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I'nmasa 1

OcHOBHBIE NOHATHUS NCCACAOBAHNS

orepanun

B meznune, meduyune, nayxe, purancas, busnece u
dasice 6 ciepe 20cYdapeMEEHIo20 YNPABACHUA PEULC-
N, FEMPAZUBAIOUUE DICUBND KAXHCI02O U3 NAC, TNe-
nePL NPUNUMAIOMCA 6 COOMBEMCMEUL ¢ ynopsdoneH-
HoLMU NPOUECYPAMUL, KOMOPUIE FHUMUTIEADHO aper-
muenee MPUbAUSUMENOHVE 1 NPOUSCONLHVULL METIO-
doe npowozo. Baueodapa amomy yoaemes uabencams
WAL NO KPATINET] MEPE CMARUUTG NOCALOCTNBUS MHOZUT
Kamacmpoduneckur ouubox.

JI. Bepucmatin. Ilpomue 60206: YEpouenue pucki.

Xomeaw Kax AyLe, 6 NOAYHA0CH Kk acezda.

B.C. Yepnomupoun

1.1. Mopgeyiz uccjeg0BaAHNA onepanmii

TToy, owepanusmy 06BIYHO MOHAMAIOT HEICHANPABICHHLIC ynpag/siembie npoueccet. Hpu-
poOja WX MOYKeT OBITh PA3JIMIHOM — 9T0 MOTYT OLITH BOSHHBIC JeHCTBHMA, IPOU3BOACTEEHHbIE
MPOLECCHI, KOMMEPUYECKHE MEPONPHATH, &/IMHHHCTPATHBHBIC pememnua i .., 1 T.1. [Ipuiy-
IMATBHBIM 30€Ch AB/ISICTCS TO, YTO Ollepalny 3TH (COBEPLIEHIO HECXOKUE 110 CBOEH HPUPOE)
MOTYT BBITH OIMCAHB OJHUMU K TEMH JKe MATeMaTHHCCKUMH Mogenstvu. Bojiee Toro, aHanms
yTHX Mogesteii O3BOMISEeT 1y YIlie HOHATH CYTh TOrO MM WHOTO ABIEHH A 1azKCe 11pe/ICKA3aTh
ero jaJbieiiniee paspurae. B Teopus CHCTEM T0 HA3LIBACTCH TEPMUHOM «H30MOPdU3M MO-
neaeii». Ecau Obl He wsoMopdu3M Mojededt, 4 KauK 10l KOHKPETHOR CHTyaliu MPUULIOCh
6L OTLICKHBATDL COBCTBEHHBIH, YHUKAILHbI METOJ PENICHHA H HCCIeI0BANNE onepaunii Kax
Hayqnoe HalpaB/Ienue He chopMuapoBaioch 6ut. K cuacrbio, neno oberonr mHade: diaarosaps
HAUTHHIO OBIIAX 3AKOHOMEPHOCTE! B PA3BHTHHM CAMBIX DA3HBIX CHCTEM BOSMOKHO MCCIEA0-
BAHME WX MATEMATHUECKHMH MeTojamu. Viccieposanue omepanyil Kax MaTeMaTHYeCKHil i~
CTpYMeHTADHIL, 1101ICPKUBAIONIMH IPOULCC IPUHATHA pemennii B camblX pasublx obacTsx
yeJIoBeveckoi 1esaTe/1bHOCTH, Kak COBOKYILHOCTD CPeiACTB, NO3BOJIAIOIHX obecreuuTb JULo,

NPHHAMAIONICE PEIleHHe (JIT1P), neobxomumoi KoaMuecTpennoil nudopmatueit, oIy IeHHOH



o

1.1. MOJEJIN HCCJIEJIOBAHUA OIEPALIII

HAy UHBIME MeTOaMU, CHOPMUPOBAJIOCH HA CTHIKE MATCMATHKH 1 pa3HOOGPa3HBIX COLUAILHO-
SKOHOMUUYECKMX JMCIMILINH; CBOH BKJAJ B ero CTAHOBJICHHE BHEC/H [PEJCTABHTC/NN CAMbIX
pa3IHuHbIX 0DTacTell HAYKH.

[Ipu BceM MHOTOOOPA3HH COICPYKANHA KOHKPETHBIX paboT B 00MACTH HCCIIEMO0BaHHHA Ole-
patpil Kazkjioe ONepalHoOHHOe HCC/IEOBANNE IPOXOIHUT MOC/IE/I0BATEIBHO yepe3 HeCKOJIbKO
ITAIIOB, OCHOBHBIMH M3 KOTOPbIX SIBJIAIOTCA:

HOCTANOBKA 3314491 ¥ pa3paboTKa KOHUEHTYATLHOH MOACIIH;

paspaboTKa MATeMATUICCKOR MOMIEJIH;

ppi6Gop (paspaboTKa) METOJA H AJTOPHTMA PEICHHUL;

NPOBEPKA 3,feKBATHOCTH K KOPPEKTHPOBKA MOIE/IH;

[IOMCK PElICHUA Ha MOJIEH;

peaansalni I[aﬁJLﬂli'TI('ll"O periennsa Ha NpaKkTHKE.

IMocTaHOBKA 3a7a4d ¥ pa3paboTKa KOHIENTYaJIbHOW MOAEIN. Dr1o upesBbiyali-
HO BAKIBL M OTBETCTBCHHBIH STAI ONEPAIMOHHOTO HecaesoBarus. | feaapom roeopgar, 4To
LPABIJILHO [OCTABHTH 3ajiaty — YT0 HALOJOBUHY € PCIIHTD. [TepBoHayaJbHO LE/b H 332~
4y OLEPAIFOHHOTO MCCIC/I0BAHN (POPMYIAPYCT 3aKa3THK (pyKOBOACTBO (PUPMBI, KOHIIEPHA,
oprapuzaniy i T.I1.). Kak npapmo, 9Ta nefb i TOCTAHOBKA 3a@aTH HMEIOT JIOBOJIBHO OOIIHit
XapaKTep, HAPUMEp: HCCJ1E/I0BATh OPraiu3aiio CHCTEMLL CHAOKEHUA W OCHOBHOIO 1IPO-
W3BOJCTEA, NIOCTABUTD JHATHO3 M Pa3paboTarh KOHKPETHbIe PEKOMEH(AHH OTHOCHTEJIBHO €6
VY IICHH . Ha sTom »Talne co3aacTes ornepatuoOHHad rpyuna "3 CHCTCMHBIX aHaAJIHTHKOB,
CHEIMATHCTOB B 00J1aCTH OPraHu3aliu NPOU3BOJCTBA, COUHOJIONOB U HCHXOIOroB M T.1L.

OlepatHOHNAs TPYIIA JETAILHO 00CIeIYeT COOTBETCTBYIONIYIO CHCTEMY (0ObeKT), H3Y-
qaer niOPMAIHOHIbIE i MATEPUAIbHBIC HOTOKH KaK BILYTPH €aMOit CHCTEeMBL, TaK U e¢ CBA3H
¢ premieii cpeaoit. OJIHOBPEMEHHO H3YHAIOTCH OPraHH3AI HOACHCTEMbI yIPABTICHIA JLaH-
HO# cueTeMoit (00beKTOM), a TaKzse (hyHKIHOHHPOBAHHE CHCTCMBL (mmoxazaTesn KaqecTsa HiH
kpurepun 3bheKTUBHOCTH) U BHEUIHHE BbaKTOPBL, KOTOPbIE BAMAKT HA ITH XAPAKTEPUCTUKM,
ITocite cOopa pe3y/ibraTon 0DCAe OBAHUA MPOBOMMTCH HX HOAPOOHbIl AHAJINS, B PE3Y/IbIaTe
KOTOPOro OBHAPYKHBAIOTCH CYIECTBCHHBIC hAKTOPEL 1 lePEMeHHbIe, 000CHOBLIBACTCA BHIOOP
rex WM WHBIX MOKA3aTeseil KadecTsa (yHKIMOHUPOBAHMA CHCTEMBL, & TAKKE CYLIECTBOR-
HbIX BHOIIHUX (hAKTOPOB, CTPYKTYPA CAMOMi CHCTEMb, COCIAB €€ ICMEITOB, HX B3AMMOCB-
3u, BHyTpelHie mepemennbie. [TpoBoAATCA HEOAHOKPATHBIC KOHCYIbTAILIH ¢ 3aKa34MKaMH, B
X0jle KOTOpPBLIX YTOUHAETCA IMOCTAHOBKA 3aLadH. B ciyuae HeOOXOAMMOCTH IIPOBOMUTCA J10-
LOHUTEBHOE OGC/IEIOBAHHE OPIAHH3AUMORHON CHCTEMbl C IEbIO BbISB/ICHUS HEYITEHIIX
haKTOPOB M HX B3AMMOCBA3ei. Pe3ysraroM STOTO STalld ABIACTCH KOHUENTYaIbHasT MOJIE/Ib
JHCCTeNyeMOlt CHCTEMBI (3a1a11), B KOTOPO# B conepKaTeNbHON (hOpMe ONHUCLIBALTCA COCTAB
CHCTeMBI, €¢ KOMIIOHEHTBL i MX B3aiMOCBHA3H, UEPEIeHD OCHOBHBIX noKasareseil Kauecrsa, mne-

I_)EMEH‘HBI}(, KaK KOHTPOMUPYEMBLX, TaK ¥ HEKOHTPOJIHPYEMBbIX BHEHINHAX Cb&K’l‘OpUB, a TaKk/mKe



6 IVIABA 1 OCHOBHBIE TOHATH HCCJ/IEJOBAHNU 1 OIIEPAIINIT

HX B3AMMOCESI3eli ¢ MOKABATESIMH KAYECTBA CHCTeMb, Iepeuethb CrpaTerii yupasierns (wim
pelieHnii), KOTopbie HAJ0 ONPEAC/HTH B Pe3yJIbTaTe PeeHts [0CTaB/IeNHON 3a/a4H.

Paspaborka maremarndeckoif mozesn. [locie monyyenns KOHUEenTyaabHOR MOICIH
ciereMsl (COIEPIKATETLHON HOCTAHOBKY 3a,/1a4) HY2KHO MOCTPOHTH €€ MaTeMalH4YecKyIo MO-
Aedb. DTOT Npolece Ha3biBaeTcs hopmajinsalueit 3a1aum. JTiobas 331248 UPHHATH PEIICHHA
XApaKTepU3yeTcd CIEAYIOMUMH HIeMEeHTAMHU:

1) COBOKYWHOCTb YNPABAAIOULLL NEPEMEHHIT T = {x;}, 3Havenus KOTOPLIX BbIOUpaeT
JITIP; cOBOKYNHOCTb & MHOTIA HA3LIBIOT IIAHOM, CTPaTerHeil, BapuaHToOM UK ajbIepHaTH-
BOIf;

2) COBOKYIHOCTH NMEPEMEHHBIX, 3HAUEHHS KOTOPBIX He PeryIupylorcs JIIP. 91u nepe-
MEHHBIC MOI'YT HIPATh POJib BHYTPCHHMX APAMETPOB CHCTEMb 0 = {ay}, 3Ha"eHHA KOTOPbIX
3apanee (PMKCHPOBaHbl (HAIIPHMEp, 3allaChl PECYPCOB Y OpraHusal wH). B apyrux ciyuasx aru
[epeMeHHbIe MOIYT OLITH BHEMTHUMH, KOTOPbIC H3MCHAIOTCA HE3ABHCUMO OT JIIIP, n Torna ux
HABBIBAIOT HEKOMIMPOAUPYEMBIMY GARMOpamy onepaniy w = {w};

3) MHOzKECTBO D A0IYCTHMBIX 3HAUCHHI Y IPABIAIOUIX NEPeMEITHBIX. Bo muorux sajaqax
MHOZKECTBO D) OIIPEJesifnercst ¢CTECTBCHHBIME OPDAHHYIeHUAMH BANA T; < &) < :c;’g a TaKxKe
orpanpuenuamMu Buga gi(x,a) < b, i=1,...,m;

4) yeaesan Pynxyus (Kpurepuit Wi noKasaTeib scpdexrusnocru) f(z,a,w), Koropas
34BHCHT OT IPHHSTHIX CTPATCTHH, IAPAMETPOB CHCTEMBl M HEKOHTPOJIHPYCMBIX (AKTOPOB
W KOTODAsS. XAPAKTCPU3YeT «KAaMCCTBO» YIPABJIAIOMMX NPEMCHIbIX. DTOT KPHTEPHil MOKer
GbiTh KaK CKATAPHLIM, TAK M BEKTOPHBIM. B moc/ieanem cIytae Mbl HMEeM TaK Ha3bIBaCMy10
MHOZOKPUIMEPUAAHYIO 3aTa9y TPHHATHS pelreHuit. B camom obuiem ¢y 1ae MaTeMaTHIecKas!
MOJEJIb 334K IIPUHATHS PEIIeHHN HMeeT BHL:

F= Haiad) =52l g

Bri6op MeTona M anropuTva peruenusi. s HaXoxenus pemienus sagatun (1.1)
HCTOJIL3YIOT B 3aBUCHMOCTH OT BUIA M CTPYKTYDPBI HeeBoH (PYyHKUMH B OrPAlHIeHHH Te HIn
JAPYIHE METOibl TCOPHH ONTHMAJLHBIX PelleHuii (MeTopl MATeMATHICCKOIO IPOrPAMMUPO-
Bamus):

~ aunetinoe npozpammuposanue, eciu Gyuxuun f(z,a,w), gi(z,a,w) anHeHHbL OTHOCK-
TEJBLHO MEPEMCHHBIX 5

~ neaunelinoe npoepammuposarue, ecin gynxknun f(x, a,w) 1 (wm) gi(z, a,w) neanHei-
HBLI OTHOCHTEABHO HEPEMEHHBIX ;)

~ uCKpemHoe NPoZPAMMUPOBAHUE, ECITH HA YIPABITIONINE IIEPeMEHHbIC T HAJIOKEHO YCJI0-
BUE JMCKPETHOCTH, HAIPUMED, uejouucaentoctn (z; € Z");

~ Qunamuseckoe npoepammuposarue, ecan dynxuun f(z,a,w) u gi(x, 0,w) nmewT cne-

UHAJTBHYIO CTPYKTYPY: HAUPHMCDP, ABJIANTCA allUTHBEHLIMI HIIH MYJBIHILTHKATHBHBIMH OT



1.2. BLIBOP PEIIEHWS B YCJIOBUSIX HEOIIPEJE/JIEHHOCTH 7

[IePEMEHHBIX T}

— JBPUCTNUMECKOE NPOZPAMMUPOSAHUE — IO IPUMEHAIOT 1A PeIeHts Tex 3a/at, B KO-
TOPBIX TOYHbIH OUTHMYM HAHTH HEBO3MOXKHO H3-3a CJIOMKHOTO KOMOHHATOPHOTO XapaKlepa
sanaan (rak nassisaempie NP-nosmpre 3a1a44) U CBS3aHHOI'O ¢ HHUM OI'POMHOIO KOJIMYCCTBA
BAPHAHTOB B MHOKecTBe . B TAKOM ClTytae OTKA3bIBAIOTCH OT MOHCKA OUTHMAJIBHBIX perie-
it 1 OTPAHHYHBAIOTCA TOHCKOM YAOBICTBOPHTEILHONO PEIICHH ¢ TOUKH 3pEHHA JILIP. Ilpn
YTOM YJAMHO TO/b3YIOTCS CIENHAIBHBIMI IPHEMAMH — TAK HA3HIBACMBIMU «IBPHCTHKAMI,
LO3BOJIAIONMMH CYIIECTBEHHO COKPATHUTD “HCJI0 HPOCMATPABACMBIX BAPHAHTOR.

ITpoBepKa a/IeKBaTHOCTH M KOPPEKTAPOBKA MOJIEJIH. B chaoKnnix cucremax, K Ko-
TOPBIM OTHOCATCH W CHCTEMBI OPPAHH3AIMOHHOrO THILA, MOJIEIb JIMILL TaCTHIHO OTpaXKaer
peadibhplii 00bexT (M iporecc). [TosToMy HeoGXOMMMO IPOBOAATEL MPOBEPKY CTENEeH! COOT-
sercTBUS (MJIH AJeKBATHOCTH) MOZEIH H PeajbHOro mporecca.

TIpoBepKY MOMKIHO IPOBOMTH 1lyTeM CPABHEHHS PACCIUTAIHOrO 3HAUCHHA BHIXOAHBIX Xa-
PAKTEPHCTHK Y CUCTEMBI € DAKTHYECKHMI SHAEHUAMH Yo TP HIMCHEHHH 3HAYCHUN BHETITHUX
baKTOpOB B LIMPOKOM AHanazone. BLibop TaKuX XapakTepuCTHK 3apHCHT OT paccMarpHBac-
MO# cucTeMbl. B kayecTBe Mepbl a1eKBaTHOCTH MOOE/H BEIOUPAIOT OJHO U3 COOTHOLICHUI:
a) abCOMIOTHOC OTKJIOHEHHE £4 = ly — yo| < Ejon;

6) OTHOCHTEJNBHOC OTKJIOHEHHE Ep = Ny — o)/ fol - 100% < €%

B) BEPOSTHOCTHAA ONeHKA P {ep < E5n} = Poons

L€ €gon B 5y, — AOIYCTHMOE OTKJIOHCHHE, KOTOPOE 33,1a€1Csk SKCUEPTOM H ONPEACIHET 3a/a0-
HYKO CTeIeHb aJEKBATHOCTH MOJIEJIH, P jon — 320AHHAZ BEJU'THHA BEPOATHOCTH HEPABCHCTBA
ey < &Y, Ecam mpupesieHHbIC BbIIIe HEPABEHCTBA HE BHIOTHEHDI, TO 3T0 CBHAETENbCTBY-
er 0 TOM, YTO YIIyIIeHbl HEKOTOPBIE BaxKuble aKropbli A MOJETH Tpebyer KOPPeKTUPOBKH.
Bo3MOXkKHB KOPPEKTHPOBKH KOHIEITYAJIbHON MOICIH, MaTeMaru JeCKOH MOJE/H U COOTBET-
CTBEHHO METOJA PelIeHHs.

Peasmm3amusa HailieHHOIO pelleHys Ha MpaKkTHKe. [lazke eC/li B pe3yIbTaTe HCCIei0-
BAHMS y1A€TCA HAMTH HAMILY IIICE PELLEHHe, OKOHITe/ILHbLI BbIOOP JIOJIZKCH JIe1aTh YeI0BeK
(JITTP), koTOpBIii MOYXKeT HCIOIb30BAThH JOMOTHATETBHYIO nH(OPMAINIO, He OTPAKEHHYIO B

MOJEJIH.

1.2. BpIGop penienusi B yCJIOBHUSIX HEONPEJACTeHHOCTI

IIpu peuteHus ONTHMH3ALHOHHO’ 38/1aH (1.1) cueayer ocobeHHO BbLIEJIHTH BOIPOC O HOJI-
woTe uMmetommeiics nidopManun OTHOCHTEIBHO HEKONTPOJIHPYMBIX daxTopoB w = {w;}. Ecin
HEKOHTPOIMpPYeMble (DAKTOPBI H3BECTHBL TOUHO W = Wp, TO 34T HMEET JCTEPMHHUPOBALL-
LI XapakTep H TpeGyeT JUIs CBOCTO PELICHHs OJMH U3 LEPEUHCIICHHBIX METOI0B. OaHako Ha

npaKTHKe HecieioBaTenb onepanii MOXKeT CTOJKHYTBCH € (1HTyBJI,H€F{? KOria HYZKHO HaXO0-



8 [VIABA 1 OCHOBHBIE [TOHSTHA I/ICCJIE,HOI?_AHI/IH OHEPAIH/E;‘/I

JITH OLITMMAJIbHOE peluenue b YCJIOBHSIX HEONPEe/ICHIIOCTH, T. €. HenoJiHOTLl uH(pOpMALH
OTHOCHTEIBHO 3HAUCHIUH HEKORTPOJIMPYEMOTO ¢akropa w. Heonpejeaensocrs MOKET ObITh
CIIEIYIONIEr0 XapaKkTepa:

1) 3HaueHne w ABJIAIOTCH caydafHON BeMIMHOM (B obiem ciyvae BEKTOPHOM) ¢ U3BECT-
HbIM 3aKOHOM pacipeieens peposaTHOCTEH;

2) HEKOHTPOTHPYEMbIH bakTop w — AeTCPMHHHPOBAHHAL BeJIMYHHA, OTHOCHTEJHHO KOTO-
poOlt U3BECTHO JIMIIb, YTO W € ), me §) - HeKoropas U3BeCTHAL UCCEN0BATENIO Onepalin
0BIaCTD BO3MOMKHBIX 3HAYCHUH HEKOHTPOIHPYEMOIO daxropa.

B nepsoM cJiygae nesesas byuxuua f(z,a, w) sBasieTes ey daiHoi BEJIHHUMHOM, M OJHH 13
BO3MOZKHBIX TIOAXOJIOB K HAXOXKIEHHIO ONTHMAJILHBIX SHAUMEHHH YIPABIAIONUX HePEMCHHBIX
% 3AKJOYACTCA B NOMYIeHNH IKCIPeMyMa MATEMATHIECKOro OyKunanus f (2, a,w) («onry-
MH3AIMS B CPeJHEM» ):

flz,a) = M f(z,0,w)} = f f(z,a, 2)pu(z)dz — max (min), (1:2)

rel) xED

e Po(z) — WIOTHOCTD PACHPEAC/eHHsl peposaTHOCTel CiryaiHON BEIHIHHbL W. B cnyuvae,
KODJ@A W IPUHHMAET JHCKPETHBIC SHAEHHS W) ¢ BePOSTHOCTAMHE Pj, HHTEIPAJL 3aMCHIAECTCH
cymmoit Y, f(z,a, wp;.

Jlpyroit noAXo) K PEmenuio a1t SaKJIOYAETCS B CICLYIONTeH 3aMeHe KpUTepus onepa-
an (Og1st ONpee/IeHHOCTH PACCMOTPHM CJrydait sunumgzanun ). Iycrs fo — HEKOTOPOE BO3-
MOYKHOC 3HAUCHHE 1eJieBoit DyHKIMH. Tora onTHMAILEbIM GyfieM CHHIATH SHAUCHHE ypaB-

Jsoelt nepeMeHHOM ¥, TMOJIy 9€HHOE KaK PCUICHIE 30,1871

fD — If-(‘_lgs fP({f(:z:,a,w) < fO}) z B, (]3)

e «ypoBCHb JOCTOBEPHOCTHY 3 ppiOHpaeTcs JOCTaTOUHO GoupimmM: Hampumep, J = 0.9.

[lepsbiit HOAXOJ, («onTuMusanus B cpesiHeM») OOLIMHO NPHMEHAETCH, KOTla onepaus
[OBTOPSETCd MUOTOKPATHO (1m0 BO BpEMEHH, b0 B npocrpacrse). He paccuuThibasd Ha
ONTHMYM B KAJKJIOM KOHKPETHOM HOBTOPEHHH OTEpPAIE, Mbl IIOJTYYHM ONTHMYM B CPEHEM
33 BCIO cepuio nopropenuit. BTopoi mOAX04 neecoobpasto UCIoIL30BATh IIPH OJTHOK PATHOK
peau3aluy peLieHns.

PaceMOTPHM Teleph HeONpe/eJeHHOCTh BTOPOro THILA. 3neck maubosiee HACTO HCIONIb-
3yercst HOUXOJL, OCHOBAHN bIfl HA NPUHUUNE 20PAHMUPOEAHNOZ0 PE3YALINGME, CYTh KOTOPOro
saKHouaercs B cieayomeM. [Tyers st onpeseIeHHOCTH PACCMATPHBACTCH 38,31a MAKCHMU-
saxgru. CHHTAIOT, 4TO 11000€ 3HATCINE HEKOH TPOAHPYEMBIX GAKTOPOB W MOKET PEATH30BATE-
Cst, M TIOSTOMY TIPH BHIOOPE BEKTOPA VIPABAAIONIX IEPEMEHHBIX T YIHTHIBAIOT 1 HAKMEHee
GATONPAATHOE 3HATEHHC W, MHbIMH7 CIOBAMH, IPHHMMAs PEIEHNe T, HCCICeI0BATENb MOZKET
PaCCYMTHIBATH JIMIIB HA TO, 1TO FOJTYHEHHOE 3HAYEHHE Le/eBoit dbynkuun Oyer He MeHbIre,

qem f(z,a) = ggsr% f(z,a,w). DTa BeJIHTAHA K €CTH rapaHTHPOBAHILL Pe3yILTAT (B CMBICIE
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«xyue He Gyjers), coorBeTcTByouHil BHOOPY 2. Torua HEOOXOAUMO BbLIOHPATHL BApHAHT T
TaK, YTO0bl JOCTUYL MAKCUMAALHO BOIMONCHOZ0 IFAPAHRTHPOBAHHOIO pe3y./IbTaTa:

f(z,a) = min f(z, 0, w) — max. (1.4)

OueBMHO, 4TO TIPHBJIEUEHHE [ONOJHUTENLHON HiOPMAIEH A5t OlMCaHs 0bIacTH §)
IPHBOIWT K €€ CyJKeHio M, CJIeJIOBATeIBHO, TIO3BOJIAET N0 THTE GOJIBINHE TAPAHTHPOBAH-
fpifi pesysnrat. Beibop penernst cornacro (1.4) 4acTo HA3BIBAIOT BROOPOM [0 MAKCUMUHHO-
my xpumepuwo Baavoa.

TlosiCHiM STOT KPATEPHit Ha CTeLyIomeM HpocTom npumepe. IIycTh MHOKeCTBO AOUYCTHMBIX
BAPHANTOB DEIICIAs COCTONT M3 TPeX dnementos [ = {20,222}, a muoxecrso 3Ha-
qermii mekoHTpopyeMoro daxropa U3 uersipex — {1 = {w®, WD, w® W@}, 3ravenus

nesenoit dyukuuy f(z,w) npuseienst B Tabi. 1.1 (paccmarpuBaercs 3aga'a Ha MaKCHMYM ).

Tabomua 1.1
w@) w2 w® w®
0 4] 1| 5] 9
g@ | 5| 10| 6| b
2O 2] 1| 3] 1]
[apaHTHpOBAHHDIH PE3YJILIAT IPH BpIGOPE T = zW ecrp f (1) = min{4, -1,5,9} = - L.

Ipu z = 2 f (@) = min{-5,10,6,5} = —5 u upu z = z® f (z®) = min{2,1,3,1} = 1.

Toraa max {f (ar("))} =1 = f (). Buauenne =) jaer MaKCUMATBLHBIH TapAHTHPOBAHIbIIL
x 1

DE3YJIBTAT, KOTOPbL M PEKOMEH/AYETCS IPHHSATH B KATECTEe PeliCHUs (XOTS, HA/I0 BAMETHTD,

OH KasKercd Jepectyp «Hﬁp(}(il‘p&.}({JBO‘{HHM>>).

1.3. MHOroKkpuTepuajbHble 33111

Ocofoe MECTo B MCCEOBANHY ONEPAIHii BAHUMAET CIIyTail MHOTOKPUTEPHAIIBITOH OnTi-
Muzanuu, Korua 3pheKTHBHOCTL IPHHUMACMOIO PELLERUA T € D ouenupaercs 110 HECKOJIb-
KuM noxasaressiM f1, f2, ..y fi, OAHK U3 KOTOPBLIX XKEJIATEJhHO obpaTHTh B MAKCUMYM, [1pY-
rue — B MEHAMYM. Takas CATyaIus, Kaxk IPaBUIO, BOSHUKAET NMPH MPOBEACHHH KpyTHOMAC-
LITABHEIX, CI0AKHBIX ONEPAIHH, 3aTPATHBAIOLIMX PA3HOO0pasble HHTEPEChl UX OpTaHAsaTo-
pop. Kpurepnu 0ObIMHO 1POTHBOPEHHBL, T. €. PELICHHE, JyULICe O OIHOMY ITOKA3aTeJIo,
MOJKET OKAZATHCS XYM O APYroMy lokasare/to. Hanpumep, MEHHMH3AMHA CTOUMOCTH 1
MAKCHMH3AIHS KA9eCTBa Beeraa MpOTHBOPE UBbI.

Habop nenesbix (yHKUMI fi(x) yaobHO paccMATpHBATL KAK BEKTOPHBLH NOKA3aTelb

F(z) = [fi(z), fo(z),- .-, fe(z)). Bes orpasntenus oOMHOCTH jagee ByjeM mpeanosararh,
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YTO HEJBIO OUCPAIMH AB/ISIETCSH MAKCUMU3AIMS BCEX HOKASATCICH fi(z):

F(z) = [fi(@), fal@), ., ful@)] — max

zeD)

Eitie pas HOA4epKHeM, TT0 912 33844 MATeMaTH'IeCK) HeKOPPEKTHA, TaK Kak 1 0D1ieM ci1y1ae
Argmax { f1(z)} N Argmax { fa(z)} N ... N Argmax { f(z)} = &

J HO9TOMY TeOBXOMUMO IIPUHATL KAKOe-TO KOMIPOMHCCHOE pemenne. Basol /1A KoMIIpo-
MHCCHOTO PEIICHHS MOXKET Gy KUTh onmumym no lapemo.
Onpepaenenne. Daement &* € D HA3BIBALICA OUTHMAILHBIM 110 [Mapero (uiau sddex-

TMBHOI TOUKOIf), €CiiM HE CYIIECTBYeT d1ementa & € D 1akoro, 410
F@) = [ile) ..., ul@)] 3 F") = (@), ., fula®)], npmiem F(z) # F(z).  (15)

Bysiem 0603Ha4aTh MHOKECTBO Beex addekTnpupix Touex xak P.

Coornomenue (1.5) o3mauaer, 4ro u3MeHenue ourumanbioro 1o Ilapero snemenra i
C LEILIO yBEIHYeHNsE KaKOH-/1u00 KOMIOHEHThL Ji BekTOpHOrO HOKasaTens [ 00A3are/bHO
YMEHBIITHT 3HAUCHHE TI0 Kpainen mepe OJIHOH KOMTIOHEHTHI f;, § # i. B cuiy Takoil 1yBcTBH-
TONILHOCTH 9TO MOHATHE HHOTIA TepSIeT CMBICH «ONTUMANLHOrO» pemenns. Hanpumep, ecin
uMeeTcs (PUKCHPOBAHHOE KOMYECTBO A HEKOTOPOro Pecypea, KOTOPLLH HEJHKOM pacipeae-
nsieres Meskiay k morpeburensvu, npudem sddexr fi(wi) A Kamoro i-ro noTpednTes st
[IPOTIOPIHOHANEH KOMHYECTBY T, TO BCAKOE PACHpene/enue & = (o153 i TR Ef___l = A
onTuMaiBHO 110 TTapero, 1. e. P = D, JefiCcrBUTeIbHO, Yy TIIeHne N0J0XKeH! J100010 HoTpe-
BHTENA MOKET OBITH JOCTHIHYTO TOJIBLKO 38 CUeT llepeJain eMy JONOJHUTENLHOIO KOJMIecTsa
peCyPea, H3BIMAEMOro y Apyroro noTpebHTe/Is, HOI0KeHIe KOTOPOTO YXyAIIAeTCH.

Tem me menec B page 3amau P C D, uro nossosser or6pocurh Bapuanth © ¢ P kax
3aBC10MO HENPUrOibe B Kauecrse pemenns. Cuenosareibno, P upejcrasiser cobo# MHO-
ycecTBO Kommnpomucenbix penrenuit. Jdeso JITIP pribpars w3 nux 10T BapHaHT, KOTOPbIH j1s
HEr'0 JPEIIOYTHTENEN H IPHEM/IEM 110 BCEM KPHTEPHAM.

Jpyroit 101x07, K BHGOPY KOMIPOMHCCHOTO DENICHUs 3aK/II0YaeTCsl B 10CTPOeHH 0606-
EHIOro Kpurepus 3ajaun. Bravane Bece dbynkuun fi(r) npusosdar x conocraBuMomy 6es-
pasmeproMy By («HOpMamusyio»): fi(z) = (fi(x) — a;)/(af — a;), vue af - nexoropie
«ITANONHDICY (IVTAHOBBIE, MAKCHUMAJILHO BO3MOMKHbIC W T.IL.) 3HAYCHHH, & @; -~ MHHUMAJIbHO
sonyerameie (BO3MOMKHBIC) 3HadeHHsl Kpurepues f;. Jlajee Bce KpHTEPHH «CBODAMHBAIOT»
B oAy QYHKIHIO — 0000IEen bl KpHTephii F(z,@y,...,0), YINTBIBAs HX OTHOCHTEJBHYIO
BAZKHOCTH 11PH TIOMOIITH CHCHAAIBHBIX NOJOMKHTEIbHBIX YHCE ¥y, Zle o; = 1, Ha3bIBaCMbIX

KOIPHUUUEHTIAMU BAICHOCTIU:

Flz,an,...,00) = arfi(z) + - + o fil).
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[Tociie Takoi onepanuy 33248 CTAaHOBATCH O/HOKprTepranbuoi. OcHOBHasE TPYIHOCTD B Ta-
KOM HOJXO/€e COCTONT B OUpe/iesieHun Belndun o;. OOBIYHO /14 UX OlPEJeNeHHs IPAXOUTCH
MCIIONB30BATH CHeluatbuy o uudopmaimio, 3anpamusaemyio y JIIIP wiw nosnyyaemyio y ske-
nepros 1.

MN3zitoxumM 0|l HoAX0/ K PEIICHUIO MHEOPOKPUTCPHAIDLILIX 3224, OCHOBAHHBIA Ha Cje/y-

omeM coobpakernn. ByjieMm cUuTaTh, 9T0 B aJIMTHBHON CBEPTKE
F(z,a) = oy fi(z) + - - + g fi(z)

BEKTOP KO3(PPUUUMEHTOB OTHOCHTE/ILHON BAXHOCTH @ = (@, ..., () ABAACTCH HEKOHTPOJIH-

PYeMBIM (baKT{)pOM ¢ 0DJIACTBIO BO3MOXKHBIX 3Haqenni

k
A= q(0oq,...,0p)  a; =0, Zaizl

i=l
Ecau ger nukakoii JOIOJHUTEIBHOR nmbopmaunu OTHOCHTEJILHO ¢ & A, TO, TPHEMCHHAA ITPHH-

HHI HAKWJYHIHEro rapalTHPOBaHHOrO pesyibrata, HPpHUAEM K 3a/aie

Flz) = 1351}3'("8, a) — max.

Herpynao nokasath, 410

minS(n) = min {whi@+ - +afio)} = min {fi@)}.

=1,

B pesyabrare Mbl DpHXOJUM K MAKCHMHHHOMN 3ajate

F(z) = min, {fi(z)} — max.

Jiwbas pononnurensias uHGOPMANUA OTHOCHTEILIO BaKHOCTH KPHTEPUEB, HALpUMeEp,
«IEPBLI KPUTEPHii BazKee BTOPOroy, PUBOAAT K Cy KeHuIo obiactu A 3a cyer nosgBieHud b
OMHCAHMU A JIONOAHATCIBHONO HEPABEHCTBA THIIA (¥ = (ip W, CJAEJOBATENLHO, K YBEJIUYCHHIO

rapanTuposanHoro pesyasrara F(z).

LOuuy B3 BOIMOKHBIX METOTMK ompeiesenus Ko3(HIEHTOB OTHOCHTEILHOR BaxHOCTH of cM.: [no-
ros B.A., Ilasenves B.B. Dxcnepranie MeTompl ONpeneneHds Becobbix Kosdhbunuentos// Apromaruxa

W TesieMexannka. 1976. Ne12.



I'naBa 2

CereBble MOJEIUA U AJTOPUTMBI

Bo Muorux sajadqax vccjejoBaHus ONEpalyii B OCHOBe MATEMATHYECKON MOIEIH JEeKHT
nousitue rpada. Baxuelhmumu 3ajagamu (10 UX pacnpoCTPAHEHHOCTH HA UPAKTUKE) ABJIA-
I0TCA 38,2498 HOCTPOCHHA MENEMAJIBLHOIO 0CTOBA I'pada, 3ajaua HaxoxJeHus Kpardafiimx
nyreit Mexk/y BepmuHamu rpada, 3a,5a4a NOCTPOCHHA MAKCHMAJILHOPO HOTOKA B ceTH. B 910l
raaBe OyIyT W3JI0KEHB! AJITOPUTMbl PCLICHUS! ITHX CTABIIUX YKE KIACCHICCKHMH 3a/1a4.

Boiabuoe suavenue jpas joboro anropurma A umeer ero mpydoemxocmy (nin GuicTpo-
JeficTBre), KOTOpasi OUPEACASICTCss KAK 3aBHCHMOCTD YHC/IA T4 apuMernuyeckux u Jioruye-
CKMX OIepanuii ajJropurMa oT pasmepa penraemoli 3ajadun. OObigHO moJ pasMepoM 3a,/1a4n
noHuMaT 00beM uexojnbix gauHbix. s rpadoBpix Mogeneii 9Ta BeAWUNNA CBA3AHA OYe-
BHJHBIM 00pazoM ¢ Kouuvecrsom sepiunn rpada. [Tosromy Tpysoemkocts rpadoBLIX aaro-
PATMOB OICHUBAIOT HCPE3 ITY BeJM«uuy, T. €. tg = ta(n). Aaropur™m NpuHSTO HA3BLIBATH
apdexmueroim Wi nosunomuasvibm, ecim ta(n) < Cnk, rae C,k — xoucranrst. Ecim xe
ta(n) =2 Ca", a > 1, A cunraercs anropurMoM ¢ IKCIOHEHYUAALHOT TPVA0EMKOCTLIO, H €TI0
HCTIOJIL30BAHNE BO3MOXKHO JIHIIL HPH HEOOJIbLINX 3HAUeHusIX 7. s ONeHKH Tpy0eMKOCTH
uacro uenosbsyercs obosnavenue O (g(n)), rue g(n) — nexoropas Bospactaomas yHKIus
narypaibuoro aprymenta. ITo onpegenenwio t(n) = O(g(n)), ecim t(n) < C - g(n) ana Beex

n, HadYHHax ¢ HEKOTOPOTrO Ng.

2.1. OcHoBHBIE NOHATHA Teopuu rpados

HanmoMuauMm ocHOBHbLIC OIpejesenns U HOHATHSA Teopun rpadoB, KOTopble BYAVT HCHONL-
30BaHBI B 9TOH IJIaBe JJisl U3JI0KEeHNs CETeBLIX AJI0PUTMOB.

Heopuenmuposannvam zpadom, nim upoeto rpadom G, naspipaeTes napa KOHESHbBIX MHO-
xecrs (V. E), e V = {vy,...,v,} - HEKOTOpPOE MHOKECTBO HOMEYEHHBIX OOLCKTOB, HA3bIBA-
eMpix eepuiuniamu, a I C {e = (v;,v;) 1 v, v; € V, i # j} — MHOKECTBO HEyHOPSIOYCHHBIX
nap BepmMH, HaspiBaembix pebpamu. Opuenmupocenioim epagom (oprpadom) nasbiBaercs
mapa (V,U), rne V' — muoxecrso sepumma u U = {u = (v;,v;)} € V x V — muoxecrso
YHOP#IOYEHHBIX 1ap BEPLUIHH, HA3LIBAEMbIX dy2aMu, TIPU 9TOM BEPLIMHA U; HA3SBIBACTCSH Ha-
HaJIbHOM BepuMHOl, a v; ~ Komeyno#t Beprumnoit ayru. B nansuefimem aus yuobersa Gy-

JeM HOMEYaTh BePHIMHBI YncaaMa 1, ..., 4,...,n. Byjem Taiske ucnoab3oBats 0603na9eHus
Vi =n;

E| = m. 'pad ¢ n sepmmnamu u m peGpamu Haswpipaercs (1, m)-rpadom. I'pad,
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B KOTOPOM KAXKJasl Mapa BepLIMH COe/JMHeHa peOpoM, HasbIBaeTcd noansim. s 1nosiHoro
rpada m = n(n — 1)/2.

HarusipasiM crocoboM 3amanus rpacda SBISETCS NPeJCTaBIeHHe ero B BHjE PHCYHKa,
KaK 10Ka3aHo Ha puc. 2.1. Bepurinl ¢ H306pazKaloTcs HOMEUEHHBIMH y3JaMu (KPYKKaMi,
TOUKAMH ¥ T.IL), a pebpa — JHHUIMH, COCAUHAIOIMME y3/1bl. B ciyvae opueHTHPOBAHHOIO
rpaca ayra (i, j) n306pasKkaeTca HANpPABJCHHOI THITHE , WyIiel OT Hada/a Jyrn (BepriiAa
i) x kouny (sepumnua j). Hanpapienue juaun 0003HAYACTCH CTPEJIKOL.

[pad, JuarpamMy KOTOPOTO Ha IVIOCKOCTH MOXKHO HAPUCOBATD TaK, 110 pebpa lepeceka-

IOTCS JUIIbL B BepllnHaX, HAa3bIBACTCA NAAGHAPHBM.

HEOPHEHTHPOBAHHBIH rpad OPHEHTHPOBAHHbI rpad

Puc. 2.1. [Ipeacrasienne rpados B BUAE JMAlPAMMDBI

AreBparecKuM IPeICTABICHEM rpada ABIAETCH er0 MAmpuLd CMECHocmu A:
A=layl, 4,i=1n, a;=1, ecm (i,7) € Eu ay =0, ecu (i,7) € E.

MarpHia CMexKHOCTH Tpada CHUMMETPHYHA H HMeeT HyJIeBylo JAHATOHATD. /L oprpada ompe-
JEeHHEe MATPHIIBI CMCZKHOCTH TAKOe 2K€, KaK M i rpada, TOJIbKO yCIOBHC CHMMETPH'Y-
Hocrn He coxpanserca. Ecam rpad (oprpad) CopepAKHT OTHOCHTENLHO MAJIo pebep (yr),
TO B MATPHIE CMeXHOCTH Oymer Muoro myJjeit. sl KOMIAKTHOIO HIPEICTABJIEHHA TAKUX
PA3PEACHHBIX MATPHIL HCIIOMB3YIOTCH CIUCKOBBIE CTPYKTYPbL JAHHDIX. ITpu cospauuu -
(EKTHBHDLIX AJOPHTMOB HYacTo ILOJE3HO mpejicrapienue rpados B Brie OObIMHOIO CLHC-
Ka pebep: MANPHMED, HEOPHEHTHPOBaHHbIA rpad na puc. 2.1 mozeT ObITh 3a/aH CIHCKOM
L ={(1,2),(1,6),(2,3),(2,4),(3,4), (4,5), (4,6)}.

Basewennom 2pagom Hazhisaercs rpad, B KOTOPOM Kaxk oMy pebpy e € E upunucano
HekoTopoe wncio (Bec) a(e), KOTOpoe MOZKET B PEAbHOM 3a1a1e HMETh CMBICIT JIHITLL y1acT-
Ka JIOPOTH MEXKJy ABYMs OPOJIAMHM, CTOMMOCTH HPOBEJCHHS JIMHEHM CBA3H MEZKIY IBYM
[yHKTAMH WIM CTOMMOCTH [ePeJadH e/ Uil MHPOPMATFH 10 ST JHHMK W T.1. Pebepuio
B3BEMCHHBIH Tpad MOXKHO ONMHCAThH AHAJIOIOM MATPHIBI CMEAKHOCTH A= [a[-é j]'], TONILKO @j
B 9TOM Cayuae pasHo Becy pebpa e = (i, ). Ecam pebpo e = (i,7) OTCYTCTBYET, TO IMOJArAIOT
a(e) = ay; = 00 (st 33,129 HA MUEMMYM). AHAJIOPHIHO ONPE/ICIIAETC: B3BeLIeHHbI oprpad.

Bapemnensnie rpadst (oprpadbi) 0ObMHO HA3BIBAIOT CEMAMU.
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[ycrs G = (V, E) ~ neopueHTHpPOBAHbIH rpac. Bepuiuab ¢ 4 j HA3bIBAIOTCH CMEHCHDI-
Mmu, ecau napa ¢ = (4,j) € E; B 9I0M C/Iy4ae Takxe ropopar, 1ro pebpo € unyudeHmHo
peprHam i 1 j. Crmenervio BEPIHHbL { HEOPHEHTHPOBAHHOIO rpaca nazpiBaercst auco p(i)

pungaentapix et pedep. ClpapeiiBo Cieayioniee OICBUIAHOC PABEHCTBO:

ip('é) = 2 (2.1)

g=1
TTocure/10BATEbHOCTS BEPIMHE 1 = (i1, 4g, . . ., ir) B HCOPHEHTHPOBAIHOM rpade G = (V, E)

Taxas, 410 (i, ik41) € B, k = T,7 — 1, HA3BIBAETCSL MAPWPYMOM, COEAHSIONINM BEPIIMHbL
iy M 1. MapupyT pg Ha3BLIBAETCH UENvio, eCJIU BCE €10 pebpa pasjinvHbl, U NPOCNOU Yenvio,
eI T IOCIENOBATEIBHOCTH /4 BCe BEPIIHHBI, KPOME, BO3MOXKHO, KPANHHX, PA3/IHHbL. Eciu
iy = ik, T0 MAPUIPYT HASHIBACTCH yurAuneckum. Llpkmiieckas nenb (npocTas NUKJIMIeCKasn
Lelib) HA3KIBACTCS YUKAOM (IIPOCTBIM nukJaoM). I'pad) HaspiBaeres ceA3HbLM, €CIIH IS Jrodoit
[apbl €0 BEPUIMH CYWECTBYET MAPIIPYT, UX COCMUAIONIMIL. Hecpasubiit rpad G ecrecTBeH-
HbIM 06PA3OM IPCJICTABHM B BHIE OOLEJHHCHYS CBOUX KOMNOHEHIN COAIHOCTIIY (wiim mpocTo
KOMNOREHTR), T. €. MAKCHMAJILHBIX HO BKJITOUCHHIO CBASHBIX noarpados.

Tnst oprpada G = (V, U) paccMaTpuBaloT COOTBETCTBEHHO OPHEHTHPOBAIHLIE MAPILPY T
Buma b = (i1, 82y - « « » by ot - - + » b ), DI TIAPDL (T, ire1) € Uk =1,...,r—1. Mapupyr Ha3bI-
BAGTCS YENb10, ECIM BCC BXOIAIIME B HEI'O JlYTH PASM'HbLL U NYMeM, eCI BCE 610 BEPIUMHDL,
KpOoMe, BO3MOXKHO, KPAHHHX, PasJIiTHbL. Ipxanveckuil My Th HABLIBACTCA KOHITVYPOM.

Ipad G’ = (V', E') nasbiBaeTes 0cmosHum nodepapom rpada G = (V, E), ectu V' =V
nFE CE.

Cepsizupiii rpady 6e3 uuKIoB HasbiBacTea depesom. CyliecTByeT HECKOIBKO BAPHAHTOB

onpeaeneHu:d JICPCBLEB; HEKOTOPLIE N3 HHX OTpazkelhbl B l!JTCH"lyIOIlIBﬁ TeoOpeMe.

Teopema 2.1. Jas (n,m)-epaga G cacdyrowsue YMBEPICIEHUA FKRGUGANCHITVHDL
1) G — depeso;
2) G - censwoiti epagh um =n —1;
3) G - epagp 6e3 yukaos um=n—1;
4) a0bvie dee Hecosnadurouiue sepuuvl CoLOurAEm cOUNCMGENNAA NPOCINAA UEnb;
5) G - zpag 6e3 yukao6, 0bnradarowsul Credyrousum ceoticmeom: dobasaerue pebpa meocoy

AOBLMLL dr_fym.a HECMEHCHBIMY BEPULTTHAMU npu&o&mn * NOAGAEHUIO POGHO 00HO20 UURAL,

13 yreepKucuns 2) Jerko mojyyacTesa clIeayiomee
Caepacrsue. B mofom jepese ¢ 1 > 2 BePUIMHAMH MMEETCH He MeHee JBYX BeplIdH CO
crenexno 1.
JTeHCTBHTENBHO, HYCT P1, P2, - - - ; T'n — NOCACJOBATEILHOCTD CTENEHEH BePIIHH 1,200, Bee
pi>0m Y0, pi = 2m = 2(n — 1). CegoBaTe/ILHO, B HOC/IE/(0BATEILHOCTH creneneii xorst Obl

JBa YMCIa PpaBHbL 1.
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HpC,l'!,CTalil'[ﬂe'l‘ HHTEepeC 4MCcJ10 CIOCODOB COEJIHHEHUS 7 pa3/dyHbIX JICMEHTOB I)Bﬁp'dMH

TaK, 4To0b MojyyuBmKiics rpad Gt gepeom. OTBer HA TOT BOIPOC JIAET C/CLYIOasl

Teopema 2.2 (Komm). Hucao pasauunvis depecves na n (n = 2) NOMEMENHOIL 6CPUUNHAT

paeHo N2,

2.2. 3ajava 0 MEHHUMAJBLHOM OCTOBe rpada

I IDHBGJI,QM JBe NPAKTHYICCKUC 33131, KOTOpbIC CBOOATCHA K MOCTPOEHUID ONTHMAJIbHOI'O B

HEeKOTOpOM CMBIC/IE HnepeBa.

Bagaua 1. Mexx 1y HACEJCHHBIMH 1y HKTAMH
A B,C,D, F u G cymecTByer ceTb MpPoCeI01-
HbIX IOPOT, KaK [M0Ka3ano Ha puc. 2.2, Juner 10-
POr yKa3aHbl HENOCPEJCTBEHHO HA CAMHUX J0pO-

rax. Ilocje MHOrOYMCJIEHHBIX AKai00 Hace/eHust

asMHHUCTpanua obiacTu pemdiaa 3aachaibTi- -

Puc. 2.2. Cerb mopor

POBATDL HEKOTOPbIE JIOPOI'H TaK, “TOObL: 1) u3 Jix0-

HOro 1y HKTA MOKHO GbLIO Gbl IPOEXATH B JIHO00H IYHKT 110 achaiibry, 2) cymMMapHble 3aTPaTbl
ia acanprupopanne GpiiH 661 MaHHMATBHEL. CTOMMOCTh aChalbTHPOBAIHIA JAOPOIH MPO-
nopruonaibha ce gmuue. Hafirun nuan acdansraposanus, YCTPAUBAIONIHI A TMHHHCTDAIIUIO
00.J1aCTH.

Bamaua 2. Hy:KHO CoeMMANTH N y310B 06pabOTKH ME(DOPMALHE CeTbI0 KOMMYHUKAIH
(HanpuMep, ONTHKO-BOJIOKOHHBIM kabeaem). V3BecTHa CTOMMOCTD IPOBEAECHHST KOMMYHHKA-
IUOHHOI JIMHIK MEA1y Kazk 10§t mapoi ysnos. Tpebopatis K ceru: 1) cBA3HOCTD, T. €. HHPOD-
MAIHIO MOZKHO N€PeJaTh OT JIOOOro i-ro y3uia moboMy j-My (BO3MOMKHO, TPAH3ATOM 1epes3
JpYIHe y30B1), H 2) CyMMapHas CTOMMOCTb KOMMYHHKAIHI J10JIKHA ObITH MHITHMAILHO BO3-
MOZKHOIA.

[IpoekT achaisTHPOBAHKS JOPOT B MEPBOH 3a1a'1€ U NPOSKT CETH KOMM YHUKALUit BO BTO-
poit 3aare 3a1a10TCs HEKOTOPbIM Tpadom. dTor rpag, OUEBHIHO, TOJIZKEH ObITh CBISHBIM
M HE comepKaTh IMUKJIoB. llociensee ciejyer M3 roro, YTO paspbiB UHKIA 3a CUeT yiajle-
Hug J1060r0 pebpa, He Hapynras CBOHCTBA CBA3HOCTH, TOJALKO yAEUIEB/IAET IPOCKT. Ilpu s1om
B 1IepBOil 3a/1a4e HyZKHO ONpPeIe/uTh OCTOBHBIH noarpad rpada, onuCLIBAIONIEro CeTh IMpo-
CETOUHBIX AOPOT, & BO BTOPOfl — [MOCTPONTL ONTHMAJILHOE JIEPEBO KOMMYHUKALMIL. Mozuo
CUMTATH, YTO ¥ BO BTOPOH 3a1a4e HyAKHO OlPCAEIHTH OCTOBHbLI nojrpad noJHoro rpada na
7 BEPUOIMHAX.

Ocmosom (wiu KapkacoM) csiznoro rpada G = (V, F) HaspiBaeTca OCTOBHLLI rpad T,
ABJSIONUAHCA JePeBOM. 3a1a4a 0 MUHHMAJILHOM OCTOBE POPMYIMPYETCs CIIe/LyIouHuM obpa-

som. B muoxectse seex ocroso {1 = (V, Er), Er € E} nannoro pebepHO B3BENICHHOTO



16 IVIABA 2 CETEBBIE MOJIEJIA 1 AJIIOPUTMbI

rpacda, 3aJ[aBaeMOro JIBYMCPHBIM MAaCCHBOM croumocredi (secos) pebep Cli, il, 4,3 = 1,n,
HATH OCTOB MHHMMAJILHOW CYMMAPHOI CTOMMOCTH:

C(T) = Z Cli, 7] — mTin. (2.2)

(istEET

2.2.1. Auaropurm IIpuma
W es aaropurMa J0CTaTo Ho MPOCTa; CIPOMTCs NOCHCAOBATENBHOCT, «PACTY XY Jepe-
BbLEB T}] = (I/bﬂ EU'): T1 = (V"l 1 Eijv’-ﬂz = (1'/—% 52)5 R :frﬂ-—l = (Mh—l: Eﬂ—l)} TE G, -'-ri-i—'l o

clelyronieMy npaBlily:

mar 0. To = (Vo, Ey), rme Vo = {1}, Eo = &;
mar 1. Ty = (Vi, Ey), rae Vi = {1,i}, BE1 = {(1,51)}, CN1,71] = min 2190
J

mar k + 1. Teye1 = Th U €gq1, 1€ PEOPO €py1 = (tk41, Jr+1) TAKOE, YTO

min  Cli, 5] = C lips1, Jost), B =1,...,n =2,
5€Va:.je}V\‘[-’k [ J] [k+1.}k+1] n

Ha puc. 2.3 n300paske IPOLECE HOCTPOSHH MHHHMAJIBHOIO OCTOBA JIJIs1 HCXO/HBIX At~

nbix 3agauu 1.

Pue. 2.3. Iocrpoenne MUHHMAJILHOIO OCLOBA JIIsl CETH JOPOr

O6ocHopanue aaropurMa. CHataja HOKaxXKeM, "T0 ajJlOPHIM CTPOUT JeHCTBHTEILHO
ocros. Ha nepsom mare gepeso Ty COACPKUT JBe BEPIIMHDBL, coe/iunennbie pebpom. Kaxmplit

mocJieLy FONKHR HIar noaKavaeT K moCTPOCHHOMY JepeBy OAHY BEPILHHY W3 OCTaBINUXCH, TPH
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YTOM OHA, JOCTHAKHMA U3 J1060i paHee HOAKIOYEHHOR BePIHHbL. 3a N — 2 maros OyayT 1oi-
KJoYeHbl Bee 1 pepiinH. OUeBHIHO, IO IIPH TAKOW HPOLElyPe LMKJIbl HC MOLYT BO3HUKHY Th.

[TokazkeM, 4TO aJIOPHTM CTPONT MHHHMAJIBLHbIH 0cTOB. JLj1sl IPOCIOTHI MBI0KEHHs 1Ipel-
[OJIOMKUM, WTO peLrenye 3aja4uu — MuauMatbhbiii ocros 7% = (V) Ep-) — enuncreenso. Ilo-
KazKeM, 9TO BLIOpaHHOE Ha LepBoM ware pedbpo e; = (iy,ji) Bxomur B T*. IIpeanonoxum
uporustoe: €; & Ep«. lobasum B T* pebpo e1. B cuy yrsepxaenus 5 Teopempr 2.1 BO3HUK-
HET ONMH LUK PasopBeM 3TOT UAKJ, VIAJNB H3 HEro peGpo e # €1, HHIMIEHTHOE BepUIHHe
i1. CTOMMOCTD 1IOJIYYEHHOTO HOBOT'O 0cTOBa 1" BhIpazkaeTca yepes croumocts T ciesyromum
obpasom:

C(T") = C(T*) + C(e1) — C(€') < C(T™), Tx. Ce1) < C(€),

T, €. HOBbLI OCTOB HE XYK€ MHHUMA/JILHOIO, YTO HPOTBOPCHUT HPEIOIOKEHHIO O €HHCTBEH-
HOCTH MUHHAMANALHOTO ocToBa, T, CoBepUIEHHO AHAJOTHYHO MOXKHO 1I0Ka3aTh, 4T0 BbIOpaHHOE
Ha BTOPOM miare pebpo e; Bxogut B T, BeibpanHoe Ha Tperbem mare pebpo €3 TaKzKe BXOINT
B T* u ©.1. no mocaeanero (n — 1)-ro mwara.

Tpynoemkocts anropurma [Ipuma. OcrosHoil onepanueit B aaropurme [Ipuva seis-
eTCs HAXOMKICHHE BEPIIMHLL, HOAK/HOUMCHAE KOTOPOIl JaeT MUHUMAIbHbIE IIPHPOCT CTOMMOCTH
pacryiero jepepa. st 6bICTPOro MOMCKA TAKOM BEPITHHbI OPraHU3yeM JUHAMHYCCKH 00HOB-
AsieMblii CIIPABOYHUK B BHAC Mapsl oxuoMepubix Maccusos COST u NOM, rje nocne k-ro nia-
ra COST(j] — Munuma/IbHAs CTOUMOCTD IOJAK/IIOYEHHd j-i BEPUIMHbL K YaCTHYHOMY JICpeBy
Ty = (Vi, Ey.), NOM[j] — nomep epmmnst B Vj, TOAK/AI0MCHHE K KOTOPO# Jaet 9Ty MHHHMATb-
nyio croumocts. Bradane (mar 0) COST[j] = C[4,1], j # 1, u COST(1] = oo, NOM[j] = 1
s Beex j > 1. Onpejiesienne noAKIIOYACMON HA k-M LIAre BEpPIIMHBL ji CBOJMICA K HAXO-
AKJICHHIO mjin COSTj] = COSTji]. Mocne yroro maccusbt COST u NOM nepecunrniBaoTcs

O mpapuJiy.

COST(j] = min {COST(j}, Cljk, 4]}, ecau j # jr, COSTji] = oo,
NOMjl,  ecau COST(j| < Clijx, jl,

NOM[j) =
iy ecim COSTIj] 2 Cljx, 5]

Ha mepBoM Iare HAXOXKIEHHEe MEHUMYMa U3 1 — 1 yucest Tpedyer n — 2 onepanyii cpasie-
nuit. [lepecuer suementos maccusos COST u NOM norpebyer ele CTOibKO 2Ke onepanuii.
JToro njist BHIIOMHEHUS IepBOro mara meobxomumo 2(n — 2) onepanuit. Ha k-m mrare Oyuer

oiosreno 2(n — k — 1) onepanuii. Torua rpynoemxocts aaropurma lpuva

n—1

bip) =250~ k1) =~ 1) = O(a)

k=1

Curenosarenbo, amropury [Ipuva umeer KBaJpaTHIHYI0 TPYJOEMKOCTD.

AT
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Ecau rpad G 3anan Becopoit MaTpHuel pasmepa n X n, To B KNl AIrOPUTM LHOCTPOEHASA
MHHAMAJILHOTO OCTOBA B TaxoM rpacde Oyjer UMeTh TPYJ0eMKOCTh He MCHEE 1eM O(n*), no-
CKOJIBKY OH JI0JIKEH TTPOCMOTPETH BCE 9/IEMEHTbI MATPHIIBL. CiienoBaTesbHO, B 3TOH CHTYALHH
asropury TIpuMa MMEeT HeyMEHbLIAeMY10 10 IOPSIKY TPYAOCMKOCTE. Ecun xe rpac 3aian
clMCKOM pefep u coorsercrBylommx secos L = {(e1,Cler)) ..., (em,C(em))} B m cyimie-
CTBEHHO MeHbIIe, ueM 1, 1o GpicTposeiicrsue aaroparma [Ipuma jganeKxo 0T ONTHMALBHOTO.
JIpyrumMu CJIOBAMH, aJIOPUTM HELO0CTATOMHO schexTHBEH B IPUMEHEHHH K rpagaM, c1abo
HACHIEHHbIM pebpamu. B 910l curyauun Jay e ucuoiahb3oBarh JPYTO aJlrOPUTM TIOCTPOe-

HUH MHTHMAILHOIO OCTOBA — aJIFOPHTM K])HI',K&J]&.

2.2.2. Anropurm Kpackasa

Vlgest 5TOT0 aJrOPATMA 3AKIIOUALTCA B IOCIEI0BATEILHOM TIOTNOTHCHHH CITHCKA pebep, 06-
PA3YIOIUX MUHUMAJIBHbIH OCIOB, HAUUIAMA C CAMOTO «JeIeBOro» pedpa. YuopsyiounM pebpa

¢; IO BO3PACTAHHIO HX Beca:
€1, €, ....em: Cle1) € Cleg) € ++» € Clem). (2.3)

Muokecrso pebep Fr: MEHAMATBHOIO ocToBa 1" HapanuBaCTCH caenyomelt nomaroBoi
1poneaypoit;

war 0. Bpe = &

mar 1. Ep- = ep;

war k. Ecau ouepesHoe pedpo ¢; U3 I0CHE0BATCAHLHOCTH (2.3) He obpasyer nuk/ia ¢
yoKe BKJIIOYCHABIMU B Ep« pedpamu, T0 Epv = Epe U g, nHa4ue — nepeiiTn K pacCMOTPECHHIO
caeyiomero pebpa B (2.3).

[Tocse 1 — 1 maros MHOKCECTBO Fpw Oyjer couepxarh n— 1 pebpo, He 00pasylomux HK-
Jla, T. €. B CHIY yrBepKenus 3 Teopembl 2.1 octos rpacda. JloxazareshbeTBO KOPPEKTHOCTH
AJPOPUTMA TPAKTHIECKH TAKOE 2K KaK H JI/H aJlrOpHTMa Ipuma. OcuoBHas onepauus, Bbli-
[OJIHAEeMAast Ha KaxioM mare (Kpome 1epBbix AByX) B anropurme Kpackaja, — IPOBEpKa Ha
OTCYTCIBHE IMKJIA B HAPAIIUBAEMOM MHOKECTBC pebep npu pobasieHny HOBOrO pebpa. DTy
OTICPALIHIO BLIIOMISIOT € TIOMOIBIO CHPABOMTHIKA HOMEPOB KOMIIOHEHT CBA3HOCTH NK; NK]i]
~ HOMEp KOMIIOHEHTBI, B KOTOPYIO BXOAMT BepuuiHa ¢. Ha mrare 0 NK[i] = i (gaxnas i-9 KOM-
[HOHEeH T COCTONT W3 OAHON Bepuinubl ). Ilepes Tem Kax BKJIOUHTDL O4epeanoe pebpo (i)
g Ep. cnauana nposepsiercs yeaosue: NK[il = NK[j|. Ecan 910 yeinopue BBIIOJIHEHO, TO
npu BRIIOTeHHH pebpa (i, j) BOSHUKHET LUK/ B nporusHOM ci1yiac pebpo BKJIOMAETCd, HO
npu 91oM jpe Komuouentsl ¢ nomepavu N K[l u NK [4] nago obbeauunTh B OaHy. O6ben-

HEHMe MPONCXOAUT Cenytonmm obpasom. Ilyers, HaipuMep, IHCJHO BePUIMH B KOMIOHEHTE ¢
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somepom N K [i] menbuie, wem B komuonenre N K[j]. Torga qis peex pepuins [ U3 KOMIO-
wentsl NK[i] nonoxkum NK|[l] = NK[j. 3a spemd paboTsl alropHTMa KazIas BEPUIKHA
M3MEHHT HOMep CBoeil KOMIOHeHTHI e foiee log, n pas (rokazars!). Cnejgoparensno, 1ucio
Beex Koppexuuii cripapounuka NK me npesocxouur nlogy n.

TpyI0eMKOCTb IEPBOTO dTala ajaropuIma (ynopsiounsanne ciucka pebep) ecrs O(m log, m).

Taxum 06pasoM, HOJHOE YHCJIO oneparmit B ajropurme Kpackaia
t kpacnaa(1, M) = O(mlogy, m + nlog, n).

B 3ak10MeHHEe 9TOro pas3fesia OTMETHM, 4TO HATHYME KAKHX-TO CIelndDHIeCKHX 0COo-
Hennocreil rpada nossosser crpourb 0ogee 3@ eKTHBHBE AJTOPHTMbL IIOCTPOCHHS MUHH-
MaJbHOro ocropa. Tak, HampuMmep, st mwiaHaphHbiX rpacdos uzsecren airoputm Tapbana-

Yepurona (1976 1.) ¢ ouenkoit Tpysoemxoctn O(n).

2.3. Kparuaiimue nytu B rpade

2.3.1. Kparuaiimmit nyTs B rpade ¢ HeOTpuIATEJIbHBIMI BECAMHU

ITyers nan cessupit rpad G(V, E), kax ol ayre (i, 7) KOTOPOTO IMPHITHCAH HEOTPHIATE b~
nbiit Bec l; = 0. Ecau (¢,7) € F, Gyaem cunrarh, 410 lij = +00. Bblaerenst Ape BepUMHbL
s,t € V, neppyio n3 KoTophix 6yieM Ha3bBaTb CTApTOBOW, a BTOPYI — dunummmol. Byaem
paccMaTpHBaTh TPOCTHIE LEHH p[s,t], coennnsiomue stH ase sepmunbl. Beogy nanee nns
POCTLIX Hele GyiemM UCHONb30BATh TEPMHHE «IIyTh» Kak 0os1ee ya00Hbiii.

Oupesemam oy L (pfs, 1)) wyru pls,t]: L(p(s,t]) = D4 jyeufsq b Tpebyercs naiiTn
KpaTdainmii myTh MEAKIY AAHHBIMH BEPUIMHAMEA, T. €. PEIIUTH 33,15y

Z Zt'j = Il’liﬂ.
(i.d)enlsd] i)
Jlastee fyiniy Kparuaiimero nyTd or s 1o ¢ Oysem obossadars 4epes Lmin(t).

PaceMOTpUM HTepallHOHHbI ANTOPUTM PellleHis 310l 3anaan, npunaiexkamui B. Huiike-
rpe. Pazobpem MHOXKecTBO BepliHn V' Ha JBa HENEPEeCeKAIOIHXCH [OAMHOKECTBA: MOJMIO-
KECTBO «KPACHBIX» BepLMH 2 1 nogmuoxkecTso «6espix» pepumn W. «Kpacubimu» Oyaem
HA3BLIBATH T€ BEPIIHMHBI j, JIJIsl KOTOPHIX Y7Ke HaiijeHa JUIMHA KpaTdaiuero myrd or § 10 j
Luin(j). Tepen nepsoii urepammeit R = {s}, W =V Yl

HNavtee npuimnineM xaziolf «6esoft» pepimHe j KOMOMHUDPOBAHHYIO MCTKY (A7), p(5)).
VnnuuaiusupyemM MeTku ciaetylomuM obpasom: V j € W A(f) = Ly, p(j) = s. Kamuas
HTepals COCTHT U3 TPeX IIaros:

a) cpeau «GesibiXy BEPIIMH ONPEJIC/IAeTCa BePUIUHa J° ¢ MUHAMAJIbHOMR Be M IHHOH A

A(") = minAG):

JeEW
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6) BepluMua j* IEPCBOIUTCS W3 «DesibiX» B «KpacHpiey, T. e. R = RU {7*}, W =W\{5"}
W ce MeTKa DOJIbIe He MeHAeTCH;

B) METKH OCTABLIHXCH «OENBIX» BEPUIMH IEPECUuTaeM 110 HPABUITY

VieW A(j)=min{A(j), AG") + L}, (2:4)
. p(y), ecuu suauenue A(j) ocrasoch 6e3 U3MEHEHUS
pld) =9 (2.5)
4% B IIPOTHBHOM CJIy'1ae

VTepanuy 1pOAOJIKAIOTCS IO TeX 0P, oKa (puMIIHAA BepliuHa ¢ He Oyjer «moKparie-
Har, T. e. A(t) = minjew A(J).

OGocuosanue aaropurma. KoOppekTHOCTE allrOPHTMA CJACLYECT U3 YTBEPXKIeHMs:

A. Eeau seputuna §* crnanosumes «xpachoty (A(J*) = minjew A(j)), mo dauna Lonin (%)
Kpamyatiuezo nymu om s do J* pasna A(j*).

JIs I0Ka3aTe beTBa HaM HOTPeOYIOTCs CleAyIoLHe CBORCTBA MeTOK:

1) 3nauenue A(j) ecrb AJIMHA HEKOTOPOIO NIYTH OT 8 JIO J;

2)eciur € R, a j € W, 1o A(j) < Ar) + Arje

CpolicTBo 1 BBITEKAET HEmoCpEeCTBCHHO H3 IMocTpoeHus aaropurma. CBOHCTBO 2 MOXKHO
HOACHUTD CIeyommM 06pasom. Ilycrs Ha HeKOTOPOI HTePAIMN BEPIIMHA T CTAJA «KPACHOMH».
Torga jis Kaxgoi sepumupl j € W oseanunna A(j) nepecanrniBaigach 1o upasuiay (2.5).
ITosromy, mauunas ¢ sroit urepanun A(j) € A(r) + I, a Ha nocaeayromux urepanuax A(j),
O'EBUHO, HE BO3PACIaeT.

Hasee mam eme morpebyercd CJCIyIONee 0YeBHII0e CBOMCTBO KpaTyaifliero myTH: A10-
6oti yuacmor xpamuatiwezo nymu ecims Kpamyatiusul nymv Mexcoy coomeememsyIouumy
KOMUELEBMU GEPUUHAMU ITNOZ0 YHACTIRG.

JokasareIbeTBO YIBEPZKAeHH A HPOBOANTCS MHAYKUKeH 110 HoMepy urepaund. Ecian na
nepsolt urepamnu A(j*) = l;;» = min; A; = min, g, T0, oueBnIHO, KpaTyaiimmii MyTH OT S
10 7 COCTOHT U3 0aHOro pedpa (8, 7*) 1 Liin(77) = AMJ*). lpemuonoxum, uro yreepxKienue
CLPABEJIMBO 1 Beex urepanyii ¢ nomepamu 2,3, ...,k — 1. [Tokaxkem ero ciupaseiuBocts
ags wrepanun k. llycrs A(j*) = minjew A; 1 p* — xparuaitimit myTs or s g0 j*. Hpurasce
Mo HTOMY HYyTH OT j* K 8, Hali/ieM Ha HEM NepBYIO <«Kpacuyios sepumudy 7 (cm. puc. 2.4).

Hoacunraem Juuy nyru (1=

L|p*] = nymHa y4acrka or 8 40 7 4l +A = Ly (1) (10 croitersy kpar. uyra) -+l +A =
= A(r) (no npemnonoxesnmio uanykmm) + I+ A 2 A7)+ A = A(j) =2 AM57). (2.6)
Ilo ceoitersy 1 MeTok A(j*) ecThb Ayraia HEKOTOPOIo myTH o § jio j*. Ho s1or myTh He Moxker

ObITh MEHBIIE KPaTualiiero iy T, oyromy B (2.6) MozKer OLITL TOABKO CTPOIOe PABeHCTBO
Lipt] = AG*). O
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"Genan” e

b ar VILCTBY K THOCTH adropurMa uikerpo
Puc. 2.4. K noka3areancTBYy KOPPEKTHOCTH AJIIOPHTMA I

Boccranosnenne kpargaiimero nyrtn. B 3aja4e upeacrapiser HHTEPeC HAXOMNICHUE
HE CTOJBKO JIHHBI KPATYAKIIEro myTH Mex/1y JAaHHBIME BePIIHHAMH S U f, CKOJIBKO CAMOIo
nyTH. st 910 neiy BOCHOIb3yeMest Bropoil KOMIIOHEHTO! MeTKH — 3uadenueM p(7), Koropoe,
KaK HETPY/AHO 3aMeTHThb, €CTh H¢ YTO HHOE, KaK HOMEp [peuocJiejHedl BepuIuHbl Ha IIyTH
or 8 40 j. Takum obpa3oM, Hpejnocie/insst BEPIIMHA HA KpaTyaliieM uyTd or § 1o t ecrb
71 = p(t), npeauociennss BepliMHa HA KpardafiieMm IyTH OT § A0 ji ecThb j3 = p(j), B T.A.
Hpurasico Takny 06pa3oM 0T GUHMNIHOK BEPUIMHB K CTAPTOBOM, MOKHO BOCCTAHOBHTHL BECh
Kpardaiiuuid nyTh.

Tpynoemkocts anaroparMa JuitkeTpbl. MakcuMalibuoe YHe/10 Hrepanuii B anropurMe
paeuo n — 1. Ha k-it wrepanun HeobX0MUMO HAKTH MUHUMANLHYIO MeTKY A(j) cpeau n — k
MeTOK; 310 Tpebyer n — k — | ouepauut cpasnenns. [lepecuer MeTok y ocrasmmxes n— k — 1
«beJibixy Bepuini Tpedyer OfHY OHNCPAIHIO CIOXKEHHS IUIOC OJHY ONEPALMIO CPABHEHUs HA
OJlLy BEpUIMHY, T. €. 8cero 2 - (n — k — 1) onepanuii. Takum 0Gpasom,

n—1

Euamempa() = ) [(n—k—1)+2(n—k—1)] =3
k=1

(n—1)(n—2)

5 = O(n?).

Anropurm JuilikcTpsl paboraer KOPpeKTHO IIPH HOJIOKUTCJILHBIX Becax pebep. Ecim B

rpacbe ecth pcﬁpa OTPHIATCIBHOTO BeCa, TO aJI'OPHTM MOXKeT BblJaTh ]_ll;‘,BCpIIbIﬁ OTBeT.

D10 MOXKHO 10OKA3aTh HA HPOCTOM upumepe rpada (puc.
2.5). Heitcreurensno, A(a) = 6, A(t) = 5, A(t) — MmunumaibHas

merka. Asropurm Gyner yreepaiars, 9T0 AIUHA KpaTdaliine-

ro nyru or 8 g0 t passa A(f) = 5, yro mesepHo. Pic. 2.5

2.3.2. Marpuna xparyamux nyrei (anropurm ®oitaa)

Bo Muorux 3aja4ax uccaeIoBanug onepaunil rpebyercs HaXox IeHne Kpardaiiimmx myreii
MeK/Y Beem# napamu Bepiiun. Muorokparnoe (C2 = n(n — 1)/2 pa3) ucnons3osauue Ajs
310 uead anropurMa Juikerpsl He ouerb 3peKTHBHO: TPY0eMKOCTh pactrer kak O(n').
Wsnaraempiii Buxe aiaropar™ @ooiiaa umeer rpyaoemxocrs O(n®). Kpome Toro, sror ajiro-

PHTM HPUMEHUM KaK K HCOTPHIATCNLIBIM, TaK W K HPOM3BOJIbLHLIM BecaM peﬁep
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Iycrs rpad G 3anan Marpuneit secop W = (wy;). Honaraem wy; = 0 grsrseex ¢ = 1,...,n
i w;; = +00, ecin B rpade orcyrersyer ayra (4, j). Ilyers marpuua W* = [wh], k=1,...,n,
001aaeT CIIEIYIONUM CBORCTBOM: BJIEMEHT wf; —9T0 JJIMHA NYTH OT ¢ 40 7, Kparyaidiniero cpe-
1M BCex nyTei p[i, j], BHYTPeHHHE BEPLIMHBI KOTOPLIX HPUHA/IEKAT MHOZKECTBY {1,200k}
OBo3HaYUM TOT YCJIOBHO KpaTHakiinid 1yTh Kak ,uﬁp(i, 7). M3 namnioro onpeje/eHusi c/ie/yer,
YTO JEMEHT wi; MATpUlpl W™ — 910 JiHA feaycaosno KpaTdalimero myTn Mexay Bepiid-
HAMU @ H 7.

Tlast marpaug: WEH = [wht] cnpaseympo coorrowenne:

k41

Wy = min{wfj, 'u:.f-‘:H-l —|—-w;§+1‘j}_ (2.7)

' Hetterpureabno, s moboro mytu pF+1(i, ) or
i 0 J, BHYTPCHHUE BEPIIHHBI KOTOPOI'O IpHHA/LTe-
xar muoxectsy {1,2,...,k, k+1}, ecrs Toabko npe

allbrepHaluBbl: {:l.) II¥YTh He COHEPKHT B KaleCcTBhe

ok BHyTpeHHel Bepiunbl Bepunty k + 1 1 6) myTs co-

i

jepxkur BepuinHy k -+ 1. B cayuae a) kparuaimnit

k+1

Puc. 2.6. K o6ocnoBannio (2.7)
nyTh

(i,7) cosuagaer ¢ (i, 7), a B cary4ae 6)
OH CKJIAJIBIBACTCA W3 IBYX YacTeil: Kpardaiiuii myTn ,uﬁp(é,, k+1) or BepHIuHblL ¢ JO BEPUIMHBI
k -+ 1 mwroc Kpardaluii nyrsb ,uzp(k, +1,7) o BepiIHELL k + 1 10 BePLIHHBL j. DTH ajbrep-
HATUBBL HOACHSIOTCH Ha puc. 2.6. Buibop u3 ajsrepuarus a) u 6) Hawty el 1 NIPUBOAUT K
(2.7). @opmyua (2.7) npegcrapaser coDOH PeKypPPERTHOE COOTHOWIEHAE, CBA3LIBAIOMEe MaT-
puny WA+ ¢ marpuueit W*. B kasectse matansnoro yeopus Gepercs marpuna W0 = W.
TTocaenoBaTe/IbHO BbIMHCIA MATPUID] W* 1o dopmyse (2.7) qus k = 1,2,..., Mbl 38 n
wreparuif nojay4dum mMarpuiy Wo.

Omnucanmbiit aJIropaT™ 0yAeT KOPPeKTHO paboTaTh TOILKO MPH OJHOM YCJIOBHH: B Ipade
G He J1ozKHO OBITh MTHKJIOB (Jy1st oprpada — KoHTYpoB) oTpHuaTebHO# ayuibt, [Iposepky Ha
OTCYTCTBHE OTPHIATENLHBIX [HKIOB MOKHO OCYILECTBUTD B CAMOM AJATrOPUTME, OCHOBbIBAACH
HA CJIEYIONEM OUEeBHIHOM COOOPAKEHHH: €CIH Ha k-il HTepauuu Ui HEKOTOPOH BEpPIIHHDL
i BpinoJiseno wk < 0, 1o B rpade ecTb MUK OTPUIATEILHON AaunbL B 9rom cayuae pabory
AJCOPUIMA HAN0 IPEPLIBATE.

J15161 Toro 1robet HOCIE OKOHYAHUST PADOTHL ANTOPHTMA HMETh BO3MOKHOCTD ObICTPO HAHTH
KpaTyaifimii myTh Mex1y J1o6o# mapoil sepiH, Oyjaem Ha k-ii HTepanuu BMECTE ¢ MATpPH-

neit W* crpourn marpuuy Pt = [pfj] Bnauage nonaraem pfj = §.ORd Beex ;7 = 1y

Hanee, na (k + 1)-it wrepanuu nojaraem -p_ffl = pfj, eCcJIn 'wf;l = wfj, n pf;rl = pﬁ +1.4)
k-1 ] ap
ecJ i wij' = -u.rf, w1+ w,’; 41, JaKuM obpa3zom, pﬁ- — 9TO HOMEp Hpeanoc/iennell BepLIHHb

Ha KpardaiiieM IyTH ;uﬁp('é:j ). Marpuna P" urpaer Ty »e poiib, 410 ¥ MeTkd p(j) B aj-

ropurme Juikerpol. C OMOLIBIO 3TOH MATPHLBI KpaTYadmmi myTh ,u’;p(-i, J) OmpemeIseTcst
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caelylomum 00pa3oM: ;pr(i,j) = (dy...y J3, J20 J103), V€ J1 = Py J2 =Dy J3 = Piggre o
g peasmsanuu ajgropurma Puofila He Hag0, PA3yMCETCH, XPAHUTD B HAMSTH KOMIIbIO-
Tepa BCIO 1TOCAEI0BATEILHOCT MATPHIL WO W1t ..., W™ Bce wrepauin MOXKHO MPOBOJUTD
«BHYTpH» ool Marpuimpl W = WO (min ee KOnuH, €CiH HEKCIATEILHO «HOPTHTLY HCXOI-
HYI0 MaTpuiy BECOB). DTO zKe CO0DPAKEHHe CIPABEMJIHBO U [JIs MATDHIL P TIporpammitas

peaJiH3alHsl aJAropHTMa Gy,-'ge-'r cOIepzKaTh TPH BIOZKEHHbLIX NHMKJIA

{Mlporpamma. FLOYD}
for i:=1 to n do for j:=1 to n do P[i,jl:=i; {ummmmamusamus maTpump P}
for k:=1 to n do
for i:=1 to n do
begin
for j:=1 to n do
begin
Wli,jl:= min(W[i,j], Wi, k1+Wlk,jl);
if W[i,j1 > Wli,k1+W[k,j] then P[i,j]:=P[k,jl;
end;
if W[i,1]1<0 then EXIT;
end.

[Tpu Takoii peaiusaluu TPYI0EMKOCTb AJlOPUTMa OLEHUBACTCH Kak toaong(n) = O(n?).

2.4. CereBble rpaduKn

MHorse Kpynubie HpoeKThl, TAKHE, KaK CTPOUTEILCTBO JoMa, pa3paboTka aBTOMATH3H-
DOBAHHOH CHCTEMBI OYXTATTEPCKOro ydera, oOytieHHe B YHHBEPCHTETE, MOKHO pasOHThL Ha
BOJBIIOE YHCIO pasinuHbix ouepauuit (pabor). Hekoropbie u3 9THX paborT MOLYT BBIIOJI-
HATHCS OMHOBPEMEHHO, JIPYTHE — TOJLKO MOCIE0BATEIBLHO: OIHA PaboTa 110C/Ie OKOHYaHUHA
ﬂperﬁ-

Bajada YIpPaB/leHHs O0ObEKTOM COCTOMT B TOM, 'IT00bI 00ecneduTh ero CBOEBPEMEHHOe
3aBEpPLIEHHE C Y1eTOM BPEMEHH, HeOOXOIMMOT0 /ISl BIOJIHeHH: KAk 10/ paboTel,  onpee-
JTCHHBIX B3aRMOCESI3eil, XapaKTepH3y IOIIHX IOCICI0BATENLHOCTD HX BblOHeRu. [Xcmm Gy et
3ajiepsKana ofia pabora, TO 9TO MOKET IPUBECTH K 3a/CPHKKe BBIIIOJIHEHHS BCEIO LPOCKTA.

Kaz/piil TpoekT MOKHO IIPEICTABHTh B BYJIe HEKOTOPOro oprpada, HasbiBaeMoro cerme-
ebim 2pagurom. s 3T0ro 3a,1a00M:

1) nepevers Beex pabor MpoexTa;

2) Bpemsi, HCOOXOMMMOE IS BBLIOIHCHUA KaKI0#H paboThi;

3) mepeunn paGoT, HEMOCPE/ICTBERNO MPEIIECTBY UK Kaz ol padore.
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[IpeacraBuM Tenephb Kaxayio pabory B BHAC AyTH oprpada, TOCTPOCHHIOIO 110 CIIELYIone-
My HpABHILY: CCTH HEKOTOpast pabora mpejacTaBisercs jyroi (1,7), TO B BepuIHHY i BXOAAT
TOJBKO YIH, TIPEICTABIsiIOne paboThl, Henocpedemeenio npedwecmeyouiue JaHHOR pabo-
te. TTpu neobxoaumocTn BaejenM GUKTUBHBIE AYTH, HE HPCACTAB/IAIOWHME nukakoi paborui. B

KA4eCcTBE [IPUMEPA PACCMOTPHM CJICAYIOLLKA abcrpakrusiii upoekt (raba. 2.1):

Tabauna 2.1

Pa60‘m. Hpemuecrsyonpe | Bpems
paboTel BhinosHenus (t)
A e | RET
B A 9
C A
D A 18
E B, C 10
F B, £, D
G E,F

Yrobp obeciedants npegecrsopanne pabor B u C pabore F, neobxoaumo sBecTd k-
THBILYIO paboTy # COOTBETCTBYIONLYIO eft dukTusiyio ayry (2, 3), Kak mokasaHo Ha puc. 2.7.
Bpems Beinoatiedus GUKTUBHBIX paboT BCErjia N0JAraeTCs PABULIM HYJIIO.

I'pach, uzobpazkaiomuii oTHOLICHHA TPEALIECTBOBAHUA MEKLY paboraMi TPOeKTa, HA3bI-
Baercs cemesum epadurom. Bepummul cerenoro rpaduka nazpipaiorcs cobvimussu. LoBopsr,
JTO COOBITHE TPOUIOULAO, eCJH BCe PabOThi, KOTOPBIE OTODPAKAIOTCH JyraMH, BXOAAIIMME B
COOTBETCTBYIONLYIO BEPIIMILY, HOJHOCTBIO 3asepuietbl. CereBoll rpaduk He MOXKET COACPIKATH
KOHTYPOB. B IPOTUBHOM €y Hac IPOEKT HUKOIAA He MOXKET ObiTh 3aK0meH. OrcyreTBie KoH-
TYPOB 3 CETEBOM I'paduKe 1103B0J%eT NPOHYMEPOBaTDL cobbrrus 0,1,. . . rakum 06pa3oM, 4T00bI
s ka0l ayrn (3,7) cobmogars yenosue 4 < j. O6urano ceresoit rpaduk u306paxaior
1aK, 9ro6bi B 1em GbII0 POBHO 0HO cOBLITHE, B KOTOPOE HE BXOAUT HU OAHOM JyIH,  POBHO
/O COBBITHE, M3 KOTOPOLO HE BHIXOAWT HE OHON JyrH. DTu cOOLITHI HABIBAIOTCA HAUAb-
HOLM T KOHEUHBIM CODBITHSIMEE COOTBETCTBEHHO.

O6o3uayum gepes t(i, j) Bpems spnonnenna pabors (i, 7). s kaxioro cobpitag @ nycri
E(j) obosnauaer naubosee pannud w3 BOSMONHBIX CPOKOB €0 HACTYIJICHUA, & L(j) - nau-
foace no3dnull CPOK NOABJICHHs COOBITHA j, el JOIYCKaouuil CBOCBPEMCIHOC OKOHYanue
Beero npoekra. Meo pacaera penaun £ (7) mosicnum ma npumepe gparmenTa ceTeBoro rpa-
(buka, npusejcnioro na puc. 2.8(a).

B 310M mprMepe IpOLOKMTEAbHOCTH pabot, orobpaxennnix gyramu (p, i), (g,1), (r, i),
pasup coorsercrsenno t(p,7) = 8, t(g, 7)) = 12, t(r,7) = 10, a camble paHHHE CPO-

ki nacrymienus cobmruit E(p) = 10, E(q) = 8, E(r) = 12. Haubosnee pamnuii cpok
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E(p)=10 @ Lip)=16
8 3

E(i)=22

E(@)=8 @i»@ Li)=11 ol @ L=19

8
Efr)=12 ®/ \@ Lir)=22

(a) (6)

Puc. 2.8. Pacuer panHero # mo3gHero CpoKoB HacTyILICHHEs cOObITHA

sapepmenud paborer (p,7) oueswano pasen E(p) + t(p,7) = 10 + 8 = 18. Ananoruu-
uo st pabor (q,j) u (r,j) stu cpoku pasubnt E(q) + t(q,7) = 20, E(r) + t(r,j) = 22.
IockoubKy coObITHE 7 MOXKET HACTYOHTL TOJLKO HPU 3ABEPUIEHUH 6CET 3THX pabor, 1o
E(j) = max {E(p) + t(p,j), E(¢) + t(q,7), E(r) + t(r,7)} = 22. B obmewm cayuae dopmyia

pacuera F(j) mmeer saj;

E(j) = s {EG) + (i, 5)}, (2.8)
i, el

rie U — muosxectso jiyr ceresoro rpadpuka.

Pexkyppenrnoe coorsomenue (2.8) Jiezkut B OCHOBE aJllOpUTMa pacuera Haubosee pasHux
cpoKoB HacTyiLieHus cobpiruii. Iycrs nau ceresolt rpabuk G = (V,U), rae V = {0,1,2,...,n}
— muoxkecTBo coborruit, U = {(7,7)} — muoxkecrso ayr (pabor). Bygem cuurars, 9ro myme-
paius coOnITHil Takas, 9T0 Jjyist Kaxk 0l paborst (i, 7) BBUIONHsSETCS yCuoBHe © < j.

AnropuT™Mm pacdera HamboJiee pAHHMX CPOKOB HACTYNJICHHS CODBITHIA

[Mar 0. Honoxurs E(0) = 0.

Mar 1. JInsa 5 =1,2,..,n BbIYHCAKHTD

E(j) = Jpax {E(@) + (i, 1)} -
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[Tostcnuy pabory ajirOpHTMa Ha IPHMEPE CeTeBoro rpacduKa, H300PaKEeHHOTO Ha PUC. 2.7:

E(0)=0; E(1)=0+10=10; E(2) = max{E(1) + 6, B(1) + 9} = 19;
E(3) = max{E(1) + 8, E(2) + 0} = 19; B(4) = max{E(2) + 10, B(3) + 7} = 29;
E(5) =20+ 8 = 37.

Takum 06pA30M, BECh LIPOEKT HE MOXKET 3aBEPLIMTHLCS PAHBLIC, 1M Hepes 37 e uHUL BPEMEHH.
BhiuucHM Teleph HO3/HHe CPOKH HACTYIIEHHs COObITHIL. Pacemorpum puc. 2.8(6). Co-

GBITHC i TPEJIIECTBYET POBHO TpeM COObITHAM: P, ¢ W 7. Bpemsi nacrymienus coObTus i

He NOJIZKHO HPeBBIIATH 115 B HPOTHBHOM CJty'ae cobbirue p OyAeT 3aleprKaHo 1 IIPOU30ii-

ger nozanee L(j) = 16. AHAIOIHIHO BPeMst COBLITHS 7 HE JMOJKHO LPEBLIIarh 15, Tak Kak

L(g) —t(i,q) = 19—4 = 15, u He JOJKHO NPEBLIIATh 14, Tax kax L(r) —t(i,r) = 22—-8 = 14,
B obriem ciiydae

L) = win {L(G) - ti,)}- (2.9)

gt (1,5)el

Ormpadch Ha PeKyppenTHOe COOTHOUEHHE (2.9), MOJKHO OLMCATHL AJITOPHTM pactera Hau-
BoJiee MO3HUX CPOKOB COOBITHIA.

AgnropurM pacdera Haunbosee NO3AHUX CPOKOB HACTYILICHNA cobprTHit

lar 0. [Tomoxurs L(n) paBHHM 3aJAHHOMYy BPEMEHH 3aBepUIEHMS TPOCKTa (BO BCEX
peadbibix curyamusx L(n) = £(n)).

Mar 1. Jna i =n—1,n—2,...,0 BoIYMCJAHTD

VERCS IS

L(i) = u-li?_n{L(:f) — (i, 5)} -

Hanbosmee papuuit cpok (i) HacTyienus coObTHs ¢ MOZKHO HHTEPIPETHPOBATD KaK onu-
ny nyma nauboavuiet 0aus, 0T HAUATLHOTO COOBITHA K CODBITHIO i, & PASHOCTD L(i) — E(37)
— KAK MY TyTH HauboubLIel JUTHHEL OT COOBITHS § K KOHCUHOMY cobprTuio. Ormerum eie,
uro ecom L(n) = E(n), o L(i) = E(i) pust seex cobbiruit 4. 1lyrs MaxcHMaibHOMN JJHEbI OT
HAYAIbHOIO COBBITHS K KOHETHOMY HA3BIBACTCA Kpumuveckum. J1nuna KpUTHIECKOro MyTH
paBHA MHHHMAJTLHOMY BPEMEIH, 33 KOTOPOE MOZKeT GbiTh BBIIOIHEH BECh IPOEKT.

Tpyl0eMKOCTh PACUETa CAMbIX PAHHMX M CAMbIX IO3JHUX CPOKOB. AJIOpHTM
pactdera (i) Tpebyer ool omepauyuy CIOKCHAA JJist KazK 10l Iyru ceresoro rpaduxa u oi-
1Ot OTICPALHH Ha MAKCHMYM JUlsl KAZKJIO0T0 COBBITHS, KPOMe HAMANLHOTO. AJITOPHTM pactera
sesmunn L(7) TpeGyer ofHoil onepanun BerMHTAHMs 1 OLHOM Olepalii CPABHEHUS 1a MUHHI-
MYM TS KazK 1010 coDbITHs, KPOoMe KOHEeTHOro. OTCIjla CIIejiyer; YTO HOomad TPYAOeMKOCTE
06OMX AJICOPHTMOB OllenuBaercs pesminHoii O(m -+ n), rae m — THeAo J4yr (pabor).

Pacemorpum HeKoTOpy1o pabory (i,7). 9Ta pabora MOKET HAYaTbCH He paHee E(i) u

no/mKHA 3aKomnThes He nozanee L(j). Taxum obpasom, Ge3 3a/1epKKI OKOHIAHHS MPOEKTa
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Ha BbinojHenue paborst (i, j) MOXKHO BeACAMTL He Gostee L(f) — E(i) exmmui spemenn. Coe-
JOBATEJILHO, [PH BLINOJHEHHH ITOR PabOTH MOKHO JOIMYCTATH MAKCHMATHHYIO 3alCPIKKY
I1(s, ) = L(j) — E(i) — t(4,j) > 0. Bemmuuna I1(4, j) naswisaerca noansim pesepeom pabotst
(?:.' .}) 2

Beanuuna C(4, j) = E(j) — E(i) — (i, j) nassiBaetca ceo6odnmm peaepeom epemeny pabo-
b1 (1, 7). CoBoaubIl peseps BpeMeHH paBeH MAKCHMAJIBHOI 3aJCPyKKe BBIIOIHEHHs! paboTsI
(i,7), He BAMSAIOWIEH HA BLUTOJHEHHE IOCTEAYIONIHX PaboT.

Hesasucumuii pesepe epemenu paborst (i, j) onpejeisiercss Kak MakKCHMAJIbHAS 3a,/1€P7K-
Ka, KOTOPYIO MOXKHO JONMYCTHTH IPH BHIIOAHEHHH PaGoThi (1, ) Ge3 BBeAcHHs JONOMHATE b
HBIX orpannyennii na aobyio apyryio pabory npoexta: H(, j) = E(j) — E(i) — t(i, j). Orpu-
HareibHoe 3HaYeHHe HE3aBHCHMOI'O Pe3epBa O3HAYACT, 4To J00ast 3a1€PKKA B BbIOTHETHY
paboThl ApUBEleT K JIONOMHATEIBHBIM OIPAHMYEHUSAM HA BLILOJHEHHE NPyrux pabor.

Bee TPpH BHAa BPEMEHHBIX DE3CPBOB HAXOLATCH B CJASAYIOMEM COOTHOMIEHUH:
I(i, j) 2 C(4, ) 2 H(i, ). (2.10)

3azaga. [locrpours cereBoii rpadbuk U MPOBECTH IOJIHBI PACUET BCEX BPEMEHHBIX Xa-
PAKTEPHCTHK JULsk IPOCKTA, OpeJcTaBIeHHoro s tabi. 2.2, npy yeJIOBHH, YTO ILIAHOBOE BpeMs

BLIDOJIHEHWASA ITPOCKTA PABHO MUHMMAJBLHO BO3ZMOXKHOMY BPeMEHH BBLILIOJIHEHHS BCEr'O MpoeK-

4.
Tabauua 2.2
Pabora | [Ipemmecrsywomue paborst | Bpems sbimonnenns (&)
A = 12
B 10
C A 8
D A 13
E AB 10
F AB 11
G D, F 15
H C, E, 14
I EFH 16

2.5. TloToxm B cerdax

[MTorok oupejpensier crnocod NEpecblIKH HEKOTOPHIX 0OLEKTOB U3 OJHOrO MYyHKTa B JpY-
roit. [loroku, Hanpumep, BOSHUKAKIOT IPH TPAHCHOPTHPOBKE FOTOBOM HPOJYKIHU OT 3aBOJA
JI0 pacHpeiesITe/IbHOre CKIIata, pU JABHXKEHHH JIHOJel OT MeCTa IPOXKHBAHUA K MECTAM

paboTkl, npu nepejate HHGOPMAIMOHHBIX MACCHBOB MO KOMMYHUKAIMONHBIM CETIM U 111,
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Hecemorpst Ha pa3H0000pa3ue CHTyauuil, CBA3AHHBIX ¢ IOTOKAMU, B HHUX BO3HUKAET LEeJILIi
P JOCTATOMHO OOLIMX 33,024, [IpuMepaMH TAKHX 3384 MORIK Obl CILYKHTh MaKCUMU3alnsd
CYMMAPHOI'0 00beMa IEPEBO30K B HEKOTOPO# cHCTeMe A3 OJIHOH TOUKH B APYIYIO; MAKCHMH-
3allhs obbema nepejiaain MH(IJUPM‘(J,[.LHH B €IHHHILY BpeMeHnu, MHHUMHW3AHS CTOUMOCTH 1ICpe-
CHUIKH UCPe3 HEKOTOPYI0 CHCTEMY OlPe/ICjeHioro ofbeMa HHGpOPMAIHI (I MATEPHATILIILIX
pecypeos). Janee Oyjiem paccMarpuBaTh CJIE/YIONLYI0 MATEeMATHIECKYIO MOJE/Ib, CBSI3aHHYIO
¢ 3a/1a4aMH TI0[00HOI0 THIIA.

CeTblo ¢ MPOIYCKHBIMH CLOCODHOCTAMU AyT OyAEM HA3HIBATH obbekr N = (V,U,s,t,q),
rae V u U — MHOMKECTBO BEPLIMH H AYT' COOTBETCTBEHHO HEKOTOPOro OpPHEHTHPOBAHHOTO I'pa-
da, s € V - BepumnHa, g KOTOPOH MHO#CCTBO BXOMSIIHX JIyT IyCTO, t — BepuInHa, 176
KOTOPOH MHOKECTBO BbIXOAAIHUX JYT HYCTO, § U — RY — dbynguusi, KOTOpad Kax ol jyre
u = (i,J) CraBUr B COOTBETCTBHE HEOTPHUATEJIHLHOE “HCIO q(i,7), HazpIBaeMoe NPONYCcKkHol
cnocobiocmvio. Bepiiuna s Ha3LIBAETCH UCTRONHUKOM, & BEePUIHHA { — CTROKOM CETH. Bynem
[PETIOJIATATD, YTO CCTh COACPIKHT TOMLKO OIMH HCTOUHHK H TOIBKO O CTOK. [Tpumep ceru

npusees na puc. 2.9(a). Homorom sedunusl 75 ceru N naswiaerca dyukuus f: U — R,

(a) Cerb ¢ IPOITYCKHBIMH CIOCODHOCTAMH (6) IMorox semnyunsl F=18 LK |

Pue. 2.9. Ilpumep cern

VIOBACTBOPAIONIAS YCIOBHSIM!

1) 0 < f(i,4) < q(é,9); (2.11)
—F, ecin j = s,
ViEV: Y flii)— Y, FUK)={F  ecmj=t, (2.12)
(hp)et (5,kyell
0, B OCTAJIBHBIX CJ1y9asx.

Yneno f(i, j) GyieM nazpisarh BetuHnHOM noToKa na ayre (i, 7). Yenosne (2.11) 3agaer ecre-
CTBCHHBIC OPPAHHYUEHHSI HA BEJNMYMHDBL MOTOKOB IO KazK[OH ayre. Murepnperauus ycaoBHs
(2.12) coeayiomas: ¥3 HCTOUHUKA § BHIXOMMT CYMMAPHbIH HOTOK BCJIWTHHDL F (uepsas cym-
Ma WpH j = § paBHa HYJI0, Bropas pasia —F), najiec OH pacnpocrpaHaercs 110 JyraM CeTH,
TP STOM /LIt KaZK IO IIPOMEZKYTO'IHOH BEPIULHHBL ] # 8,1, pXogammit B j cyMMapHbIH 110TOK,
PABEH CYMMApHOMY NOTOKY, BLIXOAHILIEMY H3 J, U B KOHCUHOM CHETe BECh HOTOK BEJIHINHbL F

BXOJMT B BepiIuiy-cToK ¢ (1eppast cymma 1py j = ¢ papua /', Bropas papna HYJT10). YeIoBue
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(2.12) nasbiBator ypasHenuem baranca. Ha puc. 2.9(6) npuBeseH OJUH U3 BO3MOXHLIX [HOTO-
KoB Beauuunnl F = 18. Jlasee pesmmuuny noroxa f 6yuem obosnadars kak val(f). Ouesnino
val(f) = Z{'«;,e)eu f@E,t) = E(a‘j]e{j f(s,3)-

Kax y»ke roBOpuJIOCh BbIIlE, MHOTHE HPAKTHIECKHE 3aJa4d CBOAATCS K OPlaHU3aluy B

CeTH 110TOKa MAKCHMAaJIbHOH BEJIMYHHbL, T. €. K 011'I‘HMH3&IJ,PIOHHOﬁ 3aja4ve
val(f*) = max val(f). (2.13)

Jst pemmennst 3anatm (2.13) eBesem nonsTre paspesa. Paspesom cetu N, OTACIIIONHM § OT
t, waspiBaercs pasbumenne R = {V;, Vi} muoxecTBa pepmun ceTn V' pa apa MOAMHOKECTBA
V.UV, =V, V,nV, = @, npu koropom s € Vs, t € V. Muoxecrso jayr (i,7), y KOTOPbIX
HAMATBAAS BEDITHHA 1 € Vj, a KoHeqHas Bepiuuna j € Vi, GynemM HashiBarb npamumu dy2amu
paspe3sa R w obo3nadars U #. AHATOrHYHO BBOJMTCH TOHATHE MHOMKECTBa obpammuit dyz

—
paspesa: Up = {(k,1): k € V}, | € V;}. Tlonsiie paspesa noacusercs sa puc. 2.10.

Puc. 2.10. Mpsivete u obparubie jayru paspesa R = (V,, V})

Hponyexnoti cnocobrocmvio paspesa F HABBIBAGTCS BEJIMTHHA
QRY = ) q(ij)
(1)U n
Pa3pe3 ¢ MHHHMAJILHOIL JIPOILYCKHOMN CIIOCODHOCTHIO OyIeM HA3BIBATL MUHUMAALHOM PA3PE-

30M.

Teopema 2.3. B cemu dasa amobozo nomoxa f u mobo2o paspesa R evinoansemes pasencmso
val(fy = Y fli,5)— Y [fG) (2.14)

.)€V r (1)€U &
Jloxazareancrso. lIpusejiem «pusuueckoe» A0KA3ATENLCTBO TEOPEMBL. W3 ucrounuxa

BHLIXOMHT NO0TOK Beamuunbl val(f). Onpeneneniioe KOJMIECTBO, & HMEHHO Z{.i el n fi,7)
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GAMHUI, [OTOKA, MPOXOAUT IO IPAMBIM JyraM paspesa uz Vi, B Vi pyroe KOJHYECTBO,
26T £(i,7), UPOXOMHT 11O OOPATHBIM JlyraM U3 Vi B V,. Ho BV}, ponzuo ocrarsest val(f)
eIMHUL TOTOKA, TAK KAK HMEHHO 3TO KOJIMYeCTBO «BTEKALT> B ¢rok t u ocraerca tam. Cie-
JIOBATEILHO, PASHOCTD THX KOJIMYECTB NOJIZKHA PaABHATLCS BEJIMUUMHE MOTOKA. 7

Caencrsue 1. s ji060ro noToKa f n moboro paspesa R
val(f) < Q(R).
JeitcrBuresbHo,

wifi= Y fad)- ¥ feid< Y faNg 3 abhd)=QF).0

(1,9l r (1)U r (1)U R (i,))EU r

Cnepcrsue 2. max val(f) < min Q(R).
Caencrsue 3. Ecan i HeKOTOPOro noToka f* 1 HexoTOpOro paspesa R* BuoaHAeTCA
pasencrso val(f*) = Q(R*), ro val(f*) = max val(f) u Q(R*) = n}%n Q(R).

Tokasareascrso. Hyers val(f*) = Q(R*). 3 ciepcrpua 2 mojy iaem
val(f*) < 111?&{\«*31(}") < min Q(R) < Q(R").

TTOCKOLKY KpAKIHE 3HAUEHMs NeNOYKH HEPABCHCTH COBIAARIOT, TO BCC BLIDAKCHUIA B Heif
pasibl Mexy coboit. [

Metoz, ®opaa — PankepcoHa MOCTPOSHUSE MAKCUMATBHOTO MOTOKA. Wnes meTona
saksouaercs B caeayionmeM. Ilyers B ceru N = (V,U,s,t,q) y»Ke ecTb HEKOTOPbIH IOTOK
f:U — RY pesaunn val(f).

[lar 1. Hoaoxure Vo = {s}, i = s.

Iar 2. Ecan cymecrsyer sepuuna j & Vo, avis KOTOPOi f(3,4) < q(3,7) nm f(7,2) > 0,
TO BKIIOUHTH Beprmny j B Vo 1 nojoxurn ¢ = j. [loBrop#Ts 9T0T mar 1o Tex fop, Moka
MIOKECTBO Vjy Hesib3s OyeT pacumparn Jajbiie.

Terepb MOTYT BOSHHKHYTD JBa CIydad B 3aBUCHMOCTH OT TOrO, oyner s t € Vp uim
t & Vp.

Couyuait 1. t € V. B coorsercrsuu ¢ IAroM 2 prJioueHue 1 € Vy o3HauaeT Cleyonee:
CYDIECTBYET TAKas «IEOPHEHTHPOBAHHAZY LENb j, HIYIIAS U3 § B 1, UTO I/ KaxKJI0f J1yTH
(i,7) € jt, OPHEHTHPOBAIHOM B LETH B NPAMOM HANDABICHHH (npamoit myrn), f (4, §) < q(i, ), a
st Kagkaoi ayru (ki) € g, maynieit B 00paTHOM HANPAB/ICHUH (obparuoit myru), f(k,i) > 0.

Taxyio nenb i OyaeM Ha3bIBATD ayeMEHTNANLHOT Yensio NoTNOKG.

107 angmen (agm.) — yBesimienue, Npupatienye.
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[Tycrb
o = {%T.i}ig {q(i,5) — f(i,5)}, (4,7) — npamaa ayra,
(] 1

8y = (;Icn]in {f(k,2)}, (k,i) - obparnas iyra,
L1 S

§ = min{dy,dp}.

Ecin Teneps Beauuuny 0 go6aBuTh K HOTOKY Ha BCEX HPSIMbIX Iyrax HEHd U BbIYCCTb
Ha Beex OBPATHBIX LYPaX, TO B pesy.bTare NOIYHMATCs HOBLIA Honycrumsllt norok f', na o
enuauy, 6osbini, dem npexpioymmit: val(f') = val(f) + 4. 1o oueBnHO B CHIy TOrO,
qTo nobapjieHye 0 K NOTOKY HA HPAMBIX JylaX He NPUBOJMT K IPEBbILEHHIO HH ONHOH U3
NPOIYCKHBIX CHOCOBHOCTEH ITHX 1yT (Tak Kak § < dr), @ BoluuTatne d u3 N0TOKa Ha OOPATHBIX
JLyrax He MOKET C/IeIaTh MOTOK Ha STHX JyraX OTPHUATeSbHBIM (Tak Kak § < dy).

Venosms3yst HOBbl# 10TOK f/, MOZKHO 3aT€M MOBTOPHTHL wWward 1 1 2, yBejuauBas Kax /bl
pa3 MOTOK BIOJb ayTMEHTANLHBIX LEIeii.

Curyuait 2. ¢ & Vi, B coorBercrBun ¢ 1arom 2 5T0 03HAYAET, YTO HEe CYUIECTBYET HH OJHOI
ayrMeHTaIbHOM neny or § 1o £. OBO3HAMUM MOCTPOCHHBLH K JIATHOMY MOMENTY MOTOK Kak R
[TocTponm oriesionii s or ¢ paspes R = (VA V), rae V= Vo, V¥ = V\ V. Ha npambix
ayrax (4, 7) aroro paspesa f*(i,7) = q(i, ), a na obparupix ayrax (k, 1) paspesa f*(k,l) = 0.
[To Teopeme 2.3

val(f)= Y G- Y, kD= Y alid) - 0=Q(R").

(L.)ET™ kel (1,)ET (kDeTT,

Crie0BATeTbHO, B CHIIY CIeACTBUS 3 OTOK f* MakcHManbHbii, a paspe3 R — MamuMalib-
UBIH.
DaKTHICCKH, H3I0KENHbIH METO [IPEJCTABIACT COD0H KOHCTPYKTHBHOE JOKA3ATEILCTBO

CJAeAYIOUICTO YTBCPALIACHH O MAaKCHMAJBIOM MOTOKE H MHHUMAJILBHOM pPa3pese:;
Teopema 2.4 (Popg — Pankepcon). Jas awobotl cemu

III}],X val(f) = 1r}iin Q(R).

AJropATM HAUMHAET PabOTy € HPOU3BOIBHOTO HOTYCTHMOIO 1I0TOKA (MOYKIIO B3ATH M HY-
1ol moToK f = (), 3aTeM CTPeMHTCs YBETUIHTD BOIHIHHY [OTOKA ¢ TOMOMIBIO CHCTEMATH-
HECKOTO MOUCKA BCEX BO3MOYKHBIX Ay 'MEHTAJIbHBIX 1enei noToka ot s K t. [Touck ayrmentaiin-
HOM HENH OCYIIECTRIACTCA ¢ HOMOIIBIO PACCMANOSKY NOMEMOK Ha BePLIHHAX CETH. [lomeTkn
YKa3bIBAIOT, B/IOJIb KAKHX JIYT MOZKET OBITb YBeJIH'ICH OTOK H HACKOJILKO. Kax tosbko Oyaer
HAMCHA OTHA U3 TAKMX [elel, [I0TOK BIIOJIb Hee YBEeJIUIHBAIOT [0 MAKCHMAJILHO BOSMOMKHOIO

3HAYEHWA, BCC NTOMETKH B BEDITHHAX CTHPalTCa W BHOBb NMOJLY EHHBI [10TOK HCMOAL3YeTC
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B KAUCCTBE HCXOAHOTO P HOBOM PACCTAHOBKE NOMETOK. AJIIOPHTM 3aKkaH4YuBaer pafory u
1ACT MAKCHMAJILHBIH NOTOK, C/IH HeJb3s HAWTH HU OIHY ayI'MEHTAJIbHYIO LUelb.

AJIrOpHTM PAaCCTAHOBKM IOMETOK. Bepumna MOzKeT HaXOauTbCd B OMUOM H3 TPEX
COCTOSIHMIT: BEPIINHA MOMEUEeHA i [IPOCMOTPENA, BepIIHHA OMeyeHa U He [IPOCMOoTpena, Bep-
MHA He noMeyeHa. [ToMeTKa IPOH3BOJILHON BEPUIMHBI j COCTOMT M3 IBYX "acTeld U umeer
B [+, 6(3)] nan [—4,6(7)]. Jacrs +i moMerku HepBOrO THIA O3HAYAET, ITO OTOK JONYyCKa-
er yBe/IieHue noroka Ha jayre (4, 7). Jacrh —i HOMETKM Apyroro THia O3HaMaeT, YTO NOTOK
MOZKCT GBITH YMEHbIICH BAOML AyrH (j,1). Ilpucsoenue nomerkm sepumne { COOTBEICTBYET
HAXOMKJ(CHHIO AY'MEHTAIbLHOM 111 oT § 10 t.

Ilar 0. ITomoxurs f(i,7) = 0 ans sBeex uyr (i, J).

[ITar 1. TIpuceouTs BepulHe 8 HOMETKY [+8, 00].

[TTar 2. B3gTh HEKOTOPYIO HOMEYEHHYO HEIPOCMOTPEHIIYIO BEPIIKHY #; IIyCTh € OMeTKa
Gyner [Lk, (1))

(1) Kasx 10l HemomeueHHoil Bepruue j raxoit, 4ro cymecrsyer ayra (i, j) u f (4,7) < q(¢,7),
apHCBOUTE noMerky [+i,6(5)], rae 6(j) = min{d(¢), ¢(i, j) — f(i,5)}.

(2) Kaxnoit HemoMertennoii sepiunme j taxoit, yro cymecrsyer ayra (7,4) n f(j,i) > 0,
HPUCBOMTH HOMeTKY [—i,0(7)], rae 6(7) = min{d(i), f(j,4)}. OBosnaunTh KAKUM-THO0 CIOCO-
6OM, 4TO BEPNIHHA i IIPOCMOTPEHA.

[Ilar 3. ITopropsarh mar 2 0 Tex nop, noxa jaubo sepummna ¢ 6yaeT momevueHa, u TOra
nepetru K mary 4, 6o ¢ He Gyger noMeyeHa H HUKAKHX JAPYIHX MOMETOK Heqb3s Oyuer
PACCTABUTE; B 9TOM CJIyHae AJTOPATM 3aKaH4uBaeT paboTy ¢ MAKCHMAJbHBIM MOTOKOM.

lar 4. Honoxurs x = ¢,

Ilar 5. Ecim nomerka B Bepunse  [+2,8(2)], To f(z,z) := f(z,z) + 6(t); ecim nomerka
B Bepmune r [—2z,8(2)], To f(z, 2) == f(z, 2) — §(t).

Ilar 6. Ecm 2z = s, TO cTepeTh BCe MOMETKY W BepHYTbest K wmary 1, 4robel BHOBb
PACCTaBIATh 1IOMETKY, MCIOJL3YH YKe YJIy9IleHHbIH HoToK, HafiieHupiit Ha ware 5. Ecim
2 # 8, TO & := Z ¥ BEPHYTHCS K 11ary b.

OTHOCHTENILHO TPYIOEMKOCTH AJNOPUTMA, PACCTAHOBKH HOMETOK MOXKHO OTMETHTD CJIe/Ly-
tomee. Beau s Beex ayr (4, ) nporyckubie crocobnoern (i, j) — neibie yucaa, 1o 6(t) —
1e10e, M MOTOK BAOIL ayMEHTAJNLHON HCHH YBEeJIMUNBALTCS, 110 Kpalinelt Mepe, Ha eMHAILY.
CIe10BATENILHO, MAKCHMAILHBLT HOTOK Oy/1eT MOJYUeH 38 KOHEUHoe YHeao maros L. OjHako
UHCAO uTepaluil OyaeT CYLIeCTBeHHO 3aBUCETh OT 10P#AKa BHIOOpA ayrMeHTAJbHBIX Lenei
(Tounee, 0T MOPAIKA, B KOTOPOM MOMCUAIOTCS BEPIIHHbL); IPH HEYJATHOM BbIOOPE 9T0 4uCiI0

MOKET OBITH PABHBLIM BEJTH'IMHE MAKCUMAJLHOTO moToKa. Hanpumep, gnist cern Ha pue. 2.11

1970 yreepKIeHIe CTAHOBUTCS, BOOBLIE POBOPH, HEBEPHLIM, eciiu ¢(i) nppamuonannisl. Popn n Qamkep-

COH TIPHBEIH LPUMEp, KOTIA HX QITOPATM CTPOHT MOTOK, BEJTHIMHA KOTOPOIO CTPEeMATCH K 1/4 Benmamnst

MAKCHMAJIBHOI'O NOTOKA LPH BecKoHeIHOM VBCJIHYCHHA "THCTA IIaros.
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BEJHYUHA MAKCUMAJILHOIO 10TOKa pasHa 2000. DToT HOTOK MOXKHO HOLYYUTH U3 HAYAJILHOIO
HYJIEBOT'O ITOTOKA 32 JIBE HTCPALMH: CHAYAIA B3ATh AyIMEHTAJIbLHYIO uenb (s, 1), (1,¢) u npo-

uycturh no Heii norox Beawdunsl 1000, a 3arem no venn ((s,2), (2,t)) upouycTurs moTox

Heyuauubiit BLIOOD Takoil: 1pH HAYAJILHOM HYJIECBOM

TAKOH 7K€ BEJIM'IHMHbL. DTO YIAuHbIH BHIOOP ayI'MEHTAJNbHBIX Leled.
@ 103 notoxke BhibHpaercs uenb py = ((s,1)(1,2),(2,t)) u yse-

(7 103__
NGE

10° -
2

Puc. 2.11. Tlpavep memtennolt yuypaerey BJIOJTb Hee IOTOK Ha eJUHHILY, 3aTeM Oepercs

JHYUBaeTCd BOOJIL Hee 110TOK Ha eHHHITY, 3arem GepeTca

uens pe = ((5,2)(1,2),(1,t)) u Bao/b Hee yBeanuUBACTCH

HoToK Ha emuHuny. [lorom cHoBa Oepercd nenb iy, yVBe-

PaboTHl AJICOPHTMA TOMETOK fto 1 .. [Ipyu TakoM noouepeHoM BhiOOpe uenei p u o
MAaKCHMAJILHBI OTOK Oymer nomyuen 3a 2000 nrepauyii. B o6iueM ciryuae ajaropuTM mOMeToK
HE TrapaHTHPYeT YIAYHOro BhGOpa ayTMEHTAIBLHBIX HeHOYekK.

VIauHy1o MOHBITKY pa3spaboraTh aJrOpUTM PEIICHHs 3244 O MAKCHMAJILHOM 1IOTOKE,
TPYA0EMKOCTb KOTOPOI'O He 3aBMCHT OT BeJHYMH NIPONYCKHBIX CIOCOOHOCTEH [yr, BIEpBbIC

npexnpuasan Duamonnc 1 Kapn. Mvu 6puta oKazana CIesyonast

Teopema 2.5 (9amonnc u Kapn). Ecau 6 aszopumme nomemor Qopda- Pankepcona varc-
Jdoe YyeeauteHue NOMoKa GuNOARALINGA 6004t Kpamyatiwetl no wucay dyz ayzmenmarbHoll
UENU, O MAKCUMAALHBL TOTIOK MOKCHO NOAYHUMb He Goaece wem nocae m(n — 2)/2 npupa-

T.UJBHH‘EI GEAUHUHDE NOTIOKA, 20e m — wueao ()y?, a1 — YUCRO GEPUUH 6 CETNU.

Qumonc u Kapi npearoxuiu MmoaudraKanuio aJiropuTMa NoOMeTOK, B KOTOPO# KpaTyaii-
mas ayrMeHTAbHas Uenh Ha Kazk10d mrepanun orsickusaerca 3a O(m) onepaunii. Takum
06pasoOM, TPY,I0EMKOCT HX aJIrOpUTMa oleHuBaercs Kak O(m?n).

Brocaeacrsuy 10T pesyibrar Obu1 yayqued. K HacrodiieMy BpPeMeHH U3BECTHbL aJilo-
purmbl (E. A. Tuann, A. B. Kapsamnos, V. M. Malhotra) naxozx/ienns MaKCHMaJILHOI'O TOTOKA

¢ TpynoeMkocthio O(n?).
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OnTuMaJibHOE paclpe/eiienue

OIPAHNYCHHOIO pecypca

Bafata PACuPeIeIeHHsl OIPAHHIEHIIONO PECYPCa B OHON H3 CAMbIX IIPOCTDIX TOCTAHOBOK
dopmyapyercs caeayiomum obpasom. Ilyers y HEKOTOPOH Opralfs3allifl HMCeTCa oupese-
JCHHDLE pecype (JeHLIM, MALMHbE, KOMILIEKTLE 06Opy/I0BaAHNS, CEHIPLE B T.1L) B Kosiecrse A
epunuil, Vimeerest n norpebuTelielt 910ro pecypea, Halpumep ¢uanasibl JAHHOR OpraHu3aliy.
SCJH TIOTPeOUTENII0 j BUACHUTD HEKOTOPOE KOMHIECTBO T < A pecypea, TO AOIOJHUTETbHbIH
JIOXO/1, KOTOPBIH MOKET PHHECTH 9TOT dbunmag, onenupaercs Beauannoi f; = f; (z). Tpeby-
eICH TAK PACIPCICANTH AMEIoNuica pecype, 4robbl oLy HTh MaKCHMAJIbHbIH CYMMaPHbIi

noxoa. HeTpyiHo COCTABATEL MATeMATHYCCKYIO MO/E/L 9TOH 3814t

F(z1,...,Tn) = ij[atj) —. max , (3.1)
j:l 2 SELRF LG 1
Z:I:J CA. LT (3.2)
j=1

vie T; — KOJHYECTBO Pecypea, BblIAC/IEHHOro j-my norpeburesnio. Ornocureabno hynkiuit
fi(z) Moryr GbITh CHENAIBL PA3HBIE IPEITONOZKEIH, KACAIOHECA HONPEPLIBHOCTH, IIAJKO-
¢TH, MOHOTOHHOCTH 1 T.IL. B npaxiuke dbynxuun f;(z) 1acro 3a/a107CH HE B BHE AHAIHTH-

ECKNX 3aBHCHMOCTEN, a B TabyJTMpPOBAHHOM BHIE, T. €. TaOIALE Cae/yIomero THIa:

T 0 |A [2A}...|(k-1A
fg('l) fio | fin | fig - f_;_'.;_c—l

rue fii = fi(2- A) (Bupouem, mar TabyupoBaiug 110 & MOKET ObITh ¥ HenocToaHHbIM). Ha

3

NEPEMENHLIC T; MOTYT OhITH TATOKEHDL YCHAOBARA JTHCKPETHOCTH. B Takoit curyanum npuMeHe-
HHC KJIACCHTECKHX MeTonoB pemenns 3agaiu (3.1)-(3.2) Kak 3a1a1u Ha yCJOBHBIA SKCTPEMyM
HeposmorkHO. Tpebyercs nenoJib3osars cosceM apyrue nied. O6 ool Takol uiee — JuHa-

MHYECKOM IPOTrPaMMHUpOBaiiy - o ger pedb B CIeYIOeM pasiienc.

3.1. Meroj JUHAMAYIECKOTO IIPOIPAMMUPOBAHNA

MeTo1 [UHAMHUECKOTO IPOI'PAMMHPOBAHIS IPECTABIACT COOO BLIMHCIIHTE/ILHY 10 CXeMY

pelTieHyst IIHPOKOrD KJAacca ONTHME3AIMONHBIX (1 e ToabKo!) 3amat. B pacemarpuBaeMom
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METO/E CJIOBO «IHHAMHYECKOE» O3HAYAET, UTO IPOLECC OUPEIEIEHUs] OUTUMAJILHOLO JOILyCTH-
MOrO 1aHa z* = (z7, ..., 7)) paccMarpuBaeTCs Kax 7-IIaroBblii npouece NPUHATHA PeHICHHT:
ffa MIEPBOM ITare Ha/J0 ONTHMAJILHO BHIOPATH L1, HA BTOPOM — T2 M T.i. TPYAHOCTb 3aK/TI0Ta~
@1Csl B TOM, YTO IPH BHIOOPE Ha KazKIoM mare (KpoMe Ioc/esero) HeobxoumMo yuuTbiBaTh
ero Oy Iynue 10CIeCTBHS J1/1s OCTABIINXCH IIATOB.

CcopmymupyeM TOCTATOTHO OMEBHIHbI OO MPUHIMI, JTeXKAaN|i B OCHOBE JIHHAMH-
4eCKOro MpOrpaMMUpOBaHMs U BIEpBbie 4eTKo copmyiuposannblii P. Beanmanom.

[IpHMHIMI ONITUMATBHOCTH. KaK060 Go i 6bua0 COCTROAIUE NPOUECER NEPED 04EPETHDIM
k-m wazom, nado ewbupamy pewenue Ty Mar, “mobve Guuzpuiul HE JQHHULM WaZE TAIC
MOKCUMAALHOLT BHIULPYIUL HA BCET NOCACOYIOUUT Wa2aT DblA MAKCUMANEHBM.

OBbIYHO IPUMEHEHHEe JMHAMUYECKOrO HPOrpaMMHpOBANMA BK/IOUaeT B ceba pasbuerue
MCXO/HOM 38/1a"H HA OJIIOTHIHbIE AHAJIOIHYHBIE 110/133/1a4H, B KaXK 0% U3 KOTOPBIX pellerne
CBS3AHO C pelIeHHeM MPeIbLLYIIel 3a1auu, HMelomell MeHblnii pasmep. OTa CBA3b MEXK-
Ay 33Ja4aMi BBIPAXKACTCH B BHJIC HCKOTOPOTO PEKYPPEHINHO20 COOTHOLICHHH, HA3BIBEMOIO
ypaBHeHueM Bejuimana.

PaceMoTpHiM Teneph 3aaiy pacrpejeierus pecypea (3.1) - (3.2) npH yeI0BHH, 4TO pecype

W BApUHAHTDLL €r0 paclIpeaeyeHua ueJ01HC/IeHHbL, T. €.

Llgeennin

N a ;
F(zy,...,2n) = ij(;rj) — Inax , Z:z;j <A, A EBT, (3.3
j=1 j=1

Bynem paceMarpuBaTh MPOLEIyPy PACIpPEICIeHns pecypca KaK n-1arosplii npouecc: na
1-M [IAre BbIIETAETCS X7 eIUHHALL peCyPeca HEPBOMY MOTPedUTeNI0, Ha 2-M 1Iare — Ty CJJMHIIL 3
OCTABIIMXCH A — 1 CIUHAIL — BTOpoMy norpedureno u 1.1, Oupesiesum cOCTOSHIe HPOoLecca
pacipee/ieHust pecypea mepej, k-M 1aroM Kak BeJHUuHy Y, PaBHYIO KOIHYECTBY CJHMHHUIL
pecypca, OCTABITXCS IMOC/Te NepBbIX k — 1 maros: y = A — o) — ... — Tp-1.

Oboznayum yepes ﬁ‘k(y) MAKCHMAJIbHBLH CyMMApPHBL 10X0/T, MOJYYeHHbLIH 0T HoTpebuTe-
Jieii ¢ Homepamu k, k-+1, ..., 7 IPH YCJIOBUH, YTO JJisl PACIPEICJIEHHS MEXKIY HHMH OCTaI0Ch
Y eJHUL, pecypea:

Foly)= max {filzk)+- -+ falza)}, 2yooo tn €ZF.

Tty
B cusy npuHIMNA ONTUMAIBHOCTH PEINCHHE Ty Ha k-M IHare Hajo BolOpaTh TaKHM, qT00BL
00T00 MG IMOM WAZE NANC MAKCUMAILHOLT doTod om nociedyouus wazos (OH PABeH IO
onpenenernio Fr.i(y — ), TaKk Kak 1oc/ie k-ro mara cOCTOSHHE NMPOLEcca pacHpeleneHns
M3MEHWICS C Y Ha Y — Tj) OBl MAKCHMaJIeH, T. . pased Fi(y). Orcioma noay4aem

By=__max_ {fiw)+ By - a0} (3.4)

ox=0,1,...,y=1.y

3HaueHne Ty, 1P KOTOPOM JOCTHTAeTCsl MAKCHMyM B 3anade (3.4), obosmarum Iy (y).
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[TouyucHHOe PaBeHCTBO (3. 4) HABBIBACTCH OCHOBHBIM PEKYPPEHTIVHOLM ypagHeHuem JuHa-
MUHECKO20 TPOZPAMMUPOBUHUHA JIT5 paccmarpuBacMofi sagaun. Tlpu k = n (nocjaeaHuii mar,
33 KOTOPBIM YK€ HHYCro He PACTIPE/IENIAeTCA) ypPaBHEHHe (3.4) ppirIgOHT OUECHB HPOCTO:

F.(y) = max {jn (Tn)} = faly), (3'5)

n=0,1,....y—1

a &n(y) = y. VIbIMH CJIOBAMH, €CJIM HEPE/L HOCHE/HIM [IaL0M OCTAJIOCH ¥ CIHHHULL pecypea,
70 BECh HTOT PECYPC HAJO OTAATH N-MY LOTPEOHTENIO JJIf TOro, 4r0DLl TIONYYHTh OT Hero
MAKCHMAJIBLHO BO3MOXKHBIH 70X0H frn(y) (HANOMHHM, \ITO GbYHKIHA TOXOIA IPEINONAracTCs
neyBObiBAIOWEH ).

IlokaskeM, KaK HCHOB30BATH COOTHOIIECHHS (3.4) - (3.5) st peuieHUs HCXOAHOH 3a/a'H
(3.1) - (3.2) ¢ orpaHuUeHueM IeIOYHCTCHITOCTH AelZt z; € 2, j=1,...,n Qakra-
qeCcKU Ham HaJ0 HOJY4uTb F](A} ~ MAKCHMYM CyMMAapHOro LOXO#a o1 pacupefeiends A
CHMHMI pecypea Mexly norpeburessmu 1,2,...,n. OAHako cpasy NOJyddTh 3TOT MaKCH-
MyM TPyHO. [10cTy M creyionmm 00pasom. Crarraga 110 dopmyae (3.5) onpenesum Fo(y)
npu seex suavenusx y or 0 jo A 3areM, Henodbsyd (3.4), BIMHCIHM Fl_1(y) nusa seex
y=0,1,...,A—1, A 1 COOTBETCTBYIOLIEC 3HAUCHUE Ep-1(y). Has L,_l(y) naiigeM Foi 2(y)
nus Beex y ot 0 jo A T, 10 ﬁ‘l(A). Taxum 06pasoM, NPOLECC PeHICHUs 3a,1a1H pa3sBopa-
qHBAETCS OT KOHNA K HAMAJY: CHATAJA IIAMHPYercs HOCHeAHUH n-if (ar, 3areM (n—1)-itu
T. 1.

[TOsICIMM HTH BHIYMCJICHHS Ha KOHKPETHOM IpuMepe. PaccMoTpuM 3ajady ¢ HeTbIphMI
MOTPEOHTENAMI, MEZKIY KOTOPHIMI HaJI0 PACIPEIC/THTE A = 8 equHuI, HEKOTOPOI'O Pecypea.
®ynkuuu f; sasansl B raba. 3.1 Onpejienum cHavafIa, fﬂ;(y) npu Beex ¥ = 0,1,...,8. He-
oJib3ya (3.5), sanvinemM I:} (y) B npeguocue/iHui crosiber Tabu. 3.2. B nocaeunit cronbery

3aIMIIeM COOTBeTCTBYIOIHE L4 (Y).

Tabanua 3.1
2 Jolt 1213 456 |7 |8
f@) |0]10 1316|1922 26|29 |31
@) 0l9 |12|18 |21 |24 27] 27|27
folw) [0 |11 |14 |17 2025 |28 28 | 28
(

| falx) | 0]12 )16 1822 | 2730 | 32|35 |
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Botuncanm reneps F3(y), ucuonnsys ypasuenue (3.4):

F(0) = max {jd(’r;) + Ey(0 - a~3)} =0, &3(0) =0,
f3(0) + Fy(1 = 0) = 0+ 12
f()+F(1-1)=11+0
£3(0) + Fy(2 - 0) = 0+ 16
Fy(2) = Jnax, {f1(11 + F4(2-a:d)} maxd HD+ERE2-1)=11 12 =28,45(2) = 1,
f3(2) + Fy(2-2) =14 +0

y(1) = max {folas) + Fa(1 = 20) | = max =12, 3(1) =0,

Anastornano spramcasores Fi(3), Fy(4), ..., Fy(8) u coorsercrsyiomue #3(3), .. ., #3(8). IIpo-
JIOAZKAA BOITHCICHHA, MBI TTOJYIAM 3HAEHH Fy(y) mpa Beex y = 0,1,...,8. Tlpn srom s
porancacus Fy(y) Gymer HelOML30BaTLC JHIIL ¢TOAGeL, CO 3HATeIHAMHA Fy(y). Ha nocuen-
HEM 3Tal¢ BbIYUCIHM TOJbKO 1'31(8) = rlirdax \ {_fl(:r.r1) + F’g(S - LL‘l)} = B8, #1(8) = 1.

Pesyaprarsl Beex Bbluuc/IeHnii 3anucanbl B Tabi. 3.2.

Tabauna 3.2
y | Fi(y) | 8100) | Faly) | 820) | F() | 8a(y) | Falw) | @aly)
0 0 |0 0 0 o o |
1 12 |0 12 1o 12 |1 |
2 23 |0 23 1 16
3 32 |1 27 |1 18 |3
4 36 |1 30 22 4
5 a |3 (33 [1 oz |5
6 5 |3 8 |1 30 |6
7 148 |[3] |4 1 32 7
8 | 58 51 |3 4 |2 |35 |8

Maxcnmasbioe 3nagenne B 3aa4e (3.3) pasno 58 u gocruraercs npu 7 = £1(8) = 1. [lo-
CJie [epBoro wmara jrd norpebureseit 2,3 u 4 ocraerca y = 8 — a} = T equuuil pecypcea. i
7 eJMHUL JTOJIZKHDL BBITH ONTHMAJILHO PACIIPEIE/CHBL MeKIY HUMH. B cToubue T3 BUAHO, 4TO
npyu y = 7 HAJO B3ATh ONTAMAIBHOE peluenue x; = &y(7) = 3. ILlas norpeburesncit 3 u 4 ocra-
HETCst TIoCIe 3Toro ¥y = 8 — x] — a5 = 4 eqununsl pecypea. OUTHMAaNbHOE PeIleHne Ha TPeTeM
mare 23 = &3(4) = 2. ITocaeauuil war NPUBOMMT K T} = F4(8 = 1 — 3 — 2)=24. Onrumagis-
Hple perenus siaesenst B Tabn. 3.2 pamxamu. [Tonyuennoe pacupeienenne x* = (1,/3,2,2)
ABJIsieTCs pelrennen 3aatin (3.3).

B psjie cayqaes ne/iecoobpasio cuuraTh nejieBoi hbyHkuueil paciupeeienus orpaHnien-

HOTO Pecypea 1e CYMMapHBLA JIOX0JI, & JOXOM, HOXyIaeMEI oT camoro «cjaboro» norpebu-
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veust, T. €. F(Z1,...,20) = j_II_]lilln {fi(x;)}. B kauecrse npumMepa pacCMOTPHM CJIEAYIONLYIO
3a/1a4y. '

¥ cryuenta umeercs A jiHeil Ha DOAPOTOBKY K J0CPOYHOH CAa4e HK3aMEHOB 110 N MpeaMe-
TaM. Peanpno OleHHBas CBOH CHJIBL, CTVIEHT HoJiaraet, 410, HoTpaTun I ;[I-]Cﬁ Ha HOJAVYOTOBKY
[0 j-My UpeAMETY, OH TIOJIYUHT HA IKZAMEHE ONCHKY fi(x). TlockoubKy B POCCHHCKHX By3aX
pe3y/ibIar CecCHU OLEHMBACTCA He 110 CyMMe HaOpanHbIX GAJUIOB, 4 TI0 MUHUMAJLHONA 110-
AyuenHoil oneHke (¢ oneHkamu 5, 5, 5, 2 CTYJICHT CYHTAETCH B JeKaHaTe «JIBOCIHUKOM> ), TO
38/1a48 ONTHMAALHOIO pacipejeieins pecypea (IHM HA DOAIOTOBKY) MEXK1Y TOTPEOHTEMH

(chaBaembie npejnmersi) Oyuer hopMyMpoBaATLCH TAK:

T
’ i * ; p : ’ ’ +
F(x1,...,2p) = __r_tl*nnn{ff(xj)} — max, E T & Ay Tiyor B €L (3.6)
J=Lyeeay Lty RERTEEE (3 J:]
Jast sagaun (3.6), Tax e Kak v 1A 300844 C a/UMTHBHONA nenesoll pynkiueil, cupase/i-
JMB NpMIIEN onTuMaibrocT Besivana. 1loaTomy, npuMensisi ONMCAHEbBIC BRILIE PACCY XKle-
HH, JErKO MOJYYATH HeoBXoMuMOoe PeKyPPEHTHOe ypaBHeHre L1 Fy(y):

i) = max  min { fulan), By — 2}

Ry, €LT
Best BBIMMC/IMTEILHAS CXeMa PeleHns] HTOr0 YPABHEHHA OCTACTCH 1O CYyTH TaKOH XKe, Kak u
s ypasnenns (3.4).

TpyAOeMKOCTH AJrOpHTMA JAMHAMUYCCKOro mporpammupoBanmd. Ouenum wnc-
10 onepauuii, Heobxombix g pemenust sanaqn (3.1) - (3.2). Jua roro 4robsl BLIYMCIATD
Fi.(y), nago seinosnutn y+ 1 onepaimii CIOXKeNus ¥  onepanuii CpaBHeHus JBYX 4HCe, TaK
kak MakcuMmyM B (3.4) maxomures npsmbiv nepebopom y + 1 aucen. Toraa sanonnenue k-ro
cronbua norpebyer E::O(Qy +1) = (A + 1)? onepauuit. CyMmupas 5Ty BeJIHUHHY 110 BCeM

croabram, noayunm onenky obmero uucaa 1'(n, A) onepanpuii
T(n,A) < n(A+1)* =0 (nA?).

MOKHO cyuTarh 3T0T aNropuT™ PMEKTHBHBIM WM QJITOPHTMOM € 1OJMHOMHMAJIbHOR Bpe-
MEHHOMN CJI0JKHOCTBIO, CCJH TOJLKO BeJinuuna A orpanmyena csepxy koncrantod. B obmem
Ke CJIydac aaropUTMbl, B CTEHCHHYIO OIEHKY TPYJOEMKOCTH KOTOPbIX BXOAUT BEJUHUHHA, Xa-
PAKTePU3YIOILAA PAa3Mep UCXO0/bIX JAHAbIX (B JAHHOM CJIyYae KOJHYEeCTBO ¢IAMHMLL UeJ0Unc-

JIennoro pecy}}ca], HA3BIBAIOTCH NCEEIONOAUHOMULADHBLML.

3.2. 3aaada 0 pIOK3ake

PELCUI\-IUTI)HM TeHepb HpHMEHeHHEe MeT0/Aa JHHAMKYeCKOro HporpaMMUPOBaHUA JUTA peHIe-

nug caeayomeit sanaun, [ycrs nveercs n upegmeros Ih, . .., IT,, KoTopbie HaJ0 3aIPy3uTh
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B HEKOTOPYIO eMKOCTb, YCIOBHO HasbiBaemyio prokzakom. Kaxcneiit npeamer I1; xapakrepu-
3yercsa croumoctbio ¢; > 0 py6. u Becom ¢; > 0 kr. ['py3onogbeMHOCTh pIOK3aka paBHa @,
npuyeM @ < Z}“:.l ¢j, T. €. BCE TIPEIMETH B PIOK3aK NOMECTHTH HEBO3MOXKHO. ZKeraTesbHo
oToBpaTh s 3arpy3Ku Te IPeAMeThl, CYMMAPHAst CTOMMOCTE KOTOPBIX OyJeT MakKCHMaIbHa
Cpeiu BCeX BapUAHTOB 3a'py3ku. Maremarnyeckas Moje/b ONTHMAIBHOIO BhIOOpa npeime-
TOB JJiS 3aUPY3KH, O4EBHIHO, CJIEIYIOMmasl:

T

ch:nj — max , (3.7)
o ST,
T
L%"’Ij < Q: Tj € {Da 1}! J=L... N (38)
=1

3aecn z; = 1, ecorn npesMer I1; pemeno HOMeCTHTh B PIOK3aK, A T; = () B IPOTHBHOM CITy1ae.
Bajaua (3.7) - (3.8) HaspBacTcd 3ajadelf 0 ploksake ¢ OyNeBCKUMU NEPEMEHHbIMU.
[Tpumennm jaa pemenus 3anauu (3.7) - (3.8) Meroy AMHAMHMYECKOTO LPOIPAMMUpPOBa-~
mua. [lycrs F(y) — MAKCHMYM CTOMMOCTH, KOTOPBIf MOXKHO MOJIYHHTEH OT 3arPy3Ki CPey
npeuamerop Iy, iy, ..., [I, npu yeJaoBHH, YTO B PIOK3aKe OCTANOCH CBODOMHOIO MECTa Ha
y Kr (y — cocroguue npouecca). Ilocne k-ro mara upunaTia perenns Ty (sarpyzxars [y
WM HET) COCTOSHUE ITPONECca CTAHeT Y — (xT. PeKyppeHTHOe ypaBHeHHe JAHHAMEIeCKOrO
MporpaMMHpoBanus GYIeT UMeTh CJIeAyIOmHUil B '
Fi(y) = max {ck:}:k + Fpaly = q;,_:rk)} : (3.9)

eTESY,
rp=0,1

Cxema penienus 3aJaan 1o ypasaennio (3.9) ne rpebyer nosgcuenuit. O6beM BuraucaeHuil mst
onpesiesennst Fi(y) pasen 3 oneparnuam, 1 TpygoeMkocts ajropurma T'(n, Q) < 3n(Q+1) =
= 0(nQ).

MeTou Jierko obobimaercs na Gosee obmmi cayuall LEAOYHCIEHHBIX NepemenHbix. [lyers
IS KaXKJOTo npeamera [1; 3a1aua BEJHYIHHA M) — MMEIOEEC KOMUIECTRO IPeAMETOB JaH-
HOrO THIA. B 9TOM CJIyyae pelieHue Tk, MPUHAMAEMOE Ha A-M LIAre, JIEKHT B JHAIA30HE
{0,1,...,m;} 1 pacdersl 10 PEKYPPEHTHOMY yPABHEHUIO (PUHIHIHAILHO He MEHAIOTCH.

PaceMorpuM Tereph 3a/a4dy O PIOK3aKe ¢ IeJOTACIIeHNBIMA TePeMERHBIMA U ¢ DOJIBIIHM

YHCJIOM OT'PaHMYCHUI.

ki)
E c;T; —> mex ,
J=1 L] yee5n
T m
; o
E gz < Q, E vz, &V, z;€d”, j=1...,n
j=1 =]

BeJtiaiibl ¥; MOYKHO HHTEPIPETHPOBATh Kak 00beMbl npeameros I1;, a V' — kak 00beM PIOK-
J J

3aka. MeTol IHHAMHYECKOrO MpOrpaMMHPOBAINsS MPHMEHUM M JUIA 9TOH 3ajaquu. TosmbKo
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TeNephb COCTOSHAC HOWATOBOIO MPONECCA NPUHSTHA PEUIEHIA ONpEIeNISIerca By Msl BeJIHn-
HAMH: 3 — OCTABLIMNCS! 3a11aC 1O Becy U 2 — ocTasimiics 3atac 1o 0obemy. PyHKIHA yCI0BHOIO
maxcnMyMa F, 6yier yHKipei AByX HEPEMEHHDIX Fi. = Fy(y, z), a peKyppeHTHOe yPABHCHHE

JUISL Hee IPHMET CJICLY FOLMi BUJL:

Fi(y, z) = max {ck:trk + Freoily — qup, 2 — 'r.=k_:f:,;-_)} ;
Qrer <Y
URT RS2
:r!ké'ﬂ';

Herpyano oNeHuTb TPYIOeMKOCTh alTOPHTMa B STOM CIyHac: T(n,Q,V) = O(nQV). Ecin
ke B 3ajaue Oyuer L aMHefHbX orpaHntienuil ¢ npaBbiMu MacTaMu Q1,...,Qr, TO OLEHKA
TPY/I0EMKOCTH CTAHOBHTCH HOKA3aTeJIbHON [0 L: T > nQL.., tie Opin = min {Q}!. Dror
POCT TPY/I0EMKOCTH B METO/IE JHIAMH1CCKOTO [IPOrpaMMHEPOBATHA HA3LIBAETCS «IPOKJIATHEM
PA3MEPHOCTHY ; OH JIENAeT IPAKTHUCCKH HEBOBMOKHDIM HCHOJIL30BANNE METOLA B peajbHbiX
sajadax npun L = 10.

B sainodenne 9Toi TaBbl IPHBEIEM 3aauy Jijis CaMOCTOATENbIOTO PeIICHNA.

Samaua 1. Ilycrs B sagade (3.1) - (3.2) dynxupu 10x0/0B Beex norpebureneit f;(z)
ompmaxosbr: fi(z) = fo(z) = - = fulx) = f(x). Ecam f(z) — Bornyras ueyObBatomas
dbynkuus, f(0) = 0, TO ONTHMAIBHOC PACTPEACTIEHHE PECYPCa TAKOBO: BCE A ejunnn pecypea
HAI0 OTHATL oEoMY (ftrobomy) HoTpeGHTeINIO. Jlokazarh.

Zamaga 2 (C.[. Bomienxos). Ilycrb sana npousBo/ibHAS 11OCTIEIOBATEIBHOCTE YHCE
@y, ..., 0, Tpebyercs yAajuTh U3 ITOH HOC/IE/N0BATEIbHOCTH MUHUMAIBLHOE YHCIIO 3JIeMeH-
TOB TaK, YTOObI OCTABLIASCH HOAIIOCIEI0BATENLHOCTE Erta MOHOTOHHO yObiBaomeil. Ilpe-

JOANTE aJIMOpHTM JAUHAMHYICCKOIO IPOrpaMMupoBanns JLsl pelnetus 3a0a 1.

Bamaga 3. /lano ypasnenne by +- - +by 2y = B, bi,...,bn, B € Z*, z; € {0,1}. Ipen-
JOKHT AJATOPHTM, OLPEISISIONHH, CYIECTBYCT WK HeT PCIICHNC T, . . . , T} 9TOrO ypanHe-
nusa 2.

Basaga 4. Paspaborars ajropurMm peienus 3aiain

n—1

F(Z1,...,%n) = Z.fj($js$;j+]) — min, z; € {0,1,...,k}, j=1,...,n.

j=1

13aMeriny, 970 B 33TPATHL Ha NAMHTh PACTYT C TAKOM e CKOPOCTHIO.
2Q06paTuM BHUMAHHE YHTATEIIS, IT0 B 33739 He Tpebyercs HAXOMUTh MAKCHMYM M1V MAHHMYM Kaoii-

160 uesesoit dyrkime. Tem He MeHee 31eCh MOKHO MPHMEHHTL CXeMY JHHAMUHECKOrD HPOrpaMMUpOBAIL.



I'naBa 4

DJIEeMEHTbI TeOpUH

MAaCCOBOT'O OOCIYKMUBAHUA

4.1. 3ajga4yyd TEOPUU MACCOBOro 00C/LY KUBAHUS

[lpu uccae0BAHUE ONEPALHH "aCTO IMPUXOIUTCA CTANKHBATHCA C paboroii cBoeobpas-
HBIX CHCTEM, HA3bIBAeMBIX cucTeMmamu Mmaccosoro obcimyxupanns (CMO). Ipumepsr CMO
— HPe/IIPHSITHE, BbUIOIHAIONIEe 3aKa3bl; CTAHOK, 00pabaThIBAIOUIKI JIeTall; KOMIBIOTEP, pe-
AIOMH 33Ja9H; MArasuH, obCIyKUBAINUH HoKyuaTeaed, u T.0. 3adBKH, MOCTYIAKUINE
pa obcayxupanne 3 CMO (3axaspl, geraid, 3a1a4u, TOKYIATeNH 1 T.0.), 00pasyT Nomok
sasneok. Kaxgaa CMO cocTOUT U3 KAKOIO-TO YHCIA 0OC/YKHBATOIIMX CIUHHUL, KOTOPLIE Ha~
SBIBAOTCS KaHaJaMu obeiryzkupanus. Kanajgamu MoryT GbiTh: IHHHK CBs3M, paboune TOUKH,
KACCHDBI, NPOJIABIBL, JUMTHL, KoMmibioTepsl 1 ap. CMO moryT ObITH OZHOKAHAIBILIMH H
MHOIOKaHAJIbHBIMU. PaceMOTpuM OCHOBHBIE 331841, CBA3AHHBIE ¢ HCCJIEI0BAHUEM CMO!.

Beakag CMO npegnasuadena st 00Cay KHBAHMA KAKOIO-TO HOTOKA 3ad4BOK, MOCTYTAIO-
X B CayqaiHbie MOMeHTH BpeMenn. OBCTyKupaHKe 3agBKH IPOJOJIKACTCH, BOOOMIE Io-
BOPH, CJIYUaiHOE BpEMs, IIOCIE Hero KaHal ocBOBOMKIACTCA H [OTOB K MPHEMY Cileaylonieit
sasiBku. CirydafiHpiit Xapakrep I10TOKa 3asBOK M BPeMeH 00C/IyZKHBAHUS [PHBOJUT K TOMY,
qTO B KAKUE-TO mepuoinl Bpemenu Ha pxoge CMO ckaiLmaBaeTcss H3IHIIHE OOJbIIOE HHCIO
3as1BOK (OHH JTHGO CTAHOBATCA B 04epe b, mubo mokugaior CMO HeoBC/Iy KEHHBIMH ); B APYI'HC
xe nepuoip CMO 6yjier paborars ¢ HeJOTPY3KOH M BOOOIIE 1POCTAHBATD.

IIponece paborsr CMO npeacrasisier coboit cirydainbiii 1POLECC ¢ JMCKPETHBIMH COCTO-
SHUSIME B HenpepbiBhbiM Bpemenen; cocrognne CMO mensercs ckavkoM B MOMEHTE HOSB-
JNIeHHs KAKAX-TO COOBITHIT (MM IIPHXO/[a HOBOH 3afIBKH, WM OKOHYAHHUS 0DCITY KUBAHUA, UM
MOMEHTA, KOL/Ia 3asBKA, KOTOPOH HAJ0eJI0 AKAATh, MOKH/IAeT ouepe) b).

[TpeMer TeOpHH MACCOBOIO OOC/IyKMBAHHA — HOCTPOSHHE MATEMATHUECKMX MOAC/IEH,
CBA3BIBAIONINX 3aannbie yeaosua paborot CMO (uucio xananos, UX HPOU3BOAHTEILHOCTD,
npasuia paboThl, XapaKrep HOTOKA 3a8BOK) ¢ HHTEPECYIOIUMHU HAC XapaK TepHCTHKAMH (110-
kazarensmu dpdexrusnocrr) CMO, onuchiBaomuMHU ¢ TOH WIK APYIOH TOYKH 3PEHHA ee

CrocodIOCTh CHPABJIATLCA C TIOTOKOM 3a4B0K. B KadecTne TakuX IOKasareseif MOT'YyT LpPH-

1 sooKenne MaTepuaia 970l IIABB B OCHOBHOM ciieiyer pabore [2].
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MEHSATHCSI PA3HbIE BEJMYUHbL, HALPHMED: CPEJHee HHC/I0 3a4BOK, ODC/IYKHBACMBIX CMO B
EUMHHUIY BPEMEHH; CPeJHee YHCJIO BAHATHIX KAHAIOB; CPeIHee HMMCIO 3a#BOK B OYEPCIH H
cpejee BpeMsi OXKHIAHH ODCIY?KUBAHUS; BEPOATHOCTH TOI0, YTO THCIO 33a4BOK B OIEPeiH
IPEBBICHT KAKOE-T0 3HadeHue, 1 T.10. B 910l 1iiaBe paccMOTPHBAIOTCS 3alatii OUPCASIeHns B
AHAJIMTHYECKOM BHE HEKOTOPBIX M3 YKa3aHHBIX XaPaKTePHCTHK 411 OTHOCHTEIBHO HPOCThIX
CMO u TPaKTHIECKH He H3YYAIOTCA 3QJA%H, CBA3AHHBIE ¢ IPUHSITHEM DelTeHHit M0 ONTHMH-
ALK CAMUX CHCTeM (HAIPHMED, 110 THCIY KAHAIOB 00C/IY KHBAHE, PEsKUMOB PAbOTHI CMO
M LIL).

CHeTeMbl MACCOBOrO OBCHYKUBAHMA JEIATCH Ha TUIbL (MM KJIACChl) 10 pajy IPA3HA-
kos. [epsoe aesenne: CMO ¢ orkazamu 1 CMO ¢ ouepeyibio. B CMO ¢ orkaszamu 3asBKa,
NOCTYIHBIIAS B MOMENT, KODJa BCe KAHAIBL 3aHATH, MO/IyYacT orkas, nokugaer CMO n B
nasibicitnieM nponecce obcayxupanus ue ytacrsyer. [pumepst CMO ¢ orkasamu Berpeda-
[0TCs B TeedpOHAN: 3asiBKa HA PA3rOBOD, NPHIICUIIAA B MOMEHT, KOIUa BCe KaHaJbl CBA3H
saHsTel, nosydaer orkas u nokugaer CMO neobeayxennoi. B CMO ¢ ouepenpio 3aseka,
[PHILEJIIAs B MOMEHT, KO BCE KAHAJIbl 3aHATHL, HE YXOIUT, & CTAHOBUTCH B OYEPeib U 02Ku-
HACT BO3MOZKHOCTH GbiTh 06cy kennoif. Ha npaxruke uaie serpeuaiores (v umeior bosbiiee
snadenne) CMO ¢ ovepespio; HeJAPOM TEOPHSI MACcCOBOrO 00C/IY KHBAMIA HMEET BTOPOe Ha-
3BANME: «TeOPHd ouepejeiis.

CMO ¢ ouepeabio HOAPA3AEIAIOTCS HA PA3HBIe BUIAB B 3aBUCHMOCTH OT TOIO, KakK op-
PAHM30BAHA OUEPElb, OIPAHMYEHA OHA WM He orpanMieHa. OrpaHMYeHust MOLYT Kacarbesd
KaK [JIMHBL 0Yeped, Tak ¥ BpeMenn oxuanus (rak nasemaembie «CMO ¢ nereprienBbivu
sagpkaMiy ). Ilpn ananunse CMO [0/7KHA yHATHIBATHCST TAKKE W «IUCHHATLIHHA obCIY ZKUBa-
HUSY, 3a4BKHA MOI'YT OOCTY 2KHBATBECA JMO0 B HOPsLIKE HOCTYIVIEHH (PAlbIIC IPUILIA, DAHbLLE
obcayuBaercs), aubo B cayuatinom nopsjke. Hepeaxo serpevaercs rak HasbiBaeMoe 00-
CJLY>KUBAHKe ¢ IPHOPHTETOM — HEKOTOPBIe 3asABKH 00CTyAuBaloTea Bue odepesu. Lippopnrer
MOYKET OBITL KaK abCOMIOTHBIM — KOLi@a 3asBKa ¢ 60/1ee BLICOKUM IIPHOPHTETOM «BbITECHSIET»
M3-1I0, OOCIYAKMBAHMS 3aBKY € HU3INUM (HAIPHMED, HPHILICINUT B TAPHKMAXEPCKYIO KIIH-
CHT BBICOKOI'O PAHTA MPOTOHHET ¢ KPecaa OBBIKHOBEHHOTO K/INEHTA), TAK H OTHOCHTEIbHBIM —
KOTJla HAMaToe 00CIyKHBAHHE JOBOJHTCS J0 KOHIIA, & 3a5BKa ¢ 00JIee BLICOKHM IIPHOPHTETOM
MMEET JIHILD PABO HA JIyYIlee MeCTO B OYepe/lH.

Cywecrsyror CMO ¢ Tak na3piBaeMbiM MHOIO(hA30BBIM 00CHY AKHBAHHEM, COCTOSAIMM 13
HECKOIBKHX NOCJE0BATEIbHbIX yTaoB win (a3 (HanpumMep, HOKYNaTelb, NpULIenHi B
MAaras3nH, JOJIAKCH CHAvaJa BLIOpaTh TOBAp, 3aTeM OIIATHTD €10 B Kacce, 3aTeM 1Oy YuTh Ha
KOHTPOJIE),

Kpome srux npusnaxos, CMO nenarcs Ha JiBa KIacca: <OTKPBITHIC» H «3aMKHYTHe». B
orkpeiroit CMO XapakTepHCTHKH LOTOKA 3a4BOK HE 3aBUCAT OT TOI'0, B KAKOM COCTOSHHH

cama CMO (CKOIBKO KAMaJIoB 3aHs10), a B 3aMkuyToit CMO sasucar. Hanpumep, ecnu onun
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pabounit 06C/IyKUBACT TDYIIY CTAHKOB, BPEMsi OT BPeMeHH TPeGYIOIUX HATAJKH, TO MH-
TEHCUBHOCTD MOTOKA «TPebOBAHME» CO CTOPOHBI CTAHKOB 3ABHCHT OT TOIO, CKOJILKO HX YIKe
HEMCOPABHO M 2K/leT Hana kK. 1o npumep samkuayToii CMO. Knaceudukanus CMO pasexo
HE OrPaHUYUBACTCH UPUBEICHHBIMA MX PA3HOBUHOCTAMY, HO MLI OPDAHAYHMCH WMH.
Ourumusanus paborsr CMO MOXeT IPOM3BOAUTECS IO PAUBLIME YIVIAME 3PEHUS: ¢ TOU-
Ki 3penusi opranusaropos (win saajgensuen) CMO win ¢ Toukn spenusi 06C/ayKABAEMbIX
KiuenToB. C 1epBoil TOUKYU 3peHUs KETATEIbHO «BBIXKATH BCe, 4TO BO3MOXKHO» 13 CMO u
A06UTBCs TOTO, YTOOBI ee Kanaubl GblN NPENeNbHO 3arpyxentl. C TOUKH 3penus KJIHeHTOB
AKENATeLIO BCeMepHOe yMeHbiuenue odepeneit. ITps pemennu 3a1a4 ONTHME3AIUYE B TeOPHH
MACCOBOIO 0DCJYKHBAHHA CYIICCTBEHHO HEOOXO[MM <«CHCTEMHBIH I0JXO0/», LOJHOE M KOM-
[UIEKCHOC PACCMOTPEHME BCeX MOC/Ie/ICTBHIH KaxKoro pemenusi. Haupumep, ¢ 104Ky 3penus
kiuerTop CMO, kesaTeibno yBelH4eHe 4HC/Ia KAHAIOB OOCIYAKHBAHUS, HO BEb paboty
KaxKA0r0 KaHa/la HaJl0 OLIaYuBaTh, YTO YIOpoxkaeT obcayxupanue. ITocrpoenie MareMary-
4ECKOU MOJIEJIM HO3BOJIHCT PEIIHTL CHTHMH3ALUONNYIO 33/1a9Y O PA3YMHOM YHCJIe KAHAJIOB C

yueroM Beex (aKTOpOB «3a» U <«IPOTHEBS.

4.2. ®opmyna Jlurtia

ITomoxom cobvimuti HA3BIBALTCS HOCJIEOBATEIbHOCTD OJHOPOHbIX COOBITHIA, CJIC/IY 0T X
OZIHO 32 JIpYTuM B caydatinbie MomenTst sBpemenn. Cobuirusiva 8 CMO gpiores nocryinieHus
3a5BOK B CHCTEMY M OKOHYaHUA OOC/IYKUBAHMSA 3a8B0K KaHAJIAMH.

Pacemorpum nponssosbnyio CMO u cBsi3annbie ¢ HEW ABa NOTOKa: HOTOK 3asBOK, TPH-
oviaomux B CMO, u norok s3aasok, nokugaomux CMO.

2Kn3Hb Kax 10 3as4BKM MOXKHO CXEMATHYHO ONUCATH TAK: B HCKOTOPbIH MOMEHT BpeMeHH
3as1BKa NOCTyHaer B 04epe/b, CTOMT B odepein Ha obciyxupanue 10 MoOMeHta f, 06CIy-
KHBAETCA U yxoauT u3 ouepenn. Ilycrs A(f) - uncno 3asBOK, HOCTYIHBIINX B CHCTEMY 3a
npomesxyTok spemenn [0,t], B(t) — unciio 3a4B0K, OKHHYBIIMX CHCTEMY 3a TOT XK€ [IPOMC-
Kyrok [0,1]. Byaem cuurars, 910 B 110060 MOMCHT BPEMEHH MOMKET HOCTYIUTbH HJIA ObITH
obcayzeHa ToJIbKO oana 3asBKa u B(t) < A(t), rak kak He mMoxer ObiTh 0OCAYREHO 3a-
4BoK Gousbime, dem nocrynuiao. Pyuxunn A(t) u B(t) asasiores cayualiHbIMA 0 MCHSIIOTCH
CKaYKOM (yBeJMYHBAIOTCS Ha €JMHMILYY) B MOMEHTH Ipuxoja 3assok (A(t)) u yxona 3asBox
(B(t)). Buzn srux dynxnuit nokasan ua puc. 4.1. Ouesuano, uro s moboro Momenra t ux
pasznoers ¢(t) = A(t) — B(t) ects me 4ro uHOe, KakK “wucao saacok, nazodawurca ¢ CMO.
Korma sunun A(t) u B(t) ciuBaiorcs, B CHCTEME HET 3asiBOK.

Pacemorpum pabory CMO na jocraroyno 6oabimom untepsase spemen [0, T'). Hac 6yayr
MHTEPecOBATh C1e/1yI0Nue XapakTepUCTHKN CHCTEMbl Ha 3TOM HPOMEXKYTKE BPeMEeHHU:

Lewe(T) — cpejiee 9ucsio 3a4BOK B CHCTCME B IPOU3BOJIBHBI MOMEHT BpeMeHH;
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Y |

Puc. 4.1. Uzmenenue gucna 3assok 8 CMO

W2

em(T) — cyMMapHOe BpemMs HaXOXK/JICHUS BCEX 3aABOK B CHCTCMC;

Wenem(T') — cpejinee Bpemsi npeObIBaHus OJ(HON 3adBKH B CHCTEME;
XNin(T) ~ cpejnee 4ue0 3asBOK, NOCTYNABIINX 33 €JHHULY BPeMeHH (MHTEHCHBHOCTDb 10
Toka 3aapok) na unrepsaie [0,T]. Cpeanee uncno saasok, naxopamuxcs 8 CMO B npous-

BOJIBHBLIA MOMEHT BpeMend, paBHo:

1 L
Louon(T) = fﬁ oft) dt. (4.1)

Unrerpan B (4.1) ecrs nuomaas durypst Mexxiay rpadpukamu A(t) n B(t) na puc. 4.1.
@urypa cOCTOMT H3 IPAMOYIOJIBHUKOB €IMHUYHON BHICOTHl M C OCHOBAHUEM, PABHBIM Bpe-
Menu mpebbiBaHMSA B CUCTeMe cooTBeTcTByIOmei 3aasku. CoeoBaTenbuo, MIOWA/lb PABHA
cymmapioMy spemenn W2 HaxoxJennd BCeX 3adBOK B cucTeme (1. €. B OUEPeaH MM HA

obcnyskusanun). Torua

WCL;I‘Z!H (T)

Leum(T) = ~WE_(T) = Au(T) i

T CUCT

Ho senuuuna A(T)T' ecth cpeanee uuciio 3a89B0K, npuineynee 3a pems 1'. Torza ornomenue
CYMMapHOI0 BpeMeHu HpebbiBaHUS BCEX 3as8BOK B CHCTEME K CPEJIHEMY YUCJIY 3a4BOK, HOCTY-
NMUBIIAX B CHCTEMY €CTh HE YT0 UHOE, KaK Cpejpce Bpems lpeObiBaHus 3asiBKH B CHCTEME,
7. €. BeauuuHa Woyen(T). Takum obpazom noayuaem paseHcTBO Leoyem(T) = AMT)Weuern(T)
HJIH Wcucm(T) ™ Lcucm(T)//\m(T)-

Bysiem caurars, 9ro npu T — oo 8 CMO ycranosuscst npejejbHblil, CranMoHapibli
pexkuM, T. e. XapakTepuCTukd Loyem (1), Weuem(T) umeror npegenbunie 3nauenus Ny, o

Wenem coorsercrsento. Toraa imyp oo Ain(T) = Aip ¥ OKOHYATCIILHO HOTYYACM PABCHCTBO
Wcuz:m = Lcucm/Am- (42)

1o u ecrn dopmyaa Jlurraa: g moboit CMO, npu mobom xapakrepe noToKa 3asB0K,

1pa J1000M pacnpeiesieHun BpeMenn 00Cay KuBanus, npu noboi Juciuiinae obcsy KuBaHus
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cpedree 6pema NPEeOHIBaHUA 30AEKY 6 CUCTNEME PAGHO CPEOHEMY “UCAY 3AAB0K 6 CUCIEME,
deaenHomy Ha cpedition UHMEHCUBHOCTD NOMOKA 3AAGOK.
TouHo TakuM Ke 00pa30oM BHIBOANTCA | BTopas dopmyaa JIuTTia, cBA3nIBaionaa cpemee

ppems 1peObiBAHUA 3a4BKU B ouepeau Wiy u cpennee HHEI0 3a4B0K B ouepesu Ny :
W.Bllt = Lout/)\o'nt- (43)

BaMeTHM, UTO B YCTAHOBHUBLIEMCSI CTALIHOHAPHOM PEXKHME Agys = Ajp = A

4.3. Tloroku cobwrrnit 8 CMO

4.3.1. Ilpocreiimmii TOTOK

Jus pacuera xapakrepuctuk CMO rpebyercst hopMaibioe OLMCAHHE [OTOKA 3asBOK,
nocTynaoumx B Hee, Kak npaBuiio, J0CTATOYHO TOYHBLLA pacuer xapakrepuctnk CMO Bos-
MOZKEH TOJIbKO B CJIyHasX, KOI'a NOTOK 3a4BOK NMPEICTaBasfeT coboil TaK Ha3bIBACMblH npo-
emediwuti nomor. Ilpocrelimmum na3piBaeTcst 10TOK COOLITHI (MO COOLITHEM B JAHHOM Ci1ydae
HOHAMAETCS IOCTYILICHHE 3asBKH ), 0D/ IAI0UIH CBOHCTBAMHU CIMGUUOHAPHOCTIUL, OPOUHADHO-
cmu, omeymemeus nocaedelicmeus. llpusesem onpenesenus 3TUX MOHATHA.

PacemorpuM caytaiizoe coObitie Zi(ti,t2), KOTOPOe COCTOMUT B TOM, 1To 38 AHTEPBAT
Bpemenn (t1,fz) B CHCTEMY IOCTYIIHT POBHO k 3agBOK.

Opdunaprocmo. Tlorok cobbrThit ABIgeTCs OPAMHAPHBLIM, €CJAH BEPOATHOCTDL HOHBJIEHHS
JIBYX Wi Gostee cOOBITHH 38 OYeHb KOPOTKHH, OMU3KHIE K Hy/IeBOMY HHTePBAJ BPEMEHH OYeHb
MaJia [0 CPABHEHHUIO C BEPOATHOCTHIO HOABICHUS 3 TOT 2Ke NepHol, 04HOro cobpirus. Jpy-
TUMH CJIOBAMH, HOTOK 3aBOK SIBJISETCS OPJHHAPHBIM, €CJIM 3aABKH MOCTYIAIOT Ha 00C/LY 2KH-

BaHMe He I'PYINaMy, a 10 ogHoi. PopMaIbHO 3TO MOXKHO 3allicaTh CJAeAYIOMUM 06pasoM:
P{Zi(t,t + h)} = At)h + o(h).

Torma BEpOATHOCTH MOCTYILIeHHs Ha HHTepsade (b,t+h) Gosee yem oxuol 3assku pasna o(h).
Cmayuonaprocmy. TIoTOK COOBITHI ABJIAETCS CTALMOHAPHLIM, e/ A(t) = const. Pakrn-
YeCKH 3TO O3HAYAET, YTO BEPOSTHOCTHLIE XAPAKTEPUCTHKN HOTOKA HE 3aBUCAT OT BPEMECHH.
Omeymemeue nocaedelicmsus. ITo CBOHCTBO MOTOKA (OPMAIBHO BBIPAXKETCS CJIEIY-
IOTIHM  0DPA30M: LIS HelepeceKalomuxXca HHTEPBATOB BPEMCHH (t1,t2) m (t3,ts) cobbITHSH
Zi(t,to) u Zy(ts,ts) HesaBicumsl. ViHbiMa clioBamut, 4MCJIO 3aBOK, HOMAJAIOMMX HA OLMH
HHTEPBAJI, HE 3aBUCHT OT TOI'0, CKOJILKO 3afBOK IIONAJIO HA JIPYTOii.
JIerko moKasarTh, YTO 418 IPoCTeHIuero noToka uHrepsat T' MexK iy cocefHnMA coObITH-

AMH HMeeT IMMoKa3zaTeJIbHOE pachnpelesieHne ¢ IIOTHOCTL)

fr(t) = e ™ (t >0).
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st cmyuaiinoii BeJiuuHbl T, pacupeie/IeHioN 10 OKA3aTe/IbIHOMY SaKOHY ¢ HapamMerpoMm A
varemaTiyeckoe oxutanne M([T] u cpejnee Kaiparianoe o|T] pasibt 1/

[Ipn nmoka3aTesbHOM pacHpeeeHl HETePBaTa MEACLY COCCIHUMU COOBITHAMHU KOJIHIe~
crBo coObITHIT (B JAHHOM CJ1y'ae HOCTYIJIEHHC 3a5BOK ), IIPOUCXOASNIUX 38 HEKOTOPbIt HH-
TepBAJl BPEMCHH, [IPEICTABIsET cobofi cayqaiinyio peuauny &, PaclpeieseHHylo o 3aKOHy
[lyaccona: BepOsSTHOCTD COOMITHS Z(t1, 12) onpeaensaercs Kak

Aty —1)® i
pr(tz —t1) = — e Mez—t)

MaTeMaTHIeCKOe OsKMIAIIE CILY AR HON B THHbL § pacnpesiesienHoi o 3akouy 1lyac-
COHA, PABHO
o0 2 Nkgk
Ml = z kpi(t) = Z Fa:f\—!—;—c_’“ = At
k=0 k=0 :
pue t =ty — t; — JLIMHA PACCMaTPUBACMOTO UHTEPBAIA ppemenn. CiejoBaTenbHo, IlapaMerp
A ecTh CpejHee YMCIO 3adBOK, NPHXOjAIIeecs Ha CIMHMIY BPEMCHM, T. e. MHTEeHCUBHOCTD
TOTOKA.

[Ipocrefiinii IOTOK HIpaer Cpesy ApYyIruX HOTOKOB 0co0YI0 POIlb, B YEM-T0 HOAOOHYIO
POJIM HOPMAJIBHOTO PACTIPENENEHNsA CPEAN APYTuX MOTOKOB pacnpeje/ienus, a UMCHHO! IIPH
cyMMUPOBaHHE (HAJIOXKENHH) JOCTaATOTHO DOJILIIIONO THCAA, HE3ABUCUMBLIX, CTATAOHAPHLIX H
Op/MHAPHBIX TIOTOKOB (CPABIMMBIX MEXKLY COBOH 110 MHTEHCMBHOCTH) IOJy4aeTcs IOTOK,
Gauskuii K npocrefimemy. OTMeTuM TaKiKe, ITO CyMMa k npocrefimmx 1IOTOKOB ¢ MHTEH-
CHBHOCTSIMH A1, . .., Aj ABIAETCH MPOCTERIINM TOTOKOM ¢ HHTEHCHBHOCTHIO A=A+ -+ A

Maremarnueckuii anaaus paborst CMO 3naunrennbo obieriaercs, eciau BCe HOTOKHI CO-
OBLITHI, MEPEBOALIIHE CHCTEMY U3 COCTOANM B COCTOHHUE (NOTOKH 3asIBOK, MOTOKH «00CIIY-
AKHBAHUIY ), SBIAIOTCH MPOCTEHITHMH (MM, WTO TO JKe CAMOe, CTAlMOHAPHLIMH MyaCCOHOB-
ckum ). Ecai 910 CBORCTBO HADYLIALTCH, TO MATEMATH'IECKOE OILHCANHE IPOLECCA CTAHOBUTCH
FOPA3I0 CIOZKHEE H JOBECTH €O JO SBHBIX, AHATHTHIECKHX dbopmy.T yoaercs 1dilb B PEIKHX
caryuasx. OJ1aKo BCE yKe almapar «IpocTeHineH» TeopHH MacCoBOro oBCTy ZKUBAHNS MOKET
MPHIOAMTHCS JJIsl HPHOIHZKEHHOIO ONHCAHU paborst CMO pazke B rex ciiytasx, Koraa mo-
ToKH coGpiTuit He mpocTeiiinme. Bo MEOIMX Co1yasiX Jyis IPUHATUZ PASyMHOTO PEICHHE 1O
oprauuzainn paborer CMO posce n He Tpebyercs TOYHOIO 3HaHMs BCEX ee XapaKTePHCTHK,

3a4aCTyYI0 JJOCTATOMHO H l'IpHﬁJIH)K(—)l-lHUPO, OPUEHTHPOBOTHOLI'O,

4.3.2. IIpouecc «rnbesm ¥ PAZMHONKCHUS»

PaceMOTPHM HEKOTOPYIO CHCTEMY, KOTOpas MOXKET B KasK LI MOMEHT BPEMeHH ! Haxo-
JIUTHCH B OHOM M3 70 COCTOSIIAN S, - - -, Sy Iyers Ey(t) — cayuadinoe cobpitie, CoCrosuee B

TOM, YTO B MOMEHT BpeMeHHM { CHCTEMA HAXOMHTCH B COCTOANHY Sy 1 pi(t) = P {Ex(t)} - Bepo-
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SITHOCTH 9TOTO COBBITUs. By/1eM 1peino/araTb, 410 HOTOKH COObITHI, BLI3bIBAIOLIUE HEPEXO],
CHCTEMBL M3 OHOIO COCTOSTHUST B APYTOE — IPOCTEHIIHE CO CJAEILYIOMUMHE HAPAMEeTPAMH:

1. P{Epi(t + h) | Ex(t)} = Ach + o(h)?.

2. P{Ex_1(t + h) | Ex(t)} = pxh + o(h).

3. P{E.(t +h) | Ex(t)} = o(h), e |m — k| > 1.

4. P{EL(t +h) | Ee(t)} =1 — (Ae + p) b + o(h).

Ha puc. 4.2 nokasan rpad> BOSMOKHBIX EPEXOLOB W3 OJHOTO COCTOSHHS B JPYToe.

Onpeenum BepoaTHocTs py(t). TIpuaammm t Masioe upnpariende b u nocuuraeM p(t-+Ah).

[To dopmy.ie 1010 BEPOATHOCTH

it +h) = o1 (P {E(t + h) | Bxey ()} + pe(O)P{Ex(t + h) | Ex(t)} +
+ Pra1(OP{EL(t + 1) | Eeyr(8)} = pr-1(t) (M—1h + o(h)) + pr(t) 1 — (M + p)h + o(h)] +
+ P () (g1 + 0(R)) = pr—1Xe—1h + r(t) [1 = (A + pr)h] + prs1 () iy h + o(R).

[IpeoGpasyemM mocnemnee paBeHcTBO K BUHLY

h
= Dica (Mecr = PR + 1) + s (v + 2.

pi(t + h) — pi(t)
h

[lepexoas K mpesey npu h — 0, BMECTO PA3HOCTHOTO YPaBHEHHs TOJydnM jmddepenim-
aJbHOE

dpx(t)
dt

= Pr1(E) k=1 — Pr(B) (Mg + k) + Prrr () k1 (4.4)

CupapejTHBa, CJAEIYIOWAs TEOPeMa TCOPUM CJIyJalHbIX [POUECCOB: eCJIH THC/I0 COCTOSHMI

Mo M e M Y .
So Sy Sk Sk Sk+1 Sa
Wy Ha Hi.y Ky Hys ) Hp !

Puc. 4.2. I'pad nepexoos

CHCTEMB! KOHEeYHO H U3 KaxKJ10ro H3 HUX MOXKHO 3a KOHeIHOe 1HCJIO UHIarob nepeﬁrm B J11000€e
JIpyroe, TO CYUECTBYIOT MPeierbl

Jlim pi () = py.
DU [pefeTbHBe 3HAUYCHUHS HA3BBAIOTCH (Buraivnumy eepoammocmsmu. OUeBUAHO, 4TO
Zn pr = 1. BesuuuHa pj HOKAa3bIBAET, KaKylO OO BPEMEHM CHCTeMa IIPOBOJMT B COCTO-

AHuM Sk.

2P(A | B) o3uauaeT BEPOATHOCT COOBITHA A pU yCIOBUM, YTO IPOU3OILIO cobiTue B.
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V081 9TOH T€OPEMBI OUEBUAHBIM 00PA30M BBLIIOJHEHD! B HALIEM CJIytae. Takum obpa-

30M, IpH T — 00 YpaBHCHHE (4.4) nepexopur B aJarcOpanIeckoe ypaBHeHue

0 = pr_1M—1 — Pl Ak + fk) + Pribibe

HJIH
\("\k_ 1Pk-1 — Ju-k&l— (/\kp;c s ELH]Pk-!--ll =) (45)
Zk—1 2k

3 (4.5) oueBHHO caesyer

= el = k2= =2=0 = g1 Pt =M P K2 1.
Torma,
Ak AkAk-1 AkAk—1+-- Ao .
Dipl = —ePp = Php] T e = ] * (4.6
i #k+1p P14k Pt b o 1 )

BHATCHUE Py OLPEIETACTCS U3 yCJIOBUA > koo Pk = 1. Omyckas mpoMezKyTOUHbIE BbIKIIA/L-
KH, MPUBEEM OKOHYATEJLIBIH Pesy/ibrar

Do M B R
IPU — (l -+ __.p. - 170 4 e Ll_._.__u) . (4_?)
I Haliy 2 T

Bee ocraspubie GHHAJILHBIE BEPOATHOCTH Py BLIPAZKEHBI 1epes po B (4.6).

IIpuBeseniasn cxema npouecca «rubeiv M PasMHOMKEHH» 110J1€3Ha [1PH PCIICHHH MHOI'MX
38,141 MACCOBOTO OBCITYKUBAHMS. 3AMETHM, 1T0 LPOIECe Mo00HOr0 THIA OTHOCHTCA K TaK
HABHIBAGMBIM MAPKOBCKUM CAYUATHBM TPOUCCCAM € QUCKPETMHBIMU COCTNOAHUAMU U Henpe-
poieHuM epemenem. Heerporo sro HoHATHE MOHKHO cOPMYIMpOBATEH CJEAYIONHM 00pA3OM.
Coryaftubiii Tponece, NPOTEKAIONHt B CACTEME, HA3BIBACTCT MAPKOBCKHM, eCIH 11 Joboro
MOMCHTA, fo BEPOSITHOCTHLIE XAPAKTEPUCTHKH IPONECca B OyjlymeM 3aBHCST TOJABKO OT €ro
COCTOSIHUS B JIAHHBIA MOMCHT o M HE 3aBHCAT OT TOTO, KOLAA U KaK CMCTEeMa IIPUILIA B 910

cCOCTOSANHE.

4.4. Pacuer mapkockux CMO

4.4.1. Muorokanajbaas CMO c orkazamu

Pacemorpim n-kanaapiyio CMO ¢ orkasamu, T. €. IDHIIEIIIAAL B CACTEMY 3adBKa, SacTab
BCe 71 KAHAJIOB 3alSTbIMH, 110J1y4aeT OTKA3 B ODC/IYKUBAHME H IOKHALT CHCTEMY Heobey-

JKEIHOM. ByeM paccMarpHBaTh STY CHCTEMY NPH CJACILYIOMUX NPETOLOKEHHAX:
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1) pxougamuii NOTOK 3asBOK — npocreifuii ¢ MHTEHCHBHOCTBIO A

9) IS MOTOKA 3asBOK, OOCIY KUBAEMBIX OJIHHM KauajloM, Bpemsi 00C/y KUBAHHS 10Ka3a-
TEJABNOC ¢ TAPAMETPOM [t ({ — HHTEHCHBHOCTb ODC/IY)KHBAMNUSA, T. €. CPEIHEe THCIO 3adBOK,
OBCIYKHBACMBIX KAHAJOM B IMHUIY BPEMEHH 1PU YCAOSUU, N0 KaHAA nuKo2da He npo-
CIMAUBAEM U3-3a OMCYMCMBUL 304AGOK ).

Tpebyerca naiiti (bHHATBHBIC BEPOSITHOCTH COCTOAHUIH CMO, a Tak:Ke XapakTepPHCIHKH ee
9 bEK THBHOCTH:

)y — ABCOMIOTHYIO HPOIYCKHYIO CHOCOOHOCTD, T. €. CPejiHee YHCIO 3adBOK, 06ciLy ZKuBae-
MBIX B €IUHHILY BpeMeny;

(., — OTHOCHTEJILHYIO IIPOIYCKHYIO CIIOCOGHOCTD, T. €. CPEAHIOI0 JOJIO IPHUIE/IINX 3adBOK,
00CIIy KUBAEMbBIX CHCTEMOM;

Py — BEPOSITHOCTH OTKA3A, T. €. TOr0, YT0 3a4BKa OKHHET CMO HeobC1yKeHHOI;

k — cpejiee MHCIO 3aHATBIX KAHAIOB.

Pabora rakoit CMO yKiaapiBaercst B CXeMy TPONECCa «IHOEIH B PASMHOMCHUAY : «Pas-
MHOMKEHME» — YT0 HOCTYILICHHE 3a5BOK B CHCTEMY, «IMOesiby — 00CHy KMBHHE 3a4BOK, COCTOA-
HHST CHCTEMb HYMEpYIOTCS TI0 MHCTY 3a4BOK, HAXO/AIHMXCA B CACTeMe (OHO COBIAJ@ACT C 'THC-
J10M 3andaThix Kanauos). OUYeBuaHO, 1TO NEPEeXo| Sy = Spi1 ons moboro k=1,2,...,n—1
poispBaerca noctymienneM B CMO oxuoft 3asBKH, HO9TOMY Ag = Ay = ... = Ap = A.

HecKoJbKO CIIoMKHee ONpeaensiorcs (k. [IycTh cHeTeMa HaXOAuTCA B COCTOAHMHU S (pabo-
Taer oauH Kanad). O IPOH3BOIUT it OOCITY KABAHK B eJMHUILY BPEMEHH, TOSTOMY fi1 = .
[IpeAHonOAKHUM, YTO CHCTEMA HAXOMUTCH B S (paGorator apa kKanaua). Jnsa mepexoia B S
Hy2KHO, TTOOBL MO0 3aKOHTHI 00C/Ty ZKHBAME TIEPBhIH Katall, nu6o BTOpOIl; cyMMapHasd HH-
TeHCHBHOCTL HX 06cayKupanua pasra 2. Takum obpasom, g = 2. CyMMapHblil TOTOK
o6e/yKMBaNUA k KAHAJIAMH PaBeH kft 1, CIeJOBATE/ILHO, [y = k.

Bocnossayenmci rereph popmyinamu (4.6) — (4.7) Aist GUHANBHBIX BEPOATHOCTCH B CXeMe

«TU0OEIN U PasMHOKEHUsIY,

= 14)‘ } 4\2—+~—)'3-—+ --+'\—k+ = x )" (4.8)
B S 2u? 0 2-3p3 kgt~ nlpn ' '
/\k
pkzmpo, o R (4.9)

OBo3naumm p = A/j. Dra BeAMUHHA HASBIBAETCA NPEIEIBHON HHTEHCHBHOCTBIO NOTOKA 33~
ABOK. e CMBICIT — CpeJHee YHCJI0 3agBOK, IPHXOAAINee 33 CPeiHee Bpems:d obCTy AKHBAHU A
ool 3assku. @opmyist (4.8) — (4.9) ynobuee 3anuChBATE B BUAE

2 k

ak =t

P P P

=11 TN NN (R . , 4.1

m (+p+2!+ 'A:!+ +n!) (=10)
o

Pi = mpg, ko= s s B (4.11)
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Oupe/ieJum Telepb XapaKTepUCTHKA CMO. Haitnem cuauaisa BeposTHOCTD OTKA3a B

OQueBnHO
pﬂ
Pomx = Pn = ;LTPD- (4.12)
OTHOCHICbHAS ITPOIYCKHas CHOCOOHOCTD @, — BEPOATHOCTH TOTO, YTO 3aABKA Byner 00-

l:Jl}’)KCH'dI:
o
Qa =1—FPome=1— ;}Tpﬂ- (415)
ABCOMIOTHASE IIPOTYCKHAs CHOCOOHOCTD (Jq €CTH MPOU3BEEHHE HATCHCUBHOCTH NOTOKA

3a4BOK A HA (Jy:
pﬂ
Qa. = A, = A (] = ﬁﬁ@) . (414)

Cpesee THCI0 3aHATHIX KaHAJIOB k olpeiestim CJIe Ay UM CIEOCODOM. BMecTo rpoMosi-
KOT'O BBLIYHC/EHUS MATEMATHICCKOTO O2KH/IAHIA S h_o k- pr 3ameTum, 4r0 Qg ecTh HHTEeHCHB-
HOCTH MOTOKA OBCYKEHHbIX CHCTEMO 3asB0K. Kak/iplil 3aHATHI KaHAT B €/HHHILY BPEMCHH
0OCITY KHBACT B CPEJ(HEM L4 3asBOK. CieqoBaTeIbIo, CPpeaHee THCI0 3aHATHIX KAaHAI0B PABHO
Qu/ 1, wrm, yuurbisas (4.14),

- p“
F=p (1 £ mm) . (4.15)

[Ipumep. VMeercs cramnus CBA3H C TPeMd Kana/laMu, HHTEHCUBHOCTH IOTOKA 3asBOK
X = 1.5 3a4BKH B MUOYTY; CpeIHCe BPEM#A OOCIYKHBAHHS OJHOMR 3aABKH losen = 2 (mun.),
Bee noroku npocreitmme. Tpebyercsa naliTn GUHAIBABIC BEPOSTHOCTH COCTOAHMIE ¥ XapaKTe-
pucruku CMO.

VHTeHCHBHOCTL ODCIYKABAHMST OJITUM KaHaJIoOM [ = 1/tosen = 1/2 3a4BKM B MHHYTY.
[lapamerp p = A/p = 3. Brruncienns 10 Ghopmyliam (4.10) - (4.11) nator caejyiomue pe-
syasrare: po = (1+349/2+ 27/6)~1 = 1/13, p1 = 3/13, p; = 9/26, ps = 9/26 ~ 0.346,
Q. ~ 0.981, Q, ~ 0.654, Popy & 0.346, k = 1.96.

Buano, wro CMO CHIbHO HeperpyzKeHa: 3 TPeX KaHAJI0B 3aHATO B CPEIHEM OKOJIO JIBYX,
a U3 HPUOBIBAIOIIHMX 3a5BOK OKOJIO 35% ocraiorcs HeobeTy KeHHbIMU. EcTecrBenso, BOSHUKAeT
3a/1aMa; CKOJIbKO HAJI0 KaHaJl0B, q10o6bl 00CJYKUBATH HE Meree 80% nocTynalomux 3asBoK’
Kakas £0JisT KAHAJIOB IIPH 9TOM Oynier HPOCTAMBATH !

Perense YKa3aHHbIX BOIPOCOB - JTO Y2Ke B HEKOTOPOM CMBICJIE ONMUMUSAUUA CMO.
Hayio TONBKO yUecTh, Y10 COIEP/KAHME KAMCIOro KaHala CTOMT ONPEAENeHHYIO CyMMYy Jie-
ner. BuecTe ¢ TeM KazKias OBCIyzKeHHAs 3asBKa IPUHOCHT HEKOTOPBIH JIOXOZ. YMHOXKAs
9TOT JIOXO/L Ha CPE/IHEee YHCJIO 3asBOK, 00CIYKUBACMBIX B eIMHULY BPEMEHH, MbL IOJLYHHM
cpemnnit goxon or CMO B eauuniy BPeMEHHM Kak bynkimo f(n) or yucaa xkanaios. Ilycrs
g(n) — cronmocTs OBCTYKUBAHMS 71 KAHAIOB B €HUILY BPCMEHH. Torna kpurepuem BLIOOPa

OITHMAJIBHOIO 1A Kanajos 6ymer max {f(n) — g(n)}.
1
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4.4.2. CMO c HeorpaHu4eHHON o4epebIO

ITyers umeerca ojauokanansaas CMO ¢ odepepio, Ha KOTOPYIO HE HAJIOKEHO HHKAKUX
orpanu4eHnit (HE 0O JJIMHE OYepeaH, HU 110 BpeMeHH oxkmtanns). Ha a1ty CMO pocrynaer
NIOTOK 3a8BOK ¢ MHTEHCHBHOCTLIO A; HOTOK OOCJIYKMBAHMU IIPOCTENIINM ¢ HHTEHCHBHOCTHIO
{1, 06paTHOM cpejHeMy BPEMEHN fcyep 0OCayKUBanud 3a#8Ku. Tpebyerca HaliTu dunanbubIe
sBepositHocTH coctosinnii CMO, a Takyke XapaKTepHCTHKH ee 3(DHeKTHBHOCTH:

L cyermn — CpeliHEe YNCI0 38HBOK B CHCTEME;

W enem — CpeiHee BpeMs Hpe0blBalins 3asBKH B CHCTEME;

Loy - cpejiHee unciio 3aBOK B 04€pey;

W — cpejidee BpeMs npeOblBaHus 3a9BKH B O4ePeily;

P4y — BEPOATHOCTDL TOO, MTO KAHAX 3aHST (CTencHb 3arpy3Kd KaHaja).

Yro xacaercs abCosOTHON NPOIYCKHOH crnocobHOCTH (J, ¥ oTHOCHTENbHOH (J,, TO BbI-
YHCJAATH HX HeT HeoOXOIMMOCTY: B CHJIY TOIO, YTO JUIMHA OYepe]d He OrpAHHYeHA, KAaXKjiasl
3asdBKa pano Wid 1mo3/uo oyger obeayxena, nosroMy Q. = A u @, = 1.

CocTosiHUg CUCTEMB, KaK W patbiie, OyIeM HyMepoBaTh HO YHCIY 3asiBOK, HAXOASIIUXCH
B CMO: Sy — kanan csobogen, Sy — kanau 3aunaT, k — 1 3asB0Kk B ouepeu (k = 1,2,...).
Yucao cocroanuiil Teoperuuecku OGeckoneuno. I'pad nepexopon upusegen na puc. 4.3.

B cuiy moTeHnuaIbHON GECKOHEUHOCTH TMCJIa COCTOSHUMI BOZHUKAET BOLPOC O CYILECTBO-
BaHMK (DUHATBHLIX BepoaTHoctel pi. JeficrBuresibHo, OuHAbLHbBIC BEPOATHOCTH JJIS TAKOH
CMO cymectByioT He BCerja, a TOJbKO TOrAa, KOTja CHCTeMa He rmeperpyzena. Moxho no-
Ka3aTh, 4T0 eCJH p = A/pt < 1, 10 punajibHbIe BEPOATHOCTH CYMECTBYIOT, a npu p = A/p > 1

odepelb HpH t— 00 pacrel HeorpaHuYeHHo.

A A A A A
e _’. ————3 s s 2 s ——P ———-————’-.'.t
SO Sl g ————— 82 lf————— o o » o f— Sk s s » »
m m m m m

Puc. 4.3. I'pad nepexoios B oguokananbaoi CMO ¢ nHeorpanuyeHHOH 0Yepeibto

Bocnoansyemca dopmyaamu (4.6) — (4.7) obuiedt cxembi «rubenu ¥ pasMHOXEHHAY 115
pacuera (PMHAJLHBIX BCPOSITHOCTEH, 3aMeHdAs KOHeuHyio cymmy OeckoHeunoli u noJaras

M=...=X=...= A =...=pp=...= i oxyyaem npu p < 1

o .

p=p1-p), k=12,.... (4.17)
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Ounpegennm cpeance 1ucao 3aa80K B CMO Ly

” o , i
Lewom = 3 kpi = kpn(1 = p) = p(1 = p) ) _kp* ™" = p(1=p) 3 —-p" =
k=0 k=0 k=0 Y
d o= : d ( 1 ) P
- 1 . . — { Y- e — = —— 4‘18
o p)dpgp L o e Kl gl (0

JTist HAXOXK IHIINA CPEJIHEr0 BPeMCHHU npebbiBanus 3aasku B cucreme Wo, NpuMesuM dbop-

myary Jlurraa (4.2)
Weuem = EWE A (4—19)
BepostHocTh 3aHATOCTH KaHANA Psg, ONPEJIETAeTceH KAk
Pyw=1—py = p. (4.20)

UHeT0 335IBOK B CHCTEME L0 00CTYKUBATHEM MOKeT ObITh Wi HyJeM (kKaHau ceobozen),
win epununeit (kanan 3ausT). MareMaTuueckoe OXKHIAHNE HT0H BeJIM'IHHbL DABHO Lisgen =15
Tora cpejuee MUCI0 3agBOK B ouepeiy Ly, PABHO

2
p P
Loy = Loyem — Logen=7—"——p= i"— (421)
1=p - p

[lo popmyaic Jlurrna (4.3) naitjiem cpejHee Bpemst NpeOLBAINA 3a5dBKI B 04ePe/:

i
AL = p)

Jlast muorokanansroii CMO 6e3 orpaHiyendst Ha JYIMHY OYepeny 3ajiada Onpe/ieICHuA

W, = (4.22)

XapaKTePUCTHK CUCTEeMbI PEIaeTes: aHaJlornao. CoCTogHus cucTembl 0003HAMAIOTCA ClIe/Y-
oM 00pazom: Sy (k < n) — 3anaT0 k KaHATOB, OCTANBHbIE CBOOOIMLL; Sy — SaATHL BCe
n Kanajop (ouepeau Her); Syir (1 = 1,2,...) — 3aHATH BCE N KAHANOB, I' 3a4BOK CIOUT B
ouepeau. I'pady cocroannit nokasan na puc. 4.4, llpupeaem Ge3 jokasareybCTBa €CTECTBEH-
HOE YCJIOBME CYITICCTBOBAHMS (DMHATLHBIX BeposTHoCTel: p/n < 1. Ecim p/n > 1, ouepeap
pacrer no GeckonmednocT. Byjgem npejnojgarars, 4ro p/n < 1 u ¢puHanbHble BEPOATHOCTH

cymecrsyior. ‘Toraa

2 T 141 =1
gopP P 4
7 o 1 + 2t ol Loy .I, 8 e et & S 3 4:.2
Po ( 1! 1 T nl(n — p)) a0
k 1
skl ol Lot s j
PL= 7P0se s Pk = 17P0 1 Pn = PO, (4.24)
]'n+l T
Pn+1 = Pose oy Prtr = —"?-Il"}'»‘ny s (4.25)

n - nr-n
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A A A A A A A
> — ¢ oo —> > —— o0 o —pf e o
SO - S1 Sn Sn+l Sn+r
H 2u np ny np np np

Puc. 4.4. I'padp nepexonon B n-kanansuoit CMO ¢ meorpasnyennoit ouepepio

Oupegennm xapakrepuctuki 3¢gpdexrusnocrn CMO. Cpensee 9HCI0 3aHATHX KAHAIOR
k= A/ . Cpejpee 4MCII0 3a9B0K B odepeiu L,, BHIYHCASETCH KaK cyMMma paaa L., =
= > TDpr. Boimonnsia no anasorun ¢ (4.18) coorsercrsyromue npeobpasoBanusi, nosy-
qAM:

pﬂ+1p0

} TN . M)
™ n-nl(1 - p/n)?

(4.26)

[Mpubapasia Kk Ly, cpeaiee 9uciio 3asBOK MO 06C/IY’KHBAHUEM (3TO CpeJHee YUCJIO 3aHATHIX

Kauajios) k = p, 104y4HM

pﬂ+1p0
Lf“' 138113 = [ ‘
" n-nl(l — p/n)? R

(4.27)

Ucnoassysa dopmynst Jurtia, noayunm cpejiue spemMeda npeObiBalus 3aaBKA B OYCPEH U

B CHCTEeME:
Lom Wcucm == XLcucm- {428)

Eme pa3 nojuepkueM, 4ro Bee NHOXy4YeHubie (popMyiibl CIPABEJIMBEL JJIs CJydas Opo-
crefiiero noToKa HpUOBIBAIOIIMX 3asBOK H [I0KA3aTeJILHOTO 3aKOHA PACHPEAC/ICHHS BPCMEHN
obenyxupanus (Mapkosckne CMO). Ecaw 9TH yenoBua He BLIIONHAIOTCH (4ale BCero 3o
Kacaercs Bpemenn obcuyxuBanus), 1o dopmyisl Hocar npubiukeunsiit xapakrep. [Ipas-
Jd, B HEKOTOPHIX CIy4YasiX y/@ercst yCTAHOBHTb M TOYHBIE 3aBucMMocTH. Tak, manpumep,
jas onuoxasaibioif CMO ¢ HeOrpaHMYEHHOH 04epPEAbIO, NPOCTCHITEM OTOKOM 3aABOK M
[IPOU3BOJIBHBIM PACIPEACICHUEM BPEMEHU 0DCIYKUBAHAS ¢ MATCMATHYCCKUM OXKHAHUEM
losen = 1/ 4 CHpaBEIUBBL CUIE/YIONIME PABEHCTBA 1)1 CPEAHEr0 YHC/Ia 3asBOK B ouepeau L.,
U CPEJIHErO YUCJIA 3a4BOK B CHCTEME Loyer,

p*(1+ V‘?) P (1+ uﬁl . (4.29)

ow = cuem — " ara N

20—9) 2(1-p)

rjie, Kak u panee, p = A/, a v, — kooffuyuenm sapuayuu epemenu 06CAYMICUBANUA, PABHBIH
OTHOHIEHUIO CPEJIHEr0 KBAAPATHYHOIO OTKJIOHEHNS BpeMenu 00C/Iy KuBalns K ero MaTeMaTh-
HECKOMY OKUIAHUIO! ¥y = O ogea/Toses POPMYyIHI (4.29) nocar nassanue gopmyn Hoasanexa-

Xunnuna.
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Jleast Loy ¥ Loy Ha A, onywuM, coracuo copmyiram JIurna, cpeimee spemst npeboi-
BallMsl 3a5BKH B OUCPEIH U cpejiiee BpeMs npeObiBanust B CUCTCME:
N T
P (1 g Vp.) ]

o, (4.30)

PA+v) o
oucHe Az(] - p) p

Wou = =m0, Weyom =

2M(1 - p)

B 4acTHOM CAy4ae, KOraa BpeMs obC/IyKuBaHus — IOKA3ATeAbHOR, V, = 1 u dpopmynnt
(4.29) — (4.30) cosuanator c (4.18) - (4.22).

[Tpupcjem eme oaun upumep. Pacemarpusaerca opnokanaibias CMO ¢ neorpanuuesHoil
0UEPEIBIO, Ha KOTOPYIO TOCTYIACT HPOM3BOJILILIA NOTOK 3aABOK ¢ HHTCHCHBHOCTHIO A H KO-
3PUIEHTOM BAPHAIIIH HIITCPBATIOB MeALY saaskamu vy. [Ipepnonaraerca, yro 0 < vy < L.
Bpenmst 06¢ayKupanus tose, TAKZKE HMCCT IIPOM3BOJILHOC PACIPEAEICHHE BEPOATHOCTEH ¢ Ma-
TEMATHYCCKIM OKUIAHHEM Toge, = 1/ 1 k03dbuumenronm sapuanuu v, 0 < v, < 1. B srom

CJyyae vjiaercs JIMinh ONeHMTh CBePXY M CHU3Y CPelHIOn JTHHY ovepe M.
2 o 2 E 2
PR+ A)  p—id)

P 2+r) (-p-)
2(1 — p) g i

2l —p) 2

Ltw g

(4.31)

s nosmmoctbio nemapkosekux Muorokanadbabix CMO TounBIX aHANHTHYECKUX METOIOB
He cymecTsyeT. B 310M Cllyuae HCIO/Ib3YeTCH UMUMAULONHOE MOOEAUPOGAIILE TAKHX CHCTEM,
KOTOPOE HO3BOJSACT YUCIICHHO HOJIYIHTh He0OX0MBIe XapaKTePHCTHKH ¢ JOCTATOMHO BbICO-
Koit Tounocrsio [1].

B sakaouende 310t riasbl YMTATEIO TPEIAraeTcd PeliMTh CJeAYIONIYI0 3a1a4y cpas-
nureabroro anaituza apyx CMO [2].

Baga4ga. AKeJe3n010poKHas Kacca 10 npojgaxe OMIETOB ¢ ABYMHA OKOIIKAMH IPEJCTAB-
ager coboit apyxxananenyio CMO ¢ neorpanuicinol odepeaplo, ycTaHaBIHBaOWehcs cpa-
3y K ABYM OKOIKaM (eciad O/jHo OKOIKO ocBobozKiaercs, IepBpli B OUepeu IMaCCaxKup
ero sannmact). Kacca npogaer 6uiers Ha jpa sHaupasieaus A u B. Murencusnocts no-
TOKa 3a5BOK (MACCAXKUPOB, KEJAOMMX Kyt Guiter) Jis 000MX HallpaBJieHni OAMIaKoBa:
A4 = Ap = 0.45 paccaxupa B MEHHYTY, & B cyMMe onu 0Opa3yioT oOmuit MOTOK € MHTeH-
CHBHOCTBIO A = Ay + Ag = 0.9. Kaccup TpaTtut Ha 0OCayKuBaHWE IACCAXKUPA B CPeJHeM
ape MunyTbi. ONBIT MOKA3LIBACL, YTO Y KACChl CKAILIMBACTCH OYepPeib, HACCANKHPDLI HKajy-
HOTCH 1A MEIIHTEIBHOCTD 00CHyKuBaHus. 1loctynnio paionann3aropekoe npeajioxKenue:
BMecTO OJlHOM Kaccehl, npojaomeit 6uieTsl ¥ HO naupasienuio A # 0o nanpasienuio B, co-
327D JBE CleIHAIM3HPOBAHHbLIE KACCH! (TI0 OJIHOMY OKONTKY B KasKJ(0i ), npogaiomue Guerst
OJIHA -~ TOJBKO 110 HAIpaBjieHnio A, Apyras ToJbKO 10 Haupasiennio B. Pasymuocrs 31oro
11})0;{.}10}1'{01“1}] BBI3bIBaeT CHOPLI — KOe-KTO yTB(!P}K,ﬂ,?."l.ﬁ']'.J HToO qupe,.u,u {Kl'l‘&ﬂy'l‘CH pesHn-
mu. Tpebyercs 1poBepHTH HOAE3HOCTS UpeiioKenus pacyeramu. [Ipeonaraerea, uro see

noTOKH cobbiTuit — npocreiinue (1a KauecTBEno# Cropote BHBOJOB ITO HE CKAXKeTCs).



I'naBa 5
Teopus urp

5.1. IIpmHDIUNOBI PAIMOHAJBHOIO IIOBENCHUS

[Tox mrpo#t B ucc/e 0BaHUY ONEPALMA OHAMAETCS] MATEMATHICCKAd MOJEIb KOHMIHKT-
HoMt curvanmd. Yrobnl omucarh KOHMIUKTHYIO CUTYAIMIO, HAN0 YKA3ATh:

1) yvacTHukoB KoHdIHKTA (KX 40/0KHO ObITh, O MEHBLIEH Mepe, 1Boe);

2) KAKMMH BapHaHTaMHU [IOBeieHUs (CTpaTerusaMu) B KOH(IIUKTE PACIOJAraloT y9acTHA-
KM,

3) Kaky1o HeJb npecueayer Kaxabii yuacTHHK KOR(IHKTa.

B teopun urp yuwacriuku xonduukra naspisaores urpokamu. Iyers [ = {1,2,... n}
— MHOXKeCTBO UrpokoB. O6o3uadum depe3 X;, ¢ € I, MHOXKECTBO CTPATerdil HOBeJIeHHs! i-1'0
Urpoka. DJeMeHT MHOXKecTBa X; OyieM HasbiBaTh MHAMBHAYAJLHON cTpaTerueli i-ro Hrpoka
1 06o3naMaTL CTpoYHOl OykBol x; . g omMcaHMst 1EaM OTJENBHOIO UIPOKA B KJACCH4Ye-

CKOH TEOPHH UI'Dp BBOJWUTCH INOHATHE <«BbIAI'DbLIITTAY. BMHI‘]JL:IIII =10 UI'POKa 3aBHCHUT KaK oOT

ero WHAMBHAYyalbHOro Bhibopa x; € X;, Tak ¥ or BeIOOpA T'1,..., % 1, Zit1,. .-, LTn OCTANDL-
HbIX UrpoKoB. Byaem npeiosarars, 9To 3ajans! cKaisapuabe byuknad f; (Ty, ..., T4, ..., Ty)
poiurpbima urpokos f; 1 Xy X ... x X, — RY i € I . leap i-ro urpoka 3aKjIi04aeTcs B

JIOCTHOKEHHH MaKCHMAaJIbHO BO3MOXKHOTO B yCJIOBHAX Mrpbl 3sadenust ynkuun f;. Tpolika
[ == (I AXiherithidic 1) Ha3biBaercs fecxoaauyuonnoti uzpoti 6 nopmaavrot gopme. 3necn
CJ10BO «BeCKOAMMIIMONHAS» O3HAYALT, YTO CYO'beKTOM IPUHATHS PEINCHUS SIBIACTCH WHIMBU/I,
T. €. OTJeJbHbIH UIPOK, a He IPyIa WK Koajuius urpokos. Habop nuAMBH YA LIbLIX CTpa-
reruit £ = (21,...,%,) € X1 X...X X, nHassiaercs cumyoetueti Arpbl, UM COBOKYIIHON CTpa-
rerneil (Jasee 3ru TepMUHBE GyyT MCIOIb30BATHCH KaK CHHOHUMBI ). Ec/M MIpoKu npuHsiM
PEHICHHC PA3bIIPLIBATH CHTYALMIO T, TO KAX/(h HCPOK NoiayunT suiurpeim f; (z), ¢ € I.

TepMuubl «BHIUTPHITY U «UTPOK» CJAOKHUINCH HCTOPHYCCKH, KOT/1a AHATH3HPOBAJNCH Mpe-
MMYILECTBeHHO a3apTHbIC UIPbi. DTH TePMUHBI He coBceM Tounnie. Hanpumep, eciu snauenue
filx) < 0, To «BHIMIpBILI» -1'0 UIPOKA aBJstercHd akruyecku ero npourpsiem. Kpome ro-
ro, H3y4aioT MIPhi, 1je f; ABNAETCs: HE ACHCXKHBIM BBIHIPBIOICM, 8, CKaXKCM, BEPOATHOCTHIO
NOpaXKeHusd NeJiu.

PacemoTpuM Tenepb BONPOC O BHOOpE ONTUMabHON (B ONIPEAEJCHIOM CMBICJIE) CHTYa-



56 I'IABA 5 TEOPHA UT'P

LM, MJIM, HHBIMHE CJIOBAMM, PEUIEHHSA HIPBL. DTOT BOIPOC HE ABJIACTCA NPOCThIM. OYeBHIHO,
4TO CyMECTBEOBAHME CUTYALUH &* = (z%,...,2)), IPH KOTOPO] JOCTHIACTCSA MAKCHMAJIbHbIA
peurpbi fi () = maXpex, x..xX, filZ) cpasy das 6cex AIpoKos i € I, MaToBepoaTHO (110
CYLICCTBY, B 9TOM CJIydae H KOH(UIHKTA-TO HUKAKOTO ner). IToyromy Jijist ONPeIeIeHust OTH-
MAJILHOM CHTYALHH PACCMOTPHM CHATAJA BOMOXKHbIE TIPHHIUIILL PAIHOHAJLHOTO MOBE/IEHHA
B HTpE.

Ipuauun Mapero. Curyanus T = (T, ..., 7,) HA3BIBACTCH ONTHUMANBHOM 110 [Tapero,
ecin B Xy X ... X X, HE CyIIECTBYCT CUTYallMn T TAKOif, 1TO Yiel: file) 2 fi(@)u
Zip ¢ fip (&) < fip (2). CMBICH CUTYAUHH T COCTOMT B TOM, “TO €€ HEJNb3d YJIYHIIUTE CPasy
JJ15l BeeX MrpoKoB. MHOMKECTBO ONTHMAJIBHBIX 110 TTapero caryaumit obosnaum yepes P.

IIpuHOMD HAWLY9IIEro rapanTupPOBAHHOIO PesyshraTa. Pacemorpum cay4aii, Ko-
PJ1a HIPOKY COBEPIICHHO HEM3BECTHbI MPCANOUTEHNs OCTA/ILHBIX HIPOKOB. B roit curyannn
Ol HE MOMKET CICJATL MHKAKHX MpPejcKasanuii o Bpbope crpaTerdii OCTATILHLIX H J0JIZKeH
OPMCHTHPOBATLCH HA CaMblil IIOXOH Jist cebs uexos, Bubupaa ¢soio crpareruio ; € X,
i-it MUPOK, HE 3Has UeJeH APYTHX MIPOKOB WM [003PEBAs, ITO OHU XOTHT HABPCIUTH CMY,

MOKET TapAHTHPOBATH cede UL BeTHIHHY

ol = i e ),

MibiMA CJIOBAMH, MIPOK PACCTHTLIBACT HA CAMBIH IUIOXOH [UIf HCTO RAPHANT 1OBENEHHs
OCTANLHBIX YUACTHHKOB KOHUMKTA, DTa BeJMUMHA HA3LIBACTCH TADAHTHPOBAHHBIM PE3YiIb-
TATOM -0 HIPOKA IIPH BHIOOPE MM CTpaTerny ;. VIex0)st 03 IPUHIMITA HAKITY HIIEro Tapat-
THPOBAHHOTO PE3YJILTATA MIPOK i JIONIKEH BHIOPaTh ¥; = Z; Tax, 9Tobbl NOJYYATH MaKCH-

MAJBLUBIH FrapaHTUPOBAHHBI BLIMIDLILL

fi (&) = max f; (z:) = max ngrﬁf Filog,: Lttt ima) (5.1)

Crparerns &; naspBaercs maxcumunaoli Wi ocmoposicnotli crparerueif i-ro urpoka. Cam
HPUITIIIT BLIBOPA &; MHOIYA HASBIBAIOT NPUHUUNOM Marcumuna. K Bee HTPOKH OCTOPOXK-
Hbl B CBOCM BHIGOpE, TO B Pe3yibIare CJIOKUTCs curyarmst & = (&1,...,&n). Muoxecrso
MAKCHUMMHHBIX COBOKYIHBIX cTpatreruii ofosnauum uepes Z.

[pusnun onravagbrocra Hama (npuamun pasrosecns). CoBokynHas Crparerus
a* = (x%,...,2%) owrnmadbia 1o Hsmy (paBHOBecHA), €CHH KaXIOMY HIPOKY & HCBLINOJHO
OTCTYHATH OT CBOEH MHIMBUAYAILHON CTPATErHH Tf, BXO/MLISH B COBOKYIHYIO CTPATEIHio T°,

LIPH YCJIOBHH, ITO OCTAJbHBIE HTPOKU }' He MeIAT CBOH HIIHBHIYaIbBHLIE CTPaTCI MK .'L';._. T: 2.
: offs Fialk ¥ * (¥ ¥ . A : : =
VT'EI'fi(I'U‘-‘JJTia---aIn)2‘](1' (‘1'13"‘!*l'?'.u]:li!m'iw—jl?'-‘13’:4,) Vz; € X;. (02)

OBO3HAYMM 1epe3 ©; (X1, - .., Ti1, Tig) -« -, L) MHOZKECTBO TOIEK, B KOTOPDBIX JOCTHIALTCsH

MAKCHMYM 110 Z; € X; (DYyHKIMH BHIHIPHINLA i-10 UIPOKA fi (L1, .oy Ty« -« SR

Gi(Z1, ..oy Bi1, Tigd -+ »» Tn) = Arg max f; (#1,..., i, . ., Tn) C Xi.

nX;
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Cie10BaTeibHO, CUTYAIIUS PABHOBECHUS! SBJSIETCH PELlIeHHEM CHCTCMbL BKJIIOYCHUH
z1 € o1 (%2, 41 %n),
T2 €« (xlvxla"'axn :
2 &1l 3 ) (53)
Tp € Pn (:El: i ‘m’ﬂ-—l) s

MuoeeTBO cHTyanuil paBHOBECUS — BCEX Permenuii cucreMsl (5.3) — obosnayum yepes N.

Samenarue. Cucrema (5.3), Boobie rOBOps, MOXKET He WMeTh PCHIeHHH, YTO O3HAYaeT
OTCYTCTBHe B Hrpe curyaunii papaosecus (N = @).

[ToAICHUM YKA3aHHbIC [PUHLMIILI PAIMONATLHOIO IOBEJCHHA Ha CACAYIOIMX IPUMEepaX.

Ilpumep 1 (6umarpuunas urpa). B urpe ydacrByloT asa urpoka. MHOXKeCTBO crpare-
Uil HTPOKOB KONEYHBI, 0TOMY CTPATEIHH KazKJIOr0 HIPOKA MOXKHO MPOCTO IPOHYMEPOBATH:
Xy ={1,2,...,m}, Xy = {1,2,...,n}. Ilapa (4, J), i € {1,...,m}, j € {1,...,n}, obpasyer
cnryauuio urpsl. B 31oM ciydae dyHKIUE BHIMIPhIIA HIDOKOB Y,100HO IPEACTABATDL B BHIE
apyx marpun A = lagP=n w B = byl nae ai; = fi(6,5), by = f2(3, ). Crpare-
THH [EPBOrO MCPOKA — HOMEDP CTPOKH, CTPATErHH BTOPOTO HI'POKA — HOMep CTo/0Ia MaTpHIL.
TTycThb jtst OUPeeIeHHOCTH ™ = 3, n = 2, & MATPHIIB BHHIPbiLel A u B npejcrasiesn s

CJIeJIYIOTITHX TaDIHLAX:

1 2 e 1 2
1]15] 11 h‘(%) 11 | : Lt 0.3
A= T T mfn.-,r-—m  B=2 |04 ki
3[11] 14 | min; =11 :
f2(7) | min; = 0.3 | min; = 0.2

[apanTHpOBaHHbIC BHIUIPBILM UIPOKOB yKa3aHbl NPH COOTBCTICTBYIOIMX MaTPULAX. Ocro-
POXKHBIE CTPATErHH i M j COOTBETCTBEHHO /LISl HTPOKA 1 M HTPOKA 2 ONPEeIe/IsOTCH Kak

= - arg max m}n a;; = arg max{ll 12, 11} =

=1,2,3j=12 i=1,2,3

j = argmax mmib,_, = drgmax{[} 3 0.8} =1;
j ;_ =

B curyanun (3,3) = (2, 1) soiurpsint urpoka 1 pasen 12, a urpoka 2 - 0.4.

JLst onpe e aens ONTHMA/IBHBIX 110 [Tapero curyanuit paccMOTPHM IJIOCKOCTD ¢ CHCTEMO#
koopuunar (f1, f2). [TocTaBuM B COOTBETCTBUE KAXK IO CHTYALMH HT'PLL (2, J) TOUKY ILTOCKOCTH
¢ koopaunaramu (f1 (4,7), f2(4,7)) = (ai;, biy). B kaxuoit rouke mocTpoum KOHYC, 0bpaszo-
BANHBI TIPAMBIM YIVIOM, C BePIIHHON B JanHO# Touke (puc. 5.1). Jlerko 3amMeTuthb, 410 eCiu
ais Touka (@, bi}') COOTBETCTBYIOIIHI KOHYC HE COOCPXKHUT IPYTHX TO'ICK, TO Napa (i,7) aB-
nsiercs onTuMasipHoit no [Tapero. B paccmarpusaeMoM npHMepe MHOXKECTBO ONTHMAJIBHBIX

o Hapero curyamuit 6yzer P = {(3,1), (2,2)}.
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10 1 12 13 14 15 16 5

Pue. 5.1. Oupejenenue ONTHMATbHBIX 110 Ilapero curyanui

JLis HAXOAIEHUSL CHTYalluil PaBIOBeCHsL (i*, %) HeobXOMUMO PEILUTh CHCTEMY VPABHCHHI

(5.3), KOTOpasi B PACCMATPHBACMOM IIPUMEPE UMEeT BilL, i=1(1), 7= pali).

OrobpaKkelne ©; OUPeJesieTcs 10 B

MaTpPUIe A: {P;.f_l.). crpaTeruu urpoxa 2

pi(1) =1, ;(2) =2.

OrobpazkeHue @z, OUPEICIACMOC 110

Marpuue B, umeer BUA:

pa(1) = {1,2}, ©2(2) = {2}, ¥2(3) = {1}-

_ ' ¥

Tpencrasum dbynxin 9;1(j), wa(i) Puc. 5.2. Onpejejienye cuTyaiiii pasioBecus

B BHJE JBYJIOJBHOIO OPHEHTHPOBANHOrO rpada, Kax NOKA3aHO HA PHC. 5.2 yru, unymue
ClIpaBa HAJICBO, COOTBETCTBYIOT OTOOPAKENHIO (1, JYI'H, HAYIUIHE C/ICBA HATPABO, — oTobpa-
Keuuio o, ITapa sepan (i*, j*), coeuuuennas 1yraMu 0BOUX THIIOB, OYEBUIHO, ABJISELTCH
peleHHeM cHCTeMbl ypapHeHut (5.3), T. e. curyauueit papnosecus. B JaHHOM ciyvae 5TO
curyannn (1,1) n (2,2).

Takum 00paszoM, s PACCMATPHBACMOI HIPbl TPH IPHIIHIA PANHOHATLHOTO TOBCICHHA
JLAIOT CIIE/TY IOLTHE Pe3YILTAThL:

1) MHOKCCTBO ONTHMANBHBIX 110 Lapero curyaumit P = {(8. 1), (&,2}}

2) MHOZKECTBO CHTYalyH, 0OpasOBaHHbBIX MUHHMAKCHBIMH (OCTOPOYKHBIMM) CTPATCTHSIMH
urpoxos Z = {(2,1)};

3) MHOZKECTBO ONTHMATBHBIX 110 Homry curyanuii (passosecuit) N = {(1,1),(2,2)}:
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Upo ke noHEMaTh 0o pemenuem urpbi? OTser, Boobie ropopsi, HeonHO3HaeH. Eciu
y HIPOKA HET HHKAKOH HHOPMAIMH OTHOCHTCILHO (DYHKIMH BHIMIPBIIA APYTHX HUIPOKOB,
TO PASYMHO «IIOJCTPAXOBATBCS», T. €. CTHTATh APYTHX HI'POKOB «BpPAraMh» U HCIOIBL30BATH
B 9T0M Clyuac IPHHIMI HAMJIYHILErO CAPAHTHPOBAHHOIO Pe3y/ibrara (IPHIHIHI MAKCHMH-
Ha). llpu Haumaun nHGOPMALEN O LeJIAX OCTATBHBIX HIPOKOB 1e/1eco0bPa3HO UCIOML30BAT
apuuuAn onraManbroct# 1o [lapero u npyimun onruMasbHocTH Haliia, eci, KoHe o, ST
e HE MPAMO IPOTHBOLOIOKHBL [IEJH JAHHOro Hrpoxa. IIpu 910M OUTHMANBHOCTD 10 IMa-
Pero ecrb HeobXOAMMOe yCIOBHE [/ TOrO, YTO0b PACCMArPUBATH HEKOTOPYIO COBOKYIHYIO
CTPATCrHIO T B KAYCCTBE MPETEHJIeHTa Ha pemenne. B KIaccH4eckoil Teopuu Arp MpHAATO
IOA PCLICHHeM CUMTATH CHTYAIMIO &, yJOBJAeTBOpAloNyIo ycunopuo & € PN N. OaHaKo u
3/16Ch BO3MOMKHBI IIPOOJIEMBI, CBA3AHHBIE € T€M, UTO [JIf HEKOTOPBIX MID MOXKET OKa3arb-
et PNN = @ nmubo 3a cyer TOrO, YTO 9TH MHOKECTBA HE MMEIOT obmuX curyauuit, aubo
Besecrsie Toro, uto N = & (Muoxkecrso P Beerga He nycro). Kpome Toro, PN N moxer
cogepxarb Gojee ueM OJHY CHIYALHIO, IPUIEeM OJHA CHTYALHs PABHOBECHH BBINOIHA OIHHM
UrpPOKaM, a Jpyrad — ApyruM urpokam. (B paccmarpusaeMom mpumepe PRN= {{2,2}
T. €. PelleHHe ONPEIEJICHO ONHO3HAMHO).

B 3aK/109CHHE STOrO Pas3/ie/a MPUBeJeM OJHH IIPUMED MOJIEIMPOBANNA PEATbHOHR CuTya-
IuH B Bujie OMMATPHIHON HIDBI.

Ipumep 2. [Tokynareas (MrpoK 2) UPUXOJHT HA PBIIOK 32 A0JIOKAMH. Hpo;xaneu, TOp-
ryfomuit f6;10kamMu (Mrpok 1), HCMO/IB3YET UPYKUHHBIE BECH. Y HETO €CTh JIBE CTPALCIHH:

1} gecrno B3BecHTDH 1 Kr a0/10K;

2) NOJKPYTHTD IPYAKHHKY U OOBECHTH HOKyNaTe/ls Ha 200 rpamMMOB.

HazoBeM 5TH CTPATErHH «9ECTHOCTLY H «0OMAI.

Iloxynaresib TAKKe UMeeT [Be CTPaTeruH:

1) nosepurb HPOJABILY, 3AILIATHTD JEHBIH U YHTH;

2) B3BECHTH KYIUICHHbIE sI6JOKM Ha KOHTPOJIBHbIX BECAX U B Cay'iae obMaHa 3BaTb KOro-
TO M JI0KA3BIBATH, UTO ero obBecuan. HaszoseMm TH CTPATErHy «IIOBEPATbL» U ¢TIPOBEPHTLY
COOTBETCTBCEHHO.

OnpeesiuM BLIMIPBLLUH TPOAABIA H IOKYHATe/Is B KAKION CHTYALHH:

a) IIPOJABEI] YECTHO B3BECH, a NOKyNaTeb opepi. COOTBeTCTBYIONIC BLIATPLLUIT obo-
ux, pasHbie 0, BoIOEpEM B KauecTBe Haua/la OTCHeTa;

6) mpozapen oOMAamy:1, & MOKYMATETb eMy HOBEpPHI. DbIMIpBII LPOJABIA PABeH 1, Tax
KAK OH MOJIYMH/I JONOJHHTEbHYI0 TIPHObLLIL. BHUrpbltl HOKynaTe/is pasex -1, Tak xak on
TOJLY Il MEHbIIE AOJIOK;

B) MPOJABEIL TECTHO B3BECH/I, A MOKYIIATe/Ib ero MPOBEPH.I. Buiurpsii npogasia pase 1.
Boiurpblil MOKYNaTeIs paBer -1/2: OH, BO-IEPBbIX, 3ps HOTEPANL BPEMsl, BO-BIOPBIX, IVIYIO

cebsl TyBCTBYeT;
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I') npojaser, 0OManyl, & IOKylaTeIb ero HPOBEPUL. BhIMIPLILI NPOJABLA paBeH -1, Tax
KaK obHapy eHne OOMaHA I'PO3UT €My ONPEIe/IeHHbIME HeNPUATHOCTAMH (nampumep, ero Mo-
FYT JMILATD JTHICH3UA HA TOPTOBIIO HA 3TOM poitiKe). Berurphbii oKy nate/s paBes 1/2, rax
KaK, BO-IIEPBbIX, €My BO3MECTHIIN obBec, BO-BTOPLIX, OH HCHLITHBACT MOPaJIbHOE YI0B/IETBO-
penue or pasobiaienust obMaIIIKA.

[lonyuaerca ciaenyromad OnMarpuinasg urpas

110B | TIPOB NoB | IpPOB
A=|uecrn |0 0 , B=l|uectu |0 -1/2
‘ obman | 1 -1 obman | -1 | 1/2

JIerko MpoBEpHTL, 19TO 3/1€Ch HET CHTYaluit PABHOBCCHA.
Tpumep 3. Muozxecrso urpoxos [ = {1,... ,n},n > 3, Muoxkecrsa crparernii X; = [0,1],
bynxkuun peiurpsimra f; (z) = x; + 3 (1 — z;). Onrumanbroi no Honty (pasnosecueM) H
o
IPHHIMITY MAKCHMHHA, ABJISETCH (:Hl‘;;-lI,PIH, UpH KOTOPOfl BCe HIPOKH BHIOMpalOT Z; = 1,
i = 1,....n, 1 noay+aior no exumane. Onrumaipusivi no Hapero apasiorcd CTpaTerii,
KOIUA BCe BHOMPAIOT 0 M BBIPHIBAIOT N — 1, WM KOLA 7-if HTPOK BRIOUPAET 1, & OCTAIbIbIE

— (); mpu STOM i-if TOJYHAeT 72, a OCTAILIbIe — 1O 7 — 2. (Mlokazars!).

5.2. AHTAroHUMCTUYECKNE UIPbI

B agTaroHuCTHUCCKON MIpe npuHaMaloT yuacTue Jiba Hi'poKa. Wrpok 1 Beibupaer crpare-
PHIO 2 13 MHOMKECTBa crparernit X, Hrpok 2 pibupaeT crpaTeruio y H3 MHOXKCECTBA CTpaTer nit
Y. Hopmasibiasg hopMa UIpbl 110/ipasyMeBaeT; 1To Kaz/ bl MI'POK BLIOHpPACT CBOK CTpaTe-
PHIO HE3ABMCHMO, HE 3Hag BHO0pa napriepa. PYHKIUH BHHIPBILA UIDOKOB YAOBICTBOPAIOT
yeaosnio fi(z,y) + fo(z,y) = 0. Obosuauum F(a,y) = filz,y). Torna fo(z,y) = —F(z,y),
T. e. Borpuin (2, y) 1epsoro UrpoKa ABJIAETCS MPOUTPLINIEM [J1f BIOpOro, u Ha0bOPOT.
Iesb HEpBOro HIPOKA COCLOUT B YBEJIH'EHHH CBOEIC BbIMIDLIINA F(z,y), a neas BTOPO-
ro — B ymenpiuenun F(x,y). Takum 06pa30M, AHTATONUCTHICCKAS UI'PA 3a12eTCa HabOpOM
I'=(X,Y, F(z,y)):

[lycTh, KaKk ¥ pamee, Z O3HAUAET MHOKECTBO CHTyaLmi, OOPABOBAHHBIX OCTOPOKHBLIMI
(MAKCHMHHIBIMH) CTPATEIHSIMH HI'DOKOB, P — muoxkecrso onrHMaabHbix 110 Ilapero curya-
i, N — MHOZKCCTBO OITHMAJILHBIX MO Homy curyaunuii (curyaruit paBHOBeCHSI)‘

AHajii3 TPUHIHIIOB PAIMOHANILHOIO MOBCACHIS IIPUMEHHTEIBHO K TOH HIPE LO3BOJILET
cOPMYJIUPOBATD CJAEAYIOIIHE YTBEPIKICHUsI.

1. Z+#£ 2.

2. Kaspas curyanus (2, y) sagerca onrumadbroit no [apero, 1. e. PN Sy

3. Ecmn N # @, o N = Z.
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HGIJBOG )’TBC}))K)IIGHHG Q4YCBH/IHO. 3&1\18'1%1\1 TOJIbKO, UTO IIPHHUIHIL MaKCHMHUHA A0S BTO-
POI0 MIPOKA CBOJMICS K BBIMMCICHHMI0 MHHMMAKCA (DYHKIMH BRIMIPBIIIA JIEPBOIO F(z,y)-
JeicTBUTENBHO,

axmin fo(x, y) = maxmin (—F(z = —minmax F(z,y).
mex min faz,y) ma weX( (2,9))) R (z,y)

CupaBeIHBOCTL BTOPOTO YTBEPAKIEHHS CJIeYeT U3 TOr0, "ITO B AaHTArOHHCTH'IECKOH HIpe
A106y10 caryaiuio (,y) HeIb3s YIyqmuTh cpasy A 0G0UX HIPOKOB: €CJTH yBeJIHYHBALICS
BLIUIPBIII OJHOIO HIPOKA, TO HACTOIBLKO K€ YMEHbLIAETCs BBIMI'PLILI JIPYTOro, To'UHee yBe-
JIHBAETCA €10 MPOUIPLINI.

[lepeiizem K TpeTbeMy yTBepxIcHuio. IIpeipapure/ibHo BBeleM Cileiyiouue obosHaxe-
HHS:

v = maxmin F(z,y), T = minmaxF(z,y).
xreX yeY yeY z€X

Besinauna v BHIPAXKaeT HaujIy 4inil rapaHTHPOBAHHLIN Pe3ybIaT Hrpoka 1, a U — Hamny qunif
rApaHTHPOBAHHBIN PE3YILTAT HI'DOKa 2.

Jlemma 1. v < 7.

Toxasameavemeo. BosbMeM MPOU3BOJIbHBIE CTPATErHA HIPOKOB T H Y. Torna

in F(z,y) < F(z,y) < max F(z, in F(z,y) < max F(z,y).
min (z,y) < F(z,y) < max F(z y):glelg}f*(ﬂ" y) < max F(z,y)

JleBaa 9acTh IMOCJIE JHEr0 HepaBeHCTBA 3aBHCHT OT 7, & lipaBast 4acTb HeT. [Josromy
maxmin F(z,y) < max F(z,y) Yye Y =>v <v. U
T Y T

Upcina v, T HA3BIBAIOTCA COOTBETCTBEHHO HHXKHUM M BEPXHHM 3HAYCHUAMH UI'DbL.
JL1st ARTATOHUCTHECKO urpbl onpejesenye (5.2) onrumaibuoctu no Hauy (paBHOBECHS!)

cuTyaruu (¥, y*) MOMHO Hepe3anucarh B BHIE
Ve X Flz,y*) < F(a",y") £ F(a*,y) Yy € Y. (5.4)

B aureparype 110 TEOPUK WP CHTYauuio (T, y"), yIOBJIETBOPSIOLIYIO CHCTeME HEPABEHCTB
(5.4), 4acTO HA3LIBAIOT C£0A060T MOuKOl QYUK F(z,y). 3 puc. 5.3 Buano, uro rpabuk
yuxumn F(z,y), ¥ KOTOPOH ecTh CeioBas TOUKA, HMECT B OKPECTHOCTH 910 TOMKH BHL

ceia.

Teopema 5.1. s mozo wmobo. cumyayus (z*,y*) bvuie onmusmarbhold no Hawy (pasro-

secuem, 01060l mowkoti), neobrodumo u docmamotno, ymob

v="1=F(",y"). (5.5)
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YV

Foeydps.

Pue. 5.3. Cenytopas 1049Ka OYHKIHH BLILIPbILLA

Jloxasameavemeo. Heobxopamocrs. Ilyers (27, y") — cuTyanus paBHOBeCHS (cepnoBast TOUKA
byukuun F(z,y)). Tokazem, aro sbinoaneno pasencrso (5.5), a (2%, y") — MakcHMuHHAS
U MEHHMAKCHAR CTpaTersd. TIOCKOMbKY B ONpee/Iennn cemoBoil Toukn (5.4) Jjiepas 4acTh

HEPABEHCTBA BLIIOJHEHA IIPH J1I000M & € X, a mpasad — IPH J1I000M Y € Y, T0 Clpase/yinBo
max F(z,y") < F(z",y") < min F(z",y).
x u

Ho torna

¥ = min max F(z,y) < max F(z,y*) < F(z*,y*) € min F(2", y) < maxmin F(z,y) = v.
y @ T Y x u

TTockoabKy B cHity Jemmbl 1 Beera v < @, 10 BCEe HEPABCHCTBA B HTOU LEIOYKe HPEBPAILAIOTCH
B PABEHCTBA U, ClEI0BATeNbHO, v = T = F(z*,y*). U
Jocrarounocrs. [ycrs v =7 = F(z*,y*). Toraa
F(z,y*) € max F(z,y") = min max Flg,y) =T=0=
& y x

= maxmin F(z,y) = min F(z*,y) < F(z*,y),
x oy y
7. e. F(x,y*) < F(2*,y) nua seex x u y. [lonaraa cnadana z = z*, a n0roM y = y*, MOJIy UM
F(z,y*) < F(z*,y*") < F(z%,y). O

113 Teopempt 5.1 ciemyer, ¥TO CHTYALHs PABHOBCCHS (CEAIOBAs TOUKA), CCJIM OHA CyIie-
CTBYET, YAOBJICTBOPSIOT BCEM IPUHIMIIAM PAIMOHANLHOTO TOBeIeHHs. B aHTaroHHCTHCCKOI
HIPE MOZKCT CYWECTBOBATH HECKOUILKO CHTyanuii papHopecns. OJako 9T0 HE NPHBOLUT K

MCOJIHO3HATHOCTH BbIﬁOp& pentenys, Tak Kak clipaBe/iJinga cJeyioniasn
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Teopema 5.2. (Ceoticmeo «npamoyeorvrocmuy cumyanyuti paenoesecus). Hyems (x1,11) u
(22,y2) — cumyauyuu pasnosecus. Toeda (T1,¥ys2), (T2,11) MAKHCE ABAAOMCA CUMYGUUAMU

PABHOBECUR, NPUNEM
F(:r1,y1) = F(z3,2) = F(1,92) = F(:B?syl) =u=TU=".

(Hokazars!)
Yucao v = v = 0 = F(z*,y*), rae (2*,y*) — curyauus paBHOBecHs!, HA3BLIBALTCH YeHO!

uzpPoL.

5.3. MarpudyHble UTPBI

Paccmorpum antaronaeradeckyio urpy I' = (X, Y, F(z,y)), B Koropoli MHOKecTBa crpa-
teruit urpokos X u Y komedannl u npomymepoBannl X = {1,....m}, Y = {1,...,n}. B
ST0OM CJy4Yae MIPa HOJHOCTBIO 3aaeTcs MaTpuneil BHArpsimel nepsoro urpoka A = [a;],
i=1,....,m,j=1,...,n e a;; = F(i,7). Urpsl 101060010 THNa Ha3BIBAIOTCH MATPUYHBI-
ME HI'DAMH.

Onpejieienyie cutyanus pasuosecus (4%, 7*) Marpudnoil urput, 3ajasaemoii Marpuueii A,

HMEET CJeJVIOLHHA BU;
Qg5+ < Qjx = Q @j» Vi= 1,...,m, j: 1, seey Tl

Hajmuue caryauun pasHoBecHs (CeajoBOH TOYKN (DyHKIUHM BBHIMIDBILA) B MaTPHYHbIX
urpax JoBojbio peakuil dakr. MrpaTts B nojobubie urpet Becbma nenpocro. [Iponrpasmemy
UIPOKY KazK/Ipiii PA3 X0UETCA CMEeHHTb CBOIO CTPATEruio, Ho o Gyj1er GoaThes 310 cenarh (a
BAPYT HPOTHBHUK gorajaerca’). Teopus HI'p IpeIaraeT HIPOKAM HCIOIL30BATh CMEUIGHNGLE
cmpameus.

ITycrs urpa 3agana Marpuueit A = [a;;] pasmepa m X n, T. €. MHOKCCTBA YHCTBIX CTpaTe-
rait urpokos X = {1,...,m}, Y = {1,...,n}. CMemannblMu CTPATETUAMH HIPOKOB HA30BEM
BEKTOPH P ¥ ¢, 33AI0HIHEe PACHpPEIeIeHNe BEPOATHOCTEH Ha MHOMKECTBAX YHCTHIX CTpaTerui

HI'POKOB, T. €.

m
pEP={p=(p,....pm): P20, Y pi=1y,
i=]

Tt
4€Q=2q=(q - 1a): >0, ) g=1
=1
Peanu3alysa cMEIIAHHON CTPATerny P IPOUCXOAUT ceayiomunm obpasom. Marepsai [0,1]

})&361113&8‘1‘85! HA 7 OTPE3KOB ¢ JJIMHAMK Py, . . .y Py, B AATITHKOM PaBHOMEPHOI'O pacupe/jesennd

pasbirphiBaerca caydainas rouka £ € [0, 1]. Eciu § nonana 8 ig-it 0Tpe30K, TO NepBLIi UIPOK
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BLIOMpPACT B JAHHOH NAPTHY UIPBL UHCTYIO CTPATErHio i = . Ananoruuno enibupaer cBou
YHETHIC CTPATEINH BIOPoil MrpoK. Kazplit UrPOK ocyeCTBIACT CBOI BBLIOOD HE3ABUCUMO 01
pesyibrata pibopa npornsiuka. [Ipn TakoM BhOOpe CTPATCTHH BLIAIPLHIML MIEPBOIO MUIPOKA
ecrb Ca1yaiinas BeJIMHHA, 3aBUCHIIAA OT PACHpE,Ie/enuii p 1 q. [Tocunraem MareMaTHIECKOe

oskuaanue H(p, ) BbIRTPBILIA HEPBOIO HIPOKA

T

H{p,q) ZZ% Pt ;= ZH(% r}p,:ZHp 7)45,

i=1 j=1
rae H(i,q) = > aiq;, H(p,J) = SO aipi- Beomuuna H (-z'.,q) €CTh CPEIHUI BHIMIPHIII
1-ro MrpoKa, KOLJA OH MIPAET TOJLKO i-i “HCToi crparerneit, a BTOPOH HIPOK HCIOMb3YeT
ememmanmyio crparermio . Coorsercrsento H(p, j) ectb cpejfuii BHIATPBII IEPBOTO HIPO-
Ka, KOL/a OH HCIOJIb3YET CMENIAHHYIO CTPATeruio P MPOTHB MUCTOM j-ii CTparerui Broporo
HI'POKA.
OupejesnM OCTOPOXKHbBIE CMELIaHube crparerun p € P u § € € urpokos:

7 = arg maxmin H(p,q), ¢ =argminmax H(p,q).
p=argmaxmin H{z 7), §=argminmax H(p,q)

JLnst MATPHIHOL HTPBL CO CMEITAHHBIMY CTPATETHAME OCTAETCH CHPaBeJINBOI TeopeMa lo
CBA3M CHTYAIMH PABHOBECHS ¢ MAKCHMHUITHOR W MAHHMAKCHOI (OCTOPOIKHBIMH) CTPATEIHAMH:

(p*,¢*) — cuTyauusi paBHOBECHH TOLJA ¥ TOJBKO TOLA@A, KOIJa

"= HB5G ) = max min H(p, ¢) = min max H(p, q).
P

e qge@} peP

Habop (p*, ¢*, ") Ha3bIBAETCST PCUICHHEM MIDLI.

5.3.1. Cseaenue MarpuvHO UIPHI K 3aJa4e JIMHEHHOro IIPporpaMmMu-
poBaHUA
[Iycrs MaTpuua Urpbl TAKOB, YTO BCE €€ JeMeHThl a;; > 0 1. PacemorpuM chadadia

3a/any onpejaesnenud Makeuvuna oyukuan I (p, ) = E;’l A;(p)g;, rae Aj(p) = D0, aip;.
3aMeTum, ITo

max mm L H(p,jlg; = - max min{H(p,1),..., H{p;n)}, (5.6)

pel

HOCKOJILKY MMHAMYM JIHHEHHON (DYHKUMM 110 ¢j,...,¢n Ha MHOIOIPaHHHKE () JOCTHraeTcs

B oamoii u3 ero sepumn (1,0,...,0), (0,1,...,0), ...,(0,...,0,1). Beemem obosnayenue

1970 npepnonoxkenne HeobpeMerUTeLHO. K B MaTpUIe Hrpsl ecrb aIeMeHTsl a;; < (, J0CTaTotTHo
npubaBUTL KO BCEM MEMEHTaM oo 1 70 e Dosbinoe uneno M > ming; a;;. Pemenne urpel oT 91010 He

MEHAeTCH, JHIL [IEHA HTPBI YBEJIHYUTCH Ha M.
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t =min{H(p,1),...,H(p,n)}. Torna 3ana4a HAXOXKACHNS MAKCHMIHA MOKET ObITh 3anuca-
Ha Kax
t — max,
i

220, i=T1m, Y oihi=1L
Beenem HOBbIe NepeMenHbie ¥; = p;/t. B cuity MOJOXHTeNbHOCTH BEJINHHH Gyj, & CIIeI0-
pareibho, 1 H(p, j), Besmunna t > 0, mo3roMy Jjejienne Ha ¢t KOPPEKTHO. st mepeMeHHLIX
x; cnpasesauso z; = 0. Torua S, @ = Y, pi/t = 1/t, orxyma t = (32, z;) "', Caenosaresns-
HO, MAKCHMH3AIMA ¢ SKBUBAJCHTHA MUHUMU3AIMH cyMMbl ), o;. Hepasencrsa t < H(p, j) B
HOBBIX IIepEMEHHbBIX 3alAIIYTCA KaK » 1w aijd; > 1. Cenoparebuo, 331848 MAKCHMHSAIHH

(5.7) sxBHBaJIeHTHA 3aa4e IHHCHHOr0 IPOrPAMMUPOBAHMS HA MANMMYM CJICIYIOWIEro Bula

Yo, & — min
> ey i 2 1,
.................. (5.8)

Baaus OTHICKAHMS MUHHMAKCHOM CTPATCIHH BTOPONO HIpOKa ming max, H(p, q) TOMHO

TaK 7K€ CBOMMTCS K 3aJade JMHEHHOro MporpaMMupoBanud. OTa 3a1a1a HMeCT BHL;

D j=1Yj — max
T
Lj:l ayy; < 1,

.................. (5.9)
L
ZJ"—I Amjlj "“<‘- ]“J
yp20,i=1,...,n
HeTpyauo nokasars, 4ro pemenns z* = (z},...,25,) n y* = (1, ..., y4) COOTBETCTBY1O-

IIMX 33.18¢ JHHEHHOro nporpaMyuposanis (5.8) u (5.9) cymecTBYIOT. DTH PelleHHs HO3BO-
ASIHOT OIPEIEIHTD MAKCHMUHHYIO CTPATErHIo p* MePBOrO HIPOKa H MEHHUMAKCHYIO CTPATEIHIO
¢" Broporo urpoka Kax p* = z*/min (3 z;), ¢" = y*/ max (3_y;) COOTBEICTBEHHO.
OcCHOBHOIT BOTIPOC, KOTOPBIH BOZHHKAET 1PH HCMOMBL30BAHHH CMELTaHHbBIX crpareruit: Oy-
ner mu curyanus (p*,¢*), cocraBIeHHas U3 MAKCHMUHION CTPATCIUH EPBOTO UIPOKa 1 M-
HUMAKCHOH CTpaTeruy BTOPOro onTuMa/IbHO# no Hsmy, . e. pasnopecuem? OTper Ha TOT

BOTIPOC JIAeT

Teopema 5.3 (OcHOBHaAsI TeopeMa TEOPUHU urp). Jaa w060l mampuyunol uzpol cyuie-

emsyern cumyauus (P°, q°) 6 CMEWARRBE CIMPAMESUAT MAKaR, o

1 II = i H :‘II “, ¥
max min (p,q) Wip e (p,9) (", q")
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u, caedosamenvho, (p*,q*) 6 cuay meopemol 5.1 asasemcs onmumaaviot no Howy (pasno-

gecuem, cedaosoli movKot).

Jloxazamenvemeo. J1erko 3aMeTHTD, ITO 33/1a41 (5.8) u (5.9) 06pasyioT HApy JABOHCTBCHIBIX
3aa JMHEiiHoro MporpaMMuposanus. B cuiy Teopempl ABOHCTBCHHOCTH MUHHMYM B 3a/134€
(5.8) pasen maxcnmymy B (5.9). Munumym B IepBOi 3aat1e paper [max,ep mingeo H(p, q)] 3
a MAKCMMYM BO BTOpOH 3ajadc paBeH [mingeq maxyep H(p, q)]_l, OTKY/JIa B CIeJAyeT yTIBep-
Jenue reopemst, L.

Bropasi Teopema ABOWCTBEHHOCTH («TeOpemMa O JOHOJHAIOmEeH HEKCCTKOCTHY ) TaKzKe
BazKHa, YIS POIICHUST MATPHMHBIX UIP. 3anuuieM ee (pOpMYIHPOBKY AN 38124 (5.8)-(5.9):

T

* T * 4 i 5 e
L 2 aiy; —1) =0, 1=1,...,m;
i=1

T

=1

* ot * * g% s 2TYE P TR
Ho =} = p}/v*, yj = ¢ Ju*. loperapnss 9TH 3UaMeHHs] B yKa3afble BLILIC PABECHCIBA H

VIUTLIBAA BBEJICHUBIE paHee 0DO3HAUeHMS Hii.q) =Y ; @ijys H(p,j) = >, @ijp;, MOTY4HM
piH(G,¢) —v)] =0, i=1,...,m (5.10)

g [H{p",j)—v")]=0,j=1,...,n (5.11)

D10fi TeOPEMOii Mbl BOCIOJIb3YeMCs HUXKC JUlsl PEIIEHUST MaTPUIHOM UIPbl, B KOTOpOH y

OJIHOTO M3 UT'POKOB HMeeTCst POBHO JIBE CTpaTCruu.

5.3.2. I'pado-aHamTUYeCKUil METO, PEIeHUsE UTIp 2 X 1. 1 m X 2

PaccMorpuM IpeylaraeMblii METoj, Ha, CICAYIONIeM IIPUMepe UIPbl, B KOTOPOii y 1epsoro
UTPOKA JIBE YHCTHIC Crparerun, a y sroporo — 3. Ilyers Marpiua peiurpsimeii urpoka 1 uveer

CIIEAYIONAN BHJI

11213
A=113 |-6
LZ_Z_“—l 4 1-3

Cuaaqaga [[006)(0,1.1,[41\10 HPOBEPUTH, CYIIECTBYET JIM CHTYaN:d paBllOBECHI B THCTBIX CTpaTern-

ax. s aroro onpesesmy vy = max; min;{a;; } 1 vo = min; max;{a;; }
v; = max{—6, -3} = -6, vy = min=4.
3,4,2

Curyauuy paBHOBECHS] B IMCTBIX CTPATEIMAX HeT, Tak Kak v < v, Hailyem peuienue B cme-

HAHHBIX CTPATEIHAX, KOTOPOoe BCerta CYIIECTBYET B CHIY TEOPEMbI h.3i OIIDB,I.LCJIHM CHa'aJ1a
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MAKCUMHHHYIO CMEIIAHHYIO CTPATerdio 1epBOro Mrpoka, peurast sagady (5.6) nid jaHHOM

UI'PbL:

max min{H(p, 1), H(p,2), H(p,3)} = max_min{3p; — 2pa, —6p; + 4p,2p1 — 3p2} =
ptpe=l, pit+p2=1,
p1,p220 p1,p2=20

= max min{3p; — 2(1 — p1), —6p1 +4(1 — p1),2p1 — 3(1 — p1)}.

ESJES

Ap)

e A /

-6

Puc. 5.4. Oupenenerye onTHMAJIbHON crparerun p*

[pacdukn suueiinpix GyHKunit ojHoM nepementoi py v = H((p1,1 — P1),J) UPUBEIEHBI
ua puc. 5.4. ['padux dysxmuu min{H((p1,1 — p1), 1), H({(p1, 1 — m), 2), H((p1,1 = m), 3)}
— 970 HIDKHAA orubalomas ykasaHHbX rpadukos. Ee mMakcuMym jgocruraercs B TOHYKE pj
nepecevenns npsmeix v = H((p1,1 — p1),2) m v = H((p1,1 — p1), 3). Permas ypasue-
une —6p, + 4(1 — p1) = 2p; — 3(1 — p1), momyunm p; = 7/15. Taxum obpasom, onru-
MaJibHAS CMCIIAHHAS CTpaTerust nepporo urpoka p* = (7/15,8/15). 3uauenne 1eHbl UIPbl

v* = max, min, H(p,q) = max,, min;{H ((p1,1 — p1),J)} nonysaercs oesniusm oGpasom:
2
v* = H((7/15,8/15), 2) = H ((7/15,8/15), 3) = -3

TLis HaXOYK IeHHsl ONITUMAJTBHOM cTpaternd ¢* = (g7, 43, G4) BTOPOTO MI'POKA BOCHOIB3YeM-
¢ TeOpeMOlt 0 fonosHsIonieit neskeerkoctu B dopme (5.11). Tak kaxk H(p*,1) —v* = 13/15—
— (=2/3) > 0, To meobxomumo ¢; = 0. C apyroii cTOpoHbL, MOCKOJIBKY pi > 0 M py > 0 u3
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(5.11) enenyer H(L,¢*) —v* =0u H (2,¢*) —v* = 0. [onyuaem cucremy ypasuenuii st g;:
0¥ 2k ® 2
3q7 — 6g5 + 2¢3 + 3= 0,

.
~g; +4¢; — 3g3 + 3= 0,

at+at+a=1a=0

Pemag 9Ty CHCTEMY, OKOIYATENLHO TOAYYUM () = 0, gf = 1/8, g8 ="2/8.

Jlast urp, B KOTOPBIX JBe CTPATCIHH MMEET BTOPOH HIPOK (urpsl m X 2), BCe Ienaer-
Csi AHAJIOPHYHO paceMoTpernoMy npumepy. Heofxoaumo jnub rpapuyeck oupejetarh He
max ni_in{h’ (p,7)}, a (hl}_lqizl}:! 1‘11;;1.}({}}’&, q)}.

q; =0

5.3.3. JJdoMuHHpyeMmbie 1 AaKTUBHBIC CTPATErun

PAacCMOTPHM AHTAIOHHCTUHCCKYI0 Mpy ¢ Marpuiei A = [ag).
Onpenenenne. Uncras k-a crparerns (CTpoka k Marphipbl A) nIepBoro HTPoKa JoMUN-

pyem ero i-10 Crpareruio (Crpoxy t), €cJu
Gp1 2 Qg1 G2 2 A2y oo s Oy 2 Qin B djo: kjy = Qijy-

ToMunupyeMocth crpaTernii GyneM 0bosHauaTh Kaxk & > i. AHAJIOTHIHO ONPeeNACTCA JOMA-
HUPYEMOCTD THCTBIX CTPATerdii (CToabnos MATPHIBI) BTOPOrO HI'POKA, TOJIBKO 3HAKH Hepa-

BCHCTB MCHSIOTCS Ha IPOTHBOIOJIOMKIILIE!
k- J = Ok < A1, G2k < 24y« -y Uk < Oy H :]?['] C Qigk < Qg

Tax, HanmpuMep, JJist KIPbl ¢ MATPHIEH

2 [-6]3]-5
411 |25
3 |5|3]4

11 TICPBOLO MI'POKA BBINOMHEHO 3 = 1, a jyia sroporo — 2 > 3.

Teopema 5.4. Ecau y nepeozo uzpoka €20 to-# WUCIs CINPAMELus ABAACTMCA domunupye-
MO, . €. CYULLCTNEYETN MaKas cmpamezus k, wmo k = to, Mo 6 0nmumaiviyo CMewatyo

cmpamezuio p* NEPe020 UZPOKA ig-A CMPAMEUR GTOGUM ¢ HYACBOT GEPOAMHOCTILIO: p;, = 0.

Jloxasamenvemso. penonoxum nporushoe: p; > 0. 3aiumem MaTeMaTHIeCKOe OKHIAHAE
BHUUPpPbIA CPBOro Urpoka B suae H(p*,¢*) = 37, H(i,¢")p;. B cuiy oupenenenus joMuHu-

PYeMOCTH

Hip, q*) = tig1q] +.. .+ um_.,-{,q;fu .o FGind), < aag) +. ot i@yt Gragn = H(k,q").
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Torna

H(p",q') = Y H(i,q")pi+H(k, ¢")pk+H(io,¢')ply < Y, H(iyq")pi+H(k,¢") (0x + pip) =
i#k.jo i#k,jo

= H(p,q"),

[/1e B HOBOH CMEILIaHHOH CTPATEr MU P UEPBOTO HIOPOKA Py = Pi+p;, Piy = 0, Vi # k, 15, p; = p}.
HMonyuennoe nepasencrso H(p*,¢*) < H(p,q*) 1porusopeuus oupe/ e enuio CHTYa#A pas-
nosecus (p*,¢*). O.
M3 9700t TeopeMbl MOXKHO clieJIaTh CJIeAYIONHI IPAKTHYCCKHI BbIBO: JOMUHUPYEMbIE CTPOKH
(cTO6IbI) MATPHILbI BBIAIPLULCH MOXHO BblYE€DKMBATB. DTO BO MHOTHX Cy4YasiX YIPOI[AeT
AHAJIM3 B PCUICHHE MIPbL.

Onpenenenune. Ysncras crparerus Urpoxa Ha3bIBAETCH aKIMUGHOL, €CH OHA BXOJUT B

€0 ONITUMAJIBbHY IO CMEeIIAHHYIO CTPaTeruio ¢ HOJIOZKHTCABLION BEPOATHOCTHIO.

Teopema 5.5. Feat dg-# “UCINAA CIMPAnezus nepeozo uepoxe AGAAEINCA axmuenot (m. e.

p;, >0), mo
v" = H(p",q") = H(d, q"). (5.12)

oxasameavemso. Yreepxuenne (5.12) ecrb He 4TO HHOE, KAK 3aIHChL <«T€OPEMBI O JONOJ-
HsitoU{elt HeXKeCTKOCTHY st Marpu4uoR urpsi (em. (5.10)). O

YKkasannoe csolCTBO axTHBHOM CTpareruu iy CO3/aeT HEKOTOPYIO HIUNIOBHIO ce lerep-
MHHHPOBAHHOI'O, HOCTOSHHOI'O UCIOAb30BaHUs IIPOTHB ONTHMAJILHON CMEHIaHHON CTpaTernu
HPOTUBHHKA, BeJlb L0 TeopeMe 5.0 Pe3y/jbTaT s MIpoka OyJIeT ONTHMAJIBHBIM, KakK CCiH
Ol OH HIpasi ONTEMAILHON cMemanno# crparerucii. Oxnako 3To ne coseeM Tak. Pasymbbiit
NPOTHBHUK Y€Pe3 HECKOJBKO HAPTHH MI'PBI OOHAPYXKAT, 4TO UIPOK UCIIOJIbL3YeT TOJBKO OJHY
YHCTYIO CTPATErHIo fg. Torjga OH CMERUT CBOI ONTHMAJIBHYIO CMEIIAHIYIO CTPATErHIO HA Ta-
KYI0 YHCTYI0, KOTOPas HAHECeT NepBOMY HIDOKY MAKCUMAJIBLHLIH yiepb NpoTHB €ro aKTHBHO

CTpaTeruu ig.

5.3.4. HenpepbiBHBIE UTPHI HA KBaJpaTe

B sTom pasiene paccmMarpuBalorcs anraronucrudeckue urpu uga I' = (XY, F(z,y)),
rae X =Y = [0,1]. Hac 6yayT uHTepecOBATH YCJIOBUs, IPH KOTOPLIX ITA MIPA UMEeT CUTY-
anuio pasuosecus (ceanosyio Touky) (z*,y") B umernix crparernax: z* € [0,1], y* € [0,1].
Bonpoc 3ToT npeicTaBiser KaK TEOPeTHYECKHH, TaK ¥ NPaKTHYCCKUil HHTEpec.

Jlist oauoro Kiacca ¢HhyHKIUE BRIUTPHINIA CIPABEAJIHBA CIeIyIONAd
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Teopema 5.6. Ecau gynxyus F(z,y) nenpepusna no cOSOKYNHOCING NEPEMEHHBIT, CINPO-
20 GoZHYMA NO T U CMPO2O BUNYKAL N0 Y L mo na weadpame [0, 1] x 0,1} eywecmeyem

onmumaavnas no Howy mouxae (2*,y7).

Jloxazamenvcmeo. ONpeaenm Ape byukmun @, 7 ¢ [0,1] — [0, 1]:

= arg 1 F(z,y), (z)=arg min F(z,y).
ply) = arg max F(z,y), M g min F(z,y)

S1n GyHKIHAHA HeMpepbiBHbI (soxazure!). ycrs (27, y") — pelmesne cucTeMbl ypasHeHui

z = ply),

5.13
y = (). (6.19)

[Tokazkem, uro napa (z*,y") yJ0RIeTBOPALT OUPEIENEHHIO (5.4) curyanun paBHOBCCHS 5
anraronucrutecxoi mrpst. Jeitcrpureasno, F(z*,y*) = Flp(y"),y") = F(2,y*) Vo € [0, 1].
Y =

= F(z*,¢(z*)) < F(z*,y) Yy € [0,1]. O6bejpnas 311 HEPABEHCTBA, OKOHIATCIHHO OJLY 1M

C spyroit croposst, F(x*

Ve e [0,1] Fz,y*) < F(z",y") < F(z*,y) Vy € [0,1]. O

Ipumep 4. Hycrs F(z,y) = 222 + 92 + 3xy —x — 2y, x,y € [0,1]. Owesnmo, uro
yeIoBid TeopeMbl 9.6 BBITOJIHEHbI (BOHYTOCTD 1O & CJCAYeT U3 F! = =2 < 0, BpIMYKJIOCTE
wo y — u3 k) = 1 > 0). Hocrponm pyHKuu o(y) 1 (x). daa oupesenenus p(y) Hano Hairu

MaKCHMYyM m[ax} F(x,y). g 91010 penM OTHOCHTEIbHO & ypaBHeHHe Fl(z,y) =0
re[0,1 ‘

3y — 1
Fl(z,y)=—da+3y—-1=0, = %__.

Vesosue 0 < x < 1 poinosnsiercst npu y € [1/3,1], npu y > 1/3 npoussoauas F. <0mn
bynxmma F(x,y) youeact 1m0 @. llosromy byuxuug @(y) oupegeinsierca creayiomum obpa-
30M:

) 0, ecm y € [0,1/3); L
p(y) = arg max F(z,y) = 3y — 1 (5.14)
z€[0,1] —~—— eciu y € [1/3,1].

AHAJOTHYNBIMA PACCYZKICHUAMMI J1JTT P(2) momy um

2 -3z
_ i , ecau z € [0,2/3);
P(z) = arg min F(z,y) = 2 (5.15)
velo) 0, ecmm z € [2/3,1].

I Hapomuum, 910 (hYHKIMS HAZBIBAETCS CTPOIO BOTHY TOH (eTpOro BBIIYKJIOl), eciu OTPe3oK IPAMON Jii-

HITH, COMUHATONHI 1Be TouKH rpaduka 9Tl byHKLAY, Beeraa Oyner HeruKoM JeKaTh HoJ, (nan) coorper-
CIBYIONMM YHaCTKOM KPUBOI. Y CTPOro BOTHYTOI (CTPOro BLITYKITOH) HEIpPepbiBHOR (DYHKIMU Ha OTPE3Ke

CYILECTBYET CAMHCTBEHHAs TOYKA MAKCHMY MA (MuHHMYMa).
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Onpeenum tenepb (z*,y*), pemas rpaduyecks cucremy ypasuennit (5.13) (puc. 5.5).
Henocpeacrsenno u3 pacemorpenust rpaduxos Gyukumit = = ¢(y) u y = ¥(x), n3obpaxen-

HBIX B OJ1O0M cHereme KoopiuHar (x,y), mist z¥, y* mosydaeM cucTeMy ypaBHEHHH cJenyio-
Iero BUila:

x*_3y*—1
2 4 .1
. 2—3z"
¥ =
x
0 x* 2 1
3

Pue. 5.5. Haxoxnenue cHTyaldin paBHOBECHSA B HEIPEPHLIBHON HIpe Ha KBaJpaTe

Teopema 5.6 mepenocurest Ge3 u3MeHenHii Ha cjy4all MHOTOMECPHBIX CTPaTeruii UrpoKos

ze M, CR" ye M, CR" rae My, M, — BblIyKJIble MHOKECTBA.

5.4. Ilo3unumoHHBIE UT'PHI

Muorue peajibible KOHGINKTHBIE CHTYAIHH HMEIOT JuTHTenbhblii xapakrep. Mx ywact-
HUKH JCHCTBYIOT HEOMHOKPATHO M € y4eToM HH(MOPMAIMM O NPEIECTBYIONeM DasBUTHH
KoHduMKTa. 118 COOTBETCTBYIOWMX MOjIe/Iel 0bmue TeOpeMbl CYLUeCTBOBAHNA PELUeHIA JIIs
UrP B HOPMAJIBHOI HOPME He [HO3BOMIAIOT HAXOIUTh MM [azKe KOHKPeTH3HPOBATE OUTHMAIb-
HOE HOBeJeHHe ©3-3a DONBLIONO YMC/Ia BOSMOXKHLIX crpaTerunii. s peienna JMHaMuIeCKux
WP YacTo yA00HO HCIOIB30BATH NO3ULUOHHOE NPEICTABICHHE HIPbL.

[lon mo3nmrorHOl NIPOH 1 JIML, MOHUMAETCH:

1. OpuenTipoBanHOe jJepeso I ¢ BbLIeeHHbIM KopueM, umeiomum Homep 0. Bepuunna
0 — HauaJLHASI O3S, BeplMHel § # 0, HMEIIHe HOTOMKOB, — IIPOMEZKYTOUHbIE

NO3ANHUN, & TePMHHAJBHBIC BEPITIAHDI t — 3aKIIOMHTe/ILHbIE TTO3HIANA.
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2. Iljist TepMHHAJLILIX BEPIIHH © 3a/aHbl N-MEPULIC BEKTOPLI Vi) = (Bi{f)0s0nValt))

BHIMIPHILLENT HIDOKOB.

3. Banamno pasGuenue Bepuint (KpoMe TePMHHAIbLHBIX ) Ha 1+ 1 NOJIMHOKECTE 04epeSHOCTH
xo1a S;, W B KaxKI0H Bepuiuie s € S; X0J1 JIeIaeT HIPOK ¢ HOMEPOM 7 (2 = 0 o3HaMaer,

YTO X0, JAEIACTCH CAYIAfio yeaoBHBIM HIrpoKoM «IIpupomas ).
4, JLast nosmiuit u3 Sy 3aaHbl PACIPEICICINH BEPOSTHOCTell Ha HCXOMMIINX AyFaX.

5. 3ajano pasonenne Kaxaoro MHozkecTsa Sy, @ # 0, na ungopmayuonsie NOIMHOKECTEA
L Si=1J j 1ij, MpHIeM BCE TIO3MIHIL U3 OHOTO H1pOPMAITHOHHOIO MHOXKECTEA HMEIOT
OMHAKOBOE KOJIMYECTBO JOYCPHMX MOBHIMI, & MalepHHCKHE IOBUIME € J04ePHUMH

BCEIAa HAXOO:ATCH B PA3HbIX HI[d)O})h& AllHOHHBIX MHPOXeCTBax.

6. Jluist KazKA0H MOBHIME § € [;; cymecTByer nyMepanis (HIH pasMerka) BapHalnToB Xo-

1108, 1 GAKTHUECKH BHIOOP XOJ4a COCTONT B BhOOpE nomepa (MeTKH) BapUaHTA.

[losgclnuyM OnpeieJicHie MO3MIHOHHOK HIPH Ha IpUMepe OHMATPHYHOR HIPbl «TIPO/IABCL]
~ noKynare/by (mpuMep 2 Ha crp. 59). Byjem Tenepb pacMaTpUBATEL ITOT KOHMIIHKT Pa3BU-
BAIOLHMMCS! BO BPEMCHH: CHAMAJIa JeJael Xoi UIPoK 1 (1pogasen), Bbifupas oy U3 CBOMX
crparernit (06BeC, MCCTHOC B3BCIIMBAKME), 3aTeM MIPOK 2 (MOKYNATEIb) JEIACT XOZ, BbIOM-
pas CBOK) CTPATETHIO H3 MHOZKECTBA {IIOBEPUTH, NPOBCPUTL}, H HA STOM HIPA 3aKaH1HBa-
erest. TIpe/iionoAKnM, 4ro NOKyNaTe b He 3HaeT, 00MaHyi ero npojasen, wiu Her. Jlepeso
Wrpbl npuseeno Ha puc. 5.6 (a). [Hoscraum ero saementsl. Kaiaas TepMUHA/bHAS BEPIIHA-
Ha COOTBETCTBYET OLPEALIESHHON IApTHi HIPLL, HAIPHMEp, eci Hrpok 1 BuIbpast cTpareruio
«0OMaH», & HI'POK 2 — «IOBEPUJI», TO HI'DA 3aKAHUBACTCA B TePMHUIAJILHON BEPUINHE C BbIHI-

pbiien urpoka 1, paBHbM 1, B BLIUIPBIIICM HIPOKa 2, papubiv -1. Muoxkectso Sy 1nosuuui,

YeCTH obMaH

HOB TpoB
® @ O ©®
(0.0) 0,-172) (1,-1) (-1,112) (0,0) (0,-1/2) (1,-1) (-1,1/2)
(a) (6)

Puc. 5.6, llepeso nrpbl «upojasel — noKynaTeib»
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B KOTOPBHIX /€T X0 MIPOK 1, COCTOMT ¥3 ONHOM BepluHbl (1no3unuu) ¢ Homepom 1. Muo-
xKeerBo Sy = {2,3} cocrour U3 no3uuui ¢ HoMepamu 2 % 3, B KOTOPBIX XOf Ae/1aeT HI'POK 2.
Nudopmanmonnoe MEOXKECTBO [1; HIPOKa 1 COCTOHT M3 OTHON MO3UIMH 1, T. €. COBIAIAET C
S1. Y urpoka 2 Toxke TOAbKO 0JHO HH(MOPMAIMOHHOE MHOXKECTBO (OO BBLISJICHO [Ty HKTHPHOM
3aMKHYTOH Jiunuelt) Iy = Sy = {2,3} — 3710 Te 103U, B KOTOPBIX €10 0YEPE/ib JEIATH X0/,
H KOTOpbIE OH e pasaudeem. IIpyruMyu ¢JIoBaMu, BrOpoit HIPOK HE 3HAET, B KAKOW MMEHHO
TIO3ULUK (1 WM 2) OH HAXOIHTCH HOC/Ie X0Ia HI'poKa. 1.

Ounpenenenne. [losuiuornas urpa HasbiBacrca MIpoil ¢ HOMHOM mHMbOpManued, eciu
KaK10€¢ HHPOPMALHOHHOE MHOKECTBO COCTOUT TOJBKO U3 OIHOM MO3UIMH, & CjyIaliHbIH XO1
MOZKeT OBITH CHEIaH TOJIBKO U3 KOPHEBOH BeDITHHbL.

PaccMoTpiM Ty Ke TPy <«IrpojiaBer] — NOKYHATeb», TOJBKO Teneph OymeMm npejiofa-
rarb, YTO IOKylaTejp BCerua 3aMeTdT oOMaH Mpojasua B ciydae obpeuinsaxud. lepeso
3TOIO BapHAHTa MI'Pbl H3MEHHTCH caeylomum obpaszom (puc. 5.6 (6)). Teneps urpox 2 see-
ria 3HAeT, B KaKo# mMeHHO nosuiuu (2 win 3) OH Haxoaurcs nocie Beibopa urpoka 1. Y
HEro j1Ba HHGMOPMAIHOHHBIX MHOYKECTBA, KAXKI0e U3 KOTOPLIX COCTOHT W3 OIHOIH BepIIHHLL:
Iy = {2}, In2 = {3}. B coorBercrBum ¢ onpeieseHuem 910 Urpa ¢ NOMHON nidopmalueit.

Jast 3aaHus CTpaTeruy -0 HIPOKA HYXKHO JUId KaxkI0ro ero HHMOPMaIMoHHOIO MHO-
JKecrsa [;; yKa3aTh, KaKo# BEIOOD JOIZKEH CIeJaTh UIPOK, HOonap B HO3HIMIO s € ;. Takum
06pas3oM, YMCTas CTPATErHs HIPOKA — 3T0 JeTepMHHUpPOBaHHOe oToOpaxkenue fi;(1;;), 3aman-
HOe Ha HH(MOPMAIMOHHBIX MHOKCCTBAX HI'POKA CO 3HAYCHUSMH B MHOYKECTBE HOMEPOB (METOK)
BApHAHTOB ero Bhibopa. CMelmadHas crpaTerust HUpoKa 3alaerca HabopoM pachpenciaeHuit
sepostHOCTel p; (1) ais Kazkoro uud)opManuoHHOro MHOKECTBaA [;; urpokxa.

Habop U3 YMCTHIX CIpaTerdii BCeX HUPOKOB [t = [fb1, . . ., [y] HA3BIBAETCS CUTYALHER HIDBI
B YHCTHIX cTparerndx. Kaxkias curyanus f¢ HPUBOAUT MPONECC HI'PbI B COOTBETCTBYIONLYIO
TePMHHATBHYIO Mo3uumIo £(i), B KOTOPOIi -t Hrpok nosy4aeT cBo# Bumrpemt Vi (H(u)).

Curyamuio p* B 9MCTHIX cTpaTerusx Oyjem HaspBaTh ONTHMaJbHOM 110 Hamty, win cury-
arueit papHoBecHd, eciil Vi = 1,..., 7 crnpaBeIMBO: I-MYy HI'POKY HEBBITOJHO MEHATDL CBOIO
UHIMBUAYAIBHYIO CTPATETHIO 4 HA JIOOYIO APYTYIO fi; IIPH YCJIOBUM, YTO OCTAJIbHBIE HIPOKH

j HEe MEHSIOT CBOM MHIMBHyaTbHbie crparernd /1. CnpaBesausa c/ie/iyomasn

Teopema 5.7. Iosuyuonnan uzpa ¢ noanoti ungpopmayuel eceeda umeem cumyayuro pas-

HOBECUA 6 YWUCTNHE CINPATNE2UAL.

Wiest JOKA3ATENbCTBA HACTOJIBKO [POCTa, YTO ee AOCIaTOYHO HOACHHUTH HA TIPHMepe Hr-
PBI <IIPOJIABEN; — MOKYNAaTeby. PaccMOTPHM AepeBo aToll HIphl, IPUBEIEHHOE Ha PUC. 5.6 (6).
[IpunumreM KasKood HETePMHHAJBHOM IO3UIHK S, B KOTOPO# JeaaeT Xof i-if MIPOK, rapaH-
THpOBAHHDBIC BLIHTPeIH ¥1(8), ©2(8) UIPOKOB, KOTOPBIE OHHM OJTYYAT B TOM CJIyvae, eciu Obl

JIePeBO UIpbl HAUMHAIOCH ¢ nozunuu s. lIpapuio pacuera 9y (s), U9(8) 0O4CBHIHO: yIHTHIBA-
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joTCy Beanuunbl 01(8), 02(8k), 1/1€ 8§ — HCHOCPE/ICTBEHHbIE IOTOMKH («10MKH» ) HO3ULUH S.

Fean B HO3HIMHA § X0/ JIeJIaeT urpox 1, 1o

Oi(s) = max {D3(sk)} = 01 (8Ko) » 02(8) = D2 (5ks) - (5.16)

Ecin s € Sy, 1. €. B CHTYAIMN § XOJ, IeJIaeT UTPOK 2, TO B PABEHCTBAX (5.16) 01 n Uy MensIOTCS

MECTAMMU.
Pacuer rapanTHPOBAHHLIX BRIHIPbILIEH Ha-
[(0.0)] 70 COTMPOBOXKIATL YKA3aHUEM OITAMAJLIOrO
- o BHIGOPA MIPOKA, KOTOPbIH Jleaer Xoi B pac-
cmarpusaemoit nosuumuu s, Ha puc. 5.7 Boi-
0,9 [C1,172) 6Op X04a COOTBETCTBYET BbIICJIEHHOM ayre ie-
on - . pesa. Haunem 9101 1ponece ¢ BEPUIHH, HEIo-
CPEJCTBEHIBIME IOTOMKAMH («104KaMu» ) KO-
@ @ ® TOPHIX SABJIAIOTCA TEPMHHAJBHBIC BEPITMIDI, &
0,0 0,-12) (1,-1) (L12) | janee Gysem qBurarscs BBepX 110 A€peBY, LOKa
Puc. 5.7. Tlocrpoenye peiiesys urpol He H0ILIeM 10 KOPHSA — BepHIuHbl ¢ noMepoM 0.

B pacemarpupaemoii urpe B nosuumn 0 xox jgemaer urpok 1. HocunracM Jirs BepITHHEL 0
rapasTHpoBanubie BuHrpumm 0 (0), D2(0). Ha aTOM mporece pacuera (hak THICCKH 3aKaH1H-
paerca. Janee Ha10 BOCCTAHOBUTL FAPAHTHPOBAHHBIE CTPATEIMH UI'POKOB. DTO JIErKO C/ENaTh
IO OTMEMeHHbIM JIYTaM.

OxonuaTeIbHBI PE3YILTAT TAKOB: cTparerns nrpoka 1 sagaercs orobpazxenuem py(0) =
— «yeCTIY, @ CTpaTerus urpoka 2 - orobpaxentem p3(1) = <oy, p3(2) = <upos». Ecam
UIPOKM OYAyT HCIOJIBL30BATH 9TU CTPATErHH, TO IPOLECC HIPhI HOWJIET 1O NENOIKe BhACACH-
HBIX JIyT, KOTOPAs 3aKOHUHTCH B TePMHHATLHON Bepinune 3. O1eBuHo, ¥TO KazKIbif HIPOK
HE CMOMKET VIYUIIUTh Jjid celd CHTYyanuto (i TOJbKO 3a CHeT W3MCHCHUH CBOH MHIAUBUJLY-
AJILHOM CTPATCIHH, €CJIH APYTOH HIDOK He MeHHeT CROIO OlTUMAJILHYIO CIPATETHIO, T. €. j1' —
cuTyaund pasHosecus. [

MeTom MOCTPOCHMA PEIeHHs] «CHU3Y — BBEPX» IO JEPeBY HIPLI OUEBHAHBIM 0DPA3OM 11e-
PEHOCHTCA HA Cjydail GOJbIIEro Yueia XoJoB H Gonbiuero uucaa urpoxos. B srom mero-
JIe HPOCMATPHBACTCS HIES JHHAMMYECKOI'O HPOIPAMMUPOBAHUA: 110 CYIIECTBY COOTHOMICHHS
(5.16) ecrp He YTO MIHOE, KAK PEeKyppeHTHbIC ypasHennd beiiMana NI rapaHTHPOBaHHbIX
BBEIHI'PBILIEH HI'POKOB.

Credemsue uz meopemor 5.7. B maxmarax CyuiecTpyer CUTyalus PABHOBECHSA B YHCTBIX
CTpaTeruax.

JleHCTBHTE IO, MAXMATBL — 9TO IO3UIMORHAS HIPa ¢ TTOJMHONH HHbOpMalyeil, IMeromasa Ko-
HeuHoe jiepeso. K coxanienuio (a MOKeT ObiTh, U K CHACTBIO — HHAYE Urpa norepsia 6bl BCIO

CBOK lTpHB.?IE‘.K&.'J_‘eJ'[I:HOCTh), JEepeso TOH UCPbL HACTOJILKO BEJTUKO, 9T0 UCCIIEeN0BATH CT'0 34 pa-
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3YMHOE BPEMS ONUCAHHBIM BbIIIE IPUEMOM HE IIPEICTABILETCS BOBMOXXHBIM, JT0 J0CTATOUHO
001ast CHTYALHs JUIA PEATbHBIX [IO3HUHOHHBIX UIP.

Eciu 103unuoHHas Hrpa He ABISCTCS Urpoi ¢ noutHoit uH(OpMaluei, TO peueHus B
YHCTBIX CTPATErusix, BOOOIE IOBOpS, HE cyllecTByer. B 3ToM ciydae HAI0O HCHONL30BATDH
cMmeniannbie crparerud. CMemanHON crparerueil i-ro urpoxka Oyier Habop pacrpeaeseHnit
sepoarnocreit {p(l;)}, j = 1,2,..., rae k-1 xomnounenta pacupejenenus p(f;;) — 910 Be-
POATHOCTD BbIOOpa k-if aJbTepHATHBLL B Ciy4ae, Korga ¢-it HIpoK nonajl B cBoe j-e uHdop-
MAIMOHHOE MHOKeCTBO [i;. AJITOPHTM pelenus Wrpbl B CMENIAHHBIX CTPATErHaAX 3/ecCh He

paccMaTpuBaeTcd.

3agaua. OnpeaeauTh BHIUTPHIII
B MIPE € MOJHON uHpoOpMaluei, B !
KOTOPOii nepebiii X0 u3 no3unun 0 -
nemaer urpok «lIpupojas, cayaii- I

HO BbIOMpast cBOIO cTpareruio 1 miu l o
2 B COOTBETCTBHHM C paclipejle/leHu- r

em sepositrocreit p = (0.7,0.3) (ne-

Puc. 5.8. Iepeso urpi

PEBO HIPBI IPHBCIEHO HA pUC. 5.8).
Baecs S = {1,2}, S; = {3,4,5,6,7}, xoapt Hrpoka 1 oBO3HAUCHD! JIATHHCKHMH OyKBaMH,

XOJIbI UT'POKA 2 — I'PEYECKHMH.
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