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I'maBa 1

MaremaTndyeckoe MoJIeJINPOBaHIE

1.1 BsejeHue B MaTeMaTn4deckoe MOJAeJIMPOBaAHUE

Modeauposarue — MeTOI IO3HAHUS OKPYKAIONIEr0 MUPa, KOTOPBIil MOXKeT OBITH OTHECEH
K OOIIEHAYIHBIM METOJAM, TPUMEHSIeMbIM KaK Ha SMIHPHICCKOM (HAGJIIOIEHNE, SKCIePUMEHT,
M3MepeHne), TaK 1 Ha TeoperndeckoM (upeannsanus, popMaan3as) ypoBHe MO3HAHUS.
B nporecce nmocrpoenus u uccje0BaHus MO MOTYT ObITH UCIOJIH30BAHBI TPAKTUYECKH BCE
OCTaJIbHbIE METO/IbI TO3HAHUSI.

CoBpeMeHHYI0 HAYKY CJI0KHO MPEJICTABUTH 0e3 MaTeMATHIeCKOTO MOJETHPOBAHUS. DTO CBS-
3aHO C TeM, YTO MOJECTUPOBAHNE ABJIAeTCA OTHUM U3 BaXKHEUIINX METOI0B, KOTOPBIE TO3BOISIOT
YCKOPUTb TEXHUYECKUI IIPOIPECC, COKPATUTH CPOKU OCBOEHUS HOBbIX BUJIOB 000PY/I0BaHUS, HO-
BBIX IPOIECCOB.

[Tos, Modeasvro mormMaeTCst TAKOH MaTePUATBHBII WJIM MBICJIEHHO TIPEJICTABISIEMbI 00bEKT,
KOTODBIil B Iporecce mo3HaHus (M3Y4YeHNs1) 3aMeIaeT 00beKT-OpUTHHAI, COXPaHsis HEKOTOPbIe
BasKHBIE [T JTAHHOTO MCCJIeJOBAHUS TUNHIHBIE ero 4epThl. [Ipomece mocTpoeHnsd M UCIOIb30-
BaHUs MOJIE/TH HA3BIBAETCS MOOCAUPOBAHUEM.

Jlpyrumu cioBaM#, M00eAb — ITO 00bEKT-3aMEeHUTE/h 00beKTa-OPUTHHAIA, 00eCIeInBA0-
Uil n3ydeHne HEKOTOPBIX MHTEPECYOINX HCCIe0BaTe s CBONCTB OpUTHHAJIA.

Takum obpazowm, J1r0b6ast MOIE/b SIBJISIETCS HE TOYK/IECTBEHHO 00 beKTYy-OPUTHHAY, TOCKOJIb-
Ky TIIpH ee TOCTPOCHUH YUUTBHIBAJIUCH TOJBKO BayKHEHINe C TOYKU 3PEeHUsT uccaeaoBareist pak-
Topel. [loaToMy Jr0bast Momenb aBisgerca wenoanot. «Iloanas» MOmeNTb — IMOJTHOCTHIO TOXKIe-
CTBEHHA OPUTHHATY.

B ciygae Korga mosydeHHbIE MPH UCCIETOBAHUN MOJENN PE3YIbTATHI MO3BOJSIOT MPEJLy-
rajlaTh JajibHeilee MOBeJeHNne WM CBOHCTBA HCCIELYeMOro O0beKTa, TOBOPST, 9TO MOJE/b
adexsamma OOBHEKTY.

Mamemamuueckoe modeauposarue — 3TO WeaTbHOE HAYUIHOE 3HAKOBOE (DOPMAIHHOE
MOJIeTUPOBAHEE, IIPH KOTOPOM OIKCAHUE 00bEKTa OCYIIECTBISIETCS Ha s3bIKe MaTeMaTUKH,
a mccaeI0BaHIe MOJEN IPOBOAUTCS C UCIOIb30BAHIEM TeX WM MHBIX MaTeMaTHIeCKHX MEeTO-
IOB.

Ecin mosteib onucpiBaeTcst HEKOTOPBIMU YPABHEHUSIMU, TO OHA HA3BIBACTCH 0EMEPMUHUPO-
sanrotl. HavaabHO-KpaeBble U KpaeBble 3a/la4l MaTeMaTHYeCKON (DU3UKU — IIPUMEPHI JieTep-
MUHUPOBAHHBIX JIH(DDEPEHITNATHLHBIX MOJIEJIeiH.



Ecaun Momenb onuchlBaeTcs BEPOITHOCTHBIMHU 3aKOHAMH, TO OHA HA3BIBAETCS CIMOLACmuUYe-
cxou.

MaTtemaTudeckne MOJETN JOTKHBI 001a1aTh CBOMICTBOM YHUBEPCANDHOCMU. DTO O3HATAET,
9TO OJ[HA MaTeMaTh4YecKasi MOJE/Ib MOYKEeT OIUCHIBATH SIBJIEHUsI U OOBEKTbHI, KOTOPbIe HUMEIOT
pa3andHyIo (PU3UIECKYIO TPHUPOILY, HO IIPU 3TOM MOTYT OBITH ONMUCAHBI OJHUMHU U TEMH Ke
MaTeMaTHIeCKUMHU COOTHOIIEHUSAMU, JIOTHIeCKUMH U CTPYKTYPHBIMH cxeMaMu. Takoe Mozenn-
pOBaHNE HA3BIBALTCI aHAJOTOBBIM.

[IpumepamMu aHATOTOBBIX MOJETEl MOTYT CIYZKHTDH dJIEKTPHIECKHe W MeXaHHIeCKHe KOJie-
OaHusg, Maable KoaebaHus TPU B3auMOIECTBUHU ABYX OMOJOTMYECKHUX MOIY/IAINi, KOTeOaHus
B HpOCTefHHefI MOZeJIM U3MEHEeHUd 3apIllJiaThl U 3aHATOCTHU, KOTOPbIE C TOYKH 3peHUud MaTeMa-
TUKHU ONHUCHIBAIOTCS YPaBHEHUEM KOJIeOaHMIA:

)
U = A Ugy,

HO OTHOCATCA K Ka9eCTBEHHO OTJINYAIOIIIMUMCA (I)I/ISI/ILIGCKI/IM mnpomeccaMm.

VpasHuenune maremarudeckoit pusuku — ypapaenue Jlamniaca
Uy + Uyy + Uz =0

— ONUCBHIBACT TaKHueE dBJIEHUdAd, KaK I'PaBUTAIIMOHHbBIE, OITUYECKHUE, aKYyCTUYIECKUeE, dJIeKTpoMar-
HUTHbIC U3JIy4Y€HUdd, II0JIET CaMOJieTa, KOJIe0a N yupyrux Teji 1 CTpoeHue aToMa, B TOM YHCJIE
CTallMOHapHOE TEeIlJIOBOE II0JI€ U CTallMOHAPHOE 3JIEKTPOCTaTHYIECKOe II0JIE.

O6o0611as1, MOXKHO CKa3aTh, YTO MOJEIb COCTABISIETCS s CJIeAYIONINX 3a1ad.

1. IlonaTh, KaK yCcTpOeH u3ydaeMblil OObEKT: U3YUYHUTh €ro CTPYKTYPY, OCHOBHBIE CBONCTBA,
3aKOHBI Pa3BUTHU4 U B3aUMOJIEHICTBULA € OKPYZKAIOIIUM MUDPOM.

2. Hayunrhest ynpasiasith 00beKTOM (TIPOIECCOM) U OMPee/IsATh HANUILY 9ITHe CIIOCOOBI YIIPaB-
JICHAA IIPU 33JAHHBIX [EeJIdX U KPATCPUIX.

3. IIporno3supoBarh NpsiMbie U KOCBEHHBIE MTOCJIE/ICTBUS PeaIn3alny 3alaHHbIX CII0COO0B
n GopM BO3AEHCTBUST HA OO'HEKT.

1.2 YpaBHeHne kojedbaHUdA CTPYHBI
C 3aKperJieHHbIMU KOHI[AMU

Paccmorpum mpocreiitiiyio 3aa4dy 0 TMOTEPEeYHBbIX KOJIeOAHUSX CTPYHBI, 3aKperjieHHOH Ha
KOHIAaX B Toukax £ = 0 u x = [ ocu z-oB. ['pacdbuk dyukuuu f (), onpeaesenHoi
ua orpeske [0,!], 3a1aer npoduah MWIOCKON CTPYHBI B HAYANLHBIH MOMeHT Bpemenu t = 0, a
dbyukuust g(x) oupejeiisier HaYaJIbHYI0 CKOPOCTh TOYKHM CTPYHBI ¢ abciuccoii z. [Iponece ko-
naebaHuit MOXKHO onucaTh ofHoil dyukueit ult, z|, = € [0,1], xapakTepusyolieii BeprukajibHOe
nepemeriienne CTpyHbl B MoMeHT Bpemenn t € [0,7]. Takum obpazom, dyukius ulx,t] gaer
OTKJIOHEHHE CTPYHBI OT OCH X U yoBJIeTBOpsieT nuddepeHnnaibHoMy ypaBaenuto [15]:

Uy = AUy, (1.1)



Ecmu konmpl crpynsl 3akperiedbl 0 < x < [, TO JOJIZKHBI BBIIOJTHATHCA «TPAHUYHBIE YCJIO-
BUSY !

u(0,t) =0, w(l,t)=0. (1.2)

[Tockouibky 1rporiecc Kojiebanuit CTpyHbl 3aBUCUT OT €€ Hada/bHOU (DOPMbI U PACIIpe/ie/IeHu s
CKOpOCTEil, He0OXOIMMO 33/]aTh «HAYAJIbHBIE YCIOBUSY:

u(x, to) = ¢(x), w(w,to) = (). (1.3)

Takum 06pa3oM, TOMOJHATETbHBIE YCJIOBHS COCTOAT M3 TPAHUYHBIX W HAYATBHBIX YCIIOBHIL,
riae o(z) u Y(x) — 3amanube GyHKIHHA.

JlaHHYI0 33729y MOXKHO PEIIUTh TOYHO MeTonoM Pypbe WM NPUOJUKEHHO TPH TOMOIIH
pa3HocTHOrO Meroja. Haunem ¢ HaxXOXK/I€HHSI TOYHOI'O PEIIeHUs W BIIOC/IE/JCTBUU C STUM pe-
3yJITATOM CPaBHUM HPUOJIMKEHHOE PereHne.

1.2.1 Metoa Pypne

Metos, pa3geneHus nepeMeHHbIX, nin MeToJ Oypbe, aBageTCS OTHUM U3 HAnOOJIee Pacipo-
CTPaAHEHHDbIX METOJIOB PElIeHus YPaBHEHUH C YaCTHBIMHU ITPOU3BOJAHbIMU. [lycTh HEOOXOMMO
HaiiTu perieHue ypaBHeHus CBOOOAHBIX Kojiebanuii crpyust ((1.1)), yaoBierBopsioniee 0HOPOI-
HBIM KPaeBBIM YCJIOBUSIM n HadaabHBIM yesoBusiv ([1.3)).

I[To merony @ypbe pemntenue npuseenHoii 3a1aun Komn u[z, t] paBHO cymMe GeCKOHEYHOTO
pana Dypoe [15]:

Z (A cos —at + B, sin Wlnat> sin ?x, (1.4)

3
—

rie
A, = %/lgo(é) sin <7Tl—n:c) dx, B, = i/@b(az) sin (?:ﬁ) dx.
0

PacemorpuM KOHKpeTHYIO 3a/1a9y KoJiebaHus CTPYHBI, Hali/IeM TOYHOe PellleHHe U IIOCTPOUM
AHUMAITUIO OEryIIuX BOJH IIPH CJIEIYIONUX HAYAIbHBIX YCIOBUIX:

g +1, ecin x € [—2,2],
px)=44—z, e z € [2,4], Y(z) = 0.
0, ecim x # [—2,4],

Jlst HauwasIa 331/ MM mapaMerp @ W JJINHY CTPYHBI B COCTOSTHUH TTOKOSI:
In[1]:= a = 0.1; I = 10;
Jlasee BBOJMM UCXOJIHBIE JaHHBIE, 8 UMeHHO DYHKIMU ¢(x) 1 ¥ (r) U3 HAYATBHBIX YCIOBHIi:

m[2]:— ¢[x_] = Which[-2<2<2/1/22+1,2<zx<4,4—2z,2 < —2,0,



x> 4,0];
Yx_]=0;

Yro0Bl HALISAHO HOCMOTPETh HA IPOMUIb IIOCKOH CTPYHBI B HAYAILHBIA MOMEHT BPEMEHI
t = 0, mapucyem rpaduk dyakuun p(x):

In[3|:= Plot[¢[z], {x, —5, 5}, PlotRange — All]
Jlo110/IHUTEJIBHO MOZKHO HOCTPOUTH I'PaPUK CKOPOCTU TOYEK CTPyHbI 1pu t = 0:
In[4]:= PlOt[’lﬁ[x], {ZII, 0, 5}]

st uckJtouenus omuOKU IPU BBOJIE KYCOYHOM (DYHKIIUU MOXKHO BOCIOJIB30BATHCs (DyHKIIMe
«PiecewiseExpand|expr|»:

In[5):= PiecewiseExpand|[¢[z]]

;

4—x 2<x<A4

24 x
2

0 True.

Out[5]:=

—2<zx<2

\

Barem BBOUM (DYHKIMHU, KOTOPBIE SBISIOTCS KOd(ppunuenramu n-ro wiena psjaa Pypoe:

™
—X

Inf6]:= Aln_] = %fol @[z]Sin [ ] ] dx;
Bn_] = % fol ¥[z]Sin [?x] dx;

u byukiuo u(x,t) B BUAe CyMMBbl IIEePBHIX AT 41eHOB psijia Pypbe:

7= ufx_,t_] =32, (A[n]Cos [7rl—nat] + B|n]Sin [ﬂl—nat]) Sin [%m] //N;

Hanee nocrponm rpaduku dbyuxmun u(x,t) npu t, uamensomemcs or 0 qo 200 ¢
marom 1.

In[8]:= Animate[Plot[u[z, t], {z, 0,1}, PlotStyle — {Hue[0, 7]},
Epilog — {Text[tToString][t], {10, 1.8}]},
PlotRange — {{0,1+ 1}, {—2,2}}], {¢,0,200}]

B pesysibrare nosiyuum aHUMAIMIO 10JI0KEeHUI CTPyHBI, cocTosiyo u3 201 kajapa:



«
}

5B.68361t

Puc. 1.1. AHuManus moydeHHOr0 pelieHns ypaBHeHus Koiebauus ctpyubl. Merox Oypbe

Y100bl 0T/1€JIbHO BBIBECTH HECKOJILKO 1OJIOKEHUI CTPYHbI B KOHKDETHbIE MOMEHTbI BPEMEHH,
BBeJleM CJIeIyIoNe KOMaH/IbI:

In[9]:= grl = Table[Plot[u[z, t], {z, 0, l}, PlotStyle — {Hue[0, 7]},

Epilog — {Text[tt, {10,1.8}]},

PlotRange — {{0,1 + 1}, {—2,2}}], {t,0, 100, 25}];

gr2 = Table[Plot[u[z, t], {z, 0, [}, PlotStyle — {Hue[0, 7]},

Epilog — {Text|[tt, {10,1.8}]},

PlotRange — {{0,1+ 1}, {—2,2}}], {¢, 100, 200, 25};

Show|[GraphicsGrid[{gr1, gr2}], ImageSize — {1000, 250}
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Puc. 1.2. Kajipbl u3 anumaiyu peiienus ypaBHeHus KojiebaHusi CTPYHBI.

Meron @ypne

B zak/iodenne MOKHO 0TOOpa3uTh BCe MPOMUIN CTPYHBI B BUJIE TPEXMEPHOTo rpaduka:

In[10]:— Plot3D|u[z, t], {z, 0,5}, {t, 0, 100}



Puc. 1.3. [Ipocdusin crpyuns. Merog @ypbe

1.2.2 Pa3HocTHag cxemMma

Hastee Haiizem npubiurkeHHoe peleHue ypasHenusi xkosiebanus crpynbt ((1.1), yaosierso-
psorero HadaabHo-KpaeBbiM yeaosuam (|1.2]), (1.3) B mpamoyronsauke [0,1] x [0, 7] na cerke
(x;,tg), cocrosimeit uz (nh + 1) X (nT + 1) Tovek

2, =0+ih, i=0,1,...,nh,

tr, =047k, k=0,1,...,nT,

rje

Heobxo0iuMo 11ocTpouTh U PENIUTh CETOYHYIO KPAEeBYIO 3a/1a4y, Hail/lsi TOYHOE pelieHune
B y3/1ax cetku. [1jist 91010 GymemM nCKaTh CeToUHyI0 DyHKIUIO {u; )}, ONpeeIeHHYIO HA TAHHOI
ceTke, OJIM3KYIO K aHAIHTHYIeCKOMY perrenuio auddepennunanbuoit 3amaqn (1.1)), ([1.2]), ([1.3)).
BayKHO 3HATDH ONEHKY MOTPENTHOCTH HANJIEHHOTO PEeleHusl, TO eCTh pa3HocTeil [u; , — u(w;, u)].

/1 moCTpoeHnus CeTOYHON KpaeBoil 3a/1a4n alMpOKCUMUPYeM TPOU3BOIHBIE UX PA3HOCTHBI-
MH aHAJIOTaMHU. 3aMEHUM 3HAY€HUs BTOPBIX MPOU3BOAHBIX BTOPBLIMU PA3HOCTHBIME HPOU3BOJI-

HBIMU:
L Uig—1 — 22U+ Ui gt
U ~ B ’
T
Uit — 2Uip + Uiy k

B nrore II0JIy49a€eM Pa3HOCTHOE ypaBHEHHE:

Uik—1 — 2Uik + Ui jy1 L 2U4 4+ Uik

T2 h2

(1.5)

Ob6o3HauyuMm uepes

B= (1.6)



1 BeIpasuM u3 ypasuenus (|1.5)) w; i1 :

i1 = —Uig—1 + B Wi p + (2= 28)uip + B - Uir1 . (1.7)

Hauasibhoe ycsiosue ([1.3]) annpoxkcumupyem ciieyomum 00pa3om:

u(,0) = Yig = %o (1.8)
T
Orcroga u u3 (1.3) maxomum u; 1, u Hadasabuble ycaosus ((1.3) MOXKHO nepenucars Tak:
wio = f(x;), win =uio+719(x;). (1.9)

Hauwamnsasre yemosust (1.9) u dbopmyna ((1.7) mosBossier HaiiTn Bce 3HAYEHUST TAOJMTHON
dbynxmun — gucaennoro pemenns JaHHOI auddepennuatpbHOll 3a5a9K U; ).

PasnocrHas cxema yCTOﬁqHBa, €CJIN BBIIIOJIHAECTCA COOTHOIICHHE IIar'OB BHA:

h
TS (1.10)

[Ipy BBIIOJIHEHHHU 3TOTO YCJAOBUS PA3HOCTHOE PENICHHEe CXOMUTCH K aHAJIATHICCKOMY PeIleHuIo,
TO eCThb
|wi e — u(x;, ug)] — 0

npu crpemyeHnn maros K uvysato h — 0,7 — 0 ¢ cobuogenunem yesosus ((1.10).

IIpuBeseM uncaenHoe permenne 3aga4qu Komm a/is ypaBHeHust KoseGanus cTpyHbl. Beegem
napaMeTphbl 3aJadn (apaMeTp CTPYHBI, JJIMHA CTPYHBI, Al Jis Pa3OHeHusl [0 TepeMeHHbIM
rut):

In[11]:= a =0.1;1 =5;T = 100; h = 0.1;
7 = 1;n7 = 100/7;nh = I/h; B = a®72/h?;

[Ipu 3TOM mIArH JIOJZKHBI OBITH BBIOPAHBI TaK, YTOOBI BBITIOJIHAIOCH YCJIOBHE YCTONYINBOCTH
Pa3HOCTHOI CXEMBI.

Jlajiee He0OXOIMMO BBIYUCUTH BCE KOOPJIMHATHI y3JI0B CETKU, 8 UMEHHO x; ¥ ti. s 3Toro
cO371a/TUM TaOJIUILY C BBIYACIEHHBIMU 3HAYEHUSIMHU:

In[12]:= Table [z; = 0 + hi, {¢,0,nh}] //N;

Table [t; = 0 + 74, {¢,0,n7}] //N;
AHaJ0oru9IHO cO31aAuM TAOJIHUILy ¢ HAYAJIbHBIMUA U KPAEBBIMU YCJIOBHUSIMU:
In[13]:— Table [ugx = tnnx = 0,{k,0,n7}] //N;

Table [u;o = f [2i] //N,{i,0,nh}];

Table [u;1 = uio + 79 [zi] //N,{i,1,nh — 1}];

U nociiejiree, 9T0 0CTAIOCH BHIOJHUTH — 9TO HAWTU PeEIIeHUs MOCTPOEHHOI pa3HOCTHO
CXEMDBI:
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In[14]:= Table [’ll,i,k+1 = —Ujr1 + ﬂ'u,,-_l,k + (2 - 2,B)u,-,k—|—
Buiv1k, {k, 1,07 — 1}, {i,1,nh — 1}];

OTBeTOM B JIaHHOI 3a/1a9e OyaeT TabJIHUIA CO CJIEIYIONMUMI 3SHAYCHUSIMHU:
In[15]:= gr = Table [{z;, uix}, {k,0,n7}, {¢,0,nh}];
[TocTporM aHmMMANNO HAMTEHHBIX IMPOQUIel CTPYHB:

In[18]:—~Animate[ListPlot[gr[[k]], Joined — True,
PlotRange — {{0,6},{—15,15}}],{k,1,n7,1}]

[To »kejtaHMIO MOXKHO OT/IEJIBHO BBIBECTH PO UM CTPYHBI B KOHKPETHBIT MOMEHT BPEMEHU
AHAJIOTTIHO TOMY, KaK 3TO JIeJ1aJ0Ch IIPU PeIeHun 3aa49u Ha 6a3e npuMenenns MeTtoia Pypbe.

1.3 YpaBHeHUue TeIJIONPOBOJHOCTU

YVpaBHeHUs ¢ YaCTHBIMU IMPOU3BOIHBIME 2-T'0 TOPsi/IKAa MapadOJIMIecKOro TUiia HamdoJiee
YaCTO BCTPEUAIOTCA IPU U3YyUYEHUHU IPOIECCOB TEILIONMPOBOIHOCTU U auddy3umn.

PaccmorpuM mpornece pacnpocTpaHeHus Telia B IJIACTHHE. DTOT HPOIEcC MOKET ObITh OIIH-
can dbyuknuei u(x, y, t), IpeJcTaBIgoNniei codoit TeMIeparypy B TOUKe (I, y) MIOCKO H30TPOTI-
HOM kBajparnoil wiacruael X = [0, 1] x [0, 1] B moment Bpemenu t € [0, 7.

[IycTh HavasibHOE paclipejiejieHre TeMIepaTyphbl:

u(z,y,0) = o(z,y), (1.11)

(x,y) € 3, u auist Becex 3Havennii remneparypst t € [0, 7], 1yist Bcex rpaHUYHBIX TOYEK [TACTHHBI
(x,y) € O u3BeCTHO, YTO

w(@,y,t) = ¥(z,y,1). (1.12)
[Ipu BbImOTHEHUN STHX yeaoBuit byHKIws u(x,y,t) yIO0BIETBOPSET YPABHEHUIO BU/IA

Uy = a* (Ugy + Uyy) + f(2,9,1), (1.13)

rae a — KoadduimenT remmeparypoupoBoHocTH [15] , a BbljeseHne Temaa MOKeT ObITh OXa-
PaKTePU30BAHO 00HEMHOI IJIOTHOCTHIO TEIIOBBIX HCTOYHUKOB f(x,y,t) B TOUKe (Z,y) B MOMEHT
BpemMenn t. Ecin ucToIHUKE OTCYTCTBYIOT, TO ecTh f(x,y,t) = 0, TO ypaBHEHHE TEIIOmpPOBOI-
HOCTHU ITPUHUMAET ITPOCTOU BUI;

Up = 0P Uyy.

Tpebyercst naiitu penenne u(x,y,t) auddepenmuansaoro ypasuenus ((1.13)), yaoBiersopsi-
foree HavaIbHO-KpaeBbiM yesouam ((L.11) u ((1.12).

Pemmuwm 3a1a1y pa3sHOCTHBIM METOIOM.
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1.3.1 4BHag pa3HOCTHad cxeMa

BamaauM Bce HEOOXOIUMBIE MapaMeTphI:

mfi6]= flx_,y_,t_]=2"+yt; ¢lx_,y_|=1
Plx_,y_,t_] = Exp[—zyt];
a=1/10;T =1;n =10;m = 10; h = 1/n;
t =T/m;~ = a™2t/h"2;

BBegem KOOpAUHATEI y3710B:
In[17]:= Table [{z; = ih,y; = ih}, {i,0,n}];
Table [t; = it, {i,0,m}];

[Tycrs cerounast GyHxums u; ;, ~ u(x;,y;,t;). Toraa nasaasHo-kpaessie ycaosust ([1.11)
u (1.12)) ¢ momomIpIo TaKoi CeTOIHOl (DYHKIUN MOYKHO 3AIHCATH B CJIEIYIONEM BH/IE:

In[18]:— Table [u; jo==¢ [zi,¥;] , {1, 0,n}, {7,0,n}];
Table [ug; == [0, y;, t] , {1, 0, n}, {k,1,m}];
Table [un; k== [1,¥i, ], {2,0,n}, {k,1,m}];
Table [u; 0 == [2;,0,t] , {i,1,n — 1}, {k,1,m}];
Table [u; p x==% [z;, 1, t] , {2, 1,n — 1}, {k,1,m}];

Banumrem nuddepennuasibuoe ypasuenune ([1.13)) B Buge paznocrubix ypasuenunii. [Ijis 3roro
samenuM npousBoaubie B ((1.13) pasHOCTHBIMU TPOU3BOIHBIMA.

PasnocTHbIe TPOM3BOAHBIE B TOUYKE ¢ KOOPAMHATAMHE (T;,Y;, Z)) ONPEIETAIOTCS 110 CIIeLyIo-
muM hopMyJIam:
o Uikl — Uik
t ~ ¢ )
Wim1jk — 2WUj 5k + Uikl jk Ui j—1k — 2Uijk + Witk
Upy R 5 , Uy R 5 )

BamennM mpon3Boubie B ((1.13) cOOTBETCTBYIOMMUMEI PA3HOCTHBIMA TPOU3BOTHBIMHA U TOCITE
IpeoOpa30BaHuil MOJIyYUM PA3HOCTHBIE YDABHEHUS:

Uijrs1 = Uik + Y (Wim1 gk + Uir1 gk + Uij-1k + Wigrie — 4uigr) + Ef [, y5,tx],

rje
t
— 42
Y=a %k
PasnocTable ypaBHeHHA HO3BOJIAIOT HafiTH 3HaUYeHU CETOYHON (DYHKIHUM U, k1 Ha k + 1
cJioe, ec/il U3BeCTHBI Bce 3HadeHns (PYHKIUH U; ;) Ha HUKesIeKaleM k ciioe.
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Tax Kak Ha rpaHune 3HaYeHus PYHKIUA U; jj, 33JaHbl HAYaJIbHO-KPAeBBIMH YCJIOBUAMH,
TO 3HAYEeHHS (DYHKIUHE B OCTAJIHHBIX TOYKAX CETKH MOZKHO MOJYUIUTH B PE3YIbTATE BHITIOTHEHHS
CJIeLYIOIIEro MUKJIa:

[19]:=Do0 [t; j 11 = Uik + ¥ (Wic14k + Wirrjk + Wig—1k + g1k — 4ijx) +
tf i, ys, te] , {k,0,m — 1}, {i,1,n — 1}, {j, 1,n — 1}];
OtTBer 3aJa4y 3alKIIEM B BUJIE:
In[20]:=Table [{z;, y;, tk, wi ik} , {3, 0,n}, {4,0,n}, {k,0,m}];
JIns BU3yaapbHOrO BOCHPUATHS PENICHHs BBEJCM CIHCOK 3HAYCHHN TeMIIEpaTyp Ha k-M CJI0e:
In[21]:=g[k_ ]:=Table [u; j, {3, 0, 10}, {¢, 0, 10}]

i moctpouM npubsmzkenno rpadbukn Gynknuii v = u(x,y,t) aus 3HaveHuil BpemeHu t =
0,1,...,m, waymero ¢ maromMm J:

In[22]:=p = Table[ListPlot3D[g[k]], {k, 0, m, 3}]

Puc. 1.4. I'pacduku penienusi ypaBHeHus TEIJIONPOBOJHOCTU. fIBHAS pA3HOCTHASL CXeMa

PaCCMOTpeHHbIe Pa3HOCTHBIE YpaBHEHUA BMeECTE C HaYaJIbHBIMU YCJIOBUAMMA €CTH dBHaAA Pa3-
HoctHas cxeMa. OHa anmpokcuMupyeT auddepernuanbayio 3ajgady ¢ Todnoctbio O(h? + t).
PasnocrHas cxema ycroiiunBa mpu )

h
t< el (1.14)
STO HEPaBEHCTBO HaKJIaJbIBaeT CYHICCTBEHHBIC OTPpaHUYEHUA Ha IIar 1O BpEeMEeHUu, 9YTO MOXKeT
HPUBECTH K OOJIBIINM BBIYHCTHTEILHBIM 3aTpaTaM MpH OOJIbIINX 3HAYeHuIX 1.

1.3.2 HegBHasg pa3HOCTHas CXeMa

Yeqopue ([1.14) moxkuo cusarh. s sroro Hago or ypasaenus ([1.13|) nepeiitn k pasnoct-
HBIM YDABHEHHsIM, 3aMeHsis MepBYI0 YacTHYI0 npon3Bofuyo B ((1.13) Ha JeBy pasHOCTHYIO
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IIPOU3BOJIHYIO 110 (popMyJIe:

@ o Uijk — Wijk—1

ot t ’
a BTOpPbIE YaCTHBIC MPOM3BOJHBIC 3aMEHSIOTCS TaK yKe, KaK W B OpeJblaylmeM caydae. Iloce
II0/ICTAHOBKH PA3HOCTHBIX IIPOU3BOJHBIX B 1 Ipeobpa30BaHUs IOy IUM CJIEIYIONIee pas-
HOCTHOE ypaBHEeHHe (HesSBHYIO PA3HOCTHYIO CXEMY ):

YUi—1,j e + VUit g + VUij—1k + Vij+1,e — (1 + 47Uk = =i jk—1 — tf]2i, Y5, te].
Ouncrum Bece nepemennsie komanaoii ClearAll["Global*"|:
In[1]:=ClearAll[’Global * *”]
3asa UM HaYaIbHBIE YCIOBUS, MapAMETPHI U IIAT:

In[2]:= f[x_) Y_7t_] = z? + yt;
plx_,y_]=1

Y[x_,y_,t_] = Exp[—zyt];

a=1/10;
T=1;

n = 10;

m = 10;
h=1/n;
t=T/m;

v = a™2t/h2;

OT/1e/IbHO BBIYUCIUM BCE y3JIbI CeTOIHON (hyHKINN:

In[3]:=Table [{z; = ih,y; = ih},{i,0,n}];
Table [t; = it, {i,0,m}];

[TomyunM pa3zHOCTHOE ypaBHEHUE:

In[4]:=eq =
Flatten [Table [yu;—1jx + Yit1,k + Yij—1k + Yijr1k—
(I + 4y)uijg + Ui jr—1==
— (tf [z, v 0l //N) , {k, 1,m}, {5, 1,n — 1}, {i, 1,n — 1}]];

Ha‘{aﬂbHO—KpaeBbIe yCja0BHUd 3allUII€eM B BUIE ypaBHeHHﬁl
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In[5]:= eql = Flatten [Table [u; jo==¢ [z:, ;] , {i,0,n}, {7, 0,n}]];
eq2 = Flatten [Table [ug; == [0, y;, tx] , {z,0,n}, {k, 1,m}]];
eq3 = Flatten [Table [u, ; x==% [1,y;, t] , {1, 0,n}, {k,1,m}]];
eq4 = Flatten [Table [u; o x==1 [2:,0, 8], {i,1,n — 1}, {k,1,m}]];
eq5 = Flatten [Table [u; o x==% [z;, 1, 8], {¢,1,n — 1}, {k, 1,m}]];

OObeuHuM BCe ypaBHEHUSI B OJHY CHUCTEMY.

In[6]:—eq = Join[eq, eql, eq2, eq3, eq4, eq5];

BBemeM COUCOK IMepeMeHHBIX CHCTeMBI:

In[7]:=per = Flatten [Table [u; ; x, {k, 0, m}, {j,0,n}, {i,0,n}]];

Pemmaem cucremy BeTpoeHHOI (byHKITHeI:

In[8]:=sw = Solve[eq, per][[1]];

Haxomum 3Hauenns ceTovnoil (hpyHKIUH, TO eCTh OTBET MOCTABJIEHHOI 3a1a49n:
In[9]:=Do [u; jx = Ui jr/.sW,{k,0,m},{j,0,n}, {i,0,n}];

JInsg HADIAIHOCTH BBEAEM CIUCOK 3HAYCHHH TeMIepaTyp Ha k-M cJoe:
In[10]:=g[k_ ]:=Table [u; ;, {7, 0, 10}, {¢, 0, 10}]

1 mocTpouM npubsuzKenHo rpadukn dyukmui v = u(x,y,t) Ans 3HaUYeHUii BpeMeHu t =
0,1,...,m, uaymiero ¢ marom J:

In[11]:=p = Table[ListPlot3D[g[k]], {k, 0, m, 3}]

Puc. 1.5. 'pacduku penrenus: ypaBHeHUs TeILIONPOBOAHOCTU. HesdBHas pasHOcTHas cxeMa
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K memocrarkaM JaHHOTO IMOAX0/1a HAJI0 OTHECTH OOJIBIION 00beM BLIUUCIEHUN IIPU pelleHun
CHCTEeMBI IIPU MAJBIX IMarax u OOJbIIOM HHTEepBaJie BpeMeHN.

1.4 MoagennpoBaHue OPOMIEHHOTO TeJia MOd yIJIOM
K TOPU30HTY
Pemmum 3amauy Korrm, onuchiBaoILyo IBH:KEHHE Teja, OPOIIEHHOTO ¢ HAYaJIbHOW CKOPO-
CTBIO ¥y 110/l YIVIOM (¢ K T'OPU30HTAJIbHOI IJIOCKOCTH, PAacCMaTpUBas ero Kak MaTepuaJibHYIO
TOYKY C MaCCO¥ M W CUUTasd, 9TO COMPOTUBJIEHUE BO3yXa MPOTOPINOHAJIBHO KBA/IPaTy CKOPO-
cru [13]. TTomaraem, 9To JAIBHOCTH MOJETA U BHICOTA TPAEKTOPHU MAJBI 1O CPABHEHUIO
¢ paauycom 3emun. Ha Tesio meiictByer ToJIbKO cuia Tazkectu P, mpoekiun KOoTopoil Ha Koop-

JIMHATHBIE OCH PABHBI:
P,=0, Py=—-P=—-mg, P,=0.

[Toncrasisist 3t Besimuunbl B JuddepeHiaibuble YpaBHEeHUs JIBUXKEHUS, & UMEHHO

mi =Y Fip, mij= > Fiy, mé=Y Fp, (1.15)

Fy, ..., Fy — neiicTByromue Ha MaTepHAJbHYIO TOUKY CHUJIBI, TOJYyYaeM:

v, =0, v, = —g, v, = 0.

YMHOKas 00e 4aCTu TUX ypaBHEHUs Ha dt ¥ MHTErpUpyst, HAXOIUM:
Uy = Ch Uy = _gt + 027 UV, = CB-
SanumieM HavaIbHBIE YCJIOBUS /I JAHHON 3a/1a9u:
nput=0: x=0, y=0, z =0;
Uy = Vg COS ¢, Uy = Vpsina, v, = 0.
Wcnonb3ys 3a1aHHble HAYAIbHBIE YCJIOBHS, HAXOIUM, UTO:
Ci =wvgcosa, Cy =vgsina, C3=0.
[ToxcraBum nmonydennbie 3nadenus C, Cy, C3 B HalieHHbIE PeIleHHsT:
T =1v9cosa, Yy =1vpsina —gt, z2=0.

Ocranoch TPOMHTErPpUPOBATH AaHHBIe ypaBHeHud. [lomyuanm:
2

t
xr =wvgtcosa+ Cy, y = vptsina — 97+C5, z = Cg.

Hauannubre yYCJ0oBUA AAXOT:
04 - 05 - CG - O
Takum o6pa30M, OKOH4YaTeJIbHbIE€ YPDaBHCHUA JIBUXKCHUA M&TepI/IaJIbHOﬁ TOYKH HUMEIOT BH/I:

2
T = vgtcosa, Yy = vptsina — %, z = 0.
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V3 mocsenero ypaBHeHHsI MOYKHO CIe/IaTh BBIBOJ, UTO JBUZKEHHE IMPOUCXOJHUT B ILIOCKOCTH
Ozy.

Jlnst MojieTupoBaHus TPaeKTOPUHU JBUKEHUS MAaTEPUAILHOIO TeJa, OPOIIEHHOTO MO/ YIJIOM
K TOPU30HTY, COCTAaBUM PAa3HOCTHOEe ypaBHeHHe. I3 nuddepeHIna bHbIX ypaBHeHNH TBUKEeHAA

(1.15) mosygaem cucremy:
ma = 0, =0,
=

) ) (1.16)
my = —mg, j=-g

3aMeHHM BTOpbIE TPOU3BOIHbBIE IO TePeMeHHOil { pa3HOCTHBIMEA aHAJIOTaMM:

Tip1 — 2% + T
”(t) = % ,

Yit1 — 2Ui + Yia
;/(t) = h2 .

[Moxcrasmsist pazHocTHble mpon3Bogubie B cuctemy (|1.16]), moayunm cucremy, cocTosmryo
U3 JBYX PA3HOCTHBLIX yPaBHEHMII:

Tiy1 — 2m; + i

=0,
h? Tip1 = 20; — T4,

Yir1 — 2Yi + Yi—1 Yir1 = —gh* + 2y — yi1.
h2 - g?

Jlasee, nCIOMB3ys MOTyYeHHbIE PA3HOCTHBIE YpaBHEHHUs JBUKEHHS MaTepHAIbHON TOYKH,
permuM 3agady B «Wolfram Mathematica» nmpu HadanbHO#T cKopocTn vy = 0.2, yriie MexKmIy

BEKTOPOM HAYaJIbHOW CKOPOCTH U TOpu30HTOM (v = 7/6, marom h = 0.01, HAYAIBHBIMU YCJIO-
BHUSIMU:

z(0) =0, y(0) =0,

2(0) = vg cos e, Y(0) = vgsina.

O“II/ICTI/IM BCe IIepeMeHHbI€ U IIpaBHJIa:

I[1]:— ClearAll[“Global*”];

BseneMm Bce ucxoaHble JAHHBIE 38 1aUN:

Im[2]:— vo = 0.2; 9 = 9.8;a = w/6; h = 0.01; 25 = 0; yo = O;
x1 = voCos|a]; y1 = voSin[a];

SHaueHnsI, BHIYUCIEHHBIE TIO TOCTPOEHHBIM PA3HOCTHBIM YPaBHEHUSIM, OVIAYT 3aMUChIBATHCS
B Tab/uily [st, B Ha4a/10 KOTOPOii /100aB/IeHbl KOOPAUHATHI KCXO[HOTO HMOJIOZKEHUSI TOUKH:

In[S]:: Ist = Table [{$i+l = 212,; —Ti—1,Yi+1 = —gh2 + 2y,' - yi-l} ,
{i, 1,1000};

Ist = Prepend [Ist, {zo, %0}] ;

17



BriBenem momydennyto tabmuiy [st. 3aech «headings» — 3aromoBku cToJI0MOB:

In[4]:~ headings = {{}, {X, Y}};
TableForm[lst, TableHeadings — headings]

X y
0 0

0.34641 | 0.19902
Out[4]:= 1 0.519615 | 0.29706
0.69282 | 0.39412
0.866025 | 0.4902

[To HaiimeHHBIM TOYKAM U3 TaOJUIBI [St mocTpouM rpaduK TpaeKTOpHH MIaIeHHs Teaa, Opo-
MIEHHOTO MO YIJIOM 7/6 K TOPU30HTY:

In|5):=p = ListPlot[lst, PlotRange — {{0, 40}, {0, 6}}];
Show p]

Puc. 1.6. TpaexkTopus najaenus tesa, OPOIIEHHOTO MO YIJIOM K TOPH30HTY

aJjiee paccMoTpuM 3ajia4y O BAUSHUM KOIDDUIUEHTA CONPOTUBJIEHUS CPEJIbl HA TPACKTO-
pUIO MaJeHus Tejia, OPOIIEHHOr0 1o/ YIJIOM K ropu3ouTy. [ToctponMm rpaduku jijis napaMerpa
b =0 (upeapiymias 3a1a4da), b = 0.4 u b = 3:

In[6]:—vp = 0.2; 9 = 9.8;a = w/6; h = 0.01;m = 3;
zo = 0; 90 = 0; 21 = voCos[a]; y1 = veSin[a];

lst[b_]:zTable |:{$i+1 = —%h (:L'i - xi_l) + 21’,‘ — i,
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Yip1 = —%h (% — Yi-1) — gh* — i1 + 2Z/i} {1, 300}] ;
Ist1 = Ist[0]; 1st1 = Prepend [Ist1, {zo, yo}] ;
Ist2 = 1st[0.4]; Ist2 = Prepend [Ist2, {zo, ¥0}] ;
Ist3 = 1st[3]; 1st3 = Prepend [Ist3, {zo, %0}] ;
pl = ListPlot[Ist1, PlotRange — {{0, 40}, {0,6}}];
p2 = ListPlot[Ist2, PlotRange — {{0, 40}, {0,6}}];
p3 = ListPlot[lst3, PlotRange — {{0, 40}, {0,6}}];
Show[{p1, p2, p3}]

Puc. 1.7. Tpaektopus Tesa, OPOIIEHHOrO IO/ YIJIOM K TOPU30HTY HPU PA3IUUHBIX 3HAYCHHSIX
napamMeTrpa, b — COIPOTUBJICHUE CPEJIbI
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I'1aBa 2

Yucsaenable MeTOAbI

2.1 OcHoBHBIE onpe/ieIeHs 1 TTOHATUS

Ilorpenrnocts

[Iycth & — TO4YHOE 3HAYEHUE HEKOTOPOI'O YUC/Ia, a £° — HPUOJIUZKEHHOE.

Abcoaromnas noepewnocms MPUOIMAKEHHOIO YHCJIa PABHA MOJYJIIO PA3HOCTH MEXKJY €ro
TOYHBIM "N HpI/I6.HI/I)KeHHbIM SHAYCHUAMUN:

Ax = |z — 2|

Ommuocumenvras no2peutHocmsd — TO OTHOIIEHHe abDCOJIOTHON IOrPENTHOCTH K 1npubJin-
JKEHHOMY 3HAYEHUIO YUC/Ia:

Ax

N

ox

Hopma marpunsi. Hopma BekTOpa

Hamomuuwm ciemytoriue craggapTHble obo3HadeHus: R — mosie BerecTBeHHBIX uncesn, C —
KOMILIEKCHBIX ducesi. R"™ — BemecrBeHHOe n-mepHoe npocrpancrBo, C" — KOMILIEKCHOE 7~
MEpHOE ITPOCTPAHCTBO.

Kaxomy sementy € R" (z € C") MOXKHO IOCTaBUTH B COOTBETCTBHE BEIIECTBEHHOE
ancsio ||z||, Koropoe Ha3bIBaeTCsST HOPMOIi, ecJin:

L |zl = 0, [lz]] = 0 & = = 0;
2. [[Az|| = Al - []z]], A€ R (A € C);
3. [l +yll < [l + [yl

Jna Bexropa x = (21, ...,2,), z; € R (z; € C), j =1,...,n, KAK IPaBUJIO, BBOAAT CJIELYIO-
1€ HOPMBI:

1/2
n
1. ||z]| = (Z |xj|2> — eBKJINJIOBA HOPMA.
i=1

2. lzlly = max |z;l;
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n
3. |zfl2 = 22 [l
j=1

2.2 YucjieHHble MeTO/Ibl PENIEHUS JIMHENHbBIX
aaredpamdIecKmx CUCTeM

2.2.1 Merox I'aycca

Pacemorpum cucremy smueiinbix asnrebpandeckux ypasuenuit (CJIAY) | cocrostugyio u3 n
ypaBHEHUl OTHOCUTEJIbHO 1 HEM3BECTHBIX:

1121 + a19%s + . .. + a1,T, = by

a911 + 99T + ...+ AonLy = bQ

(2.1)
a1 %1 + Q22 + . . App@n = by,
rjae ri,To,...,T, — HEU3BeCTHBIE IIEpEMeHHbIe, a;;, ¢ = 1,2,...,p, 7 =1,2,...,n — neicrsu-
TeabHbIe Yncaa, by, by, ..., b, — cBODOIHBIE WIEHEL.
Ecmu by = by = ... = b, = 0, To CJIAY HasbiBaeTcsa 00HopodHoti, B IPOTUBHOM CJIydae —
He0OHOPOOHOT.
COBOKYIIHOCTH 3HAUEHUsI HEM3BECTHBIX MMEPEMEHHBIX T = (1, To = g, ..., L, = Qp,

IIpu KOTOPLIX BC€ YpaBHEHUA CHUCTEMBL 06paHlaIOTCH B TOXKJECTBa, HA3BIBACTCAd peuweHUuem

CJIAY.

Ecmu cymectByeT XoTs OBl OZHO peIlleHHe CUCTEeMbl aJreOpanvecKuX ypaBHEHHil, TO oHa
HA3bIBAETCS COBMECMHOU, B TPOTUBHOM CJIydae — Hecoemecmmol.

Ecmu CJIAY nMeer enuHCTBEHHOE pelleHne, TO OHA HA3BIBAETCA onpedenennoti. Ecnm perre-
Huil 0OJIbIIIE OJIHOTO, TO CUCTEMa HA3BIBAETCS HeonpedeneHnod.

Bamumiem cucremy (2.1) B marpuanoit dpopme:

Az = b, (2.2)
rie
ap; Q2 ... Qaip
A= a:21 a:22 a;2n ) m:(l‘l,xQ,...,.Tn)T, b:<b1’b2""’bn)T'
An1 QAp2 ... Gpn

3mech A — KBajpaTHas MATPHIA IMOPSIKA 7 CHCTEMBI JTHHEHHBIX aareOpandecKux ypaBHEHMIA,
T — BEKTOP-CTOJI0eI] HeM3BECTHBIX IePEMEHHBIX, & b — BEKTOP-CTOJIOeIT CBODOIHBIX K03 dum-

eatoB CJIAY.

Yucsrennsie MeTobl pemenns CJIAY MOXKHO pas3/ieuTh Ha JBa THIA: npambie (MowHvie)
MEeTOJIbl U umepayuontvie (npubiuscennoie). [IpsMbie METOIBI TIO3BOIAIOT HANTH peleHue
3a KOHEYHOe YMCJIO BhluucjaeHuii. Ecjin npu uCiob30BaHUU PSAMbBIX METOJ/IOB HE OKPYTJISATD 110-
JIydeHHbIe 3HAYEHUs, TO PelleHrne MOCTaB/JIeHHO 3a/1a4un Oy1eT TOIHbIM. It mpub/inKeHHoTo
HAXOXK/IeHUs PelleHns NCIOJIb3YI0TCd UTepallMOHHble METObl. B pe3yibTaTe X mpUMeHeHUs
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HpI/I6.HI/DKeHH06 penienne HaXOAUuTCAd B pe3yJibTaTe IIOCTPOCHUA AOCTATOIHOI'O YHUC/Ia ITOCJIE10-
BaTeJIbHOCTH, cxo,zmmeﬁca K TOYHOMY pPEIIEHHIO.

Eciu x marpune A po6aBuTh B KadecTBe N + 1-T0 ¢TOJIOIA BEKTOP-CTOJIOEI] CBOOOIHBIX
KO3 PUIIMEHTOB, TO TMOJYYUM TaK HA3BIBAEMYIO PACULUPEHHYIO MAMPULY CACTEMbI JTHHEHHBIX
YPaBHEHUA:

ai;; a1 ... Qp bl

21 Q22 ... Q9p b2
T =

Apl Qp2 ... Qpp b,

Kpagparnasg marpuna A Ha3bIBAeTCS 6bipodcIenioli, €CIU ee OIpeleTuTeb PABeH HYJIIO.
Ecmu |A| # 0, To maTpuna A Ha3BIBACTCA HEGULPONHCOEHHOTU.

asee nepeitiem HenocpeacTBeHHO K MeTony Laycca. Janublil MeTo COCTOUT H3:

— TpgIMOro xoma Metona [aycca;

— obpartHoro xojia metoja [aycca.

IIpamoii xoz,

[Iycth onpegeurenb MAaTPUIBl A oTiddeH OT Hy/Is 1 a1 7 0. B mpoTuBHOM ciiydae mepeny-
MepyeM mepeMeHHbIe TaK, YTOOBI a1 He PABHSIOCH HYJTI0. VICKTIOUNM HEU3BECTHYIO TIePEMEHHY 0
21 U3 BCEX YpaBHEHUl CUCTEMbl, HAUUHAs CO BTOPOTO. [[jisi 9TOr0 yMHOXKHMM 11epBOe ypaBHEHUE

Ha
a21

a11
1 BBIUTEM U3 BTOPOTO ypaBHeHHud. [[pomoszkuM mporece, ymMHOXKad MepBOe YpaBHEHHE HA

a31

a11

1 BBIYHMTASI U3 TPEThero ypaBHEHWSsI, U TakK jaJjiee. B 3akjodeHne U3 n-ro ypaBHEHHS BbIYTEM
nl
nepBoe, YMHOZKEHHOE HA —.
a1
B pesyibrare mosydum cucremy, B KOTOPOii, KpoMe IepBOTr0 YpaBHEHHSI, OTCYTCTBYET Iepe-
MeHHasd I :

111 + a12T9 + @133 + . .. + ATy = bl,

a%):cg + a%)xg +...+ a&)xn = bgl),

aglz)xg + a%)xg + ...+ agi)xn = bgl),

1) (1) L, _ @)
{ A9 To + Aps T3 + ...+ ATy = by,
rje
1 ail 1 Qi1 .
Ajj- = Qij — A1~ , b =0 —by- , 0, =2,3,...,n.
a1 a1
Jlajiee ucKJIIOYaeM HEM3BECTHYIO IEPEeMEHHYIO To M3 BCeX YpaBHEHHil, HAUUHAs C TPEThero.
oD
JLst 9TOr0 M3 TpEeThero ypaBHEHUsS BBIYTEM BTOPOE, YMHOXKEHHOE Ha %, a W3 YeTBEPTOro
a
22
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e

Qyo
(1)
)

YpaBHE€HHA BbIYTEM BTOpPO€, YMHOXKEHHOE Ha n TaK JaJiee. U3 n-ro YpaBHE€HHUA BbIYTEM
(1)

BTOPOE, YMHOYKEHHOE Ha T Cucrema ypaBHEHHUIl 1OCJIe TAKUX MIPEOOPA3Z0BAHUI ITPUMET BU/I:
Qo9

a1171 + a12%2 + a13T3 + . .. A1 Ty = by,

a%)xz + a%)mg +...+ a;n Ty = b(Q)

ag?mg +...+ aén T, = b(z)
\ a%)xg + . +ale Tn, b(g)
rie
2 _ @ 1) a(;) (2) (1) 1) a%)
azg azg - a2] | bz = bz - b2 ’ | 1] = 37 47 R L
Qg9 Qg9

Taxum obpasom, nepeMeHHasi Ty UCKJIIOYEHA U3 BCEX YPaBHEHUI, HAYMHAS C TPETHETO.

JaJjiee nmpucrynaemM K MCKJIIOUYEHUIO HEM3BECTHOW X3 M T. JI. TakK MPOIoJzKaeM IpsMOil X0
laycca, moka cucrema He MPUMeT TPEYTOJbHBIN BHIL;:

a1121 + a12%2 + 1323 + ... + A1y = by,
a%)xg + a%)xg +...+ aé = b(l)

a%)xg R aén):vn = b32),

(n—l)xn _ b7(1n—1) .

Ann

C sroro MmoMeHnTa HadrmHaeM oOpaTHbIH X0 Meroja [aycca.

O6parHusbiit xoa meroga I'aycca

Brerunciisiem Ty U3 IIPpEAIocjieJHErO YpaBHEHUA KaK

n—1
by
Tp = —F———.
(n—1)
ann
C moMomIbi0 MOJTYYeHHOTO 3HAYEHUS X, HAXOIUM X1 U3 TMPEANOCTeTHET0 YPaBHEHUS, a L1 —
u3 nepBoro ypapHenus. Onpeenss U3 MOCJTETHEr0 YPABHEHUS T, 3aTeM U3 MPEeIIOCIeTHETO
Tp_1 W TAK Jajiee, OOPaTHBIM XOJIOM olpejesinM Bce ;. lIponecc ocranosurcs, ecian na k-m
mare He yIacTcsl HAfTH HEHYJeBO 3jeMeHT B k-if CTpOKe JlaykKe B pe3ysIbTare MepeHyMepannn
HePeMEeHHBIX OT Ty JIO Tp. DTO OyJIeT O3HAYaTh, 9TO BCe KOIMD@UIMEHTHI ITOH CTPOKU PABHBI
uya0. Ecnau by, He paBHO HYJIO, TO CHCTEMa He MMeeT pellleHusd, ecau ke u by = 0, To pemrenue

HEe e IJMHCTBEHHO.

HeB=azka penienus

Hewusbexnbie OKpyr/ieHust pu UCMOIB30BaHNN MeToja ['aycca JaroT onpeeieHHy 10 Torperi-
HOCTb, BEJIMUNHY KOTOPOH XapaKTepusyeT 8eKIMOp HE6A3KU, KOTOPbIM BBIYHUCIAETCS 10 CJIeJTy-
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omeit popmyie:
E=b— Ax,

rje A — Marpuna uCXoAHOM cucTeMbl, & — HaiiJeHHbI BeKTOD pelienus. JIjobas HopMa BeKTOpa,
HEBSI3KU HA3bIBAETCS HEBA3KOU PelleHusl.

Pasbepem ajropurm Ha npumepe.

3agaHue
Haiitu perrenue cucrembl ajredpandecKux ypaBHEHU

2r1 — 19 + 13+ 224 = 5,
T+ 2x9 + 3w3 — 14 = 3,
2x1 — 319 + 213 — 214 = 2,
3x1+3xy — 203 + 424 =5

MeTosiom [aycca.

Pemienne

Kosdpdunuenr ay; ommmden or Hysist, Tak 94TO IPUCTYIIMM K IIPAMOMY X0y MeToja [aycca,
TO €CTh K UCKJIIOYEHUIO HEM3BECTHON ITepeMeHHO! X1 U3 BCeX ypPaBHEHUN CUCTeMbl, KPOMe epPBO-
ro. /Iist sToro u3 neBoit u mpaBoil YacTeil BTOPOro, TPEThero U YeTBePTOr0 YPABHEHUS BBIUTEM
JIEBYIO U MPABYIO YaCTH MEePBOTO YpaBHEHNs, YMHOKEHHbIE COOTBETCTBEHHO HA

21 1 as aq1 3

- sy A2

- o ) .
a1 2" an a1 2

(27 — x5 + 13 + 274 = 5,
1 1
r1+ 229+ 3x3 — x4 — = - (20 — 29+ 23+ 224) =3 — = - 5,
2 2 =
21’1—3$2+2$3—21‘4—21’1—|—l’2—$3—21’4:2—5,
3 3
k3x1—|—3362—2x3—i-4x4—5-(2x1—302—l—x3—i—2x4):5—§~5;
(2x1—x2—|—1}3+2x4:5,
1
z e — O, = =
N 2$2+2$3 T4 %
—2$2+I3—4$4:—3,
9 7 Lo —
\2[E2 2$3 Ty = 2

HemnsBecTHy0 TepeMeHHYIO 1 UCKIIOYIIN, TEPEXOIUM K HCKIIOUYEHUI0 To. VI3 JeBoil n mpa-
BOIl 4YacTell TpeThero M YeTBEPTOr0 YpaBHEHUU CHCTEMBbl BBHIYUTAEM JIEBYIO W MPaBYIO YaCTU
BTOPOTO ypaBHEHW, YMHOKEHHBIE COOTBETCTBEHHO Ha

ay _ 2 _ 4y _
35 o)

NSNS
ul] ©
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21’1—$2+I‘3+2$4:5,

1
—Z9 + —X3 — 2134 = —

2 2
4 5) 5)
< —QZEQ + r3 — 4]74 — z——) . (—IQ + —T3 — 2£L‘4

O—‘\/

Il

|

w

|
/T
[G2E TN
~_
DN | —

5 2 2
gx—zx —|—x—9 é:z: —|—§x — 2z 29
(277 2@ T s\ T T Ty s Y
r21’1—l‘2—|—l‘3—|—2$4:5,
53: +5:1: —231:—1
22 23 4_27
= 98 13
3.’13‘3——134——3,
3 +23 17
—8x — )
(TP T T Ty

st 3aBepiiienus npsiMoro xoja [aycca ocrasoch UCKJIIOYUTH HEM3BECTHYIO IEPEMEHHYIO T3 U3
HOCJIe/THET0 YPaBHEHMSI CUCTEeMbl. BbhiuTeM U3 JIeBOI M 1PaBoOil 4acTeil 4eTBepTOro ypaBHEHUs
COOTBETCTBEHHO JIEBYIO U TIPABYI0 YaCTH TPEThEro ypaBHEHUs, YMHOKEHHbIE Ha!

ai _ 8
2
aé:a) 3
'2x1—1‘2+1‘3+2x4:5
1
—:L‘2—|— x3—2x4— 5
%8 13 =

3T3 — — X4 =

gt B (8 (g 2B ) 2 T (L8 (13
T3 g 3 Ty Ty 3 5

Ve

(21’1 — X9 + T3 +2[E4 = 5,
5 n 5 5 1
Sl2 T X3 — 4y = 3,
2 2 2
= S o 13
w3 — Ty = 5
31 31
——Ty = ——.
3 3

MozkHO HaunHaTh 0OpaTHBIN X0/ MeToja ['aycca.

sz nocjgeagHero ypaBHEHHA UMEEM:

U3 TPEThEero ypaBHEHU IOJIydaeM :

13 BTOPOTO :

u3 I1€pBOI'0 YpaBHEHUA:

1
(5—|—$2—2B3—2$4) 2(5—1—2):1

[\DI»—t

Ty =
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/1 MpOBEPKH MOXKHO TMOJCTAaBUTH MOTydeHHbIe 3HAUEeHNS HEM3BECTHBIX MTepeMEHHBIX B HC-
XOJHYIO CHCTeMy ypaBHeHHit. Bce ypaBHeHUs: 0OpaIaioTcs B TOXKIECTBA, YTO TOBOPHUT O TOM,
4TO pelierue 1o Metojy [aycca naitjieHo BepHO.

OrBer: z1 = 1,20 =0,23 = 1,24 = 1.

Pemum pannoe 3aganne B « Wolfram Mathematicay. [lycrs mana pacmimpenHast MaTpUIA,
In[1]:= a={{2,-1,1,2,5},{1,2,3,-1,3},{2,-3,2,-2,2},{3,3,-2,4,5} };
CHUCTEMBI aJaredpanvdeckuX ypaBHEHMUIA:

201 — o+ 13+ 214 =05
Ty + 2109+ 3x3 — x4 = 3
201 — 31y + 223 — 234 = 2
3x1 + 3x9 — 223 + 44 = 5.

Pemum nannyio cucremy merogom [aycca.
[TpoBepuM 1paBUILHOCTH BBEJIECHHSI MATPHUIbI

In2:= a//MatrixForm

2 -1 1 2 5
1 2 3 -1 3
Out|2]:= 9 _3 9 _9 9

3 3 -2 4 5

3a1a/IuM KOJMYeCTBO YPAaBHEHU B CUCTEMeE:
In[3]:= n = 4;

Ob6o3HaunMm uepes

In[4:= b=al[[All, n+1]]

Out[4]:= {5, 3,2,5}

cTOJI0eI] CBOOOIHBIX YJIEHOB CUCTEMbI YPDABHEHUIT U BBEJEM MATPHUILY CUCTEMbI, yIaJsisd U3 MaT-
PHUIBI @ TOCTETHUN CTOJIO T

Inf5:= A=al[1;;,1;;n]]

2 -1 1 2
1 2 3 -1
Out[5]:= 9 _3 9 _9
3 3 -2 4

Hepe;: Ka>KJIbIM ITaroM MCKJIIYEHUA HY2KHO IIPOBEPATH, HE ABJIACTCA JIX IJIEMEHT TJIAaBHOM
JuaroHaJin Beglyn_(eﬁ CTPOKH HYJIEBLIM, 9TOOBI He IIOJIYy9YUTDb AeJIeHud Ha HOJIb.

mm[6]:— For[i = 1,i < n—1,i++,

Iffa[fs,4]] == 0,
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alli]] = a[li]] + a[[i + 1]1//N;];
Iffa[[i, i]] # 0,
allé]] = al[i]]/allz,]]//N;
For[j =i+1,j < n,j++,
all5]] = a[ly]] - e[llla(ls, ]l /allé, <]}/ /N; ] );];
Iffa[[n, n]] # 0,
al[n]] = a[[n]l/a[[n,n]]//N;
For[i = n,i > 1,i- -,
For[j=i—-1,j> 1,j--,
allj]] = a[ly]] - e[2]] alls,21)//N;);J; );
z = al[All,n + 1]
E=b— Az
Out[7]:— Pemenne z = {1.,0.,1.,1.} ¢ BekTopom Hesz3ku r = {0.,0.,0.,0.}.

Tak Kak HeBA3Ka paBHA:
In[8]:= Norm[{]
Out[8]:= 0
TO BCe KOMAaH/Ibl, IPUBOIAIINE K PEIIeHNI0, BBeJIeHbI ITPABUIbHO U PellleHne HaiiIeHO BEPHO.

OrBer: 21 =1, 25 =0, z3=1, x4 = 1.

BapuanTsl 3amanmii

2r1 — 19 — 223 = —1, (2$1+x2—3x3:7,
1. ¢ 229 + 23 = 3, 2.4 2x1 + 319+ 23 =1,
\_2:61 — 2w + 213 = —2; \31’1 + 229 + 23 = 6;
(3!E1+$2—3x3=8, (4x1+x2+4x3:—3,
3.4 3w —w3 =17, 4.8 1 + 19 + 223 = —4,
(31 — X2 — a3 = 4; (271 — x9 + 213 = 3;

2.2.2 Mertoa mpocToii nTepalumn
MeTO,ZL HpOCTOﬁ urepanguu IpuMeHdeTrcd Tor/a, Kora pa3sMepHOCTb CUCTEeMbI BeJIMKa.

B sTom ciiydae npumenenue TOYHBIX METOJOB, Halpumep Meroja laycca, mpuBOJUT K 0OJIb-
oMy OObeMy BBIYHC/IeHHH W, KaK CJIe/ICTBHEe, HAKOILIEHUIO BBIYMCIUTETHHOI IOrPEITHOCTH,
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YTO 3a4aCTYIO CYIIECTBEHHO HCKazKaeT pe3yJbTar. VTepamuoHHble MeTO/ bl 00Jiee yCTOWIHBBI
K BBIUHCJIUTEJIBHOU TOTPENTHOCTH, OJHAKO B OTJINUNE OT TOYHBIX METOJOB HE ABJIFIOTCS YHU-
BepcasibHbIMU. OOBIYHO JijIst TOTO, 9TOOBI 3AIlYCTUTH UTEPAIMOHHBIN 1porece, Tpedyercs mpe-
00pa30BaTh CHCTEMY TaK, 9TOOBI UTE€PAIMOHHBIH 1mporece cxoaucsa. OHUM U3 TaKUX METO/I0B
SIBJISIETCSI METO]I, UTePAINH.

Ecnn ng mosnydenus npub/nKeHns PElieHns CUCTEMBI ajredpandeckux ypasaennii ([2.2)
Ha OYepeTHOI UTepalliu UCIIOIb3YeTCsl JUTITH NPeJIblIyTee 3HaUeHne £, TO TAKOU UTeparnOHHbIiI
MEeTOJI HA3BIBACTCS 00HOULA20GbLM.

[Ipusesem cucremy (2.2) HEKOTOPBHIMI PABHOCHILHBIMI IIPEOOPAZOBAHUAMH K CIEAYIONEMY
BU/LY:
r=Br+G. (2.3)

DTO MOXKHO CesiaTh, 3anucas cucremy (2.2) B Bume
r=x—Ax+0b

u 0003Ha4uB Uepe3 B marpuny E — A wim, npeaBapurebHO YMHOKUB ([2.2]) Ha HEKYIO HEOCO-
Oennyo MaTpuily H, mpojenars ToO ke camoe. MOXKHO IIpeIJI0KATD U APYTHe CIOCOOBI Tepexoia

ot cucremsl (2.2) k cucreme ([2.3)).

[ocTponm moceoBaTerbHOCTh BeKTopos {7} o1 o, HaUHHAS € HEKOTOPOTO HAYATHLHOTO
npubmxenns (0, mo dopmye:

g* ) = Bg® 4 G, (2.4)

Ecan k cucreme (2.3)) MBI meperwin ¢ OMOIILIO HEKON MaTpuiibl H 1 9Ta MATPHUIA He 3aBUCHT
OT HOMepa UTepaluii, TO UTEPAIUOHHBII MPOMECC HAZBIBAIOT CMAUUOHAPHBIM.

Buibop maTpunsl H MoxKeT OBITH OCYIIECTBJIEH C HCIOJb30BaHHEM OCOOEHHOCTEeH JTaHHOif
cucrembl. Ecim marpuna A 1moJioKMTeIbHO onpeje/ieHa, To cucrema Axr = b Bcerga mozker
OBITH HpHUBEJIEHA K BHU/Y, B KOTOPOM METO/I I1OC/Ie/I0BATE/IbHBIX TPUOINZKEeHUN Oy/1eT CXOANTh-
csa. B camom feste, BBIAmCInM, Hampumep, nepByo HOpMY p Matpuibl A. Mbl mogydnm, 910
cobcTBeHHbIe 3HAUeHust MaTpuiibl A nexar B unrepsase (0, 1). ITomoxum

rjae F — ejuaudnas Marpuna. Y MHoxkuM cucremy (2.2) na marpuiy H u upeobpasyeMm K BujLy:

2 2 2
r=x——Ax+—-Axz+ —-b= Bz +G.
1 1 [
3nech
B:E—EA,
1
a
G=-b
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Heobxoaumple m JOCTAaTOYHBIE IIPU3HAKMN CXOJAMMOCTH HTEPANNOHHON MOCJeIoBa-
TEJIPHOCTH

1. Iocnenosarensuocts {#*)} cxomurea k pemenmo € cucremsr ypapmenwuii (2.2)), ecm mop-
ma Marpuibl B cucremst (2.4)) yiosiierBopsier ycioButo

1Bl <q<1 (2.5)

pH HEKOTOPOM ¢. IIpu sToM morpertaocTs npubauzkentoro pemernns ¥ omyckaer cie-

JIYIOIILYIO OIEHKY:
q
1§ = 2 < T [l = 2.

2. Tlocaenosarensnocts {3} exomures k pemenuio € cucremnr ypasuennii (2.2)), eciu:

— CcOOCTBEHHBIE 3HAYEHHUS MATPHUIBI B 110 MOJY/II0 MEHbIIIE €INHHIIbI;

— warpuna A cucremsl (2.2) ectb mampuya ¢ dua2oHaNbHbM NPEOOAGIGHUEM:

n

Z |aij| < |CL7;7;|, 1= 1,...,n,

j=1
i

n

Z |CLij| < |ajj|, j: 1,...,n
=1
(]

n

win 2|a;| > Z|az~j|, t=1,...,n.
j=1

[TocTpoenue 4jiena Takoil MOC/1€/10BATEILHOCTH, SIBJISIIONIETOCS TTPUOJIMKEHHBIM 3HAUYEHUEM
BEKTOpa pelleHns JaHHON CHUCTeMBI ¢ 33J]aHHOi TOYHOCTBIO € > () , cocTaBasgeT CYyTh MeTo/a
ATEPAIAIL.

HpI/IBHaKOM OKOHYaHHA UTEPAIUMOHHOI'O IIPOIECCA ABJIACTCA yCJIOBHE
) — 2]

JEal

<eE.

Kpowme perenust cucremMbl, ¢jiejlyeT HAiTU BEKTOP HEBIA3KHU

R = Az* ) —p,

3agaHue
Pemurh cucremy ajirebpandeckux ypaBHEHU, UCHOJIb3Ys METO/I IPOCTOI UTepaIuu:

101’1 +To — T3 = 11
r1+ 1029 — 23 = 10
—T1 + T + 1OZE3 =10
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¢ 3aanHoi TognocThio € = (0, 001.

st Havas1a NpuBeJIeM CUCTeMY aJiredpandecKuX ypaBHEHUN K yJI00HOMY BHJLY JIjIs UT€Pa-
HU:

To = —0.1.%'1 + 01]33 +1
T3 = OlIl - OL’L‘Q + 1.

Buibupaem nadajibHoe npub/nzkenue, Halpumep:

1.1
0 =1
1

— BEKTOpP IPaBO#l 4acCTH.

JIns HAUa a BBeIEeM KOMAaHJIY, MPOBEPSIONIYI0, 9TO COOCTBEHHbIE 3HAUEHUS MAaTPUIILI B
110 MO/LYJIIO MEHBIIEe eUHUILHI.

In[1]:— usll[m_|:=Block[{n = Length[m|}, IfAbs[Eigenvalues[m]] < 1, False,

Print[“YcioBue me Bhmmonnsiercs”]
Ba1a1uM He0OXOIUMYI0 TOYHOCTD MPHOJIUZKEHHOT'O PEIIeHuU .
In[2]:= € = 0.0001;
Bregem marpuny B
Im[3]:—= B = {{0,-0.1,0.1},{-0.1,0,0.1},{0.1,—0.1,0} };
u croJjiber; cBOOOHBIX KO3 duuenTos:
If4:= G ={1.1,1,1};
[IpoBepuM yCI0BHS CXOAMMOCTH UTEPAMOHHOTO MPOIECca /sl 33/ JaHHON MaTpuIel B:

In[5]:= usl1[B]

Out[5]:= CobcTBeHHBIE 3HAYEHUS MEHbIIe 1

In[6]:= NOI‘III[B] <1

Out|6]:= True

Tak kak coOCTBeHHbIE 3HAYECHUS MATPHUIIBI B 110 MOJLYJ/II0 MEHbIIIE eJIUHUIIBI, a TAaKZKe HOPMa,
MaTpHUIbl B MeHbIlle eIMHATIB, TO UTePAUOHHBINA TPOIECC CXOMUTCS.
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Jlamee caenaem HeoOXoauMble mpeoOpa3oBanusd, caenaB 3ameny A = F — B, b = G, e
MaTpuna F — eluHUYHAS MATPHIIA.

In[7]:= A = IdentityMatrix[3] — B;
b= G;

3aTem 3amyckaeM WTepAIMOHHLIN mpornecce mo dbopmyaam (2.4), a Takyke BHIBOIUM BEKTOD
HEBA3KU U HEBA3KY:

[8]:= Tpy1 = G;

Do [z, = Zpy1; Tny1 = Bz, + G;
Norm [z, 41 — Zp, 1]

If Norm [z, 1] < €, Print [“Pemenne x =7,
Zp+1//MatrixForm,
“ momydeno Ha ”,1,“ mare”|; Break[]], {7, 1,100}
R = A.Il?n+1 - G
Norm|[R]
1.102
Out|8]:= Pemenne x = 0.9909 | mony4eno Ha 3 mare
1.0111
{-=0.00002, —0.00001, —0.00001}
0.000064433
BapuanTsl 3amanmii
(2, = —0.325 + 0.425 — 1.9, (21 = 0229 — 0.125 + 1.2,
1. < To = —01£L'1 - 01$3 + 05, 2. To = 021‘1 - 041’3 - 18,
\1'3 = 051'1 — 021'2 + 2.2. \.’13‘3 = —021'1 — 06332 —0.1.
(21 = 0.1z5 — 0.823 + 1, (2, = 0.75 + 0.2525 — 0.2513,
3. To = 051‘1 + 031’3 + 10, 4. To = 04— O2ZL‘1 + 0.21‘3,
\1’3 = 0793'1 — 02593'2 + 15. \l’g =—-12+ 0293'1 — 021‘2
(21 = 0.1z9 — 0.12y4,
fr= R A (21 = —0.125 — 0.525 + 0.6,
Tg = —2.3 —0.1z3 + 0.1zy4,
5. 6. 9 = —0.121 — 0.229 — 0.6,
r3=—0.1z Adx 2.
|2 = 1.8 — 0.1, S ' 2
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r1 = —0.329 + 0.123 — 0.224 — 26.8,

z9 = —0.1x dxg —0.1xy — 17.
7.0 ! ° * © 8.{wy=1.3-02z; — 0.1z,
T3 = —02371 + 031‘2 - 011’4 + 729,
r3=1.4—0.22; — 0.225.

24 = —0.127 + 0.32z9 + 0.123 + 50.1.

2.2.3 Merona 3eiinens

Metosn 3eiiesss XapakTepusyercs TemM, 9To npu Berauciaennu (k + 1)-e mpubanzkenns
K pernenuio cucrembl BekTop 21 onpeessiercs 110 coeyomemMy ajgropuTMy: j-si KOMIOHEHTA
sexTopa ¥t ompemessieTcst U3 j-ro ypaBHEHHS CHCTEMbBI, B KOTOPOM HCIOIB3YIOTCS KOMIIO-
HeHTHl BeKTOpa xF) : $§+1, . ,x% , T. €. BEKTOpAa, IOJIyYeHHOT'O Ha IPeJIbIAyIeil nTepanuu

k+1 k+1
1 KOMIIOHEHTBI xg * ), - ,xg_”; ) k+1)

nuii. Beraucienus dienos nociegosaresnbnocru {x*)} npekpamarores kak ToIbKO

BekTOpa , OTIpeJieJIeHHbIe 3 MPeAbaymux j — 1 ypaBHe-

||ac(k+1) o x(k)Hl

JEal

<e,

k1) Gymer pemennem cucrems ([2.2) ¢ TouHOCTDIO €.

Bamumem cucremy (2.2)

a

1171 + a1 + . .. + a1z, = by
a1 1 + a9oTa + ... + aspxy, = b

a3171 + a3Te + ... + Az, T, = b3

An1X1 + QpaXo + ... + Gy, = by,.

3a/1a1uM TPOU3BOIbHBII HAYAJIbHBINA BEKTOP

z© = (xgo), xgo), O

U 3aIlyCTUM HTEPAIMOHHBIH IIporecce Mo hopMyIaM:

( a11$§k+1) + algxgk) + ...+ alnxglk) = b1

amxgk“) + aggasékﬂ) + ...+ aznx%k) = by

ag,l:cgkﬂ) 4 a32x§k+1) + aggxék“) 44 agna:,(f) — by

\ anle““) + angx(zkH) + ...+ amm,(fﬂ) = b,.

DTOT aJITOPUTM, 3alMCAHHBIA B BUJIE

j-1 n
A=l - 3 el kb =12
=1 Cdi i=j+1 7

Ha3BIBAIOT MHOTIA MeTonoM Hekpacosa.
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Heobxoaumbie n gOoCTaTOYHBbIE YCJIOBUS CXOAMMOCTH MeToAa 3eiigesis

1. JIng Toro aTobbl MeTo 3eiienst CXOAMICS ¢ JTI000r0 HaYaabHOrO MpUOINZKEeHNsd, HeoOX0-
JIAMO M JTOCTATOYHO, YTOOLI KOPHU YPABHEHUSI

anpA  aip  ccc o Gy
Aol A Qoo - Qop

detA=| " % =0 (2.6)
anl/\ anQ)\ e ann)\

IO MOJIYJII0 OBLTH MeHbIIe 1.
2. JlocTtaTounble MPU3HAKU CXOTUMOCTH:

— Marpurna A cucteMbl ajaredpandecKux YpaBHEHUH ¢ IUAarOHAJIBHBIM TPE00.Ia IaHIeM:

n

> ail < lag),

j=1,j#i

n

> lagl < lagl,
i=1,ij
nin

n
2|CL“| > Z ‘aij|7 1= ]_, RN (N
=1

— MaTpHulla CHCTEMbL aﬂFe6p&I/I‘{eCKI/IX ypaBHeHI/Iﬁ CUMMETpHUYIHad M IIOJOZKHTEJILHO
onpeaejenHad.

Sameuanmue. 3avacmyro npusedenus Mampuys, ¥ duG2OHANDHOMY npeobaadaruto ydaemcs do-
bumuvca npocmoti nepecmaroskots Yypasrenud ual nepenymepayuet, nepemernnvx. Ecau dommo-
AHCUMD 00€ YaACMU CUCTEMBL AA2E0PAUNECKUT YpasHenul AT = b na MParcnonuposaHHy0 mam-
puyy AT, mo noayuum pasHoCuALHYIO CuCMEMY, MAMPUYA KOMOPOT CUMMEMPUNHA U NOAO-
orcumenvro onpedenena (meopema Kowu-Bune).

3aganue

Pemuth cucremy anrebpandeckux ypaBHEHUIl:

2.7271 + 33132 -+ 31563 = 27,
3.5%1 - 171’2 + 281’3 = ]_7,

Bagaaum marpuiy A cucteMbl U BEKTOP CBOOOMHBIX KO3 dunmenTos b :

1= A = {{2.7,3.3,3.1}, {3.5, —1.7,2.8}, {4.1,5.8, —1.7} };
b={2.7,1.7,0.8};
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JIns Havas1a mpoBepUM BBITIOJTHEHHE HEOOXOIUMOI0 U JIOCTATOYHOTO YCJIOBHS, a UMEHHO Haii-
JeM Kopuu ypasrenus ([2.6]). T 9T7oro BBe1eM KOMaHIy, TPOBEPSIONIYIO, YTO HANJCHHBIE KOPHH
110 MO/LYJIIO MEHbIIIEe e/ IUHUILbI.

In[2]:= provkorni[m_]:=Block[ {I = Solve[
Det[{{m][[1, 1]]A, m[[1, 2]], m[[1, 3]]},{m[[2, 1]]A, m[[2, 2]]\, m[[2, 3]]},
{m[[3, 1A, m[3, 2]]A, m[[3, 3]]A}}] == 0, A},
If[AllTrue[{Abs[l[[1, 1, 2]]], Abs[l[[2, 1, 2]]],Abs[l[[3, 1, 2]]]}, # < 1&],
Print[“Kopuu ypaBHeHus1 no Moy Menbine 17],
Print[“YcnoBue Ha KOpHHU He BhmONHSETCS” |||

Boimosranm IIPOBEPKY H€O6XO,ILI/IMOI"O 1 J0CTAaTOYHOI'O YCJIOBHUAA:

In[3]:= provkorni[A]

Out[3]:= YcaoBue Ha KOPDHH He BBITOTHAETCS

Tak KaK yca0BHe CXOIUMOCTH He BBIMOJHAETCS, a TaKzKe BUIHO, YTO MATPHUIA He SIBIIeTCH
CHMMETPHIHOM’, TO Jajiee IpuBeIeM MATpHUIly A cucTeMbl anrebpandecKux ypaBHEHT
K CHMMETPHYIHOMY BHJY, JOMHOXKHUB 00€ JaCTH CHCTEMbl HA TPAHCIIOHUPOBAHHYIO MATPHILY:

In[4]:= b = Transpose[A].b;

A = Transpose[A].A;

[Tocie Takux npeobpazoBanuii MONPOOYEM CHOBA MPOBEPUTH HEOOXOIUMOE U JOCTATOYHOE
YCJIOBHE CXOJMMOCTH MEeTO/a el 1eIst:

In[5]:— provkorni[A]

Out[5]:= KopHuu ypaBHeHus 110 MOLY/II0 MeHbIIe 1

Tax Kak HEOOXOAMMOE W JOCTATOYHOE YCJIOBHE CXOAMMOCTH MeToaa 3eiIesiss BHIOIHSIEeT-
cst, TiepeiiieM K TPOBepPKe JIOCTATOYHBIX ycjaoBuit. [Ijst 3Toro co3maanm 6JI0K, MPOBEPSIONIIit
MAaTpPHUIly HA JHAaroHAJILHOE Ipeob/IaJaHme ee SJIeMeHTOB, a TaK:Ke Ha CHMMETPHIHOCTD.

In[6]:= provdiagim_ ]:=
Block[{n = Length[m]},
If [MemberQ [Table [Abs[2m/[i, i]]] >
57y Absimli, ], (i, 1, n} ] , False],
Print[“YcoBue He BhmOMHSETCS”],

Print[“Marpuna ¢ npeobiajanueM JUaroHAJIbHBIX 3JeMeHTOB”||]
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In[7]:= provsim[m_|:=
Block[{n = Length[m|},
If[SymmetricMatrixQ[m],
Print[“Marpuna siBisiercss cammerpudnoit”),

Print[“Marpuna se siBiisiercsa cummerpudHoii’]]]
1 BBIIOJIHAM IIPOBEPKY JAHHBIX YCJIOBHIl:

In[8]:— provdiag [A]

Out[8]:= YcJjioBUE HE BBIIOJIHSIETCS

In[9]:— provsim[A]

Out|9]:= Marpuna gaBageTcd CHMMeTPUIHOI

Bgesiem komamn 1y, KoTOpas B Ja/bHeiiieM Oy/1eT IpoBepaTh Ha CHMMETPHIHOCTH MATPHUILY
A, ucnosib3ys BCTpoeHHYI0 byHKIHIO «SymmetricMatrixQ».

B ciydae ecim maTpuma okazkeTcs He CHMMETPUIHOM, TO JIEBYIO U IMIPABYI0 YaCTH UCXOTHON
CUCTeMBI anrebpandeckKux ypaBHEHUN JOMHOXKHUM Ha TPAHCIOHHPOBAHHYIO MATPHILY:

In[10]:= a = If[SymmetricMatrixQ|[a], a, a.Transpose[a]];

b = If[SymmetricMatrixQ[a], b, b.Transpose[a]];

OcTanoch MPOBEPUTH MOJOKUTEIbHYIO ONPEIeJTeHHOCTh MATPUIIBI A. DTO MOXKHO C/IeI1aTh
JIByMsI CIIOCODAMMT:

— MOCMOTPETh Ha yTJIOBbIle MUHOPHI MaTpuilbl A. OHE Bce MOKHBI OBITH > (;

— mocunTarh coOCTBeHHbIe 3HadeHust marpunbl A. Eciam onm Bce Oyayr > 0, T0 marpuna
SIBJISIETCS TTOJIOYKUTEIHLHO OINPeIeIeHHOM.

Cozmaaum 60K, KOTOPBIH OyIeT MpoBepsaTh HA MOJOKUTETHHOCTh COOCTBEHHbIE 3HAUECHHUS
mMaTpuipl A:

In[11]:= provpollm_|:=
Block[{n = Length[m|},If[AllTrue[Eigenvalues[m], # > 0&],
Print[“CobGcrBeHHbIe 3HAYEHHS MONOXKHUTETHHbL |,

Print[“YciioBue He Boinonnsiercs”|]]
U1 BBIMOJIHUM TIPOBEPKY JOCTATOTHOTO YCJIOBUSA CXOJIUMOCTH:
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In[12]:= provpol[A]

Out[12]:= CoOcTBeHHBIE 3HAYEHUS MOJOKUTETHHBI

Tax Kak HEOOXOJMMBbIE M JIOCTATOYHBIE YCJIOBHUSA CXOJIMMOCTH METOJA 3eifjie/isd Ipu pelre-
HUU CHCTEM aJredpamvecKuX ypaBHEHHUI BBIIOJIHSIIOTCS, a UMEHHO KOPHU YpaBHEHHS 1o
MOJLYJII0 MEHbIIIE eIUHUIbI, MaTpuia A MCXOAHON CHCTEMBI SIBJISIETCS CUMMETPHYIHONW U I10J10-
JKHTEJIBHO OlpeJie/ieHHOM (yryioBbie MUHODPBI > 0, J1H0O0 COOCTBEHHBIE 3HAYCHUST MATPUILHI
Bce > (), TO 3amMyCTHM HTEPAIMOHHBIIT TTPOIecC.

Baa1uM He0OXOIUMY0 TOYHOCTD MPHOJIUKEHHOTO PeITeHUs:
In[13]:= € = 0.0001;
N Ha4YaJIbHOE HpI/I6JH/I)KeHI/IeI

In[14]:= x1 = {1, 0, 0};

In[15]:= Do[{x0 = x1, k = Length[A]};
For[j = 1,5 <k, j++,
- -1 A[GNIED _ A[GNIED o
XI[[]]] =1 A[[]]] [[]]] 1[[ ]] Zz_]+1 A[[]]][[?]] 0[[ ]]+

A[[i]][[?]]

N 1-—
orm|x1 — x0, 1] < ¢, Print[“Pemtenue x = 7,

Norm[x0, 1]
x1//MatrixForm,“ nomxy4eno ua ”,n,“ mare”|;

Break[]], {n, 1,100}
R=Ax1-b;

If

Print[“Bekrop meBsizku R = ”, R/ /MatrixForm]|
Norm|R]; Print[“Hessizka = ”, Norm|[R]]|

0.147856
Out[15]:= Pemenune x = 0.191278 | nosiydeno na 24 mare
0.538531
0.000870389
Bekrop nesszku R = —0.000104569

0.
Hesszrka = 0.000876648
OtBer: ;1 = 0.147856, x5 = 0.191278, x3 = 0.538531.

Jlajiee permuM 3Ty 2Ke CHUCTEMY, HO HPEJIBAPUTENIHHO TPUBE/S MATPUILy K JUATOHAJIBHOMY
npeobJIaJlaHuIo ee 371eMeHTOB. [[Jist 3TOro u3 nepBoit CTPOKM BBHIYTEM TPEThIO, U3 BTOPOil CTPOKH
BBIUTEM TPETbIO, a K TpeTbeil mIpubaBUM BTOPYIO:
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27 33 31 2.7 —14 —-25 438 1.9
3.5 —1.7 28 1.7 =|-06 =75 45 | 09
41 58 —=1.7 | 0.8 76 41 1.1 2.5

3aTeM IMOMeHgeM MecTaMU MepBYIO0 U TPEThI0 CTPOKH, Mepeiijisg TaKuM 00pa30oM K MaTpPHUIE
C JIMaroHaJibHbIM 1IPe0bJIa/[AHIeM:

76 41 1.1 2.5
—-06 =75 45 | 09
—14 —-25 438 1.9

Brinonnum Bce mpojenannble Boiine Borauciaennsa B « Wolfram Mathematicay misa Toit ke
CUCTEMBI, HO y2Ke ¢ MaTpHuIeil, IpuBeJeHHON K MaTpHUIe ¢ JUaroHaJIbHBIM Ipeod./1a aHeM.

m[16):— A = {{7.6,4.1,1.1}, {—0.6, —7.5,4.5}, {—1.4, —2.5, 4.8} };
b= {2.5,0.9,1.9};
provkorni[A]
provdiag[A]
provsim|A]
KopHu ypaBHEHUs O MOJLYJIIO MeHbIe 1
Marpurna ¢ npeobJajanueM JUATOHATBHBIX 3JEMEHTOB
Marpuna He BJIsIeTCs CUMMETPHYIHOI
€ = 0.0001;
x1 = {1,0,0};
Do[{x0 = x1, k = Length[A]};

For[j =1,5 < k,j++,

j-1 AN

: _ A[GNTED
U = = 2 Zt el >

= AN
b[[5]]
AN

< €, Print[“Pemenne x = 7,

xO[[]]+

Norm|[x1 — x0, 1]
Norm|x0, 1]
x1//MatrixForm,“ noxy4eno na ”,

If

n,“ mare”];

Break([]], {n, 1,100}
R = Ax1 — b,
Print[“BekTop meBsisku R = ”, R//MatrixForm]|
Norm[R};
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Print[“Hessizka = ”, Norm[R)]

0.147776
0.191337
0.538589

0.0000262011
—0.0000387703
0.

Pemrenne x = noJiydeno Ha 10 mare

BekTop HeBa3km R =

Hesaska = 0.0000467935
OtBer: ;1 = 0.147776, x5 = 0.191337, x5 = 0.5385809.

KaK BUIHO U3 IOJIYY€HHOI'O OTBETa, ITOCJIEC IIPpUBEACHUA MaTPUIbl K MaTpule ¢ JuaroHaJib-
HBIM IIPeodJIaIaHueM, pelieHne CUCTeMbl ajiredOpandecKux ypaBHEHU 1MOJIydeHo He Ha 24 miare,
KaK 3TO OBLIO HaiiJeHO JjIsd CUMMETPHIHOW MATPHUIBl O€3 JUaroHaJIbHOrO Ipeod/a aHus dJe-
MeHTOB, a Ha 10 mrare.

BapuanTsl 3amanmii

3.2z — 11.529 + 3.8x3 = 2.8,

1.¢ 0.821 + 1.329 — 6.423 = —6.5, 2.

'41’1 + To + 9[E3 = —7,
31’1 + 81’2 — 71‘3 = —6,

\1’1 + X9 —8%3 =T.

(1021 — 29 + 24 = 0,
1229 + 3 — x4 = —28,
T, — 229 + 1623 = 31,
(229 + 1624 = 29.

3.6.T1 + ].8ZL'2 - 471’3 = 38,
1.5y + 4.5z + 3.3x3 = —1.6.

(10{E1 + 22+ 23 = 12,
2x1 4+ 10z9 + 23 = 13,
(271 + 2my + 1023 = 14.

(3,125 + 2.875 + 1.925 = 0.2,
5.8 1.921 + 3.1wp + 2123 = 2.1, 6.

(1025 + 3023 + 4024 = —50,
1021 4 2025 + 302, = —40,
30x1 4+ 20z — 5024 = 120,
(4021 + 3025 4+ 5023 = 50.

(0.325 — 0.123 + 0.224 = —1,
—0.221 — 0.21z3 + 0.224 = —4,
0.3z1 — 0.129 + 0.324 = 2,
(0.127 — 0.1z — 0.2253 = 0.1.

2.2.4 Meroma cKoOpeiiliero ciycka

JlanubIit MeTo MpUMeHseTCs /I peleHus cucteM BuAA ([2.2]) ¢ mom0KuTeTbHO OnpeieTeH-
HOI CUMMETPUYHON Marpuuei.

MeTO,ZL CKOpeﬁH.[eFO CIIyCKa 4ABJIdeTCdAd nTepaluOHHbIM METO/0M U 3aKJ/II0TaeTCd B IOCTPOCHUUN
MIOCJI€/I0BATEJIbHOCTH BEKTOPORB {:r;(k)}, k=20,1,2,..., e xq — Jir000e HaYaJIbHOE MPUOINKE-
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HEe, CXOJISMIelics K BeKTopy & — pemennio cucrembl (2.2)). [list mocTpoenus Takoil mocsieaoBa-
TeJTbHOCTH PAcCMAaTPUBAETCA BCIIOMOraTeTbHasl (DYHKIIHAA

F(z) = (Az,z) — 2(b, z).

3amava HAXOKIEHUsI PelieHns cucteMsl ((2.2]) mogMensieTcst SKCTpeMaabHOil 3a1a4ueii — 3a-
Javeil OTbICKaHUsT TOYKM MuHEMyMa (GyHKun F(x). 9ta DyHKIUS JBISeTCS KBAIPATHIHON
dyHKIKMei OTHOCUTEJIbHO KOOP/IMHAT BEKTOPA .

['pajueHTHBIH MeTO/, MUHUMU3AIUE STOr0 (DyHKIMOHAJA IPUBOJAUT K UTEPAIMOHHBIM (hop-
MyJIaM OTBICKQHUsI permeHust cucrembl ([2.2)

2+ — 20 L\ RO,

R* —p— Azx® — (’—
b HASID VA (AR®, R’

Bektop R — Bexkrop Hepssku. CilefyeT OTMETHTb, YTO IIOKOODAMHATHAS MUHUMU3AIUS
dbyukuonana F(x) npuBoaut K MeToxy 3eiijess.

3ajgaHnue

Pemuth cucremy anreOpanmdeckux ypaBHEHWUIl:

211 + 70 = 3,
r1 — 2.1'2 =1.

B kadecTBe HavaIbHOrO MpUOJIMKEHHS BRIOEPEM BEKTOPD

15
0 _
’ (—05)'

Bsemem marpuitly cucteMbl U cTOJI6€IT CBOOOTHBIX KO DUIIUEHTOB:

m(1]:— A= {{2,1},{1,-2}}; b= {3.,1};

BagaumM HeoOXOAMMYI0 TOYHOCTD:
In2]:= € = 0.0001;

[Ipexkjie yeM nepeiiTu K HaXOXKJEHUIO TPUOJIMKEHHOIO pelieHusi, HeOOXO0UMO IPOBEPUThH,
YTO MATPUIA CUCTEMbI areOpanvdecKux ypaBHEHUI sBJISeTCS CUMMETPUIHON U MOJIOZKHUTE/THHO
ornpejesennoit. HamomuuM, 910 Marpuna siBJjIsieTcs 1MOJIOKUTEIHLHO OINpeJIeIeHHON|, eCcin Bce
ee cCOOCTBEHHBbIe 3HAUEHUS SBJSIOTCS MOJOXKHUTETbHBIMU JUOO €CJIM MOYKHO BOCIHOJIB30BATHCS
kputepueM CuabBecTpa. [ 3T0ro HE0O6X0IMMO MPOBEPUTH HA MOJOKUTETLHOCTU BCE YIJIOBBIE
MUHOPBI MATPHUIIHT A.

Jlnst Havasa npoBepuM Marpuily A Ha cuMMeTpudHOCTH. B ciydae eciim Marpuna He siBJis-
eTcs CAMMETPUYHOIL, TO JOMHOXKUM 00€ yacTu cucreMbl (2.2]) Ha TPAHCHOHUPOBAHHY IO MATPUILY

AT,
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In[3:= B = If[SymmetricMatrixQ[A], B, Transpose[A].B];
A = If[SymmetricMatrixQ[A], A, Transpose[A].A];

3aTeM BBLIIOJHUM MPOBEPKY, ITO MaTpuina A saBIsgercs MOoJ0KUTETbHO ompeaeaeHnoil. [l
3TOTO MOXKHO BOCTIOJTh30BATHCSA OJHUM W3 KPUTEPHUEB:

In|4]:= B = If[A[[1]][[1]] > 0, B,Transpose[A].B];
A = I[A[[1]][[1]] > 0, A, Transpose[A].A];
B = If[Minors[A][[1]][[1]] > 0, B,Transpose[A].B];
A = If[Minors[A][[1]][[1]] > 0, A,Transpose[A].A];
B = If[Det[A] > 0, B,Transpose[A].B];
A = If[Det[A] > 0, A, Transpose[A]. A];

[Tocste mpoBepku Bcex yC/I0BHII CXOAUMOCTH 3allyCTHM HUTepAUOHHBbIN nponecc. CHavasia

3a/1a/IUM Ha4vaJIbHBIN BEKTOp, C KOTOPOIro0O M Ha4YHEM HaXO02KJAeHue HpI/I6JII/DKeHHOFO penieHunAd
3aJaHHOU CHUCTEMBI:

In[5]:= X = {0,0};
R=B-AX;
While[Total[Abs[R]] > e,
R=B - AX;\=(R.R)/(A.RR)//N;
X =X+ AR;]
Print[“Pemenne cucremsr X = ”,X //MatrixForm)|

Print[“Bekrop meBsizku R = ”, R/ /MatrixForm)]

Pemenue cucrempr X — ( é;l )

BekTtop meBa3km R = (

—8.881784197001252 x 1016 )
0.

OtrBer: 21 = 1.4, 25 =0.2.
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BapuanTsl 3agaumii

(1.4, + 0.429 + 0.525 + 0.624 = 0.7,
0.4x1 + 1.425 4+ 0.325 + 0.4z, = 0.5,
0.5z1 4+ 0.329 + 1.423 + 0.224 = 1.3,
(0.621 + 0.429 + 0.223 + 1.424 = 1.2.

(21 + 0.4225 + 0.5425 + 0.6624 = 0.3,
0.42x1 + x5 + 0.3223 + 0.4424 = 0.5,
0.54z1 + 0.3229 + z3 + 0.2224 = 0.7,
0.6621 + 0.44x5 + 0.2223 + x4 = 0.9.

(0.521 + 1.629 + 0.625 = 2.1,
5. 161’1 + 065[]2 — 21’3 = —08,
\]..6.%'1 — 2372 + 081’3 =T7.8.

2.3 UYwmciaeHHoe MHTerpupoBaHUEe

x|+ 2133'2 = O,

2. 215[)1 =+ 2%2 + 45133 = 4,
4LL’2 + 5.7}3 = 5.
2.1'2 + 2333 = 18,

4. 2.’,171 - 2133 = 227
2[['1 - 2.%‘2 = 0.77.

2.771 -+ 4(132 — 4.%'5 = 21,
6. < 421 + dxy — 8x3 = 0.98,
—4ZE1 — 81’2 + 5(133 = -7.2.

PaccmorpuM 3a/1avy 0 BbIYUC/IEHUE 3HAYeHUs (DYyHKIIUH

F(t):/f(t,x)dw

d—rc

B TOUKaX t; = c+ J7, T =

TOYHOCTH, UCIOJIb3Ysl CTaHAPTHBIE KBAPATypPHbIE (DOPMYJIBI.

(2.8)

METOJIOM YJIBOEHUSI YUCTA TATOB I JIOCTUXKEHUS 33 JaHHON

O6o3uauus uepes g;(x) f(t;, ), MBL T€M CaMBIM CBOJIUM 33/ady B IUKJIE [0 j K BLIYUCIICHUIO
uHTerpasta or GyHKIUH ¢;(2) M0 33IaHHBIM KBaAPATyPHBIM (HbOpMY/IaM.

Bce kBagparypabie (hOpMYIbI UMEIOT BH/I:

b

Ig) = [ gl)in =Y ciglai) = S,(o).

a

Meton yiBoeHns duciaa MaroB COCTOUT B caeayiomeM. [IycTn

b

/g(u)du R Zdlg(ul) = Sh.

a

PazobbeM 0Tpe30K MHTErpupoBaHUs TOYKAMHE U, .

U cocTaBUM cyMMy Spy. Eciu Besmanna

|SQN — SN| <eg,
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.., uy 7 cocTtaBuM cymmy Sy. Yasoum N



TO CHYUTAECTCA, 9YTO 3a/aHHad TOYHOCTL JOCTHUI'HYTa. B IIPOTUBHOM CJly4da€ IIpOoHecC IIPOI0JIZKa~-
eTcCd.

Ob6o3HaunMm uepes

_b—a h

N y i = Q(IZ), gz—f—% = g(l‘l + 5)7 go = g<a)7gN — g(b)

h

Hauanbuoe pazouenne N BoiOupaeTcst Ipou3BOIBLHO, HO IPH UCTIO/Ib30BaHNN (hopmyst Cumicona
HavdagbHOe N 4eTHO.

KBagparypuble hpopMyabl IPAMOYTOJILHUKOB

n—1
h
[R:h.2f<a+§(2i+1)>, i=0,...,n—1.
=0

3agaHue

Boruuciiurs 3navenue pyHkiuu

b
t
F(t) :/Sin +0.001lz | dx, 0 < x <1,
1+ 22

¢ Toanoctrio € = (0.001.
In[1]:— ClearAll[“Global*”]
a3 UM He0OXOIMMYI0 TOYHOCTD BbIYUCICHU
In[2]:= € = 0.001;

Bsesiem dyHKIMIO, KOTOpas CTOUT IO HHTEIPAJIOM:

Im[3]:— f[t_,x_] = Sin [ + 0.001:1:] ;

1+ 22

BasaguM OTPE3KH, B IPEJeIax KOTOPHIX U3MEHSIIOTCS 3HAUEHUsI IePEMEHHBIX
x € [a,b], t €lc,d:

In[4]:= {a,b} = {0.0,1.0}; {c,d} = {0.0,1.0};
[MTar pas6uenus orpeska [a,b] : h = (b— a)/n u orpeska [¢,d]: 7 = (d — c¢)/m:

In[5]:= m = 4;n = 200;
d— —
,e c; h— b a;
m n
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3amycTuM BBIYUCIEHUS C UCIIOIb30BaHIEeM KBAIPaTyPHBIX (DOPMYJI IPIMOYTOJIbHUKOB. [1po-
IIECC OCTAHOBUTCSI, KOT/Ia OYAET BBIMOJTHEHO YCIOBHE METOA Y/IBOCHHS ITAroB:

|SQN — SN| < €.

Ha kakmom 1rare 3madenue ompeeieHHOTO HHTerpaJja CPABHUBAETCS CO 3HAUEHHEM, KOTOPOe
HOJIy4eHO 1pu nomoiiu Berpoennoit pyukiuu «NIntegrates.

In[6]:= tgp = 0;
For [j =0, j<=m, j++,t; = ¢+ jT;
CellPrint[“NIntegrate”);
CellPrint [NInteg‘rate [Sin [ t + 0.001:1:] {z,a, b}“ ;

1+ 22

ir = hSum [f [tj,a + g(2k + l)] ,{k,0,n — 1}] ; CellPrint [ig] ;
If[Abs thum [f [t,-, a+ g(2k + 1)] ,{k,0,2n — 1}] -

ssun [ [+ bt )] G0 1] < ]

Out|6]:= NIntegrate
0.0005
0.0005
NIntegrate
0.195427
0.195427
NIntegrate
0.381934
0.381934

KBagparypuble dopMyabl Tpamnenuii
n—1
a b
IT:h<w+2f(a+ih)> ,t=1,...,n—1.
Pemmm 1y ke camyro 3amady, HO UCHOJIB3Ys KBaIpaTypHble (DOPMYJIBI TPATIETHii.

In[7):= 2p = 0;
For[j =0, j<=m, j++,t; = c+ jT;
CellPrint[“NIntegrate”];
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. ; t;
CellPrint |NIntegrate [Sln [ 1 _}_] p + 0.0le] ,{z,a, b}“ ;

ir=h (f[tj’a];-f[tj’b] + Sum [f [t;,a + kh], {k,1,n — 1}]) ;

CellPrint [ir];

If[Abs [h 11t a] ;rf[tf’b] +Sum|[f [t;,a+ kh], {k, 1, 2n — 1}]) _
h(f[tf’“];rf[t"’b] +Sum [f [t;, a + kh] , {k, l,n—l}]) <e] ,
Break]| ;

Out|7]:— Nlntegrate
0.0005
0.0005
NIntegrate
0.195427
0.195427
Nlntegrate
0.381934
0.381933

KBanparypusie dopmyabsl Cumicouna

i=1 =1

IS:% <M+2if(a+(2i—1)h)—i-mz_f(a+2kh)>, N — dgerHo.

In[8):= {¢,d} = {0.0,1.0};

v=4;m =n/2;n = 50;

7= 45 h = e

is = 0;

For [j =0, j<=m, j++,t; = c+ j7;
CellPrint[“NIntegrate”];
CellPrint [NIntegrate [Sin [l—j_-’;; + 0.001:1:] ,{z,a, b}]] ;
ig =

2 (Leaeltlofl 1 oGum £ [t7,a+ (26 — DA, {k, 1,m}] +
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Sum [f [t;,a + 2kh], {k,1,m — 1}]);
CellPrint [is];
If]
Abs|
D (a4 oum [f [t;,a+ (2k — 1A, {k, 1,2m}] +
Sum [f [tja a+ 2kh’] ) {k) 1,2m — 1}]) -
ti,a t;,b]
(2 (Hasipfladly
2Sum [f [tj,a + (2k — 1)h],{k,1,m}] +
Sum [f [t;,a + 2kh], {k,1,m — 1}])) < €], Break]];
Out[8]:= Nlntegrate
0.0005
0.0005
NIntegrate
0.195427
0.195427
Nlntegrate

0.381934
0.381934

BapuanTsl 3amaumii

Beraucounts 3navenne Gpynxnun

b
F(t):/f(t,x)dx

d—c
m

B TOUKax t; = c+j7, T =
[Tonoxuts € = 0.001.

METO/IOM y/IBO€HUs IaTroB JJIsl JOCTUKEeHU s 33JaHHOU TOYHOCTH.

VE+1| .
1. f(z,t) = FExp {m sin 2z.

t
2. f(z,t) = cos (1 + 0.00156) :

12

sin(t + 22 4 0.5)

3. t) = .
f(,1) 2+ cos(x? + 1)
141
4. f(z,t) =In (1 e + 0.00195) .
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B dyukmun Nlntegrate 3a/i0:keHO MHOTO pa3/JUYHBIX AJTOPUTMOB YHCJIEHHOTO WHTEIDU-
poBanus. OOBIYHO NPH €e UCHIOJIb30BAHUU (DYHKIUS caMa BBIOMpPAeT MOIXOISIINN MeTOI, HO
TaKzKe HPUCYTCTBYET BO3MOXKHOCTH BbIOpaTh HEOOXOIUMbIH MeTO/I caMOCTosATeIbHO. [[j1s1 31010
ucroJib3yercst cBoiicrBo « Method».

Taxxke y pyukuuu «NIntegrate» ecrb cBoiicTBa, C HOMOIIBIO KOTOPbIX MOZKHO YIPAaBJISAThH
TOYHOCTHIO BHIYHUC/ICHUII.

«AccuracyGoaly — abcosiorHast morpentHocTh Bbiuucienuit. «PrecisionGoaly — ornocu-
TeJIbHad IMOTPEeHIHOCTD BHIYMCJICHU.

2.4 UYwncaennoe pemenne O/1Y

[Iycts neobxomumo pemuth 3agady Komm st puddepeHnuaabHoro ypaBHeHus: mepBoro
HOPSIKA:
Y (z) = flz,y(x),  y(xo) =10 (2.10)
Ha oTpeske [a, b].

Pazobbem mHTEpBaT TOYKAMU
a=rg<r1<...<xI, =0,

PACIIOJIOKEHHBIMHI C IIATOM
b—a
h = )

n

HucsiennpiM perenneM 3agadun Kommn (2.10) sastercst Tabnuunas byukuus y = (x;,y;), 114
KOTOPOIf H3BECTHA OIeHKa MOrpernHocTu [y; —y(x;)], rje y(r) — aHaIuTHIecKoe pereHne 3a,1a9u
(2.10). Omenka MOTPENTHOCTH TMO3BOJSAET CYIUTh, HACKOIBKO HANWICHHOE UHCICHHOE DEIeHue
V/IOBJIETBODSIeT TPeOOBAHUSM IPAKTUIECKON 3a/1a4N.
LX)
2.4.1 Meron Diinepa
[Tpumensst psig Teitopa dynknun y(x) B ToUKe T;, MOXKHO 3alUCAThH

y(zi1) = y(x; + h) = y(z;) + ' (x)h + ch?,

rae ch? — ocrarounsiit wien B gopme Jlarpamxa. [lepemuniem 310 pasencTso ¢ yuerom ([2.10):

y(wip1) = y(;) + hf (2, y(z:)) + ch®. (2.11)
Ilpu ¢ = 0 u3 (2.11) u wagaapuoro yciosus (2.10) morydnm
y(a1) = y(xo) + hf(wo,y(wo)) + ch® = yo + hf(xo,y0) + ch®. (2.12)
Obo3nauum depes
y1 = yo + hf(zo,yo) (2.13)

1 00'bsIBUM Yy BTOPbIM 3HaU€HUeM Tab/IMIHOM (DYHKIUKU — YKMC/IEHHBIM pelienneM 3a/ia4u Koru,
nepsoe 3uauenue — yo. V3 (2.12)) u (2.13) nosyuaem norpernocts npub/iuzKeHHOTO 3HAYEHUS

Yt
y(x1) — y1 = ch’. (2.14)
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[Ipn ¢ =1 u3 u OJTY YAM
y(@2) = y(z1) + hf (w1, y(21) + eth® = yo + ch® + hf (21,90 + ch®) + e (7).
[Ipumenssa dpopmyny Teitsopa, 3amuriem:
y(x2) = g1 + ch® + hlf (x1,31) + f, (21, y1)ch® + Eh'] + 1 h?
IJTH, TpeHebperas J0CTATOYHO MAJBIMH CaaraeMbIMa ¢ h® i h®, moaydnm

y(zo) = y1 + hf(z1, 1) + ch® + 1h® = y1 + hf (z1,y1) + 2c2h%, (2.15)

c+

rIe cp = . ObozHaunM uepes

Y2 = y1 + hf(x1, 1) (2.16)

U 00'bsIBUM Yo TPETHUM 3HAUEHHEM TADJUYHON (DYHKIUKU — YUC/JAEHHBIM pernienueM 3aja4u Ko-

. V3 (2.15) u (2.16) mosydaem norpemHocTs npub/inKeHHOrO 3HAUYEHUS] ¥ :
y(x2) — Yo = 2c2h°. (2.17)

M Tak gajiee, IpyruMu CJIOBaMU, BCe YUCJICHHbIE pelleHus 3aja4u Komm 0yaeM BbIYUCIATD 110
dopwmy.e:
Yiyr = Yi + hf(zi, i), (2.18)

npu ¢ =0,1,...,n— 1. Ilpu 3Tom rimobaabHas MOrpeITIHOCTb HAEHHOTO YHCJIEHHOTO pelleHnusd

—a

Y(xn) — yn = neyh® = b enh? = (b— a)cyh.

Takum obpasom, meron Ditaepa mMmeeT rI0OAIBHYIO TOTPEINTHOCTD MOPSAKa h W MO3TOMY
HPAKTUIECKH He MpuMeHseTcs. MOKHO yBeINInTh IUCI0 W4IeHOB pgaja Teitopa B paccyzxie-
HHUSX BBIIIE, T€M CAMBIM IIOBBICHTH TOYHOCTH MeTojga. Ho B 3ToM ciaydae BO3HHKHET HEOOXO-
JINMOCTD BBIYUCIATH Tpou3Boanbie dbyukiun f(z,y). Caeayomuii MeTos mo3BoasgeT n3bekaTh
TaKUX TPYJAHOCTEH M UMeeT JOCTATOYHO BBICOKYIO TOYHOCTD.

OrmeruM, 9TO JAHHBI METOJ SBJISAETCH k-IIaroBbIM, €CJIM IPU OLPEeIeJeHHH TPUO/INZKeH-
HOT'O 3HAYEHUS ¥;,1 TPEOYIOTCS k MPEAbIAYIIUX 3HAYCHUT Y, Yi 1, -, Yi_ki1- B ITOM CMBICTE
MeTOJ Ditjepa SIBJIAeTCA OJIHOMIArOBBIM METO/IOM, U3 (DOPMYJIbI BHU/IHO, UTO JIJIS OIpe/ie-
JIeHus MPUOTNKEHHOTO 3HAYEHUS ¥;11 TpeOyeTcs OTHO MpeablayInee 3HaUYeHue.

SagaHue
Pemuts cucremy muddepeHnua bHbIX ypaBHEHMI

T =xy —4,
y=(z—4)(y— ).

METOI0M Jiijiepa.

Bagaaum cucremy auddepeHnuaIbHbIX ypaBHeHW T, 0TPE30K, HAYaJIbHbIe YC/JIOBUS W IIAr:
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I[ll= flt_,x_,y_]:=zy — 4;
glt_,x_,y_]:==(z — 4)(y — z);
{a,b} = {0, 100};
{t0,x0,y0} = {0.0, —2.1, —2.1};
h=0.02;

Bynem 3amuceiBaTh B 2ylst Bce 3HaUEHUS KOOPJAUHAT I, Y, BBIYUCJICHHBIX METOIOM Diljiepa.
B camoe HagaJsio 3TOTO crimcka J00aBUM HadabHBIE KOODIMHATHI:

In[2]:= {t, T, y} = {tO,XO, YO};
xylst = List[{x0, y0}];
m = Floor[(b — a)/h];

BamycTuM MeTo/1 Diljiepa U 110 BbIYUCJIEHHBIM 3HAYEHUSIM TOCTPOUM (Pa30BYI0 TPACKTOPUIO
CUCTEMbI C 3a/JJaHHBIMUA HAYaJIbHBIMU YCJIOBUSIMU:

In[3]:— Forlk =1,k < m,k++,{t,z,y} =
{t+ h,z+ hf[t,z,y],y + hyg[t,z,y]};
xylst = Append|xylst, {z, y}]];
Ist1 = {AbsoluteThickness[3], RGBColor|0, 1, 0]};
grl = ListPlot[xylst, Frame — True];

Show|gr1, PlotLabel — “®a3oBas TpaekTopus’]

a30Ban TP3eKTopUA
T

L
-2.08

Puc. 2.1. ®a3oBasg TpaeKTOpus CUCTEMbI, IIOCTPOEHHAS C MOMOIIBIO MeTOIa Jiliepa
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2.4.2 Meron Pyure—KyTTta
[IycTh HEOOXOAMMO HCCIeIOBATH MOBEJIEHNEe pelieHnil cucTeMbl auddepeHnnaabHbIX YpaB-
HEHUI B OKPECTHOCTH OCOOBIX TOYEK U CJieJIaTh BBIBOJL O XapakKTepe 0COD0il TOUYKU.

[IycTs 3a1ana cucrema

dx
g_é =Flo.y), (2.19)

a Q(x,y).
HamoMuuM, 910 0060 TOUKOI (¢, Yg) HA3BIBAETCS TaKas TOYKA, B KOTOPOH

P(x()vy())’ Q(x07y0> = 0.

Heobxomumo HaiiT Bce 0COObIe TOYKH CHCTEMbBI, YHCJAEHHO HCCJIeI0BATh IOBEICHHE TpPa-
eKTOPHUil B OKPECTHOCTH OCO0OI TOYKH M C/JeJaTh BBIBOI O TOM, SABJIAETCS JU JaHHAs TOYKA
YCTOWYUBBIM TIOJIOZKEHUEM DABHOBECHS M K KakKoMy Tumy (y3es, ceiio, hOKYC, MEeHTp) OTHO-
cuTcd dTa ocobasi To4YKa. Pesyibrar 4uC/IeHHOIO MCCJIe0BaHUs JIOJI2KEH OBbITh COIVIACOBAH C
BBIBOJAMU, MOJIYIYEHHBIMH aHAJUTHIEeCKUM myTeM. HamoMHnM, 910 aHAJIUTHYIECKOe UCC/IeI0Ba-
HHe IPOBOJIUTCS 10 CJe/yIoleil cxeme.

1. Cucrema JINHEAPU3YETCA B OKPECTHOCTH HCCJIEAYEMOI'O IIOJIO2KEHN A PAaBHOBECH .
9T0 O3Hava€eT, 9TO B CUCTeMe JIeJIaeTCd 3aMeHa
U= —=ZTo, V=YY
n B HOJIy‘IeHHOfI cucremMe OT6paCI)IBaIOTCH BCe€ HeJINHENHbIE YJI€HBI.

2. B nosyuennoit cucreme Buja

du
? = au + bv,
v
— =cu+dv
dt
HAXOJIATCS COOCTBEHHBIE 3HAYCHUS MAaTPHIILI
a b
A=
c d

3. Ecym cobcTBeHHBIE 3HAUEHHS BENECTBEHHbIE, PA3INYHbIE H OJTHOTO 3HaKa, TO 0cobas TOU-
Ka — y3eJI, YCTONYUBLIA WX HEYCTONYUBLI, B 3aBUCUMOCTH OT TOT0, OTPUIATEILHBI WIN
MOJIOXKUTEIbHBI 008 COOCTBEHHBIX 3HadeHus. Kcjm coOCTBEeHHBbIE 3HAYEHUS BeIecTBEH-
HbI U pa3HbIX 3HAKOB, TO ocobast Touka — cemro. OHO Bcerma HeycToitunBo. Ecim ke
cOOCTBEHHBIE 3HAYEHHS YUCTO MHHUMBIE, TO 0cobas TO4YKa Oy/ieT MEeHTPOM, €CJIU CHCTeMa
nuHelHadg. J[1g HeJmHeHON cucTeMbl 9Ta TOYKa MOXKET ObITh KaK IMEeHTPOM, Tak u ¢o-
KycoM. B ciaydae Korma coOCTBeHHBIE 3HAUEHHST PaBHBI, 0C00asd TOUYKA — JIUKPETUIECKHil
y3eJl.

YucjieHHOE UCCIe0BAHNE [TOBEICHUS NHTEIPAJIbHbIX KPUBBIX B (pa3oBoit miaockoctu Oxy
MOKHO HPOBOJUTH MO cJiejaytomieii cxeme. [lycth HaiigeHo nosoxkenne pasaosecus (a,b).
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Wcnonw3ys mpemiokennblit BapuanT MeToma Pynare—KyrTa, HaiileM HECKOTBKO TpubJIH-
JKEHHBIX peIleHnil 3aJJaHHOM CHCTeMBbI, 3amycKasd MeToq Pynre—KyTTa ¢ pa3HbiMu Ha-
YaJIbHBIMU yCJIOBUSIMU. TakK, HApUMepP, MOXKHO YHUCJIEHHO IIPOCUYUTATH TPAEKTOPUIO, 3a-
JIaB HavaJIbHbIE YCJIOBUS

z(0) =a+e¢, y(0) =0,
or 0 0 HEKOTOPOTO t(, 3aTeM MPOJIEJATH TO K€ CaMoe, HO YKe ¢ HAYaJIbHBIX YCJIOBHUIl
z(0) = a — &,y(0) = b, 3aTeM ¢ HAYAIBHBIX YCIOBHI

z(0) = a, y(0) =b+e,

3areM z(0) = a, y(0) = b — ¢ u TaKk najsee. B BapmanTax 3aJaHusd 3aJaeTcs IIar 1o t, a
BEJINYNHA t) U £ BEIOUPAETCS MTPOU3BOIBHO.

Meroast Pyare—KyTra

[IycTh 3amano ypaBHeHme
y = fz,y)
U HavaJbHOE YCJIOBUE
y(xo) = vo-

Tpebyercst HAliTH pellleHe Ha HEKOTOPOM uHTepBaJte (g, b). Pazobbem orpe3ok (xg,b) Ha n
JacTeii ¢ marom h. 3HadeHus B TOUKe T;41 = ¥; + h HaxoadaTcsd no dhopMmyJre:

Yis1 = Ui + ho(z;, yi, h), (2.20)

rie npasas 4dactb B (2.20) aBiasgerca npubiuzkenuem orpeska psiga Teitnopa dbyukuun y(z)
B TOYKE I; JIO P-TO IOPSAKA U HE CONEP:KHUT IPOU3BOIHBIX. PaccMOTpEM Hambosee MpOCThHIC
cJryvamu.

1. Ilpu p = 1 dbopmy.ia npejicrapisier cooboit mero); Pynre—Kyrra nepBoro mnopsijika.
[Ipu sTom mpaBast gacTsb ([2.18]) He comepKUT TPOU3BOAHBIX U MPUOIUKAET OTPE3OK Psijia
Teitstopa dyukum y() B TOUKE 2; 10 TePBO# MPpou3BOAHOI. B 3moM ciryuae meroq Pynre—
KyrTa mepBoro mopska coBmajaer ¢ METOIOM Jiljepa.

2. IIpu p = 2 dopmyansl meroga Pyure—Kyrra Broporo nopsijika uMeoT BU/I:

ky + ko

Yit1 = Yi + 5

rjae
ki = hf(ﬂfi, ?Ji)>

ko = hf(x;+ h,y; + k).

3. IIpu p = 3 nonyvaem meros Pyure—Kyrra Tperbero nopsiika:

ky + 4ko + ks
Yir1 =Y + 6
rie
h k
ki =hf (xi"i_i)yi_"?l)a
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h k1

ks = hf(x; + h,y; — k1 + 2ks).

4. OrMeTnM, 9TO Ha MpaKTHKe OOBIYHO TpuMeHsieTcss MeTon Pyare—KyTTa derBepToro mo-
panka. [To merony Pynre—KyTra derBepTOoro mnopsjaka mpud/IMKeHHbIE 3HAYCHHS HEn3-
BeCTHOW (DYHKIUU ¥; B TOUKAX X; OMPEIESIOTCA MOCeI0BATEIbHO U3 CJEAYIONINX pa-

BEHCTB:
1
ym=yi+6(k51+2k2+2k3+k4),
rie
kl - hf(‘rzv yz)7
h k1
ko =h % a0 Ji )
2 f(x +2?J+2>
h ko
k :h 7 Y1 a )
3 [z +2?/+2)

ky = hf(x;+ h,y; + ks).

JaJjiee niepeiijieM K penieHuio 3aaqu.

3agaHue

[TocTpouTts (has3oBbie TPAEKTOPUHU B OKPECTHOCTH COCTOSTHUN PABHOBECHST CJIeAYIOIIeil cucre-
MbI JuddepeHnuaibHbIX YpaBHeHHI:

T =xy —4,
y=(z -4y — ).
[TepBoe, uT0 HEOOXOAUMO C/le/IaTh, — HANTH COCTOsIHMS paBHOBeCHSs JIAHHOM cucreMbl. [ljis
9TOr0 MpUPABHSIEM TIpaBble YacTh JuddepeHnuaabHbIX YPABHEHUN U PEITUM CUCTEMY:

rzy —4 =0,
(2= 4)(y — ) = 0.
U3 BToporo ypaBHenus HaxomuMm, 9to & = 4 u x = y. Ilogcrapasas 3Tu 3Ha4YeHnus B IEepPBOe
ypaBHeHHe, MoIyIaeM cocToguus pasuosecust: (4,1), (2,2) u (—2,—2).

Jasiee 3a/1a/1uM HaYAIbHBIE YCJIOBHS It (DA30BBIX TPACKTOPUIA:
In[1]:—Points:={{2.,2.}, {-2., —2.},{4.,1.} };
InArea[x_,y_]:=(Abs[z] < 10)&&(Abs[y] < 10);
nP =3; e=0.2;
elx_,y_,e_|:={z+¢y}; 2[x_,y_,e_]:={z —¢,y};
e3x_,y_,e_|={z,y+e}; edx_,y_,e_|:={x,y —€};
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65[X_1 Y., 6_]2f{$ + €, ) + 6}; EG[X_’ Yy, 6_]2f{17 + €, Y- 6};
67[X_a Y., 6_]2:{$ —6Y + 6}; 68[X_, Yy, 6_]::{37 —6Y— 6};
es = {el, €2, €3, €4, €5, €6, €7, €8};

3a1a UM OTPE30K U3MEHEHHs IepeMeHHOil ¢, KOJUIeCTBO ypaBHEHU B cUCTEMe U IIar:

In[2]::{t0, tn} = {0.0, 20.0};

n=2;
h = 0.02;
grS = {};

Bamyctum Meton Pyare—KyTra. 371ech © — MaccuB, B KOTOPOM XPAHATCS TEKYTIIIe 3HATEHIST
pelrenuii, v — MaCCUB JJIsd XpaHeHWd 3HAYEHUH, MOTYIeHHBIX HAa TPEJBIAYINEM Inare, a p —
MaCCHB CO 3HA4YeHMsSIMU IpaBbiX vacreil. B konie BbiBejileM Ha KpaH (a30Bble TPAEKTOPUU
OT/IeJIBHO JIJIST KayKJOTO COCTOSTHUSI PABHOBECHSI, a TaKyKe 0TOOpa3uM Bce (pa30Bble TPAEKTOPUI
Ha OJIHOM rpaduke:

In[3]:— For[pointIndex = 1, pointIndex < nP, pointIndex++,
{a, b} = Points|[pointIndex]|;
grs = {};
For[eIndex = 1, eIndex < Length|[es], eIndex++,
t = t0; w0 = {x0,y0} = es[[eIndex]][a, b, €];
Array|[u, n, 1]; Array[v, n, 1];
Array[p, n, 1]; Array[q, n, 1];
xlst = List[{t0,x0}]; ylst = List[{t0, y0}];
xylst = List[{x0, y0}];
For[i = 1,i < n,i++, u[i] = wO[[]]; v[i] = wl[i]];
folt_,h_,u_]lp_]—
Block[{z = u[l],y = u[2]}, p[1] = h * (zy — 4);
p[2] = h* ((z —4)(y — 2))lym = (tn — t0)/h + 1;
{z,y} = {x0,y0};
For[i = 1, InArea[z, y|&&(i < m),i++,{pl[t, h, u][p];
For[k = 1,k < n, k++, q[k] = p[k];
ulk] = ofk] + p[k)/2 £ = £+ /2
fp[t, b, u][p;
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For(k =1,k < n, k++, q[k] = q[k] + 2p[k];
ulk] = v[k] + p[k]/2];

fo(t, h, ul[p];

For[k =1,k < n, k++, q[k] = q[k] + 2p[k];
ulk] = v[k] + plk]);t =t + h/2;

ft, b, u][p];

For(k =1,k < n, k++, ulk] = v[k] + (q[k] + p[k])/6;
v[k] = ulk]];

{z,y} = {o[1],v[2]};

xlst = Append|[xlst, {¢, 2}];

ylst = Append|ylst, {¢, y}]; xylst = Append[xylst, {z, y}];

Ist10 = {AbsoluteThickness[2], RGBColor|0, 1, 0]};
Ist11 = {AbsoluteThickness[2], AbsoluteDashing[{4, 4}]};
Ist12 = {AbsoluteThickness[2], RGBColor[1, 0, 0]};

tab = Table[Point[xylst[[z]]], {, 1, Length[xylst]}];
grl = Graphics[tab];
grS = Append[grS, grl];
grs = Append|grs, grl];
I;
Print[Show/|grs, Frame — True]|;
];
Show|[grS, Frame — True]
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Puc. 2.2. ®a3oBbie TPAEKTOPUH B OKPECTHOCTH COCTOSIHUS PaBHOBecus (2,2)
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Puc. 2.3. @a3oBble TPaeKTOPUU B OKPECTHOCTH COCTOsIHUSI paBHOBecHsl (—2, —2)
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Puc. 2.4. ®a3oBble TpaeKTOPHU B OKPECTHOCTH COCTOsIHWs paBHOBecust (4, 1)

Puc. 2.5. ®a3oBble TpaeKTOPUU B OKPECTHOCTH COCTOSIHUI paBHOBecust (2,2), (—2,—2), (4,1)

Yr00b1 yOEIUTHCs, YTO BCe HAIEHO BEPHO, MOYKHO BOCIIOJIB30BAThHCS BCTPOEHHO (byHKIIHei
«StreamPlot», KoTopas HapucyeT guarpaMmy IIOTOKOB 33JaHHO# cucTeMbl JudpepeHnua bHbIX
YPaBHEHUIA:

In[4]:=StreamPlot[{zy — 4, (z — 4)(y — z)}, {z, —10, 10}, {y, —10, 10}]
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Puc. 2.6. ®a3zoBble TpaeKTOPUU CUCTEMbI, TOCTPOEHHBIE € MOMOIIBIO BCTPOEHHOW (DYyHKIUU
«StreamPlot»

BapuanTsl 3agaunii

Vcnonb3ysa pa3mianble BapuaHThl MeToga Pynre—KyTTa, nccieoBaTh MoBeeHNE TPAEKTO-
puii B OKpeCTHOCTHU KaxKJI0# 0c000it TouKHu cuctembl auddepeHnalbHbpIX ypapaernii. Ecan ux
OECKOHEIHO MHOI'O, TO B OKPECTHOCTH JBYX JIIOOBIX TOUYEK. AHAJIUTHICCKH 0OOCHOBATH IIOBE e~
HUe peleHuil B OKPECTHOCTH KayKJI0i 0c0o0O0it TOUKH.

Ny =22+ -2 Ny=axy—2.
5 T=a%—y, A T=2r+y?—1,
Ny =2%—(y—2)7> =6z —y*+1.
r=y?—4 t=4—4xr — 2
R S A 6.{" e
y =4y — 8. Y= xy.

. %:1—x2—y2, g :1:c:2+y—x2,
= 2. U =2x(r —vy).
0.J7 T 0. F=le

g =(z—4)(y—x). y = 2uzy.
t=2(x—1)(y —2 r = 21
1. 0% gfﬂ 2)(y ) 12,07 (rvjy) :
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