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— Hem, — omeemuaa Mapeapuma, — 6oaee 8ce20 MEHA NOPAHCAEM,
2de 6ce amo nomewaemca.— Ona noseaa pyxot, NoduepKuca
amum Heobsamuocms 3ana. Kopoeves caadko yrmolioHyica,

0MYE20 MEHU ULEBEADHYAUCH 8 CKAGOKAT Y €20 HOCA.

— Camoe Hecaoocnoe us ecezo! - omeemun on. — Tem, Kmo Topowo

SHAKOM C NAMBM USMEPEHUEM, HUME20 HE CMOUM PA3ISUHYMD
nomeusenue do srcenaemoix npedenos. Crastcy sam bosee,
YBANCAEMAA 20CT02HCA, 00 “ePm 3Haem Kaxur npedesos!

M. Byaeaxos. Macmep u Mapeaapuma

[ToHsITE KOMILJIEKCHOTO YKCJIa BO3HUKJIO M3 TOTPEOHOCTEH BBIUUCICHUN U
ObLJIO CBSI3aHO C OIIpEJIe/IeHHEeM KBaJIpaTHOI'O KOPHs M3 OTPUIATEJILHOIO UHCJIa,
KaK 49ucjia «MHAMOTO». Ilepexoji oT 1moJist JeficTBUTeIbHBIX Yuces K Oojiee 1mim-
pPOKOMY ajrebpanvdecku 3aMKHYTOMY II0JIF0 KOMILJIEKCHBIX THCEJI OKa3aJIiCs €JIiH-
CTBEHHO BO3MOXKHBIM PACITUPEHUEM T0JIs JIeHCTBUTEbHBIX unces. [locrpoenne
Teopun (PYHKIMI KOMILIEKCHOIO IIePEMEHHOIO U Pa3BUTHE METOJI0OB KOMILIEKC-
HOT'O aHaJIN3a JIAJIM MOIIHBIM anmapaTr KakK JJjis UCCIeOBAHUI Pas3JIMIHbIX Pas-
JIeJIOB MaTeMaTUKHU, TaK U PeIleHrs] MHOTHX IIPUKJIATHLIX 337349, MeToIbl KOM-
MJIEKCHOTO aHaJIN3a, OKa3aJuCh BechMa, 3(PMEKTUBHBIMI TTPU BHIYWCIEHNN WHTE-
I'PAJIOB, MOJIyYEHUU aCUMIITOTUYECKUX OLEHOK, UCC/Ie/loBaHumn peliienuit jiudde-
peHIMaJIbHBIX YpaBHEHHI, [IOCTPOCHUU pelleHnii KpaeBbiX 3ajad. OHU oKa3a-
JINCh YJIOOHBIMU JIJIsT ONMCAHUS TIJIOCKUX BEKTOPHBIX TOJIEH, HAIIN TIPUMEHEHIE
B I'UJIPOJINHAMKKE, TEOPUHU JIEKTPOMArHUTHLIX Kosiebanuil. Takyke HaILIU K-
pPOKOE MPUMEHEHUE B TEOPUM DJIEKTPUUYECKUX IIeleil, TeOPUU CUI'HAJIOB, TEOPUN
n300paXkKeHnit u Jip. obJIaCTIX HAYKH W TEeXHUKH.

Hacrosiiiee mocodbue cocrout u3 aByx uacreii. Ilepast qacth cocraBiisieT oc-
HOBY 4MTaEMOI'0 aBTOPOM Kypca «KoMIlieKCHbIH aHau3y U COJIEPKUT OCHOBHbIE
HOHSATHUSA, OIPEJICICHIS U YTBEPXKJICHUSI, COCTABJISIONIANE OCHOBY KOMILIEKCHOI'O
aHaJin3a. Bropast yacTb 11ocobus 1MOCBsIIEHa TPUJIOKEHUSIM KOMIIJIEKCHOI'O aHa-
JI3a K MCCJIeI0BAHMIO PA3/IMYHbIX IPUKJIAJIHBIX 3a/1a4. PaccMoTpeHbl npuioxKe-
HUE KOMILJIEKHOI'O aHaJin3a K KOH(POPMHbBIM OTOOPaXKEHUSIM 1 UCCJIEJIOBAHUIO PAC-
npeJie/IeHns HyJeil TTOJIMHOMOB U KBa3UIIOJMHOMOB; IIPUJIOKEHUE TEOPUN aHAJIN-
TUIeCKUX (DYHKIUI K TTOCTPOEHWIO PEIeHnii KpaeBbixX 3a1ad Juisd ypaBHerust Jla-
1jiaca u GarapMOHMYECKOI'O ypaBHEHUs ; lIpuMeHenue 1peodpasosanus Jlaiiaca
K [IOCTPOEHUIO PEIleHMH JIMHERHBIX OObIKHOBEHHBIX Jud PepeHInaabHbIX YpaB-
HEHUI ¥ ypaBHEHUI C 3a1a3/ibIBAOIIUM apI'yMEHTOM — IIOCTPOEHa MOJIYIPYIIa
JINHEHBIX OIIEPaTOPOB, OIpPEJIesoNnias pelleHus JuHeiHoro guddepennuab-
HOT'O ypPaBHEHUS C 3aMa3/IbIBAIOIIIM apryMEHTOM.

[Ipr Hamucanuu mocobus MCIOJB30BAJUCH 3aMedaTebHble YICOHUKH U MO-
norpaduu [1-6|. TTomorp B Hanucanuu mocobusi TakKe OKa3a/l HE3PUMbII reHui
M.By.Jirakosa.



I'maBa 1.

DJIeMeHTbhI
KOMIIJICKCHOI'O aHaAJIN3a

1.1. ®yHKIUNU KOMIJEKCHOTO II€PEMEHHOIO

1.1.1. IloJsie KOMIJIEKCHBIX YMCeJI

KoMIIeKCHBIM 9muCIoM 2z OyjieM Ha3blBaTh I1apy JACHCTBUTEJNBLHBIX YUCET
(%,y) ¢ ycTaHOBJEHHDBIM HOPSIJIKOM UX CJiejloBatus 1 Ghopmoil 3anucu z = (x,y).

[TepBoe unciio x napwl (X, y) HAZBIBAETCS JIEHCTBUTEIBHON TaCTHIO KOMILIEKC-
HOrO unc/a z 1 obosHadaercst £ = Re z, Bropoe unciio y napbi (x,y) Ha3bIBAETCS
MHMMO# 4aCTbI0 KOMILJIEKCHOI'O YKCja Z U obo3Hadaercs y = Im z.

JlBa KOMILJIEKCHBIX 9ucaa 21 = (T1,Y1) U 22 = (T2, Y2) PABHBI TOTJIA U TOJBKO
TOrJIA, KOTIA L1 = Lo, Y1 = Yo, T. €. KOTJA UX JACHCTBUTEILHLIC ¥ MHUMBIC YACTH
COBLIAJIATOT.

OnpenenuM cieayonmue ajaredpandecKue onepanny HaJl KOMIJICKCHBIMY I1C-
JIAMU.

CyMMO#i JIByX KOMILJIEKCHBIX 4uces 21 = (1,Y1) U 23 = (Z2,Y2) HA30BEM
KOMILJIEKCHOE 9UCI0 Z = (,Y), B KOTOPOM T = X1 + X9,y = Y1 + Y2, 0003HATAS
IIPU 3TOM 2 = 21 + 2. [Ipu TakoM onpejiesieHny BLITOJHUMbBI KOMMYTATUBHBINA 1
aCCOIMATUBHBIN 3aKOHBI CJIOXKEHU, T. €. 21 + 29 = 29 + 21, (21 + 22) + 23 =21+
+ (22 + z3). Yucso z = (0,0) naswiBaercst Hysem u obosnavaercs 0. OueBu/iHO,
yro 2 = z + 0 ju1st 1106010 KOMILIEKCHOro 4ncia z. CylniecrByer eJIMHCTBeHHOe
qHCJI0, 00JIAJIAI0IIee TAKUM CBOMCTBOM.

[TpousBe/ieHreM JIByX KOMILIEKCHBIX Ynces 21 = (x1, Y1) U 29 = (X2, Y2) HAZ0-
BEM KOMILIEKCHOE YuCJI0 2 = (X, Y), B KOTOPOM T = T1Ty — Y1Y2, Y = T1Y2 + Ty .

6



1.1. QyHKIMU KOMILJIEKCHOI'O 11€PEMEHHOI'0 7

[Ipu Takom onpejie/ieHiI BLIIIOJHEHBI KOMMYTATUBHbBIA U aCCOIUATUBHbBINA 3aKO-
HbI YMHOXKEHUS, T. €. 21 - 29 = 29+ 21, (21 22) - 23 = 21 - (29 - 23). Hucso 1 = (1,0)
HasbiBaeTcs epuauieit. QueBuaHO, 9T0 2 = 2z - 1 JiIst JIF0OOr0 KOMILJIEKCHOI'O
ypcia. ducso, obsrajaolnee TaKUM CBORCTBOM, €IMHCTBEHHO.

Kowmrrekcubie uncia Buia z = (x, 0) sBisitores jgeficrBuresbubivu. Kax ciie-
JIyeT U3 OlpeJie/IeHUs oTlepalliii CJI0KEHUsT U YMHOXKEHUST KOMILJIEKCHBIX YUCEI,
JIUT TAKUX YHCEJT COXPAHSIOTCSA U3BECTHBIE TIPABUIA NeUCTBUM HaJT TeHCTBUTETb-
HBIMU dUCIaMu. TakuMm 00pa30M, MHOXKECTBO KOMITJIEKCHBIX UMCEJl MOYKHO Pac-
CMATPUBATH KaK PACIIMPEHUE MHOXKECTBA JIEHCTBUTE/bHBIX YUCEJL.

Kowmmiekcroe ancio suna z = (0, y) nazsBaercs manmbiM. s qucaa (0, 1)
WCIIOJIB3YEeTCsl CUMBOJT 4, U OHO Ha3bIBAETCsl MHUMOU ejunuieit. Jlerko nposepsi-
ercsa, uto i -1 = 1> = (—1,0) = —1. D70 4ncI0 NO3BOJIAET NPUJATH B3AIUCH
KOMILJIEKCHOTO dnciia ajredbpandeckyio dopmy szamucu z = (x,y) = (1,0)x +
+(0,1)y = 1-2+1iy = x+1iy u HPOU3BOUTD OLIEPAIUY CIIOKEHUS U yMHOMKEHUs]

KOMIIJIEKCHBIX YHMCEJI, UCIIOJIb3Yyd IIPpaBUJIa ELJIFe6pr MHOTI'OYJIECHOB.

Omnepartusi, 00paTHasT CJIOKEHIIO, HA3bIBACTCST BBITUTAHNEM KOMILJIEKCHBIX -
cest. Kommiekcroe umnciio z = (x, y) Ha3biBaeTCsi PA3HOCTHIO KOMILIEKCHBIX YHCEJT
21 W 22, €CNIN T = X1 — X2, Y = Y1 — Y2.

Omnepanust, obpaTHas yMHOXKEHNIO, HA3LIBACTCA JICJICHAEM KOMILICKCHDBIX H-
cest. Komrutekcrnoe anciio z = (x,y) Ha3bIBACTCS YACTHBIM KOMILJIGKCHBIX THCEJT
21 = (T1,y1) U 20 = (T2, Y2), €CIU 21 = Z- 29, T. €. ToL — Yol = X1, YoT +ToY = Y1.
Taxum obpa3oM, T 1 Y OIPEJIEIOTCA KaK pelleHne JIMHEHHON ajredpandecKoi
cucrembl ¢ onpejenenueM r3 + y3 # 0. C HeobXoiuMOCThIO nMeeM

2 (wg T Y2 Y12 — y2x1)

Z:
2 2 2 2
Z9 Ty + Y3 5 + Y3

KowMmmiekcnoe daucio Buja 2 = T — 1Y Ha3bIBAETCA KOMJEKCHO CONPSKEHHBIM
qUCIy 2 = T + 1.

MHO)KeCcTBO KOMIJIEKCHBIX YMCEJI C BBEJICHHLIMU OMHAPHBIMU OllePAlUsiMHU,
00JTaTATOTIMME TTePEeUNCIeHHBIMU BBIIIEe CBOMCTBaMU, ABJISIETCS aJareOpandecKoit
CTPYKTYPOIi, nuMenyeMoit 1oJiem. [lojie KOMIIJIEKCHBIX YUCET SIBJISIETCS PACIInpe-
HUEM T0JIs JIeHCTBUTENILHBIX UHCEJT, & TAKXKe HEMPEPBIBHBIM T0JieM (B CMbIC/E
IIOJIHOTHI), T. K. €r0 ONpe/IeJeHNe OCHOBAHO HA MCIOJIb30BAHUM MOJIsT JIefiCTBY-
TeJILHBIX UNCEesT, KOTOPOE SBJISIETCS HEMTPEePBhIBHLIM. B oT/imaue oT moJjis J1eicTBU-
TEJILHBIX YUCEJI, T10JIe KOMIIJIEKCHBIX YMCe/l He SIBJIsieTCs yropsijioueHHbiM. [loJie
KOMIIJIEKCHBIX 9UCeJI PUHTO 0bo3Hadarh OykBoit C.



8 SJieMeHThl KOMIIJICKCHOI'O aHAaJIU38,

1.1.2. KomMmmjiekcHad IIJIOCKOCTh U €e TOIIOJIOrnd

KowmruiekcHoe qucio Bujia 2 = (z,y) yaoObHO 0003HAYATH TOUKOI Ha JIeKap-
ToBO# TIocKocTH xOy. Takyio MJIOCKOCTh, B KOTOPOil Och abciuce 0b03HATaET
JIECTBUTEILHYIO 9aCTh KOMILJIEKCHOTO YNC/Ia, 8 OCh OPJNHAT — MHUMYIO 9aCTh
KOMILJIEKCHOTO UHCJIa, HA3BIBAIOT KOMILIEKCHO# MmtockocThio. [Ipm Takoit reo-
METPHU3AIUY [T0JIs1 yCTAaHABJINBACTCs B3aUMHO-0/THO3HATHOE COOTBETCTBUAE MEXK LY
KOMILJIEKCHBIMK IUCIAMU ¥ TOYKAMHE ILJIOCKOCTH.

JJ1s1 onipejiesiennst MoJIOKEeHNsT TOUKHU Ha IIJIOCKOCTH MHOT/A y/I00HO BOCIIOJb-
30BaThCsl HOJISIPHBIME KOODMHATaMU (0, ), i€ p — NOJISPHBIA Pajuyc, PaBHbI
PACCTOSTHUIO OT TOUYKHU JI0 Hadasa KoopauHat (Touka (), ¢ — HOJSIPHBIN yToJT —
YyTOJI MEX Y 0Chio O W MOJSPHBIM PaJRyCoOM, OTCIUTHLIBAEMbIH B HAITPABICHUN
TPOTUB XOJIa JaCOBON CTPEJIKH.

U3 cBsi3u J1IeKAPTOBBIX U MOJIAPHBIX KOOPUHAT HMEEM

2= (2,y) = (pcos, psinp) = p(cosp + isinp). (1.1)

Dopma 3aMuc KOMILIEKCHOTO ducia 2 B Buje (1.1) Ha3bIBaeTCsT TPUTOHOMETPH-
YECKOI, PU 3TOM p HA3bIBAETCA MOJIYJIEM KOMIIJIEKCHOTO YUCA, (0 — apTyMEHTOM
KOMIIJIEKCHOI'O YUCJIA, JIJIst KOTOPbIX HPUHSATHI 0003HAYEHUS:

y .
p=l2, p=argz tgp =", p=|z = (2% + 22 = (2 7)Y

AprymenT z onpejiesisieTcsi He OJIHO3HAYHO, & C TOYHOCTHIO JI0 CJIAraeMOro Kpart-
Horo 27. Huxke mcrnonb3yercss obo3HavueHue

Arg z =argz 4+ 27k (k=0,%£1,---),0 < argz < 2m. (1.2)
st |z| cripaBeiuBbl Jierko nposepsieMbie, corsacho (1.1), HepaBencrsa:
21+ 22| < z1] + |22]s 21| = |22] < J21 = 22

MuoxecrBo Touek z € C, sexkaiux BHYTPH OKPYKHOCTH PaJInyca € ¢ IeH-
TpoM B Touke 2y (|z — 20| < €), OyjeM Ha3bIBATH E-OKPECTHOCTHIO TOUYKH Zo 1
obozHaIaTh U (2, €).

Kpupoii I nazosem HenpepbiBHOe oToOpazkeHue orpeska |a, b] jeicreuresib-
noit ocu B C. T. e. kpuBas — 970 KOMIIeKcHO3HAUHAA QyHKIW 2 = 2(t) =
= x(t) + iy(t) jeficTBUTESILHOrO EePEMEHHOro ¢, HelpepbiBHAS B KaXK/I0#H TOY-
Ke typ € [a,b] B caemyomemM cmbicie: i 0060oro € > 0 cymecTByeT OKpecT-
HOCTh |t — to] < 0 Touek t € [a,b], aynst koropwix |z(t) — z(ty)| < €. Touka
z(a) HazbiBaeTcs HavaJ0M KpuBoii, Touka z(b) — ee konnom. Eciu orobpaxkenue
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2(t) : [a,b] — C B3auMHO OJIHO3HAUHOE, TO TAKYI) KPUBYIO HPUHITO HA3bIBATH
orcopdanosoti. Kpusyto HazoBem 3amkmyToii, ecian z(a) = z(b). Eciu neiicrsu-
tesibHble byHKIME (1) 1 y(t) ABAsiFOTCst HelpepbiBHO T GepeHnnpyeMbiMu Ha
la,b] u 2'(t)*> + y/(t)> # 0 (B KOHIAX OTPE3KA HEPABEHCTBO MOHUMAETCH JIIsl
OJIHOCTOPOHHUX TIPOM3BOJHBIX ), TO TaKyl KPUBYIO OyjleM Ha3biBAThH TJIAJKOIA.
KpuByio, cocTodInyto u3 KOHEIHOTO YHCJA [VIAJKUX KPUBBLIX, OyIeM HA3bIBATD
KyCOUHO-TJIa Ko, OTMETHM, YTO TaKas KpUBas UMeeT KOHEUHYIO JIJIMHY.

Obaacrbio ) OyneM Ha3bIBaTh MHOXKeCTBO ToueK z € C, obiajaomux ciie-
JYIOIAMA CBOVCTBaAMM:

o st J11000# TOUKM 2y € {2 CyIIECTBYeT £-OKPECTHOCTD U (20, €), IPUHAJIE-
xKarmast (2 (29 — BHyTpeHHsish TouKa §2);

e Jijis1 JIIOOBIX TOYEK 21, 29 € () cymiecrByer jexkaias B {2 kpubasi [ ¢ KoH-
IAMHI B 2] U 23 (CBS3HOCTDH 00JIACTH ).

[TocnenoBarenbrocTbio {2, } O6yaem HasbiBaTh oTobpazkenue B C MHOXKecTBa
HaTypaJbHbIX yncesg n = 1,2, ....

Touky z, € C nHazoBaem npejebHON JijIsi HocaeoBaTebHOCTH {2, }, ec-
JM B JII000# £-OKPECTHOCTH U( 24, £) TOUKU 2, HAIETCS GECKOHETHO MHOTO 3716~
MEHTOB TocieioBarebiocT {2, }. [ocnenoBarensrocts {2, }, nMeroryto eH-
CTBEHHYIO IPEJIEJbHYIO0 TOUKY Zy, OyJIeM Ha3bIBATH CXOJANIEHCS W 0003HAYATH
lim,, o 2, = 2.

Toukn z, € C, e npunajexaiiue obsactu {2, HO sIBJISIOITHECs IIPeIebHbI-
MU JIJIST €€ TOYEK, HA3BhIBAIOTCS TPAHNIHBIMI TOUYKaMi obsractr {2 u 0003HAUAIOT-
ca I'g. Muoxectso I'g U €2 naspiBaerca 3aMbikanneM obJacT () 1 0003HaTaeTCs
Q. Ecim T — CBSI3HOE MHOYKECTBO, TO MHOXKECTBO ) HA3BIBAETCS OJ[HOCBSI3HBIM.
Yucsio ¢Bsi3HbIX KOMIOHEHT [ HA3BhIBAETCs MOPSJIKOM CBA3HOCTH obJacTu ).

[Tox, MHOTOCBSI3HO# 00J1aCTHIO OyjieM OHUMATh 00JIACTH, UMEIOILYI0 KOHEeU-
HBIIl TIOPs1JIOK CBsi3HOCTHU. ['panuily obJiactu OyaeM Ha3bIBaTh KyCOUHO-IVIAIKOI,
€CJIM OHa COCTOUT M3 KOHEUHOTO YUCJIA KYCOUHO-TJIAKNX KPUBBIX.

MuoxkecTBo {2 Oy1eM Ha3bIBATH OIPAHIIEHHBIM, €CJIH CyIIecTByeT Kpyr Kp =
= {z: |z|] < R} rakoii, uro Q C Kp.

[TonoxkurenbubIM HallpaBjieHreM 00x0;1a 00J1acTh 110 rpaHulle OyjieT CUruTaTh-
csl TaKoe, IIPU KOTOPOM O0JIACTh OCTAETCsI CJIeBA.

JIerko TOKa3bIBAIOTCS CJIEIYIONINE YTBEPIKICHUSI.

YrBepxkaenne 1.1. Heobxodumvim u docmamounvim YCao8UEM CTOOUMOCTU
nocaedosamenornocmu {z,} (2, = (Tn, Yn)) AcAACICA CTOIUMOCTID NOCACAOBA-
meavnocmu {x,} u {y,}-.
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Vreepxaenne 1.2. (Kpumeputi Kowu')

Iocaedosamenvrocmo {z,} crodumesa mozda u moavko moeda, Kozda Oan
1106020 £ > 0 mootcno ykazamo maxoe N(€), wmo |2, — znim| < € npun > N(e)
u Ar0bom m > 0.

YrBepxkaenue 1.3. Us scakotl oeparnuuennots nocaedosamenvrocmu {z,}, m.
e. maxot, wmo |z,| < M, 2de M > 0, mootcro 6ubpamo crodsuytocs nodnocie-
d06aAMENLHOCTD.

B HeKOTOpBbIX 3ajladaX KOMILJIEKCHYIO IJIOCKOCTb Y00HO KOMITaKTHMDUITUPO-
BaThb. DTO JlejaeTcs JjlobaBjieHueM OCCKOHEYHOH TOYKM Z2 = 00. B ormuue or
KOHEYHBIX TOUEK, OECKOHEUHas TOUKA HE yIAaCTBYET B areOpaniecKux ornepariy-
AX.

KoMILJIEKCHYTO T1JI0CKOCTb, TOTIOJIHEHHYI0 OECKOHEUHO TOUYKOI, Oy/ieM Ha3bl-
BaTh 3aMKHYTON KOMIIJIEKCHOHN TIJIOCKOCTHIO W 0003HAYATD C.

1.1.3. YucsoBbie pd/ibl

Boipaxkenue Bujia
oo

Z @j <13)
=1
rae CL]' — 3a/JlaHHas TTOCJIEJOBATCJIbHOCTH KOMIIJIEKCHBIX YUCEJI, Ha3bIBACTCA YNC-
JIOBBIM PAJIOM.
Psiyt (1.3) Ha3bIBAETCS CXOANIMMCST, €CIU CXOJUTCS MOCTEI0BATEILHOCTD €ro

n
HaCTHYHBIX CyMM {Sp}, S, = Y a;. llpenen s nociegoaresnsuoctn {s,} Ha3bl-

j=1
o0
BaeTcst cyMMoii psana (1.3). Ilpu sToM psag Y aj HAa3BIBAETC OCTATKOM DsJIA,
j=n+1

ero cyMMa 00O3HAYAETCH Ty, S = Sy + Tp.

CrejcreueM yTBepskaenus: 1.2 spisiercs cieyommit kpurepuit Kommm cxo-
mamoctu psa (1.3).

Pad (1.3) cxodumea moeda u moavko mozda, xo2da daa a106020 € > 0 mooic-

n+m
Ho yrazamv maxol nomep N, wmo npu n > N u mobozo m > 0| > a;| <e.
j=n
! Ko Orrocren JIyn (dp. Augustin Louis Cauchy, 1789-1857) — sesuxuil dppaniy3ckuil MaTeMarux

n MexaHwK. Pa3paboran dyHmaMeHT MaTeMaTHYIecKoro aHajan3a, BHEC ONPOMHBII BKJIAJ B aHan3, ajredpy,
MareMaTuiecKyo ¢bu3nky. OauH 13 OCHOBOOI0KHUKOB MEXAQHUKH CILIOITHBIX cpes. Ero nMst BHECEHO B CICOK
Benmmaaiiimx y4éubx OpaHiimm, KOTOPBIH MOMEIIEH HAa TePBOM ITaxe JiideneBoit barrau.
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Psiyt (1.3) HasbiBaeTcsi aBCOJIOTHO CXOMSIIMCS , €CJHU CXOJMUTCS Pt

o

> lagl: (1.4)

j=1

Ormernm, 4o ¢ psiyiamu Bijia (1.3) MOrYT BbIIOJHSATHCS OLEPAIUN CJIOKEHHs]
¥ YMHOXKEHUs PSJIOB 110 AaHAJIOTHH C PSJIAMHU BEIECTBEHHBIX THCEI.

Cdopmyiupyem kpurepun Hanambepa? u Ko, obecrieunsaromine cxoiu-
MocTh psaja (1.4) u Tem cambim psa (1.3).

Pad (1.4) cxodumca, ecau navunas ¢ nexkomopozo nwomepa N s ecex j >
> N ajpi1/aj] < q < 1. Ecau navwunas ¢ nexomopozo nomepa N das ecex
j >N |aji1/a;| > 1, mo pad (1.4) pacxodumca.

Pad (1.4) cxodumeca, ecau mavunas ¢ uexomopozo N das ecex j >
>N \aj| < q < 1. Ecau navunas ¢ nexkomopozo N 0aa scex j W > 1,
mo pad (1.4) paczodumeca.

1.1.4. Cdepa Pumana

Wnorjga BMeCTO TOYEK KOMILIEKCHOW ILIOCKOCTU WCIOJIB3YIOT WX chepuie-
ckoe uzobpaxkeuue. jisi 3roro BuibepeM B TpPEXMEPHOM €BKJIMJIOBOM [1POCTPAH-
cTBe JiekapToBy cucteMy KoopgauHat O&n(, ocu O, On KOTOPOii COOTBETCTBEHHO
copraaoT ¢ ocsimun Ox n Oy KOMIJIEKCHOW TIJIOCKOCTH, ¥ PACCMOTPUM B 9TOM
npocTpaHcTse chepy S

&4+ =¢ (1.5)

auramerpa 1, Kacamorryiocsd miockoctu Oxy B Touke x = y = (0. D1a cdhepa HOCUT
naspanme cepnl Pumana’. Kaxkoit Touxe 2 = (,9) KOMILICKCHOf MIOCKOCTH
na cdepe Pumana nocrasum rouxky Z = (£, 1, () uepecedenust S ¢ JIydoM, COEJIU-
asromum TouKy z € C ¢ «ceBepubiMy mosiocom cdepsl N = (0,0,1) (cm. puc.
1.1). Takoe coorBeTcTBYE 2 — Z HAa3bIBAETCs CTepeorpadruIecKoil MpoeKIuei.
Ypasuenwue jgyua Nz : € = xt, n = yt, ( = 1 —t nomcrasum B (1.5). B pesynbrare
umeem z2t2 +422 4 (1 — t)* = (1—t). Orciona nonyunm pasecrso (1+|z[*)t = 1

2 NanamGep 2Kan Jlepon (bp. Jean Le Rond D’Alembert, 1717—1783) — cdbpanmy3cKuii MaTeMaTnK, Me-
xaHuk u ¢unocod-mpocseruresb. ChopMymmpoBaa mpaBuia cocTaBieHus AuddepeHTnaIbHbIX YPABHEHTIT
JIBIKEHUST MaTepUATbHBIX cucreM. OOOCHOBAJ TEOPHIO BO3MYIIEHUs Mianer. meer Tpyapl o MareMarude-
CKOMY aHAIU3y, Teopuu AudHepeHnuaabHbIX YPAaBHEHHUN, TEOPUN PSI0B, aaredpe.

3 Puman Teopr ®puapux Beprxapn (mem. Georg Friedrich Bernhard Riemann, 1826-1866) — mememxwmit
MaTeMAaTHK, W3BECTHBII CBOMMHU pabOTaMu MO Teopuu (PYHKIMH KOMILIEKCHOTO TIEPEMEHHOTO M HOBATOPCKUAMHU
TeopusaMu B obmactr anddepeHuaTbHON TeOMeTPHH.
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Puc. 1.1. Chepa Pumana

1 ypaBHEHHSI cTepeorpaduiecKoil mpoeKInn:

T Y Els
5_ _

=  p=— (=T 1.6
(T R R (1.8

-1
3 nocaeuero ypasuenus (1.6) naxomum 1 — ¢ = (1 +|2|°) . Toacrasisis 910
B IepBbIe jiBa paBeHcTBa (1.6), nMeem

:1;‘:L y:L (1.7)

1= (1-=¢)

N3 (1.6) u (1.7) BujaHO, uto crepeorpaduueckast MpoeKiys 2 — Z ycra-
HaBJIMBaeT B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MexKy ToukaMmu mockoctu C
u roukamu S\N. Touke N He coorBercTByeT HU OJHA TOYKa TMI0CKocTH. [To-
CTaBUM B COOTBETCTBHe TOUKe N OECKOHEUHYI0 TOUKY z = 00. TakmMm obpasom,
YCTAHOBJICHO B3aMMHO OIHOZHAYHOE COOTBETCTBIE MesK Ly Toukamn C n S.

OTmeTnM BaXXKHOe CBOUCTBO crepeorpadudeckoit npoeknuu. [Ipu crepeorpa-
dbutecKoil TTPoeKIMM BesAKasg OKPYYKHOCTh B MI0cKocTH C NepexoanT B OKpPyK-
HOCTb Ha S. 3/1eCh OKPY?KHOCTb IIOHUMAETCs B HIMPOKOM CMBbICJIE — B OKPYKHOCTH
BKJIIOYHBI IIPAMbBIC, KAK OKPYKHOCTH OECKOHEIHOTo pajuyca. [leiicrBuresbHO,
obOIIMit BKJI OKPYKHOCTH B IIockocTH Oxy nMmeer BU/JL

A(x* +y*)+ Bz +Cy+ D =0,

rie A, B,C, D — peiicrBurenbuble uncia, A > 0, B>+ C? > 4AD. Ha S, co-
rtacto (1.7) u ¢ yaeroM paBeHCTBa 12)* = ¢/(1 = ¢), Gynem umerns ypasuenne

(A€ + BE+Cn)/(1 = () + D =0,
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BE+Cn+(A—D)C+D =0, (1.8)

[Toryuennoe ypaBHeHHUE ONpeJIEIeT MIOCKOCTh, KOTOpas B TIepeceueHun co cde-
poit S JaerT MCKOMy[0 OKpy»KHOCThH. OOpaTHO, BCsiKasi OKPYKHOCTH Ha cdepe S
eCThb Pe3yJbTaT MepecedeHrs chepbl U MIOCKOCTH, KOTOPYIO JIETKO 3aIlucaTh B
srjie (1.8). dasee Bce oueBnHO.

OrMerum TakaKe, 4To Hpu crepeorpauiecKoil IPOEKIUU COXPAHSIOTCS YIJIb
MEXKJTY TJIAJKUMU KPUBBIMU, UCXOMANUMA U3 OJHONU TOYKH 2y IJIOCKOCTH W Z,
chepbl COOTBETCTBEHHO. DTO HECJIOXKHO JIOKA3BIBAETCS C YIETOM IPEodpa30BaHUit

(1.6) (1.7).

1.1.5. PyHKIUA KOMIIJIEKCHOI IIepeMEHHOIA.
IlorgaTne amamuTudeckoii pyHKITAN

Byjem rosoputh, ato Ha Muoxkectse (2 C C KOMILIEKCHO TIJIOCKOCTH 2 3a-
nana Gynknusg w = f(z), ecau 3aaH 3aKOH, IO KOTOPOMY KaxKJ[0it Touke z € ()
CTaBUTCS B COOTBETCTBHE OINPEJIEICHHAS TOUKA WM COBOKYIMHOCTH TOUEK KOM-
IJIEKCHOH MI0cKOCTH w. MHOXKeCTBO To4eK {2 Ha3blBAeTCsl 0DJACTBLIO OIpeeie-
ausi. MuoxkecrBo G rouek Bujia w = f(z),z € () MIOCKOCTH W HA3BIBACTCS
MHOXKeCTBOM 3Hauenuit dpyuxiun f(z).

[Iycts w = f(2) — ogHO3HAYHAST DYHKIWM B OKPECTHOCTH 2z = 2o. DyHKIHUS
f(2) HaszbiBaercs HENPEpBIBHON B TOUKe 2o, ecyu Jyist Ve > 0,35 > 0, |z — zo| <
<d=|f(z0) — f(2)| <e.

Onnosunaunas Gysakiws w = f(z), orobpaxatotias (2 B G, HA3BIBAETCST OJIHO-
JIUCTHOM, ecJin JIJIst JII00OH 21, 2o € ) u3 yeoBust 21 # zp caenyer f(21) # f(22).

Opnosnaunas dpyukiust f(z), onpejiesieHnast B OKPECTHOCTH TOUKY 2 = To—+
+ 1Yo, HasbiBaeTcst JudHEPEeHIUPYEMORl B TOUKE 2(, €CJIUM CYIIECTBYET IIPEE

lim f(ZO + AZ) — f(ZO) _ f/(z())a (19)

Az—0 Az
KOTODBIil HA3BIBAETCsT TPOM3BOIHON yHKIMK f(2) B TOUKE 2.
BoiBesiem yenosue juddepennupyemocru byukmun  f(z) = u(xr,y) +
+ iv(z,y), (z = x + 1y) B repmunax Gyukuuii u(z,y) u v(z,y). Bocuounsy-
eMcst YCJIOBHEM He3aBUCUMOCTH mpejiera (1.9) or crocoba mpubimKenus K HyJTiO
nepementroit Az = Ax + 1Ay. Ipegnonoxum, aro Az = Ax. Torga nmeem

A — A _
f/(ZO) ~ lim U(ﬂfo—f— l’;yO) U(JanyO)_i_Z. lim U(xo—f— :B,yg) U($O;y0) _

Az—0 Az Az—0 Ax
= Uy (0, Yo) + 10z(x0,yo). (1.10)
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Anajyiornano npu Az = 1Ay umeem

f/(ZO) — lim U($07 Yo + Ay) — U(x(), yo) + lim ’U(SC(), Yo + Ay) — ’U(QjO’ yO) _
Ay—0 sz Ay—0 Ay

= —iuy (0, Yo) + vy(zo,y0). (1.11)

Comocrapmss (1.10) u (1.11), nmeem paBeHcTBA:

Ux(xo,yo) = Uy(x()ay())a uy(x()ay()) = —Uz(iﬁo,yo), (1-12)

KOTOpble HOCsT HazBanue ycjoBuii Komu-Pumana.

[Tokaxkem obparnoe yrBepxienue. [lycrs dynknnu u(x,y) u v(zx,y) ABis-
rorest juddeperiupyeMbiMu B T0UKe (T, Yo) U YJOBJIETBOPSIOT B 9TOU TOUKE
yeaosusiM (1.12). TTokaxkewm, uro dbyukuus f(z) = u(x, y)+iv(zr, y) KOMIIEKCHO-
I'o NepeMEeHHOro 2 = x + 1y siBjsiercst gudepeHnmupyemMoit B Touke 2y = g+ 13-
B okpecrrocTn Touku (¢, Yo) MOKHO 3aMUCATDH

u(xo + Az, yo + Ay) — u(To, Yo) = U (T0, Yo) AT + uy (20, o) Ay + {(Az, Ay),
V(w0 + Az, yo + Ay) — v(z0, Yo) = va(T0, Yo) Az + vy(20, Y0) Ay + n(Az, Ay),

rie
lim  £(Az, Ay)/(Az2+ Ay?)? =0, lim  n(Az, Ay)/(Az? + Ay?)* = 0.
Az, Ay—0 Ax,Ay—0

C yuerom (1.12) umeewm

f(ZoJrAZ)—f(ZO):u(x )M
Az {105 J0 Ax + 1Ay
iNr — Ay &(Az, Ay) +in(Az, Ay)
+ Ux(x()?yO)Ax + ,&Ay + Ax + ZAy -

B . E(Ax, Ay) + in(Azx, Ay) Az —iAy
= ua(T0, Yo) + 1z(To, yo) + (Az? + iAy2)L? : (A22 + iAg?) 12

Yerpemisis Az — 0, momyanm pasenctso f/(zo) = v (xo, yo) + 1v.(xo, yo). OT-
CI0JIa MOYKHO C(HOPMYJIMPOBATH CJIEJLYIOIIee YTBEPXK IeHMe.

Vreepxkaeune 1.4. Qynruyus f(z) = u(z,y) + iv(z,y), (2 = = + iy) Jugp-
depenuupyema 6 mouke zy = xg + 1Yy moz2da u Moavko mozda, kozda 6 2mot

mouke gynxyuu u(x,y) u v(x,y) Judpdepenyupyemv, u ydo6.AeMBOPAIOM YCAO-
suam (1.12).
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Ormerum BaxHOCTH yeioBusi juddepennupyemocrtu dyuxiuilt u(x,y) u
v(x,y) B yrBepKaeHuN 1.4. DTO TOKAKEM HA CJEIYIONIEM IIPUMEpe, MTPUBE/CH-
oM B |1, ¢. 74]. Pacemorpum dyHKImio

6_1/24,z7é 0,
Z) =
1) 0,z =0.

B Touke z = 0 umeewm

Uy + v, = lim e_l/A”“A/Ax = 0,uy +iv, = lim e_l/Ay4/Ay = 0.

1
Az—0 Ay—0

Orcrona B Touke z—(

1. e. ycaosust Komn—Pumana seimostaenst. Onnako dyukiws f(2) we oyaer aud-
depennupyemoit B Touke z—0. [leiicrBuTe/bHO, BHIOPAB CTPEMJIEHHE K TOUYKE
z = 0 BJIOJIb HATIPABJICHUS T = 1/, UMEEM

r=ga+iy = (1 +ix, 2* = —da*, f(z) = e/ o, 1 = .

B paccmorpennoM npumepe dynkuus f(z) He sBIsieTcss OrpaHUYEHHON B
okpectHoCcTH TOUYKM 2z = (), 0jiHAKO yjloBJieTBOpsieT ycjoBusim Komn—Pumana.

Kak ormeueno B |1, c. 75|, mist mHenpepbiBHOi B Touke dbyHKIMU f(z) BbI-
nosiHenue ycjuopuit Komu-Prumana B 9T0it Touke siBsieTcsi HEOOXOAUMbBIM U J10-
CTATOYHBIM yCJOBUEM CYIIECTBOBAHUST KOHETHON MPOMU3BOIHON B 3TON Touke. B
JlajbHeiieM, ropops o JuddepeHnupyeMocT (PyHKIME KOMILJIEKCHOI'O IIepe-
MEHHOTI'O B TOYKe, Oy/ieM ee TIOHUMATh ¢ YIEeTOM 3TOT0 3aMedaHus.

Ormernm Takxe, 110 13 (1.9) ciemyer Boipakenne

Aw = f(z0+ Az) — f(20) = f'(20)Az + 0 (Az2),

rie 0(Az) = o(|Az|) mpn |[Az| — 0. Takum obpazowm, B caryuae muddeperimpy-
emoctu yHKIuu f(z) B TOUKe zg, MaJoe U3MEeHeHHe BeJUInHbl A2z MPUBOIUT K
MaJiomy u3MeHennto dbyHkun f(2) B OKpecTHOCTH 3T0i Touku. Crie0BaTebHo,
nuddepeHiupyemMasi B TOUKe 2o (DYHKIMA sIBJISICTCA B 9TON TOUKE HEIIPEPbIBHOIA.

Opnosnaunyto dyukiuio f(z), quddepennupyemyio B Kax/10it Touke 0bJia-
ctu (), OyJeM Ha3bIBATh aHAJUTHYECKON B obsacTh ) pyHKIHE.

OTmMeTnM HEKOTOPhIe CBONCTBA aHAJIUTHYIECCKUX (DYHKIIW, CJIEIyIOIne n3
OlIpeJIeJIeHUsT AHAJUTHIHOCTH.
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1. Ecin f1(z) u fo(z) ananuruueckue B  DyHKIMU, TO UX CyMMa U [POU3-

BeJICHUE SIBJISTIOTCS aHATUTHIeCKUMI (DyHKIHsIMH, a byukius f1(2)/ f2(z)
aHaJUTHIeCKas BComy, rie fa(z) # 0.

. Ecoim w = f(z) anasuruueckast B obsacru 2 co 3HaueHusiMU B 00J1acTH

G mnockoctu w, ( = (w) anamurudeckas B G yHkusa, To GyHKIUT
¢ = ¢(f(2)) anamuruueckas B ).

. yers w = f(2) ananuruaeckast B obsactu 2 byHKIMSA 1 B ToUKe zg € )

|f'(20)] # 0. Torma B okpectHoctn wy = f(z9) obract G ompemenena,
obparnas yukimst z = g(w) u f'(20) = 1/¢'(wp). deitcrBuresnbho, noka-
xkeM, aro ypasaenust u = u(x,y),v = v(z,y) (f(z) = u(z,y) + iv(z,y))
pasperuMbl OTHOCHTEIbHO U U U B OKPECTHOCTH TOYKH (Ug,Vg), Uy =
= (xg,vp),v90 = v(Tg,Yp). duist 31010 1OCTATOUHO, YTOOBI BBIIOJIHAIOCH
YCJIOBHE TeOpeMbl 0 HesiBHO# (dbyukiuu (cMm. Hampumep |7, 1.1 ¢. 455]):

(ugc(xo, Yo)  uy(To, o)

= U, T, Vy( Ty, — Uyl T, V. (T, —
Ug;(xo,yo) Uy(xo,yo)) x( 0 yU) y( 0 y()) y( 0 yo) x( 0 yo)

= u,” (20, Y0) + v, (0, %0) = | f'(|20])* # 0.

D10 yenosue BoinosiHeno. CreloBaTeIbHO, B OKPECTHOCTH TOUKE (Xq, Yo)
cytmectBytor obpatabie dyuknun © = x(u,v),y = y(u,v),z = glw) =
= x(u,v) 4+ iy(u,v). lpu srom Az/Aw = 1/(Aw/Az). Orciona ciejyer
HEPEPBIBHOCTD ¢’ (2p).

. Ilycrs B onHocBszmoi obactu () 3ajana jeficTBuTe/bHAS 9acTh U(T, YY)

anajurnieckoit pyuxiuu f(z). Torya ee MEUMas 4aCTh MOXKET ObITH Olpe-
JleJIeHa, ¢ TOYHOCTBIO JI0 aJIITUTUBHOI MOCTOsIHHOM. [leficTBuTEeIbHO, Ha OC-
HoBauuu ycjoBuit Komu—-Pumana

dv(z,y) = vz, y)de + vy (z,y)dy = —uy(z,y)dx + uy(x, y)dy.

Orcroza

v(a:,y) - /_uyl(x17y1)dxl + um(a:l)yl)dyl + U(x()ayO)a
0

rJIe Y — MPOU3BOJIbHAS KyCOUHO-TJIaJIKasi KpuBasi, Jiexkaiast B () u coejiu-
Hstforias Touku (o, yo) 1 (z,y) (cm.,manpumep |7, 1.3 c¢. 50]).
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5. Ilycrs f(2) = u(z,y) + v(x,y) — ananurnveckas B obsactu 2 HyHKIMSI.
[lycts u(z,y) = ¢,v(z,y) = ¢ — aunun yposus dyuxiwit u(z,y), v(z,y).

Torna Vu = (ug,uy), Vv = (vy,vy) yJOBIETBOPSIOT COOTHOIIEHUIO
(Vu, Vo) = uyv, + uyvy, = —uzuy + uyu, = 0. Tak Kak rpajueHt op-
TOTOHAJIEH JIMHUW YPOBHsI, TO JIMHUK ypoBHs u(x,y) = ¢ v v(z,y) = ¢

B3aMMHO OPTOI'OHAJIbHDI.

1.1.6. I'eomeTpuyecKuii cCMbICJ IIPON3BOAHOI (hyHKITUN
KOMIIJIEKCHOTO TI€PEMEHHOTO

[Tycrs B obsactu €2 3aana anagntudeckast Gyukiws f(z). Beibepem zy €
1 IPOBEJEM uepes3 2y TJIaJKYI0 KpUBYIO ~y1. B miockoctn w = u + iv obpasom
obactu (2, orobparkaemoit w = f(z), 6yger obsacts G, nipu srom wy = f(z)
¥ KpuBas Y1 Hepeijer B riaJkyio Kpusyio Iy, npoxogsmyio depes wy. Ilycrs
| f'(z0)| # 0. IlpeacraBum pOM3BOHYIO B TPUTOHOMETPUIECKO# (hopme

f'(z0) = lim aw p(cosa+isina) (0 < a < 2m) (1.13)
Az—0 Az
M BBISICHUM T'€OMETPUYECKUI CMbICJ €e MOJIyJisi p U apryMeHTa «. Bbibepem B
(1.13) Az Takum 06pazom, 9Tobbl TOUKa 2o + Az JBUTANACH O KPUBOW ;. [lpu
9TOM TOUKa Wp-+ Aw OyIeT, 09eBUIHO, ABUTATHC 110 KprBoii 1. B coorBercTBn
¢ (1.13) nmeem

— |%
p= lim

= i Aw — i Az =P — 1.14
20 Az"a An O ST (I A8 2 e (1.14)

e ®q, 1 — yIiIbl, KOTOPHIE 00Pa3yloT KacaTe/ibHbIe K KpUBBIM 1 1 ['| B TOUKax
20 M Wq C NOJIOKUTEbHbIMI HatipaBeHusimu oceit Oz u Ou cOOTBETCTBEHHO.

PaccmoTpuwm erie oAy TUIagKyI0 KPUBYIO 7o, TTPOXOISIIYIO Y€pe3 TOUKY 2y 1
ee obpas I's. V1uibl, 0Opa3oBaHHbIE KAaCATEJIbHLIMUA K 9TUM KPUBBIM B TOYKAX 2
1 Wy C MOJIOKUATEJIbHBIMI HanpayieHusmu oceit Ox u Ou , 0003HATUM COOTBET-
crBeHHO Po, 9. U3 (1.14) caepyer, uro a = Py — 9. Orciogia nMeeM paBeHCTBO
Y9 — 1 = Py — Py. Takum 0OpazoM, yroa MeKIy JBYMs TTePEeCEeKaIONUMUCS B
TOYKE 2o TVIAJKUMU KPUBBIMHU PaBeH YIVIy MEXy nX o0pasaMu, Mepecekarorn-
mucst B Touke wy = f(zg). [lpu aTom coxpansieTcsi He TOJBKO BEJUUNHA YTIIOB,
HO W WX HaIPaBJIEHWs. JTO CBOMCTBO OTOOPAYKEHWsST HA3LIBAETCST CBOMCTBOM CO-
XpaHeHus (KOHCEepBATU3Ma) yIJIOB.

Besmaunnr |Az| u |Aw| onpeessitor cOOTBETCTBEHHO PACCTOSTHUST MEXK Ty
TOYKaMU 2o + Az 1 zg n ux obpazamu wy + Aw u wy.
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U3 (1.14) umeem
|Aw| = p|Az] + o(|Az]). (1.15)

[eomerpuueckuii cmbicsi paBercTBa (1.15) coctour B cieyoniem: orobpa-
KEeHUe, OCYIECTBIIseMOoe aHaJnTuIeckoii B obacru ) dyukimeit f(z) n yao-
piierBopstioniee yeiaosuio f'(zg) # 0, npeobpasyer 6ECKOHEUHO MaJible JIMHEHHbIe
paccrosgaus B nogodubIe. IIpu sroMm koad dunmenT mogodust B OKPECTHOCTH TOUKU
2o onpejiesisiercst Besmunnoit | f'(z9)| # 0. Dro cBoicTBO HA3BIBAETCS CBOHCTBOM
[MOCTOAHCTBA PACTAMKCHUNA.

OTobpazkenue OKPECTHOCTH TOYKH Z), OCYIIECTBJISIEMOE aHaJUTHIECKOI
dbyukimeit w = f(z) Ha okpecTHOCTH TOUKYM Wy = f(20) U obyaamNEe B TOUKE
2( CBOHCTBOM COXpaHEHUsI YIJIOB, UX HAIPABJICHUS ¥ HOCTOSHCTBA, PACTSXKEHMUIA,
Ha3bIBAETCsl KOH(POPMHBIM OTOOPAYXKEHUEM.

U3 sroro onpejenenust cienyer, aro f'(zg) # 0. Takum obpasom, cyiecrByer
B OKPECTHOCTH TOUKH wy OOpaTHas (BbyHKIMs 2 = g(w), OCYNECTBISIIONAsT B3a-
MMHO OJIHO3HAYHOE 0TOOparkKeHue OKPECTHOCTH TOYKHU Wy Ha OKPECTHOCTH TOUKH
2o. [IpumenuresbHo K 00/1aCTH OlpejeeHne KOH(POPMHOCTH BbILVISIIIAT CJIE/LYI0-
UM 00Pa30M.

Bzanmuo ojiHo3HATHOE HenpepblBHOE oToOpakerue w = f(z) obmactu (2 Ha
obiactb G Ha3bIBaeTCsi KOM(MDOPMHBIM, €CJIM OHO BO BCEX TOUKax 2 € () obiajiaer
CBOICTBOM COXpaHEHUsl YIJIOB, UX HAIPABJICHUA U [HOCTOSHCTBA PACTIKEHMUIA.

Bzanmuo ojiHo3HATHOE HenpepbiBHOE oTobpaykerue w = f(z) obmactu {2 Ha
obnacth (G Ha3bIBAETCsT KOMGPOPMHBIM OTOOparKEHNEM BTOPOTO POJIa, €CJIU OHO
BO BCeX TOuKax 2z € () obsasaer CBOHCTBOM COXPaHEHUsI YIVIOB U MOCTOAHCTBA,
PACTSIKEHMI, a HAIIPABJICHUE YIJIOB MEHsIeT Ha, MPOTHBOMNOJIOKHOE.

Brisicnum cBoiicTBa dyrkimn f(z), ocyiecrssiioneii KoHMOPMHOE 0TOOpa-
JKEHUE.

Yreepxkaenue 1.5. Qyuxyua f(z) mozda u moavko mozda ocywecmensem
Kongopmmoe omobpasicenue obaacmu 2 6 obaacmv G, kozda f(z) asasemca
0d103HauHOT, 00HOAUCMHOT anasumuyeckol dynrkyuetd ¢ Q u f'(z9) # 0 daa
scex z € ().

<« [Tycrs f(2) ocymecrsisier kondgopmuoe orobpaxenue obactu €2 B 00JacTh
G. U3 onpejienenust KOH(MOPMHOCTU OTOOparKeHHs CIeayeT OJHO3HAUHOCTD 1 O/
rosmcraocTh dyukiwn f(z). Beibepem touky zg € Q. T. k. f(z) coxpansier yr-
JIbI ¥ [IOCTOSHCTBA, PACTSIXKEHUI, TO JiJIsi JIIOOBIX TOYEK 21 M 29, IPUHAJJIEIKAIIIX
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£-0KpecTHOCTH U(2), €) TOUKK Z(, BBILOJHEHbI DABEHCTBA:

|Aw2| _ |Aw1| _
|AZQ‘ ‘A21|

p # 0,arg Awy — arg Awy = arg Azy — arg Az,
ij = w; — Wy, A,Zj =2Zj — 20 (] = 1,2) (116)

[Tepsoe paserncTBo (1.16) BBIMOIHSAETCS ¢ TOYHOCTBIO JI0 BEJUUIHH 60JIee BHICOKOTO
MOPsIIKA MaJIOCTH 110 €. OTciona

A’U}Q Aw1
= arg = Q.

AZQ N AZl N

arg

Taknm o6pa30M, C TOYHOCTDBIO JJO BECJIMYNHDBI 00J1ee BBICOKOTO nopAaaKa MaJio-
CTH IIO &€ UMeeEM
Awg Awl

AZQ AZl
B cuity npousBosibHOCTH 27, 29 € U(Z, €) U PABHOMEPHOCTU BbIIIOJHEHUST Pa-

Bercts (1.16), (1.17)

@ (1.17)

Aw
Jm 23U = ). 170 = 0 0.
Tak Kax 2o HpousBoJibast TouKa obsacru €, 1o f(z) siBJisteTCst AaHAJIUTUIECKON
B obnactu ) pyHKIHMI.
O6bparno. Eciun f(z) ograsuadnas w ojHoscTHas B ) QyHKIMsI, HMEIOTIAsT
|f'(z0)| # 0, To BO Bcex TouKax orobpaykenue w = f(z) sIBISIETCS HEMTPEPBIBHBIM,
B3aMMHO OJIHO3HAYHBIM, COXPAHIET YIJIbl ¥ IOCTOSAHCTBO PACTSKEeHUii. W

1.1.7. IlondTue mHTErpaJJa no KOMILJIEKCHOI IIepeMeHHOI

IIycTb B obacTu {2 KOMILJIEKCHO# IIJIOCKOCTH 2 3aJjaHa HellpepbiBHAs (DYHK-
st f(2), a 7y — KycOqHO-TJIajKast KpUBasi, IPUHAJIJIEXKAIIAsT 9TOi 00/1acTH, 3a-
naBaemast dbynaknueit 2(t) = x(t) + iy(t) (e <t < b) n umeromasg guny L.
Pazobrem KpuByIO ¥ TOYKaMu 2g, 21, -+ , Z, B COOTBETCTBUU C BO3pacTaHuem .
Ob6osnauns Az; = z; — 2j_1, COCTABUM CyMMY

Sy = 21: f(Cj)AZja

rjie (; — HEKOTOpasi TOYKa Ha TACTH JyI'M KPUBOIl Y, PACIIOJOKEHHON MEXLy
TOUKaMu 2; U Zj41. ObosnaunM Az = maxi<j<, |Azjl.
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Ecim npu Az — 0 cymecrByer npejen S,, He 3aBUCSIINANR OT pasOUeHMs
KPUBOIl Y U TOYeK (j, TO 3TOT IpeJies] Ha3blBaeTCd UHTErPaJoM OT (DYyHKIUN

f(2) no kpusoit v u obozHataercs
/f(z)dz (1.18)
vy

C yuerom z =z + iy, Az; = Ax; +iAy;, (G =&+ iy, f(2) = u(z,y) +v(z,y)
BhIpaXKeHue S, peJICTaBuM B BUJIE

= Zu(fjaﬁj)ﬁﬂfj — (&) Ay + i > u(,m) Az + v(&5,n;)Ay;.

j=1

Yerpemstsisi reriepb Az — 0, mosyaum st (1.18) coepytoree BbIpaskeHue:

/f(z)dz = /u(x, y)dr — v(x,y)dy + Z/U(:U, y)dy + v(z,y)dz.  (1.19)

gl

Takum obpasom, 3aj1a1a onpejesenns unrerpada (1.18) cesach K 3ajiaue ornpe-
JIeJIeHUsT JIByX KPUBOJIMHEHHBIX UHTEIPAJIOB BTOPOro poja, Bxosamux B (1.19),
or ¢yuknuit u(x,y) u v(x,y) no KkpuBoi vy B miaockocru (x,y). s ux cyre-
CTBOBAHUs JIOCTATOTHO (CM., HApumep, |7, 7. 3 ¢. 22|), urobbr dhyukIwn u(x,y)
v v(x,y) ObLIM HENPEPHIBHBIMU Ha KPUBO# 7 , & KPUBast 7y — KyCOUHO-IJIA/IKOIA.

13 cBoiicTB KpUBOIMHEHHBIX HHTEIPAJIOB BTOPOIO POJIA CIEAYIOT CIIEAYIONINe
cBoiicTBa uHTErpason uga (1.19):

1. [ f(2)dz = — [ f(2)dz, rne v+ 1 y— — Kpupas 7, IPOXOJAUMAs B TIOJOKH-
TEJILHOM M OTPUIATEHHOM HAIPABJICHUSIX.

2. [af(z)dz=a f f(2)dz, Tne a — TPOU3BOIILHOE KOMILIEKCHOE TUCJIO.
g

3. [f(x)dz+ [ f(2)dz= [ f(z)dz

Y1 t+72

4 [(A(2) + fa(2) dz—ff1 dz+ff2

5. | [ f(2)dz] = [|f(2)|ds, tue ds — nuddepeniman gyru Kpusoit vy, a nHTe-

rpaJi B IpaBoil YacTu HepaBEHCTBA SBISIETCA KPUBOJWHEHHBIM WHTETPAJIOM
1IEPBOIO POJIA.
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6. [f(z)dz = lff(g(ﬁ))g’(ﬁ)dﬁ, rie g(&) anasuruueckas (QyHKIMs 11€pe-
v

MeHHO# &, omnpejiesiennas B OKpeCTHOCTH KpuBoi [' 1 B3amMHO OJTHO3HAY-
HO oToOpaxKaromiasg KpuByio ' ma kpuByio . B dactHom ciydae, Ko-
rja Kpubas y 3ajaercsd riajkoil gynkuueit z(t), a < t < b, umeem

[, f(2)dz = [ f(=()2(t)d.

1.1.8. Teopema Koimnn

U3 oupejiesienust uurerpajia or HenpepbiBHOl (GyHkuuu f(2z) 10 3ajaHHOI
KYCOYHO-IJIQJIKOIl KPHUBOI 7y, COCJUHSIONIEH JIBe TOUKHU Zy U z1 OOJIACTH Olpe-
JleJiennst (PYHKIMK, CJIeJlyeT 3aBUCUMOCTbH 3HAUYEHUsi WHTErpaJjia OT KPUBOW .
Bosznukaer ecrecTBEeHHBIM BOINPOC: B KaKMX CIydasx 3HaUeHHEe HHTerpaja 3a-
BUCHT TOJILKO OT HAYAJHHOW W KOHEYHOH TOYEK, a He 3aBUCHT OT KPUBOH 7
Jlns1 momydeHnss oTBeTa Ha STOT BOIPOC BOCIOJIB3YEMCS CJICAYIONIUM YTBEPXKIe-
HUEM M3 MaTeMaTU4YecKoro aHaJin3a (PyHKIW JefCTBUTEILHOTO TIePEeMEHHOTO,
KOTOpOe 1puBejieM 0e3 JjloKazare/iberBa. JJokazare/ibcTBO MOXKHO 11OCMOTPETD,
wHampumep, B |7, 7. 3 c. 174].

Vreepxkaenue 1.6. (Teopema I'puna®) ITycmo dynxuuu u(z,y), v(z,y) u
UL ACTHBLE NPOU3BOIHDBIE NEPGO20 NOPAIKA HENPEPLIEHDL 6 3AMKHYMOT 02PaAHU-
wennoti obaacmu 6 2 C R? ¢ xycouno-2aadkoti epanueti vy, mozda

/u(:v, y)dx +v(x,y)dy = /(vx(:c, y) — uy(x,y))dedy. (1.20)
2l Q

[Ipennonoxknm, aro dyukims f(z) = u(z,y) + iv(x,y) anaonTudeckas B
OJIHOCBSABHOM 00s1acTu () U UMeeT B KaxkJIOi TOUKe 00JIaCTH HEIPEPBIBHYIO IIPO-
u3BosiHyio. Orcrioga cieayer, aro dyukiun u(x,y) u v(x,y) HenpepbBHLL B )
BMECTE C YaCTHBIMU HPOUBBOAHBIMU HIEPBOIO HMOPSIJIKA U YIOBJIETBOPSIOT YCJIO0-
BusiM (1.12) (ycmosusm Kormm-Pumana).

O60o3HAYNM Yepes 7y BaMKHYTYI0 KyCOUHO-IJIaJIKY IO KPUBYIO (3aMKHYThIiT KOH-
Typ), Jexkarnyto B ) u orpannauBaoryto obnacts G. g unrerpasa

/f(z)dz: /uda:—vdy+i/vdx+udy.
N

v Y

* Tpun Ixxopmx (anrs. George Green, 1793—1841) — anrnmiicKuil MaTeMaTuK, BHECHINI 3HAYATEbHbIIT
BKJIQI BO MHOTHE Pa3esbl MaTeMaTudeckoii dpusuku. [aBubie 3acayru ['puHa 3aKI09aI0TCA B BBEIEHUN TI0O-
TEHIMAIBHBIX (DYHKIINH, BEIBOIE OCHOBHOM TEOPEMBI TEOPUHU TOTEHIINAIBHBIX (DYHKIIUH U B OTKPBITHH 0COOOTO
MeToAa BbIBOAA MU PEPEHITUATBHBIX YPABHEHUH TEOPUH YIPYTOCTH.
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C yuerom (1.12) u (1.20) Oyuem umersb

/uda;‘—vdy = — /(Ux+uy)d:cdy = 0,/vd$+udy = /(ux—lrvy)da:dy = 0.
v G v G

Taxum obpazom,

JECE (1.21)

D10 1103BOJIIET CHOPMYITUPOBATH CJIE/LyIOIIee

Yreepxkaeaue 1.7. (Teopema Kowu) Ilycmv 6 odnoceasnoti obaacmu §2
sadana anarumuyeckan gynkyua f(z), npoussodnas komopot 6 kascdol moyke
nenpepuera. Tozda unmezpas om 2moti Gyruruyuu no 40607 KycowHo-2aa0k0T
3aMEHYMOT Kpusol, aeacawet: 6 0baacmU, PaseH HYalo.

CaenctBue. [lycmov 6 0dnoceasnoti oepanuvennot obaacmu ) ¢ Kycoumno-
20a0k00 2panuyed 3adana anarumuveckas gynxyua f(z), nenpepvishas eme-
cme ¢ f'(2) 6 Q. Toeda unmezpan om smoti dynkyuu no epanuye obaacmu
pasen HYA10.

Vreepxkaenue 1.8. [Tycmo f(z) — anasumuneckas Gynkyus, 6 MHo20C6A3HO
obnacmu ), umerouetds xKycouno-aaadkyro eparnuyy I u oepanuyvennots 3amrmny-
mot kpueot L'y, nenpepwenan emecme ¢ f'(z) 6 Q. Toz0a unmezpan om hyrk-
yuu f(z) no noanoti epanuye T' = To U~y U--- U, pasen nyao.

<« IIposejiem Kycouno-ryiajikue Kpusble pj, coejunsioniue rpauuny I'g ¢ Boy-
PEHHUMM KyCKaMU TpaHHIlbl 7y;. B pesyibrare mojyuusin oJHOCBA3HYIO 00/1acTh
Q ¢ rpanuneit I', cocrostimeit u3 kpuBbix ', ¥1, -+, Yo, P1, - - - Pn. Haxommmcest B
yCIOBUAX yTBepkKaenus 1.7. B coorBeTcTBuU € 3TNM

(1.22)

B (1.22) p}L 1 D; — KPUMBBIC, IIPOXO/IUMbIC B PA3HBIX HAlIPABJICHUAX, 1O9TOMY MH-
TerpaJibl, CTOSAIINE B KPYTJIBIX CKOOKaX B MOCJIE/IHEN CyMMe, paBHBI 110 BEJIMUNHE
W TIPOTHUBOIIOJIOXKHBI 110 3HAKY. DTO JIOKA3BIBAET yTBEPXKICHNE. P

3amMmeuanne K yrBepxkjaenuam 1.7, 1.8. [Ipu 1okazaresbcTBe 3TUX yTBEP-
JKJIEHUH MCTIOJIHb30BAJIOCH TPEJITOJIOKEHNEe HEMPEePHIBHOCTH TEPBBIX MTPOU3BOJI-
HBbIX. DTO HPEJIIOJOKEHNE HE SIBJISIETCS HEOOXOMMbBIM, & ODYCJIOBJICHO JIUIIIb
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METOJIOM JIOKaz3aTe/ibeTBa. Y TBepxKaenns 1.7, 1.8 cupaBe bl Jjist 1000 aHa-
JINTUYIeCKOi B obsactu ) pyHKIMH, T. €. (DYHKIMN, UMEIOIIeil B KaXKJI0ii TOUKe
obsiacTi KOHEYHYTO MPOU3BOJHYIO (CM., Hanpumep, |1, ¢. 149]).

B naspHeiimeM cchlIKM Ha yTBep:Kienus 1.7, 1.8 OyyT mTpOBOAUTLCS € yUe-
TOM 3TOI'O 3aMeUaHUs.

1.1.9. HeonpenejeHHbIT MHTErpaJ

[Tycrs f(2) — ananuruyeckast B 0jHOCBsI3HON obsactu 2 QyHKIMst. 3Hade-

HU€ UHTEerpaJa f f(2)dz, BeramCcIeHHOTO BJIOJH KPUBOIi 7y, mpuHaiexkaieii {2

5
Ha OCHOBaHWU yTBepxKjieHust 1.7 He Oyjer 3aBUCETh OT BUJIA KPUBOM, a JIUITh

OT HAYaJbHON Zy M KOHEYHOW 2z TOYEK. DTO IO3BOJIAET JJjisi JI0ObIX 29,z € ()
OIIPEJIEJINTh BbIparkKeHue

F(z) = / F(Q)dC. (1.23)

rJle 38 KOHTYD MHTErPUPOBAHUSL MOXKET ObITb B3sATa J1100as KpUBas, COCAUHAIO-
1masi TOUKK 29 U 2z u Jjexkamas B §). Oyuxrusa F(z), Takum o0pa3oM, sBIISETCS
osnHo3HavHOil dyukimeidr B obsactu ). IMokaxkem, uro F(z) B Kaxjoil Touke
z € ) aBysgeTcd aHAJUTUICCKOH (DYHKITHUEH.

Yreepxkaenue 1.9. [lycmo gynruyua f(2) onpedesena u nenpepwiena 6 00no-
ceasnoti obaracmu €2, a unmezpan om 3mot Gynryuu no 410007 KycouHo-2.4a0K01
3amMEHYMO Kpueot, npunadsescawet obracmu, pasen nyao. Tozda dymruyus
(1.23), onpedeaseman no f(z), daa awobvx 2y, z € §Q, 2de unmezpuposanue ce-
demca no 210000 KYcouro-24a0K01 Kpusot, coeduHAOUET MoKy 2y U 2, A6AA-
emca anasumuyeckots 6 oonacmu Q gynryued. Hpu omom F'(z) = f(2).

« Oboznaunm z + Az € ) IPOU3BOJBHYIO TOUKY M3 OKPECTHOCTH TOUKH 2 W
PACCMOTPUM BbIPasKeHMUsI:

z+Az z z+Az
e N G FIGT T (L9

(1.24)

[Tocsienee paBeHCTBO CliejlyeT W3 CBOWCTB MHTErPAJIOB U HE3aBUCHMOCTH WHTE-
rpaJia 0T KpUBO HHTErpupoBatusi. Boibepem B 110C/I€/IHEM UHTEI'PAJIE B KAUeCTBe
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KPUBOI MHTErpUPOBAHUs NPAMYIO, COSAMHSIONLYI0 TOUKM 2 n z + Az. Ormerunm,
z+Az
aro B 9rom cayuae [ d¢ = Az. U3 (1.24) u cBOiiCTB HHTErpAIOB NMeeM
z

| < _max [f(¢)=f(2)]

z 2<(<24+Az

B cuiy nenpepoisnocrtu f(z) B rouke z jyist sioboro € > 0 cymecrsyer § > 0
Taxoe, 9o ipu |Az| < 4, | f(z+Az)—f(2)| < €. Orciona F'(z) = lima.—0(F (24
+ Az)— F(2))/Az = f(2). »

DTa TeopeMa II03BOJIsIeT BBECTHU IOHATHE IEPBOOOPA3HON (DYHKIUU KOM-
MJIEKCHOTO TiepeMerHoro. Anamurudeckyto B obactu ) dynkinuo F(z) Oygem
Ha3bIBATH TepBooOpasnoil byukmun f(2), ecmm F'(z) = f(z).

[TonaTHO, 9TO MepBooOpa3Hast OMPENEsAeTcsS ¢ TOYHOCTHIO O TMOCTOSHHOM.
MuoxkecTBo Beex 1nepBoobpastbix GyHkiwu f(2) UPUHATO HA3BIBATH HEOLPE/IE-
JeHHBIM uHTerpasoM Gyukmmn f(2).

YrBepxkaeaune 1.10. /laa anarumuueckoti 6 0dnoceasznot obaacmu £ Phymk-
yuu f(z) umeem mecmo gopmyaa

/ F(O)C = F(z) — F(z),

ede F(z) — nexomopaa nepsoobpasnas dynruyuu f(2).

<« C yuerom mpejicraBienus mepBoobpasuoii F'(z), nMmeem

F(z) = Flao+ [ £Qc [ 70dc = [ Qe [ £(00d¢ = Flea)~F(an),
311ech 2y — MPOM3BOJILHAST TOYKA zo € ). B

1.1.10. Jlorapudmunyieckas PyHKIIIS

PaccMmorpum (hyHKIINTO
z

o= [ 2 (1.25)
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IJle MHTeIPUPOBAHKE [IPOU3BOJIUTCS 110 JIFOOOH KpUBOil, coejiuusitonieil Touky 1 ¢
TOYKON 2 1 He mpoxojsdiiein yepe3 z = 0.
[TospraTerpaibuast (PyHKIMs ABJIAETCH AHAJIUTUICCKON BO BCEl KOMITJIEKCHOT
IJIOCKOCTH, 3a UCKJoUeHueM Touku z = (.
BozbMmeMm 3aMKHYTYIO KYCOUHO-TJIAJIKYIO KPUBYIO (3aMKHyTbH71 KOHTyp) Y "
pacCMOTPUM HHTErpaJl p
z

: (1.26)

v

Ecin Touka z = 0 me upunajje:kut obaactu §) , orpaHMUeHHONR KPHUBOIi v, TO
I = 0. Ecim ke touka z = 0 npunajexur obsactn €2, to I # 0. 3nauenne
MOXKHO BBIUMCJIATD, B3sIB B KauecTse v OKpyxkHocTh Cr pajgnyca R ¢ neHTpom
B HyJe. B srom ciayuae umeeMm z = R(cosp +ising) (0 < ¢ < 27), dz =
= R(—siny + icos p)dp = iR(cos p + isin p)dp, dz/z = idy,

27
d
/—Z :i/dgp = i2r. (1.27)
y4
Cr 0

DTO YmMCs0 BhIpakaeT 3Hadenust uHTerpasta (1.26) Bmoab T060ro 3aMKHYTOTO
KOHTYypa, OKpy»Kalomiero Touky z = 0.

ITycts z mpuHUMaeT JeficTBUTEIbHBIE 3HAUCHUS W KPUBOH WHTErPUPOBAHUS
CJIy2KUT OTPe30K |1, x| meiicrBuresibHOl mpsimMoit. A srom ciaydae umeem f(x) =
= Inz. Ecrecrsenno, yunkiuio f(z) Oyjaem cuurars 1pojosKeHneM (HyHKIUU
In x Ha KOMILJIEKCHYTO MJIOCKOCTD.

Nsyuum coiicTsa 91oii GyHkiun. 3amMernm, 4To 3HadeHune uHrerpasa (1.25)
3aBUCHT OT TOTO, MO KaKOil KPUBO# JBU>KEMCsA OT TOYKH 1 10 Toukm z. Tak,
ecJi KpuBas He JieJaeT HU OJIHOro obopoTa BOKpyT Touku (), TO Takoe 3HaveHne
nHTerpasa obosunadnM (In z),. Ecin xke kpusast jies1aer oun 060poT, TO 3HAUEHHE
TaKOTO MHTErpaJia yBesnanBaercs cornacuo (1.27) ma 2mi, T. K.

1/% 7/%4-7 %z%ri—k(lnz)o: (Inz) (1.28)

(em. puc. 1.2 6). [lepsbiit maTEerpas B paBoil vactu pasercrsa (1.28) coBmaaer
¢ (1.27), Bropoil uHTErpas coBIajaer ¢ nepBbiM ciaydaeM (puc.1.2 a).

Eciin KpuBast ”HTErpupoOBaHus JeaaeT n 000POTOB BOKPYT HYJIs, TO 3HAYCHUE
bynknnn f(z) = (Inz), yBesuduBaercs (yMeHbIaeTcst) Ha 27N M0 CPABHEHHIO
¢ (Inz),.
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L
C

Puc. 1.2.

Takum obpazom, dyukiwms f(z) npuHEMAaET JJisi KayKJI0r0 2 CIeTHOE THCIIO
3HAYEHU T, KOTOPHIE OTJIMYAIOTCS JIPYT OT JIPyTa Ha, BEJMIMHY, KPATHYIO 271.

Eciu z — BermecTBeHHOe IOJIOXKATEILHOE UUCIIO, TO TOABKO ofna u3 (In z),
PUHUMAET BeleCTBeHHble 3Hadenus, a umenno f(z) = (In z),.

Yrobbl paceMoTpeTh onHO3HAUHYIO QyHKIHO (1.25), BoibepeM B KOMILJIEKC-
HOMW TIJIOCKOCTH TakKyio 00J1aCTh, 9TOOBI OBIJIO HEBO3MOXKHO MPOBECTU 3aMKHY-
TYI0 KpuBYI0 BOKpYr Touku z = (. B kauecrse Takoit objacTr BO3bLMEM KOM-
MJIEKCHYIO TIJIOCKOCTH W Pas3peskeM ee BIOJh oTpuiarenbHoii ocu, T. e. z € C;
—m < argz < w. Hua f(z), onpejenennoit B s1oii obsacru corsacuo (1.25),
IPUHSATO UCIIOJIL30BaTh 0003HadYeHus In z. OHa sBJIgeTCs IPOIoJIKEeHuEM (DYHK-
i In z. s Beeit caerno3HavHOi (DyHKIMKM UCIIOJIb3YyeTCs 0DO3HAYEH e

Lnz =Ilz+i2rk (k=0,£1,---). (1.29)

1.1.11. DaemenTapHble (PYHKIINN KOMILJIEKCHOTO
ImepeMeHHOr O
Dynruus
w=2z", (1.30)

rie n — Jaoboe 1eaoe nojaoxkuTeabioe yncao. Oyuxius oxnosnadnas. Beejgem B
MJIOCKOCTSIX Z U W HOJISIPHbIE KOOPMHATHL 2 = p(cos p—+isin ) u w = r(cosy +
+isint). B pesysnbrare moyduM paBeHCTBA:

r=p" P =ne. (1.31)

13 (1.31) Bugno, uro orobpaxenue (1.30) mist 1060 ToukM z # 0 CBOAUTCSA K
110BOPOTY pajmyc-BekTopa |z| na yroa (n — 1) arg z u ero pacrsxennio B ||}
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pa3. IIpu 5roM TOUYKM 21 U 29 C OJMHAKOBBIMHU MOJLYJISIMU, aIlPyMEHTbI KOTOPbIX
OTJINIAIOTCS Ha 1eJIoe KpaTHOe 27 /n, W TOJBKO OHHU, MEPexXOJaT Mph 0ToOpa-
x)enwnn (1.30) B oguy Touky. ITosromy jist Bbljiesienrs: 00JIACTH OJIHOJIMCTHOCTH
dbyuxiyn (1.30) HEOOXOIUMO ¥ JOCTATOUHO, YTOOBI 00JTACTD HE COJIEPXKATA TAKUX
TOYEK, JIJISI KOTOPhIX

21| = |22, arg 21 = arg 2o + 2n/nk (k=0,£1,---).
DTOMY YCJIOBUIO YIOBJIETBOPSET OCJEJI0BATEIBHOCTH CEKTOPOB
2 /nk < @ <27/n(k+1) (k=0,1,---,n—1),

KaK/JIblil 13 KOTOPBLIX 0TOOPAXKaeTcs: Ha BCIO MJIOCKOCTH W,

Ormernm, uro ¢ynkims (1.30) aHaauTrdHa BO BCeil KOMIIEKCHOH TJIOCKO-
ctH, Ipu 3ToM W' = nz" L.

Dynruyus

w =z, (1.32)

rae n — Jjoboe nesoe yncao. dra dyukiuus obparnast K (1.30) u sBssiercs -
sHauHoil. PaccMoTpuM Ji71s1 IpOCTOTHI u3jioxKenus caydail n = 2. Ilpejgcrasus z
1 W B MOJAPHBIX KOOPJMHATAX, ¢ HEOOXOAMMOCTBLIO MOJIyYaeM

1/2 Y2 .o
r=p" Wy =2+ (5 =0,1),
KOTOprM COOTBeTCTBYIOT ﬂBa SHAYEHUSA KOpHﬂ:

wo(z) = pl/Q(cos(g)—i—isin(g)), wi(z) = pl/Q(COS(g—i—ﬂ)—i—i sin<§+7r)). (1.33)

Bribepem Ha MI0CKOCTH 2z 3aMKHYTYIO KPUBYIO 7y 6e3 camornepecedenuii. Ouk-
CUpyeM Ha 9TOil KPUBOH 2y, KOTOPO# COOTBETCTBYET ONPE/ICICHHOE 3HAUCHNE ap-
rymenTa . Onpenernm wy(zo) u wy(2p) u u3yunm uamenenns dbyuknuii wo(z) n
wi(z) npu JBMKEHUH 110 KPUBOii . BO3MOXKHBI [[Ba, Cilydast paciosoKeHnst KPh-
Boit. B mepBom ciydae Touka z = 0 He COJEPKUTCA B OOJTACTH, OrPAHIIEHHON
KpUBO#i 7. B 9TOM cityuae 3HaveHne apryMeHTa TOYKH 2 Mpu 00X0JIe O KPUBOIt 7y
HE U3MEHUTCsE, a 3HauYeHUs QYHKIMI wo(z) u wi(z) ocranyTes epBOHAYAbHbI-
mu. Takum 0Opa3oM, Ha KPUBOI 7y OIpeJesIeHbl JiBe pasaudnbie MyHKun wo(2)
v wi(z). Ecim obsiacts  He cojepkut Touky z = 0, 10 B 06J1aCTH OlPEJIEJIeHbI,
corsacuo (1.33), 1Be ofHO3HATHBIE HEMpEpLIBHBbIE QYHKIMN wo(2) 1 wi(z), KO-
TOPbIE HA3BIBAIOTCS BETBsIMU MHOTO3HAUHON dyrkinu (1.32). Bo Bropom ciyuae
TOUKa 29 = 0 COMEPIKUTCS BHYTPU 00JIACTH, OrpaHuTIeHHOil KpuBoii 7. Torma mpu
00xoJ1e KPUBO# 7y 3HAYEHWE arpyMEeHTa TOYKN z() HE BEPHETCS K MEPBOHATATIBHO-
My, & yBeJMUUTCs Ha 27, T. €. arg 29 = g + 27. Ilpu srom 3uavenus pynkiuit



28 DJieMeHTbl KOMIIJIEKCHOIO aHaJIi3a

wo(z) 1wy (2) cranyTt paBabiMu coriacho (1.33) coorBercrBenno wq(2g) 1 wo(2o),
T. €. wo(zp) mepeiger B wi(zp), 1 HAOOOPOT.

Touka 2y HasbiBaeTCs TOYKOW BeTBJEHWs (pa3BeTBJICHWs) MHOMO3HAYHOM
bYHKIUH, ecjii CyIeCTBYeT Takasi €-OKPECTHOCTb U(Zg, €) TOYKHU, UTO TPH OJI-
HOKPATHOM 00X0/Ie 9TO# TOYKH 110 JI000i 3aMKHYTO# KpuBoit v € u(zp;€) oHa
BETBL MHOTO3HAYHON (PYHKIMH TEPEXOJNT B JIPYTYIO.

B paccMOTpeHHOM npuMepe TOYKAMU BETBJIECHHs SBJIAIOTCA TOUYKU 2 = 0 1
z = 00.

B OKpeCTHOCTH TOYKN BETBJEHNs OTACALHBLIC BETBU MHOTO3HAYHON (DyHKIIUK
Y2Ke HEeJIb3sl PACCMATPUBATDL KaK Pa3InIHbIe OJIHOZHAUHBIC (DYHKIMHU, TIOCKOJIbKY
pu 060XO/IE TAKOH TOYKN BETBU MEHSIOTCA.

ITokasameavras Pynxuyus

w = e’ (1.34)
[TokazareabHyio GYHKIUIO OMPEIeUM CIeLyIONIM COOTHOIEHUEM:
w=¢e" =u(x,y) +iv(z,y) = e“(cosy +isiny), z = x + iy. (1.35)

[Tokaxkewm, aro s (1.35) BeimosHEHB! BCe cBOficTBa dDyHKIHUiT €” JAeficTBUTE b
HOT'O MEPEMEHHOTO.

[Ipu neiicrBurenbunix 2z =  (1.35) coBmagaer ¢ e”.

[Tokakem, uro (1.35) anamurnueckast byukuust B C. eiicrBurensbro, s
z € C oimonnens yesosust (1.12) (Komu—Pumana)

(e"cosy), = (e'siny),, (e cosy), = —(e"siny),

1 IIPOU3BO/IHBIE SIBJISIIOTCSI HEIIPEPHIBHBIMU (DYHKIUSIMHU.
Boraucnus npoussoanyto dyaknuu (1.35) M0 HAIIPABIEHUIO T, HMEEM

z

(€*) = (") (cosy +isiny) = €,

T. €. UMeeM OOBIYHYIO (DOPMYITY JIJIsd TTPOU3BOIHON (DYHKITHH.
[TokaxkeM, 9TO ClipaBeJJINBO PABEHCTBO

et = el . el (1.36)

JUIS JIIOOBIX 21, Z9. [IOJIOXKUB B 21 = 1 + Y1, 29 = T9 + 1Yo, UMEEM

e =e"(cosyr +isinyr) - € (cosys +isinys) =
= """ (cos(y1 + y2) +isin(yr +yo)) = €7
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Ormerum |e*| = €%, 1. e. € Hu JyIst KAKOro apryMeHnTa He o0pallaercst B HyJlb.
[Tonaras x = 0,y = ¢, umeem Qopmyiay Ditnepa’

€'Y = cos ¢ + 1 sin o,

KOTOpPasi MO3BOJISET JI0O0e KOMILIEKCHOE UUCIO Z 3AlUCATh B MOKA3aTEIbHOM
dopme

z = p(cosp + isiny) = pe'?. (1.37)
[Tokazkem, 410 GYHKIWsT € SIBJISIETCST TEPUONYECKO 10 MHUMOMY apryMeHTy ¢

nepuojom 27k, rie k — nestoe unciio. JeficrBUTesbHO, B3IB 2 = T4y 1 110JOXKKUB
z 4 127k, cormacuo (1.36), (1.37) umeem

ez+227rk — e . 6227rk: — e~
BBejieM B IJIOCKOCTH W TOJISIPHBIE KOOPJAMHATH U NPeJCTaBuM w = re'Y . Toria
u3 (1.35) umeem
X
r=eh Y=y
Takum obpazom, orobpakeHue w = e° mpeodbpas3yer IpsiMbie §y = ¥y B JIy4du
Yo = Yo, @ oTpe3kn x = gy, 0 < y < 27 B OKPYKHOCTU p = €0,
[Tokaxkem, qto sorapudmudeckas dbyukius (1.29) saBisgercs obparTHOil K
dbyukunu (1.34). Pacemorpum cnavana dyukimio w = Inz, —7 < argz < I,

T. €. TIOKAXKEM, ITO
e’ = z. (1.38)

Tak kak uucio €] # 0 st s06bix w, 10 2 # 0. [IpejcraBum npousBosibHOE 2
B Bugie (1.37), rie —m < ¢ < 7. [omaras w = u + v, u3 (1.38) nomyaum

e =p,v=p+21k,(k=0,+£1,--+).

Orciona u = Inp. Takum obpaszoM, ecin z = pe'?, —1 < @ < m, TO obIee
perenue ypastenust (1.38) Oyer nmers BuL

w=1Inp+ip+i2rk, (k=0,%£1,---). (1.39)

Ecnu z usmensiercst B «paspesannoits miockoctu, 1o B (1.39) k = 0 u 3navenune
w OyIeT OJIHO3HAYHDBIM.

5 Ditnep Jleonaps (mem. Leonhard Euler, 1707-1783) — mseiinapckuii, Hemerkuit 1 poccufickuit MmareMaTnk
U MeXaHUK, BHECIUMI DYyHIaMEHTAIbHbBI BKJIa/ B pa3BuTue 31ux HaykK. Aprop 6osee yem 850 pabor (Bkiovas
JIBa JecaTka (pyHIAMEHTAIbHBIX MOHOTpadmii) o MaremMaTudeckoMy ananusy, auddepennuanbuoil reomMer-
pun, TEOpUH YHUCEJI, TPUOJINKEHHBIM BBIYUCICHUSAM, HEOECHONH MEXAaHWKE, MATEMATUIeCKON (DU3MKE, ONTHKE,
OaTUCTHKE, KOPADIECTPOSHUIO, TEOPUN MY3BIKH W JAPYTUM OOTACTSIM.
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Huddepeniupys coorrorenue (1.38) 1o z, byjgem uMersb

dw dw

1
w___ — 1 = W= —.
dz dz c z

Takum obpazom, yHkusa w(z), OOpAIIAINIAACT B HOJMb MpHU 2 = 1, ABJIsAETCA
repBoobpasHoit st dyukimn 1/z. Orciona

[
ks
1

w(z)

IJle MHTeIPUPOBAHKUE BeJeTCst 110 JII000N KPUBOM, He POXOJdlieil Yepe3 TOUYKY
z = 0. B «paspezannoit» miockoctu z € C, —7m < arg z < m nMmeeM

w(z)=lnz=Inp+ip (p=|z|,p =argz). (1.40)

Takum obpazoM, Oy IUIN eIre ofgHo npeacrapaenne Gynkinn In z. CpaBHnuBas
(1.29), (1.39) u (1.40), serko cuesarsb BbiBoj, 4To (1.29) siBasiercst perieHuem
(1.38).

Tpuezornomempuueckue u 2unepboauveckue GYHKUUU KOMNAEKCHOU
nepemerroti. Ilpumem 1o onpejieseHnio s JO0ro KOMILJIEKCHOTO 2

1

Sin 2 = —
21

. . 1 . .
(e —e™*), cosz= 5(6” + e 7). (1.41)

Ha BeriecTBeHnHO#t ocu 2z = & UMeeM Ha OCHOBaHUU (OPMYJIbI Diljiepa

. _ 1 X —ix - X —ix
smx—%(e e "), cosx—Q(e +e "),

1. e. dynkiuu (1.41) coBnajaoT ¢ 0ObIYHBIMU CHUHYCOM ¥ KocuHycoM. DyHKInK
(1.41) ABASIOTCS AHAJUTHICCKUME BO BCEH KOMILIEKCHOf MJIOCKOCTH, TIO[IHHSI-
I0TCsi OOBIYHBIM (popMysiaM JinpdepeHIupoBaHus

(sinz) =cosz, (cosz) = —sinz,

SABJIAIOTCS TIEPUOJMIECCKUMHU 110 JIEHCTBUTEbHOMY apryMEeHTy C IE€PHUOJIOM 27T.
QynKnug sin 2z HedeTHasd, CoS 2 — YeTHas, IIOTUMHEHbI BCEM TPUTOHOMETPUIECKIM
COOTHOIIICHUAM

sin? z + cos’ z = 1, (sin2z) = 2sin z cos 2,

uT. .
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DT COOTHONIEHUSI JIEI'KO YCTAHABJIMBAIOTCS HEIOCPEJICTBEHHO U3 Olpejiesie-
rns bynknuii cormacuo (1.41). Ormernm, uro dbyuknun |sin z| u | cos z| ne 8-
JISTIOTCsl OrpaHnyeHHbIMU. B 9ToM jierko yoemThest, B3siB B KaUecTBe 2 = 1.

Oyuknuu tg z u ctg z onpeensaioTcsa (popMyTaMu:
sin 2 er—e " cosz . e¥4e "
—f—, ctgr = — =1i— —.
COS 2 e +e "¢ sin z e —e "

—+
0Q
N
I
I

['unepbosnueckue (PyHKIMKA B KOMILJIEKCHO# 00JIaCTU OIPEJIE/IsIIOTCA PABEHCTBA-
MU:

1 1 sh z chz
hz=—(e"—¢€e%), chz==(e"+¢7), thz= hz=——.
sh z 2(6 e ?), chz 2(6 +e7), the =—, cthz s

OHM IPOCTO BBIPAXKAIOTCS Uepe3 TPUTOHOMETpUuUIecKrue (hpyHKITUN:

ch 2

shz = —isiniz, chz =cosiz, thz= —itgiz, cthz=1ctgiz.

1.1.12. NuaTerpan Koiun

[Iycts f(2) aBiasgercs anaguTudeckoil byHKIMEH B OMHOCBA3HO obmacTu €.
BosbMeM MponsBOAHYIO TOUKY 2o € () ¥ TOCTPOUM BaMKHYTYIO KyCOTHO-TJIa Ky O
KPUBYIO 7Y, TIEJTMKOM JIEXKAITYI0 B () W COEepkKAIYI0 TOUKY 2y BHYTPH OOJIACTH,
orpaHnyeHHoit y. Paccmorpum dpyHKIUIO

f(2)

ole) =T (1.42)

KOTOpasl ABJISIeTCs aHAJUTUUIECKOH BCIOLY B 00JacTH (), 38 UCKIIOUCHIEM TOUKH
20. IIpoBejieM OKPY2KHOCTD 7y, pajuyca € ¢ HEHTPOM B TOUKE Z(, & COOTBETCTBY-
foruit Kpyr obosnadum K. Pacemorpum obsacts Q' = Q\ K. Oyuxinus (1.42)
SIBJISICTCST AHAJUTUIECKON B ()| 103TOMY, COIJIACHO yTBEpKIeHuio 1.8,

f(¢ dC J(Q)d¢
/ ton [ = 0. (1.43)

Bo sropom unrerpaje (1.43) unrerpuposanue BeJIeTCs B HAIPABJCHUN XOJIA Ya-
COBOIl CTPEJIKU.

TTosioxkum Bo Bropom unrerpaie (1.43) ¢ = zg+ee?. C yuerom d¢ = iee’dep,
nepenumiem (1.43) B Buje

/f—zo /f_zo ::Z/fzo+€€ 7). (1.44)
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Boipaxkenue (1.44) crpaBe/iinBo npu Jio0bIX JIOCTATOYHO MaJibiX €. B cuity
nernpepeiBHOCTH f(2) mocsennumii waTerpas B (1.44) mpu € — 0 cTpemuTes K
2mif(29). B pesyibrare B cuily HPOU3BOJLHOCTH 2y € ) MMeeM CJiejlyolLyio
dbopmyny (uaTerpana Kormmn):

flz) = Qii/fg(g_)?’ (1.45)

YCTaHABJIMBAIOINILYIO B3aMMOCBSI3b MEXKIy 3HAUECHHEM AaHAJUTHYECKON (PYHKIINN
B TOUKE 00JIACTU M 3HAUEHUEM Ha JII0DOW KyCOUHO-TJIaJIKOW 3aMKHYTOW KPUBOIi,
Jexkalieil B 00J1acTu U cojiepaKaliieil TOUKy BHYTpH cebsl.

B ciyuae nonosauTeibHON HempepbiBHOCTH GyHKIMA f(2) B Qc KYCOYHO-
rJIaJIKo rpanuteit v, popmyJia (1.45) YCTaHABJIUBACT B3aUMOCBs3b MEXKJy 3Ha-
YeHrneM (PYHKITUU B MPOM3BOJLHON TOYKe OOJIACTH W 3HAYCHWAMM Ha, T'DAHUIE

.

Ormerum, aro dopmysa (1.45) ocraercs crpaBeyInBOiL U JIJIsT MHOTOCBSI3HOI
00J1IaCTH C KYyCOUYHO-TJIa KON rpanutieit. st jokasare/ibcTBa 9TOTO YTBEPK jie-
HUsl JIOCTATOYHO, UCIIOJIb3Ysl «Pa3pe3bly, HepeiT K 0JIHOCBI3HON 00J1acTu 1 BOC-
OJIb30BATLCs TOJYIeHHBIME pe3yibTaTaMu. [Ipu mATerpmpoBannn 1o rpaHuie
obJiacTu OepeTrcst 1oJIHasl 'PAHUI, MHOIOCBSI3HON 00JIacTH.

Paccmorpum Hekoropsie caencrust u3 uarerpasa Kommm (1.45).

1. Tlycrs f(z) — ananurudeckast GyHKIumst B obaactu {2 1 zg HEKOTOPasi TOUKa,
obnactu. OnuineM OKpy»KHOCTB Yg pajinyca R BOKPYT TOUKHU 2 TaK, YTOOBI
kpyr Kp aexan B €. Torna, nosoxkns Ha okpyxkuoctn ( = zy + Re'?,
umeem d¢ = Rie'?dp n na ocnosanun (1.45)

f(z0) = 2m/f—zo %7"6(20“6@)‘1 27rR/f
0

Ota dopMmy/ia HOCUT Ha3BaHue (POPMYJIbI CPEJIHEr0 3HAUYCHUS aHAJIUTHIC-
CKOM (PyHKIIMH.

(1.46)

2. CupaeJijiuBo

Yreepxkaenue 1.11. (Ilpunyun marcumyma mMoodyas aHasuMUYE-
ckot pynryuu) [lycmo f(z2) — anasumuneckan Gynkyus 6 ozpanuien-
noti obaacmu £ ¢ Kycouno-2aa0%00 epanuuetd v u nenpepuetan 2. Tozda

max [ f(2)| = max|[f(z)]
) gl
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« Taxk kak | f(z)| — neupepbiBhas B ) pyHKIys 2 = & + 1y, TO OHA JIOCTH-
raeT CBOEr0 MAKCHUMAJLHOIO 3HAYEHUS B HEKOTOPOH TOUKe 2y = Xo + 1Yo.
[Tpeanonoxum, aro zg € €2, T. e.

M = [f(20) = [f(2)], 2 € . (1.47)

[TpoBejieM OKpY>KHOCTb YR C IEHTPOM B Zy Tak, 4To0Obl Kpyr Kg € 2. C
yaerom (1.46),(1.47) Gyaem umern

2m 2m
M - 21 = \/f(zo + Re™)dyp| < / (20 + Re™¥)|dp < M - 2.
0 0

CrenoBaresnbro, ua ocaoBanun (1.47) |f(2)| = M ma oxpyxuocTtu g, a
B cujiy npoussojibHoct R u Bo Bcem Kp. IIposejem renepb kpunyio I,
JekKAIyto B ) ¥ COEIMHSIONTYIO TOUKY Zo C IPOU3BOJILHON TOUKON MDAHUIIBI
v. ObosHaunm depes z; TOUKY Tepecedenusi I ¢ rpaHutieii OKpyKHOCTH
vr- B aroit rouke |f(z)| = M. [IpoBesem B 3T0ii TOUKE OKPYKHOCTD YR,
pajnyca R; tak, utobsl kpyr Kp, C ). Bayrpu storo kpyra QyHKIus
|f(2)| = M. Oboznaunm [gepes zp TOUKY mepecedenus I ¢ ygr, u T. 1.

[Ipomomxkast aTor mporece, aoiiaeM jgo rpanuinl v obmactu (2. Tak kak
KpuBast I’ gBJIsieTcsi KOMIIAKTHBIM MHOYKECTBOM, TO CYIIECTBYET KOHEYHOE
LHOKpbITHE KpUBOii ' 1IepecekafonmuMucst OKpYKHOCTSMHE, JIEXKAIIUMU B 00-
jgactu €. »

1.1.13. VMHTerpaJibi, 3aBucdiime OoT KOMILJIEKCHOTO
nmapamMeTpa

Pacemorpum dynknuio F(z,() JByX KOMIUIEKCHBIX [IEPEMEHHbIX 2 = T + 1y
u ( = & +in. lox dpynkimeit 1ByX KOMIIJIEKCHBIX MMEPEMEHHBIX OyIeM MOHIMATh
3aKOH, I0CPE/ICTBOM KOTOPOTO KaxK 0l nape 3Hauenuii (z, () u3 obsactu onpe-
nenernst F(z,() cTaBUTCA B COOTBETCTBHE TUCJIO W (MM HECKOJIHKO KOMILICKC-
HBIX 4KCces ). 3/eCh PaccMaTpUBaeM OJHO3HAUHYIO (DYHKIIMIO KOMIIJIEKCHOTO TTe-
pemernoro. Oyukiuio F(z, () OyjgeM Ha3bIBATH HEMPEPBIBHOM, €CJIH JIJist JTI0OOTO
e > 0 u Jiroboit Touku (2, () U3 obsactu onpeeaenus F'(z, () cymecTByer Takoe
d > 0, uro jist JiroObIX (2, (), YJI0BIETBOPSIOIIUX YCI0BUIO |2 — zo|, [ — (o] < 6,
caeayer |F(z,¢) — F(z0, ()| < €.

YrBepxkaeaune 1.12. [lycmov 3adana Henpepwvieras no co8OKYHHOCTU NEPEMEH-
nox pynryua F(z, (), 2de nepemennan z npunumaem snaverue 6 HEKomopot
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obracmu ), a nepemennan ¢ Ha Hexkomopol Kycouno-24a0k00 kpueot I'. Ilpu
amom dynryua F(z,C) npu wascdom ¢ € T asasemea anarumuueckol @ymni-
yueti z € Q0 u pynkyus F.(z,() asaiemea Henpepusnots no cosokynHocmu
nepemennoir npu z € Q u € 1.

Tozda pynxruus

waszuo«

ABAAECMNCA anasumuyeckot 6 obaacmu €2 u

0.() = [ R0 (1.48)

< O6oznauus F(z,() = u(x,y,&,n) +iv(z,y,£,n), paccMorpum HyHKIHUIO

B(z) = Ula,y) + iV (2y) = / Fz,Q)d¢ =

/ (:Uyﬁn)dﬁ—v(:vy§ndn+2/vxy§nd£+U(xy£n)
' ' (1.49)

Murerpasbt (1.49) npu clefanHbIX TPEJITOJOKEHUX OTHOCUTEIBHO CBOCTB
byukmun F(z, ), oueBunno, cymecrsyer. [Tokaxkem, aro Gynknus P(z) stpis-
ercst aHaauTHIeckoir B obsactu ). B cuity npejnosioxeHusi 0 HENMPEPbIBHOCTH
F(z,Q), F.(z,(), byukiuu uy, uy, Uy, vy SBJISIOTCI HEMPEPBIBHLIME 110 COBOKYII-
HOCTH TiepeMeHHbIX ., ¥y, &, 1. [loaromy dyHKIMN

U, = /uxdé —vgdn, U, = /uyd§ — vydn,

T T
V., = /vxdﬁ +u,dn, V, = /vydf + uydn
T T

SIBJISTFOTCS HEMTPEPBIBHBIMU (PYHKIUAMU T, Y. [Ipn 9TOM, C yueToM paBeHCTB U, =
= Uy, Uy = —Uz, UMEEM

Ux - %a Uy = _an

T. €. HAXOJIUMCsT B yesioBusix yreepxjenust 1.4. Takum obpazom, ®(z) — anaim-
Trueckasi pyHKius u cupaseiusa dopmyda (1.48). »
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1.1.14. CymecTBoBaHNE MPOM3BOIHBIX JIIOOOTO MOPIAKA
y byHKIIii, aHAJINTIYIEeCKNX B 00JacT!

[Iycrs f(z) — anamurudeckast dpyukinus B obsactu €. O6o3naunm uepes I
3aMKHYTYIO KyCOUHO-IJIAIKYI0 KPUBYIO, PACIIOJIOKEHHYIO B (), OrpaHnIHBAIOILY IO
OJIHOCBAZHYIO 10J100/1acTh 0bactu €2, koropyo obosnaaum depes €)', Uepes
0603HAYUM HEKOTOPYIO 1o00sacts ', Takyio, urodbl d = infy.con cery [2 — (| >
> (. Torga, cormacuo unrerpany Komm (1.45), s z € Q" umeem

f(z) = Q;i/fg(c_)ig. (1.50)

[Togparerpaibrast Gyuxius B (1.50) yi1oBIeTBOPSIET YCIOBUAM YyTBEPXKICHUS
1.12. Bocnosbsyemcst popmymoit (1.48):

1 / f(Q)d¢

&) =5 (C—2)2

r

3J1eCh 1oJbIHTerpaibHast (DYHKIMS TAKXKe YIOBJIETBOPSIET YCJIOBUSIM YTBEPIK JIe-
Hust 1.12. DToT mporecc MOXKeT ObIThb IIPOJIOJIKEH 70 ODecKoHeuHocTu. B cuiry
npoussoabHocT I' u " umeem ciegyomme yrsepxKienus.

Vreepxkaenue 1.13. [lycmo f(2) — anarumuueckas dynryua 6 obaracmu .
To2da 6 a106017 movke z obaacmu

() = 27::7; / (gf_(i))C(lncﬂw (1.51)

2de I' — npoussorvroili Kycouno-2aadkutl 3aMEHymvItl KOHMYP, 02PAHUNUCAIO-
wut 0dnoceasnyro nodobaacmov obaacmu $2, codeporcawyro sHYMpPU cebs MoKy
Z.

YrBepxkaenue 1.14. I[lycmo f(2) — anarumuveckas Pynkyus 6 ozpanuien-
noti obaacmu ) ¢ kycouno-zaadkots epanuuet I' u nenpepuenan 6 Q. Tozda 60
6CET GHYMPEHHUL MOYKAT 00AACTU CYULLCTNEYEm NPoU36odHaA 100020 NopAdKa
dynxyuu f(z), das Komopot umeem mecmo gopmyaa (1.51).

HOﬂyquHble pE3yJIbTaThbl IIO3BOJIAIOT JJOKA3aTh JBa BaKHbBIX YTBEP2KJICHU .
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Yreepxkaenue 1.15. (Teopema JTuysuaas®) Ilycmy f(2) - anasumuneckas
60 6cell KOMNAEKCHOT NAOCKOCTIU GYHKUUA U ee MOJYAL PABHOMEPHO 02DAHUYEN
yucaom M. Tozda f(z) moocdecmeenno pasra nocmosnmod.

<« Ha ocuosamnun (1.51) 3ammmem jist mpou3BojHoil f(2) B IPOU3BOJILHON TOUKE

ro =5 [ L% e s o [Hla < 2

- 2mi

| <=
2 R?
CR CR
rjie Cr — OKPYKHOCTH pajuyca R ¢ IeHTpOM B TOUKe z. Ycrpemyss R — 0o,
sameuaeM, 4o | f'(z)| — 0. B cuuy upoussosbuocru z, f'(z) = 0. »
Crepytortiee yTBep:KIeHUe SBJISETCsS 0OpaTHbIM K yTBepkKqenuto 1.7 (Teope-
ma Korn).

VYreepxaenue 1.16. (Teopema Mopepa’) Ilycmo dynwyua f(z) acasem-
CA HENPEPLIBHOT 68 00H0C8A3HOT obaacmu 2 u unmezpan no A1000T KycouHo-
2Aa0%k0T 3aMKHYMOT Kpu6ot v, npunadsescawet obracmu, pasen wyaro. Toz2da
f(z) asasemesn anasumuveckots 6 obaacmu 2 Gynruued.

« OysKINA
F(o) = [ e

rJe Zg 1 Z — HEKOTOPbIE TOYKM 00JIACTH ¥ MHTErpaJ 6epercs 1o IPOU3BOJILHOIM
KYCOYHO-TJIIKO KPUBOU, COCIUHAIONIECH 3T TOYKHU, ABJIACTCA aHAJIUTUICCKON
byukuuedi B obsiactu . [Tpu srom F'(z) = f(2). Ho na ocHoBanuun yrBepKjieHust
1.13 F"(2) = f'(2) nns Beex z € Q, Te. f(z) anamutudeckas Gynkims. »

6 Tnysuiias 2Kosed (dbp. Joseph Liouville, 1809—1882) — cdbpaniysckuit maremarux. Jau crporoe onpeje-
JIEHVE TIOHSTHUIO JIEMEHTAPHON (DYHKIMK ¥ KBaAPATYPbI, UCCIEI0BAT PA3PEIUMOCTD PN MATEMATHIECKUX
3amad. B gects JluyBumiis ObLiv HA3BAHBI MOBEPXHOCTH JIMyBwWLIsS W ceTh JImyBuiuis, ApOOHBIN WHTErpaJ
JImyBuIs, a TAaK)KE HECKOTHKO MATEMATHIECKAX TEOPEM.

" Mopepa Jxaunnto (uran. Mopera Dzachinto, 1856-1909) — uraibaHCKuil MaTeMaTHK. 3aHUMAJICSA pas3-
JINYHBIMYA BOTIPOCAMY PAIMOHAIBHON MEXaHUKU, MATEMATHIECKON (DU3UKHU, MATEMATUIECKOTO aHaan3a. Briep-
BbIE CHUCTEMATUIECKHU WCCIEI0BAI JJIIATICOUTAIbHBIE rapMOHnYecKre (pyHKImn. OCHOBHBIE TPYIBI IO MATEMa~
THUYIECKOH (PU3UKe U Teopun PYHKITHH.
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1.2. Paabl anaantmdeckux (pyHKIIii

1.2.1. PaBHOMEepHO cxoasniuecs psdabl

[Tycrs B Hekoropoit obsactu §) onpejenena nocuaepoareabnocts {U,(2)}
OJIHOBHAUHBIX (DYHKIUI KOMILIEKCHOIO 11EPEMEHHOIO.

Briparkenune Buja
> Un(2) (1.52)
n=1

Ha3bIBACTCA (DYHKIMOHAIBHBIM PATOM. ECIU paji cXOMUTCd B KazKJI0i TOUKe 2 €
€ Q, 7o psn (1.52) nHaswiBaercs cxopsinamest B obsactu €. CoorBercTByIOMIasi
cyMMa psijia B KaxKJoit Touke z € ) onpejesnser onHozHaunyio Gynkimo f(z).
Dra (YyHKIUSA HALIBACTCA CyMMOIl psajia. BaXKHyo poJib B TEOPUU PSAJIOB UTPACT
HOHSITHE PABHOMEPHO CXOJSIIEroCs PsiJia.

Pan (1.52) mazpiBaeTcss paBHOMEPHO CXOJAMUMCA B obmactu (), eciau jyist
joboro £ > 0 cymecrsyer takoit Homep N (g), uro npu n > N (&) HepaBeHCTBO

ZU )| <e

BBITIOJIHSIETCs JUJIst Beex 2 € ().

VYreepxkaenne 1.17. (Kpumepui Kowu) /[aa mozo, wmobv pad (1.52) pas-
HOMEPHO crodusca 6 obaacmu ), Heobxodumo u docmamouro, wmobv, OAA A0-
6020 € > 0 cywecmesosan maxot nomep N(g), wmo npu n > N(g) u a06020

m
n+m

\ZU )| < e (1.53)

dasa nobozo z € €.

<« VI3 pasromephoit cxogumoctu (1.52) caepyer, uro jyist joboro € > 0 cyiie-
crByer N (g), aro npu n > N(g) u jwobbix m u z € §)

n+m

EU <50 )= Uil <

Tak Kak

n+m n+m n

\ZU \<\ZU I+ 1f(z) =D Ui()l,
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10 umeem (1.53).

B cuny Buimosaenus kpurepus (1.53) B kaxkpoit Touke z € €2 psg (1.52)
MOTOYETHO CXOUTCst K Hekoropoit dyukimu f(z). Ho Torna va ocnosanuu (1.53)
PaBHOMEPHO OTHOCHTEbHO 2z € §) mpu n > N(¢)

n+m n+m

Jin 13 061 = fi | 3002 )= U =1 ZU I <e,
j=1

YTO U JIOKa3bIBAET PABHOMEDPHYIO CXOJMMOCTh. B>

Vreepxaeune 1.18. (IIpusnakx pashomeprot cxodumocmu psada (1.52))
Ecau sce waeno pada (1.52) 6 obaacmu Q ydosaemeoparom ycaosuto |Uy(2)| <
< ap, a wuca060t pad’y -, a, cxodumes, mo pad (1.52) 6 obaacmu 2 cxodumea
PABHOMEPHO U AOCOMIOMHO.

« PaBnomepno ornocurensuo z € €)

DU <) U <) ay<e
j=n j=n j=n

qutst iioboro € > 0 mpu n > N(€) B CHITy CXOAUMOCTH DAAA > 1 Qp. B
Paccmorpum cBoiCTBA pABHOMEDHO CXOJSAIINXCS PSIJIOB.

Vreepxkaeuune 1.19. ITycmo dynryuu U,(2) nenpepvisnor 6 obaacmu 2 u pad
(1.52) pasnomepno crodumesa 6 obaacmu S % dynruyuu f(z). Toeda f(2) nenpe-
puieHaA 6 £ PyHKryuA.

<« 113 paBrnomepnoii cxomumoctu (1.52) nmeem

Fe+82) =Y Ui+ A2l <2 [fx) =D Uil <5 (154)

J=1 J=1

Jist Jiroboro € > 0, sitobbix Touek z + Az, z upu n > N(g). B cuiy neupepbis-
noctu Uy, (2)

\ZU](Z + Az) — ZUM\ < (Ui (z + Az) = Uj(2)] < % (1.55)

j=1

mpu |Az| < 4.
O6bennnstst HepasencTsa (1.54) u (1.55), umeem, uro npu |Az| < |f(z +
+Az)— f(z) <e. »
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Yreepxkaenne 1.20. [Tycmv pad nenpepvisnve gynkyut (1.52) pasromepro
cxodumes 6 obaacmu 0 x pynkyuu f(2). Tozda unmezpan om smoti dynryuu no
210001 KYycouno-24a0k00 kpueot I', aeocauseti 6 obaacmu 2, MOACHO BBIMUCAUMD
nowAeHHoLM uHmezpuposanuem pada (1.52), m. e.

[ stz =3 [ty

<« Bujy toro, ato psiyt (1.52) cxopurest paBHOMEPHO, MOXKHO JIJTs1 JT060T0 € > ()
ykasath taxoii N(g), uro npu n > N(e) |>°72, Uj(2)| < e/L, rne L — nymna
kpusoii. Tora

[ s =S o= [ v < 13 v <

T 1 r J=n

=

<.
I
<

4TO M JIOKa3blBaeT yTBep2KeHue. p
Paccmorpum Tenephb psit (1.52), diieHbl KOTOPOro aHajguTuveckue GyHKIUN
B obstactu ().

YrBepxkaenue 1.21. (1s meopema Beiiepwmpaccas) IIyemov Uy, (2) anasu-
muueckue 6 obaacmu ) dynruuu, a pad (1.52) cxodumea pasrnomepro x dym-
wuu f(2) 6 amoboti zamxnymoti nodobaacmu . Tozda f(2) asasemcs ananu-

muveckotl 6 obaacmu 2 dynryued; paod z;il U;k)(z) CcTOOUMCA PABHOMEPHO 6
060t nodobaacmu Q' obaacmu Q; f¥)(2) = > i U;k)(z).

<« Bozbmem B obacTu €2 Mpou3BOJILHYIO TOUKY 2 U TIOCTPOUM OJIHOCBSIZHYIO TTOJI-
obstacth Q' obsacty 2, cosepKaIyio BHIGPAHHYIO TOUKY. PaccMoTpuM nHTErpas
or f(z) 10 HPOUBBOJILHOM KyCOUHO-IVIa KON 3aMKHYTOH KpuBoii [, jiexareii B
Q). B cuny amanurudsoctn GyHKImi Un(z) B Q Ha ocnoBauuu yTBepxaeauit 1.7
(Teopema Komm) n 1.20 nmeem

f(2)dz = i Un(z)dz = i Un(z)dz = 0.
0= oo =x

8 Beitepmrpacc Kapn Teomop Bumbrensm (mem. Karl Theodor Wilhelm Weierstrass, 1815—1897) — BbI-
JAOLIUIACA HEMEUKUH MareMaTUK, «OTel» COBPEMEHHOI'O MareMaTudeckKoro anajiusa. OH 3a/102Kujl OCHOBbI
COBPEMeHHOI 001ell Teopuu (DYHKINH KOMIIJIEKCHOTO MEPEMEHHOrO W HAYAJ WX CHCTEMATHYECKYI0 pa3paboT-
Ky. EMy mpunazgjekar BaxKHbIE Pe3y/JbTAThl B BAPUAIMOHHOM WCYUCJEHUN, KOTOPOE BOILIO B COBPEMEHHbBIE
YHUBEPCUTETCKHNE KYPCHI.
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B cuiy npoussosibHocTn Kpupoit I' Ha ocHoBanuu yrsepxjenust 1.15 (reo-
!/
pema Mopepa) f(z) sBnsiercst anamuruaeckoii dyukiweit B obmacru €. Orcio-

Ja caejyer anagutuaHocth f(z) Beogy B 2. Ormernm, aro dyskims r,(2) =

= f(2) = > Ui(2) = >_ 2,1 Ui(2) siBnsieTcs ananurudeckoit B €.

MOTPHUM IIPOU3BOJIH Il gacTb £ obmactu € ¥ BeIOEpPEM KYCOUHO-
Paccmo OMU3BO 10 11ogooaacThb §

!
MIAKYI0 3aMKHYTYIO KpuByio [ Taknm obpazom, aTodbl 001acTh {2 cojeprkaliach

BHYTpH KpuBoit I' v min |z — &| = d > 0. Beuny Toro, 1ro r,(z) — anamurn-
2eQY geT

/
yeckas pyHknusg B £2, To Jjist 2 € () BUMeeT MeCTO PaBEHCTBO

B N k) K 7 (€)dE
mlz) = j_z;rl Uinz) = 2 / (€ — 2)kt1
=n T

B cuiy pasHoMepHo#i cxopumoctu psja (1.52) s soboro € > 0 cyiie-
cryer N(g), ato mpu n > N(g) paBHOMEPHO OTHOCHTENBHO 2 € ) |1, (2)| <

< ¢e/(k'L)2nd*!, tne L — nymma xpusoit I'. Otcrona \rﬁlk)(zﬂ A

YrBepxkaenune 1.22. (2a meopema Betepwmpacca) ITycmov U,(2) — ana-
aumuveckue pynruuu 6 obaacmu £ ¢ Kycouno-2aa0k0t 2paruLets u Henpepvle-
noe 6 Q. HMycmov pad (1.52) cxodumea pasnomepno na epanuye I' obaacmu Q.
Tozda psad (1.52) pasnomepno cxodumcsa 6 S).

<« /liist mo6oro € > 0 cymecrsyer N(e), aro ggsi n > N(g) u soboro m > 0
PABHOMEPHO OTHOCUTEJIbHO z € [’ clpaBeyinBo HEPABEHCTBO

n-+m

| Z Ui(2)| < e. (1.56)

B cuity yrBepkenusi 1.11 (mpuHIum MakcuMyMa MOJLYJisi aHAJIUTHIeCKOH Dy HK-
nun) Hepaserctso (1.56) cpasenmmso s z € §2. »

1.2.2. Crenennblie paabl. Paa Teitiopa

Paccmorpum psij
Z cn(z — 20)", (1.57)
n=0

rie 2o — PUKCUpoBaHHas TOUYKA, ¢, — HEKOTOPbIE KOMIIJICKCHBIC YUCJIa. P BUJa
(1.57) nazpiBaETCS CTENIEHHBIM.
CupaseInBo CJejlyolee yTBep:K IeHue.
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Yreepxkaenue 1.23. (Teopema Abeas’) Iycmv cmenennoti pad (1.57) cwo-
dumes 6 Hexomopotl mouke z = z1. Tozda on abcorromno crodumcesa 6 A10001
mouke z, ydosaemsoparowel yeaosuto |z — zo| < |21 — 20|. IIpu amom 6 kpyze
|2 — 2| < p, 2de p < |21 — 29|, pad (1.57) cwodumea pasnomepno.

<« Bribepem ToUKy z, yIOBIETBOPSIONIYIO YCJIOBUIO |2 — 2| = q|21 — 20|, 9 < 1.
Tak kak psiyt (1.57) cxourest B Touke 21, 1o lim ¢, (21 —2p) = 0. CrepoparesnHo,
n—oo

cymecrsyer M > 0, uaro |c,||z1 — 20" < M, nam |c,| < M/|z1 — 2|", orcroga

o0 o0 o0 o0
> enlz=20)"1 <Y lenllz— 20" < MDY |z = 20]" /|21 — 20|" < Y q" < 0.
n=0 n=0 n=0 n=0

(1.58)
[t tokazaresibeTBa paBHOMEpHOiT cxoquMocTh psiia (1.57) B kpyre |2 — 2| < p
JI0CTATOYHO 3aMeTUTh, 9T0 (1.58) BBIIOJHEHO JIJIs BCEX Z, YIOBJIETBOPSIONIMAX
yeatoBuio |z — 2] < p < |z1 — 2o]. >

CaenctBue. Ecau pad (1.57) pacrodumca 6 mouke z1 # zy. Tozda pad (1.57)
PACTOOUMCA 80 6CEXT MOUKAT Z, YOOBAEMBOPAIOUUT YCA0BUIO |2 — 29| > |21 — 2p).

JeiicTBrTEIbHO, TIPEJITIONOKUB TPOTUBHOE, T. €. CXOAUMOCTH psijia (1.57) xors
OBl B OJTHOM TOUKE 29, |29 — 2| > |21 — 20|, mpuxoaum K mporuBopeunto. Coryacuo
yreepxaernto 1.23 psij (1.57) cxopuTcst Bo BCex TOUYKAX 2, YAOBIETBOPSIONIAX
YCIOBHIO |2 — 29| > |22 — 20|, T. €. n B TOUKeE 2.

Obuactb |z — 29| < R, (R > 0) HasbiBaercst Kpyrom cxogumoct psija (1.57),
€CJIM BO BCEX TOYKAX Z, yJOBJETBOPSIONIUX 9TOMY HepaBeHcTBy, psjl (1.57) cxo-
JIUTCs, & B TOUKAX Z, YIOBJICTBOPAIONINX YCJIOBHIO |2 — 29| > R, pacxomuTcst.

Yucsno R Ha3bIBAETCs PAJNYCOM CXOMMOCTH CTeneHHoro psjaa (1.57).

OrMeTrM, 9TO B TOUKAX 2, YJIOBJIETBOPSIONIUX YCIOBUIO |2 — 29| = R, psn
(1.57) MoXKeT Kak CXOIUThCsI, TaK U PACXOUTHCSI.

Vreepxaenne 1.24. (@opmyaa Kowu-Adamapa'®) Paduyc crodumocmu
pada (1.57) onpedeasemea gopmyrot

1
R = ik [ = lim </|c,|. (1.59)

n—oo

9 A6ennr Humne Xenpuk (mops. Niels Henrik Abel, 1802—1829) — mopseskcknii maremarnk. OcHoBaTeslh
TEOPUU IJIUNTUIECCKUX W TUMEPIIUITAIECKUX (DYHKIWH, B KOTOPYIO BHEC OOJIBIION BKJIAJ, a TaKkKe 00Ieit
Teopuu MHTErpasios ainrebpandeckux pyaknuii. JIpyrue Baxkubie paboTbl ADejist OTHOCATCS K TEOPUU PAIOB.

10 A namap 2Kak Canomon (dbp. Jacques Salomon Hadamard, 1865—1963) — dbpaniy3ckuii MaTeMaTuk u
MexaHuK. ABTOp MHOXKeCTBa (DYHIAMEHTAJIBLHBIX PA0OT MO ajredpe, reoMerpui, (yHKIHOHAILHOMY AHAJIN-
3y, auddepeHnuaabHOil TeOMeTPUN, MaTEMATHIECKON (bu3nKe, TOMOJIOTUN, TEOPUN BEPOATHOCTEHN, MEXAHUKE,
TUIPOSUHAMUKE.
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<« [Iycrs chnavana 0 < [ < oo. Uz (1.59) caepyer, uro jisi soboro € > 0
cymecrsyer nomep N(g), uro upu n > N(g) {/|e| < |+ ¢. Boibepem touxy
21, Y/IOBJIETBOPSIONIYIO HEPABEHCTBY |21 — zg| < 1/1, u BBibepem € = (1 — |21 —
— 2]) /(2|21 — 20|). Umeenm nepasencrso {/[ea]|z1 — 20| < (1+¢€)|21 — 20| = (1 +
+l|z1—20])/2 = ¢ < 1. Orcropa caepyer, aro dienbl psijia (1.57) MazkopupyoTcs
reOMEeTPUYIECKOil mporpeccueil co 3namenaresnem ¢ < 1. Takum oOpa3oM, psf
(1.57) B TOUKe 21 CXOUTCSI.

B3siB Tenephb TOUKY 29, YIOBIETBOPSIOIILYO YCJIOBHIO |29 — 20| > 1/1, u BoIOpaB
e = (l|z2 — 20| — 1)/]22 — 20| > 0, momyumm, uro /|c, |22 — 20| > (I — €)]z2 —
— 20| = 1 gyt Geckoneunoro uuncsta suadenuit n. OTCIOAA CIEIYyeT PACXOAUMOCTD
psija (1.57) B Touke 2s.

IIpu | = 0 psy (1.57) cxomurces B Ji000# TOUKE 2 KOMIJIEKCHOMN IIJIOCKOCTH.
HeitcrBuresnno, st jitoboro € > 0 cymecrsyer nomep N (g), uro npu n > N(e)
/]en| < . Orciona, Beibpas B Kauecrse € = q/|z — 2|,q < 1, noysum |c, ||z —
— 2p|" < ¢", a0 M MOKa3BIBaeT cxoauMOcTh (1.57) B TOUKE Z.

[Ipu [ = oo psg (1.57) pacxogurcst B Jt060it Touke 2 # zg. Cormacho (1.59)

cyIecTByeT 6ECKOHEUHO MHOIO KOI(D(MUIIMEHTOB ¢, TaKUX, 9TO (‘/m > M past
moboro M > 0. Beibpas M takum obpasom, arober M|z — zg| = ¢ > 1, umeem
JJIst GECKOHETHOTO YUCIIa 9JIEHOB |y (2 — 2g)"| > 1, 9T0 u J0Ka3bIBACT PACXO/I-
mocTh psaga (1.57) B Touke z. B
Ormernm, uro dyukims f(z), K KOTOpoii cxomutces crenennoii ps (1.57),
Ha ocHoBaHuK yrBepxKieHust (1.21) siBisiercst aHaguTuaeckoi pyHKIMEH BHY Tp1
Kpyra cxomuMmocTu |z — zo| < R. Ilpu srom misa koadduimentos psa (1.57)
CIIPABEJJIMBO BbIPaXKeHHUe
™ (2)
n!
st mostyaenust bopmyiibt (1.60) HEOOXOIUMO BBITHCIUTE 1-10 TIPOU3BOIHY IO
or psiyia (1.57) u nepeiiTu K npejiesy npu 2 — zg.

(1.60)

Cn:

Yreepxaenue 1.25. (Pad Tetinopa'l.) Qyuwuyus f(2), anarumuueckan
eHympu kpyea |z — zo| < R, mooicem 6vimv npedcmasaena 6 amom kpyee cme-
NEHHBIM PAOM

Mg
o

3

I
=l
S
S
N
(an)
N—

(1.61)

cn(z — 20)",

n=1

1 Tejinop Bpyk (anr. Brook Taylor, 1685—1731) — anrsuiickuit maremaruk. Hamén oburyio dopmymy s
pazioxkenus GYHKIWA B CTEIEHHBIE Psi/Ibl, HOJOXKUII HAYAJI0 MATEMATHIECKOMY U3y YeHHIO 33291 O KOJIeOaHuu
CTPYHBI, eMy TPUHAIIEKAT 3aCAYyTH B pa3pabOTKe TeOpwH KOHEUYHBIX pasHocTeil. OH Takke aBTOp paboT O
MEPCIEKTUBE, [IEHTPE KAYAHUs, TIOJIETE CHAPSIOB, B3ANMOIEHCTBUN MAarHUTOB, KAMWLIApHOCTH U aAp. K KoHITY
KU3HU 3aHUMAJICS BOIMPOCAME (DUITOCODUH.
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Taxoe npe&cmae/zenue eduHCMEEHHO.

<« Boibepem TOUKy 2 BHyTpH: Kpyra |2 — 29| < R u nmocrpoum okpyxuocts I,
paJinyca p ¢ IEHTPOM B TOUKE Zo Tak, 4Todbl |z — 29| < p < R. [Ipepcrasum f(2)
B 9TOi TouKe coracho (1.45) (unrerpan Komm):

1 [ f)dg
)—2m./ i (1.62)
FP
[Ipeobpazyem
1 — 1 1 - Z — ZQ
§—z -z 1-(z—2)/(E—2) _%Z; ) (1.63)

Tak kak (z — 20)/(§ —20) < 1 upu { € 'y, 10 pazt (1.63) cxoqurest paBHOMEPHO
ornocuresbio § € I'). [logcrasum npejcrasienue (1.63) B (1.62) u npounTerpu-
pyeMm MowieHHo. B pesysibrare mosyaum psij

N n IOl
f(z) = > ez —20)" o= 5 / sl (1.64)
n= r,

B (1.64) okpyxuocts I', MozkeT ObITH 3aMeHeHa JIFOOBIM 3AMKHYTHIM KOHTY-
poM ¢, JiexKaluM B Kpyre |z — zg| < R w cojep:kanuM BHYTpH cebst TOUKY Z.
Cpasnusast (1.64) ¢ (1.51), umeem ¢, = ) (z)/n!. dna poxasarenncrsa eun-
crBeHHOCTH TpejicTaBienns (1.61) mpeanosoKum MPOTUBHOE, T. €. CyIIECTBYET
eme oano npegcrasiaenne (1.61) ¢ koadbdurmentamu ¢, # ¢,. [Ipu 310M cooTBeT-
CTBYIOIIHU{T CTEIIEHHO PsiJi CXOAUTCST BHYTPU KpyTa, |2 — 29| < R K aHATUTHIECKOl
dbynkumn f(2). Ho torma ¢, = £ (z)/n!, aro cosnagaer ¢ c,. »

CaenctBue. (Hepasencmeo Kowu) ycmo |f(2)] < M npu |z — 20| < R.
Tozda umerom mecmo Hepasencmea

(n=0,1,...). (1.65)

|cnl <

R®

HeitctBurensho, cormacuo (1.64)

o] < 1£(©)lds
o _27T Sl

Tak kak nocJjieJlnee HEpaBEHCTBO BBIIIOJIHEHO JJIsI BCEX p < R, TO NUMEEM

(1.65).
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CaencrBue. Ecau f(z) — anasumuneckas 6 obaacmu Q dynkuyus u 2y € €,
mo paduyc crodumocmu pada (1.64) ne menvwe paccmosanus om moywku zy do
epanuyve obaacmu §2.

Cuiestytonuit  ipumep nojrBepKjaer cuaejpcrsue. Pacemorpum  QyHKIHMIO
f(z) = (1 + 2?)71, Koropas sB/sieTcs aHAJMTHUECKOH BO Beeil KOMILIEKCHOI
IJIOCKOCTH, 33 MCKJIIOUEHNEM TOUeK 219 = *i. B3aB B KadecTse zp = 0, nmeem

n R =1 - paccrognue or zy JI0 TOUEK 2] 9.
Bosbmewm B kauecrse 2g = 1 u Haiijiem pasioxkenue f(z) no crenensim (z—1).

IIpencraBum
r 1( 1 1

1+22 2

),

Z2—1 zZ-+1

1 1 R (z —1)"
= = N | ——
z4i 214141 1iiz( ) (144)n

n=0
B urore
1 > 1 1 1
— -1 n_—_ —1 n
1+ 22 ;( T T e et

Tak kak 1+ i = /2e*4 10 nmeem

SR

Cornacno (1.59) s paja (1.66) R = v/2, 1. e. paBen pacCTOSHUIO OT TOUKH
20 4O TO4YEK Z7 2.

1.2.3. Hynu anagmrtnydeckoii dpyHKnum. EamaCTBEHHOCTH
IIpeJicTaBJIeHNsT AHAJINTUIEeCKOil (DyHKITNNI

[Tycrs dyukius f(z) sBasiercs anaguTuaeckoii B obsactu 2. Touka zy € (2
HasbiBaercs HyneMm dbynkmnn f(z), ecmn f(z9) = 0. U3 mpencrasienus (1.61)
f(z) B okpecTHOCTH 2 caegyer, aro ¢y = 0. Ecim He TOJIBKO ¢, HO U €] = Co =
= ... = -1 = 0, a ¢, =0, 10 Touka 2y HasbiBaercst Hysem dynkipun f(2)
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kparnocru k. Cormacno (1.61) B srom cayuae fU)(z) =0 (j =0,1,..k — 1),
a f®)(2) # 0 u pan (1.61) mpumer Bun

Z en(z — 20)" = (2 — 20)0(2), d(20) # 0.

n=~k

VYreepxkaenue 1.26. [Tycmo f(z) — anarumuueckas 6 obaacmu 0 dynrkyus,
00PAUAIOUWAACA 6 HOAL 6 MOouKaT z, (n = 1,2,...). Ecau nocaedosamenrvrocmo
zp cxodumesa K mouke zo € 2, mo f(z) =0 6 obaacmu €.

<« [Ipejicrasum f(2) B OKpecTHOCTH TOUKY 2) CXOJAIIUMCs Psijtom Teitsiopa, Bu/ia
(1.61), paguyc cxopumoctu KoToporo R > ( He MeHbIE PACCTOSHES OT TOUKH
2o 110 rpanuibl obstactu (). U3 wenpepwiBuocru f(z) ciejyer, 4ro nh_g)lo flzn) =
= f(z0) = 0. CaegoBaresbho, B (1.61) ¢y = 0. [peucrasum f(2) = (z—20) f1(2),
rie f1(z) — menpepbiBHas B Touke zo Gyuknusa. T. k. f(z,) = (2, — zn) f1(2n) =

0, o fi(z,) = 0 m JE&fl(Zn) = 0. Caenosaresibho, B (1.61) ¢ = 0 u

f(z) = (2 = 20)*f2(2). Iponoszkas sror nporecc, noayuum, uro B (1.61) Bee
¢, = 0. Orciona cieayer, uro f(z) = 0 upu Beex z € €.

[Iycts z, — npousBosbHas Touka ). IIpoBenem KpuByio o, COCIUHSIONLYIO
TOUKM 2o U Zy U jexkanlyio B ). OBO3HAYMM 2y, TOUKY NEPECeUeHns OKPYKHOCTH
pajuyca R ¢ ieHTpoM B TOUKe 2y 1 KpuBoiil 0. B 910ii Touke f(2,) = 0. Beibepem

HEKOTOPYIO MOCJEIOBATELHOCTD TOUEK Zin, |Zen — 20| < R, 1M 24 = Zu.
n—oo

[Ipegcrasus renepb f(z) B OKPECTHOCTH TOUKHU 2y, psijiom Teiisopa Buja (1.61),
3aMETHM, UTO 3TOT psij uMeeT pajuyc cxogumoctu R, > 0. IIposens paccyxie-
HUsI, aHAJIOTUIHbIE TPebLLyuM, noyanM, ato f'(z) = 0 npu |z — z.| < R..
[IpomozKasi OnMCAHHBII MPOIECC, J0MAeM 10 TOYKK Z,. BBHUIY KOMIAKTHOCTH
KpUBOii 0 B ), 9TOT IIPOLECC UMeeT KOHEYHOE YUCIIO II1aros. »

CaencrBue. FEcau f(z) — anasumuueckan 6 obaacmu Q dynryus u zg € 2, 6
0607 o2parurennot samxnymoti nodobaacmu O C Q dynwyua f(2) moscem
UMEMDB AUWD KOHewHoe wucao nyaet. f(z) moocem umems Oeckoneunoe Yucio
HYAET AUUWD 68 OMEPLIMOT UAU HEOPAHUMEHHOT 00AACTNU.

QyHKIMA, aHAJIATAIECKasT BO BCell OTKPBITONH KOMIIJIEKCHON IJIOCKOCTH (z =+
# 00), Ha3bIBACTCS MEJI0i QhyHKIMeH KoMIIeKCcHOTo tepementoro. [enast yHk-
1yl B JIIOOOM OI'paHUYeHHON 00J1aCTU MOXKET UMETh JIUIIIb KOHEYHOE YUCJIO HYJIEH.

YrBepxkaenue 1.27. (Teopema eduncmeennocmu aHasumuveckot
Pynrxyuu) ITycmo pynxyuu f1(z2) u fo(z) anasumuveckue 6 obaracmu ). Ec-
au 6 obaacmu 0 cywecmsyem nocaedosamensvhocms movek z, (n=1,2,...),
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crodawanca k 2o € 0, u anavenus f1(z) u fo(z) 6 amuxr moukaxr cosnadarom,

mo f1(z) = fa(2).

<« JlokazarenbcTBo onmpaercs Ha yreepxaeaue 1.26. [lomoxnm u(z) = fi(z) —
— fa(2). Umeem u(z,) =0 (n=1,2,...). Orciona u(z) =0 g1 z € Q. »

CaenctBue. I[lycmo gynruuu f1(z) u fo(2) ananumuveckue 6 obaacmaz
u Qs coomeememeenno u coenadarowue 6 ooaacmu N Qs = Qy # 0. Toeda
cywecmeyem eduncmeennaa anasumuveckas 6 ooaacmu 2 = Q1 UQs pynryua
f(z) maxan, wmo

fl(Z),Z c Ql,
fa(2), z € Q.

Oynkiust fo(z) Ha3BIBAECTCS AHAJIUTHICCKUM TIPOJIoJKeHeM pyHKnu fi(2)
Ha obsactu (o, u, HAOOOPOT, f1(2) - aHATUTHIECKOE MTPOJOJKeHNE fo(2) Ha (5.

f(z) =

1.2.4. AnaauTmyeckoe nmpogoJiKeHne (pyHKITIiA
C BEIIEeCTBEHHOI OCHM KOMIIJIEKCHOI IIJIOCKOCTHU

[Tycts Ha oTpeske [a,b] BemecTBEHHON OCH 3ajiaHa HEMpepbIBHAS (DYHKIUST
f (x) BeleCTBEHHO 1epemennoii. B cuiy yrBepxjaenus 1.27 B HeKOTOPOit 00J1a-
cru ) KOMIUIEKCHOM 1JI0CKOCTH, cojiepKaliieil oTpe3ok [a, b], moxker cyiecrso-
BATH JINIIb OJlHA aHaquTHIecKas Gyukiusa f(z), copnajaormas Ha [a, b] ¢ byHK-
nueit f(x). [Ipu srom dyukiuuio f(z) HA3bIBAIOT AHAJIUTUIECKUM [POJIOJIZKEHUEM
dbyukun f(r) B KOMIUTEKCHYO 06acTh ).

[Tpocreitinum npuMepoM Takoro MpoJIoJKeHust Oy iy T (PyHKIUN:

) 00 n 00 nzgn . 0 . Z2n—|—1
C= 2 s = P G s =) (' gy (16)
n=0 n=0 n=0

KOTOpbIE COBIAJAIOT ¢ e¥, cosx, sSinax Ha BEHIeCTBEHHOI OCH, SABJISIOTCI UX
AHAJIMTUIECKUMHE TTPOJIOJI>KEHUSIMI Ha, KOMILJIEKCHYIO [JIOCKOCTH W TIPEJICTABJIEHbI
psiiamu Teitopa (cM. yrBepxenue 1.25) ¢ pas3jioxkeHHeM B OKPECTHOCTH TOUKH
2o = 0. Paguyc cxomumoctu psagos (1.67) R = oco. [Ipencrasienus (1.67) moryt
CJIY?KUTb OIIPEJICJIEHMEM COOTBETCTBYIOIIUMX (DYHKIMI, OTJIMIHBIM OT OIIpe/iesie-
Huii ucnoJibzyembix B 1.1.11.

Paccmorpum ernie ojiHy QpyHKIHMIO:

oo

Inz= Z(—l)”“@. (1.68)
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Psit, crosimmii B (1.68), umeer pajuyc cxogumoctu R = 1 u upejcrasisier
coboii psy Teitnopa dyukiuu In z B okpecrHocTu TOUKM 29 = 1. Ha BermecrBen-
noit ocu (1.68) conamaer ¢ dyukuumeit Inx npn 0 < z < 2 u aBisgercs ee
AHAJMTHICCKIM TTPOJIOJIKEHNEM Ha obmacthb |z — 1] < 1.

1.2.5. AHaanTmvdecKoe MpoaoJIKeHe MHOTO3HATHOI
dbynkmnunu. IlongTune pumaHOBOIi MOBEPXHOCTH

Vreepxkaenue 1.28. IIycmo sadanw, dee obaacmu Qqp u Qo Qp N Qg #£ 0,
umerouwue 00uH 00wl KYcok 2panuybe o, npedcmasaaouut cobot KycouHo-
enadkyto kpueyro. Hycmo 6 smux obaracmar 3adanbe GHAAUMUYECKUE GYHKUUU
fi(z) u fa(z), womopuie nenpepvisho, 6 1 U o u Qo U o coomseememeenno, u
fi(z) = fa(z) 6 moukazr wpusoi o. Tozda fi(z) Acasemca anasumuseckum
npodoasrcenuem dynryuu fo(z) na obaacmo Uy, u naobopom.

« OyHukius
fi(z), z € Qy,
f(z) = q fa(2), 2 € Qq, (1.69)
fi(z) = fa(z),z €0
sIBJIsieTCs HeNpepbiBHON (yHKImeit B obiactu 2 = Q; U )y U 0. [lokaxem, 410

UHTerpaJl OT 3TOi (PYHKIMHU 110 JiF0OO# KyCOUHO-IJIa/ KO 3aMKHYTO# Kpuoit I,
nexarneit B obsactu €2, pasen nymo. Ecim [ nexur B (21, TO

/f(z)dz = /fl(z)dz = 0. (1.70)

Taxast ke curyanusi, ecain I' jexkur B (o. Ilyers I' jexxur u B €, u B Q.
O6o3naunM uepe3 0y KyCOK KpuBoii o, jexaiuii B objaactu (), orpanndyennoi
kpuBoit o, yepes I'y u I's kycku kpusoit I', siexkamue B {2 u {d9 COOTBETCTBEHHO.
Torna Ha OCHOBAHUU CJEJCTBUS K yTBepkKJIeHU0 1.7 nuMeeM

| #oi= [ na=o,

' Uog T'2Uoq

HO, T. K. KpUBas 0( B IEPBOM U BTOPOM HMHTErpajax MPOXOJUTCA B PA3HBIX Ha-
npapiienusix, ¢ yaerom (1.70) mosyanm

/f(Z)dZ / f(2)dz + / f(z)dz =0.

F1UO'0 FQUO'O
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B cuny npousBosibHOCTH KpuBoit I, ocrasioch cociaTbCsi Ha yTBEPXKIEHHUE
1.16 (Teopema Mopepa). »

JlokazanHoe yTBep:KJieHre 03HAYaeT, UTO €CJIM aHaJUTUIeCKas (PYHKIMUS sB-
JISIETCsI HEIIPEPBIBHBIM ITPOJIOJIKEHNEM aHAJIUTUIECKOH (DYHKIINHE Yepe3 KyCOTHO-
IJIaJIKYI0O KPUBYIO O, TO OHa SIBJISIETCS U aHAJUTUYECKUM €ee MPOJIoJIKeHreM. B
caydae (pyHKIHI BEIeCTBEHHOI'O IIePEMEHHOI0 9TO He TakK.

Paccmorpum yHKIMIO W = /2 ¢ TOYKM 3PEHUs aHAJUTHIECKOIO IPOJIOJI-
JKEHUs, UCIOJIb3Ys yTBepkKienue 1.28.

B 1.1.11 yke paccmaTpuBaJjach 3Ta (pyHKIMA, rJie ObLIO IOKA3aHO, ITO JIJIs
moboro z = pe?, 0 < ¢ < 2 dbynkimsa w = \/Z UMeer JBe BeTBH:

wo(z) = p2e?, w(z) = p/2e 912+,

Bribepem BerBb wy(z). OHa sB/IsieTCs AaHATUTHIECKAM TIPOJIOJIZKEHIEM Belle-
crennoit pyuknun w = /z, x > 0. Obnacrsio onpejenenust bynkinun wo(2)
SABJIsIETCs 06J1aCTD (), IPeJICTaBIIsIoNast COO0i IJI0CKOCTD, PA3PE3aHHYIO IO I0-
JIOKUTEJIbHOI YacTu BerecTsenHoi ocu. Bepxnuii 6eper paspesa (argz = 0)
SIBJISIETCS OJIHOM TpaHuileir odJacTu Q_O , HUZKHUA 6eper(argz = 27‘(’) — JIpy-
roit rpannieii. Obnacts ) orobpaskenneM wy(2z) HEMPEPBIBHO OTOOPAXKACTCs
B BEPXHIO 3aMKHyTyIo moaymiockoets w (0 < argw < ) u apigerca B )y
anajurTuaeckoil gyukimeit. eiicrsuresnbro, mist wo(z) = wo(p, d) = u(p, ¢) +
+iv(p, p) = p/? cos(p/2)+ip*/? sin(¢/2). Beimosuenst yenosus Komu-Pumana:

pu, = Vg, pv, = —uy (0<p<oo, 0<¢<2m). (1.71)

[Ipu srom nipoussojsbie B (1.71) HenpepbIBHbIE.

PacemorpuM 061acTb €1, KOTOpasi Ipe/cTaBiIsieT coboil TaKyIo ¥Ke II0CKOCTD
C pa3pe30oM II0 IIOJIOXKHUTEJIbHOM YacTH BEIeCTBEHHOH OCH, HO apI'yMEHT 2 U3Me-
usiercsi or 27 10 4w, Ipu srom Bepxuuii beper paspesa iiockocru (arg z = 27)
COOTBETCTBYET OJIHOI I'paHuIie 00JaCcTH Q_l, HUZKHAN 6eper(arg z = 47r) — JIpyroi
rpanuiie. Pacemorpum dyHKImo wi(2), KOTOpast B3AMMHO OJIHO3HAYHO OTOOpa-
xKaer obacTh $p Ha obsacth T < argw < 27 B IJIOCKOCTH W (HUZKHIOK TI0-
pymiockocts). Oynknus wi(z) asasgercs anammrudeckoit B Qp. Obnactun Qg u
)y mmeror obryto rpanuiy Lg; — sy arg z = 2w, Ha KOTOpoii wy(z) = wi(2).
[Tosromy Ha ocHoBanuu yTBepxkaeHus 1.28 QyHKIMA

Qoul
w(z) = wo(z), z € o U Loy, (1.72)
wl(z), ze Uy

SIBJISIETCST aHAJMTUIECKO# yrKImeir B obmactu o U gy U 1. V aroit obractn
OCTaJIUCh CBOOOJIHBIMU JIBE I'PaHuiibl: y obsiactu (g — siyd arg z = 0, y obsiactn
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QA

Puc. 1.3. PumanoBo mHoroobpasue

Qy — syu arg z = 4w. Buavenus byHkuit wo(z) u wq(2z) HA HTUX JyUIaX COB-
nagaror. CKIEHB 9T Jy4u, HOJyYUM IPaHully ['1g ¥ HEOPEpPBIBHOE 3aMKHYTOE
muoroobpasue R = Qo U Ty Uy UT g (em. puc. 1.3), KOTOpoe HA3BIBAETCS MOJI-
HbIM PUMAHOBBIM MHOIOOOpasueM (DYHKIMU W = +/Z, OIPEJEJEHHON COrIaCHO
(1.71) ¢ mempepbiBHBIM TIpojio/ikenuem Ha Jiyd 1. [Ipu sTom Touku z = 0 u
2 = 00 ABJSIOTCS TOUKaMU passeTsienus Gyukmun w(z)(cm. m.1.1.11),

PaccmoTpum erre oJiuH MexXaHU3M aHAJUTHIECKOTO TPOJIOJIKEHNs aHAJTUTH-
Jeckoit (pyHKIMKM 3a rpanuily obsactu onpenesnenus. Ilycrs B obmactn €y 3a-
naHa anaguTudeckas dyukiys fi(z). Beilbepem HeKOTOpPYIO TOUKY 21 € 0 U
Pas3IoKuM 3Ty (DYHKIMIO B Psifi Teitiopa B OKPECTHOCTH 3TOM TOUKN. Bhrancanm
PaJIMyC CXOJMMOCTU FTOI'O psijia K. BodaMoxKHbBI JiBa ciiyydasi: B IEPBOM — PaJUycC
CXOJTAMOCTH MOKET OKa3aThCsl MEHbIIE UM PABHBIM PACCTOAHUIO JTO TpaHUILI [']
obsactu {21, BO BTOPOM — OOJIbIIIE 3TOW BeJUINHBI. PaccMoTpuM BTOPOit cirydai.
O6oznaunm Kp, Kpyr |z — z1| < R;. OyHKIHUIO, OMPEIEJEHHYIO B 9TOM KpY-
re psijiom Teilsiopa, ecTeCTBeHHO CIUTAaTh AHAJUTHICCKAM MPOo/KeHneM fi(2)
Ha BCo 0bmacTh 29 = ) U Kp, un oboznaanth fo(z). Boibepem remeps ToUKy
2o € O\ u npencraBum fo(z) B okpecTHOCTH 29 psijtom Teiiopa. Berawc-
JIUM ero pajiuyc cxogumoctu Ro. Takrke BOZMOXKHBI JiBa ciiydas: B 1epBoM R
MEHbIIIe PACCTOAHUS JI0 TpaHuIlbl [’y obsacTu €y, BO Bropom — Ry 60JbIlIe 3TOr0
paccrosinust. Paccmorpes Bropoil ciyuaii, nocrponm obsiacts 23 = Qo U Kp, 1
onpenenuM B {23 dyaknuio f3(2) ucxomus u3z psga Teidopa B OKPECTHOCTH HEKO-
TOpOit 29. f3(2) siByslercst aHasMTHUIECKUM TpojtosikerneM fo(z). Tlpogomkast
STOT MPOTIECC B PA3JIMIHBIX HATIPABICHUAX, MTOJYIUM MaKCUMAJIbHO BOZMOXKHYIO
00J1aCTh OTpPEIETIeHNUST AHAJIUTUICCKON (DYHKIINN, KOTOPasT MOYXKET OKa3aThCsT KaK
BCeil KOMIJIEKCHOH 1LJIOCKOCTBIO (MJIM €€ 4aCThi0), TaK U PUMAHOBBIM MHOI0OODa-
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zueM. [Ipu 3TOM 1oJ1ydnM MakKCUMaJibHOE aHAJIMTUYECKOE PACITUPEHUE UCXO/HOM
dyHKIHIH.

Oyukius f(z), nojaydeHHasi 1yTeM aHAJUTHYECKOIO POJIOJIKEHUsS BJOJIb
BCEBO3MOXKHBIX IIEIOUeK 00JIacTel, BRIXOIAINX U3 IepPBOHATAILHON 001acTh )
aHAJIMTUICCKON (DYyHKIIUK fl(z), HA3bIBAETCs TOJTHOW AHAJIUTUIECKON (PYHKIIU-
eit, a ee 00JACTDb ompejiesieHnst R — ecTecTBEHHOM 00JIaCThIO OIIpeaeeHusl TIOJTHOM
aHAJIUTUICCKON (PYHKITUH.

st aHaJiuTHIeCKOi (PYHKIMUKY BbIJIEJISIOT IPABUJIbHBIE U 0CODbIE TOUYKHU.

[Iycts f(z) onpenenena B obaacru €2, umerorneii rpanuiy [

Touka zg € ) HazbiBaeTCs NpaBUILHON juist pyHKIWU f(2), eciu cyliecTByer

o0
Taxoe p(zg) > 0 u crenennoit psag Y ¢,(z — zp)", cxopsmmiicsa B Kpyre |z — 2o| <

n=1
< plz0) x dymag (2).
Touka 2y € Q, He SABJSIONIACH IPABUIILHOI, HA3BIBAETCS 0CODOIL.
Bce Toukn anasuTudeckoit B obsactu () pyHKIMK ABJIAIOTCS TPaBUIBHBIMU,
Ha rpaHuie obsactu {2 MOryT ObITh KaK MPaBUJIbHBIE, TAK U OCOOBIE TOTKH.
HokaxkeM cjetyionee yTBep:K/Ienne.

Yreepxkaeane 1.29. Ha epanuue xpyea Kr crodumocmu cmenenwnozo pada
o0

Y en(z — 20)" cywecmeyem xoma 6w, 0dna ocobaa mowka dynryuu f(z),
n=0
Komopoti 3mom pad crodumca.

« IIpejnosnioxkum niporuBHOe, 4TO BCe TOUKM rpaHullbl [ kpyra Kpr npaBujib-

Hble. Bribepem mponssosibayto Touky 21 € ['. Torma cymecrsyer p(z1) > 0 u psin
o0

Soch(z = 21)", exopsmmiica B K, = {2z : |2 — 21| < p(21)}, aB KpU K,

n
n=0

f(z). Bolbupast Ipou3BOIbHbIE TOUKH 2j Ha OKPYKHOCTH, HOKPOEM OKDYKHOCTD
nepecekatomuMuca kpyramu K, . Tak kak I' — KOMIAKTHOE MHOXKECTBO, TAKUX
KpyroB Oyjier KoHeaHoe unciio. B ¢s3u ¢ srum dynkmus p(z) Oyjger paBHOMEPHO
HEIPEPLIBHOM, a, CJIeJ0BATENBHO, Iznellp p(z) = po > 0. B xpyrax K, ompenerne-

npl bynkimn f;(2), ABgomuecs anatnTudecknm npojomkenneM f(z). Taknm
obpasoM, B Kpyre |z — zg| < R+ py onpeyenena ananntuaeckast qyukiws F(z),
SIBJISIIOIIASICS aHAJMTHUYeCKUM HpojoJkenue f(z). B cuiy ejuncrsennoctu npeji-
CTaBJICHUsI AHAJUTUYICCKON (DYHKIMK psijioM Teitsopa, pajuyc ero cxoJauMOCTh
He MoxKeT ObITh Menblle R 4+ pg. [losiyunsiu nporusopedue. »

Takum 00pas3oM, pajuyc Kpyra CXOJAUMOCTH CTEIIEHHOIO Psijia, OIPEeIeIAeTCs
pPacCTOsSTHUEM OT IEHTPa Kpyra J0 OJivKaiiiieil ocoboit TOUKKM aHAJUTHIECKOM
(bYHKIHE, K KOTOPOil 9TOT PsAJT CXOIUTCS.
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1.3. N3oaupoBanHbie ocobbie Touku. Pang JIopana.
Teopusa BbIueTOB

1.3.1. IloBenenne pyHKINM B OKPECTHOCTH M30JIMPOBAHHOI
0Cc000if TOUKM

Touka zy (29 # 00) HA3BIBAETCS M3OJMPOBAHHON 0CO00H TOYKON (ByHKIMHU
f(2), eciu f(z) — anasmruueckasi pynkius B Kosble 0 < |z — zg| < R, a Touka
20 ABJIETCs 0c00oi TouKoi dyHKIMU f(2).

JokarkeM CIeyionee yTBepK IeHue.

Yrepxkaenue 1.30. [Tycmo f(z) — anasumuveckas 6 xoavue Kp g,
={z: Ry < |z — 2| < Ro} Pynwyusn. Toeda f(z) moocem 6vimv npedcmasaena
8 IMOM KONDUE CTOOAUUMCA PAOOM

— Z en(z — 20)" (1.73)

n=—oo

Pasnoocenue (1.73) eduncmeenno. Pad (1.73) nasweaemes padom Jlopana'?.

<« Bribepem Touky z € Kg g,. [loctpoum B Kg, g, nBe okpyxuoctu I'g n I'p, ¢
IIEHTPOM B TOUKe zo pajuyca R] > R u Ry < Ry Takum 06pa3om, 9To0ObI TOUKa
z mpuHaJIexKana Konbiy Kp g Cormacno mnrerpany Komm (1.45)

f(¢ L[ f(Qdg
2772/ —z 27m'/ C—2z (1.74)

T
Ry

B nepsom unrerpade (1.74), ¢ yaerom |¢ — zo|/|z — 20| < 1, upejcrasum

L ! f: —a ()

(—z (z—20)[1 = (¢ —20)/(z — 20)] Z—ZONH’

n=0

a BO BTOPOM, C YYeTOM HepaBeHCTBa |z — 2| /| — 20| < 1, —

! = 1 - Z—ZO
C—z (€ —20)[1 = (2= 2)/(¢ — 20)] nz: — o)t (1.76)

12 Topam IMnep Amndonc (bp. Pierre Alphonse Laurent, 1813—1854) — dbpaniy3ckuii MaTeMaTHK, MO TTPO-
deccun BoeHubIil nH)kenep. OCHOBHBIE TPYIbI OTHOCATCA K TEOPUM AHAJTUTUIECKUX (DYHKIUH KOMILIEKCHOTO
[IepEeMEeHHOrO0.
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[TopcraBum Boipaxkenusi (1.75) u (1.76) B (1.74) v BbIIOJIHUM HOYJIEHHOE WH-
TErpPUPOBAHKE. DTO BO3MOKHO JeJIaTh, TAK KK PsI/bl CXOJATC PABHOMEPHO OT-
HocuTeIbHO (. B pesyiibrare mosydum npejicraBjienue

Z 271 / & —Zzo_:fl do+ Z 271 / L (2 — ,z'o_”zi(:3 dc,  (L17)

/

B KOTOPOM DpPAAbI CXOIATCHA.

O06o3Ha4uB
cr = 1,/ J(¢)de (n=0,1,...),

2ri ) (¢ — zp)"tt

(1.78)
c, 2772/f (—20)"d¢ (n=0,—-1,...),

samernM, 4ro Koaddurments (1.78) MoryT 6biTh 00beMHEHbI Ol hopMy-

JIOI
¢ = 1,/ NOde o 1) (1.79)

2ri ) (¢ — zp)"H!

T
rie [ — mpousBosbHAsT OKPYXKHOCTH pajuyca R: Ry < R < Ry, a psn (1.77)
samucan B Buje (1.73). B cuny npowmssosbrOCTH 2, peaj (1.73), B KOTOpOM )
onpejiesienbl corsiacio (1.79), exopurest st soboro z € Kpg g, npudem Jyis
z € K, g, — PaBHOMEPHO.
[Tokazkem ejHCTBEHHOCTH NpejcTasienust (1.73). [peanonoxum, 4o cyiie-
CTBYET eIlle OJHO pas3jioKeHue, T. €.

(0.9] o0
flz) = Z cn(z — 20)" = Z c(z— z)". (1.80)
n=—00 n=-—00
VMuozxkas obe uactu pasencrsa na (z — zo) "1 u unTerpupys 10 1pOM3BOJILHOI

OKPY2KHOCTH C IEHTPOM B Zp, Jiezkareil BHyTpu Kp g,, HOIyIUM, 9TO C; = C},
(k=0,£1,...). »

Cormnacuo yreepxaennio 1.30 dyuknuio f(z) B OKPECTHOCTH H30JMPOBAHHOI
0coboit Touku, T. e. B KoJblle 0 < |2 — zg| < R, MOXKHO TIPEJCTaBUThL PsiJIOM
Jlopana (1.73), kotopslii paBHOMepHO cxoputTest K f(2) B J060oM Kosbie 0 <
<R1<|Z_ZO‘<R2<R.

[Ipu 310M BO3MOXKHDI CJIEJLYIOLIME CJIYYau.
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a. [osyuennpiii psiy (1.73) He uMeeT 4JI€HOB € OTPHUIIATEJBLHBIMU CTEHCHSMH,
T. e ¢, =0 (n=—-1,-2,...). Takag ocobas ToUKa 2( HA3BIBACTCS YCTPAHUMOI
0c000it TOUYKOIA.

0. Psan (1.73) comepKuT KOHETHOE UHCIIO WICHOB ¢ OTPUIATEIHHBIMU CTere-
HAME, T. €. ¢, =0 (n = —k —1,—k —2,...), c_ # 0. Takas ocobasi Touka z,
dbyuknnm f(2) HA3BIBACTCS TOJIOCOM TOPSIIKA k.

B. Psj1 cojiepkut 6eCKOHEUHOe YUCIIO YJIEHOB ¢ OTPUIATETHLHBIMU CTEIIEHSIMU.
Takasi ocobast Touka 2y GyHkiuu f(z) Ha3bIBAETCsI CYIIECTBEHHO 0CO00# TOYKOIA.

Pacemorpum nosesierue dbyukimn f(z) B OKPECTHOCTH B KAXKJIOM U3 Iepe-
YUCJACHHBIX CJIyJaes.

B nepBom ciyuae, kax caeayer us (1.73), Zh_)rglof(z) = ¢, |co| < oo. Taxum

obpaszom, dbyukimst f(z) orparudena B kosbie 0 < |z — zo| < R. Hoonpeesnm
f(z) B Touke 2y Kak f(2) = ¢y, NOTYIUM AHATUTHIECKYIO (DYHKIHIO.
meer mecTo 1 0OpaTHOE yTBEPXKICHKE.

Yrepxkaenue 1.31. Ilycmo f(2) — anaaumuueckas u  o2panuvennas
(If(2)] < M) 6 xpyeosom xoavuye 0 < |z — z9| < R ¢pynxyua. Toeda zy —
YCmpanumas 0cobas movwka.

<« [Ipejcrasum f(z) pagom Jlopana (1.73), B koropoM Ko bHUIMEHTHI Olpeie-
senbl coryiacuo (1.79). C yueToM ycioBuii yTBep:KIeHNs] IMeeM

lea] < M- R (1.81)

PaccmarpuBast KoappUIUEHTHL ¢ OTPULIATEILHBIMU 1 U YUUTLIBas UX He3a-
BUCUMOCTHL 0T R, 3amedaem, 910 ¢, = 0 nupu Bcex n < 0. »

PaccmorpuM Tenepb BTOPOil ciiydail, KOrja 2y SBJIAETCA MOJIOCOM IOPSIIKA,
k. B arom ciyuae nosesierue f(z) B OKPECTHOCTH Zzy ONPEJEJsiT CJIEIYIOINee
YTBEPXK JICHHE.

YrBepxkaenne 1.32. Ecau mouka 2y Asasemcsa nosocom nopadka k dynruyuu
f(2), mo lim |f(2)| = oo. Obpammo, ecau f(z) — anarumuveckas 6 Koavye
Z—r20

0 <|z— 20| < R ¢pynryua u im | f(2)| = 0o, mo zg — ocobas mouka pynryuu
Z—20
f(2), asamowancs nosocom.

<« [Ipencrasum f(z) B okpecTHOCTH 20 psijiom (1.73). B pesymbrare nmeem

C_

C_1 it n__

(1.82)

oo

= (z — zo)fk [C—k + ...+ C_1(Z — Zo)kil} + Z Cn(z - ZO)n-

n=0
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T. k. c_ # 0, u3 upencrapiennus (1.82) ciepyer, uro |f(z)| — oo npu sirobom
CTPEMJIEHUU Z — Z(, YTO U JIOKA3BIBAET TEPBYIO YaCTh YTBEPXKICHUS.

U3 yenoBusi Teopembl caiefryer, 4o Jis Jiio6oro unciaa A cymecrByer rakoe
d > 0, uro mpu |z — 29| < 0 |f(2)] > A. Pacemorpum dbyukmmio g(z) = 1/f(z).
Hst g(z) zh—>Hzlo lg(2)] = 0, 1. e. 29 — ycrparumast ocobast Touka byHKIwA §(Z2),

nmosromy ¢(z) = (2 — 20)"p(2), p(z0) # 0, Tae m — MOPsJIOK HyJist (DYHKIHH
9(2). Torna f(z) =1/9(z) =1/(z — 20)" - p1(2) (p1(2) = 1/p(2), p1(20) # 0 ),
T. €. 29 — moJroc nopsaka m dyukiwuu f(z). »

Paccmorpum ciryuait, Korja zg — CyliecTBeHHo ocobast Touka Gyukiuu f(z).
[ToBesierue dbyukiwn f(z) B OKPECTHOCTH TAKOW TOUKH OMPEJIEJISET CJIeIyOIee
YTBEPIK JIeHUE.,

Vreepxgenne 1.33. (Teopema Coxourozo'?) Ecau mowxa 2y — cywe-
cmeenno ocobas mouka gynkyun f(2), mo dasa 106020 wucia A (Koneunozo uau
beckoneunoeo) cyuecmeyem nocaedosamesvnocms movex z, (n = 1,2,...),

lim z, = 29 makaa, wmo lim f(z,) = A.
n—00 Z2—20

<« [Iycrs A koneuno. [Tokaxkewm, ato 117151 j11060T0 £ > 0 CyIIECTBYeT OKPECTHOCTD
|2 — 20| < 6, B KOTOPOIH HaileTcs TouKa 21 Takas, uro |f(z1) — Al < e (B cayuae
koneunoro A), |f(z1)| > €71 (B ciyqae A = 00). IIpenosnoKum NpOTUBHOE —
yTBepyKIeHne Hepepro. Takum obpaszom, mpn 3ajganrom A Hanioch € > 0, 9To BO
Beex Toukax |z—zo| < 9, |f(2)—A| > e. Pacemorpum dyukuuio g(z) = 1/(f(2)—
— A). B cuy crenannnix npejpnonoxennit |g(z)| orpanntdena npu |z — zo| < 9
v siBJIsiercsi aHaJuTu4deckoil B kosiblie 0 < |z — 29| < 0, 1. e. zy — ycrpanumasi
ocobast Touka hysKImu g(z). D10 03nHauaet, uro g(2) = (2—=20)"p(2), p(z0) # 0,
m > 0. Orciona cnenyer, uro f(z) = (2 — 20) "p1(2), p1(z0) = p(20)~ ! #
# 0, T. e. TOUKa 2( ABJISETCS JIHOO MPABUILHON TOUKOIL, JIHOO TTOJIOCOM TTOPSITIKA,
M, 9TO NPOTUBOPEUUT yCIOBUsIM yTBepxKienus. Ciyuail A = 0o jlokazbiBaeTcs
QHAJIOI'MYHO. P>

OcranoBuMcs Ha Bompoce noBejenust GyHkiwpu f(z) B OKpECTHOCTH OECKO-
HEYHO yjlajieHHol Touku. Ormernm, uro npeobpasosanue w = 1/z nepesojur
OKPECTHOCTb TOYKH Z = 0O B OKPECTHOCTH TOUYKH w = (), Jjisi KOTOPOii 10cTa-
TOYHO MPUMEHUTH PACCMOTPEHHYTO KJIACCU(DUKAIHMIO.

13 Coxonxuit FOmman Bacunbesud (1842—1927) — pycckuii MaTeMaTik IOJILCKOrO MPporCcxox tenns. IIpodec-
cop maremaruku B Cankr-Ilerepbyprekom yrusepcurere. OCHOBHBIE TPY/IbL 10 TeOpun QyHKIMHE KOMILIEKCHO-
ro nepemerroro. ChopMyaupoBa u J0Ka3aJ TEOPEMY O TIOBEJIEHUN AHAJIUTUIECKUX (PYHKINN B OKPECTHOCTH
CYIIECTBEHHO OCODON TOYKW, M3yYHWj IPAHWYHBbIE 3HAYEHWS WHTErpPAJIOB Twia wHTerpaja Komm mpu BechMma
obmux yenosusax. llocnmentnue pe3yabraTbl UMEIOT BasKHOE 3HAYEHUE I MPUIOKEHUH K MEXaHUKe.
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1.3.2. Bpruer pyHKINM B M30JMPOBAHHOI 0CO000ii TOUYKe

[Iycrs 2y — wusosmpoBanHasi ocobasi Touka dyukiun f(z). Bbruerom
dbyuknnu  f(z) B TOUKe 2) HA3BIBAETCA KOMILJICKCHOE HUHCJIO, ODO3HATAC-
moe res(f(z), zo) (residue — ocTaTok) u onpejessieMoe 1o cieyroreii hopmylie:

ves (F(2), 20) = % / f(2)dz, (1.83)

B KOTOPO# HHTErpaJi 0epeTcst B MOJIOKUTEIHLHOM HAITPABJIECHUN 110 JTFO00# 3aMKHY-
TOIi KpUBOIi 7, JexKaIeit B 06JacTu aHATUTUIHOCTH HYHKIMU f(2) U comepKa-
et TOUKy 2y BHyTpH ceDsl.

Bamerum, uro corsacHo dhopmyde (1.79); onpeessiomneit ko duiuenTor psi-
na Jlopana dbynknun f(z) B OKPECTHOCTH TOUKHU 2o, res (f(z), 29) = c—1. Orcio-
Jla CJIeJlyeT, 9TO BbIUET B YCTPAHMMON 0coDOit Touke paBeH Hyso. Paccmorpum
CIocob ompeiesieHus BhlUeTa B TOUKe Zzg, SIBJSIONIEHCs MOII0coM mopsaka k. B
OKPECTHOCTHU 3TOW TOUKHU CIPABEINBO PA3IOKEHIE

C-1
Z — 20

flz2) = — 4+

(2 = 20) +teotalz—z)+.. (1.84)

Vumuoskum obe wacti paserctsa (1.84) wa (2 — 20)* w BbIUMCAIM OT HUX
npousBojHbie nopsijika k — 1. Ilepeitjs Tenepb K npejenaMm upu z — 2y OT
0bernx JacTeil MOJyIeHHOI0 paBeHCTBa, OyJIeM UMETh CJIEIYIONTYI0 POpMYJTy JJisd
onpejiesienns Bbraera Gyukipu f(z) B TOUKe Zp:

k—1

res (£(2), ) = lim =

(= 20) ()] (1.85)

B ciyuae, ecam TouKa zg SIBJISETCS TTOJIOCOM MEPBOIO MOPsijiKa U DyHKIHsI
nmeet Bu f(z) = p(2)/1(2), To (1.85) mpuMer caemayomuii MpOCTOH BUI:

res (f(2), 20) = @(20) /4" (20)- (1.86)
ITpumenenue Teopun BbIYETOB OCHOBBIBAETCA HA CJIEJYIONIEM YTBEPXKICHUN.

YrBepxkaenue 1.34. (Teopema Kowu. OcHosHnas meopema meopuu 6vi-
wemos) Ilycmo gynxuyus f(z) asasemes anasumuieckots 6 o2panuuennots 00-
aacmu £ ¢ KYcouno-24a0%00 2parnuiet, 3a UCKAOYEHRUEM KOHEYHO20 YUCAL U30-

AUPOBAHHDIL 0COOBLT MOYUEK 21, . . ., Zn, Aesxcausuxr sHympu 1, u HenpepvieHa 6
Q. Tozda

/f(z)dz =2mi Y res(f(2),2). (1.87)

j=
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3decv I'y — noanas eparuya 2, 06x00uMan 6 NOAOHCUMENOHOM HANDPABACHUL.

<« IIposegem u3 kax10it ocoboit Toukn z; okpyxuocrts C; = {z: |z — z;| = p;}
MaJIOro PaJiMyca TaKUM 00pa3oM, ITOOBI COOTBETCTBYIONMME Kpyru K mpruHaj-

gexann §) U He mepeceKaanch Mexky coboii. B obmactu 2 = 2\ {U?l K j}

dbyukius f(2) ABIAETCA AHAJUTUICCKON U HETPepbIBHOI B (Y, TpaHUIy KOTOPOii
obosnaunm IV, Ha ocnoBanum yreepxaenus 1.8

/ F(2)dz = / fez+ Y / F(2)dz = 0. (1.88)
= /

B (1.88) rpanura C; obxonuTcs B OTPULATE/ILHOM HAIIPABJICHUH, T. €. OCTABJIsAA
obsacth cieBa. [leperecst Bo Bropom paserctse (1.88) cymmy B mpaByto 4acTh ¢
yaerom (1.83), nosyuaum dopmyny (1.87). »

[Tycth 2z = 00 gBjsieTCs U30JIMPOBAHHOM 0CODOI TOUKOIA.

Brraerom f(z) B Touke 2 = 00 HA3BIBAETCS KOMIUIEKCHOE THCJIO:

res (f(z),00) = —/f(z)dz, (1.89)

rie [y — npousBosibHbI# 3aMKHYTHI KOHTYD, BHE KoToporo f(z) — aHajurnde-
ckast QYHKIWS, ¥ He IMEET U30JMPOBAHHBIX OCOOBIX TOUEK, OTINIHBIX OT 2 = 0O.

CrpaBe IBO CIeyToInee, Jerko Joka3biBacMoe Ha ocnoBanun (1.87), (1.89),
yTBEPXKJICHHE.

YrBepxkaenue 1.35. [lycmo f(z) — anarumuyeckas 6o 6celi KoMnAekCcHOT
nAOCKOCU PYHKYUA, 30 UCKANOYEHUEM KOHEUHO20 YUCAE U30NUPOSAHHLT TOYER
2z (k=1,...,n), éxaouvaa z, = co. Tozda

n

> res(f(z),2) = 0.

j=1

1.3.3. JlorapmdpmMmuiecKnii BbI9eT

[Tycts B orpanuvennoit obsiactu {2 ¢ KycouHO-T/IaiKO# rpanuneit I’ 3aana
anaguTuIeckas GyHkinus f(z) BCoOy, 32 UCKIIOUEHHEM KOHETHOTO YUC/Ia U30-
JIMPOBAHHBIX 0COOBIX TOUYEK 2; (j = 1,...,n), apisouuxcs nosocamu. [pesno-
JoxkuM, 4o Ha [' Her nu nysieil, vu 0cobbix Touek dyukiuu f(z).
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DOynkIuio
p(2) = (In f(2)) = f(2)/ f(2) (1.90)
HA3BIBAIOT JOrapudMIIecKoii mpou3BogHoii f(z), a BBUET @(z) B ee 0COOBIX
TOUKAxX — JorapudmMutaeckuM BoraeToM Gyukimn f(z).

Haiijiem 3nadenue Bbruera GyHkipun ©(2) B ee 0C0ObIX TOYKAX, HPUHAJIE-
xarmux 2. Ocobbivu ToukaMu (z) aBisiorcs, Kak ciemyer u3 (1.90), mysnu
bynknuu f(2) 25 (j=1,...,n) nee nomocnl z; (j =1,...,p).

IIycrs Touka 2} aBisercs nynem nopsika n; Gyukmun f(z). Pynxnno f(2)

J
B OKDECTHOCTH Z; MPEJICTABUM B BH/IC

f(2) = (z=z)" fi(2)  fi(%) # 0. (1.91)

Orcrofa dbynxims ¢(2) B OKPECTHOCTH TOUKM 2} UMEET BHJL

o(z) = (I £(2)) = g (= = =)+ O (=) = 2+ 7

Z—Z

Taknm 00pasom, Touka 27 sABJIAETCs HOJIOCOM 11EPBOrO Hopsiika QyHKIun

©(z), a ee BbIUET B 3TOil TOUKE PaBeH N;j:

res (f'(2)/f(2),2}) = ny, (1.92)

T. €. opsiyiky HyJist pyHKimu f(z).
Ilycrb z; siBisiercst nosocom nopsiaka p; byukmuu f(z). Torpa B okpecruo-
CTU 9TOU TOYKU
fi(z)

f(2) = ——=; filz) #0.

L)
(2 — z;)Ps
Hnst norapndMitdeckoil MPOU3BOLHON B OKPECTHOCTH TOYKH Zj MOJIyYHM BbIPa-
KeHue

— (o F(2)) = — pj f{(z)

Takum 00pasoM, TOUKA 2 SIBJISETCS HOJIFOCOM 11EPBOro Hopsijika GyHKimn ¢(2),
a ee BBIYET B 9TOH TOUKE PaBEH —p:

res (f'(2)/ f(2), 2j) = —p;. (1.93)
[Tosryaennble pe3yabTaThl CPOPMYIUPYEM B BUJE CICLYIOMETO YTBEPK ICHHS.

Yreepxkaenue 1.36. [lycmo dynxyua f(2) asaaemea anarumuneckoti 6 02pa-
Huvennot obaacmu £ ¢ Kycouno-2aa0k00 epanuuet I' scrody, za uckaovernuem
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UBOAUPOSANHIT 0cOOWT movek z; (j = 1,...,p), Komopvie AGAAIOMCA NOAIO-

camu, u nenpepuenot 6 ) emecme ¢ f'(z). Hycmov na epanuye T nem nyared
> n

dyrryuu. Tozda pasnocmun mescdy noanvim wucaom wyaed N =3 5 | nj u noa-

HOLM YUCAOM NO0A0C06 P = Z?ilpj dynruuu f(z) onpedessemes svipascernuem

o, 1 f(z)dz
N P_2m,r/ cR (1.94)

</JoKa3aTebeTBO YTBEPKICHUST HEOCPEICTBEHHO BhITeKaeT 13 Gopmy. (1.92)
u (1.93). »
Brisicium reomerpuieckuii ¢MbICsT TIpaBoil dactu paBeHcTBa (1.94):

RSO

27rz'r f(Z) dz = 2_7Tir d<1nf(z>) -
+ + (1.95)
zzim, d(ln|f(z)\)—|—%/d Arg (f(2)).

31ech u B jasbheiimem mnoj dpyHkmueir Arg z Oyjgem HnoHUMAThH Ty Hempe-
PBIBHYIO BETBb CUeTHO3HAUHOH (dyHKiuu (1.2), Koropast B HAYAJbHBIE MOMEHT
cooTBeTcTByeT (byHKIMK arg z. [Ipu obxose 1o 3aMkHyTOi KpuBoit I' B 110J107K 1~
TeJSHHOM HalpasieHnn 3uadenue dbyuknun In|f(z)| Bo3Bpamaercs B mepBoHa-
JqaJIbHOE, TTO9TOMY TEePBBIil MHTErpasl paBeH Hy 0. 3Hadenue pyuaknnn Arg f(z)
pu 00X0JI€ 110 3aMKHYTON KPUBOI MOXKET OTJIMYATHCH OT HEePBOHAYAJILHOIO. Be-
JTUITHA

1

7 dArg (f(z)) = %AFAT’Q (f(2))

I,

OmpeJiesisieT TOJIHOEe M3MeHeHue aprymenta ¢yukinuu f(z) mpu obxome mo 3a-
MKHYTOI KpuBoii [ B MOJOKUTEILHOM HAIIPABJICHUN , JleJIeHHOe Ha 27. ['eomer-
PUUECKH — 3TO YHCJI0 0DOPOTOB HA ILJIOCKOCTH BOKPYr TOYKM w = () BeKTOpa
w = f(z) npu nosrom obxogzie I'. Do mo3BOJISIET CHOPMYIUPOBATE CJIEyOIIee
YTBEPXK JICHHE.

Yreepxkaenune 1.37. (IIpunyun apeymenma) [lycmo dynkyus f(2) — ana-
AUMUNECKAA 6 02panuvernots ooaacmu £ ¢ Kycouno-24a0%00 epanuyet I, 3a uc-
Karouenuem movek zj (5 =1,...,p), Komopvie ABAAOMCA NOMOCAMU, U HENpe-
pushas emecme ¢ f'(z) 6 obaacmu 0. IIycmo na 2panuye T nem nyaeti dynryuu
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f(2). Tozda pasnocmv mencdy NOAHBIM HYUCAOM HYAET U TOAHDIM YUCAOM TLOAIO-
cos pynkyuu f(z) 6 obaacmu  pasno wucay obopomos eexmopa w = f(z) npu
0b6x0de nepemennoti z epanuyvl I' 6 n0A0HKCUMENLHOM HANPAGAEHUL, M. €.

N_P= %ApArg (F(2)). (1.96)

Paccmorpum oo Buytonsmenenue dbopmyibt (1.94). Ilyers dynknusa f(z)
VJIOBJIETBOPsiET yCJIOBUSIM yTBepxkenust 1.36, a 1(z) — aHamurudeckas B
Q) uw nempepoBras B () dynxmua. Ocobpivu Toukamu dynkimun ¢(z) =
= (2) f'(2)/ f(2) moryT ObiTh Jtuth HysH 25 U nosockt 2; byukin f(2). Takum
00pa3oM, 10JIyIuM

QLTFZ' V(z) ;’é;; dz = Z@D(Z]*)nj — Z¢(zj)pj, (1.97)

T J=1

B gactaom ciyuae ¢(z) = z umeem

LG -
2m‘r/zf(z)dz 2% ;ij”

Jj=1

3

IJIe paBast 4acThb MPeJICTaBsIeT cCODO PA3HOCTb MEXKJLY CyMMOI HyJIeit 1 CyMMOit
noJiiocoB GyHKInu f(2), B3ATHIX ¢ yIETOM UX KPATHOCTEI.

[Tpu mogcuere qucia nynein dynknuu f(z2), npuHamiexamux obaacru €,
TIOJIE3HBIM OBIBAET CJIENIYIONIEE YTBEP:K IeHNUE.

Vreepxaenue 1.38. (Teopema Pywe't) Ilycmo dynwuuu f(z) v o(2) se-
AANONCA AHANUMAUNECKUMU 6 02panuverntots obaacmu ) ¢ Kycouno-z2aadkoti 2pa-
nuyed I u nenpepusnvimu emecme ¢ f'(z) u ¢'(z) 6 Q. Hycmv maxorce

()] > le()]] - (1.98)

Tozda noanoe wucao wyaet 6 obaacmu Q0 gynxuyuu F(z) = f(2) + ¢(2) pasno
noanomy wucay wyaret gynryuu f(z).

< [ dbyukiun F'(2) Beinosinensr yeaosust yreepxaenus 1.37. [losromy obmiee
qUCIO0 HYJIei

N(F(z)) = %AFATQ (f(2) +¢(2)),

14 Pyme Dxen (pp. Eugene Roushe, 1832-1910) — dpanmysckuit matemarux. IIpodeccop IlenTpanbroit
mKkosbl uckyceTs u pemecen (Ilapux). Vccnenosanus mocssmensbl Teopun (byHKIWA, U30IMEPUMETPUICCKOMY
METOY MATEeMATHIEeCKOr0 aHAJIN3A, TEOMETPUN, TEOPUU TTIOBEPXHOCTEN, TEOPUHU BEPOSITHOCTE!, TEOPUHU OIIPE,Ie-
JIEHHBIX WHTErPAJIOB.
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N(f(2)) = %AFATQ (f(2))-

JlJ1st pa3HOCTU MMEEeM BbIPaXKEHUe

N(f(2) +9(2)) = N(f() = 5 (Ardrg (£() +¢(2) — Ardrg 1)) =

@
_ %Apmg (W) _ %AFATQ - w(z)) |

Pacemorpum dynknuio w(z) = 14 ¢(2)/f(2). B cuy yeaosus (1.98) tpu
obxojie 1o I' coorBercTBytonias et kpuBasg G B IJIOCKOCTU w OyJeT TEJTUKOM
JeXKarh BHYTpHU HEKOTOporo kpyra |w — 1| < pg < 1. Takum 006pazom, Touka
w = 0 jexkut BHe 3aMKHYTON KpuBoii G. Orciona ApArg w(z) = 0. »

[Tpumenum 1.38 juist jlokazaTebCTBa OCHOBHOM TeOpeMbl ajreOphl.

YrBepxkaeHue 1.39. Vpasuenue
apz" +a12" '+ ... 4 a, = 0(a #0) (1.99)
UMeem 6 KOMNACKCHOT NAOCKOCTIU T KOPHET (¢ yuemom Kpammnocmu,).

<« Tonoxum f(2) = agz", () = a12" ' + ... + a,. PaccMoTpum oKpys>KHOCTD

|2| = R u Boibepem R rakum 00pasoM, 4ToObl Ha OKPYKHOCTH BbILIOJIHAJIOCH

repaBeHcTBO | f(2)] > |¢(2)]. D10 Beerma MOXKHO ¢ietaTh, T. K. Ha OKPYKHOCTH

1f(2)| = laol|z]* = |ap|R* > |a|R*™ + ... + |an| > |g(2)| upn 6oabmom R.

Ypasuenue f(z) = 0 umeer n KOpHeil (¢ yIeToM KpaTHOCTEH) B Kpyre JiobOro

pajuyca, u | f(z)| = oo mpu R — oco. Orcioga (1.99) umeer rakxke n KopHeii. »
B kadecTBe mpuMmepa pacCMOTPUM ypaBHEHUE

Zde = (1.100)

rjie BelecTBeHHbli napamerp A > 1, u nokaxem, 1yro (1.100) Bcerpa nmeer B
IIPaBOil KOMILIEKCHOM TOJIYIIJIOCKOCTH OJINH BEMEeCTBEHHBIN KopeHb. PaccmoTpum
00J1aCTh, OrpaHrueHHyI0 orpeskoMm [—iR,iR] u nosyokpyxHocrbio |z| = R B
npaBoii mostymiockoctu. Beibepem f(2) = A —z,¢(2) = e *. Ha otpeske z = iy
umeem |f(iy)| = [N —iy| = X > 1,|o(iy)| = |e"¥| = 1. Ha nonyokpysknoctu
|z| = R,Rez =2 > 0. IIpu 6oubiiux R: |f(2)| = |z| = A=R—-X>1,|p(z)| =
= e % < 1. Takum obpazom, Ipu JHOOBIX JOCTATOUYHO OOJBIINX R BBIIOJIHSIETCS
ycyioBre TeopeMbl Pyiie.



I'1aBa 2.

IlpnkaaaHbie acIeKThI
KOMILJIEKCHOTO aHaJII3a,

2.1. KoadopMHBIE 0TOOpa KeHUsI

2.1.1. /IpobGHo-1mHEITHbIe 0TOOpaKeH!sd

OrobpazKkeHus, OCylecTBIsieMble JPOOHO-JIMHEHHBIMU (DYHKITMSIMU

az+b
w(z) = ad — bc #£ 0), 2.1
()= 20 (ad— e £0) (2.1)
rjie a, b, ¢, d — KOMIUIEKCHBIE TUCJIa, HA3BIBAIOTCS JIPOOHO-TUHEAHBIMHY,
Oyuknus (2.1) onpenenena va C. B rouke 29 = —d/c 3navenne (2.1) cunraem
PaBHBIM 0O TIpU 2z = 00 — w = a/c. [lponsBosnas
dw  ad—bc
dz  (cz+d)?
cylecTByer BCiojly, kpome zg = —d/c. Obparnas K (2.1) dyHKImst
—dw + b
7= —
cw — a

TaKyKe ApobHo-mmHeiinag u onpeenena na C. Ilpu wy = a/c ee 3nadenue paBHo
00, a npu w = 00 — —d/c. Takum o6paszom, (2.1) ocyiecrBisieT 0HO3ZHAYHOE
0TOOpaskeHne 3aMKHYTO! TJIOCKOCTH 2 Ha 3aMKHYTYIO IJIOCKOCTL w. JloKaxkem
obpaTHOe yTBEpK/JICHHUE.

Yreepxkaenne 2.1. Iycmov dynryua f(z) odnosucmma 6 C u anarumuumna 6
C, xpome 0dnot mouxu. Tozda ona — Ipobro-sunelinan GynryuA.

61
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« YKa3aHHYI0 TOYKY, B KOTOPOl Hapyaercs aHauruinocrs f(z), obosnaunm
20. DTa TOUKA MOXKET OBITH TOJILKO mojitocoM. OHa He MOXKeT ObITh CYIIEeCTBEHHO
0coboit TOUKOI, T. K., coracHo yTBepxKenunio 1.33 (reopema Coxorkoro), ona
B 9TOM CJIydae He MOXKET OLIThL OJHOJHMCTHON, HE MOMKET UMETh M YCTPAHUMYIO
0coby10 TOUKY — B 9TOM ciydae 1o yrBepxKienuto 1.13 (teopema Jlnysusuis)
oHa, ObLIa ObI mocTogHHON. [loJifoC MOXKET OBITH TOJHLKO MEPBOIO MOPSIIKA — B
IIPOTHBHOM CJIydae HapyIIaeTCs OMHOJUCTHOCTE (hyHKImU. Takum obpasom, eciu
20 # 00, TO B OKPECTHOCTU TOYKHU 2o (PYHKIIUSI

w_
’LU(Z) = —1+w0+w1(z—zo)+...
Z — 20
Paccmorpum (pyHKIIMTO
_ _ W
Pl) = uw(z) - =

Oyukius ¢(z) He UMeeT 0COOEHHOCTEl B KOMIIJIEKCHO# TJIOCKOCTH U OMPAHIYIEHA,
CJIEJIOBATEHHO, Y(2) = ¢ — MOCTOSTHHAST, T. €.

w_y

w(z) =c+ ——
Z — 20

sBJIseTCs JIpOOHO-JHeitHoi. Eciu zp = 00, T0 raBHasi yacrb p(2) umeer Buj
az. Orciona w(z) = az +c. »

Vreepxaenne 2.2. Omobpasicenue (2.1) asaaemes wongdopmmom cesde 6 C.

< Kak ormeueno Boime, orobpaxkenue (2.1) uMeer KOHEUHYO TPOU3BOJHYIO BO
Beex Toukax C, kpome zg = —d/c. JlajmumM onpejiesienne yria B TOUKe 2 = 00.

[Tox yriom B Touke z = 00 Mexay KpuBbivu 'y w ['y, mpoxosimmumu de-
pe3 0ecKOHEYHOCTh M UMEIOHIMMU B cBOUX oToDpaxkenusix Ha cdepe [lyankape
KacaTeJbHble B Touke N, OyJieM TOHUMATh YIOJI MeXK]ly oOpa3aMy | U 7o ITUX
KPUBbIX 11pu 0T00Opakenuun z — Z = 1/z B rouke Z = 0.

[Tycrsb uepes ToUKy zg = —d/c IPOXOJSAT JIBE MIaJIKKE KPUBBIE 7y U Yo, TI€PE-
CeKaoTmecs mojl, yriaom «. Vx obpaser mpu orobpaykerun (2.1) obosnaunm 'y u
['5. Yros Mexk iy HUMU OlpejieJieH YIJIOM MEX/ly UX oOpa3aMu 1pu 0TOOparKeHUu
w— W =1/w.

B namewm ciiydae orobparkeHue

_cz+d
az+b
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u
dW  bc—ad
dz  (az+b)?
OTJIMYHbBI OT HYJIA B TOYKE 2(p = —d/C

[Tpu aTOM KpuBbIe Y1 U Yo siBJisitoTcst oOpazamu 'y u I'y. [Tosromy yros mexy
[y u Ty B Touke W = 0 pasen . Kondopumuocts orobpazkenns (2.1) 5 C
JIOKa3aHa. p

Paccmorpum reomerpudeckue cpoiictsa orobpaxkennst (2.1).

Ecin ¢ = 0, 1o npuxojiuMm K JIMHEHHON PYyHKITUU

a b
Z)=—=2z+ —.
IIpu a # 0 nonoxkum k = |a/d|, a = arg(a/d) u npegcraBuM oToOpazkeHue
w = f(z) KaK cyneprosunuo orodpakeHuii

ag: z1 = €%z, by: 290 =kz1, ¢o:w =z +b/d.

Orobpaxkenne ag CBOAUTCS K ITOBOPOTY ILJIOCKOCTH Ha, yroJi «v; oToOparkenue by
— 370 oToOpaxKeHue 1mofoous ¢ KodpduimenToM k; orodpakeHue ¢y CIBUraeT
nyockocts C na Bektop b/d.

IIpu ¢ # 0 npencrasum (2.1) B Bujie

a 1 bc — ad

f(z):E+z+d/c' c

Orobpaxkenune w = f(z) paccMOTPUM KaK CyNepIO3UIUI0 OTOOparXKeHu il

1 a bc — ad
ay: 21 =24+ —, by: 20 = —, cog: W= —+ 2o———.
c 21 c c

Orobpaxkenne ag CBOAUTCS K CIABUIY; OTOOparkerune by — odparnoe 0ToOparkeHue;
0TOOpaXKeHue ¢y — 9TO MOBOPOT U ¢JABUT. OTMETUM, UTO 0OpaTHOE OTOOpaXKeHue
B TIOJISIPHBIX KOOPAMHATAX 2] = 1€'¥, 29 = pe'? BuirymsiinT coeqyionmm obpasom:

p=1/r 0 =—¢.

YrBepxkaeune 2.3. (Kpyeosoe ceoticmeo omobpasicenusn (2.1))  Apobmo-
aunetinoe omobpascenue xaxncoyo oxpyscrnocms 6 naockocmu C nepesodum
6 oxpyorcnocmy na C. Ipu smom nod oxpyscHocmvIo NOHUMAEMCA GCAKAA

OKPYHCHOCTND UAU NPAMAA SUHUA.
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« [Ipu orobparkenusix ag U ¢y Kpyropoe CBONCTBO, OUEBUJIHO, cOXpaHsiercs. 1o-
KarKeM €ro CIIPaBeJINBOCTD MpHU oToOpazkennn by. Kaxk1yro OKpyKHOCTH B ILIOC-
KocTh (,y) MOXKHO 3arucarTh B BUJIE

A(z®> +y?)+ Bz +Cy+D =0, (2.2)

rie A, B,C,D — BelecTBeHHbIe YHUCIa, YIAOBJIETBOpsIONe ycjgoBuio A >
> 0, B>+ C? > 4AD. Tlpu A = 0 nonyunM upamyio. [lomaras z = z + iy,
nepenuieM (2.2) B BHJe

AzZ+ Biz+ Biz+ D =0, (2.3)

rie By = (B —iC)/2.
Yrobbl mostyuuTh ypaBaerue obpasa (2.3) mpu oOpaTHOM OTOOPAaYKEHUHU MO
aoxkuM B (2.3) z = 1/w. B pesynbrare nosydum

A+ Byw + Byw 4+ Duww = 0,

4TO TAKXKE SIBJISIETCS OKPYZXKHOCTHIO Bijia (2.3) B

Toukn z M 2z* KOMILJIEKCHO# IJIOCKOCTH HA3bIBAIOTCS CUMMETPUYHBIMUA OT-
HocuTebHO OKpyxRHOCTH Cp: |2 — 29| = Ry, €cin OHU JIeXKAT Ha OJHOM JIyde,
IPOXOJIAIIEM Huepes 2o, U |z — zo||2* — 20| = R3.

[IpeobpazoBanue, mepeBojisiiyme TOUYKY 2 KOMILIEKCHON ILJIOCKOCTH B TOUYKY
2*, CHMMETPUYHYIO OTHOCUTEJHLHO OKpYKHOCTH (), Ha3bIBAETCS MHBEpCUEH OT-
HOCUTEJILHO 3TON OKPY>KHOCTH.

Nmeem
*
arg(z — z) = arg(z" — 2),
R? : _ R?
Z* — 20 = -0 . ezarg(z %) = :0
|2 — 2] z — 29
Orcrona
R2
2=z —2.
Z — 20

B wacrhom ciyuae zyp = 0, Ry = 1 umeem z* = 1/Z. Orobpaxenue wHBEpCHN
SBJISIETCs KOH(DOPMHbBIM OTOOPazKeHueM BToporo poja (em. 1. 2.3.3).

Toukn 2z M z* HA3BLIBAIOTCA CUMMETPUUYCCKHUMU OTHOCUTEIHLHO IPSAMOI, ec/Iu
OHU JIeYKAT Ha MPIAMONA, MEePHEeHIUKYJIAPHON K JaHHON NPSIMON 1 HA OJIMHAKOBOM
PACCTOSIHUU OT HEe, HO 110 PA3HbIE CTOPOHDI.
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YrBepxkaenue 2.4. Touxu z u 2" mozda u moavko mozda CuMMeMpPULHL 0M-~
nocumenvro oxpysrcrocmu Cy, koz2da aobas oxpyoscrnocms I, npoxodawan wepes
nux, opmozonasvha Cy.

<« Heobxomgumocts. Ilycrs I — npousBosibHas OKpY»KHOCTD, IPOXOJAINAs depes
roukn z u z*. IlpoBesem 4vepes Touky zy Kacarenbhyio K I'. Touky kacanusi
obozHaunM 2. KBapaT JnHBI 3Toi KacaTeabHoil |2’ — 29|* paBen npousseiennio
cekylIeit |29 — z*| na ee BHenmHIO YacTh |z — 2o, T. e.

12/ — 20* = |2 — 20|20 — 2| = R3.

Orcropa |2' — 29| = Ry. Takum obpasom, okpyxuocts |2' — zg| oproronasibha
oKpykHoctn I

Hocrarounocrs. Eciu z u z* gaBistiorcst BepliMHAMKU 1IYYKa OKPYKHOCTEH
{T'}, oproronanbubix okpyRHOCTH C)), TO OHU JIEKAT HA OJHOM JIyUe, TTPOXO/Isi-
eM Yepes3 zg, MO0 ITOT JIyd NPUHAJICKUT MYyUKY U SIBJISETCS OKPYKHOCTHIO
Geckoneuno 6oJbinoro pajguyca. Kacarenbnas 2oz ssasercsa pajgnycoMm Cy s
moboit okpyxHocru cemeiictsa. T. k. |2 — 20| - [2* — 2| = R%, To 2z u 2* cummer-
pudHbl orHocuTebHO Cp. B

Yreepxkaenne 2.4 MO3BOJSIET JATh APYroe OnpeeieHne CUMMETPUIHBIX OT-
HOCHTEJIBHO OKpYKHOCTH () TOUEK.

Touku z U 2, HA3LIBAIOTCS CUMMETPUYHBLIMU OTHOCUTEILHO OKpyKHOCTH (Y,
ecin Jobast OKpy»KHOCTH I Ha mmockoctn C, MpoOXomsiast depe3 HiuX, OPTOro-
naJpna ().

YrBepxkaeHue 2.5. /[poono-sunetinoe omobpasicenue nepesodum kartcdyo na-
PY MOYeEr 2 U 2*, CUMMEMPUYHBLT OMHOCUMEALHO okpyotrchocmu Cy naockocmu
C 6 napy movek w u W, CUMMEMPULHBIT OMHOCUNEADHO OKDYHCHOCTIU Cy,
asamowetica oopazom Cy npu danmom omobdpastcenu.

<« [IpoBesiem uepes w u w* mpou3BoIbLHYIO0 OKpYKHOCTEL [, Ee obpas I' B mioc-
koctu z oprororajien Cy. B ¢Bsi3u ¢ KoHPOPMHOCTHIO JIPOOHO-TUHEHHOIO OTOD-
paXKeHnsl, OKPY>KHOCTH [ oproronasnsna Cjj. B

2.1.2. IlocTtpoenune JapoOHO-JIMHEITHOTO MPeoOpa30BaHUs

B dopmyay (2.1), 3agatonyio 1pobHo-nHEHOE 0TOOpaXKEHIe, BXOJUT TeThI-
pe KoMIIeKCcHbIX napamerpa. Ha camom jiesie, orobpakenne, 3agasaemoe (2.1),
MOXKeT OBITH OIpejiesIeHO TpeMsl mapaMerpaMu. PasmesnB dncauTesb U 3HaMe-
Haresib (hopmyJibl (2.1) Ha OJMH HEHYJIEBO MapaMerp, MOJydrM 3aBUCHMOCTH OT
Tpex lapaMerposB.
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YrBepxkaenue 2.6. Jlaa 1000z mpexr pasnolr mouex zi, 29,23 € C u mpex
pasnulr mouer wi, wo, w3 € C cywecmsyem eduncmeennoe dpobro-sunetinoe

omobpasicenue w(z), sadasaemoe dynryued euda (2.1), maroe wmo w(z;) =
=w,;(j =1,2,3).

<« Paccmorpum  npoOHO-IMHERHBIE  OTOOpaXKeHHsI, IMePeBONAIINAE TOUKH
21,29,23 € C u wy,wy, w3 € C B Touku 0,00,1 KOMILJIEKCHOI I1JIOCKOCTH
(. CooTBETCTBEHHO MMEEM

Z— k1 R3 — 29

Zlicz : ZQ:C: .
2 — 29 23—21 w—wy Ws— W

w—w W3 — Wy

Orobpaxenue w(z) = Z, - Z; Gyner uckoMbiM otobpaxenueM w(z;) = w; (j =
= 1,2,3). OHo Moxker ObIThb MOJLyYEHO U3 COOTHOIICHUST

Z— 21 R3 — 29 w—w w3 — W2

= . (2.4)
Z — k2 R3 — 21 w— W2 W3 — W

OTtmeTnMm, uTo cooTHomeHne (2.4) ocTaeTcs B CUITe, €CJIH OJIHA 2; WK W, OO
JiBe zj nin w; paBHbI 00. Tak Kak KaxK/jas U3 TO4eK BXOJUT B (2.4) U B YHCJIUTEIb,
¥ B 3HAMEHATEJIb, JUUIs IIOJYYeHUs UCKOMOIO OTODParkKeHUsl COOTBETCTBYIONIME
OTHOIICHWST 3aMeHUT eunuteii. Tak, HanmpuMep, ecian 2 = w; = 00, 10 (2.4)

IIPpUMET BU/J]
23 — R2 W3 — w2

Z— 29  W—wy
[Tokaxkem eMHCTBEHHOCTD HaifijienHoro orobpaxkenus: w(z). Ilycrs cyrmecrByer
erie OIHO JIPOOHO-mHeHoe orobpaxkenue v(2), v(%;) = w; (j = 1,2,3). Pac-
CMOTpPHM OTObpaxkenne g = Zo - v - Z; *. OHO OCTaB/IAeT HEOABHAKHLIME TOUKH
0,00, 1. B pesyabrare umeem g(oo) = oo = g({) = al +b, g(0) =0 = b =
=0,91)=1=a=1,1e g()=C( e Zy Z;' = I — ToXKJICCTBEHHOE
orobpaskenue, orciona v(z) = Zy ' - Z1(z) = w(z). »

Cnencrsue. Jlobyo okpyxkuocth Cp C C MOXKHO MOCPEICTBOM JIPOGHO-
JIMHEHOro 0TOGpaXKeH st MpeobpasoBaTh B 000 ApyTyIo okpyxkHocTh I C C.
<« JleiictBurenbio, jiobast okpyuocrs B I C C onpejessiercs: TpeMst TOUKaMH.
BribpaB Tpu pasHble TOUKH 21, 292,23 € Cy ¥ TPpHU pasHble TOUKH Wi, Wy, W3 €
€ I', ¢ yuerom Kpyrooro cBOHCTBa JIPOOHO-JIMHEHHOIO OTOOpParKeHUsl, UMeeM
cchopMyIMpoOBaHHOE CIEJCTBHE. P

Kpyrom K C C nazoBem 06/IaCTb, OPPAHITIEHIYIO OKPYKHOCTBIO L. Jliobast
OKPYKHOCTb pa3busaer miockocth Ha C Ha e obmactn K u Ko, KaxKuas u3
KOTOPBIX HazbiBaeTcst Kpyrom. [lpu orobpaxkenun w(z) okpyxuocth I orobpa-
KAETCsL B OKPY’KHOCTH 1*, KoTopast pasgesut wiockoers C na obiaactu K n
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K5. st roro 4robbl onpejesnts, B Kakyio obsacrs K7 orobpassarces obiacru
K, nocrarouno Haiitu o6pa3 ozanoit Touku kpyra K (nm Ks). MoxmHo Takxe
BOCIIOJIb30BATHCST CJIEJYIOIIM TTPABUJIOM.

SadukcupyeM Ha OKpyKHOCTU [’ Tpu TOUKHU 27, 29, 23, KOTOPBIE (PUKCUPY-
0T olnpejieJieHHoe Halpapienne. Vx obpasamu OyayT COOTBETCTBEHHO TOUYKN
w1, Wo, w3. VICIONB3YsT CBOMCTBO COXpaHEHUsT YIJIOB IPU KOH(POPMHBIX O0TOOpPAa-
JKEHHUsIX, OTMETHUM, 4TO Ipu 00xoje I' o Toukam 21, Zo, 23 B OIPEJICJICHHOM Ha-
[PaBJCHUK OTHOCUTEIbHO ObjiacTi K1 B TOM »Ke HalPaBJICHUU OTHOCHUTEIHHO
K7 6yner obxomuThes aTa obmactb. B pesynbrare chopmysupyeM cieyioriee
yTBEPK IeHNE.

YrBepxkaeHue 2.7. Jhoowve dea kpyza naockocmu C mozym 6vimo 63aummo
npeobpasosarv, IPoOOHO-AUHETHLM 0MOOPAACEHUEM.

PaccMoTpuM HEKOTOpBIE YacTO BCTpedaloniuecss B IMPUJIOXKEHUAX JTPOOHO-
JINHEWHbIE 0TOOPAYKEHMSI.

1. Orobpaxkenne BepxHeil KOMILUIEKCHO — mosaymiockoctn C* =
={2z€C: Imz >0} Bkpyr K = {w € C, |w| < 1}.

ITycts a € C — Touka, KoTopas npu orobpaxkennu rnepexoquT B w = 0. Tou-
Ka (, CAMMETPUYHAdA C @ OTHOCUTEJILHO BEIeCTBECHHON OCH, MEepeijieT B TOUKY,
CUMMETPUUHYIO OTHOCUTEJILHO OKpyxkHOCTH |w| = 1, 1. e. B Touky oco. Torua
HUCKOMOE oToOpazkeHue Oy1eT UMeTh BHU/I

z—a
=k :
w(z) zZ—a

Ipu z =2, |w| =1. Ho 1. k. |v — a| = |z —a|, o k = €?. Nmeem w(oco) = e¥.

Taxum 06pazom, Best COBOKYIHOCTL oTobpaxkenuit CT Ha BHYTPEHHOCTD €JIMHK Y-
HOI'O KpyTa OlpejiesisseTcss TpeMs BelllecTBeHHbIMU TapameTpamu ¢, Re a, Im a.
2. OrobparkeHne eMHUIHOrO KPyTa Ha €JIMHUYIHBINA KPYT.
BaaauMcst TOUKO# @, mpuHajiexkaiieil eguanaaomy kpyry |z| < 1. Touka

1

a* = —, CHMMeTpUYHAsT OTHOCUTEJILHO OKPYXKHOCTH |z| = 1, mepeiijier B TOUKY
a

W = 00, CHMMETPUIHYIO OTHOCHTEIbHO OKpYKHOCTH |w| = 1. Takum obpazom,

NCKOMOE OTODOparkeHue JOJKHO UMEeTh BU/I

Z—a z—a
=k——=k——. 2.5
w(z) z—a* "1-az (2:5)
Bribepem temepnb ki takum obpazom, arober |w(z)| = 1 npu |z| = 1. B Touke
z=1uwmeem |ki|-|1 —a||l —@| = k1| =1, = e. by = €. Tax kax
dw) o1
dz 1 —|al?’
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10 6 03HAUAET yroJs 110BOpoTa OToOpaxkeHus (2.5) B TOUKE z = @, & BEJUUUHA
1/(1 = |a|) — xoaddunuent pacrszkeHust B 910 TOUKe.

3. Orobpaxkenue Bepxueit nosymiockoctn CT = {z € C,Imz > 0} na C* =
={w e C, Imw > 0}

Bajgagum TouKn z; = xj, w; = ui(j = 1,2, 3) BemecTBeHHbIX OCEH MI0CKO-
creii z m w coorsercrBenno. T. K. zj U w; BemeCTBEHHbBIE, TO MOCJE MPEoOPa30-

Banus (2.4) mosyaum
az+b
w(z) = cz+d

e a,b,c,d — BemecrBentbie udncsa. Haobopor, ioboe mpeobpasoBaHue Bu-
na (2.7) mpeobpasyeT BEIECTBEHHYIO OCh B BEIECTBEHHYIO OCh, & BEPXHIOK MO~

JIYIJIOCKOCTH B BEPXHIOIO MJIK HIKHIOW. [IepBoe ycsioBue Oy/ier BbIIIOJIHEHO, eCJin
Ha BEIIeCTBEHHON ocu

(2.6)

dw) - _ ad=be (2.7)
dz |,_, (cx+d)?
T. e. ad — bc < 0.

Paccmorpum  koHdopMHBIE 0TOOpaXKEHUsI, KOTOPbIe HaPsjay € JAPOOHO-
JIMHEHHBIMU HCIOJb3YIOT HEKOTOPBIE djIeMEeHTapHble (DYHKIUH, PACCMOTPEHHBIE
B 1.1.11.

4. Orobpaxenue nonocet D = {2 € C, —7/4 < Rez < m/4} na xpyr
K ={w € C, |w| < 1} ¢ coorBercTBHeM Tpex Touek w(£m/4) = £1, w(ico) =i
(100 0bo3HAUAET BEPXHIOW GECKOHETHO YJIAJEHHYIO TOUYKY TOJIOCHI ).

Boimosaum coeptytorime npeobpasobanust nosochkl D. TloBeprem wa yros m/2
W PACIIUPUM B JIBa pas3a

2 = 2iz. (2.8)

[TpeobpazoBanue
29 = € (2.9)

orobpaxkaer nojiocy —m/2 < Imz; < 7/2 na nosymiockocrs Rezg > 0, 1. K.
29 = €% el |z] = " argz = y1, —7/2 < y; < 7/2. Orobpasum Tenepnb
noJtyiiockoctb Re zo > 0 Ha e uHUYHBII KPYT' Tak, 4To0bl TOUKU 2o = =1, 0,
COOTBETCTBYIOIINE TOUKAM z = =+ /4,100, nepexoqmin B w = +1,i. Dra 3a7a9a
peraeTcst ¢ MOMOIIBI0 cooTHOIeHust (2.4), KoTopoe Oyjer BbINISIETh CJIejlyio-

UM 00Pa30OM:
w—1 22—

(1+1) =

w—1 29

OTcrona
. 122 —1

i+ 1
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Puc. 2.1.

UJIM, C YIeTOM BhIpaxkenuii 2.8, 2.9, okoH4yaTeabHO OyjieM UMETh BU/I

1 6222 -1 1e% — e %

1e2z 41 jer e i®

=tgz.

5. OTobpazkeHue 3KCIEHTPUIECKOr0 KPYTOBOIO KOJTbIIa B KOHIIEHTPUIECKOE.
Tpebyercs naiitu koHdopMmHoe oToOparkeHue 00JiacTh, OIpaHUYCHHON JIBYMsi
OKPY?KHOCTSIME C HECOBIAJAIONUMU TeHTpamu (puc. 2.1) Ha KaKoe-Jnb0 KOH-
HEHTPUIECKOE KOJIBIIO.

[IpenmonoxuM, 9TO IEHTP OOJBIIONH OKpY:KHOCTH I’ HaXOMUTCSI B TOUKE
z = 0, pagnyc ee paBen [, IEHTP MEHBINEH OKPYKHOCTH Y JIEKUT B TOUKE
Z = a jeficTBUTE/IbHOM ocH, a ee pajuyc pasen r. Haitjiem touku P u Py, Ko-
TOpBIE SBJIAIOTCSI CUMMETPUUIHBIMKE OTHOCHUTEJILHO 0Deux okpy:kHocTein I' m 7.
Onwm Jjiexkar Ha JefCTBUTEIBLHON OCH, UMEIOT abDCIIMCChI 1 ¥ Ty COOTBETCTBEHHO,
YJIOBJIETBOPSIIOT COOTHOIIECHUSIM

2
(x1 —a)(xy —a) =17,
19 — R2

¥ SIBJISIFOTCST KOPHSIMHU Y PABHEHHUST

ar’ — (R* —r*+a°) x4+ aR* =0, (2.10)

2
JIMCKPUMHUHAHT KOTOPOI'O (RQ —r?+ a2) —4a’R > 0.
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Z,

\/

Z,

Puc. 2.2.

PaccMmorpum apobHO-/IMHEHHYIO (DYHKITIIO

Z — X1

w(z) = A (2.11)

2 — X9
rie 1, T (o > x1) — KopHM ypasHenusi (2.10) u abcrpcent Touek Py u Py
coorBercTBerHo. [Ipu orobpaxkennu (2.11) okpyxuoctu [ u v mepeiigyr B [
1 " IJIOCKOCTH w. BHemnsas K OKpyKHOCTIM TOUYKa P mepeiieT B TOUKY OO,
rTouka P nepeijier B oOumit nentp okpyxuocreit I'" u y* — rouky w = 0.
OcraJics mpousBoJi B BbiOOpe napamerpa A. Boibepem ero Takum oOpas3oM, 4ToObI
npu orobpaxkenun (2.11) Touka z = R ocraBajach Ha MECTe, T. €. BbIOJIHSIIOCH

yeaoBue R = AR — x1)/(R — x2), T. e.
A=R- (R—I'Q)/(R—[El).

6. Orobparkenns JBYyTrOJbHUKOB.

JIByyroJIbHUKOM OyJieM Ha3bIBATh IJIOCKYIO (DUTYPY, 0OPA30BAHHYIO Tepece-
deHreM JIyT JIByX OKDY’KHOCTe# pasHbix pajuycoB (puc. 2.2). OgeBujHO, 4TO
YIJIbI [IPY BEPIIMHAX JIBYYTOJIbHUKA PaBHBI MK 1y coboit. [lycrb jan jJByyroinb-
HUK C BEpIIMHAME B TOUYKaX 21 U Zp, npunajexaiux C, u yrjaoMm « mpu Bep-
muHe. Tpebyercs nocrpoutTh KOH(POPMHOE 0TOOparkeHue BHyTpeHHed o0JiacTu
JIBYyTOJLHIKA, Ha, BEPXHIOK KOMILICKCHYIO moyIIockocts CT.

PaccMmorpum jipobHO-JInHEHOEe 0TOOparkeHue IJIOCKOCTH 2 Ha IJIOCKOCTH (

BHUJIa,
z

2 . .
(= — (C=¢+im), (2.12)

IPU KOTOPOM TOYKa 2 = 27 nepexojuT B Touky ( = 0, a Touka 2z = 29 — B TOUKY
¢ = 00. B custy KpyroBoro ¢BoiicTBa, IPOOHO-JTMHEHHOIO OTOOPAXKEHUST OKPY 2KHO-
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cTu, 0bpazyrolue JIBYyroJbHUK, IIePeijlyT B OKPYKHOCTH DECKOHEUHO OOJIBIIOIO
pajuyca. B paccMaTpuBaeMoM cJiydae CTOPOHBI BYYTOJbHUKA MTepeiIyT B JIyn,
ucxoygiue u3 Touku ¢ = 0, yroy Mex,j1y KOTopbiMu OyJIeT a.. YT0JI (v, KOTOPbIit
obpazyer NepBbIN JIYY ¢ MOJOKUTETbHBIM HAIpaBJIeHUEM OCU &, ONpeesseTcs
MOJIOYKEHUEM TOYEK 21 U 29.

DyHKIHS

w(¢) = ¢, (2.13)

SBJISIIOLIASICS AHATUTHICCKIM IPOJoJKeHreM dbyHKun ™/, (x > 0) ocyrecrs-
JisieT KoH(pOopMHOEe 0TOOparkeHne BHYTPEHHOCTH CeKTopa «n < arg( < oy + «
Ha MOJIYILIIOCKOCTh /v < argw < oo/« + 7. [lepeBesieM nosydeHnyto mo-
JIYIJIOCKOCTH Ha, TMOJIYILIOCKOCTH Im w > 0, 1Jist 9ero moBepHeM BCIO IJIOCKOCTD
Ha yTOJ —QoT /@, 9TO OCYIIECTBIICTCs yTeM yMHOXKeHus dyukiwn (2.13) Ha
e~"om/a B yrore, obbeunss (2.12) u (2.13), Gyaem umersh GyHKmio

. . m/a
w(C) = e moo/e (ZLT2) (2.14)

29 — X2

OCYIIECTBJISIONIYI0 KOH(pOPMHOE OTOOpakeHue JIBYYIOJIbHUKA C BEPITMHAMU B
TOYKAX 2] U 29 Ha BEPXHION IOJYyMmIockocTh CT,

7. Mocrpouts KoH(MOPMHOE OTOOpaXKeHWe BEpXHEH TMOJOBHHBI Kpyra |z| <
< 1,Imz > 0 na noaxymiaockocr CT. Paccmarpnbaemas o61acTh ABJISCTCS
JIBYYTOJIbHUKOM C BEPIIMHAMU B TOUKax 21 = —1 u 20 = 1 u yriiom o = 7/2. ay
B 9TOM CJIydae paBHO HyJsi0. B sToMm ciaydae dbynknus (2.14) npuver Buj

142\

11—z

w(z) =

2.1.3. ®Pyuknusa 2KyKoBCKOro

Tak HazbIBAIOT PYHKIUIO BUJIA

1 1
= — - 2.15
w(z) 5 z + 2 ( )

npenoxennyio H. E. 2Kykosckum! it ncnonpayeMyio nuM mpu pazpaboTKe TeopHn

AAPOJUHAMNYIECKUX PACIHETOB KPbIJILEB CaMOJIETOB.

L XKyxorckmit Hukonait Eroposira (1847—1921) — pycckuit MexaHWK, CO3JaTeh a3POINHAMIKH KaK HayKH.
Hmeer Tpyawpl MO TEOpWH aBUAIUHU, WCCJIEJIOBAHUS MO MEXaHWKe TBEPJOrO Tejla, aCTPOHOMHUHU, MaTeMaTHKe,
TUIPONMHAMUKE U THAPABJINKE, MPUKJIAIHON MEXaHUKE, TEOPUHU PEryNPOBAHNS MAINWH U MEXaHU3MOB U JIP.
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Oyukiums (2.15) siBasiercst anasmrudeckoii B obsacru C\ {0} u umeer mnpo-

U3BOJIHYIO
dw B 1 ] 1
dz 2 22 )7

OTJIMYIHYIO OT HYJIs B YKa3aHHON 00J1acTH, 3a MCKIoYeHneM Touek z = +1. Ta-
KM 00pa3oM, orobpaxxenue (2.15) sipisiercss KOHQOPMHBIM B OKPECTHOCTH JI1O-
00t TOUKH IIJIOCKOCTH 2, 3a uckiodeHueM z = 0, 1. Touke z = 0 coorBeTcTBYeT
TOYKa W = 00, orMeTuM Takxke, yro f(z) = f(1/z).

Boigenum obsactu oguonucrtaoctn dyuknuu (2.15). Ilyers 21 u 29 dbyHK-
nus (2.15) nepesogur B ojiHy TouKy. Toria

1 1 1
2Nt ——2zm——=(x1—2)(1——) =0.
Z1 29 <1%2

[Ipu 21 # 29 umeem 2129 = 1. s obractu orosnctrHOCTH (2.15) HEOOXOAUMO U
JIOCTATOYHO, YTOOBI 00JIACTH HE COIEPIKAIA TOUEK, YJIOBJICTBOPAIOIINX YCIOBUIO

Z1R9 = 1.

DTOMY YCJIOBUIO YJOBJIETBOPSIOT JiBe 00JACTH: BHYTPEHHOCTH Kpyra |z| < 1 u
ero BHENTHOCTD |z| > 1.

Vzyunm KapTuHy oTobparkenus miockocTn z. Ipepcrasum z = re’? (0 <
< p < 27),w = u + iv. Torga (2.15) nepemnuimercs B Bu/Ie

_ 1 +1 _ 1 D) (2.16)
u=g\rtJeose, v=g{r——]sng :

[Ipu |z| = rg < 1 (2.16) npeobpasyercst B

L + L L1 | (2 17)
U=—=\r — | COS V=——=|\|——T S11 .
9 0 ro ©, 9 o 0 2

T. €. B 9JUIHIIC ¢ nostyocsmu a = (ro+1/19)/2, b = (1/rg—1g) /2, 06xom KoTOpOro
OCYIIECTBJISIETCS B OTPUIIATEILHOM Harmpayennn. [lpu rg — 1 sjumnc cxuma-
ercs B oTpe3ok [—1, 1] ocu, u ipu g — 0 ssuturc, npubImKasch K OKPY>KHOCTH,
yxonuT B GeckoredHocTh. Bee Touku orpeska [—1, 1] gpoiinbie. Ero MoxHO cm-
TATh COCTOSIIIUM U3 JIBYX Geperos: BepxHero n Humkuero. Oyukius (2.15) mpe-
obpasyer BEpXHIOI MOJYOKPYXKHOCTH |z| = 1 B HukHHUil Geper, HUXKHIOID — B
sepxuuit. [Ipu arom pajuycsl arg z = ¢ Kpyra |z| < 1 nepexojsr B ruiepboJibi

u? v?

— =1 2.18
cos gy sin g ’ (2.18)
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oKyChl KOTOPbIX paciosioxkenbl B Toukax v = +1. Cemeiicrso runepbos (2.18) B
CUJIYy CBOMCTB COXpaHEHUs YIJI0B KOH(MOPMHBIMU OTOOPasKEHUSIMUA OPTOrOHAJILHO
cemeiicTBy asnicos (2.17).

[Ipu |z| = ro > 1 cormacho (2.16) umeeM sJunichl ¢ noiayocsimu a = (rg +
+1/70)/2, b= (ro—1/1¢)/2. DTH SJIUICHI COBNAIAIOT ¢ PAHEE OMUCAHHBIMHA [P
ro < 1, HO 0OXOIATCS B HOJOXKUTEILHOM Hanpasaenun. [lpn rg — 1 3Tu ssumncenl
Tak¥)Ke crpeMsrcs K orpesky [—1, 1]. [Ipu 570M BepxHsist TONTYyOKPYKHOCTD |z| =
= 1 oTobpaskaercst Ha BEPXHIO YacTh orpeska [—1, 1], HuKHssT — Ha HUXKHIOHN.
[Ipu 79 — 00 SIIUICHL YXOAAT B OECKOHEUHOCTD.

Takum obpazom, dbyukims (2.15) ocyrmectsiser KOHGOPMHOE 0TOOpazKeHHe
IOJIHOM TJIOCKOCTH 2 Ha, PUMAHOBY IOBEPXHOCTEL [, KOTOpas mpejcrapiser coboit
JBYJIUCTHYIO IOBEPXHOCTh, COCTABICHHYIO U3 JBYX IJIOCKOCTEH W, pa3spe3aHHbIX
BJI0JIb oTpe3ka [—1, 1] BemecTBeHHON OCH 1 PACONIOKEHHBIX OJIHA, HAJ[ JIPYTOii.
[Ipu sToM nuxknuit Geper paspesa BEPXHEH IJIOCKOCTH CKJICHBACTCHA ¢ BEPXHUM
Oeperom paszpesa HUXKHel, a HUXKHUI Oeper pa3pes3a HUXKHEM IIJIOCKOCTH C BepX-
HUM Oeperom paspesa BepXHeil MI0CKOCTH.

O6patroit K (2.15) Oyner dyHKIms

z=w=+ Vw?—1, (2.19)

cTaBAIas B COOTBETCTBHUE KazKJ/I0M TOUKe W JIBE TOUKHU 21 U 2o, CBA3AHHBIE YCJIO-
BreM 2122 = 1. Oynkimio (2.19) MOXKHO paccMaTpuBaTh Kak OJJHOBHAUHYIO aHa-
JUTHIECKYIO CO 3HAUCHUSIMU Ha puManoBoil mosepxuoctu R. [Ipu stom (2.19)
MMeeT JIBe TOUKM pa3BeTByieHNst w = *1, npu 06xXoje Kax 10 n3 KOTOPHIX TPO-
UCXOJIUT LIEPEXOJ], C OJIHOIO JINCTA PUMAHOBOM 11oBepxHOCTU Ha Apyroit. [Tpu obxo-
Je 06enX STUX TOUEK, He mepecekast 0Tpe3ok [—1, 1], Haxopumces Ha OJTHOM JIHCTE
PUMaHOBOI ITOBEPXHOCTH.
[Tepenumiem (2.15) B ToxjecrBentom Gopme:

w—1 [(z-1 ?

w+1 \z+1

Takum obpazom, orobpazkenue (2.15) MOXKHO TIPEJICTABUTH B BUJIE CYEPIIO3UITHN
0TOOpasKeHmi

z—1

B _1+(5 w— 1
o241

_ 2 _
o=C w=— (0= ). (2.20)

¢

[Tepsoe n nociaenee B (2.20) sBASOTCS APOOHO-JIMHEHHBIMUA U TTO9TOMY KOH-
dopmuo orobpazkator C B C. Bropoe yupaunsaer yribl B Toukax ( = 0 u ( = oo,
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Puc. 2.3.

4TO COOTBETCTBYET TOUuKaM z = F1 B miockoctu 2. [Toaromy B 9THX TOYKax Ha-
pytiaercs KoHGopMHOCTH oTobpaxkenus (2.15). Vcnonb3yst orobpaxkenus (2.20),
HECJI0KHO MOKa3aTh, 410 hyHKIust (2.15) ocymecTBisieT ojHOIMCTHOE KOHMOPM-
HOe OTOOparkeHue BHEITHOCTH OKPYKHOCTH 7Y, W300pakKeHHo# Ha puc. 2.3 , Ha
BHEIITHOCTH OKPYYKHOCTHU 7", mpoxojsineit yepe3 Touku +1 mmockoctu w. [Ipu
9TOM YTOJ (¢ ME¥XKTy OKPYKHOCTBIO 7Y ¥ OCBIO T B TOUKe 1 TIJIOCKOCTH 2 TepeiaeT
B YTOJ 20¢ MEXKJTy OKPYKHOCTBIO ¥* 1 0cbio 4 B TouKe 1 mockoct w. OKpPyXK-
nocth [ nepeiiger B kpuyto ['*. 3amerum, aro okpykuoctu I', kacatommuecs: B
TOUKe 2z = 1 OKPYKHOCTH 7, TpHu TpeobpaszoBannu (2.15) mepexondar B mpoduib
[, nanomuHaIKi 1PodUIb Kpbljia CAMOJIETA.
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2.2. Apaqu3 pacupelesjieHns HYJeil HEeKOTOPBIX
aHAJNTIUYEeCKNX (PYHKIINi

[Ipobsieme anasm3a pacipejiesieHns HyJIeil Ha KOMILIEKCHOM IIJIOCKOCTH Pa3-
JIMIHBIX AHAJUTUYECKUX (DYHKIHUI B MaTeMaTUdecKoil Jmreparype yiessiercs
O0JIbITIOE BHUMAaHKE. 3aJa9d TaKOTO POJia BO3HUKAIOT B Pa3IUIHBIX 00JIACTAX
TEOPETUYIECKON W MPUKJIAJHON MaTeMaTuku. HekoTopbie acnekThbl 3Toi 1npobiie-
MBI PACCMATPHUBAIOTCS B HACTOSIIEM pa3jere.

2.2.1. IIpobaema Payca — I'ypBura

[Ipobrema Payca? — I'ypsuna® dbopMyanpyeTcs CIeayiommM 06pasoM.

Hatimu ycaosus, npu K0mopur nyau muoz2ousena (a 6 boaee obuyeti nocma-
noeke — yeaol Pynrkuuu) 6ce aescam 6 A€ol KOMNAEKCHOT NOAYNAOCKOCTIU.

PaccMorpum MeTojibl perieHuit 3Toit npobJyieMbl JIjisi MHOTOYJIEHOB C Bellie-
CTBEHHBIMU KOpHsiMu. PaccMOTpUM MHOTOYJIEH

f(2) =apz" +a12" '+ +a,, ag>0 (2.21)

C BEleCTBEHHbIMU KO DUIMeHTaMu.

Muorowien Buja (2.21) 6ygem HazbiBaTh MHOTOWICHOM ['ypBHUIA, eciu Bce
ero HyJu 21, ..., 2, (Koptu ypastenusi f(z) = 0) umeror orpunaTesbHbie Bele-
CTBEHHBIE YACTH, T. €. IPUHAJJIEXKAT JIeBOH KoMIIIeKcHo# nosrymiockoctu C .

YrBepxkaenue 2.8. Fcau mnozowaen suda (2.21) asasemea MHuo2o0usenom
T'ypsuya, mo ece e2o Koapduyuenmot noroHcumMeEnLIHL.

< llycrs 2j = —7j+1i0; (1, >0, 0, >0, j=1,....,p)uzj=—y (7, >0, j =
= 1,...,q) COOTBETCTBEHHO KOMILJIEKCHbIE W BEIIECTBEHHBIC KOPHU ypPABHEHUsI
f(2) =0, a n;j, mj ux coorsercrayione Kparnoct. Q4eBniHO, 4TO

D q
Z an + Z m; = n.
j=1 j=1

2 Payc Dasapa Ixon (ant. Edward John Routh, 1831—1907) — anrmmitckuit Mexanuk n matemaTuk. Oc-
HOBHbBIE MCCJIEJIOBAHUS OTHOCATCS K TEOPUHU YCTONYMBOCTHU JIBUKEHUS, AHAJUTHIECKON MEXaHUKE U JMHAMUKE
TBEP/IOrO Tejia. JaHUMAJICS TaKKe W APYTUME PA3IeIaMi MATEMATHKN U MEXAHWKW, B YACTHOCTH, UCCIETOBAT
JIMHAMUKY HUTH.

3 Typeun, Anomsd (mem. Adolf Hurwitz, 1859-1919) — memerkwit MaTematnk. OCHOBHBIE TPYIBI O MaTe-
MaTHIeCKOMY aHAJIU3Y, aJireOpe v TEOPUW UHCEJT, TEOPUN AHATUTHIECKUX U JIUNTHIeCKuX QyHKimit. Ogaum
W3 MEPBLIX UCCIEJ0BAT PUMAHOBBI MHOIOOOPA3US M UX MPUIOKEHUS K TEOPUH ANreOpPAnIecKUX KPUBBIX.
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[TpejicraBum

(2 7)™ =

q
=1

p
f(z) =ap H(z + 75 —10;)" (2 + 75 + i0j)"
j=1

J
q

P
= ay H(z2 + 272 + 7']-2 + 032-)7”' H(z + ;)™M (2.22)
j=1

n

CpahuBast kosdduienTsl B paseHcrse (2.22) crpaBa U cjieBa ¢ y4eToM
3HAKa g, 3aMedaeM, 910 KoabunuenTsr MuorouseHa f(z) mosoKuTebHbL P
Cocrasum u3 koabduimerroB MHOrOWIeHa (2.21) ey Ny o MaTpuiLy nXxn

(marpury ['ypsura):

aq a 0 0 O 0
Mf _ as a9 ar Qo 0 0 (223)
Aop—1 A2p—2 v, Qyp,

B Koropoit ar = 0 npu k& > n. lylaBuble juaronajbible MUHOPBI MaTpuibl M s
0003HaAYUM

ap Qo 0
ap Qo
D1 = daq, D2 = as as , D3 = l|as az ai|,..., Dn = CLnDn_l. (224)
as a4 Qs

Yreepxkaenue 2.9. (Teopema I'ypeuua) /las mozo wmobv, mHoz204AeN
(2.21) 6via MHozowaenom Iypsuna, Heobzrodumo u docmamouno unosteHue Cae-
AYOUWUT HEPABEHCMEB:

Dy >0, Dy >0,...,D, > 0. (2.25)

<« Bocnosnbsyemcst mMerosiom mMaremarndeckoit mipyknuu. g no = 1 yTBep-
YKJIEHWE BEPHO, T. K. CBOJUTCS K BbINOJIHEHUIO HepaBeHcTBa ap > 0. IIpesio-
JIOKUM TeIepb, UTO yTBEPKJCHUE BEPHO JIJIT MHOTOUJICHOB CTENEHH MEHbITel
WM paBHO# 1 — 1 W JIOKa’KeM €ro ClpaBe/yInBOCTh JIJIs MHOTOWJICHOB CTEICHN
n. Hns sroro mpegcraBum mMuorownen (2.21) B Buge f(z) = ¢(z) + ¥(z), rme

2) = ap2" + a2 2+ ..., Y(2) = 12" + a3z 3 + ..., u paccmorpum
9(2) , , 1D p
MHOI'OYJICH
F(2) = a19(2) + (a1 — apz)¥(2) =
2_n—1 n—2

= a12" 4 (a1ag — apaz)2" 2 + aras2™ " + (aray — apaz) 2"+ ... (2.26)
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ITocrpoum marpuiy I'ypsuna My (n—1) X (n — 1) muorowrena (2.25), rias-
HbIE JINATOHAJIbHBIE MUHODPBI KOTOPOit obosnatum A; (7 =1,...,n —1).
[Tokaskem, 4TO CIIpaBe/JINBO PABEHCTBO

_ -1 C_
A] a; Dj—H (] = 1,...,n— 1) (227)
JeiicTBUTEBHO,
a1a9 — apas a% 0 0O ... 0
2
ajas — apas aias aijas — apag ay ... 0O
amA; = apa 0a5 3 0a3 1 _
ai1ag — Qo7 a1as aias — apas aias ... 0O
apaq 0 0 0 0 0
apas a1as — Apas a% 0 0 0
= |apas a1a4 — Qpa; aiagz aiag — apas CL% 0] =
apay ai1ag — oy a1as a1a4 — oy a1asg 0

apal aiqp 0 0 0
apas ai1as a% ajag 0
= |apar; a1a4 a1z a109 CL%
apay ai1ag a1a5 ai1a4 ai10as

— J
= Qpaq Dj_|_1

o O O O

IlepBoe paBeHcTBO yBesMUUBACT pa3Mep MATPUILI HA €IUHUILY, 3aT€M CHa-
dajia JI0DABIIsIEM K 3JEMEHTaM BTOPOro CTOJIONA HJEMEHTHI MepBOro, 3aTeM K
9JIEMEHTAM YeTBEPTOrO — HJIEMEHTHI TPETHhEro, YMHOKEHHbIE Ha ag/ay, u T.7. B
MTOre BBIHOCHM W3 MEPBOTO CTOJONA MHOXKUTENb g, & U3 OCTAJbHBIX — a1 W
TIOJTyIaeM PaBeHCTBO (2.27).

[Tokakem Terneph, uro Hysu muorowieHa f(z) aexar B C_ Torjga u TOJBKO
TOrJA, Koryla Hysin MHorowiena F'(z) sexar B C_ u koadpdunuenr a; > 0.

IIpeacraBum

(z — zj) (2.28)

”E3

¥ BBEJIEM B PACCMOTDEHUE MHOTOUJICH
n
H 2+ 7z) = ap?" —ar12" T+ -+ (=1)"ay, (2.29)

HYJIH KOTOPOT'O JIEXKAT B PABOW KOMILJIEKCHOMN moJiyiiockoct C, .
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Nnmeem

F(2) + fu(2) = 20(2), f(2) — fu(z) = 2¢(2).
Tak xax |z — 2| = |2+ 2| npu Rez > 0 u |2 — 2| < |2+ 2| mpu Re 2z < 0,
TO

[f()| = [f+(2)| mpu Rez > 0m [f(2)] <|fu(2)| npuRez < 0. (2.30)

Orcroga cieyer, uro ypashenue ¥(z) = 0 MOXKeT uMerb JiMIlb YUCTO MHU-
MbI€ KOPHH, KOTOPbIE SABJIAIOTCSA MIPOCTLIME. JefCTBATELHO, IPEII0JI0KIB IPO-
TUBHOE, UMEEM /sl KODHsI 10 BBIIOJHEHUE CJejyromux paseHcrs: f(io) =

~ J.(io), (i) = f1(io). Tora
['io)/ fio) = filio)/ fi(io) = (In f(io))" = (In f.(io))". (2.31)
Ormerum, uro f(2) u f.(z) e umeror nysei na maumoii ocu. Ha ocHoBanuu
(2.28), (2.29) Bropoe paBerncTBO (2.31) mepernuineM B BU/IE

1 - 1
— 2.32
ZiJ—Zj ;i(f—f—%" ( )

Jj=1

HO T. K.

1
_ >0, Re —
10— Zj 10+ Zj

Re <0 (j=1,...,n),

paBeHcTBO (2.32) BbinosiHeHO O6bTh He MoxKer. [Tosryunm nporusopedne. Tak kak

n
E zj = —a1/ag,
j=1

10 a1 > 0 u mHOrOUIEH 1 (2) MMeet crenens n — 1. OTcioma MMeeM pasoKeHne

o(2) _ao Y )

V(z) o i ; z— B T (2.33)
o(z)  flz)+ filz) 1+ fu(2)/f(2)
V(z)  fl2) = f(z)  1—f(2)/f(z) (2.34)
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Hpobuo-suneiinas dyuxiust w = (1 + &) /(1 — &) orobpaxaer kpyr |£] < 1
Ha [PaBYIO MOJYILJIOCKOCTD, & BHEIIHOCTL KpPyTra, T. e. objgactsb || > 1 Ha seByto
110JIy 110cKOCTh. [Toaromy Ha ocHoBatun (2.30) MOXKHO yTBEpXK/aTh, 4TO

Z((?) Onpu Rez>0m Reziz)) <O0mnpu Rez <0

Orcrofa MOXKHO CJIeJIaTh BBIBOJ, YTO B Pa3J/I0yKEHUU (2.33) Bee Aj > 0 sbujy
TOTO, 9TO

Re

1 1
z—zﬂj z — i

a Tak»XKe TOTO, ITO B OKPECTHOCTH TOUKM z = i3 3HaK Re(¢p(z)/1(z)) ompenes:-
ercst 3uakoM Re(A;/(z —if;)). Ormernm, 9410 ¢ — 9UCTO MHEMAs HOCTOSHHASL.
Ha ocroBanun (2.33) umeem

Re > 0upu Rez > 0, Re < 0npu Rez <0,

F(z) = aié(z) + (a1 — ap2)(2) = ar(2) 1+§:z—wy

U3 sroit dopmyssl caenyer, uro F'(z) e moxer umerb nHyseit mpu Rez > 0.
JeiicTBUTEIHbHO, BEIIECTBEHHAS YaCTh BBIPAYKCHUS B KBAJIPATHBIX CKOOKAaX IpH
Rez > 0 nomoxwurenbna, a 1(z) obpamaercss B Hy/Ib JIUIbL B TOUKax i, B
KoTOpbIX F'(if3j) # 0, T. K. B IPOTUBHOM CJIydae B 3TUX TOYKaxX Ob110 Ob1 ¢(i3;) =
= 0, a suaunt, u f(i3;) = 0, 110 MpoTUBOpEuNT ycaoBHI0. TaknM obpa3oM, Bce
Hyn MHOrouiena F'(z) nexar B C_.

[Tycrs Tenepnb jlano, aro Bee Hysnu MHOrodieHa F'(z) nexar 8 C_ u xo-
s durment a; > 0. Hocrponm mo F(z) muOrOWIEHB ¢1(2) U 11(2) MO ana-
gorun ¢ MuorowieroM f(z). U3 (2.26) caemyer, 9To B pe3yabTarTe MOIYydnM

$1(2) = a(2), ¥i(2) = a19(2) — apzep(2). Orcioga

o) _ )
5~ o) T ar” (2.35)

3ameTnm, 4T0

$1(2) ¢1(2)
P1(2) P1(2)

Tak kak ag/a; > 0 u Re(1(z)/¢1(2)) coBnamaer ¢ Re(¢1(z)/v1(2)), To u3
(2.35) caepyer, uro Re(p(z)/1(z)) = 0 upu Rez = 0 u Re(o(2)/¢(z)) < 0

Re

> 0npu Rez >0, Re < O0npu Rez <0
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npu Rez < 0. Ho rorga cupaseiusbl Hepasencrsa (2.30). Orcioga caenyer,
aro |f(z)| > |f«(z)| mpu Rez > 0. f(z) He MoxkeT uMeTh KOpHEH Ha MHUMO
ocu, 6o nHa MuuMOi ocu |f(z)| = |fi(2)| u Kaxkpiii KopeHb OblT ObI KOpHEM
MHOTOWIIEHOB ¢(2) 1 ¥ (2), a cremoBaTesbHO, 1 KOpHEM F(2), 9T0 IpOTHBOPETHT
cenanroMy npejnosioxkennio. [Tosromy Bee kophu f(z) sexar B C_,

Taknum 06pa3oM, MOKA3aHO, YTO MPUHAJIEKHOCTH Hyseli MHOrouwieHna f(z)
nosrymsockoct C_ ompeesisiercst npunajgieskaocteio C_ Hyseit MHOrOUICHA
F(z), crenenu na egunuiy metbiine. C yderom paserctsa (2.27) u yciosust (2.25)
MMEEM JI0KA3aTeIbCTBO yTBEPXKICHH. B

Caencrsue. Ecau f(2) asasemea muozounenom Lypsuna, mo muozounen
1
g(z) =ap2" +a, 12"+ Fag (2.36)
maxoice Asaaemca muozouserom Iypsuya, u naobopom.

< B cuny paBencrna
"
flz) =2"g(-
nMmeeM: eciin z; — kopuu (2.37) u Rez; <0, 10 1/2; — xopun (2.36) u Rel/z; <
< 0.»

), (2.37)

IIpumep. 1. /Ina mHorodaena
f(2) =2+ p2 +qz+r,
re p, ¢, T — BemecTBeHHbIe KO dUIMeHTbl, yeaosus (2.25) mpumyT BUI
Di=q>0, Dy=pqg—1r >0, D3=rDy > 0.
ITpumep. 2. [Ipn Kakux ycjaoBUsX KOPHU MHOT'OUJIEHA,
f(z) =2 +pz+q,

7€ P, ¢ BeIecTBeHHbIe KOI(DMUIMEHTDI, JIEKAT BHYTPU €JIMHIIHOTO KpyTa |z| <
< 1.
JpobHo JmHeitHOe 1Ipeodpas3oBaHue
w+ 1
z=—
w—1
MEPEBOUT MOIYILIOCKOCTE C_ MJIOCKOCTH W B €AUHUYUHBIA KPYT TJIOCKOCTH Z.
[ToJioxxum
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w+1

—) = =D +p+u+2(1—qu+(1-p+q)] = (w=1)"g(w).

Yeai0Bust IpUHAJIEKHOCTH HyJieil MuorodieHa g(w) nosyiockocru C_ nme-
10T BUJI

1+p+q¢>0,1—¢>0, 1—p+qg>0.

2.2.2. Kpurepuii MuxaiijioBa

B Tex ciydasix, Korja CTeleHb MHOI'OYJIEHa CPABHUTEJHHO OOJIbINas, PHU-
MeHeHHne KpuTepus ['ypBuIa cTaHOBUTCA 3aTPYAHUTEIBHBIM BBUIY BBIUNCICHUS
OOJIBITIOTO YMCJIA, ONPeeNnTeNeil MaTPUIl BLICOKOIO MOPsijaKka. B amux ciydasx
MHOIIA y/I00HEH 110J1b30BaThCsl ICOMETPUICCKUMU MeTojlaMu. PaceMoTpum ojiut
13 TaKUX METOJIOB, KOTOPBIA HOCUT Ha3BaHMe — JaCTOTHBIM MeTon Mmuxaiisosa

A B4
Paccvorpum muorousnen Bua (2.21). Kpusas

w = f(iw), (2.38)

riae w — geficrBuresprbliii mapamerp (0 < w < 00), HasbiBaeTcst rojgorpadom
Muxaitnoa dyukiwm f(2).

YrBepxkaenue 2.10. [Tycmo umeemea muozounen f(z) euda (2.21), ne umenro-
wut nyaet na muumot ocu. Tozda y20a nosopoma npomue xoda 4acoot cmpen-
Ku nenyaesozo eexmopa f(iw) npu 0 < w < 0o pasen

o = g(n —om), (2.39)

ede m — wucao wyaet f(z) ¢ nosoorcumenrvnoti deticmeumenvrot wacmuvio ¢ yue-
mom uz kpammuocmed. Obpammno, ecau cnpasedausa dopmyaa (2.39), mo ¢ Cy
PACNOA0ACENO POBHO M HYyAel MHoz2ousena f(z), 2de Kaocdvl Kopensv cuuma-
EMCA CMOALKO Pa3, KAK08a €20 KPAMHOCMD.

<« [lycrs Muorowien Buja (2.21) crenenn n umeer 2p (¢ yderoMm KpaTHOCTEN)

KOMILIEKCHO-COIIPSKEHHBIX Kopueidt 7; £ i0; (1, # 0,05 > 05 = 1,...,p) n
q (¢ yuerom KparHocreil) BemecrBennbix kopueit v; # 0 (j = 1,...,¢q), m e.
2p 4+ q = n.

4 MuxaitioB A. B. «ABromaruka u Tenemexanukas. 1938. Ne 3. C. 27-81.
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[TpejicraBum

q
Z—Tj +i0,)(2 — 75 —iaj)H(z—yk).
k=1

|| E@

Otcrona nmeeM

q

fliw) = ag H(zw — 7 +i0;)(iw — T, — i0;) H(zw — ;). (2.40)

j=1 k=1

Yron & = ArArgf(iw), tne I' = {z € C, 2z = iw, 0 < w < oo}, o pyHk-
et Arg z OymeM MoHWMATh Ty HENPEPHIBHYIO BETBb CYETHO3HATHON (DyHKIUH
(1.2), koTopast B HAUaJIbHBIH MOMEeHT cooTBeTcTByeT (byukimu 0 < arg z < 27 .
B cuny croiicrs dyukiun Arg f(z) u Buna (2.40), umeem

p
ArArg f(iw) = ArArg ag + Z Ar(Arg (iw — 7; + i0j)+

j=1
q
+Arg (iw—T1; —i0;)) + Z ArArg (iw — ;). (2.41)
j=1
[Ipu w = 0 aprymenTbl BCeX CJIAaraeMbIX PaBHbI UX TJIABHBIM 3HAYEHUSIM.

CoOTBETCTBEHHO, NMEEM
ArArgag = 0, (Arg(ivw — 7j +i0;) + Arg(iw — 75 —i0y))| _, = 27.  (2.42)

Tax kak o; > 0, 10 upn yBesudennu napamerpa w Arg(iw — 7; + i0;) Oyuer
MOHOTOHHO BO3pacTaTh, ecynt 7; < 0, © MOHOTOHHO yObIBaTh, ecau 7; > 0. Ilpn
3TOM

Arg(iw — 7, +i8;)| L =2

= lim [arg(iw) 4 arg(1 — =3 (2.43)

W=T00 st o

w
j=1,....p.

Paccmorpum reneps nosesenne Arg(iw — 7; — i0;) npn w > 0. Ecom w =
=0; — 0> 0, To nmeem

Arg(iv — 1; — iaj)|w:0j_0

2 <0
= lim(—7; —ic) = { TS

e—0 m, 15 >0.
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Orcrona
57T/2, T < 0,

2.44
/2, 1;>0. (2:44)

Arg(iw — 1; — iaj)]w:+oo = {
B pesysbrare us (2.42) — (2.44) nosydaem, 4ro
Ar(Arg(iw — 7; + i0;) + Arg(iv — 7, —i0j)) =

= (Arg(iw — 7; +io;) + Arg(iw — 75 — i0y)) |~

wetoo )T, ecan 7; < 0,
—m, ecau 7; > 0,

j=1,....p.
Hns z; = v Oyjnem umern

0, v <0
Arg (iw — v; =<7 Y ’
g ( 7])|w:o {ﬂ’ v >0
1 T
Arg (iw — 'Vj)|w:+oo = L}l_)rgo arg(iw — ;) = 5
[Tosromy
. /2, ecau v; < 0,
ArArg (iw — ;) = / 17
—m/2, ecau y; >0,
j=1,....q.

Orcrofa ciretyer, 9To Kaxk/iblii Kopenb ypasuenus f(z) = 0 ¢ orpunarenbHoil
JeifcrBuTebHON YacThio obectednsaer npu 0 < w < 0o noBopor Bekropa f(iw)
«B CcpeaHeM» Ha —|—7T/ 2, a KaxK/]Iblil KOpeHb C MOJOXKHUTEJbHOI JelCTBUTE/IHLHON
dacTbio cosgaer npu 0 < w < 00 noBopor BekTopa f(iw) «B CpejHeM» Ha
—7/2.

[Tycrs m — uuciio Hyseit Maorodsiena f(z) ¢ H0JI0KUTEIbHOI BEleCTBeHHOI
JacTbio. Uncso Hysmeil ¢ oTpunaTes bHOM BEIECTBEHHON YacTbio, BBUJY OTCYT-
CTBUSI YMCTO MHUMBIX HyJie#, paBHo n — m. Torja Juisi CyMMapHOro 10BOPOTa
BekTOpa f(iw) ToJIydaeM CJIeyrolee BbIpaKeHue:

o = (n—m)erm(—E) = (n—2m)z (2.45)
2 2 2
[Iycts memeps yrom ® mosopora BekTopa f(iw) mpu 0 < w < +00 paBeH

(2.39). Ilycrnr makke f(z) mmeer m kopweit, npunayexamux C,. Torga co-
racHo (2.45)
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U
= (n—m)s. (2.46)

Cpasrusas (2.46) ¢ (2.39), nonyaum m = n. »
13 jiokazaHHOIO yTBEPXKJIEHUS 1OJIydYaeM CJIeJIYIONUi KpuTepuil perieHus

npobsembl Payca — ['ypura.

Kpurepnit MuxaitnoBa. Jaia mozo uwmobv, muozouser cmenenu n 6uda
(2.21), ne umerowuds wucmo MHUMBLE HYAeT, UMEA AUULDL HYAU, NPUHAONEIHCA-
wue Ae6otl KOMNAEKCHOT NOAYNAOCKOCMU, He0bT00UMO U docmamouno, 4mobovl
y2on nosopoma npomué xoda wacosol cmpearu eexmopa f(iw) npu 0 < w <
< +00 0w pasen

Cbzgn.

Ecau npu 3mom 6vlnNoAHEHO HEPABGEHCTIIGO
v

CI><§n,

mo muozousen f(z) umeem nwyau 6 npasoti NOAYNAOCKOCMU.

IIpumep. [lomwsysdach Kpurepumem MuxaiisioBa, MOJYYUM YCJIOBHSA KPUTEPHUd
['ypBuna jijist MHOrO4JIeHA

fz) =2 +pz* +qz +,
e p, ,q ,T — BelecTBeHHble napaMerpbl. MmeeM rogorpad
fliw) = (—pw? + 1) + iw(—w® + q). (2.47)

Touku nepecedenus rojorpada npu 0 < w < 400 ¢ noayocssmu Rez >
> 0, Imz > 0, Rez < 0 cooTBeTCTBEHHO ONPEAEIAIOTCA TTOCTIEI0BATETHHOCTHIO

iwg (k=0, 1, 2), tae
r
WQZO, wl:\/;7 WQ:\/a,

T. K. Wi, Wo JIOJOKHBI OBITH BerecTBenubie, o ¢ > 0, r/p > 0. CoorBeTcTBEHHO

nMeemM
T r

fliwg) =1, fliwr) =i ];(q — 5% fliws) = —(pg — 7).

C yueroMm yrBepxkjenust (2.8) u mampasienus obxoma Bekrtopa f(iw;) (j =
= 0,1,2), nonyanm p, q, v > 0, pg —r > 0. llonarass Arg f(0) = 0, umeem
lim,, 1o = 37/2.
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2.2.3. Meton D-pa30ouenmnii

DTOT MeTOJI, npetoxKenubiii FO. I/I.HeﬁMapKOM5 [10], ucnionbzyercst jist mo-
CTpOEHUs 00JIaCTel YCTONINBOCTI (HeyCTOI‘/’IqHBOCTI/I) B IIPOCTPAHCTBE MMapaMeT-
POB MHOT'OUJIEHOB WJIM LEJbIX (pyHKIMIA. Ero comepkanne n3yunMm Ha KOHKPET-
HBIX TIpUMepax.

1. PaccMorpuMm cnadasia MHOTOUJIEH

f(z) =2+ k2 +0z2+1, (2.48)

3aBUCAIMI OT JIBYX BeIeCTBeHHbIX mapamerpos k,6 > 0. J{ns nocrpoenust B
mtockoctn (k, @) obsiacti ycTORaUBOCTH MHOTOMWICHA TTOJOXKIM B (2.48) 2 = iw
¥ [IPUPABHSIEM K HYJIIO BEIIECTBEHHYIO U MHUMYIO dactu. B pesysibrare Gyjem
MMETh PABEHCTBA

w(—w? +0)=0, —kw*+1=0. (2.49)

PaccmarpuBast Teneph w Kak mnapaMerp, npuHUMaonmit 3naderns 0 < w <
< 00, u BeIpaxkenus u3 (2.49) k = 1/w? 0 = w? Kak QyHKIUM W, TOCTPOUM
B mwiockoctu (k, 6) mapamerpudeckyio kpusyto k(w), 6(w), KoTOpas sABJIsgeTCA
runiepbosioit k = 1/6. Tlpu 3nauenun napamerpos Ha 9TOH KPUBOU MHOIOWJIEH
(2.48) mmeer myau Ha MHUMON ocu. llpn m3MeHeHWU mapamMeTpoB HYJH MOTYT
CMECTUThCS KaK B KoMILIeKcHyto nosyriockoctb C_ ) tak mw B C,. s Toro
ITOOBI OMPEJIENIUTh, Kakas U3 00JacTeil, pa3jiesieHHbIX KpuBoilt k = 1/60 u ocsimu
k, 0 > 0, sBisiercst 00JACTBIO YCTORINBOCTH, TTOCTYIIAEM CJIELYIONAM 00Pa30M.
Durcupyem TouKy (ky, 0.) Ha KPUBOIi, KOTOpast COOTBETCTBYET wy. [losiokum B
(248) k =k.(1+¢), e 0 < ¢ < 1 — mapamerp, U pacCMOTPUM yDaBHEHHUE

flzie) =2 +k(146)2*+0,2+1=0. (2.50)

Ypasuenwue (2.50) umeer npu € = () mapy KOMILIEKCHO COIMPSIZKEHHBIX OJTHO-
KPATHBIX KOPHEH 2, = Wy M 2y = —iWy. DTH KOPHU TIPU MAJIBIX € SIBJISIOTCS
QHAJIUTUICCKUMK (DYHKIUSIMU €, T. €.

Ze = Wy + €201 + 22 + ... (2.51)
[Togcrasus (2.51) B (2.50), U3 TeopemMbl O HesIBHOM (BDYHKIIMH HAXOMM

Zxl = _fa(iw*§ 0>/fz(iw*§ 0) = _(0* + ikim)/(@f + k*)/Q

5 Heiimapk IOpuit Ucaakosuu (1920—2011) — coBerckuii 1 poCCHICKUI MATEMATHK, OCHOBATEb (DaKy Ihb-
TeTa BBIYUCIUTEIBLHON MaTeMaTuku u KuOepHeTnkr HuzKeropomckoro rocyaapCTBEHHOTO yHuBepcuTera. W
MOy 9eHbI (DYHTAMEHTAIBHBIE PE3YJIHTATHI 10 MHOTOMEDHBIM JIUHAMAIECKUM CHCTEMAM, MATEMATHIECCKIM Me-
TOZAM TeOpuH KOJIeOAHUi, TEOPUU YIPABICHUS U AHATUTHIECKON MEXAHUKH.
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0.0 0.5 1.0 15 2.0k
Puc. 2.4. D-pasbuenus jyist KBazunosunoma (2.48)

Orciogia nmeem Re 2z, < 0, T. e. ipu yBeJimdeHun mapamerpa k HyJId MHOTO-
anena (2.48) ¢ munmoit ocn nepexoaT B C_. B coorBercTBHT € 9THM, & TAKKe C
ydaerom Toro, 4ro npu k = 6 = 0 nyau (2.48) umetor Buj 21 = —1, 20 3= (1 &
+ iv/3)/2, 0bacTb yeTOMUMBOCTY Tpe/CTaBIeHA Ha pHC. 2.4,

D; oboznauaer 0bjacTh B NPOCTPAHCTBE 11apPaMeTPOB, MPY 3HAUCHUU Tapa-
METPOB U3 KOTOPO# pyHKInii f (z) uMeeT J HyJieil, HpUuHa JIeXKaliuX KOMILJIEKC-
Hoit ostymsiockoctu C.

Ormerum, aro mMeto D-pa3dbuennii He TOJIHKO MO3BOJIAET MOCTPOUTH 00J1a-
CTU YCTOMYMBOCTH B MPOCTPAHCTBE MMapaMeTPOB HCCJeyeMOil (pYHKIIUU, HO U
yKa3bIBAET Ha, XapaKTep MOTEPU YCTOHIMBOCTH, YTO BEChMa BaykKHO, OCOOEHHO B
TEOpUU KoJieDaHMiA.

2. Paccmorpum mesyio pyHKINAO

f(z) =z + 1+ kexp(—20), (2.52)

3aBUCSIIYIO OT JIBYX JeficTBuTesbHyX mnapamerpoB k u 6 > 0 . OyHkunun Bu-
na (2.52), ABJSIONAecs: KOHETHON CyMMOii MTPOU3BEICHIH MHOTOUJIEHOB 1 9KCITO-
HEHT, Ha3hIBAIOTC KBaszunognHoMaMu. OHU BOSHUKAIOT MDY U3YyIEHNUN JIMHEHHBIX
JinbdepeninabHO-Pa3HOCTHBIX YPaBHEHUI.

Crenyst MeToiy D-pasbuennii, monoxum B (2.52) z = iw (w > 0) u npu-
paBHsieM K HYJIIO JICHCTBUTEIbHYIO U MHUMYIO 4YacTu. B pesdyJsibrare 1oJydum
CUCTEMY ypaBHEHUI

1+ kcos(wb) =0, w— ksin (wd) =0, (2.53)
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Puc. 2.5. D-pasbuenusi jyist Kazunosunoma (2.52)

13 KOTOPOil HAXOMM BBIDAYKEHHUsI
k= (—1)""/cos (arctgw), = w (mn —arctgw), n=1,2,..., (2.54)

SIBJISTIONIAECS TTAPAMETPUIECKUM 3a/[aHineM KpHUBbIX B miockoctu (k, ) , npm
3HAYEHUM [APAMETPOB Ha KOTOPBIX KBA3UMOJIMHOM (2.52) mMmeeT OJHOKpATHbBIE
HYJIM Ha MHUMO#T OCH KOMILTEKCHO# mockoctn. K xpuBbim (2.54) coemyer moba-
BUTbH NpsAMyI0 k = —1, coorBercTByIOMyI0 TOUKe W = (.

Nsyuum jBuzkenne Hyseil Kpasunoaunoma (2.52) ¢ kpusbix (2.54) npu usme-
HeHuu mapamerpoB. Beibepem wy, ki, 0. B coorBercTBuu ¢ (2.54) U paccMoTpuM
ypaBHeHue

f(zie)=z4+ 14+ k(1 +e)exp(—20,) =0, 0 <e < 1. (2.55)
Ucnonbsys passioxenue st KOpHst 24 (€) (24(0) = iw,) ypaBHenust
2:(8) = iwi + 20 + 2200 + .. -,
VMEEM JIJIS 2y BbIpasKeHUe
21 = —foliws; 0)/ f.(iws; 0) = (1 + 6, + 0,07 +iw,)/[(1 4 6,)% + w267,

Orcioma cienyer Re z,q > 0. Takum obpazom mpu yBesndenun |k| Hysu KBa-
sunosHoMa (2.52) nepexousit ux KomiiekcHoit mosymiockoctn C_ B Cy. B
COOTBETCTBUHU C 9TUM MOCTPOEHA KapTuHa [D-pasdueHnit mIocKoCT mapaMeTpoB
(k, 0), npejcraBiennasi Ha pucyHKe 2.5.

3. PaccMmorpum KBa3uIloJIMHOM

f(2) =22+ Az + 1+ ke ™, (2.56)
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3aBuCALINiT OT JeiicTBuTEbHBIX HapaMeTpoB A,0 > 0 u k € R, u uzyunum pac-
IOJIO’KEHUE €ro HyJsieil Ha KOMILJIEKCHOH IIJIOCKOCTH B 3aBUCUMOCTH OT k u 6.
[Tocrpoum B mtockoctu napamerpos (k, #) (npu pasnnanbix 3HadeHusix A) obia-
CTH, CBSI3AHHDIE C IPUHAJJIEIKHOCTHIO OIPEJEJEHHOI0 KOJUIeCTBa HyJleli KBas3u-
nosirHOMa (2.56) MpaBoii KOMIJIEKCHO# oMy TIIIOCKOCTH. PaceMoTpum jiiist 91010
ypasuenne f(iw) = 0 (w > 0) u BeIAETUM JEHCTBUTEIBHYIO U MHUMYIO TACTH.
B pesy/ibTaTe moayduM CHCTEMY YpaBHEHUI

kcos(wh) = w? — 1, ksin(wh) = Aw,

13 KOTOPOI HaXO UM

kn(w) = Aw/sin(wb, (w)), w >0, —oo < k(w) < o0, (2.57)
wl(arctg(Aw/(w? — 1)) +7mn), 0<w <1,
Op(w)=1< —m/2+7mn, w=1,
w1 (arctg(Aw (w2 )) —m4+7n), 1<w<oo. (2:58)

n=12,.

Paccmarpusas teneps (2.57), (2.58) kak ¢yHKIUE mapaMerpa w, MOCTPOUM
B miockoctu (k, ) KpuBble, Ha KOTOPbIX KBa3UIOJMHOM (2.56) umeer Hysu, Je-
JKalye Ha MHUMO#t ocu. IIpu sToMm Touke w = 0 coorBercTByeT npsiMast k = —1.
Ha puc. 2.6 q1s1 pa3nnanbix 3Ha4enuit A npuBeiennl yKa3aHHble KPUBBIE.

Uccnemyem aBuxkenne Hysei KBazumnoauHoma (2.56) depe3s MHUMYIO OCh KOM-
MJIEKCHOM ToJTyTIockocTr. Bribepem st wekoroporo A = Agy rouky (kog, 0p),
JIEXKAIILYIO Ha OJIHON M3 KPUBBLIX, HpuUBEJeHHbIX Ha 2.6. Ilycrs ara Touka coot-
BETCTBYeT 3HAUCHHUIO w = wy. Llomoxum B (2.56) k = ko(1 +¢), 0 < ¢ < 1
M PACCMOTPUM JIBUXKEHUE KOpHsi z(€) = iwy + €21 + ... ypasuenusi f(z;e) =
= 22+ Az + 1+ ko(1 + e)e M = 0 npu msmenennn ¢. C HEOOGXOIMMOCTHIO
MMEeM

21 = — fu(iwo; 0)/ f. (iwn; 0) = (1—wd +iwnAo)/[Ao+80(1— wd) +iwo( Aoblo +2)].

Orcrona
Re 21 = {Ag(wg + 1) + bp[(wg — 1)* + wi A7)} /

{[Ao + bo(wi — 1)]* + w (Agbo + 2) } > 0.

Takum obpazom Hysm KBazunonunoma (2.56) mpu yBesudennu |k| mepexoasar
U3 JIEBON KOMILJIEKCHOM TMOJIYIIJIOCKOCTU B IpaBylo. B COOTBETCTBUU C TUM T10-
crpoena Kaptuna D-pazouenuii miokocru (k, ), npuBegennast Ha puc. 2.6 s
Pa3IMIHBIX 3HadeHNiT A, Tye rpaHuilbl 00IACTH MPUHAJICKHOCTH HYJIeH KBa3H-
noJHoMa (2.56) JIeBOi KOMILIEKCHOH HOJyIII0CKOCTH (06J1aCTH yCTORIMBOCTI
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Puc. 2.6. D-pasbuenus s kpasunoiuaoma (2.56)

KBazunosnHoma (2.56)) ormedenbl )upHoii juuueit. [Ipu srom B caydae k > 0
OTEPsI yCTORIMBOCTH KBAZKIIOJUHOMA MOYKET IIPOUCXOIUTD C IPOXOXK ICHUEM Ue-
pPe3 MHUMYIO OCh KaK OJHOI, TaK M JBYX Hap KOMILUIEKCHO CONPSI?KEHHBIX HYyJIeit
KBazumonuaoMa, (2.56).

B cayuae k < 0 BO3MOXKHA 110TEPst yCTORIMBOCTH KBa3umoJuHoMoMm (2.56),
CBSI3AHHAS C IPOXOXKJIEHUEM OJIHOIO JIEHCTBUTENLHOIO HyJIsl Yepes3 HyJIeBYI0 TOY-
Ky KOMILIEKCHOM ILJIOCKOCTH, OJHON Napbl U JBYX Map KOMILUIEKCHO CONPIZKEH-
HBIX HyJIell uepe3 MHUMYIO OChb KOMILIEKCHOI IIJIOCKOCTH, a TaKXKe BO3MOXKHO
COBMECTHOE TIPOXOXKJICHUE JICHCTBUTEILHOTO HYJI W OJHONW Mapbl KOMILIEKCHO
COIIPSIKEHHBIX HyJIeH 4epes HyJIeByIo TOUYKY 1 MHUMYTO OCb. Cilyudail cCOBMECTHO-
'O IIPOXOKICHUS JIEACTBUTEIHLHOIO HYJIsI ¥ JIBYX Iap KOMILIEKCHO COIPSIXKEHHBIX
HyJIeil 4epes HyJIeBYI0 TOYKY M MHUMYIO OCb HEBO3MOXKEH.

BhisicHuM, BO3MOXKeH Jin BHYTpeHHWi pesonanc 1:2 u 1:3 (Mua/qiie BHy TpeH-
HUE PE30HAHCHI) 1IPU HPOXOKJICHUM JIBYX [AP KOMILIEKCHO-COIPSIKEHHbIX HY-



90 IIpukjajiHple acneKTbl KOMILJIEKCHOIO aHAJIM3a

JIell KBa3UIIOJMHOMA, Yepe3 MHUMYIO OCbh KOMILIEKCHO# 1iockocTu. Ilycrs npu
k., 0., A, xBasunosmnoM (2.56) umeer Ha MHEMO} ocu Hynu z; = +iw; (0 <
< wy < we, j = 1,2), a ocrajbHble €ro HYJU HAXOJATCS B IMOJYIJIOCKOCTH
C_. BoissicauM, BO3MOXKHO JIX IIPU 9TOM PaABEHCTBO Wy = 2Wi U Wo = Jwi. ITU
OTHOIINIEHNST UMEIOT Ba)KHOE 3HAUEHHWE B TEOPUM HEJMHEHHBIX KOJeOaHMIA.
[IpemonoKum, 9To BBIIOJHEHO epBoe paBeHCTBO. Torya us (2.56) uMeem

ks cos(w16y) = w% —1, kysin(wib,) = Awr,

k, cos(2wif,) = 4w? — 1, k,sin(2w.b,) = 24,w;.

13 BTOPOro ¥ 1OCJIEIHEr0 PABEHCTBA UMEEeM
sin(w16,)(cos(wiby) — 1) = 0.

Orciona wif, = ™, n = 1,2,..., 00oJCTaBUB BO BTOPOE paBeHCTBO wi = 0,
MOJIYIUM TTPOTUBOPEINE.
[Ipe/imnosiokum rerephb, 9To BBIIOJHEHO Bropoe pasencrBo. Tormga us (2.56)
nMeeM
k. cos(w1b,) = w% —1, k.sin(wi6,) = Ay,

k. cos(3wif,) = 9w? — 1, k. sin(3wib,) = 3A.w;.

3 Broporo u mocmenmero pasencTBa nmeeMm sin(3wif) — 3sin(wif,) =
= —4sind(w16,) = 0, orkyna wif, = ™, n = 1,2,.... [loxcraBus w6, Bo
BTOpoe paBeHcTBo, uMeeM wi = 0. [Tosyunau nporusopeune.

Taxkum 06pa3oM, MJIQIIINX BHYTPEHHUX PE3OHAHCOB IPU MPOXOXKICHUN JBYX
nmap HyJeil 4epes MHUMYIO OChb KOMILJIEKCHOM IJIOCKOCTH PeaJn30BaHo ObITh He
MOZKET.

4. PaccMOTpuM KBa3UIOJMHOM

f(2) =22+ Az + 1+ kze ™, (2.59)

rme A, 6 > 0 u k — jeiictBuTenbHBIE TapaMeTphl. M3yunM pacrnonoxenue Hy-
neit kBazunosmaoMa (2.59) B 3aBucumoctu or napamerpos. [locrponm B mrocko-
cru napamerpos (k, 6) kapruny D-pasbuennii kazunosaunoma (2.59). Samerum
npeBapuTesibho cieytoree. [pu k = 0 f(2) me numeer myieit B C. [Ipu masbix
|k| 1o cBoiictBo f(2) Takxke coxpanurcs. JleidcTBUTEILHO, PACCMOTPUM TOJIY-

KpyT K}f C C, orpannuennniii orpeskom maUMOI ocn —iR < Imz < iR n
HOJLyOKPYKHOCTBIO 2 = Re™ —7/2 < ¢ < /2. Ilpu manvix |k| u mobom R
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Ha TPAHUIIE K}%/Q cripaseinBo Hepasenctso |22 + Az + 1| > |k||z|le=*%|. Ocra-
JIOCh cocaThbesi Ha yrBepxkjenne 3.9 (reopema Pymie) m yerpemurs R — o00.
[Tosoxkum B (2.59) 2z = iw (w > 0) U pUpaBHIEM K HYJIIO JIEHCTBUTEIBHYIO 1
MHUMYIO 9acTu. B pesynbrare OyeM UMETh CUCTEMY ypaBHEHHWIA:

1 —w? + kwsin(wh) =0, A+ kcos(wb) = 0.
Orcrona, cuntas A GUKCHPOBAHHBIM, HAXOIUM IOCIE0BATEIHLHOCTD (DYHKITHIA
kp(w) = —A/ cos(wb,(w)), O,(w) =w Harctg((1 — w?)/(Aw)) + mn),

0<w<oo, n=0,12,..., (2.60)

CJLYKAIIUX [apAMETPUIECKUM 3ajlaHreM ceMeiicTBa KpuBbix B 1iockocru (k, ),
MPU 3HAYCHUU [MAPAMETPOB HA KOTOPBIX KBA3WMOJIUHOM (2.59) mMeer HyIHM HA
MHAMOHW OCH KOMIIJIEKCHOM TIJIOCKOCTH.

Boibepem nipu A = A, 1ouky ki, 0, Ha ojHoil u3 Kpusbix (2.2.3), KoTopast co-
OTBETCTBYET wy. [losoxum B (2.59) k = ky(1+¢), A = A, 0 = 0, u paccmorpum
ypaBHEHHE

flzie) =22+ Az + 14+ k(1 + £)ze % =0, (2.61)

rie 0 < € < 1. PaceMoTpuM JBIZKeHHe KOPHS 2, (€) = iw, + €241 + 2240 +
+... ypaBuenus npu usmenenuu €. [lojgcrasus z,(€) B (2.61), ¢ HEOGXOAUMOCTHIO
MIMEEM BBIDAyKEHHe

21 = — f-(iw,; 0)/ fo(iwy; 0) = —kye % /[2w, + A+ k(1 — iw,0,)e 0],
aro ¢ yaerom f(iw,;0) = 0 maer
Rez, = —0(w? — 1)? + A, [w? (A4 0) + 0] /{(w*—1)*+[w?(A+0)+6)% /w?} < 0.

Takum obpasom, npu yseandennn |k| kopuu ypashenust (2.61) capuratorcs ¢
MHUMO# ocu B nosymiockocts Co. B coorBercTBUEM ¢ 9TUM CTPOUTCS KapTHHA
D-pazbuenus mwiockoctu (k,#) kasunosmuoMa (2.59). Dra KapTHHA MPUBEICHA
juist caydas A = 0.5 wa puc. 2.7 . Ormernm, 9T0 NpyM JAPYrux 3HAYEHUAX A
KapTuHa D-pa3OneHuii KaUecTBEHHO HE MEHSeTCH.

5. PaccMoTpuM KBa3uIIOJMHOM

f(2) =2 —A(l +ia) — ye "1, (2.62)

e A,a,v, 7 > 0, ¢9 € |0,27) — peiicTBUTEIbHBIE TApAMETPHI. XapaKTepu-
CTUYECKUI KBA3UIIOJIMHOM BO3HUKAET 1IpU u3ydenuun ypasuenus Jlanra-Kobasiiin
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Puc. 2.7. D-pasbuenus jyist kKazunosunoma (77)

|11]. Usyuwmm pacmosoxkenue nymeii Kpasunosunnoma (2.62) B 3aBHCHMOCTH OT Ta-
pamMeTpoB, UCHoJb3ys MeTo D-paszouenuit. [losoxum 2 = 1w, w € R u npupas-
HsIeM HYJTIO JICHCTBATEIBHYIO 1 MHUMYIO YacTH. B pesynbrare mogydum cucTemy
ypaBHEeHUIA:

A+ vyeos(wr + ¢p) =0, w—aA+ ysin(wr + ¢y) = 0. (2.63)

O6osnauns 1+ ia = /(1 + a?)e?”, B = arccos(1/+v/1 + a?), us ypasuenuii

(2.63) mmeem ypaBHeHue

sin(wr 4+ ¢p + ) = —w/(yV' 1+ a?) (2.64)

Juist onpejiesienunii T = 7(w). Ypasuenue (2.64) paspemmmo npu —yv 1 4+ a? <
< w < yV1+ a?u gaer aBe cepur peuieHuii:

(W) = w (7 + arcsin(w/(yV/1 + a?)) — ¢ — B + 27m), (2.65)
' (w) = —w N7 + arcsin(w/(yV1 + a2)) + ¢o + S — 27m), (2.66)
m=0,£1,....

I[lopcrasum (2.65) u (2.66) B mepsoe ypasuenue (2.63). B pesysnbrare Oyiem
MMeTh

A(w) = (aw + V/2(1 + a?) —w?) /(1 + a?), (2.67)

As(w) = (aw — V21 4 a2) —w?) /(1 + a?). (2.68)
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Puc. 2.8. D-pasbuenusi jyist Kazunosunoma (2.62)

Boeraucnnwm snavenns dbynknuit Ay (w) 1 Ay(w) B Hyse u HA IDaHUNAX JOIY-
CTUMOTO MHTEPBaJIa U3MEHEHUsI W'

AY = A1(0) = v/V14 a2 >0,
A7 = A(—V1+a?) = —ay/V/1+ a2 = —aA,
Af = (71 +a?) = ay/V1+a? = ad],

Ay = A(0) = —7/V1+ a2 = -4,
5 = A(—yV1+a?)=—ay/V1+a?=—-A],
AY = As(vW1+a?) = ay/V1+a2=—A;.

[Togcrasus Te xe 3nadenns B (2.65) u (2.66), 3amernwm, ato npn w = 0 Ha
10cKocTH napamerpos (7, A) ectb jie ropusoHTanbhble acuMmuTorbl =AY, a npn
3HaueHusAX w = +yv/1 + a? umeerca jiBa ypoBHsA cKJjeliku rpadgukos: A] u A7

_|_
Bepxuum perenuem L ms Ha30BEM napy KPUBBIX

(7" (w), A1(w)), (3% (w), A2(w)), 0 < w < yV1+a? tme m; u my Bb-
OpaHbl TakK, 4YTOOBI 9TH KPUBBIE CKJIEMBAINCH (ITO MPOU30iIET Ha yPOBHE
AH).

HmxanMm pelIeHneM | I Ha30BEM napy KPHUBBIX

m m
(17" (w), A1(w)), (3 (w), A2(w)), —vV1+a? < w < 0, e my U My Bbi-
OpaHbl Tak, 4YTOObI 9TH KPUBBIE CKJIECHBAJIUCH (ITO MPOU30iIET HAa ypPOBHE
A7). CoBOKYITHOCTH KPHUBbIX, ONPEJEJSeMbIX TUMI YPABHEHUSIMHU J[JIsi PA3HBIX
3HAUYEHUI i, 7Y, @, IpUBEJIeHa Ha puc. 2.8.
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Bribepem Touky (7, Ag) Ha 0jHOM U3 3rux KpusbiX. [lycrb oHu coOTBETCTRY-
o1 Touke wy. lomoxum A = Ay + €. Onpenenss z(e) = iwy + €21 + ..., u3
ypastenns z — (Ag + €)(1 + ia) — ye ™% = () naxoaum
21 =(1+1ia)/[1+ ’yTOe*WOTO“‘%] =
{1+ molawy — (1 + o) Ag] + i(a — Towo) }/[(1 — T9Ap)? + 72(0 — adp)?].

3nak Re z; onpenensercs B coorsercrsuu ¢ (2.67), (2.68) 3naKoM BeInINHDI

1+ mlawn — (14 02 Ag] = 1 F 1y/72(1 + 02) — wi. (2.69)

Takum obpazoM, B coorBercTBUE ¢ (2.71) Ha HUKHEH COCTABIAIONICH KaxK 07
U3 KPUBBIX F;—L,Ll’m HYJIM KBA3UMOMUHOMA (2.62) mepexosaT nu3 JIeBO# KOMILTEKC-
HOW TOJIYIJIOCKOCTH B IIPABYIO; Ha BEpXHEN COCTABJIAIONIEN KaXKJ0i U3 Kpu-
BBIX Fith JIO M3rnOa KOPHU Mepexo/IAT U3 JeBO KOMIIJIEKCHOM TOJTYTIJIOCKOCTH
B [IpaBY10, 10cje u3ruda, HaodOpOT — U3 MPaBOil B JIeBYI0. B cOOTBETCTBUM C 3TUM
Ha puc. 2.8 mocTpoena KapTuHa D-pa3Ouenuii miockocTu mapamerpos (7, A).

B HekoTopbIX 3ajjadax MpeJICTaBIsgeT WHTEePeC XapaKTep MOBeJeHus HyJeit
KBa3WIIOJIMHOMOB TPH OOJIBINIMX 3HAUECHUSX TTapaMeTpa, XapaKTepU3yoIero Be-
JUYIUHY 3alla3/bIBaHsa apryMenTa B JuddepeHnuaibHO-pa3HOCTOHOM ypaBHe-
nuu. PaceMorpum a1y 3ajiady Ha npuMepe KBasulosnHoMmoB (2.56) u (2.62) u
MU3YYUM 3aBUCUMOCTH HyJIell OT TapaMeTpoB € U T COOTBETCTBEHHO, KOTOpbIE Oy-
JeM cantarh 6osbimmu. Pacemorpum cradasia kBazunonuaom (2.56). Tlosoxum
B HeM £, = 0! u HopMupyeM z — ze;. B pesymbTrare KBa3HIOJMHOM HPUMET
BU/I

f(ze1) =e12” + a1 Az + 1+ ke ™7, (2.70)

[Toctpoum cuauvajia kapTuny D-pazduenuii kpasumnosunoma. [lomoxum z =
= iw (w > 0) u paspemum oTHOCUTEJLHO €1 U k. B pesysbrare numeem

e1 = e1(w) = w A ctg(w) + (o ctg(w) + 4)?], (2.71)
k=k(w) = Awei(w)/ sin(w). (2.72)

Ha puc. 2.9 nna nByx sHadenuii mapamerpa A ¢ yIeToM pe3yabTaToB UCCJIEI0Ba-
HUs TIOBEJICHNsT HyJiell KBasunosnroma (2.56) npuBejiera kapruHa D-pasouennii
MJIOCKOCTH TapamMeTpoB (€1, k) kBasunosnaoMa (2.70), mocTpoeHHasi COTJIACHO
(2.71), (2.72).

HawnboJsiee naTEpEeCHbIMU JIJIsT TPUJIOKEHWH, KaK Clejlyer u3 puc. 2.9, siBjisi-
fores caydan, korma k ~ +1. [Homoxkuwm B (2.70) k = 1 + €3 u paccMorpum
ypaBHEHWE

flzie) =l +eiAz+ 14+ (14 )e " =0, €= (e1,e9). (2.73)



2.2 Anajms pacupejeseHnst HyJiei 95

€1

Puc. 2.9. D-pasbuenusi jyist Kasunosunoma (2.70)

[Tosoxkum B (2.73) 2z = = + (Y ¥ BBIEJIUM BENIECTBEHHYIO U MHUMYIO IaCTH.
B pesysibrare 1nojiyduM CUCTEMY ypaBHEHWUIA:

et (2® —y*) +e1Ar + 1+ (1 +e3)e “cosy = 0, (2.74)
2e2xy + 1Ay — (1 +e9)e “siny = 0, (2.75)
KOTODYIO 3allUIIeM B 9KBUBAJCHTHOI dhopMe:

(14+ey)e™ ={[1+eAx+ 8%(:62 — y2)]2 + (A + 2¢ x)2 2}1/2 =

= {[1 = A2/4+ 8% + (A)2+ e12)"] + (A* — Dely’}? = X (e1w, 21y),
(2.76)

oy — e1Ay + 2e2xy - 2e1y(A/2 + e12) _
&9 = 1+ Az +e3(22 —92) 1 —A2/4—eh2 + (A)2+e12)2
=Y(e1x,e1y). (2.77)

Ormernm, dro npasbeie dacru (2.76), (2.77) cOOTBETCTBEHHO CUMMETPUYHbBI 1
aHTHCUMMEeTpUIHbl oTHOCUTENbHO A/2 + 2. [loBenenue npasoit wactu (2.76)
OTHOCHUTEJILHO €12 TIpU (PUKCUPOBAHHOM £1% HAIIOMUHAET HapadOJIy, CAMMETPH -
HYIO OTHOCHTEJbHO TOUKH —A /2 KOTOpast B 3aBUCHMOCTH OT A U €1y MOXKET
MMeTh KaK OJIMH MUHUMYM B TOouke —A/2, Tak u jiBa B TOYKAX, CUMMETPHY-
HBIX OTHOCHTEJIHHO —A /2. B ¢BsI3U ¢ 3TUM MOXKHO YKa3aTh TAKOE £(, 3ABUCSIIEE
T0sIbKO 0T A, uto npu |e| < gy ypasHenue (2.76) umeer eJAMHCTBEHHOE Deriie-
nue = x(e1y;¢€) (2(0,0) = 0), KoTOPoE MOKET ObITh HOJYUEHO ¢ HOMOIIBIO
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CJIeIYIONIEro UTEPalMoOHHOIO TPOIECcCa:

zrri1(e1y;€) = In(1+e9) — In (X (e12x(61y;€),€19)), wo(ery;e) = 0. (2.78)

[Tosicraus reneps Gynkipio x = x(e1y;€) B (2.77), Haiigem cueTHOE YUCIIO
perennii y™ (g), koropsre, cormacuo (2.74), (2.75), 6yayT nMeTh BU

y"(e) =m(2n — 1) +y"(e) (1V(0)=0), n=0,1...

Oyukiun y(")(a‘) MOT'YT OBbITH OCTPOEHBI C TTOMOIIBIO UTEPAIMOHHOIO TTPO-
necca

) (e) = arctg(Y (e12(219" (): €), et (£))) + (20 — 1),

w(€)=0, n=12.. (279

repanuontbie poreccsl (2.78), (2.79) MoryT ObITh 00beJIMHEHbI B OJIMH J1Jis]
OIIPE/Ie/ICHUSI

2(e) = 2 (e) +iy™(e), 2 (e) = a(e1y™(e); ).
st sroro ypasuenne (2.73) mpejcraBuM B BHJIE

ol (e322+e1A2+1) In (1+e9)+im(2n—1)

=e ,n=12..., Inw=1In|w|+iargw.

Orcroia uMeeM, 9T0 MHOXKECTBO KOpHeit ypasaenus (2.73) onpejessiercs coBo-
KYIITHOCTBIO KOpPHEH I10CJIe/I0BATC/IbHOCTH YPaBHEHUN

z4+In(efzf +eAz+ 1) =In(1+&) +ir(2n—1), n=1,2,....  (2.80)

Kaxkjioe u3 3Tux ypaBHEHMII MMeeT eJIMHCTBEHHOE pellleHue, T. K. OHU, Oy-
JYYA PacCIUCAHHBIMU B PABEHCTBA JJIA JICUCTBUTEJILHON U MHUMOW 4dacTeil, aa-
JIyT COOTBETCTBEHHO ypaBHenus (2.76) u (2.77). [Tocie iHee B OKPECTHOCTH TOYKH

m(2n —1).
PaccmoTrpum ypaBnenue

(e Az 4+ 1) =In(1+&) +iw (w>0) (2.81)

Juist onpegiesienust z(iw; €). duist naxox ienust ero periennii (2.81) nocrpoum nre-
PaIMOHHBIN TTPOIECC

Zpp1 = —In (€222 + 1Az, + 1) +1In (1 + &9) +iw, 25 =0,
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CXOJIMMOCTH KOTOPOTO ciiejyer u3 cxogumoctu (2.78), (2.79). B pesysnbrare mo-
ayunM bynxnmio z(iw;e) = iw +In (1 + €2) + 2. (iw; €) (2.(iw; 0) = 0), ananu-
THYECKYIO 110 iw U &, siBJsolyocs pemenueM (2.81). Ilpu arom

zo(iw;e) = —In(e(iw + In (1 + &3) — In (e2(iw + In (1 4+ &5) — . .. ))2+
+ e A(iw+In (14 &) —In(ef(iw+1In (14 &) —...))) +1)). (2.82)

Orcrojia MeeM COBOKYITHOCTH perieHnii ypasaenus (2.73):

M) = in(2n — 1) + In(14+e9) + z(w(2n — 1);e), n = 1,2,...

3 (2.82) cipaBeiiinBo paBHOMEPHOE TIO 7. PE/ICTABIICHHE:

ZM(e) =in(2n — 1)+ In(1 +&5) —In (E2(im(2n — 1) + In (1 + £9)) 2+
+ e A(im(2n — 1) +In (1 4+ &9)) + 1) + O([¢]).

Paccmorpum reneph KBasunosnHoMm (2.62), cuuras napamerp T OOJIBINIM.
O6osnauus 7- 1 = €1 u HopMmuposas (2.62) z — 2&1, HOJLYUUM KBA3UIOJIHOM

f(zie1) = elh — A(1 4 i) — ye 7', (2.83)

[Tostoxkum B (2.83) 2z = iw, w € R u NpupaBHsIeM K HYJIO JEHCTBUTEIHHYO
U MHAMYIO 9aCTH

A+vycos(w+ ¢p) =0, ejw—aA+ ysin(w+ ¢y). (2.84)

3 (2.84) naxopum
A(w) = —ycos(w + ¢yp), (2.85)
e1(w) = —w (1 + a?) V2 sin(w + ¢o + B), (2.86)

—go—B+m2n—-1)=w, 1 <w<w,=—¢g— B +2mn, n=0,%1,4+2 ...

N3 (2.85), (2.86) caemnyer, ato npu e(w,—1) = e(w,) = 0. Orciona nmeem
Alwn_1) = v/(1 4+ a®)? = AV A(w,) = —v/(1 + a?)/? = AY. B coorser-
CTBUHM € 3TUM Ha puc. 2.10 mIg AByX BapmaHTOB 3HAYEHUH TMapaMeTpPOB «, Y, Qg
C YUYEeTOM DE3yJIbTaTOB HCCJIeIOBAHUS TTOBejIeHs Hysell Kpasunounnoma (2.62),
MPUBEJICHBI KAPTUHBI D-pas3buenuii mIockocTr mapamerpos (A, e1).

[onoxxum B (2.83) A = AY(1 + &7). B pesynbrare, nepeobo3Hauus €1 4epes
€17, ypaBuenue (2.83) zanuiiem B Buje

filzie) = e1ze™ — (14 g9) — e #7070 =, (2.87)
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Puc. 2.10. D-pasbuenus jiyisi KBaguiosnaoma (2.83)

Nsyunm xapakrep 3apucumoctu (2.87) or napamerpa € = (£1,€3). [Ipu € = 0
ypaBHEHUE UMeeT KOpHU io, = i(—¢g — B+ m(2n — 1)), n = 0,£1,£2 ...
Nzyunm pacnosioxkenue kopheii (2.87) npu masbix €. Sanuiiem (2.87) B Buje

ez+i¢o+i6[€1267iﬂ _ (1 + 52)] -1
Orcrofia UMeeM MOoC/Ie[0BATEILHOCTL YPaBHeHMIA:
z+igy+iB = —1In(c1ze”” — (14 9)) +i2mn, n=0,+1,4£2.. .,

KOTOpasi OIpeiesisieT Bce MHOXKecTBO KopHeii (2.87). Ilpu atom kaxioe u3 ypas-
HEHUI UMeeT JIKITL OjiHO pemienue. [Tokaxkem 3T0.

PacnumieMm B JieiicTBUTEILHOR (hopMe, TIOJIOXKUB 2z = X + 1y U pa3/esuB Jeii-
CTBUTEJIbHYIO U MHUMYIO JacT. B pesy/brare MoJiyduM CUCTEMY ypPaBHEHUIL:

1
T = —5 In((eyzcos B+ erysinf — (1 + 82))2 + 6%(—1’ sin 8 + y cos 5)2) =

— In (14 &2)* — 2(1 + e2)e1(w cos B + ysin §) + e1(a” + 7)) =

2
= X(e1x,e1y;€), (2.88)

e1(—xsin B + y cos f)
1+ e —e1(zcosf+ ysinf)
=Y (e1z,61y,€) + 2mn,n = 0,£1,... (2.89)

Y+ ¢o + B = arctg( )+ 2mn =

[lepBoe ypaBHeHme NIpM KaxKJIOM €1y UMeeT €JIMHCTBEHHOE peIleHue T =
= x(e1y;€), KOTOPOE MOXKET OBITH HAMJIEHO ¢ TOMOIIBI0 UTEPAIMOHHOTO MPO-
ecca:
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rii1(e1y;€) = X(a1zk(a1y;€),e1y5€),  wo(ery;€) = 0. (2.90)

Pemmenue y™ (g) ypasuenus (2.89) npu Kazx10M GUKCHPOBAHHOM 7 HAXOUT-
Cs1 IOCPEJCTBOM UTEPAIMOHHOIO MPOLECea

y,(ﬁr)l(s) + oo+ 8 = Y(slx(ely,in)(s); £), gly,gn)(s); g)+2mn, y(()”)(g) = 0. (2.91)
B pesynbrare 6yj1eM nmernb
2(e) = 2" (e) + iy (e), 2" (e) = x(e1y(e);€), n = 0,41, 42,

perienue ypasrenust (2.87).
Tlst maxoxgennst siHoi popmyin st 2™ (€) mocTpouM MTEPAIMOHHBIH
TPOIIECC:

21(€) Fi(go+ B) = —In(e1z1(e)e ™ — (1 + &) +iw, w € R, (2.92)

KOTODBIl CXOUTCA BBUJLY CXOJAMMOCTH HTEPAIMOHHBIX TporeccoB B (2.90) u
(2.91). B pesysbrare nosydumM BbipaxkeHue

z(iw;e) = i(w — ¢p — B)—
—In(e1(i(w—¢o—B) —In (1 + &3 — e1(i(w — g — B)) — ... ))e ¥ — (1 +e2)),

onpegensiomee pemenue ypapuenns (2.87) kax z™(e) = 2(i27nje),n =
—0,41,42, ...

2.2.4. AcuMnToTm4deckoe pacipejejgeHne HyJjei
XapaKTEPUCTUYECKUX KBA3UIIOJINHOMOB

[Tpu uzyuenun nuddepeHmaibHO-Pa3HOCTHBIX YPaBHEHUI BOZHUKAET 33,1
4a aHaJIn3a paclipejiesienust Hysei pyHkIiuii Bujia

f(z) = Z pj(2)e %%, (2.93)

rje geficTuTenbhble dncna 0 ynosiaersopsior ycaosnio 0 = 0y < 0 < -+ - < Oy,
p;(2) = poj + P12+ -+ + Ppj2" — MHOTOUJIEHDI CTEHEHN N ¢ JIEfCTBUTEIBHBIMA
koabdunmentamn, §; xapakTepusyioT B AnddepeHnnaabio-pa3HOCTHOM ypaB-
HEHUM BEJUMYUHBI OTKJIOHEHUH apryMeHTa.
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Oyukiuu Buja (2.93) HasbiBatoT KBasunognHoMaMmu. Ecin nmpu 91om ppo # 0,
apy,; =0(j=1,...,m), To TaKO#l KBA3UIIOJINHOM HA3BIBAETCS KBABUIIOJUHOMOM
3arazjipiBatoliero tumna. Ecian py, # 0, a ppj = 0(j = 0,...,m — 1), To Takoii
KBA3UIOJNHOM HA3bIBACTCS KBA3UIIOJUHOMOM OIEPEXKAIOIIEr0 THIIA, €CIU Uy 7
# 0nay; # 0 npn i # j, TO TAaKOI KBA3UIOINHOM HA3bIBACTCA KBA3UTOINHOMOM
HEATPAJHLHOTO THUIIA.

Oyukiuu Bujia (2.93) ABASIOTCS TENbBIMI (DYHKIUSIMU, TTOSTOMY B JH00O0I
OrpaHUYeHHON 06JACTH KOMIIJIEKCHOM TIIOCKOCTH (2.93) MOXKET MMeTh JIUIITh KO-
HETHOE YHCJIO HyJell KoHeuHoil KparHoctu. Takum obpasom, uHymu f(z) moryt
OLITH IIPOHYMEPOBAHbI B IOPSJIKE BO3pacTaHus uX Mojyseil. s npuioxkennii
npejcrasisier 60JbIIoi nurepec nosejenue nysei f(z) upu 60JbIIMX HOMEpax
(6OBIIX 110 MOJTYITIO 3HATEHUSIX ).

PaccMoTpum cHavasa KBa3umognHOM 3aI1a3/IbIBAIOIIEro TUMa. B aToM cirydae
HEe MOXKeT ObITh HyJiell ¢ HEOrPaAHMYEHHO BO3pACTAIONIEil BEIECTBEHHONW 4acTbio,
TaK KakK 1pu Re 2 — 00 mOpsAIOK pocTa MOJYJIsd CIAaraeMoro Ppoz’ BBIIIE TOP/I-
Ka POCTa MOJLYJIEHl OCTaJbHBIX CJlaraeMbiX BBUJLY YObIBAHUS MOJYJIEH cjlaraeMbix
Busa p,;zle %% u, cieposarenbho, Bhile Konednoi ux cymMmmbl. Takum o6paszom,
BCE KOPHHU Zj KBa3MIOJIMHOMA 3alla3/[bIBaIONIEro TUIA YJIOBJIETBOPSIOT YCIOBUIO
Rez < N u MoryT cTpeMHUTbCA K TOUKE z = OO JIMIIL ¢ ycaoBueM Re z; — —oo.

PaccMOTpuM  KBa3UMOJMHOM OTEPEXKAONEro Tuma. B 3ToMm ciydae TpH
Re z; — —o0 pocr |G 2" €% %| BBIIIE TIOPsA KA POCTA MOJYIIEH OCTAIBLHBIX CJla-
raeMbIX KBa3UIIOJUHOMA, a TaKxKe KOHeuHOi ux cyMMbl. [Tosromy s myseit z;
KBa3MUIIOJMHOMa BBINOJHEHO ycjaosue Rez; > N u K TOYKe 2 = 0O OHM MOTYT
CTPeMUThCHA JIMIIb ¢ ycaosueM Re z; — o00.

Bamernm cremytomee. Jlio6oit wien kpasumonunoMa 24e % mMoxmo mpescTa-
suTh B Buge el %7 Orciopa 2% %% = et =0iRez Beny npu 2 — oo mo
KaKOMY-HUOYjib HAIPABJICHUIO Bo3pacranust 2(7) jiisi Kakoro-aubo djieHa KBa-
3UIIOJIMHOMA 3HavYeHne [ = ¢ln |z| — 6; Gosblne aHATOIMYHOTO BBIPAXKEHUS JJIsT
JAPYIHUX YJIEHOB, TO B 9TOM HANPABJIECHUU arg 2z = const jubo BJI0JIb JAHHON KPH-
BOii z(T) mpm z — 00 He MOxkeT ObITh Hyseil f(z). Ecim e mpu 2 — 0o mo
HEKOTOPOil KpUBOii 2z = z(T) JIJIsl HECKOJBKUX YJEHOB KBA3WIOJINHOMA BEJINYN-
nel 1 = pln |z2| —6; Re z coBmaaor n mpeBoCXOAT 3HAUEHHS IPYTUX UJIE€HOB, TO
BJIOJIH 9TOU KPUBOIT MOTYT OBITH HYJIM KBa3UITOJINHOMA, MOJLYJIH KOTOPHIX BO3PAC-
rator. [jist HaxoXK JIeHust HyJieii JIOCTaTOuHO PACCMOTPETD JIUIIb JIOMUHUDYOIIUE
TJIEHDBI, IMEIOTIe HANOOIIbINNE OPSIKA POCTA.

C yueroM CKa3aHHOrO, W3y4YuM MOBeJieHre Hyseil KpasunosnHoma (2.93)
B cjaydae m = 1, 4TO COOTBEICTBYeT OJHOMY OTKJOHEHHIO apryMeHTa B
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JuddepenuaibHO-Pa3sHOCTHOM ypaBuenun. s yio0crsa 3aluiiemM ero B BUje
f(2) =p(2) + q(2)e?, (2.94)

rie p(z) = po+piz+...pa2", q(2) = g0+ @z + -+ guz™. Cunraem p, >
>0, ¢gn # 0, 8§ >0, n > m, T. e. paccCMaTPUBAECTCS 3aIA3/LIBAIOIINI KK
HefiTpasIbHbI TUIT KBasuoJrnHoMa Buja (2.94).

[Ipu Gosbiux 3madenusx |z| B mepBom ciaaraemoM (2.94) HOMHHEDYIONAM
SIBIISIETCST 9JIeH Pp2”, B BO BTOPOM — ¢m2"e %% . CienoBarenbHo, mpu GOJIBITAX

z| moBeenne Hyseit (2.94) onpejensgercsa KOpHIMUA yYpaBHEHU
Y y
fi1(2) = pu2™ + quzme " = 0. (2.95)

[Iycts cragana n > m, T. e. KBa3umoJuHOM f1(z) MMeeT 3ama3jibIBaroIinii
THIL.

13 (2.95) umeem

P =a, p=n—m, a =—qn/pn- (2.96)

lonoxkum 2 =  + iyp — kopuu (2.95). Uz (2.96) caenyer e’*|z|P = |a
VLJTH

P (1} + y}) = |aP. (2.97)
Kaxk ormeuasiocs panee npu p > 0 xp — —oo npu k — oo. Takum obpazowm,
lim e20e/Pg2 — (). (2.98)

k—o0

Orcrona (2.97) MOXKHO 3aIUCATH B BUJIE
eyl = [a|”? 4 ey, (2.99)

rie limy o0 €1 = 0. Bamamenm (2.99) 5 suge x2e207/P(y, /1) = |a*’? + 1. B
cugty yeqoBust (2.98) limy oo Y/ = 00 w arg zp = arctg(yr/xrp) = 7/2 + €9,
rje limy_oo €9 = 0.

Jlorapudmupysi pasencrBo (2.96), mosyunm pasenctBa Oz + pln |z +
+iparg z = In|a| + i arga + 27k, u3 koroporo umeem Oy + parg zp = arga +
+ 27k. Orciona

1 1
= 5(—pg—|—27ﬂ<})—|—€3 (a>0),y = 5(—pg—|—7r+27rk)—|—€3 (a < 0), (2.100)

rie limy o €3 = 0. W3 (2.99) nosyunm 20z, /p + 2Iny, = In(|a*? +¢1). Or-
ciojia umeem xp = 1/0(—plny, + Inal) + &4, tye limg 064 = 0. C yuerom
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(2.99), (2.100) nosyuum okoHuyaTesbHbIe (HOPMYJIbl KOpHE# (2.95) 11pu 6oJIbITIX
k:

1
2 ~

[—pln (5(=p/2+ 2K)) + Infa]) £ i (~p/2+ 2k), a >0, (2101)

|

1
2 A 5[—pln (g(—p/Z +2k+1))+1In |a\]:|:ig(—p/2—|—2k‘+1), a < 0. (2.102)

PaccmoTpuM Temephb ciydaili n = m, COOTBETCTBYIONIUN CIydar0 HEHTpaJib-
Horo Tuia Kazunosnuoma f(z). U3z (2.95) numeem

e 07 = —&, —0z = 1n(—@)
dn dn
Taxum obpazom
1. p, 27k
~——In|—| &+ n < 0,
2m(2k
2 R ——l | %, g, >0, k=0,1,...

T. e. kopHuu (2.95) PaCHOJIOXKEHBI B HEKOTOPO 110J10Ce Ty < Re 2 < Tyy.
PaceMOTPUM HEKOTOPBIE TTPUMEPHI.

1. Ilycrhb gaH KBABUMHOTOWIEH
f(2) =z+ae ",

Corusacro (2.101), (2.102)

1 1
%~ —In \g(% — ) Eim(2k - 5)(a <0),

1 1
2~ —In— (2k+2)iiﬂ(2k+§)(a>0).

2. IlycTh j1aH KBa3UIIOJIUHOM
f(z) =2 +ag+ (biz+ byle
Cormacro (2.101), (2.102)

2 2
—1nbikim(2k—§)(bl > 0), 2 ~ —In| Wk|iz7r(2k——)(b1 <0).
1
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2.3. Meroabl KOMILJIEKCHOI'O aHAJIN3a B pelieHnu
KpaeBbIX 3aJiad MaTeMaTn4deckoii (hpu3nkn

B nacrogdiem pasjesie pacCMOTPEHO TpUMeHeHne Teopur KOH(POPMHBIX OTOD-
pPaXXeHW# U TEOpUM aHAJIUTUIECCKUX (DYHKIMI K MOCTPOCHUIO PEIIeHN KpaeBbiX
3aJ1av I ypaBHenus Jlammaca m OUrapMOHUYECKOro ypaBHEHMUS.

2.3.1. YpasHenne Jlangaca. CBoiicTBa ero perieHmii

HccnenoBanue cTalimoOHAPHBIX MPOIECCOB Pa3JnIHON (PU3NIECKOil TPpUpoJIbl
MPUBOJIUT K U3YUEHUIO PEIleHuit ciejiytonero guddepeHnmnaibHoro ypaBHeHus:

AU = Ugy + Uy =0 (2.103)

OTHOCUTEIHHO (DYHKIMK U (T, i) HEPEMEHHbIX (I, YY), IPUHAJJIEKAIIUX HEKOTOPOH
miockoit obsactu ). Ypasuenue (2.103) HocuT Ha3BaHUE YpPABHEHUS Jlamnacal,
a omnpejesomuii ero oneparop Au — oneparopa Jlamiaca. @yukuuu, yjaosie-
TBOpPSIOIIKE ypaBHeHnuio Jlamiaca, HoCAT Ha3BaHHe TapMOHUYECKUX (DYHKITHA.

PaccmorpriM ocHOBHBIE cBOjicTBa perernii ypasHenust (2.103).

ITyctb B KOMILIeKCHO#R obJacTu () mepeMeHHOl z = & + 1y 3a/laHa aHAJUTH-
gqeckas ynknua f(z) = u(z,y) + iv(z,y). Torna bysknun u(z,y) u v(z,y),
SIBJISISICH OecKOoHeUHO Jud hepeHupyeMbiMi, B TOYKaX 00J1acTh yJI0BJIETBOPSIOT
yesoBusiM Kormu-Pumana (yreepxaenne 1.4):

Uy (2, y) = vy(a:,y), uy(ajvy) = —v(z,y). (2.104)

[Iponuddepennuposas nepsoe coorrorenne (2.104) mo x, Bropoe — 10 Y
M CJIOXKUB MX, HOJIYIUM, YTO Uyy(Z,y) + Uyy(2,y) = 0 qus (z,y) € Q. Ana-
JOruaHO 1poand GepeHnnupoBas nepBoe COOTHOIICHUE 110 Y, a BTOpPOe — I0 T
M BBIYTS OJ[HO U3 JPYTOrO, MOJIyYUM DPABEHCTBO Uyy(X,y) + vyy(z,y) = 0 just
(z,y) € Q. Takum obpaszom, geiicTBUTETbHAST 1 MHUMAsT YaCTH JTIOO0N aHAJIUTH-
4eCKOi (PyHKIMU KOMILICKCHOM IepeMEeHHOI SIBJISIOTCS FapMOHUICCKUMU (DYHK-
nusimu. Haobopor, eciu jlabbl e rapmonnveckue Gyukiuuu u(x,y) u v(z,y),
ompejesieHHbie B obsactu ) u ynosierBopstorue yegousM (2.104), 1o dbyHK-
must f(z) = u(z,y) + w(x,y) (z = x + iy) sasiasiercs aHaauTuueckoi B ).
Takum obpazom, dyuknus f(z) = u(x,y) + iv(z,y) KOMIIEKCHOH TepeMeHHO

6 JTarnac Ibep-Cumon (dbp. Pierre-Simon de Laplace, 1749—1827) — dbpannysckuii MaTeMaTuK, MEXaHUK,
dusuk u acrponom. M3Becren paboramu B 00JacTH HEDECHONH MeXaHWKW, MU(dMEPEHITNATBHBIX YPABHEHWH,
OJIMH W3 CO3/aTesell Teopuu BeposTHOCTel. 3acayru Jlammaca B 007aCTH 9MCTOM M MPUKJIAIHON MaTeMaTHKU
¥ OCODEHHO B ACTPOHOMHUHU TPOMAHBI: OH YCOBEPIIEHCTBOBAI MOYTH BCE PA3IETBI TUX HAYK.
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Z = x + 1y B obaacTu () SIBJISETCS AHAJIUTUICCKONR TOTIa U TOJBLKO TOI/A, KO-
raa Gyaknnn u(x,y) u v(x,y) B Toukax obsactu () OyIyT rapMOHUIECKUMU 1
yioBseTBOpsiTh yeiaosusim Komm—Pumana. Fapmonunueckue Gynkimn u(x,y) u
v(x,y), onpenesnennsie B obactu §) u ynosjerBopsionue yeaosusam (2.104), na-
3BIBAIOTCST B3aUMHO comnpsikeHHbIME. Ormerum, aro dyukiun u(x,y) u v(x,y)
MOT'YT OBITH BOCCTAHOBJIEHBI OJIHA Uepe3 JIPYLYI0 ¢ TOYHOCTBIO J0 MOCTOSHHOIM
(m. 1.1.5, cBoifcTBa aHaUTUICCKUX (DYHKIHUI, CBOICTBO 4).

Paccmorpum BaxkHoe cpoiictBo ypashenusi (2.103) — ero uHBapuaHTHOCTD
Ipu KOH(MOPMHOM HEBLIPOXKJIEHHOM IIPe0OPa3OBaHUK HE3aBUCHUMbBIX I€PEMEH-
Hbix. IlycTh MMeercst HEBBIPOXK JIEHHOE 11Pe0Dbpa30BaHe HE3aBUCUMbIX [1€PEMEH-
ueix (z,y) — (£, ) cormacHo

§:§(x,y), 77:77(3379):
D(&,n)/D(x,y) = &y — &mna 70, (z,y) €, (2.105)

oTobpazkaioriee obsacts §2 miaockocTn (2, y) B 0bacts G miockoctn (€,7). B cu-
ay (2.105) cymecrBytor ojHosHaunbie Gyukimn ¢ = (£, 1), y = y(&£, 1), obpar-
mpie K (2.105) u orobpaxkaiomue obracts G B 0bacTh (2. 3amuiiem ypaBHeHHE

(2.103) B nepemennnix (&,1). w(&,n) = u(x(&,n),y(€,n)). Hepecunraem

Uar = Weeks + 2WenEate + Wy + Welw + Wy o,
Uyy = wﬁffs + 2we,§yny + wnn”ﬁ + weyy + wyNyy (2.106)

u nogicrasuM B (2.103). B pesysbrare nosyunm

Wee(E24E) 4 2Wen (i +Eyy) + Wy (0 +175) +We (Eaw+Eyy) + Wy (N +nyz/) = 0)-
92.107

[Ipennonoxum, aro orobpaxkenue (2.105) siBisiercss KOHGOPMHBIM, T. € (DYHK-
nuu &(x,y) u n(x,y) ABAAIOTCA BEIECTBEHHO! W MHUMO IaCTSIMU aHAJTATHYIC-
ckoit dbyukiuu f(z2) = £(x,y) + in(x,y) B obsacTu {2 KOMILUIEKCHOH 1JI0CKOCTH
u ipu 31oM | f'(2)| # 0. B coorBercTBIN € 9THM

Eo(m,y) = ny(2,y), &y, y) = —nu(,y). (2.108)

Kpowme roro, &(x,y) u n(x,y), KAk OTMEUEHO BbIIIE, SIBISIOTCS TAPMOHUIECKUMT
byuknusamu. C yudrom ckazannoro u coornowmenus |f/(2)> = € + 55 =03+ ?75
Boipazkenue (2.107) sammmmercs B Buje

£ ()] (wee + wny) = 0.

Takum o6paszom, Buj ypasaenns (2.103) npu konGopMHOM MpeobpasoBaHum, .
e. yjosiersopsifonieM ycsiosusim (2.105), (2.108), He usMmeHsiercs. D10 BaKHOE
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cBoifcTBO ypasHenusi (2.103) IMPOKO KCIIOJIB3YeTCsi IIPY OCTPOCHUH PEIeHui B
KOH(OPMHO MHBAPUAHTHBIX 00JIACTSIX.
[Tepeitiem B mockocTu (,y) K TOJSIPHBIM KOOPJIXHATAM

T =pcosp, Y= psing (2.109)

v 3anuiieM ypastaenne (2.103) st dbynkiun u(p, ¢) = u(pcos p, psin ). Vme-
eM

Upy = UppPr + 2Upp PP + UppPr + UpPrz + UpPorars

Uyy = uppp?/ T 2Upppypy + UW%% T UpPyy F UpPyy- (2.110)
Huddepeniupys (2.109) no x ¢ yuérom p = p(z,y), ¢ = ¢(z,y), noayanm
1l =pycosp—psinge,, 0=p;sing+ pcosyp,.

Orcrona
Pr = COSp, @, = —sinp/p. (2.111)
Anasornano, guddepennupys (2.109) 1o y u Beipazkast py, @y, IOTyIUM

py =sing, @, = cosp/p. (2.112)

Huddepentupyst Tenepsb Boipakenue (2.111) u (2.112) no = u y coorser-
CTBEHHO, C YIETOM BBIPAXKEHUN IS Py, Pg, Pys Py, HOILYTUM

prx = SI0° 9/ p, Pur = SIN(20) /0%, pyy = cO8” (9) /[, pyy = —sin(20) /.
(2.113)

[Togcrasus remepsb (2.110), ¢ yuérom (2.111) — (2.113), B (2.103), 6ygaem nmernh
ypaBHeHue Jijist oupejiesenus u(p, @):

A pptt =ty + g/ p* 1y p = (puy),/ p+ g/ p* = 0 (2.114)

B [OJISIPHBIX KOOP/[MHATAX.
Haiinem perenne ypasuenus (2.114) suga u(p, @) = u(p), T. e. He 3aBucsiee
OT YTIJIOBOI IIEPEMEHHO.
[Togcrasus u(p) B (2.114), umeem

d , du
—(p=—) =0, u(p)=cilnp+cy,
dp(pdp) (p) =cilnp+c
IJle €1, Co — HPOU3BOJIbHbBIE 1IOCTOsiHHbIE. Bbidpas ¢; = —1, co = 0, nosyuum

perieHune

1
u(p) = In., (2.115)
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KOTOpOe Ha3biBaeTcs (pyHjlaMeHTaJbHbIM pelienneM ypaHenus Jlamsaca. [Tpu
p # 0 910 rapMoHnUecKast QyHKITHS.

[ycrs u(x,y) n v(w,y) — rapmonnyeckne GYHKIMHU, ONpPeIEIeHHbIE B Orpa-
HUYIEHHOI obsacTu {2 ¢ KyCOUHO IJIaJIKOI I'paHuIeil v 1 HellpepbiBHbIE B () BMe-
cTe ¢ MPOU3BOJHBIMU JI0 BTOPOTO MOPsijika BKouuTe6H0. [logokum U(x,y) =
= —uy(z,y)v(z,y), V(z,y) = u(z,y)v(x,y) n npuMenum K 3TUM GYHKIHIM
dbopmyny ['puna (yrBepxkenune 1.6). B pesynbrare mosyanm BeIpazkeHue

/ —UyV dT + U dy = /(um + Uy, )v do dy + /(uxvx + u,vy,) dx dy,
v Q Q

KOTOpoe ¢ yuérom paseHcTB dr = x'(s)ds,dy = y'(s)ds, rme (z(s),y(s)) —
yPaBHEHHE MapaMeTpryeckoro 3aJaHusi IPAHUIBl Y OT JUIMHBI JIyTH, & TakkKe
PABEHCTBA Uy + Uy, = 0, MepenuiiemM B Bu/je

/8—uv ds = /(uxvx + uyvy,) dx dy, (2.116)
y on 0

rie n = (y'(s), —2'(s)) — BekToOp BHeIMHell HOpMaJn K Tpanure . Ecan B (2.116)
u(x,y) u v(zr,y) TOMEHSITH MECTAMH ¥ MOJYIEHHOE PABEHCTBO BBHIYECTH U3 Pa-
BeHCTBa (2.116), TO TOJYUINM CIIEYIOINee MHTErPAJIbLHOE PABEHCTBO:

ou ov
L (%v — u(?_n> ds = 0. (2.117)

Ucnonn3yst pasencrsa (2.116) u (2.117), ycraHoBUM HEKOTOPbIE CBOHCTBA rap-
MOHUYECKUX (DYHKIIUA.

1. Ecin u(z,y) — rapmonmdeckast B obact ) QyHKIUSA U 7 — 3aMKHYTasI
KpuBast, Jexkaiias B (), To

ou
/7% ds = 0. (2.118)

<« [eiictBurensro, monoxus B (2.116) v(z,y) = 1, momxyunwm (2.118). »

2. Ilycrb u(x,y) — rapMoHUYecKasi B OrpaHnveHHON objactu {2 ¢ KyCOUHO
TJIJIKON Tpanuieil v GyHKIMsI, HEeIPepbhIBHAS €O CBOMMHU ITPOU3BOIHBIMA
JI0 BTOPOTo TopsijKa BKJounteabno B §). Torma B 060t Touke My =
= (20, Yp) € ) cupaBeIMBO NPEJICTABICHUE

1 1 Ou(z,y) 0 1
= — 1 — —1 2.11
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rie Rarag, = [(—20)% 4 (y —v0)?Y?, a (z,9) — rexyuias TouKa rpanuiibl.

Qopmyra (2.119) HOCHT Ha3BaHWe HHTErPATBbHON (GOPMYJIBI MpEICTABIIE-
HUsl TADMOHUYECKO#N (DYHKIIMK depe3 eé 3HAUCHHUs Ha IPaHMUIIE.

<« [l ioKa3aTes beTBa MPOBEJIeM OKPYXKHOCTH Pajinyca € ¢ IEHTPOM B
Touke (g, yo) u 0603HauMM Yepe3 K. Kpyr, OrpaHudeHHbIH 9TOH OKPYKHO-
creio. Pacemorpum obmacts Q. = Q\ K. Oyuxrus v(z,y) = In1/Ryar)
“MeeT 0COBEHHOCTD TOJIBKO B TOUKE (Xq, 4o), 109TOMY B 00J1acTu §). OHA siB-
gsiercst rapmonmteckoit. [puvennm x u(z,y) u v(z,y) dopmyry (2.117).
['panuia . cocTOUT U3 JBYX HE3ABUCUMBIX KYCKOB 7y 1 Y. C yuérom smoro
(2.117) sanmmmem B BuIC

/@ln L —ugln ! ds =
on  Ryu  On Ry a

0 1 ou 1
= —1 — —1 ds. 2.120
/ (uﬁn " RMMO 87’L . RMMO) ° ( )
C yuéroM paBeHCTBa Ha, .
0 1 d 1 1 1
9 _ 1 — _ = 2.121
on Ry, AR, . Ryv,  Ruwa, € ( )

1 HEUPEPbIBHOCTU U (T, YY), HA OCHOBAHUM MHTEIPAJIbHOM TEOPEMbL O CPe/l-
HEM 3HAYCHUH MMEEM

1
/ U RMMO ds=2m-e-— u(z’,y") = 2mu(z", y¥"),

rie (2, y*) € K.. Bropoit uaterpan B (2.120), ¢ y9éTOM HEIPEPHIBHOCTH
Ou/On Ha 7. U UHTErpaJILHOI TEOPEMbI O CPEJIHEM 3HAYeHUHU, OyjleT PaBeH

ds = ———2—2~ . In— - 27te. (2.122)

—1
" RMMO on 9

'Ys

[Ipu ¢ — 0 w(z*,y*) = u(zo,yo), a npaBasg gacthb (2.122) crpemMurcsa K
nyso. C yaérom sroro us (2.120) umeem dbopmyiy (2.119). »

3. Ilycts dyukius u(x,y) — rapMonudeckast B obsactu §) DyHKIWs U YR —
OKPYKHOCTh C IIEHTPOM B (T, Yo ), Jiexkaiiias B {2 1 OrpaHUuUBAIONIAd KPYT
Kgr pamuyca R. Torna

1 1

ﬁ u('rv y)dS, U(.’,Uo, yO) - ﬂ_—RQ U’(xa y) dx dy

u(zo, yo) =
(2.123)
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DTO CBOKCTBO HOCUT HA3BAHUE TEOPEMBI O CPEJIHEM 3HAYEHUN IapMOHMIE-
CKOIl (DYHKITHH.

< U3 (2.119) ¢ yuérom sbipaxenusi (2.121), cBoiicrBa 1, paBeHcrsa
In(1/Rpras,) = In(1/R) umeem mepsoe pasenctso (2.123). Unrerpupys te-
neph ero no R Kak 1o napaMeTpy oT HyJist 0 KOHEUHOTO 3HAYEHUs] PAyCa,
KpyTa, TOJyIrM BTOpOe paBeHCTBO (2.123). »

DTO CBOMCTBO CXONHO ¢ yTBep:KjeHmeM 1.11 u Ha3BIBAETCA TEOPEMOil O
MaKCUMyMe rapMOHUYIECKON PYHKIINA.

[Iycts u(x,y) — rapMonuydeckast B orpanndeHnoit obnactu ) dbyHKIMs 1
HenpepbiBHas B (). Tora eé MakcuMaabHOE 3HAUEHNE JIOCTUTAeTCsT Ha TPa-
HUIIE.

<« O6ozraunm uwepes M = maxgu(x,y). [peanonoxnm nporusHoe, T.
e. CymecTByeT Touka (o, yo) € 2 takasg aro u(zg,yo) = M. Ilposenem
OKDY?KHOCTH YR, pajnyca Ry ¢ mieHTpoM B TOUKe (g, Yg) TaKUM 00Pa3oM,
arobbl Kpyr KR , OrpaHUYEHHbIH ITON OKPYXKHOCTBIO, HpuHaiexKal (2.
Torna crpaseiusa nepsas dopmyrta (2.123)), B koropoit R He0OXOIUMO
3aMeHUTh Ha [ n Yr Ha 7Yg,. VI3 Heé nMeeM paBeHCTBO

M27 Ry = u(xg, yo)2m Ry = / u(z,y)ds. (2.124)

YRy

Ecsu npeanonoxuTh, 9ro HenpepbiBHAst (DYHKIW 4(X, ) HA TPAHUIIE KPY-
ra yr, UMeeT B HEKOTOPO! TOYKe 3HaYeHue MeHblie, deM M, To jjist Toro,
YTOOBI BBITIOJIHSIJIOCH PABEHCTBO, €l HeOOXOINMO B HEKOTOPOl TOYKE NMETh
sHavenne Oosbiiee, ueM M, a 3TO TPOTUBOPEUUT IPEINOJOKEHNAIO, UTO
M = maxgu(z,y). Takum obpasom, dyukims u(z,y) MOKET IPUHUMATD
B TOYKaX T'PAHUIbI Yr, TOJIHKO 3HaUeHue, pasHoe M. B cuiy npousBosib-
Hoctu Ry, dbyukius u(x,y) npuHAMaeT MOCTOSTHHOE 3HadeHue, paBHoe M
B HeKoTOpoM Kpyre Kp, C (2. Jlamee, 1Burasch 1mo HEKOTOPOil KPHUBOii 7,
coeiHsTONIEi TOUKY (0, yo) ¢ rpanureit I', 3a KoHEUHOE YUCIIO MTATOB MO~
noiigem k I, ryie dbyuknus u(x,y) Takxke mpoKHa ObITh paBHOil M. DTa
cXeMma MCIoJIb30BaJiach IpU JloKa3aTeabCcTBe yTBepKJenus 1.11. »

OrMmernm, 9T0 MUHUMAJILHOE 3HAUeHUe U (T, y) TakkKe JocTUraeTcs Ha I .
st 97010 JTIocTaTOYHO paccMoTperh GyHKIIo —u(z, y). Takum obpazom,
maxq |u(z,y)| = maxp |u(x,y)|.
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2.3.2. 3agada /upmxie

Hust ypasuenusi (2.103) paccmarpuBaercst ciejyoiias Kpaeas 3ajada.
[Iycts §2 — orpanudennasi 00JIACTH B IJIOCKOCTH (X,%) ¢ KyCOTHO-TIIAJIKON Tpa-
aureit ' v f(z,y) — venpepoisras wva ' dynakius. Tpebyercst naiitu dyHKINIO
u(zx,y), ysosiaersopsonyto ypasaenuto Jlamaca

Au =0 (2.125)
BHYTpH 0OacTi (), HempepbiBHyIo B () M NPUHUMAIONLYIO 3aaHHOe 3HAYCHHE
f(z,y) na rpanure I

u(z, y)lr = f(2,9). (2.126)

Kpaesast zajiaua (2.125), (2.126) nasbisaercs BuyTpenneii sajaueit JInpuxie’

N ypaBHenus Jlammaca.

Curenyrolias 3ajiada Ha3bIBaeTCs BHEIHe 3ajiadeit upuxiie.

[Tycrb uMmeroTest orpaHuderHast OJIHOCBsA3HAst obJacTb () miockoctu (x,y) ¢
KyCOIHO-TIa KOl rpanwuiieil I u nenpepoiBras wa I byukius f(z,y). Tpebyerca
HafiTH HempephIBHYIo 1 orpanndennyio B R2\ Q dbynxumio u(z, y), yaosiersops-
formyto ypastenuio (2.125) B obmactn R?\Q u npumnmarontyio 3a/1aHHoe 3HaTCHIe

f(x,y) na L.

Yreepxkiaeaue 2.11. (Teopema edurcmeeHHocmu peuweHus HYMPEH-
el u enewnel 3adayw Jupuxae) Pewenue enympennet 3adavwu Jupuxae
eduncmeenro. Pewenue enewmnetd sadayvu Aupurre eduncmesenno.

« [lepBas vacTb yTBEpXKIeHUsT JJOKA3BIBAECTCS COBCEM MPOCTO. IlycTh mMerorcst
aBa pererust uy(x,y) u us(xw,y). Ux pasnocrs v(x,y) = wui(x,y) — us(z,y)
yIIOBIETBOPsIeT ypasHennio (2.125) u ycaosuio wa rpanune v(z,y)lr = 0. U3
croiicrea 4 umeem v(z,y) = 0 npu (x,y) € .

Jist loKa3aTesbeTBa BTOpOii 4acTu yTBEPKICHUsT TAKKE 1PEJIIOJIO0KUM CY-
ecTBoBatue JIByX periennii. Kaxkjoe U3 5TUX pelleHuil OrpaHdyeHo, T. e.
(u;(z,y)] < N, rorma |v(z,y)| < 2N.

v(x,y) Takxke ynosaerBopsier ypasaennio (2.125) u v(z,y)|r = 0. Bribepem
rouky M = (xg,y0) € ) u mpoBejiem jiBe OKPYXHOCTH pajuycoB Ry u Ry
COOTBETCTBEHHO C TEHTPOM B (g, Yo) TakuM obpasom, aTobbl Kp, C 2, a Q C
C Kg,. llycts M = (x,y) — npoussoabiag Touka obmactn R?\ Q. Pacemorpum

7 Iwpuxmae Woramn Ilerep I'ycras Jlewén (mem. Johann Peter Gustav Lejeune Dirichlet, 1805—1859) —
HEMEIKUH MATEMATHK, BHECIIUI CYIIIECTBEHHBIN BKJIA/ B MATEMATUIECKNI AHAJIN3, TEOPUIO (DYHKIUHN 1 TEOPHIO
9HCeN, a TAKXKe B MEXaHHKY ¥ MATEeMAaTHIeCKYI0 (PUBUKY.
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GyHKIMIO
V(z,y) = 2N In(Ryyn/Ro)/ In(Ry/Rp). (2.127)

Bribepem Ry taknm obpasom, atobbl Touka M = (z,y) € Kpg,. Oynkuns V(x,y)
apmserca rapMonnieckoii B kombiie G = Kr, \ Q u nenpepesua 8 G. V(z,y) >
> 0 n na rpanuie obmactn G BeIMONHSIETCS HepasercTro |v(z,y)| < V(z,y).
Quxcupyem renepsb Touky M = (z,y) € G u ycrpemusiem Ry — oo. [Ipasas
qacThb (2.127) crpemurcs K Hyso. B cuity mpoussosibHOCTEH BbiOOpa TOUKE M,
v(z,y) = 0. ».

2.3.3. Metoapl mocTpoeHus perieHud 3aaa4du JIupuxie

CymiecTByIoT pasjimaHble METOJIbl IIOCTPOEHUsT pelnenns 3ajadu Jdupuxie.
Onu gacTo cBsI3aHbI ¢ XapakTepoM obsiactu §). Paccmorpum HamnboJsiee yHUBEP-
CaJIbHBbIE U3 HUX, M CBA3aHHBIE ¢ Teopueil (DyHKINI KOMILIEKCHOI'O IIEPEMEHHOTO.

Haunem ¢ merojia KoH(MOPMHBIX mpeobpazoBanuit. OH JOCTATOUYHO YHUBEP-
caJieH ¥ MOYKeT ObITh MCIOJB30BaH [IJIsi MTUPOKOTO KJIacca TJIOCKUX 0bJiacTei.
ITycTh cravaJia paccmarpuBaeMast 0bJacTb — Kpyr Kp pagnyca R ¢ 1IeHTpOM B
myJe. Beejem B Kpyre MOJISIpHYIO crucTeMy KoopauHat (p, ), rpannarast GhyHK-
uust f(x,y) upeobpasyercst B f(p) = f(Rcosp, Rsing). Boibepem 11poussoJib-
HYT0 TOUKY (o, (o) BHYTPH KPyra U MOCTPOUM KOH(MOPMHOE 0TOOpazKeHre Kpyra
KR KOMILIEKCHO# TJIOCKOCTH z = T + 1y B eJMHUYHBIH KpyT |w| < 1 miockocru
w TaKuM 00pa3oM, 9TOOBI TOUKa 2o = ppe¥? meperniia B Touky w = 0. CoryacHo
m.2.1.2 nmeem

R z—2 R pe¥— ppe'
poz — R*[Z  pope’s — R /py

w(z) (2.128)

BBejieM B IJIOCKOCTH w HOJISIPHBIE Koopiauuarel w = re'¥. B pesysbrare
9TOTO MpeobpaszoBanust hyHKIHMs u(p, @) = u(p cos @, psin ) nepeiiger B GHyHK-

o w(r, ) = u(p(r, ), p(r,)), tae p(r, ), p(r,1) cBsa3anbl cOOTHOIIEHTEM
(2.128). ITpu srom rpannunas dbyukuus f(p) nepeiiger B F(¢) = f(e(1,7)). B
COOTBETCTBUH C MEPBBIM PaBeHCTBOM (2.123)

1

w(+0,) = u(po, po) = %/0 WF(w) dip. (2.129)

B coorsercrium ¢ (2.128) na rpanmnie w = e kpyra |w| < 1 umeem

o B_RE? — oo
~ po Rew — R2eivo [ py’
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Orcrona

_ R — pf
" R2+ py — 2Rpg cos(p — @

[lepeiiyist Teneps B uaTerpase (2.129) k mepemernoit ¢, ¢ yaerom (2.130) mosry-
qUM

1 / (R p)flp)dy o
u(po, = — = K(po, ¢o, R, de.
(Po. o) = o . B+ = Rpcosio—z0)  Jo (po, 0, B, 0) f () dep
(2.131)
®opmysia  (2.131) wHocur uassanume unrerpasa Ilyaccona®.  @ynkius

K(po, ¢o, R, ) mpm sToM HOcHT HasBanue siapa llyaccona. Ormerum, qTO
(2.131) maér perenne BHyTpenneii 3ajgaun dupuxie B Kp. Pemenne rernneit
sagaan Jdupuxie g R? \ K g naerca dopuymoit (2.131) ¢ 3amenoit R na py u
HA00OPOT.

Uciiosib3yst MeToj; KOH(DOPMHbBIX 11PE00PA30BaHUl, HOCTPOUM PEIICHUE 3a1a-
yn Jupuxiie Jijist moJyiiockocTs. [Iycrs Tpedyercs HaliTu OrpaHuYeHHYIO B I10-
Jyriockoctu y > 0 rapMonuueckyro GpyHKiuio u(x, y), HelpepblBHYO B 00J1aCTH
y > 0 u yJIOBJIETBOPSIONLY IO I'PAHNIHOMY YCJIOBHIO

u(x,0) = f(z),

rie f(x) — HempepbiBHasi, OrpaHWYeHHAst MpH —o0 < = < 00 (YHKIHU,
lim, ., f(x) = lim,_o f().

Otrobpazum KoH(pOPMHO IOJIYILIOCKOCTh Im 2z > 0 miockoct 2 = x + 1y
Ha BHYTPEHHOCTH €JIMHWIHOTO Kpyra |w| < 1 mak, 4robbl TOYKa 2y = Ty +
+ iyo mepelLIa npu 3ToM B TOUKy w = 0. DTO OCYIECTBIIsIET TPOOHO-JINHERHOE
orobpaxkenue (cu. m.2.1.2):

Z — 20

w(z) = —.

Z — 20

HpI/I 9TOM B TOYKaX I'PaHUIIbI UMEEM
i _ T — 20 240
eV = —, dip = s dz. (2.132)
T — % (x —20)? + Y5

8 TIyaccon Cumeon [ermm (bp. Simeon Denis Poisson, 1781—1840) — 3mamenuThiil dbpaHIy3cKuii MaTe-

MaTHK, MEXaHUK W (DU3UK, YUCJIO HAYIHBIX TPYAOB KOTOpOro mpeBocxomauT 300. OHM OTHOCATCS K pPa3HBIM
00JIACTSIM 9MCTON MATEMATHKH, MATEMATHIECKON (DU3NKH, TEOPETHIECKON 1 HEOECHOM MEeXaHNKH.



112 IIpukjajiHple acneKTbl KOMILJIEKCHOIO aHAJIM3a

['pannunas dyuxnust f(x) nepeiiger 8 F(1) = f(x(v)), rue x(¢) oupejensier-
cst w3 mepBoro pasencra (2.132). B pesysbrare perenne u(zg, Yo) OMPegeIAeTCs
dbopmyJioii (2.129), KoTopast 1ocsie 3aMeHbl TIePEMEHHBIX B HHTErpaJie peobpa-
zyercs ¢ yuérom (2.132) B BeIpakenue

u(zo, yo) = %/OO ( yof(x)dx

—00 $—$0)2+y3

Metoj1 KonpOpMHBIX Tpeodpa3oBaHnii MOXKET ObITH TPUMEHEH U JIJIsT JIPYTUX
obJ1acTeil, KoTopble MOXKHO KOH(MOPMHO Ipeodpa3oBaTh B €IUHUTHBIN KPYT.

2.3.4. Meroa pyHKNNM MCTOTHUKA

DTOT METOJ|, HapPsiy ¢ BO3MOMKHOCTBIO IMOJIYYEHMsl MHTEIPAJbHLIX (POPMY.JI
JUIsL pernenus 3ajaun Jupuxie B HeKOTOPBIX 00J1aCTAX AaéT yIOOHBINA ammnapar
AHAJTUTUYCCKOTO NPEJCTABICHUS PEIICHHSA.

[Tycts u(x, y) u v(x,y) — rapmonnaeckue (pyHKINH, OMPEJICTCHHBIE B OTDAHU-
qeHHoi obstacTi §) ¢ KyCOYHO-TUIa KOl IPaHMIeil Y 1 HelpepbiBHbIE B () BMecTe
CO CBOUMU IIPOU3BOJHLIMU JI0 BTOPOIO TOPAJKA BKJIIOYUTEILHO. g Hux copa-
BeiMBbl paBeHcTBa (2.117) u (2.118). Ilpubasus 0HO K Jpyromy u BBejs B
paccmoTpenue (pyHKIUIO

1 1
G(M07 M) - G(SUO;ZUO,ZU;Q) - %ln

+v(x,y), (2.133)
R,

R, = [(x — 20)® + (y — 0)?]Y/?, nosyumm urorosoe BhipaskeHue

ou(z, 0
avs) = [(Glav, ) 25—t )2 G, . 9))ds.

v

Touka My = (9, y0) € €2, Touka M = (z,y) npuHUMaeT 3HAYCHUST HA 7Y U
SIBJIAETCS IEPEMEHHON UHTErPUPOBAHMS.

Bribepem dyuknmo v(z,y) B (2.133) takum obpaszom, arobsr G(My, M)|, =
= 0. Torya permenne BHyTpenneii 3agaun Jupuxme (2.125), (2.126) sanumercs
B BUJIC

.’lf() yO /f T y x())yO?x:y) ds. (2134)

[Tpu sTOM rapmonmryeckast GyHKIWs v(x,y) YIOBIETBOPSET YCIOBHUIO

1

R,

’U(ﬁlf,y)|~y = —1In
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Oyukiust G(M, My) naseiBaercs dbyukuueii ucrounvka (dyukuueit I'puna)
BHyTpeHHel 3anaun Jupuxie s objactu §2.

[Tycrs dyukimsa w = w(zp, 2) ocyiecTBiser KoHGOpMHOE 0TOOpaykeHwe 06-
jactu € IWIOCKOCTH 2 Ha BHYTPEHHOCTH Kpyra |w| < 1 rak, uro Touka zg € (2
epexouT B eHTp Kpyra w = 0.

YrBepxkaeane 2.12. Qynxuus

1 1
G = —In———- 2.135
(x07y07x7y) o n |UJ(Z(),Z)‘, ( )

ede zg = xg + 1Yo, 2 = T + 1y, AeaAEMCA GYHKUUET UCTNOYHUKG SHYMPEHHET
aadavu JJupuxae drs ypaswenus Janaraca 6 obaacmu €.

<« Oyuknus w(zg, z), OCyIeCTBIIsTIONMas KoHGOpMHOE oTobpaxkenue obiactu (2
KOMIIJIEKCHO} TIIOCKOCTH Z B 00/1acTh |w| < 1, sBIsSeTCss aHATUTHIECKON (BhyHK-
nueit B £ u w(zp, z) # 0 upu z # 2.

Orcrona caemyer, ato ln w(zg, 2) = In |w(z, 2)|+i arg w(z, 2) aBasieTcs ana-
JUTUIeCKON (bYyHKIMEH 2 Besjie 3a uckJouenneM z = zg. Oynukrms In |w(z, 2)|
SIBJISCTCSL TADMOHMYECKON 1IpU 2 # Zg KakK JeHCTBUTEIbHAS YaCTh aHAJIUTHYe-
ckoii dyukiu. Oynkius (2.135) Takxke gBISETCS FAPMOHUTIECKON IPU 2 # 2
dbyuxiueit, |w(z, z9)| # 0 upu z € Qu w(z, 29) = (2 — 20) (20, 2), (20, 20) # 0,
©(20, 2) — ananuTudeckas B ) dbynxnusa. Kpome roro, |w(z, 20)||.=y = 1. B cBa3n
¢ arumM dyukius (2.135) nmeer npejcrasienne (2.133) u G|, = 0. »

B coorercreum ¢ (2.128) u (2.135) dyHKIMs MCTOUHMKA BHYTPEHHEIT 3aj1a4u
Hupuxie njis kpyra Kpg Oyner uMerb BUJI

1Pttt R — 2R%ppy cos( — o)
A R2p* + R%py — 2R%ppy cos(p — o)

G(po, o, p, ) = (2.136)

I[Togcrasus Teneps (2.136) B (2.134) ¢ yuérom pasencts 0G/On = G /dp,

aG(pOa ¥o, P, @)
dp

|p:R: —ZK([)(), ¥o; R7 gD)

u f(¢) = f(Rcosp, Rsin p), noayuanm Beipakenne (2.131).

[Tocrpoum perenue 3agaduu dupuxie st obiacru (nosockt) Q = {(z,y) :
:—00 < x < 00,0 <y < w} Iycrs Tpebyercs HANTH FApMOHIUECKYIO (DYHKITUIO
u(x,y), HenpepBIBHYIO B 061acTH () 1 yIOBIETBOPAIONTYIO TPAHNIHBIM YCIOBHSM

u(z,0) = fi(z), u(z,m)= fox),
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rie fi(z) u fo(x) — HenpepbiBHBbIE U OPpaHUYEHHbIE P —00 < T < 00 (DYHKIIUHY,
yjtoBJeTBOpstonEe yeaosusam lim, 1 f1(z) = lim, 1 fo(2).

[Toctponm jijist 910it obstacTu HYyHKIMIO-UCTOTHUK. 3aMETHM, ITO KOH(MOPM-
HOe TpeobpazoBanue, oTobpaxkatoree obaacts §) B euHUIHbIE KpyT |w| < 1,
P KOTOPOM TOYKa 2 epexoauT B Touky w = 0, umeer Buj (cm. 1.2.1.2)

e* — e

w(Zo, Z) = m.

3aMeruM, 4To

z 20 | Zo

e —e 12 =

= [(e* cosy — e cosyp)? + (¥ siny — €™ sin yg)?]
= @+ 10)/2\/9(ch(x — xy) — cos(y — yo))Y/2.

Taxum obpazom,

1 . ch(x —x) — cos(y + yo)
G - .
(xo,yo,x,y) AT nCh(QZ'—I’()) —COS(y—y())

B urore, ¢ yuerom pasencrs 0G/0n = 0G /0y upu y = 7 u 0G/On = —0G /0y

npu y = 0, MeeM UCKOMOe pellleHue

> (0 0
U(SEo,y()) - / _G($07y07x7y)‘y=0fl(x) + _G(I'O,yo,x?y)’y:ﬂfQ(ﬂf) dz.
o \ Oy dy
2.3.5. Meron anaquTm4ieckKnX (PyHKIU IIOCTPOEHUs
pemnennd 3aga49n Jlupuxie m OnrapMoHIYIECKOit
KpaeBoOil 3aJa49u

B mockoit orpannuennoit oHocBsi3HOM obsactr () ¢ riajkoii rpanueit I
pacCMaTpPUBAIOTCS CJIEAYIOIINEe KpaeBble 33 1aUu:

Au =0, ulp = f(s), (2.137)

A% =0, v|r = fi(s), Ov/On = fy(s), (2.138)

rae u = u(z,y),v = v(z,y), (z,y) € Q, A% = Vppar + 2Vs0yy + Uyyyy, NapaMeTp
s € [so, 51] xapakTepusyer TOUKY rpaHuIibl I, n — HapaBJIeHre BHEITHEH HOpMa-
o x rpanune obiactu Q, bynxuun f(s), f1(s), fo(s) € C?[sg, s1] (1pocrpancrry
JIBAXKIbl HElPEPbIBHO jinddepernupyembix hyHKIuii).
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DyHKIMK, yoBaeTBOPsioNne ypapaennto (2.138), HazbiBaloTCst OMIrapMOH -
TECKUM.

BrejieM KOMILIEKCHYTO TIEPEMEHHYIO 2 = T+1y ¥ TIEPENUIeM KPaeBble 3a/1adu
(2.137),((2.138) B TepMmunax anasuTHIecKuX byHKNIH nepementoii z. C yuerom
r=(242)/2,x = (2 — 2)/(2i), 3anumiem

w=u((z+2)/2,(z — 2)/(20),v = v((z + 2)/2, (= — 2)/(20))  (2.139)

u Oyjem paccmarpusarh (2.139) kak dbynkiuuu z u zZ. U3 (2.139) umeem u, =
= (uy —iuy)/2, uz = (uy +1uy)/2 1

AU = Ugy + Uy = du,s, A% = Vpppr + U500y + Vyyyy = 160,55
Takum obpazom, ypasaenns (2.137) u (2.138) coOTBETCTBEHHO TIPUMYT BH/I

— (2.140)
Vyzzz — 0. (2141)

Ypasuenus (2.140) u (2.141) serko unrerpupyiorcesi. Unrerpupyst (2.140) 1o
Z, TOJyIUM ypaBHEHUE U, = @1(2), rye ¢1(z) — npousBosibHas (QYHKIUA 2.
Uurerpupyst rernepb 310 ypaBHEHUE 110 2, OyJIeM UMeTh

u(z,z) = /Z ©1(21)dz1 + p2(2), (2.142)

20

re p9(Z) — npousBosibHas dyHKIws Z. Tak Kak u(z, Z) rapMoOHnYecKast QyHK-
1Msi, KOTOpast sBJIsieTCst JIeHCTBUTEIbHON acThio (DYHKIMU KOMILIEKCHOI'O Iepe-
MEHHOTO, TO cOTyiacHo (2.142) mMeeM BbIpayKeHue

u(z, z) = (p(2) + ¢(2))/2, (2'143)

rje ¢(z) — Ipou3BOJIbHAS aHATUTHYECKast B objtacTu € GyHKIMs 2.
Nnrerpupyst anasornaubim 00pasoM ypastenue (2.141), nosydaum obiee pe-
menune ypasuenus (2.141) B Buje

0(2,2) = (p1(2) + P1(2) + Zpa(2) + 202(2))/2, (2.144)

rie ¢1(z) 1 Yo(2) — MPOM3BOJIbHBIE AHAJIUTHIECKHE B obsacTu §) QyHKINN 2.
['panuanoe yeaosue B (2.137) pis Gynkiun (2.143) npumer Buj

(0(2) + ¢(2)[r = 2/ (s). (2.145)
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Bajaua (2.137) cBesach, TakuM 00pa30M, K OTHICKAHUIO AHAJMTUYIECKON B
obacrtu € dyukiuu p(2), geficTBUTEIbHAS TaCTh KOTOPOil 00paIaeTcs Ha Ipa-
uure ' B 3agannyto dyukiuio f(s).

Bripasum rpannumnbie yeaosus B (2.138) wepes bynkmnum ¢1(2) u @o(z2). 3a-
METUM, 49TO Uy = U, + Vs, Uy = (V. — vz)i. O1cona

0v/0n = vy cos(n A x) + v, cos(n Ay) = v,0(2) +vs0(2),

rie o(z) = cos(nAx)+icos(nAy) — ussecrnas wa [ dynknuns. C ygerom sroro,
rpaHuvHbIe yesioBus B (2.138) MOXKHO 3alliCATh B CJIEJYIONEM BUJIE:

(p1(2) + 91(2) + 22(2) + 22(2)) v = 21 (s), (2.146)
(91 (2) + p2(2) + 20/ (2))o (2)+
(1 (2) + 92(2) + 292/ (2)) 0 (2)]Ir = 2fa(s). (2.147)

Takum obpazom, 3amada (2.138) cBesach K OTHICKAHHIO JIBYX aHATATHICCKAX
B obsactu §) dyHKIWMii, ypopjaerBopstomux Ha rpaduie [ ycaosusim (2.146),
(2.3.5).

B obmem ciyuae 3ajada Haxoxjenust QyHKIUU ©(2), YIOBIETBOPSIO-
meit yeaosuio (2.145), u dynkimit ©1(2), @2(z), yJAOBJIETBOPSIONIUX YCJIOBHUIM
(2.146),(2.3.5), aBasercsa HEMPOCTOH 3aadeii. PaccMoTpum 911 3aj1a4u B mpeji-
noJioxkeHuu, 91o obsacth ) sBisiercss kpyrom Kp pajgwyca R ¢ 1nesaTpom B
nysie. Touky wa rpanure Kp obosuauum ( = Rexp(if), 6 € [0,27). Nmeem
f(s) = f(RO) = f*(0) ( * B naubueiimem omnycrum). B pesysbrare paBeHCTBO
(2.145) ma rpamuie Kpyra MOKeT OBITH 3AUCAHO B BHJIE

o(O) 4+ ¢(Q) =2f(0),0 = —iIn(¢/R) (In(z) = In|z| +iarg(z)).  (2.148)

Yuuoxkum pasenctso (2.148) wa d(/[2mi(¢ — z)] u npounterpupyem mo I'. B
pes3yJibTaTe uMeeM

1/ P(QdC 1/¢(C)d<_i f(0)d< (2.149)

2mi Jr (— =z 27T7LFC—Z mJp (—2

[Tepsoiit uarerpas B (2.149) no reopeme Ko (yrBepxienue 1.7) onpejessier

dbynximo (z). Iokaxewm, 4ro propoit unrerpas pasen (0). Ipeacrasum ¢ ¢
yuerom pasencrsa ( = R?/¢ (¢ = Rexp(if)) na rpanure I

oo

ZanC —C:Z én:ZC—LnRQn/Cn
n=0



2.3 MeTojibl KOMIIJIEKCHOI'O aHaJIn3a B PEIeHUH KPAaEBbIX 3a/[a4 117

Orcrogia ¢ yuerom pasencrsa g = ©(0) nosydum

anRzndC 1 fde 1 i
zm/z = @(0) (QWi/FC—z_l’Qm/FQ”(Q—z)_0)

(n > 0). B cBsizu ¢ 9rum u corstacuo (2.149)

o0)+ 70 = - [ 1%,

B urore nmeem

u(z,z) = 1, [0y _ 1 2m/f dC (2.150)

2mi Jr (—2z 2w FC—z

Beejiem B K noJisipabie KoopjuHarhl 2 = pexp(i¢) u nojuoxum u(p, ¢) =
= u(pexp(ig), pexp(—i¢)). llpu sarom Gynem umers d¢ = iR exp(if)df = i¢dh.

B pesymbrare ¢ yueroM paBeHCTBa

1 < Rexp(if) N R exp(—if) _ 1) _
Rexp(if) — pexp(io) | Rexp(—if) — pexp(—id)
2 2
! f—p = K(p,, R.0)

T RI+ R 2Rp cos(f — @)

BoIpazkenue (2.150) mpumer Bus

2T

u(p.0) = | K(p.0.R.0) (@), (2.151)

1. e. nojydusin opmysy [lyaccona (2.131).
Paccmorpum Teneps B Kpyre K g OMrapMoHUYECKYI0 KpaeByio 3aja4y. [1pe;-
crapuM QyHKIMK, BXOJsAe B (2.144), B BUIE:

p1(2) = Zanz”, po(z) = Z b,z".
n=>0 n=0

SameTnm, 9TO

Z(PQ(Z) + 2902(2) — BOZ + boz + 2z Z(ann_l + bnzn—l).

n=1
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D70 jaeT BO3MOXKHOCTH Npejcrapienue (2.144) samucars B CJeyomeM BuJie:

v(z,2) = [¢1(2) + ¢1(2) + 22(p2(2) + ¢5(2))]/2, (2.152)

rie ¢ (2) m p5(z) — mpomsBosbHBIE anamuTHUecKue B Kp dynknun z. [lepeiina
teriepb B Kp K TOJNSpPHBIM KOOpJMHATaM, Bbipaxkenue (2.152) miasa v(p,¢) =
= v(pexp(ig), pexp(—i¢)) zauuuem ciejyroinum 06pasom:

v(p,6) = vi(p, ¢) + (p° — R*)va(p, 0), (2.153)

rie v1(p, @), va(p, $) — npousBosbHBIE rapMoHHUecKue byHKImU. [IpeacraBmm
fi(s) = fi(Ro) = fi(¢),j = 1,2 ( * B manbneitmen onycrum). Us (2.153)
W TIepBOro rpanndHoro yciosus (2.138) umeem v(R, @) = vi(R,¢) = fi(9) .
Takum obpaszom, corsacho (2.152)

2T

Ul(pa ¢) - . K(pa d)aRa e)fl((g)de

Bripaxenue (2.153) u Bropoe rpatudtoe yciaosue B (2.138) nator

va(R,¢) = (2R) ™ (fa(¢) — dvi(p. §)/Dplp=r).

B urore pemmenne 3agaqan (2.138) s kpyra Kp jgaercst BeIpaXKeHHeM

2

v(p, @) = i K(p, ¢, R,0)[/1(0)+

+2R) " NR* = p*) (| K,(R,0,R,0,)f1(01)d01 — f2(0))]d0. (2.154)

B szaksiiouenue orMerum ciejyiomiee. Eciau npousBosibHast obiaactu £ ¢ riaikoit
rpaHuiieil Moxker ObITh KOH(OPMHO oToOpaxkeHa B Kpyr Kp, TO pelieHue 3a-
nad (2.137), (2.138) jist Takoit 06s1aCTH CTPOUTCSE CyIepHO3HIKeii KOHMDOPMHOIO
oTobparkenus u Boipazkennii (2.151),(2.154).

2.3.6. 3agaua Heiimana

B mnockoit orpanndennoil oHOCBsI3HON oOsacTu ) ¢ raajgkoit rpannreit I
nuist ypasaenus (2.103) paceMarpuBaeTcs cieyionas KpaeBas 3ajada:

Au =0, Ju/on|pr = f(z,y), (2.155)
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rje n — Hanpapienue BHerineii Hopmaiau k [N (o ornomennto k Q), f(z,y) —
HenpepbiBHas Ha ' pynkmus. Tpebyercs HaiiTu rapMoHnyuecKyio B {2 pyHKIUIO
u(x,y), UMEIONLYI0 HelmpephIBHbe TPOU3BOAHBIC MEePBOro TopsKa B 1 U yI0-
BJIeTBOpsitolyt0 yeaosuto (2.155) wa rpanune ['. Cdopmynuposannas 3a1ada
Ha3bIBACTCs BHYTPEHHEN 3a/1a1eil Heitmana® JUlsl ypaBHenwust Jlanjaca B obacTu
Q.

Cuaenyrorias 3aj1a4ua Ha3blBaeTCs BHEIHel 3a/1a4ueii Heifimana jij1s1 ypaBHeHUs
Jlamiaca.

[lycTh nMmeeTcs: OIHOCBsA3HAS OrpaHrudYeHHas 00J1acTh {2 ¢ TJ1a Kol IpaHuIei
" u nenpepoiBhas na I' dyukuus f(z,y). Tpebyercsi HailTu orpaHuveHHyIO rap-
mommieckyio B R2\ Q dbynxmuio u(z,y), nmeromyto 3 R? \ Q nenpepnIsabie mpo-
M3BOJHbIE TIEPBOIO TOPsJIKA, YIOBIETBOPSIONLYIO yesosrio (2.155) na rpanwure I
rJie N — HampaBJeHue BHelHed HopMaau K I (1o ornomennio xk R? \ Q).

Ormerum ciepyioniee. HeoOXoMMMbIM yCJIOBHEM CYINECTBOBAHUS PEIICHUS
KpaeBoii 3ajiaau (2.155), cormacho (2.118), saBistercs yciaoBue

/Ff(ﬂ:, y)ds = 0. (2.156)

B nanbHeitem 510 yeaosue st byukimn f(x, y) TpeanosaraeM BbITOTHEHBIM.
YeJi0BuST TJ1aJIKOCTH T'PaHUIlbl [ B OlpejiesieHusiX pereHuit MoryT ObITh Ocj1a0-
JIEHDBI YCJIOBUEM KYCOTHOW TJIaJIKOCTH.
Paccmorpum ToibKO BHYTpeHHIOIO 3a1ady Heitmana.

YrBepxkaenue 2.13. (Teopema eduncmeenHocmu peweHuss 3a0a4u
Hetmana) Pewenusa enympennetds sadawu Hetimana onpedessromes ¢ mouno-
cmv1o 0o noCcmoAHHOT.

<« [Ipesiionokum, 4o cyecTByor jiBa pemenus ui(x,y) u us(x,y). Pacemor-
puMm ux pasHoctb: v(x,y) = ui(z,y) — us(x,y). Qg v(x,y) umeeMm KpaeByto
3aady

Av =0, dv/Onp = 0.

[Ipumenum st dynxiuu v(z,y) dopmyny (2.116), B3siB B Heil B Kadecrse
dbyuxun u(x,y) byaknuo v(x,y). B pesyabrare mosyanm

Ov
/(Ui +v2)dwdy = | —vds = 0.
Y on
Q r
9 Heitman Kapsn Tordpun (mem. Carl Gottfried Neumann, 1832—1925) — memenkmnii maremarnk. OCHOB-

HBIE TPYAbI CBA3AHBI C MCCAEAOBAHUAMY 110 AU DEPEHIINATBHBIM YPABHEHUSIM, aJredpandecKuM (pyHKIUIM,
muddepeHnuanbHbIM YPABHEHUSIM C 9aCTHBIMU MPOU3BOIHBIME, TEOPHUEH MOTEHIHAIIA.
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Orciopa v,y = 0 upu (z,y) € Q, 1. e. v(x,y) = ¢, Te ¢~ HEKOTOPAS ITOCTOSHHASL.
>

[Tokaxkewm, uro 3ajaua Heiimama jyist rapmMonnaeckoit pyHKiuy u(x, y) MOXKeT
ObITH CBEJICHA K PEHICHUIO 3ajaun JIupuxiie st CONpsKeHHoM ¢ Heil rapMoHu-
qeckoit byuxmmm v(x,y).

B Toukax rpanunnt I' BBeJeM napamerpusanmio s, rie § — JUIMHA JIyTH TPa-
HUIbI, OTCYATBIBAEMOII OT HEKOTOPOil TOUKHU Sg. B TOUYKAX IrpaHmIbl MMeeM

Ou = %COS (x~n) + @COS (y~n), Ou = @COS (z78) + %COS (y~s),

on  Or oy Js O Jy

IJIe COOTBETCTBEHHO €08 (£7°n), cos (y™n) u cos (7s), cos (y~S) — KOCHHYCBI yTIIOB
MEXKJIy OCSIMU T, Y W HallpaBJeHWeM BHeIlHeil HopMaJu u KacaresbHo# K [’ B
TOUKE IPAHUIBI, XapakTepusyeMoii mapamerpom s. C yaeToM paBeHCTB

cosx™n = cos (m/2 —x~s), cosy~n=cos(m/2+ y~s)

n ycaouit Komn-Pumana (u, = vy, %, = —v,), BBIIOJHIEMbIX JIJISA COLPSIYKEH-
Hbix GyHKuui u(z,y) u v(x,y), HojIyuuM PaBEeHCTBA,

S
= e =@ =S, w0 = [ fepdn =gl @150
rie f(s) — mapamerputdeckas 3anuck Gynkimn f(x,y) Baoas .
B pesysbrare umeem sajady Hupuxsie jyisi naxoxienusi Gyukiuuu v(z,y)
B obsactu ) ¢ rpamudabM yesgosuem (2.157). Haiinsg v(x,y), uckomyto u(x,y)
BoccraHoBUM coriacHo 1. 1.1.5 (cBoiicra anasuTudeckux (yHKIUIA, CBOHCTBO
4) HHTErpUpPOBAHUEM

(z.y)
U($, y) = _/( Uy, (xla yl)dxl — Uz (5617 yl)dyl + c,

anyO)

re (2o, Yo) — MPOM3BOJIbHAST TOUKA 00acTH (), ¢ — IPOU3BOJILHAS TOCTOSTHHAS,
WHTErpUPOBaHNUE BEJIETCS 10 JII0OOW KyCOUHO-TJIAJIKOW KPUBOI, COEJIMHSIONICH
Touku (To,yo) U (T,Y).

Paccmorpum 3asiauy Helimana juist kpyra Kg pajuyca R ¢ ieHTpom B HylI€.

[Tycrs u(x,y) u v(z,y) — B3AUMHO CONpPsiKEHHbIE TAPMOHUYECKUE (DYHKIUH,
OIpeIEISTIONIIe PEIeHns pacCMaTpuBaeMoil 3ajaun. Beenem B paccMorpenue
byskmmio g(z) = u(z,y) + wv(x,y) nepeMerHoit z = x + iy, AHAINTHIECKYIO
B Kpyre Kp KomiuiekcHoil miockoctu. [onaras z = pe®, ¢ yderom ycsosuii
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Komm-Pumana, BoIpaxkKeHHbIX B IOJAPHBIX KOODJAMHATAX PU, = Vg, PV, = —Ug,
a TAKXKe PABEHCTB p, = COS @, ¢, = — sin ¢/p, Oysem uMeTh BbIparKeHUe

§(2) = Upps + oy + i(Uppa + V) = 11y COS G — g sin ¢ p+
+i(v,cos ¢ — vgsing/p) =
= (u, +1v,) cos ¢ — i(u, + iv,) sin ¢ = (u, +iv,)e ¥ = g(up +iv,).

Orcioia 3ajada HAXOXKJIEHUsT u(p, @) CBeTach K 3ajade HAXOXKJICHUS aHa-
qutnaeckoit B Kp dynknuu zg'(z), BermecrBeHHast 9acTb KOTOPOil HA TDaHU-
ne I'r kpyra nmeer nssecrnoe 3uadenne Ru,(R,¢) = Rf(Rcos¢, Rsing) =
= Rf(¢). Pemenue s7oii 3amauu naercs dhopmysoit (2.149) ¢ yaerom paBeHCTBA
29'(2)|._og = 0 u umeer BuJ

oy f(Q)d dz R (C)dC
2g'(z) = — Sy /0 o e 20 € Kg, (2.158)

rie ¢ = & +in, f(() = f(f,n) Menss B (2.158) MOPSIIOK WHTETPUPOBAHUS 1
BLIYKMCJINB UHTEIPAJI

i le 1 1
——————=—In((—2)+=-Inz+c¢,
/zo z1(¢ — 21) ¢ ( ) ¢
IJie ¢ — HEKOTOpasi NOCTOsiHHAs, 3anuiiem (2.158) B ciejyromieM Bujie:
f(©) Rlnz [ f(C)
=—— [ =1 — z2)d ) 2.1
o) = -2 [Hc—nac+ B2 [MOgcpe sy
T. k., Ha ocroBauuu (2.156)
d 21
f )¢ =1 f(Rcos, Rsiny)dy = 0,
0
(2.158) mpumer Buj
R 2 ) _
g(z) = —— f(Re™)In (Re™ — 2)dy) + c. (2.160)
T Jo

Boiiesnus u3 (2.160) jieficTBUTEIBHYIO YaCTh, TTOJYIUM BbIpasKeHUE

2
ulpd) =~ [T

o n (R* + p* — 2Rpcos(¢p — ¥)) f(¥)d + c,

nocsee Hassanne dopmynt Juan'?,

10 Mumwm Vamee (uram. Ulisse Dini, 1845—1918) — mrambanckuii maremarnk. OCHOBHbIE TPYABI B 06IaCTH
TEOPUH PSAJOB, TEOPUN (DYHKITHH BEIIECTBEHHBIX TIEPEMEHHBIX (B YJACTHOCTH, TAPMOHIMYIECKOTO aHAIN3a) U Jud-
) p , rap s
depeHuanbHOl TeOMETPHH.
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2.4. llpumMeHeHne KOMILJIEKCHOT'O aHAJIN3a,
K IIOCTpoeHmio perneHuii auddepennuaabHbIX
YpPaBHEHUI1

2.4.1. DjeMeHTHI OIIePAIMOHHOTO NCUYNCJICHUS

Kowmrmekcnosnaunyio dyuknuto f(t) meiicTBUTENHHON mepeMeHHoll —00 <
< t < oo OyjieM Ha3bIBaTh (PYHKIMEH-OPUTUHAJIOM, €CJIU OHA Y/OBJIETBOPSET
CJICJTYIOIIUM YCJIOBUAM:

1. Ilpu t > 0 Ha JIOOOM KOHETHOM OTpe3Ke JeHCTBUTEIbHON mpsMoit f (1)
uMeeT He 6oJiee KOHEIHOrO YMCJIa TOUEK Pa3pbiBa MEPBOrO POJA;

2. f(t)=0mput < 0;
3. CymecrBytor nocrosinabie M, o > 0, Takue aro npu Beex £ > 0

[f()] < Me™. (2.161)

I[Ipu srom o = inf o, juist KoTOPBIX BbINOJMHEHO (2.161), HasbIBaeTCs MOKA3aTE-
aem pocra f(t).

zobpaxenuem (mpeobpasopanuem) dyukimn f(t) (mo Jlammacy) HaspiBaior
OYHKIMIO KOMILUIEKCHON TIEPEMEHHOM p = X + 11, ONpee/IIeMyI0 BLIPAsKeHIEM

F(p) = / ft)e Pdt. (2.162)
0

OrmeTuMm, 9TO NPUBEJIEHHBIE 0DO3HAYEHUST MTePEMEHHbIX W (DYHKIUil obIenpu-
HATHIE.

Coornomenwe (2.162) npungaro samuceBath f(t) = F(p) nwm F(p) = f(t).

YrBepxkaenune 2.14. Qyuxuua F(p) onpedesena ¢ obaacmu Rep > oy u a6-
AAEMCHA 6 9Motl obaacmu anasumuveckots Gynryuetd nepemennots p.

<« Boibepem p = = + iy, x > ap. Umeem ¢ yaerom (2.161)

oo

Fp)| = | / F(t)edt] < / F@)le™ < M / eote T = _ia
0 0

0
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Takum obpasom, uurerpas (2.162) cxopures npu Beex p, Rep > g, a npu
Rep > a1 > ap 3Ta cxoauMoCTh paBHOMEpHAsI 10 P.

Bribepem nocienoBaresibHocTh Touek 0 = tp < t < - < t, <
< -+, lim t, = oo. [IpeacraBum
n—o0
00 LLn—&-l 00
Fio) =Y [ e it =" (o). (2.163)
n=0 ; n=0

n

Kaxast GyHkuus u,(p) sBisercs aHaurnveckoit dyukiueir B objacru

(0.9]

Rep > a3 > . Ilpn srom lim [ |f(¢)e P'dt| = 0 paBHOMEPHO OTHOCHTEIBHO
tn+l

p ipu Rep > oy > «ap. Ha ocuoBanuu yreepxkaenus 1.21 (1-g Teopema Beii-

eprtpacca) psaj (2.163) cxogurest kK F/(p) pasHomepro B obsactu Rep > oy u
F(p) siBisiercsi anaimTuueckoi pyHkiuei. »
OTMeTrM HEKOTOpbIE CBOMCTBA U300ParKeHUs:

Bifi(t) =

1

n
j:

1. Ecmm f;(t) = Fj(p) (j = 1,...,n), To upu Rep > max ayj,
j

n

= Y BjF;(p), rne B; — mexoropble unucia. CBOHCTBO ClleyeT HElOCpeji-
j=1

crBenno u3 (2.162).

2. f(t) = F(p),Rep > agp, To just sioboro jeiicrsurenbuoro o f(at) =
=F(p/a)/a.

/f(ozt)eptdt = /f(tl)ept/adt/oz = F(p/a)/a.
0 0

3. f(t) = F(p),Rep > ap u f'(t) mpu Rep > g ynosierBopsieT ycaoBusiM
CYHIECTBOBAHUS M300PaXKEHUst, TOIJIA

f'(t) =pF(p) — £(0).

Nnmeem

Pt = [ O a =T ol —p [ e a=-50) + pF().
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4. f(t) = F(p),Rep > agu fM(t) upu Rep > ag yioBiersopser ycaoBusim
CYIIECTBOBAHUS M300parkKeHns, TOra,

FU@) = p"F(p) — p" ' £(0) — p" 2 f(0) — -+ — £ D(0).

st qoKaz3aTebeTBa JIOCTATOUHO N pa3 MPUMEHUTH (POPMYJY UHTEIPUPO-
BaHUs 110 YACTSM.

5. f(t) = F(p),Rep > ap. Torna

t
/ft1 )dt; = F(p)/p, Rep > .
0

oo t

/ / f(t)dtre Pdt = / ft)dty / e Pldt =p! 0/ F(t)ePdt, = F(p)/p.

0 t1

AH&J’IOFI/I‘{HO JIOKa3bIBACTCA

= /tf(tl)dhif(t?)dtm“

6. f(t) = F(p),Rep > ap. Paccmorpum dynKImio

0, t<7, 7>0,
Jr(t) = {f(tT), t> T

~+

n—1

F
f(tn)dt, = %, Rep > ay.

o\

Torna f(t) = e P"F(p), Rep > ay.

O/fT Je Mt = /ft—T it = /f () g

=e¢ ""F(p),Rep > ay.

7. fi(t) = Fi(p),Rep > am, f2(t) = Fa(p), Rep > apy. Torma npu Rep >
> qp = maX(am, Qp2) JWist PyHKIUK

0= [ B =i = [ A0 -tk = ) F)
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Oyukiust @(t) HasbiBaercs ceprkoit Gynkiuit fi(t) u fot).
t

'
p(t)] = |/f1(751)f2(75 — t1)dt1| < My - M2/€a°1t1€a°2(t_t1)dt1 <
0 0

< My - My/|agy — agale™,

eCJIn Q1 7£ Q2, 1 ‘g@(t” < M - M2e(a0—|—6)t (O < e 1), eCJIN (xg1 = Q2.
Takum o6pasom, uzobpaxkenue dyunkiuu ¢(t) cymecrsyer upu Rep > ay.
Hanee, nmeeM

gp(t),:'//fl(tl)fg(t—tl)dtle_ptdt:/fl(tl)dtl/e_pth(t—tl)dt:
0 0 0 3]
- /f1<t1)€pt1dt1 ' /fz(tz)eptzdb = Fi(p) - F(p).
0 0

8. f(t) = F(p), Rep > ap. Torma F'(p) = —tf(t), Rep > .
F(p) =~ [ foerar = -t50)
0

Anasnoruano F™ (p) = (=1)""f(t), Rep > ay.

Pacemorpum renepn obparnyto 3ajady. Kak, snas Gynknuio F(p), anaiu-
THIeCKyt0 B obiactu Rep > «, onpenenuts Gynknuto-opurnaan f(t), yaoBie-
TBOPSTIOIIYIO CHOPMYINPOBAHHBIM paHee CBOcTBaM?

Vreepxaenne 2.15. (@opmyaa Mearuna'') IIyemo uzsecmno, wmo dynx-
yusa F(p), anarumuueckasn 6 obaacmu Rep > o, asasemes usobpascenuem
Pynryuu f(t), sewsecmeennoti nepemennot t, obaadaroueti chHopmyAUPOEarHvl-
MU BbIUE CBOTCMBAMU U UMeWEel nokasamesv pocma og. To2da cnpasediusa
dopmyaa

T—100

1
= F(p)e Pdp, = > ay, 2.164
o | Fe™dp, @ > ag (2.164)

T—100

f(t)

1 Menmun Pobepr Slavap (dbun. Robert Hjalmar Mellin, 1854—1933) — dbuncknit MaTeMaTHK, CIEAAIICT
1o Teopuu YHKIWI, PA3pabOTABIINI OHO W3 CAMBIX W3BECTHBIX MHTEIPAJIHHBIX TTPEOOPA3OBAHNIT, HAZBAHHOE
€ro mMeHneM — npeodbpasoBanue Mesnuna.
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nocawan nazeanue gopmyasv, Mearuna. Hnumeepuposanue 6 (2.164) sedemes no
npamoti Rep = x, napasresvnoti muumot ocu.

<« Paccvmorpum dynkuuio fi(t) = f(t)e ™, rue x> ap. Oyukius fi(t) — 0
npu t — 00 U YJIOBJIETBOPSIET YCJOBUAM IIpeJicTaB/ierust uarerpaiom DOypbe
(em. |7, 1. 3 ¢.524]). B coorBercrBum ¢ 91UM

1 0 o0 ‘
f) =5 [y [ Aeenean
2T
nJn o o
1 ‘
ft)e™ = — [ dy / f(t)e e =tdty
2w
—00 0

T. K. f(t) = 0 npu t < 0. [losoxkum BO BHyTpeHHEM HHTErpajie p = x + iy u
3ameTuM, 910 OH paBeH F(p). Torma BeipaXkeHne MOXKHO 3aIUCATH B BUJIE

00 T—100

1 - 1
t)=— [ F(p)e"®idy=— [ F(p)edp.
10 =5; [ Py = oo [ PGy

B cuny ananmurnanoctu dyukuun F(p)el' npu p > g mosoxkenne npsamoit
wHTerpupoBanuss Rep = z B unTerpase (2.164) cyImecTBeHHOrO 3HAUCHUST HE
nmeet. J[o/mKHO JuTth OBITH BBITTOJIHEHO YCIOBUE T > (. P

B ycioBusix yreepxienusi 2.15 upejnonaraercs, uro F(p) siBisiercst usobpa-
xkenueM f(t). OnHaKO 9TO AIpPUOPH HE siBJIsieTcst u3BecTHbIM. Crietytoree yTBep-
xKJenune hopmyJpyer jocrarounbie yejaosus va F(p), obecnieunsaromiue cyiie-
cTBoBaHue QYHKINE OPUTHHAJA, KOTOpast onpejieisiercs: Gpopmyitoii (2.164).

VYreepxkaenune 2.16. [Tycmov dynryus F(p) xomnaexcnol nepemennot p =
= T + 1y asademca anasumuseckot 6 ooaacmu Rep > oy . B amot obaacmu
CIMPEMUMCA K HYAO NPU |p| — 00 PABHOMEPHO OMHOCUMENLHO ATE P U ONM GCET
T > Qo

T—100

/NHM@<M

T—100
Tozda gynrxyusa F(p) npu Rep > ag asaaemea usobpasceruem Gynkyuu opu-

eunana f(t), ydosaemeopaowets chopmyauposannvim paree c60tUcmeam u onpe-
deasemoti hopmynot (2.164).
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<« Onenum unrerpad (2.164):

T+1i00 T+100

1 1
— | F(p)e’dp| < — F(p)e!||dp| =
i | Pt <5 [ Ewea
T+100 Ma:t
- / |F(p)e|dy < 26 . (2.165)
T

Orcrofa creyer cymecrBoBanne unrerpaja (2.164) mpu Beex x > ag. Kpome
TOTO, OH cxonuTcs papuomepro o 0 < ¢ < T' s moboro T > 0. Tlokaxkewm,
UTO 3HAUEHME MHTerpaJia He 3aBUCHT OT X MPH T > (. Boidepem oy < x1 < 9
U mocrpouM B objactu Rep > q NpsMOYTOJIbHUK CO CTOPOHAMU

I={p:Rep=x1,-A<Imp < A}, 1 ={p: 21 <Rep < xy,Imp = A},
={p:Rep=1ay, —A<Imp < A}, 7 = {p: 21 <Rep < x5, Imp = —A}.

Oyukiusa F(p)el apiserca aHaIuTHICCKO B 3TOM NMIPAMOYTOJNBHUKE, TI03TO-
My 110 reopeme Kormm (yrBepx ienne 1.7) unrerpast ot 91oii hyHKIUK 110 IPAHNIe
HPsIMOYTOJIbHUKA PaBEH HYJIIO. YCTpeMJisist Ternepb A — 00, MoJIlyduM, ¢ y4eToM
HaIpaBJieHusT 00X01a TPAHUIBI TPSIMOYTOJIBLHUKA, ITO

x1+100 To+100
/ F(p)eldp = / F(p)edp == / F(p)etdp = / F(p)e!dp.
Iy T1—100 Iy Ta—1300

B cuiy npoussosibHOCTH BBIOOPA T1, To MOJTydaeM He3aBUCUMOCTH (2.164) or 1re-
pemeHHON * > agp. Takum obpazom, uaTerpas (2.164) ompejensier HEKOTOPYTO
dbyuknuio f(t) BemecTBeHHON TIepeMeHHoil ¢, uMeroIeil moKa3aTeb pocTa, Co-
rracHo (2.165), paBHbIi Q.

[Tokakem, uro m3obpaxkenne dyukiun f(t) copmamaer ¢ F(p). Boibepem
HEKOTOpOE Py = Xg + 1Yo, To > Qp U PACCMOTPUM BbIPaXKeHue

00 | 00 T—100
/f(t)epotdt =5 e Pl dt / F(p)etdp.
0 0 T—100

Boibepem x Takum, 4TOObI 0y < T < Py U MOMEHSIEM IOPSJIOK WHTEIPUPOBAHUSI
BO BTOpPOM uHTerpaJe. B pesyiibrare

T—100 00 T—100

1 F
/ flt)e Mt = — p)dp / e~ (PPt gy — / ®) 4, (2.166)
e 2ri Po— P

T—100 0 T—100
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[Tocneauit unrerpad B (2.166) MoxKeT ObITh BBIYMCJIEH € TIOMOIIBIO BBIYETOB,
TaK Kak [MOJIbIHTerpaabHast (PYHKIH KMEET OJIHY OCOOYIO TOUKY — IOJIFOC IIEPBOTO
nopsjka. JleicrBuTebHO, BhIOEpeM MONYKPYT paanyca I, Kll%/ 2= {p:lp—z| <
< R,Rep > x}. Boibepem R takum 0o6pa3om, 4robbl TOUKA Py € K]l{/ 2, Onennm
OJTBIHTErpaTbHy0 (byHKIHMIO Ha moyokpyxkuoctu Cg : [p—z| = R,Rep > x. B
CUJIy PABHOMEDHOTO CTpemJieHus K Hysiio pyukiuu F'(p) upu |p| — oo, Rep > «y
cymecrsyer yukius g(R),g(R) — 0 mpu R — oo u Takas, ato |[F(p)|o, <
< g(R). B ¢Bs3u ¢ arum nipu 6oubiiux R |F(p)/(po — p)lor, < Ng(R)/R, tne
N > 0. Orcona numeem

/2
F(p) _ -
| / 2 g < / Syl < ot/ // Rdp = Ng(R)r.  (2.167)

Nnrerpan (2.167) crpemurcst K Hy/o npu R — 00. B ¢Bsizu ¢ 91um nocJiejHuit
nuTerpas B (2.166) pasen 2miF (po).
Ocrasioch nokasarb, uro f(t) =0 upu t < 0. [Ipu t < 0 umeem

/2 0
| / F(p)e™dp| < g(R) / 'Y Rdyp < 2g(R) / e RCImer ) Ry =
—/2 —m/2
= mg(R) (" —1)/t.

[Tocienee Boipaxkenue npu Jjirobom ¢ < 0 crpemuTest K HyJit0 ipu R — 00.
Orcropa f(t) =0 upu t < 0. »

2.4.2. llocTpoeHune pelnieHUl JIMHENHBIX
anddepeHImmaabHbBIX YPaBHEHNI C MTOCTOSHHBIMU
Ko punmeHTamMun

Paccmorpum jijist jiudpdeperiimaibHOro ypaBHeHust
aor™ + a;z™ Y + . a7+ ayx = f(t), (2.168)

e a; (j = 1,...,n) nocrosiunbie, ag # 0, f(t) — menpepoisuast npu t > 0
dbyHKIHS, yroBaeTBOpsoNas ¢chopMyIUPOBAHHBIM B HadaJse 1. 2.4.1 ycioBusaM,
zaiady Korm

2(0) = zg, -, "V (0) = 2,1 (2.169)
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O6oznaunm z(t) = X(p), f(t) = F(p) u npumenum K obenm vacrsim (2.168)
npeobpasosanue Jlamraca. C yaerom ero coiictB u yeiaouii (2.169) momyanm
cJeJiytoniee ypaBHeHue:

P(p)X(p) = woPi(p) + - + zp1 Py + F(p) = (p), (2.170)
rjae

P(p) = app" + arp" ' + -+ an, Pi(p) =agp" " +arp" T+t an g,
Py—1=app+ a1, P, = ap.

13 (2.170) naxopum
X(p) = @(p)/P(p). (2.171)

O6oszuaunm wepes pj, (j = 1, ..., k, k < n) KOpHI XapAKTEPUCTUIECKOIO yPaB-
nenns P(p) = 0. pumennm x (2.171) dopmyny Memnmuna (2.164). C yuerom
OCHOBHOI1 TeopeMbl Teopur Boideton (yrepxenue (1.34)) Oyjuem umersh Bbipa-
JKEHUE JIJIsI peleHust

T—100 k

1

w(t) =5 | X(p)e'dp =) res(®(p)/P(p)e”,p)). (2.172)

T—100 J=1

e « Gosbiie max Rep; u nokasaresst pocra yukiun f(t).
B kauecrse npumepa paccMOTpuM caeyiomylo sajady Komu:

i+ a*r = bsin(wt) (a > 0), 2(0) = g, 2(0) = 1. (2.173)

[Tepeiigem ot (2.173) ¢ yuerowm

o0

1 1 1
/sin(wt)e_ptdt = —(- + - _ Y
iw—p w+p  pPPFw?
0

21

K U300paskeHnsM

9 5 B wb
(p° +a”)X(p) = zop + 21 T
nJIin 1 b
w
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Toukn p1o = +ia,p34 = Fiw sABisoTCs HOJMOCAMK PaBoii dactu (2.174)
IEPBOrO HOPSIKA, €CJIU @ # W, U BTOPOro MOpsijiKa, ecii a = w. B coorBercrBun
¢ o1uM 1 coryiacHo dopmyie (2.172) perenne 3ajaun (2.173) Oyaer nmersb BuL

z(t) = 2Re(res(X (p)e!,ia) + res(X (p)e?’,iw)) =

= 2Re{ [ (aup )

bebt
p=ia * [(pQ + 2)2)6(]; + iCU)i|p:iw} -

L1 . :
— #) + L gin(at £,
xg cos(at) + - sin(at) + R sin(wt)

ecyii 4 # W 1

pt
t) =2 X Y22 =9 6—
x(t) Reres(X(p)e, iw) Re{ {(p i) (zop + xl)i|p—iw+
dr wbe bt 1 b .
Ty = (0= g costet) & S o) singet)

eciin a = Ww.

2.4.3. llocTpoeHue perieHuit JMHENHBIX
andpepeHnmuaabHbBIX ypaBHEHMIT
C 3aIa3bIBAIONINIM apryMEHTOM.
ITocTpoenne moayrpynmnbl JUHEMHBIX OIIEPaTOPOB

PaccmarpuBaercs ckajisiproe JuddepennuaibHoe YypaBHEHHE ¢ 3alla3/bIBa-
IOIIUM apryMeHTOM

B(t) + Lzt + 5) = f(1), (2.175)

e t > 0, z(t) : Ry — R, l(x(s)) : C[=h,0] - R (h > 0) — suneiinniii
HempepbIBHbBII (yHKIMOHAN, f(t) — HenpepbiBHAs ipu ¢ > 0 GyHKIUS, UMEIOTAs
KOHEYHbII 1ToKa3aTesib pocta g > 0.

Bnech, kax 00brano, C[—h,0] — mpocTPaHCTBO HEMPEPHIBHBIX Ha OTPE3Ke

[—h, 0] dyakuumit. Ormernm, aro 0O BUJ| TUHEHHOTO HEMPEPHIBHOTO (hyHK-
0
muonana B C|—h, 0] crenyrommit: {(z(s)) = [ x(s)dr(s), rae r(s), (r(0) = 0) -
—h
dynxims orpannuentoii apuamyn. Ipu arom ||I]| = VO r(s) (em.,nanpumvep, [8,
c. 347]).



2.4 IIpumeneHnue KOMIIJIEKCHOI'O aHaJIN3a K [TOCTPOCHHUIO. .. 131

[Toj perenrem ypasuenusi (2.175) ¢ nauanbroit dyukiumeit zo(s) € C[—h, 0],
onpejenerHoMm npu t > 0, OyueMm moHMMarh HenpepbiBHyIO npu t > 0, —h <
< s < 0 dyukuuo z(t + s), vHenpepbiBHO juddepennupyemyio npu t > 0,
obparaoryo ypastenue (2.175) npu ¢t > 0 B TOXKJIECTBO U YJOBIETBOPSIIOILY O
HaYaJIbHOMY YCJIOBUIO

z(t + 8)|t=0 = zo($). (2.176)

Bajaua HAXOXKJIEHUsT YKAa3aHHOIO perienns: HasbiBaeTcs 3ajadeit Ko, Or-
MeTuM, 9To pemenne 3agadn Komwu nmpu 0 < ¢ < T cymecTByer, eTMHCTBEHHO U
HENPEPHIBHO 3aBUCHT OT HAYaJbHbIX YCJIOBUI U apaMerpoB ypasHenust (2.177)
(em. ]9, c. 17]).

PaccMoTpuM 0JIHOPOJIHOE ypaBHEHWE

() + U(z(t + 5)) = 0. (2.177)

[Iycts x(t+s) — pemenue ypasaenns (2.177) ¢ HagaababiM yegaoBueM (2.176).
Paccmarpusast aro perrenne mpu GuKCUpoBaHHOM ¢ > 0 Kak 3JIeMEeHT IPOCTPaH-
crea C[—h, 0], oupejesisieM TeM CaMbiM JIMHEHHBIH OIpaHUYEHHbIH OlEpaTOp
T(t) : Cl]—h,0] = C[—h,0], x(t+s) = T(t)xo(s). Jluneiinocts aTOrO OMEPATOPa
ciejlyer u3 JuHeifiHocTn ypasHenust (2.177), orpaHideHHOCTb — U3 HElPePbIBHOM
3aBUCUMOCTH periennii ypasuenust (2.177) or HauaabHbIX yeaouit. s yrasan-
HOPO OlepaTopa BBIMOJHEHO, OYEBUIHO, CJIEIYIOIIee MOMYIPYIIIOBOE CBOHCTRO:
T(tl + tg)iUo(S) = T(tl)T(tQ)ZEQ(S) = T(tg)T(tl)afo(S) (tl,tg > 0) YKa3zaHHoe
cemeiicTBo oneparopos T'(t) GyjeM Has3bBaThH MOTYTpyINnoil ypasaenus (2.177).

[Tocrpoum siBubiii Buyi oteparopa 1'(t). Bocuosbsyemest jist 3roro npeobpa-
soBanuewm Jlamnaca. [Ipumenum x ypasaenuio (2.177) npeobpaszosanue Jlamnaca,
canrast z(t) = X (p), f(t) = F(p). B pesynbrare numeem paBeHcTBO

&(t) exp(—pt)dt +1( | x(t + s)exp(—pt)dt) = [ f(t)exp(—pt)dt,
[ [ [

9TO 3KBHUBAJIEHTHO PaBEHCTBY
0
(p+ Uexp(ps)) X (p) = 20(0) +1( [ a(t) xplpls — 1))dt) = F(p).
O6ozuaqans h(p) = p + l(exp(ps)), nmeem

X(p) = 17 ) o)~ 1 [ o(®) explpls — 0)dt) + F@). (2179

S
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Orciopa, ucnonbsys opmysy Mesuiuna (2.164), npu ¢ > 0 Haxoum

Y100

£(t) = (2mi) ! / exp(pt)h ™ (p) (20 0)—

1 [ o(®) explp(s — 0)dt) + F(p)dp. (2179

S

rje v > po. Besuuuna gy BbiOMpaeTcs TakuMm 0Opa3oM, 4TOObI BEJUUYMHA Q)
¥ JIeHCTBUTEIbHBIE YaCTH KOpHE# XapakTepucruieckoro ypapuenus h(p) = 0
ObLIM MEHbIIIE [i.

Beenem B pacemorpenne dbyukimio Kormm k(t), 0bagaorinyo cie yonumMm
ceoficreamu: k(t) = 0 npu t < 0,k(0) = 1,k(t) € C[0,00) N CL(h,o0),
k(t) mput >0 ya0BIETBOPsIET HHTEIPATHLHOMY YPABHEHUIO

t

x(t) + /l(x(h + s))dt; = 1.
0
Cy1ecTBoBanue n €IMHCTBEHHOCTE (hyHKIMKM KO J0Ka3bIBAeTCsA OOBITHBIM
METOJIOM TIOCJIEIOBATEIBHBIX TPUOIUKEHUH aHAJOIMUIHO TE€OpeMe CYIeCTBOBA-

HUST ¥ €JIMHCTBEHHOCTH perennst ypasruerns (2.177). Jlerko 3amernTh, 910 Mpn

t>0
Y+i00

k) = 2ni) [ expet)h” ().
Y—100
C yuerom sToro npeobpasyem Boipaxkernue (2.179). Beemem B paccmorpenue
byukiio e(t) 1 e(t) =0 npu t < 0,e(t) =1 npu t > 0. Bamernm, 4T0

0

o) [ an(t) explos — ))de =

S

= h™Y(p) exp(ps /e (t) exp(—pt))dt =

o0

— /k(t+s) exp(—pt))dt/e(—t)xo(t) exp(—pt))dt =

—S S
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oo

/ k(t + ) exp(—pt) )t / e(—1)z0(t) exp(—pt))dt =

S

= /k(t + s — tl)e(—tl)iUo(tl)dtl = /k(t + s — tl)xo(ﬁl)dtl.

Kpowme Toro,

t

B (p)0(0) = k(t)o0). b (p)F(p) = / Kt — 1) (1) dh.

0

Takum obpazom, Beipaxkenue (2.179) mpu t > 0 MoxkeT ObITH 3aMUCAHO B
caeytoteit (popme:

0 t

ZU(t) = k(t)i]?o(()) — l(/ k(t + S — tl)xo(tl)dtl) + / k(t — tl)f(tl)dtl.

S 0

Orcioia umeem obiree perenue ypasuenust (2.177) z(t+s) = T(t)zo(s), rue
CEeMeNCcTBO OIepaTopoB

0

T(t)o(s) = k(t+ s)xo(0) — z(sf k(t+ s+ 51— ty)zo(t)dty), ecaut+s >0,

zo(s), ectn t + 5 <0,
(2.180)
ompeJiesisieT moyrpyIiny ypasaenus (2.177).
[Tosoxkum f(t) = 0 mpu ¢ < 0. B pesyabrare pemenne ypasaenus (2.177) ¢
HAYAJbHBIMA YeJaoBHAME (2.176) MoxkKeT ObITh 3almCcano B BUJIE

t+s

I’(t + 3) = T(t)l’o(S) + / k(t + 5 — tl)f(tl)dtl.

NudunuresumasibibiM (IPOU3BOJSIIIM) OLEPATOPOM Loy rpyitiiibl T'(t) Ha-
3bIBACTCs oneparop A, ompejesseMblil paBeHCTBOM

A= tl—i>r—ir—10 t=H(T(t)zo(s) — z0(5)).
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Hemnocpepcrsenno us (2.177),(2.180) naxoanm

_Jdxo(s)/ds,—h <5 <0,
Azols) = {—l(xo(s)), s=0

¢ obnactbio onpegenenns D(A) = {xo(s) : zo(s) € CH(=h,0),20(0)+1(x(s)) =
= 0} mmornoit B C[—h,0]. 910 MO3BOJISET, BBES B pACCMOTpEHUE (DYHKITHIO
u(s,t) = z(t + s), 3amucarh ypasuenue (2.177) B BuJie SKBUBAJIECHTHON KpaeBoii

3a/la4uu

ou B ou

5= 35
Qul — iu(s. 1) + f(8)
(98 s=0 ’ ’

onpejesienHoi B mojsoce —h < s < 0,t > 0.
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