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BBeneHue

[Ipennaraemoe BHMUMaHHIO uynhTaTeseld Nocobre COAEPXKUT MaTepHUaJibl
JeKIHoHHoro Kypca «OObIKHOBeHHble NU((epeHIMalbHble YpaBHEHHUS»,
KOTOPBIM YHTAJICA aBTOPAMH Ha MaTeMaTH4YeCKOM (pakyJbTeTe U (paKyJb-
TeTe HH(POPMATUKHU U BBIUUCJIUTENBbHOM TEXHUKH FpocaaBcKoro rocyunap-
cTBeHHOro yHuBepcutera uM. [I.I'. JlemnnoBa Ha NpoTsizKeHUH HECKOJb-
KUX MocjaeqHux JeT. Martepuasn nocobus pasjieseH Ha OeBATH IJIaB.

B nepBoil U3 HUX comepKaTcsl NpedBapUTesbHblE CBeIeHHUS U3 aJ-
reOpbl 1 MaTeMaTH4YeCKOT0 aHaJ/u3a, Ha KOTOpble HEOOXOAHMO OOpaTHTh
BHHMaHHe NPU U3YUYEHHUU Kypca.

Bropas rsiiaBa nocBsillleHa U3yUYeHUIO CKaJSPHBIX AU(pepeHInaNbHbIX
ypaBHeHHU mnepBoro mnopsaka. JlokaspiBaeTcs Teopema CyLleCTBOBAHHUSA
U eIUHCTBEHHOCTH HayaJbHOM 3amauu Kowu [ Takux ypaBHEHHWH, a
3aTeM 0OCY>KAaeTcs 3a/iauya MOCTPOeHUsl pelleHUH JTUHEHHBIX CKasPHBIX
ypaBHEHUH.

B TpeTbell ryiaBe paccMOTpeHBI JHHeHHble NH((pepeHHaNbHble YPaB-
HEHHUsl CTapLIMX MOPSAAKOB C MOCTOSHHBIMU KO3(P(pHULHUEHTaMH, a B YeT-
BEPTOU IJlaBe PAaCCMaTPUBAIOTCA CUCTEMbI C MOCTOSHHBIMU KO3(p(PULHEH-
TamMu. Bo BTOpOM 4acTH 4eTBEpPTOU TJiaBbl BBOAUTCS MOHATHE MATPUUYHOU
SKCIIOHEHTBI U JOKa3bIBaeTCsl TeopeMa 00 OLeHKe HOPMbl MATPUYHOH 3KC-
TIOHEHTHI.

[IaTas rmaBa B cBOW0 ouepenb MOCBSLlEHA JUHEHHBIM CHCTEMaM IH(D-
(bepeHLMAJBHBIX YPaBHEHUH C NEepeMeHHbIMU KO3(p(pULHUEHTaMH, B HeH
CHauaJ/ia J0Ka3blBaeTCs TeopeMa CYLIeCTBOBAHUS M €IUHCTBEHHOCTH pe-
lIeHus1, 3aTeM 00ocHOBbIBaeTcsl opmyna Ocrtporpaackoro—JInyBusis u
oOlLIMe CBOUCTBA JIMHEHHBIX CUCTEM, a B MOCJAEHEH YacTH 00CYKAAOTCS
JIMHEUHbIE CUCTEMBI C MEePUOAUYECKHUMU KOI(P(PULUHUEHTAMH, B YaCTHOCTH
BBOAUTCS MOHSTHE MATPULLbl MOHOAPOMHUHU M MYJbTUINJIHUKATOPOB U J0OKa-
3biBaeTcs TeopeMa JlsmyHoBa—®uoke.

B mecTtol rsiaBe N0Ka3blBaeTCsl TeoOpeMa CYIIeCTBOBAHHUS U €IMH-
CTBEHHOCTH pelleHHUs HadaJbHOH 3amauu Kowu a4 cucTeM HeJuHeH-
HBIX IU((depeHHanbHbIX YPaBHEHUH, a 3aTeM 00CYXKIaITCs NpobeMbl
NPONOJKUMOCTU pelIeHUH W HX TIafKas 3aBUCUMOCTb OT HayaJbHBIX
yCJOBUH U NapaMeTpoOB.
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CenbMas ryiaBa NMocBsillleHA ONHOMY U3 LIeHTPaJbHBIX MOHATHH TeOpUU
nudepeHIaNbHBIX YPaBHEHUH — YCTOWUYMBOCTH. B ryiaBe 10Ka3blBaIOT-
csl TeopeMbl 00 YCTOHUHMBOCTH IO MEPBOMY MPUOIHKEHHUIO (MEPBBIH METON
JIsAmyHoBa) U yTBepXKaeHHs1 06 YCTOUYMBOCTH U aCHMIITOTUUECKOH YCTOM-
UWBOCTH, MOJydyaeMble Ha OCHOBe (DyHKIHWH JIsimyHoBa (BTOpO# MeTon
JlsanyHoBa). PaccmoTpeHa takxke 3amada 06 yCTOHUHBOCTH MHOTOYJIEHOB,
000CHOBBIBAIOTCS KPUTEPHUU YCTOUUUBOCTH.

B BoCbMOW ryaBe NpUBOAATCS OOLLKe CBOMCTBA aBTOHOMHBIX CHUCTEM
nudpepeHUaNbHBIX yYpaBHeHUH. [/ JUHEHHBIX CUCTEM Ha MJOCKOCTH
IaHa KJacCU(UKALKA TOJOKEHUA PABHOBECHUS.

[locnenHsis, neBsTas rnaBa MOMHOCTBIO MOCBSILLEHA KPaeBbIM 3a/1a4aM.
BBonutcs noHsthe pyHKIMK [ pUHA, NIPpUBOAATCS onpesieieHUs] COOCTBEH-
HbIX (DYHKUHUH M COOCTBEHHBIX UMCeJ KpaeBbIX 3ajad, pacCMaTpPHUBaeTCs
npobJemMa UX HaAXOXIEHHS.

Hamwa kHura He CTaBUT LEJbIO CKOJNb-HUOYIb HCUEPMBIBAIOIIUM 00-
pa3oM OMHUCaAThb TeOPUI0 OOBIKHOBEHHBIX AU((epeHUnaNbHbIX YPaBHEHUH.
YuuThHIBasg aKTHBHOE PAa3BUTHE NAHHOM HAyKH, 3TO BPSA JIU BO3MOXKHO.
B nocobuu mpennpuHsTa MONbITKAa coOpaTh B HENPOTHBOPEUYUBYIO Kap-
TUHY HECKOJbKO OCHOBHBIX Te€M TEOPHUH AJSl TOro, 4TOOBl MOMOYb CTY-
IeHTaM OCBOWTb MaTepHaJ YHMTAaeMOro Kypca. Uuraresasm, HHTepecylo-
IIUMCSl PAa3BUTHEM OCHOBHBIX Te€M [NAHHOIO Kypca, pPeKOMeHIyeM KHH-
ru [1,4, 8,10, 21, 25].

OTMeTHM TakKe psifi CrellMaJu3upOBaHHBIX COOPHUKOB 3a/1a4 10 00bIK-
HOBEHHBIM IH(depeHInanbHbIM ypaBHeHusM [11,16,18,20,24], pewenue
3a/1a4 M3 KOTOPBIX TO3BOJIUT Jyyllle YCBOUTb MaTepHaJs Kypca.



I'naBa 1

IlpensapurenbHbie
CBeJeHHUS U3 aJreopsbl
M MaT€eMaTU4YeCKOro
aHaJau3sa

1.1. Hopwmbl BEKTOPOB M MaTpHIL

O603HaunM yepe3 R” mpocTpaHCTBO n-MePHBIX BEKTOP-CTONO1I0B, KOM-
NMOHEHTAMH KOTODBIX BJISIOTCS JeHCTBUTeNbHBIE YnCaa: T = (T1,. .., Zy)T
z; € R. 3nech cumBosiom ()1 o6o3Hauena omepauus TPaHCIIOHUPOBAHHS.

)

Onpenenenue 1.1. [osopam, umo & npocmparncmse R" ggederna HOp-
MQ, ecAu KaxcOoMy 3AemMeHmy x 3mo20 NpoCMmpaHcmea NOCMasAeHo
8 coomeemcmsue OeticmeumesvHoe 4ucio ||z||, Haseieaemoe Hopmoi
8eKmMopa x, U BbLNOAHEHbL CALOYOUjUe MPU YCAOBUSL:

1. ||z|] > 0; npuuem ||z|| =0, moavko ecau x = 0;

2. | Az]| = [All|lz|l, A € R;

3. |z +yll < ||zl + ||y|| 0252 ar0borx z,y € R™.

YcnoBus 1-3 TpaaiMIIMOHHO Ha3bIBAIOT aKCMOMaMMu HopMmbl. B mpo-
cTpaHcTBe R™ HOpMY MOXKHO BBECTH Pas3jHUuHbIMU crniocobamu. Tem He
MeHee HauboJiee yNOTPeOUTENbHBIMU SBJASIOTCS CJeAYIOLIHe HOPMBIL:

el = 3" Jail, (L)
=1
ol = (X lai) (12)
1=1
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lzlloo = max |a. (1.3)
Hopmy (1.1) npuHATO Ha3biBaTh OKTasapuyeckod, (1.2) — eBKIMIOBOH

unu cepuueckod, a Hopmy (1.3) — Kybudeckoll. YKazaHHbIE HOPMBI §IB-
JS0TCS peacTaButenssmMu (Hopma (1.3) — B mpeiesIbHOM CMBIC/IE) 11€JI0T0

ceMencTBa HOPM
el = (ki) pen 1.4)
j=1

Ynpaxnenue 1.1. /lokazame nHepaserncmaso

[l = lyll| < llz = yll, 2,y eR™ (1.5)

Hapsny ¢ BeKTOpHBIMH HOpMaMHy MPH MPOBEAEHUH Pa3JUUYHBIX Olle-
HOK 4aCTO MPUXOAUTCS UCIOJb30BATh TaK Ha3blBaeMble MaTPUUYHbIE HOP-
Mbl. [Tyets cumBosiom M, «,, 0603HaUeHa COBOKYIHOCTb BCeX KBaAPATHBIX
MaTpUL TMOPAAKA 7, 3JEMEHTAMHU KOTOPBHIX SBJASKTCH OEUCTBUTEJIbHBIE
yncna: A = (aij)Zj:1’ a;j € R. Bynem roBopuTb, 4TO B NPOCTPAHCTBE
M, «,, onpeneseHa MaTpryHasi HOpMa, ecau Kaxkaod matpulle A € M,
MOCTaBJEHO B COOTBETCTBUE NeHCTBUTENbHOE 4Hucao ||Al|, mpuuem BbI-
MOJIHAIOTCA BCEe aKCHUOMBl BEKTOPHOM HOpMbl U3 onpenesenus 1.1. Ilo-
CKOJIbKY /i1 KBaJpaTHBIX MaTPHIL ONpelesieHa onepauusi YMHOXEHHUS, B
psile CUTyalluid BO3HUKaeT HeOOXOMUMOCTb OlleHKH BeJuduHbl | AB||, roe
A, B € M,,«,. B aToll cBsi3u ynoOHBIM OKa3biBaeTcsi Cjedylolllee CBOM-
CTBO, BBITMIOJIHEHHE KOTOPOTO Hapsily ¢ YCJOBUSIMH -3 yacTo ampuopu
TpeOyIOT OT MAaTPUYHOU HOPMBI:

IAB|| < [|All[[B]] (1.6)
st 00bix A, B € M, .

Onpenenenue 1.2. Bekmopraa nHopma ||x||, u mampuunas nopma ||Al s
HA3bLBAIOMCS COCAACOBAHHBIMU, eCAU

[Az]lo < || Al 5]z (1.7)
oas nwobovix A € M5, u v € R"™

[Tycte B mpoctpancTBe R" ompenesneHa HeKOTOpasi BEKTOpPHAsi HOpMa
]l
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Onpenenenue 1.3. Huoyuuposarnroi mampuurotl HOpMOLU HA3b6L8aIOM

HAﬂSH
o =l

|A]| = (1.8)

Ynpaxuenue 1.2. [Iposepumo, umo 011 UHOYUUPOBAHHOU MAMPUUHOL
Hopmot (1.8) evinoanenst sce axcuomovl Hopmol 1-3.

OueBHAHO, YTO UHAYLUPOBAaHHAS MaTPHUUHAs HOPMa SIBJSETCS COrJia-
COBAaHHOH C COOTBETCTBYIOIIEH BeKTOpHOU Hopmou u3 (1.8) u mns atoi
HOPMBI BbITIOJIHEHO HepaBeHCTBO (1.6). [leficTBUTENBHO,

HAfEH > 1Az

1Al = :
o el = lal

x # 0,
OTKyJa
[Az ]| < [JA[[[l]

HCHOJIbSyH ABAX bl IIOCJEeAHEE HEPABEHCTBO, 3dKJ/IIOUAEM

[ABx| _ Al Bz|

IAB] = <
w20 Nzl T ez 2]

< [[A[[[lB]l

PaBeHcTBY, onpenensoleMy HHIYLUPOBAHHY MAaTPUYHYIO HOPMY, MOX-
HO NPUAATh CJEAYIOUIYI0 3KBHUBAJEHTHYIO (JOPMY 3aIHCHU:

( )H -l
|$H |z)=1

dopmyna (1.8) umeet oOUIUE BUA U MaJIO IPUTOHA JJIsI TPAKTUUECKO-
ro Boiuucsenus ||A||. B cutyauuu, xorna B mpoctpanctBe R” pukcuposa-
Ha HeKOTOopasi BeKTopHas ¢hopMma ||x||, A BEIYUCIEHUS COOTBETCTBYIOIIEH
MHAYIMPOBAaHHOH MaTpPUYHOH HOPMBI ||A| MoryT GBITH MOJydeHBl GoJee
npocTble (OPMYJIbI.

A
) = sup 12— g |4
20zl a0

Teopewma 1.1. [Tycmo ||A||1, ||All2 ¢ ||Al|e — mampuunoie Hopmot, urdy-

UUPOBAHHbBLE COOMBEMCMBYOULUMU 8eKMOpHuIMU Hopmamu ||z||1, ||z||2
U ||z||oo. Cnpasedrussl credyroujue hopmynol:
4l = Z agl, (19)
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[ All2 = | / max AW (1.10)
Al = ;gag;Z a1, (L.11)

eoe /\%A — cobcmeennbie uucia mampuyol A*A, a cumeosrom A* obo-
3HAYEHA MAMPULQ, IPMUMOBO CONPANHEHHAs C A.

Jlokazameavcmeo. JlokaxkeM cripaBennuBocTb paBeHcTB (1.10) u (1.11),
HauaB ¢ nocsenHero. CornacHo (1.3), umeem

n

E al-jxj

j=1

n
< max (Z 1) e o] = o (Z a1 el
J= J=

< max Z |aijl|z;] <

|Az||o = max
1<i<n

1<i<n

Ortkyna

Azl _
| Al = Sljé%) e 1<Z<nz |aij|. (1.12)

[locTpoum nasee BeKTOp x TaKOH, UTO

[Azlloo
1<z<nz jais . (113)

[zlloe

Tem cambiM, ¢ yuetom (1.12), Gymer ycTaHOBJeHA CIpaBeNJMBOCTb pa-
BeHcTBa (1.11). [Ipenmosioxum, 4To

11,2?2( Z |aij| = Z ||,

T.€. MAKCUMYM Cpedr COOTBETCTBYIOIIHX CYMM JOCTHUraeTCd, B HACTHO-

ctu, ipu @ = [. [lyetb © = (sgnajpp, sgnags, . .. ,Sgnay,), Te
1, a >0,
sgna = < 0, a =0,
-1, a<0.

[TockosibKy HHTEpecC MpeacTaBJseT JHUIIb caydal, korma x # 0, To ode-
BUIHO, 4YTO ||z|l = 1. Hanee,
n

E aijajj

j=1

n

E : A15L;

j=1

n

E alj Sgn alj

j=1

>

|Az||~ = max
1<i<n
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n
= E a;;| = max E a
| lj| i<ien ‘ l]‘
J=1
M TeM CaMbIM CIIpaBelJMBOCTb HepaBeHcTBa (1.13) ycraHoBJeHa.

[lepeiinem Temepb K mokasartenbcTBO paBeHcTBa (1.10). B mpoctpan-
ctBe R" omnpenesuM ckajsipHOe NPOU3BeNEeHHE CTAHAAPTHBIM 00pa3oM:

= wy, o,y R (1.14)

[TocKOJILKY 3JieMeHTaMH MaTpulbl A ABJAIOTCS AeHCTBUTeJbHbIE UHMCJIa,
To A* = AT, Umeewm,

T
(Ax, Az) — Jsup (A Ax,:z:).

| Az][2
Allsy = su = su
[ All2 p—— P\ o

1.15
0 |lZll2 a0 (1.19)

3aMeTum, uTo MaTpula B = AT A apnsercs CUMMETPUYECKOU, TOCKOJBKY
BT = (ATA)T = AT(ATYT = ATA = B.

M3 kypca nuHelHOU anreOpsl U3BECTHO (CM., HarpumMep, [5]), 4To B 3TOM
cjly4yae CylIeCTByeT OPTOHOPMUPOBaHHBIN 6a3uc B mpocTpaHcTBe R”, co-
CTaBJIEHHBIH U3 COOCTBEHHBIX BEKTOPOB 3TOW MaTpuilbl. O603HAYHUM BeK-
TOPBI 3TOr0 6a3KChl CHMBOJIAMHU €1, €9, . . ., €,. 1aKUM 00pa3oM,
0, LET
Bei = )\iei, (ei,ej) = 9 . . 1,] = 1,...,’/7,. (116)
||eiH2 =1, 1=,
OTMeTHM, UTO BCe COOCTBEHHBbIE YHUCA \; = )\%A MaTpHullbl B HEOTpH-
nateabHbl. [ledcTBuTenbHo, U3 (1.16) caenyer, 4To

(Bel-, 61)
(€i, €:)

Pasnoxum Tenepp nponsBosibHBIM BeKTOp © € R" 1o ykazaHHomy 6asucy:

n

= Zciei, ¢ € R.

1=1

HMcnosb3ysi cBOHCTBa CKaJsipHOTO Mpou3BeneHus u paBeHcTBa u3 (1.16),
noJydaem

n

(Ba,z) = (z AZ) ZA il

1=1 1=1
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OTCIOI[ZI JIETKO BBIBOAHWM, UTO

W, aHaJIOTHYHO,
(Bz,x) > ( min )\ Z c;]* = (min \)(z, 7). (1.19)

13 (1.18), (1.19) cnenyer, uTo

B
min)\igw<max)\ x # 0.
I<i<n (x,x) ~ 1<i<n

YuuteiBas Tenepb nepBoe u3 paBeHCTB (1.17), okoHUaTeNbHO 3aKJ/aH0UYaEM,

uTo 5 .
sup (Bz,z) = max (Bei, i) = max \;.
x#0 (SL‘, x) 1<i<n (ei, ei) 1<i<n

BosBpamasics k (1.15), 3aBepiiaem nokasatenbctBo dopmyasl (1.10). W
Ynpaxuenue 1.3. Yemarnosume cnpasedsusocmo gopmysot (1.9).

[lockosabky B mpocTpaHcTBe R", Kak MOKa3aHo BhIlIE, BEKTOPHYIO HOP-
MY MOXKHO BBECTH Pa3/JUUYHBIMU COCOOAMH, TO BO3HUKAET CJeNYIOLIUH
ecTeCTBeHHBIH Bompoc. Ecau HekoTopas moc/iefoBaTeNbHOCTh BEKTOPOB
2™ € R™ cxomures K HekoTopomy BekTopy z”) € R” B Kakoi-HHOYIb
HOpMe, TO 4YTO MOXKHO CKa3aTb O CXOIHMMOCTH 3TOH TMOCJEeL0BaTeNbHO-
CTU B J1060U npyroét HopMme? [/ mMposicCHEHHs 3TOr0 BOMPOCA BBENEM
cJenylolliee onpenesieHue.

Onpenenenue 1.4. Hopmor |||, u ||z||s, ss6edennsie 8 npocmparcmse
R", Hasviearomces 3K8UBANEHMHBIMU, eCAU CyujecmByom deticmaumens-
Hble YUCAA Yop > 0 U vygo > 0 marue, umo Vx € R" umerom mecmo
HepaseHcmaa

[zlle <vapllzlls,  llzlls < vpalllla: (1.20)

OueBUAHO, YTO €CJU ABe HOPMbI B mpocTpaHcTBe R" 3KBHBaJIEHTHH,
TO B cusy HepaBeHcTB (1.20) cxomvMocCTb MOC/I€0BAaTENbHOCTH B ONHOH
U3 HUX BJIeUeT CXOAHMMOCTb B Npyroi. dyHnaMeHTa bHBIM SIBJSIETCS CJle-
OYIOLIHUH pe3yJ/bTar.
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Teopema 1.2. B npocmparcmse R" gce nopmoL 3K8UBANCHMHDL.

Loxazameavcmso. [IocKobKY OTHOILIEHWE 3KBUBAJEHTHOCTH oOJanaer
CBOHCTBOM TPAH3HUTHBHOCTH, TO HaM HOCTATOUHO IOKa3aTh, 4TO JIOObIE
1Be HOPMH ||z||, U ||z||g B mpocTpancTBe R" skBHBaseHTHB. s 3TO-
ro JIOCTAaTOYHO yCTAaHOBHUTh, YTO HeKOoTOpasi HopMma ||z||, KBHUBaJeHTHa,
HarpuMmep, HopMe ||z ||s.

Bribepem B npocTpaHcTBe R" cTaHmapTHBIH 0asuc ey, ..., e,, TIe

e;=(0,...,1,0,...,0)T. (1.21)
Torna

n
T
r = (T1,%2,...,%y) :E Zie;
i=1

l2llo =

S e sDxiH\eiHas(Zneiua)nm. (1.22)
i=1 a =1 i=1

BILer Mbl BOCIIOJIb30BAJ/JIMCb OUEBUAHBIM HEPABEHCTBOM

n
> laif? = llz]le.
i=1

Taxkum o6pa3oM, yctaHOBJeHO JieBoe U3 HepaBeHCTB (1.20). dns mokasa-
TeJIbCTBA TPABOr0 U3 3THX HEPABEHCTB BOCIOJb3yeMCS METOJIOM OT TPO-
THBHOro. [Ipenmnosoxum, 4To 3TO HepaBeHCTBO HeBepHO. Torma Vm € N
Hafimetca Takoil BekTop ™ € R”, uto ||z, = 1 u ||z > m.
Monarasa 4™ = 2™ /||2™)||5, 3axmouaem, yto

1
=]l

2| <

Iyl =1, [y = < (1.23)

1
—
PaccmoTtpum B npocTpaHcTBe R" enMHAYHYIO chepy

S={zeR" ‘ z|ls =1},

KOTOpO# npuHaniexaT Bee BekTophl ™). TTockoabKy cdepa S sBasercs
MHOXXECTBOM KOMIMAKTHBIM, TO M3 Moc/efoBaTenbHocTn y™) MoxKHO H3-
BJI€Yb MOANOCeA0BaTeNbHOCT 4™, CXOAAILyIOCs K HEeKOTOPOMY BEKTO-
Py ¥« € S npu my — oo B HopMe ||z||o. MubiMu cioBamy, ||y —y,]ls — 0
npu m; — oo. Onpenenum ajee cIeAyoONY0 (QYHKLHIO:

e(y) = [lylla- (1.24)
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Hcnosabaysi HepaBeHcTBO (1.5) M ycTaHOBJIeHHYI0 paHee oueHKy (1.22),
noJiyyaem

o) =) <y —zla <Ally =2l 7= lledlas  (1.25)
1=1

rae y,z € R Tlonaras B (1.25) y = y™) u z = v,, NIPUXOIUM K BbI-
Bony, uto ¢(y™)) — ©(y,), Korna m; — oo. Us (1.23) crenyer, uto
o(y"™)) < 1/my, a snauut, o(y™)) — 0 npu m; — oco. OTciona HeMes-
JIEHHO BBIBOAMM, 4TO ¢(y,.) = 0. B cuny (1.24) u nepBoiél akCHOMBI BeK-
TOPHOM HOpPMBI 3akJjidaeMm, uto ¥y, = 0. Ho y, € S, a caenosarenbHo,
ly«l2 = 1 u y. # 0. [lomydnau mpoTHBOpedHe, KOTOpPOe U 3aBepllaeT
N0Ka3aTeJIbCTBO TE€OPEMBI. [ |

M3noxeHHble B 3TOM paspese (PaKThl JEerKO MEPEHOCATCS U Ha TOT
caydail, Korga sjeMeHTaMHu BeKTOpa x WJU MaTpulbl A SIBASIOTCS KOM-
nJeKCHble 4yucaa. B aTom ciaydyae peub yxkKe HAET O KOMIUJIEKCHOM n-
MepHOM apudmetudeckoMm npoctpanctBe C". OnpenesieHHble HAMU BbILIE
(opMysBbl /11 BEKTOPHBIX U MAaTPUYHBIX HOPM OCTAKTCS CIPABEAJUBLIMH
M B 3TOM CJy4ae. A BOT cKasisipHOe TPOU3BeJeHNe B 3TOM MPOCTPAHCTBE
cJielyeT BBOAUTb, Hanmpumep, Gopmyaon

(z,y) = Zl‘iﬂz‘, (1.26)
i=1

re CUMBOJIOM @ 00603HAU€HO YHCJIO, KOMILJIEKCHO compsizkeHHoe ¢ a € C.
Dopmyna (1.26) sB/asieTcss MpUMepPOM PMHTOBOTO CKaJIIPHOTO TPOU3Be-
IEeHUsl B YHUTApPHOM MPOCTPAHCTBE, T.e. JUHEHHOM MPOCTPAHCTBe HaL
noJieM KOMIJIEKCHBIX YHCeJI.

1.2. MeTpuuecKoe NpoOCTPAHCTBO.
IpuHuMn cKMMaIKMX 0TOOPaKeHU!

YHUBepCaNbHBIM HHCTPYMEHTOM MAJS J0Ka3aTesJbCTBa TEOPEM THIIA
CYLLECTBOBAHHUSA U €IMHCTBEHHOCTH SBJISETCS MPUHLIUI CXKHUMAIOLIUX 0TOO-
paxkenuii. Chopmynrpyem ero B HauboJsee oOLIEM BUIE.

[Iycte £ — HEKOTOpOe MHOXKECTBO MPOU3BOJbLHOU MPUPOJBI.

Onpenenenue 1.5. ['ogopam, umo Ha mHoxcecmse E onpedesena mem-
puka, ecau aw0boii nape (x,y) a1emMeHmo8 IMo20 MHOHECMBA NOCMA8-
AeHO 8 coomeemcmsue delicmaumenvroe 4ucio p(x,y) U BblNOAHEHbL
caedyroujue aKCuomol:
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p(x,y) =0 moeda u moavko moeda, Koeda r = y;

1.
2. p(x,y) = ply,x);
3. p(x,y) < p(x,2) + p(z,y) 021 ar0bobix x,y, 2z € F.

Axkcuombl 1-3 Ha3bIBAIOT aKCMOMaMU METPHUKH, a CaMoO JAE€HUCTBUTENb-
HOe 4HMCJo p(x,y) 4acTO HA3bIBAOT PACCTOSIHUEM MEXKIY TOUKaMU T U ¥
MHOXecTBa F. 3aMeTHUM, UTO U3 aKCHOM METPHKH CJedyeT, 4To p(T,y)
ecTh BeJIMYMHA HEOTpHIlaTe bHast. JleficTBUTEIBHO,

0=p(z,z) < p(z,y) + ply, x) = 2p(x,y).

Onpenenenne 1.6. Mnowecmso FE ¢ 88edenHOll Ha Hem Mempuroll
p, unoimu carosamu napy (E,p), Haseiearom mempuiecKkum npocmpan-
cCmeom.

Onpenenenue 1.7. [locaedosameavrnocmo mouek x,, n € N, mempu-
weckoeo npocmpancmsa (E, p) nHasvieaemes gynoamenmanrvrot, ecau
orna yodosaemsopsiem ycaosuro Kowiu: ora aroboeo € > 0 Hatidemcs ma-
koe Hamypaavroe uucao N(g), umo p(xn,xy,) < €, ecau n,m > N(e).

[TocienoBaTeibHOCTD @, € E Ha3biBaeTCsl CXOASLIEHCS K 3JEMEHTY
x € E (numyt z,, = z, n — o0), ecau p(x,,x) — 0 npu n — oo.

Omnpenenenue 1.8. Mempuueckoe npocmpancmeo (E,p), 8 komopom
arobas QyndoamenmasvHas nOCA008AMENLHOCMb CXOO0UMCS K HEKO-
MOpPOMY INEMEHMY MOS0 NPOCMPAHCMEBA, HA3bLBACMC S NONLHbIM.

OTMeTHM, UTO JIHHEHHOe HOPMHPOBAHHOE MTPOCTPAHCTBO 3aBEOMO SIB-
JISIeTCsl METPUYECKHM, MOCKOJNbKY B HEM MOXKHO BBECTH METPHKY IO Mpa-
BUNY p(z,y) = ||z —yl|. [lomHBIE HOpMUPOBaHHBIE TPOCTPAHCTBA MPUHSITO
HasblBaTb OAHAXOBBIMH.

Omnpenenenue 1.9. [Tycmo 8 mempuueckom npocmparcmee (E, p) 3ada-
HO Hekomopoe omobpaxcenue g: ' — E. Omobpaxcenue g Ha3vieaemcs
cocumaroujum, ecau cyuecmsyem maxkoe yucao 0 < q < 1, umo oaa
A0bovLx x,y € E 8vinosHeno HepaseHcmao

p(9(), 9(y)) < qp(z,y). (1.27)

['oBOpAT, UTO OTOOpaXkeHHWe g HeNMpPepblBHO B TOUKe x € F, ecan A4
aoboro € > (0 Haiimetcs Takoe 4ucyo 6(¢) > 0, 4TO U3 HepaBeHCTBA
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p(x,y) < d, rne y € E, ciaenyer HepaBeHCTBO p(g(z),g(y)) < €. Jlerko
MoKa3aTb, YTO CXKHMarllee 0TOOpaXKeHHe ¢ HEelpPepbIBHO B JI0O0OH TOUKe
re kb,

[IpUHIMIIOM CXKHMAWIIUX O0TOOPAXKEHUH TPHUHSATO Ha3blBaTh CJEAYIO-
LIYI0 TEOpeMy.

Teopema 1.3. Bcsakoe coacumarouee omobpascerue nOAHOEO mempuye-
ckoeo npocmparcmsa (E, p) 6 cebs umeem eOuHCmMBeHHYO Henoos8uic-
HYr mouKy, m.e. makyro mouxky x € E, umo g(x) = .

Hoxkaszamenocmeso. BeibepeM Npon3BOJIbHBIM 00pa3oM TOUKY xg € E U
MIOCTPOUM MOCJIEN0BATENbHOCTb X, € E, n € N, o popmysne

Tor1 = g(x,), n=0,1,2,... (1.28)

[TokaxkeM, UTO TMOCJENOBATENbHOCTb I, CXOAUTCS K HEKOTOPOH TOUKe
r € E u 3Ta TOYKa SIBJSETCS HEMOABHMXKHOU TOUKOH OTOOpaKeHHUs g.
Coraacho (1.27), (1.28), umeem

p(Tni1, n) = p(g9(2n), g(xn-1)) < qp(Tp, ¥n1), n €N (1.29)
[IpumeHsisi 5TO HepaBEHCTBO TOCJEN0BATEbHO K BeJUUHUHAM p(Ty, Tpo1),

p(Tp_1,Tp o) U T.I., OKOHYATEJBHO TOJNyUAEM

p($n+1axn) S qnp(xlaxO)J n € N.
Ortciopa, BbIOHMpast m > m U MOJb3YSICb TPeTbed aKCHOMOH METPUKU
(HepaBEHCTBOM TPeYroJibHHKA), BHIBOAUM
P(iUm, xn) S /)(xm, xm—l) + P(ﬂfm—la xm—?) + ...+ /O(xn—H; xn) S

< ¢" 'p(z1,20) + ¢ Pp(x1,m0) + ...+ ¢"pla1, 7)) =
= "pler,x0) 1+ g+ +...+¢"") <
(0.]

< ¢"pl(en,20) D4 = 7 plons o) (1:30)
i=0

n

[Tockosbky ¢ < 1, To u3 (1.30) cnenyet, uTo MOCJENOBATENBHOCTD X;, SIB-
JaseTcs PyHAaMeHTaNAbHOU. B CU/y MOJHOTE METPUYECKOTO TPOCTPAHCTBA
(E, p) 3TO BJIeUeT CXOMUMOCTb TAHHOU MOCJEN0BATENbHOCTH K HEKOTOPO-
My 3JeMeHTy x € F, T.e. x,, — x. B cusy HenpepbeIBHOCTH OTOOpaKeHHUS
g 3akJjwdaeM, 4to ¢(x,) — g(xr) mpu n — oo. YcTpemJsisi Tenepb n B
paBeHcTBe (1.28) Kk GeCKOHEUHOCTH, TPUXOAUM K PaBeHCTBY = = ¢(x).
CuienoBatesbHO, TOYKa * € F siB/JsieTCs HENOABUXKHOH TOUYKOH oToOpa-
JKEeHUA ¢.
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YcTaHOBUM Telepb €JMHCTBEHHOCTb HEMOABHUXKHOH TOYKH y OTOOpa-
Xenus g. [IpennosoKum NpoTUBHOE, T.€. YTO Y OTOOPaKEHUS g UMEIOTCS,
Mo KpalHel Mepe, NBe HEMOABHKHbIe TOUKHU x,y € K U x # y. UMmeewm,

Awnanoruuso (1.29), nonyuyaem

p(z,y) = p(g9(z),9(y)) < qp(z,y).

Cokpauast o6e 4acTu HepaBeHCTBA Ha BeJWUUHY p(x,y) # 0, IpUXOAUM
K HEPaBEHCTBY ¢ > 1, KOTOpOe MPOTHBOPEUYUT ONpeaeseHHI0 KOHCTAHThI
q. Teopema nokasana. [

Ecau orobpaxkeHue ¢ siBasieTcs cxkuMmawomuMm, 1o (opmyny (1.28),
OnpeesIIOLLY IO T0CJe0BATEeNbHOCTD &y, KOTOPAst CXOAUTCS K HEMOABUXK-
HOU Touke x € F 3Toro orobpakeHUsi, Ha3bIBAIOT OOBIUHO METOAOM I1O-
cJieIoBaTeJIbHbIX MPUOJIHKEHUH U METOIOM MPOCTOH uTepauuu. Hetpyn-
HO OLIEHUTb CKOPOCTb CXONHMMOCTH 3TOH MocJ/enoBaTeNbHOCTH. JlelicTBU-
TeJIbHO, yCTpeMJisas m B JeBoi yacTh (1.30) K 6eCKOHEUHOCTH, MPUXOTUM
K HepaBeHCTBY

p(xl,xo).

<

Takum o6pa3om, MoCae10BATENBHOCTD ), CXOAUTCH K HEMOABUKHOU TOY-
Ke 0TOOpaKeHHs g CO CKOPOCTbIO FeOMeTPUUECKOH MPOTPeCcCHH.

1.3. Teopema Apueaa

[Iycte Ha KoMnakTHOM MHOXecTBe F C R 3amaHo ceMeHdCTBO (PyHK-
uuit fr(x), k € N, co 3HaueHussmMu B R™.

Omnpenenenue 1.10. Cemeiicmeo ¢yuxyuil fi(x) Haswieaemcs pasHo-
MEPHO 02PAHUUEHHbIM, eCAu cyujecmsyem makoe uucao M > 0, umo
| fe(z)]| < M 0ast 6cex v € E u k €N,

Omnpenenenue 1.11. Cemeticmso ¢pynkuuii fir(r) Halvieaemcs pasHo-
CMenenHo HenpepovleHulm, ecau 0as awboeo € > 0 Hatidemcs makoe
uucao §(e) > 0, umo ora scex k € N u awboix x1,x9 € F us Hepa-
gencmea ||x; — xo|| < § caredyem nepasercmeso || fi(x1) — fr(x2)| < e.
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HetpynHo 3ameTuTh, 4TO ecsiu Bce (PyHKUUH fi(z) YHLOBIETBOpSiET Ha
E tak HaspiBaeMoMy ycJsoBHIO Jlunmuna

1fs(2) = fr)l < Lllz =yl = ye B

C ONHOH W TOH »Ke KOHCTaHTOH L (koHcTaHTa Jlummuoa), To Takoe ce-
MeHCTBO (DYHKIMHA OyneT PaBHOCTENEHHO HeNpPepPbIBHBIM.

Ynpaxuenue 1.4. Hccaedosame cemeiicmeo pynukyutl fi(z) = aF, k =
0,1,..., 3adannoix Ha ompeske E = [0,1]|, Ha pasHomepHyro oepaHu-
YeHHOCMb U PABHOCMENEHHYH HenpepobL8HOCMe.

[Tepen Tem, Kak chopMyIMpPOBaTh U 10Ka3aTb OCHOBHYIO TEOPEMY 3TO-
ro pasfesa, yCTaHOBHUM OMH BCIIOMOTaTeJsbHBIH pe3yJ/bTar.

Jlemma 1.1. Ilycmo E C R" — komnakm. Toeda 0as awboeo £ > ()
MOJMCHO NOCMPOUMb KOHEUHOe MHOMCeCMBO MOUEK Y1, . ..,Ys, NPUHAO-
sexcawux E, makoe, umo 0as 8cakoeo x € E naildemca makas mouka
Y U3 amoeo mHoxecmea, umo ||x — yil| < e.

MHOKeCTBO TOYEK ¥, . . . Ys HA3bIBAIOT KOHEYHOH £-CeThbI0 MHOXKECTBA
E. Takum o6pasom, nemma 1.1 yTBepxxpnaer, 4yto B JloOOM KoMMNakrte Ve >
0 MOXKHO NMOCTPOUTH KOHEUHYIO £-CeTh.

Hokasameaocmso. Pukcupyem € > 0 U BbiOepeM MPOU3BOJbHBIM 00pa-
30M TOUKY y; € . PaccMoTpum wwap

Oy, e) = {z €R" | ||z —mll <&}

C LEHTPOM B TOUKe y; U paauycoMm €. Ecin E C O, To n1emma nokasaHa. B
MPOTHBHOM CJIydae Ha#nercs Todka yo € F, uto ||y; —y2|| > €. [TocTpoum
wap O(ye,¢). Ecan £ C O(y1,€) U O(y2,€), TO £-ceThb, cocTosillas U3
TOUeK Y1, Y2, MocTpoeHa. MHaue, HalineTcsi Touka y3 € F, Takas 4to

i — sl >,y —usll > e
[Tponoskas 3TOT npouecc, Mbl MO0 Ha S-OM Ilare yCTaHOBHM, YTO
EC O(y,e)U...UO(ys,e),

U MOCTPOUM E-CeTb ¥, ..., Ys, JUO0 MOCTPOUM OEeCKOHEUHYIO MOCJeN0Ba-
TeJbHOCTb TOUeK ys € F, s € N, obJanaroniyo TeM CBOUCTBOM, 4TO

lyr —will > ¢ (1.31)
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nas awo6bx k,l € N. [lockonbky E — KOMIakKT, TO U3 JIIOOOW MocJe-
NIOBAaTEJbHOCTU TOYEK 3TOr0 MHOXKECTBA MOXKHO M3BJeUb CXOASLLYIOCS
MOATOCAe 0BaTeNbHOCTh. HO M3 MOCTpOeHHOH Moc/en0BaTeNbHOCTH Ys B
cuny HepaBeHcTBa (1.31) Hesb3si H3BJEUb CXOMSILIYIOCS IOATOC/EN0BA-
TesbHOCThb. CJjieoBaTeNibHO, 3TOT BapHAHT peajM30BaTbCsl HE MOXKET, U
JieMMa J0Ka3aHa. |

HMwmeer mecTo cjaenyroiias TeopeMa.

Teopema 1.4 (Apuena). [lycmo Ha komnakme E C R" 3adana pasHo-
MEPHO 02PAHUUEHHAS U PABHOCMENEHHO HEeNnpepvl8ras nocaedosames-
Hocmo Qyukyutl fir(z), k € N. Toeda us amoii nocaedosamenvrocmu
MONMCHO U381€4b PaBHOMEPHO cxodauwyroca Ha E nodnocaedosamenn-
HOCMb.

[lokazamenvcmeso. Buibupasie = 1,1/2,...,1/k,..., IOCTPOUM IS Kax-
JIOr0 3HAYEHUS £ KOHEUHYIO £-ceTh MHOXKecTBa F. COBOKYIHOCTb BCEX TO-
YeK 3THX e-ceTell oGpasyer cueTHoe MHOKeCTBO A = {y1,v2, ..., Yk, ...}

Takoe, uTo A C E u A = E, rne A ecThb 3aMblKaHHe MHOKecTBa A.
Hcnosb3yemMbldl najiee MPUHLIMIT JOKA3aTeJbCTBa M3BECTEH KakK «IHaro-
HAJIbHBIA TIPOLIECC».

PaccmoTpum nocsenoBaTesibHOCTb BeKTOPOB fi(y1), k € N, y; € A. B
CUJIy PAaBHOMEPHOU Or'paHHUEHHOCTH ceMeHcTBa (yHKUMH fi(x) 3ta mo-
CJIe0BaTeNbHOCTb orpanndeHa. CjenoBaTesbHO, COTIacHO TeopeMe Boiib-
naHo—BelepiiTpacca U3 3Toi Mocje10BaTebHOCTH MOXKHO H3BJIeUb CXO-
ASIILyIoCs TOATocaenoBatebHoCcTh fi,(y1), | € N. PaccmarpuBas Teneps
MOALNIOC/IEN0BATENBHOCTD HCXONHOTO ceMelicTBa PyHKUUH fi1(z) = fi, (),
3aKJl09aeM, UTO 3Ta MOANOCJEN0BATENbHOCTh CXOMUTCSA B TOUKe y; € A.
PaccmoTpuM Tenepb nocsenoBaTeNbHOCTh BeKTOPOB fi1(y2). Ta xe apry-
MEeHTallUsl, UTO | BBIIIE, IPUBOAUT K BBIBOLY, UYTO U3 TOH TMOCJE0BATENb-
HOCTH MOXKHO H3BJIeYb CXOASIILYIOCS ITOANOCJENOBATEIBHOCTD fr,1(Y2).
[Tepexonst Tenepp K MOANOC/IENOBATENBHOCTH fio(2) = fi,1(x) HCXOLHOTO
ceMelcTBa PYHKIIMH, 3aKJ/J0YaeM, UTO OHA CXOAMUTCS B TOUKaAX Y1, Y2 € A.
[Iponoskasi 3TOT mpouecc, abCOMOTHO aHAJOTHYHO CTPOUM TMOATIOCTENO0-
BaTeJbHOCTb HCXOMHOTO ceMelcTBa (BDYHKUUH fi () = frm—1(z) Aas
ao6oro m = 3,4, . ... [loctpoeHHas nocjenoBaTebHOCTD fi,,(2) CXOLNT-
csl B TOUKaX Y1, Y2, - .- Ym € A.

PaccmaTpuBasi Tenepb noc/ienoBaTeIbHOCTb (PyHKLIHUH

fl,l(a:), f2’2<33), RN flJ(.CE), cey

YCTaHAaBJHBdAEM €€ CXOAHUMOCTb BO BCEX TOYKAX MHO2KECTBA A. HOKa}KeM,
4YTO 3Ta MOAIOCJEN0BATEJbHOCTh HCXOOHOU IOCJEA0BATEJbHOCTHU (bYHK-
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uui fi(x) cxomurcsi paBHomepHo Ha FE. IIpoBepum, 4To mJis mocsenoBa-
TeJBHOCTH fi;() BBINOJHEH KpuTepril Komu paBHOMEPHOH CXOLHMOCTH:
s gwboro £ > 0 Haiipercs yucao N(e) € N Takoe, 4To IJs1 BCeX
|l > N(¢) u p € N nepaBeHCTBO || fi1pi+p(z) — fii(z)|| < € BBIIOJIHE-
Ho Vo € E. ®dukcupyem ¢ > 0 u BbibepeM § = d(¢/3) > 0 u3 ycJqo-
BHUSI PAaBHOCTENEHHOH HeNpepbIBHOCTH ceMelcTBa (GYHKUUH fi(z). [lycTb
21,...,2, € A — d-cetb MHOXecTBa F. CrenoBaTesbHO, AJS1 J1I0O6OTr0
xr € E nHahimercs z;, 4To || — 2|| < J. [lockosbKy moc/ienoBaTeNbHOCTD
fiui(x) cxoguTcst BO BCeX TOUKAX MHOXKeCTBA A, TO MOC/EN0BATEbHOCTD
f11(z;) ABNseTCs pyHAAMEHTANbHOH, a 3HAYUT, AJIs Bcex [ > N = N(e/3)
1 p € N nMeeT MecTo HEPaBeHCTBO || fipi4p(2i) — fr1(2i)|| < e/3. Torma

| frapip(®) = fra@) | = | frrpirp(@) = fropirp(2i) + frapiip(zi)—
—fui(zi) + fru(z) = fu@)| < | firpirp(®) = fraparp(z) |1+

 frepin(z) = Gl + (=) = fu@l < S+ 5+ =< (132)
e MepBoe U TPeThe CjaraeMble B IPaBOM YaCTH HepaBeHCTBA MeHblIe
£/3 B CHJIy PaBHOCTENEHHOH HempepbiBHOCTH ceMeiicTBa fi(x) u BeIGOpa
BEJIMYMHBI §, a BTOPOe — B CHUJY (DYHIAMEHTaJbHOCTH IOC/EN0BATENb-
HOCTH fi;(%;). Takum o6pa3oM, MoAMOCIeN0BATENBHOCTD fi;(2) UCXOLHOH
MoCJIeI0BATeNbHOCTH fi () ymoBaeTBopsieT kputepuio Ko, u, cienoBa-
TeJIbHO, PABHOMEPHO CXOAUTCS Ha F.

Teopema nokasana. |

[IpuBenem nBa caenCcTBUS U3 3TOU TEOPEMBI.

CaencrBue 1.1. [lycmo vy € E u fy — uwacmuunoeid npedes nocaedosa-
meavrocmu gekmopos fi(xg), k € N. Toeda nodnocaedosamervrocmo
fri(x) mooxcem 6oimo svibpara maxkum obpaszom, umo fi;(xy) — fo npu
[ — oo.

Jlns nokasatesbCTBa 3TOrO CJAEICTBUS AOCTATOYHO B KaueCTBe OfHOM
M3 TOUeK HEKOTOPOH £-ceTH U3 A, CKaxKeM TOUKH ¥, B3SITb TOUKY Z(, UTO
BO3MOXHO cliesiaTh B cualy JiemMbl 1.1. Beibupas 3atem nonmocJ/enosa-
TeJBHOCTD f11(x), Tak uto fi1(zo) = fi,(z0) — fo, momyuaem TpeSyeMmplit
pesysbrar.

CnenctBue 1.2. [lycmo ece pasnomepHo cxodsujuecs noonocaedosa-
meavrocmu [, (x) nocaiedosamenvnocmu fir(xr) cxodamcs Kk 00HOU U
moti ace pynxyuu f(x), © € E. Toeda uckomas nocredosamenrvHocmo
fr(x) makace cxodumes k f(x) pasHomepro Ha E.
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Hoxazamenvcmeso. Ilokaxkem cHauaja, 4TO IOCJENOBATENbHOCTh fi(x)
cxomutest K f(x) morodeuno. [Ipennosioxkum MpPOTHBHOE, UTO HakmeTcs
Takas Touka xg € K, uro fi(xg) 4 f(zo). CnenoBaresnbHO, CyLIeCTBY-
eT TIOATOCAeI0BATEbHOCTD fr, (o) Takas, uto fi,(xo) — fo # f(xo). B
cuay caenctsus 1.1 Mbl MoxkeM BBIOpAaTb PABHOMEPHO CXOASILIYIOCS MOMI-
M0CJIe0BATEbHOCTD fi;(+) MCXOOHOH MOC/eN0BaTeIbHOCTH fi(z), Tak
uro fii(xg) — fo. Ho mo ycmoBuio fi;(x) = f(x) va E, a 3Hauwr,
fri(zo) — fo = f(zo). Honyuunn nporuBopeune. Takum obpasom, AJs
Jwboro r € E nocnenoBatenbHocTh fip(z) — f(x). OcTanock nokasars,
UTO 3Ta CXOOMMOCTb pPaBHOMepHa 1o x € E. Jljsi 3TOro A0CTaTOYHO MPO-
BEPUTb, UTO MOCJEI0BATENbHOCTE fi(x) yHnoBJeTBOpsieT Kputeputo Kouru.
COOTBEeTCTBYIOIIME OLIEHKH TOJHOCTBIO TMOBTOPSIOT olleHKH (1.32). |

1.4. Ilepuoauueckue pyHKUIUU

[IycTh ¢yHKUIUA f(a:) Cco 3HaueHUsIMH U3 R onpenesneHa nns Bcex
r € R (nomyckaercsi, yTo QyHKIHS f(x) MOXKET NPUHUMATh B HEKOTOPBIX
TOYKAX JEHUCTBUTEJbHOU OCHU 3HAYEHMUS, paBHbIE +00).

Omnpenenenue 1.12. Qynxyus f(r) nHasvieaemces nepuoduueckot, eciu
cyuiecmsyem maxoe uucso T > 0 (nepuod ynkyuu), umo 0is 8cex
x € R umeem mecmo moxacdecmso

flz+T) = f(x). (1.33)

®ynkunio f(x) ¢ nepuonom T' > 0 HaseiBaloT 1-nepronndeckoi. Jler-
KO MPOBEPHUTB, UTO ecyiu 1 — nepuon pyHKuuu f(x), To uncgao 1,, = mT,
rae m € N, Takxke gBjageTcs nepuonom 3tod ¢pyHkuuu. Ilpencrasaser
MUHTEpeC BOIPOC O TOM, CYLIECTBYIOT JIU Yy 1-NIepUOIUUYeCcKOd (PYHKLHHU
MIepUOABI, OTIHUYHBIE OT 1)),.

[Tonoxum Ty = inf{T'}, rme uHGUMyM OepeTcsi MO MHOKECTBY BCe-
BO3MOXKHBIX nepuonoB 1 > 0 mepuopndeckoil pyHkuuu f(z). Uucmo Ty
OyZeM Ha3blBaTb HaUMEeHbIIUM nepronoM GyHKuud f(x). OdeBUaHO, 4TO
Tp > 0.

Jlemma 1.2. [Ipednoaoxcum, umo 011 HEKOMOPOL Henpepvl8HoLl Ha 8cell
deticmeumenvroti ocu T-nepuodunecxkoil pynkyuu f(x) umeem mecmo
pasericmeo Ty = 0. Toeda f(x) = const ors scex x € R,
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Hokrasameavcmeo. IlokaxeM cHauasia, YTO MHOXECTBO BCEBO3MOXHBIX
nepuopoB {1 > 0} dynkuuu f(z), o6benuHeHHOe C¢ Toukod T = 0,

samkHyTO. [lycth T),, n € N, — HeKkoTopasi MocJ/eq0oBaTeNbHOCTh TOUEK
aToro MHoxectBa u 1,, — T,, n — oco. NMeem,
flx+T,) = f(z) (1.34)

uz+1, > x+ T n — oco. B cuny HenpepoiBHOCTH (pyHKUUH f(x)
CripaBeJIMBO MpefesbHoe cooTHowenue f(z+T,) — f(z+T.) nas awooi
toukn = € R. Ilepexons B (1.34) kK mpemeny mpu n — o0, MoJydaem
toxxaectso (1.33) ¢ T = T,. CnegoBatenbHo, yncao 1, JuOO sIBJISIETCS
nepuonoM ¢yHKuuu f(x), t.e. T, € {T > 0}, mubo T, = 0. Takum
o6pa3oM, 3aMKHyTOCTb MHOXKecTBa {71} U {0} ycraHoBJjeHa.

[TockosibKy, corsacHo mpenmnogoxenuto, inf{T'} = 0, To cyuecTByer
nocsenoBatesnbHocTh 1, > 0, n € N, nepronoB GyHkuuu f(x) Taxkas, uto
T, — 0 npu n — oco. PaccMOTpUM MHOKeCTBO MEPHUOJOB 3TOH (PyHKIHUH
BUA

A= {an, m,n € N}.

Dukcupyem £ > 0 u BbiOepeM 3jeMeHT T mocaenoBatesbHOCTH T, Ta-
Ko#, uto 0 < Ty < €. Torma, oyeBuaHO, 4To MHOXKecTBO {mTy, m € N}
o6pasyet e-ceTb MHOXecTBa A. Otciona caenyer, uto A = [0, +00). Tak
kak A C {T} U {0}, To

AcTTTU{0Y = {TY U {0} C [0, +00),

a 3nauut, {1} U {0} = [0,4+00). [ToaTomy so6oe uncao 7' > 0 sBisier-
cs mepuonoM ¢yHkuuu f(x). Boibepem Temepb MPOU3BOJNBHBIM 06pa3oM
TOUYKU X1, T9 € R, Tak uTo 1 < x9. UMeem

fxe) = f(x1 4+ 29 — 21) = f(27).
CnenoBatesibHo, f(x) = const, U JeMMa noKa3aHa. [ |

[lepuonuueckyio (yHKUMI0O f(x) = const WHOrma Ha3bBIBAIOT TPHUBH-
aJIbHOW MePUOANYECKOM (PyHKLHEH.

Jlemma 1.3. [Ipednoasoxcum, umo 0ra Hekomopoil nepuoduteckoi QyHk-
uuu f(x) cnpasediuso nepaserncmso Ty > 0. Toeda, ecau T — 00um u3
B03MOX}CHBbLX nepuodos amotl Gynkyuu, mo T' = mTy 0ra HeKomopozo
m € N.

Hoxkazamenvcmeso. 3amerum, uto 1" ¢ [0,7}), mockonbky 1 — HaUMeHb-
IIKH 13 BO3MOXKHBIX mepuopos. onyctum, urto T € (Ty,21)), HO Torna
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NoJIOKUTeNbHOe yncno 1) = 27Ty — T Takxe sIBJASETCS NePUOAOM (DYHK-
und f(x) u 1y € (0,Tp), 4ero He MOXKeT OBITb B CHJy omnpeneseHus: 7.
CoBepllleHHO aHaJIOTHUHO TokKasbiBaetcs, 4to 1' ¢ (mTy, (m + 1)Tp) pas
Bcex m € N. JleficTBUTe/IbHO, B IPOTUBHOM CJy4ae MOJI0XKUTeNbHOe YHC-
a0 T,, = (m~+1)Ty — T okaseiBaeTcst nepruogoM QYHKIMHU f(x), MEHBIIUM
Ty. CnenoBatenbHo, 1" = m/lj njas HekoToporo m € N, [

M3yunm Tenepb BONPOC O TOM, MPU KAKUX YCJOBHUSAX CyMMa ABYX Ile-
puoaMUecKuX (DYHKIUH Takxke OyneT mnepuoauueckod dyHkiued. Crpa-
Be[JIMBA CJEeAYIOllasl TeopeMa.

Teopema 1.5. Cymma 0syx Henpepwi8HbLX Ha 8cell Oeticm8umenbHOl
ocu nepuoduueckux pynxkyutl fi(z) + fa(x), ede fi(x) — nepuoduue-
ckan Qyurkyus ¢ naumerovwum nepuodom Ty > 0, a fo(x) — nepuodu-
yeckas QyHKUus ¢ Haumerouium nepuodom Ty > 0, 6ydem nepuoduue-
cKoU yukyuell moeda u moavko moeda, Ko20a OMmHOULeHuUe

T
o (1.35)

ecmyv 4UcCA0 paluorHalbHoe.

Hokazameavcmeo. Ilyctb cHauana BenuuuHa (1.35) pauuonasbna. [lo-
KaXKeM, UTO B 3TOM CJiyuae CyMMa [BYX MepPUOAUUECKHUX (PYHKLHH ecTb
byHKUMS nepuonrMyeckas. B cusay onpeneseHus paldoHasbHOro 4ucaa ¢
yueTOM HeoTPULATEJbHOCTH PACCMAaTPUBAEMOTO OTHOILEHHS

T p
— == 1.36
g (1.36)

17151 HeKOTOpBIX p, ¢ € N. TTokaxeM, 4TO MOJOKHTEbHOE YHCIIO
T = qT) = pT5

siBaisieTcsl nepuonoM GyHkuMM f1(z) + fo(z). Mcnonbsys nepuoguuHOCTb
GyHkuui fi(z) u fo(x), nomyuaem

fil +T) + fole +T) = fi(x + qT1) + fo(z + pTa) = fi(z) + fo).

Jlerko BHIETh, UTO YKCJIO T’ IBJISI€TCS HAUMEHBILIUM MEPHOIOM (PYHKIUU

fi(z) + fo(z) muuwb Torma, Korma Apodb p/q HECOKpaTHUMA.
[Ipennosiokum Temnepb, uto cymma fi(z) + fo(x) siBASETCS NMEPHOTH-

yecKod (pyHKuMeH ¢ mepuomoM 1' > (. YcTaHOBHM, 4YTO B 3TOM CJydae
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uMeeT MecTo paBeHCTBO (1.36) ¢ HekoTopwiMH p,q € N. [Ipennonoxum
NpoTHUBHOE, uTO oTHolleHue (1.35) uppaunonanbHo. Mmeem

filz +T) + fa(z +T) = fi(z) + folz).

Orcrona
p(x) = filx+T) - fi(z) = fa(z) — fa(z + T). (1.37)

Jlerko BUeThb, 4TO (GYHKUUS @(x) SBJASETCS MEPUONUUECKOH, a 4HcJa
Ty, T, > 0 siBasgoTcs ee nepuonamu. [lokaxkem cHauaJgia, 4TO MEPUOAU-
ueckasi (yHKIHUSI ¢(r) He paBHA HYJIO TOXOecTBeHHO. [Ipenmosioxum
npotuBHoe, 4To @(z) = 0. Torma u3 (1.37) caenyet, uto uyucao 7' > 0
SIBJISIETCS] OJHOBPEMEHHO MepruoaoM 77-epuonruueckod GyHKUMU fi(x) u
nepuonoM Th-niepuonuueckodl pyHKUUU fo(z). Y3 nemmbl 1.3 BBIBOAUM,
uTO
T = mT1 = kTQ

nnsi HekoTopbix m, k € N. Ho torma otHomenue (1.35) paumoHasbHO,
4TO MPOTHBOPEYUT HAIleMY TPEANONOKEHHI0 06 HPPALUOHATBHOCTH STOH
npo6u. CnenoBatenbHo, ¢(x) #£ 0. [Tycth Ty — HaUMeHbIINUH TIEPUOA ITOH
¢ynkuuu. Ilpenmonoxum, uro 7y > 0. BHoBb mpuBsekas jemmy 1.3, B
3TOM CJlyuae 3aKJjidaeM, 4To

Tl = mT(), T2 = kTO

nnsi Hekotopbix m,k € N. Ho torma npo6s (1.35) pamuoHasbHa, UTO
MPOTHBOPEUUT HallleMy MPENNoJ0KeHHI0. 3HaYuT, Ty = 0 ¥ B CUJy JieM-
Mbl 1.2 cripaBensiuBo TOxkaAeCTBO ¢(x) = const. O6osHauas ¢(xr) = a, B
CUJIy IOKA3aHHOTO paHee MPUXOAUM K BBIBOLY, uTo a # 0.

M3 (1.37) B aTOM c/ayuae cienyer, 4To

filx +T) = fi(x) +a
s Bcex ¢ € R. Orciona
filz+2T) = fi(x+T)+a = fi(x)+2a, ..., fi(z+nT)= fi(z)+na,

rie n € N. CnenoBatenbHo, (QpyHKUUS fi(x) He sBJseTCs OTrpaHUYeH-
HOU MpU x > x(. DTO TMPOTHBOPEUUT TOMY, UTO fi(x) — HempepbiBHAS
nepuopMueckas (PyHKIHUsS, a 3HAUUT (corsacHo TeopeMme Befiepuitpacca)
orpaHuyeHHasi Ha [0,7}] W, Kak cJeICTBUe, Ha Bcell ocu QyHKuHsA. Ta-
KUM 06pa3oM, oTHolieHHe (1.35) palunoHAIbHO ¥ UMEET MECTO PAaBEHCTBO
(1.36) ¢ HekoTOpHIMHU P, q € N.

Teopema nokasaHa. |
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CBolicTBa (DYHKIIMH, ABJSIOIIEHCS CYMMOH IBYX MepUOAHYECKHUX (DYHK-
IIUH ¢ HeCOU3MePUMBIMHU Nepronamu (oTHotneHue (1.35) uppaluoHaabHO),
U3y4alTC B paMKax TEOPHUU TaK HA3bIBAEMBIX IMOUTHU MePUOAUYECKHUX
dynkuui [7,13,29]. OxasbiBaeTcsi, 3TH CBOHCTBAa BO MHOTOM COBIaja-
IOT CO CBOMCTBAMH HEMPEpPBIBHBIX HA BCEU OCH MEePUOAUYECKUX (PYHK-
nui. CyuiecTByeT HECKOJbKO BO3MOXKHBIX OINpefeseHUN MOHSTHS MOYTH
nepuonnyeckod gpyHkuuu. [IpuBenem 3gech Kaaccuyeckoe omnpeneseHue,
npuHaanexauee I'. bopy [3].

Onpenenenne 1.13. Henpepoisrnasn na gceil deiicmeumenvroil ocu yHk-
uusa f(x) nasvieaemcs noumu nepuoduueckot, ecau 04s 406020 € > 0
Hatidemca makoe uucao L(e) > 0, umo Ha atobom ompeske [a,a+ L(e)]
Oaunel L(e) natidemcs xoms 6v. 00un e-noumu nepuod ¢ynkuuu f(x),
m.e. makoe YucAo T, 4mo

[flx+7)— flz)] <e
ors scex x € R.

Ynpaxuenue 1.5. [lokazams, umo ecau noumu nepuoouueckas Qyuk-
uus f(x) He asasemcs nepuoduueckoil, mo umeem mecmo npedesvHoe
pasexcmaso

lim L(e) = +o0,

e—0

ede L(e) — seauuuna us onpedenenus 1.13.

Ynpaxuenue 1.6. [loxazamoe, umo cymma 08yx Henpepvi8HobLX HA BcCell
deticmeumenvHotl ocu nepuoouuecKux @GYHKUUL ¢ Hecousmepumblimu
nepuodamu ecms noumu nepuoouuecKkas QYHKUuUA.

BepHeMcsl K M3ydeHHIO CBOMCTB MEPUOAUYECKHUX (PYHKILMH, MoJaras
B JaJibHellleM, 4YTO paccMaTpuBaeMble HaMU (DYHKIHUHU HeNpepbIBHBI BO
BCeX TOUKAX NEUCTBUTEJBHOHU OCH.

Jlemma 1.4. [Tycmo f(x) — npoussosvrasn T-nepuoduueckas yHKyus.
Toeda oaa arwboco x € R umeem mecmo moxcdecmso

z+T

/ F(t)dt

T

T
/ f(t)dt. (1.38)
0



1.4. Ilepronryeckre QPyHKIUH 27

Jlokazameavcmso. [losoxum

xz+T

o) = / F(t)dt.

B cuny HenpepbiBHOCTH (PYHKUMH f(x) 3akjawodaeM, 4To (YHKUUS ()
HenpepblBHO aAuddepeHurpyema aas z € R. [Iponuddepenurpyem 3ty
(DYHKIHIO KaK HHTerpas ¢ MmepeMeHHbIMH BEPXHHUM M HHXKHUM TpejeJsa-
mMu. C yueToM MepHogUuHOCTH (GYHKUHUH f(x) mosydaem

P = fa )~ f(a) =0

CnenoBatesbHo, ¢(x) = const, a 3HauuT, p(x) = ¢(0), T.e. BBIIOJHEHO
paBeHcTBO (1.38). |

Onpenenenne 1.14. Ecau f(x) — npoussosvnas T-nepuoduueckas (pymk-
Uus, mo 8eAUUUHY

T
MIf) = [ s (1.39)
0

HQA3bL8AOM CPeOHUM 3HAUEeHUEeM nepuoouuecKol QyHKuuL.

Ecnu T-nepuonndeckas @yHkuus f(x) HempepbiBHO auddepeHUNpY-
emMa ass Bcex x € R, To, nuddepenuupys toxaectso (1.33), saknodaem,
yto mpousBonHas f'(x) Takxke Oynmer T-mepuonuyeckod (yHknued. OT-
BET Ha BONPOC O TOM, IPU KAKUX YCJOBUAX UHTErpaJs OT MePUOLUYECKOH
(pyHKUHAU OyneT NnepuoauyecKod (GyHKLHeH, 1aeT ciaelylollas Teopema.

Teopema 1.6. [Iycmo f(x) — npoussorvras T-nepuoduneckas yHk-
yus. Toeda Qynrkyus

I(z) = / f(t)dt (1.40)

npu arbom xy € R 6ydem T-nepuoduueckoil moeda u moavko moeoa,
koeda M[f] = 0.

Hoxkasameavcmeso. Ilyctb I(x) — T-nepuonuueckasi pyHkuusi. Torna

1(T) - 1(0) = / F(#)dt = 0.
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W3 onpenenenns 1.14 torna caenyet, uto M|[f] = 0.
[Ipennonoxum teneppb, uto M[f] = 0. Hcnonbays Toxknectso (1.38)
U omnpezeseHre BennduHel M| f], monyuaem

4T T
Ix+T)—1I(z / ft)dt = / f(t)
x 0
CnenoBaresbHo, pyHKUUS [(x) siBAsercss T-neprogndyecKod. |

CaenctBue 1.3. [lycmo ¢yuxyus I(x) onpedesena gpopmyroti (1.40),
ede f(x) — T-nepuoduueckasn ¢yuxyus. Toeda umeem mecmo pasew-
cmeo

I(x) = M[f](x — x0) + g(x),

ede g(x) — Hexomopas T-nepuoduueckas QyHKUUS.

HetictBurenbHo, GyHKuus f(z) — M[f] aBnsercs T-nepronndeckon
(yHKLHeH ¢ HyJeBbIM cpeqHUM 3HaueHHeM. I3 Teopembl 1.6 Torma cie-
AyeT, 4TO (PyHKLUSA

ABJsIeTCH T-MepUOAUYECKOH.



I'naBa 2

CkansapHbie
aupdepeHaNbHbIE
YpaBHEHUSA IE€PBOro
rnopaaKa

2.1. CymecTBOBaHUE UM €IMHCTBEHHOCTb
pemeHuda 3agayv Kommu

YpaBHeHHe BUA

rie © € R, f(z,y): R x R — R — HekoTopas 3aiaHHas (GYHKIHS, a
y(r) — HensBecTHas (PYHKIHUS CO 3HAUEHUsMHU M3 R, HA3bIBAIOT CKaJsip-
HbBIM AU(QepeHIHaibHbBIM YpaBHeHHeM NepBoro nopsinka. O6 ypaBHeHUU
Buna (2.1) uHOrma roBopsAT Kak 06 ypaBHEHHH MEePBOTO MOPSiKa, paspe-
IIEHHOM OTHOCHUTEJIbHO MPOH3BOAHOM.

Onpenenenune 2.1. Henpepoieno Ouggeperuupyemyro Ha HeKOmopom
npomexcymke I Qynkuuro y(r) Haswiearom peuileruem Ouggeperyu-
aavroeo ypasnenus (2.1), ecau npu nodcmarnoske amoil pyHKyuu eme-
Cmo nepemeHHoll y 8 amo ypasHeHue oxa obpaujaem pasercmso (2.1)
8 mooidecmaso, 8blnoiHeHHoe 0as 8cex v € L.

B kavectBe npomexyTka Z C R 00bIYHO BBICTYMAET OTPE3OK, UHTEP-
BaJl, MOJYUHTEPBAJ WJAU BCSl NeHCTBUTeNbHAasi oCcb. OTMETUM, UTO MHO-
XKecTBO Z MoXKeT ObITb KaK OrpaHUUYeHHBIM (CBepXy WJW CHHU3Y), Tak
U HeorpaHUueHHBbIM. Kak mnpaBu/o, (QpyHKIHs, KOTOpas YIOBJETBOPSET
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ypaBHeHHI0 (2.1), T.e. siBsieTCSs ero pelleHHeM, He eIUHCTBeHHA. B 3ToH
cBsi3u ypaBHeHHe (2.1) 06bIYHO pacCMaTPUBAIOT C HEKOTOPBIMHU JOTIOJHH-
TeJIbHBIMHM YCJIOBHSIMH, HaKJaabiBaeMbIMH Ha pelieHue y(x). Haubosee
TUNUYHBIM TIPUMEPOM TAaKOTO pPOJA AOMNOJHHUTEJNbHBIX YCJIOBUH SIBJISETCS
HauaJibHas 3aladya WJM, Kak ee yallle Ha3blBAIOT, 3aga4a Kouiu.
Paccmotpum ypaBHeHHe (2.1) BMecTe C IOMOJHUTENbHBIM yCIOBUEM

y(To) = wo, (2.2)

TJle T( U Yy — HEKOTOpPble 3alaHHble NeHCTBUTeNbHbIe uncaa. Ecau QyHK-
uus y(x) yHooBJEeTBOpPsieT Ha MpoMexkyTke Z ypaBHeHHIo (2.1), a Takxe
ycaoBuo (2.2), roe xp € Z, TO TaKyl (QYHKIHUIO Ha3bIBAIOT pelLIeHHeM
3agaud Komwn (uaum HayanbHOHM 3amaun) (2.1), (2.2). Ykaxem paJnee Te
TpeGOBaHUsI OTHOCUTEJNbHO (PYHKUUU f(x,y), KOTOpblE TAPAHTUPYIOT CY-
IleCTBOBaHUE W €IMHCTBEHHOCTH pelleHHs 3anadd Kouru.

[Ipu nokasaresnbCTBe TEOpPEM THIIA CYIIeCTBOBAHUS U €JUHCTBEHHOCTH
BMecTO Ou(epeHHaNbHOTO ypaBHeHHs (2.1) ymnoGHee paccMaTpuBaTth
SKBHBaJIEHTHOE HHTEerpasbHoe ypaBHeHHe. ChopMyIHpyeM COOTBETCTBY-
IOLMHA Pe3yJibTar.

Jlemma 2.1. [Tycmo ¢ynxyus f(x,y) Henpepovi8Ha no co8oKynHOCMU
NepemenHolx 8 NPAMOY20NbHUKE

D={(z,y) eR*| |z — x| <a, |y —yo|l <b, a,b>0}. (2.3)

Toeda 3adaua Kowu (2.1), (2.2) axsusarenmua urnmeepasvHomy ypas-
HeHUo

y(x) = yo + / £t y(t)t, (2.4)

npu mex v u3 ompeska |z — x| < a, npu komopwix (z,y(z)) € D.

Hokasameavcmso. Ilyctb HenpepblBHO aupdepeHnupyemas (QyHKLHA
y(x) siBnsercs pemieHueM 3amaud Komn (2.1), (2.2) Ha mpomexKyTke
Z = {|z — x| < a} n npunnMaer 3HaueHus u3 MHoxkecTBa {|y —yo| < b},
korna x € Z. [loncraBass Tty ¢yHKUHIO B ypaBHeHHe (2.1) BMecTo Tie-
peMeHHOH y, obpalaeM 3TO PaBEHCTBO B TOXKAECTBO. JleBasi 4acTh 3TOro
TOXKJECTBA €CTh HerpepbiBHAasi Ha OTpe3ke Z (YHKIMs B CHJY Herpe-
peIBHOU nuddepeHurnpyemMoctu pernenus y(x). [IpaBas gacTb 3T0Or0 TOX-
nectBa, T.e. pyHkuusa f(z,y(r)) Kak (QYHKUHS NepeMeHHOH x, TaKxKe
HenpepbiBHa Ha Z. JleficTBUTEbHO, TOUKA (x,y(x)) € D, xkorna x« € 7,
(GyHKUKSA y(x) HempepblBHA HA 3TOM MpoMexyTke, a (GyHKuus f(x,y)
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HerpepbiBHA M0 COBOKYMHOCTH TepeMeHHBIX B MpsiMoyrosbHUKe D. WH-
TErpupysi Terepb MOJyUeHHOe TOXKAECTBO Ha MPOMEXYTKe [rg,x] C Z u
yunuThiBas (2.2), mosydyaeM HHTerpasjbHOe ypaBHeHue (2.4).

[lyctb Tenepb ¢yHKUMsS y(x) sBJsSETCS pellleHUeM HHTErpaJbHOro
ypaBHeHuUs (2.4) Ha HEKOTOPOM MPOMEXYTKe Z U NPUHUMAET 3HAUeHHSs U3
MHOXkecTBa {|y —yo| < b}. 3ameTHM, 4To PyHKUHUS y(z) HElpepblBHA KaK
MHTErpaJs ¢ mepeMeHHbIM BEPXHHUM TpeleJsioM, U, 6ojiee TOro, HEMpephiB-
HO nuddepeHuupyema Ha Z. J[eHCTBUTEJNBHO, B CUJY HENPEPbIBHOCTH
dyukuun f(z,y(z)) KaK QYHKUHH TMepeMeHHOi x npaBasi dactb (2.4)
nuddepenunpyema. JuddepeHuupys paBeHCTBO (2.4), yoexx1aeMcsi, UTo
GyHKUHMSA y(z) yooBJeTBOpsieT Ha mpoMexyTke Z ypaBHeHuwo (2.1). Kpo-
Me Toro, u3 (2.4) takxe cjenyet, 4To y(x) YLOBJETBOPSIET HAUAJbHOMY
ycaoButo (2.2). CnenoBatenbHo, GyHKUMS y(x) Ha npoMexyTke Z siBJs-
eTcsl pemenreM 3anauu Komu (2.1), (2.2). |

Hmeet MecTo ciemyroliasi Teopema.

Teopema 2.1. [lycmo 8 npamoyeorvruxe D, onpedersemom ¢opmyroti
(2.3), pynruus f(x,y) Henpepovi8Ha NO nepemeHHOl T, @ NO nepemer-
Hotl y ydosaemsopsiem ycrosuro Jlunuiuya

|f($,y1)—f(x,y2)\ SLlyl_y2|7 (25)

ede mouku (x,y1) € D, (x,y2) € D, a L — nocmosannas. Toeda Ha
nexomopom ompeske T = {|x — xo| < h}, 0 < h < a, peuwenue 3adauu
Kowu (2.1), (2.2) cywecmsyem u eOurcmseHHO.

Hokasameavcmeo. HecsoxXHo MokazaTh, 4TO HaKJaabiBaeMble Ha f(z,y)
YCJIOBUS BJIEKYT HETPEPLIBHOCTb 3TOH (PYHKIHUH B MPSIMOYTOJbHHKe D
0 COBOKYITHOCTH TepeMeHHBIX. CJyiefoBatesbHo, oT 3amauu (2.1), (2.2),
corjiacHo jieMMe 2.1, Mbl MOXKeM NepeHTH K 3KBHBaJ€HTHOMY HHTEerpaJb-
HoMYy ypaBHeHHIO (2.4). [lokakeM, UTO 3TO ypaBHeHHE MUMeeT Ha OTPe3Ke
7 eNMHCTBEHHOE pellleHHe, UCIOb3ysl MPUHIIUIT CKUMAaIIIUX 0ToOpare-
HUH.
3anuiieM ypaBHeHue (2.4) B BHIE

y=9y), gly) = Z/o+/f(t,y(t))dt.

Bynem cuutaTh, uTOo OTOOpa)keHWe ¢(y) ONpeneseHO Ha MeTPUYECKOM
npoctpaHcTBe (F,p). B kauecTBe MHOkKecTBa F BbIGEpeEM MHOXKECTBO
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BCeX HeNpepbiBHBIX Ha OTpe3ke Z (PYHKUHH CO 3HAUEHUSMH U3 MHOXe-
ctBa {|y — yo| < b}. MeTpuKy Ha 3TOM MHOXKECTBe BBeleM IO (popmyJie

p(y1,y2) = sup |y () — ya(x)].
rel
[locko/aibKy CXOOUMOCTb MO METPHUKe p MpeAcTaBjsieT co00M paBHOMEp-
HYI0O CXOIMMOCTb Ha MHOXeCTBe HelpepbiBHbIX (PYHKLHH, TO, COTJIACHO
M3BECTHOMY pPe3y/bTaTy M3 Kypca MaTeMaTH4eCKOro aHaJju3a, MeTpuue-
CKOe TIPOCTPaHCcTBO (K, p) moJHo.

[lokaxkem cHayasa, 4To OTOOpakeHHe g MepeBOAUT MHOXKeCTBO F B
cebsi. [lyctb y(r) — HempepbiBHasi Ha oTpe3ke Z (PyHKLHS, NPUHUMAIO-
as 3HaueHus U3 MHoxkecTBa {|y — yo| < b}. Torna pyuxuus f(z,y(z))
ecTb HernpepbiBHas Ha Z (yHKUUA nepeMeHHOH x. CyenoBaresibHO, 00pas
g(y) ecTb TakXe HenpepblBHAS Ha Z (PYHKLHUS KaK UHTerpas ¢ rnepeMeH-
HbIM BEPXHHUM MpeaesoM. 3aMeTUM, 4TO MOCKOJbKY f(x,y) HempepbiBHA
Ha KOMIIAKTHOM MHO)KecTBe D, To OoHa orpaHuuesa, T.e. |f(z,y)| < M
(M > 0) nna Bcex (z,y) € D. Torna

19(y) — wol < |/\f(t,y(t))\dt‘ < M|z — x| < Mh.

Zo

Buibupass h < b/M, 3akawdaeM, 4to |g(y) — yo| < b. 3Hauut, obpas
g(y) Kak QyHKIUS MepeMeHHOH z TPUHUMAaeT 3HaUeHUs U3 MHOXKeCTBa
{ly — yo| < b}. Takum o6pa3om, HaMH TOKa3aHO, UTO ¢(y) TPUHALJIEIKUT
MHOXeCTBY F.

YcTaHOBUM CKMMaeMoCTb oToOpakeHus g. Mmeew,

p(9(), 9y —ilé]@z? /f (t,y1(t))dt — /f (t, y2(t dt‘
< sup| [ [0.1(0) = 0.0 ] < Lup / lt) — (0| <

< Ll — ao] sup s (2) — ()] < Lhp(yn. 1)

xel

Bei6rpasi Tenepb h [OCTaTOUYHO MaJiblM, MOXXHO AOOHUTbCS BBIIOJHEHUS
HepaBeHcTBa ¢ = Lh < 1. Takum o6pasom, oToOpaxkeHHe ¢ SIBJSIETCS
cKUMawIIUM B F.

CorjiacHO MPUHIMITY CXKHUMaWIIUX OTOOpaXkeHHWe, y O0TOOpaKeHHusl ¢
CYIlleCTBYeT eNWHCTBEHHas HemoiBHxKHasi Touka B F. CjemnoBaTesbHO,
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HHTerpabHoe ypaBHeHHe (2.4) (a 3HauuT, W 3agaua Kowmwu (2.1), (2.2))
nMeeT Ha otpe3ke Z = {|r — xy| < h} eIMHCTBEHHOE HENPEPBIBHO TH(-
(epeHupyeMoe pelleHHe. Teopema noKa3aHa. |

Yupaxuenue 2.1. [lycmo ¢pynkuus f(x,y) yoosremeopsem mpebosa-
Huam meopemol 2.1. [lokazams, umo sma ¢ynKkyus HenpepoisHa 8 D
no COBOKYNHOCMU NepemeHHbLx.

2.2. HuTterpupoBaHue JUHEUHBIX CKAJSIPHBIX
nuddepeHIadbHbIX YPaBHEHUN

Teopema 2.1, ycraHaB/auBatolasi CylleCTBOBaHHE W eIHHCTBEHHOCTb
pemenus y(z) 3amaun Kown (2.1), (2.2), He nmaer siBHOH (HOpMYyJIBI 1JIs
yToro peieHus. JJsi MHOTMX CKaJIIPHBIX YpaBHEHHH C TOMOIIbBIO TakK
Ha3blBaeMbIX 3JIeMEHTapPHBIX METONOB MHTErPUPOBAHHS MOJYYUTh SIBHYIO
dopMyay, Kak MpaBu/o, yaaercs. B aTom pasiese Mbl pacCMOTPUM OHO
M3 MPOCTEHIIUX CKaJSIPHBIX ypaBHEHWH, JHHEHHOe ypaBHEHHE IMEePBOTO
MopsiiKa, U MOCTPOUM (hOPMYJy IJISl PellleHHsI COOTBETCTBYIOIIEH 3a1aun
Koun.

JubdepeHunaibHoe ypaBHEHHe HasbiBaeTCsl JHHEHHBIM, €CJH OHO
JJUHEHHO OTHOCHTEJbHO HEM3BECTHOH (PYHKIIMH, a TaK¥Ke BCeX ee IMpo-
M3BOJHBIX, BXOASILNX B ypaBHeHHe. PacCMOTpUM JIMHEHHOEe ypaBHEHHE

dy

&~ a(w)y + f2), (26)

B KOTOPOM a(x) u f(x) — HeKoTOpble 3afaHHble NeHCTBUTENbHO3HAYHbBIE
(QyHKUHNH, HenpepbiBHbIE 1151 BceX = € R, a y(x): R — R — HeusBecTHas
GyHkUMs, nopsexaiias onpenenenut. Ecau f(x) = 0, To ypaBHeHHe
(2.6) Ha3bIBaeTCs ONHOPOAHBIM, B MPOTHUBHOM CJlyuae — HEOAHOPOAHBIM.
[ToctaBuMm cooTBeTcTByMOIYI0 3anauy Komwu (2.6), (2.2) u mocTpoum ee
pelleHHUe.

He o6pamasick K Teopeme 2.1, mpeamnosoxum, 4To pelienue y(x) uc-
cnenyeMol 3aiadu Komwn cyuiecTByeT. YMHOXKHUM 00e 4acTU paBEHCTBA

— [ a(t)dt
(2.6) Ha yHKIHIO e 0 # 0. [Tomyuum
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3amMeyasi, 4To J1eBasl 4acTb 3TOrO PaBEHCTBA €CTb NPOM3BOJAHAS NPOU3Be-
IeHUs IBYX (PyHKUMH, NPUXOAUM K PaBEHCTBY

T xT

d — [a(t)dt — [a(t)dt
(o™ = e

WHTerpupys mosiyueHHOe PaBeHCTBO Ha MPOMEXYTKe OT Xy IO T, C yde-
ToM (2.2) 3akJjr04aeM, 4To

x

— [ a(t)dt / - fs a(t)dt
y(xle ©  —yo= /f(S)e 0o ds.
Zo

OTKy,U,a OKOHYATeJIbHO BBIBOAHUM, UYTO

fa(t)dt ’ fa(t)dt
y(x) = yoe®o +/f(3)es ds. (2.7)

3ameTuM, 4to Gopmysaa (2.7) He 3aBUCHUT OT BBIOPAHHOTO HAMH BO3MOXK-
Horo pemreHusi sagaud Komwu (2.6), (2.2). CienoBaTesibHO, 3Ta 3ajaua
MOXKeT MMeTh He Gosiee omHOTO peleHus. CyllecTBOBaHHE 3TOTO pelle-
HUS OMSITh Ke caenyet U3 popmydsl (2.7). HecoxHO MpoBepUTh, UTO 3T
dbopmysia 3amaeTr pelleHde cooTBeTCTBYMoIled 3agaud Komu. Hakownen,
OTMETHUM, UTO 3TO €IUHCTBEHHOE pelleHHe ONpeleseHO U HelpepbiBHO
o depeHIHpPyEMO HA BCEH NEUCTBUTEJbHOU OCH, UTO BHOBb CJeNyeT M3
(2.7) u ycaoBuii, HasoXKeHHbIX Ha QyHKUUH a(x) u f(x).

DUKCHUpYs TOUYKY T( U H3MEHSIsl BEJHUUYUHY Yy C MOMOLIbIO (hOPMYJIbI
(2.7), MBI MOJYyYUM BCE BO3MOXKHbIe pelleHusi ypaBHeHHs (2.6). O603Ha-
uasg C' = yy, 3anuuem dopmynay (2.7) B Bume

xatdt
Ja(®) J

[ayde  f
y(x) = Ce +/f(s)es S. (2.8)

3nech BequunHa C' sIBJseTCS MPOU3BOJBHOHM NEHUCTBUTEJNBHOH TOCTOSH-
Ho#t. @opmyny (2.8) HasbiBalOT OOIIMM pellleHHeM ypaBHeHHs (2.6). 3a-
MEeTHM, UTO TepBOe cJjaraeMoe B MpaBoid dacTu (2.8) ynoBJeTBOpsieT Co-
OTBETCTBYIOIIIEMY OIHOPOJHOMY yPaBHEHHIO

j—i = a(x)y. (2.9)
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M3mensis npon3Bo/ibHYI0 NOCTOSIHHYIO C, MBI NTOJIy4YHUM BCe pelleHUs Ofl-
HOPOJIHOTO ypaBHeHHUs. TakuM oOpasom, mepBoe cjaraeMoe NpeacTaBJs-
eT coboi oblllee pelleHWe ONHOPOIHOTO ypaBHeHHUs. BTopoe ciaraemoe B
(2.8) ecTb HekoTOpasi KOHKpeTHass (yHKUHUsA. HeTpynHo mpoBepuTh, YTO
3TO cJaraemoe SIBJISIETCs pellleHneM HUCXOMHOro ypaBHeHus (2.6). Takum
o06pasoM, 3TO cjaraemoe npeacrtasJ/sieT cOO0H HEKOTOpPOe YacTHOe pelle-
HUe ypaBHeHUs (2.6).
OxasblBaeTcs, 4YTO MpeAcTaBJgeHHe 0OLIero pelleHusl B BUIE

Y(T) = Youuu.(T) + Yuacr. (T),

M€ Youu.(T) €CTb 0Olllee pellieHHe COOTBETCTBYIOLIETO OJHOPOAHOIO ypaB-
HEHHS, & Yyaer, (T) — YACTHOE pellleHHe HCXOTHOTO HEOTHOPOIHOTO YpaB-
HEHHs, XapaKTepHO [Jsl BCeX JIMHEHHBIX ypPaBHEHHH, BKJIOYasi TaKXe U
CUCTEMBI TaKUX YpPaBHEHHH.

B 3aBepiiieHre 3TOro pasziesa saMeTHM, 4TO NMOCTPOEHHBIE HAMHU (op-
MyJabl (2.7) u (2.8) ocraioTcs crnpaBeAJMBBIMA M B TOM cJjydae, KOrja
GyHKUMH a(x) U f(z) SABJASIOTCS KOMIJIEKCHO3HAYHBIMH, T.€. TPUHUMAIOT
sHauenus u3 C. OdeBupHO, 4TO Torma u pemenus y(x) ypaBHeHus (2.6)
TaK»Ke SIBJSIOTCS, BOOOIe rOBOPsSl, KOMIIJIEKCHO3HAUHBIMH (DYHKIHSIMH.

2.3. Ilepuomuueckue pemieHUs JUHENHbIX
CKaJAapHbIX AudPepeHuInalbHbIX
ypaBHEHU U

B naHHOM pasmeJsie Mbl CHOBa OyleM paccMaTpuBaTh ypaBHeHHe (2.6),
roJiarasi Ha ced pas, 4YTO HelpepbiBHblE HA BCEHU NEUCTBUTEJbHOU OCH
GyHkuuu a(x) u y(x) sasworcs T-nepruoguyecKuMH, T.e.

alx+T)=a(x), flx+T)=f(z). (2.10)

Hac 6ynyT nHTepecoBaTh yCJIOBHS, NIPH KOTOPHIX ypaBHeHHe (2.6) nmMeeT
nepuofMyecKre pelleHHs. 3aMeTHM, 4TO MopoOHasi TOCTAHOBKA 3aJauu
SIBJISIETCSI BapDHAHTOM TeX JOMOJHUTENbHBIX YCJOBHH, KOTOpble HaKJia-
IBIBAIOTCS Ha pellleHUWe AU(hepeHnasbHOro ypaBHeHus. OueBHIHO, UTO
TpeGOBaHHe MEPUOANYHOCTH PELIeHHsT MOXKET ObITh 3alIMCaHO B BUJE TOX-
nectBa y(x + 1) = y(x), cnpaBensnuBoro nis Bcex r € R. OkasbiBaercs,
uTo, ecyiu y(x) sBJsieTCs pelleHHeM ypaBHeHus (2.6), To st ycTaHOBJe-
HHS ero MepHOAUYHOCTH HEeT HEOOXOMUMOCTH MPOBEPSITh CIIPaBeNJIUBOCTD
3TOro TOXKJAEeCTBa 1Jid BcexX = € R.
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Jlemma 2.2. Pewenue y(x) ypasnenus (2.6) sersemcs T-nepuoduuec-
Kou ¢yuxkyueil moeda u moivko moeda, Ko2oa

y(0) = y(T). (2.11)

Hoxasameavcmeo. B onHy CTOPOHY YTBepKIeHHeE JeMMbl OueBUAHO. Jlei-
CTBHUTEJIbHO, ec/u pelieHue y(x) siBasercs T-nepuonndeckod GyHKIHEH,
TO paBeHcTBO (2.11) criemyer u3 ycJsoBUSI mepuopndHOCTH. IlpenmoJio-
KHUM JlaJiee, UTO [JIs1 HEKOTOPOTO pellleHus ypaBHeHHSs (2.6) HMeeT MeCTO
paBeHcTBO (2.11). Ilokakem, 4To 3TO pelleHHe ecTb T-mepUoAnYecKast
¢yukuus. [lycts 2(x) = y(x + T), Torna

bz _ @ ET) _ o Ty + )+ f(o 4 T) = ala)z(z) + ()
dx dz
CrenoBaTesnbHO, (PYHKIUSA z(z) TaKKe SIBJSIETCS pelleHHeM ypaBHEHHS
(2.6). Kpome toro, B cuny (2.11) umeer mecto paBerctso y(0) = z(0).
Ho, kak ObljI0 MOKa3aHO B NpeAblaylleM pasnese, 3anada Komwu (2.6),
(2.2) vMeeT enMHCTBEHHOe pelleHHe. 3HA4YWT, z(x) = y(z) U MOITOMY

yle+T) = y(x). u

Teopema 2.2. [Ipednososxcum, umo cpeduee sHauenue Gyukyuu a(x)
omauuno om wyasn, m.e. Mla(z)] # 0. Toeda ypasrenue (2.6) umeem
edurncmeernrnoe T-nepuoduueckoe peuierue y.(x) u, Kpome moeo, 0As
2106020 Opyeo2o peulerus 3moeo YpasHEHUS. CnPasediuBbl npedesbHble
pasencmaa:

Mim (y(z) —ye()) =0, (2.12)
ecau Mla(z)] <0, u
im (y(z) - y.(x)) =0, (2.13)

ecau Mla(x)] > 0.

Hoxkazamenrvcmso. B cuny jeMMmbl 2.2 HaM HeOOGXONUMO HCKaTh pelile-
Hus, nas koropulx y(0) = y(7T'). PaccmatpuBas peieHue y(x) ¢ Hauasdb-
HbIM ycgoBueM y(0) = 1o, moaydaeM 1Jis Hero npencrasjenue (2.7), rae
zog = 0. Otkyna, yuutsiBas, uto y(1') = yo, nonyuaem

T

T

a(t)dt a(t)d

" —|‘/f(8)6! i tds. (2.14)
0

oy

Yo = Yo€



2.3. [lepuonuyeckue pelieHus . . . 37

[Tockoneky Ma(x)] # 0, TO

T
[ a(t)dt
1 —ed £ 0,
a 3HauuT, U3 (2.14) MBI MOXKeM OIHO3HAUHO OIpPeeJUTh HadabHOe YCJIO0-
BHe MepUOANYecKoro peleHus y,(x). MimeHHo,

T

Ta -1 Ta
Yo = (1 — e'Of (t)dt) /f(s)ef! (t)dtds. (2.19)

0

Takum o6pasom, enuHCTBeHHOe T-TiepuofMYecKoe pelleHHe y,(x) ypas-
Henus (2.6) onucoiBaercs (opmysoi (2.7), B Kotopoir xy = 0, a gy, onpe-
nensiercss paBeHCTBOM (2.15). O603HauuM HadajbHOe ycsoBue (2.15) me-
PHOIUUECKOTO pellleHUs ¥, (x) CUMBOJIOM ¥,

[lycts y(z) — HekoTopoe pellleHHe ypaBHeHHs (2.6) ¢ HayaJbHBIM
ycaoBueM y(0) = yo. Torna

[a(t)dt
0

y(r) — yu(z) = (Yo — ys)e (2.16)

N3 caenctBust 1.3 BEIBOLUM, YTO

Mla(z)]z + g(z),

=
8
~
I
=
S
~—
QL
~
I

rae g(x) — Hekotopasi T-nepuonnueckas GyHkuus. OTcrofa caeayer, UyTo
I(z) —» —00, = — 400, (2.17)
ecan Mla(z)] <0, u
I(x) - —00, x— —00, (2.18)

ecau Ma(z)] > 0. Mcnonb3ys npenesbHble cooTHomenus (2.17), (2.18) B
(2.16), monyuaem npenenbHble paBeHcTBa (2.12) 1 (2.13) cOOTBETCTBEHHO.
Teopema nokasana. H

Teopema 2.3. IIycmo M|a(z)] = 0, moeda ypasnenue (2.6) umeem T-
nepuoduueckue peuleHus 8 mom U moAbkO 8 MOM cAyuae, K020a

/f e f | (2.19)

| |
o
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Mlokasameavcmeo. V3 pokasaTenbCcTBa MPebIAYIIEHd TeOPeMbl CJEdy-
eT, 4TO MEePHOIUUYECKHe pellleHHsi ypaBHeHHs (2.6) CyIIeCTBYIOT Toria
¥ TOJBKO TOTIA, KOTAA BBIMOJHEHO paBeHCTBO (2.14) misi HEKOTOPOTO
HagasbHoro ycgosus yy = y(0). [Tockoabky Mla(z)] = 0, To mas cyue-
CTBOBaHUsI MEPUOIMUECKUX DPEIlleHHH HeOOXOAMMO U JOCTATOUHO, YTOObI

T T
/f(s)e!a(t)dtds =0. (2.20)
0
3ameuas, 4To
T 0 T 0
/a(t)dt: /a(t)dt+/a(t)dt = /a(t)dt,
s s 0 s

ot ycaoBus (2.20) npuxonuM K dKBUBaJeHTHOMY ycaoBuio (2.19). OTme-
THUM, UTO TOCKOJIbKY paBeHCTBO (2.14) mpu ycnoBuu (2.19) BbINOJHEHO
s Mo0bIX Yy € R, ToO B paccMaTpuBaeMOM CJyuae BCe PellleHHs ypaB-
HeHus (2.6) siBasioTcst T-MiepHOIUYECKHMHU. |

Ynpaxunenue 2.2. [locmpoumo nepuoduueckoe pewierue ypasHeHus

d
& _ —y +sin .

dx



I'nasa 3

JInHenHbIe
aupdepeHuanbHbIe
YpaBHEHUd 1n-ro nopaaka
C NMMOCTOAHHBIMHU

K03 puureHTamMmmu

3.1. uddepeHunaabHbie OnepaTopsbl.
HUccanenoBanue 3agaun Komwu

JInHe’HbIM N hepeHIraNbHbBIM YPaBHEHHEM 1-TO MOPSIAKA C MOCTO-
SHHBIMU KO3(p(pULIHEHTAMH Ha3bIBAIOT ypaBHEHHE

y " (@) + ay" V(@) + o+ anay () + any(z) = f(2), (3.1)

rae a; (i =1,...,n) — HEKOTOpble MOCTOSIHHbIE UHC/a (IelCTBUTEbHbIE
WJI KOMIJIeKCHBIe), f(x) — 3amaHHas W HenpepblBHas Ha R QyHKIHSA €O
sHaueHussMU B R (unu B C), u y(x) — HeusBecTHas A€HCTBUTEBbHO- HJIH
KOMIIJIEKCHO3HAYHast (DYHKUHS. YpaBHeHHe (3.1) Ha3BIBAIOT OOHOPOIHBIM,
ecnd f(x) =0, ¥ HEOLHOPOAHBIM — B MPOTHBHOM CJIy4Yae.

B nanpHeiiliem npu M3/10XKeHHUH MaTepraJa 3TOH IJiaBbl Mbl BO MHOTOM
6yneM npuznepxkuBatbes KHUrH [18]. Cumonmamu C(R) u C,(R) o6o3Ha-
UUM MHOXKECTBO BCeX HEMpEepBIBHBIX W 71 pa3 HeMpepbIBHO TU(QepeHIH-
pyeMbix Ha R ¢yHKuu# coorBercTBeHHOo. PyHKuMs y(z) € C,(R) Ha-
3bIBaeTCsl pelleHHeM ypaBHeHHs (3.1), ecsau mpu ee MOACTAHOBKE B 3TO
ypaBHeHHe OHa NpeBpalllaeT ero B BepHOe /g Bcex x € R TOXIeCTBO.
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B orinune ot (2.2) HauyasbHbIE YCJIOBHS /s peliieHHs: y(x) ypaBHEHHUS
(3.1) B cayuae 3amaun Komwu ¢opmynupyroTcs HecKoJbKO HHaue. MmeH-
Ho, pemeHue y(z) ypaBHeHus (3.1) Has3bIBatOT peleHueM 3anauu Kouru,
eCJIM OHO YIOBJIETBOPSIET AOMOJHUTEJNbHBIM YCJOBUSIM:

y(QT()) = Yo, y,(l'o) = Y1, cevy y(n_l) (l’o) = Yn-1, (32)

rie o, Yo,---,Yn—1 — 3aAaHHble yucaa. Ilas uccienoBanus sagaun Ko-
mu (3.1), (3.2) Ham moTpeGyeTcsi NMpUBJeUYb MOHATHe AUQhepeHIINab-
HOT'O OrepaTopa U MO3HAKOMHUTBCS C HEKOTOPBIMH CBOHCTBaMU MOAOOHBIX
OTepaToOpPOB.

Onepatopom nuddepeHUNpPOBAHUS, AEUCTBYIOLUMM H3 MPOCTPAHCTBA
C1(R) B mpoctpanctBo C'(R), Ha3biBaeTcsi onepatop D), NeHCTBYIOLIHH
o npasuay Dy(x) = y/'(z). AHanOrH4HO BBOIUTCS TIOHSATHE k-H CTeneHH
(k € N) onepatopa D kak onepatopa D”, neiicteytomero us Cy(R) B
C(R) no npasuny DFy(x) =y (2). duddepenuransHbIM MHOTOUIEHOM
crenedd n € N (MJM MHOTOYJIEHOM CTeNeHH n OT omepartopa nuddepeH-
nupoBaHusi D) Ha3bIBAalOT OMepaTop

L(D)=D"+a D" '+ ... +a,_1D + a,l, (3.3)
neiictytomnii U3 Cp,(R) B C(R) no npasuay
L(D)y(x) = y™(z) + ary" V(@) + ...+ an/ () + any(z).  (3.4)

3neck a; (i = 1,...,n) — 3anaHHble yucaa (IeHCTBUTEJbHbIE UJIH KOM-
TJIEKCHbIE), a2 [ — TOXKAECTBEHHBIH omepartop, nedctBytomui us C,(R) B
C,(R) no npaBuny [y(z) = y(x). PaccMoTpeHHble BbIle OMepaTophl siB-
JISIIOTCST TIPUMePaMHU TaK HasbiBaeMbiX AH((epeHIMaNbHbIX OTNepPaTOpPOB.
C MOMOIIbI0 BBEIEHHBIX OMEPaTOPOB MOXKHO 3amucath HU(epeHIratb-
Hoe ypaBHeHHe (3.1) B omepaTopHOii hopme

L(D)y(x) = f(x). (3.5)

Yupaxuenue 3.1. [Iposepumo, umo onepamop L(D) sersemcs runeli-
HblM Onepamopom, m.e. 04 At0bblX Yuces ¢y U Co U AH00bLX PYHKUULL
y1(x), y2(x) € C,(R) sornoarnerno pasercmso

L(D)(c1yi() + caya(w)) = a1l L(D)yr(x) + c2L(D)y(w).

[lycts Hapsiny ¢ auddepeHIHasbHBIM MHOroYJeHOM (3.3) HUMeeTcs
nuddepeHIHaNIbHBIA MHOTOUJIEH cTerneHn m € N

M(D)=D" + b0 D™ '+ ... +byp_1D+ by,
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rne b; (¢ = 1,...,n) — 3ananHble yucaa. Cymmon nuddepeHIHaNtbHbIX
MHorousieHoB L(D) + M (D) HasbiBaloT nuddepeHIHaNbHbIH MHOIOUJIEH
creneHd k = max(m,n), nefictytomus u3 Ci(R) B C(R) cornacHo ¢op-
MyJIe

(L(D) + M(D))y(x) = L(D)y(x) + M(D)y(x), y(z) € Cp(R).

c k(
[IpousBenenuem nuddepeHunasbHbx MHOrodsneHoB L(D)M (D) 6ynem
Ha3blBaTh AU(pepeHLraNbHBId MHOIOYJIEH CTENeHH 7 + m, AeUCTBYIO-
i u3 Cpqn(R) B C(R) mo mpaBusy

(L(D)M(D))y(x) = L(D)(M(D)y(z)), y(z) € Crm(R).

HetpynHo nokasaTe, 4TO BBeleHHble HAMU ONEPALMU CJIOKEHHUS U YMHO-
XKeHHs U] epeHHaNbHbIX MHOTOU/IEHOB 00/1a1aI0T TEMU K€ CBOWCTBa-
MM, UTO U COOTBETCTBYIOLIME ONEepPalUH, NPOU3BOAMMBIE HalA ajrebpau-
YeCKMMH MHOTrO4JieHaMH (KOMMYTaTHBHOCTb, aCCOLIMATHBHOCTD, JUCTPH-
OYTUBHOCTb). DTOT (paKT Mo3BoJsieT paboTaTh ¢ TAKUMH MHOIOYJEHAMH,
KaK C OOBIKHOBEHHBIMM, U, B YACTHOCTH, pa3JiaraTb UX Ha MHOXUTEJIH.

HenocpencteeHHoH npoBepkod yOexnaemcsl B CIIPaBeJUBOCTH CJle-
LyIOLLero paBeHcTBa s Jqwbdoro A € C:

L(D)(eM) = L(\)eM. (3.6)

3nech L()\) — anre6GpanyecKHil MHOTOUJIEH CTEMEHU 1 OT KOMILJIEKCHOH
nepeMeHHOU A:

L) =N+ a N 4 ap )+ a,. (3.7)

MHorousieH L()\) Ha3bIBaIOT XapaKTePUCTHYECKUM MHOTOUYJIEHOM YpaBHe-
Hus (3.5) (uau nuddeperunanbHoro MmHorousena L(D)). Kak usBecTHO
(c™., Hanpumep, [12]), mHOorousneH L(A) MOXHO MpPeACTAaBUTb B BUIIE MPO-
U3BeleHUs

LA) = (A =A) (A= Ag) ... (A= Ap),

rae Ai, Ag, ..., A, — BCe KOPHH MHOrouJsieHa L()\), HEKOTOpble U3 KOTOPBIX
MOTYT COBMAAaTh APYT ¢ APYroMm (caydall KpaTHHIX KopHei). O4yeBUIHO,
UTO MOA0OHOE Pa3JioXKeHWe B CHJY CBOMCTB BBEEHHBIX ONepaluii cioxe-
HUSI ¥ YMHOXKEHHSs OyJeT TOTAa CrpaBelJuBO U AJs1 TU(hEepeHIIHNaNIbHOTO
MHorouJsiena L(D):

L(D) = (D = MI)(D — M\oI)... (D — M), (3.8)

[Tepefinem Temnepb K HccaenoBanuio 3anaud Komwu (3.1), (3.2). Umeer
MeCTO CJenyoliasi TeopeMa.



42 [JIABA 3. Jluneitnwie 1Y n-ro mopsimka . . .

Teopewma 3.1. 3adaua Kowu (3.1), (3.2) umeem edurncmasenroe peuierue
y(x) € Cn(R).

Hoxazameavcmso. Ecnu n = 1, To 3agaua Kowwu (3.1), (3.2) ecTb yacT-
HBIH caydad 3agaun Komn (2.6), (2.2), a caenoBaTe/lbHO, UMeeT €IHH-
ctBeHHoe perienue y(z) € C1(R).

[Iycte n > 2. Tlosoxum

M(D) = (D = A1) ... (D = M)

M ompefie/ MM HOBYIO HeM3BeCTHYIO (MYHKUHIO 21(z) = M;(D)y(x). Has
onpeneseHust GyHKIUU 21(x) B cuay (3.5), (3.8) mosmyuaem 3anauy Kouru
tuna (2.6), (2.2):

(D = Ail)z = z1(x) — Mzi(z) = f(2),
21(xg) = (M1 D)y(x))‘x:xo = 210

DTa 3a/laya uMeeT enquHcTBeHHOe pereHue z1(x) € C1(R), koTopoe ompe-
nensiercs hopmyJsion Buna (2.7):

x

() = Mg b [ ps)ds

Jlanee, noJaras
Ms(D) = (D —Xs3I)...(D—M\,I)

1 BBOAS HOBYIO HEHU3BECTHYI0 (PYHKUHIO 29(x) = My(D)y(x), nonyuaem
1JIs1 Hee 3ajgady Ko aHajoruyHoro Bupa:

{(D — XoD)2s = 2(x) — Maza(7) = 21(),
2(20) = (Ma(D)y(2))|,_, = 220

3aMeTHM, 4YTO MpaBasi 4acTb COOTBETCTBYIOLIEro AU(QepeHIIHaTbHOTO
ypaBHeHuUs!, T.e. PyHKUMs z1(x), ONHO3HAUHO ONpelesieHa W NpUHaMJe-
xKUT MHOKecTBY C1(R). DyHKUMS 25(x), C/eI0BaTENbHO, TaKXKe OIpejie-
JISIeTCs1 OIHO3HAYHO |

zo(x) = e2(T720) 5y o 4 /e”\Q(IS)zl(s)ds. (3.9)

Zo



3.1. IuddepeHuuanbHble onepaTopsl. . . . 43

[Tockonbky GyHKUHUS 21 (x) npuHangexut MHoxkecTBy C1(R), To u3 dop-
myJaibl (3.9) caenyet, uto z(x) € Ca(R).

[Iponoskasi neficTBOBaTh aHAJOTUYHO, HA 3aKJIIOUUTENBHOM 7N-OM Iia-
re nojyuum 3agady Koian

(D - AnI)y(x) - yl(l') - Any(aj) - Zn—l(x)a
y(wo) = wo,
rae GyHKUHUSA z, 1(x) ompeneseHa W npuHaaaexut MHoxecTBy C),_1(R).

CJieoBaTeJ bHO,

T

y(x) _ e)\n(x—xo)yo_|_/e)\n(x—s)zn_1(8)d87
Zo

u y(z) € Cp(R).
Teopema mokasaHa. [ |

B 3aBeplueHue 3TOro pasgesna NpuBeleM ellle OAHWH pe3y/bTaT, KOTO-
pBIM HaM B faJibHelllIeM NoTpedyercs.

Jlemma 3.1. [lycmoe A\ — nexkomopoe komnaekcroe uucao u L(D) —
dugepenyuarvroiii mroeouren suda (3.3). Toeda drs awbol QyHK-
uuu y(x) € C,,(R) cnpasedausa caedyroujas opmyra (popmyra cosu-
ea):

L(D)(eMy(x)) = eML(D + A)y(x). (3.10)

Loxasamervcmeo. Bocnosb30oBaBIIMCh U3BECTHOW popMmysol JlelibHuLa
0JI1 BBIUWCJEHUS] CTApIIUX MPOM3BOAHBIX MPOU3BENEHUS ABYX (DYHKIIMUH,
npu Jobom k € N nosnyyaem

Dk(e)\xy(x)) _ (e/\xy(x))(k) _ ch(ex\x)(j)y(k—j)(x) =

k
= Z CIN D*Iy(x) = M(D + N)Fy(x).
=0

Orciona, yuutboiBas (3.3), BBIBOIUM
L(D)(eMy(x)) = (D + M)"y(x) + a1e™ (D + M) 'y(z) + ... +
+a,_ 1M (D 4+ M)y(x) + apey(x) = A L(D + X)y(z).
[ |
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3.2. JIuHelHBbIe OTHOPOJHbIE YpPaBHEHUS
n-ro nopsiika ¢ nNoCTOSSHHBIMM

Ko3(ppuumeHTamun
YpaBHeHHe
y (@) + ary” V(@) + .+ anay (@) + any(x) =0, (3.11)

UJIM 3TO »Ke YpaBHeHUe, 3alIMCAaHHOe B OMepaTopHOU (hopme
L(D)y(z) =0, (3.12)

HA3bIBAIOT JIMHEWHBIM OJLHOPOAHBIM NU(MdepeHUHaNbHbIM YDABHEHUEM 7~
ro MOpsiiKa ¢ MOCTOSSHHBIMU KO3 (QUIlMeHTaMU. DTOT pa3jies Mbl MOCBS-
THUM H3yUeHHIO CTPYKTYPBl BceX pellleHHH ypaBHeHus (3.11). Haunem co
CJelYIOLLero MPOCTOTO pe3yJ/bTara.

Jlemma 3.2. Ecau yi(x) u yo(x) — pewenus ypasnenus (3.11) u ¢y, co —
NPOU3BONLHBLE KOMNACKCHbLE YUCAQ, MO PYHKUUA

y(x) = i (z) + coya()
makace seasemcs peulenuem ypasrenus (3.11).

Jokazameavcmeo. 3anuiieMm ypaBHeHue (3.11) B dopme (3.12). Boc-
MOJIb30BABILHUCH JIUHEHHOCTBIO U depeHIIHaIbHOTO onepaTtopa L(D) (cMm.
ynpaxHeHue 3.1), umMeeMm

L(D)y(x) = L(D)(exyn(2) + eapa(a)) = e1L(DYyr(2) + L (D)ya(a) = 0,
TaK Kak no ycqaoBuio L(D)y(x) =0 u L(D)ys(x) = 0. |

Jlemma 3.2 TakuMm 00pas3oMm yTBep:KAaeT, YTO MHOMKECTBO BCeEX pe-
meHUd ypaBHeHHs (3.11) sBJsieTcss JMHEHHBIM MPOCTPAHCTBOM, BOOOIIlE
roBopsi, Hag moJsem C. [lasee B 3TOM pasjesie Mbl yCTAaHOBUM, KaKOBa
pPa3MepHOCTb 3TOrO MPOCTPAHCTBA.

PaccmoTpuM xapakTepucTHUeCKHH MHorousieH L()\), onpenesseMbli
dopmymoii (3.7). YpaBHeHHE

L) =0 (3.13)

Ha3bIBaeTCsl XapaKTepUCTHYeCcKWM ypaBHeHHeM s (3.11). Hamomuwum,
4TO YHUCJO Ay siBAsieTcss KopHeM kpatHoctv k (K € N, 1 < k < n)
ypaBHeHus (3.13), ecau

L) =L'(N\)=...=LE V) =0, LF(N\)#0. (3.14)
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Jlemma 3.3. [lycmo \y asaraemcsa Koprem xapaxmepucmuueckozo ypas-
nenus (3.13) kpamuocmu k. Toeda Qyrkyuu

e)\()II? 6)\()%

..., alTteter (3.15)

, X
ydosaemsopsiom ypasreruto (3.12).

Loxasamearvcmeo. llpennonoxum cHayaga, yto Ao = 0. Torna
L) =N+ X" ap g A= MO g N L a ),
rne a, j 7 0. CienoBaTesbHO,
L(D)= (D" *+a D" * ' 4. . 4 a, ,I)D"
Tockonbky D¥(27) = (27)*) =0 nasa Beex j=0,...,k—1, To 1
L(D)(z) = 0.

Ilycth Tenepb Ao # 0. B ypasuenuu (3.12) crenaem sameny y = 0%z,
Hcnosabaysi popmyny casura (3.10), mosydyaem

L(D)y(x) = e L(D 4 \I)z(x) = 0.

XapakTtepuctuueckuit MHorousneH L(A+ \g) uMeeT KopeHb A = () KpaTHO-
ctu k. [ToaTomy B cuay yxKe nokasanHoro ypaBHenue L(D+\gl)z(x) =0
uMeer pewleHus 1,z,...,x" !, BernomuHas celaHHYI0 3aMeHY, 3aKJIO-
yaeM, uTo (GyHKIHHU (3.15) ynoBseTBoOpstoT Torna ypaBHeHuio (3.12) nas
Bcex j=1,...,k—1. |

[IycThb |
w;(z) :L(D)(xje%x), j=0,...,k—1. (3.16)

Ecnu )\ siBaisiercss kopHeM ypaBHeHus (3.13) kpaTHocTH k, TO B CHJY
JeMMbl 3.3 1st Bcex j = 0,...,k — 1 BBIIONHEHO TOXAECTBO w;(x) = 0.
FMeeT MecTO B HEKOTOPOM CMbIcjie 0OpaTHOe yTBepxKaeHHe (cm. [17]).

Jlemma 3.4. [Tycmo Qynkyuu wi(z) (7 =0,...,k—1) onpedenrersi ¢pop-
mynoti (3.16). Toeda, ecau amu ¢pynKyuL 00HOBpeMeHHO obpau,aromces
8 HOAb xoms bbL 8 00HOIU mouke x = xy, m.e.

wO(SCo) = wl(ﬂfo) = ...= wk_l(SC()) = 0, (317)

Mo 4UCA0 Ny A8A5iemCs KOpHeM xapakmepucmuueckoeo ypasrerus (3.13)
U Kpamnocmo 3moeo KOpHs He meHovuie k.
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Jlokasamesvcmso. B cuny dopmynnl capura (3.10), umeem
wi(x) = e L(D+ X)x?, j=0,....k—1. (3.18)

Paznaras mudgepenunansHbiit MHorousnen L(D + A\gl) mo creneHsM ore-
patopa D, noJjiy4yaem

L(D + XI) =0byI +0D+ ...+ b,_1D" " +b,D". (3.19)
13 (3.18) u (3.19) caenyet, uTo
wo(zg) = eMorop,.
Orciona B cuay (3.17) 3akjarouaem, 4To
by = 0.
[IpennosoXuM Tenepb, YTO UMEIOT MECTO PABEHCTBA
bh=b=...=b;1=0, j<k-1 (3.20)
[Tokaxem, uto b; = 0. B cuay (3.18), (3.19) u (3.20) umeem
wj(my) = €™ jlb;.
W3 (3.17) torma cnenyert, 4to b; = 0, a 3Ha4uT,
bp=01=...=0by_1=0.
CnenoBartesibHO, MHOTOUIeH L(D + A\gl) uMeeT BUn
L(D + XI)=b,DF + ... +b,D" = (b + ...+ b, D" *)D* = M(D)D".
Torna

L(D) = M(D — \I)(D — M\I)"

LX) = M(X— X)) (A= Xo)". (3.21)

13 npencrabienus (3.21) caenyert, 4To Ay sIBJsSeTCS KOPHEM XapaKTepH-
cTHUecKoro ypaBHeHHs (3.13) KpaTHOCTH He MeHbIle k. |

CdopmyupyeM Terepb OCHOBHOH pe3y/bTaT 3TOr0O pasfeJa.
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Teopema 3.2. [lycmo \q,...,\,, — COBOKYNHOCMb 8Ccex NONAPHO pas-
AUYHBbLX KOpHell xapakmepucmuueckoeo ypasuenus (3.13), npuuem xo-
perv \; umeem Kpamnocmo k;, max umo ki+keo+. . .4k, = n. [loroxcum

., ykl (x) — ajkl—le)\l.f’

ykﬁ-l(x) - e)\zﬂf’ yk1+2(x) =Te T, ey Ykitk (l') = xk2716/\2xa

.......................................... (3.22)

Toeda sce pymkyuu (3.22) asrsromes peutenuamu ypasnenus (3.11) w,
Kpome moeo, npu A0bvlX KOHCMAHMAX Ci,Ca, . . ., Cyn QYHKUUA

y(x) = ayr(x) + coya(x) + ... + cpyn(T) (3.23)

makace seisemcs peuieruem ypasvernus (3.11). Jlroboe peuierue ypas-
nenus (3.11) umeem sud (3.23), npuuem KoHcmaumol cy,Cs, . .., Cp 05
Kaxnc00eo peulerus onpedessromcs 00HO3HAUHO.

Hokasameavcmeso. TlepBasi yacTb TeOopeMbl JIETKO BBIBOTUTCS M3 JEeM-
Mbl 3.2 ¥ nemMmbl 3.3. IleHCTBHUTeNbHO, U3 JeMMbl 3.3 cjelyeT, 4TO Bce
¢ysxkunu (3.22) aBasiorcs pemeHussmu ypaBHenus (3.11). Torma B cuay
JeMMbl 3.2 pellleHHeM 3TOTO ypaBHEHHUs SIBJSETCS M MX MPOU3BOJIbHAS
JUHelHasi kKoMOuHauus (3.23).

[TycTb y.(x) — HeKOoTOpOe pellieHHe ypaBHeHHUs (3.23) ¢ HauaJbHBIMU
YCJIOBUSIMH

vo(mo) = o, vi(zo) =vh .., Yy D) =Y. (3.24)

B cuny Teopembl 3.1 3T0 pellieHHe ompeneseHO Ha BCeH OCH U MPUHAJJIe-
xuT MHO)KecTBY C,(R). [lokaxkeM pmajiee, 4TO CYIIeCTBYIOT TakHe KOH-
CTaHTHI 1, Co,...Cy, YTO pellleHHe y(x) ypaBHeHHus (3.11), omucbiBaemoe
dopmynoii (3.23), Takxke yIOBJETBOPSIET HadaJbHBIM yCJOBUSIM (3.24).
CorsiacHo Teopeme 3.1 orciona OymeT cienoBathb, uto y(z) = y.(z) Ons
Bcex x € R. Jlns onpenenenus peuienus y(x) Buaa (3.23) ¢ HayaJbHBIMU
ycsoBusiMH (3.24) moaydaeM CJeYOUIYI0 CHCTEMY JUHEHHBIX anredpau-
YeCKHX yYpaBHEHHH OTHOCHTEJNbHO HEM3BECTHBIX €1, Co,. . ., Cp:

clygs)(a:o) + czyés)(xo) 4+...+ cnyff)(xo) = y(()s), s=0,...,n—1. (3.25)

Cucrema (3.25) omHO3HAUHO paspelldMa TOTJAAa M TOJbKO TOTAA, KOrjaa
ONpeNesIUTeNb MaTPHILBI

y1 (o) y2(x0) . Ynlwo)

yi(wo) (o) oo yp(wo) (3.26)
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OTJIMYeH OT HYJs. JlokaxkeMm, 4TO 3TOT ONpefesuTeNb OTJAUUEH OT HYJS.
Jl/1st 3TOr0 1OCTAaTOYHO YCTAHOBUTDH, YTO CTPOKH MaTpHIbl (3.26) nuHel-
HO He3aBHCHMHI [12]. [IpeanosioXXUM NPOTHUBHOE, UTO CYIIECTBYIOT TaKHe
KOHCTaHTHI b, _1,b,_9,...,by, ONIHOBPEMEHHO He paBHble HYJ/I, Ha KOTO-
pble cJeayeT YMHOXKHTb MepPBYIO, BTOPYIO U Tak JaJjee CTPOKH MaTpPHILbI
(3.26), uToOBl X cyMMa Obljla paBHA HYJI0. BeIMUCBIBasg CyMMy 3jeMeH-
TOB j-TO CTOJIOLA, NPUXOAHUM K PaBEHCTBY

n—1 n—2
by (20) + byt (o) + . .. + b1y (w0) = 0,
KOTOpPO€ MOXKHO 3dllMCdaTb B BHUIE

M (D)y;(x)|,_, =0, (3.27)
rne M(D) = byD" ' + b D" 2+ ...+ b, 1I. B cuny nemmn 3.4 pa-
BeHCTBO (3.27), ucrosab3dyemoe aasi j = 1,...kj, maert, 4To A; €cCTb
KOopeHb MHorousieHa M (A) KpaTHOCTH He MeHble kj. AHaJOrMUYHO AJiS
j=k +1,..., ki + ko nosydeHHOe PaBEHCTBO O3HAUaeT, YTO A2 €CTb KO-
peHb MHorouseHa M (\) KpaTHOCTH He MeHblue ko U T.A1. COBOKYMHOCTb
BCEX 9THUX PaBEHCTB MPUBOAUT HAC K BBIBOAY, UTO MHOrouJjieH M (\) ume-
eT He MeHee m KOpHeH ¢ yueToM HX KpaTHoctel. [locienHee xxe HeBO3-
MOKHO, TOCKOJBKY M () SIBJISIETCS MHOTOUJIEHOM CTENeHH He BBIIIE, UeM
n — 1. [ToayyeHHOe MpOTHBOpeYHe O3HayaeT, uto cucrtema (3.25) omHo-
3HAYHO pas3pelliMa OTHOCHTEJbHO HEM3BECTHBIX Cq, Co,. . ., Cp.

Teopema mokasaHa. [ |

Caenctue 3.1. Mroaxecmso ecex pewenuti ypasrerus (3.11) sersem-
C KOMNAEKCHbIM AUHELHbIM npocmparcmeom pasmeprocmu n. basuc
8 amom npocmparcmee obpasdyrom @yukuuu yi1(x), ..., y,(x), onucet-
saemole opmyramu (3.22).

To, yTo MHOXKecTBO Bcex pelneHuil ypaBHeHusi (3.11) oGpasyer Ju-
HelHOe MPOCTPAaHCTBO, ObIIO OTMeUeHO HaMH paHee (cM. jsemmy 3.2). B
CHJIy JIOKa3aHHOH TeopeMbl J000e pellleHHe ypaBHeHus (3.11) omHo3HaUY-
HO MpeaCTaBJsieTcs Kak JuHelHass KoMOuHauus GpyHkuni (3.22). Cremno-
BaTesJbHO, PYHKIHKHK (3.22) 06pasytoT 6a3uc B yKa3aHHOM MPOCTPAHCTBE
pelIeHuH.

CaencrBue 3.2. Kasxdoe pewenue ypasuernus (3.11) moxem 6oimo 3a-
nucaxo 6 suode

y(x) = Pi(2)eM” 4+ Py(x)e™® + ... + Py (x)e?, (3.28)



3.2....0NHOPOAHbIE YPAaBHEHUS N-TO MOPSAKA . . . 49

ede Pj(x) = ¢j1 + ¢jox + ...+ ¢jp,a™ ™t — mHocouren cmenenu ki — 1,
Koaguyuenmamu KOmopoeo A6AAI0MCS NPOUSBOLbHbLE KOMNACKCHbLE
NOCMOSAHHbBLE Cj1, . . ., Cjk,.

['pynnupyst B (3.23) ciaraeMble NMpPH OJUHAKOBBIX MOKa3aTessX IKC-
TIOHEHTBI, TIOJIyUyaeM MpeacTaB/eHHe pelieHHH ypaBHeHus (3.11) B popme

(3.28).

Onpenenenne 3.1. Dynkyus (3.28) Hasvisaemces obuum peuleruem Au-
Hetino2o 00HOopoOH020 ypasHerus (3.11).

O61iee pemeHue ypaBHeHus (3.11), cornacHo Teopeme 3.2, obaanaer
CJIeNYIOLWUMU CBOUCTBAMU:

e 1pu J1060M HaGope MOCTOSAHHBIX Cj1, ..., Cjx, (J = 1,...,m) QyHK-
nus Buna (3.28) siBsisieTcs peuieHueM ypaBHenus (3.11);

e Kaxkjioe pelleHue ypaBHeHus (3.11) ogHO3HAUHO MPeNCTAaBUMO B BH-
ne (3.28).

Ecnn Bce koadduumenTsl ypaBHeHnus (3.11) mefcTBUTENBHEI, TO, KaK
OKa3blBaeTcsl, o0lllee pellleHHe 3TOTO ypaBHEHHS TaKxKe MOXKeT ObIThb 3a-
MUCAaHO B NEHUCTBUTENbHOH (DopMe Haxke TOraa, Korma MHorodseH L(\)
MMeeT KOMIJIEKCHble KOpHH. JpyruMu cjoBaMu, B MPOCTPAHCTBE BCeX
peienuit ypaBHeHus (3.11) Hapsiny ¢ 6asucoM, comepKalliM KOMIIJIeKC-
HO3HauHble PYHKUKU BUaa (3.22), MoxkeT ObITh yKaszaH 6asuc, Bce PyHK-
IIUM B KOTOPOM JeHdcTBUTebHbl. O6CynIuM 3TOT Bompoc HoJiee MoapoOHO.

Jlemma 3.5. [Ipednoroxcum, umo ece koagpuyuernmot ypasrerus (3.11)
deticmsumenvrol. Toeda ecau Ny = o + i — KOMNAEKCHbLL KOpPEHb
Kkpamnocmu k xapakmepucmuueckoeo ypasrenus L(\) =0, mo u kom-
ANEKCHO CONPAJCEHHOe YUCAO N\g = « — if3 A6Aslemcs KOpHem 3mozo
YpasHeHus maxot xe KpamHocmu.

Hokasameavcmeso. Ilockonbky L(\g) = 0, TO

LX) =Ag +a Al + ..+ an 1ho+a, = L()\) = 0.
AHajioruuHo [TIOKAa3bIBA€TCHA, UTO
L) =...=L* VX)) =0 L®) #0.
|

Jlemma 3.6. [lycmo sce koaguuuermor ypasernus (3.11) deilicmsu-
menvrol. Pynkyua y(x) = u(x)+iv(x) aeaaemcea pewenuem ypasHerus
(3.11) moeda u moavko moeda, Koeda peuleHUAMU MO0 YPABHEHUS.
asastomes pyukyuu u(x) = Rey(x) u v(x) = Imy(x).
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Loxazameavcmso. C y4eToM NeHCTBUTENbHOCTU KO3(PHOUIIUEHTOB ypaB-
HeHus (3.11) yTBep»KeHHe JIeMMbI JIETKO BHIBOAUTCS U3 JJUMHEHHOCTH OIle-
patopa L(D):

L(D)y(z) = L(D)(u(z) +iv(z)) = L(D)u(z) +iL(D)v(z).
|

[Iycte A = a + i — KOMIJIEKCHBIH KOpeHb XapaKTepUCTHYECKOTO
ypaBHenust L(\) = 0 KpaTHOCTH k, TOr1a B CHJy JIEMMBI 3.5 KOPHEM 3TOTO
ypaBHEHHUS TAKOW Ke KPaTHOCTH siBJsieTcsl M uncao A = a—if. [loatomy

Hapsay ¢ pewennsmu y(z) = z'e’ B dopmyse (3.28) comepxkarcs u

pemenus 4;(z) = z'e™, rtne 1 = 0,...,k — 1. B cuny dopmyan Diiaepa

yi(x) = 2'e cos B + ix'e™ sin fz,

OTKyZa
w(z) = Rey(x) = 2'e* cos B,  v(x) = Imy(z) = 2'e*® sin Sa.

CornacHo Jemme 3.6 QyHKUMM w(x) U v)(x) SABASIOTCS NeHCTBUTEJb-
HO3HAUHBIMU pellleHussMU ypaBHeHusi (3.11) mas Bcex [ = 0,...,k — 1,
3aMeTHUM TakKxe, 4TO

ul(:z:) _ yl(x) +yl('x), ”U[(iL’) _

2

3aMeHUB Terepb KaXKAy0 KOMIIJIEKCHO COTIPS2KEHHYI0 T1apy peleHui y;(z)
u 7;(z) Ha napy pemeHu# uy(x) v vy(x) miast Bcex [ =0, ... k—1 nepeinem
OT KoMIJIeKCHOTO 6asuca (3.22) K nedicTBuTe bHOMY. [Ipy 3TOM 3amMeTHM,
4TO B CUJIY opmya (3.29) HOBble PYHKLUU NeHCTBUTEIBHO 00pasyloT Oa-
3WC B MPOCTPaHCTBe Bcex pelleHWH ypaBHeHus (3.11). Hakonen, B3sB B
(opmyne (3.28) Bce MPOM3BOJIbHBIE NMOCTOSAHHbBIE Cj1,. .., Cjk, NEHCTBH-
TeJbHBIMH, MOJYYUM 3allMcCh 00I1ero pelleHus ypaBHeHHs (3.11) B meld-
CTBUTEJIbHOU (hopMme.

Ynpaxuenue 3.2. Haiimu obuiee pewerue:
a) y'+2y +y=0,
6) ylll + 2y/l — 0)
8) y" +8y =0,
2) yIV) —dy =0.
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3.3. JluHeHbIEe HEOTHOPOAHbIE YPaBHEHUSA
n-ro nopsigka ¢ nNoCTOSSHHbIMH
Ko3(rpunueHramu

[lepefinem Tenepp K pacCMOTPEHHIO JIMHEHHOTO HEOJHOPOAHOIO IH(-
(bepeHLIMaNbHOrO0 YPaBHEHUS N-TO MOPSAKA C MOCTOAHHBIMU KO3 PHULIM-
eHTaMHU:

y " (x) + ary™ V(@) + .. A a1y () + any(x) = f(2), (3.30)

Tie ai,...,Q, — HEKOTOpble NEHCTBUTEJbHbIE UMW KOMIIJIEKCHBIE YHCJA,
a 3ajaHHas ckajsipHas GyHKUUS f(z) (IeHCTBUTEbHO MM KOMIJIEKCHO-
3Ha4yHasi) HempepblBHA BO BCEX TOUKAaX AeHCTBUTesNbHOU ocH R.

[IpennosioxkuM, 4TO HaM M3BECTHO HEKOTOpOe pelleHHe yo(x) ypaBHe-
Hus (3.30). OcyuiecTBasist B 3TOM ypaBHeHHHU 3aMeHy y(z) = z(x)+yo(x)
M MCIIOJIb3Yysl ONepaTopHoe MpelacTaBjaeHue ajs ypaBHeHus (3.30), moay-
yaeMm

L(D)y(x) = L(D)(2(z) + yo(z)) = L(D)z(x) + L(D)yo(x) =
= L(D)z(x) + f(z) = f(z).
OTcloga 3akJrdaeM, 4TO
L(D)z(z) = 2"(z) + 12" V(x) + ... + ap_12' () + anz(z) = 0,

T.e. YHKIHS z(x) BJsSeTCS pellleHHeM COOTBETCTBYIOIIEr0 OMHOPOIHOTO
ypaBHeHus (3.11). Ocrasoch 3aMeTHTh, UTO €CJIU Telepb B KayecTBe z(x)
B35iTb 00Illee pellleHHe OQHOPOAHOro ypaBHeHHSs (3.11), KoTOpoe omHcChI-
Baetcsl (popmysiol (3.28), To dopmyna

y(x) = 2(z) + yo(2)

llaeT Bce pellleHUsT HeomHopomHoro ypaBHeHusi (3.30). B stom caydae
(QyHKUHIO y(x) HA3bIBAIOT OOLIUM pellleHHeM HEOJAHOPOTHOTO yPaBHEHHUS
(3.30), a dyHKUMO Yo(x) — €ro 4acTHbIM pellleHHeM. TakuMm 0Opasom,
Halla 3ajfiaya COCTOMT B TOM, UTOObl HAYUUTbCS KaKUM-JUO0 006pa3oM
HaXOIHUTb HEKOTOPOe YacTHoe pelleHHe ypaBHeHHs (3.30).

Caenyoliee yTBep:KIeHHe OObIYHO HA3bIBAIOT MPUHLMIIOM CYIEpIo-
3UILINH.

Jlemma 3.7. I[lycmo f(z) = fi(x) + fo(x) u y1(x) — Hekomopoe peuie-
Hue ypasrenus (3.30) ¢ f(z) = fi(z), a y2(x) — Hekomopoe peuierue
ypasrerus (3.30) ¢ f(x) = fo(x). Toeda y(x) = yi(x) +y2(x) a6asemes
peweruem ypasrerus (3.30).
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Jlokazameavcmso. Mmeem

L(D)y(x) = L(D)(y1(z) 4 ya2(x)) = L(D)y1(z) + L(D)yz(x) =
= fi(z) + foz) = f(2).

YkaxkeM cHaya/ja MeTol MOCTPOEHHS YaCTHOTO pelieHus yo(z) B TOM
cayvae, Korna (GyHKOUs f(x) UMeeT CrelHasbHbIH BHI, a TOYHEe, SBJS-
eTcsl TaK Ha3blBaeMbIM KBa3HMHOTOUYJIEHOM.

Onpenenenue 3.2. Qyuxuus
fx) = e Pp(z),

ede € C — sadamunoe kKomnaekcroe uucro, a Pp(r) — sadaumoli
ancebpauueckutl. MHO204ACH CMEeNneHu m ¢ KOMNAEKCHbIMU KO3pduLL-
eHmamu, Ha3v.8aemcs K8a3umHOEOUNeHOM.

PaccMmoTpuM ypaBHeHHe
L(D)y(z) = e Py(z). (3.31)

Onpenenenne 3.3. Ecau uucao € C asaaemca xopuem xapaxme-
pucmuueckoeo ypasrenus L(N\) = 0, mo cosopsam, umo 8 ypasHeHuu
(3.31) umeem mecmo peszonarcHoiil cayuati. Ecau ace uucro p € C ne
ABASeMCS KOpHeM Xxapakmepucmuueckoeo ypasHenus L(A) = 0, mo 8
ypasnenuu (3.31) umeem mecmo Hepe3oHaHCHbLL CAy4ALL.

OTBeT Ha BOMPOC O TOM, KaK HaXOAUTb YACTHOe pelleHHe B CJayuae,
KOTZla HEOTHOPOAHOCTh f(x) sBJsieTCS KBa3UMHOTOUJIEHOM, NAeT CJedy-
olas Teopema.

Teopema 3.3. Ypasrernue (3.31) umeem edurncmeerroe peuierue suoda
y<$> = xkeume(x)’

ede Qn(x) — arcebpauneckuil mHoeouren o0urakosoti ¢ P, (x) cmene-
HU m, a 4ucaro k pasHo KpamHOCMmu KOPHS [ XAPAKMEPUCMULecKo20
ypasrnenus L(N\) = 0 6 pesonancHom cayuae u k =0 8 Hepe3OHAHCHOM
cayuae.
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Loxazameavcmso. 3amMeTuM, UTO ecau 1 # 0, TO 3aMeHOH y = e/*z Mbl
MOXKeM H30aBUThCS OT MHOXUTeJNs e B npaBod yactu (3.31). [e#cTBH-
TeJbHO, B cUJTy GopMysbl casura (3.10) mosmyuaem

L(D)y(z) = L(D)(e""2(z)) = " L(D + pl)z(z) = e"* Py ().

Otkyna L(D + pl)z(z) = P,,(z). 3ametum, 4yTo KOopeHb A = ( MHOro-
useHa L(A + p) UMeeT Ty kKe KPaTHOCTb, YTO U KOPEHb i MHOTOYJEHA
L(\) (B pe3oHaHCHOM caydae) U A = () He fIBJIsTeTCS KOPHEM MHOTrOYJIeHa
L(A + p) B Hepe3oHaHCHOM cJjydae. TakuMm 06pa3oM, HaM JOCTATOYHO
MPOBECTH [OKA3aTeJbCTBO TEOPEMBI MJisl yPAaBHEHHs

L(D)y(x) = Pn(x). (3.32)
a). Hepesonancuniii cayuait (L(0) # 0). [Tyctb

Po(z) = pox™ + p1z™  + . 4 pra® + p,
Qum(7) = g™ + ™ ' + .+ G + G-

Bynem uckarp pemenue ypaBHeHus (3.32) B Buue y(x) = Q. (x). Ilox-
cTaBUM MHorousieHel P, (x) n y(x) = Qun(x) B (3.32) u npupaBHsieM
K03(h(DHULHUEHTB NPH OAMHAKOBBIX cTeneHsax x. [losydaeMm caenyoliyto
CHUCTEMY JIMHEHHBIX airebpandecKuX ypaBHEHHH JJISl OTpeleseHHs] HeU3-
BECTHBIX G0, 1, - - - » @

(anQO = Po,
anqi + an—-1Mqo = P1,

Marpuua 3Toll CUCTeMbl SIBJSIETCS HUKHEHW TPeyroJbHOH, a Ha ee NUa-
rOHAJM pacroJioxkeHbl yucia a, = L(0) # 0. CienoBaTesibHo, omnpee-
JUTeJb TAKOH MaTpHLbl OTJIMYEH OT HYJNs U HEU3BECTHBIE o, (1, - - -, ¢m
OIHO3HAYHO OMpeesOTCS.

6). PesonancHb# cayyait (A = 0 siBJsieTcss KopHeM MHorousieHa L(\)
KpaTHOCTH k). MHorouseH L(\) uMeeT Toraa B

L) =X+ a N+ dan N, apy #0, 1<k<n

u L(A) = \", ecaiu k = n. CienoBaTespHO,

(D" F+a D" * 1+ +a, ) DF, k<,
LD) = D" k=n
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Ecau k < n, 1o 3ameno#i z(x) = D*y(z) mMbl npuBopum ypasHenue (3.32)
K BHIY

M(D)z = (D" " +a D" "'+ 4 a,])2(z) = Pp(x)

[Tockonbky M(0) = a,_ # 0, TO OJs 3TOrO ypaBHEHHS HMeeT MeCTO
Hepe30HaHCHBIH caydall. Takum 06pas3oM, B CHJIy paHee NOKa3aHHOTO Cy-
LIECTBYEeT €AMHCTBEHHOE pellleHre 3TOro ypaBHeHHs Buua z(z) = R, (x),
rie R,,(r) — anrebpanyeckuil MHorodseH creneHd m. CJjenoBartesbHO,
HaM OCTaeTCsi pacCMOTPeTh YpaBHEHHUE

DFy(z) = N (3.33)

HHuTterpupysa 310 ypaBHeHue k pa3, yOexaaeMcss B TOM, 4TO Jboe pe-
IIEHHe 3TOr0 ypaBHEHHUS SIBJASETCs MHOrodjeHoM crteneHu m + k. Pac-
CMOTPHM 3TO ypaBHeHHe BMeCTe C HauaJbHbIMHU YCJIOBUSIMHU:

y(0) =4/(0) = ... =y*V(0) = 0. (3.34)

B cuay teopemnbl 3.1 3amaua Komu (3.33), (3.34) uMeeT enMHCTBEHHOE
peleHue. JTO pelleHHe SIBJASETCS MHOTOUJNIEHOM CTeleHu m + k, a ycJo-
BUsl (3.34) 03HAUAIOT, UTO HOJIb SIBJSIETCS KOPHEM 3TOrO MHOTOUJIeHAa U
ero KpaTHOCTb He MeHblle k. OTcroga 3akKJjo4yaem, UTo

y(z) = 2"Q, (), (3.35)

rae Qn(x) — HeKOoTOpBIH anre6GpandyecKWil MHOTOYJEH CTeNeHH m. 3a-
METHM, UTO pellleHHe ypaBHeHUs (3.32) Takoro Buaa equHCTBeHHO. [leli-
CTBUTEJbHO, B TPOTUBHOM cJyydae Jio6oe aApyroe peineHre Buaa (3.3D)
TaKxKe SIBJISIJIOCh Obl pelieHreM 3anaud Komu (3.33), (3.34), uTo HeBO3-
MOKHO.

Teopema mokasaHa. [ |

YkazaHHOe B TeopeMe 4YacTHOe pelleHHe y(x) WILYT, KaK MPaBUJIO,
METOOM HeOolpene/ieHHbIX KO3(P(PUIIMEHTOB, T.e. M0JaratoT

y(z) = 2(qoz™ + ...+ g1z + qum)e"”.

[Tocsie momcTaHOBKH 3TOTO BhIpaXkKeHWsl B ypaBHeHHe (3.31), cokparie-
HUS Ha e/’ B 00eUX 4YacTsAX MOJy4YeHHOTO PaBEHCTBA U TPUPABHHUBAHHS
K03(P(DUIHEHTOB MpPH OAMHAKOBBIX CTEMEHSIX X Mbl MPUXOIUM K CHCTe-
Me JIMHEHHBIX anredpauuecKux ypaBHEHHH OTHOCHTEJIbHO HEH3BECTHBIX
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q0s - - - » Gm- B CHJIy J0OKa3aHHOH TeOpeMbl 3Ta CUCTEMa UMeeT eIMHCTBEH-
HOe pellleHHe.

[Tycte B ypaBHenun (3.30) Bce KO3(pPHUUHEHTH aq,...,a, NEHCTBHU-
TeJIbHBI U

f(z) = e*"(A(z) cos Bz + B(x) sin fz),

rie a u f — nedcTBUTeNbHBlE yucaa, a A(x) u B(x) — anrebGpanueckue
MHOT'OYJIEHBl TIPOM3BOJIbHBIX CTeleHeH, MpUUYeM MaKCUMaJbHasi W3 HHUX
paBHa m. Torma yactHoe peuieHue ypaBHeHus (3.30) ciemyeT HUCKaTb B
BUJIE

y(z) = 2*e*(C(x) cos Bz + D(z) sin Bz), (3.36)

rie C(z) u D(x) — MHOTOUJIEHBI CTEMEHH m C HeolpeaeJeHHbBIMH KO3(-
¢uunrentamu. Kpome Toro, uucsao k£ paBHO KPaTHOCTH KOpPHS A = a + i3
XapaKTepUCTHYeCKOro MHorodseHa L(\) B pe3oHaHCHOM cjaydae ¥ k = 0
B Hepe30HaHCHOM ciyuae. JleHCTBUTENbHO, HCMOMB3Ys (hopMysbl Disepa,
Mbl MOXeM 3anucath (QyHKUHIO f() B BHUAE CYMMbI ABYX KBa3UMHOTO-
UJIEHOB

f(2) = O E() + (),

rie E(x) u F(xr) — anrebpanueckre MHOT'OYJIEHBl CTENEHH m C KOM-
MJeKCHBIMH KO3 duiineHTamu. Torna u3 treopemsel 3.3 U MpUHIKIIA CYTep-
nosuuuu (Jemma 3.7) cuaenyet, 4To peleHue ypaBHeHus (3.30) HyxKHO
MCKAaTh B BHJE

y(.fﬁ) _ :z:ke(aJriB)zQ(x) + xke(a—iﬂ)xR(x)7 (337)

rie Q(z) u R(x) — MHOTOYJIEHBl CTENEHHW m C HeolpenesNeHHBIMH KO-
sppuumnentamu. Hucao k paBHO KPaTHOCTH KOpPHS A = « + i xapakrTe-
prcTHUecKoro MHorouseHa L(A) (B cuay JemMMbl 3.5 KopeHb A = o — if
MHorousieHa L(\) UMeeT Takyl >Ke KPAaTHOCTb) B Pe30HAHCHOM CJydae
u k = 0 B Hepe3oHaHCHOM caydae. [IprMeHsist 3aTeM (opmysibl Diiepa B
(3.37), nonyuaem pusi perieHus y(x) npencraBieHue Buaa (3.36).

Ynpaxunenue 3.3. Haiimu obuwee peuierue:
a) y' +2y + 17y = e * + sin4x,
6) y/// + 2y” — (Sl? + 1)6—21:,
8) vy +1y = xsinz,
8) y(IV) _ 4y// — x4+ e

PaccmoTtpum Teneppb o6muil ciyuail, korna GyHKUuUs f(x) B ypaBHe-
Huu (3.30) umeer npowusBosbHBIN BUA. [lycTh QyHkuus K (x) siBasercs
pelleHUeM cJenyomleid 3agauu Kolu ns 0qHOPOAHOTO ypaBHEHHUS:

L(D)y(x) = y™(z) + a1y V(@) + ... + a1y (2) + any(z) = 0,
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y(0) =y (0) =... =4 2(0) =0, y"(0) =1 (3.38)
®dynkunio K (x) HaspiBaloT 06b4HO (yHKIHeH Komu.

Teopema 3.4. Ypasuenue (3.30) umeem peuienue suda

y(z) = / K(z—Df(t)dt, z0€R (3.39)

[lokaszameavcmso. Tlposepum, uto dyukuus y(z) € C,(R), onpenense-
Masi hopmyJon (3.39), ynoBaerBopsietr ypaBHeHuo (3.30). Umeem,

y'(r) = K(0)f () +/K’(a:—t)f(t)dt = /K’(w—t)f(t)dt.
Ananoruyso, yuutsiBas (3.38), nmoayuaem

M@ZKWW@+/Kh—WWﬁ:/Kw—Www

yWW@:KW”@ﬂ@+/KmWW4V@ﬁ:

:/K<”—1>(x—t)f(t)dt

yW@=K””®ﬂ@+/WWw%ﬁ@ﬁ=

—f@)+ [ K@ 050

HMcnosb3yst mosrydeHHble cooTHOLIeHHUs B ypaBHeHHH (3.30), a Takke pa-
BeHcTBO L(D)K () = 0, BbInosHeHHOe A5 BceX = € R, mosyuaem

L(D)y(z) = f(x)+ / KW (z — ) f(t)dt + ay / K=z — ) f(t)dt+

0 0
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—I—...—I—an_l/K’(aﬁ—t)f(t)dt—i—an/K(:c—t)f(t)dt:

0 0

T

— @)+ [ LD~ 0)f ()it = f(z).

Zo

|
B cuny teopembl 3.2 umeem
K(z) = cyp(z) + coya(x) + . .. + cuyn(z),
e ¢1,Ca,...,C, — HEKOTOPble TIOCTOSIHHbIE, & QYHKUUU Y1(X), .. ., Yn(x)

onpenessitorcss popmyaamu (3.22). YuuTbiBasi Terepb HauajbHbIE YCJIOBHS
(3.38), mnsa HaxoxpeHUss PYHKUUH K (z) ToJSydaeM CUCTEMY JIMHEHHBIX
anre6panuecKuX ypaBHEHUH OTHOCHTEJIbHO HEHU3BECTHBIX Cq, . .., Cp!

p

c191(0) + coy2(0) + ... 4+ cyn(0) = 0,

) clyf%?)(()) + Cng%?)(O) 4.+ cnyy(znﬂ)(O) =0,
\cly§n_1)(0) + czyén_l)(()) 4.+ cnyfln_l)(O) =1

CorsiacHo Teopeme 3.2 3Ta cUCTeMa MMeeT eIUHCTBEHHOe pelueHHe. Ta-
KUM 00pa3oM, 3ajlada HaXxOXKIeHHsI UacTHOTO pellleHHs1 ypaBHeHHs (3.30)
B 00IlleM C/Jydyae CBOTUTCS K peIIeHHI0 HEKOTOPOHW CHUCTeMbl JTUHEHHBIX
anreOpanuecKuX ypaBHEHHWH W BblYMCJAeHHIO0 HHTerpasa (3.39).

Kak mpaBuso, s HaxoXJaeHHs1 ob1iero perieHus ypaBHenus (3.30)
B CJy4ae MPOU3BOJIbHOM (PYHKUMHU f(z) OOBIYHO HCIOJIb3YHOT TaK Hasbl-
BaeMbId METOJ BapHAIMH MPOU3BOJbHBIX MOCTOSHHBIX. C 3TUM METOLOM
MBI TI03HAKOMHUMCSI 4yTb MO3JHEE.

B 3aBepuieHue 3Toro pasgesna 3aMeTHM, UTO MOXKHO IpeAnoJarartb
HENpepbIBHOCTh (DYHKUUH f(x) HUMeolled MecTO JHIIb Ha HEKOTOPOM
npoMexxyTke Z C R. B aToM csydae Bce moJiyueHHble HAMU pe3y/bTaThl
OCTAIOTCSl CIIPaBeAJUBLIMU, ecqn & € L.

Ynpaxuenue 3.4. Hatimu obujee peuienue:

" / _ex " ! o o
Ay —2y +y=—, 8)y +4y +4y = ,
x r+1
x—1 1
0) y" +y'=——, 2y +ty=——.
X Sin~ xr
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3.4. YpaBHeHue IJdujaepa

YpaBHeHHe BULA
2"y (@) + are" YV (@) + o+ anaay (@) + any (@) = f(2), (3.40)

rie ai,...,a, — HEKOTOpble TMOCTOSTHHBbIE (HeHCTBUTENbHbIE W KOM-
TMJIEKCHBIE), a cKassipHast GyHKUUsS f(r) HermpepblBHA Ha HEKOTOPOM TPO-
MexKyTKe Z, Ha3blBalOT ypaBHeHHeM DiJepa. YpaBHeHue (3.40) siBasiercs
MPUMEPOM TaK Ha3blBa€MOTO ypaBHEHHs C TepeMeHHBIMH KO3(D(HuIueH-
TaMu. OcoOeHHOCTbIO YpaBHeHUsl DiJjepa gBJseTCS TO 00CTOATENbCTBO,
4YTO 3aMEHOM He3aBHCUMOM IepeMeHHOU

t > ()
x{e’t Lo (3.41)
—e', 1 <0,

OHO NpeoOpa3yeTcsl B ypaBHEHHUE C MOCTOSSHHBIMH KO3(D(HUIIUEHTAMH.

B nanbHellneM, He OrpaHHWYMBAas OOLIHOCTH, CYUTaeM, uto x > 0, #
ocyiiectBuM B ypasHenuu (3.40) sameny x = e'. Tlosnaras z(t) = y(e'),
noJiyyaem

dx dt
d*y o/ d*z dz
= (@) (3.42)
d*y g f , dz d?z d*z
oo = (g B o B,

rae [3; — HeKoTopble MOCTOsiHHble. CIpaBelUBOCTb 3THUX PAaBEHCTB MO-
)KeT ObITb [0Ka3aHa MO HMHAYKUWU. [lelicTBHUTesNbHO, cuuTas, 4TO 3TH
paBeHCTBA HMMEIOT MeCTO, U Au(pepeHIUpPys NOCAeAHee U3 HUX 10 {,
MOJIyYUM

dk+1 (et dSZ dk+1z
Azl (5 a2 +ﬁ2dt3 "+Bkdt’f+1)_
02 k
—(k+1)t Z Q) _
(51 +52dt2 ~+Bkdtk
dz d?z dFz
_ —(k+1)< _)
c g T g T g )

[TonctaBuM Tenepb paBeHcTBa (3.42) B ypaBHeHue (3.40) u ydtem, 4TO
MHOXKHTeNH o = e cokpamatoTcs co MHoxuTensMu e ', TIpuxomum K
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YPaBHEHHIO C TIOCTOSIHHBIMU KO3 PULUHEHTAMHU
boz™ (t) 4+ b1 2"V (#) + 4 b1 () + buz(t) = g(t), (3.43)

rae by, ...,b, — HekoTopble uncaa u g(t) = f(e).

Ha npaktuke nns npuBenenus ypaBHeHus (3.40) k Buny (3.43) ocy-
1ecTBAATh 3aMeHy (3.41) Heo6xomumocTu HeT. KoapduuneHTs ypaBHe-
Hus (3.43), oueBUAHO, COBMANAIOT ¢ KO3((DHULIHEHTAMH XapaKTepUCTHYe-
CKOTO IMOJIMHOMA

M(X) = boA" + b A"t by A+ by, (3.44)
MIOCTPOEHHOTO M1Jis1 OHOPOAHOTO YpPaBHEHHS
M(D)z(t) = boz™(t) + b1 2" V(&) + ... + by_12(t) + bpz(t) = 0.
13 nemmbr 3.1 caenyert, 4To
M(D)eM = eMM(N). (3.45)

O603Hauum seByto yacthb (3.40) xkak L(D)y(z). B cuny ocymecTBieHHON
3aMeHbl UMeeM paBeHCcTBO L(D)y(x) = M(D)z(t) 1, B 4aCcTHOCTH,

M3 (3.45) Ttorma ciaenyer, uTo
L(D)z* = 2 M ().

Takum o6pasom, mHOTOUNIEH M (\) MOXKeT ObITh MOCTPOEH MOACTAHOBKOH
(pynxuuu y(xr) = 2* B aeByio uyacth (3.40). OcyliecTBsAs 3Ty MOACTa-
HOBKY, T0Jy4aeM

M) =AA=1)A=2)..-A=n+1)+...+an 1A +a,. (3.46)

[IpupaBHuBas tenepb kKoahduureHTs B (3.44) u (3.46) npu ONMHAKOBBIX
CTeNneHsAX A, HAXOOUM Bce KO3(P(UUHEHTHI by, . . ., b,.

Ynpaxunenue 3.5. Hatimu obujee pewenue ypasrenus Jirepa:
a) 2%y + 2xy — 12y = 0, 8) z2y" — 2y = 223,

1
6) x°y" — 2y — 4y =0, e) 22y + 3zy' +y = o



I'naBa 4

JIMHeHbIE CHCTEMBI
nupdepeHnaNbHBIX
YpaBHEHUU

C MOCTOSIHHBIMMU

KO3 puumeHTaMu

4.1. 3apaua Komu. OGuee pemeHue
JIMHEMHON OTHOPOAHON CHCTEMBI

JINHEeHHO! crcTeMO ¢ MOCTOSAHHBIMU KO3(DPULIKEeHTaMHU Nn-TO MOpsiKa
HA3bIBaETCA CUCTeMa JIMHEUHBbIX NU((epeHIHalbHbIX YPaBHEHUH BHUIA

n

i:i:Zaijxj%—fi(t), 1= 1,...,71. (41)

j=1
3nech 1(t),...,x,(t) — HeHU3BeCTHble (DYHKLHUH NEPeMEHHOro t, a;; —
3aJlaHHble Unca (IeHCTBUTeNbHbIE UM KOMIIEKCHBIE), f1(t), ..., fu(t) —

3a/laHHble cKassipHble (yHKIMU co 3HadeHUssMU B R unu C. 3anuch cu-
CTeMbl ypaBHeHHUH (4.1) cyl1lecTBEHHO yIPOILAeTCs], €CJH BOCIOIb30BATh-
csl BEKTOPHO-MaTpUUHOHU popmoit 3anucu. MmenHo, nyctb A — martpuia,
3J1eMeHTaMH KOTOPOH SIBJASIOTCS KOI(DPHUIIHEHTH cUcTeMbl (4.1), T.e. yuc-
Ja a;j,

A = (aij)!

ij=1"
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Jlanee, MOJIOXKUM

21(t) i1 (t) fi(t)
zt)=1 + |, @)= + |, fO= :
() i (1) fa(1)

Torma cucrema (4.1) MoxkeT ObITH 3amucaHa B BUIE ONHOT'O BEKTOPHOTO
ypaBHeHHS

&= Az + f(t). (4.2)

Cuctemy (4.2) HasbiBalOT ofHOPOAHOH, ecau f(t) =0 nas Bcex t € R, u
HEONHOPOAHOW — B NMPOTUBHOM CJlydae.

[Ipenmnosio:kuM, 4To BeKTOp-PyHKLHUS f(f) HempepblBHA HA HEKOTOPOM
npomexyTke Z C R (t.e. Bce ckanspHble GyHKUUH f1(1),. .., f,(t) Henpe-
peiBHBI Ha 7). Bribepem Mpou3BOJIBHYIO TOUKY tg € Z W TPOU3BOJbHBIH
BeKTOp g € R" (nau xy € C"). PaccMoTpyM HauasibHOE YCJOBHE

Onpenenenue 4.1. Henpepoisro-oueperyupyemas Ha npomexscymse
T sexmop-¢pynxyus x(t), obpawarousas sce ypasrenus cucmemol (4.2)
8 moxcdecmsa Ois ecex t € T u ydosremsopsroujas ycrosuio (4.3),
Hasvieaemcs peweruem 3adauu Kowu (4.2), (4.3).

Hmeet MecTo crenyroliasi Teopema.

Teopema 4.1. Ha npomexncymxe T peuierue 3adauu Kowu (4.2), (4.3)
cyuiecmsyem U eOUuHCMBEHHO.

JlokasaTenbcTBO TeopeMbl 4.1 OyneT naHo nanee B 3TOU IJaBe, MOCJE
TOr0 Kak HaMu OyJeT OmNpeleseHO MOHATHE MAaTPUYHOH SKCIIOHEHTHI.
PaccmoTpuM JIMHEHHYI0 ONHOPOAHYIO CUCTEMY C MOCTOSSHHBIMU KO3 (-

(uLMeHTaMu
T = Ax. (4.4)

B cuny teopemnl 4.1 pemenue cuctembl (4.4), ymoBjeTBoOpsiiollee Ha-
4yaJibHOMY YCJOBHIO (4.3), CYLIEeCTBYEeT U eMUHCTBEHHO IJIs JIOOBIX tg, T(.
Kpome Toro, 3T0 pellieHue onpeneseHO U HeMPePbIBHO AU(hepeHIIHpyeMO
s Bcex t € R.

Jemma 4.1. [Tycmo £V (t) u 22 (t) — pewenus cucmemor (4.4) u ¢, cy —
npou3BosbHbIE KOMNACKCHbIE uucaa. Toeda 6exmop-gynKuus

2(t) = c1zW(t) + coxP (1)

maxace seisemcs peuieruem cucmemol (4.4).
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Jlokazameavcmso. Mmeem

i(t) = 1M (t) + 6@ (t) = c; AzV(t) + 2 Az (t) =
A(clx V() + czx(2)(t)) = Ax(t).

Teopema 4.2. Mnoxwecmso scex peuienuil cucmemot (4.4) obpasyem
KOMNAEKCHOe AUHellHoe NpOCMpPAHCmMeE0 PA3SMEPHOCMU N.

Hokazameavcmeo. JIMHEHHOCTb yKa3aHHOTO MPOCTPAHCTBA PellIeHU He-
Me[lJIeHHO caenyeT u3 JemMmbl 4.1. Boibepem B npoctpaHctBe C" HekoTo-
pbli 6asuc eg,...,e,. Ilyctsb x(i)(t) — pemtenue cuctembl (4.4) c Ha-
yaapHeIM yeaoBueM x(0(0) = e;, ¢ = 1,...,n. B cuny teopemsl 4.1
Takue BeKTOP-(YHKIMU CYIIECTBYIOT, €IHHCTBEHHbl U OIpe/ieseHbl JJis
Bcex t € R. [Tokaxkem cHauaJga, 4To Jt060e peleHHe cucTeMbl (4.4) Mo-
eT ObITh TPECTABJAEHO B BUJIE JIUHEHHOU KOMOMHALIMY BEKTOP-PYHKIIUH
s (t),..., 2™().

PaccmoTpum mpousBosibHOe pelieHue x(t) cuctembl (4.4), mpuHHUMa-
oiriee mpu t = ( HekoTopoe 3HaueHHWe, paBHOe zy € C". IlockoJsbKYy
BEKTOPHI €1, . .., e, 00pa3yoT B npoctpanctBe C" 6asuc, To

Ty = ci1e1 + ...+ Cpen,
roe ¢; € C, i =1,...,n. PaccMoTpUM BeKTOp-(hYHKILIUIO
i(t) = cizW(t) + ...+ cx™ (1),

B cuny nemmbl 4.1 BekTOp-hyHKUUS Z(t) ABJsSETCSA pelleHHEM CHCTEMBbI
(4.4), u, xpome toro, (0) = xy. [Tockombky x(0) = Z(0), To B cHuay
TeopeMbl 4.1 nns Bcex t € R umeer Mmecto TOXAecTBO x(t) = Z(t).
CaemoBaresibHo, 2(t) = ciaM(t) + ... + ¢,z (t).

YcTaHOBUM Terepb JIMHEHHYI HE3aBUCHMOCTb BeKTOP-(YHKLHH
(1), ...,z (t). [IpeanonoKuM NPOTHBHOE, YTO 3TH BEKTOP-DYHKLHH
JIMHEHHO 3aBUCUMBI. Toraa CyIiecTBYIOT TaKHe OJHOBPEMEHHO He paBHble
HYJIF0 KOMIIJIEKCHBIE YHCJIA O, . . . , (Y, UTO

M) + . 4 ™ (1)

0, teR.
Otciona npu ¢t = 0 nosydaem

are; + ...+ ape, = 0.
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[locnenHee paBeHCTBO MPOTUBOPEUYUT TOMY, UTO BEKTOPHI €q,...,€, 00-
pasytor Oasuc B npoctpaHcTBe C". Takum o6pa3om, BeKTOP-(PYHKIIUH
zW(t), ...,z (t) 06pasyloT NMHEHHO HE3aBHCHMYIO CHCTEMY.
Tlockonbky BekTop-pyukuuu (1), ..., (" (t) nunelino Hesasucu-
MBI U JI060€ pellleHHe CUCTeMbl (4.4) MoXKeT OBITb MPEACTABJIEHO B BHJE
HEKOTOPOW JINHEMHOH KOMOWHAUMU 3TUX (DYHKIHHA, TO OHU 00pasyroT 0a-
3UC B TIPOCTPAHCTBEe pellleHWH cucteMmbl (4.4), ¥, 3HAaYUT, Pa3MepHOCTH
3TOr0 MPOCTPAHCTBA paBHA n. Teopema noKa3aHa. |

CnenctBue 4.1. [lycmo sexmopol eq,...,e, obpasyrom basuc 6 npo-
cmpancmee C". Toeda pewenus M (t),... 2" (t) cucmemor (4.4) c
HauarvHoimu ycaosuamu x1(0) = ey, ..., x,(0) = e, 0bpasyrom 6asuc 8
npocmpancmee 8cex peulerutl amotl cucmemol.

Caeacreue 4.2. [Tycmo (1), ..., 2™ (t) — npoussosvroie aunerino
Hedasucumole pewenus cucmemol (4.4). Toeda awboe peuierue 3moii
cucmemol mosxcem 6voimo 0OHO3HAUHO NPedcmasieHo 8 8ude

2(t) = W) + ..+ 2™ (), (4.5)
eoe C1,...,Chp — HEKOmMopovle KOMNAEKCHble YUCNA.

CyTb cnenctsus 4.2, Mo CyllecTBY, NpeAcTaBjsieT COOOH comepkKa-
HUe U3BECTHOTr'0 pe3y/bTaTa O TOM, YTO JIOOble N JUHEHHO HE3aBUCUMbBIX
BEKTOPOB B 7N-MEPHOM MPOCTPAHCTBE 00pa3yloT B HeM Hasuc.

Onpenenenne 4.2. Bekmop-¢pyuxyuro (4.5), ede cy,...,c, — npous-
B0O/bHLLE KOMNACKCHbLE NOCMOSIHHbLE, HA3bLBAIOM 0OUIUM DeuleHueM Cl-
cmemot (4.4).

Kak u B cayyae ¢ JuHelHBIMU nU(PhepeHIHalbHBIMA YPABHEHUSAMH N-
ro NMopsiika ¢ MOCTOSIHHBIMU KO3((PULHEHTaMU, o0llee pelleHue CUCTEMBI
n-To MOPSAKA C MOCTOSIHHBIMU KO3(ppuLMeHTaMU 00JafaeT caeqyolluMu
CBOMCTBAMM:

e 1pu J0O0M Habope MOCTOSIHHBIX Cq,...,C, BEKTOP-(PDYHKLUS BUIA
(4.5) aABnseTcs pemieHneM cucteMbl (4.4);

e Ka)kJ0e pelleHHe cucTeMbl (4.4) ONHO3HAUHO MPENCTAaBUMO B BHJIE
(4.5).

OcHoBHas 3afiaua JaHHOTO pa3feJsia COCTOUT B TOM, UTOOBI IOCTPOUTH
HEKOTOpYIO JIMHEeHHO He3aBUCHUMYyIo cucTemy pemenuit z(¢), ... (M (t).
YHuUBepca/bHbIM UHCTPYMEHTOM MJ51 TAKHUX LeJied sIBJsSeTCS TaK Ha3blBa-
eMbld MeTon DHJsepa. Bynem nckaTh HeTpUBHAJbHBIE PEllIEHHUS] CUCTEMBbI
(4.4) B BUgE

z(t) = eMh, (4.6)
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rIe A — HEKOTOpOe KOMIIJIeKCHOe 4Mucyo, a h # 0 — HEeKOTOpBIA BEKTOP
3 C". IloncraBum npencrasienue (4.6) B cucremy (4.4). [Monygaem

AeMh = A(eMh) = eMAh,
OTKYyI4, COKpallasd Ha 9KCIIOHEHTY, BbIBOOUM
Ah = \h, h#0. (4.7)

PaBenctBo (4.7) o3Hauaet cjenyroliee: BeKTop-PyHKIHUs (4.6) siBasieTcst
pelieHHeM cUcTeMbl (4.4) Torma ¥ TOJNBKO TOTJa, KOT/Ia YUCJIO A SIBJISIETCS
COOCTBEHHBIM YHCJIOM MaTpUllbl A, a BEKTOP h — COOTBETCTBYIOLLIUM €MY
COOCTBEHHBIM BEKTOPOM.

Teopema 4.3. [lycmv 8 npocmpancmee C" cyuwecmsyem 6asuc, co-
cmasaeHHblll u3 cobcmeenHolx 8ekmopos hy, ..., h, mampuuysl A, u
nycmo Ai,...,\, — COOMBemMCcmMByrowue 3mum 8eKmopam cobcmaer-
Hole yucaa. Toeda sekmop-pyHKyus

z(t) = c1eMhy + ...+ cpe’thy, (4.8)

ede ci,...,c, — NPOU3BOLbHLLE KOMNACKCHbLE YUCAQ, S8ASeMC s 00UUM
petwueruem cucmemol (4.4).

Loxazameavcmgo. B crsly yCTAHOBJIEHHOTO BbIlle BEKTOP-(PYHKIHUH
x(l)(t) —eMh, i=1,...,n,

ABIAIOTCA pelleHUAMH cucTeMbl (4.4). Jlanee, mockoneky x((0) = hy,
¢t =1,...,n, a BEKTOpHl hq,...,h, o6pasywT 6a3uc B npoctpaHcTBe C",
To B cuny cienctsus 4.1 ykasauusle pemenus 21 (1), ..., 2" (t) o6pasy-
10T 6a3uc B pocTpaHCcTBe pelieHUd cuctembl (4.4). HakoHel, npussiekas
ciencTBue 4.2, 3aBepluaeM 10Ka3aTeJbCTBO TEOPEMBI. H

M3BecTHO, UTO COOCTBEHHBIE BEKTOPHI TIPOU3BOJIBHOM (71X 1)-MaTPHILBI
A He Bcerna obpasytot 6asuc B npoctpanctse C". CienoBatesbHo, (op-
myJaa (4.8) He Bo Bcex caydasix naeT oOllee pelleHHe cuUcTeMbl (4.4).
B cuny Teopembl 4.2 njsi Toro, utobbl onucaTh OOIIMH caydad, HeH-
CTBOBaTb HAano cJjenywowuM obpasom. Heobxonumo B mpoctpaHcTBe C”
BBIOpATh TakKoW 6asuc hq,...,Hh,, UTO MOXXHO TMOCTPOUTH SIBHYIO (K IO
BO3MOXKHOCTH TIPOCTYI0) hopmyy ans peurenus z()(t) cucremsl (4.4) ¢
HauaabHBEIM yeaosueM x()(0) = h;, i = 1,...,n. Takum 6a3ucoM sBJseT-
csl TaK Ha3blBaeMbIH KOpAAaHOB 6a3ucC.

HanoMmHuM HekoTOpble HEOOXOAUMbBIE HAM CBEI€HHS U3 Kypca JIHHEH-
HOW aJreOpsl.
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Onpenenenue 4.3. [lycmo A\ — Hexomopoe cobcm8erHoe UUCA0 MAM-
puuobt A. Cucmemy eekmopos hy, hs, ..., hy makux, umo

Ahy = Ay, hy £0,
Ahg = Ahg + hq,

(4.9)
Ahy, = Ay + hg_1,

Ha3viearom x#opoarosoll yenouxkou Oaursl k, omeeuaroweti cobcmeen-
Homy uucay \. Bekmop hy Ha3vieaemcs cobcmeernHbvim 8eKmMopom mam-
puysl A, a sekmopol hs, . ..h; — npucoeduHeHHbIMU K HeMY 8eKmopa-
MU.

s mpocToro (He KpaTHOro) COOGCTBEHHOrO YMCJA A TPUCOENUHEH-
HbIX BEKTOPOB K COOCTBEHHOMY BeKTOpPYy h; He cyliecTByeT. Ecau xke
A — KpaTHOoe COOCTBEHHOE YHCJO MATPHUIlbl A, TO MOXET CYyIleCTBOBaTb,
BOOOIlle TOBOPSl, HECKOJIbKO KOPJAHOBBIX LEMOYEK, OTBEYAIIIUX 3TOMY
co6cTBeHHOMY uncay. OCHOBHBIM pPe3y/lbTaTOM B TEOPUM KOPAAHOBOH
(OpMBbI MaTPHIIBI IBJsIETCS CJeaytolnas Teopema (cM., Hanpumep, [5]).

Teopema 4.4. [Ipednorosxcum, umo y mampuyo. A umeemcs posHO

. 1) (2
s < n AUHELHO He3a8UCUMbLX COOCMBEHHbIX 8EKMOPO8 hg ), hg ), ce h§5>,

omeeuarouiux COOCMBEHHbIM YUCAAM A1, Ag, . . ., As. T020a 8 npocmpar-
cmee C" cywecmeyem 6asuc, cocmasienmviti U3 s #HopoaHo8bLX yeno-

yex hgl),hg),...,h,gl) (l=1,...,s), ede

AR = B hy £ 0,

ARY = nhy + ),
(4.10)

l l l
ARY = nh) +hl |

Tenepb MBI MOXeM cpOPMYJHPOBATH OCHOBHOHU pe3ynbTaT O CTPYKTY-
pe 00IIero pelieHuss ONHOPOIHOU cucTeMbl (4.4).

Teopema 4.5. [Tycmo 6 npocmparncmee C" svibpar 6asuc, cocmagier-
Holll U3 s scopodaroselx yenouexk suda (4.10), ede ki +ko+ ...+ ks = n.
[loromcum ors scex 1 =1, ..., s:

xgl)(t) = eAlthgl),
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) (t) = e (th + 1)),

t2
w (1) = M (Sh" + thy) + b)), (4.11)

tkl_l

o)1) =

l l l
mhﬁ) +oo+thl) h,i}).

Toeda sekmop-pyHKyus

S

D D I (
x(t) = Z(cg)xg)(t) + cg)xg)(t) +...+ c,i)a:,i)(t)), (4.12)
=1
ede c§l>, cg), . ,c,(fl) (l=1,...,s) — npousgosvHole KOMNAEKCHbLE YUCAQA,
asasemcs obujum peweruem cucmemot (4.4).

Hoxasameavcmeo. Ilokaxkem cHauasa, 4TO Kaxkaas U3 BEKTOP-(YHKLHUH

:U;l)(t) (j = 1,..., k) siBnsercs pewenueM cuctembl (4.4). [lpu j = 1

l
BEKTOP hg) SIBJISIETCS] COOCTBEHHBIM BEKTOPOM MaTPHIbl A, OTBeUamlIuM
COOCTBEHHOMY YHCJHY A;, U COOTBETCTBYIOILMH Pe3y/bTaT OblJ YCTAHOBJEH
Hamu panee. [lycts j > 1, Torna B cusy paBeHcTB (4.11) nmeem

V) = a2 (@t) + 2\ ().

13 popmyn (4.10) u (4.11) caenyet, yto
0 ai (- 0
ij() e ((] )Ah .+ tARY +Ah])

-
— eM((j s 1) A DR+ D] D) =

_ Alxg”(t) +a ().

Dy — 2.0 i i
CnenosarenibHo, @ (t) = Ax;” (), T.e. BeKTOP-QYHKLHUS SBJSETCS perle

HUeM cucteMbl (4.4).

3aMeTHM JaJiee, UTO :cg.l)(O) = h(), rne j =1,....kknl=1,...,s

; () ;
B cuny caencrsus 4.1 BEKTOP dyHkuuu x;° (1) obpasyior 6asuc B 1mpo
CTpaHCTBe Bcex pelueHu# cuctembl (4.4). Hakonew, ncnosbsys cien-

ctBUe 4.2, 3akJodaeM, uto Gopmyaa (4.12) ectb obilee peleHHe CHCTe-
Mbl (4.4). |
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Ynpaxunenue 4.1. Haiimu obuiee peuienue cucmemol & = Ax, ede mam-
puua A umeem 8u0:

-5 —2 —2
a) <_85 _96>, 6) (:Z ;) g) | 10 4 2
2 1 3

Ecnu Bce ajieMeHTHl MaTpullbl A IeHCTBUTEbHBI, TO 00llee pelleHHe
cucteMbl (4.4) MoXKeT ObITh 3aMKUCaHO B NeHUCTBUTENbHO opme. OUueBHUI-
HO, 4TO eCJHU coOcTBeHHoe yucao A\, ([ = 1,....s) HeHCTBUTEJbHO, TO
OTBeyalollas eMy »kKopaaHoBa 1enouyka Buaa (4.10) cocTouT U3 neHCcTBH-
TeJbHBIX BEKTOPOB U COOTBETCTBYIOIIHMe GasncHble pemieHust (4.11) Takxke
nercTBUTENbHBL. [IycTh \; IBJISIeTCS KOMIJIEKCHBIM COOCTBEHHBIM YHCJIOM
matpuubl A U eMy oTBeuaet kopaaHosa 1enodka (4.10). [TockosbKy co6-
CTBEHHbBIE YHCJIa MAaTPULBl A OTMpenenstoTCs KaK KOPHU XapaKTepucThye-
CKOr0 MHOTo4JieHa

L()\) = det(A — \]),

TO B CHUJIY JIeMMbl 3.5 M3 IVIaBbl 3 KOMIJIEKCHO CONpSIZKEHHOe YHCJIO N
TakXKe SIBJISETCS COOCTBEHHBIM YMCJIOM MaTpuubl A, T.e. \, = \; aas
Hekotoporo p = 1,...,s. B cuny paBenct (4.10) atoMy co6cTBeHHO-
My YHCJy OTBeuyaeT KOPAAHOBA LieNOYKa AJHHBI k, = k;, cocTosillas M3

sekropos A = BV plP = p{ . plP) = l_z,(jl). W3 teopembr 4.5 Torna

cJelyeT, UTO BEeKTOp-(hYHKLIHUU :cép)(t) = aj“;.l)(t), Hapsay ¢ (YHKIUAMU

l :
:z:g.)(t) (j = 1,...,k), ABAdAOTCS 3JeMeHTaMH 0asuca B MPOCTPAHCTBE
BCeX pellleHUH cucteMbl (4.4). B cuny nuHe#HOCTH 3TOrO MPOCTPaAHCTBA,
pelieHUsIMU cUcTeMbl (4.4) Takke 6yoyT NeHCTBUTENbHO3HAYHbIE BEKTOP-

(yHKLMH

) () 0 ()
xi (t) + a7 (8 x ' (t) +x°(t
2 2 J
! Wy _ o) 0 )
p —
Ty (t) — L j (t) Ly (t) — L (t) . (1)
vj(t) = % = 5 = Imx;’ (1)
nas Bcex j = 1,..., k. HeTpynHo 3aMeTUTh, YTO MOCTPOEHHble PYHKIIHUH
u;(t)ynovi(t) (j=1,..., k) 9BAg10TCS JUHEHHO HE3aBUCHMBIMU. 3aMEHUM
Tenepb B o01uieM perieHuu (4.12) ciaraemble ¢ HoMepaMu [ U p CyMMaMH
cgl)ul(t) +...+ cgl)ukl(t) 2 cg)vl(t) + ...+ c,ill)@kl (t), rme c§l>, . ,c,(fl) —

MPOU3BOJIbHBIE JEHUCTBUTENbHbIE MTOCTOSIHHBIE. [loBTOPSIS 3Ty mpouenypy
I/ BCeX KOMILJIEKCHBIX COOCTBEHHBIX 4HCes \; MaTpulbl A, moctpoum
obliee perieHue cucteMbl (4.4) B 1eHCTBUTENbHON (opMme.
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Ynpaxunenue 4.2. [locmpoume obuwee peuienue cucmemo, © = Ax 8
deticmsumenvrotl opme, ecau mampuya A umeem caedyroujuti 8u0:

1 -1 0

-5 —4 —12 -8
o () o (2 ) ofi o
1 0 1

4.2. OOmee peunieHne JUHEMHOU
HEOOHOPOAHON CHUCTEMBbI
C MOCTOSSHHBIMUA KO3 (pumeHTaMu

B sToMm pasgesie paccmaTprBaeTcsi HEONHOPOAHAS CHUCTEMA
T = Az + f(t), (4.13)

rie A — 3amaHHas (n X n)-Matpuua, x(t) — HeH3BeCTHasi BEKTOP-(PYHK-
Ml ¢ n KOMIOHeHTaMu U f(t) — HempepbiBHasi Ha nmpomexxyTke Z C R
BEKTOP-(YHKLHUS.

[lyctb x0(t) — HekoTOpOoe H3BECTHOE (YacCTHOe) pelleHHe CHCTEMBI
(4.13). OcyuiectBJsisi Toraa B 3Tod cucteme 3ameny x(t) = y(t) + xo(t),
MPUXOIUM K BBIBOLY, UTO HeHW3BECTHAst BeKTOpP-(QYHKUUS y(t) sBJseTCS
pelieHreM COOTBETCTBYIOLIEH OJHOPOAHOM CUCTEMBI

= Ay. (4.14)

JTa cUCTeMa M3ydyasacb HaMH B INpeAblaylleM pasfene. Kak H3BeCTHO,
BCe €e pelleHUs OMUCBIBAITCA (POPMYJIOU

y(t) = cpn(t) + coyo(t) + . .. + cayn(t),

rae y1(t), ..., yn(t) — HEKOTOpBIE JIMHEHHO HE3aBUCHMbIE peLIeHHs CHUCTe-
Mbl (4.14), a ¢y, ..., ¢, — IPOU3BOJIbHBIE KOMILJIEKCHbIE TOCTOsIHHbIE. CJte-
JioBaTeJIbHO, 00llee pellleHHe JUHEHHOW HEOAHOPOMHOH cucTeMbl (4.13)
MOKeT ObITh 3alMCaHO B BUJE

x(t) = cryi(t) + coya(t) + . . . + cuyn(t) + xo(t).

Takum o6pasom, 3amaua MoOCTpoeHHs1 0OIIero pelneHus cucTeMbl (4.13)
CBOIMTCS, MO CYIIECTBY, K 3a7aue MOWCKa HEKOTOPOTO YacTHOTO pelleHHsI
9TOW CHUCTEMBI.

[Tosie3HbIM MPU MOCTPOEHHH YACTHOTO pelleHHs] OKa3biBaeTCsl Tak Ha-
3bIBAaeMbIH TIPUHITUIT CYIIEPIIO3UIIHH.
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Jlemma 4.2. [lycmo f(t) = fi(t) + fo(t) u x1(t) s6asemcs peweruem
cucmemot (4.13) ¢ f(t) = fi(t), a xo(t) — pewernuem cucmemor (4.13)
c f(t) = fa(t). Toeda sekmop-gpyrryus x(t) = x1(t) + x2(t) s2645emcs
pewieruem cucmemol (4.13).

Jlokazameavcmeo. Nmeew,
&= a1+ @y = Ay + [1(t) + Az + fo(t) = Ax(t) + f(t).
[

[anee B 3TOM pasnesie Mbl MOAPOOHO PACCMOTPUM MPOLEAYPY HOCTPO-
eHHsI YaCTHOTO pelleHHs B CJaydae, KOrja HEONHOPOAHOCTb f(t) UMeeT
CrelMabHbIA BUM, a2 TOUHee, SIBJSeTCS BEKTOPHBIM KBa3UMHOTOUJIEHOM.

Omnpenenenue 4.4. Bexmop-gyuxyuro f(t) suda

f(t) = e Py(t), (4.15)

ede |1 — HeKkomopoe, 8006uie 2080ps, KomMnaiexkchoe uucio, a P (t) —
B8EKMOPHbLL anrcebpauteckuil MHO204AEH CMeneHu m, Ha3ol8arom 6eK-
MOPHBbIM KBA3UMHO20UNEHOM.

Kak oxaswiBaercsi, B cjaydae, Korga BeKTop-pyHkuus f(¢) siBaser-
csl KBa3UMHOTOUJIEHOM, YacTHOe pellleHHe cructeMbl (4.13) Takxke MOXHO
HAaWTHU B BHUJle KBA3UMHOTOUJIEHA.

Jlemma 4.3. [lycmo N € C — cobcmsernrnoe uucso mampuyo. A u
hi,...,hy — Hekomopasa omseuaroujas emy xopdaHo8a UENOUKa U3
6asuca C". Toeda ecau

() = et (P,(nl)(t)hl F— P,(f)(t)hk>,

ede Pr(rf)(t) (j = 1,...,k) — ckarspHole arcebpauneckue mHoeouse-
HbL CMeneHu He 8vlie m, Mo cyujecmsyem u eOUHCMBEHHO 4aCmHOoe
pewierue cucmemol (4.13) suda

. ethm(t)7 ,LL 7& )‘7
I'O(t) - {te'thm—i—kl(t)y = )\’

ede Qu(t) u Quik_1(t) — BekmopHole MHO20UAEHbL CMEneHu m U
(m+ k — 1) coomeemcmaenno.
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Jlokazameavcmeo. ByneM McKaTb 4yacTHOe pelleHHe cucTeMbl (4.13) B
BUIE

k
= @;(t)h;, (4.16)

j=1
rae ¢;(t) (j =1,...,k) — nomsexkarine onpeneeHHIO CKaspHblE (YHK-

nuu. [loncraBasis BeipaxkeHnue (4.16) B cucremy (4.13) u ucnoab3ys pa-
BeHCTBa (4.9), monydyaem

k k k
D gith; = @i(t)Ah;+ > " PY(t)h; =
P po

j=1

= Aoy (t h1+z% YAy + Ry +e“tZP t)h;.

Jj=2 Jj=1

[lockosibKy BeKTOpPBI hi, ..., h; JUHEHHO HE3aBUCHUMBI, U3 3TOTO0 PaBEeH-
CTBa CJIEJlyeT, UTO

P1L(t) = Ap1(t) + pa(t) + " P (1),

(4.17)

Pr-1(t) = Apr_1(t) + @r(t) + e PV (1),
Pi(t) = Api(t) + e P (1),

Pewiaem 3Ty cuctemy, HauuHas C mocJaefnHero ypaBHeHusi. Ecau p # A,
TO B KaXI0M U3 3THX YpaBHEHHUH UMeeT MeCTO Hepe30HAaHCHBIH caydai.
Torma B cuny Teopembl 3.3 cyllecTByeT eIHHCTBEHHOe pellleHHe 3TOH
CUCTeMBI BUJA

C)Okz(t) - e“thf)(t), R Qpl(t) - eMtQ%)(t)a

rae Qﬁ,{)(t) (j =1,...,k) — anre6bpanueckre MHOTOUJIEHbl CTENEHH He
Beilie m. B cuny (4.16) cucrema ypaBHeHHH (4.13) uMeeT Torna emnuH-
CTBEHHOE pellleHHe BHa

e’“‘tE:Q?(f1 t)hj = " Qu(t),

Jj=1

rae (), (t) — BEKTOPHBIH MHOTOUJIEH CTENEHH M.
Ecnu = A, To B KaXXKJI0M U3 ypaBHeHHH cucTeMbl (4.17) uMeeT MecTo
pe30HaHCHBIH cay4yaid. KpaTHOCTb KOpHS (4 KaK KOPHS COOTBETCTBYIOLLET0
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XapaKTePUCTHYECKOr0 MHOroYJieHa paBHa, oyeBUaHO, 1. CjienoBaTesbHO,
B cHJly TeopeMbl 3.3 cucreMma (4.17) uMeeT eNMHCTBEHHOe pellleHHe BHIa

k—
ei(t) = te"" QW) pra(t) =t QU (1), ..., r(t) = te QL) (1),
rae Qg?(t),...,@gllkfl(t) — aJsrebpanueckre MHOTOUJIEHBl CTeNeHU
m,...,m+ k — 1 coorBeTcTBeHHO. BenomuHas (4.16), 3akjaroudaem, uTo

cucteMa (4.13) UMeeT eNMHCTBEHHOE pellleHHe BHIA
k .
zo(t) =t > QYL (B)hy =t Qi (b),
j=1

rae Q+r—1(t) — BEKTOPHBIH MHOTrOYJeH cTeneHd m + k — 1. u
Tenepb MBI MOXXeM CcPOPMYIUPOBATH OOLUMH pe3y/bTarT.

Teopema 4.6. [lycmo 6 cucmeme (4.13) pynuxyus f(t) asrsemcs xkea-
sumrnoeouserom suda (4.15). Toeda ama cucmema 8ceeda umeem wacm-
Hoe peuleHue suda

2o(t) = Qi (D), (4.18)

ede Qu+k(t) — sekmoproil mHoeouren cmenenu m + k. [Ipuuem k =
0, ecau | He asasemcs cobcmeenHovim uuciom mamputyol A, u k He
npesocxooum OAUHbL MAKCUMAAHOLU HOPOAHOBOLL L,enouki OAS |1, eCAl
(L i8A5emcsi COOCMBEHHbIM YUCAOM Mampulbl A.

Hokasameavcmso. B cuny teopemsbl 4.4 B npoctpancTBe C" Bcerma Mox-
HO BbIOpaTh 0asuc, COCTaBJEHHBIH W3 S JKOPAAHOBBIX IeNoyeK BHAA

pI R h,g) (j=1,...,8), OTBEUAKOIIHUX COOTBETCTBEHHO COOCTBEH-
HBIM UMCJIaM A, ..., A\, MaTpulbl A. PackaanbiBas KO3(D(QUIHEHTE MHO-

rounieHa P, (t) mo ykasaHHoMy 6a3ucy, mojaydaem
Pu(t) = (PP + .+ PO 0R)).
j=1

Cpenu anrebpanyecKux MHOTOUJIEHOB Pl(j)(t),...,Péj)(t) (j=1,...,s)
UMeeTcsl XOTs1 Obl OIMH CTereHd m. Kcrnosib3yss MPUHLHKI CyTepPIO3UIIHH
(memma 4.2), uiieM yacTHoe peleHHe cucteMbl (4.13) B Bume

SC()(t) =I1(t)+$2(t> +...—|—$5(t), (419)
rae x;(t) (j =1,...,5) — 4acTHOe pellleHHe CJeLYIOLleHd CHCTEMBI:

ij(t) = Az + e (PO 0RY + ...+ PY(t)h)). (4.20)
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M3 nemmel 4.3 cienyer, 4To, ecau p # A; Ajad Bcex j = 1,...,s, TO
Kaxzas cucrema Buna (4.20) uMeer yacTHoe peleHue (1) = e/‘tQ%)(t),

e Qf%)(t) — BEKTOp-MHorousieH crterneHd m. CJjieoBaTesbHO, B 3TOM

caydyae cucrtema (4.13) umeer yactHoe pemerue Buna (4.18) ¢ £ = 0.
[Tpennosnoxum Temnepp, 4TO p SIBJASIETCS COOCTBEHHBIM UUCJIOM MAaTPH-

bl A. Torma B cuny nemmbl 4.3 cucrtema (4.20) uMeeT 4acTHOe pelleHHe

i(t) = eMQW (1), ecom A # p, u x;(t) = ter' QY (1), ecm A; = pu.

() ()
3neck Q' (t) u Qm+kj_1(t) — BEKTOpPHble MHOTOUJIEHBI CTENeHW m U
m + k; — 1 cooTBeTCTBeHHO. YuuThIBas Tenepb (4.19), 3ak/iouaem, uto
cucteMa (4.13) umeer yacTHoe pelenue Buna (4.18). |

YactHoe pemnenve (4.18) cuctemsl (4.13) Ha mpakTHKe HILYT OObLIU-
HO C MOMOIIbI0 MeTO[a HeolpeaesJeHHbIX Ko3(duuueHtoB. Ecau nnuHa
MaKCUMaJIbHOM KOPAAHOBOM LEMOYKU k [/ COOCTBEHHOTO YMCJa (i He
M3BECTHA, TO UUCJO0 k MoJaraloT paBHbIM ajaredpanueckod KPaTHOCTH fi.

B ToMm ciyuae, korna BekTop-pyHkuus f(t) B cucreme (4.13) He sBas-
eTCsl BEKTOPHBIM KBAa3UMHOT'OUJIEHOM, JJIsl HaXOXIEeHHUsl 4acTHOro pelie-
HUS1 0OBIYHO HCIOJb3YIOT METOJ Baphald{ MPOWU3BOJBHBIX MOCTOSIHHBIX.
ITOT METOA Mbl 0OCYIHUM UyThb MO3JHEE.

Ynpaxunenue 4.3. [locmpoums obujee peulerue ruHelHol HEOOHOPOO-
HOU cucmembol YpaBHeHULL:

o) :i.3:3a:—5y—26t, 6) 51:3:5a:—y+581nt,
y=x—1y— ¢, y = 4x +y — cost,
T =2x—3y+t,

8) { y=x— 2z — 3t2,
z=—y+2z+3t—2.

4.3. MarpuuHas 3KCNIOHEHTa U ee CBOMCTBA.
BblunicieHne MaTpUYHOM IKCIIOHEHTBI

[Tycte A — (n X n)-maTpHla, 3JeMeHTaMU KOTOPOH SIBJSIOTCS JeH-
CTBUTEJIbHBIE HJIM KOMILJIEKCHBIE UHCJIA.

Onpeneaenue 4.5. Mampuunotl skcnonenmoii et naseiearom cymmy

CMeneHHoeco mampuurHoeo pﬂda

Ootk:Ak‘ t2A2
tA
e kz:% o A+ ——+ (4.21)
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KoppeKkTHOCTb omnpenesieHUs1 MAaTPUUHOH 3KCIOHEHTBI B BUIe 0eCKO-
HeuHoro psina (4.21) o60cHOBBIBaeTCsl B CJENYIOIIEN JieMME.

Jlemma 4.4. P50 (4.21) 0as aroboti mampuyel A cxodumcs pasHomepHo
Ha arobom ompeske t € [t1,ty] no mampuunoil Hopme.

Jlokazamearvcmso. Ilonoxum

L4k gk
S(Z)(t):Z%'

k=0

[TockosibKy Bce BeKTOpPHBIE (a C/ef0OBaTeNbHO, U MAaTPHUUHbIE) HOPMBI B
KOHEYHOMEPHOM TPOCTPAHCTBe 3KBUBAJEHTHH (cM. Teopemy 1.2), Ham
JIOCTaTOUHO YCTAHOBUTb PABHOMEPHYIO CXOAMMOCTb psifa (4.21) B Kako#-
HUOYIb U3 MATPUUHBIX HOpM. BribepeM B KauecTBe TaKOW HOPMBI MHAY-
IIUPOBAHHYIO MaTPUUHYI0 HOPMY || - ||o, Onpenensiemyto dopmymoit (1.11)
u3 pasgesa 1.1. B cuay CBOHCTB MHAYLUUPOBAHHOW MaTPUYHOU HOPMBI
UMeeM

+p g Ak
A AL
I5¢9 (1) = SO = || Y- =] = >

k=141 k=1+1
I+p
< Z a = max{|t,], |t2]}. (4.22)
k= l+1 !

[Tockonbky uncnoBO# psin
 k

3 % (4.23)
k=0

CXOAUTCS AJisA J060ro a € R, BeipaxkeHue B mpaBoil yacTH (4.22) no Kpu-
Teputo Komn mMoxkeT ObITh CleslaHO MeHbllle JI000ro Hanepea 3agaHHOTO
e >0 mas Bcex [ > N(e) u p € N. OTKyzna BbIBOIUM, UTO IJIsI JIOOOTO
e>0

HS(”p)(t) _ S(l)(t)Hoo <g, [>N(e), peN,telt,ts.

[lanee, U3 omnpenesieHUs] UCIOJNb3yeMOH HOPMBI CJIELyeT, YTO I/ BCEX
| > N(e), pe Nute [t ty] BEIIONHEHB HEPABEHCTBA

s ) = s < IST () = SO@) e <2 (4.24)

L)

rie s(é)(t) U s§§+p)(t) — saementsl Matpuu SU(t) u SUHP)(t) coorser-

cTBeHHO. B cuny kpurtepusi Kown paBHOMepHOH CXOOAMMOCTH (PYHKIIMO-

HaJIbHOH MOCJeN0BaTeNbHOCTH U3 (4.24) caemyert, 4To Sl(j)( ) = 3( )( t)
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Ha oTpeske t € [t1,ts]. Yerpemasia B (4.24) uucio p K G€CKOHEUHOCTH,
3aKJIl04aeM, 4To

s () = s(B) < e 1= Ne).

)

tA

[TycTb semMeHTaMu MaTpULBl € ABJSIOTCA YHACHA sg’o)(t) Torna

le — SOl = max Y s0() — s ()] < ne, 12 Ne).

B cuny npousBosibHOCTH BeNUUMHBI € > (), ycTaHaBJ/uBaeM TpeOyeMbli
pesyJbTar. |

3ameuanne 1. V13 HepaBeHcTB (4.22) B CHJIY CXOOMMOCTH psina (4.23)
caenyer, uto psin (4.21) nnist mo60i maTpulbl A U aroboro t € R aBisiercs
abCOMIIOTHO CXOASIIIIUMCS B TOM CMBICJIE, YTO CXOMUTCS YHUCJOBOU Psifl

f: t*]LA]*
Ko
k=0

Jlemma 4.5. [Iycmv keadpammuoie (n X n)-mampuypv. A u B kommy-
mupyrom, m.e. AB = BA. Toeda dasa awboeco t € R umeem mecmo

pasercmeo
6t(A—f—B) _ etAetB‘ (425)

ﬂoxasameﬂbcmeo. B CHUJY oIipeneseHnd ManHLIHOﬁ 9KCIIOHEHTHBI UMeeM

L tRARN ot B™ tP AP
tA _IB _ _
ee _<Z—k! )(Z - )—(I+2€A+...+ ol +...)><

=0 m=
tq q s tpAptm p gm—p
X (I +tB+... ) > =
q' == P -pl
0 tm m
=) — Ame P (4.26)
12 im
m=0 me p=0 p

B cu/y u3BecTHOro pesyJsbTaTa U3 Kypca aHaju3a O MepeMHOXEHUH YHC-
JIOBBIX PsiioB (cM., Hampumep, [9]) abcostoTHast cxonumocThb psina (4.21)
rapaHTHPyeT 3aKOHHOCTb OCYIeCTBJeHHbIX B (4.26) onepauuii. IaJee,
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MOCKOJIbKY MaTpuubl A U B KOMMYTHPYIOT, TO HMeeT MecTo (dopmy.a
ouHoma HpbrooToHa

m!

A+B)" =N CPAPB™ P (CP =— "
( ) Z p!(m — p)!

m
p=0

YuuTtbiBasi 3T0 paBeHCTBO B (4.26), OKOHYATEJBHO MOJyYaeM

0 m

6tAetB — § '(A + B)m — Gt(A+B).
m!
m=0

Ynpaxunenue 4.4. [lokazamo, umo ecau mampuyo. A u B He Kommy-
mupyrom, mo paserncmso (4.25), soobuje 2o80ps, moxem He uMmemb
mecma.

CnenctBue 4.3. Cnpasedausv. gopmyrst

elhitt)d — ghdghd 3 4 c R (4.27)
(etA)_l —e M teR. (4.28)

Hokasameavcmso. A 060CHOBaHUS MepBOH M3 3TUX (POPMYyJa AOCTa-
TO4YHO B (4.25) BeIOpaTh t = 1, B KauecTBe MaTpullbl A B3Tb MaTpPHUILLy
t1A u nonoxuth B = tyA. Bropas ¢opmysa nmonydaercs us (4.25), ec-
¥ TOJOXUTb B = —A u 3ameTuth, uto ¢ = I, rnie O — HyJseBas
MaTpula. |

3ameTuM, 4TO U3 paBeHcTBa (4.28) cjenyeT HEBBIPOXKAEHHOCTb MaT-
PUYHOH 3KCTOHeHThl !4 nyist Beex t € R.

Jlemma 4.6. Mampuunas skcnonenma e Kak mampuuras Qynkyus

nepemennotl t duppepenyupyema npu ecex t € R, u cnpasedausol pa-

eeHcmea

%(em) = Ae! = 1A (4.29)

Jlokazameavbcmeo. 3aMeTHM, 4TO BTOPOe M3 paBeHCTB (4.29), T.e. KoM-
MYTHpPyeMOCTb MaTpuLl A u e'4, BhbITeKaeT U3 NpeacTaBleHHs MaTPUUHOL
SKCTMOHEHTHI B BUJe psifa (4.21) U KOMMYTHPYEMOCTH MaTpHIlbl A ¢ Jiio-
6oil ee crenmenbio A*, k = 0,1,.... [IpoBepuM Temepb CIpaBemIHBOCTD
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nepBoro paBeHcTBa B (4.29). Psin, cocTaB/IeHHBIH U3 MPOU3BOIHBIX YJeHa
psina (4.21), umeet BUA

i d <t’fA’“) o A = thAF

!:AZ — Ael4,
k

— (k—1) — K

B cuny nemmbl 4.4 3TOT psif, KakK U UcxonHbll psin (4.21), paBHOMEpPHO
CXOMUTCS Ha J0O0M oTpe3ke [t1,ts]. BHOBb amemyupyss K H3BECTHOMY
M3 Kypca aHajau3a pe3y/abTaTy o IudpepeHunpoBaHUN (PYHKIIMOHANbHBIX
psinoB (cM., B yacTHOCTH, [9]), 3ak/arouaeM, 4TO

e = G0N = G (G) — A

k=0 k=0

[Tonoxxum
z(t) = eag, x9 € C. (4.30)

M3 neMmbl 4.6 BHIBOIUM, UTO

d

— E(em)xo = Aetay = Ax(t).

s
CrienoBatesibHO, BeKTOP-PyHKUHUSA x(t), onpenensiemas dhopmyJoii (4.30),
SIBJISIETCSl pellleHHeM ONHOPOAHOU cucTeMbl (4.4) ¢ HadaJbHBIM YCJOBH-
eM z(0) = x(. BeiGupass B kauecTBe Ha4yajbHOTO YCJOBHS x( BEKTOPHI
e; (i =1,...,n), onpenensiembie Gopmysor (1.21), mpuxonum K BHIBOLY,
yTO CTOJIOULI MAaTPULEl e ABasgOTCSA pelleHusMu cucteMsl (4.4). Bosee
TOro, B cuay cjaenctBus 4.1 atu peuienusi oo6pa3yoT 6a3uc B MPOCTPaH-
CTBe Bcex pelleHu# cucteMmbl (4.4). Matpuusl X (t), o61ananiiye TaKum
CBOHCTBOM, Ha3bIBAlOT (PYHIAMEHTAJbHBIMH MaTpULaMu cUcTeMbl (4.4).
Takum 06pa3oM, Mbl MOJYYHUJIU MNPAKTUUECKHUH CIIOCOO BBIYHUCJEHUS
matpuupl e, Heo6XomuMo MOCTPOMTHL pelleHHs cucTeMbl (4.4) ¢ Ha-
yaJbHBIMH ycaoBUsMH z;(0) = e; (i = 1,...,m) U pacrloNoXUTb HX B
eCTECTBEHHOM TOpsiIKe MO CToJOLAM HEKOTOPOH MaTpHIll — 3TO U Oy-
get matpuua e'4. JIpyroi, anre6pandeckuii, crnoco6 MOCTPOEHHS 3TOH
MaTpPHUIIBl Mbl U3J1aTaeM HUXKeE.

Jlemma 4.7. [Tycme mampuyst A u B nodobusl, m.e. B = C tAC das
Hexomopoli Hesviposcoennoli mampuys. C. Toeda e'P = C1eAC oan
gcex t € R.
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Jlokaszamearvcmeso. 3aMeTHUM, UTO
B? = (O‘lAC)(C_lAC) = A%

Amnanornuno nposepsiercs, uto BY = C'A*C pna Beex k = 0,1,...
Torma B cuny (4.21) umeem

B~ FBY SN tRCTTARC

© = K !
k=0 k=0

=0, teR.

Jlemma 4.8. [Tycmo (n X n)-mampuya A umeem 6404HO-0UACOHANLHYIO

popmy s o
1= (o ¢),

ede B — k x k-mampuya, C — m x m-mampuya (k+m =n), a cumeo-
rom O obosHauerbl HYreBble MAMPULbL COOMBEMCMBYOUUX PASMEPOS.

Toeoa g
e

Loxazameavcmso. B cuny onepauuii Han 6/7104HO-AHArOHAJbHBIMHA MaT-
putamu 13 (4.21) crenyer, urto

tk B*
X 1k Ak Z ! ) tB
oA — tA: i " _ (€ (Oé
k! e 0 )"
k=0 O > LL
k=0
|
CorsniacHo teopeme 4.4, B npoctpaHcTBe C" cyluecTtByer 6asuc, co-
. N 4 !
CTaBJIEHHBIA U3 S < M KOPHAAHOBBIX LENOYeK hg), h;), Ceey h,(ﬂf (l=1,...,s),
ki1+ ko +...4+ ks =n, oTBeUYawIIUX COOCTBEHHBIM UMCIAM A, Ao, ..., As.

B cuny paBeHctB (4.10) B 3TOM 6asuce mMaTpula A UMeeT CJeIyHOLIYO
OJIOUHO-IMArOHAJIBHYIO (hOpMYy:

Jy, O ... O
O J, 0 O
J=diag(ly. D D)= o 0 o | (4.31)

O ... O J,

S
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rae (k; x k;)-matpuna Jy, ©MeeT BHUJ

(M 1 0 0 0
0N 1 0 0
A 00 ... N 10 (4.32)
00 ... 0 N 1
\0 0 0 0 N/

Martpuuy J HasblBalOT KOPAAHOBOH HOpMaJbHOU (hopMoil MaTpuubl A, a
mMatpuuy .J,, — KOPIAHOBOH KJETKOH HWJU >KOPAAHOBBIM OJIOKOM (HHO-
rla — JKOpPAAHOBLIM fILIMKOM). M3 nemMmbl 4.8 BBIBOAKUM, UTO

el = diaug(et‘]Al cethe et‘]“), t eR. (4.33)

[Iycts mo crosbuam (n X m)-matpuiibl C' pacrnoJioKeHbl XKOPAaHOBH
LIeMTOYKH hgl),hg),...,hgl) (I = 1,...,s). HerpynHo mpoBepuTb, 4TO B
cuny (4.10) okasbiBaeTcs BbIMoJHeHHBIM paBeHctBo C'J = AC, a cieno-

BatesbHo, J = C1AC. Hcnoabsysa Tenepb nemmy 4.7, 3ak/aiodaeM, uTo
et! = O~ 1etAC, a 3nauwur,

et =ce’Cct, teR. (4.34)

Taxkum o6pasom, B cuny popmya (4.33), (4.34) 3agaua BEIYUCTIEHHS MaT-
PUUHOH 3KCTOHEHTHl €' CBOAMTCA MO CYIIECTBY K BEIUMCJAECHHIO MATpPHU-
HOH 3KCIOHeHTH e’ nyis »xopnaHoBa 670Ka (4.32).

[Tycts (k; X kj)-matpuna 4; onpenensiercss (opmynon (4.32) c¢ Tou
JIMILb pa3HHIled, YTO MO AHArOHAJMH CTOMT uucjo 0, a He COOCTBEHHOE
yucJio A;. O4eBUIHO, UTO

I = NI+ A, (4.35)

rae I; — enunnyHas (k; x k;)-matpuua. B cuiy KOMMYyTHPYeMOCTH MaTpHIL
I, us /\;, corsnacHo JjemMme 4.5, umeeM

etJ)\l — et)\lfletAl — eAltetAl. (436)

31ech Mbl BOCIIOJIb30BAJUCh BHITEKAIOIIUM U3 NpeacTaBaeHus (4.21) ove-
BUHBIM PaBEHCTBOM

00 LkvkTk 00 Lkvk
ew\lll — t )\l ]l — t )\l I = e)qtl
k! K :
k=0 k=0
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Janee, HemocpeaCTBEHHOM MPOBEPKOU ybOexkaaeMcs, 4TO

00 1 0 ...0 00 0 o0 ...1
(0001...0\ (0000...0\
A2 — T AR s : el
oo ... 0 o 1| 7! 00...0 00
00 0O 0 O 00 0O 0 O
\0 0 0 0 0 \0 0 0 0 0
(4.37)
u A" = O gaa scex m > k;. OTKyzfa BBIBOOMM, UTO
ki—1 ;14
XN
ta, L AJ
e l—ZTAZ
j=0
C yuerom (4.36) okoHYATEJbHO MOJTYUYAEM
2 3 ki —1
1t 5 5 ... (’i;il_”’\
2 1—2
01 ¢t & .. (/il—z)!
etJ,\l — e)\lt . (438)
00 ... 1 t &
00 ... 0 1 t
\0 0 0o 0 1 )

Hcnoabaysi npencrabienve (4.38) B dopmyne (4.33), ¢ yuetom (4.34)
BEIUMC/IieM MaTpuiy e’

Ynpaxuenne 4.5. Boiuucaumo mampuuryro skcnonenmy e, ecau mam-
puua A umeem 8u0:

0o 1 1

2 —1 0 1
a) (_4 2), 6) (_1 O)’ ) | 1 -1 0
-1 0 -1

4.4. PemeHue JUHEUHBIX CUCTEM C MOMOIIbIO
MaTPUUYHOM 3KCNOHEeHThI. OlleHKa
MaTPUYHOM 3KCIIOHEHTbI

B sTom pasnesnie mMbl mpomosikuM udydenue 3anaun Kouru (4.2), (4.3)

U JI0KaXkKeM OTMeUYeHHYI0 HaMHu paHee TeopeMy 4.1, HEMHOro paclIMpuB
ee ¢opmynnpoBky. FIMeHHO, crpaBennBa cjaefylollas Teopema.
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Teopema 4.7. [Iycmo sexmop-gpyrxyus f(t) HenpepoviHa Ha Hexomo-
pom npomexcymrke I C R. Toeda drs aroboeo ty € I peuierue 3adauu
Kowu (4.2), (4.3) cywecmeyem, edurncmeento u 0is ecex t € L onpe-
deasiemcs opmyaoil

t
z(t) = et Az 4 /e(t_s)Af(s)ds. (4.39)

to

Hokaszamesvcmeo. B cucreme (4.2) mepeiimeM K HOBOH HeM3BECTHOH
BeKTOp-(DyHKLKH (1) ¢ nomolLbio 3aMeHsl x(t) = ey(t). B cuny HeBbI-
POXKIEHHOCTH MaTpuLbl e'4 3Ta 3ameHa obpatuma. IloacTaBisis ee B
(4.2), ¢ yueTom JemMbl 4.6 moayuaem

i = Ae'ly + ey = Aty + f(1).
OTtkyna B cusy (4.28) BbIBOIUM

g =e (),

MHTerpupys 3T0 paBeHCTBO Ha MPOMEXYTKe [tg,t], IPUXOOUM K CJeayio-
[eMY MpPeICTaBJEHHUIO /Il BEKTOP-(DYHKUUHU y(t):

t

y(t) = ylto) + / A f(s)ds,  y(to) = e (to).

to

BosBpaiasich Tenepb K UCXOMHOH BeKTOP-PYyHKUUHU (t), ¢ yueToM (4.3)
1 paBeHcTBa (4.27) mosyuaem dopmyny (4.39). |

Bribupasi B kauectBe xg B opmyse (4.39) npousBOJbHBIN n-MepPHBIH
BEKTOp (meHCTBUTEJIbHO- HJIK KOMIIJIEKCHO3HAYHBIH), TMOJydYaeM 3aluch
001Iero pelleHHs] HEOAHOPOAHOH CHCTEMbI C MOMOIIbI0 MaTPHUYHOM 3IKC-

[IOHEHTHI:
t

z(t) = e+ /e(t_s)Af(s)ds. (4.40)

B yacTtHocTH, 00lllee pellleHHe OTHOPOAHOH cucTeMbl (4.4) MOXeT OBbITh
MpeCcTaBJeHO B CJeNyolled KoMnakTHOH ¢opme (cpaBHu ¢ (4.12)):

x(t) = ee, ceCm (4.41)

B 3aBepuieHue 3Toro pasaesa npuBefieM OAWH Pe3y/bTaT, BaXKHBIH C
TOUKU 3PEHHUS PA3JUYHBIX MPUJIOKEHUH.
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Teopema 4.8. [lycmo mampuya A umeem scopoarnosy opmy (4.31).
Toeda ors ar060eo € > 0 Hatidemcs Odeticmeumenvroe yucao M(g) > 0
makoe, 4mo cnpaseoiu8a OUeHKa:

]| < M(e)elett >0, (4.42)
ede a = max(Re Ay, ..., Re ;).

Hokasamesvcmso. B cuily 5KBUBaJEHTHOCTH BCeX MAaTPUUHBIX HOPM [0-
CTaTOUHO YCTAaHOBUTb HepaBeHCTBO (4.42) nyist KaKoH-HUOYIAb MAaTPUUHOM

HOpPMBI, Hampumep, Aas || - ||. 13 (4.34) cnenyert, uto
leloe < ICclle IO o = Mille™ [l (4.43)
rane My = ||C)loo||C7 oo > 0. Hanee, us (4.33) u onpeeseHUst HCIIO/b-

syemoii Hopmbl (1.11) BeIBOTHM, UTO

e[l = max([le" [|oc, - - -, [l€"]|o0) <
< e oo + oA le | (4.44)
B cuny (4.38) nast Bcex t > 0 umeem
tk‘l—l
tJ LAt
"] 00 = |€™ ‘max<1,1+t,...,1—|—t+... (kg—l)!> <
ki1
S |€)\lt| (1 + t + ... m) = €Re>\ltpkl_1(t).
Hcnonb3ys mosydeHHOe HepaBeHCTBO B (4.44), mosydaem
HetJHoo S 6Re)\1tpk1_1(t) 4o eRe)\sthS_l(t) S
< et (Pkl—l(t) + ...+ Pksfl(t)) = Batpkfl(t). (4.45)

3nech P_1(t) = ag+ait + ...+ ap_1t*~1 — HexkoTophiii anre6pandeckuii
MHOTOUJIEH C TOJIOXKHUTEJbHBIMU KO3((MULIMEHTAMHU ay,...d; 1 CTENEHH
k—1, rne k = max(ky, ..., k). 3ameTum, uto aJs jawooro j =0,1,... u
ao6oro € > 0 Halimercs Takoe ynucsao Ms(j,e), uto

t) < My(j,e)e (4.46)

nnast Bcex t > 0. HepaBenctBo (4.46) MOxKeT ObITb JOKa3aHO TMPOCTOH
MHIYKIHeHd 1o napametpy j. Mcmosb3ys 3To HepaBeHcTBO B (4.45), mo-
Jydaem

HetJHOO < €<a+5)tM3(€),
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rie Ms(e) = agMs(0,e) + ayMs(1,e) + ... + ap_1Ma(k — 1) u t > 0,
BosBpamasice Tenepb K ouieHke (4.43), ycTaHaBJHMBaeM CIPaBeIJUBOCTD
HepaBeHcTBa (4.42) ¢ M(e) = M1 M;s(e) nns HOPMHL || - || -

Teopema nokasana. |

3ameuanue 1. [Ipeanosoxum, 4To COOCTBEHHbIE YUCAA Aq, . .., Ay MATPHU-
bl A MMEIOT HemoJoXKHUTeJbHble NefcTBUTe bHbIE YacTH, T.e. Re A\, < 0
nas Bcex [ = 1,...,s, U, KpOMe TOro, COOCTBEHHBIM UHCJaM, [IJs KOTO-
pbix Re \; = 0, oTBeualoT »KOpAAHOBHI KJETKH NMOpPsAKa 1 B :KopnaHOBOH
¢dopme (4.31) matpuusl A. Torna Hakimercs neldcTBUTEbHOE Yucao M > 0

TakKoe, 4To
e < M, t>o0. (4.47)

He#ictBuTtenbHo, ecad Re \; = 0, To coOTBeTCTBYIOLIAs1 OlleHKa 0Ji0Ka
et/ N umeer BuI
tJ At
e ][0 = |e™] = 1.

Torma HepaBeHcTBO (4.45) MOXKeT ObITH MepemnucaHo CJedyROIIUM obpa-
30M:
tJ at
lelloe < €™ Pei(t) + N,

rae Ni — 4ucJI0 0JI0KOB B X{OpILaHOBOﬁ (bOpMe MaTpPHUILbI A, AJ1s1 KOTOPBIX
Re )\l = O, H

a:maX(Re)\l| Re\; <0, [ = 1,...,3).

OcraJjiocb 3aMeTUThb, UTO MOCKOJbKY « < 0, TO HaHAeTCs TaKOe UUCIO
Ny > 0, 4TO
e’ Pp_1(t) < Ny, t>0.

CnenctBue 4.4. [lycmo ece cobcmsennoie wucia mampuyo, A umerom
ompuyamenvrole Oeticmeumenvroie yacmu, m.e. Re\; < 0 dasa scex
[ =1,...,s. Toeda sce peuierus o0ropodHoLl cucmemol (4.4) cmpe-
mames K Hyaro npu t — +oo.

Jlokazameavcmeo. JleHCTBUTEBHO, B CHIY NpeacTaByaeHus (4.41) u Hepa-
BeHcTBa (4.42) nmeeM

|zl < llellell < M(e)e", > 0.

[Tockompky o = max(ReAq,...,Re)s) < 0, To, BbIOUpas ¢ > 0 mocra-
TOYHO MaJsIbIM TakK, 4To —y = « + & < (0, MOXXHO JOOUTbCS BBIIOJHEHHS
HepaBeHCTBA

le@®)] < M(e)e™, t=0.

Otcropa caenyert, uto x(t) — 0 mpu ¢t — +00. H



I1aBa 5

JInHeHbIE CHCTEMBI
aupdepeHInaNbHbBIX
ypaBHEHUU

C nMepeMeHHbIMU
Koa(ppuumeHTaMu

5.1. Teopema o cymecTBoBaHUM
M eIMHCTBEHHOCTH pelleHUus
3agauu Kommu

B 3Toll rnaBe peub MOHAET O CUCTEMaX JUHEHWHbIX NUPdepeHlralb-
HbIX YPaBHEHUU C MepeMeHHBbIMU KO3(P(PULUHUEHTaMU

b= A(t)x + f(b), (5.1)

rie A(t) — (n X n)-mMaTpuna, 3JeMeHTaMHU KOTOPOH SIBJISIOTCS CKaJsip-
Hple (QYHKUUM a;;(t) (i,7 = 1,...,n) co 3HadeHussimd B R uin C, a
f(t) — 3amaHHasi BeKTOp-(DYHKIMS, IPUHUMaIOIIasi 3HaueHus U3 R” uiu
C". B panbHeiimeM OymeM Ipeanosarate, 4To Bce (QyHKUHH a;;(t) U Bce
KoMrnoHeHTHl f;(t) (i = 1,...,n) BeKTOp-PpyHKUUH f(t) HempepbIBHE Ha
HekoTopoM mpomexxkyTke Z C R. TouHo Tak »Ke, Kak H [Js CHCTEM C
MOCTOSIHHBIMH KO3(D(PHIIMEHTAMH, B 3TOM CJydae ONpeaessieTcsl OHSITHe
perieHusi cucteMsl (5.1).
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Onpenenenue 5.1. Henpepoisro-dugpeperyupyeman Ha npomexcymre
T sexkmop-pynkyus x(t), obpawaroujas ece ypasrnenus cucmemol (5.1)
8 moxcdecmsa 045 8cex t € I, Ha3vieaemcs peuiteruem cucmemot (5.1).

PaccmoTpuM 3amady HaxoxieHHs1 pelieHHs cuctembl (5.1), ymoBse-
TBOPSAIOLIEr0 Ha4YaJbHOMY YCJIOBHIO

x(ty) = o, (5.2)

rie tp € Z u xyp € R"(C"). Takaa 3amaya Ha3biBaeTcs 3amadeil Ko-
. [lepen TeM Kak mepelTH K HM3JI0XKEHUIO OCHOBHOT'O pe3y/bTaTa 3TOTO
pasfesna, copMyJIUPyeM OAMH BCIIOMOTaTeJbHBIH pe3yJbTaT, MpeacTaB-
JISIIOIIUH caMOoCTOsATeIbHBIH HHTepec. CripaBeniMBa ciaenymolias Jemma,
Ha3blBaeMasi 006bIYHO JeMMOH ['poHyosna uau ['ponyonna—-bennmana.

Jlemma 5.1. [lycmov Henpepovisnas u HeompuyamesbHas HA OMpe3Ke
[to, to + T cxarspran ¢yukyus p(t) yoosiemeopsem HepaseHcmsy

t

o(t) < C+ oz/gp(s)ds, (5.3)

to

ede C >0, a >0ute fty,tyo+T). Toeda ors scex t € [ty,to+ 1]
Cnpasediuso HepageHcmso

p(t) < Celt=t), (5.4)

Jlokazameavcmso. Ilonoxum

13 (5.3) caenyert, 4To

0<1I'(t) = p(t) < C+al(t)

t—to)

YMHOXkas 06e 4acTH 3Toro HepabeHcTBa Ha e~ (=) nosnyuaem

d

E (I(t)e—a(t—t0)> S Ce—a(t—to).
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[IpouHTerpUpyeM 3TO HepaBEHCTBO OT ty mo ¢t u yurteM, uto [(fy) = 0.
Torna nonyuum

C
I t —Oé(t—to) < _ 1 . —Oé(ﬁ—to)
(B0 < (1= et

NJIHU

1(t) < (et _ 1), (5.5)

«
B cuny (5.3) nMeeT MecTO HepaBeHCTBO

o(t) < C+ al(t).
Hcnonb3ys B 3TOM HepaBeHCTBe OLeHKY (D.5), mosnyyaem (5.4). |

CaencrBue 5.1. [Iycmo nenpepvieras u HeOMPULAMeAbHAS HA OMpesKe
[t1,t2] ckarapras pyukuus ¢(t) ydosremsopsem HepaseHcmay

t

/w(S)dS

to

ot) < C+a : (5.6)

ede C' >0, a>0uty,t € [t1,ts). Toeda ors scex t € [t1,ts] cnpasedauso

Hepasercmao
o(t) < Celi-tol, (5.7)

Tenepb MBI MOXeM YCTaHOBUTb OAHO3HAYHYIO PA3PELIMMOCTb 3a7auu

(5.1), (5.2).

Teopema 5.1. [Tycmo ty € [t1,t5] C Z, moeda na ompeske [t1,ts] cyuie-
cmeyem u edurcmeento peuierue 3adauu Kowu (5.1), (5.2).

Hokazameavcmeo. Jlerko mpoBepsieTcsi (CM., B 4acTHOCTH, JeMmy 2.1),
yto pemlenue 3anayu Kouru (5.1), (5.2) Ha oTpeske [t1,ts] S3KBUBaJIEHTHO
pelLleHHI0 UHTEerpajbHOr0 ypaBHEHHS

t

z(t) = xo + /[A(S)x(s) + f(s)]ds, te€ [t1,ta]. (5.8)

to

[TokaxkeM, 4TO 3TO ypaBHeHHE HMeeT eIWHCTBEHHOe HerpepbiBHOE (a
cJleloBaTe/IbHO, W HeNpepblBHO AU(depeHLrpyeMoe) pellieHue, Onpese-
JIEHHOe Ha OTpe3Ke [t,%3]. BocmosbdyeMcsi MeTOmOM Moc/enoBaTebHbIX
IPUOJIHKEHUH.
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Monoxum % (t) = ¢ u onpenenum Bextop-pynxuun =™ (t), n € N,
coryiacHo opmyiie

t

M (t) =z + /[A(s)x(”_l)(s) + f(s)]ds, t€ [t1,ta]. (5.9)

to

3aMeTHUM, 4YTO

2O () — o0 H—H/ S0+ 1(s)]ds
\/MA Msww+m/w )lds

:M‘t—to‘, M—M1HZU()H—|—M2, t e [tl,tz], (5.10)

<

< MleoHlt — to‘ + MQ‘t — to‘ =

re
M, = max ||A(t)||, Mz= max_ [|f(t)].

tE[tl t2 te[t1 tQ

13 (5.9) caenyet, uto

<

() = 0] = | [ 46)[(5) ~ 2V

t
[126s) = 2D (s) s
to

nas Bcex n € N u t € [t1,t5]. B wactHoctH, pu n = 1 ¢ yuyetom (5.10)
noJiydyaeM

< M,

z™ (s) — 2"V (s)]|ds
<Z/vuﬂn (s) (s)]d

MM

|#2(t) — 20 (@)l < MlM/ [ = tolds = ——[t — tol”.

Hcnonb3ys Tenepp HHAYKLIMIO 110 . € N, JIeTKO yCTaHABJMBAEM, YTO AJS
Bcex n € N u t € [t1,t5] cipaBeqIMBO HEPABEHCTBO

t
MM MM
/ 1 s — to|"ds| = —
n! (n+1)!

2+ 0(E) - 2 (0)| < My = to]"*!

to
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OTKyna, B 4aCTHOCTH, CJEIyeT, YTO
M{LMTn—H
(n+1)!
rae T = max(|t; — tol, [ta — to]). 3ameTum, uto
2™ () = 20(t) + (a0 (t) — 2O(1) + ...+ (2™ (@) — 2" D(1)).
B cuny (5.11) dpyHKIHOHAIBHBIH PsifL

2D (1) — 2™ (@] < (5.11)

> (@ V() — M (1)) (5.12)
k=0
MaKOpUpyeTCs 0 HOpMe CXOASIIHMMCS YHUCJOBBIM PSIAOM

i M{MTH!

!
£k + 1)l

CnenoBatesibHO, psif (5.12) (a 3HAUUT, U MOCJENOBATENBHOCTD X, (1)) paB-
HOMEPHO CXOIUTCS Ha OTpe3Ke [t1,ls], T. €. T,(t) = x(t). Takum obpasom,
B CHUJIy M3BECTHOrO pe3yJjbTaTa M3 Kypca aHajusa (cM., Hampumep, [9])
MBIl MOXKEM TIepeHTH K Tpenesy mon HHTerpasom B (5.9) mpu n — oo.
Yerpemasigs B (5.9) uncso n K GECKOHEYHOCTH, 3aKJ/JrOyaeM, 4To Ipe-
fesibHAsT BEeKTOP-(YHKUHUS x(t) YHLOBJETBOPSIET WHTErpajbHOMY YpaBHe-
Huio (5.8).

[Tokaxkem Temepb, YTO TOCTPOEHHOE HAMH Ha OTpe3Ke [t1,ls] pelie-
Hue x(t) WHTerpaJbHOrO ypaBHeHHs (5.8) emuHcTBeHHO. [Ipenmnosioxum
MPOTUBHOE, UTO CYIIECTBYeT ellle OfHO pelenue y(t) # x=(t) ypaBHe-
Hus (5.8), onpenesneHHoe Ha 3ToM oTpe3ke. [lomarasi z(t) = x(t) — y(t),
ybexaeMcsi, YTO BeKTOP-(DyHKIUS z(t) yIOBJIETBOPSIET YPaBHEHUIO

t
z(t) = /A(s)z(s)ds, t € [t1,ta)].
to
OTtkyna
S Ml ) t e [tth];

=01 < | [ 1A= s

j I=(s)lds

T. €. BBIIOJIHEHO HepaBeHCTBO Thma (5.6) ¢ C' = 0. B cuay Jjemmbl
['ponyonna-Bennmana torna njsi Bcex ¢ € [t1, to] NOMKHO OBITH BBHIMOJHE-
HO HepaBeHCTBO (5.7), T.e. z(t) = 0. [lonyueHHOe TpOTHBOpeUHe 3aBep-
IIaeT J0KA3aTeJbCTBO TEOPEMBI. H
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5.2. Popmyna JInyBuaaa—Ocrporpaackoro.
PdyHaamMeHTaJbHAsA MaTpulia JUHEUHOU
OIHOPOAHOU CHUCTEMBI

B 3ToM pasnmesie Mbl 3aliMeMcsl U3yUueHHEM CBOHCTB pellleHUH JIHHeM-
HOU OJHOPOJHOM CUCTEMBI C MepPeMeHHbBIMU KO3(UIHeHTaMHU

&= A(t)z. (5.13)

He orpannuuBas o6uHOCTH, OyaeM CUYUTaTb, UTO 3JE€MEHTBl MaTpPHLbL
A(t) cyTb HempepbiBHBIe HA Bcel ocu (PyHKIHMH. Torma, COraiacHO Teope-
Me 5.1, pemenusi cuctembl (5.13) HempepbiBHO nubdepeHUUPYyEMbl AJIs
Bcex t € R.

Jemma 5.2. [lycmo zV(t) u 2@ (t) — pewenus cucmemor (5.13) u
C1,Co — NPOU3BOALHBLE KOMNACKCHbLE wucia. Toeda sekmop-QynKkyus

z(t) = iz (t) + coz?(t)
maxce seasemcs peuteruem cucmemol (5.13).

JlokazarenbcTBO oueBUAHO. COBepILEHHO aHaJOTHYHO TeopeMe 4.2 u3
rJiaBbl 4 yCTaHABJIMBAETCS CJAEAYIOIIUK pe3yJ/bTar.

Teopema 5.2. Mroscecmso ecex peuieruti cucmemor (5.13) obpasyem
AUMeLHoe NPOCMPAHCMB0 PA3MEPHOCMU N.

Takum o6pasom, ecau xV(t), ..., 2 (t) — npousBosbHEIE JHHEHHO
He3aBUCHMble pellleHHs cucTeMl (5.13), To /060e ee pelieHHe IOMyCKaeT
NpeCTaBJeHHe BUIA

2(t) = cigW(t) + ... + ez (t) (5.14)

C HEKOTOPBIMH TMOCTOSIHHBIMHU Cj, ..., C,. 1aKOH HaOOp BeKTOP-(PYHKUHU
Ha3blBAlOT (PyHAAMEHTAbHOH cHcTeMOU peleHui. Hamomuum (cm. cien-
cTBHe 4.1), UTO IJI MOCTPOEHUS TAKOHW CUCTEMBI IOCTATOYHO B35Th KAKOH-
HUOynb 0asuc ei,...,e, B npoctpaHcTtBe R" (nau C", ecau 3jeMmeH-
Thl MaTpULbl A(t) KOMIJIEKCHO3HAYHBI) U MOCTPOUTDH peEIlleHUs] CHCTEMBI
(5.13) ¢ HayanbHBIMH ycaoBUSIMH 21(0) = e1,...,2,(0) = e,.

Myers M (t),..., 2™ (t) — npousBonbHBIE BEKTOP-QYHKLHMH CO 3Ha-
yenusiMmu B R" nnu C".

Omnpenenenue 5.2. Onpederumenrs mampuyor X (t), no cmoarbyam Ko-
mopoti pacnoaoxcens. sexmop-gynkyuu xM(t), ..., ™ (t), nasoiearom
onpedesumenrem BpoHcKo2o uru BPOHCKUAHOM.
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B cnyuae, korma mo crosnbuam maTpuibl X (t) pacroJsioXKeHbl pelle-
HUS cucTeMbl (5.13), mJis BeIUMCIEHHUS OTpefienTesss BpoHCKOro MoXKeT
ObITb MoJly4yeHa siBHas (hopMysa. dta popMmysaa HOCUT Ha3BaHUe (DOPMYJIbI
JInyBuansga—OcTporpaackoro.

Teopema 5.3. [lycmo no cmorbyam mampuysr X (t) pacnorosxcerot pe-
wenus t (1), ..., "M (t) cucmemor (5.13). Toeda das onpedesumenrs
Bpowrckoeo W (t) = det X(t) amoii cucmemor sekmop-Qynkyuii cnpa-
gediusa caedyrou,as opmyira:

t

mqwzmmmmq{/}quw},tmteR. (5.15)

to

Hokazameavcmeo. Ilyctb snemeHTaMu MaTpuubl X (1) SIBJISIOTCS CKa-

JsipHBle (DYHKIUHHU x;;(t) TaK, 4To j-H cTO/NOEL 3TOH MaTPHULBI €CTh BEKTOP-
: T

dyuxuust 29 (t) =(21;(t), 29j(t), ..., 2n;(t))" . U3 onpenesnenns onpene-

JIUTeJIsT MaTpulbl (cM., HanpuMep, [12]) caenyert, uto

Wt)y= Y (=DM 0)py ()220, (1) - - Tna, (1), (5.16)
(Q1yeenstn)
rie cymMma GepeTcsi 10 BCEM MepecTaHOBKaM (o, ..., ) uucesa ot 1 1o
nu N(ai,...,q,) — YACJIO HHBEPCHH B mepectaHoBke. B cuay (5.16)
MeeM

(Oél ..... Oén)
T Z (_1)N(a1 7777 an)xlal(t>x2az(t) Tna, (E) + -+
(Q1yeenstn)
+ 3 (N ()0, (1) - (F)
(a1 ..... an)

B CUJy oIlpeneJieHrud onpeneJuTes]d Mbl MO2KEM 3alIMCATb 9TO PABEHCTBO
B CJeAyIoleEM BUIOEC:

W)= det | aa(t) dnlt) .. @u@® 6.  (.17)
=1 : :
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Iockonbky BekTop-dyHKUus 1) (1) =(31;(t), 295(t), . .. ,xnj(t))T yI0BJIe-
TBOpsieT cucteMe (5.13), TO AJS i-H KOMIIOHEHTBI 3TOH BEKTOP-(DYHKIIHH
CTpaBeIMBO PAaBEHCTBO

Eii(t) =) a(t)a(t). (5.18)
k=1

Hcnoabayst (5.18) B (5.17), a TakKe CBOHCTBa ONpeNENUTENsI, TTOJydaeM

Wt =32 anlt) det en® 2o o | 6. (.19

=1 k=1

ol

21 (t) Tao(t) .. Tanlt)

Kaxknbii u3 omnpenenuteneir B (5.19), 3a MCK/IOUEeHHEM TeX, KOTOpPbIe
nosydaiTcs npu k = i, paBeH HYJIO, MOCKOJbKY Y COOTBETCTBYIOLIEH
MaTpHLbI i-51 ¥ k-1 CTPOKH ofinHAaKoBBl. CJjienoBaTe/bHO,

5611.(@ l’lg.(t) ce xh%(t)
tr(£) Too(t) . ()

— Z aii(t)W(t) = W(t) tr A(t).

1=1

[TonryyeHHOe paBeHCTBO MpeACTaBJ/sgeT cO00H cKasspHOe NU(QepeHIH-
aJibHOe ypaBHEHHE OTHOCHTEJNbHO Hen3BeCTHOH (yHKuuu W (t) ¢ Hauasb-
HBIM YCJIOBUEM B TOuke ¢t = t;, paBHbBIM W (ty). Pemenue 3toil 3agauu
onpenessieTcs hopmynoi tuna (2.7) u3 raassl 2. [IpuMeHHTENBHO K pac-
CMaTpUBaeMOMY ypPaBHEHHIO 3Ta (opMysia MPUBOIUT HAC K PaBEHCTBY

(5.19). ]

CaenctBue 5.2. [lycmv A — nocmosannas (n x n)-mampuya u t € R.
Hmeem mecmo ¢popmyra

det !4 = e!tr4, (5.20)

JlelicTBHUTEIbHO, U3 pe3yJbTaTOB pasjena 4.3. caenyeTt, 4To MO CTOJO-
LlaM MaTpPUUHOH KCMOHeHTHl e pacrosoxkeHnsl pewenus cucteMsl (5.13)
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¢ matpuuei A(t) = A. Beibupas B popmyase (5.15) ¢ty = 0 u 3ameuasi, 4to
det ¥ = det I = 1, nonyyaem pasenctso (5.20).

Myers 2M(¢), ..., 2™ (t) — Hekotopbie pewmenus cuctemsl (5.13), pac-
TMoJIOKeHHBle 110 cTosbuaM matpuubl X (t). HecsoxxHo mpoBeputh, 4TO B
3TOM ciyuyae MaTtpuua X (t) ymoBJeTBOpsieT MaTpPUUHOMY IH(QepeHIH-
albHOMY ypPaBHEHHIO

X = A(t)X. (5.21)

Onpenenenue 5.3. Ecau sexmop-¢pynxyuu (1), ...,z (t) obpasy-
rom QyHOAMEeHMANbHYIO CUCMEMY PeLler UL, MO COCMABACHHYI U3 HUX

mampuuy X(t) Haseiearom @yrnoamenmanrvrol mampuyeti cucmemol
(5.13).

B cuny (5.14) Bce pemtenusi cucteMbl (5.13) MOryT GbITH 3alMCaHBI C
MOMOILIbI0 (DYHIaMeHTaJbHOH MaTPHILBI CJIEAYIOIIUM 006pa3oM:

z(t) = X(t)c, (5.22)
rae ¢ = (ci,...,c,)T — BeKTOp, cOCTaBJeHHBIH M3 NPOM3BOJBHBIX I10-
CTOSIHHBIX ¢; (i = 1,...,n). OueBUOHO, UTO (PyHAAMEHTaJNbHAsT MaTpPHLA

X(t) ompenensieTcss He eIMHCTBEHHBIM 00pa3oM, a 3aBHCHUT OT BbIGOpa
(pyHIaMeHTa/MbHOH cUCTeMbl pelieHUH aJst (5.13). meeT mecTo coenyto-
lee yTBepXKIEHHUE.

Jlemma 5.3. Ilycmo Xi(t) u Xo(t) — @ynHoamenmanrvrole mampuiol
cucmemot (5.13). Toeda cywecmsyem makas HegvlpoxcOeHHas (n X n)-
mampuya C, 4mo 86iNOAHEHO PABEHCMBO

X1(t) = Xs(t)C.

Hoxkazamenvcmso. 3ameTuM cHauaja, 4To ecau X (t) — Kakasi-HUOYIb
(¢yHnameHTa bHasi MaTpula ¥ C' — HeBBIPOXKIEHHAsT MaTPHUIA, TO MaTPH-
na Y (t) = X(¢)C takxe sinsercs (pyHIaMeHTasbHOU. J{eHCTBUTENBHO,
3Ta MaTpUlla yAOBJETBOPSieT MaTPUUHOMY ypaBHeHHIO (5.21):

Y = XC=A)Xt)C =AY (b),

a 3HAUHUT, ee CTOJOLBI ABJSIOTCS pelleHUsMU cucTeMbl (5.13). Ocranoch
MPOBEPUTH, UTO 3TH pelleHns 00pa3yloT hyHIaMeHTalbHYIO0 cucTtemy. [1o-
ckosibky X (t) — (yHIaMeHTaJbHasi MaTpPHIlA, TO €€ CTOJOLbLl JUHEHHO
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He3aBUcHMBlL. OTClofa B YacTHOCTH cJjenyeT, 4to det X (¢) # 0 mnsa Bcex
t € R. B cuny HeBbIpoXKIeHHOCTH MaTpulbl C' MMeeM

det Y (t) = det X (t) det C' # 0.

CremoBaTesibHO, CTONOLBI MATPHLBL Y (f) TakkKe JHHEHHO HE3aBUCHMBI, a
3HAUMUT, 3Ta MaTpula (yHAaMeHTalbHa.

Paccmotpum matpuub Y;(t) = X1(¢) X, 1(0) n Ya(t) = Xo(t) X, *(0). B
CUJTYy M3JI0XKEHHOT'O BhIIIE 3TH MaTPULbl ABJSIOTCS (DyHIAMEHTaJbHBIMH.
Kpome toro, Y1(0) = Y5(0) = I, a cienoBaTesibHO, MO CTOJNOIAM 3THX
MaTpHULL CTOSIT PelleHusi cucTeMsl (5.13), ynoBaetBopsitolire B Touke ¢ = ()
OIMHAKOBBIM HauaJibHbIM ycJa0BUAM. K3 Teopembl 5.1 Torna ciemyer, 4to
5TU pelleHHus coBmanaioT As Bcex t € R, T.e. Yi(t) = Ya(t). Otkyna

Xi(t) = Xo() X5 (0)X1(0) = Xo(1)C, teR.
|

Onpenenenne 5.4. Qyndamenmaroryro mampuyy X (t), ydosremeopsi-
rowyro ycrosuro X (ty) = I (ycrosue HopmuposKku), Hasviearom mam-
puyarnmom cucmemot (5.13).

M3 nemmbl 5.3 caenyer, yto ecau X(t) — kakas-HUOyOb (yHzaa-
MeHTasbHast Matpuia cuctembl (5.13), To marpuna Y (t) = X (¢) X 1(¢)
OyleT MaTpPULAHTOM 3TOH CHCTEMbl. 3aMETHM, UTO, B OTJIUYHE OT TPO-
M3BOJIbHOM (pyHAaMeHTaJbHOH MaTpPULbl, MATPULLAHT cUCTeMBI (5.13) mpu
(UKCHPOBAaHHOM t( B CHJy TeopeMbl b.1 omnpenensietcst oqHo3HauHO. O60-
3HauuM uepe3 X (¢,t)) MaTPUIIAHT CHUCTEMBl C YCJOBHEM HOPMHPOBKH
X(tg) = I u 6ynem paccMaTpUBaThb 3Ty MAaTPUUHYIO (PYHKLHIO KaK QyHK-
[IUI0 IByX MepeMeHHbIX.

Omnpenenenue 5.5. Qyndamenmarvnyro mampuyy X(t,s) (t,s € R),
asaarouyrocs mampuyarnmom cucmemot (5.13) no nepemernoil t ¢ ycaro-

suem Hopmuposku X (s,s) = I, nasvisarom mampuueti Kowu cucmemol
(5.13).

OueBunno, uto Marpuua Komwu cucrembl (5.13) ompenensieTcsi ofnHO-
sHauHo. Ecin X (t) — mpousBo/ibHasi PyHAaMeHTa bHasi MaTpPUlla CHUCTe-
Mbl (5.13), To marpuna Kourn moxeT 6biTh BeIpaxkeHa (popMysion

X(t,s) = X(H)X(s). (5.23)

HeiicTBUTeIbHO, ecqu mnepeMeHHas s € R QukcupoBaHa, TO COrJIacHO
JeMMe 5.3 B JIeBOH U MPaBOH YaCTsIX ITOrO PaBEHCTBA CTOAT (yHIAMEH-
TaJibHble TO nepeMeHHO# ¢ € R matpuusl cucremsl (5.13). Kpome Toro,
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MpU ¢ = § 3TU MATPHIbl COBMAAAIOT, a 3HAYUT, B CUJIY TeopeMbl 5.1 3Tu
MaTpULLBl COBNANAIOT MPHU BCeX t. YCTAaHOBUM ellle HECKOJbKO (POpMy.I,
KOTOpble OKa3bIBAIOTCS MOJIE3HBIMU MPU HUCIIOJb30BAHUHU MaTpPULbl Ko,

Jlemma 5.4. Ilycmo X (t,s) — mampuya Kowu cucmemot (5.13). Cnpa-
gedausvl caedyroujue Qopmyat:

Xt s) = X(s,1), (5.24)
X(t,s) = X(t,t0) X (to, 9), (5.25)
det X (t,s) = eXp{/trA(T)dT} (5.26)

oas roboix ty, t, s € R.

Jokazameavcmeo. Vicnonways hopmyay (5.23), 3ak/arouaem
XUt s) = (X)X (s)) " = X ()X '(t) = X(s,1).

Takum o6pasom, paBeHCTBO (5.24) ycraHoBJseHO. [lasiee, MaTpulbl B Je-
BOU W mpaBoi yacTH (5.25) npu Jo6oM (PUKCHPOBAHHOM) 3HAYEHHH Tepe-
MEHHOH § SIBJIAOTCS (hyHIAMeHTaJbHBIMH MaTpulaMu cucteMsl (5.13) mo
NepeMeHHOU ¢ ¢ OJMHAKOBBLIM YCJOBHEM HOPMHUPOBKU IPU ¢ = ¢y, paBHBIM
X(to, s). CnemoBaresbHO, 3TU MATPHUIBI B CHJY TeopeMbl 5.1 coBmamawT
npu Bcex t. Hakonen, dopmyna (5.26) ectb mpoctoe ciencTBHe (opMy-
abl JInyBunnsg—Octporpanckoro (5.15) ¢ yueToMm yC/JI0BHS HOPMHPOBKH
X(s,s)=1. |

Boob1ie roBopsi, nocTpouTh MaTpully Kowu nsist nponsBosibHOHU CUCTe-
MBI (5.13) ynaercst JulIb B PeIKUX Caydasix. TeM He MeHee B HEKOTOPBIX
MPOCTBIX CHUTYalMsIX 3TO BO3MOXKHO CHesaTh. Tak, ecau cucrema (5.13)
OLHOMEpHA, T.e. MpeacTaBjasieT COOOH JIMHEHHOe CKaJsipHOEe ypaBHeHHe,
B KOTOpoM A(t) = a(t) — HeKoTopasi HempepblBHAS CKaJsipHas (PYHKIIUS,
T0 U3 (5.26) crienyert, uTo

(.0 = exp{ [ atrrar

S

Ipyroii npumep, B KoTopoM Matpuua X (£, s) MOKeT ObIThb JIETKO yKa3aHa,
JIOCTABJIsIET CUCTEMA JIMHEHHBIX AU PepeHIHaNbHbIX YPaBHEHHUH ¢ OCTO-
SIHHBIMH KO3(puureHTamu, T.e. cuctema (5.13), B Kotopoit A(t) = A. B
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CHJIy Pe3y/IbTaToB, MOJNYYEeHHBIX B pasziese 4.3., MAaTPULAHTOM 3TOH CH-
cTeMbl siBasieTcsl Matpuua X (t) = e, W3 npencrasnenus (5.23) Torna

CJIENYeT, UTO
X(t, S) _ etAe—sA _ e(t—s)A'

5.3. OOmee pemeHue JUHENHOU
HEONHOPOAHOU cucTeMbl. JINHelHbIE
YpaBHEHUS BbICIIMX MOPAIKOB
C epeMeHHbIMU Ko3a(ppueHTraMmu

Mbl HauHeM 3TOT pasjie] C TOro, 4TO MOCTPOMM pelleHHe 3aJauu
Komu (5.1), (5.2).

Teopema 5.4. [Iycmo sexmop-¢pynxyus f(t) u aremenmor mampuuol
A(t) nenpepoierbl Ha npomexcymke I u ty € [ty,ts] C Z. Toeda na om-
peske [t1,ts] edurncmeennoe pewenue 3adauu Kowu (5.1), (5.2) onpe-
deasemcs opmyaroti:

x(t) = X(t,to)xo + /X(t, s)f(s)ds, t € [t1,ts], (5.27)

ede X (t,s) — mampuya Kowwu cucmemor (5.13).

Hoxazamenvcmeso. Ilyctb X (t) — npousBosibHasi pyHAaMeHTalbHAs MaT-
pula JuHeHHOH omHopomHo# cucteMbl (5.13). Torma Bce peleHus JiH-
HEHHOU OJHOPOOHONW CHCTEMBI MOTYT ObITb MPEACTABJEHBl C MOMOILIbIO
dopmyasl (5.22). Bynem nanee paccMaTpuBaTbh 3Ty (GOpPMYJTy Kak 3ame-
HY NepeMeHHOH B MCXONHOH HeONHOPOAHOH cucTeMe (5.1) OTHOCHTENBHO
HOBOH HeH3BeCcTHOH BekTop-PyHKUHH (t) = (c1(t), ... ¢, (t)). Ocymects-
JIist 3Ty 3aMeHy B cucteMe (5.1), mosyuum

&= X(te+ X()e = ADX (e + f(b).

YuuteiBas, uto Matpuna X () o6patuma H, KpOMe TOrO, YIOBJETBOPSIET
MaTpUUYHOMY O depeHIHATbHOMY ypaBHeHHIO (5.21), MPUXOAMM K CH-
cTeMe

c= XL f(b). (5.28)

B cuay (5.2) u 3amensl (5.22) 3Ta cUcTeMa JOJXKHA PelIaThCsl BMECTe C
HayaJbHbIM ycaoBueM c(ty) = X 1(tg)xo. Unuterpupys pasenctso (5.28)
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Ha TMPOMEXYTKe OT fy 10 t, ToJydaeM cjelylolllee MpeACTaBIeHUe s
HEH3BEeCTHOU BeKTOP-(YHKUMHU c(t):

c(t) = X Htg)zo + /Xl(s)f(s)ds.

BosBpamasich Tenepb K UCXOMHOH BEKTOP-(PYHKUUHU x(f) ¢ MOMOLIbIO 3a-
MeHbl (5.22) 1 yuuTBIBasi paBeHCTBO (5.23), ycTaHaBJMBaeM CIPAaBeJIH-
BOCTb opmyaibl (5.27). |

3ameuanue 1. 3ameHy nepemeHHOH (5.22), Tne ¢ = c¢(t), ocyliecTBJsie-
MYI0 B JINHEHHOH HeonHOPOAHOU cucTeMe (5.1), IPUHATO Ha3bIBATH METO-
JIOM BapuallU{ MPOU3BOJILHBIX MMOCTOSTHHBIX.

PaccmoTpuM nanee ypaBHeHHe

2 (1) + ar ()Y @) + 4 an1(0)E(E) + an()z(t) = f(1),  (5.29)

rie x(t) — HeusBecTHas (pyHKUUs co 3HaueHusamu B R (unu B C), a
ai(t),...,an(t) u f(t) — HempepbIBHbIE Ha HEKOTOPOM TMPOMEXYyTKe Z
NEeUCTBUTEbHO- WM KOMIJIEKCHO3HAUHBle CKaJsipHBlE (DYHKUHMH. YpaB-
HeHue (5.29) HasbiBatOT nU(QpepeHHaTbHBIM yPABHEHHEM N-TO MOPSIAKA
C mepeMeHHBIMH Ko3((dulHeHTaMu. PelieHreM 3Toro ypaBHeHUs Ha3bIBa-
IOT m pa3 HempepbiBHO HU(depeHIHupyeMy0 GYHKIHUIO x(t), KoTopasi MpH
MOJCTAaHOBKE B ypaBHeHHe oOpallaeT ero B TOXKIECTBO 151 Bcex t € T,
JlonosHUM 3TO ypaBHeHHe HauaJbHBIMU YCJIOBHSIMU

x(ty) = 20 t(tg) = AL x(”*l)(to) = ("1 (5.30)

rae 0, ..., 2" — 3anannble uncna u ty € Z. 3anauy (5.29), (5.30)

HasbiBaloT 3anaveil Komw mist pynkumu x(t). OkasbiBaetcs, 3Ty 3anady
MOYKHO MpEeACTaBUTb Kak 3amauy Koimu /151 HEKOTOPOH CHCTEMbl JIHHEH-
HBIX AU QepeHLIHaNbHbIX ypaBHeHHH. OnpenesuM HOBble HEU3BECTHBIE

GyHKUMU Y1 (), y2(t), ..., y,(t) Mo npaBUIy
n(t)=z(t), wt)=i()., ... yt)=2""10). (5.31)

JubdepeHupys 5TH paBeHCTBA U Bbipaxkas BeauuuHy ™ (t) us ypasHe-
Hus (5.29), nosydyaem caeqyOILYyI0 CUCTEMY YPABHEHHUS JJisl OTIpeesIeHHs

Gynrumi yi(t), y2(t), - - -, Yn(t):
yl = Y2,
yQ = Vs,
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(5.32)
Un = —an(t)y1 — an1(t)y2 — ... — a1(t)yn + f(t)

Monarasi y(t) = (ya(t),.-,va(t))" u f(t) = (0,...,0,£(t))", cucremy
(5.32) 3amuIieM B BEKTOPHO-MATPUUYHOH (popMme:

y=Alt)y+ f(1), (5.33)
0 1 0 ... 0
0 0 1 ... 0
A(t) = R I (5.34)
0 e ... 0 1
—ap(t) —ap—1(t) ... ... —ai(t)

HavanbHbie yenoBus (5.30) ¢ ygeTom paBeHCTB (5.31) 3anuuryTcs B BUzie
Ha4yaJbHOTO YCJIOBUS IJIsl BEKTOP-(DYHKUUHU y(t):

y(tO) = Yo, Yo = (I(O)a I(l)a cee 71,(71—1))11' (535)

Takum 06pa3om, Mbl MOKEM ME€PEHECTH BCe Pe3Y/IbTaThl, MOJNyUeHHbBIE
HaMH B TIpebIAyILEeM pasaese 1/ CUCTeM ypaBHEHHUH, Ha Caydal JuHeH-
HOT'0 ypaBHeHHUs n-ro nopsiaka (5.29). Tak, us teopemsl 5.1 cienyet, uto
ecqu tg € [t1,t9] C Z, To Ha oTpe3ke [t1,ts] CYILeCTBYeT U €IMHCTBEH-
Ho pemteHue 3amaun Komwu (5.29), (5.30). HamomHuM, uTO ckajsipHble
GyHKunu x1(t),...,zr(t) (k € N) HasbiBalOTCS JUHEHHO HE3aBUCUMBIMU
Ha Z, eC/iM U3 PAaBEHCTBA

c121(t) + coxa(t) + ... + crap(t) =0, (5.36)

BBIIIOJTHEHHOTO JJIs1 BceX ¢ € 7 ¢ HEeKOTOPbIMH KOHCTaHTaMHU ci, ..., C,
cjefyeT, 4Tto ¢; = ... = ¢, = 0. B npoTuBHOM cJ/yudae, cucreMy (pyHK-
uué x1(t),...,x,(t) Ha3pIBalOT JUHEHHO 3aBUCHUMON Ha Z. Mmeer mecTo
cyefyiollee yTBepKAeHHe.

Jlemma 5.5. Crassapuoie pyukyuu x1(t),...,zr(t), npunadrexcawjue

kaaccy Cn(Z), auneino 3asucumol Ha I moeda u moavko moeda, Ko-

eda aunetino sasucumol wa T eexmop-@ynxuyuu ya)(t),...,yuw(t), eode
: 1), T -

Hokasameavcmeso. Ilycte ¢dyHKUMH x1(%), ..., xk(t) JUHEHHO 3aBUCHMBI

Ha Z. Torma HalmyTcsl Takde 4YMCIA Cq,...,Ck, UTO |ci|+ ...+ || >0

M I BceX t € 7 BbINMOJHEHO paBeHCTBO (5.36). HuddepeHuupys 3to
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PaBE€HCTBO CHa4dYaJla OOAWH pa3, IMOTOM [ABa U T. A., YCTdHABJHUBAE€M CIIpa-
BE€JIMBOCTb BEKTOPHOI'O PABEHCTBA

cry)(t) + cye)(t) + ..+ crypy(t) =0 (5.37)

C TeMH e YHUCIaMHU Cy,...,C;. CJlefoBaTesNbHO, BeKTOP-(DYHKIHUH
yy(t), ..., yu(t) Takxke JMHEAHO 3aBUCHMBI Ha Z.

OGparHo, mycTb BeKTOP-QYHKUMH ¥(1)(t),. .., yu)(t) NMHEAHO 3aBH-

CUMBl Ha Z, T.e. BBINIOJHEHO BEKTODHOe paBeHCTBO (5.37), B KOTOPOM
lc1| + ...+ |ck| > 0. BoinmuceiBasg Torna paBeHCTBO AJis TEPBBIX KOMIIO-
HEHT COOTBETCTBYIOIIMX BEKTOPOB B 06enx yactsax (5.37), mpUXomauM K

paBeHCTBY (5.36). 3HauuT, GyHKUMHU x1(1), ..., xx(t) TUHEHHO 3aBUCUMBI
Ha Z. u

W3 sneMmbl 5.5 BBIBOIUM, YTO GYHKUMHU X1 (1), ..., x(t) JUHEHHO He3a-
BUCHMBI Ha Z TOTAA U TOJBKO TOrAa, KOraa JIMHEMHO He3aBUCHUMBbI Ha Z
COOTBETCTBYIOLIME BeKTOP-QYHKUMHU Y(1)(t), ..., yu(t). Takum obpasom,
ecnu x1(t),...,x,(t) — JUHEHHO He3aBHUCHMBbIE pPeLIeHHS OIHOPOIHOTO
ypaBHEHHUS

e () + ay () 2"V @) + .+ a1 (D)) + an(t)z(t) =0,  (5.38)

TO COOTBETCTBYIOLLAsA CUCTEMA BEKTOP-(hyHKIHUH

o () = (z(t), &:(8), ..., 2" V@), i=1,...n (5.39)

o6pasyeT (yHIAMeHTaJbHYI0 CHUCTEMY pelIeHHH COOTBETCTBYIOLIEH Ofl-
HoponHOH cucTeMbl (5.13) ¢ marpuued A(t) Buma (5.34) U HaoGOpOT.
OTcropa B CHJIy TeopeMbl 5.2 CjefyeT, YTO MHOXKECTBO BCeX pelleHHH
ypaBHeHHus1 (5.38) oOpasyeT n-MepHoe JIHHeiHHOe mpocTpaHcTBO. CJeno-
BaTeJ/IbHO, JI060€e pellleHHe 3TOr0 yPaBHEHHUS] MOXKeT ObITb MPeNCTaBJIeHO
B BHJIE

x(t) = crwy(t) + cowa(t) + ... + ey (t),

rie z1(t),...,x,(t) — auHelHO He3aBucuMble pelieHus (5.38) (dpyHna-
MeHTaJ/IbHasl CHUCTeMa pelleHul), a ¢y, ..., ¢, — HEKOTOpble YHCJIA.

[lycts Y (t) — HekoTopasi (n X n)-MaTpulla, MO CTONOIAM KOTOPOM
PacroJioXKeHbl BeKTOP-OYHKUMH ¥(1)(t), . . ., Y()(t), IOCTPOEHHBIE O Mpa-
Buay (5.39). Onpenenutenn W (t) = det Y (¢) HasbiBatOT onpeneuTesem
Bponckoro cucremsl pemeHuil xi(t),. .., x,(t) ypaBHenus (5.38). B cu-
ay ¢opmyasl JlnyBuansg—Octporpaackoro (5.15) u Buma matpuusl A(t)
cripaBensivBa GhopmyJa:

t
W(t) = Wi(ty) exp /a1 ds tye L. (5.40)
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HMeeT mecTo cienyolni pe3ynbTar.

Jlemma 5.6. Pewenus xi(t),...,x,(t) ypasnenus (5.38) sureiino He3a-
BUCUMbL HQ HEKOMOpOM npomexcymke I moeda u moavko mozoa, Koeoa
W(t) # 0 oasn scex t € I. Pewenus xi(t),...,x,(t) ypasuenus (5.38)
AUHELIHO 3a8ucumsl Ha npomexcymke L moeda u moavko moeda, Ko20a
W(t) =0 0asa scex t € T.

Hokasamenrvcmeo. JleAcTBUTENBHO, ecu x1(t), . .., x,(t) TMHEHHO He3a-
BUCHMbl Ha TPOMeXYyTKe Z, TO B CHJIy JIEMMbI 0.5 COOTBETCTBYIOIIHE pe-
weHus y)(t), ..., Ym)(t) cucremer (5.13) ¢ marpuuei A(t) Buna (5.34)
TaKe JUHEeHHO He3aBUCHMBI Ha Z. 3HAuMT, BeKTOPHl ¥1)(to); - - -, Y(n)(to)
JIMHEHHO He3aBUCHUMBI 11 joboro tg € Z, u nosromy Wi(ty) # 0. O6-
patHo, ecau W (ty) # 0 masg HekoToporo ty € Z, TO B CUJIy H3BECTHOTO
pesy/ibTaTa M3 JIMHeHHOH anre6pbl BeKTOphl ¥1)(to), - - -, Y(n)(to) MHHEEHO
HesaBUCUMbL. Torma peweHus y()(t),...,ywn)(t), oTBevallUe COOTBET-
CTBYIOIIMM Haya/JbHBIM YCJOBUAM Y(1)(to), - .., Ym)(to), TMHEHHO He3aBH-
CHUMBI Ha oTpe3Ke Z (cM. MoKa3aTeJbCcTBO TeopeMbl 4.2). B yactu uHel-
HOU 3aBUCHMOCTH DPe3yJIbTaT MPOBEPSIETCS aHAJOTHUHO. |

Paccmotpum HeomHOponHoe ypaBHeHue (5.29). Ilepeiimem K 3kBHBa-
JIEHTHOH eMy cucTteMe ypaBHeHU# (5.33). [lyctb 21(%),. .., x,(t) HEKOTO-
past pyHAaMeHTaJ/ bHas CHUCTeMa pellleHHH OMHOPOAHOTO ypaBHeHus (5.38),
aya)(t),...,ym)(t) — cooTBercTBywOmas (PyHAaMeHTalbHas CHCTeMa pe-
mweHudl cucrembl (5.13) ¢ matpuueit A(t) Buna (5.34), mocTpoeHHasi 1o
npasuny (5.39). Pacnonoxum BekTop-QyHKUMH y(1)(t), ..., Ym)(t) 0O
ctosibiaM Matpulbl Y (t), 06pa3oBaB TakuM 06pa3oM (pyHIaMeHTaIbHYIO
Matpuiy. Bocrnosnbsyemess B cucreme (5.34) MeTomoM BapualMM MPOU3-
BOJIbHBIX TOCTOSIHHBIX, T. €. OCYIIECTBUM 3aMeHY

T

y(t) - Y(t)C(t), C(t) = (Cl(t)7 C2(t)7 s 7cn(t)) ) (541)
rae ¢;(t) (i =1,...,n) — HeHusdBeCTHble (PYHKIMH, MOIJEXKAIINE ONpese-

Jenuto. JleficTBysl Tak e, Kak MpH J0Ka3aTeJbCTBe TeopeMbl 0.4, ycTa-
HaBJIUBaeM, 4TO BeKTOP-(PYHKUHUS ¢(t) OnpenesseTcss U3 CHUCTEMBbI

Y (t)e = f(¢).

PacnucriBast 3T0 PaBEHCTBO INO3JEMEHTHO, IT0oJYy4YaeM CJAEAYIOULYIO CHCTE-
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My JJIsl HAaXOXKJIEHHUsl CKaJsIpHBIX QYHKUMH ¢;(t) (1 =1,...,n):

(

c'lxl(t) + égxg(t) + ...+ cnxn(t) = O,

Joo N £ 49

el + P + . P =0, (5.42)
L") + eanl VO + el (E) = £ (1),

OnHO3HAYHO OMpe.esisisi U3 3TOH CHUCTeMbl QYHKUMHU ¢(t), i = 1,...,n,

(3TO BO3MOXKHO cHesaTh, MOCcKoJbKY det Y (t) # 0 nns Bcex t € Z) u
MHTErpyUpys MOJydYeHHble DAaBEHCTBA, OMpefesisieM KOMIIOHEHTHI BEKTOpa
c(t). Bo3Bparasich 3ateM K BeKTOp-OYHKIHUH ¥(f) ¢ MOMOLIbI (DOPMYJIBI
(5.41) ¥ BHIMKCHIBasi PaBEHCTBO MAJisl TMEPBbIX KOMIIOHEHT COOTBETCTBYIO-
IIMX BEKTOPOB, IMOJIydyaeM CJeaylolllee MpPeacTaBJeHHe IJisi OOILIero pe-
IIeHHs] HEOAHOPOAHOTO ypaBHeHUs (5.29):

2(t) = (a1 (t) + ea(B)a(t) + ... + cn(t)an(t). (5.43)

[IpencraBnenue (5.43), B koTopoM GyHKUUH c1(t),...,c,(t) onpenens-
IoTcs U3 cucTeMbl (5.42), Ha3bIBAaIOT METONOM BapHallMK TPOU3BOJIbHBIX
MOCTOSIHHBIX B HEOAHOPOAHOM ypaBHeHHH (H.29).

B 3aBepiieHny 3TOTO pasmesa MosyduM HECKOJbKO MHOe MpejcTaBJe-
HHe 1J51 00lIero pelleHus HeOMHOPOAHOTO ypaBHeHHUs (5.29). OueBunHO,
yTo oOIlee pelieHHe ypaBHeHHS (D5.29) umeer Buf

x(t) = c121(t) + coxo(t) + ... + cpan(t) + xo(t),

rae x1(t),...,z,(t) — dbyHOaMeHTalbHAs CUCTEMA PelleHHH OTHOPOIHO-
ro ypaBHenus (5.38), ¢1,..., ¢, — NPOU3BOJIbHbIE UHCJIA U T((t) — HEKO-
TOpPOe YacTHOe pellleHHe HeofHopoaHoro ypaBHeHHs (5.29). Onpenenum
nanee pyHkuuo K (¢, s) Kak pelieHHe OAHOPOAHOrO ypaBHeHHs (5.38) mo
nepeMeHoH t, yIOBJeTBOpsitolllee Haya bHbIM YCJIOBHSM

0K O 2K oK
K(S,S):E(S,S):...:W(S,S):O, W(&S):la

rae s € Z. dynkuuto K (t,s) Ha3bIBAKOT, KaK MpaBuJo, GyHkueld Kouru.

CHpaBQIL.HI/IBa cjaenyrouias TeopeMa.

Teopema 5.5. [Tycmo Qynxyuu ai(t),...,a,(t) u f(t) Henpepoirol Ha
npomexcymrke L u ty € Z. Toeda ¢pynkyus

t

xo(t) = /K(t,s)f(s)ds

to
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ecmo wacmroe peuierue HeoOHopooHoeo ypasHerus (5.29), onpedener-
Hoe Oas ecex t € 1.

JloKa3aTesbCTBO 3TOTO pPe3yJbTaTa MPOBOAUTCS MO TOH XKe CXeMe, UTO
M I0KA3aTeJqbCTBO TeOpeMbl 3.4.

Ynpaxuenue 5.1. [locmpoume ¢pynkuuro Kouwu ors ypasreruii:

a)i—x=0, 6)i+x=0 8)i=0.

5.4. Cucrembl JUHEUHBIX
audpepeHINANbHBIX YPaBHEHUH
C nepuoAnYeCKUMu Koappuiuesramu

PaccMoTpuM /MHeRHYI0 cCHCTeMY
t=A(t)x, At+T)=A({), T>0 (5.44)

C HenpepblBHOM Ha BCeH NEUCTBUTEJBbHOU OCH T-TIepUOAUYECKOM MaT-
punied A(t). CucteMbl ¢ MepHOAUUECKUMU KO3 (HHUIIMEHTAMU BO3HUKAIOT
B MHOTOYMCJIEHHBIX MPUJ0KEHHS, [Jle CJAYKAT MOAEJSIMH Pa3JUUHbIX IH-
HaMHUYeCKUX CHCTeM (3amayd HeGeCHOH MeXaHHUKH, OMHUCAaHHUe BBIHYK/IEH-
HBIX KOJIeOaHUH MeXaHWYeCKUX KOHCTPYKUHUH, MapaMeTpUuecKue yCHJIU-
Tesnn). B cuny nepuommunoctd matpuiibl A(t) momoGHble cHcTeMbl 00J1a-
NAI0T HEKOTOPbIMU CHellMajJbHBIMU CBOMCTBaMU. B uacTHocTH, oKasbiBa-
eTcsi, YTO AMHAMHKA pellleHuH cucTeMbl (5.44) BO MHOTOM OMpefessieTcs
TaK Ha3blBaeMbIMH MYJIbTUIIJIMKATOPAMU CHCTEMBI.

[lycts X () — dyHmameHTasbHas maTpuia cucremsl (5.44) ¢ ycJo-
BreM HOpMUPOBKU X (0) = I, T.e. MaTPHULAHT 3TOH CHUCTEMHI.

Onpenenenne 5.6. Mampuyy X (T) nHasvisarom mampuueti MOHOOPO-
muu cucmenmol (5.44), a ee cobcmeenHovle HUCAQ — MYAOMUNAUKAMO-
pamu 3mot cucmemol.

OcHOBHBIE pe3yJbTaThl O CTPYKTYpe pelleHud cuctemsl (5.44) ¢ nepu-
onuuecKod Mmatpuleid A(t) cocTaBJsOT CYILIECTBO TaK Ha3bIBAeMOH Teo-
pun JlsnyHoBa—®uoke. HuxKe u3naraiorcs LeHTpaJsbHble yTBepPKIEHHUS
3TOU TEOPHH.

Jlemma 5.7. /{15 scex t € R umeem mecmo mooacdecmao

X(t+T) = XH)X(T). (5.45)
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Hokasameavcmeo. Tlokaxkem, uto marpuua X (¢ + 7T) Takxke sBJsieTCS
(pyHIaMeHTaNbHOH MaTpullell cucTeMbl (5.44). [leficTBUTENBHO, TOCKOJb-
Ky X(t) — dbyHIaMeHTasbHas MaTpulia cucTeMbl (5.44), Ucnosb3ys me-
PHOIMYHOCTb MaTpulbl A(t), moaydaem

Xt+T)=At+ D)Xt +T)=ADX(t+T).

CnenoBatesibHo, X (t + T') Hapsny ¢ matpuueid X(t) siBasercs ¢yHna-
MeHTaJibHOH MaTpuled cucteMmbl (5.44). B cuay semmel 5.3 cyliecTByer
TaKasi HeBbIpOXKIeHHast Matpuua C, 4To

Xt+T)=X(t)C.
[lonarasi B aToM ToxXaecTBe ¢ = (), IPUXOAUM K BBIBOLY, YTO
C = X(T).
|

Onpenenenue 5.7. [lycme B — Hekomopas keadpammuas mampuyaq.
Mampuya C, makas umo
e’ =B

Y

Hasbleaemces aoeapugmom mampuuvt B u obo3nauaemcs
C =LnB.
CrnpaBenJIMBO cjenyollee yTBepXKaeHHe (cM., Harmpumep, [7]).
Jlemma 5.8. Besakas nesoipoxwdennas mampuya B umeem roeapugm.

Hokazameavcmeo. PaccMoTpuM cHavaJga ciaydail, korga matpuua B sB-
JISIeTCsl JKOPIAHOBOM KJeTKoH .Jy, pasmepa k; x k; Buna (4.32). 3ametum
PU 3TOM, UTO COOCTBEHHOE 4MC0 A; # (), MOCKOJbKY MaTpula B HeBbI-
poxxneHHast. B cuay (4.35) umeem

A
B=XNI+A; =\ <Il y > (546)

[Io aHa/I0THHU ¢ U3BECTHBIM CTEINeHHBIM pAaoOM

n(l+ 2) Z z€eC (5.47)

j=1
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C KPyTOM CXOIHUMOCTH |z| < 1 ompenesuM MaTpuily

(=1 AN
C=ILInn+y 2 (25) 5.48
L Z —(3) (5.48)
rae
Ln A =1In|N|+i(arg N+ 2om), m=0,£1,42,... (5.49)

3ameTuM, uto psifi B opmyse (5.48) comep:KHUT JIHIIb KOHEYHOE UYHCJIO
HeHyJ/IeBbIX CJlaraeMblX, MOCKOJbKY B cuiay (4.37) MMeT MecTo paBeH-
crBa A7 = O 119 Beex j > k.

Hanee, u3 popmynsl (5.47) cienyer, uto B Kpyre |z| < 1 uMeeT MecTo

TO2XKIECTBO
— (=1
exps Y ———2 =14z (5.50)

=1/

PackJ/iagpiBasi IeBYI0 4acTb TOTO BbIPaXKeHHs B CTEIleHHOH sl B KpyTe
|z| < 1, monyuaem

exp{i (_1—)]_1,2]} = iajzj. (5.51)
=0

=1 7

M3 Teopuu CTemneHHBIX PSIIOB CJEdYeT, UTO B Kpyre |z| < 1 cTeneHHble
psabl B mpaBbix yacTax (5.50) u (5.51) MO/KHBI coBManaTh, a 3HAUYMT,
NIOJIXKHBI COBIMAAaTh U KO3 (MUIUEHTHl NP OAUHAKOBBIX cTerneHsx z. Ot-
Clofia cyenyeT, 4yto ap = 1, a1 = 1 U a; = 0, ecan j > 2. Ilyctb Tenepb
/ — HeKOoTopas KOMILJIEKCHO3HAaYHas KBaJpaTHas MaTpula, Takas 4To
pAn .
Z =0 1ZJ’
=1 7
cxonutes (m/is HAIIMX liesied, BIpoYeM, AOCTATOUHO CUMUTATh, UTO ITOT
pSIL COCTOMT JIMIIb W3 KOHEYHOTO YHCJa HeHYJeBBbIX cJjaraembix). [lo-
CKOJIBKY MaTpula Z KOMMYTHUPYeET C JIIOOOH CBOeH CTeMeHblo, TO CTEelNeH-
HOe Pa3JioKeHHe MAaTPUYHOU SKCIIOHEHTHI

{5

Mo cTeneHsaM Z B cuay (5.51) dopmasibHO COBMamaeT ¢ psiioM

0.¢]

Zajzf —al +aZ=1+Z.
j=0
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CJieoBaTesbHO, CIPaBeAJUBO PABEHCTBO

exp{i <_1?j_1zj} I+ 7 (5.52)

J

J=1

BosBpauiasics Tenepb K paBeHCTBY (5.48), yunuteiBast (5.46) u semmy 4.5
U3 ryaBbl 4, nosydaem

¢€ — exp{l,Im Al}exp{f: (-1 (Al)j} Y (1+%l) _ B (553)

i \N
Takum ob6pasowm,

X (-1
— — — J
C=ILnB=LnJ, =LLoX\+) Y A (5.54)

J=1

[IycTb Tenepb B — MpPOW3BOJIbHAS HEBHIPOXKAEHHAS (1 X n)-MaTpHUla.
Kak u3BeCcTHO, CyIIeCTBYyeT TaKasl HEBbIPOXKJAEHHAsl MaTpuia .S, KoTopas
MPUBOAUT MaTPUIy B K »KOpAaHOBOH HopMmaJsibHOH (hopme (4.31), (4.32),
T.e. J = S7!BS. Orciona

B = Sdiag(J,\l, gy v J/\S)S_l.

[Tonoxxum
C =LnB = Sdiag(Ln J,,,Ln Jy,,...,Ln Jy )S™ !, (5.55)
rge Matpuubl LnJy, (I = 1,...,s) Bouncasiores no gopmyse (5.54). B

cusy JeMMbl 4.7 1 (5.53), nMeeM

eC = Sdiag(eLn‘Al, et eLmJAS)S*1 =

= Sdiag(Jy,, Jr,s ...,z )S !t = B.
JleMMa nokasaHa. [ |

3ameuanue 1. B cuny ¢opmynn (5.49) matpuua Ln B ompenensiercs
HEOJHO3HAYHO.

3ameuanmne 2. 13 dhopmyn (5.54), (5.55) caenyer, 4To eCad Ay, ..., A\; —
COOCTBEHHbIE YMCJa MaTPUUbl 3, TO COOCTBEHHBIMU UMCJAMH MaTPHUILbI
Ln B ABJAIOTCSA COOTBETCTBEHHO yncaa Ln Ay, ..., Ln A;. Kpome Toro, co-
OTBETCTBYIOLLIME XKOPAAHOBBI KJAETKU MaTpull B U Ln B MMeT OiuHAaKO-
Bble pas3Mephl.
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3ameuanue 3. Ecsiu Bce asneMeHTH (n X n)-MaTpUllbl B NeHACTBUTEbHbI
U, KpOMe TOro, Bce ee COOCTBEHHblE UMCJA MOJOXKHUTEJNbHBl, TO B CHJY
(5.49) u pefictBuTenbHOCTH MaTpul S, S~! cpemu matpuu Ln B moxer
ObITb BbIOpaHa AEUCTBUTEJIbHAS.

CdopmynupyeMm fajee IBe OCHOBHble TEOPEMbl 3TOIO pasjesa.

Teopema 5.6 (Paoke). Mampuyaum cucmemot (5.44) umeem 6uod
X(t) = ®(t)e, (5.56)

ede ®(t) — Henpepvisno Jugepenuupyemas Ha 8cetl deticmsumens-
Hotl ocu HesvipoxcOennasn T-nepuoduueckas (n X n)-mampuya u A —
Hekomopas nocmosanHas (n X n)-mampuya.

Jlokazameavcmso. [losoxum

A= %LnX(T), (5.57)

OTKyZa
X(T) = ™. (5.58)

Omnpenenum pyHkuuo $(t) caenyouum o6pasom:
O(t) = X (t)e ™, (5.59)
roe X (t) — matpuuant cuctemsl (5.44). Torna
X(t) = X(t)e e = o(t)e

1 paBeHCTBO (5.56) ycraHoBseHo. [IpoBepum cBoiicTBa matpuulbl P(t).
HenpepbiBHast nuddepeHUUPyeMOCTh 3TOH MATPHULBI U €e HeBBbIPOXK/IEH-
HOCTb 1J151 BceX ¢ € R MIHOBEHHO BBITEKAlOT M3 TpeiacTaBJjeHus (5.59) u
COOTBETCTBYIOLIMX CBOUCTB (PyHAAMeHTaJbHOU MaTpulbl X () U MaTpHu-
HOM sKcroHeHTHl e ™. Jlasee,

Dt+T)=X({t+T)e DA = X(t + T)e The ™,
B cuny nemmbl 5.7 u paBeHcTBa (5.58) nmMeem
O(t+T)=XHX(T)e e ™ = X(t)e e The™ = X(t)e ™ = d(1).

CnenoBatesibHo, MaTpunia ®(t) siBasiercss T-nepuoiuvecKou.
Teopema nokasana. H
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3ameuanue 1. Matpunel A u O(t), onpenessieMble COOTBETCTBEHHO (Dop-
mynamu (5.57) u (5.59), siBasitoTcsi, BooOIle TOBOPSi, KOMIJIEKCHBIMH.
MoXHO TIPH TOCTPOEHHH OrPAHUYMUTBHCS AEHCTBUTENBHBIMH MaTpHIlAMH
(B ciydae pedictBuTesnbHOCTH MaTpuubl A(t)). VmeHHO, u3 jeMMbl 5.7
CJIeyeT, UTo
X(2T) = X¥(T).

[Tpennosoxkum, 4yTo Bee coOCTBeHHbIe Yncaa matpuibl X 2(T), a 3Hauwur,
n X(27T') nmosoxurenpHel. OmpenenuM Toraa MaTpuuly A cledyolmuM
oOpasom:

1
A= 5= LnX(2T). (5.60)

B cuny 3ameuanuss 3 k Jjemme 5.8 B KauectBe Lin X (27) Mbl MOXeM
BHIOpATh NelcTBUTeNbHYI0 MaTpully. [asee, ompenenum matpuny (i)
dopmymnoii (5.59), rme marpuna A onpeneseHa corsaacho (5.60). Hecmox-
HO TOKa3aTb, YTO B 3TOM cJydyae AedcTBUTesNbHass matpuua P(t) Gymer
2T-nepuonndeckoii. B ciyuae, ecan cpenu coOCTBEHHBIX UHCEN MATPHUILBI
X (2T) umeroTcs KOMIJIEKCHbIE YHC/Ia, IJ1s1 0O0CHOBAaHUS COOTBETCTBYIO-
LL[ero pesyJbTarta cjaefyeT Bocnogb3oBatbes [28, Jlemma I, cTp. 56].

Onpenenenue 5.8. Cobcmsennoie uucaa Ay, ..., \s mampuyo. A\, onpe-
deasiemoti gpopmyaroti (5.57), Ha36LBAIOMCS XAPAKMEPUCMULECKUMU NO-
kaszameasmu cucmemol (5.44).

[lycTh piq, . .., fts — COOCTBEHHBIE YHCIa MaTpUllbl MoHoapoMuu X (717,
T. €. MYJbTUIJIHKATOPBl cucTeMbl (5.44). B cuay 3ameuanus 2 k jem-
Me 5.8 u dopmynbl (5.57) xapaKTepHUCTHUECKHe T0Kas3aTeJu CHUCTEMBbl
(5.44) cBsizaHBI C ee MYJbTUMJIMKATOPAMH C MTOMOLIBIO (HOPMY.T

1 1
A\ = T Lny = . [ln || + i(arg py + 27Tm)}, (5.61)
rne l=1,...,sum=0,£1,+2,.... B oT1u4uue oT MyJbTHUIJINKATOPOB

XapaKTepUCTHYeCKHe TToKa3aTe i cucteMsl (5.44), Takum o6pasom, onpe-
IeJISIIOTCS He OJHO3HAUHO, a ¢ TOYHOCTBIO IO UACTO MHHUMBIX CJlaraeMblX
21t Tlo/le3HO MMeTb B BHIY CJELYHLIHe COOTHOLIEHHs MEXAY MyJlb-
TUIJIMKATOPAMH, BbITEKAIOLIHe U3 onpenesneHus u Gopmyssl JIuyBus—

Ocrtporpanckoro (5.15):

> =t X(T),
=1

f[,ul =det X(7T') = eXp{/trA(s)ds}.

=1
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Cuoenytouias jeMMa NPOSICHsIET MOHSITHE MYJbTHUIJIMKATOpPA U ONpaB-
IAHHOCTb TAKOW TEPMHHOJIOTHUH.

Jlemma 5.9. /1 scakoeo mysebmuniukamopa j cyuecmsyem Hempu-
suanvroe peulerue x(t) cucmemot (5.44) marxoe, umo

z(t+T) = px(t). (5.62)

ObpamHo, ecau 045 HEKOMOPOEO HempusuarbHo2o peuderus z(t) 8ol
noaneno ycarosue (5.62), mo 4uci0 | A8ASEMCs MYALMUNLUKAMOPOM
cucmemot (5.44).

Jokazameavcmeo. IlycTb p — MyJbTUNIHKATOP cUcTeMbl (5.44). Bol-
6epeM B KauecTBe HauasbHOro ycjosus z(0) mas pemenus z(t) — cob-
CTBeHHBIH BeKTOp MaTpullbl X (717), oTBevarouil COGCTBEHHOMY YUCY [,
T. €.

o(t) = X(0)z(0),  X(T)2(0) = pux(0).

Torma B cuny JeMMbl 5.7 HMeeM
z(t+T)=X({t+T)x(0)=Xt)X(T)x(0) = X(t)ux(0) = px(t)

¥, 3HAYUT, BHITTOJIHEHO ycaoBue (5.62).

[IpennosioXXumM Tenepb, 4TO JJsi HEKOTOPOTO HETPHUBHAJBHOIO pellie-
Hus x(t) cucremnl (5.44) umeer Mecto cooTHoleHue (5.62). Torma npwu
t = 0 nmosiyyum

z(T) = px(0).
Takum obpasom,
X(T)z(0) = 2(T) = p(0)

Y, CJIeNOBATeNbHO, YUCIIO (i SIBJSETCS COOCTBEHHBIM 3HAYeHHEM MaTPHLIBI
X(T), T.e. MyJbTHIIIKATOPOM cHUCTeMBI (5.44). u

Caencreue 5.3. Cucmema (5.44) umeem nempusuasvroe T-nepuodu-
ueckoe peuiterue x(t) 8 mom U mMoOAbKO 8 mMoOM caydae, K020a Y IMOLL
cucmembl umeemcs mysomuniukamop = 1.

3ameuanue 1. [Tosoxum
p=e pt) =x(t)e ™,

rlie A — XapaKTepUCTHYeCKUH MoKa3aTesb CUCTeMBI (5.44), oTBeUyaomui
ee MYJbTHIIMKATOPY f, & x(t) — HETPHUBUAJbHOE pelleHHe 3TOU CHUCTe-
MBI, YIOBJeTBoOpsiomlee ycyaoBuio (5.62). Torna us (5.62) caenyet, 4to

ot +T) =a(t +T)e M) = pa(t)e Me ™ = AMpt)e ™ = p(t).
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CnenoBarenbHO, QyHKUUSA ¢(t) fBAseTcss T-epHONUUECKOH, a HETPUBH-
asnbHOe perieHue x(t) cucteMmsl (5.44), yIOBAETBOPSIOIIEE COOTHOLIEHHUIO
(5.62), momyckaet npencTaBJieHHE

z(t) = p(t)e. (5.63)

Omnpenenenue 5.9. Henpepoisrno oduggpepenuupyemas mampuya S(t)
(t > tg) Hasbieaemcs mampuyeil JIanyHosa, ecau B8vlNOAHEHbL CAe0Yto-
uiue yYcao8usL:

1. Mampuyser S(t) u S(t) oeparuuenst Ha npomexcymke [ty, o0), m. e.:

ISOI <M, [|SEII <M, t=>t, (5.64)

ede M > 0.
2. Mampuya S(t) Hesvipoxcderna Oas 8cex t > ty u, 6oree moeo,

[det S()| > m >0, t>t (5.65)

051 HeKOMOPOL NOAOHCUMENbHOL KOHCMAKMbL M. 3AMEHA NepemerHoll
x(t) = S(t)y(t) (t > ty) ¢ (n x n)-mampuyeti Jlanynosa S(t) Hasviea-
emcs AANYHO8CKOU 3aMeHOl.

Teopema 5.7 (JIanyHoBa). Cyujecmsyem maxas T-nepuoduueckas As-
NYHOBCKAS 3AMEHA, C NOMOULbI0 Komopoil cucmema (5.44) npusodumcs
K 8udy

y = Ay, (5.66)

ede N — Hexomopas nocmosinras (n X n)-mampuya.

Jokazameavcmeo. CornacHo Teopeme 5.6 MaTpuIaHT cucTeMbl (5.44)
JOTIyCKaeT npeacTaB/eHre Buga (5.56). Jlerko nposeputsb, 4yto 1-nepuo-
nudeckass matpuua P(t), onpenessiemasi paBeHCTBOM (5.59), siByisieTcs
matpuueil JlsnyHoBa, u, cienoBatesibHO, 3aMeHa x = P(t)y sBiaseTcs
JSIMyHOBCKOH 3aMeHOH. OCyllecTBJIsi 3Ty 3aMeHy B cucteme (5.44), mo-
JYYUM

O(t)y + P(t)y = A(t)D(t)y. (5.67)
B cuny (5.59) numeem
d(t) = X(t)e ™ — X(t)e ™A =
= A)X (t)e ™ — d(H)A = A(t)D(t) — (t)A.
Hcnonb3ys 310 paBeHcTBO B (hopmysie (5.67) U yuuUTBIBass HEBBIPOXKIEH-

HocTh MaTpulbl $(t) nns Bcex t € R, nmpuxonum K cucteme (5.66).
Teopema nokasaHa. |
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Teopembl 5.6 u 5.7 yacTo (OPMYJHUPYIOT B BHIE ONHOH TEOPEMHBI,
MeHyeMoH Teopemoil JIsnyHoBa—®ioke. DT TeopeMbl MO3BOJSIOT 1aThb
KaueCTBeHHOe OMUCaHWe TUHAMHUKH pelleHUH MepUOAHYECKOH CHUCTEMBI
(5.44), a Takxke omMcaTbh CTPYKTYPy OOIIEro pelieHHss 3TOH cUcTeMbl. B
3TOH CBSI3W HMeeT MeCTO CJeNyIollasi TeopeMa.

Teopema 5.8. Cnpasedausol caedyrowue ymsaeprcoenus:

1. Ecau sce mysvmuniuxamopol cucmemol (5.44) pacnososxrcerol
BHYMPU eOUHUUHOCO KpYea HA KOMNAEeKCHOU naockocmu, m.e. |y < 1
ora ecex | = 1,...,s, mo 6ce pewerus 3mol cucmemvl IKCNOHEHUU-
QAbHO cmpemamcs K HYAro npu t — +o0.

2. Ecau sce mysomuniuxkamopor cucmemot (5.44) pacnososcerol
BHYMPU UAU HA SPAHULE eOUHUYHO20 Kpyea HA KOMNAEKCHOU NAOCKO-
cmu, m.e. || <1041 6cex 1 =1,...,s, npuuem MysomuniuKamopam
\i| = 1 omeeuarom acopdarosol kiemku nopsadka 1 8 xopdarosol
popme mampuuol morodpomuu X (T'), mo ece peuiernus amoti cucmemol
oeparuuersl npu t — +oo.

3. Ecau y cucmemor (5.44) umeemcs xoms 6v. 00UH MYAbMUNAU-
kamop |u| > 1, mo y amoti cucmemol UuMerOMCS HEOSPAHUUEHHbLE NPU
t — +00 peuieHus.

ﬂOKCZSCZme/LbCﬂ’lSO.

1. Bocnosibayemcsi npencraBienreM (5.56) 151 MaTPUIlaHTa CHCTEMBI
(5.44). Nmeem

2(t) = X (1)2(0) = (t)eh2(0). (5.68)

B cuny coorHowenus (5.61) ycaosue || <1 (I =1,...,s) Breuer BbI-
noJiIHeHHe HepaBeHCTBA Re \; < 0 mig BceX XapaKTEePUCTHYECKUX ITOKa-
zaresei cuctembl (5.44). [lockosbky maTpuua ®(t) siBaseTcss MaTpuLel
JIanyHoBa, TO cylllecTBYeT Takas MOJIOXKHUTeJbHass KoHcTaHta M; > 0,
uTo

| < M, teR. (5.69)

OcTasoch Tenepb BOCIONb30BAThCS OLEHKOH MAaTPUYHOH 3KCIOHeHTHl et

aHAJOTMYHOH TOW, 4TO OblJa HUCMOJIb30BaHA MPH BbIBOAE CJeACTBUA 4.4.
Otkyna

lz@®)l < @)™ [lz(0)]] < MiMo|z(0)[le™™, ¢>0
17t HeKOTopeix Mo, v > 0. CienoBatesbHo, z(t) — 0 npu t — +o0.
2. BHoBb oOpaTumMmcsi K mpeacTaBJeHuio (5.56) mjis MaTpHIlaHTa CH-
cteMmbl (5.44). B cuny cooTHoinenus (5.61) mynabTuniaukaropam |p| < 1
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OTBeualoT coOOCTBEHHbIe uncaa MaTpulbl A, nis kotopeix Re A; < 0. Kpo-
Me TOr0, MyJbTHIIKHKaTOpaM |u;| = 1 oTBeualoT coOCTBEHHbIE YHCIa MaT-
puubl A, nas kotopeix Re\; = 0 u, B cujay 3ameuanus 2 kK jemme 5.8,
COOTBETCTBYIOLIHME »KOPJAHOBBI KJIETKH B KOPAAHOBOH (hOopMe MaTpHIIbI
A umetrot nopsinok 1. Mcnonb3ys Tenepb 3ameuanue 1 Kk Teopeme 4.8 u3
riaBel 4, a Takxke dopmyay (5.68) u HepaBeHcTBoO (5.69), 3aksdaeMm,
uTo
lz@®)] < @@l [[lz(0)]| < MiMa||z(0)], ¢ > 0.

3. Bocrosibayemcesi pesysnbraTom jJeMMbl 5.9, a TouHee MpeaCTaBJeHU-
eM (5.63) n/1s1 HEeTPUBHAJNBHOTO pellleHHs cHcTeMBbl (5.44), oTBeudarolIero
XapaKTepHCTHUEeCKOMY ToKasaTesio i = eM’. MMeem

Iz = lle@llle™] = o)l

rae p(t) — HekoTopasi HeTpuUBUaJbHas T-mepronnueckas QpyHkuus. [To-
CKOMBKY || > 1, To Re \; > 0, u, cnemoBatenvHo, BennunHa ||x(t)|| He
orpaHuyeHa npu ¢ — +oo.

Teopema pmokasaHa. |

3aBeplliasi pa3roBop O JIMHEHHbIX CUCTEMAX C NMepUOJUUYeCKUMH KO3(]-
(pULMeHTaMH, NIPUBeNeM Pe3yJbTaT O CTPYKType OOLIero peleHrus TaKux
CUCTEM.

Teopema 5.9. [Ipednoroswcum, umo y cucmemor (5.44) umeemcs s < n

xapakmepucmuueckux nokasameneil \i, \o, ..., \s, KOMopvim omaeeua-
rom s aopoaHosulx uenouex O0auHol ki, ke, ..., ks coomsemcmserHo,
npuuem ki + ko + ...+ ks = n. [loroxwum ors ecex | =1,. .. s:

(1) = 'y (8),
() = M (1 (1) + (1)),

2
(0 = M (Sl @) + 10 (0) + 0 (1)), (5.70)
tkl—l
o) = M (g O+ -+ L+ ),
ede ¢§l>(t),¢§l>(t), . ,wgl)(t) (l=1,...,8) — Hexomopvie T-nepuodu-

yeckue, 8006uje e080ps, KOMNAEKCHO3HAUHble seKmop-PynKkyuu. Toeda
8eKkmop-QyHKyUsL

S

w(t) = Y (a 1) + a0+ e 1) (5.71)

=1
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(1 l
C NPOU3BONbHBIMU KOMNAEKCHOIMU YUCAAMU c(l), c§>, o ,c,(ﬂ) (l=1

aeasemcs obuum peuiteruem cucmemol (5.44).

ey S)

Jlokazameavcmeo. VI3 teopembl 5.7 cienyet, uyto cuctema (5.44) ¢ mo-
MOLIbIO JISTTYHOBCKOU 3aMeHbl x = P(t)y, rue T-nepuonnueckasi MaTpHilia
®(t) onpenensiercs: popmysoi (5.59), npuBonutes K Buay (5.66). Obiee
pellleHHe JIHHEHHOH CHCTeMbl C MOCTOSIHHBIMH KoadduuueHtamu (5.66)
omnpenesisiercsi cornacHo Teopeme 4.5. BosBpalasick 3aTeM K HCXOQHOM
cucteMe (5.44), UCOb3Ysl YNOMSIHYTYIO JISATIYHOBCKYIO 3aMeHY, ycTa-
HaBJIMBaeM CIpPaBelJUBOCTb Npenactabaenut (5.70), (5.71). |

[lonpoOHOe u3/0KeHHe TeOpUU JIUHEHUHBIX CUCTEM C MEPUOAUYECKHU-
MH KO3(p(PUUUEHTAMHU C MPUNOKEHUAMH K Pa3JHUYHBIM 3agadaM (PU3UKH
U TEXHUKH 3aUHTEPECOBAHHBIM UMWTaTeNb MOXKET HAWTU B U3BECTHOHU MO-
Horpacuu [28].



I'1aBa 6

OO1mue cBOMCTBA CHCTEM
HeJNHEHNHbIX
nupdepeHaNbHBIX
YpaBHEHUU B HOPMaAJbHOU

popme

6.1. CymecTBoBaHHE M €IMHCTBEHHOCTb
pemenus 3agauu Komu. OcHOBHBbIE
TeOpeMbI

PaccmoTpum cuctemMy HesrHelHBIX AU((epeHIHaNnbHbIX YPaBHEHUH,
3aMMCaHHYI0 B BEKTOPHOU (hopme:

y'(r) = f(z,y), ze€R, (6.1)
rie
yi(z) yi(z) filz,y1, oY)
y)=|{ + |, y@=| + |, flay= :
u fi(x,y1,...,yn) (i = 1,...,n) — 3a7aHHble CKaJspHble NEHCTBUTEJ/b-

Hble (DYHKIIKH, ONpeleseHHble Ha HeKOTOpoM MHOxecTBe D C R Cu-
cremy (6.1) HasbiBawT cucTeMod n AuddepeHIMaNbHBIX YpaBHEHUH, 3a-
MUCAHHOH B HOPMaJibHOU (popme.



112 [JIABA 6. ... cBoHcTBa cucTeM HeJUHeHHbIX 1Y . ..

Onpenenenue 6.1. Henpepoisro dueperuupyemyro Ha Hexomopom
npomexncymxe I sekmop-@ynkuuro y(xr) HA3bLBAOM peuleHuem cucme-
mot (6.1), ecau npu nodcmaroske Komnoxnenm amoti seKkmop-QyHKyuu
y1(x), ..., yn(x) 8 cucmemy (6.1) 8ce n ypasrenuii amoil cucmemot 06-
paujaromcs 8 moxcdecmaa, 8vlNOAHEHHble 045 8cex x € L.

PaccmoTprM HauasbHOE yci0oBHe

y(0) = Yo, (6.2)

rie g € R u yp € R". Pewenne y(x) cucremsl (6.1), ynoBmerBopsio-
Iee HadyaJbHOMY ycJOBHIO (6.2), HasbBaeTcsl pelleHHeM 3anayd Koru
(6.1), (6.2). bynem B nanbHellieM cUUTaTh, UTO BeKTOP-QyHKIUS f(z,y)
omnpeJesieHa B MapaJJjesenumnene

D={(z,y) eRxR" ||z — 2| <a, |ly—wl <b, a,b>0}. (6.3)

CoBeplleHHO aHaJIOrMYHO JeMMe 2.1 ycTaHaB/auBaeTcsi CJAeAYIOUIUMU pe-
3yJbTar.

Jlemma 6.1. [lycmo sexmop-pynkyus f(x,y) Henpepovi8Ha no cOBOKYN-
Hocmu nepemerHolx 8 napaarresenunede D. Toeda sadaua Kowwu (6.1),
(6.2) sksusasenmua cucmeme UHMEEPALbHOLX YPABHEHUL

y() Zyo+/f(t,y(t))dt, (6.4)

npu mex v u3 ompeska |z — x| < a, npu komopwix (z,y(x)) € D.

OCHOBHBIM P€3y/IbTaTOM, YCTaHABJMBAMIIMM OJHO3HAYHYIO pas3peru-
MocTb 3anaud Komwu (6.1), (6.2), sBasercs cienywolias TeopeMa.

Teopema 6.1 (IIukapa-JIunnenéda). [lycmo 8 napasrrerenunede D,
onpedeasiemom gopmysoii (6.3), pymuxyus f(x,y) HenpepvisHa no ne-
pemenHol x, a no nepemerHoll y yodosiemsopsem yciosuro Jlunuiuya

”f(xvyl) - f(x792)” < LHyl - ?/2”7 (6.5)
ede mouku (x,y1) € D, (x,y2) € D, a L — nocmoannaa. Toeda Ha

ompeske |r — x| < h, ede

b
= mi — M = .
h mm(a, M), max ()]l (6.6)

pewerue 3adauu Kowu (6.1), (6.2) cyuwecmsyem u edurcmaerro.
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Hokasamenrvbcmeo. 3aMeTHM, YTO 0OOCHOBAHHE CYIlleCTBOBAHUS M €IMH-
cTBeHHOCTH 3anmaun Komwu (6.1), (6.2) MOXKHO NpPOBECTH IO CXeMe JI0-
Ka3aTeJbCTBa TeopeMbl 2.1, UCMOJb3yst MPUHIMI CXKUMAKOIMIUX 0TOOpa-
»KeHHH. MBI e MpoBeleM I0Ka3aTeJbCTBO METOIOM MOCJeN0BaTeIbHBIX
npub/IvKeHUH. Bynem B nasibHeiIIeM pacCcMaTpUBaTh MPOMEXYTOK & €
[0, xg + h]. OBocHOBaHHe TeopeMbl AJisl OTpe3ka x € [xg — h,xy] TpoBo-
JUTCST aHAJIOTHUHO.

YcoBusi, HasloKeHHBle HAMW Ha (QYHKUHIO f(z,y), TapaHTHUPYIOT ee
HerpepbiBHOCTL 0 COBOKYIHOCTH TepeMeHHBIX B NapaJJesnenunene D.
CnenoBaTeibHO, B CHJIYy JieMMbl 6.1 HaM JIOCTAaTOYHO YCTAHOBUTH Ofl-
HO3HAYHYI0 DPa3pelIdMOCTb CHUCTeMBbl ypaBHeHHH (6.4) Ha oTpe3ke = €
[0, xo + h]. TTomoxum yo(z) = yo u

Yri1(z) = y0+/f(t,yk(t))dt, k=0,1,2,... (6.7)

[Tokaxkem cHauaJgia, 4To
lye(z) —yoll <b, k=0,1,2,..., (6.8)

ecsi T € [xg, xo + h]. Bocronbsyemess nuaykiuueidt no k. OueBHIHO, UTO
lyo(x)—1yo| < b. [Ipennonoxum, uto |yx(x)—yo| < b, korma k = 0,1,...m.
Torna

%Hmmw{j}@wwwﬂ<iu@%ﬁmw<

SM(-T—Z’Q)SMth

M HepaBeHCTBO (6.8) ycTaHoBJIeHO. 3aMeTHM Takxke, uTo U3 (6.7) u (6.8)
cJleflyeT, 4To Bce (PYHKIHHU ¥i(x) HeNpepbIBHBI Ha OTPe3Ke [xq, Ty + hl.
[Tokaxkem najiee 1Mo WHAYKLUHH, YTO

MLk(SC _ J?())k+1

R =0,1,2,..., (6.9)

[Yr41(2) = yr(@)]| <
ecu x € [xg,xg + h|. [lpu kK = 0 HepaBeHCTBO ycTaBJeHo Bbile. [Ipen-

MOJIOXKHUM, UTO HepaBeHCTBO (6.9) crpaBenauso aasg k= 0,1,...,m — 1.
13 (6.7) ¢ yuetom (6.5) BEIBOAUM, YTO

\mmﬂ@—yM@HS/ﬂﬂa%ﬂﬂ—f@wwﬂﬂwﬁg
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< / e (t) = Y (8.

Hcnosb3yst Tenepb HepaBeHCTBO (6.9) npu k = m — 1, 3akjaw4aem, uTo

MI™ y MIL™ _ m+1
/ (t — to)dt = (& = zo)""
(m+1)!

[Ym+1(2) = ym(2)]| <

Zo

Takum o6paszom, cripaBeIMBOCTD (6.9) ycTaHOBJeHa. 3aMeTUM, YTO (PYHK-
M0 Yk () MOXKHO pacCMaTpUBaTh Kak UAaCTHUYHYIO CYMMY psiia

Yo + Z(ym+1(x) - ym(x))a

KOTOPBIE PaBHOMEPHO CXOAMTCS Ha OTpe3Ke [Ty, To+h|, TOCKONbKY B CHJTY
(6.9) maxkopHupyeTcst Ha 3TOM OTpe3Ke CXOMSLIMMCS YHCJOBBIM PsIIOM

Lmhm—H
lvoll + Z

CnenoBatesibHo, yx(x) = y(z) npu k — 0o paBHOMEPHO 10 & € [xq, To+h]
U, KpoMme Toro, (pyHKUHS y(x) HempepblBHA NpU x € [xg,zo + h]. [lo-
CKOJIbKY (GyHKIUS f(z,y) paBHOMEPHO HempepbiBHA B D, TO HeC/J0X-
HO npoBeputh, uto f(z,yr(z)) = f(z,y(z)) (k — o) paBHOMEpHO MO
x € [xg,zo + h]. B cuaIy n3BeCTHOTO pe3ysbTaTa U3 aHAJIM3a Mbl MOXKEM
nepedTH B paBeHCTBe (6.7) K mpenenay nmpu k — oo TON 3HAKOM HHTe-
rpana. OTkyna mosydaem paBeHCTBO (6.4) W, 3HAYMT, CyIIECTBOBaHHE
pellleHUs Y 3TOH CUCTEeMbl MHTETPAJIbHBIX YpaBHEHHH 000CHOBAHO.

[Tokaxkem Ternepb eIMHCTBEHHOCTb MOCTPOEHHOTO PEIIEHUS] CHCTEMBI
(6.4) na orpeske [xg,xo + h|. [Ipennosoxum, 4To CyLIeCTBYeT ellle pe-
wenne z(z) # y(z) cucremsl ypasHenuit (6.4) takoe, uto (z,y(z)) € D
I BceX x € [xg, zo + h]. Torna u3 (6.4) u (6.5) caenyer, uto

ly(a) — 2(z H</Hfty (t.x(0 )\dt<L/Hy ~ (o).

B cuny HepaBeHcTBa ['ponyonna—besnmana (nemma 5.1) oTciona cienyer,
uto y(x) = z(x), Korma x € [xg, xo + hl.
Teopema nokasaHa. |
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3ameuanue 1. [lyctb BekTOp-(hyHKUMSA f(x,y) HempepbiBHA B MapaJe-

Jenunene D BMecTe CO CBOMMH YaCTHBIMU MPOU3BOJHBIMH a—7(x,y) rue
J

i,j=1,...,n. Torna Bekrop-pyHkuus f(x,y) ynoBaerBopsieT B D ycJio-
Buio Jlunmuna (6.5). TTomoxum
L= ma ‘
z,y) GXD 8y

rjie CMMBOJIOM ——(x,y) o603HaueHa Matpuua fkobu, T.e. (n X n)-Matpu-

Ay
11a, COCTaBJIeHHAsl U3 YaCTHBIX MPOU3BOIHBIX g—f(:c,y) (1,7 =1,...,n).
CripaBe/IuBO CJeAyIolllee HepaBeHCTBO — aHaJI(J)F bopmyabl Jlarpanxka
KOHEUHBbIX TPHUpAIleHuHd A/ (PYHKIHUH HECKOJbKUX MepeMeHHbIX (CM.,
Hanpumep, [8, ctp. 581]):

I n) = Fla )l < sup |55 ot =) =2l < Zlln s,
E

rae (xz,y1) € D, (x,y2) € D. 31ech MBI, pagyMeeTcsi, yU/IH, UTO B CHIY
BBIITYKJOCTH MHOXecTBa D Touka (:U,yl + t(ys — yl)) NPUHALJIEXKUT D
npu Bcex t € [0, 1].

3ameuanue 2. [Ipy ycnoBusix teopembl 6.1 Hesnb3s rapaHTUPOBATh TOTO,
uto pemenue y(x) 3agaun Komm (6.1), (6.2) cyuiecTByeT Ha Bced neil-
CTBUTEJbHOH OCH (CpaBHHU ¢ JIMHeHHO# cucTemol (5.1)). JlelcTBHUTENBHO,
JIOCTaTOUHO PacCMOTPeTh B KadecTBe MpuMepa 3amauy Koiu

y'(x) =y*, y(0)=1.

EnuncTBenHOe pemnenue 3Toi 3amaus, Gynkuus y(x) = (1 —z)7 1, cyue-
CTBYET JIMIIb Ha MPOMEXYTKe —00 < T < 1.

3ameuanue 3. Ecnu Hapymaercs ycaoBue Jlummwuna (6.5), To rapas-
TUPOBAaTh €IMHCTBEHHOCTb pelleHUst 3amauu Komwu (6.1), (6.2) Hesbas.
COOTBETCTBYIOILMH TPUMEpP NOCTABJISIET, B YaCTHOCTH, 3afadya Komu pis
CKaJISIPHOTO ypaBHEHHSI

y'() =VIyl, y(0)=0.

x
DTa 3amada Hapsay ¢ pemeHusMu y(x) =0 u y(x) = T (x > 0) umeer,
B YACTHOCTH, KOHTHHYAJIbHOE CEMEHUCTBO pPelleHUH

0 0<z<c,

c<uw,
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rae ¢ > 0 — NpOU3BOJIbHOE NEHUCTBUTEbHOE YHUCJIO.

B cBfi3u ¢ moc/JiefHUM 3aMe4YaHHeM TpeACTaBJseT HHTepec BOMPOC O
TOM, KaKHe yCJIOBHUSI He0OXOIUMO HAJIOXKUTb Ha BeKTOP-PYyHKUHUIO f(x,y),
4TOOBI MOXKHO OBIJIO TAPAHTUPOBATH CYLIECTBOBAHUE pellleHUs 3anadn Ko-
mu (6.1), (6.2), HO He 00si3aTeslbHO — ero eguHCTBeHHOCTb. OTBET Ha
3TOT BOIIPOC JAeT CJAeAYHoLIas TeopeMa.

Teopema 6.2 (Ileano). /lycmo 6 napasresenunede
DY ={(z,y) ERxR" |2y <z <z0+a, ly—wl <b ab>0}

Qynkyusn f(x,y) HenpepvisHa no co8oOKynHocmu nepementolx. Toeda
Ha ompeske [xg,xo + h], ede

b
h = min(a, M)’ M = (xlgl)%%Jr |f(z, y)]l,

cywecmsyem no Kpaiiteti mepe o0no peuiterue y(x) 3adauu Kowu (6.1),
(6.2).

Hoxazamenrovcmso. Odnsa xkaxporo k € N onpenesrM BeKTOP-(QyHKLHIO

1
yr(T) Ha oTpe3ke xy — T < x < xy+ h crenyomum obpasom. [Tosoxum

yi(T) = yo, ecau x € [z — %,xo}, "
f 1
wle)=w+ [ (et 7)) (6.10)

ecim T € [xg,x0 + h|. Ha mpomexyTtke [xg,z9 + h| PyHKUHSA yi(T),
onpenessiemasi dopmysaoi (6.10), cTpoutcs maramud. Ha mepsom mmare

3Ta BEKTOP-(PYHKUHUSA ONpelessieTcs Ha OTpe3Ke & € [xo,xo + aq], roe

. 1 1 1
a1 = min (h, E) B sToM ciiyuae ¢t — — € [xg — —, x|, a 3HAUMT, TOAIH-

TerpanbHasi pyHkuus B (6.10) ectb f(t,y0). 3 (6.10) cnenyer, uto

() — woll < / Lt yo)lldt < M(x — 20) < May < M.

Lo

Otkyna B cuay (6.6) BBIBOZHUM, 4TO

lyk(z) — yoll <0, (6.11)
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Korna r € [zg,xo + aq]. 3ameTnM, uto HepaBeHcTBO (6.11) oueBHMOHO

CTIpaBeJIHBO U Korga = € [xg — —,%o|. Ecam a3 = h, 10 mocrpoe-

k
HUe 3aKoHYeHo. MHaue, Ha BTOpoM Iare (YHKUHUS yi(z) C TOMOIIBIO

dopmynnl (6.10) mpomoskaeTcss Ha MPOMEXYTOK [xg + a1, Ty + o], Tae

) . 1 1
Qs = min h,% . Ha ceit pas t — - € [z — 750 + a1] u, sHauwr,
NMoJbIHTerpaabHoe BhipaxkeHue B (6.10) ecTb HekoTOpasi M3BeCTHas HaM

dyrkupsi. Kpome roro, mockospky Touka (¢,yi(t — E)) B CHJIy Hepa-

BeHcTBa (6.11) mpuHamIexxuT napajnesendneny DT, Tak ke Kak WU Ha
MepBOM IlIare yCTaHABJIUBaeM, UTO HepaBeHCTBO (6.11) cripaBensivBo u Ha
MPOMEXYTKe = € [xg + a1, xo + o). Ecain ag = h, TO MOCTpOeHHe 3aKOH-
yeHo. MHaue, mpoiosiKasi 3TOT MPOLIECC, 32 KOHEYHOE UHCJO IIAroB Mbl
MIOCTPOUM BEKTOP-(PYHKLHIO yx(x) HA BCeM OTpe3Ke [xg, Tg + h).

PaccMOTpUM MOCTPOEHHYI0 MOCJEI0BATENbHOCTh BEKTOP-(PYHKIUH
yr(x), k € N, Ha orpeske [zg,xy + h]. 3aMeTuUM, UTO 3Ta MOCJEIOBA-
TeJIbHOCTh PAaBHOMEPHO OTPaHHYeHa Ha 3TOM OTPEe3Ke, MOCKOJIbKY B CHJY
(6.11) uMeeT MecTO OLieHKA

Iy (@)1l < Nlye(z) = yoll + [lgoll < b+ llwoll, k€N,

Hanee, 3ametumM, 4To B cuay (6.10) ¢ yuerom (6.6) cripaBensiviBo Hepa-
BEHCTBO

o)l = (£ e = D)) < M, € w20+ Bl

W3 npencraBaenus

T2

yr(21) — yr(22) = /yé(az)d:ﬁ

I

TOTHA CJeLYeT, UTO

lyn (1) = yr ()| < M|y — o]

1S IIOOBIX X1, T2 € [xg, 20 + h| U k € N. Takum o6pasom, Bce BEKTOp-
(GYHKUHH i (x) yIOBJIETBOPSIIOT yCJAOBHIO JIMMIIMIA C OMHOH WU TOH Xe
KOHCTaHTOH, paBHOM M. OTcioma cjenyeT paBHOCTENEHHasi HempepbiB-
HOCTb MocJjenoBatebHOCTH yi(z), K € N. B cumy Teopembl Apuesa
(cMm. pasmen 1.3.) W3 mocjenoBaTeNbHOCTU Yj(x) MOXKHO H3BJEYb PaB-
HOMEpPHO CXOMSILIYIOCST Ha OTpe3ke [zg,Zy + h| K HEKOTOPOH BeKTOp-
GyHKUMHM y(x) momamocaenoBaTeqbHOCTb Yk, (z). [losoxuM B paBeHCTBe
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(6.10) £ = k;. B cuny paBHOCTENEHHOH HENMpPePLIBHOCTU TOCJEI0BATENb-

HOCTH yj,(x) HETPYIHO MOKa3arb, 4To yi (T — E) = y(x) Ha oTpeske
z

[z9, 0 + h]. B cuny paBHOMepHOH HempepeIBHOCTH (PYHKUUU f(z,y) B

napajesenunese DT sakmouaem, uto f(z,yy (v — E)) = f(z,y(x))
z

paBHOMEpPHO Ha oTpe3ke [xg, T+ h]. [lepexonsi B paBenctse (6.10) k mpe-
peny mpu k; — 400, yCTaHaBJMBaeM, UTO TpelesbHas (QyHKUHsA y(x)
SIBJIsIeTCS pellleHWeM CHCTeMbl MHTerpasibHbiX ypaBHeHHH (6.4). B cu-
Jay JeMMmbl 6.1 oTcioma cjenyeTt, 4To HenpepblBHO AU depeHIUpyMas Ha
oTpesKke [xg,zo + h] BekTOp-OyHKUHUS y(x) ABJSETCS PElIeHHeM 3afadyu
Komu (6.1), (6.2).

Teopema mokasaHa. |

[eomeTpuueckyto npupony peuenuii 3agauu Komwu (6.1), (6.2) B ycso-
BUSX TeopeMbl [leaHo TposicHsIeT c/enyroliasi TeopeMa.

Teopema 6.3 (Knesepa). [lycmo 8vinoamenol 8ce ycaosus meopemol 6.2.
[Torosxcum xy < ¢ < xg+h u 0603HauUM Hepe3 S, MHOHCECMBO mex mo-
uex y. € R", oas komopwix Ha ompe3ke [rg,c| cyuecmeyem peuierue
3adauu Kowu (6.1), (6.2), maxoe, umo y(c) = y.. Toeda mHoxMecmso
S. A68456MCA 3AMKHYMbIM CBAZHBIM MHONCECMBOM.

JlokasaTeibCTBO 3TOM TeOPEMbl UHTATENb MOXKET HaUTH B KHUre [25].
Tam ke MOXXHO MO3HAKOMHTBCS ¢ mpuMepoM 3anadun Komu (6.1), (6.2) ¢
HenpepblBHOH B mockocTd R X R ¢yHkuued f(x,y), kotopas ajs Jio-
6ol HaYaJbHOH TOUYKHU (¢, Yyo) UMeeT 6oJiee OIHOTO pellleHHUs] Ha KaXKIoM
oTpeske [xg, xg + h| ¥ [xg — h, x| npu J060M h > 0.

6.2. O HempepbIBHOM 3aBUCHUMOCTH
pelleHNH OT HadaJbHbIX YCJIOBHUU
M MapaMeTpoB
PacemoTpum 3anauy Ko (6.1), (6.2), peliieHre KOTOpod 0603HAUNM
Kak GyHKUH y(x, To, yo), NOMUEPKUBAsi €€ 3aBUCHUMOCTb OT HayaJjbHBIX
ycJoBHE. B naHHOM pasnesie Mbl GyeM HHTEPECOBAaTbCsSl XapaKTepoM 3a-

BUCUMOCTH pelleHust y(x,xo,yo) OT MEepeMeHHBIX Ty H yo. Onpenesum
napaJgaejenunen D caeayomum o6pasom:

D={(z,y) eRxR" ‘ 2 —2°| <a, |ly—y°| b, a,b>0}. (6.12)

OCHOBHBIM pe3yabTaTOM 3TOr0 pasieJda fBJAdeTCd Caeayloliasd Teopema.
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Teopema 6.4. [Iycmo gvinosnenovl 8ce ycaosus meopemol 6.1, a napas-
senenuned D onpedeasemcs gopmysoti (6.12). Toeda pewierue
y(x,x,yo) ecmo Henpepvl8HASL NO COBOKYNHOCMU NepemeHHblx QYHK-

uus 8 awboli mouke (x,xo,Yyy), ede r € [xrg — h,zo + iz] h >0, u
(20, y0) — 8HYmMpenuas mouka napairesenuneda D.

YcTaHOBUM CHauajia OfUH BCIIOMOraTesibHbIE pe3dysbrar. O603HaYNM
yo(x) = y(x, xg,y0) — pewenue 3amaun Komn (6.1), (6.2). B cuay Teo-
pembl [Tukapa—Jlunnenéda 310 pelleHue CyleCTBYeT, MO KpakiHe# Mepe,
Ha HEKOTOPOM OTpeske [zg—h, zo+h], h > 0. Kpome Toro, (z,y(z)) € D,
Korna x € [xrg— h,zo+ h]. OcymectBum B (6.1) 3ameny z = y(z) — yo(x),
B pe3yJibTaTe KOTOPOH MOJyUUM CHCTEMY

Z(x) = f(z, 2 +yo(x)) — [z, y0(x)). (6.13)
PaccMoTpuM 3Ty crcTeMy BMeCTe C HauaJbHBIM YCJIOBHEM
2(xg) = 20, 20 € R". (6.14)
CnpaBensivBa cjefyiolias JeMMa.

Jlemma 6.2. Haiidemca makoe § > 0, umo daa scex ||z|| < 0 peuwse-
Hue z(x,zy) 3adauu Kowwu (6.13), (6.14) onpedeseno Ha Hexomopom
ompeske [xg — h :L*0+h] h>0 u cmpemumca K Hyato npu zg — 0
pasHomepro no x € [xg — h,xo + hl.

Hoxazamenvcmeso. IlockosbKy (o, yo) ABJISAETCH BHyTpeHHeH TOYKOH MHO-
KecTBa D, To Hafigercst Takoe 0 < h < h, uto |yo(z) — y°| < by < b,
Korna |z — xg| < h. PaccmoTtpum mapaJienenurnesn

D.={(2,2) ERXR"| |z — x| <h, ||2| <b—br}.

[IycTb

F(z,2z) = f(z,z2+yo(x)) — f(z,y0(x)).
3aMeTHUM, UTO BeKTOp-(QyHKuus F'(x,z) HempepblBHA IO MepeMeHHBIM
x,z, Korpa (x,z) € D,. JleUCTBUTENBHO, 3TO CJelyeT U3 HerpepbIBHO-
CTH BeKTOp-PyHKUMUU f(z,y) mo nepeMeHHBIM (z,y) € D u Toro (akra,
uTo

Iz + yo(z) — Il < 12l + llyo(z) — y°l <b— b1+ by =0,

ecau |x —xo| < h. Kpome Toro, B cuny (6.5) okasbiBaeTcsi BbINOJHEHHBIM
ycnoBre Jlunmuna

[F(z,21) = F(x, 22)|| < Ll[21 — 2], (6.15)
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rae Touku (x,21) € D, (x,29) € D,, a L — mocTosiHHAS.

CumTaeM gajee, 4To = € [x, o + h]. JIOKA3aTeNbCTBO IS OTPe3-
Ka [xg — h, T] IPOBOLMUTCS aHAJOrMUYHO. ByleM HCKAThb pelleHHe 3ajad
Komu (6.13), (6.14) meTomom mocjenoBaTebHBIX MPUHOAMKeHHH. [TycThb
|2z0ll <0 < b— by unonoxum zp(x) = zp. Onpenesum QyHKIUH

T

Zma1(T) = 20 + /F(t, zm(t))dt, m=20,1,2,... (6.16)

Lo

13 (6.5) caenyet, 4To

|M@%%MS/WW%MﬁSU%M%%& v € [wo,20+ 1.

Lo

Hanee B cuay (6.15) umeem

|22(x) — z1(2)]| < /HF(t,zl(t)) — F(t,20))||dt <

r. 2
r—x
< L [llato) — zolde < 220 S5

Lo

Koab cKOpo ||z1(z)|| < b — by mas Beex = € [wo, 2o + h]. CoBepleHHO
AHAJIOTHYHO YCTAHABJIMBAETCS, UTO

x — x9)"
Jene) = zna @) < D71z 200 6.17)
ecant ||zp(z)|| < b—by ans Beex x € [xg, 20+ h] w k=0,1,...,m —1.

[TokaxxeM Temepb, 4TO BCera MOXKHO BBIOpaTh 6 > 0 # ||z0|| < 0 Tak,
uto ||z (z)|| < b—0by mast Beex © € [z, xo+ h| U m € N. [leficTBUTEBHO,
U3 MpelCTaB/eH s

Zn(1) = 20 + (21(2) — 20) + -+ (2m(2) = 21 (2)) (6.18)

1 HepaBeHcTBa (6.17) cienyer, 4ToO

o)l < ol (1 + Lo = a0) + ..+ T

< ||z0]| exp{ L(z — w0)} < ||20]| exp{Li} (6.19)
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Ipu x € [0, 2o + h]. Beibupas sarem 6 = (b — by) exp{—Lh} u ||z0]| < 6,
ybexxnaeMcsi B TOM, 4TO

lzm(@)|| < (b= b1) exp{—Lh} exp{Lh} = b— b,

1151 BCeX x € [x0, o+ h] 1 m € N.

Haxkoner, ocranock 3ameTutb, 4to U3 (6.17), (6.18) u (6.19) crenyer
paBHOMepHas Ha OTPE3Ke & € |ag, o + h] CXOLMMOCTb MOCJIEL0BATENBHO-
CTH 2, () K HEKOTOpOH (pyHKuMHU z(x, zp). [lepexons B (6.16) K mpeneny
npu m — oo, ybexnaemcss B TOM, uTo (YHKUHS z(x,zy) SIBJAsSETCS pe-
meHreM 3anaun Komu (6.13), (6.14). Kpome toro, yctpemssisi B (6.19)
YHCJ0 m K GECKOHEUHOCTH, 3aKJII0UaeM, UTo

12(2, 20)| < ll=0ll exp{Lh}.

OTkyna BBIBOAWM, UTO z(x, z9) — 0 mpu 2y — O paBHOMEPHO OTHOCHUTEJb-
HO x € [z, T + hl.
JlemMMma nokasasa. [ |

Hoxkazamenvcmeo meopemot 6.4. Tlyctsb ya(x) = y(x, xo+ Az, yo+ Ayo)
— petenre cucteMbl (6.1) ¢ HauasbHBIM ycaoBUeM y(xg + Azg) = yo +
Ayy. be3 orpanuueHus o6UHOCTH OyaeM cuyuTaTh, 4To Axy > 0. 3ame-
THM, UTO pellleHnue ya () MOXKHO MPOAOJIKUTE B TOUKY & = xg. JlelcTBU-
TesIbHO, BeiGepeM Az U ||Ayp|| HacTOJMBKO MaJIBIMHU, UTO MapaJiiesenure]

Da = {(z,9) € RXR" | |z — 20 — Aol < a1, |ly —yo — Ayoll < b}

OJI1 HEKOTOPbIX (PUKCUPOBAHHBIX a; > 0,b; > 0 JeXuT BHYTpU Na-
pannenenunena D. Torna B cuay teopembl [lukapa—-Jluunenéda perue-
Hue ya(x) ompenesneHo Ha oTpeske [rg + Axg — hi, o + Axg + hq], rae
hy = min(aqy, by /M). YMeHblIasA, ecqu HeOOXOAUMO, BelUUUHY Axg, I0-
ObeMcsi TOTO, UTO pelleHHe ya(x) OymeT ompeneseHO W B TOUKE T = X.
Kpowme Toro, nockosibky

zo+Axg To+Azxg

ya(zo + Arg) = ya(wo) + / ya(t)dt = ya(zo) + / f(tya(t))dt,

Xo Zo
TO

ro+Axg
|90 + Ayo — ya(zo)|| < /Hf(t,yA(t))HdtSMAxo. (6.20)

Zo
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[Tonaras z = ya(x) — yo(x), npuxonum K cjenymomied 3agave Kouu
s GyHKUUH z(T):

(x) = f (2,2 +yo(x)) — f(z,90(x)), (6.21)
z(x0) = ya(xo) — Yo-

B cuny (6.20) umeem

lya(zo) = voll < ||vo + Ayo — yal(zo)|| + [[Ayol| < MAzy + || Ayl

13 nemmbl 6.2 cienyert, uto pemtenue 3anaud Komru (6.21) ctpemures K
nymao npu Azyg — 0 1 Ayy — 0 paBHOMepHO 10 x € [zg — h, xo + h|. DTO,
B YAaCTHOCTH, O3Hadaet, 4yto Ve > 0 30 = (&) Takoe, 4TO

I12(2, 20)Il = llya(z) = yo(2)|| =

= |ly(z, zo + Ao, yo + Ayo) — y(, o, yo)|| < 57 (6.22)
1151 Beex x € [xo — h, o + h], ecan Topko Azg, || Ayl < 0(e). BeiGupas
Tenepb x,x + Az € [xg — h, xo + h], monyuaem

y(z + Az, 29 + Az, yo + Ayo) — y(x, 20, Y0) =
+Ax

= [ s - ) (6.23)

X

[TockonbKy TOUkH (7, 2(x)) U (z+ Az, z(x+ Azx) B cuny JeMMbl 6.2 npu-
HaJlJ/eXat napajiesnenuneny D,, To, cJleqoBaTeNbHO, TOUKH (X, ya(x)) H
(x + Az, ya(x + Ax) npuHaniexat napajjesenuneny D, KOTOpbli omnpe-
nensiercs hopmyaon (6.12). Ho Torma

r+Ax r+Ax

H / Y (t)dt]] < /Hf(t,yA(t))HdthAx<g, (6.24)

ecid BeauuuHa |Ax| mocratouno maga. M3 (6.23) ¢ yderom (6.22) u
(6.24) BHIBOIHMM, UTO

e €
ly(z + Az, 20 + Ao, yo + Ayo) — y(z, 2o, )| < 5 + 5 =
A 310 ¥ o3Hauaert, 4TO pelieHue Y(z, g, Yo) HEMPEPBIBHO IO COBOKYIIHO-
CTU MEePeMeHHBbIX B TOYKe (1, Tg, Yo).
Teopema nokasaHa. |
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PaccmoTtpuMm Tenepb cuctemy aud@epeHIHaNbHbIX ypaBHEHUH, Mpa-
Basi 4aCTb KOTOPOH 3aBUCHUT OT m NEHUCTBUTEJbHBIX MapaMeTPOB:

y'(x) = f(z,y,p), peR™ (6.25)
,[LOHOJIHI/IM 9Ty CI/ICTeMy HadaJIbHbBIM yC.HOBI/IeM
y(zo) = yo, wo € R™. (6.26)

OnpenennM napaJJesenunen

Dy = {(z,y, 1) € RxR"XR™ | [z—0| < a, [ly—voll < b, [|p—pol < c}.
(6.27)
CHpaBeILJII/IBa CJ'IeI[y}OUJ,aH TeOpeMa.

Teopema 6.5. [Iycmo 6 napasrenrenunede D, pynkyua f(x,y, 1) Henpe-
Pbl8HA NO COBOKYNHOCMU nepemerHblx u yoosiemasopaem yciosuro Jlun-
Wuya no nepemenHol y:

| f(x,y1, ) — f@,y2, p)|| < Lilyr — v2]],

ede mouku (z,y1, 1) € D, (z,y2,1t) € Dy, a L — nocmoannas, He 3a6U-
cawas om p. Toeda pewenue y(x, ) 3adauu Kowu (6.25), (6.26) ecmo
HenpepvLeHass N0  COBOKYNHOCMU  NePemMeHHblx  QUHKUUS, npu
= ol <culr—mxo| < h, ede

. b
h=min(a, ), M= max | f(ym. (6.28)

(x>ynu’)€DlJ«

Loxazameavcmso. PaccyxaeHus, COBEpIIEHHO aHAJOTHYHble TeM, UTO
OblIM TIPOBEIEHB NPH Jl0KasaTeJbCcTBe TeopeMbl [Inkapa-Jlunnenéda,
TMO3BOJISIOT HAM YTBEPXKAaTh, YTO TMOCJEN0BATEIbHOCTD Yo (X, 1) = Yo,

yk-l—l(xnu) :y0+/f(t7yk(t7:u)nu)dt7 k:071727"'7 (629)

Zo

cTpeMuTCs K pelienuio y(x, u) 3agaun Komu (6.25), (6.26) npu & — oo
paBHOMEPHO MO x U u, Thae |z — xo] < h u ||u — wol| < ¢. Hecnoxno
yOenuThCsl, YTO BCe (PYHKUUH Yk (x, 1) HENpepbiBHBI MO COBOKYIHOCTH
MepeMeHHBIX T, ji, Koraa |z —zg| < h U |pu—po| < c. I3BecTHBIH pesysbrat
M3 Kypca aHajiM3a rapaHTHpyeT HaM TOTAa, UTO PAaBHOMEPHBIH Mpeel
TaKOH MOCJeI0BaTeNbHOCTH, DYHKIUS y(x, 1), TAKXKe eCTb HelpepbiBHAS
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Ha 3TOoM MHOXecTBe (pyHKuHs. [lepexonsi B dopmyne (6.29) k npenenay
npu k — oo, ybexpaemcs, 4To y(x, () YIOBJETBOPSET WUHTErPaJbHOMY
ypaBHEHUIO

y(@, 1) = yo + / £ty (b 1), 1),

Zo

KOTOpPOe, B CBOIO ouepelb, 3KBHBaJeHTHO 3amade Komu (6.25), (6.26).
Touno Tak ke, Kak u B TeopeMe [lukapa—Jlunpenéda, nokaspiBaercs
3aTeM eIMHCTBEHHOCTb MOCTPOEHHOTO pelleHus y(z, ji). |

6.3. IIpogonxkeHue pemieHUN

B 3ameuanuu 2 k teopeme [Iukapa—Jlunpenéda npuBeneH npumep
sanaud Ko (6.1), (6.2), KOTOpPBIH MOKAa3bIBaeT, YTO €€ pPellleHHe MOXKET
ObITb HEMPOMOJ2KAEMO Ha BCIO OCh, JlaXke B TeX CJAydasiX, Korna QyHKIHs
f(x,y) ynoBieTBOpsieT yCIOBUSIM TE€OPEMBI CYILIIECTBOBAHUS U €IUHCTBEH-
HOCTH pellleHUs mpu Beex (z,y) € R x R". B atom pasnese mMbl 06cynum
camble TIPOCTBIE Pe3YJbTaThl, Kacalollrecs MPONOKEHHUS PellleHus 3ajia-
un Komwu (6.1), (6.2) mo nepeMeHHOH .

Bynem nanee mpenmnoJiarath, 4to 3amada Komwu (6.1), (6.2) B cuay
TeopeMbl 6.1 0HO3HAYHO pas3pelidMa MpU JHOObIX HadyaJbHBIX YCJOBUSIX
(0,70) € R x R™. Onpenesum CJenyIOLIHe BEJUUHHbL:

wy = sup{z; € R|yo(z) cyuecrsyer Ha oTpeske [zg, 4]},
w_ =sup{z_ € R | yo(x) cywmectByer Ha oTpeske [z_, x|},

rae yo(x) — pelnenue 3anauu (6.1), (6.2).

Omnpenenenue 6.2. Humepsar (w_,w,) HA3618a10M MAKCUMALLHOIM UH-
mepeasoM Cyu,ecmaosanus peuterus yo(x).

OueBHIHO, YTO pelieHue yo(x) MOXKET ObITb MPOIOIIKEHO HA CBOM MaK-
CHMaJIbHbIA UHTEpBaJ CyllecTBOBaHUs. JleHCTBUTENBHO, BEIOEPEM MOHO-
TOHHO BO3PaCTaloOIIyl0 MOCJAEN0BATENbHOCTh T > o, k € N, Tak, 4To
pereHue yo(x) CyLUIeCTBYeT Ha OTpPe3Ke [xg, Tx] U, KPOME TOTO, T) — W .
[TockosibKy perieHue yo(x) CyLIECTBYET Ha OTpPe3Ke [rg, Ti| IJs JHOOro
k € N, To OHO CYIIleCTByeT H Ha MHOXKECTBE

o

[330, xk] = [$0,W+)-
k=1
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CriemoBartesibHO, pelleHHe yo(x) MPOLOKMUMO Ha MOJYHHTEpBA [T(, Wy ).
Takum ke o6pa3oM pelieHue yo(z) MOXKET ObITb MPOAOJIKEHO U Ha MOJY-
uHTepBan (w_, xg|. Ecan wy = +00 (w- = —00), TO BOMPOC O MPOLOJIKH-
MOCTH pelleHUs BIPaBo (BJ€BO) He CTOUT. TakuM o6pa3oM, HEOOXOAUMO
JMIIb MPOSICHUTb, YTO MPOUCXOAUT C pPelIeHHeM %o(x), KOrna BeJHYHHA
wy (w_) KoHeuyHa. OTBeT Ha 3TOT BOMPOC AaeT CJeAyIollasl Teopema.

Teopema 6.6. [Tycmo seasuuuna w, (w_) koneuna. Toeda umeem mecmo
npedeavHoe pageHcmaso:

lm[lwo(o)| = +o0  ( lm_[u(@)] = +o).  (6.30)

Ty — —w_—+0

Loxazameavcmso. IlycTh, HanpuMep, BeJUMUMHA w, KOoHeuHa. [IpennoJio-
XKHM, UTO NpenesbHoe paBeHCTBO (6.30) He uMeeT mecTa. Torna HalineTcs
Takasi MOHOTOHHO BO3pacTalollasi MocaeqoBaTeNbHOCTh T > Tg, k € N,
U xp — wy — 0 npu k — 00, 4TO pellleHHe yo(z) CYLIECTBYeT Ha OTPe3Ke
[z0, xk] 1, Kpome TOTO, Yo(Tk) — Vs, THE Ys € R". [lycTb y(z, wy, ys) — pe-
meHre cucremsl (6.1) ¢ HauaMbHBIM yCIOBHEM ¥y (w. ) = Yy, THe Y. € R". B
cuny TeopeMmbl [Tukapa—Jlunmenéda 3To pelieHHe CyllecTByeT Ha HEKO-
TOpOM OTpe3ke [wi — h,wy + h], h > 0. PaccMoTpum Takxke pelieHHe
y(x,zk, yo(xr)) cucremsl (6.1) ¢ HaYaNBHBIM YCJIOBHEM B TOUYKE T = Xy,
paBHBIM yo(xx) ¥ k > 1. [lockonbky z) — wy — 0 U yo(zk) — Y«, TO TIO
Teopeme 6.4 perienue y(x, Tk, yo(Tx)) ONpPELeSEHO HA HEKOTOPOM OTPE3Ke
wy — h,ws + A, ecant k > 1. 3amernm, uto yo(z) = y(z, xp, yo(zr)) B
CUJTy eIMHCTBEHHOCTH pelueHus 3agaud Koumu. [Toatomy peurenune yo(x)
TAKXKe CYIIECTBYeT HA HEKOTOPOM OTpeske [wy — h,w, + h], h > 0. A
3TO TPOTHBOPEUYUT OMpeNeJeHHI0 BeJUUUHBl w,. JloKa3aTesbCcTBO [IJs
cylydasi, KOraa KOHEUHOH OKasblBaeTCsl BeJIMYMHA w_, COBEPIIEHHO aHa-
JIOTHUHO.

Teopema nokasana. |

6.4. NuddepeHurpyeMoCcTb pemieHUU
M0 HayaJbHBIM YCJOBHSIM M MapamMeTpam

PaccmoTpum cucteMy aud¢epeHLIHaNbHBIX YPaBHEHHUH, 3aBUCALLYIO
OT MapameTpoB

y'(x) = f(z,y,p), peR", (6.31)
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BMeCTe ¢ Haya/JbHBIM ycaoBHeM (6.2), pelleHne KOTOPOH 0003HAYMM Kak
y(x,p), a Takxke — 3amauy Kowmwm (6.1), (6.2), pemenue koTopoil Oy-
nem o6o3HauaTh Kak y(x,zo,yo). B 3TOM pasmesne u3ydaercs BONIPOC O
CYILIECTBOBAHHWH YaCTHBIX TPOHU3BOIHBIX

dy dy .
a—ﬂ(az,u), a—yk(a:,xo,yo), j=1,...m, k=1,...n,
j 0
rne po= (py, flos -y i) ¥ Yo = (yg,¥3,. .., y%). Crepsa mokaxem, uTo

BOIIPOC O CYILIEeCTBOBAHMM YACTHBIX IPOU3BOAHLIX PELUEHUS CUCTEMBI
(6.31) mo mapameTpaMm CBOOMTCS K 3afade HAXOXKJAEHHS YaCTHBIX MPO-
U3BOJHBIX pelleHUs] HEKOTOPOH CHUCTeMBl [0 HayaJbHbIM ycJa0BUAM. [leil-
CTBUTENbHO, OyeM CUMTaTh napameTp u B cucteMme (6.31) HOBoO# BeKTOp-
HOW MepeMeHHOH, KOTopas MOAYHUHAETCS CUCTeMe

@ (x) =0, peR™, (6.32)
¥ HauyaJbHOMY YCJIOBHIO

u(zo) = po. (6.33)
Hepr,[LHO 3aME€THUTDb TOrad, 4To 3aJa4dd HaXO0xXKXIAEHUA YaCTHOH HpOI/IBBOIL-

. OY
HOW ——(x, ) peweHust cuctembl (6.31) sKBHBaJieHTHa 3ajaue HaXOX-

O

9y
JleHHst YaCTHOH NPOU3BOLHON 110 HAYAJILHOMY YCJIOBHIO —— (', o, Yo, o),

0
rae y(x, xo, Yo, o) — pelueHue cucrembl (6.31), (6.32), ynoBmerBopsiio-
mee HayadbHbIM ycaoBusMm (6.2), (6.33), u pg = (ud, p2,..., ul") . To
3TOU NMpUYHHe OymeM najiee paccMaTpuBath 3amady Komwu (6.1), (6.2) u

Y
huceJsenyeM BOIpocC CymeCTBOBAHHA HACTHBIX ITPOU3BOAHBIX W(I, Zo, yo),
Y

0
rne k=1,...,n.

Teopema 6.7. [Iycmo 6 napasresenunede D, onpedersemom opmysoti
(6.12), nenpepoieHbl NO COBOKYNHOCMU NepemMeHHblX 8eKMOp-PyYHKUUS

f(z,y), a maxoce sce ee uacmrole npousgooHvie a—k(x, y),k=1,...,n
Toeda cywecmsyrom u HenpepovleHvl NO COBOKYNHOCMU NepemMeHHbLX
uaCMHble NPOU3B00HbLE a—yyg(x, xo, %), k=1,...,n, pewenus y(x,xo, yo)
3adauu Kowu (6.1), (6;2), e@eA(:L*g,yo) — BHYMPEHHASL MOUKA MHOKCE-
cmea D u x € [xg — h,xy + h| dasa nekomopoco h = h(xy,yp) > 0.

OcHoBYy noKa3aTe/bCTBa C(DOPMYJHPOBAHHOTO Pe3yJbTaTa COCTaBJSET
clefyollas JeMMa, UMeHyemasi 0ObIUHO JeMMod Anmamapa.
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Jlemma 6.3. [lycmo ¢pymuxyus f(x,y) Henpepoisra (no cosoxynHocmu
nepemennblx) Ha mHoNcecmae (1, x2) X K, ede KK — omkpbimoe 8vinyK-
A10e MHOXMcecmso 8 npocmparncmeae R™, u umeem HenpepoiéHvle 4acmmbLe

npoussodrnovie ——(x,y), k =1,...,n. Toeda na munoxecmse (xy1,rs) X

Oy,

K x K cyuecmeyem nenpepoLernas no cOB0KYNHOCMU NEPEMEHHbLY MAM-
puya A(z,y", y?) makas, umo

9
Alz,y,y) = 6—?];(:0, ) (6.34)
u
Fla,y) = fla,y?) = Az, yV,y@) (y) — y@)), (6.35)

20e v € (x1,12) u y,yM,y? e K.
Horazameavcmso. PaccMoTpuM (QyHKUHIO
F(t)=f(otyV + (1 -ty?), 0<t<1,

dyukuus F'(t) KOppeKTHO ompejiesieHa B CUJY BHIMYKJOCTH MHOXKECTBa
KC. OueBUIHO, UTO

ar _ %(gj,wu) (1= y?) (0 — ).
Yy

dt
HHTerpupyss 3T0 paBeHCTBO MO MepeMeHHOM ¢ B mpenenax ot 0 mo 1,
noJy4yaeM

F(1) = F(0) = A,y )y — 4@,

rae
1

Ay .y) = [ S

0
)

x, tyM + (1 — t)y@))dt. (6.36)

Q.D‘QJ
R

3ameuas, uto F (1) = f(z,yM) u F(0) = f(z,y?), npuxoaum K paseH-
ctBYy (6.35). Hakonen, dopmyna (6.34) ecTb mpocToe CJeACTBHE TPEJ-
ctaBJjeHus (6.36). |

Hoxkazamenvcmeo meopemol 6.7. O603HaUMM Yepe3 y;(x) pelleHHe CH-
crembl (6.1) ¢ HauaJbHBIM YCJIOBHEM

yi(xo) = yo + teg, e =(0,..., 1,0,...,0)T,

rae t € Ru 0 < [¢] < 1. B cuay Teopembl 6.4 npu 10CTaTO4HO Majbix |¢|
pelieHHe () ONMpeseseHo Ha HEKOTOPOM OTPe3ke [xg — h, 29—+ h], h > 0,
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M, KpOMe TOTrO, paBHOMEPHO MO x M3 3TOro otpeska y:(x) — y(x, o, yo)
npu t — 0. Onpenenum QyHKIHIO

_ yi(x) — y(z, o, Yo)
z(z) = . :

[Io onpenenenuto umeem

0
8% (2, 20, yo) = lim 2(2). (6.37)

[Tokaxkem, 9To 3TOT Tmpenen cyuiectByeT. Mcmonb3ys jsemmy Amamapa,
3aKJ/I04aeM, 4To

- %[ e ) — (w50, )] =
(33 ye(z), y(x, 20, yo)) t(z), (6.38)

zt(xo) = ey

B cuny nenpepeiBHOcTH Matpuinl A(z,yM, y?) paBHOMepHO Mo z U3
oTpeska [rg — h,zy + h] ©UMeeT MecTO NpefesbHOE PaBEHCTBO

13%14(55;%(5’7)»9(55;550790)) = A(Z’,y(x,x(),yo),y(ﬂf,fo,y())) =

_ Z—J;(a:,y@,xo, 90)). (6.39)

Bynem paccmatpuBath (6.38) kak cemeiicTBO 3anau Ko, 3aBucsiiiee ot
mapamerpa t. 3ameTuM, 4to Marpuua A(z, y,(z), y(z, zo, yo)) HenmpeprIBHa
mo t,x mpu |t| < 1 u x € [xg— h, x9+ h|. U3 Teopemsl 6.5 Torna caenyer,
UTO pelleHue z;(z) HEMpepblBHO 3aBUCHT OT napametpa ¢ mpu |t| < 1
T.€., A A

%i_r}% zi(x) = 20(x), « € [xrg— h,x0+ A

1, KpOMe TOTO, B cuay (6.39) dyHKuus 2(x) sBJsSETCs pellleHneM 3a1ayu
Koun

0
2o(z) = a—;(x,y(x,xo,yo))zo(x), z0(z0) = ex. (6.40)
Takum o6pasom, u3 (6.37) OKOHUATENbHO BBIBOIHUM, UTO
S t0) = (o).

0

OcTa/10Cch 3aMeTHTh, 4TO MOCKOJLKY MaTpHIa 8—(w,y(w,x0,y0)) Hemnpe-
PHIBHO 32BHCHT OT MepeMeHHbIX T(, Yo KaK OT NapaMeTpOB, TO U pelleHHe
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2o(x) 3apaun (6.40) B cusy TeopeMbl 6.5 HeNmpepbIBHO MO COBOKYIHOCTH
nepeMeHHbIX.
Teopema mokasaHa. [ |

3ameuanne 1. MoxXHO MokasaTh, YTO MPU YCJAOBUSIX TeopeMbl 6.7 Hemnpe-
PBIBHOM MO COBOKYMHOCTH MEPEMEHHBbIX OKAa3blBAaeTCsl W YacTHasl MPOU3-

BOJHAasI a—y(a:,xo,yg) petenus y(x, zo,yo) 3anaun Koumu (6.1), (6.2).
Zo

BosBpaiasice Tenepb K cucteme (6.31), MOXKHO cpOpMYIUPOBATD CJIe-
NYWOIUIMN pe3ysbTaT, KacalolUHCcs CYLIeCTBOBAHHS YACTHBIX MPOU3BO-
Yy .
HBIX a—(az,u), j=1,...,m.
Hj
Teopema 6.8. [lycmo 6 napaasesenunede D, onpedessemom @op-
mynotl (6.27), Henpepvi8HbL NO COBOKYNHOCMU NEPeMEHHbLY DYHKUUS

f(x,y, 1), a makace ece ee uacmroie npoussooHbLe a—(:p,y,u), k =
k

of :
1,...,n, u a—w(x,y,u), j =1,....m. Toeda npu |x — zy| < h, ede
j

seauuura h onpedensemcsa gopmyroii (6.28), u arobom p u3z ompes-
Ka |\p — pol < ¢ cywecmsyrom u Henpepvl8HbL 4acmmHble NPoU3800HbLe

Yy .
8—M(x,u), j=1,...,m pewenus y(x,pn) 3adauu Kowu (6.31), (6.2).

j

B 3aBepiiieHre OTMETHM, 4TO ecJd B TeopeMax 6.7 u 6.8 TpeGoBaTh
CYIIeCTBOBAHHE U HEMPEPbIBHOCTb BCEX BBICIIMX MPOHU3BOAHBIX (PYHKIIHH
f(xz,y) u f(x,y, ) MO KOMIOHEHTAM BEKTOPOB ¥ W f BILIOTh JO HEKO-
TOPOTO TIOPSiAKA 7, TO MOXHO I0Ka3aTh, UYTO W pelleHust y(x,xq,yo) H
y(x, p) Takxke OynyT 06/anaTh BCEMH MPOU3BOAHBIMHU M0 MepeMeHHOH X
¥ KOMIIOHEHTaM BEKTODPOB ¥ U [/ BIJIOTb O MOPSIAKA I BKAIOYHTEJbHO.



I'nasa 7

Teopus ycronunBocTu

7.1. OcHoBHbIE onpeneeHM .
YcronumBOCTb B JUMHEUHBIX CUCTEMAX

B sToM pasgesie Mbl MPOROJIKAEM Pa3roBOP O CUCTEMAX HEJNHMHEHHBIX
nudepeHura bHbIX YPAaBHEHUH, KOTOpBIE Ha ced pa3 OyneM 3aluchbiBaTh

B BUE:
: . dx
T = f(t,x), T=—, (7.1)
dt
rae nepemeHHas ¢t € R o6bYHO 0603HayaeT BpeMs, a T = (T1,...,T,)"
IBJISIeTCSl TIPOCTPAHCTBEHHOU TMepeMeHHOH. Dynem mpenmnosaraTb, 4TO
BeKTOp-PYHKUUS f(t, ) ¥ BCe ee YaCTHbIe IPOU3BOIHbBIE D i=1,...,n
L

HelNpepbiBHBI 10 COBOKYIHOCTH IEepeMeHHBbIX MIpU ¢ > t, HJs HEKOTOPOro
t, € R (mpuyem ¢, MOXKeT ObITb CHMBOJIOM —0o0) M x € U, tme U —
HEKOTOPOe OTKpbITOoe MHOkecTBO B R". OGosHauum wo(t) = z(t,t°) —
perenue cuctembl (7.1) ¢ HayaibHBIM yeaoBueM xo(t°) = a°, rae t° > ¢,
u 2’ € U. B cuny teopemnl 6.1 Takoe pelieHHe CyLECTBYeT, €IUHCTBEH-
HO M ONpe.eJsieHo, Mo KpakiHed mepe, Ha HekoTopoM oTpeske [tU,t + A,
h > 0. IlpyHuunuanbHeIM AJ51 AajbHelllero OyneT MPenrnoJoKeHUe O
TOM, 4TO pelleHHe xo(t) onpeneneno npu Beex t > t0,

Cucrembl Buga (7.1) Bo3HMKalT OOBIUHO KaK MOJAENH Pa3JHUYHBIX
IVMHAMHUUECKHUX TPOoLeccoB ((PpuU3ndecKnx, OMOJOTHUECKUX, XUMHUECKHX,
5KOHOMHUYECKUX W T.1.). B 3TOH CBfI3W aKTyaJibHBIM $IBJISIETCSI BOIPOC
O TOM, HACKOJbKO pelleHHe z((t) CIOCOOHO OTpakaTb HEKOTOPHIH Ha-
OJ0faeMblil TUHAMUUECKUH pexKuM. [ledCTBUTENbHO, HauaJbHbIE YCJO-
BUSI 3TOTO pelleHus] BbIOUPAIOTCS He TOUHO, a JIHIIb NPUOJUKEHHO, UC-
XOlsI U3 HEKOTOPBIX XapaKTepPUCTHK HabJrogaemoro mnpouecca. VHbIMH
CJI0BaMH, B TIPEATOJNOXKEHUH anekBaTHOCTH Monenu (7.1) Habmogaemblii
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pEXUM COOTBETCTBYeT peleHuto x(t) = x(t,ty) cucremsl (7.1) ¢ Havas b-
HBIM YyCJIOBUEM x(to) = xg, tg = to, TakKWM, 4YTO BEKTOPbl HadaJbHbIX
ycaoBuil xg U 2° B HekoTopoM cMbicsie O6au3KH. Teopema 6.4 o Hempe-
DPBIBHOM 32BHCUMOCTU DPELIEHUH OT HayaJbHbIX YCJOBHH MO3BOJISET HaAM
TOTa YTBepXKIaTb, UTO pellleHus zo(t) U x(t) ocraroTcs OJIM3KU U Ha
HEKOTOPOM OoTpeske [tg, o + fb], h > 0. Ho Ha NpakKTUKe Mbl XOTeJH Obl
ObITb yBEpeHbl B TOM, UTO W IPU yBeJUUYEHUHU 3HAUEHUS] MepeMeHHOH i
perieHue x(t) 6yneT mo-npeKHeMy afleKBAaTHO OTPaXKaTb HaOJMIOIAEMbIH
mporecc, T.e. ocTaHeTcst OJU3KUM K pelieHdio x(t). OTBeT Ha BOMpPOC O
OJIM30CTH pellleHUH cucTeMbl (7.1) ¢ GJU3KHMH HauyaJbHBIMH YCJIOBHSMHU
Ha 6ECKOHEUHOM IMPOMEXYTKe HaeT Teopusi yCTOWYUBOCTH. OCHOBBI 3TOH
TEOPHH OBbIJIM 3aJ102KEHBI BEIMKUM PycCKUM MaTeMaTukoM A.M. JlsamyHo-
BbIM B €ro JIOKTOpckoé aucceprauuu «O6iias 3agada 06 yCTOHUUBOCTH
nBuxeHus» (cm. [15]).

Omnpenenenue 7.1. Pewenue xy(t) Hasvisaemcs ycmotiuusoim (no Jla-
nynosy), ecau 0is arb6ozo € > 0 u awboeo tyg > t° naiidemcs maxoe
d =0d(e,ty) > 0, umo svLnoaHeHbL caredyroujue YCAOBUSL:

1). Jlroboe pewenue x(t) cucmemor (7.1) makoe, umo

z(to) — mo(to)|] < 6, to > 1", (7.2)

onpedesero 0 gcex t > ty.
2). Jlroboe pewernue x(t) cucmemot (7.1), Ors Komopoeo 8vinoAHEHO
Hepasercmeso (7.2), obaadaem mem ceoticmsom, 4mo

[z(t) — zo(D)]| < e (7.3)
ors scex t > ty.

Ha pucyHke 7.1 cxemaTHuHO M300pakeHO MOHSITHE YCTOHUMBOIO pe-
wenus. Peenue x(t) ¢ HauaJbHBIM YCJIOBUEM B MOMEHT BpeMeHH t = ¢
M3 J-OKPECTHOCTH pelleHus xy(t) (J-Tpy6Ka) ocTaercs mpu Bcex ¢ >ty B
£-OKPECTHOCTH 3TOTO peleHus (e-Tpybka). Pelenue z((t), He sBJsOLILe-
ecst yCTOMYHMBBIM, HA3blBalOT HeycToHunBbIM (110 JIsimyHoBY). PacemoTpum
HECKOJIKO MPOCTHIX MPHUMEPOB HCCJENOBAHUS YCTOHUHUBOCTH HYJIEBOTO
pereHws.

[Ipumep 1. Tlyets f(t,x) = —x u x € R. Torna peleHue ypaBHe-
Hus (7.1) ¢ HayaJbHBIM YCJIOBHEM B TOukKe t = t; 3amaercs (hopMyJIOH
x(t) = x(tg)e” "), U3 3108 hOpPMYJbI JIETKO BBLIBOAMM, UTO €CJH Bbl-
OpaTh d = €, TO U3 HepaBeHCTBA |x(ty)| < d mpu t > ty cienyeT HepaBeH-
ctBO |z(t)| < . CnenoBaresbHO, perieHue xy(t) = 0 siBJseTCs yCTOHYHU-
BBIM.
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————
- -~
- -~

-_...

Puc. 7.1. CxemaTtrn4Hoe U3006pakeHHe YCTOHUUBOrO pelieHus xo(t)

[Ipumep 2. Ilyets f(t,z) = x u = € R. Torma pemeHue ypaBHe-
aus (7.1) ¢ HayaJbHBIM yCJIOBHEM B TOYKe t = t; 3amaeTcss HOPMYJIOH
z(t) = z(tg)e'". Buibupast z(ty) = J, 3ameuaem, 4to J1000€e TaKoe pelie-
HHE CTPEMHUTCS K OeCKOHEUHOCTH MpH t — +oo. CienoBaTesbHO, Hepa-
BEHCTBO |x(t)| < € He MOXKeT BBIMOJHATbCS Uil BCeX t > 1y HU MIPU KaKOM
BeIOOpE BEJMUUHBI €. 3HAYMT, pelleHue x((t) = 0 HeyCTOHUHBO.

Ipumep 3. Tlyctb f(t,x) = 22 u v € R. Hec0XHO NMPOBEPHTH, UTO
petieHue ypaBHenus (7.1) ¢ HaYaJbHBIM yCJI0BHEM B TouKe ¢ = () 3amaeTcst
dopmystoit z(t) = (z71(0) — t)_l. Buiupas z(0) = J, 3ameuaeM, 4To
n060oe Takoe pelleHKe TePIUT Pas3phiB B TOUKe ¢ = § 1, a c/1e0BaTe/bHO,
He SIBJISIETCS OMpeleseHHbIM MpU Beex t > 0. Takum oGpasoM, perieHue
zo(t) = 0 HeyCTOHUHBO.

Onpenenenne 7.2. Pewenue x((t) Ha3viBaemcs acumnmomuuecku
YCMOUUUBbIM, ECAU:

1). Ono asasemcsa ycmouuusoim (no Jlanyrosy).

2). [las aroboeo ty > t° naiidemes maxoe n = n(ty) > 0, umo ar06oe
pewerue x(t) cucmemot (7.1), 01 KOMOPO2O BbINOAHEHO HEPABEHCMBO
|z (to) — zo(to)|| < n, obradaem mem ceoiicmeom, umo

lim ||z(t) — zo(t)]| = 0. (7.4)

t——+00
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Jlerko BUIeTh, UTO pelieHue zy(t) = 0 B nmpumepe | siBjsieTcs acUMII-
TOTHUECKH YCTOHUUBBIM.

Oka3sbiBaeTcsl, UCC/Ae0BaHHE YCTOHUMBOCTH MPOU3BONBHOTO PelleHHSs
zo(t) BCEra MOXKHO CBECTH K HCCJENOBAaHUIO YCTOMYMBOCTH HYJIEBOTO
pellleHHs] HEKOTOPOH MpeoOpa3oBaHHOU CHUCTeMBbI. JleHCTBHUTEJIBHO, OCY-
uecTBUM B cucteMe (7.1) 3ameny y(t) = x(t) — zo(t). B pesynbrate a0k
3aMeHbl IPUXOAUM K CHCTEMe

g = f(t,y+zo(t) — f(t zo(t)), (7.5)

KoTopasi uMeeT peleHue yo(t) = 0. HerpynHo 3ameTutb, 4TO ompee-
Jdenusi 7.1 u 7.2, chopmynupoBaHHble IJsI pelieHust yo(t) = 0 cucTeMBbI
(7.5), B cuay mponesaHHOH 3aMeHBbl 3KBHBAaJIEHTHbI COOTBETCTBYIOUIUM
ompesieJIeHUsIM YCTOHUMBOCTU pellieHust xo(t) cuctembl (7.1). Ilo aTo#
MPUUYKHe YacTo 6oJiee yNOOHOH OKasbiBaeTcss (DOPMYNHPOBKA yTBEpPIKIE-
HUH 00 YCTOHUHMBOCTH He TPOM3BOJILHOTO pelleHHsl z((t), a HYyJeBOrO
pelieHusi cucteMmbl (7.1), HaJMYMe KOTOPOTO arpHOPH MPeNroJaraercs.
ITUM 0OCTOATENbCTBOM Mbl B HajbHeHIIeM GyneM MOJb30BAThCH.
Paccmotprm cucteMy JIMHEHHBIX AU PepeHUna bHbIX YPABHEHUN

t=A(t)z+ f(t), yeR" (7.6)

B KOTOPOH 3JeMeHTBl (n X n)-mMaTpuubl A(t) U KOMIOHEHTHl BEKTOp-
¢yHkuuu f(t) HenmpepblBHBI NpH t > t,. CpaBefuBO CJeayIOllee YTBep-
XKIEHHe.

Jlemma 7.1. Pewenue xy(t) cucmemor (7.6) ycmoiiuuso moeda u moio-
KO mozoa, Ko20a Ycmouuuso HYysesoe peuierue coomeemcmeyrouiet
00HOPOOHOLL cucmembl

§=Alt)y. (7.7)

Hoxkazamenvcmeso. IlycTb perienue z((t) cucteMsl (7.6) yctoiuuso, T. €.
BBITIOJIHEHBl COOTBETCTBYIOLLME YCJI0BUS U3 onpeneneHus 7.1. Cuenaem B
3TO# cucteMe 3ameHy y(t) = x(t) — xzo(t), B pe3ysbTaTe KOTOPOU MpHU-
xonuMm K cucteme (7.7). IlepenuchbiBasi Temepb yCJOBHUSI YCTOUYHUBOCTH
perieHus xo(t) U3 omnpenenenus 7.1 B TepMuHax GyHKUUH y(t), momyya-
eM B TOUHOCTH OTpeliesieHHe YCTOUUHMBOCTU pelieHus yo(t) = 0 cucrembl
(7.7).

[Ipenmnosio:kumM Temneps, uTo pelieHue yo(t) = 0 cucremsl (7.7) ycToi-
yuBo. CJjenoBaTeabHO, A5 Jiwoooro € > 0 u Jjawboro ty > t, HalgeT-
cst & = 0(e,ty), uto U3 HepaBeHcTBa |ly(tp)|| < O caemyeT HepaBeHCTBO



134 [JIABA 7. Teopust ycTOHUHBOCTH

|ly(t)|| < e, BeIMOMHEHHOE A7 Bcex t > to. [lycTb Temeph xy(f) — Heko-
TOpoe pellleHHe cucTeMbl (7.6), ompeneseHHoe mJs Beex t > t,. [lonaras
y(t) = x(t) — xo(t), 3axa09aeM, 4to x(t) SABJISETCS pPelIeHHeM CHCTe-
Mbl (7.6) u, KpoMe TOro, OKa3bIBAIOTCS BBITIOJHEHHBIMH BCE YCJOBHUS U3
onpenesenus 7.1. CienoBaTesbHO, pelieHue xo(t) yCTOHYHUBO. H

CaenctBue 7.1. Bee pewenus cucmemot (7.6) ycmoiiuusol uru Heycmotii-
UUBbL OOHOBPEMEHHO. ¥cmouuusocms ULl HeycmoUuuu8oCmyb peuleHull
He 3asucum om sekmop-ynkyuu f(t) u coenadaem c ycmouuusocmoto
UM Heycmouuusocmoro Hyaeeo20 peuilerus cucmemol (7.7).

3ameuanue 1. YTBepKaeHus jeMMbl 7.1 1 caenctBus 7.1 ocTarTes cripa-
BEJJINBBIMH, €CJIH 3aMEHUTb TEPMHUH «yCTOHUUBOCTb» HA «aCUMIITOTHYE-
CKasi yCTOUUUBOCTb».

XapakTepHO! 0COOEHHOCTBIO TOBeNeHHUsl pelleHUH JUHEeHHOH OfHO-
ponmHOU cucTeMbl (7.7) sIBJsSIeTCS CBSI3b MEXKAY YCTOHUHMBOCTBIO BCEX pe-
LIEHWH 3TOU CHUCTEMbl U UX OTPAHUYEHHOCTBIO NPU t > {,.

Jlemma 7.2. Jlioboe pewernue yy(t) cucmemor (7.7) ycmotiuuso moeda u
moAabko moeda, K020a 8ce peuleHus Mol CUCMeMbl 0epaHUYeHbl Npu
t > .

Loxasamerocmso. [10CKOBKY yCTOHUMBOCTD JIIOOOT0 pelleHHs] CUCTEMBI
(7.7) 3KBUBaJIeHTHA YCTOHYMBOCTH HYJIEBOIO pEIIEHHS 3TOH CHCTEMH,
OyzeM B HnajbHeHIIeM MoJarath, 4To yo(t) = 0.

[IpennosiokuM cHauaJsa, 4YTo Bce pelleHUs: cucTeMbl (7.7) orpaHuue-
Hbl IpH ¢ > t,. [lyctb Y () — mMaTpuuaHT 3TOH cuUcTeMbl. Torna B cUJY
OrPaHUYEHHOCTH BCeX pelleHUH, a 3HaUMT, U (PyHIaMeHTabHbIX, HAWET-
ca Takasi KoHctaHta M > 0, uto ||Y (t)|| < M nas Bcex t > t.. Boibepem
MPOU3BOJILHBIM 00pa3oM BesnuuHy € > 0 U £y > t,. PaccmoTrpum petue-
HUe y(t) ¢ HauaabHBIM ycaoBHeM y(ty) = yo Takoe, 4To ||yo|| < 6, rme

J = % 3ameuas, uto y(t) = Y (t)yo, nonyuaem

ly@I < Y Ollllyoll < Mo =e, ¢ = to.

Takum o6pasom, HyJeBoe pellleHHe CUCTeMBI (7.7) yCTOHUHMBO.

[Tycte Temepp HyJseBoe pelieHue cucteMmbl (7.7) yctoiuuBo. Torma
nas qwboro € > 0 u Jwboro ty > t, Halmercs § = d(e,tp), UTO U3
HepaBeHCTBA ||y(fp)|| < & caenyer HepaBeHCTBO ||y(t)|| < €, BBIMOJHEHHOE
nJis Bcex t > to. [Ipeanonoxum npoTUBHOE, UTO HAWIETCS HE OrpaHUYEH-
Hoe mpH t > t, pemenue y(t) cucremsl (7.7). OueBunHo, uto §(ty) # 0
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0J1s1 000ro ty > t, B CUJy TEOPEMBl O €IMHCTBEHHOCTH PEeILleHUs 3aaaun
Kowmn /st muHeliHbix cucteM. PaccMoTpuM pelienue cuctembl (7.7) BUaa

R0
I

OueBunHo, 4to ||y(t9)|| < 0, a cremoBatesbHO, NP ¢ > t( NOJKHO BBI-
MOJIHATbCS U HepaBeHCTBO ||y(t)|| < . Ho Torma

y(1)

151 = 2wl < 00 )

nas Bcex t > ty. IlocsenHee MPOTUBOPEUHUT HEOIPaHUUYEHHOCTH pelle-
Hus g(t). CienoBaTesbHO, BCe pellleHHs cUCTeMBbl (7.7) orpaHUUYeHbl MPH
t > t,. |

3ameuanue 1. HecsoxxHo mokasath, 4To Jw6oe peleHue yo(t) cucre-
Mbl (7.7) aCUMNTOTHUYECKH YCTOHUMBO TOTJA W TOJBKO TOT/A, KOrJAa BCe
pelIeHNUs] 3TOM CUCTEMBl CTPEeMATCH K HYJMI0 MpU ¢ — +00.

Haubosee npocto 3agaua yCTOUYMBOCTH pellaeTcsl B cjydae CHCTEM
JIMHEHMHBIX NU(pPepeHIna/NbHbIX YPABHEHHUU C MOCTOSHHBIMU KO3((ULHU-
eHTaMH

T = Ax. (7.8)

Teopewma 7.1. Jlroboe peuienue cucmemot (7.8):

@) ycmouuuseo 8 mom U MmOoAbKO 8 MOM CAy4ae, ecAu 8ce cobcmaen-
Hble uucaa mampuubl A umerom HenosoxcumenvHole delicmseumervHole
yacmu, U, Kpome moeo, COOCMBEHHbIM HUCAAM C HYAe8oll Oelicmau-
menbHOU 4acmovro omeeuarom HopoaHos8svl KiemKu nopadka 1 6 acop-
darosotl ¢popme mampuyol A;

6) acumnmomuuecku yYcmouuuso 8 MoM U MOALKO 8 MOM CAyuae,
ecau 8ce cobcmeenHvle wucaa mampuyol A umerom ompuuamenvrole
deticmsumenvHoie wacmu;

8) Heycmouuuso 6 mom U MOAbKO 8 MOM CAy4ae, eCAl Y MAmpulbl
A umeemcs cobcmserHoe HUCAO C NOAOHUMENbHOU OelicmB8umenbHoLl
4ACMbIO UAU COOCMBEHHOE YUCAO C HYAeB80l 0elicmB8uUmesbHOl 4acmoro,
HO emy omeeuaem K opoarosa Kiemka nopsaodka 6oavuue 1.

Hokasameavcmao.

a). Ecau BbIMoJIHEHBl Bce chOPMYJIUPOBAHHBIE B 3TOM MYHKTE YCJIO-
BHsl, TO B CUJy TpencTaBenus z(t) = ex(0) u oLeHKH MaTPUUYHON 3Kc-
noHeHTHl (4.47) Bce pemieHusi cucteMbl (7.8) orpanndensl. M3 nemmel 7.2
TOTJa CJeNyeT, 4To Jboe pelneHue cuctemsbl (7.8) ycroituupo. [Ipenmo-

JIOXKMM Terepb, 4To Jitoboe perieHue cucteMmbl (7.8) ycroiuuso. Torna
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BCe pelleHus: cucTeMbl (7.8) MOJIXKHBI ObITh OrpaHUUEHHBIMH. JlomycTHM,
4TO y MaTpPULbl HMeeTcs COOCTBEHHOe 4MCJIO A Takoe, 4yto Re A > 0.
[Iycth hy — oTBevawlUd eMy cCOOCTBEHHBIH BeKTOp. Kak M3BeCTHO, CHU-
ctema (7.8) umeer pemenue z(t) = eMh;. DTo pelieHre He OrpaHHUUYEHO
npu ¢ — —+00, MOCKOJbKY

()] = [eX[lIPall = €[]l = +-o0.

Takum ob6pas3om, nJis YyCTOHYMBOCTH HEOOXOAHMMO, YTOOBl BCE COOCTBEH-
Hble YHCJIa MaTPUllbl A HMeJU HeNoJIOXKHUTeJNbHble NeHCTBUTE/NbHbIE Ya-
ctu. [Ipennosiokum Tenepp, UTO y MaTpullbl A eCTb COOCTBEHHOE UMCJIO
A Takoe, uTo ReA = 0 u emy oTBeyaeT KOpPHAaHOBA KJeETKa MOPSAKA
6osibliie 1. Torna, moMmuMo COOCTBEHHOTO BEeKTOpa hi, UMeEeTCs MPUCOENU-
HeHHBIA K HEMY BeKTOp hy TakoH, uto Ahg = Ahy + hy. Y3 pasnena 4.1.
HaM HM3BECTHO, YTO B 3TOM cJjydyae y cucTeMbl (7.8) cyliecTByeT pelleHue
z(t) = eM(thy + hs). TTockombKy

lz@)Il = leX[lithy + hall > [ll[A1l] = [IR2ll,

10 ||2(t)|| — 400 mpu t — 400, a 3HAUUT, pelleHHe x(t) He OrpaHUYEHO.

6). B cuay nyHkTa a) a5l yCTOHYMBOCTH HEOOXOAUMO, YTOOBI BCe COO-
CTBEHHbBIE UHCJIA MAaTPUIBl A HMeJH HEMOoJIOXKHUTeNbHbIe NeHCTBUTENbHbIE
yactd. B cuny 3ameuanus kK jemme 7.2 ocTasioch 1Mokas3aTh, 4TO BCe pe-
meHusi cucteMbl (7.8) cTpemsiTcs K HYJIO MPH ¢ — +00 TOrIA U TOJBKO
TOTa, KOTJla BCe COOCTBEHHbIE YUC/Ia MATPUIBl A HMEIOT OTPULIATebHBIE
NIeCTBUTENbHBIE YAaCTH. B 0MHY CTOPOHY 3TO BhITEKaeT U3 cyencTBus 4.4.
C npyro#l CTOpoHHbl, ecau Obl Y MaTpUllbl A UMeJOCh COOCTBEHHOE UUCIO
A, nas kotoporo Re A = 0, ¢ oTBevyawlwuM eMy COOCTBEHHBIM BEKTOPOM
hi, To pasa pewenus x(t) = eh; cucremnl (7.8) Gblna Obl cIpaBenIHBa
OlleHKa

=1 = leX [l = [[all.

Ho torna x(t) /4 0 npu ¢t — 400, a 3HaUUT, 3TO pelieHHe cucteMsl (7.8)
He SIBJISIeTCS aCHUMIITOTHYECKH YCTOHUUBBIM.
B). CenyeT 3 a). |

7.2. Bropou mertop JIsmyHoBa

B stom paspene OGyneM paccMaTpUBaTh HEJHHEUHYIO CUCTEMY BHUAA

i=f(z), zcR", (7.9)
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npaBasi 4acTb KOTOPOH, B oT/inure oT (7.1), He 3aBUCHUT SIBHO OT He3aBH-
cHMoii mepeMeHHOH t. Takue cucTeMbl Ha3bIBAIOTCS ag8moHOMHbIMU. Kak
M B TpelblAylleM pa3jese, OyieM MpeanojaraTb, UTO BeKTOP-(PYyHKIHUS
f(x) 1 Bce ee yacTHbIe MPOU3BOAHBIE ——, ¢ = 1,...,n HENpepbIBHBI TPH

81‘@

BCeX T € U, rne U — HEKOTOpOe OTKPbITOe MHOXkKecTBO B R", comepxka-
1ee BHYTPH ceOst Touky x = 0 (MHBIMH cjoBaMH, U — 3TO HEKOTOpas
OKpecTHOCTb HyJss1). Kpome toro, G6ymem cuutath, uto f(0) = 0, T.e.
cucrema (7.9) umeer pemtenue z(t) = 0.

[Ipenmosio;kuM, 4To Ha MHOXeCTBe U orpelesieHa HEMPEPBIBHO AH(]-
pepenuupyemasi pynkuus V(z): U — R,

Onpenenenune 7.3. Qynkyus V(x) nHasvieaemcs noroxumervHo (om-
puuamenvro) onpedesrennoti 8 U, ecau:

1°. V(0) = 0.

20 V(z) >0 (V(z) <0) dan 6cex v €U, x # 0.

[IpuMep MOJIOXKUTENBHO ONpeieJeHHOl BO BeceM R™ (DYyHKLHMH J0CTAaB-
nser pynkuus V(x) = a2 + 23 + ...+ 22.

Onpenenenne 7.4. Pyuxyuro
V(r) = (grad V(2), f(z)) = ) -—filx)

Ha3viearom npou3sooroll 8 cury cucmemol (7.9).

HecoxxHO 3aMeTHTB, UTO NMPOM3BOAHAS B CHJy cUcTeMbl (7.9) siBais-
eTCcst IPOMBBOAHOM 110 MepeMeHHol ¢ catoxkHOH QyHkunn W (t) =V (z(t)),
rae x(t) siBysieTCs pellleHWeM 3TOH CUCTEMBI.

Onpenenenue 7.5. [loroxnumervro onpedesennas 8 U ¢pyukuyus V(x)
Hasvleaemcs Qyukuuel Jlanynosa, ecau 0ra gcex v € U 8vinoaHeHO
HepaseHcmeso

Viz) <0,
20e V(z) — npoussodnas 6 cunry cucmemst (7.9).

3naraemble HHKe pe3yJbTaThl COCTABJSIOT CyTb TaK Ha3blBaeMOro
BTOpOro Merofa JIgnmyHoBa. IDTOT MeTOH M3BECTEH TaKXkKe KaK MeTOJ
dyHkuuMi JlanyHosa.

Teopema 7.2 (Teopema JIsmyHoBa 06 ycTouumBOoCTH). [lycmo Oars cu-
cmemot (7.9) 8 Hekomopoii okpecmunocmu Hyas U cywecmsyem @yHk-
uus Jlanynosa. Toeda Hyaresoe peulerue amoil cucmemol Yycmouuuso.
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Loxazameavcmso. BeibepeM BeqnuyuHy € > () Tak, 4TO LWIap
B.={z eR"||z|| <¢}

nequkoM JexxuT B U. Ilyete S. — rpanHuua storo wapa, T.e. cdepa
|z|| = e. Tlockombky S. — KOMMNAaKTHOE MHOXKECTBO W HelpepbiBHAs
¢yHKuMsa V(xr) IpUHHMaeT Ha Hell JIMIIb MOJOXKHUTEJNbHbIE 3HAYEHHUs], TO
CYILIECTBYET

min V(z) =m > 0. (7.10)

TES.

PaccmoTpum Temepb 3aMKHYTHIH map Bs pamuyca 0 < 6 < . B cuay
HenpepblBHOCTH (QyHKUUU V (x) U Toro ¢akra, uto V(0) = 0, BeauUUHY
d MOXHO BBIOpaTb HACTOJbKO MaJjiod, uTo 1Jisi Bcex x € Bs OymeT BhI-
noJiHeHO HepaBeHCTBO V(x) < m. OcTasoch JMIIb MOKa3aTh, YTO €CJIH
xg € Bs, To x(t,ty, x9) € B. nns Beex t > .

Beegem B paccmorpenue dynkunio W(t) = V (z(t, to, 20)). [Tockoib-
Ky W(t) = V(z(t,to,z0)) < 0, To Gynkuus W(t) HeBospacTaowas.
3uauut, W(t) < W(ty) = V(xg) < m nnsg Bcex t > ty. CienoBaresib-
Ho, peienue x(t,tp,xo) He MOXKeT mepecedb cdepy S.. B mporuBHOM
caydae, Hauochb Obl t; > tj, 4TO x(tl,to,xo) € S., a, 3HauUuT, B CHJY
(7.10) umesio 661 Mecto HepaBeHcTBo W (t1) = V (z(t1,to, zo)) > m. Ta-
KM 00pa3oMm, pelieHue :r:(t, to, :Uo) € B. nas Bcex t > tg. OcTanoch JHUILIb
3aMeTHTb, UTO B CUJy TeopeMbl 6.6 peienue x(i,ty, xo) ONpeneseHo aJs
BCeX t > .

Teopema nokasaHa. |

Teopema 7.3 (Teopema JIsnmyHOBa 06 aCUMITOTUYECKOH yCTONYHMBO-
ctu). [lycmo Oas cucmemor (7.9) 8 nHekomopoti okpecmuocmu Hyrs U
cywecmeyem Qynkyus Jlanynosa makas, umo gynkyus V(x) ompu-
yameavro onpedeserna 8 U. Toeda Hyresoe peulenue 3moiu cucmembl
AcuUMnNmMomuuecku ycmouuuso.

Hokasameavcmso. Boibupasi wapsl B. u Bs Tak ke, KaK 3T0 OblIO Clie-
JIaHO TIPY JI0Ka3aTeJsbCTBE MpPEeAbIAYIIeH TeopeMbl, 3aKJIYaeM, YTO €CJIH
|lzo|| < 6, To ||x(t,t0,x0)|| < € mast Bcex t > t;. PaccmoTpuM BHOBB
dyukuno W(t) = V(z(t,ty, 20)). [lockonbky dyrkuus W(t) HeBo3pac-
taomas (W (t) < 0) u orpanuuennas (0 < W(t) < W(ty)), To cylue-
CTBYeT MpefeJ

tLlEIOOW(t) =A>0. (7.11)
[Ipennosnoxkum cHavyana, utro A = 0. Torma x(t,tp,x9) — 0 mpu

t — 400, T.K. V() > 0, ecit = # 0, u V(0) = 0. B atom cayuae
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TeopeMa nokazaHa. [onyctum Ttenepb, uto A > 0. OTcioga cienyer, uto
W(t) > A npu Bcex t > ty, W, 3HaUUT, cyulecTByeT Takoe 0 < a < ¢,
uto ||z(t,to, x0)|| > o nns Bcex t > t;. JelcTBUTEBHO, B MPOTUBHOM
clydae CyllecTBoBaja Obl MOCAEN0BATENbHOCTb t, — 400 Takas, uTo
x(ty, to, x9) — 0 mpu n — oo. Ho Torma 61 W(t,) — 0 mpu n — oo, 4to
He TaK B CHJY Halllero npeamnosoxkeHusi. [1ocKoJbKy B IIapOBOM CJO€
o < & < ¢ dyHxkuus V(z) HempepbiBHA M NPHHUMAeT OTPHIATENbHbIE
3HaueHHsl, TO HaloeTCcsl TaKoe UMCJIO 1, YTO B 3TOM CJioe OYAeT BHIMOJI-
HEHO HEepaBEHCTBO V(x) < —m < 0. OTKyaa BbIBOAMM, YTO

W(t) =V (x(t, to, m0)) < —m, >t

HHTerpupyss 3T0 HepaBEHCTBO B MPOMeXYTKe OT fy A0 ¢, 3aKJ/rouaeM,
uro W(t) < W(ty) — m(t — ty). Ho Torna W(t) — —oo npu t — +o0,
uto npotuBopedyuT (7.11). Takum o6pasom, A = 0, U DOKa3aTeJbCTBO
TEOpeMbl 3aBepIIEHO. H

CcopmynrpyeM ellle OJHY TeopeMy, KOTOpas MO3BOJSIET C MOMOILLbIO
¢yHkuui JlanyHoBa nokKasbiBaTb HEYCTOUUUBOCTb HYJIEBOTO peLIEHHS.
[IycTe, Kak u npexpae, U — HeKOTOpass OKPEeCTHOCTb HYJis B MPOCTPaH-
ctBe R". Kpome Toro, nyctb U; — HEKOTOpPOe OTKPBITOE MOAMHOKECTBO
U, 1 KoToporo Touyka x = () ABJASeTCH TPAHUYHOU TOUKOH.

Teopema 7.4 (Teopema UeraeBa 0 HeycTOMUMBOCTH). [lycmo 0as cu-
cmemot (7.9) 8 Hekomopoti okpecmrocmu Hyrs U cywecmeyem QyHk-
uus Jlanyrnosa makas, umo

V(r) >0, V(z)>0

ors 6cex x € Uy, u V(x) =0 8 mex epanuunvix moukax obaracmu U,
komopoie nexcam suympu U. Toeda Hyregoe peuienue amoil cucmembl
Heycmouuuso.

Hoxkazamenrvcmso. Bo3bMmeM zy € Uy 1 paccMOTPUM pelieHue x(t, ty, xg)
cuctembl (7.9). 3amMeTHM, YTO 3TO pellleHWe He MOXKET MOMacTb Ha Ty
yacCThb IpaHUIbl Ui, KOTOpasi IEXKHUT B U, HU NPH KakoM ¢ > ty. JleicTBH-
TeJIbHO, paceMarpusasi GyHkuuio W (t) = V (x(t, to, 29)), 3ak/odaeM, 4To
W(t)>0u W(t) >0 nput >ty o Tex nop, noka z(t, to, z9) € Uy. Io-
ckosibky (yHkuus W (t) Bospacraet, To W (t) > W (ty) > 0 npu t > ty, a
3HauyuT, paBeHCTBO W (t) = 0 He MOXKeT OBITh BBITNOJHEHO, T.€. PelIeHHe
x(t,tg, xy) He MOXKET MOMACThb HA pPacCMaTPUBAEMbIH YYaCTOK TPAHHILBI
obsactu U, Bce BpeMs octaBasich B U;. Ilycts 2 C U; — HeKOTOpBIH
KOMIIaKT, TakKou 4To zo € 2. Torna

W(t) =V (x(t,to,x0)) >m >0, t>t,
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noka z(t,tg,xo) € Q, u W(t) > W(ty) + m(t — ty). CnenoBaresbHo,
pewenue x(t,ty, o) MOKUAaeT J10O0H KoMnakT €2 C U;. eldcTBUTEBHO,
¢yukuusa V(x) 6ynydu HempepblBHOH OTpaHHYeHA CBepXy Ha KOMIAKTe
), a 3Hauut, ¥ QyHkuus W (t) orpanuuena, mnoka x(t,ty,zo) € 2. Ho
B CHJIy YCTAHOBJIEHHOTO BBIllle HepaBeHcTBa uMeeM W (t) — +oo mpH
t — +00. OcTajoch 3aMeTHTb, 4TO peleHue x(t,ty, xo), Tae xo € Uy N B
M 0 — MPOM3BOJIbHAS CKOJIb YTOfIHA MaJjiasi BeJHUUHA, 0 3TUM PHUNHAM
00513aHO TOKHHYTb HEKOTOPHIH Iap 5., ocTaBasich Bce BpeMsi B 06JIaCTH
U,. 3Ha4HT, HyJIeBOe pelleHHe cUCTeMBbI (7.9) HeyCTOUUYHBO.

Teopema mokasaHa. [ |

DyHkuuio JIanyHoBa, yi0BJIETBOPSIOLLYIO BCEM YCJ0BUSAM TeopeMbl 7.4,
Ha3blBalOT MHorAa (phyHkuued Yeraesa.

PaccMOTpUM HeCKONBKO NPUMEPOB MCCJIELOBAHUS HYJIEBOIO PELIeHUS
HeJIMHEeMHOU CUCTeMbl AU(PepeHLHa bHbIX YPaBHEHUH C MOMOLILBIO Me-
Toga pyHkuud JIsinyHoBsa.

[pumep 1.

j]1 = —x1 + X9 + 129,

:bgle—:cg—x%—:cg.
B kauectBe pyHkuuu JIsnyHosa BozbMeM QyHKUMIO V (21, 29) = 27 + 23
BEIYMC/IUM POU3BOAHYIO 3TOH (PYHKLUHU B CHUJY CUCTEMBIL:

: oV oV

V(z,29) = =—o1 + =—T9 = 201 (—21 + T2 + T122)+
(21, 22) o, LT g, 1(=71 + 22 + 7172)
4229 (2] — Ty — 25 — x3) = —2(1] — T9)? — 225.

Hec/103)kHO BUIeTb, 4T0 (GYHKUHSA V (x1,2) OTPHULATENBHO ONpejeeHa
Bo BceM mnpoctpaHcTBe R2. CornacHo Teopeme 7.3, Hy/neBoe pelleHHe
pacCMaTPHBaeMOH CHCTEMbI aCHMIITOTHYECKH YCTOHYMBO.
[Ipumep 2.
.1"1 = —X2 + l";’,

Ty = T +x§.

[lyctb cHoBa Qynkuus V(zy,x3) = 27 + x5 Gyner BhiGpaHa B KayecTBe
dyHkuMu JlanyHoBa. BoluMc/aas TPOM3BOAHYIO 9TOH (DYHKLMH B CHJY
CHCTEMBI, TI0JTy4aeM:

: ov . ov .
V(xy,z9) = &Elxl + 8x2$2 = 221 (—x9 + })+

+2x9 (21 + 23) = 227 + 2735,
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Bri6ypast B KauecTBe OKpecTHOCTH Hyas U4 mpocTpaHcTBo R?, a B Ka-
uyectBe U; — MHOXecTBO U\{0}, ybexxnaeMcss B TOM, YTO OKa3blBalOTCS
BBIITOJIHEHHBIMU Bce ycJ0BUs TeopeMbl YertaeBa. CiiefoBaTesbHO, HYyJle-
BO€ peLUeHHe pacCMaTPUBAEMOH CHUCTEMbl HEYCTOHMUUBO.

Ynpaxuenue 7.1. C nomouipro memoda ¢pynkyuil Jianynosa uccaedo-
8amb Ycmouuu8ocms HYAE8020 peuierus credyrou,eti cucmemol:

s 3
Tl = T — Iy,

iy = —223 — a3,

HecmoTpst Ha TO UTO He CylIeCTBYeT aJArOpUTMa MNOCTPOeHUsT PyHKUHN
JlanyHoBa B oflleM c/ayyae, AJs1 HEKOTOPBIX CleLHasNbHBIX 3a4ad Takas
(yHKLIHUS MOXKeT ObITb YKa3aHa, UCXOAS M3 CBOWCTB pacCMaTpPUBaeMOH
cucteMbl. [Ipumepom Takoi 3amayu gBAseTCS 3anadya MOCTPOEHUS (DYHK-
uuu JIssmyHoBa A/ uHEHHOH cucTeMbl (7.8) B cyuae aCHMITOTHUECKOH
YCTOHUMBOCTH €€ pelleHUH, a TakKe B CUTyalUH, Korja y matpuubl A
HMeeTcs COOCTBEHHOE YHUCJO C TMOJIOXKHUTEJNbHON NeHCTBUTENbHON YacCThlo,
T.€. KOTZa BCe pPeLIeHUsI 3TOM CUCTEMbl HeYCTOMYHBHI.

PaccmoTpuM cHauana ciyyai, Korna Bce cOOCTBEHHbIe YUCJ/A MaTpH-
bl A MMeT oTpulaTesbHble AeHCTBUTEJbHble YacTH. DyneM cTpouThb
¢pyHKUHO JIAnyHOBa B BHIE MOJOXKHUTEJNBHO OINpeNe/eHHOW KBaapaTHy-
HOU (popMBI

V(z)=(Hz,z) >0, z#0, (7.12)
rie H* = H — caMocomnpsizkeHHasi (n X n)-MaTpHlla, MOAJeXKallas onpe-
NeJIeHHI0, a CUMBOJIOM * 0003HayeHa olepalnust 3PMUTOBA CONPSIKEHHUS,
T. €. TPAHCIIOHUPOBAHHE MATPHLBI U KOMILJIEKCHOE COIpSIXKEHHUEe BCeX ee
snemeHToB. CkassipHoe mpousBeneHue B (7.12) moHWMaeTcsi B CMBIC/e
YHHUTAPHOT'O MPOCTPAHCTBA U BbIYHCAsieTcs corsacHo (opmyqae (1.26). ITo-
KaxkeM JaJjee, 4To MaTpuua H MoxeT ObITb BbIOpaHa Tak, 4TO (PyHKILIUSA
V(x) GyneT MONOXKHUTEJbHO ONpeNie/IeHHOH, a ee TPOU3BOIHAS B CUJIY CH-
crembl (7.8) OynmeT (hyHKIHEH OTPHUIATeJbHO OrNpejeseHHOH. Boraucss
MOCJIEIHIO, HMeeM

V(z) = (Hi,x) + (Hz, &) = (HAz,z) + (Hz, Az) =
= (HAz,z) + (A"Hz,z) = (HA+ A*H)z, z). (7.13)

[loctapaemcs BbiOpaTh MaTpully H Tak, 4To
HA+ A"H = —1. (7.14)

Otkyna B cuay (7.13) 6ynet cienoBaThb, 4TO
V(z) = —(z,2), (7.15)
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a 3HaunT, QyHKUKS V (x) ABISETCA OTPHULATENBHO OMPe/eJeHHOl BO BCeM
npoctpaHcTBe R”. YpaBHeHue (7.14) Ha3bIBAIOT MAaTPUUYHBIM YpaBHEHHEM
JIanyHoBa. OTBeT Ha BONPOC O Pa3peliMMOCTH 3TOTO YPaBHEHHUS B UHTe-
pecymolled Hac CUTyaluuHy JaeT CJefyloulas JemMma.

Jlemma 7.3. [lycmo sce cobcmeennole uucra mampuupvt A umerom om-
puyamenvrole OeticmeumenvHoie yacmu. Toeda edurcmserHoe peule-
Hue ypasrenus (7.14) umeem 8uod

+00
H= / et et dt. (7.16)
0

Hokaszamenocmso. PaccmotpuM 3anady Kowu nss matpuyHoro gudde-
PEHLHAJbHOTO ypaBHEHHUS

dd—)t( XA+ AX, X(0)=1. (7.17)

B cuny teopembl 4.1 3Ta 3amadya MMeeT eNMHCTBEHHOE OINpeaeseHHOe Ha
Bcell ocu peleHue. [Ipoctoll mpoBepkoll ybexnaemcsi B TOM, UTO 3TO
pellleHHe MOXKeT ObITb MPeACTABJEHO B BUIE

X(t) = et

[Tockonbky Bce coOCTBeHHBIE yMcaa MaTpuubl A (a ciaenoBaTesnbHO, U
MaTpulbl A*) UMeIT OTpUllaTe/IbHble NeHCTBUTENbHBIE YACTH, TO B CHUJY
OLlEHKH MaTPUYHOM SKCIIOHEHTHI U3 CleACTBUA 4.4 3aK/04aeM, YTO UMeeT
MeCTO HepPaBeHCTBO

IX(®)|| < Me™, >0, (7.18)
nJist HeKoTopbiX M,y > 0. M3 HepaBeHcTBa (7.18), B 4aCTHOCTH, CJENYeT,

4To th+m X(t) = 0. Murerpupys torma obe yactu nudQepeHLHaTbHOr0
— 100

ypaBHeHus (7.17) B mpomexxkyTke oT 0 10 +00 U YUHUTBHIBAasi COOTBETCTBY-
[olllee HayaJibHOE YCJIOBHE, MOJydaeM

+00 +00
r- / X(t)dtA + A° / X (t)dt.
0 0
[lonaras tenepb

a¥
I
—
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S
I
O\g
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MPUXOAUM K BBIBOLY, UTO MaTpuila H sBJseTCs pellleHHeM MaTPUUHOTO
ypaBHeHus (7.14). OcTajsoch 3aMeTHTh, UYTO HECOOCTBEHHBIH HHTErpas B
(7.16) cyuiectByeT B cuay oueHku (7.18).

JleMMa nokasaHa. [ |

[TpoBepum Temepn, yTo MaTpuua H, 3amaBaemasi paBeHcTBOM (7.16)
IBJISIETCS CAMOCOIIPSI?)KEHHOH W MOJIOXKUTEJNbHO onpenesieHHOH. JlelcTBU-
TeJIbHO, B CUJIy CBOMCTB ONl€pPallM¥ 3PMUTOBA CONPSAKEHUSA, UMeeM

—+00 +00

o= [ ()= [ () () ar
0

0
“+00

= /etA*etAdt = H.

0

Ianee,
+00 400
(Hz,x) = (/ etA*etAdta:,x> = /(etA*etAx,x)dt =
0 0
400 400

400
/(etAa:, (etA*)*x)dt = /(etAx, etAx)dt = /HetA:L“Hth >0, x#0.
0 0

0

Takum o6pasom, ¢hyukuus V(x), onpenensiemasi popmyJsoi (7.12), sisasi-
eTcs pyHKUMeH JIimyHOBa ¢ OTpULATEJbHO ONpeaeseHHON MPOU3BOAHON
B CUJy cucTeMbl (7.8).

PaccmoTpum Tenepnb caydai, korga matpuia A uMmeeT coOCTBEHHOe
YUCJIO C TIOJNIOXKUTEJNbHOU NEeUCTBUTENbHOU 4YacTbio. [lycTh »kopmaHoBa
¢dopma matpunbl A nmeer Bun (4.31). Bynem cuurtath nJs onpenesieHHO-
CTH, UTO COOCTBEHHBIM YHUCJOM, O KOTOPOM WIET peub, SIBJSETCS UUCIO
As (T.e. Re Ay > 0) u eMy oTBeuaer xopnaHoB 6Ji0K Jy . [IycTb HeBbIpOXK-
nenHasi matpuua C' npuBOIUT MaTpuly A K XkoppaHoBou (opme. Torna
sameHa x = C'y npeobpasyet cuctemy (7.8) K BULY

y=Jy, yeC"

rie mMatpuua J onpenensiercs dpopmynoi (4.31). IlocnenHee ypaBHeHHe B
3TOM cUCTeMe B CUJY CIeJNAaHHbIX MPEeANOJOKEeHUH nMeeT BUJL

yn = )\syn
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B kauectBe dyHkuuu JlsnyHoBa (UetaeBa) BoibepeM (DYHKIHIO

V(SL’) = YnlYn = ’ynP, (7.19)
rae
n
Yo =D 5
j=1
H C,...,Ch — HeKOTOpre, BOO6LH€ FOBOpH, KOMIIJIEKCHBIE€ TIOCTOSHHBEIE.
HNmeem
. d du _
V(@) = g, 45 S = Ay Nl = 2Re g

B kauectBe oOsactu U; u3 Teopembl 7.4 Bo3bMeM oOJjacTh y, # 0. B
UCXOJHBIX NTePEMEHHBIX X1, ..., T, TPaHULA 3TOH 006/1aCTH 3a1aeTCs yPaB-

HEHHSIMH
n n
E zjRec; =0, g zjIme; = 0.
J=1 J=1

Jlerko [IPOBEPUTL TOT A4, HTO BCE YCJOBUA TEOPEMBbI UeTaeBa 0Kas3bIBalOT-
Cs BbITIOJIHEHHBIMH.

7.3. YcTOMUYMBOCTH IO MEPBOMY MPUOJINIKEHUTIO

[IpomomkumM paccmMoTpeHHe aBTOHOMHOH cucteMbl (7.9). Kak u panee,
OyzeM TpenmnoJaratb, 4to GyHKUUs f(x) U Bce ee YAaCTHbIE MPOU3BONHBIE

a—xi, v = 1,...,n HenpepblBHBl NpU Bcex x € U, rne U — HekoTopas
OTKpBITasi OKPECTHOCTb HYyJs B npocTpaHcTBe R™. Kak v B mpeabiayliem
pasnese, cuutaem, uyto f(0) = 0, T.e. cucrema (7.9) umeeT HyJeBOe
pellieHue.

HasnoxxeHnHble Ha QyHKUMIO f(x) ycJoBHS BJEKyT ee nuU(GhepeHIH-
pyemocTb B Touke x = (. CsenoBaTesibHO, cucteMa (7.9) mMoxeT ObITH
npejicTaB/JeHa B BHUJE

t=Ar4+w(x), xel. (7.20)

d
3nece A = d—f , — Marpula fAkobu otobpaxkeHusi f(x), BBIUHCIEH-
T lx=

Hasg B Touke x = 0, T.e. (n X m)-MaTpula, COCTaBJEeHHAs W3 YAaCTHBIX
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ofi . .
MPOU3BOJIHBIX a—fl i,j =1,...,n. Hanee, pyHkuus w(xr) obaanaer tem
x.

cBoicTBOM, uTo w(x) = o(||z]|), T.e.
lim —= = 0. (7.21)

Ot6packiBasi B cucteMe (7.20) cnaraemoe w(x), uMemwllee B Hyse GoJee
BBICOKMH TOPSIIOK MaJjoCTH, 4yeM Ax, MPUXOAUM K JUHEHHOH cHCcTeMe
(7.8). Boripoc 06 yCTOHYHBOCTH HYJIEBOTO pellleHHsI ToCJeqHel pelnaeTcs
corjacHo TeopeMe 7.1. Hac Oynet nHTepecoBaTh BONPOC O TOM, B KaKOH
CTeNeHU 3Ta TeopeMa JaeT OTBET Ha BOMPOC 00 yCTOMUMBOCTH HYJIEBOTO
peleHUst cuctembl (7.9).

Teopema 7.5 (teopema JIsimyHoBa 006 YyCTOWYHMBOCTU MO MEPBOMY
npuoINKEeHHI0). [Iycmo 6ce cobcmsentoble yucia mampuyol A umerom
ompuyamenvrole Oeticmeumenrvrole yacmu. Toeda Hysesoe peuierue
cucmemol (7.9) acumnmomuuecku ycmotiuuso. Ecau e y mampuuyor A
umeemcs xoms 6v. 00HO cobCmMBeHHOe UUCAO C NOLOKHUMEAbHOU Oell-
cmeumenvHoLl uwacmoro, mo Hyaesoe pewierue cucmemol (7.9) neycmoti-
4180.

Loxazamesvcmso. B cuny 3ameuanus 1 k treopeme [Iukapa—Jlunnenéda
pemenue x(t, ty, o) cuctemsl (7.9), ynoB/eTBopsitoliee HauaIbHOMY yCJIO-
BUIO x(to, Lo, T9) = To, CYLLECTBYET MPH JOOBIX Ly € R U 29 € U.
[IpenmnosiokuM cHayajia, 4TO BCe COOCTBEHHble YHCJA MaTPUIBl A
MMEIOT OTpHIlaTesibHble NEHCTBUTE/NbHBIE YacTH. Dymem paccMaTpuBaTh
cuctemy (7.20) Kak JHHEHHYIO HEOTHOPOAHYIO CHCTEMY C HEOTHOPOIHO-
ctbio f(t) = w(xz(t)). B cuay Teopemsl 4.7 u3 pasgena 4 s pelueHust
x(t,ty, o) STOH CUCTEMBI CIIPABEIJIUBO CJeNyIOllee MPeNCTaBIeHHE:

t
x(t, to, zg) = el 710 Az, + /e(ts)Aw (:I;(s,to,xo))ds. (7.22)

to
Hanee, B cuny caenctsusa 4.4 nainyrea takue M,y > 0, 4To
e < Mt ¢ > ¢, (7.23)

N3 paBencrtBa (7.21) cienyet, uto ajs Jwoboro n > 0 HaWOeTCs TakKoe
r=r(n) >0, uro
Jw(@) | < nllzll, [zl <7 (7.24)
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OueHuBas Tenepb peiieHue x(t,ty, ro) M0 HOPME U HCIOJb3Ys HepaBeH-
ctBa (7.23) u (7.24), nonyuaem

t
\mwmmwSA@ﬂwwmw+M¢/5Wﬂwwm@@w&

to

DTO HEePaBEHCTBO CIIPaBENJIUBO IJisi TeX 3HAUeHWH t > tj, NJs KOTOPBIX
|x(t,to, z0)|| < 7. YMHOXKMUM 06e 4acTH 3TOTO HepaBEHCTBA HA BEJUYUHY
e’ u obosHauum p(t) = eV ||x(t, to, xo)||. meem

t

p(t) < Me™|ao] + My [ o(s)ds

to

Hcnoabayst nemmy (5.1) (nemma I'ponyosnna—bennmvana), u3 storo Hepa-
BEHCTBA BBIBOAHM, UYTO

p(t) < Mero ||z M),
OTciona cJlefyet, uTo

l(t, to, o) || < M|zof|eTHMET) g > 4,

—_

BreibepeM BeJMUMHY 7 HacToJAbKO MaJjod, yto Mn < —. Torma Oynem
UMETb

(\]

HSU(t,t(), LCo)H < MHSC()HG_%(t_tO), t> t(). (725)

Bribepem HauasbHOE YCJIOBHE I HACTOJMBKO MaJjbiM, uto M ||zol| < r(n).
Torna us (7.25) G6ynmet cnenoBathb, 4to ||x(t,to, xo)|| < r mas Bcex t > .
3HauuT, U HepaBeHCTBO (7.25) BHIMOJHEHO AJs BeexX t > ty. B uactHoCTH,
B cUJy TeopeMbl 6.6 pemenue x(t,ty, z) ONpeneseHO MPH BCeX t > t.

dukcrpyeM Tenepb BeJquuuHy £ > 0 U BeIGepeM d(g) = °_ Torna

13 HepaBeHcTBa (7.25) BbITEKaeT, UTO e ||xo|| < 4, To ||z (t, to, 0)|| <
e masi Bcex t > ty. CjenoBaTesbHO, HYJieBoe pelleHHe cHUcTeMbl (7.9)
ycroitynBo. Kpome toro, us (7.25) BeiBomuM, uto x(t,tp,x0) — O mpu
t — +00. 3HAUYUT, HYJeBOe pelleHHe cHUCTeMBbl (7.9) acUMNTOTHUECKH
YCTOHUYHUBO.

[Tpennonoxum Teneph, uTo y Matpuiel A nMeercss co6CTBEHHOE UHC-
JIO C TOJIOKUTEJIbHOW AeHcTBUTeNbHOH YacThio. [lycts matpuua C' npu-
BoguT MaTpully A K xkopmaHoBo#t ¢opme. OcyuiectBasisg 3ameny = = Cly
B cucteme (7.20), IPUXOAUM K CHCTEME

y=Jy+w(y).
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3nech GyHkuus w(y) = (wi(y), ..., w,(y)) obaagaer TeMu xKe CBOKCTBA-
MH, 4To U yHkuus w(x). [loctpoum dynkuuio UeTtaeBa Tak e, Kak 3TO
OBLJIO CIeJJaHO B KOHILE Mpeabiayluiero pasaena. Mmeem

V(z) = (A + wa(¥))Tn + Yn (At + 0 (y)) =
= 2Re Ay, | + 2 Re(ynwn(y)).

E

s mo6oro n > 0 Halimercs Takoe r = r(n) > 0, uto |w,(y)| < 1|y
ecatt |ly|| < r. Iockoasky |y.| < ||y||, TO

2Re(YnwWn(y)) > —2|yan(y)| > —2n|yalllyll > —2n]ly]l>.

3HayuT, '
V(z) > 2Re )‘S‘Qn‘Z - 277”sz~

B vacthocty, ecnu y = (0,...,0,y,), roe y, # 0, TO
V(z) > (2Re s — 20)|ya|> > 0

npu ycnoBuH, uto 7 < Re ;. Ilockosbky BeanuuHy |y,| MOXKHO B3fITh
CKOJIb YTONHO MaJsioii, a hyHKUHs V(z) HenpepelBHA 1O Z, TO B CKOJIb
YTOIHO MaJjIod OKPeCTHOCTH HYJISl CYIIEeCTBYET OTKPBITOE MHOXKECTBO U,
paHHIA KOTOPOTO CONEPKHT TOUKy x = 0, Takoe uto V(x) > 0 ms
Bcex x € U;. I3 Teopembl UeraeBa Torza cienyer, 4To HyJeBOe pelieHHe
cucteMmbl (7.9) HeycTOHUHUBO. |

7.4. YcToMuUMBOCTHh MHOI'OUYJIEHOB

Kak caenyetr u3 marepuasia mpeablaylLIero pasiaena, YCTOMYHBOCTH
HYJIEBOTO pelleHus cucteMbl (7.9) B TMHEHHOM NPUOJIHKEHHH OTIPEIes-
eTcsl 3HaKaMU JIeUCTBUTENbHBIX YacTel coOCTBeHHbIX uuces. [TockonbKy
COOCTBEHHBIE UUCJ/A SIBJSIOTCS KOPHAMH aareOpandyeckoro noJuHoma n-u
CTeleHH, TO yXkKe MPU n > 5 ABHBIX (POPMyJa A ITUX UHUCeJ, BOOOLIe
roBOpsi, yKa3aTb HeJb3s. CyenoBaTesbHO, BO3HHKAET OUeBHUIHBIH BOMPOC
0 TOM, KaKUM 00pa3oM MOXKHO ObLJIO Obl ONpene/siTh 3HAKU NeUCTBUTEJIb-
HBbIX YacTel KOpHeH anrebpanyeckKux MOJUHOMOB, HE UMest BOSMOXKHOCTH
MOJNYYUTh [JIS1 HUX (DOPMYJIBI.

Onpenenenue 7.6. Mrozcouren
L) =XN"4+a N+ ap ) +a, (7.26)

Haszbleaemcs ycmoﬁquebm, eciUu 8ce eco KOpHU umeronm ompuuamensb-
Hole OeticmeumenvHble 4acmu.
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YcTaHOBUM CHauaJja cjenymoulee HeoOXOAHMMOE YCJOBHE YCTOHUYUBO-
CTH.

Jlemma 7.4. [lycmo mrnoeouren L(\) ¢ deticmsumenvHoimu K03gduuu-
eumamu a;, v = 1,...,n, ycmotiuug. Toeda ece eco Koagguuuermol
NOAOHCUMENbHDL.

Hokasameavcmeo. ITlpencraBum MHorodseH L(A) B BUue
L) =A=2)A=A) ..o (A=),

rae Ai,...,\, — ero kopHu. [lokaxem, 4To, packpbiBasi CKOOKU B 3TOM
BbIPA>KE€HHUU, Mbl, B KOHEYHOM WTOTe, MOJYYHUM JIMLIb MOJOXKUTEJbHbIE
K03(h(pUIMeHTH. Bce KOpHU MOXKHO pa3OUTh Ha ABe TPYMNIbl: AeHCTBU-
TeJIbHble U KOMIIJIEKCHBIE. BynieM BBIUMCAATE NPOU3BEIeHHEe MHOXKUTEJIEH
(A — \;) BHYTpH Kaxio# U3 rpynnsl. Toraa

L) = LN La(Y), L) =][O=N), L= ] (=)

<0 )\,»e(C, Re \;<0

MHorousieH L1(\) CONEPXKHUT JUIIb MOJOXKHUTeNbHbIE KOI(DPULHEHTBI, MO-
ckosbKYy (—A;) > 0. Paccmotpum Tenepb MHorousieH Lo(\). [Tockoabky
BCe KOd((ULHUEHTb HUCXOMHOTO MHOrodseHa L(\) HeHCTBUTEJbHBI, TO B
CUJy JieMMbl 3.5, Hapsay ¢ kopHeM \; € C cyllecTByeT COMNpPsi>KEHHbIH C
HUM KopeHb ;. Ho Torna

(A =2)A =) = A2 =2(Re )X + |\

Bce K03(p(pUUMEHTB 3TOr0 MHOTOYJIeHA MOJOXKUTEJNbHBI, T.K. Re \; < 0.
CJieoBaTesNbHO, TMOJOXKHUTENbHB U BCe KO3(P(PHUIHUEHTb MHOTOUYJEHOB
Lo(N) u L(N). |

Heo6xonrMble W moCTaTOYHBIE YCJOBHS OTPULATEJNBHOCTH NEHCTBHU-
TeJIbHBIX YacTell KOpHeH ajreOpanuecKUX MHOTOUJIEHOB BIIEpBble ObLJIH
noayudenbsl PaycoMm. Bosiee usBecTHbI ycnoBus, npeaJjokeHHble ['ypBulieMm.
CocraBuM U3 K03(p(UIHeHTOB MHOrouseHa (7.26) ciaenymwouyo (n X n)-
marpuny (matpuua ['ypBuna):

apz 1 0 0 ... O
az ay ap 1 0
as a4 az ag 0 (727)

0O 0 ... ... 0 a4
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[Io rnaBHOM pWaroHasW 3TOM MaTPHUIBl PACMONOXKEHBl KO3(PPUUHEHTHI
ai,...,a,. [lo JeByl0 W MpaByl CTOPOHBI OT AUATOHAJBHOTO 3JeMeHTa
pacrnoJioxkeHbl KO3(P(PULUHUEHTBl aj C YBEJUYUBAIOIIMMHUCA U yMeEHbLIAIO-
IIUMHCS Ha eMHUILY UHAEeKCaMHu cOOTBeTCTBeHHO. [Ipu atom ecau k > n
uad k < 0, To mosnarawT a; = 0, U, Kpome Toro, ag = 1. CnpaBenJ/ivBa
cJelyiollasi TeopeMa, KOTOPYK OObIUHO HasblBalOT KputepueMm Payca-—
['ypBuna.

Teopema 7.6 (teopema I'ypBuua). /{is ycmoiiuusocmu mHoO204iEHA
(7.26) Heobxodumo u docmamouro, umobovl 8ce eAa8HbLE MUHOPbL MAM -
puyot T'ypsuya (7.27)

a 1 ai 1 0
Alzal, Agzdet ( L ) 5 AgZdet as as ap ,
as a9

as a4 as
az 1 0 0 ... O
as Qa2 aq 1 ... 0
An = det as, a4 as a2 ... 0
O 0 ... ... 0 a,

ObILU NOAOHCUMEAbHBIMU.

Mpl nprBeneM 10Ka3aTesNbCTBO JHULIb AJS CJAydyaeB n = 2 U n = 3.
JlokasatebCTBO 3TOU TEOpPeMbI [JI51 MPOU3BOJNBHOIO 7 JII0OO03HATEJNbHBIN
ynuTaTe b MOXKET HAUTH, HANpUMep, B KHUre [26].

Jlokasameavcmeo. Tlycts n = 2, torna L(\) = A2 + a;\ + as. B cuay
JeMMbl 7.4, eciu MHorousieH L(A) ycTo#uuB, To a; > 0 U ay > 0. Ho
torta A =a; > 04

AQ = det <CL1 1) = ajay > 0.

OCLQ

O6patHo, yctb Ay > 0 1 Ay > 0. Torna, oueBUAHO, 4TO a1 > 0 U ag > 0.
[Io popmynam Bueta umeem

)\1—|—>\2:—a1<0, )\1)\2:a2>0.

Ecau A 1 Ao NeHCTBUTE/bHBI, TO B CUJY NPaBOH W3 BbIllIeyKa3aHHbIX
(opMyJs1 3TH KOPHH AOJKHBI OBITb ONHOIO 3HaKa. lorga u3 JeBoH Qop-
MYJIBl BHITEKAeT, uTo 06a 3TH KOPHS OTpPULATeNbHE. Ecau xe Xy = Aj,
TO U3 JiIeBOU popMyJibl caenyet, 4To Re A\; = Re A\ < 0.
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Paccmotpum teneps cayuail n = 3. Umeewm

L) = N 4 a1\ + ag\ + as. (7.28)
Hanee, A; = ayq,
a ai 1 0
AQ = det ( L ) = ayag — as, Ag = det as a2 a1 = CL3A2.
45 @2 0 0 ag

Takum obpazom, ¢ ydyeToMm JeMMbl 7.4 HaM HeOOXOAMMO IOKa3aTbh, UTO
MHoTouJieH (7.28) ¢ MosoXKUTeIbHBIME KO3 (hHUIIHEHTAMH YCTOUYHB TOTIa
U TOJIbKO TOTJla, KOTA UMeeT MeCTO HepaBeHCTBO

ajaz > as. (7.29)

B nanbHeliieM GyneM HCMOMb30BaTh TOT (PaKT, UTO KOPHU ajrebpanye-
CKOro MHorouJieHa (7.28) HempepbIBHO 3aBUCAT OT €ro Ko3(PQHIHEHTOB.
BrisicHuM cHauasia, Korga y MHorousieHa (7.28) MOTYT CylllecTBOBaTb KOp-
HY Ha MHHMOH OCH (B TOM UHCJe U HyJeBOH KopeHb). [Tosoxum A\ = iw,
rie w € R, u noacraBuM 3T0 BhIpaxkeHHe B (7.28). [lpenmosaras, urto
L(iw) = 0, mosayuaem, 4to

3

—iw?’ — a1w2 + 11w + ag = 0.

HpI/IpaBHI/IBaH K HYJIIO ,U,eI';ICTBI/ITeJIbeIe U MHHMbI€ 4aCTH, UMeeM

as — ang, ap = wQ.

Ortcrona caenyeT, UTO KOpeHb Ha MHUMOW OCH MOXKET CYI1eCTBOBATD JIUIlIb
MPY BBITTOJHEHUHM PAaBEHCTBA a1as = a3. 1akKUM 00pa3oM, U3MEHEHHEe UHC-
Jla KOpHeH ¢ OTPULAaTeNbHOH (MOJIOKHUTEbHOH) NeUCTBUTENBHON YacThiO
MPU HEMpepbIBHOM HM3MeHeHUU Ko3(hduineHToB MHorodseHa (7.28) Bo3-
MOXKHO JIMLIb NPH TNE€PeCeYeHUH MOBEPXHOCTU a1ao = a3 B MPOCTPAHCTBE
K03 (HULIMeHTOB. 3HAUNT, YUCJIO KOPHEH C OTPHUIIATEJNbHOU ([TOJI0KUTEb-
HOH) MeHCTBHUTENbHOH YacThi0 B 00J1aCTSIX, OMUChIBAEMBIX HEPABEHCTBOM
(7.29) uiu HepaBeHCTBOM

ayay < as, (7.30)

COXpaHsieTCsl.

[Ipennosioxkum, 4TO BbINONHEHO HepaBeHCTBO (7.30). Yerpemssisi Ko-
3(pPULUEHTH a1 U as B (7.28) K HyJI0, 3aKJ/I04aeM, U4TO TIPU BbINOJHEHUH
YKa3aHHOI'0 HepaBeHCTBA MPU OJHU3KHUX K HYJI0 3HAUEHUSIX a1 U as Y MHO-
rousieHa (7.28) HOJIXKHBI UMEThCSI KOPHH CKOJIb YTOIHO OJIM3KHE K KOPHSIM
MHOTOYJIeHa

L) = X\ + as.
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ITOT MHOro4JeH UMeeT OfUH OTpPULATeJbHBIH KOpeHb \; = —. /a3 U 1Ba
KOMIIJIEKCHO COTPSI2KEHHbIX

Aoz = \Va_g(cosg +isin g)

3ametuMm, 4yTo Re A\y = Re A3 > 0, cienoBatesbHO, U MHoroujex (7.28)
npyu BbiMoNHeHUU HepaBeHcTBA (7.30) 06s3aH MMeTb KOPHH C MOJIOXKH-
TeJIbHOU JNEUCTBUTEJbHOU 4aCThbIO.

[IycTb BbImosiHEHO HepaBeHCTBO (7.29). YcTpemssisi Tenepb Kodhdu-
LIMeHT ag B (7.28) K HyJ0, 3aKJ/JI0YaeM, UTO MPU BbINOJHEHUH YKA3aHHOTO
HepaBeHCTBA MpU OJU3KHUX K HYJNIO 3HAUEHHUSIX a3 Yy MHorouseHa (7.28)
JOJI2KHBl UMETbCSl KOPHU CKOJIb YTOAHO OJIM3KHE K KOPHSIM MHOTOUJIeHa

L) = MM+ ai) + ay).

Kopuu MHorouseHa A24-aj\+as HMEIOT oTpULlaTe IbHbIe JeHCTBUTe IbHbIe
YacTH B CHJIY TOJIOKUTEJbHOCTH KOI(PGDHUIMEHTOB a1 U ap (caydadl n =
2). CyenoBartesibHO, MHOro4JeH (7.28) To)ke MMeeT, Kak MUHMMYM, IBa
KOpHSI, NeHCTBUTEJNbHBIE YAaCTH KOTOPBIX OoTpulaTesbHbl. O6paiasich K
¢opmyne Buera

AN A3 = —az < 0,

omnpefesisieM 3HAaK TPETbero KOpHsl (3TOT KopeHb 00si13aH ObITb JNeHCTBH-
TeJibHBIM). OUeBHIHO, YTO ITOT KOPEeHb — OTPHUIlAaTeNbHbIH. TakuM obpa-
30M, TIPH BBIMOJIHEHHWH HepaBeHCTBa (7.29) Bce KopHU MHorouJeHa (7.28)
MMEeIOT OTPHIaTe/bHble NeHCTBUTEbHBIE UACTH. |

CnenctBue 7.2. B cayuae n = 2 Heobxodumoe ycarosue ycmouuugo-
cmu mHoeounrena (noaoxcumenrvHocmo K03guyuenmos) ssiiemcsa u
docmamouHblLM.

Ynpaxunenue 7.2. Haiimu neobxodumsie u docmamourole YCAOBUS YC-
mouuu8oCcmu MHO204AeHA C KOMNAEKCHbIMU KO3 Duyuernmamu

L) = X2+ (p1 +ip2) A + q1 + igo,

ede p1,pa, q1, qo — OeticmsumenvHole YUCAQ.

7.5. 3ameuaHusi 0 HEABTOHOMHOM CJiyuae

PaccmoTpuM HennHelHY0 cuctemy (7.1), mpaBast 4acTb KOTOPOH 3aBH-
CUT IBHBIM 00pa3oM OT nepeMeHHo# ¢. [IycTh Ha BekTOp-pyHKIUIO f(t, X)
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HaJIOXKEeHbI Te Ke YCJOBUS, 4TO U B pasnese 7.l. JlomosHHUTENbHO Mpen-
MOJIOXKHUM, UTO cucTeMa (7.1) umeer HyJeBoe pelueHue, T.e. f(¢,0) = 0.
Hac 6ynyT uHTepecoBaTb BONPOCH], CBSI3aHHbIE C UCCJENOBAaHHUEM YCTOH-
YMBOCTH HyJseBoro pewenusi. Kak u panee, cuntaem, 4To Y — HEKOTOpOE
OTKpbITOe MHOXecTBO B R", comep:xaliee BHyTpH cebsi Touky = = 0.

[IycTh Ha MHOXKecTBe U omnpefiesieHa HelpepbIBHO nUddepeHInpyemas
0 COBOKYMHOCTH nepeMeHHBbIX (yHKuus V (¢, z): {t > t,.} xU — R,

Omnpenenenue 7.7. Qynuxyus V (t,x) nadvieaemcs nosoxcumenrvro (om-
puuamenvro) onpedeserHoti 8 U, ecau cyujecmsyem Henpepoléras 6 U
ckarsipHas Qyukyus Z(x) maxkas, 4mo:

19 V(t,0) = Z(0) = 0.

20 Vt,x) > Z(z) >0 (V(t,x) < —Z(z) < 0) das 6cex t > t, u
xel, x#N0.

OueBuzHO, uTo GYHKUMSA Z(x) SBJSETCS MOJNOXKHTEJNbHO (OoTpHLa-
TeJIbHO) ONpefieJIeHHOH B CMbIc/Ie onpeneneHns 7.3. B kayecTBe pyHKLIHH
Z(x) uHOTIa MOXKHO OpaTh

Z(z) = inf |V (¢, x)|.

t>t,

Onpenenenue 7.8. PynKkyuro

: oV oV OV
V(t,x) = 5 + (gradm V(t,x), f(t,x)) = — fi(t, z)

=—+
=1
Hasblearom npoussoorot 8 cury cucmemot (7.1).

[TpousBonHasi B cusy cucrembl (7.1) sBJiseTcss MPOHM3BOAHON MO Tie-
peMeHHO# ¢ cnoxkHOH (yHkuun W () = V(t,z(t)), roe x(t) siBasercs
pelieHueM 3TOU CHUCTEMBI.

Onpenenenne 7.9. [losroxncumervro onpedesennas 8 U ¢pynkuus V(t, x)
Hasvleaemcs Qyuxkuuet Jlanynosa, ecau oaa scex t > t, u x € U
BbLNONHEHO HEePaBEeHCMBO

V(t,z) <0,
20e V (t,x) — npoussodnas e cuary cucmemot (7.1).

CoBepllIeHHO aHaJOTHUYHO TeopeMaM 7.2 U 7.3 C y4eTOM HOBBIX OIpe-
neJleHnH popMyIUPYIOTCS TeopeMbl JInyHoBa 00 yCTOUYUBOCTH U aCUMII-
TOTUUECKOH YCTOHYUBOCTH HYJIEBOTO pelieHHs cucteMsbl (7.1). Ecou orpa-
HUYMUTbC BbIOOpOM (yHkuuu JldanyHoBa V(x), He 3aBucslleil oT ¢, TO
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CripaBelJIMBOK ocTaeTcss U (hOpPMyJNUPOBKA TeopeMbl YeTaeBa 0 HEyCTOH-
YUBOCTH. TOJIBKO YCJIOBUE MOJIOKUTEJNbHOCTH MPOU3BOJHOW B CHUJY CH-
crembl (7.1) B momo6sacTu U, cieayeT 3aMeHHThb YCJIOBHEM TOrO, YTO

V(z) > Z(x) >0, t>t, zel,

rie Z(x) — HenpepbiBHas B U; pyHKuusA. Teopemy UeTtaeBa MoxkHO cop-
MYJIUPOBaTh W AJis cjydasi, Korna ¢pyHkuus JIsnyHosa (UetaeBa) uiercs
B Bune V (¢, 7). COOTBETCTBYIOLIMI pe3ybTaT MOXKHO HAaHUTH, HaNpUMep,
B KHHTe [7].

Teopemy 7.5 06 ycTOHUHMBOCTH MO MepBOMY MPUOJMKEHUIO B HEABTO-
HOMHOM CJIy4ae MOXKHO YCTAHOBHTb JIJIsi TaK HA3biBa€MOH KBa3UJIHHEHHOH
CHUCTEMBI

t=Ar+w(t,x), t>t, x€lU. (7.31)

3necb A — moctosiHHas (n X m)-Matpuua, GYHKUUS w(t, ) HempepbIBHA
M0 COBOKYMHOCTH TMepPeMeHHBIX NMpu t > t, u © € U u obnagaeT Tem
cBOHCTBOM, uTO w(t,z) = o(||x||) paBHOMepHO O ¢ > ¢, T.e€.

w(t, x)

=0, 0. (7.32)
[ed

OueBupHO, uTo M3 (7.32) ¥ HempepbiBHOCTH (PYHKUMU w(t,x) CJIAEOYeT,
uto w(t,0) = 0. YcTOHUHNBOCTb HYJIEBOTO pellleHus chucTeMbl (7.31) MOXKHO
ONPENeJUTh C MOMOIIbI0 TeOpeMbl 7.5.



I'naBa 8

ABTOHOMHbBIE CHCTEMbI
nupdepeHaNbHBIX
yYpaBHEHUU

8.1. OO0mme cBOMCTBA ABTOHOMHBIX CUCTEM

PaccMoTpuM aBTOHOMHYIO CUCTeMY IH((epeHHaNbHbIX YPaBHEHUH:

= f(z), xeR" (8.1)
of
[lyctp BekTOp-pyHKUHSA f(z) W BCe ee 4YacTHble MPOU3BOIHbIE .
L
¢ =1,...,n HenpepbiBHbI B HEKOTOPOH obaacTu U C R". OTmeTuM najee

HEeCKOJIbKO OOIIMX CBOHCTB pelneHu# cuctem (8.1).

Jlemma 8.1. Ecau x = p(t) — nekomopoe pewenue cucmemot (8.1), mo
r = p(t+c), ede ¢ — npoussosvHoe OdeticmBumesbHOe YUCAO, MAKHE
ABAAEMCS peuieruem 3mot Cucmemol.

Hokasameavcmeso. Ilockonbky © = (t) — pelueHue cucremsl (8.1), To
o(t) = f(e(t)),

rme t € Z u T — UHTepBaJ CYLIeCTBOBaHMs pelleHusi ¢(t) (cMm. pas-
nen 6.3.). Torga, ecau t +c € Z, T0

Ot +c) = f(go(t - c))

CrenoBaTesibHO, * = (t + ¢) TakxKe siBJsieTcs peleHreM cucteMbl (8.1).
|
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CBOHCTBO, yKaszaHHOe B JeMMe 8.1, Ha3biBaeTcss WHBAPUAHTHOCTbIO
OTHOCHUTEJIbHO CIBHIOB IO BPEMEHH.

Onpenenenne 8.1. [lycmo 7 = (w_,wy) — MAKCUMANLbHOLL UHMEPBAL
cyujecmsosanus peuwenus x = p(t) cucmemor (8.1). Mroscecmso

vz{xER”‘x:gp(t), tel}
Hasvleaemcs gaszosoli mpaexmopueti (opbumoii) cucmemot (8.1).

OueBHUIHO, UTO TpaeKTopHs cuctembl (8.1) mpencraBsieT co60# HeKO-
TOPYI0 KpHUBYI0 B mpocTpaHcTBe R" ((pa3oBoe mpocTpaHCTBO). DTy KpH-
BYI0O MOXKHO CUWTaTb OPUEHTUPOBAHHOH, U €e OPHUEHTALUs ONpefessieTcs
HarpaBJieHUeM JBHKEHHS] TOYKH * = ¢(t) BIOJb 3TOH KPUBOU MPH yBe-
JINUEHUN 3HAYEHUH TNepeMeHHOu t.

Jlemma 8.2. Jlroboie dse mpaexmopuu v, u o cucmemol (8.1) aubo He
nepecexaromcs, Aubo cosnadarom.

Loxazamenrocmso. IlycTb

’yl:{xER” | r = (), tEIl},
v ={z €R" ‘ z=1(t), t € I},
rne Z;, Iy — MakCHMaJjibHble HHTepBa/bl CYIIECTBOBAHHS pelleHHH

x = p(t) u x = (t) coorBercTBeHHO. [Ipennonoxum, 4To

o € 1M y2.

Torna Havinytcst Takue ty € Iy U ty € Iy, UTO

zo = p(t1) = Y(t2).

B cuny nemmbl 8.1 permenvem cuctemsl (8.1) siBsieTcsi U BEKTOP-(PYHKIIHS
r = ¢1(t), Tme

pi1(t) =t +t1—ta), t+t1—ty el (8.2)
Ho Torna

p1(t2) = p(t1) = ¥(t2)

M, CJIe[I0BaTe/JbHO, 10 TeopeMe eIMHCTBEHHOCTH pelleHHs 3agauu Koru
(Teopema 6.1) JOJIXKHO BBIMOJHATbCS TOXKIECTBO @1(t) = ¥(t), t € Io.
OTtkyna ¢ ydgetoM (8.2) BBIBOIHM, YTO Y1 = a. [
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Onpenenenune 8.2. Pewernue cucmemor (8.1) suda z(t) = xy € U, ede

t e R, Haszosvleaemcsa NoA0OHEeEHUEM (COCI’I’lOFLHLL@M) pasHosecus cucmemolt
(8.1).

Jlemma 8.3. Touka xy € U asaraemcea noroxenuem pasrogecus cucme-
mot (8.1) moeda u moavko moeda, koeda f(xy) = 0.

Jlokazameavcmeo. Ecau xy — moJiokeHHe paBHOBecHst cucTeMbl (8.1),
TO BeKTOp-YHKUMS z(t) = x( ABJseTCs pellleHHeM 3TOH cucTeMbl. Ho
Toraa © = 0 ¥ MOACTaHOBKA 3TOH BeKTOp-(MyHKIMH B (8.1) mpuBoaMT Hac
K paBeHCTBY f(xg) = 0. O6patHo, ecau f(zy) = 0, TO BeKTOP-PYHKIIUS
x(t) = xo ABasercs pemeHueM cuctemsl (8.1). CiemoBartesnbHo, Ty —
MOJIOXKEHHE PABHOBECHS 3TOH CHCTEMBI, |

Onpenenenne 8.3. Ecau pewernue cucmemol (8.1) suda x = p(t) onpe-
deneHo Ha 8celi OelicmeumenvHoll ocu U s8Asemcsa nepuoouteckol
sekmop-pyuxkyueti nepuoda T > 0, mo coomeemcmayrow,as emy mpa-
eKmopus Hasvl8aemcs 3amkHymot mpaexmopueil (uiu yukiom) cu-
cmemot (8.1).

Bcesikast 3aMkHyTast TpaekTopusi cucteMbl (8.1) sBjsieTcs riankou 3a-
MKHYTOH KpHBOH B npocTpaHcTBe R”. CripaBensinBa cjaefymwollas TeopemMa
0 KJacCU(pHUKaLUU BceX TpaekTopuil cuctemsl (8.1).

Teopema 8.1. Beaxkas mpaexkmopus asmornomroil cucmemot (8.1) om-
HOCUMCSL K OOHOMY U3 CAOYOULUX Mpex MmUmnos:

1) noaoxcerue pasrosecus;

2) 3amKHYmas mpaeKkmopusi;

3) mpaekmopus 6e3 camonepeceuerul.

Hoxkazamenvcmso. [lokaxkeMm, 4To ecau pellieHHe x = @(t, xy) ¢ HaYajb-
HbIM ycsoBueM x(0) = xg He SIBJISIeTCS TOJI0KEHHeM PaBHOBECHS] CUCTEMbI
(8.1) u cooTBeTcTByIOIIAs €My TPaeKTOpHs 7y Mepecekaer cama cebsi, TO
BeKTOp-(DYHKIUA p(t, x() epuopndecku ¢ nepuonoM 1' > () mpomosKaer-
Cs Ha BCIO OCb, a CJIEAOBATEJIbHO, Y — 3aMKHYyTas TPAeKTOPHUS.
[IpennosioxkuMm, 4To HAUAYTCA Takue t1 U to, t; < t9, UTO

©o(t1, x0) = p(t2, zo).
[TocKOMIbKY T He SIBJISIETCS MOJIOXKEHHEeM paBHOBecHst cucteMbl (8.1), To

o(t,z0) # p(t1,20), tE [t1,ta].
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O6o3Haunm T = ty — t; ¥ TMOKaxeM, 4TO pelleHue @(t, ) MepHOIHU-
UeCKH IPOLOJIXKAETCs Ha BCIO 0OCb. JleficTBHUTENBHO, B CHJy JieMMBbI 8.1
petieHdeM cucteMsl (8.1) siBasieTcss Tak»Ke BeKTOP-(DYHKIIHS

V(L o) = p(t +T,x0), t€[ti—T, 1]

3aMeTHUM, 4TO

w(tl, [U()) = gD(tl + T, .TE()) = gO(tQ, .TU()) = gO(tl, .CC()).

B cusly TeopeMbl €IHHCTBEHHOCTH OTCIOAA CJEAYeT, 4TO
p(t,z0) = ¥t wo) = p(t + T, wo), t€l[ty—T,6]

Takum o6pasom peleHue ¢(t, x() MPOLOIIKAETCS €IUHCTBEHHBIM 06pa3oM
1o MepUOANYECKOMY 3aKOHY Ha oTpe3ok [ty — T, t1]|. [losaras 3atem

wl(t, .fl?()) = gO(t — T, SE()), t e [tg, to + T],

MOXKHO TIPOIOJIKUTH pellleHHe o(t,xo) MeprHogudecKuM o6pa3oM Ha OT-
pe3oK [to,ts + T'|. AHaJOrHYHO MOXKHO TPOLOJ/IKHTb pelieHune ¢(t, )
Ha BCIO NEeHCTBHUTEJNBHYIO OCb C COXpaHeHHEM MepHoguuHOCTH. M3 jem-
Mbl 8.2 Torma cienyert, YTO TPAeKTOPHUs ¥, OTBevalollas 3TOMY pelleHHIo,
ABJIAETCSA 3aMKHYTOH TPaeKTOpPHUEH. |

B 3aBepieHHe 3TOro pasjiesa NpUBeleM TaK HasbiBaeMoe I'DYIIOBOe
CBOUCTBO pellleHU# cuctemsl (8.1).

Jlemma 8.4. [Tycmo x = ¢(t,zy) — pewenue cucmenmot (8.1) ¢ Hauaro-
Howm ycarosuem x(0) = xg. Toeda 0asi awboix ti,te,t1 + to € T umeem
Mecmo paseHCcmao:

p(t1 4 12, 20) = @(t1, p(ta, 20)) = @(ta, (t1, 20)).

Jlokazameavcmso. Ilosoxum

p1(t) = o(t,o(t1,z0)), a(t) = o(t +t1,20).

3ameTuM, uto p1(t) U @o(t) ABASOTCS pellleHUsMHU cucteMbl (8.1), mpu-
HUMAWOILIUMU B TouKe ¢ = () 3HaYeHHUs

©1(0) = p(t1, 20) = ¥2(0).
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B cuny Teopembl eMUHCTBEHHOCTH OTCIOA CJenyeT, 4To @1(t) = wo(t),
ec/id t MPUHAJIEXKUT UHTEPBAJY CYLIECTBOBAHHUS TUX pelleHUi. B yacT-
HOCTH,

p1(t2) = @ (ta, (t1, 0)) = @a(ta) = p(t1 + ta, o).

Haxkowner, nosaras

e3(t) = @(t, p(t2,20)), @at) = @(t + ta, x0),

aHaJIOTHUHBIM 06pa30M MOXKHO MOKa3aTb, UTo 3(t) = ¢4(t). OTKyna npu
t = t; moJiy4yaem, 4To

p3(t1) = @(t1, o(t2, m0)) = @a(tr) = @(t1 + ta, x0).

Jlemma nokasasa. [ |

8.2. CkangpHble aBTOHOMHbIE€ YpPaBHEHUS
MEePBOro NnopsigKa

PaccmoTpum HauboJsiee TMpoCTyr0 CUTyaluio, Korma B cucteme (8.1)
nepemeHHas r € R, T.e. uMeeM CKaJsgpHOe aBTOHOMHOe AU(pQepeHLH-
aJibHOe ypaBHEHMe MepBOro Mopsigka

i=f(z), r€R (8.3)

Bynem cuutath, 4To QyHKUHS f(x) HempepbiBHO nU(depeHIHupyeMa AJst
Bcex = € R.

Teopewma 8.2. [Ipednosoxncum, umo ypasnernue (8.3) umeem oepanuter-
Hoe npu t > 0 (t < 0) pewenue x = xo(t), m.e. |xo(t)] < M, M > 0.
Toeda aubo camo amo peuienue ABAAEMCSA NOAOMEHUEM PABHOBECUS.
ypasuenus (8.3), aubo oHO cmpemumcsi K HEKOMOPOMY NOAOHCEHUIO
pasHosecus a3moeo ypasHerus npu t — +oo (t — —o0).

Hokasameavcmeo. Ilyctb pewienue xo(t) # const mpu ¢t > 0, T.e. He
IBJISIETCSl TI0JI0XKeHWeM paBHoBecHsi ypaBHeHHsi (8.3). Ilokaxem Torna,
uto Zo(t) # 0 mast Bcex t > 0. [Ipennosioxkum npoTUBHOE, UTO do(ty) = 0
npu HekoTopoM ty > 0. Torma us (8.3) BEIBOOUM, UTO

Z.C()(t()) = f(x(to)) = 0.

CnenoBaTesibHO, o(ty) — MoJsioXKeHHe paBHOBecHsl ypaBHeHHs (8.3). OT-
CIOJIa B CUJIy TEOPeMbl eIUHCTBEHHOCTH BBIBOIHMM, 4TO x((t) = x¢ (o) TpH
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Bcex t € R. [losmydeHHOe mpoTHBOpeUre MOKa3blBaeT, UTO PYHKUHUSA ()
He MeHseT 3Haka npu t > 0.

Cumraem, 4to #o(t) > 0 mas Bcex t > 0 (cay4a#t 2o(t) < 0 pac-
CMaTpHBaeTCsl aHaJOrHuHO). B cuiy Teopembl BefiepuiTpacca MOHOTOH-
HO BO3pacTamllias ¥ orpaHHdYeHHas (YHKUHS To(t) WMeeT Tpefes IpH
t — +o00:

lim z(t) = a. (8.4)

t—+o0
[Tokaxem, uto f(a) = 0. OTciona B cuny JemMMmbl 8.3 OyeT cjefoBaTh,
UTO TOYKa a — TMoJIoKeHue paBHOBecusi ypaBHeHus (8.3). ITockosbky
o(t) = f(zo(t)) nas Bcex ¢ > 0, TO B CHJIY HENPEPHIBHOCTH (YHKIUH
f(x) uz (8.4) caenyert, uto
i do(t) = f(a). (8.5)
B cuny nomoxurenbHOCTH (GYHKUMM To(t) 3akgawodaem, uto f(a) > 0.

[Toxkaxkem, 4To B meiictButebHOCTH f(a) = 0. [Ipennosioxkum npoTHUBHOE,
uto f(a) > 0. U3 (8.5) BbIBOOMM TOTZA, YTO

Bo(t) >m >0, t>0, (8.6)

njst HekoToporo m € R. MHTerpupysi HepaBeHCTBO (8.6) B mpoMexxyTKe
ot 0 mo t, mosmyyaem

xo(t) > mt + x¢(0), ¢>0.

[IpaBas yacTb 3TOro HepaBeHCTBA CTPEMHUTCS K +00 NpU t — +00. 3Ha-
UUT, pelleHue xo(t) He sIBJSETCS OrpaHUUYEHHBIM NpH ¢ > 0, UTO MPOTH-
BOpeUHUT ycJjoBHio TeopeMbl. CaenoBarensHo, f(a) = 0.

Ciiydail orpaHHUeHHOCTH pellleHUs1 xo(t) Ha mosyocu ¢ < () paccMat-
pUBAaEeTCsl aHAJOTHYHO.

Teopema nokasana. |

Hcenenyem Tenepb MUHaMHKY peleHui ypaBHeHus (8.3). I[IpenmoJio-
XKHUM, uTO GYHKIUS f(x) UMeeT Ha NeHCTBUTENbHON OCH JIUIIb KOHEUHOE
yncao Hyned xy < ... < x,. OUeBHUAHO, YTO 3TH TOUKH SIBJSIOTCS MO-
JIO)KEHUSIMM paBHOBecHsi ypaBHeHus (8.3). Pacemorpum pemenue xg(t) ¢
HavyaJ bHBIM ycaoBueM zo(0) = zg. [lycts 29 = 24, i = 1,...,n, Torna B
CHUJIy TeOpeMbl eMHHCTBEHHOCTH xo(t) = x; mas Bcex t € R, T.e. xo(t) —
noJioykeHWe paBHOBecus. [IpennosioxkuM Tenepb, uTo xy € (T, Tiy1) AJS
HekoToporo ¢ = 1,...,n—1. ®yHkuusa f(xr) coxpaHsieT 3HaK Ha HHTepBa-
ne xg € (r;,x;41). Pemenue xy(t) He MOXKeT nepeceyb MpsIMble T = x; U
T = ;11 HU TIPH KakoM ¢ € R B CUJIy TeopeMbl eIHHCTBEHHOCTH. 3HAYMT,
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xo(t) € (4, ;1) nast Bcex t € R (mpu aToM perueHue x(t) MPOLOTKHUMO
Ha BCIO OCb B cHJIy TeopeMbl 6.6) . 13 (8.3) Takum o6pasom cjenyeT, uTo
GyHKUHS T(f) coxpaHseT cBOH 3HaK aJs Beex ¢ € R. Orciona BeiTeKaer,
UTO pelleHHe z((t) 1160 MOHOTOHHO BO3pacTaeT MpH Bcex t € R, ecau
f(z) > 0 Ha uHTepBane (x;,2;y1), MMO0 MOHOTOHHO yOBIBaeT MPH BCEX
t € R, ecsiu f(x) < 0 mpu « € (x;,2;41). [lockoabKy perieHue z(t)
OrpaHUueHO TMpU BceX ¢ € R U He siBJseTCs TOJOXKEHHEM DaBHOBECHS
ypaBHeHus (8.3), To U3 TeopeMbl 8.2 BBIBOIUM, 4TO Z((f) CTPEeMUTCS K
TMOJIOXKEHUI0 PaBHOBECHS MPU ¢ — —o0 U NpU t — 400. A 3T0 03Hayaer,
uTo

tEEnOO I'()(t) = T tlg—noo 0 (t) = Tt

ecau f(x) > 0 Ha uHTepBase (x;,;41), UIN

tEI—noo SU()(t) = il tg-imoo SC()(f) = Tis
ecan f(x) < 0 Ha 3TOM MHTepBaJe.

Paccmotpum Temephb cayuai, Korma xg > x, (caydaid xp < xp pac-
CMaTpUBaeTcs Mo aHajoruu). Perienue xo(f) MOHOTOHHO BO3pacTaeT MpH
Bcex t € R, ecan f(z) > 0 Ha uHTepBase (x,,+00), © MOHOTOHHO yObI-
BaeT Ha 3TOM WHTepBaJse, ecau f(z) < 0. B nepBom ciyuae peleHue
xo(t) He orpaHHuUeHO cBepxy mpH t > (0 U orpaHndeHo cHU3Y mpu t < 0,
a BO BTOpPOM cJyyyae — HaoOopoT. M3 Teopembl 8.2 Toraa cienyet, 4To

Jm lt) =

ecau f(z) > 0 npu = € (x,,+00), "

tk—ﬁmoo iE()(t) = In
ecan f(z) < 0. Ilockosibky pellleHHe xo(t) He OrpaHUYEHO Ha MOJYOCH
t >0 (nmu t <0), TO 3TO pellleHHe MOXKET ObITb HEMPOAOIKAEMO Ha BCIO
noJsyoch. Jlpyrumu cioBamu, peleHue xo(t) CTpeMHTCs K +00 JHO0 MpH
t — +oo, aubo npu t — t, AJa HekoToporo t, € R, T.e. UMeeT Bep-
THKaJbHYyt0 acumnToTy. O6cyauM 3ToT Bompoc noapobHee. [TockosbKy,
Zlfo(t) = f(xo(t)), TO
o (t)

f(wo(t))

HHuTerprpys 370 paBeHCTBO B npoMexyTke oT 0 10 ¢, moJy4yaem.

[oat)
O/Wdt =t (8.7)
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[Tpennonoxum, 4to o(t) — 400 npu t — t,. OCylIecTB/IsI B HHTETpaJie
3aMeHy TepeMeHHOW WHTErpUPOBaHHUS MO NpaBuay r = xo(t) ¢ yuetom
HadaspHOTO ycnoBusi xo(0) = xy, UMeeM

Zo (t)

[ _in(®) o
0/ Pl = ) T o

Ycrpemum B paBeHcTBe (8.7) mepemenHyto t K t.. [lockosbky, corsacHo
HallleMy TPeAnoNoXeHuo xo(ty) = 400, To yuuTsiBas (8.8), moaydaem

Lo

400
dr (8.9)
f(z)
Lo
Takum o6pa3om, pelieHue z((t) ¢ HaYaJbHBIM YCJOBUEM (o € (X, +00)
HMeeT BEepPTHUKaJbHYI0O aCUMNTOTY ¢ = t{, TOrAAa M TOJIBKO TOrja, Korjaa
KoHeueH uHTerpasn (8.9). B nmpoTuBHOM ciydae, pemieHue z((t) cyiie-
CTBYeT Ha BCEH NEUCTBUTEJbHOW OCH M, KpOME TOro, CTPEMUTCH K +00
npu t — +oo, ecin f(xr) > 0 Ha mpoMexyTke = € (x,,+00), WIK NPH
t — —o0, ecant f(z) < 0.
OcTasoch 3aMeTHTh, YTO ¢ ydeToM JieMMbl 8.1 smo6oe perienue z(t)
ypaBHeHHs (8.3) MoxkeT OBbITh TpencTaByaeHo B Bufe x(t) = zo(t + ¢) nas
HekoToporo ¢ € R.

[Tpumep. Viccnenyem NMHAMUKY DelleHUH ypaBHEHHS
i =x—a°. (8.10)

[lonoxeHrsi paBHOBeCHs 3TOr0 ypaBHeHHUs: x1 = —1, x9 = 0, 3 = 1.
3ameTuM, 4TO eciu x = x(t) — pelueHue ypaBHeHus (8.10), To u (yHK-
uus x = —x(t) ABJsercs pelieHHeM 3Toro ypaBHeHus. CienoBaresbHO,
HeO0OXOAMMO M3YUYHTb JIMIIb AUHAMUKY pellleHusl x = xo(t) ¢ HauaJbHBIM
ycaosueM zo(0) = xg > 0. Mcenenys snak dynkuuu f(z) = z — 2°, 3a-
KJIFoYaeM, uto xo(t) Bo3dpacraert, ecau xg € (0, 1), u xo(t) yObiBaet, ecau

zg € (1,+00). OTclona cienyer, uTo

tg-ir-noo 33()<t> - 1’
ecau xrog > 0, u
tLH—noo l'()(t) - O’

ecin xg € (0,1). Hakonen, mockosnbky cxomutcsi uHterpan (8.9), ecau
xo > 1, To pelleHue x((t) UMeeT BepTUKaJbHYIO acumnrtory ¢ = t,. ['pa-
¢uku perrenui ypaBHeHus (8.10) cxemaTHuyHo M306pakeHbl Ha puc. 8.1.
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Puc. 8.1. I'pacuku perenuii ypasHenus (8.10)

Ynpaxunenue 8.1. B npedoidywem npumepe 8oiuUCAUMb BEAUUUHY T,
onpedensemyro opmyroii (8.9).

8.3. Kiuaccudukauus nosioKeHu paBHOBeCHUS
JUHEUHOU CHUCTEMBbI Ha TJOCKOCTHU

B 3TOM pasnesie Mbl 3aiiMeMcsi U3yUeHHEM TOBENEHUS pelleHUud NBY-
MEPHOH JINHEWHOW CHUCTEMBI

= Ax, x=(x1,29)7. (8.11)

Bynem npennosaratb, 4TO BCe 3JeMEHTbl MAaTpPULbl A NeHCTBUTENbHBI, a
cama MmaTpuua HeBblpoxzaeHa. CrenoBaresbHO, cucTeMa Ax = (0 UMeeT
TOJIbKO HYJIeBO€ PellleHHe, a, 3HAYUT, eIHHCTBEHHOE 10J10KEHHe PaBHOBe-
CHUsl CUCTeMBbI AuddepeHnnanbHbIX ypaBHeHuH (8.11) HaxonuTcss B Touke
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x = 0. CyluecTByeT Takasi HeBbIpOoxkIeHHass matpuua C', 4TO 3aMeHOH
r = Cy cucrema (8.11) mpuBoauTest K BULY

y = Jy7 Yy = (yla y?)T7 (812)

rne J = C'AC — xopmanosa ¢opma Matpuusl A. Hamomuum, uto
MO AMAroHa/J U MaTpullbl J pacrnosoXKeHbl COOCTBEHHblE YHUCJIA A] U Ao
mMaTpulibl A. Mbl orpaHHYUMCSl paCCMOTPEHHEM JIHIlb CUTYallUuM, KOrjaa
A1 # Xo. B 3TOM cayuae matpuua J sBJAseTCSs AUAroHaJbHOH MaTpu-
e#, a 3Hauut, cucteMa (8.12) mMoxeT ObITb 3amMcaHa B BHAE ABYX He
3aBUCAILKX APYT OT Apyra ypaBHEHUM

yl - >\1y17 (813)
U2 = Aalo.

OxkasbiBaeTcsi, TMHaMHKa pelieHud cucteMbl (8.13) (a cienoBartesbHO, U
cucteMbl (8.11)) cylecTBEHHO 3aBHCHUT OT BHAA COOCTBEHHBIX UHCEJ \;
U \g. PaccMoTpuM OCHOBHBIE cilyyaH.

1) )\1,)\2 eRu A\ >0.

O61ee pemreHue cucteMbl (8.13) umeeT BUL

yi(t) = 1™, ya(t) = cae™, (8.14)

rae ¢, Co — TPOU3BOJIbHBIE NeHCTBUTENbHBIE MOCTOsIHHBIE. Ecau ¢ # 0,
TO, BbIpakast epeMeHHYI0 ¢ U3 JIEBOTO PaBEHCTBA U MOJACTABJIsIs B IPaBoe,
MBI TIOJIYYUM CJIeyIollee CeMelCTBO KPUBBIX, Ha KOTOPBIX PaCOJOXKEHBI
TpaekTopuu cuctembl (8.13) B miockoctu (y1,yo):

P A2 1
mz@(—) , p=—>0, LA (8.15)
€1 A1 €1
Ecau xe ¢ # 0, To, Bblpaxkasi MepeMeHHY0 ¢ U3 TPaBOro paBeHCTBA B
(8.14) v noxcraBssisi B JIeBOE, TOJYYHM CEMEHUCTBO KPHBBIX
2\ ¢ Ay 2
ylzcl<y—) Cg=so 2o (8.16)
€2 A2 €2
[Ipu ¢o = 0 1 ¢ = 0 popmyssl (8.15) u (8.16) onpenessitoT npsiMble
y» = 0 n y; = 0. Ilpu c1,c0 # 0 3TH popMysibl 3a4al0T KPUBbIe THIMA
BeTBeH mapaboJi, KOTopble KacawTes och Yy = 0, ecau |A| < |[Ao|, uin
ocut y; = 0, ecan |Ao| < |A\|. HanpaB/ieHue nBUXeHUS MO TPAeKTOPHUSIM,
JIeXKallM Ha 3TUX KPUBBIX, MPH BO3PaCTaHHM MEPEMEHHOH ¢, onpeaess-
eTCsl YCTOMYMBOCTBIO HYJIEBOTO MOJIOXKEHHST paBHOBecHs cucteMbl (8.13).
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Eciu A} < 0 u Ay < 0, To B cUy TeopeMbl 7.1 HOJIb ABJASETCHS aCHUMII-
TOTUUECKH YCTOHYMBBIM IOJI0KeHHeM paBHoBecusi. CJjienoBaTeibHO, BCe
peiieHUs1 cucteMbl (8.13) cTpeMsiTcs K Hymo npu ¢t — 4oo. Ecau xe
A1 > 0 1 Ay > 0, To HyJIeBoe MOJIOXKeHHEe paBHOBecHsi cucTeMbl (8.13)
HeyCTOHYMBO M BCe pelleHHsi, KpOMe HYJIeBOT0, CTPeMSTCs K OGecKoHed-
HocTH mpu t — +o00. Ha puc. 8.2 nsobpaxken BUI TPaeKTOPUH CHUCTEMBI
(8.13) v HampaBJieHWe NBHKEHHS BIOJb 3THX TPaeKTOPHH, Korma A; < 0
U Ay < 0.

- Y2

Y1

Puc. 8.2. Bun tpaekropuii cuctemsl (8.13) (A <0, Ay <0, |[A1] < |A2])

[lonoxxeHre paBHOBeCHSI, B OKPECTHOCTH KOTOPOI'0 TPAeKTOPUH UMEIOT
BUJ, U300pakeHHbId Ha puc. 8.2, Ha3biBaeTca y34om. Ecau 3To mosnoxe-
HUEe pPaBHOBECHUS YCTOHMUYMBO, TO Y3€J Ha3blBAIOT YCTOWUYMBBIM, B MIPOTHUB-
HOM CJydyae — HeYCTOHYHMBLIM.

BosBpamasicb Tenepb K mMepeMeHHbIM (X1, 3) C MOMOLIBI 3aMeHBb
xr = (Cy, 3ameuaeM cJjenytoilee. [lockonbky no cronbuam matpuiel C'
pacrnoJsioXKeHbl COOCTBEHHbIe BEKTOPbl h; W hy, OTBeyawllhe COOCTBEH-
HBbIM UHCJIaM Ay U Ao, TO TIpsiMble o = 0 U y; = (0 mepexonsiT B MpsiMble,
HaMpaBJsSIIOUIMMHA KOTOPBIX CJY2KAT 3TH BeKTOpbl. OcTajbHble KPUBbIE
MPeNCTaBASIOT COO0H BHAOHM3MEHEHHble «apaboJibly, KOTOpble KacaloT-
Csl ONHOW M3 3TUX NPSAMBIX, a TOYHee, NPAMOU, HANPABJASAWLIEH KOTOPOH
IBJISIETCS COOCTBEHHBIH BEKTOP, OTBEUAIOLIWH MeHbLIEMY MO MOAYJIIO COO-
CTBEHHOMY 4HCJay (cM. puc. 8.3).

Ynpaxuenue 8.2. Hzobpaszumev sud mpaekmopuii cucmemor (8.12) 8
cumyayuu, Koeda \y = Ay # 0 u, Kpome moeo, 8v6iNOAHEHO 00HO U3
cAe0yroujux yYcao8uli:
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X2

h,

h;

X1

Puc. 8.3. Bun TpaekTopu#i B OKpeCTHOCTH YCTOHYMBOTO y3ja cucTeMbl (8.11)

a) cywecmsyem 6asuc 8 R?, cocmasaernoill u3 cOGCMBEHHbLY BEK-
mopos, omeeuarouux coocmaeenHomy wucaiy Ny (Oukpumuueckuil ysen);

6) cywecmsyem 6asuc 8 R?, cocmasaennoill us cobcmeennoeo ex-
mopa hi, omseuarouieco cobcmeenHoMy YUCAY N\ U NPUCOEOUHEeHHOEO
K Hemy sexmopa ho (8biposcOeHHbLLL y3en).

2) )\1,)\2 eRu My <O.

Kak u B mpenpigymieM ciayuae, cucrema (8.12) umeer Buxp (8.13),
a ee pemleHusi onpenessitores dopmynamu (8.14). B mimockoctu (1, y0)
3TH (QOpPMYJbI OTpeNesiioT CeMeHCTBO KPUBBIX, KOTOpble 3adaloTcs pa-
BeHcTBaMH (8.15) u (8.16), roe Ha celt paz3 p < 0 u ¢ < 0. BHOBb mpH
co =0 u ¢; = 0 noayuvaem npsimbie yo = 0 U y; = 0, a IpH ¢1,c2 # 0 —
KpPHUBbIE THIMA TUMepO0J, aCUMITOTAMH KOTOPBIX SIBJASIOTCS YKa3aHHbIe
npsimble. Bup Tpaekrtopuiét cucrembl (8.13) M BO3MOXKHOe HampaBjeHHe
IBUXKEHUS BIOJIb 3TUX TPAEKTOPUH M300pakKeHbl Ha puc. 8.4.

[TonoxxeHre paBHOBecHs, B OKPECTHOCTH KOTOPOT'O TPAEKTOPUU HMe-
I0T BUM, U300pakeHHBIH Ha puc. 8.4, HaszwiBaeTcsi cedsom. [lockosbky
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Puc. 8.4. Bun tpaektopuit cuctembl (8.13) (A1 < 0, Ay > 0)

B paccMaTpUBAaeMOM CUTyallMW BCerfa CyLIeCTBYeT MOJIOKUTeJbHOe CO0-
CTBEHHOE UMCJIO, TO CElJI0 — 3TO HeyCTOWYMBOE MOJIOXKEHHEe PAaBHOBECHS
cuctembl (8.13). [psmble y; = 0 U y» = 0 Ha3bIBAWOT cenapampucamu
censia. OHU pasnensiioT TPaeKTOPUU C Pa3HbIM HaMpaBJIeHUEM JBUKEHHS.
[TpenmonoXKuM /151 ONpeieIeHHOCTH, UTo A1 < 0 < Ay. M3 opmya (8.14)
TOra CJeNyeT, UTO Ha MpsIMOH Yy = () pacrnoJioKeHbl TPAEKTOPUU CHUCTe-
Mbl (8.13), oTBeudarwIye pelleHHUSIM, KOTOPble CTPEMSITCS K HYJIO TPU
t — +00, a Ha npsAMOH y; = 0 — pelleHUs, KOTOpble CTPEMSTCH K HYJIIO
npu t — —oo. B sToi cBf3u npsamasa y, = 0 HaspiBaeTCsl YCTOHYMBOH
cernapaTtpucod, a y; = 0 — HeyCTOMYHBOH.

BosBpaiasicb Kk nmepeMeHHBIM (X1, x2), YCTaHABJIHWBaeM, UTO cemapa-
Tpuchl Yo = 0 U y; = 0 mepexoAsiT B cemapaTpPUCHble MpsMble, HANPaB-
JSIIOLIMMU KOTOPBIX CJIY?KAT COOCTBEHHble BeKTOPbl hi U ho. DTH mpsi-
Mble SIBJSIIOTCS aCHMNTOTAMH /51 BCEX OCTAJbHBIX TPAEKTOPUH CHUCTEMBbI

(8.11) (cwm. puc. 8.95).

3). M2 = axiw, e a # 0 uw > 0. [lockoabky MaTpuua A geldcTBHU-
TeJlbHA U ee COOCTBEHHblE YHCJA KOMIIJIEKCHO COMPSI?KEHBbl APYT APYTY,
TO COOCTBEHHBIE BEKTOPHBI /11 U ho, OTBeUalOlIMe 3TUM COOCTBEHHBIM UMC-
JlaM, MOXKHO BbIOpaThb Tak, UToO ho = hy. Torna 3amena r = C'y NpUBOAUT
3Ty cuctemy K Buny (8.13), rme 1, y» OKa3blBarOTCS KOMIIJIEKCHBIMH Ile-
peMeHHbIMU. Hec/io)kHO MOKasaTb, UTO NPHU 3TOM MNEPEMEHHBbIE i U Yo
OKa3bIBAIOTCS KOMIJIEKCHO COMpPSIXKEHbl APYT APYTY, T.e. Yo = ¥i. VIHBI-
MM CJIOBAMHU, BMeCTO cuUcTeMbl (8.13) HaM 10CTAaTOYHO PAaCCMOTPETh ONHO
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v 4

SVl

Puc. 8.5. Bun Tpaektopu#l B oKpecTHOCTH cefjia cucteMbl (8.11)

ypaBHEeHHe
=My, M=atiw, y €C (8.17)
B ypaBHenuu (8.17) nepeiinemM K MOJSPHBIM MepeMeHHBIM, MoJaras
y1 = pe'?, (8.18)

rie p = p(t) > 0un @ = ¢(t) € R. IloncraBasisa npexacrasaenue (8.18) B
ypaBHeHue (8.17), monyyaem

pe'’ +ipe¥ = A\ipe'?.
Cokpaias 06e uacTH TOr0 PaBEHCTBA Ha BeJHUMHY €'Y W NPUPABHUBAS

OTAEJIBHO I[QI:ICTBHTGJH;HBIG WU MHHMbIE€ 4aCTH, MNPHUXOAUM K CJAEAYIOUIHM
YPaBHEHHUAM:

p=ap, ©=w.
OTKyzna BbIBOAHUM, UTO

p(t) = ce™,  p(t) = wt + gy, (8.19)

rie ¢ > 0 U ¢g € R. Hckaouas nepeMeHHy0 ¢ U3 3THUX (HOPMYJI, MOJY-
yaeM MpelcTaBjieHHe [AJIsi KPUBBIX, HAa KOTOPBIX HAXOASTCS TPAEKTOPHH
cuctemsl (8.13), B KoopauHaTax (p, ¢):

o

p:cexp{%o}, c>0. (8.20)
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[Ipu ¢ # 0 dopmyna (8.20) onmuckiBaeT ceMeHCTBO KPHUBBIX THIA JIOTa-
pudmMudeckux crnupaJsei (puc. 8.6). HanpaBsieHue nBuxkeHUs: BIOJb Tpa-

- Imy4

®
K:/ Re y4

Puc. 8.6. Bun Tpaekropuit kommiekcHoro ypaBHeHus (8.17) (a > 0)

eKTOpPHH oTpefiesisieTcsi 3HaKOM BeJuuuHbl o = Re \;. U3 (8.19) caenyer,
uto ecan a < 0, To p(t) — 0 npu t — 400 U HyNEBOe MOJOKEHHE PABHO-
Becusi cucteMbl (8.13) acumnroTndyecku ycroiuuBo. Ecam xe o > 0, To
p(t) — +oo mpu t — 400 U HyJeBOe TOJI0XKEHHE PAaBHOBECHS] HEYCTOM-
4KBO.

[TosoxxeHHe paBHOBECHS, B OKPECTHOCTH KOTOPOT'O TPAEKTOPHH UMEIOT
BUJ, 300paxkeHHbI Ha puc. 8.6, HasbiBaeTcs gokycom. Ecniu a < 0, TO
(pOKyC Ha3bIBAIOT YCTOMYMBBIM, a €CJAU « > (), TO — HEYCTOUUUBBIM.

Ha puc. 8.7 nsobpaxkeH BUI TPaeKTOPUU HUCXOMHOH cucTeMbl (8.11) B
MJIOCKOCTH (21, X2).

4). A\ 9 = Fiw, rme w > 0. [leficTBys coBeplLIeHHO aHAJOTHUHO TIpebl-
AYLIEMY CJydaro, MTPUXOAUM K BBIBOLY, UYTO PellleHHUs] KOMIIJIEKCHOTO ypaB-
Henus (8.17) B moJisipHOH CUCTeMe KOOPAHWHAT WUMEIOT BHI

p(t) =c, o(t) =wt+ o, (8.21)
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X1

Puc. 8.7. Bun TpaekTopuil B OKPeCTHOCTH HeyCTOHuuBOro hokyca cuctembl (8.11)

rie ¢ > 0 u @y € R. ©opmynsr (8.21) 3amar0oT ceMeHCTBO KOHIIEHTPH-
YeCKMX OKPY>KHOCTeH ¢ LIeHTPOM B Hadaje KoopauHAaT (cMm. puc. 8.8).
Takum o6pa3om, Bce TpaekTopuu cuctembl (8.13) B paccmaTpuBaeMom
cydae SIBASIIOTCS 3aMKHYTBIMH TPAaeKTOPHUSIMH, T. €. HUKJIAMH.

[Tosi0:keHHe paBHOBeCHS, B OKPECTHOCTH KOTOPOTO TPAEKTOPHUH UMEIOT
BUJ, U300pakeHHbI!l Ha puc. 8.8, HasblBalT yexmpom. Y13 teopemsl 7.1
clefyeT, YTO HyJeBoe pelleHue cucTeMbl (8.13) B ciydae ueHTpa sBJf-
eTCsl YCTOHUMBBIM MOJIOKEHHEM PaBHOBECHS.

BosBparmasice k ucxonHod cucteme (8.11), MOXXHO TOKas3aTb, YTO ee
TPaEKTOPUSIMU B TIJIOCKOCTH (1, T2) ABJISIOTCS dJmuncel (puc. 8.9).
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Im y;

Re y1

Puc. 8.8. Bun Tpaekropui#t kommekcHoro ypaBHeHus (8.17) («a = 0)

X2

X1

Puc. 8.9. Bun TpaekTopuil B OKpeCTHOCTH LieHTpa cucteMbl (8.11)



I'nasa 9

KpaeBbie 3agaumu

9.1. OnpepeneHue u o0LIKE CBOMCTBA

PaccMmoTpuMm crenytolliee ypaBHeHHe BTOPOro MopsigKa:

y' () + p(2)y'(x) + q(x)y(z) = f(x), = €][0,l], (9.1)

rae yHKUHH p(z), q(x), f(r) npunagnexar kaaccy C[0,[], T.e. Hempe-
peiBHBEI Ha oTpeske [0,[]. O6o3Hayas

Ly(z) = y"(x) + p(2)y () + q(z)y(z), (9.2)
ypaBHeHue (9.1) MoxxHO 3amucath B onepaTopHoi (opme
Ly(z) = f(x). (9.3)

Onepatop L B 3TOM cjydae Ha3bBalOT AU(depeHIIHaNbHbIM OMepaTOPOM.
Hapsiny ¢ 3anaueit Komu nais ypaBHenus (9.1)

y(0) = w0, ¥'(0) =ui, (9.4)

B Pas/IMUHBIX MPUJIOKEHUSX BO3HHKAET 3ajada HaxOXKIEHHS pellleHHs
3TOTO ypaBHEHHs], YIOBJETBOpPSIOIIEro Ha Kpasx otpe3ka [0,[] ompene-
JIEHHBIM COOTHOIIEeHUsIM. B 001eM BHie MOA0GHOrO poaa YCJIOBUST MOTYT
OBITb 3aMUCaHbl CJIEAYIOLIHM 00Pa3OM:

a1y(0) + A1y (0) = wo,
aoy(l) + By’ (1) =y

3neck «;, B; (i = 1,2), yo, y; — 3amaHHBIE UHCJA, HEKOTOPBIE U3 KOTOPBIX
MOTYT ObITb PaBHbI HYJIIO, IPHYEM

af + 7 #0, i=1,2. (9.6)

(9.5)
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YenoBus (9.5) HasbiBawTes Kpaesoimu (MU epaHutHbiMuU) YCAOBUS-
MH, a 3agada (9.1), (9.5) — kpaesoil (nnu eparuuroli) 3anadel. YcaoBuUs
(9.5), B KoTOpBIX 31 = (B3 = 0, HA3BIBAIOT KPAeBBIMH YCJOBUSIMH 1eps8o-
2o poma, a coorBeTcTBylomyto 3anauy (9.1), (9.5) — nepsoii kpaeBo#u
sanauedd. Eciu B (9.5) nMeloT MecTo paBeHCTBa o = ap = 0, TO TaKHe
YCJIOBUSI Ha3bIBAIOT KPAEBBIMHU YCJIOBHSIMH 8/MOp020 POfia, a COOTBETCTBY-
orryto 3anauy (9.1), (9.5) — smopoii xpaeBoii 3anauedt. B ciayuae, Ko-
ria B (9.5) koadpduuuentsl a; u §; (i = 1,2) ONHOBPEMEHHO OTJHYHBI
OT HYJIsl, TAKHE YCJIOBHSI Ha3bIBAIOT CMEULAHHbLMU KPAEBBIMH YCJOBUSIMHU
HJIM KPaeBbIMU YCJOBHSIMH mpembeco pojia, a COOTBETCTBYIOILYIO 3ajia-
ay (9.1), (9.5) — cmewarnrnoil unu mpemoeil KpaeBo# 3anaded. Eciu B
(9.5) BbIMOJSTHEHBI paBeHCTBA Yy = y; = 0, TO TakHe YCJOBHS HA3BIBAIOT
00HOpOOHbIML KPaeBbIMU ycJoBUSIMUA. OT paccMOTpeHHs KpaeBOW 3aja-
un (9.1), (9.5) ¢ HeoOHOpOOHbIMU KPaeBBIMH YCJIOBHSIMH BCeTa MOXKHO
MepPerTH K PACCMOTPEHHUIO ONHOPONHOW KpPAaeBOW 3adaud [Jis BUIOU3ME-
HeHHoro ypaBHenus (9.1). Has atoro B (9.1), (9.5) mocratouHo nepeitu
K HOBOW HEM3BECTHOH (PYHKIHUH z(x) C MOMOIIbIO 3aMeHbI

y(e) =Y () + 2(x),

rie Y (x) — HekoTopasi M3BeCTHasi (PYHKIHs, KOTOpPasi yIOBJIETBOPSIET
JIMIb 3aJaHHBIM KpaeBbIM YCJ0BHSAM (9.5), a B 0CTa bHOM MPOU3BOJIbHA.
Hanpuwmep, B ciydae KpaeBbiX YCJOBHH MEPBOTO PoOAa

y(0) =yo, y(l) =wu
MOKHO BBIOpaTh (PYHKIIUIO
[—2x x
;i + le
Ecau B (9.1) dpyukuus f(z) =0 nas Bcex x € [0,[], To ypaBHeHHe
y'(@) + p(=)y'(z) + q(x)y(x) = 0 (9.7)

BMecTe ¢ ycsaoBusMHu (9.5) HasbiBaeTcsi 00HOpOOHOL KpaeBOH 3amayeH,
a B MPOTHUBHOM cyydae — Heodnopodwoil. Kpaesyto 3amauy (9.1), (9.95)
HagblBaloT 3anauved tuna rypma—-JInyBumis.

B nanbueifitiem 6ynem paccMmartpuBaTb ypaBHeHue (9.1) BmecTe ¢ on-
HOPOIHBIMU KPAEBBIMH YCJIOBHSIMH

a1y(0) + 513/ (0) = 0,
asy(l) + Bay'(1) = 0.

B otnnuune ot 3amaun Komwu (9.1), (9.4) (teopema 5.1) KpaeBasi 3agaua
(9.1), (9.8) He Bcerna paspemnma. CripaBenJsivBa cjeyoliasi Teopema.

Y (x) = yo

(9.8)
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Teopema 9.1. Kpaesas 3adaua (9.1), (9.8) odno3HauHO paspeuiuma
oas awbol ¢pynkyuu f(x) € C[0,l] moeda u mosvko moeda, Koeda
coomsemcmayrouias 00Hopooras Kpaesas sadaua (9.7), (9.8) umeem
moavko mpusuasvHoe (Hyresoe) peuienue.

Jlokazameavcmeo. Ecniu kpaeBas samada (9.1), (9.8) omHo3HauHO pas-
pelminMa AJsi 000N HempepblBHOW Ha oTpe3ke (QyHKUMH f(z), TO OHa
OIHO3HaYHO pa3pewmnma U ajs pyHkuuu f(x) = 0. [Tockosnbky cooTBer-
CTBYIOIAsi ONHOPOAHAs KpaeBas 3amaua (9.7), (9.8) Bcerma umeer HyJe-
BO€ pellleHHe, TO OHO TOTJA W SIBJISIETCS eIMHCTBEHHBIM pellleHHeM 3TOH
3aJjauu.

[TpenmosioxkuM Temepb, UTO OMHOPOAHAsT KpaeBas 3amada (9.7), (9.8)
MMeeT TOJIbKO HyJeBoe peliieHHe. PaceMoTpum pernenus yi(x) U yo(x) on-
HOpPOAHOTO ypaBHeHHUs (9.7), ynoBieTBOPSIOLIHE CAENYIOIIUM Hada bHbIM
YCJIOBUSIM:

11(0) = B, Yo (1) = Bo,

= —q, Yo(l) = —aw.

(9.9)

<
—_~
S
@)
N——
N—

Takum o6pasom, pereHue () yIOBJIETBOPsieT KpaeBbIM ycaoBusM (9.8)
Ha JIeBOH rpaHuue, a yo(xr) — Ha mpaBodd. 3ameTum, uto y;(z) # 0
(1 =1,2) B cuay ycaosus (9.6). [Tokaxkem, uto perieHus yi(x) u yo(z)
JUHEHHO He3aBHUCHMbI Ha oTtpe3ke [0,(]. B mpenmnosoxeHnHn MpOTUBHOrO
HalyTCsl TaKue YUCHA ¢ U Co, UTO |c1| + || 0 u

cy1(z) + cyp(r) =0, 2 €0,1].

[Iyctb pnis onpenesneHHocTH ¢ # 0, Torga

() = —Z—jy2<x>.

3aMeTHuM, UTo ¥ (x) ABJSETCS B 3TOM CJaydyae HETPUBHAJIbHBIM PelleHHeM
kpaeBoil 3amaud (9.7), (9.8). IeiicTBUTeNbHO, TO ONpenesneHu0 yi(x)
SIBJISIETCS] pellleHHeM ONHOPOAHOro ypaBHeHHs (9.7) W, Kpome Toro, c
yuetoM (9.9) okasbIBaloTCs BHITIOJHEHHBIMU KpaeBble ycjoBHs (9.8):

a1y1(0) + B11(0) = an fy — frog = 0,
C C
ot (1) + Poyi (1) = (—C—iﬁb) + 52(—0—?(—%)) = 0.
Tosryynv IPOTHBOPEUHe ¢ HALIUM MPE/NON0KEHHEM O TOM, UTO KpaeBas

sanada (9.7), (9.8) umeer TosBKO HyseBoe pelieHue. CJjenoBaTesbHO,
pewieHus y;(z) U yo(x) AMHEHHO He3aBUCHMBI Ha oTpeske [0,1].
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JI1o60e pelreHre HeomHOpoaHOTO ypaBHeHHUs (9.1) MoxeT ObITH TIpen-
CTaBJIEHO B BHUJIE

y(x) = cryi(w) + caya() + yo(@), (9.10)

e €1, co — HEKOTOpble YHUCHa, a yo(xr) — YacTHOe pelleHHe YpaBHeHHS
(9.1). Ha ocHoBaHUU TeopeMbl 5.5 3TO pellleHHe MOXKET OBITh OTpeeeHO
C MOMOIILbIO (POPMYJIBI

yo(z) = /K(:L‘,t)f(t)dt, x € 10,1],

rie K(x,t) — dynxkuus Ko nns ogHoponHoro ypaBHenus (9.7). [lon-
craBuM popmyny (9.10) B kpaeBbie ycaoBus (9.8) u yurem (9.9). Ioay-
UUM CJENYIONLYI0 JTUHEHHYI0 CUCTEMY N/l HAXOXKAEHUS] HEH3BECTHBIX (i
H Co:

ca(12(0) + S115(0)) = —auyo(0) — Biyp(0),
c1(ayn (1) + Bayn (1) = —aayo(l) — Bayo (1)

3aMeTHUM, 4YTO

a1y2(0) + B1y5(0) # 0, aay (1) + Bayi (1) # 0,

WHade peleHue yi(x) U (Man) peleHHe ys(x) ONHOPOMHOTO YpaBHEHHS
(9.7) ynoBneTBOpsiiid 6bl KpaeBbIM ycjoBusM (9.8), a 3To He Tak B cuiy
Halero npenanoJoxenus. CjenoBaTesbHO,

~aayo(l) + Bayp(l) oy — ~ a1y0(0) + Biyy(0)
ot (1) + By (1) a1y2(0) + B1y5(0)
Takum o6pasom, KpaeBas 3anada (9.1), (9.8) uMeeT eNHHCTBEHHOE pellle-

Hue a1 oo pynkuuu f(z) € C0, 1.
Teopema mokasaHa. |

(9.11)

C1 =

PaccMoTpUM HECKOJIbKO MPHUMEPOB KPaeBbIX 3afau U MOKaXKeM, Kak
MOTYT OBITb YCTPOEHBI X pelleHHUs.
[Ipumep 1. TlycTb KpaeBas 3agaya UMeeT BUL:

y,/(x) =0, y(O) - y(l) =0, ze [07 1]'

[TockosbKy o0llee pellleHHe 3TOr0 ypaBHEHUS ompenessieTcss GopMmyJaon
y(x) = 1z + ¢2, TO MOACTAHOBKA 3TOrO BbIPaXKEHHUSI B KPaeBble YCJOBHS
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NPUBOAUT HAC K CJEAYIOLIHMM 3HAYeHUSIM I C; U C: ¢ = ¢ = 0.
C/ienoBaTesibHO, 3Ta OOHOPOAHAS KpaeBasl 3a7aya UMeeT TOJbKO HyJeBOoe
pelleHue.

[Ipumep 2. PaccMoTpuM KpaeBylo 3amady

y'+y=0, y0)=y(r)=0, zel0,7].

[ToncraBasisi popmyny obiero peuienus y(xr) = ¢ sinx + ¢ cos T B Kpa-
eBble YCJOBHS, MOJy4yaeM KOHTHUHYYM pelleHHHd 3TOU KpaeBOU 3adayu:
y(r) =cysinz, ¢ € R.

[Ipumep 3. PaccMOTpUM CleAYIONLYI0 KpaeBylo 3a1ady:

y'+y=1, y0)=y(r)=0, zel0,x]

[ToncranoBka Qopmysnbl 061Iero peuieHus y(x) = cysinx + cycosx + 1 B
KpaeBble YCJIOBHSI MPUBOAMUT HAac K JABYM MPOTHBOPEUYHBBEIM PaBEHCTBAM:
¢y = —1 1 co = 1. CiienoBaTesibHO, 3Ta KpaeBast 3ajada He UMeeT pelile-
HUH.

Ynpaxuenue 9.1. Hatmu pewenue kpaesoti 3adauu:
a)y"+y =2y(0)=0,y1) =2

6) y" +y=0,y(0)=1y(0), y(g) = y’(g) +2.

8) 2%y + 2xy — 6y = 23, y(x) = O(2?) npu x — 0, y(1) = 1.

9.2. Pynkuua I'puna. HeogHoponHas
KpaeBas 3ajJayda

Bynem paccmarpuBaTh KpaeByto 3amauy (9.1), (9.8) B mpenmosioxe-
HHM, UTO COOTBETCTBYyIOLIAs ONHOpomHas KpaeBas 3amada (9.7), (9.8)
MMeeT TOJIbKO HyJieBoe pelieHHe. Torma B cuay TeopeMmbl 9.1 KpaeBasi
sagaua (9.1), (9.8) omHo3HauHO paspemnmMa ajs a060H QyHKuUMU f(x)
u3 kjacca C[0,!]. TToctpoum perieHue KpaeBoi#t 3amauu (9.1), (9.8) B
ciydae crnenuanbHod ¢yHKuuu f(x) = f°(x). MmeHHo, 6yneM cuuTaTh,
uTO HempepwiBHAsi Ha oTpeske [0,!] GpyHKuus f(r) MOXKeT MPUHUMATh
HEeHyJIeBble 3HAUeHUS JIULIb B £-OKPECTHOCTH HEKOTOPOU (PUKCHPOBAHHOU
Toukd s € (0,1):

0, r<s—¢,
fi@) =1 fo(x), s—e<az<s+e, (9.12)
0, T > 5+e,
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rie f.(x) > 0 — mpou3BoJIbHAsI HEMpepBIBHAS Ha OTpe3Ke [s — &, 5 + €]
(GYHKILIHSI, YIOBJIETBOPSIOIIAs YCIOBHIO HOPMUPOBKH

s+e

t/ﬂ@ﬁle (9.13)

Pemienue kpaeBoit 3amauu (9.1), (9.8) ¢ dynkuueit f(x) suna (9.12) 6y-
neM 0003Ha4yaTh Kak y-(z,s).

Onpenenenne 9.1. Qynxyuro

E—

nasviearom Qyuxyuet I'purna kpaesoil 3adauu (9.1), (9.8).

CyurectBoBanue mpezena (9.14), KoHeuHO »Ke, HyXHaeTcsi B 060cC-
HoBaHHWU. OCHOBY J0Ka3aTe/jbCTBA COCTABJSIET CJAENYIOLIMH HW3BECTHLIH
pe3yJibTar.

Jlemma 9.1. [Ipeonorosxcum, umo dynxyus g(x) HenpepoisHa Ha ompes-
ke |a,b], a @Qynxkyus f(r) unmecpupyema Ha amom ompesxe u, Kpome
moeo, f(x) > 0 das ecex x € |a,b]. Toeda na ompesxe |a,b] nHaiidem-
cs maxkas mouxka &, umo cnpasediusa caedyrouias gopmyra (nepsas
popmyra cpedreeo 3HAUEHUS):

[awswie =90 [ rerar

a

JlokasaTenbCcTBO 3TOH (POPMYJibl MOXKHO HAWTH, HanmpuMep, B KHH-
re [8].

Jlemma 9.2. Qynxyus (9.14) koppexmro onpedesena.

Loxazameavcmso. VI3 nokasatesnbcTBa TeopeMbl 9.1 caenyer, 4to

Ye(z,8) = a1y () + coya(x) + yo (), (9.15)

rae y1(x),yo(x) — JMHEHHO He3aBUCHMble pPelleHHs OJHOPOAHOTrO YpaB-
Henus (9.7), ynoBJeTBopsifollMe HadaabHbIM ycaoBusM (9.9), a pyHkus

yM@:/M%W%W,xQML (9.16)
0
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ecTb yacTHoe peleHue ypaBHeHus (9.1). Hakonen, uucna c¢; v ¢y B mpen-
craBieHud (9.15) BbiOpaHbl Tak, uTo (YHKUHSA Y-(x,s) yIOBJIETBOPSET
KpaeBbIM ycsoBusM (9.8). DT1u uncaa onpenessiores no gpopmyaam (9.11),

rae yo(z) = yo ().
[Ipennonoxxum cHavana, uto 0 < z < s. Torna B cuay Qopmyssl
(9.16)
limype(r) =0, =z <s, (9.17)
e—0

nockoabKy f€(z) — O mpu € — 0 s Bcex = < s. PaccMoTpuM Ternepb
caydait, korma s < x. B cuny HempepwiBHOCTH (yHKIMHM Kok mo cBo-
MM IMepeMeHHBIM W HeoTpUulate bHOCTH (PYHKUUH f-(z) u3 JeMmbl 9.1 ¢
yuetoM (9.13) cienyert, 4To

s+ s+€

yoo(a /Ka:tfg f)dt = xf/fa 7€),

rae £ € [s — e,s + ¢|. [Tockoabky K(x,&) — K(z,s) npu e — 0, T0

liné Yoe(x) = K(x,s), s<ua. (9.18)
e
13 (9.16) ¢ yuetom paBeHcTBa K (7, ) = 0 BBIBOAHUM, UTO

Yoo (2) = K(z,2)f(x /K’xtfE t)dt = /K’xtfE

OTC}OI[a dHaJIOTMYHO BBIIIEHU3JIOKEHHOMY CJI€AYET, YTO

0, r < S,
(161_13(1)3/05( v) = {K;(x,s), s < . (9.19)

[Tlepexonsi B mpencraBsaenuu (9.15) x npeneny npu € — 0 U yuuTbiBas
dopmyanl (9.11), (9.17), (9.18) u (9.19) 3ak/arouaem, 4ToO

0, 0<z<s,
Gla, s) = limy.(z. ) = e o ”{K@;,S), IS Ry

rae

~aK(ls) + BK (L s)
atr (1) + Bayi (D)
JleMMa nokasaHa. [ |
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YCTaHOBUM OCHOBHBIE CBOMCTBa ()yHKUMHU [puHa.

Teopema 9.2. Qyuxyus [puna G(z,s) kpaesoil 3adauu (9.1), (9.8)
obaradaem caedyrouiumMU CBOLICMBAMU:

19, Tlo nepemennoii v gynxuyus G(x,s) yoosremeopsem 00HOPOO-
Homy ypasuenuro (9.7) npu scex x # s, x € [0,1].

20, ITo nepemennoil v gynkyus G(x,s) ydosremsopsem Kpaesoim
ycaosuam (9.8).

30, @ynruyus G(x,s) nenpepoisna npu scex x,s € [0,1], a ee npous-
soodnas G'.(x,s) mepnum paspoié nepsoco poda 8 mouke x = s, npuem

G'(s+0,s)—G.(s—0,5)=1. (9.21)

Jlokazameavcmeo. CsoiictBo 1° cpasy e cieayeT U3 NpencTaBJeHHs
(9.20) u Toro dakra, uto ¢QyHkuus yi(r) U Gyskuus Komwm K(zx,s)
VIOBJIETBOPSIOT onHOponHoMy ypaBHeHHI0 (9.7). Ilockosbky B (9.20)
GyHKUHSA y-(x,S) YLOBJETBOPSET M0 MepeMEHHOH & KPaeBbIM YCJOBHUIM
(9.8) mpu Bcex 0 < € < 1, TO 3TO Ke CIPaBeIJIUBO U IS (PYHKLIUU
G(x,s). Tem cambiM ycTaHoBJeHO U cBodcTBO 20, HempepbiBHOCTD (QyHK-
und G(x,s) npu Bcex z,s € [0,1] onaTb Ke eCcTb cJaeNCTBHE (HOPMYJIbI
(9.20) u nenpepwiBHOCTH QyHKUME yi(x), K(x,s) u K.(l,s) ¢ ydyeTom
paBeHcTBa K (s,s) = 0. HakoHell, mpoBepuM CIpaBelJMBOCTb PABEHCTBA
(9.21). M3 (9.20) c yuerom paBeHcTBa K (s,s) = 1 BBIBOOHM, UTO

Go(s = 0,s) = ayi(s), Guls+0,s) = ay(s) + L
Takum o6pasom, cBokicTBo 3° Takke 060CHOBAHO. |

[Toctpoum Ttenepwr ¢yukuuio [puna G(z,s), He BBIUHCHAAS Tpenes
(9.14). Nmenno, 6ynem uckaTh (GyHKIHIO [pHHa B BUIe

_ Jals)y(z), 0<z<s,
G(z,s) = {b(s)yg(x), s<z<l (9.22)

3neck yi(x) U yo(x) — pelieHus omHOpomHoro ypaBHeHus (9.7), ymo-
BJIETBOpSItOlIME KpaeBbIM ycjoBusM (9.8) Ha JileBOM U Ha MpaBOM KOHIe
otpe3ka [0,l] cooTBeTCTBEHHO (T.e., HalpuMep, HAYaJbHBIM YCJIOBHSIM
(9.9)). U3 Tteopembr 9.1 caenyer, 4To 3TH (DYHKIHH JHHEHHO He3aBHU-
cumbl Ha otpeske [0,!]. ®ynkuuu a(s),b(s) € C[0,l] B npencraBjieHUH
(9.22) mognexar ompenenenuro. Bocmosnbsyemcs cgoiictBoM 3° U3 Teo-
pembl 9.2. MMeHHO, ycjioBHe HempepblBHOCTH (YHKUMU G(x,S) B TOUKe
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r = s u dopmyaa (9.21) npuBOAAT HAC K CJEAYIOIIEH CHCTeMe OTHOCH-
TeJIbHO HEeU3BECTHHIX a(s) u b(s):

a(s)yi(s) — b(s)ya(s) = 0,
—a ! 1.

OrnpenenutesieM 3TOH CHCTEMbl SIBJISIETCSl ONpenesuTesnb BpoHcKoro
W (s) cuctembl HyHKIUE y1(S) U y2(S), MOCKONBKY B CHJIy CBOHUCTB OIpe-

NeJIUTe s
det < U1 (8
—yi(

) —y2<s>) e <y1<s> —y2<s>) _

) y5(s) y1(s) —ya(s)

— det (yl(s) yg(s)) = W(s).

Yi(s) wi(s)

Jlemma 5.6 u3 rnaBbl b rapaHtupyer Ham, 4To W (s) # 0 mnis Bcex
s € [0,l]. CnenoBaresbHO, (PyHKUHUH a(s) U b(s) eNHHCTBEHHBIM 0oOpa-
3oM ompenensitores. B uactHocTH, ucnonb3ysi Meton Kpamepa perieHus
JIMHEHHBIX CHUCTEM ajreOpanuecKuX ypaBHEHHH, 3aKJ/JI09aeM, UTO

~ ya(s) _ wnls)
a(s) = W(s) b(s) = W(s)

C nomouibto (pyHKIMK [pruHA MOXKeT ObITb OCTPOEHO pelleHHe HeOof-
HOpOMHOU KpaeBo# 3amauu (9.1), (9.8).

Teopema 9.3. [Ipednoroxcum, umo odnopodnasn kpaesas 3adaua (9.7),
(9.8) umeem moavko Hyresoe pewerue. Toeda edurcmeerHoe peuierue
HeoOHopoOorotl Kpaesoil 3adauu (9.1), (9.8) moawcem 6oime 3anucaro 8
caedyrowem guoe:

l
y(x) = /G(w,s)f(s)ds, z € |0,1]. (9.23)
0

Hoxkazamenvcmso. 3ameTum, 4yTo PyHKUHUS y(x), onpenessieMas Gpopmy-
Jgou (9.23), ynoBJeTBopsieT kpaeBbiM ycsoBusMm (9.8). JlelcTBHUTENBHO,
3TO cyenyet W3 npenctasienus (9.23) u Toro ¢daxrta, 4TO ITUM YCJIOBHU-
SIM T10 TIePEMEHHOH & yIOBJIETBOPSIET B My cBoicTBa 2V U3 TeopeMbl 9.2
dyukuusa G(z, s).
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[TokaxkeM Tenepsb, uTo HDyHKUHUSA y(x) yHOBAETBOPsieT ypaBHeHHUIO (9.1).
[lockosbky

TO

y'(z) = /G’ x,8)f(s)ds — G(z,x) f(x)+

+/GWWV@%/GWWV@%+/GWWV@®
x 0 x

Jlasee,

y%w:@mw—mﬂm+/auxaﬂﬁk—amx+mﬂ)

+ / Gy (x,8)f(s)ds = (G’;(x +0,2) — G.(z — 0, x))f(a:)-l—

l l
+! Muwﬂwmﬂw+! ", 5) f(s)ds,

rie Mbl yuiau paBeHCcTBO (9.21). Hakonel, ¢ yueToM ycTaHOBJIEHHBIX pa-
BEHCTB 3aKJ/I04YaeM, 4YTO

y" () + p(2)y'(z) + q(x)y(z) =

F@)+ [[(Glatas) + pla)Gl(r.5) + alir5)Glo.5)) s)ds = f (2).

31ech MBI BOCMOJb30Baauch cBoicTBoM 10 gyHkuum ['puna M3 Teope-

MBI 9.2. o
Yupaxuenue 9.2. [locmpoums ¢ynkyuro [pura G(x,s) kpaesoti 3a-
odauu:

a) y" —y=f(z), y(0) =y(1) =0.
0) y" +y = f(x), y(0) = y'(1) = 0.
8) 2%y’ — xy — 3y = f(z), y(0) =0, y(z) = O(z ™) npu x — +oo0.
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9.3. CoOcTBeHHbIE 3HAUEHUS U COOCTBEHHBbIE
PpyHKUIMHN

PaccMmoTpuM crenymolyo KpaeBylo 3agaudy:
y' (@) + p()y () + q(@)y(z) = My(z), @ €[0,1], (9.24)

a1y(0) + 1y’ (0) =0,
asy(l) + B2y (1) =0,

rne «;, 8; (i = 1,2) ymoBaeTBopsitoT ycjoBuio (9.6), a mapameTrp A siB-
JsieTcsl eHCTBUTEbHBIM HJIM KOMIJIEKCHBIM uHCIOM. Dymem mpeamoJa-
ratb, uto B ypaBHeHHH (9.24) dyHKUMM p(z) U ¢(r) NEHCTBUTEJbHH,
npudyeM QyHKUHKs p(x) HenpepbiBHO AubdepeHupyemMa Ha oTpeske [0, 1],
T. €. puHapaexuT kaaccy C1]0,1], a pynkuus ¢(x) € C|0,1].

(9.25)

Onpenenenne 9.2. Yuciro \ Ha3vieaemces cobcmaerHovim 3HAUEHUEM 3a-
dauu (9.24), (9.25), ecau npu darnHom N\ cyujecmsyem HempuBUALbHOE
pewenue y(x) #Z 0 amoii kpaesoil sadauu. Pynkyus y(r) 8 maxom
cayuae Hasvieaemcs cobcmeennoll pynrkyueti 3adauu (9.24), (9.25).

YpaBuenue (9.24) MOXHO TPUBECTH K 0oJiee TPOCTOMY H YIOOHOMY
IJsl TaJbHEeHIlero uccjaenoBaHusi Buny. FMiMmeHHo, nmpousBeneM B ypaBHe-
Huu (9.24) 3ameHy Buaa

—%w (t)dt
y(@) = e 0", (9.26)
Hwmeewm,
1 —% [p(t)dt —% [p(t)dt
y(@) = —gpe 3w e T )
U
1, . 4 p(d 1 4 oty
y'(w) = —5p'(w)e "0 2(a) + ppi(a)e 0 a(w)—
—%w t)dt —%I t)dt
—p(x)e jro 2 (z) +e Jr 2" ().

[ToncraBnsis mosyyeHHble BhipaxkeHus B (9.24) u coxkpaiiasi Ha BeJHIUHY

—1 [p(t)dt
0

e , IPUXOAUM K YPaBHEHHIO

() + (al2) = 5 (@) = 12(0)) () = Ao(),
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B KOTOPOM KO3(puuueHT npu z'(x) paBeH HYy/MO. 3aMeTHM, YTO B pe-
sysbTate 3aMeHbl (9.26) cTpykTypa KpaeBbixX ycaoBuit (9.25) coxpaHsier-
csl, a U3MEHeHHe MpeTepreBaloT JULIb KO3(DMULIMEHTH B 3TUX YCJIOBHSX.
HefictBuTesibHO, noactasasis (9.26) B (9.25) v mpousBoasi O4YEBHAHBIE
COKpAILleHHs, ToJyYaeM

(o - %p(O)ﬂl)z(O) + B12(0) = 0,

(a2 - %p(zm)z(z) + By (1) = 0.

Takum o6pasom, 6e3 orpaHuyeHHst OOLIHOCTA MOXKHO M3HayaJjbHO TMOJia-
raThb, YTO paccMaTpuBaeMasi KpaeBas 3aJada COCTOUT M3 ypPaBHEHUS

y"(z) + (q(ZU) T )\)y(x) =0, z€][0,1], (9.24")

rae q(x) — medcTBuTeIbHAS QyHKUHKA U3 Kaacca C[0, (], u KpaeBbIX ycJ0-
Bui (9.25).

M3yunm pajiee HeKOTOpbIE CBOMCTBA COOCTBEHHBIX 3HAaUeHUU U COO-
CTBEHHBbIX (DYHKUHH KpaeBoi 3amauu (9.24'), (9.25).

Jlemma 9.3. Bce cobcmesenmvle 3nauenus kpaesoil 3adauu (9.24"), (9.25)
deticmsumenvHol.

Loxasamenovcmeo. Ilyctb Ay — cOOCTBEHHOe 3HAaUeHHe KPaeBOM 3aauu
(9.24), (9.25), a yo(r) — cooTBeTCTBYMOIILAs 3TOMY 3HaYEHHIO COOCTBEH-
Hast pyHkuus. Torna Hapsiy ¢ paBeHCTBOM

yo (@) + (q(x) + Xo)yo(x) =0
MMeeT MeCTO M KOMIIJIEKCHO CONPS’KeHHOe K HeMy PaBeHCTBO
yy(z) + (q(:v) + 5\0)3]0(:1:) =0.

YMHOXKas mepBoe M3 3THX PaBEHCTB Ha y(x), a BTopoe — Ha yo(x), U
BBIUMTAs BTOPOE W3 TEPBOro, MoJydyaeM

Yoo — Toyo = (Ao — Xo)|yol*-

[IpounTerpupyem nosydyeHHoe BbipaxkeHue B npomexyTtke ot 0 1o [, npen-
BapPUTEJIbHO 3aMeTHUB, YTO

I — —// d !/ — —/
YoYo — YoYo = %(?Joyo - ?/oyo)-
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Torma

(o = \o) / o)z = g (Daold) — 7 (Dyoll)—

—15(0)50(0) + 7o(0)y0(0). (9.27)

[Tokakem, 4TO BbIpakeHHe B MpaBOH YacTH paBeHcTBa (9.27) paBHO HY-
JIH0.

[TpenmnosioxkuM, UTO B KpaeBbIX yca0BUAX (9.25) KoadhduuneHT as = 0.
B cuny (9.6) orciona cnenyer, uto [y # 0. 3Hauut, y,(l) = 0, a caeno-
BaTeJibHO, # ¥(!) = 0. Ecain, kpome Toro, B ycoBusx (9.25) niau ag = 0
(61 # 0) umu B, = 0 (ay # 0), To O6YAYT BHINOJHEHH JHUOO paBeHCTBA
y5(0) = 0 u g,(0) = 0, mbo paBeHcTBa ¥y(0) = 0 u F(0) = 0. Orcrona
cJleyeT W paBeHCTBO HyJ0 mpaBoi yacTH (9.27). [lyetb oy # 0 1 By # 0,
torna us (9.25) caemyet, 4To

() = ~ELy0), 300) = =250
OTcroga BBIBOAUM, UTO
5 (O)300) + 50)u(0) = 2145 0)30(0) — 2 gi0)h(0) = .

C/iemoBaTesibHO, PaBeHCTBO HYJIO MpaBod dacTH (9.27) BHOBb YCTaHOB-
JIEHO.

[Ipennonarasi, uto B KpaeBbixX ycaoBUsX (9.25) koapdumuenT as # 0,
3aKJII0UaeM, UTo

52 —/
——o(1)-

Q2
JlanbHelIve pacCy»kjeHHs, aHAJOTHUHbIe MPOBEIEHHBIM BBIIIE, MMO3BO-
JISIIOT YCTAHOBUTb PaBEHCTBO HYJIO mpaBoi yacTtu (9.27).

Takum o6pasom, u3 (9.27) crenyer, uto

yo(l) = —&—290(5)7 Yo(l) =

l
(o — M) / o) Pz = 0.

l —
[ockoabky, yo(x) Z 0 npu z € [0,1], T0 [ |yo(x)|?dx # 0. 3HauuT Ao = A,
0

T.e. Ay € R.
JlemMma nokasasa. [ |
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Jlemma 9.4. Kaxcdomy cobcmeennomy 3HaueHuro Kpaesol 3adauu
(9.24"), (9.25) coomsemcmsyem moavko o0na (c mourocmvio 00 no-
CMOSIHHO20 MHOXCUMENS) COOCMBEHHAS PYHKUUSL.

Loxasamenrocmeso. Ilpennonoxum, 4To OAHOMY COOCTBEHHOMY 3HAYEHHUIO
OTBEUYalT J1Be JMHEHHO He3aBHCHUMble Ha oTpe3ke [0,!/] coOCTBeHHBIE
GyHKUMH Y (z) U yo(x). V3 kpaeBbix ycmoBuit (9.25) torma crenyer,
4To

a1y1(0) + B144(0)

0
’ 9.28
a1y2(0) + B1y»(0) = 0. 629

OnpenenuTtesneM 3TOH CUCTEMbl OTHOCUTEJNbHO HEU3BECTHBIX vy U (31 fIB-
JIIeTCs onpenenuTenb BpoHcKoro

0= (3 40 =00 (30 5)

B cuny nuHeliHON He3aBUCUMOCTH (DYHKUMH yi(x) U yo(x) ompenenu-
teqp W (0) # 0. CnenoBatenbHo, cucteMa (9.28) nMeeT TONBKO HYJEeBOE
peinenne o = 1 = 0. [locnenHee nporuBopeuyuT ycaosuio (9.6). |

Jlemma 9.5. Cobcmeennvie pynkyuu y,(xr) u yn(r) Kpaesoti 3adauu
(9.24"), (9.25), omseuaroujue cobcmeenmbim 3HAUEHUAM Ny F Ay, Op-
moeorarvHol Ha ompeske [0,1], m.e.

l

0

Jlokazameavcmseo. Nmeew,

Yn(x) + (q(x) + An)yn(z) = 0,
v (2) + (¢(x) + M)y () = 0.

YMHOXHM TepBoe M3 3THX PaBeHCTB Ha Y, (x), BTopoe — Ha y,(z) H
BBIUTEM BTOpOe M3 MepBoro. MHTerpupys 3aTeM mosyueHHOe BbIpaXKeHHe
B npoMexxyTKe oT 0 10 [ ¥ yuHUTBIBasi, 4TO

d

YmYn = YnYm = @(yfnyn — Ynlm),



9.3. CoOcTBeHHble 3HAUEHUS] U COOCTBEHHble (DYHKLHU 185

NPUXOAUM K PaBEHCTBY

l
(An = Am) / Y@y (1) = (4 (2)yn (x) — Yo (2)yn(@)) ]
0

3aMeTHM, YTO BbIPa’KeHHE B MPABOKM UYaCTH 3TOTO PABEHCTBA PABHO HYJIIO,
OCKOJIBKY (YHKUHH Y, () U Yy, (T) YLOBNETBOPSIIOT KPAEBBIM YCJIOBUSM
(9.25). dToT hakT npoBepsieTcst TOUHO TaK XKe, KaK U MPH J10Ka3aTebCTBe
gemmbl 9.3. CrenoBaTesibHO, YUWUTBIBAsi, 4TO A\, # \,,, YCTaHABJIHWBaeM
CTpaBeNJIuBOCTb (hopmysbl (9.29). |

dyHgaMeHTaJbHBIM DE3YJIbTATOM, OMHCHIBAIOLIEM TO, KaK YCTPOEHHI
coOCTBeHHbIe 3HaueHHUs1 KpaeBo# 3amaun (9.24"), (9.25), saBasiercs caeny-
folasi Teopema.

Teopema 9.4 (Irypma-JIuyBuanas). /Jis kpaesoii 3adauu (9.24'),
(9.25) cywecmsyem Geckorneuroe cuemroe muoxcecmso {\,,n € N}
cobCMBEeHHbLX 3HAUeHUL U COOMBEMCMBYOUUX UM COOCMBEHHbLY PYHK-
uuti {y,(x),n € N,z € [0,1]}. Bce cobcmserHvle 3Hauerus moeym boimo
ynopsodouerol 8 nopaodKe 803pACMAHUS

M << ...< A\ <...,

npuuem A\, — +00 npu n — oo.

JlokasaTenbCcTBO 3TOM TeopeMbl Mbl 3[eChb He NpUBOAMM. JIt0603Ha-
TeJIbHBIH UWTaTesNb MOXKET HAaWTH ero, Hampumep, B KHUrax [14,25].

Ynpaxuenue 9.3. Haiimu cobcmeenHovie 3HaueHusi u cobcmeenHble
QyHKyuu Kpaesoil 3a0adu:

a)y" =Xy, y(0) = y(l) = 0.

6)y" =Xy, y(0) =y/(l) = 0.

8) y" = Ay, y(0) = y/'(I) = 0.



3aKJI0UeHue

B 3aBeplueHne 3TOW KHUTU XOTeNOCh Obl OTMETUTh, YTO €€ OCHOBHOU
YKJIOH clieJlaH B CTOPOHY OBJIAJ€HUSl TeOpeTUUeCKMMH OCHOBAMH Kypca
OOBIKHOBEHHBIX NH(QepeHaNbHbIX ypaBHeHUH. [IpakTryeckue 3anauu
C IpUMepaMH UX pellleHUst YUTaTesNb MOXKeT HalTu B cOopHuKax [19,24],
a Takke B mocoOuu [6], yacTb 3a/1a4 U3 KOTOPBIX B KAUeCTBE yNpaxKHEHUH
OblJla BKJOYEHA U B 3TOT yueOHHUK. 151 nanbHelero u 6oJsee rayoboKoro
OCBOEHHS Kypca YMUTaTeJl0 MOTYyT ObITb PEKOMEHAOBAHbI, B UaCTHOCTH,

kuuru [1,2,10,17,18,22,23,25,27].
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