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OcHOBHbBIE TIOHSTHS

[TonsaTue o norpemyoctTu. [lpn pemennn Tex mnu unbx IPUKJIAIHBIX 3aJa4
BaXHO HE TOJIbKO NOCTPOUTHL AJI'OPUTM PELIeHUs MOCTABICHHOMN 3aJ[A94, HO U
OLEHUTH IOTPEIIHOCTE MOJLYYEHHOTO PEeIleHUsd. [Torpemmuocrs npunsito pasue-
JIATh Ha HCYCTPAHUMMYIO, BBIMACINTENBHYIO U [IOIPEIITHOCTD MeTo/1a.

Heycrpanumas NIOI'PEIHOCTD CBA3aHA C TEM, YTO ITPU COCTABJICHUU MATeMAaTH-
HECKOW MOJEJIH, KOTOPAST OIUCHLIBACT HCCIe/lyeMblit IpoLece, MpUXoIuTCst 0ObIYHO
npuderaTh K HEKOTOPBHIM YHPOIAIIAM [DEeAIION0KEHUSAM, NpeHedperas Besu-
HMHAMH, BIIMSTHAE KOTOPBIX IPEANOAAracTCsl HECYIECTBEHHbIM. Hanee, npu pe-

AJIbHOM U3YyY€HUU NOCTaBNACHHON 3a/1a4U BXOJAHBIE IAPAMETPDI 33491 SABIISIIOTCS
PE3YJILTATOM HU3MEPEHMH M OLEHOK, BBINOJHEHHDLIX C ONPEAETeHHOMN orpeiti-
Hocreo. [TosTomMy pesyibrar perenns nmocTaBieHHO 3ajga4un OyJieT nojaydeH c
HEKOTOPOH NMOrPEITHOCTDIO,KOTOPYIO U HA3bIBAIOT HEYCTPAHUMOIL,

Brraucaurensuas morpemnocts cpazana c TeM, YTO BbIYHUCJICHUS BBIOJIH $i-
I0TCH € KOHEHLIM 4ucsioM paspsanos. lpu apudmerntieckux omepanusix na kom-
HLIOTOPE TUCIIO 3AIKCBIBACTCH B (DOPME ¢ MJIABAIOLIEH TOYKOH, T.e. B BHe AEB,
rae A - manTucca, a B — nmopsiiox. Harpumep, yucno 103,54 sanucsiaercs: B pu-
ne 0,10354E+-03. nsa 3anucn mManruceo: OTBOAMUTCH KOHCYHOE “TUCJIO Pa3psIoB,
OHPENCIIACMOE THIIOM KOMIIbIOTEpPA W Ollepanuontoft cucremsl. Ho mpu YMHO-
KEHUU [IBYX HCEJ, MMEIOIMX MAHTHCCY JJIMHBI I, B pesyJbTaTe Oy HaeTcst
HMCJIO ¢ MaHTUCCOH Ayunbl Oosbine n. Ecan ajs 3amuen ManTuees Yuea me-
NOJB3YIoTCs k paspasioB u juinHa ManTces: 6osbiie k, 7o qncso OKPYTJISIETCS B
COOTBETCTBUM C PABANIAMY OKDYTJIEHUs: ec/n 3HaveHue k-+1 paspsina 60s1bire 9,
TO 3HaueHne k-ro paspsiza ysesuuuBaercs Ha 1, B IPOTUBHOM CJIy4Yae 3HAYCHUS
bonbiux paspsanos orbpaceiaorcs. Takum 00pa3oM, B apupMETHIECKUX Ole-
PAILHAX SHAYCHNS MIIAJILIETO Paspsi/ia eCTh Pe3ysbTar oKpyrenus. Ho nerpymo
SAMETUTD, TO NOTPEUIHOCTL B k-M paspsijie COMHOMXKUTENeH NPUBOJUT K TOMY,
HTO B NIPOUSBEACHMH C NOTPEUIHOCTBIO MOXKET onpefenstes yxke k-1 paspsi.
CaenoBaresibio, pu GONBIIOM YHCIE BbLIYHCICHUI NOI'PEIHOCTD, CBA3AHHAS C
OKPYIVIEHHEM B MJI4/IIIEM Daspsjie, MOXKET [OCTENeHHO NePeXOIMTh B CTApIIAe
baspAJbl, HCKaXKast TeM CaMbiM pesysbTar soruncaenuit. Takum o6pasoM, Burauc-
JMTEILHAA TOTPENIHOCTE BOSHUKACT KAaK CJCJICTBIE apubMeTHecKux onepaimii
C KOHEYHON paspsgHoil cerTkoil.

Hakownern, norpemnocrs merona Bosnukaer B pe3yJibTaTe NPUMEHEHUS aJlro-
puTMa NPUOIMZKEHHOIO PEIeH s TOCTABICHHON 33,184, Usy4dennro rakux ajiro-
PHTMOB U OLEHKE IIOI'DELIHOCTE ! U NOCBAIIEH 3TOT KypC.

() §



Hanomuaum OCHOBHBIE TIOHATHU, UCIIOAB3YEMbIC B JlajabHelneM U3JIOXKEHUN,

[Ipocrpancrso R Oyuem HasbisaTh JUHEHHbIM, €CIM B HEM OIpeJiedieHa, ole-
palyst CIOXKeHWS, ACCOIMATHBHAA U KOMMYTATHBHAs, Olepalud yMHOXKEHUS Ha
YUCJIO M cyuecTByer HysaeBoit anement (), Takoit, uro z + @ = 0 + z = z. Die-
MCHTBI 21, T2, ...&, HA3bIBAIOTCA JUHEHHO HE3ABUCUMbIMU, €CJIN PABCHCTBO

azxy+cixy+ ... +cx, =0

BO3MOXHO TOTHA U TOJIBLKO TOrfa, KOTUA €] = Cg = ... = ¢ = 0.

IIpocrpancrso HasbBIBACTCA HOPMUPOBAHHBLIM, ECIU KAXKAOMY 9JIEMEHTY X CTa-
BUTCS B COOTBETCTBYE JACHicTBATENbHOE uneio ||z||, Takoe, uro

1) |lz|| > 0, upnuem ||z|| = 0 Torga u ToNBKO TOrNA, KOrAA = = 0,

2) ||kz|| = |k]||z| aus m06oro koMmtexchoro k,

3) lz + yll < flzf| + {lyll-

Ilocneanee cpoiicTBo HasBIBACTCS HEDABEHCTBOM TDPEYrOJbHUKA. IIpocTpa-
CTBO HA3BIBACTCS CTPOIO HOPMUPOBAHHBIM, €CJIH HEPABCHCTBO TPEYTOJbHUKA [1Pe-
BPAlaeTCa B PaBCHCTBO TOIJA U TOJILKO TOrja, Korga y=kx, k > 0.

[Tpocrpancreo nasbiBaercs: METPUUCCKOM, CCIH AJist JIIOOBIX X M Y, NPUHA/-
JICKAIAX NPOCTPAHCTBY, OLPEJEIeHO YHCI0, HasbiBacMoe paccrosnuem p(z,y),
rakoe, 4to p(z,y) = p(y,z), npudem ecim p(z,y) = 0, To x=y. Kpome Toro,
MMEeT MECTO HePaBEHCTBO TPEYIOabHUKA

|
|

p(z,y) < p(z, 2) + p(z,y).

B nopmuposannom npocrpascrse p(z,y) = ||z — y||.

T'osopsat, uro B npocrpancree H onpejeneno ckanspuoe IpousBeieHye, ecin
ans mobbix x vy n3 H mocrasneno B coorsercrsne KoMIiekcHoe qncio (x,y),
TAKOE, UTO

]\f (X?y) --4—'(93, y)}

2) (az + ey, 2) = a1z, y) + ca(x, 2),

3) (z,z) > 0. Ecum (x,x)=0, 70 2 = 0.

IIpoctpancTBo, B KOTOPOM ONPEJETICHO CKANISIPHOE IPOU3BEICHNE, HAZBIBAIOT
rutbbeprobiM. Ecin (x,y)=(y,x), T0 ero nasmiBaioT BEMIECTBEHHLIM. B I'ilb-
GeproBom mpocTpancrse HOpMAa ONpeIeNSeTCs eCTeCTBEHIbIM obpasom: ||z|| =

\/(:U: ’l’)
Hopwma sexropa. Hopma marpuiin
B R nns sexropa z = (z1, 29, ..., x,)7 menonbayiores CHEYIOMIUE HOPMDbI.
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IepBast Bekropuas Hopma ||z = max |z;].
13
[lepBy10 BEKTOPHY HOPMY 4aCTO 0603HAYAIOT |z ]|
T

Bropas ekrtopras wopma  ||z]ls = 3 |2l

Tperbst, nin eskiaugoBa, HOpMa lz||s = \/Z z? = /(z,z).

Cornacno onpenenennio, Hopma onepatopa A, seHcTByIOmero n3 IIPOCTPaH-
crsa Hy B npocrpanctso Hs, ecTh HaMMEHbIIAS U3 KOHCTAHT C, mia koropoit
|Az]l2 < Cjlz||y, tae ||.|i — Hopma B npocrpancrse Hi, a II. ”2 — HOpMa B
npocrpancTBe Hy. VI3 onpenenienus: ouesn IO cieIyer HEPABEHCTBO

[Az]lz < [|A]lllz]]1.

Taxum obpazom,

HA-’ﬂllz
hAll = sup T

[Toaromy HOpMa MaTpuubl onpejessiercst B 3aBUCHMOCTH OT TOrO, KaKasg HOpMa
BeIOpana B npocrpancree R™. [Tokaxem, uto B CJlyvae 11epBOi BEKTOPHOM HOPMbI

4l = max 3 fa .

B camom giesie, mycrs nepeast nopma Bekopa @ = (1, T, ...2,) 1 KOCTHIACTCS
Ha KOMIOHeHTe Ty : ||2||1 = max |z;| = |z,|. Torna jist BekTopa y=Ax mveem:
1

n 7L
ol < max 3 lai o] < (max S a0yl
I j=1 g=1
ECJ[H BBE/eHa BTOpas BEKTOpHas HOpMa, TO
n
Al = S |

Hettcreurensno, gna sexropa y = Az = (yq, yo, ... L yn) nveem |[ylla = |u1| +
...|Yn|. CnenoBarennho,

n n

lyll2 = YJ ZG%J'TJ‘ < ZE |aij||z;| = Z Z |aij|)|z;]-

i=] g=1 ge=1 =l

T



T

Tiyers (@ = maxl lai;|.  Torma {jylle < @3 |ayl.
= j=1

B cayuae tperbeil Bexmpi-mﬁ HOPMb!

|A|ls = \/max
1

3yech Aj(A*A) — cobersenibie snadenns Marpuib A*A.
B camom pmene,

i(A*A)| .

|AX |3 = (Az, Az) = (A*Az, z).
Cobersennple Bexropa matpuimnt A*A oproronansusl. [Tyers onu eme u OpTO-

HopMupoBanubl:  (€j,e;) = 0; ;. 3ueck §;; — cumsosiel Kponekepa. Pasnoxum
BEKTOP X MO COOCTBEHHBLIM BeKTOpam e Marpuibl A*A.

T = C1€1 + C2€2 + ... + Cpéy.
'Torna
J12 2 2 2
lz|l3 =ci +c3+ ... + .

Ho A*Az = Aicire; + dgcoes 4
Iosromy

+ AnCntai

»k ™ = .
|Az||3 = (Az, Az) = (A*Az, z) = L/\%, Zc«sez )i B0 e < max [ A ||z

k| i=1



§ 1. Tounsre Merous! perenms JIMHENRHBIX CHUCTEM.
Honsrue o6ycnosnennocry

Meron Iaycca. Pacemorpum snned: HYIO CHCTEeMY U3 n ypaBHEeHUH OTHOCUTe -

HO N HEU3BECTHbIX

a1y + a12T2 + 1323 + ... + a1,2, = b
2121 + G22%2 + Ag3T3 + ... + ag, T, = by

43121 + a3y + az3xrs + ... + ag,x, = bs (1.1)

p1T1 + Ap2Ts + An3x3 + ... + Apn Ty = by,

IIyerb ayy ormano or nyas. B TPOTUBHOM CJIy4ae IepeHyMepyeM nepeMeHHbie
TaK, 4TODBL 41 HE PABHAIOCH HYIIO. YMHOKAM 1-e ypaBHeHnue Ha %ﬁ— U BBIYTEM
13 2-ro ypasuenus. Ilpomosmxum sror npouece, yMHoxkad 1-e¢ ypapHenue Ha f;i-%
1 BEIYNTASE U3 3-TO YPABHEHUS U T.1.

B pesynbrare noayuamm CUCTEMY, B KOTOpO#, KpoMme 1-ro ypasuenus, orcyr-
CTBYET NE€pPeMEeHHas I

111 + 1222 + a13T3 + ... + A1nTn = by
2%+ agys + ...+ al,z, = bl
@22%2 T 33 + ... + Ay, Ty = by

| = 1 1 o o el
A32%2 + 3323 + ... + a3, Ty, = by

1 . B 1 . N
Ay -+ Op3T3 + ... + Applp = bn.'

(L]

Iponomxum sror nponece, YMHOXKasd 2-¢ ypaBHeHMe Ha, oo M BBIYKTAS U3 i-10

22
ypasHenus. B ciyuae, ecim al, = 0, NepeHyMepyeM liepeMeHHble T; HAYUMHAsS ¢
T3. ITO NA€T BOBMOMKHOCTD [OHUUTD [IOPA/IOK CHCTEMbI eIe Ha, €JIMHUILY U T.I.

B pesyibrare npugem TPEYTOJILHOW cucreme:




a11T1 + Q12T + A1323 + ... + A1, Ty = by
1 1 1 i 5

39Ty + A23T3 + ... + AgnTn = by

2 3 o K2

A33%3 + ... + A%, Ty = b3

. . - .

i (et RN i
Qy_1n-1Tn-1 + Qpy, " Ty = bn
Reemligs o gl
Apyy L = bn ;

Onpejiessis U3 NOCJHEAHErO YPABHEHUS! I, 3aTeM W3 TNPEANOCTeHEer0 Ty
n 11, OOPATHBIM XOJOM ONpeJeauM Bee ;. Hall 1nponece MoxKeT OCTaHOBHUTL-
Cq, ec Ha k-M mare me ypacres HaliTh HEHYIEBOH dJIeMeHT B Kk cTpoke jasxe
B PE3yJbTaTe LeDeHyMepalny [HEePEMEHHbLIX OT Xy JI0 Xy, ITO Oyner oznavyaTh,
4TO BCEe KO (DRIMEHThI 31O CTPOKK paBHbl Hy10. Eciu by He paBHO HyI110, TO
CUCTEMa HE MMEeT perieHusi, ecin ke u bp = 0, TO perenne He eJIUHCTBEHHO.
DroT anropurm Tpebyer nopsaaka n? onepanuit ¥ B CHJIY HAKOILICHUS BBIYUCIIMA-
TEJAbHON NOIPENIHOCTH HelIPUMEeHHM K cucteMaM bonbinoft pasmepnocru. Cyuie-
CTBYIOT MOJICJIBHBIE NIPUMEPHI CUCTeM pas3MepHocty >20 ¢ 3apaHee U3BECTHLIM
pertieHreM, Takue, 1To HPUMEHEHHE DTOTO AJTOPUTMa ITPUBOAMIIO K PE3YIbTATY,
Jajsexomy or pernerus. Ocobenno 91or 3 hexrT nposaBisieTcs B CAydae IJIoX0
00YCJIOBJIEHHBIX CHCTEM.

Ilorsitne obycnosaennocru cucrem. Mepa obycaosiientocTn

Paccmorpyum npocroit npumep
4 +2y =6
11.7z + 6.1y = 17.8.
Pewenne aroit cucrempr x=y=1. IameHum npapyio 4acrh 2-ro ypasHeHus
4 + 2y =6
11.72 + 6.1y = 18

Pewenne cucremnr x=-0.6, y—1.8. 3ameuaem, 410 HEOOIBINOE U3MEHCHHE npaBon
YACTH CHCTEMBbI (IIPUMEPHO Ha HPOLEHT) IPUBOJIMT K CYLIECTBEHHOMY H3MEHEHHIO
pemennd. Ipojosmkuy usyyenne npuMepa u 11pu Toil e IpaBoii YacTu HeMHOro
N3MEHUM B HCXOINHOM npuMepe KoahDHuHHeHThl CUCTEMBI.
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4z + 2y =6
12z + 6.1y = 17.8

3Jiech peruenne x=2.5, y=-2. O6pyHo CUATaeTCA, 4YTO HeOOJbLIOe U3MEeHe-
Hue KoabpHIMenToB npuBouT K HEOOJIBIIOMY M3MEHEHUIO PeIleHus!. 31ech 910
He taxk. Curyanus kpaitue HENPUATHAs, [HOCKOJIBKY B [IPAKTHYECKUX PACIETAX
HEN3BECTHO, C KAKOH TOMHOCTBIO OTIPe/iesieHbl KOIMDMUIMEHTh CHCTEMBL Uzyuum
9TOT TpUMEP ToApobHee U HaiigeM o6GpaTHYIO MaTpULy [JId MCXOJHOW M u3Me-
HeHHON MaTpuipl. dust matpun A u B

_( 4 2 ) (4 2
A_(ll.? 6.1 , B"(12 6.1)
BEIYHC/IUM 06pa-'I‘Hble MaTpPHIIbI
61 —2 . 1525 —5
-1 _ -1 __
A “(~11.7 4 ) b ‘(—29.25 10)‘

Taxum obpasom, sameuaem, 4ro HeBombIIOE H3MEHEHIE k03hdunmuenTos uc-
XOJIHOW MATPHUbI PUBOAUT K HENPONOPIHOHAIBHO CHILHOMY H3MCHCHUIO O6-
PaTHOR Marpuibl. Eciu sbraucaurs wopmel, 1o nomyanm ||A™Y); = 15.7, a
|B~Y1 = 39.25. Wcropudecku marpuipi, Y KOTODBIX HeBGOIbIIOe M3MEHEHUE
KOI(DDUIMEHTOB IPUBOIUT K CHIILHOMY H3MEHEHUIO 0OpaTHO! MaTpHIBI, HAZLI-
BalOT TLJI0XO OOYCJIOBJICHHBIMU MATPHIIAMH, & CHCTEMbI ¢ TAKHMMU Marpunamy —
[JI0X0 0DYC/IOBJCHHBIME cucTeMaMu. JLuist YncioBoit XapaKTepUCTHKN 3TOro ad-
(eKTa BBOIUTCA NOHATHE Mephl 00YCIOBICHIOCTH,

Ilycrs 3aganb cucremsi

Az =b u Ay=b+n.

Onpenenenne. ITyers r=y-x. Mepoii O0YCJIOBJIEHHOCTH CHCTEMbI HA30BEM Be-
JIUYUHY

_ Bl g Il
el inll”

ITockonbky Ar =n, 1. e. 7 = A™lp, 10, cornacuo OTPEJIEJIEHUIO0 HOPMBI Olle-
paTopa, .
7| A~ |l -
o 1 = = |47,

sup = sup ~———
p lnll " il

8|



Tak kak b=Ax, T0O

b Az
bl _ Azl _

lell — f=ll T
IToaromy
T < AIIATY)
Bemnaniy
v =AlllA7Y

Ha3bIBawoT MC])OT& (Jﬁy(l.!]()l'i.}l(‘.]]IIO(T'I‘P[ MaTPHUIILL. DTa BEJIUYUHA XapaKrepusyer
CBOMCTBaA CUCTEMbI TOJILXO qepes cpolicTBa MaTpPHWIIbL. B IIpaKTHKE JJid Xapak-
TEPUCTHKNM MeDhl ()6}’(_2.?]()8.}](_”I]--I()(.',"J'I'I MaTpUlbl KCITONL3YVIOT BCJIUYUHY

_ max [AA)]
7= min (MA)|”

Jlerko Bugers, yro 4 < 4, a B CJy4ae CAMMETPUYHBIX MATPKLL U KCHOJIb30Ba-
HEst 3-if BeKTOpHOM HOPMBI 4 == 7. B camom siene, ecsiim MaTpuna A cuMMeTpUy-
Hasl, TO €€ 3-a HOPMa COBMAIACT C € MAKCHMAJLHBIM 110 MOJLYJIIO COOCTBEHHBIM
snavennem, a max |JA(A)| = |min A(A™!)|. B ocranbubix ciydasx HepaBeHCTBO
¥ < 7y caiejryer u3 Toro, 4To Jiodas Hopma 6osbiIe (b0 paBia) MaKCHMAJIbHOTO
116 Moo coberBeHHOrO 3HadeHus. llocnennee yreepaxjienne ¢ 04eBHIHOCTHIO
ciesyer us Hepasencrsa ||A|l||z]] > || Az||, ecin BexTop x ecTh cobeTBeHNbIN BEK-
TOP, COOTBETCTBYIONMHA MAKCUMAJIbHOMY 110 MOAYJIIO COOCTBEHHOMY 3HAYEHHIO.
B pasobpanHom Buiie npumMepe Ay = 10, A9 = 0.1 u 4 = 100.
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§ 2. Hacruunas npobiaeMa coOCTBEHHBIX 3HAYCHHH
Wrepaunonubie meTonp!

[Toj wacTugnoii n1pobaemoii coGCTBEHHbIX 3HAUEHHH TOHIMACTCS 381844 OThIC-
KaHH#A MAKCUMaJIbHOTO 110 MOJIYJII0 CODCTBEHHOro 3Hagenust. B cuiry ee BaxHOCTH
B [PWIOXKEHUAX, UCCIIEI0BAHNS B 9TOM 001aCTH UMEIOT GOJILUIYIO UCTOPUIO Kak
OTEYECTBEHHBIX, TaK U 3apyOerKHbIX MaTeMaTHKOB. 3/eCh cJeyeT YIIOMSIHYTh B
nepsyio odepenp A. H. Kpouiosa, J1. K. ®aneesa, ©. M. Jlanunesckoro.

Hamommmm, uro cobcrBeHHBIMU 3HAYCHUSAME MaTPULbl A HA3BIBAIOTCS KOPHH
€€ XapaKTePUCTHIECKOrO MHOIOYJICHA, T. €. KOPHU YPABHEHUS

ajp— A ap ... ay
as agg — A ... a
n1 (p2 che Qpp— A

Huxxe Oyner paceMoTpen anropury mpubiaumKeHHoro HaXOXKIeHUus HauboJIbIIero
IO MOALYJII0 cOOCTBEHHOrO 3Havenust Marpuisl A. JTanee Mbl Oyaem npeitoaarars,
ITO COOCTBEHHbIC BHAUEHHMST MATPULLI A IPOHYMEPOBAHD! B nopsijike yobiBanus
UX MOJYJIeH:

Al = [Ae] 2 .o 2 Al

Pacemorpum urepanmonsbiii aJropuTm
X+ = Ax®) 2.1)

BbIOpaB B Kagectse sekTopa X (0 moboii HenyneBod BekTop. Ilycrs pasioxenue
pektopa X0 no cobersernubim BEKTOPAM €} MaTPUIILl A MMeeT BUjL
X = 2
P = c1e] + g€y + ... + Cn€p. (2 )
Toruna
ke k k
X® = Meeie; + Mesen + ... 4 Mepen. (2.3)
60ii i " R (0) , (0) S
st m060# HUKCHPOBANHONR KOMIIOHEHTHI T\ BeKT opa X' umeem paznoxe-
HHe

b U —_—
*L'E: ) = Cf€1x T+ Cp€2 + i+ Cn€nx.

31ech €, — COOTBETCTBYIOMAN (DUKCUPOBAHIAS KOMIIOHEHTA COBCTBEHHONO BeK-
Topa €;. Ilycrs d; = cieyy, 1. €.

2O =dy+dy+ ...+ dy. (2.2))

13



AJtst 9TOM JKe KOMIIOHEHTDI ii ) pexropa X (F)

{k} —_ \1(11(,]_* J[_ /\20362* + A (”6-”*.
Nan
) = Midy + Mdp + ... + MEd,,. (2.3")
[Ipenmonoxum

1.MakcumanbHoe 110 MOzysio coBCTBEHHOE 3HANEHUE BEIECTBEHHO
1 eJIMHCTBEHHO.
ITycrs

\X(” +1) ’f{k))
(/X '), )( (k) )

(k) __
Ay =
k
IMokazkem, uro ,\S )
B camom jiedie,

—+ Al CO CKOPOCTBIO MOPSIKA O((\—J)")

‘ n ‘ & A\
X (k+1) _ Aflf—i-l.c_lcl B Z )\jA—ICiGi ol )\i_-rl[c]‘e] 4 ()((__Q_)k—fl)]
i=2 A
A2k

n
) = Mereg + Z,Xfr:?:e.i = Af[eier + O( xl) 3l

Torna
(XD, x®) A erer + O((32)¥)][eren + O((32)9)]
(X&), XE) M¥[crer + O(( \J) ")J2

— _ . T (Rl o s
Wa nociiennero sripazkerust BUgHO, 910 A} CTPEMATCH K ;.

Maxkcumanbioe o MOAYIIO COBCTBEHHOE 3HAMEHHE MOMKHO BBIUACIUTD U IO
Oogiee mpocroit hopmy.te

 (k+1)
L x 9 A
A & TR (2.4)
:1:*
Hanomunm, uro ’C{ ) mobast PpUKCUPOBaANHan KOMIIOHEHTS, BEeKTOpa X &) B

camom jedie, u3 (2.3')

Az

(kH - \“l(di—] ()((,\
1

)kil)

1y

o AP (dy + O((22)k+
A= L~ 5 A\
M (dy 4 O((32)%)

5
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[Ipn npakTuyeckux BbIYMCIEHMAX OTMEYEHO, UTO HTepAIHOHHbI polece He
AZCT BO3MOXKHOCTH OLPEJeIUTh Ay, eCc/IM B KadecTse Hauabaoro pekropa X ()
BLIOPaH BEKTOP, OPTOrOHAJBHBIH COGCTBEHHOMY BEKTODY, COOTBETCTBYIONIEMY Aj.
Kpome Toro, nporece Moxker octanoBuThCA, e A 1 Ay GIU3KH B ITpejIesax Bbl-
YUCJIMTEJBHON MOIPEINHOCTH.

2. Ba coGCTCTBEHNBIX 3HAUEHNSI PABHBL 10 MOJIYJIIO M PASINYHBL 110 3HAKY.

Torna ¢ nomompio urepanuonnoro nponecca (2.1) A2 HpubGIMKeHHO MOXKHO
BBIYMCJIMTD € OMOIIBIO BBIPAYKEHM S

p (XLZk--ﬁ—Q)’ X(ri))

UJIN BbhIpazKeHU A
(2k+2)
)\2 ~ —;(—27")’— (2.5")

Hanomnum, aro zF — mobast dbukcupoBanHas kKomnonenTa Bektopa X 5,

Hoxaxem dopmyny (2.5).
C yuerom pasnoxenus (2.3") mpu Ay = — )\

oD Xdy + dy + O((3)29)][dy + dp + O((22))]
$£2k) : ’\%k[dll +dy + O((%)%)]g

1

Orcrona 3aMedaem, 9TO NpU yBeIHUEHHH K 3TO BhIDAXKEHHE cTpemMuTest K A7,
Dopmyana (2.5) gokasbiBaeTes aHAJOTKIHO.

3. Hamnbonbinme no Moaysto cobeTBeHHbBIE 3HAUCH IS 0Hpa3yIoT NpoCTyIo
KOMIIIEKCHYO rapy. B stom ciyvae B pasioxenunn (2.3') gsa mepsbix ciarae-
MBIX. )\}fdl + Mdy  kommiekcho conpskenpl. Eciu \; = re'®, dy = Re*, 1o
A =re " u dy = Re ¥, [Toaromy

¥ = 2Ry cos(ka + ) + )\§03e3* + Aicsesn + ...

Ilocnemuee BoIparkeHMe MOKA3BIBAET, YTO HAJHYME HAUOOJBIIUX IO MOJLYJTIO
KOMIIJIEKCHBIX KOPHEeR IMPUBOJUT K TOMY, YTO BeJMUMHA, 1:5,’“) IPYU UTepanusx Oy-
JET CUJILHO KOJIEDATHCA 110 BEJMYUHE, MCHSS 3HAK.

[Iycrs A1 m Ay — KopHU KBagpaTHOTO yPaBHEHM

da+pr+g=0.

Torna
M+X=-p 1 Mlh=gq




Koaddunuenrsr p u  MOXKHO TpubIHKEHHO ONPEJECJIUTh U3 CJICJLYIOMUX CO-
obpaxenuii. [Iycts k nacronbko Besuko, uato ¥ ~ diAf + doAs. Tornma
s i k—1)1 k=112 i)
o) 4 p o+ gl m dTU D 4 p M+l + ATV +p Ao+ ] = 0.
CulezioBareiinHo,
k+1) k& R T s o
e Lp gt 4 gefY 0. (2.6)

Takoe xe npubiM»KeHHOe PABEHCTBO OYAeT CHpPaBeJIMBO J1Jist J1I000# APYIroil KoM-

k ana Xk
k¥ pexropa X ),

INOHCHTHI 2
zys.'-f-l) = e P iff o q ziﬂ‘--"l) =~ (. (26;)
Pemas (2.6) u (2.6'), noayuum

_ plk=1) (k1) _ (k=1) (k4 1) )
PN =00 = o(k=1) p (k) :

? ~ m(k.)z(kv+-l) o Z.(At)x(k‘-i-l) it
IR ZH0 50 — Z-Dgk) (2.8)
4. Hanbosnwimee no Moiyinto cobeTBeHnoe 3HaYeHue BEINeCTBEHHO # HAXOIUTCS
B >KOPJAaHOBON KjeTKe 2-10 IopsijiKa.
B atom cayuae B kavecTse baszuca BosbMeM 6asuc, cocTasieHHbIil 13 cobeTBeH-
HbIX BEKTOPOB M IPUCOCLUHEHHOTO BEKTOPA, KOTOPLIK COOTBETCTBYET COOCTBEH-
Homy 3nadenuio Ay. llyers e — npucoesmnenublii BeKTop, a €3 — coOCTBeHHBII

BEKTOP, COOTBETCTBYIONHI coberBennoMy 3HadeHnio A;. Torna
Aey = dey + ey, Aey = Aey, ..., Ae, = e,

[Toaromy
;4‘%81 = )\"fel = k/\gkuj)tflg

Akeg = )\2(—32

k' —_— -
14. Bn e /\Hﬂn

Mycrs X© — pauansueiit sexrop. Bysewm peoJiarark, 4To MpOeKIus ITOro
BEKTOPa Ha KOPHEBOE MO/NPOCTPAHCTBO, KOTOPOE COOTBETCTBYET COOCTBEHHOMY
BHAYCHUIO A1, HE PaBHa HYJIO U He SBJIACTC COBCTBEHHBIM BeKTopoM. Ilyers 910
sexTop h. Ilpumewm ero 3a nepsoiii BekTop basuca. Torna

X® = AFXO = \bp 4 kAF Ve 4 Meges + ... + AP c,en.
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Hast jioboit prkcupoBaHHON KOMTOHEHTHI sextopa ) nojyanm

2" = @A} + dah Al & .. 4 d 2.
Rl
Nz nocJieanero pasjaoxKeHus BUJIHO, YT0 OTHOHLIEHHE ”C;k HO-IIpexHeMy cTpe-

*

MHUTCHA K A], HO MelJieHHee, yem Jobas [EOMETPHYCCKas IIPOTPECCUust U3-3a HAa-
Jmdug MHOXKUTe s k BO BTOpOM cyaraemom. Umenno

zh+l 1
= {1+ O()).

£

OB6bIYHO B 3TOM ClIydae CHJIbHO BJMACT BBIMUCIATEAbHASA [OIPEIIHOCTD, U B
TAKOU CHTYaUMu CJICAYET MOCTYNUTH TAK K€, KaK U B CJIy4yae KOMIIEKCHON 11a-
PBI COOCTBEHHBIX 3HAYEHUH, 8 UMEHHO BLIYUCIIUTD koapdurmenrsr p  n q
KBaApaTHOro ypasueHus 1o dopmynsam (2.6) u (2.7). Ecin —p & 4¢2, 1o 910
CBUIETEJILCTBYET O IPaBUJILHOCTH IMIIOTE3bl O KPATHOM COOCTBEHHOM 3HAYCHUU
C 2KOpITaHOBO! KJIETKOH paszMepHocTH 2.

B zakmouenne 3aMETUM, 4TO B ciiyvae 1 Bekrop X (k) CTPEMUTCs K COOCTBEH-
HOMY BEKTODY, COOTBETCTBYIOLIEMY A1, KOTOPBIH cieayer HOPMUPOBAaThL Ha €ji1-
nany. B cnygae pasabix 1o 3HAKy, MaKCUMAJILHBIX 10 MOIYJII CODCTBEHHBIX
SHAEeHUH BEKTOP b CTPEMHUTCA K BEKTOPY, KOTOPLIA MPUHAUJICIKUT JIMHEN-
HOI KOMOMHAIME MX COOCTBEHHBIX BeKTOPOB. B nocnenuem pasobparnom crnyvae
BEKTOp X (k) CTPEMUTCH K BEKTODY, TPUHALJIE’KALIEMY KOPHEBOMY IO IIPOCTPaH-
CTBY CODCTBEHHOTO 3Ha4YeHus A;. B Clydae KOMIVIEKCHOM napbl MaKCHMaJbHBLIX
10 MO/Y/IO CODCTBCHHEIX 3HAYEHHMH MOMKHO IOKA3aTh, Y4TO BEKTOpa

XL . 3 B

XD ) x )

NP yBeJINUeHHH k cTpemsTes K COBCTBEHHBIM BEKTOPaM, COOTBETCTBYIOIIUM COO-
CTBEHHbIM 3HAUYCHUSIM A1 U 9.

Pasymeercsi, onucanubie anropurmb ne UCYEPIIBIBAIOT BCE BO3MOXHBIC CJIy-
dal B 3alate OTBICKAHUSA MAaKCUMAJIBHOTO MO MOJYJIK CODCTBEHHOrO 3HAYEHUS,
a JIMIb MO3BOJIAIOT NMPUOJIMIKEHHO HAATH MAKCMMAJLHOE 1O MO0 COOCTBEH-
HO®C 3HaYeHne B Hanbosiee 4acTo BCTPEUalonmXes cuTyanusax. 11pocToi npumep:
A1 = 1, Ay 3 = i nokasbiBaer, 4YTO HU OJMH U3 PacCCMOTPEHHbBIX UTEPALIMOHHBIX
MPOUECCOB He MO3BOJIsIET HalT HauboJlblee 10 MOAYJIIO COOCTBEHHOE 3HAYCHIE.

17

A 75450




§ 3. Mrepannonnbie MeTojibl peuIeins JUHEeHHBIX CUCTeM

Virepaniondbie METObl PEUICHUs] JIMHEHHBIX CHCTeM ITPEACTABIAIOT cODOM
HEKOTOPBIE AJINOPUTMBI TTOCTPOEHHUS BEKTOPA X&) xoropuiit singercs: npubim-
JKEeHHbIM PEIIEHUEM CUCTEMbI Il JIMHEWHBIX YPaBUCHUI OTHOCHTCILHO 11 HEU3BCCT-
HbIX.

AX =b. (3.1)

B otamune or ToYHBIX METOJNOB, HTEPAIAOHHBIE METOJIbI He SABJIAIOTCA YHUBEP-
canbHBIMKH. Marpuila A cucrembl JIOJZKHA YAOBJIETBOPSITL HEKOTOPBIM YCIOBUAM,
q1obBl nocsesoBaTenbrocts Bekropos X F) exopmnach K TOUHOMY perieHuio cu-
crembl. O HaKo Jis cdeTeM GoJILINOH PasMepHOCTH TPUMEHECHHE HTePAIMOHHbIX
METOJOB MPEAIOUTHTENbHEE, TAK KaK OHU 00Jiee yCTORIMBBI K BbIYNCINTEIBHON
OIPEITHOCTH.

Merop, pocToit urepaiuu.

Cucremy (3.1) npeobpasyem K Buiy

X =BX+g. (3.2)

D10 MOXKHO caesarh, nepenucas cucremy (3.1) B Buge -AX-+-b=0, u 3arem go-
Hasutn 1 ornary Bexrop X. Muorga cucremy (3.1) ymnokaior na HEKOTODYIO
Heocobennyto marpuily H, a 3arem zobapidior u ornuMaior sexkTop X.

Ba1a/MM TIPON3BOBHEIH HeHy/IeBoil Hauanbrbiii Bexrop X (O i mocTponm ure-
pPaLMOHHBIH TTporece 1o gopMydie:

X* = BxX®) 4 g, (3.3)

|B|| < ¢ < 1. Torga cymecrByer eJAHCTBEHHOE pPelleHue
cuereMst (3.2) 1 HTEPAMOHHBI HPOLECE CXOJUTCS K PEIIeHUIO CUCTeMBI ¢ J1I060T0
HAYAIBLHOIO NPUOJIHIKen s,

Teopema 1. Tlycrb

Hokazarenscrno. Jokaxkem enuncrsennoctn. [peanonoxum npornsroe: cy-
tecTsBy1oT ABa perennst X1 u Xo. Torma ux pasnocrs R = X7 —Xs ectb pemense
OIHOPOJIHON CUCTEMDI

= Bh. (3.4)

Orciona ||R|| = ||BR]| < ||Blil|Rll. Cnenosarensro, |R||(1 - ||B]l) <0, T e.
|R|| <0.Ho ||R||| > 0. Hosromy ||R|| = 0 u no cpoitcTBy HOpM™BEI R==0.

Hocrarounocts. Hyers REH) = X*+1) . x®) Bekrop R*®) yrosnersopser
opnopoguoit cucreme RETD = BR®) Tloaromy

1{ (k1) BKR(I)
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IRE+DY < g%l RD).

ycrs |RY)]| = a. Mokaxem, uro nocnenosareasuocts X *) dbyHIaMenTaIbHA.
B cuity mepasencrsa Tpeyrosbuuka

”X(k+;o)__X(k) ” % ”Xv(k—i—p]“X(k—Fp—l)H_i_ jX{k—i—;a_.I.)_.X(kﬂo—- 2)“‘i—---‘i"“)((k—i_l)—}f(k“-

Moaromy || X*+P) — X )| <

<@+ b dha=dra(l+ g+ .Y < ¢"as 1
[Tockoabky <1, nocsenee Bhipaxkenne MOKeT GbiTh MEHbIITe 06010 Ynca npu
k > ky. [ocnenorarensuocrs X *) dynnamenranbua, u, CJIEJIOBATCILHO, CYLe-
crayer npegen X. Ilycrs renepr R*®) = X*) _ ¥ [locnenorarensuocts R*)
yRosJeTsopsier oaHopogHomy ypasuennio RE* = BR®). Tlosromy ||[R®))| <
¢*||RO)||. D10 oznauaer, aro nocnemosarenpuocts X *) cxonTes K X €o CKopo-
CThIO q"“. Teopema nokaszana.

Hocrarounsie npusHakn cxomuMocT MeTonz IPOCTON UTEPaIMH.

Jlemma. TTycrn coficTBenmble 3HAUCHIS MATPUILI B YIOBJIETBOPSIOT YCJIOBUIO
|Ai| < ¢, npuuem A; = ¢ COOTBETCTBYET »KOPJAaHOBa KJIeTKa pazmephoctu 1. To-
raa cymecrByer Marpuna H n neocobenuas marpuna D rakas, uro H = DHBD.,
npuyem ||H|; < q.

Hokazarenscrso. [lycrs p = q — l§1|ELX [Ail.  Pacemorpum matpuny B =
[Ail<q
p!B. CobcTBeHHBIMU 3HAYCHUSIMMU marpunsl By oyayr p~i);. [Ipeobpasyem

Marpuiy Bi K HOPMaJIbHOMN KOp/aHoBo# dhopme

Hy=D"'B;D=D"'p"BD.

Ho
P A ap 0
H = 0 p ' au
t
3nech @11 = 0, ecm ); - mpocToe cobeTBEHHOE 3HAUEH e, wim 1, ecim \;

coorercTByer kierka 2Kopjana pasmeprocry > 1. Iyers H = pH,. Torna

At pag 0
H = pDhlp_lBD = 0 Ao P s
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Boraucnum nepsyo Hopmy marpuiibl H.
Ecmu [A\;| = g, 10 04,441 = 0 10 yesiosuio nemmsl. Ecnn ke | ;| < g, TO BO3MOXKHO
@ii+1 = 1. B atom cuyvae |[N| +p = |Ai| + g — ]111!&){ A < q.

Ail<q

Iostomy ||H||1 < q. Jlemma nokasana.

Teopema 2. Ilycrs cobersennbie 3nadeHns MaTpuipl B no abcomoTHol Benu-
MHE MEHBIIe eaunnnpl. Torpa cucrema (3.2) uMeer eUHCTBEHHOE DElleHUe U
nTepauonnblii nporece (3.3) cXoAuTCsi K Pelenuio CUCTeMsbl ¢ JII000ro HavaJlb-
HOTO NPUOJIKEHU,

Hokazarenberso.  Jokaxewm cuagasia euuctBeniocTn. [lyern X=DY, e D
-~ HeKoTopas HeBblpoxaeHnasn marpuna. Torga cucremy (3.2) MOXKHO 3amucarhb
B BUJIC

Y = D"'BDY + D™ g, (3.5)
Ilycrn marpuna D rakosa, uro marpuna H = D 'BD  ecrb nopMaibHas
’kopnanosa dhopma marpuns B, Eom [N < ¢ < 1 ||H|1 < 1, 10, co-

raacHo rTeopeme 1, cucrema (3.5) nMeeT eMHCTBEHHOE DEnieHne, U 9TO MOXKHO
YTBEPXKAATH M JIIsi MCXOJHOH CHCTEMBI B CHJIY HEBBIPOXKJIEHHOCTH MaTpuiibl D.
Jocrarounocrs. Ilyers H — HopMmasnbras xxopaanosa popma marpuis: B: B =
DHD™!. Ho
B* = DED . DHD ™ = DD,

Ecnn X — pemenue cucrempr, 1o juis RF = X®) — X umeewm
IRE D < DIl E* DVl < agt,

raea = ||D||||D7Y|. Takum obpasom, noxaszano, aro X*+H — X co ckopoctsio
k
"

CuenaeM ele HECKOJILKO 3aMeuannii 110 nosogy Teopembl 2. TTycrs

,\Hl o |
1=2,3,...,n, a |A;| > 1. Torya, ecsn BoIOpaTh HavaabLHOE TPHOIMIKEHIE TaK, YTO
RO = ¢, rne e — cobersennbiil BEKTOP, COOTBETCTBYIOMIMN Ay, TO OYEBH/IHO,
9TO UTEPAlMOHHbIN tponece Oyjer pacxojurhes. C apyroit ¢Toponbl, eciu pe-
MEHAC CUCTEMbI HPUHAMJICHKUT JUHEHHON KOMOMHAIMKE BEKTOPOB €9, €3, .., €, &
sekrop X @ raxon, uro RO = cyey + czes + ...Cnen, TO HTEPALHOHHBI IPOIECE
Oyner cxonuthes. [oaromy B HekoTopbix yuebnukax reopema 2/ popmyimpyercs
CIeIYIONIM 00pa3oM

IO HAYAABLHOTO HPUOJIMIKEHKST, HCOOXOAUMO U JIOCTATOYHO, 4TOEBI BCE CODCTBEH-
Hble 3HaYeHus MaTpuubl B Obuin no mopymo menwmie 1. Kax Mb1 3amernm,
bpasa “c moboro HavaNbLHOro NPUOMIIKEHUA®  ABIAETCS CYILECTBEHHOM,
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Teopema 3. Tlycrs marpuna A TaKOBAa, YTO

n ’

3 f—lgq 1 i=1,.n (3.6)
=1, a.gf‘
F=1j54

nian &
'__l <g<l 3 22 Loo (3.7)
3':—1,'_?5} ' %‘

Torjia Meroz mpocroit urepauun cxomures.
Lokazarenserso. 3anumem cucremy (3.1) B Buze

a2 a3 A1 by
T1=—xo+—z3+ ...+ —z,+ —
a1 aji a11 ari
a1 ass a9n by
g ==y =Tyt , .. —g, +—
@22 a9 22 a2
Anl an2 Appn—1 bn
Ty = —&1 + T3+ ... — Tyl T
(nn Ay Gpp, Qnn

Yenosue (3.6) osuawaer, gro [|B|l; < ¢ < 1, a yciosue (3.7) o3nauaer, uro
|Bll2 < ¢ < 1uB cuny reopemsr 1 MeTos npocro UTEPALUU CXOIUTCS,

Merop Seiipensi. Ilycre marpumna A TaKoBa, 4To ay # 0. s naxokmenus
peutenus cucreMs: (3.1)

1121 + a2 + a3+ . . . + ATy = by
a1 + Q%2 + ag3x3+ . . . + ag,T, = by
An1T1 + Q%2 +a1323+ . . . -+ GBnnn = by

OpPraHU3yeM MTEPalMOHHbBIN NIpolece 10 (hopMymam
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(k-+1 ) (k) | (% (kY
aq _1.?7'3 ) - 12T -+ a; ;;u:f_,, ) + . e . (L-].”,I._E!_ A bl
k41 k+1 (k k .
a9l b+1) . F'F-ng.(z ) + A9l ) TR TR - t’lgn_ili.}(;_) ==l ( 3.8)
(k41 (k+1) _ (k+1) L T RS
(1”13‘?‘1 }-4— Ap2Z; -+ a1y L | (z..H,”,.L,L_ )i Ui

DroT WTePalMONHbII IPOIECC HA3BIBACTCH METOJIOM 3eHiesst.

DTOT XKe HPOolece, 3aucanipiil B Bue

p—-1 1

(kD) _ N~ Wi (kD) X i (k) bp
T, = e -+ S il o raed
iy S Opp Gy

=
B OTCYCCTBCHHON Jigreparype HHorJa Ha3biBalor MCTOILOM li(fK}')Fl.l'i('JH-?"l-.

Bsesiem B paccmorpenne MaTpuibl

a;; O M e 0
B | ¢ ax 0 &' 0
Opi Op2 3 ‘s Oy
0 a1 13 e L Un
~ 0 0 93 Wi Aoy
C=1. - ol 0
0O 0 0O o 0

C nomompio marpuny B u C urepaiuonbii nponece (3.8) MOXKHO 3anucaTh B
BUIE:

_\'”C--!'l) PN I(/f}{(m 4 B---:lb-

Hosromy meron Befijiernst ecrb MeTo MPOCTOI HTEpanuu ¢ MaTpHULeit, paBHOH
B~ . W npasoit 1acteio  B7lh . Kak noxazano BBIIIE, JJS CXOIUMOCTH
ITOro MEeTOMA ¢ JuobOI0 HAYANBHOTO HPUOIMIKEHHST HEOOXOMMMO 1 JIOCTATOYIO,
4TOOBI coOCTBEHNbIE 3HAYCHUST MaTpUubl — B 'C' 6buim 1o MOMYJII0 MEHbILIEe
equuunsl. Ho

det(—B™'C — AE) = det(—B~)det(C + AB),

M MblI HPUXOJUM K TeopeMe




VL ET VL 3 AdTOHHO, YTOObI KOPDHH YpaBHEHUWS

‘ 17 A a2 @ (AT
J (1-;31/\ {L‘ZQ/\

|

|

‘ = )
| GniA apaX ... ap,)\ [
Obln 110 MoAy IO MeHbIIe 1.

JoxaxemM ene HeCKOILKO MOCTATOY HbIX PU3HAKOB.

Tmpm\m 9. [Tycre marpuna A MATPHUIA € AMarOHAJbHBIM 11PE0tJ1a1aHeM.
T, e,

T

> Jais| <g<1 i=1,.n (3.9)

J=Ljui s

Torna meron Seitness CXOJMATCS
Hokazarenserso. Ilycrs X — tounoe pemerne BX +CX =b, a X®
npubiKenue no Merony Sefigens:  BX K+ +CX®) =p  IIng RK —
X® - X umeem:
BR¥1) L CR®) =, (3.10)
[Toxaxewm, uro ||[R*+D|; — 0,

¢ (k+1) k+1) (k+1)\7
Ilycrs nepsast nopma R*+D — (4 5 e ))"

D) <y
(k+1)

_ JOCTHIA€TCA Ha, KOM-
(k+1)
HOHEHTE Ty, T. e [[RED||; = |yt

b

3anuuem p-e ypaBHeHue cueremn 1 (3.10) B Buge

p—1
. Fn 1) i{'iﬁl{_(!{:-rl ‘—'\ CL”, (;i
? B s { 4...; f
i=1 'I'i’-’?"' i=p+1 ("1”."3
Orcrona,
(k41 il plk+1 . (k)
[r$H0] < af| R, + IR,
rje
p-1 1 n
¥ | . X~ 0 o
= - " B = ‘> _HEJ:' a4+ B <g<l.
g==1] G-;'jr}_,i ;r_‘r‘_p..} | (LJ”J”

k+41)
CriefioBareiibio, Tak Kak ( |

- Hf‘)-“":"l"”’ll HO HPEIIIOMOKEHRIO, 1101y 9aeM
[R50 < o REDy + g RO,
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Orcrona

RV < *——HR [y
Ho 4 < q — a. Tlosromy
g .
e ==y £ L
1— o
Taxum obpazom,
IR* V]l < @l RP|y < - < gfIROI1.

Teopema noxazana.

Cuaepyonyit JocTaTouHbIA PUSHAK Mbl JIOKAXKEM IIPU U3y YeHUH METOJa CKO-
peiIuero cnycka.

Teopema 6. Ilycrs marpuna A cUMMETPUYMHAS U TOJIOXKUATENLHO OlPeeseH-
waga. Torga meron 3eienst CXOAUTes K penieHrio cucremst (3.1).

HamoMmuum, yTo MaTpuna A Ha3bIBACTCS MOJOMKUTENILHO ONPEeleeHHON, ecilu
JU1si JI0DOro HEHYIIEBOrO BEKTOPa UMEET MECTO HEPaBeHCTBO

(AX, X) > (X, X).

Meroy, ckopeitiiiero criycka. Jlis BemecTBeHHOW, CHMMETPUYHON U 110J10XKH-
TEJNLHO OLpeleeHnoil Marpuiibl A paceMoTpuM (DyHKIHOHAJ

F(X)=(AX,X) — 2(b, X). (8.11)
Teopema 7. Ilycrn X — peruenne cucTeMbl
AX =b. (3.12)

Torya Bextop X coobuaer dynxuuonany F(X) munnmym. O6paruo, Bextop X,
HA KOTOPOM (hYHKIMOHAJ JOCTUrAeT CBOSNO MUHUMYMa, €CTh PENIeHHe CHCTEeMBbI
(3.12).

Joxazarenncrso. [lycrs X — npowsposbHLI BEIECTBEHELIH BekTOp, X
pemenne cucremnl (3.12) 1 X — X = R. Tlockonbky b = AX u B cuny cum-
METPUYHOCTH MATPHIbI A

F(X)=(AX,X)-2(b,X)=(AX+R),X+R)-2bX+R)=
= (AX,X) - (AX,R)+ (AR, X) + (AR, R) — 2[(AX, X) + (AX,R)] =
= (AX,X) - 2(6,X) + (AR, R) = F(X) + (AR, R).
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B cuity Toro, wro marpuna A nonoxuresnno onpesenennas, F(X ) > F(X),
4TO M JI0Ka3bIBaeT, uto X coobuaer f])y'HK[I,I/IOHd.H} F(X) muaumym. Tokaxxem
ofpaTHOe yTBEpXKIEHKE, UTO 3jeMeHT X, Ha koropoMm F(X) mocruraer csoero
MHHMMyMa, ecTh perenne cucrembl (3.12). @ynkuuonan F(X) ecrs dbynkuus
KOOp/MHAT BEKTOpa X - MEPeMeHHLIX 1, T,...,Z1] M B TOYKE MUHHUMYMA grad
F(X)=0, t. e. g—i’: =0 ¢=12,...,n. Ho

F(X) iZa.rL -MQVb.rz
i=1

7=1

L
oF j—« Z
»

J=1
Marpuma A cummerpuunas: @ij = Qj;, HOITOMY

BF T
Bz, Q(Z apjTj — bp).
J=1
CuteioBaTe ILHO,
gradF(X) = 2(AX — b) (3.13)

M paBeHCTBO Hymo rpaguenta F(X) npu wekoropom X = X osnavaer, 4ro KoM-
OHEHTB! ITOTO BEKTOPA ecTh pemenue cucrems! (3.12). Teopema mokazaua.
Takum obpazom, 3a,1a4a OTBICKAHUS PEIICHUS CHCTEMbI (3.12) cBenena k 3aa-
‘e oThICKaHust MuHuMyMa dynxknuonana F(X). Paccmarpusaembiit Huke meroj
CKOpEHIIero Crycka €cTh OJIMH U3 aJTrOPUTMOB OTBICKAHMS MUHUMyMa (hyHKIH-
orasa F(X).
[locTpoum cnepyromuit urepanuonnit nporece

XEH) = X8 _ 5, gradF (X ™). (3.14)

Cornacno sromy anropurnmy, aist munnmusamuu F(X) or sekropa X *®) vur apu-
xemest B Hanpasiennn —gradF (X ®) — nanpasnennn manGossiuero y6bisanus
byHKUHOHANA — HA HEKOTOPOE PACCTOAHUE,KOTOPOE BYNET ONpPEeNeHO U3 YeII0-
BUSI MUHUMYMa DYHKIUU

V(8) = F(X® — §pgradF (X *))).

Cornacno (3.13) gradF(X) = 2(AX —b). Ilycrb R® =bp—AXH a 26, =
Ak. IIpouece (3.14) moxHo 3anmucaTh B BUje




XED = 08 4 0 R,
OnpegesuM Ap 13 yCJaoBHs MUHUMYMa (DYHKIMK
U(A) = F(X® + ARW),
W) = (AX® 4 AR®Y), (XB 4 AR®))) — 2(b, X® 4+ ARK)),
Boiuncanm W(A).

W'(A) = (AR®, X® 4 AR®Y 4 (AX® + AR®)Y, RWY — 2(b, R®) =
= 2(AX®, RW) 4+ AR, R®))) - 2(b, RW) =
= 2((AX™® — b, R®) + A(AR®), R®)Y),

Ho AX® — b = —R® u u3 yenosua W' (X\) = 0 nonyyaem
" (R®)| R(K))
*~ (AR® Rk’

Cobepem BoeauHo (popMyIIhl ajropuTMa METo/a CKOpeHIero crnycka A Juieii-
HBIX CUCTEM:

Xk+1) — X0k 4 A R®), (3.15)

10
Tl (R®)| Rk)) (3.16)
k= TAR®, Ry’ i

B zakniouenne 3amerum, 4TO MeTOJ 3eiijens ecrb MeToJl| HOKOOP HMHATHON

MumMuzanun eyuknunonatga F(X). B camom mene, mycrh 3ajanbl HaYasbEbIE

HPUOJIMPKEH s TB?TU;, ..., 20 Bexropa X. TIpubiskenue K KOMIOHGHTe T - Be-

Y
Januanny 1 Beibepem Tax, 1rodbnl F(X) = F(zy. 2% .... z2%) 6buio MusnMaibro. B
1 y Ly gy eery by

ITOM Cly4dae

dF(X)
——t = 0.
C)ﬁ,"]
1].1;’)}1 HOKa3aTeJILCTBC TeOPeMbl 7 MbI 3aMCTHJIH, 9TO
OF(X)
aﬁ’?j

CCTb YIBOEHHOE j-¢ ypasHenue cucremsl (3.12).  CnegoBarenno, '7:{ onpenesis-

eTCA U3 YPaBHEHUA
1 0 0 .
{111;1,‘1 "‘I" (L12£L‘2 “|‘ —E_ a’l?.’,:r'n = bl
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Ilycrs reneps sagamsr nasanbubie mouGmskenms z,z3, ..., 20, Munumusanus

dyHkImonaa o NEPEMEHHON T2 HPHUBOJUT K TOMY, 4TO Ty onpenensiercs us
yPaBHeHUS

0-21.7:% ~+ (lgg.‘ﬁ.-]z' + ot (LQH\'EE = by.
Iponomxkas stor nponece u CuMTad, 4TO0 KOMNOHEHTHl T1, 23, ,TL_; Halijenst,
onpeneanm xl uz yeiaosus mutnmyma F(X) no nepemenooit z,,, uro NPUBOJIUT K
YPAaBHEHU

1 1 1
anlml + Qﬂgfﬂz + e + annxn —_ bn'

Takum obpasom, sameuaem, wro MeTol 3elnens ecth mero IOKOODJIMHAT-
HOW MUHMMU3BaIuW QPyHKIHOHAIA F(X), ato u nokaspisaer MPU3HAK CXOAMMOCTH,
cpopmynuposannbiii B reopeme 6.
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§ 4. Urepanuonunie MeToibl pemenus HeauHelHbIX ypaBHCHUN U cucTem

B nauane 1ol reMbl HEOBXOAUMO OTMETHTD, YTO CUTyalust ¢ METOJIAMH pe-
HIEHUsT HETMHEHHBIX CUCTEM CYTIECTBeHHO OTJIMYAETCH OT TOH, KOTOpas MMeeT
MECTO MPH U3YUCHUM MTEPALMOHHBIX METOJIOB JIJIsl JHelHbIX cucreM. B npens-
JlyleM maparpade Mbl JOKA3bIBAIN PA3IHYHBIE TEOPEMbI O CXOIMMOCTH TexX WK
ILIX METOIOB ¢ Jii0boro HavansHoro npubamxenus. [Ipy uccieoBannn nrepa-
HUOHHDLIX 1IPOLECCOB JYIst HEJMHEHHBIX YPABHEHUH M cucTeM BHIOOD HAYAILHOTO
IPUOINIKEHNA UIPAET CYINECTBEHRYIO POJIb, MOCKOJIBKY HEYIauHbI] BbIOOD HA-
HAIEHOIO TIPAOVIMZKEHUS K DELICHIIO MOYKET TPUBECTH K HEBEPHOMY PE3YIBTATY
A PACXOJMMOCTH UCCIIC/lyeMOro nrepallionioro nponecca. Ilpu npakruueckux
BEIHCJIEHUAX HAHAIBHOE UPUOJIMZKENNE K PCIICHUIO OLIPEACSIACTC CTaH apTHbI-
MU METOJAMU HCCleioBatus (DYHKINA MIM U3 HHBIX cOOOpaskeHuil ¢ yuerom
crierubukn 3aauu.

[pu usyyennu sroit Tembr dbynkuy, BXOASIIME B YPABHEHUS H CHCTEMBL, Oy-
AYT HPCATIONAraTsCsl HeNPEPhIBHBIMA 1 HYYKHOE YUCI0 pad audypeperiupyembli-
MU.

Meron nipoctoit urepanuun. [ycrs 3amana cucerema

Pl B0, @9, wiBs) 5= 0

Fol@i, s sn) & 0

WM B BEKTOPHOH hbopme

[Ipeobpasyem cucremy k Bumy
X = Q(X) (4.2)
M PACCMOTPHM HTEPAIMOIHLIH MTPOIEc
xk+1) G X)k) ) ' (1 3)

Onpenenenue. [lyers B noanom MerpayueckoM npocrpancrse OHPEEICHO 0TO0-
paxenwe G(X). Orobpaxenne G(X) wnassizaercs CXKUMAIOLIUM, €CJIH J115

mobeix - Xy u Xy u3 obnactu onpeenenus G(X) umeer mecro




— ’ e CAMHCTCHHOC DELICHUEe W WTepalli-
OHHBIN mpouecc (4.3) CXOMUTCA K PEMIEHIIO CHCTEeMb (4.2).

Hokazaresnberso. EAuHCTBEHHOCTD DEUICHUS TOKABBIBACTCSI asiemenTapno. [Tycrn
ecTb Jpa pertenns X1 u Xy cucremnr (4.2). meem

,0()(1_, )\"2) = p((__;()\fl)? (__._z‘(z\rg)) 3 qg)(.;\’l, X;Z)?

1. e. p(X1, X2)(1 - ¢) < 0. CresoBaresnso, p(X1, X3) = 0.
Hocrarounocrs. Jokaxem, 1to nocienosarenpaocts X (%) dbyHIaMenTaNbHA.
[Mockonbky
;’)[,X’“""'l\}, Xm) < qp(,f'('{kj, ?s;"{k_”) < o',

rae a = p( X(l)} X (0) ),
U CUJy HEPABEHCTBa TPEYIoJbHUKA

p(X{k-{-p)’ ‘X(J'\:j) < p(/‘((k_‘—p), JX'(K'-.-'-}J -U‘J e {)(XU‘"-“*P“"I)’ X'(k‘"i'-"m) e L

P
(ke ~k b l_._.q
+p(X k1) x (”“‘)) < ag’ 1+qg+..+¢" ) =agF—L

_ : | g
Crenosarensuo, p(X* D X®)) < ¢ npu k > ky. Cornacuo kpurepuo Koum,
nocseosarensrocts X %) umeer npenen, u npu p — 0o u3 [MOCJIE/IHETO Hepa-

BEHCTBA MMEEM |
o( X, X5 < qgk .
l1—-g
Teopema nokaszana.

1\/[(.‘.'1"01 CEKYHIINX. 9'.!‘(_)'1" OCTATOYHO TNPOCTOM METOJ IPUMEHSICTCS IDH Hel-
. J UL .

XOXJI€HUH KOpHeH ypaBHeHUs

Fla) e,
[lycre Ha KOHIAX HEKOTOPOI'O OTpe3Ka [3.?1, :L'g] byHKIHS [(F) [IPUHUMAET 3Ha4e-
HUS Pa3HbIX 3HAKOB. JTO O3HAYAET, YTO BHYTPH OTDE3Ka MMEeeTcs, 110 KpalHei
Mepe, OOMH KOPEHL ypaBHEHHS (Jrl) Hns ero orsickanmns IpoBEJaEM MPAMYIO
Jepes TouKn My(zy, f(x1)) u Ma(z, f(22)). YpaBrenue 910# npsMoit

y = flz2) = —2(f(w2) - f(21))




Borunenum snavenus dbynxmun f(z) B TouKe T3 1 B KaYECTBE CJAEYIONETO OT-
pesKa Ui HOCTPOEHHs! CeKylUel BO3bMEM TOT U3 OTPE3KOB [T, Ta] W [xs, xal,
Ha KOHI@ax Koroporo (byukiys f(r) npuHuMaer 3Havenusi pasHbIX 3HAKOB. B
pPe3yabTaTe NPUXOJAUM K aJrOpUTMY

Ty — TEp-1
....... . (4.4)
flar) — fl2r-1)
Cpasnum smaxn Gyaxuun f(z) B TOUKax 2, 1 u k41 M B TOUYKAX Tp U Thii.
B kauecrse Touex z n gy creyiowero mara BeiGUpaeTes Ta rapa TO4ex,

Lh+1 = Tk — f(:i:’k)-

B KOTOpOR snauenue hyuxumun f(x) npoTusononorsHo 10 snaky. CXOAAMOCTD
ITOTC AJIPOPUTMA, JIJ151 HeHPEPLIBHON (DyHKIMU OYeBMIHA.

Merou Hetorona. Tlpuseaem sspuctiueckne coobpaxKenmns, CBA3aHHbIE C [10-

CTPOCHHEM 3TOI'0 MEeTO/14. H.Y(‘.’.L‘IJ L= pelicsue ypasHeH st

flz) =0 (4.1)

i &g — npub/IMKenne K T, npunajexaiee nekoropoii obuacru Q : {|Z—z| < a},
U 1YCTh

T = h+ zy.
PasiokuM f(Z) = f(xo+ h) 1o crenensim h, orpanryauBasch UL TUHEAILIMEA
HJIeHAMH.

f(&) = f(zo+ h) = f(z0) + hf'(zo) + O(h?) = 0.

Orcona

[oaromy

CJiejloBaTenbHo, Besnunia

Oyzer orauuarhes or pemreHus T y¥Ke Ha BeJIMYUHY O(hg).. 1K coobparkenus
NPUBOAAT K OCTPOCHHIO UTEPAIMOHHOIO 1TPOLECCa Yy TOUHEHUS HAYAIBLIOTO HPH-
OJIKeHu st

f(xﬂ:)

ﬂ.:k...|_'| = L — (45)

J"!(‘rk)



Meron Heiorona nrorua nazwisaor METOIOM KaCaTeJNbHBIX, TIOCKOJIBKY CJI€/1Y0-
ILaA TOIKa ONPENESACTCs KaK TOUKA [ePecedeHusi KACaATeIbHON K f(z) B TOuKE
Tx. B camom nene, ypasHenue kacaTenbHON K [(z) B 510l TOUKE HMeeT BuUA

y = flzx) = fzr)(z — 24)
1 TOYUKA Tk4 €CTh TOYKA LIEPECEYCHHsT KACATEbHON K f(2) ¢ 0Chio OX.

f(zx)

Bpad = W o
LI
f'(zx)
AHaJIOrHUHbBIe cOOBpasKen s HPUBOAAT K NOCTpoeHuio Meroga Helorona njs
CHCTEM.
Iycrs 3asana cucrema, ypaBHeHuii

fl(ﬁi'l,fffg, vany :ETI) o O

f2($1,$2,...’$?1) = () (46)

f”-(g’\l? L2y ---:xn) = 0.
Wi B BekTOpHOM dopme
F(X)=0. (4.6')

Iycrs BexTop X = (%1, &y, ..., In)T ecth peruenne cueremn 1 X — Xo+h, T0
eCTh

X = (fﬂ? + By, 933 + By uns fﬂ o+ "7’”)?"

Paznoxum f(2f + hy, 29 + ho, ..., zy + hy,) 1O crenensm Ay, Or'PAHAYNBALACH
MHeHHbIMIT wienavu. Tak ke, Kak u Jist OHOTO ypaBHenus, Oy UUM

Ofi(z]..zd),  Ofi(2!...20) (2.2 ?) 5
r (.0 .0 0 i n 1 7 1 n 2
: 5 s 4 B ]a : BT T P o " ==
Nz, xy, .20 e v+ s ho+...+ oz, hn+O(h*) =0
. O fo(x?...20 Afa(2Y...2,)° O fo(29...20
fa(z?, 23, ...$2)+—~L~(—]—:——”lh1+ fz(‘l ) ho+ +--—-—f2( 1—-———”)h.n—f{)(h?) =/{}
83,1 (040 858??,

- 8wl 00 A fn(al...20) 9 f (7.2
; 0 .0 SO ni1 n n\] n ! ni+] n 2
(20,20, 0y 2l h : hat ...+ 230N ha+O(h2) = 0
fl(x_[ I:z -E”) '0{171 ?]+ ()3:2 52‘1 ()3;” n i“ ( 2 )

[lycte onpenenvrens MaTpuipl Axobu




ofy af1

Oxy BRI

W(X) = | St (4.7)
Qiy_- 9fn
. Ox YRR g

oriryer oT Hyas. Haiiiem us 910l cuereMbl BEKTOD h
2
h =W (20)F(xo) + O(R?).
ITosromy BekTOp
Xi=Xo—- W~ (}&n)ﬁ (.Xn)
Gyaer ommgarsest o1 Xo na peanauny nopsaka O(h?). Drn coobpakenus 11pu-
BOJAT K MOCTPOCHUIO WICPAITMOHHOTO HPOIIecca

X1 = Xg — W HXe) F(Xk). (4.8)

B caydae cKaJapHOro ypaBiuenus Jerko J0Ka3biBaeTes TeOPEMa 0 CXOUMMOCTH
Merona Hpiorona.

Teopema 2. Ilycrs & — pemenue ypasuenus (4.1') v nycrs B HeKoTOpo#t 00-
nactu Qg @ |Z — x

HBIL YCIIOBUZ

1. llepmas npousBonnada otjesena ot 0: P}~ < b
2. Bropag npoussosnas orpanuucHa; 1f"(z)] < d.
Torpa meron ckopelitiero cnycka cxoanresa B obgactu §2, 1pn
1
@ < =
bd

Hokazarenscrso. PaccMorpum Bhipaxenue
(@) = flai) — flzi)(@ — zx).
Hockonbky f(Z) =0 u rak kak B cuiy (4.5)  f'(zr)(zre1 — zk) = — f (k)

1£(Z) = flar) = f ) (@ — )| = | ()] [2rar — 2] (4.9)

C npyroii croponsl, 110 Teopeme Jlarpairka

(@)= f (@)= f' (@) (@—zp) | = |(F(€)— f'(2i)) (@—an)| = |(F" (n)(Z—2x) (n—2x)].

Baech & < €<z, € <7<z CnenoBareibHo,
|£(&) = f(zx) — () (@ — zi)| < (P ()] 18 ~ 2l (4.10)
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Cpasnusas (4.9) u (4.10), monyusaem

(f"()] 12 — z*. (4.11)

[Tyers ¢ = bd. Hepasencrso (4.11) ozmauaer, uro

[f'(ze)l |zrs — B| <

|Zk+1 — T| < T — x| (4.12)

Ilyets p = clay — #|. Ymuoxkas (4.12) Ha ¢, nonydum  preq < pi u

2 4 ok
Pe+1 S Pk S P < .. < Fo -

CuteioBaTesbHO,
|z — Trr1| < c"l(c |z — :’L‘g‘ )2a'

Hust exopumocTn Hamo, 4Tobel ¢ |T — zg| < 1, T.e. obuacth Q, A0IKHA BBITH
TaKoH, 4To a < -b—la Teopema Jokaszana.

Meroy Hauckopeiiiero rpaguenTHOro cnycka,  VI3BECTHO IOCTATOYO GOJIb-
HIOE YUCJIO PABIMIHBIX FPAJANEHTHBIX METOJ0B. Mbl PACCMOTPUM OIMH U3 HPO-
CTEHIIIMX BAPUAHTOB METOA HAUCKOPEHIIEro rpaJieHTHOTO CIIYCKA.

Cucreme (4.6) nocrasum B coorseTcTBre (hyHKIHIO

(z) = f(1, .oy Tn) + oo + F2(21 -0 Tn). (4.13)

Pewrenne cucremn (4.6) coobuiaer 910 hyRKUMH HYICBOR MEHUMYM, U, obpaTHO,
snadenns sekropa X = (z1,29,...,2,)", B xoTOpOM dyHKIHS ¥ (z) mocruraer
3HAYEHHA HYJIEBOI'O MUHUMYMA, BJISCTCA pereHueM cucreMmbl (4.6).

[TocTpoum cienyroumit wrepaionnblii nponece

Xktl) — x (k) _ ), )

rie V® = grad¥(X®,

Taxum o6pasom, nockossky X K+ — x(*) — —Aegrad¥ (X ®) neukenue or
rouku X ® x rouke X *+1) npouncxomur b HalpaBJIeHUH HAUOOJIbIIEro yObIBAHUS
dbyuxnun ¥(X) na Hekoropblit 1war A Besmuuny A, ciaenyer onpegenuTs u3
yeaosus Munumyma, ymxmum (X *) — AVE) qro onsts mpusoaut K pelIeHUIO
HeJIMHEHHOM 3a/1a49¥ OTLICKAHUA KOPHS NPOU3BOAHON DYHKINHK
U(A) = U(X® — AV®). B npocreiiuem Bapuante MeToma misi OTHICKAHMS A
NPUOJIIHPKEHHO OTBICKMBAETCA KOPEHb YPaBHEH M

U(A) = 0.
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Ecim paznoxurs W(A) no crenenam A, npenedperasi KBaJgpaTaMu U BBLICIIIHMA
CTENEHIAMU A

U(A) =~ W(0) + AT'(0)),

70
W (0)
SO
Iockonbky
\P()\) == W(.L‘} = /\'U].I vesg Ly = ;\’U”),
rae
o oV dux; ~, OV
); = — WA = Bl PN - (X : dU (X *)Y),
U' ox; (M) e Oz; d }:4—;’(03;'?) T gRadi ) graRc ))

B urore Ipuxonm K ClelyomeMy HTeDAITUOHHOMY [Iponecey

XD = x ) . xR (4.14)

e

! r( X (F)
VI = grad¥(X®), U(X) = [P+ fit. .+ f2 A= ﬁ%«ﬁﬁgﬁ i
Cuesiyer enie pas 1mojl4epKHyTh, MTO TIPHA HCYJAYHOM BbIOOPE HAYAIBLHOIO IPHU-
OJTMPKEHMST K PELICHHUIO CUCTEMDI IOCTPOCHHBIH MPOIECC MOYKET PACXOINTHCS UK
CXOJUTHCSA, HO HE K PEIICHUIO CUCTEMBI, O YeM CBHLTENbCTBYIOT JONYILIEeHUs IPH
BbIMMCJIEHHU .

Ormernm 6e3 pokazaTesnnbeTsa, 4To H0see TOYHBIM MEeTOJ OTLICKAHUS! A KaK KO-
pern ypasienus W'(A\) = 0 npusogur x hopmyne

o — MW (") F(2®), (4.16)
e

N (FG), W) (e®) i
L WEOW PR, wamw e rey ¢

3necn sekrop F' = (f1, fo, ... fu)', W — marpuna Skobu, onpepenennasn s (4.7),
a W' — rpancnounposannast marpura Skobu.



§ 5. WHrepnonanuonuui#t Muorowien Jlarpan»xa

Mureprossiuponnsiit Muorousen Jlarpasixa. ITyers ma orpeske [a,b] 3anana
bynkums f(z) n nycrs BHyTpR storo orpeska 3aJAHBl N PABIMYHBIX TOYEK
L15 L2, -y Tn. Tpebyercs nocTponth MHOTOUIEH MUHHMAJILHON CreneHy

Pulg) = aoa:f“ 4= al:{rk‘_l il @+ Gy
TaKOU, 4TO
Py(z;) = f{z;) i=12,...,n. (5.1)

Teopema 1. Cymecrsyer CAMHCTBEHIILIE MHOIOYIeH CTeleHr n — 1, Takoii,

aro  By(x;) = f(x;) t=1, ..
Hoxrazarenverso. Yenopue (5.1) oznauaer, yro
a0t} + a1al T ot any = f(z)

apzy 1 4 GTy T+ Lty = f(z2)

n—1 a2 s
T, "+ a1, "+ . Gpey = fz,).

J1a CUCTeMa, U3 n YPaBHECHUN OTHOCUTENILHO T, HEU3BECTHBIX ag, Ay ..., Gp_1.
Oupcm-mm‘emn ATOH CUCTEMDI

ph=1 _ n-2

‘J:l g BT wmaw
Ji—1 n—32

B, @y "y eoucd

I

n—1 . n—-2 -
By WY Ty wsew b

ecTh onpenenntens Banjepmonga. On orimuen ot wHyss Upu T; # xj, eciu
i # j. CiepoBaresibHo, cucTeMa umeer CAMHCTBEHHOE DeIIeHUe OTHOCHTENbHO
ag, Ay, ..., ap—1. Teopema nokazana.

MHOrouIeHb!, y0BAETBOPAIOINE YCIOBHIO (5.1), HABBIBAIOT MHTEPIOALNOH-
HBIMH MHOrO4JIeHaMu. Jlarpanx npeaioxusn npocroi crnoco6 OCTPOCHUST TAKHIX
MHOT'O4JIEHOB.

Paccmorpum
T

1:[1(1' - zj)
_A

Tt
HI (Be— ;)
j=
j#i
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Muorounen w;,(x) crenenn n-1 B Toukax z; paBeH 0 npu j # 4, a B TOUKe
z; pagen 1. CnejoBaTe/ibHO, MHOMOHJICH

ITI1 (z — z;)

L) = 37 flmir e ey
i=1 [T(z; — ;)
j=1

j#i
crerienn n-1 yjpoenersopser yenosusav (5.1). Muorodsen, oupegensempiit ¢pop-
Mysi0i (5.2), HasbIBAETCH MHTEPHONANIONHLIM MEOrowIenom Jlarparxa. Beejem
B PACCMOTPEHNE MHOTOUIe!

‘Y — (- P ip . "
wp(z) = (& — 21)(x — 23)...(z — 2,,). (5.3)
C ero noMoIbio MHTEPHONSIMOHHBIA MIOTOWIEH JIarpan)a MOXKHO 3allCaTh

CJICJYIOTM 00pa3om

T

Ln(fl?) _ Z f(’r;_.) wn(.'f.?) CLidl, (53;)

(@ —mi)ul (z;)

)
B camom pedie,
T Tt
' s N 3
ole) = 3> T1e - o)
s=l gl
J#i

U IpY T = I; B CyMME BCC CJIATAEMbIE DABHLL HYJIO, KPOME OJIHOTO, IJle OTCYT-
CTBYET MHOXMTEJb & — ;.

Bennwuanny () = Ly(z) — f(2) na3biBaioT 0CTATOYHBIM WJIEHOM H HTEPIOJIS-
LHOHHOM dopMyJIn]

Ly(z) ~ f(x).
Crienytomas reopeMa siBAACTCS BAaXKHBIM HHCTPYMEHTOM LTSI OLNECHKH BEJIH-
; N A

yuHbl ().

Teopema 2. Jlua moboit rouxkn 2z # x; nalijercs raxkasi TOUKa & 4To

()
£0) - Enfr) = 8 (5.)

n!
Hokazarenserso.  Pacemorpum byuximio
U(z) = f(z) — Ln(z) — Awn(z),
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e A — HEKOTOpas KOHCTAHTA. DTa MYHKIHs obpaltaeTcsi B Hy/db B TOYKAX
zi. Bwibepem koncranty A tax, uto6ml 914 byuxuus 6bL1a paBHa HYTIO eme B
ojHOI Touke z. Torna

A — flz) - Ln(z)_

wy(2)

C apyroit croponsl, dbyukius obpaiaerca HyJlb B Il TOYKaX T; ¥ TOUKE Z, T. €.
B n+1 rouke. ITo Teopeme Posst Mex iy ABYMst HoC/Ie10BATENbHBIMME HYJISIMU
byHKIWMKY ecThb, 110 KpaliHel Mepe, olHa TOYKa, Ije IPOU3BOJIHAS ITOMH (PyHK-
nuy obpamaerca B nyas. Cnenosarensuo, mis () umeercs ne menee n Touex
1,62, ..,&n , tie W'(€) = 0 obpamaercs B Hysb. lporoikas atu paccyxe-
HH3A, 3AMEYaCM, YTO CYUECTBYeT XOTs Obl Of{Ha TOYKa £, B KOTOPO# Tin)(¢) = 0.
Ho Ln(z) — muorousnen crenenn n-1, a wn () — MHOTOWIEH CTeneny n co
crapmuM koaddunmentom 1. Tlosromy

v (z) = fO)(z) — Anl.
Papencrso nyimo s10ro BbIpaskenust B ToUKe & IPUBOLUT K TOMY. 4TO
y 2 : )

LG

n!

CpaBuenne AByx 1oJy9entpix BbIpakeHuit juist A u mokaseiBaer reopemy.
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§ 6. Munumuszanus ocrarounoro wiena. Muorowsenn Jebbimena

3alimMeMcest 3a,1a9€il MUHHMU3AIHNA OCTATOYHONO YICHS WHTEPTIONSIIIHOHHON (op-
Myabl. Jlanee, eciin He oroBopeno uHoe, 1o HOPMOM byHKIMU TOHUMACTCA

I/l = max |f(z)].

a<z<b

3 (5.4) cienyer

If — Lal| < "‘—!—'H Wl (5.4')

.[—[OBTOMY sajiavia MUHUMU3ALIWHE OCTaTOYHOrO YieHa AJA TTHPOKOro KJiacca (t)y‘ HK-
MR cBsizaHa C HaxXO0z JJEHHEM TaKoI') MHOI'OYICHA

wn(z) = (2 — z1)(z — z9)...(T — ,),

HOPMa KOTOPOro MutuMasbia. Vunivm cioamu, Tpebyercst Tax nogobpars y3iibl
HETEPHONANNE X, 4TOObI MUHMMU3UPOBATL |lwy!l. Dra sajaua pewmaercs c
IIOMOWBIO MHOrOUJIeHOB Yebbluiena.

Muorounenst Yebpunesa. [TIpy 1 <z <1 pacemorpum byHKIMIO

Tn(z) = cosn arccosz. (6.1)

3amernm, uro Tp(z) =1, Ti(z) = z.

(Teopema 1. T,(x) ectb MHOTOWIEH CTENCHN N CO CrapiIiM Koo dumen-
rom 2"71 yernast byHKims npu ueTHOM N M HeveTHAs DK HEYETHOM 70 W
YAOBJAETBOPAIOUINHE PEKYPEHTHOMY COOTHONICHHIO

Thvilz) = 2eT3(2) ~ Thalax). (6.2)

Hoxazarenberso. JokaxeM pekypenTHoe cooTHOLCHNe (6.2), n3 KoTOpPOrO CjNE-
JYIOT OCTaJbHLIC CBOMCTRA.
Ilycrs o = arccosz.  Torna

Tot1(z) + Tn-1(z) = cos(n + 1)a + cos(n — 1)a = 2 cos na cos a = = 20T, (x).

OcTralibHbIC YTBEPKAEHUS JIETKO TOKA3BIBAIOTCSI 110 HHIAYKIIMHU C UCTIOJIb30BAHACM
PEKypeHTHOro coornomenns (6.2).

B camom gene, pokaskem, uro crapunit koacbpunuenr 7, (z) pasen 271, Crap-
unii koappunment Ty(z) pasen 1. [Iyers crapuuit koapdbunmenr 7, pasen
21 Torna crapimii kooppupmenr 1), onpeuensercs crapmumM Koahdu-
O1eHTOM Bbipaxkenust 2x7,(z), koropslii pasen 27,
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Tax e 10 HHJYKIUN JOKA3HIBACTCS CBOACTEO YETHOCTH — HEYEeTHOCTH. 3a-
meruM, 4ro To(x) = 1, m. e. veTnas dbyHxus, Ti(z) = x — wevernas dpyukuus.
[Tpeanonoxkum, nanpumep, uro 7, 1(z) — nevernas byuxuus, a Tn(z) — uer-
Hast pynxnus. Vs (6.2) nonyuaem

Tn+l('_$) = "Q:ETR(_:U) - Tn—l(ﬁc:) o= “2$'EL($) T Tn—l(m) = '_’E"H-l(m)-

Onpegenenne.  Muorowien

To(z) = cosnarccos z, (6.3)

onpenenennbit Ha orpeske [-1,1], naspBaercs muorounenom Je6nimens,

Cnefyer samerntn, 910 B HEKOTOPBIX yueGHUKAX OTIpejiesieHre MHOI'OY/IeHA,
HeObIieBa 1aeTcst ¢ HCMOMB30BAHMEM PEKYPEHTHOIO COOTHOIICHIS (6.2). Umen-
no nycrs To(z) = 1, Ti(z) = =, u npu Jobom n To(x) onpemenum us
(6.2). D1Tu aBa oupenesenus sKBUBAIEHTHBL. B OJIHY CTOPOHY 3TOT haKT MbI
ycranosuim. Ilpu usyyennn pasHocTHLIX ypasHenuit Oyner nokaszano (npumep
2§ 19), uro perienueM pasHOCTHOrO ypasHeHus (6.2) na orpeske [-1,1] siBsiecs
hbyukuus cosn arccos z.

CaoitcrBa Muorouiena Yeboimesa.

(z = V2 —1)"+ (z + Va2 = 1)

1 b))
I(T) Z
1
, / T(2)To(z)de  © f 5 ‘“; .
o~y = bl n=m .
| Vi-z ™ n=m=1_0

ian —ian
€% te

ITepBoe cBOICTBO JOKABLIBAETCS ¢ HCTIOMBb3OBAHIEM dbopmMybl cos na = €= 5
BTOpOE CBOKCTBO — HENOCPeJICTBEHHLIM MHTErpHpoBanueM. B kauecrse yIpaz-
HEHUS NPeJlaraercs JI0Ka3aTh 9T CBOUCTBA CAMOCTOITENbLHO.

Haiinem xopuu muorowiena Yeboimrepa. U3 yPaBHEHMUsI

Ty (z) = cosnarccos z = ()

MoJIy 1aem
2k + 1
narccosz = — + kr Tk = COS L—t——)z k=0,1,..,n—1. (6.4)
2 2n
Iockosbky T),(z) = cosnarccosz, To | szl £ 1,

39



To(z)| = 1. Nmeem

mm ,
N arccos T, = mm Ty =cos— m=0,1,...,n. (6.5)
n

Haipem Trouka, rue

omuepknem, uTo B ‘: 6.4) HOJIYHEHO T TOYEK, T. €. HallJeHbl BCe KOPHU I}&(fc) To-
YeK K€ MaKCHUMyMa MOjyJst — n -+ 1, 9ro Oyjer HCrIoab30BaHo B JalibHeHIneM.

OnTumanpubiit 86:1060p y3s108. MHOrOYIEHb!, HAUMEHee YKJIOHAIOUIUECs] OT HYJisd

Onpenenenue. PaceMoTpun kiace MHOIoWwIeHOB (hUKCUPOBAHHOM CTENeHn n ¥
¢ pukenposannbiM crapimy Kodbduunentom. Muorowien (J,(x) HaspiBaeTcst
MHOTOYIEHOM, HauMEHee YKJIOHAIONIMMCs OT HyJisi Ha oTpeske [a,b], ecim Ha
9TOM OTPE3KE OH UMEET HAMMEHbIIUY MaKCUMYM MOJLYJIsI CPeJd BCEX MHOIOUJIe-
HOB JIAHHOI'O KJIacca.

Takum 06pazom, mHOrOwIeH (%) HAUMEHEe yKIOHAETCs OT HyJis Ha [a,b], ec-
JTH

max |Gn(w)| < max |Fufz)],

rae P,(2) — BCeBO3MOXKHbBIC MHOTOWICHBI TOMH 7K€ CTENEHN U C TEM K€ CTapIliM
K0hhuLeHTOM.

Teopema 2. Muorounen Ty,(z) = 277, (z) sBisgercs MHOTOYIEHOM, Hau-
MEHEe YKJIOHSIIOMMMCS OT HyJst Ha oTpeske [—1,1], cpeau MHOrowieHoOB €O
cTapuM KodhOUIHEHTOM, PABHLIM €JIHHHILE.

Hoxkazarenncrso.  [Ipepnonokumv npoTuBHOE, Y4TO CYIECTBYET MHOIOUJIECH
P (x), rakoi, uTo
max |By(z)| £ max [T:(z)].

a<z<h a<x<h

Paccmorpum muaorouwien

Qn-ifz) = Tlo) = F(z).

[Tockonbky crapume xosddunuentsr y Po(z) n T,(x) oamHAKOBHI, CTENEHb
Muorounena (Qn-1(x) — n—1. Paccmorpum snavenne Q,_1(T) B TOUKAX T,
T. €. B TOUKaX, onpenenseMbix pasencrsoM (6.5). B orux toukax 7T,(z) wumeer
MaKCUMYM MOJYJisl M 3HAK Muorouiena Qp_1(z) 6y;191‘ ONPEJeIATLCH 3HAKOM
muorousiena Tp(z). Ho B aTHX TOUKAX To(zr) = 427", CnenoBarteabro, MHO-
rowten  Qn_i1(x) mmeer n -+ 1 nepemeny smHaka u 10 Teopeme Bonbnano —
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Koum nmeer ne menee n kopneit. Ho 910 nesosmoxno, eciu Qn_1(z) ne ecrh
TOXK/JIeCTBeHbI! Hynb. TeopeMa jokazaHna.

Takum obpasom, ans orpeska [—1,1 MOXKHO yTBEPKAATH, 9TO €C/IH B Kade-
CTBE Y3JI0B MHTEPIOJSIIUMA BHIOpaTh KOpHU MHOrOWwIeHa Yebbimesa, onpeiess-
embe (popmynoit (6.4), TO HOPMa OCTATOUHOIO YIEHA MHTEPHOJISIIUOHHON HOp-
MYJIibI OyIeT MUHHUMAJIbHA U MMEET MECTO OLeHKa

A

”f(T) - Ln“ S 2”"_1?1! .

SalimeMcst 3agaueit MUHHAMHA3AIMA OCTATOYHOI'O YIeHa [1J18 IPOM3BOJILHOIO OT-
pe3Ka [a, b]. Paccmorpum na sTom IPOMEXKYTKE MHOI'OYJIEH Pn(s;). 3aMeHa
b—a b+ a

T = —t
&= gty

epeBosuT orpe3ok [—1,1] B orpesok [a,b]. C nomompio obpaTHO! 3aMeHbI

; 2z b+ a
b—-a b—a
NOJIYYUM MHOTO'JIEH
2z b+a
F, (t) = Ra( - )?
b—a b—ua
apryMeHT KoToporo mensiercst Ha [—1,1]. Ho y muorousrena
_— b+ a
Tn.( - )a
b—a b—a
P TaKo# 3aMeHe u3MeHuTcs crapiunit Koadduuuenr. g Toro 4robbur oH ObLT
b—alh
paBeH 1, MHOro4JIeH HaJ[0 YMHOXUTL Ha BEJUYHHY (—’2:) -. B wrore nonyuaem

MHOI'OYJIEH
(b—a)", , 2z b+a,

T
221 "p—a  b—a”
crapiinit Koapdurment KoToporo paBeH 1 U KOTOPLIH HAUMEHee YKJIOHSETCs OT
nyas #a [a,b]. Ecan B kauecrse kopheii MHOrOUJIEHS BBIGPATE
b—a (2k+17m b+a

P ke UL ugn =1,
T} 5 C0s + > . —

Fy(z) =

nomyunum mMuorounen Ty, (1 ()

(b—ay,

i 2z b+ a
j_;'e,.,(a,,b) (.’E) — 92n-1 1 n( -

b—a b—a

)?
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HaMMEHee YKJIOHSIOIUNACS OT HyJIs Ha [a,, b|.
MTOI'“OM TUX pa{‘('YN\LJI(‘III*IH 51[5 1AeTCs

OT HYJIA, ABJIsieTC: MHOMOYJIeH

: b—a), 2z b+ a
n(ab) () = (92-:1-—-1 Ta(; e )

b—a -a

W TIPH OITHMAJILHOM BBIDOPE Y3JIOB HIITEPIONSANAN

b v
1 = Lol < L9 sy

‘)‘Zu—- Iyl




§ 7. Pasjenennsie pazsocTy.
VHTepnonsiuuonserii Muorousien » dopme Hriorona

Bonpocer, nsyuaemere B arom 11 aparpade, HeODXOAMMBI Jiist pelleHns 3a1a4u
TOCTPOCHUA HMHTEPNONAIMOHHOIO MHOTOUJIeHA, KOTOPBIH COBIAJIAET C byHKueii
W €€ NPOU3BOAHBIMU JIO HEKOTOPOIO HOPsJIKA B 3aMaHHBIX TOUYKAX. DT 3aza4a,
PEIHIACTCs C MOMOILBLIO MHTEPIIOJISIIUOHHOIO MHOIOYJIEHA, B dopme Hriotona.

Onpenenenne. Byaem nasbisars Pa3/IeJIeHHOR DA3HOCTBIO HYJIEBOTO 1OPSIIKA,
sHavenue bynkruu f(z;) BTOUKE 7). Pasnenennyto pasuocrs nepsoro NOps JIKa,
OIIPEJICINM PaBEHCTBOM

ooy S (@E) = f(=i)
f(m'.f: :Lkr) - T .
Tp — Ty
Paznenennyio paznocrs k-ro HOPAAKa OPEJACTNUM C NOMOIUBIO pasHocTel k — 1-
T HOPSAJKA CACIYIONIMM 06pas3oM:

f(@2; - xrs1) — F(@1; .00 22)

L1 — X

f(-TJ yL25 ens xk+1) ==
Teopema 1. Jlnst paspesenubix passocrelt CIIPABE,JIMBO PABEHCTBO

Fletoe o 1ap) = \E\ --_J"C”(—mé) (7.1)

£La N ’
i=1 [](zi — ;)
=1

i#i

Jokazarenncrso Hyaem HPOBOAUTL 1O MHAYKIuK. na pasmesnennoit pasnoctu
MEePBOro MOPsJIKa UMEeM:

flziyes) = f(x2) = flz) _ fla) f(z2)

Lo — T L] — To Lo — &3
Hpe,zmonomum, qT0 (bO]_)MyJIEL BEPHa Q1A pa3aeseHHoil Pa3HoCcTn k — 1-ro Imo-

psiaka. Torma mnst passenensoi pasHocT  k-ro HOpsaKa uMeem:

f(@2; 235 ... pa1) — f(z1; 225 ... 28)
Th4+1 — T

@y @; ... 1 Bigy) =

B COOTBETCTBHH C HAOYKTUBHBLIM HPEeNITOJOXKEHUEM
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k+1 k 5
1 f :L'i) "—1 f(’f';‘j
Flzis o 1 Bhea) = R —p— 2. ';.‘;]"“‘(——“’ e e s ape 5
- =2 [ (o —az) = [ (m = 25)
g j=1
\ i J#t )
: k
LS fe) < fw)
(_:-C}.F?—l o 'L-I) J[v }i ) o k |“].
[1(@ke1—25) [l —2z5) =2 [](z; — z;)
j=2 j=2 j=2
J#i
LI
g Sy,
=2 [ (o - o)
§=1
it
Pacemorpum
L _ flm) : _ flm) i( Fz) o flm) -)
Ld k+1 ' Z k T Lt V4] k
= Il(zi—2) =2 [[(2i—2) =2 [[(@i-2;) [](ai~— ;)
j=2 j=1 j=2 =
i i#i i i
H paccMOTpuM MHOXKUTean npu  f(x;)
i; | 1 Ty =X T+ Thyy T e
(;T.;T_“""'_' Tk )= k41 T k4l :
I1(zi —2;)  II(2i— ;) 11 (#i — z;) I1 (zi — ;)
j=2 i=1 j=1 j=1
i it i it
Hosromy
e s vt Brpr )=
_ 5 k
Lo L e L S el
(Ther — 21) K (1 — Thet) K o Lt W
[ (zhs1 = 2y) [z~ 25} =2 ] (2 —x)
=2 j==2 j=1
J#i

B nrore nonyuaem




e
(-] @-t2) = (Z-a)]]

U — u .

o ey |rolls

[—.{' e
(‘e - )]
1w
‘DIrel’ WOWRD ¢
(E,"L) '(:ﬁ)“m(""sc it ) = (z)%7 — (ac)f

OLh ‘WHISWRE "04LI91IILRERNO]T

(z2)
'(I'—'“:r—-:c)"'(T:z:—x}(Ix—;c_)(“a: v ltr ) [+ 4 (lz—2) (2 x) f+(T2) f = (z)ur

BHOLOI9] ondod g wuarroradu HOIthOJOHW WIMHEOUTIEIFOIdoLY N g ewoadoa],
MNRIreA UNIGHLRAY 0 nUTBroudoLHn Ahees qrumed LUuirodeon

9radeno 01080 g ‘Oah “eHoLOIH owdod & ‘OneHM d1eOUIRE OHKOW excnedae|p

HoUrhOJOHA grannounnsroudorsaun yarooused xiaunarereed vredeime OIIIONOI 1)

(M @)ef o - (o T) 1o = (Mg 1) (efeo + 1 To)
() f

HUTINHAD 10 doredano yraugeHHL 9190 arsonsed BERHHILOIIER] g OMLLOYOI)

(e St g Ua) [ = (Yz e g 1g) [

‘dorHaNAade

XHOHo goneLoadon ndi BOLOBHOW o droonsed veHIOIAYER] T OULLOAI)
HHALOWOID Wrd LoeseLd (1°)) ardwdod £
“eHRERNOT eWodoq],

Sl

1={
(fz — ) [ 1=
o u

s = e e




C yuerom rtoro, uro wy(z) = (x — 21)(x — ®1)...(x — z,), pasencrso (7.3)
JIOKA3aHO.
C apyroit ¢cTopoHbI,

Lp(z) = (Lp{x) — Ly—1(2)) + (Lpn-1(x)) + ... + (La(z) — L1(x)) + L1(z) (7.4)
(

Ho pasnocry Li(z) — Li-1(x) ecrb muorowien crenenn k— 1, obpamalomuhics
B HyJlb B TOuKax x; t=1,2, ...,k — 1. Tlosromy

Li(z) — Ly-1(z) = Ag-1wi-1(x), (7.

-3
ot
i

e wr-1(z) = (2 — z1)(z — 239)...(T — Tg-1).

Pacemorpum Li(xz) — Li-1(z) B Touke zj.
flzx) - Lk—l(i“k:) = Ap-1wWi-1(Zk). (7.9)
Orciona
4, JL@r) = Lia(@)
puct &2 :
wk—](i»‘k)
B cruy (7.3)
PR T ) (76)

Hoaromy (7.4) ¢ yuerom (7.5) u (7.6) n roro, uro Ly(z) = f(z1), MoxkHO 3amnu-
CaTh CHEJyIOmuM obpasom

Lo(z) = f(z1)+f(z; z2)wi(z)+f (215 225 T3)walz)+...+ F(21; T2; -5 T )wpn—1(T)-

Teopema jokaszana.
Cuieacrsue. s pasnesnennoit paswoctvn  f(zy; 2o 1 ...;Tg) CHPaBEJIMBO MPE/-

craBjienue

flzr) = Lp1(zx) (7.7)
wealeyy '
IIpakTrdeckoe mocTpoeHne HHTEPIOASIMOHHOrO MHOrowieHa B (opme Hpioro-
HA MOXKHO HPOBOAUTE ¢ TTOMOMIBIO (hopmydibl (7.1), BHIYNCIUE COOTBETCTBYIONINE
pazziesennsie pasnocr. CyniecrByer cxema DUTKUHA IS TIOCTPOSHHS Dasjie-
JEHHBIX Pa3HOCTEl ¥ MHTEPHONALMOHHOIO MHOTOYJIeHa B dopme Hpiorona, n3-
JIOXKeHHas1, Hapumep, B [1].

Fle s 1 i) =
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§ 8. Mnrepriosinposanue ¢ KpaTHbIME y3/1aMu

B srom nmaparpade 6yner paccmorpena 3agaua, MOCTPOEHUsT UHTEPIOIAIAOH-
HOro MHOrO'WICHA, COBIAAAIONIETO ¢ 3a/laHHON (DYHKIUEH U ee NPOU3BOIHBIMY 10
HEKOTOPOT'O HOPsIJIKA B TOYKAX ;.

Urak, Tpebyercs mocTponTs MHOrO4IEH Pi(xz) crenenn s — 1, Y/A0BJIETBO-
PAIOIHUN YCIIOBUAM

P.,('Bl) = f('!‘r:l): P-:(xl) s f’(arl)u | Ps(hwl)(a’.l) — f(hl)(m])
Po(@2) = f(z2), Py(z2) = f'(wa), . . . ,PED(gy) = fle=D(g,)
~Ps (:Cm) — f(mm)a R;(Im) = ff(mn':.:la " Jps(ﬂmﬁl}(xm) = f(lm_.l)(-rm)-

3necb s =1y +lg+ ... +1,,.

Pacemorpum npumep. Ilycrs tpebyercs OCTPOUTH MHOT'OUJIEH, KOTOPBIH COB-
MajiaeT ¢ 33laHHOM (PYHKUMEH B TOUKe Ty, & B TOYKE Ty COBNAJAET C pyHKIMEH
1 ee IPOM3BOJHBIMH JI0 BTOPOI'O 1OPS (KA.

By(z1) = f(z1),  Pa(@2) = f(za), Pilws) = f'(z2),  P(w2) = f"(2).

B e-oxpecrHoCTb TOUKEM T9 n06aBMM elne 2 TOUKH T3 U T3 W MOCTPOMM 1O

TOUKAM X1, 9, T3, T§ HHTEPHOMANMOHHBIH MHOMOWIEH Ps(z)

Py(z) = f(z1) + f(21; 22) (z — 1)+

+f (@1 o5 2] (@ - 21) (@ — 22) + (1 23 2 ) (& — 21) (@ — 22) (= — 2.

Yerpemuwm reneps € K nymo. Ilpu stom z3 — @, 23 — o,

Py(z) = f(z1) + f(z1;22)(z — z1)+

+f(z1; 295 2) (& — 31) (T — 29) + f(21; T9; To; z2)(z — z1)(z — 22)2.
BrisicnuM cMbICa BhIpaxeHui
f(@1; 25 22), f(@1; m2; 295 22).

o onpenesnennio

f(za; ) — f(z1; 2o
f(37153:25$2) = Ll ) ) : )-
o9 — I
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Ho, cpasuusas (7.7) u (5.4), 3ameuacwm, uro

Flzr; 1) = f'(21).

bogee TOI'O, €CJIM TOYKA IeDeYUCIIZIeTCs: m pa3, To

" Y e e AR :
f(-rff'i;wi{ -}7-.*.) = (m 53 1), J (8])
m pa3

[Toaromy
f'(z9) ~ f(21;29)

f(:L‘I; To; Ty) = Lo — T :

HTo Kacaerca f(xy; ze; o5 29), TO

B Ehe ’
e “rle (z2; m2; Ty) — f(21; T2; T3)).

f@y; 2o 205 w2) =

Heproe cnaraemoe onpejeneno bopmynoit (8.1), a  f(zy; xo; T9) TOJBKO 4TO
Ol peIesIeHo.

B obmem cnyuae nponece nocrpoenust Muorounena Pg(x) crenesu s — 1 3a-

Kitogaerca B ciesyiomem. B e-okpecrioers kparHoit rouku T TIOMeIaTcs

2 L1

&L

;-1 BCTIOMOraTesLILIX TOYEK :.r:;-, Tiy vy T

YIeH BUJIA
Pi(z) = AYf(z1) + AN g 4 Ail;—il(x — )by
+Az—z) + A (m—m) (@ —zg) + . . 4+ A @ — )1 (@ — )

[Ipn € — 0 nonyuum muoro-

m-—1 m—1 m—1
+A [T (@ = 2 + AL T (@ - 20)(2 = 2m) + 42, T (2 = 2:)(z )2+
1=1 i=1 i=1
1—1
+ A [] (= = 2)(2 — zm)mT. (8.2)
i=1

. 0 _ TTemesis | g 0l s
Speee A = 1. Jlamee AY = f(zy; ;... k2

k-1 pas

) u, corsacio (8.1),

Ko Lll - 1.

Kosppunnen AE' = f(z1;21; ..o 23 zy). IMokaxem, uro 310 BLIDAXKEHIE UMeeT
N
() pa3s
cMbicat. JIokaszaresaberso Gy1eM 1poBoAnTs 1o MHYKuY. 3amernm, 4ro f(zy; T3)
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UMEET CMBIC/I. DTO ODBIMHASI pa3/elleHHAasT PA3HOCTh 1-ro nopsaka. Iycrs namu
onpeseneHa pasnocts f(zq;zy;...;21; o) . Ho
W

k pas
. . AL — l ¢ . o . . LY .
f(mlaml:l reey LI}’,CLQ) — H(f('rh &3 ---:?;1}: $2) - f(xlal'li teey 'EI))'
k+1 pas k pas k pa3

ITeppoe cnaraemoe B ckobkax onpeeneno mo UHAYKTUBHOMY IPeIION0KCHHUIO,
Bropoe ciaraemoe onpeneneno dopmyitoit (8.1). Takum obazom, koahdbuumenT
A) onpenenen. Ipogosskas anajiorndmsie PACCYKACHUA 1A APYIUX Ko3hhu-
IHEHTOB (hopMysibl (8.2), NPUXOAMM K 3aK/IIOYEHHIO, Y4TO BCe K03 buIuenTs B
(8.2) umeror cmbicir.

Koporko ocranoBuMest ma ouenke ocTaToqHOro WieHa MHTEPIIOJISIIUOHHOTO
miorounena B ¢popme Hoiorona. Ecin nocrponrs 1o toukam T; 1 TOYKaM T}
HHTEPIONALMONHBIA MHOrOWIEH, TO, corytacHo (5.4), momyunm

£6) (5
Fg)— Fylg) = ! 8!( —)ws(m).

IIpu ¢ — 0 muOrOWIEH ws(z) wmmeer Buj

m

rme H(‘I,' — z;)"

t=1
. o et " N . 2
u oueHKa (5.4) B 3TOM cityuae umeer Buj

()]
[l . (8.3)

7 - &) =12

B sakmiouenne sroit Tempr 3ametnm, w0 3amada UHTepHOMAN MK DYHKI[AN
MHOIHX MEPEMEHILIX SHAYUTEIILHO CIOXKHEE M B HACTOSIEE BPEMSI ellle HeloCTa-
TOUHO paspaborana. st miunocTpanmuy tpyaHocTe PU UHTEPIIOVISIAK (DYHK-
MM MHOI'MX NIEPEMEHHBIX PACCMOTPHM 2 [IPOCTHIX NPUMEpA.

Ilyers Tpebyercst mocTponTh HHTEPHOAAMIOHE bIij MHOIOYJIEH, COBIAAAIONM
¢ pyHKIMER JBYX NepeMeHHbIX f(z,y) BTpex roukax. fcwo, uTo MHOrOWIEH
L-ro nopsiika — ypasrenune nnockoctu, npoxoasiei 4epe3 ITU TPU TOUYKHU, — U
Oyzser aTuM MHTEPNOJIAUMOHHBIM MHOTOUYeHOM. Ho eci 51w TPDU TOYKHU JICIKAT
Ha OZIHOM MPAMOM, TO ITOT MHONOYUJICH HE eJIMHCTBEHHEH, UX GECKOHEUHO MHOTO.

Ilycrb renepns rpebyercs mocrpouts UHTEPHOALMOHHBIN MHOT'OUJICH, COBIA-
Aaromuit ¢ dyrxuueit f(z,y) B 9erbpex Toukax
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Mi(z1,31), Ma(zy,ye), Ma(za, 1), My(z9,y9). Heno, 9ro 370 nomxKen GuITH
MHOT'OYWJICH JBYX [I€PEMEeHHLIX, CTeNeHH BbIIe NePBOH, MOCKOILKY AJid MOCTPO-
eHust MHorounena 1-it crenenn Pi(z,v) = ag+ a1 + b1y HaJI0 ONpenesuTh TPH
koadbpunyenTa ag, a1, by. Ho dynkumsa pomxna coBuagarh ¢ MHOIOUWICHOM B
JEeTBIPEX TOYKaX, T. €. MOJAYYaeM CUCTEeMY U3 “eTLIPEX ypaBHEHM aJs onpee-
JIeHnst 3-X HEeM3BEeCTHbIX, KOoTopas B 00IeM cjaydae Hepaspernma. Yo kacaercs
MHOrowiena 2- crenenn Pp(z,y) = ag + @ + b1y + 2c100y + asz® + boy? |
TO JJist oupejesieHnst mecT KodddUIMEHTOB [HOJIYYaeM CHCTEMY U3 YeTbIpex
yParHeHH], U ACHO, UTO De3 JIONONHUTEILHBIX YCIOBUH PeIleHne 9Toll CHCTEMBI,
BooGIIIE rOBODHA, He eIHHCTBEHHO. Taxum 06pa3oM, yrke Ha HAYAILHOM TANE U3y~
HCHMS MBI CTAJIKUBACMCS C TPYJHOCTSIMHU, CBA3AHHBIMYA € TEOPEMAMM Cy1IeCTBOBA-
HUSA ¥ €AUHCTBEHHOCTH MHTEPHOJAIMOHHOTO MHOTOUJIeHa, 115t (DYHKIMH MHOIMX
nepemenibix. Usyuennio npobiaemMarikn Teopuyt 1pubynmKeHnii NOCBSINCH sl
paboT OTEYECTBEHHBIX M 3aPYOEXKHBIX MATEMATUKOB. 3/€Ch CICAYeT HABBATD, B
Hepeyio odepesn, pabors [1J1. Hebomena, A.H. Koamoroposa, IT.C. Ypsicona.
C oT1enbHBIMI PE3yJIbTATAMH [0 ITOMH TEME MOKHO O3HAKOMUTHLCS, HALPUMED, B

1.
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§ 9. OproroHa/bHbIe MHOMOWIEHB I HX CBOHCTBA

Pacemorpum npocrpancrso byHKIHH Takux, 4T0

b

[p(a:)f‘z(:c_')d:r < 00,

a

rae p(z) > 0. BajgauuM B 910M POCTPAHCTBE CKAJSIPHOE NPOU3BEJICHUE [10

dbopmyne
b

(5.9)= [ p@)f()g(a)da
[}

Kax 06b11no, ecsn 5 runsbeprosoy ITPOCTPAHCTBE JIJIS MTapbl 3JIEMECHTOB UMeeT
Mecto (f,g) =0, TO roBOpAT, YTO ITH TEMEHTHI OPTOrOHAJILHBI.

P'cl-(l(_fMOTpI/IM I.Ip()(_:TpELTICTBO MHOI'OYMJIEHOB CTEeICHH 1T W B 3TOM ['IDO(_!'[‘[)?.I-H‘-
CTBe [fi&-CCMOTpHM JIHHEWHO l'if_?f3%lBHCHMy1() (_!I/I(:’_I”CM}" EEJJIQM(-!I-IT&I}HIDIX OIHOYIEHOB
1, = =z% ,,, z"

Teopema 1. CymiecrByer nnueitno He3aBUCUMAs CUCTeMa MHOTOUJIEHOB CO CTap-
LI Hﬂ_(-)-i;)—(l;(bl/ll.J,HGEI’l‘OM, PaBHBLIM €JIHHHUIIE,

P;;(:L‘) = Pkk t+ Pk -1 + ... + “l-'pk-JLBk_I - =0,1,..,n, (9._1)

TaKHUX, YTO
(PP =0 npu i (9.2)
31ech nugeke k BBejeH Js TOrO, IT00LI HASHTHDUINPOBATE PHHAIIEAKHOCTD
koabunmenra p; K MHOT'OYICHY 3aJlaHHON CTereHn.
Hokazarenscrso. Tlyers Po(z) = 1. [Ipexnonoxkum, yro cucrema Takux
MHOT'OUJIEHOB MOCTPOCHA TPH HEKOTOPOM k1 1yCTh

k
Pk.H(x) = gkt Z G:k,;.P,;{.’E). (93)
i=1

Kosdbdbunmenrer ay;  soiGepem us yeaosuss (Pyyq,P) =0 4 = 1.2, .k
Orciona
o (IH I;Pz')
Ak (}3“ R)
CrienioBaresbHo, MOCTPOEHHBIH MHOrOUIEH Oysier oproronanen Bcem MHOTOYJie-
Hav Fi(z) i=12,..k. Hanee, npejcrasienue MHOrOWIeHS, (9.1) o3nauaer, uro

(9.4)

ol




Muorowsen FPy(x) wmoxer ObITh NpejcTaBIEeH B BUJE CKAJSIPHOLO IPOM3BEjIe-
HUS IBYX BEKTOPOB (Dk ks Pk k15 - P, 1) B (1,2, ..., 2571 2¥), u nepexon ot
CUCTEMbI DJIEMEHTAPHBIX OJHOYJIEHOB K CHCTEMe OPTOrOHAJILHBIX MHOIOYJICHOB
OCYLIeCTBIIACTC s 11Peobpa3oBannem

Fy 1 0 0 0 |

[;'1 P11 1 0 €T

) =t D22 P21 1 S 0 fl:z!

P Pk Phk-1 Pkk-3 - 1 2"

¢ MaTpuneit 3
1 0 0 i i
P11 1 0 0
B = P22 Pa1 1 0 (95)

Pik Phk-1 Pri-3 - 1

Takum 00pa3oM, nepexoj; oT JIMHEHHO He3aBUCUMON CHCTEMBI 9JIEMEHTAPHBIX OJi-
HOYJICTIOB K CHCTEMC OPTOrOHAJNBHBIX MHOIOMJACHOB OCYIIECTBIIACTCS HEBbIPOXK-
JICHIBIM 11peobpasoBaHueM, MOITOMY U CHCTEMa OPTOIOHAJBHBIX MHOIOYJIEHOB
JIUHEAHO He3aBUCHMA.

Teopema nokaszana.

Onpepenenne.  Cueremy MHOIOWJICHOB, yjoBjierBopsiommx yeiaosuo (9.1),
HAZBIBAIOT (_).}_'.):J.;O_F‘}DI-] AJBLHOU CUCTEMOM.

Ounpejiesienne. Marpuna B mnasbizaercs Marpuueii oproronasmsamun. O6-
PaTHBINA [EPEX0J] OCYHIECTBISCTCA TaKZKe HeBLIPDOXKJICIIHON TPeyroJbHOM MaTpu-
neit A

1 0 0 2ot A3

(11’1 1 0 0
A=z azo Q21 1 0
Gk Gkk-1 Okk-3 .. 1

Caepersue 1. Oproronassubiit Maorownen Pr(z) oproronanen sobbM MHO-
rovIeHaM Menlbliei crenenu. JlokazaTeaberBo JIerko poBEeCTH HO MHYKIIH, HTO

npepiaraeTca npojesarTh CaMOCTOATENLHO B KAICCTBE JICTKOIO YIIParKHEHN.
Caeyersue 2. Cucrema OpTOrOHAJIbHLIX MHOTCHUJICHOB o6pasyeT 6asuc B Ipo-
CTPAHCTBE MHOI'OYJICHOB.

Cuenyomas Teopema siBIAeTCst OCHOBHOM B TEOPHH OPTOrOHAJbHBIX ¢hyHkIii.
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Teopema 2. s OPTOTOHAJBHBIX MHOTOY/IEHOB CHPABE/THBO PABEHCTBO

Pk+1(33) Tt dk—}-il,kpk(m) -+ d;CH,;g*lPk-_l(:B) . ka(:E) = (9.6)
puIem
dpi1k-1 >0
"
f (z) P?(z)dx
dit1 e = b , (9.7)
J p(2) P} (z)dax
[
b
J p(z)P(x)dz
dr’i‘—fl,k—l e ba . (98)
f B \(z)dz

Hokasarensero.  Ilyers nocrpoena cucrema OPTOrOHAJILHBIX MHOTOYJICHOB
Bylz), Pilak .« Pri1(z). Pacemorpum muorowien Qr+1(z) = zPr(z), rae
B.(z) — oproronasbubiii MHOrOWIEH cTenenu k. Qrs1(x) yxke He oTHOCHTCS
K CHCTEME OpTOrOHAJILHBIX MHOTOUNEHOB. Pasnokum  Qpy(z) = zP(z) 1o
CHCTEME OPTOIOHANBHBIX MHOIOYJICHOB.

2P(2) = diapr1Prrt + digr 4 Pe(z) + Bt 1k-156-1(2) + . . .+ di10F. (9.9)

[ockombky y zPp(z) u Pey1(x) crapmme kosddunments oqmnakosn u
PaBHbBI efMHNLE, diy) g1 = 1.
Koabdunmenror dyyy,, sroro pasnomenns onpesIenaTes o GopMyram

b
[ zp(z) Pi(z) Py (x)dx
= S ; (9.10)
fp( ) m(‘q’)

C ,T.Ipyl"()ﬁ CTOPOHBI, COIIACHO CHENCTBUIO 1, OPTOTOHaJbHBIC MHOIOYJICHbBI opTO-
FOHAaJIbHb! BCEM MHOI'OYJIEHAM MEHBIIEeH cTenenu. H()BTOMY

d _ (TPE m)
k+1,m (le): }_-,m)

(2 Py, Pr) = (P, zPp) =0 upu k> m+ 1.

Cornacro cnencrsuio 1, desin =0 npu k>m+1 us pasnoxenuun (9.9)
PaBHBI HYJIO KO3 d)mmouﬂﬂ it1,6-2, Qg+l -3, . . . y Ak+10.  Pasioxenue




(9.9) npu arom nmeer Buy (9.6). Hoxaxkem rernepb, 4To dgyqy -1 > 0. CorytacHo
(9.10) |
Doy = (@ Py Pk—-]) _
o (Ph1; Prer)
Buamvenarenn 91oit apodbu > 0. TMokazkem, dro u umcaurens > 0. Pagnaras
xPy,_1(z) 1o cucreme OpTOrOHANBHBIX MHOTOUICHOB

&"PA]('B) = Pk(T) ot b;.h-_lpgr_.l(:l:) + ... by Py,

HOJYYIAM

(xPy, Poot) = (P, 2Ps1) = (Pr, Ps) > 0

Teopema jokazana.

Teopema 3. Bee xopnu oproronajipHoro Muorowiena FPy(z) pasanunb u
IPUHAJIEKAT OTKPBLITOMY uirepsaty (a,b).

Hokazarenscrso. [Ipeanonoxkum npornsnoe, Ha (@, b) naxonsarcs m Kopueit
1, L9, . .., &y Muorouwnena Pi(z) m m < k. [lpemnonoxkum crayasa, 4To
BCC KOPHU PA3JINYHbI, 1 PACCMOTPUM MHOT'OYUJIEH

1

Qm I—I T — .I‘

Iockoabky p(z) > 0, noaplTerpajbioe BHIPAKCHUE B
b

fp(s:)Pk(x)Qm(ar)dm

(4]

He MeHsier 3HaK Ha (a,b) m nosromy suadenue unrerpana > 0. C apyroi c¢ro-
POHDLI, OPTOrOHAJILHLIT MHOI'OYAEH OPTOIOHAJIEH BCEM MHOT'OMJIEHAM MeHbhIei
crenenn (caencrsue 1) u nosromy suadenne unrerpaja — 0. [omyueno nporu-
popeune. B cuyyae kpaTHOrO KOpHst Ty MHOKHTENL (& — Zo) B MHOrOYJIEHE
Q(z) MOXKHO HCKJIIOUATH, €CJAM KOpPeHb YeTHOR KPATHOCTH, M OCTaBUTb ero B
NEepBoit CTeNeny, eciin OH HeYeTHON KPaTHOCTH.

Teopema gokazava.

Teopema 4. Kopnu muorounenos Ppyi(z) u Py(z) paspensior apyr apyra.

Wnase, nycrs zf < a8 < . < :::f ----- - Kopu# MHOrowtena Pi(z) u
a < “1 % 'rk e & ’L‘kH & 3:“1 < b — xopuu maOrOWIeHa Fjyi(z).
r]._oma

gxal el walP wnl <. .0 ol piihiak (9.11)
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Jokazarennerso. Hokaxkem 510 yrepxenne no uHAyKipu. JokaxkeM cHavaa,
A0 AW koprelt muorownenos Py(z) u Py(z) nMeer mecto nenouka nepasencrs
o <} <z} <a?<o Pacemorpum pexypenTthoe cooTHOMmeHME (9.6) ans

muorounenos Fy(z) =1, Pi(z) u Py(xz) B rouke, e Bi(z}) = 0.
Py(z1) + dog Po(2}) = 0.

[Mockonbky dog > 0, o0 Py(21) < 0. Ho Py(z) — muorousen BTOPOIi crenenu
€O CTapumm Koaddpunuentom 1, u Bre KopHeil OH IPUHUMACT HOJIOKUTENEHbLC
suadenus. Hosromy nomxmbr cymecrsosars rouka 22 : a < x$ < z} Takas,
110 Py(z{) = 0, mrouxka z3: z! < 22 <b, uro Py(z3) = 0. Cnegosarenso,
AJ1A MHOrOuwnenos FPi(z) u Py(x) yrBepxkaenue Teopembl HMEET MecTo.

Hpeanonoxnm reneps, uto yreepkeHme TEOPEMBI HMEET MECTO JVIs1 KOpHeii
mporouwnenos Fy_i(z) u Pp(z).

_ k-1 _ : - e
aa_;vi‘_’<:£1 1«;1:§<;1:2 e s BTN & BELD,

Hoxaxem, 4ro oHo umeer mecto st KOpHe# MuorouneHos FPp(z) n Pyyi(z).

3aMeTHM,9T0 MHOrOYJIeHb] Py i(z) n Pry1(z) umeror onunakoBbll 3naK
BHE KOPHEM, TaK KaK CTapIiuil Yjen y 9TUX MHOFOYJIEHOR PaBer COOTBETCTBEHHO
mkr—l " $k+1
Pacemorpum (9.6) B Toukax Pk(:z:;‘f) =0 7=1,2 ...,k B 3tux Toukax
3HAUCHUSA PHI(:L';?) " P;;_I(mj}’) UMEIOT pasHble 3Hakh. COrMacHO UHILYKTUBHO-
MY HPEITIONOXKEHHIO, MEXK/Y BYMS [10CJIC0BATENbHBIMY KOPHSIME P (z) ecrs

, To €. X OJHOBPEMEeHHO UJIU B ‘IHTIIOFL, WK B HEYETHOH crenenm.

OMH KOopeHb Fp_((x) , u, clenoBareibto, B TOUKaxX Ti WM T, 3HauYeHHs|
Pr-1(z) umeror pazupie snaxu. Ho Tornau Py_1(xz) Gyner umers pasubie 3HAKN

B TOYKax :cff " $?+1. Tem CaMblM Mbi 3aMeTHnJiu, 4To MEXKJ1y ABYMs IOCJIe0-

BATEJIbHBIMH KOPHAMU MHOroOwIiena Py(z) ecrb KopeHb MHOrOYICHS Pivi(x).
Wrax, na k& — 1 wunreppasie (a:;‘,xfﬂ} J =12, ...,k ects, 10 xpaiinei
Mepe, oMl Koperb  Fyy(x). Pacemorpum tereps nnrepsas [zF,b]. B touke
=¥ snavennst Py wu Peyi(z) umeior pasmbie sHaku, nmosromy Prii(z) wna
(z§,b) nomken cvenuTh 3HAK, YTOGDLI npu z > by MuorowieHos Fj_q(z) u
Prya(z) 6puin ogunakosbie 3uakn. SHAYNT, Ha 9TOM UHTEPBAJIE TAKKE JOJIKEH
Obith Kopenb Py q(z). Takas xe curyanus ma narepsase (a,z¥). Urak, nait-
Aen k+1 mnrepsan, rae ecrb kopun  Piyy(z). Onrospemenso 3aMevaeM, 4TO
TaM MOXET HaXOIUTBLCS TOJBKO OAMH KOpeHb Piyi(z) ¥ KOpHM MHOroWwIeHoB
Pe(z) n Prya(z) ynosnerropsior vesosuio (9.11). Teopema gokaszana.




Teopema 5. Tlyers Becopan ynkius p(x) ABaserca UeTHOH QyHKIue oT-

HOCUTENBHO cepemuipl orpeska. Torma muorounedsl Pp(z) sBASIOTCS YeTHDI-

MH DYHKIMAMH OTHOCHTEILHO CEpe/MHbl OTPEe3Ka IIPU YeTHOM K u HeueTHbIMH

BYHKIAAMI OTHOCHTEIBHO CEPEJIMHBI OTPE3Ka pu HeuerHoM k.
JokazarenbeTBO. 3aMeHa

2z — (b+ a)

b—a

nepeBoauT 0TPesoK [a,b| B orpesok |-1,1], nosromMy mocTaTouno J0Ka3aTh yTBEp-
= ! 4
JKICHEE TeopeMbl A oTpeska |-1.1] . Vimeem FPy(z) =1 u B (9.4)

1
J p(z)zdx
=]

G1g = o = 0,

Lt

nosromy Py(x) = x — newernas dynxiust. [peanonoxum renepb,uro Py_1(x)-
nedernast pyaxkums, a FPr(z)- dernaa dynxmus. Torna B (9.6) dk41x =0, TaK
Kak (9.7) B yucsarTesie CTOUT UHTErPaJl o1 HeveTHolt hyHKIMyY Ha CUMMETPH YHOM
OTHOCUTEJBHO Hyast uarepsadJie. [Toaromy

Piia(z) = 2 P(z) — dgs1,p-1Fp—1(z)

Piyi(—2) = —2Pe(—2) — dps1,4-1Pk-1(—2) =
= ~2Pi(2) + dis1,p-1Pe-1(2) = —Peya(z).

Hpyroit caywai paccMaTpruBaeTcst aHaAJOIUIHO.

OproronaJibubie MHOTOUWICHLI SIBJAAIOTCH BazKHbBIM HHCTPYMEHTOM B TEOPUU
HHTEPHOJIALUHY ¥ CMEXKHbBIX 3aja4aX. Vsydas BONpOCh, CBA3aHHbBIEC ¢ ONTHMAN b-
HbIM BBIOOPOM Y3JI0B MHTEPIONATIMM, Mbl BBEJH B PACCMOTPEHHE MHOTOUYJICHBI
Yebnimesa. Herpyano samMeruts, aro muorowien T, (z) sBagerca opToroHab-
HLIM MHOrOwiIeHoMm Ha |-1,1] ¢ Becosolt yukiueit

Ipu nocrpoenun kBaaparypubix Gopmyn Mbl yOeauMcs:, 970 Hanboaee TOYHLIC
dbopMmyibl Jyisa npUOINKEHHOrO BLIMKECICHH WHTErpaja MOJIy9alTes Py 1e-
NMOJIL30BAHUY B KQYCCTBC Y3JI0B KBAJAPATYP HYJCH OPTOrOHAJLHBIX MHOIOYJIEHOB.
[Ipuseyiem nanbosee yuorpeburesnsbHbie B BHIMHCIUTENLHOR NPAKTHKE OPTOIO-
HAJIbLHBIE MHOIOYICHbI,




Muorounenn fkobu. Tu MHOTOUICHBI Oy YAIOTCS DU [MOCTPOECHHU CUCTE-
MBI OPTOTOHAJILHBIX MHOTOY/I€HOB Ha [-1,1] ¢ Becoroit dhyuKImei

p(z) = (1 — 2)*(1 + z)? a, 8 > —1.

MHuorounenst fkobu umeior Bu

(—1 ! - — = d" —a+n = 4+n
Pala) = (1~ 2) (1 )P (1 = o)1 )P

HactapM ciryuaem npu p(x)=1 SBISIOTCH MHOTOUNCHBI Jexxannpa, ¢ KoTopbiMu
MbI BCTPETUMCH [IPU HMOCTPOEHUH HOPMYJT TPUOIUAKEHHOIO BRIMHCIICHUS HHTe-
rpavioB.




§ 10. “ucnentoe auddepennuposanne

3ataua MpubIIKeHIIOro BLIYKCACHIS [IPOU3BOHLIX O dbyuKIWMN, 3a1aHHOI
TabJIMIHO, OOBIMHO PEIIACTCS BLIMNCICHUEM HPOU3BOLHBIX OT UHTEPIIOJISA I MOHHO-
ro MHOrowiena. Kemm ussecrubr snauenns GyHKUMM B TOYKAX d 2t PRGN
TO

¥ a) e L (). (10.1)
Ouennm norpernocts dopumyant (10.1). Us (7.3) umeem pasencTBo

£

7€) ~ Lale) = f(21; 295 < .5 2oy w)wple).
Orciona

F®(2) - LW (z Z Ci(f g1+« 2y 2)) D~ (a).

g2=()

Brersicnum embien Boipaskenus

(Flmgy o g anra i

B § 8 nosnyuena dpopmysa

flmg ey o ‘“(‘;;7‘)—_“—1—:'—'-}
m pa3s

U3 KOTOPOH ciiejlyer, yTo

(Flzg;. . . 2ri @)Y = 4L F (o ...;.’Bn.?U;...;f; ).

1+1 pa3s
Hostomy
f-(*‘ﬂ)(;l;) — ZJ Cif(zr;.v.i@nZ;...: z w0 ().
= 141 pas

B npaxkruueckyx BeluncaeHuax o6buHO UCTIIONIBL3YIOTCs BOJIee pocThie cooh-
paxenua. Tax, ecaim B Toukax @; W 29 3841100 Fley) mnif (:Lg) 570

T — T T —1
Ly(x) = f(1) > + f(1g) —L
L1 — Zo o — &7

Al
[v.5)




f’(.ﬂ) - [(zg) — f(ml)

To — I

[Tpu »TOM
” 2
o r“_f(g)r
7(@) - L) = 8w (@),
Eciu h = |29 — 4], TO
! I gy
1f* = Lall = £(&)I .
Bonee 1noapobno ¢ pasHOCTHRIMKM aHAJIOTAMU TPOUZBOAHBIX U COOTBETCTBYIONIN-
MU HOIPEITHOCTSMY MbI HO3HAKOMUMCS MPHU U3YUEHKH CCTOYHBIX YPaBHEHUH M
PA3HOCTHBIX METOLOB PELIeHHs] KPaeBblX 3a1aM.
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8 11. Hucsiennoe yHTErpupoOBaHue.
Kpagparypusie dopmyins Hoorona — Koreca

B aroM paszjesne Mbl nos1yuuM HGOPMYJIBE 1A TPHOTUXKEHHOIO BBIYUCIIEHUs
uHTerpasa
b

1) = [ pa)s(e)da.

'L’I
Oyukius p(z) HasbiBaeTCA BECOBOM, M npejanoaaraercs, 4ro p(x) > 0. Kpax-
patTyphble hopMystbl BBIBAIOT IPOCTHIE W cocTaBHble. MeToanka 1oy denus npo-
CTBHIX KBAAPATYpPHLIX (GOPMYII COCTOUT B TOM, uTo dyukuus f(z) Ha 381aHHOM
OTPE3KE 110/], HHTEI'PAJIOM 3aMEHACTCs Ha, € MHTePIHIOJIALMORHbI MHOIOUJIEH, YTO
HOBBOJSIET NOJLYIHTh JOCTATOUHO TPOCTHIC (hOPMYbI TPUOJIHKEHIIONO BBIYNCIC-
HUS MHTErpaja u onenuTh norpemnocts. Cocrashbie (HOPMYJbl MOy YaOTCH,
KOTJIa BECh OTPE30K MHTErpupoBaius paszbupaercs Ha OTpesKW ynHbL h, n Ha
KazK/[0M OTDE3Ke HCTIOJL3YIOTCA NPOCThie KBajpaTypHbie (hopmydibl. SaliMemcs
BBIBOJIOM NPOCTHIX KBajparypubix dhopmyi. Bee noctpoenus Mbl Gynem npoBo-
quTh Ha orpeske (0, k). TlockonbKy B HEKOTOPBIX CJIyHadX Mbl OyIeM HCCIEI0-
BaTL JONOJHUTEIBLHDLIE CBOMCTBA KBaApaTypHbiX (hopMya B ciydyae CMMMETPUH
dbynkuuy  p(z) ¥ CUMMETPHYHOTO PACIONOKEHUSA Y3JI0B, YA0OHO BRECTH OTOO-
pazkenue orpeska [—1,1] ua [0,h.

= =(t+1). (11.1)

Wznoxum obinyio cxemy nocrpoenns s1ux popmyst. PacemarpuBaemMbie HUXKeE
hopMyJIbl TPUOMHMAKEHHOTO BBIMUCIICHNS HHTErPaJia Ha3bIBAIOTCS KBapaTypPHBI-
vin popmyniamu Hoiorona — Koreca. Bee xBagparypnbie (hopMysbl UMEIOT BUJ,

1=1

h L
[f(q:)dr S Z Cif(z;)-
0

3anaiuM HEKOTOPbIE Y3JIhl T; = "—Z'(t, +1) ¢—-1,2,...,n ¥ NOCTPOUM UHTEpP-
TOJSIIMOHHBI MHOTOYJIEH '

T

(- o)
Ly(z) = Z f(ri)“{ﬁil P
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Bynem cunrarh, yro

h h
I(f) = /f(:c)d:c " f Lolaidie= Bl

31ech

Sﬂ(f) - 5—\ Cfif(x?f):

=1
a koapduumentsr C; BBIMUCIAIOTCS 10 HOPMYyJIe

n

\ [ (z —z;)

=1
Cyp= /-p(:s)—'%z —dz
0 H (z; — ;)

J=1
J#i

WK, caenaB 3ameny (11.1),

rie

Ik
D; = [po(t) %j—ﬂ——-—dt.
1 f[l(ti — 1)
i

i

(11.2)

(11.3)

(11.3')

OueHuM NMorperHoCTs NOCTPOCHHOH KBaAPATYPHOMN dbopmyabl. B cuny (5.4)

max |

h
£l (o .
Ru(p) < 22 )i o)
0

[Tocne 3amenst (11.1)
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At max | £V (z

Rl £ RO [ ppipanlar. )

Caeyomast TeopemMa HUoCTPUpYeT CBOHCTBA KBaJApaTypubix bopMyIl B CIyyae
CHMM(“]‘I)H‘]H()}‘() DACTOJIOAKCHUST y’3JIOB
(}’J,pt.cle. [O, h], 8 Y3JbI PacnoJOMeHbl (,HMn-fe'rpw-t:[-lo OTHOCUTEJILHO CepeauHbI
orpeska. Torpa koadpdpunnentnr Cj, COOTBETCTBYIONIHE CHMMETPUYHLIM Y3J1aM,
PABHDI.

JloKazarebeTBO AOCTATOUHO NPOJCHATL IJif OTPE3Ka [—1, 1]. Iycrs ysiibl

Ha [—1,1] pacrosoxensl cuMMeTpudHO: t; == t,_;;1. PaccMoTpum
T
[1(t—1¢;)
1 iz |

Dj == po(z)iﬁ——ﬁ-m[ﬁ_ i p°(t)— w”(f) ~dt,
_[ 1t 1) / R

J'T/i

e wa(t) = (t—t1)(t—t2) ... (t—t,). B cuny CHMMETPHUHOIO PACTIONOKCHIS
y2a0B dyakimsa  wp(t) ecrb yernas (DYHKUMS OPE YETHOM N M HEYETHAS!
dbysknumst npu nedersom n.  Jlaiee, NPOU3BOIHAS OT HETHOMN dbyaknun ecrn
HedeTHadA GYHKIwH, a o1 neveruoit — uernas. Moatomy Wl (t;) = —w! (tn_ip1)
ipu dernoMm n u o wy(t) = W), (ty—41) upy veuernom n. Crenaem 3aMeny
IEPCMCHHON MHTErpupoBanngd ¢ = —7T u, 3aMeHuB §; Ha —tn—it+1, TIOJIYYUM

1

1
1(?’) wn(—7)
Iy = /p = /p = T,
* - |t) Tode Ty z+1) ( ln- 1-1-1)(7-

-1

B obonx cryvasx nonyuaem

0 wrr("’-)
= | p(T ar = Dyciiq.
/ )( 3 f&--r l}wn(tl——i--}-?_) Rl

“1
Teopema nokaszana.
Byjem rosopurs, uro ksajgpar ypHast GpopMmysia TOYHA ISt HEKOTOPOI'O Kjac-

ca (bYHr{ILHI/I CCIIM € €€ IOMOIIBLIO BBIYHCAAETCS TOYHOE 3Ha4YeHue UHTerpaJia.
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Ksajiparypuste popmynniHbiorona — Koreca mounp IS MHOIOYJIEHOB CTEIeHH
n—1. B camom niese, MHTEpPIONAUMOHEBIH MHOrOU/ICH, IIOCTPOEHHBIH 0 N y3-
JaM it byHKIMH, KOTOpasl caMa eCTh MHOTOYJIEH CTENend 1M < n, COBHajaeT
C 3TOM MHOTO'JIEHOM B CHJIYy T€OPEMbI CJIMHCTBEHHOCTH /IS MHTEPIOJAIHOHHOTO
MHOI'OYJICHA.

CHuMMeTpUIHOe PaCIONOKEHHE Y3IIOB MO3BOJSICT HE TOIbKO YMEHBbIIUTbL pabo-
Ty 10 BHIMUCIEHHIO KO3 DUIMEHTOB KBaApaTyPHBIX DOPMYJI, HO B psijie CIlly4aen
YBEJIMYUTH TOUHOCTE KBa1patyprolt hopmy.st. B camom nene, mycrnb p(x) — 4er-
Hag OYHKIUS M 4MCJIO y3/10B N HeverHo. Torma takast KBaJipaTypHas gpopmy.ia
TOHa y2Ke Jijisi MHOTO4JIEHOB cTenery n. [l jlokasarenbersa 9Toro yrsepix ie-
HUsA JOCTATOYHO 3aMETUTh, YTO JJIA IEMEHTAPHOrO OJHOYIeHa 2"

1
/p(:z:_)m"d:c = {J
|
B CMJTy HEUETHOCTH mojbinTerpaibuolt dynxuuu. C apyroit ¢croponb,

T
3" Cia? =0
j=21

B CIJIy HEYETHOCTHM I ¥ CHMMETPHYHOIO PACIHOJIOKEHUA y3IIOB.
SalimeMmcs BbIBOgOM Haubosee ynorpebuTebubix dbopmyi npu p(x)=1. Cpa-
3y 3aMeTHM, YTO KOHCTaHTa ABJAETCH YeTHOW (hyHKIMEeH OTHOCUTENBHO JTI060r0
HHTepBaJa.
Dopmysia NPSMOYTONBHUKOB. Pasinyaior hopMysTy IPSIMOYTOIBHUKOB € Jie-
BOCTOPOHHUM, IPABOCTOPOHHUM U LEHTPaJIbHbLIM y3j10M. Beiegem (opmyiy mpsi-

MOYTOJIbHUKOB € LEHTPAJIBHBIM y3J0M. B a1oM ciayuae ¢ =0, z; = % U
1
h [
Ci=—= [ 1dt=h
2
-1

U 1oJygaeM
h
h
[ 1@ =nich.
2
1
Ouenxa morpemuocry cornacho (11.4)
h?
R = max f'(z)—.
1 [éﬁif () 4
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NnrepecHo orMeTuTsh, Y0 3J4€Ch Mbl CTAJKMBAEMCs € ONMCAHHOR BbIIlle CUTYALU-
eit: 4MCcio y3JI0B HEYETHO M BecoBasi (PYHKIIMA YeTHE. D10 06CTOSITEbCTBO 1103
BOJISCT [IPEJIITOJNIOXKUTE, YTO Ha CaMOM Jiejle OIEHKa NOIPeHIHOCTH MOXKeT ObITb
ayuie. JdefcTBuTenbHO, HOCTPOUM KBAJAPATYPHYO (DOPMYIY IPSMOYTOJILHUKOB
C KpaTHBIM IEHTPaJIbHBIM y3J0M. VHTEPHONSIIMOHHBIE MHOPOYIEH B 9TOM CJIy-

yae uMeeT BUJ
h h
_ e
La(e) = F(2) + P~ 2.
2 2 2
Borancnsisi koabdunmenrtsr C; uw Cy , 3ameuaem, uro C; = h, a Ch =
Takum obpazom, rojiydena ta ke Kpajparypaas (hopMyia
h

fﬂﬂ%hﬂ

1

),

B =

HO C ()I]J‘L‘HKOH HOTpeIrnocTn

3 1 1
5, h’ max | f"(z)] /lt = h3 max | f (()|

16 24

CocraBnas gopmysia IpsIMOYTONBHUKOB HOJIYYaeTCsl, KOTJIA BECh OTPE30K WH-
)| pasbuBaercst TOUKAMM T; Ha OTPE3KH JUIMHOMN h, ¢ mocsemy-

TerpupoBaHus [a,l
IOIMM TIPUMEHEHUEM 1oy YeHHON hopMyibl Ha Kaxk oM uHTepsaJe. CocraBHas
hopMmysta TPAMOYTONIBHUKOB UMEET BUJI;

_hz £ (@ + ?.')- (11.5)

i=0
3ech
h=——1\ z;=a+1th, i=0,1, ... n—1.
Iocxonbky nh = b — a, norpennocts cocTaBnoit (POPMYIB! IPAMOYTOJILHUKOB

_ R*max|f"(z)]

R< :
24
®opmyna tpanenuii. Amnpokcumupyd dynxuuio f(z) muorowienoMm Lo(x)
cysiamd 1 =0 n 29="h (t;y =1 u t2 = 1), nonyvaem
1t h
/] - ‘/'——-—d{, = -?: ng — Cl.




B pesyabrare npuxommm k dhopm yiie
}.
h
T)dz ~ “2‘(f(0) + f(h))
0

C OLEHKOM 1norpenrHocru

R, < h3max[f )| /'“ 1dt = ma:lcrif (z )[

Cocrasras dbopmyna Tpanenuii nmeer suj

~ 3 j . b iz
Salf) =h(=—5—2+) f(z)) zi=a+ih h= (11.6)
C OLCHKOM MOI'PeIHOCTH

it
_ WP max |f" ()]
R < .
12
DQopmyna Cumncona. Tak ke, Kak 1 B ciiyuae GOPMYIIbI TPSIMOYTOAbHAKOR
C IIeHTPAJILHBIM y3JIOM, MOXKHO 3aMETHTh, YTO MHTEPIOJSIMOHHBIH MHOIMOWICH

¢ TpeMs y3mamu 1 = 0, svgzg, z3=h (ti=-1, t0=0, t3=1)
M HHTEPNONANMONHLIN MHOIOWIEH € YeTBIPbMs ysiaMu xy = 0, zg = z3 =
3’, za=h (t1=~-1, ty=1t3=0, ¢4 =1) jaer oxny u Ty *e KBa/PaTyPHYIO
dbopmymny. B camom gee,

h h h

Ly(z) = L3(z) + f(0; =5 73h) z (z — =) (z — h),

2"y 2
rae L3(z) — MHTePHONAIMOHHBIE MHOTOYJICH, TIOCTPOSHHBIH 170 TPEM TOYKAM
21=0, 2;="2 z3=h. Ho

h
h
z(x — 5) (z — h)dz = 0,
0

MOCKOJIBKY T1OJ{ MHTErpaJioM HeweTHasi OTHOCUTENLHO CepeiuHbl OTpesKa, (hyHK-
uua. [losromy xBagparypuas dbopmyia CuMmcona ¢ TpeMsl y3JaMu TaKas e,
Kax 1 (hopmyJia ¢ YeThIPbMs Y3JIaMU, KOTIA CPEIHMil y3eJs JIByKpaTHBIHA,

J0)



Borancsnm  koadpduumentst ksajparypHoit dhopmynn Cumicona, cooTBeT-

cTByIOIpe yanaM t; = —1, f9=0, {3=1:
1
: h ftt+1 h
C3=C] = ‘J / ydt = *j,
2 9 2 6
-1
b h
)} ;
CH = — 7 - .52 i —
F0 ](( =g
=1

Iosyuena xBajparypras Gopmyia

h
[ s@ye = Er@ +asy + £
0

Ouennm norpeumocts kpagparyproit GopmyibiCumncona. CortacHo (11.4%)

Ry < h® l-lla‘?"{‘-,fm(:m j 22— 1)|dt = hS max [f(fl)(l‘)'l
2°5! J 2880
Cocrasnas dopmysa CuMmncona uMeer Buji
Sn(f) =
= "j [F(@) + f(0) +2f (21) +4f (z2) + 2 (w3) + 4f (wa) + . . .+ 2f (zn-1)] (11.7)

'-.) &) 1 Al - e — 4 ot b~ o~ = . ) ] A
3nece N uwerno, z; =a-+1h, h= =, Tlorpemmnocts cocraBrON (HhopMyIbi
Tpanenui

h* max | f ()|
2880

R<
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§ 12. Ksazgpatypusie dopmyner [aycca

AddekT ypeandenus TouHoCTH KBaAPATYPHBIX (DOPMYJI [IPU CHELHUATILHOM
BLIOOPE Y3JIOB 1103BOJISIET MPEJION0NKUTD, YTO BO3IMOXKHO IOCTPOCHUE KBaJpa-
TYPHBIX POPMYII, TOYHBIX Jiyis MHOrOWIEHOB crenenn 2N —1. Dro [PEJION0MKE-
H1e 060CHOBBIBAETCSI CHEYIONMMU cOObpaskenusiMit. B sTom cjrydae KBajparyp-
Hasg opMyTa JOMKHA AaBATh TOYHOE 3HATCHIC IIPX BBLIMUCJICHAU UHTEIPAJIOB

OT 3JICMEHTAPHbIX ogHowteHoB 1, z, z2, ... 22V~ CuejoBarensso.
b
/p(&f)d:E:Cl—f-Cg—f*...”}"CN
%
b

/p(:c) zdzr = Ciz1 + Coxg + ... + Cnzy
P
b

J[ }JI(.’L‘) r?dr = Cﬂ[‘? -+ CgJJg s PR C;\.-’JI?V

a

b
. )
/ p(z) 2V s = Ca¥ 1 4 CuedN 1 4 ..+ Oy
a

[onyvena nesuueitnas cucrema n3 2N  ypasHeHHil OTHOCHTENbHO 2N  Hems-
BectHbIX Ch,Cy,...,Cy, T1,29,...,2z5. Eciu 3ta cucrema umeer pelIesue u
Y3J/Ibl T NpUHALIEKAT 0TpesKy [a,b|, To Taxas kBajpaTypnas dbopMysa Moxer
ObITH TOCTPOEHA.
ITpennonoxum, uro rakas KBagparypuas GpopMysa CylecTsyer.

Teopema 1. Tlycrs kBagparyprast hopmyia

Sn(f) = Cif(x1) + Cof(z2) + ... + Cn f(zn)
TOYHA AJii MHOrowienos a0 N-1 crenenu u nycrs

wr(z) = (z — z1)(z — 22) ... (z — zn)

(&3]
e |




~~ MHOI'OY/JIeH, KOPHSMHI KOTOPOro ABJISAIOTCH V3JIibl 3TOU KBaJaparypHoit (popMy-
Jsinl. Torpma o smoboro muorousnena Py_y(z) crenenu e Brine N-1 umeer mecto

b

/p(x)whr(:z:)R-V_l(q:)d:;; 2= ().

@

Jloxkazarenscrpo. PaceMorpum MHOrOW/IEH

Qaon-1(2) = wn(z)Pn-1(2),

rae Py-1(z) — muorounen crenenu we sbime N-1. ITo npeanonoxkesnio Teopembl
KkBagparypuasi (opmyna TouyHa jisi MHOrowieHoB o 2N-1 crenenu. Crenosa-
TeJIbHO,

b
/P(m)wN(x)PN—l(fﬂ)de' = Ciwn(z1) Pv-1(z1) + ... + Cywi(zn) Pv-1(zN).

Ho w(z;j) =0 nmpuj=1,2,...,N, 4r0 u JOKasbiBaer T€0peMmy.

Ora TeopeMa MOKA3LIBACT, YTO Y3/bI KBAAPATYyPHON (HOPMYJIbI, TOUHON 151
MHOrousienos jio 2N — 1  crenenu, ABJsSIOTCH KOPHSIMH OPTOrOHAJILHOIO MHO-
POYWJIEHa, KOTOPbIe PACCMOTPEHHI B § 0.

Teopema 2. ITycrs

SN(f) — O'lf(.l,j) I OJf(%g) R C,f\rf(.’I?N)

-- KBajiparypnas dhopmysia Hetorona — Koreca, yziamu KoTopoit iBAsi0TCH KOp-
HU opToronasbHoro MHorowitena Py (). Torjua ara ksajparyphuas dopmyna
TOYHA JIJIs MHOTOWIEHOB crerean 2N — 1.

Hoxazarenserso. Ksapparypnas dpopmyna Helorona — Koreca Touna s
mHorounenos jio N-1 cremenu. llycrs 2; ¢ = 1,2,..., N — KOpHM OpTOrOHAJIb-
HOT'O MHOTO'JICHA, KOTOPDLIC ABJISIIOTCH y3JaMi KBajgpaTypHo# (hOpMYIbL, U IyCTh

wy = (- z1)(x —22)...(x — xN).

Hockonbky crapimii koadyuupenT y MHOroOUIeHa wy paBeH eIUHHUIEe, TO MHO-
POYICH Wy W eCTb OPTOrOHAJbHBIH Muorowien Py(z). PasnenuM npoussoss-
Hpli MHOTOWICH Qoy-—1(z) wa wy(z)

Ry_1(z)

wy (@)

SN 7y (2) +
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3necs Tn-_1(z) m Ry_1(x) — MHOrousenn! crenenn me soime N-1. [TosTomy
Q2n-1(Z) MOXHO HPEACTABUTHL B BUIE

Q2N~-1(-’r) == WN(&’f)T}le(m) + RN-_1(:B).

Hokazkem, uro KBaaparypHas hopMy/a TOYHA JJIsi MAOOUJIEH, Qav-1(z). B
cuny Toro, urto wy(z) = Py(zx)

b
/p(m)wh’(ﬂ;}Z\ﬂ-l(.ﬂI’?)dm =0

b b
/ 2(2)Qan—1(z)(z)dz = / p(2) Ry-1(z)(z).
a (1]
Ho xBagparypuas dopmyna Sy(f) Touma jyuisi MHOMOUWIEHOB cTenenu N-1, n
II03TOMY OH& TOYHA /sl MHOrouaenos crerenu 10 2N-1. Teopema mokasana.
Taxum obpazom, kBaparypueie hopmyast [aycca — aro KBasparypsl Heoro-
Ha — Koreca, y3naMu KOTOPBIX ABJIAIOTCS KOPHE OPTOIOHAIBHOTO MHOIOUYJICHA.
U3 apyrux cpoifcrs KBagparyp [aycca oTMETHM MONOXATENBHOCTD Koahpu-
uuenros Cj. B camom jsene, paceMoTpuM MHOTOUJIEH

N
I8 L ) A2
w-a() = [[ (& - m)?.
3=1
i#k
Oror MHOrounex crenenu 2N-2 paBen HyJIO B TOYKaX Z;, 1 # k. KsagparypHas
bopmyna laycca Touna must rakux muorowsenos. ITosrovy

b
/p(x)TQN_Q(J:)d{E = CkTN_g-(m'k)

a

u royioxkuresbaocts Cy npu b>a ouesuna.
[Toctpoum B KauecTse npuMepa KBapaTypityio hopmyny Laycea ¢ rpems: ya-
JIAMU JIJ151 BBIYUCTCHHST HHTEI'DaJIa

1

/f('ﬂ)dﬂ: ~ C1f(5!?1) .y Cgf(:lfz) -+ C3_f(333).

-1
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Ta KBaJipaTypa AOJXKHA BbLIYUCIATH TOYHOE 3HAYEHUE HHTEI'DaJIa, B CcJiy4ae,
2CJIH

flz) = 1, flz) = =z, f(z) = 22, f(z) = 25 f(z) = 2%, fla) = 2%

Mopcrapnas ™, m =0,1,2,3,4,5 B KBQJIPATYPHYIO (DOPMYJLY, HOJYUaeM

c1+cog+cg =2

C1T] + Co%p 4+ €33 = 0

W)

; 5 ;
c.'.;:f:f + caxs + f_igft.'f} = -

; 5 ;
Cy :f:f + Co25 + r_'-.g:;:g = {J

'y
Gl g8 g &
C1Zy + Co%4 + €323 = =

c1z] + ey + cgwy = 0
Hockonbky p(x)=1— wernas dynkuus, y3ini PACIIOJIOKEHbI CAMMETPUYHO (Teo-
pema b § 9), a koadpduumen T, CooTBeTCTBYION e CUMMETPUYHBIM Y3J1aM, PABHDI
(reopema 1 § 11). Bropoe, uerseproe u mecroe YPABHEHUS — CJIEJICTBUAE STOrO
cpoiicTa. Ilo aromy ke CBOMCTRY

£ =0 1 ;= —rs ¥ nONyYAEM
'S ¢ ¢ 2 2 I3 4 2
2¢) + ¢y = 2, 20127 = =, 2012 = o
3 )
Penmug sty npocryio CUCTEMY, NOJYUUM
i i 28 .
/3 0 /d 0 8 5]
1= —{\/g T2= Uil -l Rl ol e B B
Vs Vs 9 9 0

Tax kak orpesok [-1,1] orobpaxenuem

h h

T ==t
2" T3

nepesoaures B orpesox [0,h], o st unreppasa MHTErpUpoOBaHMS [0,h] B xBAA-
parypHoi gopmyie

/ flz)de ~ dy f(x1) + daof () + d3f(x3)
0

AL y3J10B U KOIDDHIMEHTOB HTOM KBaJAPATYypPEL [1OJIYIaeM




Cocrasnas dopmysa Iaycca ¢ tpems ysnamu, KOTOpas ABJSETCS aHAJI0rOM
dbopmynsr Cumncona, umeer Buj

b -1
/ flz)ds =~ }_:[d.lf(:%: +z1) + dof (yi + 22) + ds f (y; + z3)].

i=0

31ech
, b—a
yi =a+1th, h=—.
n

C onenkamu norpemHocTH KBaapaTypHbix dopmyn aycca MOXKHO 03HAKO-

MHUTbLCH, HAIIPUMED, B |)|



§ 13. Hawnyuimee npubiyxkenne B rinsibbepToBOM 11POCTPAHCTEE

Pacemorpum ciueyronyio 3auaqy. [ycrs B runsbeprosom npocrpancrse H za-
JlaHa JIMHEHHO He3aBUCMMAsT CUCTEeMA g1, g1, - .., 0n. 1 pebyercst 3aiannbiii aje-
MeHT f upubanzurh AnHednol KoMOuHALMEH SJEMEHTOB g1, G2, ..., 0n Tak,
YO0bI

T n
A=|f-) dgll= inf |f-> cgll.

s ClyeaesCp -

i=1 i=1
;
JIEMEHT .,

fy= Z (,? gi
i=1

HA3LIBACTCH DJIEMCHTOM HAWMJIYUILCIO HPUDJINKEHUs, & BeJUInHa A HA3LIBACTCS
BECJMUNHON Hausty qiero npubszkenns. Jlanee mbl Oyzem npeanosarars, 4to  f
He NPUHAJICKUAT JuHeHHoi 00osodKke gy, g2, ..., 09, TO ecth A > 0. 3ajada
OTBICKAHUSA TaKOIO 3JIeMEHTa Pelaercs JOCTaTOMHO [POCTO, €CJU B NPOCTPaH-
CTBE 3aJlaH0 CKaJIAPHOE 11POU3BEICHNE,

Hokazarenberso. HanoMuuM, 410 NpocTpaHCTBO Ha3LIBAETCH CTPOTO HOPMMH-
POBaHHBIM, €CJIM PABEHCTBO

] Loda: ] &

iz +yll = [|lz]| + [|ly]] (13.1)
BBITIOJIHACTCs TOTJA W TOJBKO TOra, xorga y = Az A > 0. B oapy cropony,
ecsin Yy = Az, A > 0 HepaBeHCTBO TPEYIOJILHIKA OUEBHJHO [PEBPAlUAeTCs]

B pasenctso. llycrs Teneph HepaBeHCTBO TPEYroJibHUKA TPEBPATHIIOCH B PABCH-
cro. Jlokaxkem, 9to cymecrsyer takoe A > 0, uro y = Az. 3aMeruM, UTo U3
lz+ yll = |zl + ||lyll cnemyer, uro

(z,y) = ||z]| [ly]l- (13.2)

B camom gese, Bozsoys (13.1) B kBapat, noaydaem

Iz 4 ylI> = (z +y, 2 + y) = ||z]]> + lyl|* + 2(z, v) = ||z]|> + |ly]| + 2||z] ||v

B cnyuyae erpororo Hepasencrsa TpeyrosnbHuKa

r

(z,y) < lyll.
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Paccmorpum ||y — Az||:
ly = Azl|* = (y = Az,y — Az) = W?|lz|® ~ 2X(2, y) + [ly[|*-

[Tocnegaee BblpaskeHue e€CTh MHOTO'ICH BTOPOH CTEMNEHU OTHOCUTCIBHO A.
Haiimem ero xopuu:

Mlzl® = 2X(z,y) +

B cuiy (13.2) quCKpUMHHAHT 3TOr0 ypaBHEHUS PABEH HYJIO U

lyll
llzll ~

IIpn BRIMOSHEHUH CTPOTOTO HEPABEHCTBA TPEYTOJLHUKA JUCKPUMHHAHT OTPUILA-
TeJBHBII ¥ ypaBHEHHE BEIECTBEHHBbIX KOpHEelH He umeer. Taxum o6pasoMm 1oKa-
3aHO, 4TO 1pu BeInoJaHeHnH (13.1) u ToMBKO B 3TOM Ciyuae cyiectByer A > 0,
y — Az|| = 0. Teopema nokazana. 3Ta TeopeMa CIIPaBeJINBA U I KOM-
IUIEKCHOTO rubbeproBa npocrpancria. JokasaTenbeTBo NpoBoguTea 1o Tol e
cXeMe, YTO HPeAJIaraeTcst NpoiesaTh CaMOCTOSTeNbHO.

Teopema 2. B runbbepToBoM 1npocTpaHCTBE JIeMEHT HaWUJyYIlnero npub/u-
YKCHUS €JIUHCTBEHHEH.

Hoxazarenscrso. [Ipepnonoxkum npoTuBHOE: CYMECTBYIOT J[Ba, 3JIEMEHTA HaH-

A= > 0.

ayumero npubmmkenns hy u hy, takue, uto ||f—hi|| =A u ||f—h = A
Tornma
fot f-h [If hall WIS = hall
I L = X,
I - g = |5t L5 < M -

Ho ; ;

3,1 I

If - Iz A

O openeyeHuIO BeJIMYWHLI HAWJIY4HIero l'lpI/I6.HP.[}KeHHH. CJ'I@,H,OB'E!.TGJ'ILIIO,

f—h1 f—h Wf—hdl  f = hel
I = ol 1 : 2
5t ||T 2 tT g

HOCKOJIbe I‘HJ’Ib6CpTOBO IPOCTPAHCTBO CTPOro HOPMHUPOBAHHO,

f—h W[ —he

2 2
Ecm A =1, 10 hy = hy. Eciiu ke A # 1, To
=
1=
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Hohy u hy ecrs mmieiinas koMbunanus s1eMenTos g, g2,.++y0n, “TOTHA U [
eCTh JIMHelHast KoMOMHAIMST 9TUX JICMEHTOB, T. €. IIPVHA/JICKAT UX JUHEeHHOM
obosouxe. Iosydeno nporusopeune. Teopema nokazana.

Crienyronue ji3e TeopeMbl JAI0T IPaKTHYECK i anmapar NOCTPOEHUST HANJTY Y-
HEro HpubJIMXKEeHns B PUILOEPTOBOM TIPOCTPAHCTRE.

Teopema 3. Ilycrn B runnbeprosom npocrpancrse H o cymecrsyer siement
o, peanuzyionit sansyuiee npubimkenne K anementy f. Torpa pasmocrs
J — hy oproronanbHa Bcem sneMenTaM ruiabGEpPTOBA npocrpaHcrsa .

Hoxazarenncrso. Ipejpnonoxum mporusroe, yro B H  ecTh aneMenT s,
TAKOR, 4TO

(f — hg,z) =a #£ 0.
Bes orpanuacnust o61HOCTH MOMKIO CUATATH, 4o |||
Torna

= 1. Ilyers y = hg—az.

£~ yl*=
(f = h[] — ax, f h(; e (IJU) =3 ”f - h(]!iz -+ CLE‘.”.’L‘”2 e (L(.‘B, j e hu) == &(f e }l[), JC)
Ho (f — ho,z) =a wu lz|l = 1. Tloaromy
\f = ll> = ||f = hol|* + a& — ad — da.

B urore noayuaem
2

If = yll> < ||f = ho

IIC'CJJB,D;HG(B HepapeHcTBO O3Ha'saeT, 4To ’10 HE eCTh 3JieMeHT Hamjyuumero mmpm-

Onnzxenus. Do npOTUBOPEUNE U JOKASbIBACT TEOpeMY.

ICMEHT HaWJIYIINero npubinsKenus .
Hokazareiberso. Jast aponzsosbioro o € H umeem

“f—ff-Hz =(f—hotho—=, f—ho+hy— z) = (f—ho, f— ho) + (f = ho, ho— )+
'4‘(1&() -, f — h[)) -+ (}L[; —x, hy — T)

Ho f—hy oproronansro scem ssementam nz H , B'rom vucne u hg—zx. Ioaromy
BTOpCE M TPerbe cliaraeMmblie 0OpaIaioTes B HyJab. B urore nmeem

If =2l = |If = holl® + |lho — |2 > || f — hol|®.

9"]“() HCPaBEHCTBO M JTOKa3blBaer reopeMy.
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DTH ABE TEOPEMbI JIAIOT NMPAKTHYCCKHH aJrOPUTM HAXOXKICHUS HAMIYYILero
npubsKeHust JUis 3ajanioro siemenra f. B camom zene, nyerb

n
—_
hU - Z_J C;g;-
i=1

YMHOXKas CKAJISIPHO BbIpaXkeHHe

Ti
f=> cig
i=1

Ha g ¢t = 1,2,...,n, noJdy4aem CHCTeMY Jyisi Oolpejesennst KoadduineHTon
C;.

c1(g1, 91) + c2(g2,91) + - .. + cn(gn, q1) = (f, 1)

C](g'[, 92) -+ 62(92: !}2) i wrl C'r.l,(gna 92) = (f~ 92)

c1(g1, 9n) + c2(g2, gn) + . . . + cn(gn, 9n) = (. 9n).

Marpuua aro# cucreMbl ects marpuua ['pamma. Eciu cucrema ¢, 9o, . . ., gn 18-
HEMHO HE3aBUCHMA, TO €€ ONPeIeJnuTesb ornden ot nyds. [loatomy nony4ennas
CHCTEMa, PaspelinMa eJMHCTBEHHBIM 00pa30M.

Pacemorpum npumep. Ilyers B npocrpancrse Ly g4) €O CKaJISPHBIM NPOU3-
BeJICHUEM

(f,9) = / #(2)g(z)dz
0

st pyaxupn f(z) = |z — 1| wyxHO HaitTn Hamiydulee npubMMKeHUe MHO-

rowieHoM repBoit crenenu. Jluis anementa Haunyuinero npubiakernst ho(z) =
ap + a1x TOoJyuaeM cucTeMmy JJisi onpejeseHus Ko3hOUIUesTos ag, aj.

ao(91,91) + ai1(g2, 1) = (Jo — 1|, 91)

ao(g1, 92) + a1(g2, 92) = (|z — 1|, g2).
3necy gr=2x%, k=0,1, a
4

4
oo = [a'olde  (o=1,0) = [ lo - 1fa'da,
0

0
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Boruncnsis unTerpadinl, nojyyaem cucteMmy jjisi onpejeaeHus KoahuuenTon
MIOTOYJICHa HAWIYHIIEro MpUuOInKeHus .

4dag + 8ay, = 5,
64 2

8ap + —ay = 13=.
RN 3
Orciona
1 11
apn = ——, sy == —
T g LT 18
M MHOMOYWJICH UMeeT B
; ( 11 1
UL ) =2 e~ =
16 8



§ 14. Hamnyuniee pasnomepnoe npubiimskenue

Paccmorpum npocrpancrso €' BenecTBeHHbIX HENpepbIBHbIX DYHKIUH, 3a-
JAHHbIX Ha OoTpe3ke [a, b, ¢ nopmoi

£l = q;gf!f(w)\

Bynem uckars nammny«amee npubamxenue sagannoi Ghyuxuun f(z) mnoroune-
namu crenenn n. Jasee Gynem upejnosarare, uro f(z) He ecth MHOrOUJIEH
CTEIEHH N .

B npocrpancrse € Hopma aseMmenTa onpenessiercss me yepe3 CKaJsipHoe
NPOU3BE/ICHNE, YTO 3HAUUTENLHO OCHOMHHAET 3811y MOCTPOCHUS MHOIOUICHA
HAUJIY YIIero npubJivskenus.

Wrax, sns sapannoit pynkuuu  f(z) GyjaeM uckaTh MHOrOWICH HAMJTYHILEro
ITPUOITHPKEHUsT

Qn("c) = E: q;’cxk:

k==0
TaKo#, 910 ;s modbIX MHOTOWIeHOB P, (z) cTenenn m uMeer mMecTo

Eﬂ(f) = Hf = Qn” = ”f - Pn”

Muorounen Qy(z) GyjeM HA3LIBATL MHOI'OUWICHOM HAWJYUIIErO PaBHOMEPHOI'O

npubskenus, a sesmunny I2,(f) — BesnuMHON HAMIYUIIEro npubIVIKeHus,
Teopema 1 (Bamne - ITyccen). [Tycrs cymectByior n + 2 104k

a<xp< 1< ... < Tni1 < b, Taxme, aro pemmunna f(x) — By(z) mnocse-

AOBATEJILHO MEHSACT BHAK [IPU NEPeXOie OT TOUKM T; K Zip1, ©oae FPo(x) —

HEKOTOPbIH MHOI'OUJIEH CTEHEHH N, W IIyCTh

p=_min |f(z;) — Fy(z;)].

0<i<n+1

Torna E,(f) > u.

Hokaszarenbcreo. Myers p > 0. (Caywatt p = 0 — E, > 0 Tpusua-
aen.) IIpeanonoxum nporusroe, t. e. Ey(f) = ||f — Qull < p, n paccmorpum
MHOT'OYJIeH

‘I':ra.(m) = Pn(:r;) — Qw(m)

WE



B Toukax x; ¢ =0,1,...,n+ 1. 3uech Qn(w) — MHOI'OYWIEH Hau/y4dllero
paBHOMepHOTro Tpubimkenus. MMeewm

P.(z) — Qun(z) = (Puz) — f(2)) — (Qu(z) — f(2)).
Hockonbky @y (%) — MHOrOYJICH HAMIYYIIErO PABHOMEPHOI'O IIPUOIIMIKEHN,
}f(.}“) : (L)_.”(;}:)I £ !f(:l) 1'-’”(;1::)!

BO Beex Toukax orpeska |a,b]. Tlosromy suak P,(z) —@Q,(z) B Toukax z; 1 =
0,1,...,n + 1 onpegensiercst 3nakom suipaxkenusi (Fp(z) — f(x)). Ho B atux
TOYKAX TOCHe/iHee BhIpaXKeHue n - 2 paza MeHsgeT 3Hak. MBI HOJYUUIN, YTO
muorownten 7Ty, (x) crenedu n mensier 3uak n+-2 pasa u, CJICJOBATEILIO, HMECT

(X}

nanay4diero pasHoMepHoro 111.)116..!11-1 KeHus HelpepbIBHOW (])yH KUK f(:z.'), He0D-
XOJJUMO W JJOCTATOYHO CYHIECTBOBAHUE Ha OTpPE3Ke {a, (J], O KpaWHeud mepe,
n+2 TOUEK o< T1<...< Tpi1 TAKUX, 9TO

flzg) — Qulzk) =a(-1)*|f-@nll k=0,1,...,n+1

a=1 wimm a= —1 oanHoBpemenno mis scex k.

Touku, yIOBJICTBOPSIIOMIME YCAOBUAM TEOPEMDI, HA3LIBAIOTCH TOYKAMU 4ebbl-
HIEBCKOTO aJILTCPHAHCA.

NupiMu cnoBamu, TeopeMa yTBEpXKJIACT, YTO JJId MHOIOWIEHA HAWIYYINEro
PaBHOMEPHOI'O NPHUOJUKEHUS B TOUKAX YeOLIICBCKOIO ajbTephalnca PasHOCTb
flz)—Qn(x) nomxna 10 abBCOMOTHON BEANYMHE JOCTHTATH CBOETO MAKCHMAJ b-
HOrO 3Havenus, paBHoro ||f — @nll, ®u meuars swak npm nocnenoearesbLHOM
1Iepexoie OT TOYKH T K TOYKE Tph4q.

Lokazarennerso. Mer jokaxkem Toabko pocrarodHocTb. C JoKa3arebCTBOM
HeobxoauMoCTH MOXKHO o3HaKoMUThCst B [2]. TTycrs @y (2) — HexkoTopbiit MHOrO-
YJIeH CTENEeHN 1, JUId KOTOPOTO B TOUKaX 4eDbIIIEeBCKOrNO aJlbTePHANCA BbINTOJTHEHO
ycjloBue reopemsl, u nyerb L = ||f — @Qy||. Cornacno reopeme Bamne — [lyc-
ceva L = p < E,(f). Ho, no oupenenennio, E,(f) < L. CnenoaresbHo,
En(f) = L u mnorounen Q,(z) ecth MHOIOMJIEH HAMILYHIIErO PABHOMEPHOIO
NpUeIMKEH N .

B ciyuae rusanbeprosa npocrpancrsa Ob11a JI0Ka3aHa TEOPEMa, ¢uHCTBEHHO-
cru. Jlokaxkem ary teopemy jana npocrpancrsa C.
Teopema. Muorounen nawinyammero npubanKenust HelrpepbBHOM DYyHKIMHK eirH-




If =@l = 11f = Q2 = Bu()

QL(z) # Q*(x) rakme, uro
Torna
R+ N =@l =@ .,
- S %‘ + | .__5_1 = E,(f),

CIE10BATEJIbHO, MHOI'O4J1€H
. Q} + 2

) ... TR 1

Q) = 2 a

TAK?Ke ABJIACTCHA MHOTOWICHOM HAUIY IIero PaBHOMEPHOTo npubmamxennst. [Tycern
TOYKM 4eOBIIEBCKOrO ajnbrepHanca Muorowiena @QU(z). B

:PU; :J-’:]; v aeyg :I:Tf.-'i-l

ITUX TOUKAX
flzg) — Un(2t) —; Qulzi) = B, ([} ¢ =01 .04+
A
[1f(r;¢) — Q(x1)) + flzp) — Q2 (z )1 = 2E.(f) k=0,1,...,n+1
Ho B aTux Toukax
|fzr) — @ (zr)] < En(f) i=1,2
[Tosromy mocinieiHee paBeHCTBO BO3ZMOYKHO, JHIINEL €CJIU
k=0,1,...,n+ 1.

(zx) = f(zr) — Qp(aw)
2 TOYKaX, 4T0 BO3-

£

f(zr) — Qn
Ho 910 o3nauaer, 4T0 1Ba MHOTOYJIEHA COBIIAJAIOT B 7
MOXKHO JINLIB B CJIy4ae, ecjiu oHu pashbl. Teopema noxazana
Pacemorpyum npumepb! Hau/yqnero paBHOMEpHOro npubJinKeH st
Henpepeisnas dynkius f(z) npubauxaercs MHOrounenoM mynepoit cre

Torpa Takum MHOrousIeHOM GYyie1

[TeHU.
Ilyecrb M = max f(z) u m = min f(x)
[a,b) |, b
MHOT'OYJIEH _
M —m
g
a1 1 T,

AJIA HerO eCTrTh JBe TOYKH f-I(.’ﬁI;IHI(—ER(;‘I((JI‘(') da Ihl(j HalCa
flzg) = M.
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2. f(z) = |z — 1| na orpeske [0,4] npubimrxkaeTca MHOTOYJICHOM HAMIIYY-
HICrO PaBHOMEPHOTO NpuOIVIKeHus nepsoit crenedn  y = ax + b.

[lyers f(0)—b=4d, f(1)—(a+b)=—d, f(4)—(4a+b)=d. Ouesnzno,
qro ToukM o) = 0, xg =1 u 23 = 4 ABJIAIOTCA TOUKAMHU 4eObIIIEBCKOIO
anpTepianca. Peas cucremy

l1-b=d, —(a+b)=-d, 3-(4a+b)=d,

HaxXoJuM a = | /2, b= 3//.1 ¥ MHOI'OWICH IepBOH CTeNeHd HauJIydInero
PABHOMEPHOTO HPUOIUIKEHUs] UMeeT BUJl
" |
B L1

CpaBauTe ¢ MHOTOWICHOM, HOJMYYCHHBIM B § 12 U151 9TOH 2Ke GYHKIMA B MUJIb-
BeproBom pocrpancTse L2 Ha TOM 3Ke OTpesKe.

IJTa YKe MCTOAUKA MOCTPOCHNS MHOTOWIEHA HANJIYHIIEro paBHOMEPHOTO IPH-
Omaxenns 1-# crenenn MoxeT GbITh IDUMEHEHA B CIIydae, eciid (yHKIHs )
2CTH MHOIOYJICH 2-# CTereHu.

3. Bomyxkaas (soruyras) auddepennmupyeman dynxmua f(z) na orpeske
a,b] npubunxaeres muorounesom 1-if crenenu.

Hocrponm npsimyio, npoxossiiyio depes Touku (a,f(a)) u (b,f(b)). Ypasuenne

DTOH NPAMON
f(b) — f(a) -
§= Sl el o d)
) — @
Haiinem Touky 1, xacarenbhas B koTopoit K rpaduky dpynkimu [ (x) mapaJ-

JebHa K 9TOU 1IPAMOi, T. ¢. perruM ypapHenue

YpaBHeHne KacareabHol B 9T0H TOYKe

[Iposenem renepn Tperhio NpAMyI0, TapaienbHyIo KacaTeabHoN Ha paBHOM pac-
CTOSTHIM OT NEPBOM NPAMON M KacaTeNbHON. Y paBuenue 910l npsmoii u 6yjer uc-
KOMBIM MHOTOY/JICHOM MEPBOH CTEIeHN Hauly d11ero paBHOMEPHOIO NpUbIKeHusI.
B camom jienie, juist 97010 MHOrOUNEHA €CThL TPH TOYKH YeOLIIEBCKOIO anbTep-
Hanca a, w1, b, rpe pasnocts f(z) — Pi(z) maxcumanabna u mMensier snax. Haii-
ACM ypasHenme 91oi npsMoit. Jlns aToro JoctatouHo HallTH TOUKN Iepeceuenust
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HepBoit NpAMO# u KacaTebHol ¢ ocbio OX  u npoBecTH IPAMYIO, ITPOXOASANLIYIO
ICPEs CEepe/IMHY TOJIyHEHHOrO 0TPEe3Ka ¢ 3aJaHHbIM yIVIOBBIM KO3(hhUIIHEHTOM

o F) = f@)

e g

Ilepsasi npsimast nepecekaercs ¢ ocbio OX B TOUKe
] p

Ty =a— fla)~————c
’ I )f(b) ~ f(a)’
a KacaTeJbHAT — B TOYKE
. b—a
r3 =2 — f(:'[!l)—“-—,""—.
f() — f(a)
Touxa z4 nepecedenns nckomoit npsamoii ¢ ocbio Oz ecTh [HOJIYCYMMA, TOUEK
To U Ty
1 b—-a
T4 = 10+ 2 — w————(f(a) = f(z1))].
3! OEION .

Hakonen, ypaBrerne npsimoit, nepeceaionieii ocs OX B Touke T4 C YTJIOBBLIM
koacpdunmentom k, umeer Buj

Wsnoxennasr MeTosuKa MO3BOIAET MOCTPOUTH MHOTOWICH 1-H CTENeHM Hoy-
Jly'IIIEro paBHOMEpHOro npubiuxenus juis auddepenunpyemoit bynkimm f (z)
ACCTHTAIOMEH MaKCuMyMa (MHHIMYMA) BO BHYTDEHHEH TOUYKE OTpe3Ka [a,b]. TTo-
CTPOEHUE ITOTO ANTOPUTMA NPEJIAraeTCs MPOJIENATh CAMOCTOSTENbHO.
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§ 15. Ymcnennnic MeTONB! penicHus 3aga49u Komm
IS OBLIKHOBEHILIX AuddepeHnalbHbIX YPaBHeHUI 1 cCHcTeM

[lycrs na orpeske [tg, '] rpebyercs maiiru permenue jguchdepennuanbHoro
ypaBHeHua

e ; E
b= ) (15.1)
VAOBJIETBOPAIONIEIO HAUAJILHOMY YCIOBHIO
z(to) = . (15.2)
Paszobnem orpesok [tg, T') wa orpesku [t;,441], 7 =0,1,...,n—1, t;11—%; =
h w paccMOTpUM airopuTMbl HPUOJUMEHHOIO Haxoxjenus x; = x(t;) —
I J J

sHavenus: pemenus 3ajaqu (15.1)— (15.2). Ipocreiinmmm METOI0M HAXOXK ICHUST
HpUOIIKEHHOI'O pelnenust sajaun Kol sipisiercs Meroj Jiiepa, CoriacHo Ko-
TOPOMY 3HAMEHKME PeIICHUA B TOUKe t;1; HaXOAUTCH 10 dopMmyie

LTjr1 = Xy i hf(ﬂj, 3'3.) (153)

Jry popmysy MOXKHO IIOJIYUUTh U3 Cleylonmx coobpaxkennii. Paznoxum x4 =
z(t; + h) B psy uo crenensim h, OrpaHUYMBASCH JIMIIb TUHEHAHBIMU YJIEHAMM
Pa3JIOXKEHMS

z(tj + h) = z(t;) + ha(t;) + O(R?).

Tax kak @(t;) = f(tj,z;), vonyuyaem dopmyny (15.3). Tlpu arom zameuaem,
YTO TIPOrPEHIHOCTL Ha [HAre uMeeT Beanduny ropsaka  h2. g npaktude-
CKMX pacyeroB sTa (opMmysia IPpUMEHSIETCS JIOCTATOYHO PEIKO U3-3a BBLICOKOM
HorpemnocTu Ha mare. Eeau, nanpumep, Tpedyercst HaliTH PEIleHHe Ha OTpe3-
ke pymnbl 100 ¢ marom 0.01, To npu pacuere no mMeroiy iijepa sHavyeHuid B
KOHIC UHTEPBAJI UTOIOBas HOUPENHOCTL DyJien NopsijiKa €/JIMHUILL, YTO 0OBITHO
nenpuemaemo. bosee Toro, ecan nckomoe peruenue Heycrofuuso no Jlsmynosy,
TO pacyer peresni ¢ HOMOHILIO TAKOro I'pyboro MeToja MpocTo Tepsaer CMbICI.
DTH coobparkeHust MPUBEIU K NOCTPOEHHIO BOIee TOUHBIX METOMOB YUCICHHOTO
uHTerpupoBanus g oepennmuanbibix ypaBHeHuii.

Omnpenenenne. Meroy unrerpuposannsg juddepennnajibubix ypasHenuii 6y-
JIeM Ha3blBATh METOJIOM Kk-1'0 IOpsjKa, €CJd IOTPEIHOCTh Ha lnare Mopsijika
O(jh,’c+1>_

PaccmarpuBaemoe Hike ceMeficTBO METOJIOB HOCHT Ha3Banue MeToioB Pyure
- Kyrra.




Paccmorpum pasencrso
h
2(t + h) = o(t) + f:zc(jt +r)dr. (15.4)

0

Bocnoabsyemest hopmynamMn npubinKentHoro BhI9HCIEHHISI WHTerpaJia, Halpu-
mep dhopmysioit rpanennii

o(t+h) = 2(0) + (1) + (¢ + )] + O

MJH

2(t+R) = o(t) + o 1f(6a(0) + £t + by o(t + B))] + O(h),

4TO NPUBOAUT K hopmyIie

h
Tj+1 = Tj + E[f(tjaa:j) + {41, Tj41)]

] ye CTBIO Ha IIAre [TOPSIKa . 18K JIy U€HHAsT pacyeTHas
¢ MOrpemnocTsio Ha ware nopsiaka O(h®). Oamako mosmyuenuasi pacuerns
popmysa Hempumenuma, NMOCKOIBKY NpaBas 4acTh HESIBHO 34BUCHT OT T
3aMeHUM B NMPaBOil MACTH Z;4| HA HEKOTOPYIO JPYTYIO U3BECTHYIO BEJMYUHY,
TaKyo, 4T0Obl UTOrOBasA MOIPEUIHOCTL Ha MIAre MO-NPeKHeMY ObLIa NOpPsijIKa
O(h®). Ecnu B KauecTBe TaKoi BeJUUYUHD B3STH T*, BBIYUCICHHYIO 110 METOMLY
Diiepa

1* — 5 - . P .

" =z;+ hf(t), z;),

TO MTOroBast NOrPENIHOCTH HO-MPexKHeMy octanercs nopagka O(h3). B camom
neqe, x(t+h) —z* = O(h?) u no Teopeme Jlarpanma o KOHCTHBIX PUPAIICHUSIX

ft+h,z(t+h))— f(t+h,z*) = %C‘%ﬁ-)(a(t + h) — z*).
B pesynpraTe amux paccyxnennit npuxoinm x pac4yeTHeIM (hOpMyJiaM
Q1 = hf(tk, z), Q2 = hf(ty + h,z) + Qy),
The1 = T + @ —;9—2 (15.5)
Boryucnas unrerpasn (15.4) no dopmysie mpsMoyronsHIKOB
h

h
Tjv1 =Zj + hf(t; + 2:$(tj + "2"))
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) Ha

sl

n samensist x(t; + ;
. h
B = x; -+ 'Q'f(tj, mj),

BLIYMCACHIYIO 110 popMye Ditiepa, nojyiaeM Apyrue pacueribie (popMybl

_ __ : h 1
Q1 = hf(tr, zy), Q2 = hf(te + 5,80+ )
Trpe1 = Tk + Q1. (1.5.6)
B cayuae cucrembt puddepenmaibubix ypaBHeHnit, Hapumep
2(t) = filt,z,¥) z{ty) = %o
y{L) o f2([ €I, y) T)“(fU) = Yo,
Te XKe coobparkenus npuBojiAT K popMmynam
Q1 = hfi(lrk, Tr-yr), @ = hfo(ty, Th-yr),
Qg = hfi(te + h, 2 + QT yi + @F),
Qg g ]'Z’f‘a’({k = h‘: Ty -+ (J]a Yk s Q?{)a
T _|_ J€
r k41 = Tk -Jr— 9__1_.:.).._.@’
Yk+1 = Y+ - 127% (15.5")
Dopmyaa (15.6) B ciyuae cucrembr 1Byx ypaBHeHN uMeeT BU)I
QT = hfi(tk, 2r-Y), Q1 = hfa(ty, Tx.up),
i h @ QY
Qg = hfi(ty + 50 Tkt 31_? Yk + —§~),
o h )% QY
Q3 = hfo(ti + =, z+ 51 Y + —%),
Th+1 = Tg -+ Q%:
Yk+1 = Yk + Q3. (15.6)

Hoanyuennpie hopMysibl pearnsyior Merosp Pynre — Kyrra 2-ro nopsjka.
Nznoxum cxemy noayyenus BuaucinTeanbix opmyst misi MerTonos Hosee
BBICOKOT'O NOPsiKa. ByjieM nocieoBaTeibno BulaucisTh

Q1(h) = hf(t, z),

84




Qa2(h) = hf(t + azh,z + BnQ1(h)),

QD(h) s hf(t + aph"? x + ﬁpl'@].(h) s 4 ,Bp,p—lQp—-l(h))

1 TTOJIOZKHM

p
2(t+h) ~ z(h) = z(t) + Y _ diQi(h).
i=1

Iapamerpsr «y, 0;;, d; BbibepeM Tak, uTobbr Besmuuna (k) = y(t + h) — z(h
y #ijy @ P 3 ¥ Y .

6buta nopsigka O(h*+!). Besmuuna s #aspiBaeTca MOPAJKOM MeTOAA. YCIOBHE,

nasoxxennoe Ha @(h), osmauaer, uto p(0) = ©'(0) = ... = ®(0) = 0, a

p**(0) # 0.
Ilycrs p=1. B arom cayuae z(h) = z(t) + dihf(t,z) n

wlh) =z(t+h) —z(t) — dihf(t, z).

Torna

p(0)=0, ¢(0)=2'(t) - dif(t,z) = f(t,z)(1 - dy).
Azt Toro uTodsl pasencTBo ¢'(0) = 0 BrimosHANOCH HPY 11060 hyHKIIUHU It =),
Hajl0, 4ToObl dj = 1, u MbI noaydaem hopmyny Ditepa

z(t+h) =z(t)+hf(t, z).

[Mocrpoum dopmyssr 2-ro nopsika. [yers p=2. B stom ciyuae
z(h) = z(t)+di1Q1(h)+d2Q2(h) = 2 (t)+dihf(t, z)+doh f (t+ooh, s+Bahf(t, )
W

@(h) = z(t + h) — z(t) — dihf(t,z) — dohf(t + agh, z + Barhf(t, z)).
Beeaem obo3nayenus

t=t+agh, Z=uz+Fhf(t.x).
Boraucanm ¢'(h) u ¢"(0) :

p'(h) =2'(t+ h) — dif(t,2) — dof (, %) — dahloafi(L, Z) + B F1(F, 2) (¢, 2)],

o' (k) = (¢ + h) — sl fi(F, 7) + B S, 2)F (t,2)] — dah . . . .

[ockonbky Mbl 6ynem Boraucasts @' (0) u ©”(0), BeipaxkeHue B oCaeAHUX KBAJI-
PaTHBIX CKOOKaX JIUisl HAC HHTEPECa He IIPECTABIISIET.
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[Ipuy h =0 nonyuaewm
p(0) = z(t) — z(t) = 0,
F(0) = o'(t) — duf (t,2) ~ da(1,5) = £t )(1 s )
Hauee, mocxonwky z”(t) = fi(t,2) + fi(t, 2)'(t) = fi(t, ) + fL.(t, z)f(t, z)
P'(h) = Fl(t,2) + £1(t, ) [ (6 2) — 2o fl(t, ) — 2L (1, ) £, ).
Boraucium sru Boipaskenns npu b = 0.
p(0) = 2(t0 — z(z) = 0,
©'(0) = (1 —dy — dp) f(t,2),
0" (0) = (1 = 2dyary) f{(t, ) + (1 — 2dafm) fL (L, ) f (£, 7).

Pageucrso nymo ¢'(0) u ¢”(0) npu nponssonbuoit dbyukiun f (t, ) Bo3MOMKHO,
ecim

l—dy—dy =0

1 - 2dyas =0,

1—2dy085 = 0.
Mpbl nonydnimm Tpu ypaBHEHUs OTHOCHTEIHLHO YEeThIPeX HeU3BECTHBIX. 3aJ[aBast
OIMH M3 TapaMerpor, Hoyyuaem cemeicrso Metronos Pynre - Kyrra 2-ro no-
psjiika. B gacraocru, npu

1 ;
di = dy = i = B =

nojtygaem gopmyity (15.5)

: 46
Q1 = hf(ty, xp), G2 = hf(ty + h,op + Qy), Tkl = T + &2—2'2‘
®opmyana (15.6) nonyuaercs npu
) 1
dp =0, ‘=1, a=py= 5
o B FEh e O — b (1 Q1
Q1 = hf(ty, ry), Q2 = hf(ty + -2“ » TppF —2~) Tht1 = Tp + Qa.

Mer nocrponau MeTob BTOPOro nopajaka. Meroab: 6osiee BbIcOKOTO HOPsIIKa,
HoJIyHatoTest py p > 2. Hocrpoenne pacuernbix hopmys s METOMIOB CBSI3aHO C
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poMosikumMu BhlvucaennAamu. [pusejem nantosee ynorpeburenbunre chopmyJibl
A8 METOAOB 3-10 1 4-Tr0 NopsijiKa.
Metozpr 3-ro nopsijika.

1.
h (1 ) :
Q_1 = h,f(tk, :Ek), Q2 = hf(?f;g -+ E, T+ ?), (-.23 = hf(tk+h; Ty — Ql =g 2Q2)1
1+ 4Qy + (
Tpy1 = T + “ ?2 ;23_ (15.7)
2
: . : h 2h 20)
Qu=hf(ts, k), Q2= hf(tk”*‘“g* mk-k%), Q3 = hf(tﬁ?: 33A~,—Q1+—§2£).~
+ 30
ohss = oy + D30 (15.8)
Meronpt 4-ro nopsxa.
1.
h :
Q1 = hf(te, z1), Q2 = hf(ty + 5 Tkt %i);
h Q2
Qszh.f(tk+§,$k+7), Qa = hf(ty + h,z + Q3),
2009 + 2 y
2. ] 0
: 1
G = hf(tr, zx), Q2 = hf(ty + 3 Tk + "3“1),
2h Ql

(23 S hf(t,k; + "3‘“-,. 1 Rl QQ); Qxl = hf(tk = h’: Ty + Ql - Q:f + Q3)1

2
Q1+ 3Q2+3Q3 + Qq
5 ,

Tk+1 = Tf +

HELI'I()MHI/]M: 4yTO B ('1.}1)/“{&(,‘. CHCTEeMDbI
.L‘(t) = fl (?f, T, y)

y(t) = falt, 2, y)
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BEJIMYUHBI (); CTaHOBATCA ABYMepHbiMu BekTopamu @Q; = (QF, QY)T, upuuem
npu Berymcaenun (JF  ucnombsyercst byHkuust  fi(t, z,y), a Npyu BHIYKCICHUHA
Q! — dyukuua  fo(t,x,y) Tax xe, Kak n npu noayuenun dopmyn (15.5') u
(15.6") mirsa cucrem u3 opmya (15.5) u (15.6) fuist ckagsipHOro ypasHeHM.

B sakiogenne ormerum, uro meroan Pynre — Kyrra oTHOCSTCA K Tak Ha-
3BIBAEMBIM OJJHOIIAIOBLIM MeTojaM. B oHolaroBpix MEeTojax pemeHue B TOIKe
ly = to+ h crpourea ¢ moMonbio nHGOPMAIMK O PelleHUH, TOJYUYeHHOH Ha
npeAblyIeM mare. B MHOrOINANOBBIX METOJIAX TIPU BLIYUCACHUH Tp MCIOJL3Y-
ercst nHhOpMAaIZs O PEIICHUY, MOJIYYeHHAST Ha HECKOJIbKUX IIPEbILYIINX [1arax.

Onuimem KOPOTKO OHY U3 TIPOTIEAYD NONYYEHUA JBYIArosoro meroia. Iycrs
A NpoCTOThl 41 = &;-+h. Tlepsbiil mar cienaem 1o ojHOMY 13 MeTO0B PyHre
~ Kyrra, Beraucims  z; B Touke ¢y = to + h. [Tocrpoum uHTEpHONSAIMOHHbIHA
muorodnen B ¢popme Hpworona no gpykparoit Touke ty u fq :

Ty — Ty — h&'?g
h?
Honomum &y = &1 + h n Oynem cumrars, uro g = z(t; + h) = L3(t; + h)

ITosyaum

L3(t) = o + ot — to) + (bt

Lo = —3xp + 4z — 2hxy

U Mbl IpUXoauM K hopMyde
Tpy1 = —3Tk—1 + 42 — 2hLg-1.

M3 ouenxn MHTEPHOJSIIMONITOrO MHOIOYJICHA CIEAYET, UTO HOCTPOCHHBIH MEeTo I
CCTh METOI 2-T0 MOpsiJiKa.

Laist yBesimrienust ToUnocTy Hy>KHO CTPOUTL MHTEPHOJSIIHOHHBI MHOTOYJICH
bostee BLICOKOIO NOPsJIKA, CHEIAB [PEBAPUTEIHHO HECKOJIBLKO 1AaroB [0 METOJLY
Pyure — Kyrra. EcrecTBeHHO, 1TO NPH yBEJIMUEHHN YNCIS TOYCK JJIsT TOCTPOE-
HUgl MHTEPIOJISIIIMOHHOrO MHOrowIeHa (hopMysia cranoBuTcst 6oJiee IrpoMO3/1KOi.
Kpowme Toro, xakoil cMbICJI IEPEXOAUTH K HOBBIM PacueTHBIM (GOpMYy.aaM, a He
POJO/KATL pacuersl 110 Merony Pynre — Kyrra? Bee oarn nupuynss u mnpu-
BOUAT K TOMY, HYTO MHOI'OIIAIOBBIE METOJL! UCHOJBIYIOTCH B BLIYHCIWTEILHOMN
NPAKTUKE 3HAMUTENILHO pexke, uem mMeToanl Pynre — Kyrra.
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§ 16. Pa3nocTHBIC METOABI pelIeHy st KPACBBLIX 33/[a4
J1s1 OOBIKHOBEHHBIX Muh(DEepeHMaIbHbIX yPaBHeH!H 2-10 mopsaka
[lonaTHe anmpokcuMaluu, yCTroA4UuBOCTH U CXOJNMOCTY PA3HOCTHBIX CXEM

Pacemorpum caenyromyio 3anady. Tpebyercs natitu perenue nuddepenu-
aJIBHOI'0 YpaBHEHMUs

v +p(2)y +q(z)y = f(z) 0<z <1, (16.1)
}’rJLOBJICTBOI)HIOUIO(? H&L KOHHHIX ()'z‘pe;‘ma. Kpa,CBbIM _y{':JIOI'ﬂ”] 1M HHM&
a1y(0) + By’ (0) = 7,

\ ! ,
a2y (1) + Bay' (1) = . (16.2)
Bynaem rosopurk. uro ypasrenue (16.1) u xpaesbie yciosust (16.2) 3ajaior B
MPOCTPAHCTBE JBAXK bl HenpepuiBHO jauddepernupyembrx ¢dpyukiui nuddepen-
MAJLHBIN omeparop
Ly =f.

Pazobrem orpesox [0,1] roukamn z;

: . 1
2=a+ih, =12, ..,m, i —
'
M QIIPOKCHUMUpyeM B Toukax z; ¢ = 0,2,...,n npousBoanyio y'(z;) Buipaxenu-

eM

Yivl — Ui x
y (i) ~ ”E—i rae i = y(zi), (16.3)
WJIH BbIpaKCHHUEM
Ui — Y~
y () me B (16.4)

Bsenem obosnavenus

Ayi = Yiv1— Y, V¥ =Y — ¥i-1,
- Ay Yir1 — Y

Yz i T = 3 !

. Vi ¥ — Yi

Yz, 5 P .
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Bropoit npoussoanoit y”(z;) nocraBum B COOTBETCTBHE BbIpasKeHUe

- AVy,  VAy  yi-1 — 2Yi + Yit1
y.'??.‘i":,'d, s y:t:;r,'r, o h2 == }2.2 },,2

u prdpdepennpansnomy ypasnenuio (16.1) B Toukax x; MOXKHO NOCTABATH B
COOTBETCTBHE CJENYIONIee YpaBHeHe, KoTopoe OyseM Ha3blBaTh Pa3HOCTHLIM

Yi-1 — 2Y; + Yi+1 Yit1 — Yi
h? TP h

Tocoe npusesesns nopobubix 4ienos ypasHenue (16.5) sanmmem B suje

+qui=fi i=12...,n—-1 (16.5)

biyiv1 — ¥ + diyi-1 = —¢;  i=12....,n—1, (16.6)
& Kpae€Bhble y(:.”()””ﬂ E BRJC

Yo = X1y1 + pu Yn = X2Yn—1 + K2. (167)
3nech
b = 1 + p;h, c; =2+ pih - (h'h2, di=1, 0; = fih?,

__B e Lo AR
=gtk MTah-m BT amiB " ahih
ITpu amupokcumanun 3 (2,) B IpaBOM IPAHWYHOM YCJIOBUM MCHOJIL30BAJIMCDH

chopmyer (16.4).

5
¥

Bapauy (16.6)— (16.7) Oynem B pajbHeHIIEM HA3LIBATH PA3HOCTHON WM Ce-
TOYHON KpaeBo# 3a1a4eil, a HyHKUMIO HEJOUYRCICHHON0 aplyMEeHTa, ¥; — Cerou-
Holl pynknumeit. Dra s3ajaua opencrapiger cobOH ¢ y4ETOM IPANUYHBLIX YCIO-
Buit (16.7) cucremy n+1 ypaBHeHHH OTHOCHTEIBHO N4 1 HEU3BECTHOIO ¥; & =
0,1,...,n. Hmke OyiayT paccMOTPEHbl METO/ bl PELISHUS TAKMX 3844, OJHAKO,
HPeXs/ie UeM HNPHCTYNUTL K UX PACCMOTPEHMIO, CJIE/YeT BLISICHUTD, HACKOIBLKO
pentenne HenpepbiBroit 3ajauun (16.1) - (16.2) ormmuaercs OT pemenns ceTouHOM
sagauu (16.6) - (16.7).

ycrs w; = u(z;) — snavenue penenus zagadn (16.1) - (16.2) B ysne z;, a
Y — BHAYEHUE PEIeHUs] CeTOUHON 3aJa4u B TOM ¥Ke y3Je.

Onpepenenve 1. Bynem rosoputs, 4ro pemenune 3agadau (16.6) - (16.7) cxo-
surest (exopmTest co ckopoctbio hE ), ecn 2 = y; — u; — 0(z; = O(h¥)) npn
h — 0.

Oboznauum sapauy (16.1) - (16.2) onepaTopom

Ly =%,
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a sanady (16.6) - (16.7) — oneparopowm

ly; = @i,
Ilycrs mo-npexxuemy z; = y; — u;, T. €. Y; = 2z; +u;. Torma mis z; noaydaem
3a,/1a4y
ZZ,; == qﬁ,,._-,
rue ¢; = @; — lu;.
Omnpenenenue 2. Byjem roBoputh, 4to pasHocTHas 3ajada ly, = (; an-
npoxcumupyer sajady Lu = f (anmnpoKCuMupyeT ¢ 1mopsiiKom hk), eCcJu sl

Z; = Y — u; B 3ajade lz; = ¢; [ANd OpaBod 4YacTH HMMeeT MECTO OLEeHKAa
= O(hk ).

Onpepenenne 3. Byaem roBOpuTh, 4TO Pa3HOCTHAA CXEMA,

ly; = w;
YCTORYUBA, €CJIM UMEeT MECTO OlEHKA

il < Allesl],

npudem nocrosguaas A He zasucur or h. Ecim A 3asucur or h, cxema HazbiBaeTcs
YCJIOBHO YCTOWYMBOIA.

U3 anmpokcumannuy pazHOCTHOM CXeMbl U €€ YCTOMIMBOCTH OYEBHIHO CJeLyeT
€e CXOJIMMOCTb.

Boisichum nopsiiox anmnpokcumanyui passocTHoit cxemoit (16.6) - (16.7) uexo-
Hoit samaun (16.1) - (16.2). Ilycrs w(z;) — pemenne zanaqm (16.1) - (16.2) B
yaie x;. Torma

/ R W h4 (4) o
u(x; £ h) = u(z;) £ h'(z;) + STY () & FTk (z;) + YTkl (x;) + O(h’).
[Tosromy
Eﬁ"ﬂ"ﬁ_ 2= (@) + O(h),
Uil — 2U; + Ui y
+ h; { - u”(a:i) + OI\hQ)

u JeBad 4acTh B (16.5) ecthb
UH(Z‘E') + piu’(a:.,;:) -+ qi-u(:c.;) -+ O(h)

Taxum obpasom, 3aaqa (16.6) - (16.7) annpokcumupyer sajaqy (16.1) - (16.2)
c nopsakoM O(h), npuuem ecsiu p(z) = 0 u B; = By = 0, TO HOPSLIOK
anmpokcumain  O(h?).
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§ 17. Meronbl penieHust KpaeBbix 3a7a4 2-r0 nopsijiKa.
MeTosbl TPOrOHKH, METOJ CTPesbObI

Kak ormeuasocs, KpaeBas 3ajiada

bi;yg'_{_l — Gy - diyi—- = oy 752 1, D via y = 1 (171)

Yo = X1¥1 + M1 Yn = X2Un—1 + 12 (17.2)

npejcrapisier coboit nunelnyio cucremy n 4+ 1 ypaBHeHHs OTHOCUTEbHO HEN3-
BECTHBIX Y0, Y1y -+ » Yn. OCOOBCHHOCTHIO MATPHUILI 9TON CHCTEMBI SIBJISIETCA TO,
4TO 9Ta MaTPHIA ABJISETCS TPEXJAUarOHaJbHON, T. €. V 9T0N MaTpPUllbl OTJIHY-
Hbl OT HYJIS TOJBKO 9JICMENTHl Ha IABHOW U JBYX COCEeIHUX JuaroHadsix. Hurxe
OyIyT NPEeIOXKEHbl HPOCTBHIC METOJIbI PEIEHMS TAKUX CHCTEM.

MeTon npsimoit (nipaBoit) nporosxu.

Teopema 1. Pemenue zagaun (17.1) - (17.2) moxer ObITL HPEJCTABIIEHO B
BUJIE

Yi = p1Yi+1 + Bis1 ti=n—-1n-2,...,1,0, (17.3)
e 3
12 + X20n
Yn = "__X'[Hlf’ (17.4)
1 — anXxe
a o v f; oupesessiiorcs U3 pekypeHTHbIX COOTHOMICHU
v bi =1,2 ] (17.5)
Qjp] = ————ee E 0 M R S0 Q] =X 7.
i+1 5 icety 3 1 == X1,
d;B; + i .
B g o AL fes 1,0 ik 1, B (17.6)
c; — oyd;

Hoxazarenscrso. Jlesoe rpannyunoe yenosue yo = x1%1 + p1 umMeer sug (17.3),
e a1 =x1,a B1=p. Ypasseune (17.1) npu i=1
biys — c1y1 + diyo = —1

Hocse MoJACTaHOBKK Yo mpuobperaer BujI

biya — aiys + di(ays + 1) = — 1.

WMo
by di + 14

2+ ;
] == d])(’_]_ ¥2 [ O{.,;{,l?j

=
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T. €. p¥ 1=1 ypasrenne (17.1) npejcrasuamo B suge (17.3), rme aq w31 umeror
eng (17.5), (17.6). Ipeanonoxum Terepsb, 4To ¢ — l-¢ ypaBHemue (17.1) npen-
crapumo B Buje (17.3). Tlogcraum g, B i-e ypasuenue (17.1), mosyumum

bivir1 — ciyi + dilouys + Bi) = — i

W
b; d;B; + i
RN | e Sl

c; — O:-gd%‘

g = O«.’,;d?_’

Caesosarenbho, u i-e ypabrenue (17.1) npeacrasumo B Buje ( 17.3) u xoacbpunu-
enThl a; U 3 npencrasumer B e (17.5), (17.6). Tocnenuee ypasnenue (17.3)
¥ 1paBOe I'PAHUYHOE YCJIOBHC NPEIACTABJSIIOT COOOU cuCTeMy IBYX ypaBHEHuii
OTHOCTEJILHO Yp_1 U Yp

Yn = X2Yn—1 + U2

Yn—1 = On¥Yn + Sn,
pemast KoTopyio nonyqaem (17.4).
Teopema mokazana. dra Teopema J@aeT yI0OHBIR aMrOPUTM HAXOMXK IEHUs PelleHus]
sagaum (17.1) - (17.2). B camom sene, sieBoe rpaHuYHOe YCJIOBHE 3a/aeT
uw pi. Hanee, B uuxne ¢ = 1,2,...,n — 1 onpegensorcsa npo dopMyiram
(17.5), (17.6) nporonounbie KO3hGUIAEHTH 1 #  Biry. 3aTem 1o (17.4)
Cnpefieidercs Yn M Jlajiee obpaTHbIM XozoM 1o dopyvynam (17.3) onpeaensiores
i t=n—1n-2,...,0.

PaccMmorpenueiii B Teopeme 1 MeTOJ, npE KOTOPOM ONpejeseHde y; Ipo-
M3BOJIMTCSL MOCNEI0BATEILHO CIIPABA HAJICBO, HA3BIBAIOT METOAOM IPSMOH MU
[PaBOM NPOroHKH. AHAJOIMYHO JOKA3HIBAETCS

Teopema 2 (Meron obparHoit nim siesoit nporonku). Pemenue 3aauu (1%.1]
(17.2) npexncrasumo B BuzE

Viri =&nYi+ i1 1=0,1,...,n—1, (17.7)
rae
Yo = ‘%:g—i{ (17.8)
- ?:lej;&+.1 i=n=ln=2..1, €n = X2, (17.9)
;= if*_*;gf i=n—-1,n-2,...,1, T = ia. (17.10)
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M noria uenodib3yercst MeTo/1, BCTPeIHOU NPOIOHKHA, KOTOPDLIIt COCTOUT B CJIeLY-
omeM. 3aduKcupyemM HeKoTopoe ¢ = [ 1, UCNOJIL3Ys METO/ [1PAMOU IIPOrOHKH,
ompejenuM o u B 1=1,2,...,l+ 1. 3arem, HcnonnL3ys MeTo] obpaTHOM’
nporouky, onpenenum & w1 i=n-1,n—2,... J+1. Jlasee, u3 cucTeMbl

Y = Q1¥i+1 + B

Yir1 = E1yt + Mt
ONPEJESAM 4y ¥ Yy41 U OOPATHBIM XOUOM ONPEIEINM OCTAIbHDIC Yj.
OueBnIHO, Y4T0 METOLI IPOrOHKHM PUMEHUMBI, €CJII B TPOLIECCe BLIYUCICHNH
sHamenares B popmynax (17.4) — (17.6) u anajornunbx uM B METOIC obpar-
HOW TIPOrOHKH He obpamaorest B Hy b, Jlocrarodnbiit IpUsHaK HPUMEHUMOCTH
MeTO/Ia NPSAMOI IPOTOHKK (POMYINPYeTcs B CAeAYIONed TeopemMe.
Teopema 3. Ilpy soiosiHennn ycjaoBuit

|Cf‘ 2 |bai+ ‘dgi 1. 1,2,...,7?, -1 (1711)

Ixil £1, Ixal £ 1,
NPHYEM OJHO M3 9TUX HEPABEHCTB CTPOroe, 3HaMeHaTesn B (hopmysiax (17.4) -
(17.6) me obpamaiorcst B Hyab u o] < 1, ¢ =1,...,n.
JlokazaresneTBo. 3amerum, uro op = X1 ¥ 10 yeaosuio |ap| < 1. Tlpeano-
nouM, uTo |y < 1, u mokaxkeM, aro u |ogy1| < 1. Pacemorpum dopumyity

bi
iy = —————
’ O == l'.}f-j,d-,{
1 oxaxKeM, 4to |¢; — d;a;| > |b;i|. B camom gerne, ucnonssys (17.11) n unayk-
THBHOE HPEAIIONOKCHIE, TTOJIYUaCM

lei — dic| — |Bi] > |ei| — |diflas] — [bi| > |di(1 — |eu]) > 0,

41O M JoKasbIBaet, Uro |¢; — dioy| > |bil n |aya| < 1.
O6parumes k dopmyse (17.4). 3amernm, 9ro eccm  |ag| < 1, 1o |ag| < 1,
npu § > k. Tloaromy, ecim |x1| < 1, Tou |an| < 1 un 3namenaresnn B (17.4)
e obpataerca & nynb. Ecan xe |oy,] < 1, 1o yenosue |xz| <1 rapanTupyer
OTAMYMe OT HyJsi snamenarens B (17.4).
Teopema jjokazaia.

Merop crpensdbl. Pacemorpum cucremy ypasHeHuil (17:1)

b.;;y.,j_,,] — Ci¥Yi + d,,.;y,,;__l = —(0 t=1,2....,~ 1%
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[TocnepoBarensocTb 9TUX ypasHeHnit MOKHO PACCMATPHBATS KAK cucreMy n—1
YPaBHEHMH OTHOCUTEJIBHO M + 1 HeMIBECTHOIO Yo, Y1, ..., Yns1. Paccmorpum
CHavaJia OJHOPO/IHYIO CHCTEMY

bifgi—!-l — ¥ + diyi-1 =0 i=1,2. 00050 — 1, (1712)

OueBnHo, YTO Pa3HOCTH JABYX pelleHuii HEOMHOPOJHON CHCTEMBI €CTh pelenue
opHopoiHo# cucrembl. [losromy, mna Toro urobel onucarsh Bee permeHus: Heojl-
HOPOAHO! cucTeMbl, HaZ0 K ¢opMmysne 00ILero pemenuss OJHODOIHON CHCTEMb
1npubaBuThL J1I060E YaCTHOE pelieHue HEOJIHOPOJIHOM CHUCTEMBbI (17.1). Mpb1 Hyiem
[PeJIoJIaraTh, 9To Koadduuuentsl cucremsr (17.12) by, ¢;, d; 1akoBbl, 4TO papr
3TOH cUCTeMbl B TouHoCTH paBen n — 1. Torna sra cucrema umeer jpa JiuHelH-
HO HE3aBUCHMBIX BEKTOPHbIX pemienusi — BekTopa U = (ug,u1,...,ups1)? u
V = (v,v1,...,041)T . Ecoim U u V ects pemenus (17.12) u ecnu moso-
KATh wp = 1, a u; = 0, 10 NocaepoBaTENnbHOCTL ypasHennit (17.12) crano-
BUTCH PEKYPEHTHOR IJIsi OPENeNICHUA Ug, U3, . . ., Uy . AHAJOIMYHO, €CIU [10JI0-
KuTb vg = 0, v; = 1, mo Takxke u3 (17.12) MOXKHO PEKYPEHTHO ONpee/uTh
V2, V3, . . ., Up. OYEBUAHO, YTO JIBA 3TUX BEKTOPA JIMHEHHO HE3ABUCHMBbI U UX JIH-
HeliHast KoMOUHAaI s
CiU + GV

ecrb oblIee pereHne OgHOPOLHON CUCTEMDI (17.12). Yacrnoe pemenue HeouHO-
poauoit cucremst (17.1) — Bekrop W = (wq, ws, ..., w,)T mTakike pekypeHTHO
MOXKHO onpejeauts us (17.1), nonoxue wy = 0, wy = 0. Takum obpaszom,
obee pemenne (17.1) MOXKHO NPEJCTABUTL B BHIE

Yi = C1u; + covp + wy. (17.13)

Onpepenum rereps ¢; 1 ¢y Tak, 4TOOBI PELIEHUE YJIOBJIETBOPSIO KPACBBIM
yesoBusim (17.2)

Yo = Xa1¥1 + i, Yn = X2Yn-1 + Ma.
I/IES JEBOT'O KpPacBOoTO YCHOBHA TMOJIYYHaeM
€1 = X1€2 + p,
U3 ]_[piiBOI'O KpaeBoro yCcjoBHAag —
C1Un + CoUp + Wy = X?(Cl'“'n—l + CoUp—1 + TUTI—I) + pa.

Takum 06pa3oM, 1mogydena cucreMa




€1 = X1C2 + 1
CJ_(?-f-:l Xz’ib-u--l) “+ CQ(UH — X2Un -1) = Uy + X2Wn_1 — Wp

Hatiem u3 aTolt cucreMbl ¢; M co u nogcrasum B (17.13). Tloayunm pelenne
ypasuenns (17.1), yaosnersopsioniee kpaesbiM yesaosusim (17.2).

Mpl u3yun/in MeTo/bl PeLennst Kpaesblx 3a4atl JJIs PasHOCTHBIX ypaBHEHU.
Ho jutst Toro, urober penienye pasHoCTHON CXeMbl CXOIAIIOCH K PEIIeHUI0 UCXO/I-
HOM 3aj1aun, HEeOOXOIMMO, YTODLI 9Ta pasHocTHas cxeMma Oblia ycroitunpoit. s
MCCIIeJIOBAHMUS HA YCTOMUMBOCTDL HYYKHO ITOJYYATH OLEHKY pPelieHns pasHoCTHON
38JIaUM Uepe3 NpaByio yacTh. g aroro ucciejyem Hekoropbie obime csoitcrsa
Pa3sHoOCTHBIX yPaBHEHUH.
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§ 18. IlpuHDUD MakcHMyMa jisi PA3HOCTHDBIX ypPaBHeHui 2-ro nopsaka.
Ouenka pemenuit NepBOi KpaeBoil 3a5a4u

Pacemorpum crnepyionnyio kpaesyio 3anaty must pasHoCcTHONO ypaBHEHHUHA
2-ro nopsigka:

lyi = biYiv1 — ¥ +diyisi=—¢i i=12,...,n—1, (18.1)
Yo = K, Yn = M2, (182)

NpUYeM
b; > 0, d; >0, c; > b; +d;. (183)

Leopema 1 (Ilpunnmnn makenmywma). Ilyers soimosmenst yeaosust (18.3) u
i <0 (p;>20) i=1,2,...,n—1. Torga peenue 3anaun (18.1) — (18.2),
OTJIMYHOE OT MOCTOAHHOM, HE MOXKET NPUHUMATh HAUOOJIbIIEe OIOMKUTETHEOe
(HauMeHbInee OTPUIATENLHOR) 3HANECHHE BO BHYTPEHHIX TOUKAX.

Hokazarenscrso. Ilyers ¢; < 0. i = 1,2,...,n — 1. [Ipeanonoxum npo-

TUBHOE, YTO B HEKOTOPOH BHYTPEHHEH TOUYKE 1 == P BBLITIOJEHO = max 1y; =
’ P g<i<n ™t

M > 0. Tak kax y; # conct, nalijeTcst BHYTpeHHDLH y3en k, B KOTOpoMm J1o-
CTHI'aET CBOErO MOJIOKUTEIBHOrO Makcumyma Y = M > 0. Torga maiinercs
coce/lnvit ysen, Hanpumep k — 1, B koTopoM yx—1 < M. Moxker cay4nTbes,
4TO B HECKOJIbKMX Y3JIax, coceux ¢ ysjioM k,  y = M. Torna B kadecrse
y3/1a Kk BO3bMEM MEHbILUii 110 HOMEpY Y 3aluiieM (18.1) B yane k :

beyr+1 — CrYr + dryr-1 = bi(Yks1 — yr) — di(ye — yr—1) — (ck — be — di)yx < 0.

Hop; <0, i—1,2,...,n—1, T. €. 970 BbIPaXKEHKE JOJAKHO ObITH HEOTPHUIATEI b-
Ho. [lonyueno uporrsopedue. Bropoe yTpepskieniie J0Ka3bIBACTCA AHAJOIHYHO.
Teopema jJoKa3aHa.

CrreacTBIeM JOKA3aHHOM TEOPEMbl ABJISIOTCH CISAYIONINE YTBEPK JCHUSL.

Teopema 2. Ilycrs Boinosuenst yeiorus (18.3) u ¢; > 0. i—1,2,...,n—1
i y—.l_z 0, ug > 0. Torma y; >0, i=1,2,...,n—1. Ecmu xe
wi <0, :=1,2,...,n—1m u3 <0, p2 <0. Torma 9, <0, 2=1,2,...,n—1.
Hoxkazarenpcrso. Ilyets ¢; > 0, i —1,2,...,n—1.u y <0 xors 6B B
OJIHOM BHYTpeHHeM yaJje. Torja y; JOCTHUIaeT HAMMEHLILIEro OTPHIATENbHONO
3HAYEHUs BO BHYTPEHHEM Y3Jie, 4TO HEBO3MOXHO.

Teopema emuncrsennoctu. Ecau eimonnenst yenosust (18.3), To kpaesasi 3a-
aava
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biyiy1 — ¢iYi + diyi—y = 0 i= 1,20 n=1,

Yo = 01 Yy =V,
MMEET TOJBKO TpuBMadbHoe pemenne y; =0 2=20,1,...,n.

Jokazatenserno. o reopeme 2 uz ¢; <0, py <0, pe <0 cuenyer y; < 0.
Ananornuno, uz @; >0, p; >0, py >0 cregyer y; > 0. CienoparesbHo,
y; = 0. Yro kacaercs 3amaun (18.1) - (18.2), To pemenne 970l 3aa4uu e uH-
CTBEHHO, TTIOCKOJILKY PA3HOCTD JIBYX PEIIeHUN YI0BJIETBOPAET OJHOPOAHOMY ypaB-
HEHUIO, KOTOPOE UMEET TONbKO TPUBUAJILHOE PEHICHIE.

Teopema cpasnenusi. Ilycrn y; — pemenue sanaun (18.1) - (18.2), a g
penienue 3a1auu

l?ﬁ = __‘}(3%‘ 1= 1:2:"'!”'"_ 11 gU:ﬁlﬂ ﬂﬂzﬁ?:

K09 DULIUEH T KOTOPO yIOBAETBOPAIOT yeaosusaM (18.3) u BbImONHEHbI yCJI0-
BUSL

loil € @i, 1=1,2,...,n—1, |wm]| <G, w2l < b

Torna  |yi| < ¥l g = e
9

Jokazarenbcrso. Tlo reopeme 17;| > 0. 3amerum jlasee, 410 JJist

U=%-y H V= tY

nosiyaaem 3agaqy (18.1) - (18.2) ¢ mpaBeIMH JaCTAIMHI COOTBETCTBEHHO B; — (0; >
0 mwe;4+ ¢, 2 0 1 yeJoBHsiIMH Ha T'PAHUUE COOTBETCTBEHHO [ty — i1 = 0 #u
fio + po 2 0. Ilo Treopeme 2 u; >0 u v; 20, 1 e.

020, HLt+ymz0

~¥i S Y S Ui

Teopema jgokazaua.
Ouenka penienust NepBoil Kpaesoit 3a1a4n

Huxke B xauyecrse nopMbl cerounoil GyHknun OyIeT WCHONBL30BAHA MEPBast
BEKTOPHas HOpMa

lyille = max lyil.
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Teopema. ycrs suimonnens: yesopms (18.3), npuuem
gi = |ci| — b;] — ldrf >0 t=1,2.. 0= 1,

Torga cnpasenusa onenka
©
lylle < H‘g‘f’ + max(|p |, |ual).

- ! N
Hoxazarenserso. Pemrenne 3a1a4n (18.1) - ( 18.2) npencrasam B Buge y( +
: 1
y? e :l}g-( ) — PEIICHAE OJHOPOHOIC YPABHEHUSA C 38/IAHHBIMM I'PDAaHUYHbIMH
YCIOBUSAMH,

bz.yg}-)]. - Ci')'-gl) gz di?fﬁ% =0 1=1,2,...,n—1,

(1) _ ) _
v  =m1, Y = p,
2
a 3/;:( ) — pelieHne HEOJHOPOAIIOro YpaBHeHnd ¢ HYJIEBBIMH I'DAHUYHLIMU YCJIO-
BHUAMMH
(2) oni(2) ) o :
b%'y3-+}_ —GY; "+ d.;y_,;_ | =t =1,2,...,n— ;& (18.4)

y{(]Q) =0, yf) = (.
[Toxaxxem, uro s yf ! CIIPABEINBA, OLCHKA
Iy . < max(lal, ).
B camom gese, jist petnenust sanayn
biffivi — i+ dii1=0 i=1,2,...,n—1,

Yo=f,  Gn=f, B=max(|ul,|us|)
3aMetaeM, 9To ¥ 2 0 ¥ MOXKET JOCTHraTh MAKCUMYMa TOJbLKO Ha rpasuIe, T. .
: ; 1 _
mpu ¢ = 0 win ¢ = n. Ho no teopeme cpasrenus |yf )[ < |@il-
(2)

BakimeMmcs OLeHKOH ¥,
g

lyi| <

[Iycrs makcumym Momyas y; aocturaercs s y3Jie

Syl i=0,1,...,n. Tepenumenm (18.4) & nuze

i/

Ci%i = biYir1 + diyi-1 + @5
B arom ysie umeem
ICpHyp‘ = 'bpym-l + dpyp—1+ 0| < (ibp’ + |dp|)’yp| + hﬁp"
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Orcroaa

A %
=5 =14 = Il

|yl < (

Teopema, sloka3ana.

Obcyaum Teneph BOIPOCHT AMMPOKCUMATMN, YCTORIMBOCTH M CXOANMOCTH T1PH
perenn CCTOYHBIM MeTOIOM [1ePBOil KpaeBoit sajgaun Ju1a qudpepeHnnaibHOro
ypaBHEeHUs

i+ p(t)u+qt)u= f(t)

u(0) =@y, u(l)= .
Kak nokazano Boinie, aroil nenpepsBHON 3a1a9¢ MOXKHO NOCTABUTD B COOTBET-
CTBUE CETOUHYIO 3ajauy

bithisr — G+ dith1 =~  1=1,2....,0 =1
Yo = 1 Yn = M2,

re
bi=1+ph, c=2+ph—qh?, d=1 ;= fihl

[prn p(t) > ¢ > 0 ycnosust (18.3) MOPYT GBITH BRITIOJHEHBI [IPH JOGBIX Orpa-
Huaennbix g(t) sa cuer ymennimenus h. Ipun p(t) = 0 u q(t) > 0 yenosus
(18.3) me Beimonnensl. Kak usBecTno, B 9TOM ciIydae ¥ HeNpepblBHAS 3312493
TaKKe MOKeT He umerh pemenus. Caydait p(t) < 0 Tpebyer ononuuTessHOro
MCCIIeOBAHUS!, OJIHAKO B IPUJIOXKEHHSIXK OH 0OBIYHO HE PEaU3yeTcs, HOCKOIbKY
usuueckuit empics sToro xKoadpduimenta — Tpenne, KOTOPOE B NPUIOKEHUAX
HEOTPHHIATE/ILHO.

Hopsenem mror. Mui nokaszanu, yro 3aaua (16.4)- (16.5) annpoxkcumupyer
sanady (16.1)- (16.2) ¢ nopaakom O(h). Ipn Boinosnnenn yeaosuii (18.3) nepsasi
Kpaepas 3ajada yerolunsa 1, CIeI0BaTeibLHO, DEIIEHIE [IePBOH KPAeBOM 3a1aui
ATl CeTOHOTO ypasHennus (16.4) cxoauTest K pereHnio epBoii KpaeBoi 3a1a4m
ypasHenus (16.1),
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§ 19. Pasnocrunie ypasuenus

Omnpenenenne. JluneltHoe ypaBHeHHE OTHOCUTENLHO QYHKLUM 1UCKPETHOrO
aprymenra (cerounoit dyHkuun) y; = y(i) Buga

aoiYi + a1ilir1 + ...+ OilYiem = f; 1= 031,42, ... (191)

HASbIBACTCA PASHOCTHBIM YPaBHEHWEM M - ro nopsiaka. Ecmu kosdduipenth
a0, @1, - - - ; Qg HE BABUCAT OT 7, TO yPABHCHUE HA3BIBAETCS JIMHEHHBIM PA3HOCTHBIM
YPABHEHUEM € NOCTOAHHBIMK KO pumentamu. Ecnn Bee f; = 0, 1o pasnocraoe
YPaBHEHHC HAabIBAETCST OMHOPOAHBIM. PaccmoTpum paswocTHble ypasuenus 1-ro
1 2-10 1OopsiJiKa.

Pasnocrusle ypasnenns u nepasencrsa 1-ro MOPSAIKA.

Pacemorpum pasnocraoe ypasrenne 1-ro MOPSIIKA,

aiYi +byiv1 = fi a;#0, b #0

HJTH

Yit1 = Qi¥i + . (19.2)
E(JJII/I 3aJaHo Yo, TO 3TO ypaBHCHHUE CTAHOBUTCS PEKYDPEHTHBIM 114 ornpenesieHus
Y. [k)HHMyKHHHIﬁTpxmﬂ)HOHYWHTb(bOpMyﬂy

i i
Yit1 = yOHQk + Z( H as)ex + @i,

k=0 k=0 s=k+1

AOKASATEILCTBO KOTOPON Mpejliaraercst mpojeaTh CaMoCTosTenbio. B cayyae
YPaBHEHHS € NOCTOsAHHBIME Koadumentamn ¢; = ¢ s1a chopmysia umeer Bus

)
vis1 = ¢y + ) g ey (19.3)
k=0

Hepasencra 1-ro TIOPsI KA.

Teopema. ITyeTts nano pasnocrhoe ypasnenue 1-ro nopsiaxa

Uit1 =qy;+ fi g>0 (19.4)

¥ HEPABEHCTBO NEPBOro MOPH KA
Viy1 £ qui + f; (19.5)

M 0ycTh ug = vg. Torma umeer mecto onenka
Vi S Uy (19.6)
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i—1

v; < Qi?l-(} “+ z Qi—k_lfk- (19.7)
k=0

Hoxazaresnserso. Borarem us uepasencrsa (19.5) pasencrso (19.4). Iosyuaem
PEKYPEHTHOCTD

Vir1 — Uir1 < q(v; — u;) < (v —ui—1) < ... < ¢""Hug —v) =0,

n Hepapesctso (19.6) noxasano. Hepasencrso (19.7) caenyer uz (19.3) .
PasnocrHble ypapHeHuA 2-10 HOPAJNKA C NOCTOSHHBIMU Ko puinenramn
Pacemorpum pasnocrioe ypasnenne

byiv1 —cy; +dyn=fi i=1,2,...,n, (19.8)

koapdbuimenTs koroporo b,e,d ne sapucar or s m b # 0, d # 0. B§ 17
IPY U3YHEHUU MeTojia CTPebObl Mbl BLISICHHJM, YTO JJIS HAXOXKJIeHUs 001ero
Pelenst MCXO/HOTO YPABICHU s HCOOXOMMMO HaHTH 00IIee perieHne OHOPOLHOTO
PA3HOCTHOrO YPABHCHUS

byi1 — cy; + dy-i_.._]_ == ) = . S (1'9.9)

K KOTOpoMy ciejiyer npubasuth 100oe 4acTHOe pereHue UCXOJHOrO ypapHe-
Hust. 3abimemest ojnopognniM ypasuennem (19.9). Tlocnenosaresbrocts ypas-
menit (19.9) MoxkHO pacemarpuBaTh KaK CACTEMY 1 YPABHEHHH OTHOCHTEIbHO
N+ 2 HEUZBECTHBIX Y0, Y1, - - -y Ynt1. HETPYHHO 3aMETUTH, ITO PAHI' YTOH CHcTe-
MBI PaBeH 7, HOCKOJILKY B MaTpUIEe

|
e
Q.
o
o
oo

b S
0 b ~¢ d ... 0
0

o
<o
o

&
o

0 0 0 .. b ~—c d
eCTH OTJINYHLIA OT HYJIA MUHOD PasMepHOCTH M. C.JIG,}J‘OBF]."I‘(‘JI bHO, CHUCTEMa UMeeT

, . 1 1
2 JIAHENHO HEe3aBRHCHMBIX pemmmﬂ — pekrop Y = ('z;(J),Jg) ,y?(lj)

Sl
sexTop Y% = (4 J( ) ( ) ?j}, AL ) 1 00111ee PereHne OJIHOPOLHOTO PA3HOCTHOIO

YPaBHEHUST UMeeT L..Tze,flylol_l_mﬁ B

(1)

yi =y, '+ t—zy( :

(19.10)
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T JIMHEHHO HE3ABUCHMBIE PELICHUS! MOYKHO OTHICKHBATE TaK, KakK M3JI0XKCHO
B METOJE CTPesbObl, HO MBI Ceifyac PaccMOTPHM APYroi npueMm. ByneMm nckateb
HenyseBble peinenns (19.9) B sue

yi=¢, q#0. (19.11)

[Moncrasass (19.10) B (19.9), nonyuaem ypasuenue A1 OXIPEJICNIEHUA ¢, KOTOpOe
Oy/ieM Ha3bIBATH XapaKTePUCTHICCKUM

bg* — cq+d=0. (19.12)

Kak o6bruno, paccmorpum tpu ciyuas:

1. Kopnu XapaKkTepuernyeckoro MHOMOMJICH:, BEIIECTBEHHLI U PA3JIMYHBL:
q1 # q2. B arom cayuae umeem ssa peleHns yim =g u y§2} = ¢}, nupuuem
JICTKO BHAETDL, MTO 9TH BEKTOD& JIMHEHHO HE3ABUCHUMBL, 110CKOJIBKY €CTh MUHOD
2-ro nopsiaKa, HanpuMep

11

q1 g2

OTJIMYHBIN OT HyJsI,
2. Kopnu xapakrepucTinyeckoro MHOrowieHa KpaTHble: g1 = ¢y = q. B arom
)

CIy1ae BTOpoe JIHHEHHO He3aBHCHMOE DEeLICHHe UMEeeT BUJl v, = iq'. B camom
(2)

Aene, nopcrasiss y;~ B (19.9) u rpynnupys, nosyuaem

b(i + 1)¢**! — cid' + d(i — 1)g'! = ¢ 7[(bg* — eq + d)i + (bg* — d)].

Bripaxkenue B nepnoit cxobke PaBHO HYJIIO, IOCKOJIBKY ¢ €CTh KOPEHb XapaKTe-
PUCTHYECKOTO MHorowieHa. Boipaskenne Bo Bropoii ckobke Takike PaBiO HYJIIO,
IOCKOJIbKY B Cllyuae KpPaTHOTO KOPHsI q = 55, @& MOCKOJIbKY KOPeHb KPATHBIM,
auckpumutanT D = c? — 4b pasen n VITIO ¥

)
c* D
b —d=— —d== =0,
I 4b 4b
Jluneinas nesaBucumocTs JByX 9THX perneHwii y,i“) wgb w y?;(z) = ig' Takxe

JIEIKO IIPOBEPSIETCH.
3. KopHu XapakTepucTHueckoro MHOrOUICHA KOMIUICKCHbIe:

>+ i4/] D]
g2 = fi—-;—b—iﬁl, D = ? — 4bd.
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[")I'{‘,I'IO.IH>3}’}I HPEACTABJACHUTEC KOMIJIEKCHOI'O v1C/la B BUAC

d |D
Q12 = pe*¥ = p(cosp + isingp), p= b’ SO"CL?CfQ’\/—l

3aMeYACM, YTO
¥y = p¥(cos kg = isin k).

Herpysuo Bujern, 4ro ecin KOMILIEKCHO3HAYHAS CETOUHAS dbyHKIMA sABISET-
¢ PELICHUEM JIMHEHHOIO OJJHOPOJHOTO PA3HOCTHOIO YPABHEHUA ¢ BEIIECTBEHHbi-
MK KOI(pDUIIEHTaMY, TO TOA BEIECTBEHHAS U MHUMAS YACTH 9TOH CETOYHOM
byHKIMM TaKOKe SIBISIOTCS PEIIEHHEM ITOr0 yYD&BHEHHH. [Tosromy permennem
SIBJIAIOTCS (DYHKIMN

1)

'qé = pPcoskp u y}f) == p¥sin k.

Aaist roro ol yoenThes, YTO 9TH pernenns JUneHEo HE3aBUCHUMBI, JOCTATOY-
HO B IPAMOYTONLHONR MaTpule

1 0
pcosy  psing

pFeoskey pFsin ke

HAlTH MUHODP 2-T0 TOPsiJiKa, OTIUYHLIH OT HyJst. D10 Ipeaiaraercs [1poJeNaTh
CaMOCTOATENHHO B KAYECTBE JIEMKOTO VITPasKHCHMA,
I[lpumep 1. Haiitu obiuee pemenune ypasuenus

Yk+1 — Yk + 291 = a
Haitaem obiiee permenue ogaopoanoro YpaBHEHUS
Ykt — Yr + 2yp—1 = 0,
Kopnu xapaxrepueruueckoro ypasnenus
@ —q-2=0

pasubl ¢ = —1, ¢qo =2 wu obiee permenne oJHOPOIHOTO YPaBHEHU s

Jlist oreickanyst wacTHoro pemenns HEOJHOPOJIHOTO YPABHEHNSA TTPEITONOMKY M
910 ¢ # ~1un a#2. B srom cayuae pelieHne MOXKHO HalTH B BUAE

¥
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0 ;
yi_) = Ad*. Tlogcrasnss mpemmonaraeMoe 4aCTHOE PELeHUe B HCXO[HOE ypaB-
Henue  cokpamas Ha a* !, momyuaem
a
44 - '2—H'_'_‘.
ac—a— 2
0 -
Ecnu xe a = 2, peuenune OyaeM uUCKarh B BUJIE y,(g) = Ak2F. Tloncrasnss B
HCXO/IHOE YPaBHEHYe, TI0JIyYaeM

Allk+1)4—-k2—-2(k—1)]=2 A=1/3

Canyuait a = —1 paccmarpuBaercs anajornano. Takum obpasom, obiiee pelre-
HUE UCXOJIHOIO ypaBHEHUSA UMeeT BUJL

Yp = Cl(v—].)k e Cg2k + y,(:}).

B srom mpumepe siBHO HPOCMATPUBAETCH AHAJIOTHUS MEXKAY METOZAMHU OThICKA-
HMst 0O1IEro pelrenus st TuHedHbIX Jud)DepeHuaNbHbIX U JUHENHBIX Pa3HOCT-
HbIX YpaBHEHUH. ITa aHAJOTusd He CyvaliiHa, IOCKOJILKY Pa3HOCTHbBIE YPaBHEHHS
eCTh JUCKPETHBIN anajor aud bepeHMaJbHbIX ypaBHeHui. B ciyyae suneitno-
ro ruddepeHnuanbHOr0 ypaBHEHUsl ¢ HOCTOAHHBIMU KOI(D(MUIUEHTAMHU DPele-
HHE OJHODOJIHOTO ypaBHEeHMs uuiercss B Buze e . Eciu e Bpemsi IHCKPETHO,
t=kh, To q=er

[Ipumep 2. Tlyers 2 — nponsBoJibHOE BELECTBEHHOE YUCIIO, TaKoe, 410 |z| <
1. Paccmorpum ypashenwue

Yn+1 — 2333}” + Yp-1 = 0. (1913)

Byjiem uckarb perienne 3Toro ypaBHEHUs, YAOBIETBOPAIOLIEE YCIOBUSAM o = 1,
y1 = x. Hockonbxy |x| < 1, pas panbhehiero ynobHo ob6o3Ha4YMTL COSO =
|z|, & = arccos z. XapakTepucTuueckoe ypapHeHle UMeeT BH/I

¢ —2cosbg+1=0.
Kopuu aToro ypapxenusi
q1a = cosd +isind = e

n UGIIL(E(} peuiceHue

Yn = €1 cOs (narccos z) + ¢z sin (n arccos ).
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W3 yenosnit yo = 1, gy = x nonyvaem ¢; = 1, c3 =0, n penienne umeer U/
Yn = cos (narccos ).

B § 6 610 moxazano, uro muorowinenul Yednimesa Ty(x) == cos (narccosz)
V/IOBJIETBOPSIOT PeKypeHTHoMy cootHoliennio (6.2). 3jech Mbl 3aMeTHId, 4TO
pemenHeM pasHocTHOro ypasaenus (19.13); xoropoe n ecrb pekypeHTHOe coOT-
nomenue (6.2), npn yejosusix yg = 1, y = @ sBasierca MHoroujex Jeboimena.
Tem caMbIM fOKa3aHA 9KBUBAJEHTHOCTH JBYX onpejeienuii Miuorounena JeObl-
mesa, O 4eM TOBOPUJIOCH B § 6.
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§ 20. Coberpennble 3HaMCHNS HTPOCTEIero Pa3HOCTHOrO oneparopa

Hanomuum, uro coberBeHHBIME 3HAYCHHAMN NHHEHHOTO ormeparopa A wna-
SBIBAIOTCA T€ SHAYEHMs A, [PH KOTODBIX CYLIECTBYIOT HEHYJIEBbIC DElleHwus
ypaBHEeHM

AP = \p,

4 CaMu 9TH HEHYJIEBbIE DELICHNs HA3BIBAIOTS COOCTBEHHLIMY (DYHKIUSAMH, COOT-
BETCTBYIOIUMU COOCTBEHHOMY 3HAYEHUIO .

B srom maparpade mbr pPaccMoTpuM 3ajavy Ha COOCTBEHHLIC 3HAYEHUS JJist
PA3HOCTHOIO ONepaTopa

ol . T P A S n—1 (20.1)
h* n
u(] _ O 'U,n ponac 0 . (202)

Shy:) 3aJiava ABJACTCA PA3HOCTHBLIM aHAJIOOM 3aJla"M Ha coDCTBEHHbIE SHaY1CHUSI

s ucdepeniansbEoro oneparopa
y'(z)=Ay(z) 0<z<lI

y(0) =0 y(I)=0.
M3 kypca muddepenimanbubix ypasuenuit n3sectio, 4ro cobeTBeHbIe 3HAYCHUS
9TOT'0 oHeparopa

mm. .
Am = —(_l_)za
a cucrema cobCTBeHHBIX byHKIUl €, (z) = \/é sin "7 obpasyer nosinyio op-
TOHOPMHPOBAHHYIO CHCTEMY B IPOCTPAHCTRE L?o,t): 4TO IO3BOJIET NPUMEHSITD
METOJl pA3/IeVIeHNs TIePeMEHHbIX IPH PEIIeHUH 3aad MaTeMATHYCCKOH (hUsuKi.
SaliMeMcst COOCTBEHHBIMU 3HAMEHUSIMU PASHOCTHOIO oneparopa. [lepenumenm
ypasnenue (20.1) B Buge

; Ah? .
Uk41 — 20Uk + w1 = 0, c(A) =1+ . T (20.3)
Ipu |e(A)| > 1 koprn xapakTepucTiueckoro ypasHemsi
¢* —2cq+1=0 (20.4)

BCINECTBEHHB! M PA3JIMYHBI 1 00lee penicHne nMeer Bujl
ok k
U = C1q] + C145.
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13 neBoro rpaHuvHoro ycjaosus up = 0 noayvaem
C1+Cc= O,
& M3 11paBoro rpadi1aHoro yCJIoBHA U, = 0 ciaeayer
clq? -+ (?qu' == 0,

Orciofa caemyer, uTo ¢ = ¢y = 0, T. €. HeHyJIeBble PelIeHs HeBO3MOXKHDI [IPH
le(A)| > 1. Ipu |¢(A)] = 1 xopum kparhpie U obIIee pelleHne UMeeT Buj

U = c[qk - czkcf".

C yderoM rpanMyHBIX ycioBuil nosydaem ¢ = 0, cg = 0, U B 9TOM Ciryuae
TaKyKe BO3MOXKHO TOJIbKO TPUBUAJIBHOE PEIIeHwe,

[Tycers |c(A)] < 1. B arom ciiyuae KOPHE XapaKTePUCTUIECKOrO MHOIOYIICHA,
komiiekcHble. Kak un panbnie, obosnauum

Ah?
e(A) =cosa cosa=1+ *E (20.5)

Torpna kopuu ypasuenust (20.4) pasubl
g2 = coSa L isin o
v obiiee pemeHue uMeeT B/l
ug = ¢y cos ka + ¢o sin k.

U3 nesoro rpanuunoro ycriosuda ug = 0 caejyer ¢ = 0, 7. e.

U = ¢o 8in kov.
13 Broporo rpaHuIHOrO yCAOBUS CJEIYET, 4T

cosinno =

K, CJICAOBATCIBHO, HEHYJIEBLIC PEUICHUA BOSMOXHBI B CJly4ae, KOorga

mm
Ay = ——.
T

13 (20.5)
—Ah? = 2(1 — cos ) = 4sin”

|2
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CuienoBarensHo,

4 o
. oy
Am = ——=8in°—.
" h? 2
3amerum gasee, 410 [¢(A)] = 1 npu m=0 u upm m=n u, CJIEIOBATEILHO,

m = 1,2...,n — 1. [Janee 3nauenusi A\ nmoropsiiorca. Takum obpaszoMm, noka-

3aHa cJiellyrollaa TeopeMa.

Teopema 1. Pazuocrubiit onepatrop (20.1) - (20.2) umeer n — 1 cobeTBEHHOE
L€E0] P I

3HAYEHUE
Ap=—— sin*— m=12,...,n—1

HJIN

m=1.2, . ;7—1,

KOTOPBIM COOTBETCTBYIOT CcOOCTBEHHDBIS (l)yHKILHH

., mm )
ey =csink— m-—1,2,...,.n—1
n

WJTH, TIOCKOJIBKY % = ’7” u kh = x,

. ML} |
ep =csin—— m-—1,2,...,n— 1,
' !

3amerum jagiee, 9to [Ap| < |Ami1| B cuny toro, aro dynkims

4 . ,mmh
— 8in° ——

h? 21

(20.6)

(20.6')

(20.7)

(20.7')

MOHOTOHHO BogpacTaeT npu 1 < m < n—1. Haumensinee no Mmoaysio cobcreen-

HOC 3Ha4YeHHe paBHO

4 . o mh
/\1 = “ﬁ sin -é'z“
O603Ha4uB
e mh
o

MOJYJb A MOXKHO 3allucarb ¢ BUJE

72 sin? £

DJIEMEHTAPHO TIOKA3bIBACTCs, YTO dynkus
sin &
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1 BMEEeM MHHUMYM B OKDECTHOCTH & = %, U3 4ero ciefyer, yto Ay > E%' OrHo-

CHTEJILHO A, MMEEeM

1 gl ) R
|)\_.”I__1[ = 817N __?J”_ L e })_2_(1 — COS 2_} ) ’

L‘}CB NOKa3aTeI6CTBA OTMETHM, YTO CCJH B [IDOCT 1ACTBE CETOYHBIX (D IIKH'HF'!I
s bl ;

BBECTH CKaJIAPHOE ITPOU3BESeHNe 110 (hopmyie

(o, 1) = Z hugv;, (20.8)

TO B IPOCTPAHCTBE € HTUM CKaJISIPHLIM ITPOUIBEACHHEM COBCTBEHHbIe (DyHKIUHI

T
ep = csink—-
n

B 9TOM IIpO-

OpTorotayibibl. st Toro wrobnl HOpMa COGCTBEHHbIX hyuximit
2
.

cTpatcrre Db paBHa einHule, KOHCTAHTY ¢ TIOJIAraiT pasHoil
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§ 21. Pasnocrnbie MeToibl pemeHnsi KPeBbiX 3a/a4
ISt YPaBHEHUSI TEIVIONPOBOLHOCTH

Ilycrb sajan crepxens jumnbl [ u nyers w(z,t) — TeMmeparypa B TOHKE
r (0 <z <) crepxkus B MomenT Bpemenn t. Ilpouecc pacnpocrpanenus
TEI/Ia B OJJTHOMEPHOM CTEPKHE OMUCBHIBACTCH CICAYIOIUM YPABHEHUEM:

ou 0 ou
e .y || Joie | il Pl EY, 21.1
Cpé’t Oz (kazs) f(z,1) ( )

Oyukuus  f(z,t) cBa3aHa ¢ MIOTHOCTHIO BHEIHUX MCTOMHMKOB Tela. Besu-
YHHBl Kk — KO3 (PUIMENT TErIONpPOBOAHOCTH, ¢ — TEIVIOEMKOCTH €JUHHIIb!
JJIMHBL,  p — IUIOTHOCTDH B OOIEM CJiydae MOIYT 3aBUCHTL OT & u t. B 1po-
CreifineM ciydae, KOIJia OHM KOHCTAHTBI, YPABHEHUE TEIUIONPOBOJHOCTH HMeeT
BUJ

O e g0 (21.2)

2
[Tocne samensr 7 = % t; = %t, nouyuyuM ypaBHeHue (MHIEKCHI Y t ¥ X MbI
1 I 2% : .

onyckaem)

ou  0%u

— = —= + flxz,t). 21.3
Bajaua Komu st ypaBHEHMS TEIIOIPOBOJHOCTH CTABATCS CIELYIOMNM 06pa-
3oM. Tpebyerca maiTu pemenue ypasueius (21.3), ynosaersopsiomniee Hauab-
HEIM

u(z,0) = ug(z) (21.4)

¥ PPAHMYHBLIM YCJIOBUSM
aqu(0,t) + Brul(0,t) = » (L,

asu(l,t) + ﬁgu;(l,t) = vo(t). (21.5)

['oBopsiT, uro 3ajana nepsasi kpaesas sajada, ccmu B; = 0 4 = 1,2. Ecom
x®e o; =0 7=1,2, To Kpaesylo 3ajja1y HA3BIBAIOT BTOPOH KPAaeBO 3a1auel.
Ecnu Bee atu kosddunpedrs oTIMaHb OT HyJIs1, TO FOBOPSIT, YTO 3aJaHa TPEThsA
KpaeBas 3aJa4a.

Hanomuum, uro B Kypce Maremarnueckoit husuku pemenne ypasuenus (21.2)
AJisl IEPBOY MJIM BTOPOW KpaeBoil 3ajauu UIeTca B BHJIE PSIIA 110 COOCTBEHHBIM
bynkupuam onHopoaHOl Kpaesoit 3ajaup, T. . pemenue, BoobIe roBOPSI, MOYKET
ObiTh HalifieHo Jminb TpubIHKeHHO. Kpove Toro, mjis psifa KpaeBbiX YCIOBHil
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Ba/la"a HaxXox AeHnst COOCTBEHHBIX 3HAMCHMH TPHBOLUT K HEOOXOAMMOCTH HAXOK-
AICHUA KOPHEH HEKOTOpPOro Hesmmelinoro ypasrenus. Taxkum obpasom, zamada
HAXOAICHHS] PELUCHUA JYIA yPABHEHUS TEIJIONPOBOJHOCTH METOLOM pa3leseHnus
NCPEMEHHDBIX B PIIE CIYUaeB OKA3bIBAETCS HEPEATH3YeMOi.

Huzxe Oypyr onucansi cerounnie (paznoctasie) meros PEeLIeHUs] KPAeBbIX
SN IS ypaBien i MATeMaTHIeCKOH (DUBHKN, KOTOPbIE MBI TOAPOGHO H3YYHM
Al ypasrenus terionposojnoctu. Tyers tpebyercs naiiTu 3aduer e perenms
Kpaesolt sajgaun (21.3), (21.4), (21.5) nmpu t = T, 1. e. u(z;, T). Paszobbem
orpesox [0, 1] roukamu x;, 4 =0,1,...,n ¢ marom h = 1 a orpesox [0, 7]
ToukKamu t;, 7 =0,1,...,m ¢ wmarom 7 = -

m’
C(’)B()}(y11]'-{0(_:'1‘1) TOYCK (.’L‘-;;, I'Jj) 6}’;1‘('.:1»1 Has3bIBATL CCTKOK, a MHOYKCCTBO TOYeEK

npu t =1y, m e. rouxku (i, zg), (t, T1) ... (tg, @), OyneM Ha3LIBATL CJOCM.

Pa.:_moc’rHau CXeMa C Becamil Jiiel YpaBIIeHu:A TEILTONPOBOIHOCTH

Iipn dbukcuporannom ¢ samennu POU3BOJHYIO 110 ' B TOYKE & = I; pas-
HOCTHBIM BbIPpayKeHUEM
Ou Uiy — Uy

~

T T
A lPU T = T, —— BBIpaAYKEHUEM
ou o Up  Upy
dz " kK
Bropyio npoussosnyio no z pH T = o t = 1,2,...n — 1 3ameHum
BbIPAXKCHUEM
0u o Hiqn e 2u; + uj_q
ow? h?
B pesynbrare smecto sanaun (21.3), (21.4), (21.5) momyuaem cucremy
A depennanLHO-pasHOCTHBIX ypaBHeH il
5%% = Yin(y) 2“2’:?) R i (e (21.6)

¢ HavaJIbHbIMH

i (0) = wuo(z;) (21.7)

U I'PaHUYHBIM K YCJIOBUAMHM

ot B s = i), (21.8)

rayn (t) + Bl toall) r2(t). (21.9)
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Bpenem obosnauenus

_ Yir1(t) — 25i(t) + yé_l(-.t).

B s1ux oboznauenusix (21.6) umeer Bug
dyz(t)
——2% = Ay, i(t).
dt Yit + fz( )
3aMeHUM MIPOU3BOAHYIO 110 # PA3HOCTHLIM BBIPAYKEHHEM
At wiltinr) — wmlts) o™ — o
yi( J) ~~ Y ( J+1) y( J) - y’.‘. yz ) (21-]0)

dt ¥ T
Bpech u wmxke y! = y(w;,t;). lpasyo vacre B (21.6) 3amenuM Ha JTHHEHHYIO
KOMOMHALMIO BHAYEHHit Ha j-M u j+1-M cioe, T. e. na 3HAMCHHS 1IPABO YaCTH
Inpu Vi tj K T &= t:H—]

J+1 J o P i
y? yi, - O'A'l;}-'— _l_ (1 e O.)y;f -4 (’0-: (21.11)
T

3Jiech 0 — napamerp, B 3aBUCUMOCTH OT 3HAYCHUH KOTOPOT'O MOJIYYaeTCss KOH-
’ " oy oy ] [ BRVTaE W s ¢ e 3 & [ £ o aT 3 J |
KpeTHasl PA3HOCTHAS CXEMA, &  — HEeKOTOpasi npasas 4acTh, Hanpumep f7. Hu-
Ke Mbl YBUJHUM, 970 B 3aBUCUMOCTH OT O IPaBas YaCThb (p MOXKET NPUHUMAThH U
UHbIE 3HAYCHHAS.

BuMecte ¢ HauanbHbIMHA

Y = uo(z:) (21.12)
1 "paluYHbIMHA YCJIOBUSIMU
vl ; ,
oyl + frr— "o _ =i, (21.13)
}}?? - Jn— I
agys, + Po—- - = % (21.14)

noJiy4aem 3a21a4y, KOTOPYIO Ha3bhIBAIOT PA3HOCTHOM CXEMOH ¢ BecaMu.

Merozpl penrennsi pa3HoOCTHOH CXeMbl C BeCaMU

Haubosee 1acTo NPUMEHAIOTCH Pa3HOCTHBIE cXeMbl ipr 0 =0, o = L u

2
pr— 1 H —_— G h =Y AV ala Al A ﬁ T Y, — l —_— * T i
o =1. pu o = CXeMa Ha3bIBaeTCHd fBHOH, npa o = 5 CUMMETDH [HOPi, HJIH

cxemolt Kpanka — Hukonbcona, npu o = 1 — mesisroit cxemoii. Jlio6as paszuoct-
Has CXeMa C BECAMM II03BOJIACT PEANU30BATh AJTOPUTM ONPEIeNeHUs PelieHust
Ha HEH3BECTHOM CJIO€ C TIOMOILBIO PeIIeHUs], NOJYYEHHOrO Ha, PeABLAYIIEM CJIOE,
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Paccmorpum aror anropurM maast sisaoi cxembl. Ona mmeer BUJ

JFL _ o I =2+ o j
y?’ s yg i) yi+l h; yﬂhl + faJ Z' = 11 2- e ey mn — 1.

Iycrs j = 0. Pemenue y na nysnesou cjioe 3aaH0 HAYAIbLHBIMU YCJIOBUSMU

(21.12.). Ho yinst moGott toukm (i = 1,2,...,mn — 1) nepsoro cios umeem
1_047;0 9,0 0 70 e B 1 21.15)
Yo =Yi T 35 Wip1 — 2Y +ia) +Th t=12,...,n— L (21.1:
Hanee, 3nag yi, ¢ HOMOMILIO JEBOrO rpannusoro ycaosus (21.13) upu j = 1
OLIPEJICJINM Y§ ¥ AHAJIOTHYHO Ol PEJICIIAM Y. € TIOMOMUIBIO IPABOTO MPAHUIHONO
ycenosust (21.14). Takum obpasoM, HaliJIeHbl PEIICHHS BO BCEX TOUKAX nepBoro
crosi. ITosropsist 10T ajroputy, OnpeJIe UM pelieHrs Ha BTOPOM CJIOE W T. .
Hessuag cxema. Ilpun o = 1 paznocrnoe ypasnenue (21.11) umeer Buy

J+1 J J+1 J+1 ;+1
Vi Y% _ Yin 2ty 4
d : i 5 L pe 19 el
e h
Hmm OyzieT nokasano, 4ro 60Jee TOYHA AMTPOKCUMAIAS IIOJIY 9aeTCH [IPU P; =

1
ff . Obosnauum gepes z; = Jf . B orux obosnavenunsx noce [1PUBE/ICHIA

NONCOHBIX YICHOB MOJIYYaeM

2 h
il — (()‘f‘ "“)Zg—f"m,_,l = -———jJ i fH—)hg g = ].,2,...,?1—— 1: (2116)

I[IpaBas wacTh B 9TOM ypaBHeHWH ONpejiesieHa, MOCKOIbKY Y] — 3HaueHus! Ha
IpeabymeM cioe. Bmecre ¢ rpasuyHbIME yCJI0BUAME

oz + m-w;— = A", (21.17)

zn =1 i+1

= Ay 1.1
gt = (21.18)

NPUXOJHUM K DA3HOCTHON 3aJiadue, KOTOpas PEeniaeTcsi MeToJaMyu MPOrOHKHA HJIN
CTpesbObl, KOTOpbIE M3JI0KeHbl B §17.

Oy

Cummerpnunas cxema (cxema Kpanka — Huxosiscona). lpu o = 3 B(21.11)
[0JIy 1aeM
(2 - ?+T+ 311 ", B, vk
Yi Yi UH—I Yi Yi-1 | Yiv1 — 2Y; + Y AL TS| T
i 2h? 2h? . fitits '
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i j+1
Ilycts, kak u B HesiBHOI cxeme, z; = y/" . TlpuBousi 1oxo6HbIe YJIEHBI,

NPUXOAUM K YPaBHEHHIO

2h? , _
Zip1— 24+ —)zi 42, =; i= 1,2,...,n—1, (21.19)
T
rae
pi = =yl — 21" (yf, | —2y) 4 Yi-1)- (21.20)
b .

Benomunas o kpaesbix yenosusix (21.17), (21.18), sameuaem, uro u sra PasHOCT-
Haf 3ajlada peuraercs MeTogaMn CTpesibObl WM TPOrOHKH.




§22. Anupokenmanns, YCTORIUBOCTL M CXOLUMOCTH PA3HOCTHON CXeMbl
€ BecaMy JINIA ypaBHEHUs! TeIIIONPOBOIHOCTH

Hanomuum, uro s TOrO, 4TOOLI PeleHne pasHoCTHOMN 387241 CXOJIUIOCH K
pemennio sanauu (21.3) — (21.5), zauo, 4To6b! PA3HOCTHA: 3aJla9a allllpPOKCH-
MRPOBAJIA, UCXOLHYIO 3aJIauy ¢ HOPSIKOM O(h"’,*r”): rae b M T — marm cerku
0 & W t COOTBETCTBEHHO, U GblIa yCTOHUMBA 110 IIpaBoOi 4acT W HaYaJdbLHLIM
YCJIOBUSIM.

Hopsnox annpoxcnmanun

Huxe mast yupomenus: usiokenms Mbl OyjieM pacemaTpupaTh IIEPBYIO Kpa-
€By10 3anady, 1. e. byaeM cuuTarh, YTO Kpacsrie yciosus B (21.5) umeror Bu;

u(0,t) = ¥ (2),
u(1,) = 3u(¢).

Benem obosnavenns B 6esn HJICKCHOM (bopme

' =9 ” 1!‘ _._2 I-_+_. .."_'
=M, T=y Ayssl— BT

h? :
J+1 J
Y  — Y -+ ;
=T V' = oyl + (1 - o),

B atux obosnavenusx paznocrnoe ypasuenne (21.11) umeer BU/I
= Ay o, (22.1)
Havanbueie n rpanuunse YCJIOBUA allIPOKCUMUPYIOTCH TOUHO
i =uo(zi), ol =mlt;), ul=mnt;). (22.2)

[ycrs u = U] — TOYHOE pellenye MCXOMHON BaJaun B y3/1aX CETKH M IYCThH
z = y — u. Torpa, noncrapnss y = z+wu B (22.1), nonyuaem Pa3HOCTHY IO
3ajlavy JUId HOTPENIHOCTH 2

2= Az 4 P, z? = 0 é’ =2 z:j = 0, mns Beex k, (22.3)
e
Y= Au) 4y, (22.4)
Bamerum, yTo uMeer MecTo PaBEHCTRO
N u+t+u 1
ul? = o7 + (1-o0)u= e + = 5)’*"’053-
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B camom geue,

u+u 1 u+u 1, . 35
—+ (0 — =)Tus = +(0-3)@—u)=0t+ (1-0)u.
2 2 2 2
Haa ness — Boisicnurs nops ok AMMPOKCUMAIUKM HCXOIHOMN 3a1a4¥ Pa3HOCTHO
CXEMOH ¢ BecaMu, a IJist 3TOr0 HEOBXOAMUMO Oy YATD oneHky dbyHnkuuu 1 4epes
marn cerku b u 7. C 910il 11esBbI0 PasioKum Y B psj 10 cTenensiMm h U T B
ATela bl 1 N, 5 n P . ‘]_,._
OKPECTHOCTH TOUKH (z4,1 = ¢; + 5T).
Mycrs 9 = v(t; + %). Torna

1 06 720% +38%
Pp— o< — 9 —T — ———— o ————— O 4
V=l ) =04 s+ T aE tgam TO),
1 06 720% +39%
= U(l) =0 — oo o s st b O
V=) =t st ser ~wman O
W
o Ujp1 — 2?% + ;-1 o (921& 4
.Au = h2 - 8$2 +O(h )
Cnenosaresnnho,
%E =a+ O(1?),
u—u Ou
= et 2= i O,
b T ot e
ou
=U—u=71— + O(73).
T =U—u=To {(#)
[Mosromy
: u 1
= AWl oy gy s A(u ; 4 +'(o — 5)7'?_@) + -y =
0*u  Ou 1, 8% 0u
=gz — =)+ @+ (0~ =)r—(=—) 4+ O(R2 + +2).
(52— 3 te+(o )5 5) + Ok +77)

[Tockoubky @ ecrb pemenue ucxomnol 3ama41 B TOUKe (x4, t; +1/2), 10

u  ou, .

a2 ) =~/
Orcrona BuHO, 4T ecu B KauecTse @ B3sTh f, TO ¢ Oyner umern CIIEJLY IO I
IOPAA0K:

¢=0(T+h*) npn o=0,

05




¢=0(r+h*) mpu o =1,

¢ =0(r*+h?) npu o=1/2.

B sakimouenne samerum, 4ro B ciyuae KpaeBEIX YCIOBHHA 2-10 THIIA TOPSIOK
AMIPOKCUMALNN [0 A CHUXKAETCH HA CAUHUILY, MOCKOILKY B TPAHMYHOMN TOUKE
NMPpHUXOJIATCH ?‘LHHF)()K(_:HIVIHI)OB&TI) 1-i0 ilp()“:iﬁ()}l]‘lylo o & KOH(:.‘.LI[1(_)-}_)5131‘IOCTHE)11\11
COOTHOLIEHHEM C HOIPELHOCTBLIO TIOPsiiKa A,

Yeroitunpocts PA3HOCTHOHR CXEMbI C BeCaMH

Mpr 6ynem nceneosars ma yeroituusocts HEePBYIO KPACBYIO 3a/a4y C HyJe-
BLIMM I'DAHUYHBIMKM YCJOBUSAMY JIUIsl yPABHEHUS

R S |
Y. Y;

——t = oy f“ + (1 — cr)f\yf -+ goi t=1,2,...,n—-1 (22.5)
T

M 3aaHHBIMH HAYaJbHBIMI YCIOBUSIME
¥ = ug(z;). (22.6)
Pemenne s1oi saaum Moo npescrasuth 5 nwie
Yi = v + wy,
FE Ui — PelICHIE O\HOPOJHOIO yPABHEHUS ¢ HCXOAHBIMU KPAEBLIMH YCIOBUSM
vttt - o

—i'—;-'—?— = (TA'U,{PH _i— (.I. - O")A'Uf 2 == ]-J 21 sy, — 1 (227)

’Uf’; = () v =0

1 3a1allbIMK HavaJLHBEIMHA YCIOBUSAMN
v = (z;) 22.8
Jy = Ugl\Ty ), ( .:)

ao Wy peiienuve HCOLHOPOHOTO YPaBHEHW C UCXOHLIMKA 'PaHuIHLIMA

——1t = cr,.’\war']' + (1= o)Aw! +¢; i= L,2,...,n-1 (22.9)

J o I
UU — U ’Un = O
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U HYJIEBBIMHU HaYaJIbHBIMH YCHOBHUAMMU
w =0, (22.10)

Byznem rosoputn, uro pasmocrnas cxema c BecaMyl ycTrolumBa, eciaum sy
HUMeeT MecTo OIleHKa
il < Myfluol| + Mal|e; ).

Ouesuano, uro nyst noayuenms srofi OLEHKH HEOOXOAMMO MOy YUTH OIEHKH st
v;nw;

loll < Milluo(@)ll w o] < Mol

Eenn umeer mecro onenka s Vi, TO IOBOPAT 00 yCTOMYHBOCTH MO HAYAI b
HEIM JAHHBIM, & €CJIM UMEET MECTO OLEHKA JIIsl w;, TO FOBOPSAT, YTO PA3ZHOCTHAS
CXeMa yCToiumpa, o npasoit vacru. Beaun M, u M3 we 3aBucaT OT WArOB CeT-
KA h v T, 10 pasHOCTHYIO CXeMy nasbiBalor abecosoTHO yeroiuusoii. Ecmu ske
9TH OUCHKU BBINOMHAIOTCS IIPH ONPENENEHHOM COOTHOIICHMH Mexay h u r, 1o
POBOPAT, 9TO PA3SHOCTHASA CXeMa YCJIOBHO yeToHumnBa, _

st weenenosanus Ha yerottausocts 1o Ha9aJbHBIM JAHHBIM Pa3/IOKUM 'Ufj )
- SHAYEHHe CEeTOMHOH DyHKIMN Ha j-M ClI0e O COBCTBEHHBIM OyHKIMAM cerou-
HOI'O oreparopa

Ry Vil — 2’05 iy B & Bl
h?

B §20 66110 nokasano, uto cobersenuniMu SBHAUEHUAMM 9TOI0 Pa3HOCTHOI'O Olle-
paropa ABJISIOTCS

4 5, mmh
’\m:_'};z_ssz m=12,...,n—-1,

KOTOPBIM COOTBETCTBYIOT COBCTBEHHDIE GYHKIIUA
, . o.mm
g = V2sini—=.
n
ODTH cobCTBEHHbBIE PyHKIUN oproroHaTbHbI B CETOYHONM CKAJISIPHOM TIPOU3BEIe-

HHUH
ri—1

(u,v) =% wwh
i=1
1 HOPMMPOBAHBL Ha €IMHALY B NPOCTPAHCTBE C HOPMO, HOPOXKJEHHONR 3TUM
CKaJIAPHBIM npoussesenuem. [Tyerr,

n—1
'Ua‘('}) e Z:b,‘(cj)(]zk (221])
k=1

119



Koadduumenror sroro pasioxenns, CCTCCTBCHHO, 3aBUCAT OT CJIOS j, 4YTO M OT-
paxKaeT pepxunit unpexc. Pasioxenne (22.11) nopcrasum B ypasHenue (22.7).
[Tpupasuusas koadppumenTh nMpu OaHHAKOBBIX ¥, nonyuaem

b(j_H) . b(j)

k. Yk - T\ bJH BT ))\kb(").
-

Won

b = o,
e

14+ (1 - (I)/\;,n
Q= ————
1 — O’T)\)

Taxum obpaszom, ) i
(F+1 i+15 (0
bk. = Qi b}r

n—1

(J) zq b U) k
Ho

n—1
0 0)
pi=v;0 =Y b6},
k=1

B enny pasencrsa Iapcesasis

nn—1

N, i (0)y e

o112 = 5" (fb )2,
k=1

Iycrn g = max l9;|. Torna

- 1
” ] Fr ,0 o 2
17 1* < g% > (b ) = g% ||l
k=1

Orciona sicno, wro s TOIO, 4T00OBI HOJYUUTH OIPAHUYCHHYIO OLEHKY v( 7 AJ1st
J06Oro ¢ios j , HEODXOMMMO, 4T0ObI BBIOIHIIOCH HepapencTso |qx| < 1. Broisac-
HUM, IIPI KaKKUX 0 BbINoJsAercs yenosue |g| < 1 unn —1 < gr < 1. Hepasencrso
gr < 1 o3navaer, yro

1 1 —o0)A
+ (1 = o) \eT &y
1 — o7 i
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VUJTU
AT
— < 0.
1 — O”T/\k
Hanomuum, yro 7 > 0, Tak kak 10 Mmar CeTku, a A < 0, yro cneayer us

pesysibTaros §20. [Tosromy yeiosue gr < 1 o3Hauaer, yro
L= ordg 50,

r[1' e :

T 2> ey
Tk

Taxum ofpasom, nepapencrso g < 1 BBIIOJIHACTCS 1PH JIFOOOM HEOTPULATE b
HOM 0. Pacemorpum nepasencrso g, > —1 wm
2~ (20— D)Xy s
1 — o7 -

q+1

[pu o > 0 3namenaresns APOOH MOJIOKUTENEH U JUIsl BBIONHEH NS HEPaBEHCTBA
HEOOXOAMMO, YTOHbI
2~ Q20 -1 >0

HITH
B 1 " 1
7= 2 T)\,;,.
[Tockonbky
1 . o kKTh
FT TR Ty
TO i
s h? 1 B
T S R
nim 2
1 1
> — — — = gy, 22.12
TR T E T (22.1

Honyyennoe coornomenne nossonser CACIaTDL BBIBOJ 00 yCTOMYMBOCTH 110 Ha-
HabHBIM JIAHHBIM PACCMOTPEHHBIX BBILIC PA3HOCTHDBIX CXOM.

L. fBnas cxema o = 0. Hepasencrso (22.12) Boinonusercs, ecan marn cerki
YIOBJIETBOPSIIOT COOTHOIIEHUIO

ey 29.13
h?

Takum obpasom, sisnas cxema yeosno YCTORUUBA.,
Ee pemenne cxomures k pernrenuo HCXOMHON 3a/laum JIMUIL TIPH BBITOJHEHHH
ycrosus (22.13).
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O(72 -+ h?).
3. Hessnas cxema o = 1 GesycsiosHo ycroitaupa. Perienue HesiBol CXeMbl CXO-

ANTCH K PCHICHHUIO CXOJHOM 3a/1a4i CO CKOPOCThLIO O('r <+ h2)

ccaenoBanue na yerofiunBocts 10 IPaBoOi YacTu ITPOBOAUTCA O TOU Ke
Merojuke. MoKHO 1oKasaTh, 4To ycsoBue (22.12) sisnsieTcst JOCTATOUHBIM M IS

yerofiuuBocTn no npasoit wactu. Bosee nonpobuo sra rema nznoxkena s [11].




I[Tycrs u(z, t) — nonoskenune Touxy x OJHOPOIHONW CTPYHBLI B MOMEHT BPEMEHHU

Torza npu MaJbIX OTKIOHEHUSIX OT MOJIOKEHUS paBHOBECHUs HOJIOXKEeHHe T
TOYKH X OIUCBIBALTCS YpaBHEHUEM
0%u 9%
, 9 _
et ) <8<, +#>0,
ot 0x?
WJIK TIOCJIE  COOTBETCTBYIONIMX 3aMeH
2 2
Ou 0% : " _
— : >+ f(z,t) O<o <l O0<E<T (23.1)
02 ~ Ox?
[Ipn sTom 3anana navambhas GopMa CTPYHBl M HAYANBHOE pacupeneseHue CKo-
pocrei

Ou(z, 0)
u\xr 0 =t —l - wi{ 23 )y
(2,0) = v(a), 22 < w(a) (23.2)
I'panuvnsie ycjaosus MMeIoT Bu
u(0,1) = ui(t), u(1,t) = pa(t). (23.3)

Breaem B oﬁu‘ru"m D=(0<z<1 0<t<T)cerky ¢ c ysnamu (2:ts)
1

t_, - j'f'} T = —~ W PaCCMOTPHM 3allavdy HaAXOXITEeHUS penleHud

r=1th, h=
s 1

,_1
JUJI PA3HOCTHOM CxeMbl ¢ BecaMu

P41 o~ SE
yl ™ — 2yl + o

A end 1 | (- N N —

e = Aoy + (L= 20)y! + oyl ) + f, (23.4)
IPUYEM
_ gyl — 0

) . . . 0 s Wy 4. i P :

yo =), ¥ =ue(ty), o= vz, ——{—~T—i =2y (23.5)
Hanomuum, uro
v A —2”:‘4-2-'_1
1\35 = 1+1 *‘: i—] )
h

Kpaesbie u nepsoe nauaibHOe yCIOBHE alIPOKCUM HPYIOTCSL TOYHO, a (PYHKUMIO
w BeIbEpPeM Tak, 4T06bI HOTPELIHOCTD ANIPOKCHUMALIN 11PO3BOJHOMN 110 t pasHocT-
HbIM BbIpaxkeHHeM Oblia MEHUMAILHON. [Tockonbky

u(zi, 7) = u(z;, 0) + 70(x;, 0) + 0.5724(x;, 0) + Oi’r‘?')

123



13 ypapaenust (23.1)
i(2,0) = w(z,0) + £z, 0),

II03TOMY

u(zg, ) = u(z;, 0) + Tz, 0) + (}.57'2(15"(1:.5, 0) + f(=i,0)) + 0(7'3)

u(zi, 7) — u(z;, 0)
T
CrejoBarensuo, ecin

w; = w(z;) -+ O.5T2(U”(-’Ei) + f(24,0)),

= w(z;) + 0.57*(v"(z;) + f(wi,0)) + o(7?).

TO NOTPEUTHOCTE AIIPOKCUMALIMH BTOPOI'0 HAYAILHONO YCTOBHS PAZHOCTHBIM Bbl-
paxkenuem OyieT nopagka O(hz)‘

Taxnm obpazom, 3aaue (23.1) — ( 23.3) nocrapsiena B COOTBETCTBHE pa3HoCT-
Has 3ajava (23.4) — (23.5), koTopas pemaercs, Kak u pasHOCTHAs 3aja4a, Ay
YPABHCHHA TEIIONPOBOJAHOCTH, METOAAMU TTPOTOHKH MM CTPeLObl, [Ipumensis
1O KE METOMBL, MTO W B MPEnbLAyIeM naparpade, MOKHO NMOKA38Tb, 4TO pas-
HOCTHas sajada (23.4) — (23.5) annpokcumupyer NCXOAHY10 3agauy (23.1) —
(23.3) ¢ nopsaxom O(r2 + h?).

Wcenenopanme a yeroiianBocets pasnoctio cxeMs (23.4)— (23.5)npoBout-
¢ TaK Ke, KaK 1 MCIeNOBaHKe Ha yCTONUMBOCTD PASHOCTHON CXEMBbI Jis ypas-
HEHAA TrenonpososHocTu. Meesenosanne na, yeroNauBocTs 10 HAMANLHBIM JaH-
HBIM IIPUBOAUT K CJACIYIOWIUM PC3YIILTATAM.

lIpu o = 0 (saBHas cxema) st yCTORUMBOCTH 10 HAYATHHEIY JIAHHBIM HE06-
XO/IUMO, ITODbI MATH CETKH y0BJIETBOPAIN COOTHOIICHIIO

Lo L >0
—_ < — £ :
h* = 1+¢
T. €. ABHAs CXeMa yCJIOBHO YCTONYNBA.
Ipw
l+e A2
0> —— — — 23.6
— 4 472 (3.0)

pasnocriasa cxema 6ezycioBno ycrofiunpa,
Yenosue (23.6) nossossier s 1-ii KPaeBol 3a/iavu JIoKa3aTh yCTONYUBOCTH
1O npaBo#t yacTu npu o > 0.
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§ 24. PasnocTHDIC exembt st ypaBHeHus Ilyaccona

Pacemorpum 3asiauy Tupuxie ypashenus [Tyaccona

Oy 92
Aus — 4 5’% = —f(z,y). (24.1)

Ox?
Tpebyerca naitru pemenne sroro ypasuenus: BHYTDPU IPSIMOYIOJTbHIKE
NpUHUMAIOIIEro Ha rpaHunue [ 3aganuble 3HAYCHUS:
ulr = p(s). (24.2)
Hust ancrernoro pemenust sanaau (24.1) — (24.2) pasobvem orpesku [0, I1]
u [0,1s] Ha ny ¥ Ny YacTel COOTBETCTBEHHO ¢ maramMu hy = 1/n; u hy = 1 /na,
OMPE/Ie/INB TEM CaAMbIM CETKY w ¢ rpauutel v. I'panninnivu yamamu 6yuem cuu-
o _ , o T3 C N g - . o
Tarh yaant (0,y;), (h,y;), (2i,0), (z:,l3), i=0,1,... ni, Je=0,l...05 7 6
Yy3JIbl Ha, CTOpOHAX 1pAMOyrojibHuka. Obosnauum vepes v cerounyio GpyHKImIO,
3aJaHHyI0 Ha CeTKE t0. AIIPOKCMMUPYEM BTOPBIE IIPOU3BOHbIE BbIPAKEHHEM
9 ]
0%u o Uity — 2ui + Ui g
Ox? h?

+O(h3),

0%u ~ Uj jgy1 — 2u1—j + U 5

Oy? h2
[losb3ysich 9TUMI BHIPANKEHMSIMHU, 3AMEHUM HCXO/HOE yPABHEHYE (24.1) pasuoct-
HBIM ypPaBHEHHEM

L+ O(h2).

Vitlj = 255 + Vi1 | Vije1 — 2055 4+ V45

k& ; w =—f;. (24.3)
2 .

C yuerom rpanudnLIx yeiosmit
vio = p(4,0), Vin, = p(w;, lo), vo; = p(0,45),  Uny; =pu(l,g)  (24.4)

OJIYyHaeM PasHOCTHYIO 3ajlady (24.3) — (24.4). Mu1 yke OleHMBAJIN ANNPOK-
CHMAIMIO 2-i IPOUBBOHON PA3HOCTHBLIM BbIpaxKeHneMm. IT0CKOJIbKY IpaHuHbe
YCTIOBH# AIIPOKCUMUPYIOTCS TOUHO, JIETKO MOXKHO HOJIyHHTDb, 4TO IpH [ =
pasHOCTHaA 3ajiaua (24.3) — (24.4) anmpokcuMupyer ucxomuyio 3agady (24.1) —
(24.2) ¢ nopsizkom O(h? + h3).
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Ecimn cerka kpajparuas, hy = hg, 10 ypasnenue (24.3) MOXHO nepenucars B
BUJIE

—— Vi-1,j + Vit1,j + Vij-1+ Vij41 + hgf.ij.
4
O1cio/1a BUIHO, YTO B CJIYYae OHOPOIHOTO yPABHEeHUs 3HaUEHNE B KaxKJIOH TOTKe
ecTh cpeiHee apudMmernieckoe OT 3HAUYCHUHA B COCCHUX TOTKAX.

Cpenu Meronon pemenus 3agaun (24.3) — (24.4) paspensior mpaMble METOJbI
¥ urepanionnbie MeTojibl. llpsaybie MeToabl TPUMEHSIOTCS, KOIJia JIETKO MOZKHO
Haittu coberBenubie 3Hauennst 1 cobcTsenibie MYHKINA HEKOTOPOH pasHOCTHOM
3aJa91, YTO BO3MOMKHO, €CJIM MCXOJIH0e ypaBHEeHHe eCTh ypaBHEeHHe ¢ ITOCTOsH-
HpMp Koadpduuuenramu u obsnacrs G ecTb NPAMOYronabHUK. Kenm sTo ne Tax,
TO NPUMEHAIOT UTEPAIMOHHBLIC METOALI, MOCKOIbKY 3ajava (24.3) — (24.4) ecrn
sunefinaz cucrema (ng — 1)(ng — 1) ypasuenuit oTocuresbro (ng — 1)(ng — 1)
HEH3BECTHBIX U35 §=1,2,...,m3—1, J=12,...,m— L

[Tpsimbie meTosibl. Mertoy, pasjenenus nepemMesHbix

[Tycrs w;; — cerounas QyHKINA, 387 aiHaa Ha CETKe 0 W paBHAs HYJO Ha
rpaHNUIE CETKH, & BHE PPAHULBL YIOBJIETBODSIONASA PA3HOCTHOMY YPABHEHHIO

Wipl.i — 2Wy; i-1j |, Wij+1 — 2Wi5 + Wi -1, 3
i ;UjJ e o N 5 vai. Lt i) = Pij, (24.5)
¥ n
rje
ly,
@ = f - ﬁ%:_j@ mpu =10l —h;, 0<y<ly
‘1
0,
Y = f -} fi(.ﬁgl opu & = h,]_, 0 < Yy < 32
‘1
(x, L.
pe= f ’u(_ 2--2-— npu y=1Iy—hy, 0<x<l
hs
2,0
P = f -+ E-(-};é__)_ npu Yy = }12, 0 < &< ll
2
H
p=1F

BO BCeX OCTAJILULIX TOYKaX CCTKH, HY(JTL

Wit1,j = 2Wij + Wi—-1j

1

_ Wij+1 — 2Wij + Wi

Ayw;; = x
yrry hQ
2
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B arux obosnauenusix ypasuenue (24.5) MOXKHO mepenucath B BUJIC
—Axw,;j s A.ywij = Wiy, (24.6)
wl, = 0. (24.7)

Pemenue sanauu (24.5) — (24.6) npu uxcupoBanHoM 7 6yneM UCKATh B BHIE
PA3JIO’KEHHst PEIIEHUs 110 COOBCTBEHHBIM (DYHKIHAM ONEPaTOpa

Ayej = de;, ey=r¢e,=0.

B §20 nna cobersennbix suavenuit u cobersenubix QyHKIWME 3TOrO oneparopa
[10J1yYeHBI (hOPMYJibl

4 v kﬂ'hg :
A= —epgin® 24.
k h}% Sin 262 ¥ ( 18)
/2 kmy;
B — sin GLH] k=1,2,...,n9— 1. (24.9)
J la ly
[ycre
“.'L'_g—l
wy= 5 o) (2410)
k=1

Paznoxum dynknuio ;; npu dbukcuposanroM i 1o cobcTBeHHLIM byuxnpusam

onepatopa A,
Mo - 1

—\ . (k)
o=y Al (24.11)

o=,
. ) - = B (k)
Kak cnenyer n3 pacemorpennii §20, cobersentbie hyHKIMA e, OpTOrOHAaJb-
HEI B OpocTpancrne Co CKaJIAPHBIM IIPOn3BEJIeHueM

ng—1

m) n)
(vsyt) = E hav ( E

1 HODMMDOBaHbI Ha €JMHMILY B IIPOCTPAHCTBE ¢ HOPMOIi, IMOPOXKACHHOW 3THUM
CKAJIIPHBIM NPOU3BENEHIEM. DTO MO3BOJISIET HAfTH KOd(hDUIHEHTLI 63’

Lo, 7 kmih
Z h;\pu \/5"2: Z ho sin -—Z}—Qapﬁ. (24.12)

j=1
[ozcraBum stn paznoxenus B (24.6)
ny—1 no-—1 no—1
1—w k (k) (k) k
=3 eBaal - 3 ne®a® = 3 ghe®,
led ]
ko=1 ko=1 ka=1
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ITogerarum 3t pasnosxenns B (24.6)

Tg—1 o —1 Tio -1 1
— z r_a_;-k) A_:L.a,gk'" ot /\kef,-k) aisk) = Z feg ),
k'z:l 11?522—':- | k‘!zl
s 1 (k) k) (k)
Tio— v | :
(k) Qi1 — 2%+ a7 (B ¢ kv
Z (’J' (—"&’" . hfz L —}‘ Ak('l{-;: --+L [3? ) AP O'
;i.’gi—':l 1
CaenoBarensno,
(k) (k) (k)
v, 20" + ;- £ : ]
i L of® 4 g = 0. (24.13)
¥

[Ipu aTom

o) = o® = 0.

- (k cidee
Ecau Beecru obosnauenne z; = o ), TO JUIsl Z; TOJIyYaeM KpaeBYIo 3a/1a4y

JJIT PpasSHOCTHOTO YpaBHeHH 2- ro rnop#AaiKa
v Y ke . ; g
21— (2 — /\;‘J?,f)z;; + 231 + /&Iﬁf ) = ],2, ooy —1 (24[4)

20 = zn, =0, (24.15)

KOTOpas peraerca MCTOJAAMU [IPOIOHKH WM CTPEsILObI, U3JIOMeHHbIb] B § 17,
B zakmouenne samerum, uro B catyuae, ecan 061aCTL He IPAMOYI'OJIbHAA WU
YPaBHEHHC € NePpeMeHHLIMI KOaPDULHeHTaMil, TO U3JI0KEeHHBI MeTo/1 00BIYHO
Hettpumennm. B srom cnyuaae mist pemmenns ceroqnoit 3amaum IIPUMEHSIOTCS UTe-
PALHOHHDBIC METOADI DEIICHIA JIMHEHHDIX CHCTEM, KOTOPbIE n3J0KeHbl B § 3. Cxo-
AUMOCTh UTEPAIMOHHBIX 11PONECCOB 00YCIOBICHA TeM, YTO CeTOUHbI orepaTop
Anst ypastenus [lyaccona siBisiercs CUMMOTPHYHBIM M HOJOMKATCABHO onpe/ie-

JICHHBIM B CCTOYHOM CKaJsAPHOM npoussezenun. Bosee noapobro s ompocs
UBJIOXKeHb B [9).



Jlaboparopnas pabora Ne 1

Ora paboTa MOCBSIIEHA OThICKAHNI0 MAKCHMAJILHOIO 110 MORYIT0 CODCTBEHHOT'O
3HauYeHust MaTpuubl A. Jlis HaxoKeHua MAKCUMAaJILHOTO MO MOJYJII0 CODCTBEH-
HOTO 3Ha"eHUs HEOOXOAMMO 3a/1aTh JIH0OOH HEeHyJ/eBOH BeKTOp X ©) 4 3allYCTUTD
UTepalnoHHbIi nponecce (2.1). dasee, B caydae cxomumocTu MOCJ/IeI0BaATE I bHO-

creft (2.4') mmm (2.5') wm (2.7)

(2.8) BBIMMCANTD MAKCUMAJIBLHOE [0 MOAYJIIIO

coOCTBEHHOE 3HAYEHHe H COOTBETCTBYIOUIME eMy COOCTBEHHBIH BEKTOD, HOPMMU-
POBaHHBIN HA eIUHHIY B 1-#I BEKTOpPHO# HOpMe.

Sananue 1

1

3aanue 2

2.1
1
i 55 |

Saganue 3
1

-1

1

Sananne 4

g
1
6

Baganue 5

3

4

0
6

)
)
)
|
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Saganue 6

Sajanue 8
-3
-3
—1

3ananue 9

3
3
~1

Sananue 10

B QO =

w8
2

[y

b =




Bananue 11

21 1
-2 0 -1
2 1. 2

3atanue 12

- QRO |
i
 JE

Baganne 13

Saganue 15

27 1 1.7
1 82 1.7
1.7 1.7 3.7

Sajanue 16

14 1.2 -1.3
1.2 0.9 05
—-1.3 04 0.8

Samanue 17

29 1 1.8
1 3.3 1.8
1.8 1.8 3.8

Sajganne 18

Sananue 19
1.61:2
1243 1
-1.1 0.6

Sasanne 20
3.3 1
1 3.8
2.3 23

Saganue 21
28" 1
134
1.9 1.9

Sananue 22

26 1.2
1.2 20
=1, L

3aganue 23
1.8 1.2

L2 1.3
-{.9 0.8

Sagaune 24
3.4 1
1..38
24 24
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 —0.3

1.4
0.8

—-1.1
0.6
0.8

2.3
2.3
4.3

1.9
1.9
3.9

-0.1
1.6
0.8

0.9
0.8
0.8

2.4
2.4
4.9




Jlaboparopunaga pabora Ne 2.

JIaboparophas pabora nocssameHa NTEPAIMOTHBIM MeToJaM pelleHuns JIMHel-
HbIX cucrem. g naxoxenus peuenps CTYJeHTY IpejaJjaraeTcs B 3aBUCUMOCTH
OT BapuanTa peanu3oBaTh UTEPALMOHHBIR MPOLECC MO METOJy MpPOCTOMH urepa-
uun, 160 no Merony 3eiinens, mubo 1o MeTOMY CKopeitlrero cnycka. B kauecTse
HAYaJILHOTO NPUO/IMIKEHUsI K PELIEHNIO MOYKHO B3ATh JIIOGOH sexrop X0, Mre-
PAITHOHHBIN IPOUECe PEKPALIALTCs [IPU BBITOJIHEHUN YCIOBUS

X xb),
X @),

< 0.01.

Ha meuare usogures pesynsrar — sexrop X *+1 y gexrop Henszku
R(kv[-l} — Ax’i:k—k]) — b

Kpowme Toro, npu ¢aue paborn nHeo6xoarMo Biajiers MaTEePUAJTIOM, U3JIOKEHHBIM
B §3.

Metopn npocroit urepanuu

Baganue 1.1 Bajlanne 1.3
3.6z, + x9 + 2.423 = 0.26 3.071 + @9 + 2.1z3 = 0.56
1+ 3.929 4+ 2.4z3 = 0.31 z1 + 4xy + 2.523 = 0.61
2.4x1 + 2429 + 4.9253 = 0.76 2.1xy + 2.529 + 4.7Tz3 = 0.96
Saganue 1.2 Sajanue 1.4
3.1z1 + o + 1.6z3 = 2.16 2z1 + 0.929 + 23 = 2.2
z1+ 3.1x9 + 1.623 = 2.21 0.921 + 1.8z + 0.323 = 2.31
1.6y + 1.629 4+ 3.925 = 1.46 z1 + 0.3z2 + 1.923 = 2.06
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Sajranue 1.5

1.3z1 + 0.429 + 0.523 = 0.25
0.4z; + 1.329 + 0.32z3 = 0.51
0.5z1 + 0.329 -+ 1.325 = 1.44

Sananne 1.6

1.6z + 0.7y + 0:8xy = 1.2
0.721 + 2.625 + 0.325 = 1.1

Bamanune 1.7

2.6z + 39 + 1.2z3 = .86
r — 273}9 -+ 12’1,5 =i
1.221 4 1.2z + 3.225 = 1.44

Saganue 1.8

3z, + s + 1.523 = 3.2
zi + 3.6z — 1.drs =1
1.5z1 — 1.525 + 3.525 = 2.6

3asanue 1.9

1.4z1 4+ 0.529 + 0.625 = 0.66
0.5z + 1.4x9 + 0.3z5 = 0.37
0.6.’1,'1 + 0.3312 -+ 1.4:}5'3 = —0.26
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3aganue 1.10

3.1z1 + zo + 1.823 = 3.2
Z1+ 3.325+ 1.8253 = 2.1
1.8z + 1.829 + 3.92z3 = 1.6

3ananue 1.11

3.6x1 + 9 + 2.323 = 1.26
Zy + 3.829 + 2.323 = 0.11
2.3x1 + 2.329 4+ 4.725 = 1.76

Baganue 1.12

3¢ + z9 + 1.923 = 3.2
Ty -+ 34’6’2 G 3= 193)5 = 2.2
1.9z 4+ 1.929 + 423 = 0.6

Saganue 1.13

.62 + 29 + 2.323 = 1.26
21+ 7.829 + 2.3z3 = (.11
2.371 + 2.323 4 6.723 = 2.76

Gajanne 1.14

4x1 + xo -+ 10wy = 3.2
21+ 4z + 1.82¢ = 5.2
1.9z; + 1.929 + Oy = 3.6




Meron Seitiens

Bajanne 2.1

3.1z + T4 1.625 = 2.16
z1+ 3.1z + 1.6z3 = 2.21
1.6z + 1.6x5 + 3.925 = 1.46

3ajganue 2.2

2z + 0.929 + Ty =22
0.9z, + 1.829 + 0.3z3 = 2.31
z1 + 0.3z + 1.923 = 2.06

3ananue 2.3

1.6;1’31 + 0.7.'1’,'2 +- 08.15 =12
0.721 + 2.629 + D.3ms == 1.1
0.8z1 + 0.329 + 1.63 = 2.3

3aganue 2.4

3T1 + zy + 1.5z3 = 8.2
T + 3.6:52 2= 1,5:83 =1
1.521 — 1.525 + 3.525 = 2.6

Sananue 2.5

3.1z + T3+ 1.823 = 3.2
Ty + 3.3z9 + 1.823 = 2.1
1.8z + 1.829 + 3.923 = 1.6

3ananue 2.6

3z, + zo + 1.925 = 3.2
21+ 3.4z + 1.9%y = 2.2
1.921 4 1.929 + 423 = 0.6
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Sajanue 2.7
4z + 9 + 1 Hry =32
1 + 4wy + 1.9%s =52
L9z + 1.929 -+ 625 = 3.6

Sananue 2.8
3.521 + 29 + 24085 =19
21+ 4z + 2:D%3=723
2.4z; + 2.519 + 4.5:’1:3 =3 1

Sajanne 2.9
3.’L'] + o + 23 = 0.2
Ty + 329 = 2.2
T+ 3333 = 3.6

Bananue 2.10

221+ 0.929 + 23 = —0.2
0.921 4 225 + 0.325 = 1.2
1+ 0.329 4+ 223 = 2.6

Saganue 2.11
492, 4+ 0.729 + 25 = —5.2
0.72y 4+ 5.129 + 23 = 2.2
Ty + X9+ 6.1z3 = 3.6

Sajanue 2.12

0.1xy + 229 + r3 = 8.2
2z1 4 625 + 3z3 = 5.1
x1+ 3T2 4 5xy = 3.6




Saganue 3.1

0Ty + xo + 1.4x3 = 1.2
r1 + 4o + 2.523 = 2.2
1.4{1}1 - 2.53?2 -+ 455'-'; = 3.

5]

Sasanue 3.2
3Ty + z9 + 23 = 0.2

T + 3:!,'2 =02
z1 + 3rg = 3.6

Sajianve 3.3

4.92; 4+ 0.729 + 23 = —5.2
0.7¢; +5.1z9 + 23 = 2.2
1+ x9+ 6.123 = 3.6

Saxanue 3.4
41 + 29 + 1 Gis = 3.2
1+ 4z + 1.925 = 5.2
1.9z, + 1.929 + 623 = 3.6

3ajganue 3.5
25!,'1 -+ 0.9;1?2 Ty == —0.2

0.9z 4 219 + 030582 1.2
z1+ 0.3z9 + 223 = 2.6
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3aganne 3.6
5]13] + 2332 o+ g =2 8.2

2¢1 + 629 + 3z3 = 5.1
21+ 32 + Dy = 3.6

Samanue 3.7

21 + o5 = 8.2
1+ 229+ 2z53 = 5.1
229 + bxz = 3.6

Saganue 3.8
2x1 + 229 — 2y =102

2Ty + 529 — 423 = —1.1
—271 —4x9 + bry = 3

Sajanue 3.9

oy — 29 — 223 = 1.2
—221 + 625 = 1.1
—2x1 4+ 423 = 0.9

Sazanue 3.10

6xy 4 0.625 + 0.725 == 5.1
0.6x; + 329 — 0.323 = 5.1
0.7y — 0.3z9 + 4253 = 2.9




Jlaboparopnas paGora Ne 3

JlaBoparopuas pabora MOCBAIIEHA HTEPALMOHHBIM METOIAM OTBICKAHUS pe-
UICHAA HeIMHEeNHbIX YPABHEHUH WU CHCTEM BHUa

fl(III]?lEQ, o iy n‘-n.) =10

fﬂ.(a"h :Bfﬂa LR nn) = 0
Wi B BekTOpHOM dopme
Ple) =10,
Hnst satycka wrepanmonnoro Hponecca Hynepoe NpubIIMKEHNE K PelIeHUIo CTy-
ASHT OMPELENSICT CAMOCTOSITE/LHO, UCTO] b3y#l CTaHAAPTHDBIE METOIBI UCCIIE0BA-

Hust yHKIMH, rpadbuuecKue wiu uHbe coobpazkenusi, Urepanmonnbiii npouecc
HPEKPAIAETCA NP BLITIOJHEHUH YCIOBUS

”X(k-l-]) . X(!.‘.}Hl
| X®|;

<. 0:01,

Ha nevars BhiBonuTCs pesymprar — Bektop X D)y pekrop Hessizku
R(k+1J o F(X(kﬂ))

K JOMeE TOro, NIPHU ¢ [a4e adoThI HEOOX0) MO BJ1&JICTh MaTeDpraJioM HN3N0XKEHHbLIM
[ 1 /I /L 1 ?

B §4.

Meroapr Haxokenus: PEIICHUA ISl OQHOTO YpPaBHEHUs

L. Uctionbayst meTos cexymux (§ 4, dpopmyna (4,4)), naitTu pemenne ypas-
HEHUSI:

1.1 z —sinz = 0.25 1.7 tg0.58z + 0.1 = 22
1.2z —cos04lz =0 1.8 23—6z—8=0

1.3 3z —cosz—1=0 1.9 2?4 4sinz =0

14 zlnz —-15=0 110 z°+4z-6=0

1.5 z4+Inz =05 1.11  ectgz = 0.5z

1.6 2% —sinz = 0.25 112 2343224122 4+3=0

135




2. Uenonpsyst meron Hulorona (§4, dbopmyna (4.5)), naittu pemenne ypas-

HEHW

2.1. 2° - 32>+ 9z - 8 = () 2.2. /T — cos(0.387z) = 0
23.3x—cosz—1=0 24. 22 —cos?mr —1=0

2.5. ¢+ 4sinz =0 26. (z—~1)+05e* =0
27.50%+222 — 1562 ~6=0 28 2% —423+622—4dz+1=0
2.9. tg(0.5z + 0.1) = 2?2 2.10. 52~ e® =0

VMrepanonnbIc MeToAb! TSI HENMHEHIBIX CHCTEM

3. Ucnoansys meron Heorona, (84, dopmysna (4.8)), nairu perrenue cucre-

MbI:

3.1. sin(z+1)—y=1 3.2. cos(z—1)+y=0.5
22+ cosy = 2 E—=TCO8Y =3

3.3. sinz+ 2y =2 3.4. cosx+y = 1.5
2r+cos(y—1)+z=0.7 T~ coBy==3

3.5. sin(z+4+0.5) -y =1 3.6. cos(y—1)+z=0.8
cosy —24+x =0 Y~ GCO8E =2

3.7. sin(z+y)— Llz=0.] 38 Z 41 =1
?+yt=1 &~ eomyi=

39. sin(z+1)—-y=1 3.10. cos(z+1)+y=1
2C + cogy =2 6° =g =10

3.11. sin(x+1) —y =0 3.12. cos(z —~ 1)+ y = 0.5
2 +y? =4 T -—-cosy =3
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4. Ucnonbsys meros ckopeitiero criycka (ma BBIOOD: J1160 hopmyibl (4.14)
— (4.15), 6o dopmysnr (4.16) — (4.17)  §4)) naiity pemenue cucTempr:

4.1, y=e*=1 42. y=sinz +1
4:1?2—}_1;:-41 y=2x%—1

43. sin(z+1)—-y=1 4.4. cos(x — 1) +y = 0.5

2 +cosy = 2 T—cosy=3
4.5. sinz—y= 0 4.6. %2 -y =16
Tl +y? =4 T —cosy = 3
47. T4 = 48 y=15+43
a2 2y
(x—3)"+y2=4 ah =]

4.9. sin(z+1)—y= 4.10. cos (z — 1) +y = 0.50

2+ y? =9 & —¢osy = §
4.11. y = x? 4.12. %—!—%)l:
v — ol o 2_ 3_—’_ @
z=eY (Z-1)"+L =1
413 z—y*=0 414. T + ¥ — 1
y—sin(z—-1)=1 r—1=¢¥
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Jlaboparopuas pabora N 4

B pabore nupenaraercs Bprancants 3mavenus dyuximm

O
Fll) = / Fltya)de e<t<d
‘I‘I.
BTOYKAX tj = ¢+ j71, T= %—9 ABYyM# crniocobamu:

a) METONOM YABOEHWS! “HCJA LWATOB JUIS JOCTHIKEHU 3aJIAHHOM TOYHOCTH,
UCTIONB3YST CTAHIAPTHBIE KBAAPATYDPHBIE GOPMYIIbI;

0) MCTIONL3YS COCTABILIC KBAAPATYPHLIE dhopmyanpr Taycea (11.8) ¢ rpemst y3-
JamMu 1pu pUKCUPOBAHHOM 1 = 4.

yers

9i(2) = 1(t5,3).

Torpa samada cBOANTCA K BLIYUCJICHUIO B IHKJE 110 J uuTerpaja or hyHKINU
i () 10 BajlanHBIM KBALPATYDHBIM Gopmysram.

Merox yaoenns umcsna maros cocront B ciaegyromem. Bee ksajparypuhbie
bopmynbl nMeroT Bu

1]

- N
/g(;c)d,:s R Z eglei) = Sn.
” i=1

Pazobnem orpesok HHTEIPMPOBAHNS TOUKAMK T1, ..., Ty U COCTABUM CyMMy Sy .
Yapoum N u cocraBum cym My Son. Ecau Benuunna

SQN — SNI < €,

TO CHHTACTCS, YTO 3ajanuad TOUHOCTL 0CTUrHYTa. B npoTusiom ciydae npo-
11ECC MPOIOJIXKACTCS.
Bapuaurer 3amanwuii

Ksanparypusie dopmynn

3 . e . b-a A i ; i WEETH e
Cboznaunm 1epe3 h = -~ % = g9{x;), 9i+l = 9 (z; + %), go = ‘Q(G‘):\ gN =

¢(b). Hauanbnoe paz6uenue N BLIOMPACTCA HPOUBBOMLIO, HO NPY UCHOIb30BAHAY
popmyst Cumncona mavanbhoe N verno.
A. Ksagiparypusie dbopmysini PSAMOYTOJLHUKOR
N-1

Snig) =h Z i1+
i=0
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b. Keagparypunie hopmyner Tpanenuii

g[)"l_g‘_r, i
2 - +q1+g2+ ...+ QN—I)-

Sn(g) = h(

B. Ksanparypasie dopmyns Cumncona (N - uerno)

h
Sn(g) = 1;(90 T 9n+ 291 +492 + 293 + 4g4 + ... + 295 _1).

I‘V [E 1 f ) )'
. (( . ) s i 0 ()()]_.]-)
] f JT 9 ,]1].':\ ]'2

5
2. f(.'}?, f) = COS(I—I? -+ 00[)17)

3. flz,t)= o~ (757+0.0012)

RV
4. f(.ilf, t) = @[1+z?f

1+

: [t
6. flzd = \/f ot

sin(t + 22 + 0.5)
2+ cos(z? + 1)

T flaith=

cos(t + z? + 0.5)

2+ sin (22 +1)
cos(t + z)

222 4 cos(z? + 1)

8. f(x,t) =

8. fl=,t) =

19. fla1)= eli%:7) sin 24
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Snavenus a, b, ¢, d, m. Bo secex papuanrax € = 0.001.

Homep |a | b | ¢ | d [ m

1 | -1] 0]o05]15] 20
I L B

0 2|9 112
BEIE:

1
2 |15(2.5] 25|
5 | -112 [2 [ 3] 20
6 _(}._5 1540 1.8 25

Pesynvrarot cneayer opOpMUTE B BrJIE TADINIL! C BLIBOAOM 3HaYeHUH pyHK-
nn F(t;), sBoraucnennoit Mmeronom YABOCHNA Yucha mwaros u 3navenveMm N, npn
KOTOPOM JIOCTUI'HY'TA 3a/laHHAA TOYHOCTb, 3HAYCHASMM, 101y YCHHBIMU ¢ UCTIOJ b-
30BatineM ksajparyp laycca.

Hpu cpave paborpl 1EOOXOANMO 3HATL OLEHKH IOT'PEIIHOCTH KBaIpaTypPHbIX
bOpMyNT B METOJIBI MX HOJYYEHUs, METOMD NOCTPOEHUST KBagPaTypPHBIX (hOpMyJI
laycea, cBoiicTBa OpTOrOHAIBHBIX MHOFOYICHOR.
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Jlaboparopuas pabora Ne 5

B pabore npennaraercs qucienno HCCIE/I0BATE ITOBEJICHNE PEIICHUH CUCTEMbI
auchbdepennmanbubix YPaBHEHU B OKPECTHOCTH 0COOBIX TOYEK W CilesiaTh BBIBO/]
0 xapakrepe ocoboi Touku.

[Iycrs 3anana cucrema

dz
9} - P(I’:y))
dy
— =0Qlz.y).
(f{ Q\‘Tiy)

Hanomuum, yto ocobosi roukoi (%o, yo) HA3BIBAETCH Takas TOYKA, B KOTOPOI

P(:L'U: yO) = 0, Q(.’BO, 7;/0) = 0.

Heobxoanmo nafitu Bee ocobpie TOYKH CHCTEMbI, YHCICHHO UCCACA0BATD IOBE-
ACHHUE TPACKTOPUHA B OKPECTHOCTU 0CODOF TOUKK K CA&JIATH BEIBOJ O TOM, SBJIdA-
CTCA JIM JJaHHAsl TOYKA YCTOUYUBBIM NOJIOMKEHUEM PaBHOBECHA U K KAKOMY THILY
(yaeu, ceniio, hoxye, uen'r-p) OTHOCHTC:H 3Ta 0cobasi TOYKA. Pesynbrar qucnen-
HOTO McCeoBalus JIOJ2KeH DaTh coryiacoBan ¢ BbIBOIAMM, TOJIYYEHHBLIMH aHa-
JmTudeckum nyrem. Hanmomuum, uro anaanriyueckoe Hccae0BaHUE TPOBOAUTCH
o creaylouei cxeme.

1. Cucrema smneapusyercs B okpecTHoCTH UCCACIYEMOTO TIOJIOXKEHMUSA PaB-
HOBECHs.

D10 03HAYAET, YTO B CHCTEME JenaeTcsi 3aMeHa
U=T—Ty UV=1Y—1y

1 B IOJIyIeHHON CHCTeMe OTOPACKIBAIOTCS BCE HEAMHEHHBIE YJICHDL.
2. B nosyuennoit cucreme Buna

L = au + bv
a7
d

d—? = cu + dv

HaXOIsITCsd CO6CTBCHHL>J(_3 3HaAYEeHUH MEI.’I‘I')H’I.U)[
b
a b
A= ( ; ) .
\ C C
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Jlaboparopnast pabora N¢ 6

B naboparopHoit pabore mpeanaraercst HaiiTd NpuOJIMKEHHOE M TOHHOE
permenue auddepeninanbHoro ypapHenust

IA
8

IA
=

Y +py +qy = f(x) a

YJIOBJIETBOPAIOHICTO I'DAHU ' THbLIM YCJIOBHAM:

ayy(a) + Biy'(a) = m,
aoy(b) + Bay' (b) = 2,

. . ; {b—a . .
Ha cetke ¢; = a+ih, 1=20,1,..,n, h= "= ), HaMJIsi TOYHOE PelleHne B

y3J1aX CETKH ¥ TIOCTPOMB M PEUINB CETOYHYIO KPAaeBYIo 3a/a4dy.

[Tocrpoenue TOMHOTO peleHus 3ajaun MPOBOAHTCS DJIEMEHTAPHO, C UCIIOMb-
30BAHMCM CTAHJAPTHRIX [IPUEMOB HAXOXKACHUSA PelleHni auneitnbix juddepen-
nmanbubix ypasuennit. Hamomnum, gro obuiee pemenue juddepednnanbHoro
ypaBHeHust BTOPOTo MOP#H/IKa UMeeT B

Y = Ciyy + Coyz + 0,

e Y1 U Yo — JBa JIMHEHHO He3aBUCHMBbIX DelleHus] OMHOPOAHOIO ypaBHEHH, a
Yo YACTHOE PeLlelne HeoMHOPOHOT0 ypaBHenust. JlBa rpannyHbix ycjaoBusd,
eCJIM ONpeIeuTe/ b

ayi(a) + fryi(a), orya(a) + Arys(a)

agyi(a) + Boyy(a), aoya(a) + Bays(a)
OTJIMUEH OT HYJIsd, JAI0T BO3MOXKHOCTL onpeennTs Koncrautol Cy u Oy B dop-
myse obiiero penienud. Taxkum oOpasoM MOMKHO ONPEJICHUTH KOHKPETHBIH BU
penieHust, 1 ero CJaeAyeT BLIYUCAKUTDL B TOYKAX ;.

rlOCTpOCIIHO CCTOMHOM K[)EL(.‘:B()]’& 3aJa9n [pOBOJAT 110 CXeMe, U3JIOKEIHHON B

§16. Ilpu cpate paborpl 1E0OX0UMO BLIBECTH Ha IKPaAH TOUHOE A NPUOIMKEHHOE
petmenue B Toukax ;. CrynenT JoJKeH 3HATHL METOALI PCIICHUA KPacBblX 3a,/1a4
JUIS JIMHEMHBIX PA3HOCTHLIX YpaBHeHMil 2-10 nopsaxa.

BapuanTe! 3a1aHuii
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I. Meronpr pemenus kpaenbix 3aj1a

. Merog npsimolt iporonku,

. Meron ob6paruoit IIPOI'OHKH.
. Meroa Berpeunoi IPOTOHKH.
. Meron crpenbbmr,

I1. Ypasuenus u kpaesnre YCIIOBHS

Ly " +2) 4y =—2¢
y(0)=0 y(1)+2/(1) =0

2.y +y=—2e%
y()+y' (1) =0 ¢(@2)=1

3. 4" +4y + 3y = cosz
y(1)=1 ¢(@2=1 n=20

[l
|
[N

5. 9" + 4y + 3y -
y(1)=0 ¢ (2)-y(2) =1

6. y" — 3y’ + 2y = sin(x)
y(0)+24/(0)=-1  (1)=1

7.9 +y —2y= -2
W=D~y =0 y(1) =1

8.y +4y + 5y = 2z
y0)=1 y(1)=1
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9. yff g zyr . 3@{ al G=1;r
y(0)=0 ¢(1)=1 n =20

2x

10. 3" —y = —2e
y(0)=0 y(2)=1 =20

11. y” — ,'jy‘r + 4y = _262:5
y'(0)=0 y()= n = 20

12. ¢ — 3y — 4y = —2e*®
g (0)=0 gll)=l n =20

£

13.y"+2/ -3y =¢
y(0)=0 ¥'(1)=1 n = 20

14. y" — 4y + 8y = -2
{0 =1 g(1)=0 =20

y(0)=0 y(1)=1 n = 20

16. y" 4+ y = —2sin(z)
i

y(0) =0 ¢ (z)=1 n =95

y!(O) =1 y([) = ] n = 20

18. y" — 5y’ + 4y =1
y(1)=0 ¢'(2)=0 n=20
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Jlabopatopuas pabora Ne 7

JIaboparopuas paGora nocesimena U3Y YCHUIO PA3HOCTHBIX METOJIOB PellleHus
KPaeBbIX 3a/1a19 A/ ypaBHEHUSA TEIUIONPOBOAHOCTH. [TyeTh 3a1aH0 ypaBHeHue

ou  O%*u
— =1 f(: <z<
5 = 9 + F(z,t) 0<z<1

IIPY HAYAJBHBIX YCIOBUIX
u(z,0) = 4(a)
W IPAHUYHBIX YCJIOBUSX
Ou(0,t
aju(0,t) + By —é—y——)- = 71(t),

Ou(l,t
agu(l,t) - /2——’”(,()3: ) 2= "}’g(f).

Tpebyercs:

— HOCTPOUTD CETOMHYIO KpaeBylo 3aja4y B COOTBETCTBUU ¢ MPeJIOKeHHOM
Pa3sHOCTHON CXemoii,

© BRIMHCAUTH UPU ¢ =ty B roukax ;, ¢ =0, 1,...n npubmmxennoe peruenue,
OJIyICHHOE peLIeHHeM TTOCTPOEHHON ceTOYHON Kpaesoit sanaun. Js CpaBHCHUA
PE3YJILTATOB 3ajlaeTcsa TOUHOe pelleHue Kpaesoil 3auauu. Crocobnl HOCTPOCHM 51
PA3HOCTHBIX CXEM M METOJbl UX PELICHUs! U3JI0XKeHb B §21.

[Ipu cpaue naboparoproit pabOThl CTYIEHT JIOMKEH ObITh 3HAKOM ¢ OCHOB-
HBIMH TIOHATUAMU TEOPUHU DPABHOCTHBIX CXeM (anlmmpoKcHmalus, YCTOHYUBOCTD,
CXOJIUMOCTD ), YMETh CTPOUTD Pa3HOCTHYIO CXeMy IJist KOHKPeTHOM KpaeBoi 3a-
Jladu.

Bapunanrs: 3asannit

[. Tunel pasHocTHBIX cxem

1. Hesienas cxema.
2. Cxema Kpanka — Hukosbcona.

I1. Meroapl perenust ceTounoi 3aa49m

1. Meroa tpsiMofl Iporouku.
2. Merox obpaTuoit nporouky.
3. Meros crpesbobi.
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Bajanne 8
Au = 2(y —2)

Ulp=0 = 0 Ulg=1 = Y — 2
Uly=0 = —2z° Uly=2 = 0

Bananue 9

Au = 122y ( u= T
Ujr=0 = 0 Ug=1= y:} Sl
Upy=0 = 0  upy=1= 3+

Sananme 10

Au = 2(z? + y* — 2z — y)

Uy = 0 Ujg=z = 0 <z<?2 =01

Baganue 11
Au = (2 —6z)y

ulmo = O uljr::.‘.l = O

Uyeo =0 Upy=1 = z? — 2 0<y<1 hy = 0.1

Baganue 12
Au = (6y — 2)
Upp=0 = 0 Ujge=y = y3 e y?~ <
Uy=0=0 yy=1=0
Bananue 13
Au =1 (u= @+ )

' T )
Ulp=0 == Y Ujg=2 = 4 +y

Ujy=0 = z? Upy=1 = 1+ z’ 0<y<l1 hy = 0.1
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