 10,00

075
050 (b)
025

000
0.o0 250 5.00 .50 1000

1.00

075 (
050 (c)
025 l

0.00
0.00 2.80 500 750 10.00

Puc. 5.

IlprseneM acumnroTAveckue GopMyab AN NEPHOAHUECKOro pelleHus.
CHauasa pacCMOTPHM cJaiyvai

0D<b<l. (1.6)

Torpa dopmyar (1.4) u (1.5) npunxmaior sun;
ty =T +o0(1), ta=0(nb]).

Bup pewenus x(f) npn T =1 r b = 0.01 npuseneH na puc. 5(b).

OtmeTHM, 4To cayuai, Korna napamerp b 6ausok k 1, cBoanTea K cryuan
(1.6), ectn B yparennu (1.2) npoussectd sameny x — 1 — .

B nanbhefiiem nam nonapo6siTes aCHMOTOTHKA NEPHOAHYECKOTO pellie-
uua npu 1 — co. B ypaskenuu (1.2) yno6uo npoussectn sameny

b T (1.7)
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B pesyssrare npuxonMm K ypaBHEHHIO
ek +x = f(x(t —1)), (1.8)

rae € = T7'. Wenoawsya dopmynst (1.3)-(1.5), nonydaem, uto npu e — 0
npocTeHWHH Luka ypasHenus (1.8) 6iu30K X cTyneH4aToH (yHKIUH, NpH-
HuMawouell asa suavenys 0 0 1 NOOUEPENHO HA MHTEPBANAX BPEMEHH AJHHBI
1+ o1) n nmeer nepuon 2 + o(1). Bup pewennst npu ¢ = 0.02 u b = 0.3
npHBe/eH Ha pHe. 5(c).

1.3. DuicTpo ocunsampyionive nepuoauyeckue peieHns. Bruiwe 6bio yera-
HOBJICHO CYIUECTBOBAHHE YCTOHYHBOIO NEPHOAMYECKOTO pelieHus xy(t, T},
MEVIEHHO OCHH/IIHPYIOWIEro 0KoJo npaMod z = b. B arom nyskre Oyuper
NOKA3dHO, YTO HMEETCH CHETHOE YHCI0 OLICTPO OCLM/IHPYIOUIMX OKOM0 3TOH
e NpAMOM HeYCTOMUMBLIX MEPHONHYECKHX PelieHHH.

PaccmotpuM cHavana MHOXKECTBO HaYANBHBIX (yHKuMH

C(n,m) = {9’3(3’1"’) €Clrg, 0<m,m<], 7n+m<l,
(=T +T1n) = (=T +T(r + 7)) = p(0) = b,
w(s) >bnpu s € [T, T 4+ Tr)) U (=T + T(n1 +7),0),
w(s) <bnpu s € (T +Tr, =T+ T(m + TZ})}.

Baxwuo, uto peutenne z(f,7) ypasuenus (1.2) ¢ HauaJdLHBIMH YCHOBHSMH
x(s,7) € C(71,72) 32BUCHT TONBKO OT T == (73,72) H HE 3aBHCHT OT BHIGOpA
KOHKPETHOrO 3JemenTa muoxectsa C'(7y, 73). Bun Gpynkumn (s, 7) usobpa-
3KeH Ha pHc. 6,

Jas z(t, ) umeem

z(t,7) = bexp(—t), te€[0,Tn),

z(t,7) = (z(Tn,7) — Dexp—(t—-Tn) +1, t¢€ (T, T(m + 1)),
z(t,7) = 2(T(ry 4 m), 7) exp(~(t = T(71 + 72))), t € (T(r1 +7),T).
Ipu yenosun z(T(7) + 1), 7) < b pewenne x(t,7) CTpeMuTCs K MEAJICHHO

OCUHIIMPYIOILEMY TNepHoiHuecKomy peteHHo @i + const, 7). Tlycts

z(T(m + 7m3),7) > b. (1.9)

O6osnauum, Kak u panbuie, uepes (7)), t2(T) - NeprLi K BTOPOH NO40KU-
TedbHble KOpHU ypassenus x(t,7) = b. Torga nonydaem pasencTsa

ti(7) =T+ In(1 - bexp(—T7y)) — In(1 — b),
to(r) =T(n+7)+Inz(T(n + 1), 7) - Inb.
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000 .
L TaTr, TT(1+1,) noo

Puc. 6.

Ecau ta2(7) > T, 1o x(t,7) crpemures K xy(t + const, 7). [yers
talr) < T. {1.10)
Pacemorpum onepatop IMyaukape
M(p(s, 7)) = alta(r) + 5,7).

Ipu yenosusx (1.9), (1.10) arot oneparop npeoGpasyet muoxkecrso C(r, 73)
B C(71,72), rae

==t H=t(")T™ (L11)
Tem camuim fBymeproe oto6paxenue (1.11) onpeaenser AuHaMuKY peliennil
ypasuenns (1.2).

AnanoruyHbiM criocoGom cTpostea 2m-mepHue (m = 2,3,...) oTtobGpaxe-
HUS, ONHCHIBAIOIAC OBEACHHE PEIleHnE ¢ 2m nepecedeHUAMH NpsMoii « = b
Ha HEKOTOPBIX OTPe3Kax BpemeHH AJiHbl T'. JlHHaMuKa TakMX 0TOOpaKeHH
onpejenser rnosegenye peiieduit ypasnedns (1.2) npu ¢ — 0o ¢ HauadLHBIMH
YCAOBUSIMH M3 BbIOPAHHBIX CTIEIHANbHBIX MHOXKECTB.

[Mokaxem, 4To Kaxace U3 TAKHX OTOBPAKEHHI HMEET HEMOABHIKHYIO TOY-
kKy. OTMETHM, UTO HENONBHXKHON TOYKE OTBEMAeT NePHOIMYECKOe DellleHHe
ypasuenus (1.2).

3aduxcupyem npoussonbHoe z > ( W paccMoTpHM QyHKUMIO L(l, z).
Yepez P(z) ofosnauum nepuoa atoit (yuknun. Jas kaxporo nenoro
m o= 1,2,... pyHkuua w;(l,z) ABNSETCH NEPUOAMMECKHM pellleHHeM ypas-
HeHUs

&+z = flz(t - z-—-mP(2))).
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PaccMOTPUM ypaBHEHHE OTHOCHTENBHO 21
T = z+mP(z).

IMockoabky yukuua P(z) monoToHHO Bo3pactaer, H P(z) — 0 npu z — |0,
TO 3TO ypaBHEHHe JJISi KA AOoro m HMMeeT CIMHCTBEHHO® pelleHHe z,. OT-
clofa cienyeT, UTo Kakaas H3 Qyukuui ap{t, z,) (m = 0,1,...) asasercs
nepHoaHueckuM pellenveM ypasienna (1.2). Ha unrepsane (—T,0) Konuue-
CTBO KOpHeH ypaBHeHus w(t, z,) = b paBHO 2m.

Henoppuxnas touka orobpaxenus (1.11), kotopol orBeuaeT peilueHue
ap{t,z1), JErko HaXOAMTCH W3 NPHBEAEHHWIX Bhille dopmys aas z(t, z).
OTMeTHM, YTO nepuopnyeckue pewenus p(l, 2,) npu m > 1 HeyCcTOHYH-
phl. UncsienHblH ananns noxaseiBaer, uro sce pewenus (1.2) crpemsitest k
zy(t + const, T').

MMponnnocrpupyem  ssnenne. Ha  ,basosoir  naockoetn”  (73;7)
otobpaxkenusi  (1.11),  3adukchpyem  npousBoabHo  Touky (71, 7)
(0 < m,72 < 1, m+ 7 < 1), n npoussopuM, cornacko (1.11), urepa-
uuu npu T = 20 (puc. 7(a)) » npu T = 30 (puc. 7(b)). Paanuyusie uBeTa Ha
STOMH TIOCKOCTH ONPENESIOT YHC/I0 HTEPalHil, Noche KOTOPOro HEPABEHCTRA
(1.9) » (1.10) nepecraioT GHITh BEpPHEIMH, T.e. COOTBETCTBYIOLIEE PelleHHe
HOTEPSJI0 HAYaAbHYIO CTPYKTYPY M CTalo MeAJIEHHO OCUHAMKPYIONIHM.,

oo 0.25 050 0w 100 060 0.5 050 075 100

Pue. 7.

I'pagmk nosepenus tpaektopun orodpaxenws (1.11) npusesen na puc.

8(a),8(b).
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7,001 1,00
(a) (b)
0,75} 0,75
Ty T2
0,50 0,50
0,25 025
0,00 0,00
0,00 0,2% 0,50 0,75 100 0,00 1.00

Pue. 8.

OrmeTum, 4to npu ysenndeHnn T KONMYECTBO MTepamiHil, HEOBXOAUMbIX
AJS TOTO, YTOOH BCE TOUKH 3aKPAaCHNMCh B TEMHbLIH LBET, PE3KO BO3pacTaer.
1.4. OueHka Bpemenr CXOIMMOCTH K mpocTeiiiemy umukay. Ypasnerue (1.2)
HE MMeeT YCTOHUMEBIX DEeLIeHHH, KpoMe MpocTeflero MeaNeHHO OCIHAJIH-
pytowero uukaa zy(t, 7). PeayanraThl UHCAEHHHWX 9KCHIEPHMEHTOB TOKa3bi-
BaWT, YTO BCe pemieHHs cTpeMartcs K ay(t + const,T). O6o3nauum uepes L
OAMMKAHINHA K HYTIO MOMEHT BpeMeHH, IS KOTOPOrO BHIfIONHEHO YCJI0BHe
|zo(t + const, T) — ()] < o npu Beex t > L, rae g — JOCTATOUHO Ma-
JIBIH MPOM3BOALHBIA QUKCHPOBAHHLI Napamerp. B cBA3n ¢ 3THM MHTepecHO
HCCIe10BaTh 32BHCHMOCTb BeJIHMMHBL L oT napamerpa T W OT HayaJbHBIX
YCJIOBHH.

Ha puc. 9 npeacrasnens saBucumoct Bpemenr L o1 T = ¢! ana pe-
WeHnH ¢ HaualbHHIMK YyHKOMAMH U3 C(ry, 7). CraaapThbe YHcHeHHBIE
METO[ibi NOKA3LIBAIOT, UTO 3aBHCHMOCTh ABJASETCH SKCIOHEHUHAJBHOH.

Harasipnoe npepcrapnenne o saBucuMocTH I 0T HaYaulbHBEIX yCAOBHIL
MOXKHO TIONIYUHTL M3 pHe. 7. OTMETAM, UTO NPH YBEJHUYCHHH CTENEHH CJI0MK-
HOCTH HAYAJILHOTO YCI0BHA (T.€. NPU YBEeJHUCHMH YHCA OCUMIIALMN BOKPYT
npaMo# z = b) Bpema BHXOJA Ha YCTONYHBBEIA MENJNEHHO OCHMJAHPYIOLLHIL
LUKKN CYLLECTBEHHO BO3PACTaeT.

1.5. Heycrofuupsiil UK, OCHHIMPYIOINUME OKOJO 3HAYeHMs r = a. Pac-

CMOTPHM YpaBHeHHE
&+ = folz(t~T)) (1.12)

¢ peseHHOH HeMMHeHROCTLIO NpH b = 1 (cm. puc. 10)
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100n

750

L / T+ 1=097
1+ =006 Y

500

250
//’/ /,/ T+ 1=098
__,___,/“‘ i,_.’/ —_ T

0 50 100 150 200

Puc. 9.

Ormerum, uro ypassenne (1.12) umeer 1Ba yCTOHUMBLIX COCTORHHUS paBHO-
Becud z(t) = 0 u o(t) = 1.

1 e e —

Puc. 10.

Msyuum Bonpoc o cymiecTsoBannu B ypasuennu (1.12) uukaa z,(¢). Io-
H0AAM @o(0) = @ n F,(0) > 0. Toraa z(~T) > a, a caenosarensHo, Ha
KaXAOM OTpeske mauHbl T' dynkuus x,(f) XoTs 6bl 0AMH pas npuHHMaeT
3Havenue a. PacemoTpum Bonpoc o cyuiecTBoBanuu npocrefiiied U3 TAKHX
Pynxuuit, KoTopas nmeer He Gojee 1ByX nepeceveddid ¢ OCblo & = @ Ha
Kax{oM OTpPEe3Ke BPeMEHW AauHbl 1,

Paccmotpum muoxectso C(7) HavanbHbix hyHKUMA @(s), 3aBucauiee oOT
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napamerpa

(f{T} = { (D(S) € CI_TIO] .
1. ¢(0)=a, ¢(-T(1-7))=a (0<7<1)
2. ¢(s)>anpuse[-T,~T( 7)),
#(s) <anpuse |[-T(—r1),0)

Pewenne ypasuenna (1.12) ¢ nauansueim ycnosuem uz C(7) 0603HauUUM ye-
pes x(t,7). Pynxumus z(t, 7) 3aBHCHT OT 7 M He 3ABUCHT OT BLIGOPA KOHKpeT-
HoH (yrKUMHU ¢(s). Bynem uckath nepuonnueckoe pewenue z,(l) B kaacce
pewenni x(t, 7). [pu ¢ € (0,T'7] umeem paseHcTBO

z(t,7) = (a — 1) exp(—t) + 1,
anpu te (T, T)
x(t,7) = x(Tr,7)exp —(t — T7). (1.13)

Ham norpeGyiorest nepBuifi ¥ BTOPO#l (€CJH OHH CYLIECTBYIOT) MONOKHTEJb-
Hhie KopHH {1(T) H ty(7) ypaBuerus z(t,7) = a. Jlas £1(7) u3 (1.13) noay-
yaem

14 (a—1)exp(—T1)
A .
Ormetum, yro B cayuae, koraa x(7,7) > a, 3Hauesun t;(7) He CylWeCTBYiOT,
a ¢yukuns z(t,7), Kak pemenue ypashenus (1.12), crpemures k 1 npu
t — 0o,
Hanee, npu ¢t > T B TeueHHe oTpeaka BpeMeHH JAHHE &) (T) BepHa dop-
Myna

tift) =T7 +1n

z(t,7) = (&(T,7)— Dexp—(t = T) + 1.

Econ a{T+t\(7), 7) < a, To z(t,7) — 0 npa t — oo. Ecam o(T+¢,(7),7) > 0,
TO )i to(T) noJy4aeM BhipaXeHue

BaxHbIH BBIBOA 3aKai0uaeTCsi B TOM, 4TO QYHKUMA z(fy(T) + 5, 7) 0bnana-
eT cBofcTBaMH YHKUMH ¢(s), a caenosaTe/IbHO, NPHHANJEKAT MHOKECTBY
C'(7), rne

7F=14 (ti(r) = ta(+))TL. (1.14)
Taxum obpaszom, nosegeune pewedu#t z{t, 7) 1pd { — 00 TECHO CBH3AHO C
IMHAMHKOH oiHOMepHOro oToGpaxenua (1.14) orpeska [0, 1] B ce6s.
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Kak okazanoce, orobpaxenne (1.14) spasiercs MOHOTOHHO BO3PACTAIO-
el diyniiine. Ouo uMeeT OAHY HeoIBHKHYIO TOUKY Ty, Npoussonas (1o
7) B KoTOpoi Goanuie 1. TeM caMbiM B paCCMATPHBAEMOM KJ4cCe CYLLECTBYET
eIIMHCTBEHHOE {C TOUYHOCTDLIO /10 CABUI'A [10 BPEMEHM) TIEPUOIUUECKOe peliie-
nne ,{t) = x(t,75). DTO pemieHHe HEYCTOHUMBO, NpUUEM Bee pellleHust U3
ero okpectinocTr crpemarcs K 1 wam k O npu £ — oo,

Tojipeem UTOr CKAZAHHOMY.

Teopema 1.2 [Tycme
(a—1)exp{—7m) +1<b.

Tozoa cywjecmsyem eduncmeennoe (¢ mounocmoio do csuea no epemeri)
OMAULHOE Om KOHCManmut nepuoduueckoe pewenue w4(t), umewowee na
Kascdon urmepaane Saunvt T He bosee d8yx nepecenenuli ¢ npamoti © = a.
Imo pewetiue Heycmolivugo.

Ananoruuno cTposTCes GRHCTPO OCUMAMMPYIOUIME pPelleHHS YPABHEHHS
(1.12).

§2. JinnamMuKa ypaBHeHHs CO CTyNeH4YaToH HeJH-
HeMHOH o00OpaTHOH CBA3LIO. ACHUMNTOTHYECKMI
aHaaM3

2.1. B oTOM paspenc acHMITOTHYECKHMH METOAAMH HCCACAYIOTCS AHHAMH-
4eckue cBOicTBa pewenuii ypasuenus (0.1) B cayuae, Korja HeJMHERHOCTD
f(z) nmeer crynenuarsii sun (0.4). B nepsux nBYX nyHKTax nprseaeHs
basupyiomuecs Ha pesynsrarax pabor [16]-[17] yroepxaenus o cymecto-
BaHHH YCTOHYHBOTO UMKAA TIPH YCAOBHM, KOTAA MO0 NapameTpul a W b Ro-
CTATOURO MaJibl, AHGO napamerp b Gausok k 1. OcHosHoe conepxanne Ha-
CTOSIIETO PA3e]a 32KMI0UEHO B TPETheM NyHKTE, [e PACCMOTPeH BOIpPOC O
IHamuke ypasHenns ((L1) npn yenoruu, xorna aanaspmsanue 7' noctaTouso
Beanko. B 'IQTBE’.F)TOM OYHKTEe, HMEIDILEM BAMHOE I'!I.'lHKJ'IEl,l'L”OE 3nadenMe, 3Tu
pesyabTarhi 00o0MmAI0TCA Ha Goaee caoxkube cayuan. CHOPMyAUPOBAHLI Bhi-
BOABI O CYUIECTBOBAHHK WIHPOKOTO MHOXECTBA JOJTOKHBYILHX® CTPYKTYD-
HbIX 00pasoBaHKil U3 PelIeHnii paCCMAaTPHBAEMOro ypasienus. CooTBeTCTRY-
WWHe pesyibrarsl 6asupyloTea Ha npeanokendsix 8 [13]-[7] cnennassimx
MeTofax GOMBIIOrG NapaMeTpa MAs CHHTYIAPHO BO3MYLIEHHBIX YPABHEHHI ¢
3anazibiBAHHEM.,
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2.2. ACHMNTOTHKA peJAKCALMOHHOTO LMKMA YPaBHeHWS MepBOro ropsaxa
UpH MadblX 3HAYEHHAX N1apaMeTpoB a 1 b.
yerp 8 dopmyne (0.4) napamerpsi a U b 9BAAIOTCS 10CTATOUHO MAJBIMM:

b=ebh, a=ceay,

e by >a 2>20unld<e<€0

[IpH 3THX YCAOBUAX PACCMOTPUM BOHPOC O CYLIECTBOBAHHH, ACHMITOTHKE
(iput € — ) ¥ yCTOHUUBOCTH NMepHOAMUecKUX pelueunil ypasuenus (0.1).

B ypassennn (0.1) yzo6Ho npoussecTn sameny z = €y, B pesyanTaTte
KOTOPOH NMPUXOAHM K YPABHEHHID

y+y ="yt -T)),
B(s) = 1, npua <s<b, (2.1)
5) = 0, npu0<s<a nmb <s<1.

O6osnaunm veped € MHOKECTRO HAUANBHBIX (yHKUHH

(e {w(s) € Crrgy ©(0)=b b <p(s) npu s € [T, u)}.

Nyere y(i) ~ pewense (2.1} ¢ nagansnoit dynxuueit us € (310 peuienue
He 3aBUCHT OT Befopa KoHkperHoro anementa uz C). Ilpu t € [0, T] umeem
pasenctso y(t) = by exp(—t), a npu t € (T, 27

y(t) = by exp(~t) + e 'a(t), rae

-1
afty = [ exp(—(t — s — T))P(b; exp(—s)}ds.
0

Iycts ty{e) — nepsuit npu ¢ > 27 xopeub ypasHenus y(t) = by. Jlerxo
BUAeTE, 4To NpH ¢t € (27 fo(e)) Bepna dopmyna

y(t) = = [a(2T) exp((t - 27)) + O(2),
CRENOBATENBHO, MMEBT MECTO PABEHCTBO
to(e) = — In(e) [1 +0(fne )]
B cuay voro, uto ylle(e) + ) € C (s € [~T,0]), npuxoaum K BbIBOLY,

uto oneparop Ilyaukape II{p(s)) = y(to(€) + 5) MMERT HENOABHMKHYIO TOUKY
wols) = by exp(—s), KOTOPO# OTBEUaET NepHOAHUECKOe pellenxe y(t).
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HMenoabayd noayuenupie jijis y(t) hopMyabl, MOXHO HCCACLOBATH YCTOH-
YHBOCTDL 3TOr0 pellleHus. AHANTH3HUPYs JiHHeapusoBaHHOe Ha y(t) ypaBHenue,
YAAeTCs NOKA3aTh, “YTO BCE, KPOME OJHOTO — eAMHHYHOTO, MYJIbTHIIMKATO-
pul no monysio Menbiie, deM 1. 310 o3Havaer, uto y(t) 3KCNOHEHHAALHO
OpOMTANLHO YCTOHUMBO. OTMETHM, UTO NapaMeTp @; BAMSET TOMLKO HA aM-
nautyy o(27) nepuognyeckoro pemenna. Mtak, ycraHoBlieHo, 4To HMeeT
MecTo

Teopema 2.1 /lpu 6cex docmamouno maavix 3Hauenusx napamem-
pa ¢ ypasuenue (0.1) umeem ycmoduueoe nepuoduueckoe pewenue

xo(t) = ey(t).

Hanomuum, 4o y(t) umeer nopagok €', Tem cambiM pelnenue x(t) o1~
HIOJb HE MaJo.

[lo-supyumomy, Apyrux ycToiumsbix (HenocTORHHBIX) pelenyii npu Ma-
apix € ypasHenue (0.1) ne umeer.

Bup dynxuun y(t) conanaer ¢ yxasauuwmim na puc.5(b).
2.3. Ilepronnueckue peteHnst Npu yeaoBHH GAU30CTH napameTpa b k 1.

3neck npennoaaraem, uto B dopmyne {0.4)

b=1-¢, rTne0<e<l. (2.2)

O6o3nauum uepes z(t, &) pewenne ypasuerns (0.1) ¢ HauambHbIM YCJIOBH-
€M K3 BBCJICHOTO Bhillle MHOXKecTBa C', B KOTOPOM /Wb Napametp by caeayer
saMeHHTL Ha b. Msyuum nosesenne z(t, ) npu e — 0. [pu ¢ € [0, 7] umeem
pasencTBo z(,€) = (1 — &) exp(—t). Ecau Bunosineno yesopue

exp(—T) > a, (2.3)

TO (L, £) SABAACTCH YCTOHUHBLIM NEPUOLHUECKIM PelIEHHEM ypaenenuit (0.1)
u (1.1) (@(t,€) = xy(t,T)). Ero nepuog P = —Ine + Ofe).

Ulpu ypennuenny napamMerpa ¥ NpH HapyLICHHH YCJO0BMS (2.3) cTpykry-
pa NepHoIHYCCKOro petleHusn ycaoxnaercd. CoOOTBETCTBYIONIHE YHCAEHHBIE
MCCAC0BAHNA NPHBEJeHB B naparpade 4.

2.4. AcuMUTOTHKa NPOCTEHIINX ATTPAKTOPOB ypaBHEHUA MepBoro Nopsjika
npy GOMBIIMX 3RAUeHHAX 3anasnbipanng 1.

OcHOBHOE yCJioBHE, TIPH KOTOPOM HEIKE GYAET HCCHE0BATHCS ypapHeHHe
(0.1), 3akmouaetcs B TOM, uTO napametp T npeanosaraercs KOCTATOUHO
GONbIUIEM:

T>1. (2.4)
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[Toatomy B ypasnennn (0.1) yuo6Ho ciieniath HOPMUPOBKY Bpemern ¢ — T,
B Pe3y/JibTaTe KOTOPOH MPUXOAMM K YpaBleHHio

et +x = f(z(t - 1)), (2.5)
rae € = T"! <« 1. O6parum BHUMaKHKe, 4TO Pa3HOCTHOE ypaBHEeHHe
z(t) = f(a(t - 1)), (2.6)
B KOTOpOe BhIpoXaaercs (2.5) npu € = (), umeer npu
OD<a<b<l (2.7)

rI06anbHO CynepycToiiMuBoe HyneBoe COCTOsHKe paBHOBecHs. [locTaBuM 3a-
hauy M3yveHHs [HHAMHKH ypashenus (2.5) npu ycaosmax (2.4) u (2.7).
Byner nokasano, uro arto ypammenne obnagaer Goratoii IMHaMHKOM, a ero
PELICHHSA UMEIOT CJIONHYI0 CTPYKTYpy. OTMETHM ellle, YTO Kaxjaoe peleHue
ypashenus (2.5) npn gocratouno GobuMX £ JIEKHUT Ha orpeake [0, 1.

Yeaosumes o Tepmutonorud. Coceliie MOMEHTH BpeMeHH, Korja pe-
uieHHe ypapHenust (2.5) MpHHHMaeT 3Ha4YeHWe T = a C NOMOKUTENLHOH H
OTPHUATEJLHON NPOU3BOAHOH, HA30BEM COOTBETCTBEHHO HAYAJIOM H KOHLOM
BCIJIECKE.

B stom nyHxTe usyunm artpaktops ypasuenus (2.5), cocrosmme M3 pe-
WeHHH ¢ OJIHHM BCIJIECKOM Ha HEKOTODHIX OTPe3KaX BPeMeHH JAJNMHBH 1.

Hanomuum metomuky sccsenosanua. B dasopom npocrpanctse C_y g
ypasHenus (2.5) Bujensem HekoTopoe MHOMecTBo ('(z), 3aBHcsiiee oT na-
pameTpa z. 3aTeM CTPOHM acHMMTOTHKY NpH & — ()} BCeX peiuenuii ¢ Ha-
Ha/bHBIMK yeaosusimy w3 C(z). Manee ¢ nomouibio HekoToporo onepatopa
Ilyankape II ynaerca nokasats, uro IIC(z) < C(%), rae Z 3aBHCHT TOJIBKO
ot z: Z = ®(z). Takum obpasom, iuHamuka pewennii s C(z) onpenessiercs
HTEpalUAMH OOHOMePHOro oTobpakenus z = d(z),

Hrak, sBenem B paccMoTperme MHoxecTBO Cfz):

C(z) = {u‘p(s,z) €Cian (s€[-1,0], 2>0):

La<p(s,2)<b nmpu se€[-1,-1+ez)
2.a>p(s,2) >0 npr se(—1+¢z0);

3. p(—14¢e2,2) = (0, 2) = a.
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Pue. 11.

Bun dyuxuun (s, 2) npusepen ua puc, 11,

Hepes a(t, z) 06o3nauuM pellienie ¢ HaYaNbHBIM YCJ0BYeM (s, z) € C'(2).
Tem cambim npi ¢ = 0 naunbaerca sengeck Gynkuun z(t, z). Jlerko sHaeTs,
uto x(f, 2) He 3aBUCHT OT BLIGOpPa KOHKpeTHON BynKkunn uz C(z).

Bynem nocnenosatennio unrerpupoBath ypasHewue (2.5) pas noctpoe-
Husi pemenus x(t, z).

Hpu t € [0,£2] nonyuaem, uro z(t,z) = (a — 1)exp(—e ) + 1 u
z(ez,2) = g(2), rae g(z) = (a— 1) exp(—=z) + 1. Ha otpeske [ez, 1] dynkuus
z(t, 2) MOHOTOHHO ybbIBaeT:

a(t, z) = g(z) exp(—(t — e2)e™"). (2.8)
Boamoxnb zpa cayuas:
1Y g(z) <b (2.9)
"
2", g(z) > b. (2.10)

Pacemotpum otaensro kaxabii 13 wux. Tlyers cHauasa BHNOAHEHO Hepa-
BeHCTBO (2.9). Yepes £f; 0603HAUHM T1EPBLIE HONOKHTENbHbI KOpPEHb ypas-
HeHHs (MOMeHT OKOHYaHus nepsoro npu ¢ = 0 pennecka)

z(t,2) = a. (2.11)

Torna ty = z+In g{z)—In a. Ha otpeske {1, 1+ety) pynkuus @(t, z) MOHOTOHHO
pacret:

z(t, 2) = 1 — exp(—(t — 1)) + O(exp(—e™1)). (2.12)



§ 2. NluHamuka ypaBHEHHs CO CTYNEHYATOH HeJIMHEeHHOM. .. 105

Ecan x(1 + ety,2) < a, 10 z(t,z) — 0 npu t — oo. Ilyctb 2z - KopeHb
ypasuenus z(1 + ety, z) = a. Torna

zg=In((1-a+d®)(1-a)").

Huxe npeanojaraem, 4To
z > 2. (2.13)

Torpa «{1 + ei),2) > a, a cnegoBaTesbHO, CYLUECTBYeT NepBblé npu ¢ > 1
moMeHT 1+ ety Hauana Benaecka yHkunA x(t, z): w(1 +ety, z) = a. Otciona
ty <ty Htp = —In(1 —a).

Run dwuknuu =it 2) vanfnaxen wa nuc 192

A ez 0 ez af 1 e, t
| 4 i
Puc. 12.
Kak u Bwiwe, ssegem oneparop Ilyankape IT:
M(e(s,z)) = z(1 +etp+s,2) (s € [-1,0]). (2.14)
Torga npu yenosusx (2.9) u (2.13) — 1.e. npu
n<z<l %——‘; (2.15)

BBINMOJHEHO BRAKMIeHHe
C(2) © C(2),

NpH 5TOM € TOYHOCTEIO A0 Ofexp(—&c~'))

l-—a

=t —ty=2z+In +Ing(z). (2.16)

€
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Ilycts Tenepnb Bunoaneno yesosue (2.10), T.e.

1-—a
o T i (2:17)
1-6
Torpa x{ez,z) > b, a creposaresbno, CYLIECTBYIOT fiBd NOCACR0BATE]bHLIX
npu t > 0 xopus ety v ety (1) < #y) yparuenus x(et, z) = b. VI3 npuenennbix
BhiLIe (POPMYJT TIONYYAeM pareHcTRa
1—a q(z)
ly=In——-, fty=2+4In=220,
WS b P b
[lycth 3 - KoHell Bersiecka, T.e. nepehifi npu t > ety KopeHb ypapRHeHHs
(2.11). Onn ¢y sepro papencTno

t3=2z+In g(—)
@
Hanee, npu t € [ets, 1] Bepna dopmyna (2.8), a npu € [1,1 4 £14] ~ dopmyna
(2.12).
B Tom cayuae, korma cymectsyer takoe fg > 0, yto z(l + £tp,2) = a
# ty < 1y, oneparop I, sanasaemuiii paseuctaom (2.14), pusoaur (Y HKLHIO
¥(s, z) ua muoxectsa C(z) (NOCKOABKY A5 HEKOTOPHIX § HMeeM (s, z) > b).
Hoatomy nixe cunraem, uro z(1 + 1y, 2) < @ — Benneck npu t € [1,1 + e4y]
He HauHHaeTcs. DTo HepaseHCTBO HMeer BUA (1 — exp(—t;)) < a, a caenosa-
TENBHO,
b< 2a~ad? (2.18)

Torna (1 + ety,z) = (b —a)(1 — a)~! + Ofexp(—e™')) < a. anee, npu
t € [1+ety, 1+ ety] pynxuus z(t, z) ybuiaer u

x(1 + ety, z) = b(b - a){(1 — b)g(z) exp 2] ! + Ofexp(—e™")).

Hpu & € {1+ cty, 1 + ets] o7a pynkums sospactaer. Ecan (1 +ets, 2) < a,
10 2(t,z) — 0 npu £ — co. [loaromy cunraem, uro z(1 +&t3, 2) > a , T.e.

e (2.19)

rae
# =1 (1_ —a+ablb - a)[(1 - b)la—b+ ab)]_l).

Ormertum, uro 2, > z,. Bun pyukunn x((, z) Msobpaxen Ha puc. 13.
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|

ds b

NP— — -

et, ol T T+et, T4el, T4l ¢

I+——— 1 —-——-—-—-——--hi
Puc. 13.

[Tpu ycnosnn (2.19) cywectsyer niepeuii npu ¢ > 1 Kopeusb 1+ ety ypas-
aenus z(1+ ef, z) = a (MOMEHT Hauana BeIlecKa) M

to=13+1n [1 <p1 +et2,z)] —In(1 — a).
Tem campim, npu yeiosusx (2.10), (2.18) u (2.19), T.e. npu
Zg <2< 2y,

oneparop II nepesoaut C(z) B C(2) : IC(2) C C(2), npuuem z = {3 — ty. C
ToyHocTeo 20 O(exp(—e~1)) nonyuaem saBucHMOCTD 2 OT z

F=In (5(1 2 a)a,"l) —In [1 —b(b—a)((1 — b)(a — 1 + exp z))-l] (2.20)

Otwenunas popmyasl (2.16) u (2.20), nonyuaem otobpaxerme

Z = ®(2), (2.21)
e ¢ TouHocTsio 110 ofl)
ln]_a+lr1_c_;{z), npH U(z<]ﬂ%"a
(I;(;:): 11( ﬂ__l)_h_ . l—a(,,<7
n!l ___f.*(b-:‘: ] , NP Il‘—b'] == . Z 21
L 11-b)ia -Hc!xpzj

OTmeTHM, UTO B MJIOCKOCTY flAPAMETPOB @ U b cymecTsyer ofnacth (Ha
puc. 14 oHa Belje/ieHa YepHbIM LBETOM), B KOTOPOH oTtobpaxenue (2.21)
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HMCET aTTPAKTOR — yCeToHUuHBOE HEHyAeBOe COCTOSHHE paBHOBeCHf, AHanu-
THYUECKY 5Td 00NaCTh ONUCHIBACTCH CHCTEMON HEepaBeHCTB:

J' 1—a+ ab(b — a){(l = b)(ﬂ. = B ﬂb)]_.l <0,

1 b<2a~d? (2.22)

1.00

0.20

0.60

0.20

.00
nog 025 050 (1] 100

Pue. 14,

B s70ii o6nactu ypasuenue (2.5) umeer aTTpakTop, AMHAMUKA KOTOPOrO
OMUCHBAETCA ONHOMEPHLIM oToOpaxendem (2.21). Ha puc. 15(a) npusenen
XapakTepHbii rpadmk ynkunn ®(2) aas a = 0.3, b = 0.48, a na puc. 15(b)
— rpaux pemenus x(L) npu T = 1000.

B o6nacrax A w B (cm. puc. 14), rpauuueit KOTOPBIX SBJSETCH KpHBast
b=a(l —a+a*)~", orobpamenne arrpakropa He umeer. B obnactd A Bbi-
OTHEHO HEPABEHCTBO zy > In ]l__rf; cnelloBaTedsHo, hynxuua ®(z) cocrour
TONBKO M3 ONHOM YACTH, B TO BPeMsi KK B 06aacTd B BepHO HepaseHCTBO
zy < In %—% 1 $(z) cocTouT M3 ABYX yacTel.

2.5. Nonroxusyuimue cTpyKTyphl,

O6obwnm Konerpykuuio pemenuit u3 nynxra 2.4. Pacemorpum peluenus,

MMEIOUIHe MPOU3BOJILHOE HUCJO k > () BCMJIECKOB HA HEKOTOPLIX OTPe3Kax



§ 2. Jluxamuka ypasHeuus co CTYHEHYATOH HeAHHEeHHOH. . 109

043
032
B(Z)
N2
onf ;
000t
012 034 0.56 0.78 1.00
7
(a)
1.00
®()
0.50
; t
0o : : i H
KE.O0 67.50 70.00
(b)
Puc. 15.

aausbl 1 Hoo6najawoiuye TeM cBOACTBOM, 4To npu € — () paccrosnue MEX Y
BCIlecKamMu umeer nopagox O(1).
Haunem co cayyas k = 2. CHauana QUKCHPYeM TIPOM3BO/LHO 3HAYEHHE
7 € (—1,0) ¥ 1BA MONOMUTENbHEIX UHCAA 2y U 2. PACCMOTPHM MHOMXECTBO
{7, 2z} nauanbubIX QYHKUHE (s, T, 2) € i1, RAA KOTOPBIX

}o(s,7,2) = (1 +en,7,2) = p(r +e2,7,2) = p(0) = q,
) w(s,T,z) <anpu s c (—1+ez,T)U(T+629,0),
)wo(s,Tz)>ampu s € [—1, 1 +e2) U (7,7 +£29).

[Tpu ¢ > 0 usyunm acumnroThKy npu € — O pewenus x(t,7,z) ypaene-
uus (2.5) ¢ navansHeiM yeaosuem x(t,7,z) = (s, 7,2) (s € [~1,0]). Yepes
t1,1,... 0603HAUUM [OC/AEIOBATENbHbIE NONOKUTENBHBIE KOPHU YpaBHEHHs
x(t,7,2) = a. TIpn Tex xe OrpaHUYERMAX HA YHCAE 2y U 2z, YTO U HA YHCNIO
z 13 nyHkra 2.4 ypaetca nokasats, 4to onepatop [lyvauxape

H{p{s,1,2)) = z(ty + 8,7, 2)
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nediersyer us C7,z) B C(7,2). 3HaueHus T 4 Z ¢ TOMHOCTBIO A0 BEJHUMH
nopsinka O(e) sagaores dopmysuamu

T = T 2y = Q”{"‘t])l 7J = d’(‘:'ﬂ)ﬁ {223)

rae pynxums B(z) ra ke, uto 1 B Qgopmynae {2.21). Baxuo oTMeTHTh, uTo
otodpaxcenue (2.23) ne abasercs rpyGum. Takum o6pasom, Heab3st Crenath
BBIBOS, O CYMIECTROBAHUY Yy ypashienun {2.5) arrpakTopa, cTpyKTYpa peiennii
H3 KOTOPOIrO IIPH BCEX JOCTATOMHO OOMBLUIHX L ONpelesercs 3THM 0ToOpa-
sKeHueM. Tem He MeHee, MONCHO YTBEPKIATE, UTO B TEUYLHHE ACHMIITOTHYECKH
Go.b110r0 NpU (£ — 0} NPOMEKYTKA BPEMEHH COOTBETCTBYIOWHE XapaKTepH-
cTHKH pemenuil us C'(7, z), rne sHAYCHHA z; W Z; IPUHALIENKAT AaTTPAKTOPY
oToGpaxcenns (2.21), uamensiiores cornacHo dopmynam (2.23).

fIcHo, uTO Te e CcaMble PACCYXKAEHWA MOXKHO NOBTOPHUTL M B Gojee
obuiem cayuae. [as 370ro (huKCHpYeM DPOM3BOJbHO B2 Habopa wHced
T ~l=p<n<n<..<i<Huu=0u2z>0(=01,...,k) Pac-
cMoTpuM MHOxecTBo C(7,z) navanshbix GyHkuni ¢(s,7,2) € Cl1,), ans
Kotopuix (7 =0,1,...,k)

1) oy, 7,2) = a, @15 +€24,7,2) = q,
2) p(s,7,2) < a npu s € (15 + 24, Ty41,
3) w(s,7,2) > a npu s € (15,75 + 2;).

3aech npy KaXKA0M MUTEPATIHM COOTBETCTBYIOILErO ONEPATOPA Iyaukape ¢
TOYHOCTEIO 10 Oe) BeAuuMHbl z; NIPH OTPAHHYEHHAX HyHKTa 2.4 MeHsiOTCH
HE3aBACHMO APYT OT APYra, a BediMyHHB 7; He Mensuotces. HerpyGocth Bo3-
HHKAIOUIETO 346Ch OTOOPAKEHNA HEe IAeT BO3MOMHOCTH YCTAHOBMTL HAMMUHE
aTTPaKTOpa, MOCKONLKY HOTPELIHOCTH H3-3 OTOPACHIBANMS 4CHMIITOTHYECKH
MaJfpiX BEJHUMB MOIYT Hakanaupathes., Ho MOMHO, KoHeuYHO, chenaTh Bhi-
BOJL O CYWECTBOBAHH COOTBETCTBYIOUMX  AONTOKHBYIUHX" CTPYKTYD, BpeMs
WKH3HH" KOTOPBLIX TEM NOJIbLUE, YEM MEHbLIE €.

§3. IlnnaMuka ypaBHeHMs ¢ HENHMHEHHOCTBLI0 UM-
NyJbCHOTO THOA

3.1. OcHOBHOE NPEANIONONKEHHE OTHOCHTENLHO HeJHHEHHOH (hyHKLMN f(s) B
HAaCTOAINEM pasjiefie 3axI0UACTCH B TOM, 4TO ee JelcTBre’ CocpesoToueHo
B H30JIMpOBaHHBIX ToUKaX. Tloschum 910 Brickasueanue. [Ipeanonaraem, uro
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GyHKuMs f(s) UMEET UMIYNBCHBIA THI — sBAsSETCH 0 —byHKIHe, cocpeno-
TOUEHHOH B HeKOTOpO# Touke ~ > 0:

f(s)=0, ecniu s £, H
}nf(-‘i)ds =0 (<a<g

0

(3.1)

Cpasy OTMeTAM, UTO 3ajauM HCCJIENOBAHHA AHHAMUKH ypasHerus (0.1) npw
yesioBrsix (0.4) u (3.1) B HexkoTOPOM CMBIC/AE NOBOSBHO OJM3KA APYT K APYTY.
Tak, napamerp a B (3.1) sABisercs aHanoroM pasHocTH b — a (gauis WCTY-
NeHbKH"), a napameTp <y Mo CMbICJY NPHHALNEXKAT 0Tpesky [a, b]. KoweuHo,
nocTasJesHan 3ajaya B caydae (3.1) cyuecTBeHHO npoLue, 110 CPABHEHHIO ¢
(0.4). Tlpw ycnosuu (3.1) pemienns (0.1) SBASIOTCA KYCOUHO-HeNpepHBHEIMA
¥ (OPMHPYIOTCH K3 CKauKoB (MMIYNsCOB) M yOuIBaoWKX (YyHKUHE BHaa
cexp(—t) (¢ > 0). I'nasnoe npeumyntectso yeaosusn (3.1) cocToHT B ToM, 4TO
3/leCh BO3MOXKHO NOJHOE AHANMTHYCCKOE M3Y4eHHe JMHAMHYeCKHX CBOHCTB
pewennit (0.1).

Mrak, nuxe uccnepyercs aukamuka ypasHenus (0.1) npm ycaosuH, Ko-
raa f(s) umeer umnynscusiil Tun. CoOTBETCTBYIOUIME HCCAENOBAHUA 6A3H-
pywTca Ha pesynbratax pabots [38]. B sroli cBssu oTmeTHM emme pato-
7o [28, 29], nocesileHHbe MCCIEOBAKKIO PELIEHHH CHCTEM YDaBHEHMH DpH
BHEeIIHeM BO3JeHCTBHH B BHJIE UMIYJ/ILCOE.

[lpexkne HeM nepeliTH K ONHMCAHHIO OCHOBHLIX Pe3yJbTaToB, CAEJaeM 3a-
meuarde 06 onpepenenny nonatHa pewedns (0.1) 0 noHATUS yeTOHYHBOCTH.

Pewienvem npu t € [0,00] ypasuenns (0.1) ¢ Kycouso-HenpepsisHoil H
KYCOUHO-HEeTPepLiBHO nu¢¢epenu1ipyemuﬁ HavanbHOH (yRKuMel ¢(s), 3a-
nauHo# Ha orpeske [-T, 0] u yaoraerBopsiouieii yenosuio ¢(—T') # v, ecte-
CTBEHHO HasBaTb QyHKUMIO x(t), OMpefesseMyl0 M3 MHTErpajiibHOIO ypaBHe-
HHsA

x(t) = ¢(0) exp(—t) + /.f{:::(s —T))exp[—(t — s)]ds. (3.2)
0

3aMeTHM, HYTO JMIs KaX/A0r0 M3 paccMaTpHBAeMbIX pEI.LIeHHH z(t) ypas-
wenua (0.1) onpesenenn Besuumnsl z(t — 0),z(t + 0) u &(t — 0}, (¢t + 0).
IMostomy Huxe faa pewenvi x(t) 1 y(t) nosaraem no onpefesneHHIo

0)]; kz(t +0) — y(t + 0})),

|2(t) — y(t)] = max(lz(t - 0) — y(t —

[2(¢) = 4(4)| = max(@(t - 0) — g(t - 0)|, |&(t + 0) — y(¢ + 0))).
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Pewicnve xg(t) Oyiem HasuiBath L—ycTORUHBLIM, €CAH IS A1060r0 £ > ()
1)

Hainercs takce & > 0, yro u3 yenosusn [ [|zg(s) -~ z(s)| +|to(s) —2(s)|)ds < &
A

]
caepyer vepaseHctsBo [ [lzo(t + s) — w(t + 8)| + |Eo(t + 8) — &(t + s)|]ds < &
s

s Kaxnporo £ > 0.

HMccnenosanue naunem ¢ Haubioee NPoCcTHX MO CTPYKTYPE pellienuil.
3.2. Measenno ocuniiupyotiee pemense. CHauana ycJaoBUMCS, 4TO KOPHEM
ypaBtieHust

a(l) =y (3.3)

Oynem HaabBaTh Takoe sHauenue ty, I8 KOTOPoro aubo x(ty — 0) = ~, aubo
z(ty + 0) = . Meanenno ocunanupyloutum (MO) pemenseM ectecTsenno
Ha3plBaTh Takoe onpejesnentoe npu { > 0 pemenne ypasuenus (0.1), y xo-
TOPOro BeckoHeWHO MHOre KopHed ypasnenus (3.3) u paccrosnve mexnay
COCe/IHHMY KODHSAMHK 3TOrO YpaBHeHHs GOJbllie BPeMeHH 3anasigpianus 7T
Chopmyaupyem 0CHOBHOM pesysibTat 3TOr0 NyHKTE.

Teopema 3.1 [lycme svinoaneno ycrosue
exp(~T) +ay™ > 1. (3.4)

Tozda ypasnenue (0.1) umeem eduncmeennoe ¢ mounocmoro 0o cosuza no
spemens MO nepuodudeckoe pewenue xo(t). Imo pewenue L—ycmoiiuuso.
Ecau e

exp(=T) + oyt < 1, (3.5)

mo ypaerenue (0.1} ne umeern MO pewenui.

i fAoxasaresibeTBa 3TOH TeOpeMbl CHAYAMA OTMETHM, 4TO, BO-TIEPBLIX,
AJisi Kaxknoro pewrerns ypasrenus (0.1) naitnercs rakoe ¢ > 0, uto z(t) < 4.
Bo-BTOPLIX, ecniH A/IS HEKOTOPOTO fy BLINONHEHO YC/OBHe z(tg) < v nupn
BCex ¢ > 1y, To x(t) — 0 npu t — oo. [TosToMy KMeeT CMBbiC OrPaHHYHTE-
€A HHXE pACCMOTDEHHeM JIMIIb TaKHX peleHuit x(t), HavadbHbie QyHKUMH
¢(s) (s € [=T,0]) xotopwix Henpepwshn B nyae # ¢(0) = +. [locKob-
Ky 34€Ch H3YHAIOTCH TOALKO MEIEHHO OCHMANKDPYIOMmHKe pemenus, aaa é(s)
CHHTAETCSH BBITIOIHEHHHIM YCIIOBHE! YPaBHEHHE &(s) = v He UMeeT XopHel Ha
noayuutepsane [—7),0). Ewe ogHo ynpouenye cB83aH0 ¢ TeM, 4To, Kak yiKe
0TMEYaNnoCh, pewenne ypashenus (0.1) 8 cayuae (3.1) cocTonT M3 ,Kyckos"
yOhBaOmKUx GyHKuMil Brpa cexp(—t) (c > 0), a cJaenocBaTeNbHO, HAUAML-
Hble pyHKUHH ¢s) Toke HOCTaTONHO Bpath M3 3TOrO Xe Kaacca PyHKOUi.
Otciona u M3 oTMeUCHHLIX Bbilue CBOHCTB B(s) caenyet, 4to G(—0) = —v.
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HMceaepyem npu ¢ > (0 peweHuss ©(f) ¢ YKA3aHHBIMH HaYaJbHLIMH
dyuxunsmi o(s). Ilpu ¢ € [0,T] umeem pasencrsa z(t) = yexp(—t) u
(T 4+ 0) = vexp(—T) + a. [lpu ycnosuu (3.5) Torma nomyuaem, uto
a(t) =a(T' +0)exp[~(t ~T) nput > T, re x(t) — 0 npu ¢ — oo.

[Myere suinoanero yegosne (3.4). onoxum

to = Infexp(-7T) + a7 Y.
[pu t € [T.7 + ty] ans dpynkuun z(£) MMeeT MecTo Gopmyna
z(t) = [yexp(~T) + a] exp[—(t — T)].

BaxHo 3ameTnTb, uTO Ha oTpeske [y, T'+1y] 3asannas atoi hopmyoi dykx-
uus z(t) obnajaer BceMd yKa3aHHBIMM CBOHCTBAMHM PacCMaTPUBAEMbIX Ha-
vasbHbiX QyHKUHH ¢(s). Tem camuim npu ¢ > T + £y CHTyalHsi NOBTOPAETCH.
IT0 03HAYaET, UTo NpH ¢ > {} Bce paccMaTpHBaeMbie PELUCHMS CAWBANTCA B
onno. Ito pewenue z(t) (npu ¢ > T + {) ABAACTCH MEAJIEHHO OCLHJITHPYIO-
KM NepHOIHYECKHM pelleHHeM ¢ nepuoaom T + ty.

Cpasnum nonyueHHBIH Pe3ysibTar ¢ pesyabTaTaMH NMPeAbIYIero pasjiena
(ana ypasuenus (0.1) ¢ venuuefnocTnwo, 3anannof Gopmynoit (0.4)). Tpen-
nofoxuM, 4to T' 1oCTaTONHO BeJWKO, Torna ycaosHe (3.4) cyulecTBoBaHHs
MO pukna (¢ oHMM BCIUIECKOM Ha HEKOTOPOM OTpPe3Ke JJMHbI MepHoia)
HMeeT BHI

@ > . (3.6)

B cnyuae (0.4) MHOMECTBO NapamMeTpoB Ha MVIOCKOCTH (a,b), A8 KOTOPHIX
CYLIECTBYeT YCTOHYHBOE INEpHOAMYECKOe pellleHHe ¢ ONHMM BCIICCKOM Ha
HEKOTOPOM OTpe3Ke [JIKHBI MepuHoja onuebipaercs cueremoit (2.22). Jlerko
BHjIeTh, UTO B ciaydae pynkuun (3.1) obaactb (B mpocTpaHCTBe mapamMeTpos
M 7y) CYWECTBOBAHHS YCTOAYHBLIX NEPHOINUECKHX PEIICHHH 3HAaUHTEeAbHO
wupe, dem B ciayvae (0.4).

3.3. O fuictpo ocunnavpyoux pemennax. CHauasa oOCTaAHOBHMCSH Ha M3y-
YEHHH pelieHuii ¢ ABYMS BCRJECKAMM Ha HEKOTOpPBbIX oTpeakax miuusl T
Kaxapii BCIJIECK pelIeHHil, a BeJWuUMHA ero NOCTOSHHA U paBHA «, Npo-
UCXOAMT POBHO 4epes OTpe3oK Bpemend T' nocje nepecevueHds 5THM pe-
wenuem npaMod x = -y, Ha OCHOBAHMHM 3TOrc OMMIIEM KJACC HAYaJbHBIX
hyHKUKHA ¢(s), KOTOPbIE MOrYT 3a1aBaTh DELIEHHS yKa3aHHOTO Thna. Puk-
cupyem npouasonsio 7 € (0,7} v paccMOTPUM MHOXKeCTBO S(7) Hauaib-
Hbix GyHKUAE ¢(s), obnapalowux cieayiolumMH ceoiicteamy. Bo-mepshix,
(=T +471)=¢(0) =y 1 @(s) # v npu s # =T +71,0. Bo-BTOPHIX, TOCKONBKY
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Kak 1 Bbiie, ciiefiyet npeanosokuts, UTo

rexp[—(T - )] +a > 7. (3.14)
Honoxum to(;) = Infay™" -+ exp{— (T ~ 7;)]]. Torna npu ycnosnu

T T2 > (1) (3.15)
Ha orpeske (T — 7, T — 71 + ty(n)] ans x(t,7) umeer mecto dopmyia
2(t,7) = [yexp[~(T — )] + o] expl—(t — (T - m))),
npuiem z(T — 71 + to(n1), ) = 7. PaccmoTpum oneparop nocaenopanus II:
(p(s)) = o(T — 71 + to(m) + s, 7).

Torna II(¢(s)) € S(7) u S(7) C S(7), rne 7 = (71, ..., 7m) ¥

. =+ T =1+ t{n),

P =14+ T — 7 + to{m),

(3.16)
Tm-1 =Ty +T —~ A tD(TI);
Ton =T—-n+4+ l(]('T]).

OCHOBHO# pe3ysiLTaT COCTOMT B TOM, YTO TIOBeEHHE npu { — oo pacemat-
prBaembix peuternit (0.1) onpenensiercs (npu yenosusx tuna (3.14), (3.15))
HTEpaMAMK oneparopa I1, a sHAYNT, AUHAMHKONH m—MepHOro oTo6paKeHHs
(3.16). OrHocurenblo 3TOTO 0TOBPAXKEHHA MOKHO CHEJIATh BEHIBOA O TOM, UTO
HaA#yTes Takue ¢, ¥ Cy, (0 < ¢ < Cy), uTo IPH YCMOBHH

o ayl e €
r'ﬂ’l { GJ( < LJ‘TH

CYUIECTBYCT YCTOHUMBAA HenoaBHxkHas Ttouka (3.16) (kotopoi oTBeua-
er L-ycroiiuusoe nepuomnueckoe pewenue (0.1)). Ormetum ewe, uTo
Cmrl < Gy Oy 11 <CpuCp—0 Npu m — 0.

§4. YncioBbie XapaKTepPUCTMKM aTTPAKTOPOB
YpaBHEHMS NepBOro NOPsilKa CO CTYNEeHYaTOH
HEJIMHEUHOCTHIO

4.1. Hacrosmuil pasjies nocBfileH YMCACHHOMY HCCIeA0BAIHIO YyPaBHeHKS
(0.1) ¢ menmnueiiHoctbio (0.4). 10 ypasHenye, Kak GbiIO NOKA3aHO BhILLE,



§ 4 UhcnoBele XapaKTepHCTHKH aTTPAKTOPOB YPABHEHHSL... L7

obnanaet Goratod nunamukol. TIph ONHKMX M TeX e 3HAYeHHHAX MApaMeTpos
a ¥ b MOXKET CYyUlecTBOBATh, B 3aBUCHMOCTH OT BDEMEHH 3anazfibiBAHMA, KaK
VCTOHUMBBIM LMK, TAK M XaOTHHeCKHH aTTpakTop (cm. puc. 16).

1.00-4 X(® 1 0 (-
0.2-

0.80-
0.60-
0.40- |
0.20- ‘
. too

RD zuo 220 240 250 260 300 320 340 36.0 380 400  0.0020406 08 10

00 XM 1.0 XD
0.80- 0.8+
0.60- 0.6
0.40- 0.4-
0.20+ 0.2
0.00 t X0

T T T 0
20.0 220 240 250 280 30.0 32.0 340 38.0 38.0 40.0 0.00.2040608 10

Puc. 16.

Hayuenne nocnegHero npencrtapnsieT ocobulil HuTepec, B nyuxrax 4.2—
4.4 npuBe/ieHbl PE3YALTATH PacdeTa OCHOBHLIX YHCJ/IOBLIX XapaKTepPHCTHK pe-
wennfl ypasrerus (0.1), a TakkKe NpocaeKeHa UX 3aBHCHMOCTL OT BPeMeHH
zanasnuiBaufa. B nymkTe 4.5 noayyeHH acHMIOTOTHYECKHe TpH & — () oueH-
KH CTapliero JAMYHOBCKOTO TTOKas3aTeJs.

HHucnopas XapakTepUCTHKa, MCC/epyeMasn B NEpBOM HyHKTe 3TOr0 pas-

[esa, BechbMa CHeUH(UYHA M, KaK 0KA3aJOCh, UH(POPMATHBHA HMEHHO Jasi
paccMaTpHBAeMOH CTYNeHYaTOH HesuHeHHOCTH. Bo3MOXKHO, OHa npejcTas-
Jser HanBOALLIME WHTepec Ajis aHANH3a KoJeGaTelbHblX CBONCTB pelleHui
ypaguenus (0.1).
4.2, PacnpejesieHse TOUeK TepecevueHHs pelleHveM HAPAMBIX T = a |
r = b. DuxcupyeM NPOH3BOJILHO HEOTPULATENLHYIC HAYANLHYIO (YHKLMIO
@(s) € Ci_1 ) n pacemoTpum nipu ¢ > 0 Takoe pewenue x(t) ypasuenus (2.5)
¢ neauneiitoctsio (0.4), yro z(s) = p(s) npu s € [-1,0]. B Tom cayuae,
KOIJIa KOJIMHECTBO NOACKUTENbHBIX KOPHEH YpaBHeHHs

2(t) = a (4.1)

npH t > 1 KoHeuHo, GpyHKuMs x(1) CTPeMHTCA K HYJIO NPH § — oo, DT0T Cay-
yail uHTepeca He npeactasaser. [Nostomy OyneM H3y4aTh AHIIL Te pelleHHs
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(2.5), y xoToprix Konnuectso KopHeit npu ¢ > 1 ypasienns (4.1) ne orpa-
nuyeno. B cuny asronomuocty ypasenus (2.5) yao6HO cumTarth, uTo IS
Takux pemieHnt ¢(0) = x(0) = a. OTHOCHTEALHO HAYAALHOM bynxuun o(s)
HY?KHO 3HATb JIMIIL TO, HA KAKHX YYACTKAX 3HAUCHHS ee JIEXKAT B NPOMEXKYT-
Ke 0T a 710 b. Tem cambiv Best HEOGXOAMMAS ANS IOCTPOSHHS PelLISHMS z(t)
HH(OpMALKsA O (s) 3aKalOueHa B KOPHAX ypasheHuH o(s) = a u o(s) = b
(s € [-1,0]). 10 06cTOsITENLCTBO NO3BONSET BBECTH BaXKHYIO YHCJOBY10 Xa-
pakrepueTHky S = S(T,a,b) (T'=¢"'). Has ee onpegenenus pacecMoTpUM
SaHyMepobaHibic B NOpPAJKE BO3PACTaHMA KOPHHU ypaBHeHns (4.1) u ypasHe-
HUS

z(t) = b, (4.2)
Ha4yMHas OT KOpHS ty ypaBHeHus (4.1): ¢, < & < ¢ < .... Ko-
AHYECTBO STHX KOPHEH Ha KaXAOM M3 OTpe3koB Ax = [tx — 1,4,
(k = ko, ko + 1,ko + 2,...; thy — 1 > 0) aaunel 1 oGosnauum uepes Si.

OTmeTHM, YTO COBOKYNHOCTDL TaKMX KOpHEH Ha JI000M M3 OTPe3KoB A jnaeTt
NOJHYI0 HH(POPMALHIO O NOBEACHHH pelleHns (1) npu t > {. B cBAsH ¢ 3THM
CCTECTREHHO B KA4YECTBE YHC/IOBOH XapaKTePHCTHKH x(t) NPUHATEL 3HAYCHHEe

S = lim max Sj. (4.3)

na0a k>n

Kpome storo, sBesem eme na uucaa Spim i Syeq, GIM3KHE 110 cMBICAY K S

4 : e ot T
Smin = lim min Sy, Speq = lim

n—oo kzn o

(4.4)

OrmeTum, yTo
*S'm':'n < Sm.ed < 8.

ITokaxem cuavana, uto S (ecaw OHA KoHeuWa) MOIKHO HHTEpPIpeTHpO-
BaTh KK pasaMepHoOCTh Bjokeuus. Jlas 37oro (ukcupyem orpe3ok Ay,
nyets by; (5 = 0,1,...,px) ~ Bee xopuu ypasueuii (4.1) 1 (4.2), nexa-
HiHe Ha npomexyTke Ag. Yepes & = (8, ..., 0%y,) 0603HAUMM pg-MepHBi
BEKTOp, KOOPAHHATHE KOTOPOTO ONPeAessIoTCs (GopMy o Oj = tjpy — e
Tem camuiM sananMe pg-mepHoro pektopa 4 (&; € [0,1), 32 o Ok < 1)
OAHOSHAUHO ONPEAENSIOT peileHye x(t) npu ¢ > i, a 3HAYUT, M camy no-
CHEIOBATENbHOCTD &y (12 = k + 1,k +2,...). Bee uncaa Pr 1PH AOCTATOUHO
DonblEX HOMepax k MaxopupyloTes wumcaom S. Tem cambiM J1060i Habop
O = (Bi1,...,05) H3 S umcen O; omnpeaesser CTPYKTYpy pewenus xz(t).
Mozno nokasars, 4T fIS HEKOTOPOH BeKTOP-(hyHKUHK d(4)

(Sk\{..l = Q'((S,-,). (45}
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Buime 6uin0 moxasaso, uto ypastenue (2.5) MOMET uMETb ATTPAKTOPH
pasnuuiol cTPYKTYpbl. XapakTepueTHKY S MOKHO €lle MHTepIpeTHpoBaTh
KAaK Mepy CTPYKTYPHOH caoxHocTH pewennit. Yem Gosbwe S, Tem Godee
CNOMHBIH BUA WMEET COOTBETCTRYHOUIEE pellieHue.

“3 pe3yaLTaToB BTOPOro pasiena chenyer, 4ro ITpH Madnblx £ YpaBHEeHHe
(2.5) momer umeTh GoABILOE HUCAO ATTPAKTOPOB (ABJAEHHE MyJAbLTHCTAGUL-
HUCTH}. BH}KHO, OJIHAKO, OTMEeTHTh, HTO W3 Pe3yabTaTOR HHCAEHHOrO aHaqansa
BRITEKACT, UTO OBJAACTh NPATAMEHUA TOMO ATTPAKTOPA BhILLE, Y KOTOPOro
Goqbiie snauenue S. TpaduKku 3aBUCHMOCTH BeAHUHMH Sy ¥ S OT Bpemeny
sanasabisanua T npu a = 0.3, b = 0.48 npuseneds Ha puc. 17 aas npous-
BOALHOH HayaibHOH QyHKUUA. CTanNapTHHIE YHCAEHHbBIE METONL TIO3BOJAXIIH
CAENATH BBIBOJL O TOM, 4TO 9TH 3aBHCHMOCTH (npu pocrtarouno Hoasmux 17)
asasoTea aunednbimu). Ha puc. 18 npencvasiedsl rpaduku 3aBHCHMOCTH
Spin 1 S 0OT 8peMeny sanasibeanun T npu cneuuanbHbiM 06pazom BuGpaH-
HbiX (cM. nyHKTH 2.4--2.5) HAUAABHBIX YCNOBHAX:

CIUIOMIHAY JMHHA ~ HAYANLHAR (PYHKUHMA paBhHa b — a HA OTPE3Ke MJMHbI
10°°T, a B ocTanbHbIX TOYKax monyMurepsBana (—7,0) paBHa Hyaiwo
(BepxHHH rpathuk COOTBETCTBYET S, @ HHUMHUH Sy, );

WTPUXOBAA JMHUA — HauadbHas QYHKUHA paBHa b — o Ha ABYX OTpesKax
aaunbl 107°T, 2 B ocTanbHbIX TOYKax noJydnrepsana [—7,0) paBHa
HYJIO;

NYHKTUPHAR JHHWH — HavyajbHas (yHKUHA paBHa b — a Ha Tpex oTpeskax
anans 10757, a B ocTanbHbiX TOYKax nosyuurepsana [—7,0) pasua
HYJ10.

TE+D —
1E+4- et

TE+3- /
G -

1E+2- S -
' I lf//?, |
1E+1- L T e

1 E‘[. ’-{-, ] - T ] ] 1
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4.3. O cuenapun nepexona k xaocy. B paore [10] uccaenosanach anadio-
ruyias {0.1) cuetema ¢ HeMHEHHOCTHIO

F(s) = Msexp(—(s —7)?),

rne M — kosdduuHenT yeuaenus, v — napaMerp acHMMeTpPHM, Asropu yera-
HOBHJIH, YTO npu Manbix 7' HabMOAANOCH HECKONLKO PEHHMOB PeryasipHbiX
KO/eGasuH ¢ NepHoOM, HecKoNbko npesbimarowmuy 2T, Xapaxrep nsmene-
HUS 3THX PEeXHMOB ¢ yBeauyeHHem 7' Obll CXOAHBIM M OTAHYANCH AHMIUD
MEXAHH3MAMH TIOTEPH YCTOHUHBOCTH PEryaspHuX KoseGanuil. Habnopanucs
TPH NOCJEROBATENLHOCTH GH(YPKaunil, NpuBOAsIIME CHCTEMY K XaoTHye-
CROMY PEXHMY. HOC/AEN0BATENBHOCTD, BKJIOUAIOIAN KAK MHHUMYM OIHY-aBe
GudypKauun yABOCHHsA NEpHOAa KOJeGAHUH; NOCARNOBATEIbHOCT) 6utypxa-
LHH, NPHBOMAAIIAS K TONOJAOTUYECKHM H3MEHEHHAM B CTPYKTYPE peryjsapHbIX
KONeDAHUA ¥ 3aKaHUNBAIOLIANCH NEPEXONOM K Xa0Cy uepes NepeMekaeMocTh
»PETYAAPHBIA PEMHM — Xa0c"; XECTKHA Nepexos K Xaocy B pesy/abraTe eQuH-
cTBeHHOR Oudypraium,

Pacemorpum snech Bonpoc o Tom, Kak uaMensiercs CTPYKTYPa peineHns
YPaBHEHHS NIpH yBenMueHHH Bpemenyn sanaspwibands 7' (npn ¢UKCHpOBaH-
HBLX 3HaveHusix a u b). Ha puc. 19 npusenen rpadux sasucumocty nepxoena
peuwieHua ot 7' npr @ = 0.3, b = 0.7, (XaotHueckne pexums oTMeNaauCh Ha
rpauke CILIOWHONR BepTUKanbHOM annmel.) Jannnil PHCYHOK Jaer BechMma
HalJiaAHOe NPENCTABAGHUE O TOM, YTO CUEHAPUH NEPeXOAa OT peryJspHo-
Fo NOBEAGHHA K Xaocy Aocratouno choxen. IHeficrBuTenbHo, B Hauane npu
Mavibix 1" IPOMCXOMMT DSl KAK PAMBIX, TAK ¥ 06DATHLIX Budpypranui gobas-
JeHns nepuosia. Jlasee xe, yUHTHBAS, 4TO CIAOWINLIE BEPTUKANLHbIE NHHUH
COOTBETCTBYIOT HCNEPHOAKUECKHM DELICHUAM, MOKHO CAeNATh BBOA O TOM,
HTO MPK YBEAHYEHHU T' MMEET MECTO ABJEHUE NepeMeKaeMOCTH THIA LUK~
Xaoc”. Bee 9TH 3aK/I0YEHMS HAXOANT NOATBEPXACHHE TIDH MCCASLOBAHHH
KOPPEJSUHOHHON PA3MEPHOCTH M CTAPIIErO AANYHOBCKOrG NOKA3aTens.
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4.4. Koppennumonnas pasmepHocTs. OlEHKa KOPPENSMOHHONA pasMepHo-
CTH CHCTEMbl NPOMU3BOAHIACEH M0 KOPPEJHUHOHHOMY NOKA3aTeNo ¥, KOTOpPbIH
BLIYHCASACH CTaHAAPTHRIMH Metopamu [27]. Ha puc. 20 npeactasnen rpa-
IfbHK 3ABHCHMOCTH ¥ OT BpeMEHH 2alla3liLiBaAHHA T ¢ warom 0.2 MpH BhlﬁOpKe
N = 40000, ¢ = 0.3 b = 0.7. (Boitd NpoOBELEHLI KOHTPOJLHLIE PACYETbHI
KOppeasuHoHHOro nokasatens npu N = 80000, onsaxo pesyabratnl oKasa-
JHCh A0OCTATOUHO OJM3KMMH X cayuaie N = 40000, uTo nossedsier CYHTATDL
Pe3ybTaTbl AOCTOBEPHBIMY. )

[Tpu HeBonbiux 3navenunx T ypasuenue (0.1) umeer yeroituusnil uuxa,
30ecCh KOpPeasuMoHHLIN nokasarens v 6un3ox x 1. C yBennuenunem zanassibi-
BAHUH B CHCTEME BO3HHKAET XA0THUECKHUH aTTPAKTOR, H H?]G.HIGLLEIETCH NoYTH
AunedHpA poct v, TIpy A0CTHIKEHUH BEJIMUHHON 1 3HAUEHUS NPUOIHIHTENb-
HO PaBHOTO b NPORCXOAHT ,.HaCHIILQHHE“, H POCT KOppenflHOHHOrO noxKa-
34TeAd NpeKpalldeTca IpH )'],EI.I']}.]H&‘.i"ilJ.I[:‘J\'l YBeJIHYEHHH i O’;‘JHHKO METOAHKA
PACHETUB TAKOBA, YTO €CJAH NOAYYHASTCH OUEHKA, NPEBRLILAKILAR 4'-5,T0 K Ta-
KOM}" ptﬁ:&)’JIb'l'a'F}’ C.-‘le,'lyt‘,T OTHOCHTBLCH OCTOPOMHO H HE CHHTATL ero HCTHHOH
B I!OCJI(‘.HHEQ HHCTAHUMHH.

4.5, Crapwui JANYHOBCKHH MoKazaTens. BblYHCIEHHA NPOH3BOAUAKCH MO
caeayomeit cxeme. Pewenne Bo3mymanoch 8 OAHOH TOYKE HA JI0CTATOMHO
Maayio BEJHUYHHY, TOCAE Yero NPOU3BOIMIIOCh BhIYHCAEHHE HCXOLHOrO H BO3-
MYLLEHHOTO peilieHdi HA HEKOTOPOM OTpesKe BpemeHH (onpeesseMoM CTaH-
nraprueiMd Kpurepusamu). Jlannas npouenypa noBTOPANACH HECKONLKO Pa3 ©
UeAbIo A0CTHMXKEeNHUA cTabHAH3ALNK pe3yibTatos. [paduk 3asucHmocTH cTap-
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wiero Afy HOBCKOrO nokasatenia [y ot T' npeacrasien Ha puc. 21 npu a = 0.3,
b = 0.7. Tlpy Maaux suavennsx 7' B cucteme (0.1) YCTOHYHB NpeaesbHLIH
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4.6. AcumnToTHYeCKaR OLEHKA CTAPIIErO JNSAMYHOBCKOTO MOKA3ATeNs.
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[Tpu m3yuernn sANyHOBCKUX NoKazaTeselt HEOOGXOMMMO PACCMOTPETH Ji-
HEeapH3HPOBAHHbIE Ha HEKOTOPOM pelieHuH z(t) ypasHerus (2.5)

gy +y = A(t)y(t - 1), (4.6)

rae A(t) = f'(x(t — 1)). B Tom cayuae, Korna dynkuua A(t) orpauuyena Ha
[to,00) : |A(t)| < Ay, cTapmmit nanyHOBCKHI noKasaTeab )y ypaBkeHnus (4.6)
OLEHHBAETCH CBEPXY HHCIOM ¢y, THE vy — KOPeHb © HAHMOO/LILEeH BeilecTBeH-
HO# 44CTbIO YpaBHEHHKA

Ag + 1 = Agexp(—A). (4.7)

B paccmatprbaeMoM HaMM cayuae TaKyw OLEHKY MOJAYUHTL HEJAb3s, 110-
ckonbKy Qyskuns f(z(t — 1)) paspeisna, a auaunt, f'(z(t — 1)) comepxur
S-pynkumu. B cBA3M ¢ 9THM OLEHHM CBEPXY HOPMY Omeparopa CABHra Mo
TPAeKTOpHSM ypaBHenus (4.6) 3a spems ¢ = 1.

[Ipoussenem cHauaia B ypasHenvu (4.6) sameny

y = zexp(—e1t).
B urore noayunmM ypasnenne
z=B(t,=)z(t — 1), tne B(t,e) = e L A(t) exp(e). (4.8)
Puxcupyem npoussonbhyio pyrkumio z(s) € Cyy (s € [0,1]) u nyers
l2(s)llcey < 1- (4.9)

U3 (4.8) cnenyer thopmysia

:

z(t) = z(1) + /B(T, £)z(r — 1)dr.

Y4HTHIBAA, YTO KYCOUHO-TIOCTOSHHAA QyHKuHA f(z(l — 1)) umeer pasphissl B
Toykax t;+1(j = 1,2,...; {;-kopnu ypassenus (4.1) unu (4.2)), npuxonum
K PaBeHcTsy

ni{t)
+(0) = (1) + { 3 ()@ 0) ™) exle ™),

J=1
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B KOTOpOM n(l) - KoaMuecTBO 3Hauenwi f; M3 otpeska [0,¢ — 1].
Ouwenpm  ¢yuxumio =z(t) npu ¢t € [1,2]. Tlpexpe ncero oTMeTHM, uTO
lz(t;) " < em, roe m = [min(1 - a,1 — b,a,b)]"! Orciona nonyuaem, uto

n(l)

|2(0)] < |2(1)] (_},s (E)1 ) exp(e™)

Yunrnisas (4.9), npuxoium K oleHke
21+ $)lley,, < [1+n@)mexp(e ™ )|z(s)llep,, (4.10)

Jaisi onpenesienua CTapuiero JMSMYHOBCKOTO YoKasaTeds Xy pemexns z(t)
HEeOOXOANMO HaxonUTL npu Beex z(s) € Clp ) npenens

;l.i.,rf}) ¢! In {ly(t + ”C{., g = llm( o ||z(t + bJ”Qo ") sg=h

M3 onenxu (4.10) u vz onpenenenun umcaa S (¢ TOMHOCTBLIO 10 ACHMITOTH-
YECKH MaJibiX NpH £ — () BeJAMUHH) NPHXOANUM K WTOTOBOMY COOTHOIIEHHIO

Ap < In[mS]. (4.11)

Buiie oTMeyanoch, 4To Aas aTTPAKTOPOR € HaKGObLER" 06AACTbIO NPH-
TAKEHMA BeJHYHHA S JiMHeHno sasucut ot €', Toraa ouenxa (4.11) umeer
BUA Ap < Ine ! + const. (IMo-sumumomy, TOKasatesb Ay MOMKET COBNANATE
XoTsl Obl MO NOpsAKY npH € — 0 ¢ 3ToH oueHkoH, T.e. Ay ~ Ine™!). Iro
03Ha4aeT, YTO 4YeM GOJbLIe UHCNO PaspPhIBOB MMEeT HeJHHeHHOCTh f(s), Tem
CJ0KHee IMHAMHKA PelleHHH COOTBeTCTBYIOMETr0 YpaBHeHus (H TeMm Gosbine
Ap). BaKHO OTMETUTH, YTO AJS HENPEPLBHLIX HEAMHERHEX (GyHKUHI f(s)
CTapIIvii JANYHOBCKMH NoKasaTelsb Ay OUeHHBaeTcs csepxy ua (4.7) unciom,
HE 3aBUCAIMM OT ¢ MipH ¢ — 0. Taxoil ke BHIBOA MOXHO MOAYUHTL W Olle-
HHBas JNANYHOBCKYIO pasmeprocte. B cayuae wenpepwiBnofi (rmaakod) f(s)
NSINYHOBCKAS Pa3MepPHOCTL MOXKeT HEOrpaHWyeHHO BO3pactaTh NMpU £ — ().
OnHako 3TOT poct B cayuae Hanuuus PaspuiBos f(s) MOXKET NPOHCXOUTH
CyulecTseHHe OLcTpee.

§5. 3akiawuenue

ChesniaeM HECKONBKO 3aMeuaHuii O COMOCTABACHMH MOBEAEHHS pPelleHwil
ypasuenus (0.1) nenuuelinocramu

f@) =az(l+a")Y, f(z) = Mzexp(—(z - v)?), (5.1)
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1, a<s<hb,

f(s):{ﬂ, §< a Wi & > b, lsa<bsl, fo2)

Tem fodee, YTO HHCTO BA3YAILHO 3TH HEJHHEHHOCTH BechMa MOXOHKH,

Cuoavuana OCTAHOBHMCH Ha HEKGTOPRIX Oﬁl.llHK MOMeHTAax, KOTOphRIE HMEWT
MECTO AJif KaxIOH M3 paccMaTpuBaemblX HeluHeHHocTel. Bo-rnepsuix, npu
OTHOCHTENLHO HeOOJbHIMX ZHAUCHHAX 3ana3nbiBaund 7' [HHAMHUKAZ J0BOJBLHO
npocras. OHa nonyckaer uec/eloBaHue aHAAHTHYECKMMH MeTonamu, Cleay-
€T, KOHeuHOo, OOpPaTHTb BHHUMAHHE HA TO, YTC B cjaydae HeluHelHoctH (5.2)
BCEra aCHMMTOTHYECKH YCTOHYMBHIM fBJAETCSH HYJEBOE COCTOSIHHE PaBHO-
sechd. Bo-Bropeix, ofHu M Te Xe acAMNTOTHYeckHe Mmetonn [8, 17] mawor
ofHHaKoBole U 3ddeKTHBHLIC Pe3yanTaThi (0 CYWECTBOBAHHH Y aCHMITOTHKE
YCTOHYHMBOrO LMKJA) NPH YCJIOBHH, Koraa B cayvae (5.1) napamerput M nau
Y AOCTaTOYHO BENMKH, a B Cyqae HelMHeHHOCTH (5.2) aHanor coOTBETCTBY-
0lleid CHTYallMH BHIAGIAETCS YCAOBHEM [0CTATOUYHON MaloCTH napaMeTpos a
u b. B-TpeThbHX, NpH onpeaenesHbx a M b ana HenuHeitHoetd (5.2) nabuao-
AAI0TCA NOXOXHUe CTPYKTYPHbIE H3MeHeHHus pelieduii. Kpome Toro, noJyuenst
A0BObHO GamuakHe pesyabTathl (cM. [10, 41]) o sasucumocTH Koppensuu-
OHHOll PasMePHOCTH M CTApIIero JsyHOBCKOTO MOKa3aTe/isi OT BeJHUHHEL
3anasanisaiun T,

OTMETHM 33aTE€M OCHOBHhIE OTJIHMUYMTENIbHbIE YEPThl [IOBEACHHS DEeHHi B
ciyuasix HequreliHocts (5.1) u (5.2).

Bo-nepshix, npy oilpejle/IeHHBIX NapaMeTpax 0Ka3asoch BO3MOXKHO aHa-
JIHTHYECKOE MCCAE0BaHKHe IHHAMHKH peluedni ypasuedus (0.1) ¢ HeauHed-
Hocthio (5.2). Bo-Bropeix, eciiu mas (5.1) 6HypKauHOHHBE SBACHHS TPH
Y3MeHeHHH NapaMerTpOB OCHOBAHBI HA GHYpKALMAX YABOEHHd, TO B C/y4ae
(5.2) 6onee xapakrepus Gudypranuy nobasneHus nepuona (pacemMorpenuble
A/l HeNpepLBHBIX KYCOUHO-NMHeliHbX oTofpaxkenuil [42] v naa paspuiBHBIX
KYCoyHo-nuHelHbix oToGpamxennit [37]). B-tpetsux, cayuait (5.2) omnmua-
€T Pa3BUTOE ABJCHHE MYJILTHCTAOMJILHOCTH, CYILIECTBOBAHUE PAa3HOIIAHOBbIX
ATTPAaKTOPOB W LOJTOHKHMBYUIMX CTPYKTYP. B-ueTBepTslX, ANA HeJAHHEHHOCTH
(5.2) Becbma MH(OPMATUBHEI CrELHANbHBIE YHCIOBbIE XapaKTepueTHKH. Tak,
BaXKHYIO POJib B 33j1aue ¢ OMHAMMKe MrpaeT vcchelloBaHHas B naparpade 4
BeqnuuHa § — pacupejesneHHe TOHEK lepecevderus pPelendeM NpaMeX & = a
ar=h
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