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Csemaot nasainu
Oaneza Bopucosuwa Jlynanosa
NOCBAWLULCITCA.

[TPEANCIIOBUE

TpyaHo TEPEOLIEHUTD 3HAYMEHUME BKJIELA B PDA3BATHE M NPEIQJIABAHUE Kak AUC-
KPETHOM MATEMATMKM, TAK M MaTEMATHUKH B LEJOM, B pa3paboTKy ee MPHI0XKe-
HIH, B ITOAPOTOBKY MATEMATUYECKUX Kd, IPOB CKOPOIOCTHKHO CKOHUABIIEr0CHd 3 Mas
2006 romga Oscra Bopucoruya JlylaHoBa, JOKTODPA (DUBNKO-MATEMATHICCKHX Ha-
yK, mnpodeccopa, akagemuka PAH, cozmarens xadenpbl JUCKPeTHOW MaTeMaTH-
KU Ha MEXaHuKo-mMaTeMaTHueckoM dakyibrere MY nv. M.B. JlomoHocoBa 1 ec
OECCMEHHOIO 3aBe/IYVIOIIEro, JeKaHa MeXaHUKO-MaTeMaTHIeckoro dgaxynsrera MY
Ha TPOTSKEHIH TOCHe, (HUX 20 ey, npescesarcis Y IeOHO-MeTOJUIECKOIO COBETA
[0 MaTeMATHKE U MeXaHuke Y U4eDHO-MPTOANIECKOr0 00L& AMHEHUS 110 KAACCHYECKO-
MYy YHUBEPCUMTETCKOMY 0OpazoBaHuio PP, 3aBeiyroiiero oTaeoM AUCKPETHONR Ma-
remaTuku Iuacruryra npuknagwoit marematuxu uMm. M.B. Kenapiuia. Bosee uewm
20-nerree obwernne ¢ Onerom BopucoBinueMm crapiero us asropos OKasaao OrpoM-
HOe BAUdHUE Ha DOPMMPOBAHME MHOI'MX €ro B3rngaos u ybewuerndili. CeTnon mi-
maru Onera Bopucosnya JlynanoBa mocsarmaeM Mbl Halll CKPOMHDBIHR TPYIL.

B vuebHoe nocobue BKIOYERIT OCHOBHOM, IO MHEHUIO €r0 aBTOPOB, MaTePHl, KO-
TOPLIH TpaauuHoHnHe nocyenune 35-40 seT BRIIOaeTCd B NPOrPaMMBbL AUCIHILTHIILI
“Huckpernas MaremaTura’. CofepKaHie [IPOrpaMMbl 9TOW AUCHMILIHHELI Ha Cero-
JHANIHUE eHb BPSL JIM MOXKHO CYHTATh CTOJb 2Ke OJHO3HAUHO OIPeAesHBUIMMCS
U YCTOSIBIUMMCSH, KaK, HalPUMED, COAEPKaHue NPOrpaMMbl JUCLUIMHLL “MaTema-
Tuvecku arnanus”’. Kpowme Toro, copepxanue IpOrpaMMbl, KOHEYHO, CYIUECTEEHHO
3ABUCUT OT CMENXALHOCTH, HA KOTOPYIO OHa OPHEHTHDOBaHa. HCAM nepBOHAYAIb-
Ho, 40 ser ToMy Hazand, qUCHMIUIMHA “UCcKperHas MaremMaTika’ paceMaTpUMBANach,
B OUPEAEJIEHHON MEDe, KaK Pa3lie/i HPUKJIJHOH MaTeMaTuKy, 0a:3a, IS MATeMaTH e
CKOM KUOEPHETUKM U MDErOJIanaiach NIPEXK e BCero [ CTYIeHTOB CIIeLUN 1HHOCTI
“Upuriaas MaTeMaTHKa”, 0 YeM HANISIHO CBHIETE/ IbCTBYET OYetl eMKOE 110 CO-
nepxkanuio npeauciaosue C.B. HoyoncKoro K ero samedaTe nnoi kuure “BeegeHue B
JIUCKDETHYIO MaTeMaruky”’, To co BpeameHeM “JluckperHast Maremaruka’ ObLIa BKIIO-
deHa B yuedibie IaHbl DA APYPHX CTIEMMAILHOCTEH, IIPHYCM BeChMa Pa3adYHbIX
[0 YPOBHIO MaTeMaTHYECKUX TpeboBaHuit. e/ ripu BBeJeHUM TOH UTCLIILTHHDI
B yUCOHBIE Tabbl Takux cluenpadasiocTedl, kak “Maremarnka” u “Komnsiotepuad
HE30MacHOCTD ) TPOU3OIIN0  YCHTEHHE €6 MaTCMAaLUUeCcKOl COCTABJIAIOIEN, TO NPU
BKJIFOIEHUU B yUeOHbIC Mjallbl TEXHUYECKUX CHEHUATbBHOCTEH HeusOerkHo [pOu30-
111,10 PACIIUPEHHE 00beMa PACCMATPABACMDIX MATEMATIYCCKUX OUATHI, HATDHMED,
BKJFOYEHUE B IPOUPAMMY AUCLHILIUHBL “JUCKperHas MaTeMaTuka” TaKuX pas/Ies1oBs,
Kak “D.1eMeHTBl Teopun Muoxects”, “Aurcbpandeckue cucremnl . “@opmanbible 1
JOCUYECKHE UCHUCIeHUA | KOTOPhIe B y4YeOHBIX TIaHaX s cnennaiabHocteld Ma-
remaTuka” 1 “KoMmnnroTepHast 6€30I1aCHOCTD BbLISIEHBl B CAMOCTOSTEbHbBIE T1C-
IUIIMEbLL. Takoe paclupenre OporpaMMbl JUCUumanebl “JIuckpeTHas MaTeMaTh-
xa” yOeauTeibHO MOMTBEPKIAET CIPaBeNTHBOCTL yTRepKaenus C.B. Hbnonckoro:



[IPEAUCI/IOBUE

“UpeanepHas ACTAIM3ALMS 1 TPUBS3LIBAHKE TPOrPaMMBl K CICHUAILHBLIM daKTam
OTACHO TeM, 9TO ...I[I0gBATCA HOBbIC (PAKTHI, a CTApPbIe YACTHUHO YTPATAT CBOIO
3HAYHMOCTB. BBULY 9TOrO IJIaBHAA 3a7ada Kypca — 9T0 00ydeHue MeTojaM H MbIIl-
JICHMIO, XADAKTePHBIM JIJlg JAMCKPETHOH MaTeMaTHKy

B3 apelLiaraeMoM BHUMAHHIO YMTATeNd NOCOOMM COACPIKHUTCA, Ia HAl B3NS,
HEKOTOPOE PO TUCLHIIMHBE Gyiesbl (DYHKLUMH — KOMOHHIATOPHKA — rpadsbl
a-1haBUTHOE KOAMPOBAHNE — PEryJIsSPHBIE SI3bIKM — KOHEUIbIe aBTOMATHI.

110 psL. Ty NpHYME ABTODPBI COYWIH LEJICCO0OPA3HBIM Pa3OuTh 10cobue Ha J1Be 1acTH,
[ICPRA T U3 KOTOPRIX BKJIKOUAET raaBsl 1, 2, 3, a ropas 4, 5 u 6.

[Tepsaa riaBa HoCBsiiUeHa OVJICBBIM (DYHKUMAM, TEOPUSA KOTOPBIX IPe3BbIHaHH0
folura Kak ¢ TOUKH 3pPeHUsl CaMOM MaTeMaTUKH, TaK H C TOYKH 3PeHHd ee [pH-
noxennit. He BaaBasgch B MOAPOOHOCTH, HANOMHUM JULIL, 9T crMcoK “llpoGaemor
11 Tpicsacreras” oTKPHIBAET BOIPOC O coBnajeHmu KaaccoB NP u P, KoTopbiii
MOKCE OBITH cPOPMYNMPOBAH Kak Ipod/eMa CyIecTBoBaHMA NOAHIOMUATBHOTO aJl-
FOPHTMa /sl PEMIeHUs BOIPOCa BhITOTHUMOCTH /119 OyneBbix dynxuuit. OcHoBHOE
COLCPKAIIME STOM 11aBbl COCTABIAET JOKABATE/LCTBO TeopeMbl J. llocTa o nosore
1151 cuCTeM DyneRbix GyHKumil. 3apepuiaeTcs riaana o0CcyKACHUeM BhIYUCTUTEILHOM
CIIOVKHOCTH PAJA 33,425, CBH3AHHBIX ¢ OyNeBBIMH (DYHKIHAMM.

Bo BTopyio rmaBy BKJIFOUYEH OCHOBHOM MaTepnasl 110 KOMOMHATOPHUKE: PACCMAaTpPH-
BAIOTCA BAXKHEHLINE COeAnHeHNsT KOMOMHATOPUKHY, [TOIMHOMUA/IBHA TeopeMa, OUHO-
MpaTTbHble KoahdupenTsl 1 Gopmyia BKIodennit 1 uekmosgeHuit. Ocoboe BHUMA-
[HE V/EIEHO PeKYPPEHTHBIM YPABHEHHAM U IPOUBBOMSIIUNM (DYHKIMAM, JaTHICKHM
KBaJipaTaM, OJI0K-CXeMaM M KOHEYHBIM IIPOEKTHBHLIM [JIOCKOCTAM. DTOT MATCPHA
0COGEHHO BaXKeH ¢ TOUKH 3PEHUS IIPUIOKEHUHA K MOCTPOCHMIO PA3JIHYIHBIX KOAOB. 3a-
BCPIITAETCS [VIaBa PACCMOTPEHUEM YPE3BbIYAHO BAYKHOTO BOIPOCA O MEPEYUC/IeHUN
(remepaliiu) KOMOMHATOPHBIX 00BEKTOB.

Cueanyiomast rjaBa 10 psay NPUUHH IlaMEepPeHHO (Jlefata JOCTaTOYHO KPaTKo
— B Hell JacTcs npefcTaBienne o0 0CODEHIOCTAX KIIacca k-3HaUHBIX (DYHKIHN Npu
k > 2, pacCMOTPEHBI HAYAIbHBIE BOTIPOCHI, CBSI3AHHBIC C TOCTPOCHHEM CXeM U3 (DyHK-
(MO ILHBIX 3JIEMEHTORB. -

YerpepTast rnasa noceanicHa rpacdam. B Hee BIOUeHb! OCHOBHBIE BOIIPOCH], H3Y-
HaCMbIC Ha HAYAILHOM dTane padoThl ¢ rpadaMi: MapuipyThl B CBA3HOCTD, ACPEBb,
IIOCTPOENUE OCTOBA MUHMMATLHOIO Beca. PaccMaTpuBaloTes BasKuble BOHPOChL O 111a-
HaPHOCTH rpada, 3{1epOBhIX U I'aMUILTOHOBBIX LUKIAX, SHATHTE/IBHOE BHIUMAHNE
V/IESCHO HE3aBUCHMBIM MHOMKECTBAM U KJHKaM, packpacke rpacdos. 3apepuiaerca
IVIABA PACCMOTPEMUEM DSIJIA AJIIOPUTMOB, CBA3AHHBIX ¢ rpadiasu.

ATag IVaBa NOCBANICHA ad@aBnTHOMY KOIMPOBaHHIO. e sjipo - Teopema
A A MapkoBa. 3z1ech ke pAcCMOTPCIT BOTIPOC 00 ONTUMAIBHOM KOAUPOBAHNY,

JaK/LHOMUTEILHAS WECTas 1V1aBa COUEPXKUT, Ha Hall B3IVIsl, 6a30BBIH MaTepu-
aj1 10 PEeryJagPHAIM BbIPAXKEHNSIM U PCIYJADHBIM A3LIKAM, KOHEUHBIM aBTOMATAM H
ABTOMATHBIM A3bIKaM. Ee anpo -— Teopeva C. Knunu u e 1eTepMUHAPOBAHHBIC aB-
TOMATDBL. 3aKAHUHBAETCH [VIaBa, & BMecre ¢ Hell 1 1ocohre, PacCMOTPEIIHEM HEKOTO-
PBIX AJAFOPHTMUUIECKHX NPOOIIEM AJs ABTOMATHLIX 43bIKOB, IPUBOJIMTCA TTPUMED all-
POPHTMUYECKM HePa3PeLTUMO poOIeMbl JiIsi KOHEYHbIX apToMaros. Jdaerest npej-



[TPEAVICIOBUE

crapjieHue 0O UCIIONIbLI0BAHMM KOHETIHbIX ABTOMATOR B Ka4eCTBe MOLes/ Ci mudparo-
DOB.

ABTOpbI HAMEPEHITO MPHAEPAKUBAIUCH PASHON CTENEHH IIOJIHOTBL U [IVOUHbI TIPH
U3JIOKEHUH PASAMUHBIX BOIPOCOB — [0 BO3MOXKHOCTH CLAPaJNCh OCBETUTDL DOJILUTYIO
JACTh BOUPOCOB, TPAAHIIHOHHO BKAYAEMbIX B IPOrpaMMYy AUCHMILIAHL */ [HCKpeT-
Hasl MaTeMaTuka', OAHAKO OlPEUEJEHHOE UPEUTOITeHNe OTIABAIOCH MATeM HYIC-
CKOW TOUKE 3PEeHWMsi, MOXKeT ObITh B yuepd kudepHeTwdeckon. OnpansiaHuem MOXKeT
CITYKHUTH OPUEHTAIIUS Ha, CTYACHTOB MATeMaTHYECKUX (DaKyIbTeTOB.

Ha dopMuposanue B31vIs OB aRTOPOB B 00JIACTH AUCKPETHON MaTeMATHKI 3HA-
qUTeNbHOE BIMSAHUEC OKA3ANM U3JAHHBIE ¥ HAC B CTPAHE KHULH 110 3TOH TCMATHKE,
BKJTIOYEHHbIE B CIIMCOK JIMTCPATYDHL. ECTT HEKOTOPbIe U3 KHUT 0Ka3a.T¥Ch TPOMNYIe-
HbI, TO CJENIAHO 3TO OBLNO 110 HE3RAHUE, 2 He MPEIHAMCDPEHHO. 34 KAXJbLT TAKOH
Cay4ail aBTOPbI IPUHOCHET CBOW MCKPEHHUE DIVOOKHE U3BUHEHU .

Ham kaxxercd, 910 110cobHe MOKET HECKOIBKO 00IerYUTh HAILUM CTYIeH 1AM U3Yy-
vyenue “Jluckperroit MmaTtemaTuky”’. Eein »ke Mbl KOMY-TO U3 HUX CBOMM CKDOMHBIM
TPYOM CO312J01 JOTONHMTENbHBIE TPOOAEMDI, TO CIEIATY YTO HEYMBIILIICHHO.

[TepBoIiM ¥3 aBTOPOB HAMHCAITLI [VIABH! 1, 3, 5 1 6, BTOpOMY IPUHAITIEKUT [T1aBa 2,
a TpeTeeMy — 4.

ABTopbI ¢ TyO0KOH H/1ar04apPHOCTHIO IPUMYT THO0bIE 3aMedaHis # KOHCTPYK-
TUBHYIO KPHUTHUKY.

B. Hypnes, M. Bawwxun, O. Hdxumosa



Lyiasa 1. byseBnl ynkmn

§1. ByneBpl pyHKIIT

B stom pazjiene paccMaTpuBalOTCs HEKOTOPBIE BOMIPOCHI, OTHOCSIIIUECS K OHO-
MY 13, Ka3as0Chb Obl, TMPOCTCHIUMX ¥ B TO K€ BPEMS OJIOMY H3 WHTEPECHEHIINX
MATEMATUIECKUX TONATHI - TOHATHIO 6yAcsol dhynryun. QOIHAKO LHPOCLOTa YOI
MOHATUS 00MAaHIUBA. JIOCTATOYHO HATOMHUTL, 9TO OTKpbIBafomui cnucok “IIpo-
baemvr ITT muicavenemus’ Borpoc o copnasenun xiuaccos NP u P voxer 6n1ts
CchHOPMYNUPOBAH KAK BOMPOC 0 OYNeBBIX HYHKIMIX, & MMCHHO KaK BOIPOC O CyIe-
CTBOBAHMM TIOJIMHOMUAJNLHOIO a/ICOPUTME IS [TPOBEPKH BLITOJHUMOCTU OVICBBIX
OYHKIHM, 38/ IaHHBIX KOHBIOHKTUBHBIMU HOPMAJBHBIMU (DOPMAMH.

Bynesst bysKITHH HaX0AST MHONOYUCACHHEDIE IPUMEHEHI IIPH OHKUCAHUE PAbOThI
Pas/IAYHBIX JHCKPETHBIX Tpeobpasonareieit HH(pOPMAIUT — KOMITBIOTEPOs, ndpa-
TOPGB M T.A,

O6osuaunm uepes By muoxecrso {0, 1}

Onpenesterune 1. n-vecmioll byaecsol gyrxyuell nasosaemca awboe omobpasrice-
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Tpamuuponto wepes Pp(n) 0003HATACTCH MIIOKECTBO BCEX 71-MECTHBIX Oy/IeBbiX
byrKmi, a uepes Fs — MiloXKecTBO BeeX OYIEBLIX hYHKUHUIT.

Kaxayw n-yvcecrHyio GyiieBy DYHKIMIO MOKHO 3a1aTh TabaMUEH CJeiyiowero
BY 1A, cogeprainei 2" 1 1 ¢rpok 1 n + 2 ¢Tonbuos
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B sro#i rabimue Bee g5 ne; (P=1,...,2%, j=1,...,n) — 3ro 0 wim 1. daa e¢n-
HOOBPASHA HADOPY €1, €19, - -, Ein1, Ein MOKHO COMOCTABATH HATYDA/ILHOR UHCIIO
27l + 2" feia . F 28, -+ 5. AROMUHBIMU TUMDPAMH KOTOPOTO sBJAIOTCS
3/JEeMEHTHl 3T0r0 HabOPa, M MICPEUHCHATs HADOPhL 3HAUEHUI APryMEeHTOB B MOPSHIKE
BO3pacTaMua 5THX uucest o1 0 1o 2% — 1. Takum 06pa3oM, B MePBOH CTPOKe Tad.1u-
1Bl HAOOD 3HAUEHMH COCTOMT M3 OJHUX HYJCH, a B HOCTeNHEH — M3 ONHMUX eAUHHL,

w



[JIABA 1. BVJEBbI ®YHKILMU

[Ipu duxcanun HaBOPOB 3HAUEHUIT APIYMENTOB HoNydaeM OUEKTHBHOE 0TOOpase-
Hite MHOMKECTBA BCEX N-MECTHBIX (DYHKINE Ha MHOMKECTBO TabINL, YKa3aHHOIO BHIA.
Tax KaK 9ICI0 Takux Tabaul] PABHO 9UCIY Pa3IMTHLIX TOCIEIHIK CTOIOIOB, a8 OHO
papto 2%, To moayUacM CIEIYIONLYIO TEOPEMY.

«

Teopema 1. [Ipu mobom n mmoncecman Py(n) scer n-mecmusr 6yacevt Gynxuud
"
cocmoum u3 22" anemenmos.

Tarum 0OpaszoM, CYUIECTBYCT YeThlpe 1-ojlHOMecTHble OynaeBbl PYHKLMM: JiBe U3
HIX PaBHBI TOXKIACCTBEHHO HYJIO 1 eIuHUUe 1 obo3aaqaiored 0 1 1 cooTBeTCTBEHHO,
O/IHA. TOXKAECTBEHHAs (MYHKIMS, PABHASA CBOEMY apryMeHTy, KoTopasd HHoraa ofo-
3nagacted gepes U, u orpunanue T, onpesenaemoe pasetctsavu 0 =1u 1 = 0.

[lpn n pasHOM ABYM TosyuaeM 16 2-MecTHhIX GyHKIMA. B X 9rcao BXoAaT JIBe
byHKIMH, TOXKACCTBEHHO DABHBIE HYJIIO U €JHHUIE, KOTOPBIC TAKXKE 0003HAUAIOTCS
Kok 0 1 1 COOTBETCTBEHHO, ABe (DYHKIMH, PABHDLIC TOXKIECTBEHHO CBOEMY [IEPBOMY U
BTOPOMY apryMenTy, obosHataeMbie coorsercrrento U2 u U2 u uaspipambie @ymx-
UwAMUL MPOEKMUPosarUs, W 12 Apyrux YHKUKH, HIDAOLIX PASHYIO POJIbL B TCOPHH
W IPHI0KEeHUAX.

[1o pagy npuuus HanboJiee BaXXHBIMUM U3 HUX OKA3AJIUCH: KOHBIOMKUUA, 0003Ha-
qaemad depes &, A uiH -, JuSBIONKYUA V, UMRAUKAYUA —, IKGUBGAEHTIHOCTD
croncerue no modyao 2 &, wmpuz Hleddepa | u cumson Jyracesurna T wim cmpeara
Mupca |. D1 QYHKIMH 384a10TC CACAVIOUIMEA rabiiMIian i

T T B S e S N I
0 0 v| 0 0 1 1 0 1L 1
0 1 1 0 1 1 0 bl
1 o [ 0 1 0 e 3 1.9
1 1 1 1 1 0 0 0

B 1eopnm Oynessix GyHKING, Kak 0 B TOO0M PA3IeIe MATCMATHKH, CJIOKHIECEH CBOA
crelHdUIecKas TePMUHOIOrUS.

Onpeaenenne 2. n-mcermmas Gyresa dynkyus f(Ty, ..., Tioy, Ty, Togry - - - Tn) CY-
WCCTBCHHRO 3A6UCUM 0M C80CT 1-0U nepementot T;, ecau naddemes maras nocie-
JdoBATNEALHOCD €1,y .. . i 1, Eip1, - - - En, COCTROSWAA U3 0 u 1, wmo

f{\fl, oy 85T, O>€i+1: RN ,c?;,;) }é f'fif], oy B8 Y 1,5‘;,:_1, ' s 7571)'

lepeaennve, 0m KOMOPHT CYWECINBEHHO 306UCUM HYNKUUA, HAZBEGAIOMEA 06 (Y-
WECIMECHHDMU NEPEMEHHIMU, @ OCTRAALHDLE — HECYULCTEENNBLMAL.
Onpenenenne 3. Ecau 00ny 6yaeey GyNKUUI0 MONRCHO NOAYHUMY U3 0pyeoll Ko-
HESHOLM MUCAOM OTEPAUUT 66C0EHUA U YOUAEHUA HECYULECTNEEHHDIT TICDEMENNILE,
MO OHU CHUTIAIOINCH PABHULMUL.

Tocaenuee ompenesieHte MO3BOMASIET OTHOCUTEILHO JH0O0C0 KOHETHOI'O Habopa
£y = o
Oy/icEbIX DYHKLUMH Opennoararh, 6e3 orpaHmyerins oOIIHOCTH, YTO BCe dyuKnuu
910ro Habopa 3aBUCAT OT ONHHMX M TEX JKe MEePEMEHHBIX. DTOro e MOMKHO ObLIO

10



§1. ByieBbr pyHKUHH

Oer OOUTHCST U O-IPYTOMY, KaK 3TO JAeNAeTCs, HAIPUMED, B TCOPUH PEKYDPCHBHBIX
GyHKuUE  —  BREJSHAEM B PAcCMOTpenue  Pynkuull  NpOEKTMUPOSAHUA
Dn (fl:l’ Cee T’n) = T

Jpyrum pacripocTpanenibiM criocoboM 3a1aHns OyeBbIX BOyHKUKHE SBIISICTCS UX
30 aHne TePpMAMI WM POpMyJIaMil, 10 N0 CyTH jefa paBHockAbHO. Mbl ocrano-
BHMCSl Ha [ICDBOM BADHAHTC.

Iycrs I' — nponsposibiaas cucrena Oyaesbix by, Kak 1o n-mectrot Oy.re-
ROt pyakmn f 13 1 conocTasum n-MeCTIbIE yHKyLOHAAHMT CUMBOA [, KOTODBI
OyjieM HASbIBATL umerem QYHKIun f.

WrnykruBHO onpegesiuiM nodstie mepma 14ad mroncecmeos dynxuut I [1pen-
BapUTEILHO 3aDUKCHPYEM CUETII0e MHOXKECTBO NEPEMCHHBIX {T1, L2, - -, Tn,---}-
Onpenenenue 4.

1) Kaorcdas nepemennan T, AGAACICA MePmom nad muoscecinsom dyrmuut T

2) Ecau [ — n-mecmman byaecsa dyrruua ud L, aty, ..., t, — meparss 100 mno-
orcecrneom pymxuut T, mo f(ty, ... ta) — mepm nad mnonrcecmaom dymi-
yut I

3) Boipasrcerie AGAAEMCA MePMOM HAO MHONCECTREOM (PyHKUULL L mo2zda u monb-
K0 mozda, x02da yno caedyem u3 nynxmos 1) u 2).

B panpueitmes uma f Gyiesoll GyHKIEW f Gyaes 0Go3HadaTh IPOCTO Fepes [,
YTCO He TIPHBEIET K HETOPA3VMCIMAM.

Kasxipiil TepM T ecTecTBeHULIM 00Pa3oM ONPEeC.IsieT OV By (DYHKUMIO, KOTOPYIO
MBI 0DO3HAYUM Uepes f.

VeayKOuend 1o JjiuHe 1TepMa t ONPeAe/UM €r0 3HAYEHUE NPU 3a0aHHDT 316ae-
HUAT CTOOAULUT 6 HE20 NCPCMCHHOLL.

Hycrn Bee nepemenrble, BXOJANIME B TePM ¢, COAEPKATCS B CIHUCKE T1, ..., Ln.
Bosbyem npou3BosibHbIE HAGOD 71, ..., &, 13 0 1 1 B Ka4CCTBe 3HAYEHUH TTEPeMEi-

HBIX Z1, .., Ty OUpesesuy anauenue mepame t 1a y0oM Habope B COOTRETCTEUM €
ONpEeIeHUEM TePMA.

1) Ecad Tepm (| — 910 mepeMeHHAS T;, TO €10 3HaUeHHeM Ha YKA3AHHOM Habope
bymer ;.

2) Ilycers repu t uateer B G(by, .o L), TAC § — m-MCCTABIE (DY HKIMOHAIBHBIH
CHMBOJL. 2 zga¥iry, ¢ — m-yvecTras Qyukngs. O8osHaqauM Yepes Gy, - .., Gm
3HuYCMA TepMOB Ty, ..., tp, OPH 3HAUCHUAX &y, ..., £, TEPEMElNbIX

T1, ..., Tp. TOTOA 3HATCHHEM TepMa t MpH 3LatMeHudX &1, ..., &, Hepemer-
HLIX T1, ..., Tn OVIET glaq,. ... Q).
Omnpeienam bysruuio f, caeayiomum obpazom: fi(e1,...,2,) pagno 3HaUeHu0
mepma t NPU IHAYCHUAT €1, ..., &y NEPEMEHHDIT L1, . .., Tn.

Oupeyesierue 5. n-mecmuas PyHKUUL @ 1pedcmasuma mepmom t, ecau 6ee €20
NEPEMEHHBLE COOCPAHCAMCA CPEJU T1, ..., Ty U fi = ¢, M.€. NPU AOOVT 3HACHUAL
E1, vy En NEPEMEHHBT Ty, ..., Ly 3HANEHUE MEPMa t pasHO @1, ..., En).

11



T'1ABA 1. BYJEBBI ®YHKIIMU

§2. HopmasibHabie (bopMbI

B 51oM pasiciie paccMaTpPUBACTCH BOTIPOC O HIPCACTABIEHHN OyJIeBbIX (hyHKIMH
TCPMAMHU CIIELHATHLHOIO BU/IA.

Breaesm ynobroe oboznauenme £ = x, ecan € = 1 I/I 28 =1I, ecnn £ = (.

HernocpeacTeenas npopepka NOKA3hIBaeT, UTo o = 1 moada u moavko mozda,
xozda v = 3.

[TpunmeM HEKOTOPbIE ODIEMPHUHATLIE COTVIaIeHus: 11 2-MecTHol Oynenoit (hyHK-
1uun f 1 TepMOB ¢y B to BMCCTO f(L], o) Gyaes nmcath (ty fin), a gacto upocto t fi,.
Hanprsep, BMecto V(t1,t3) — 1 Via, a Bmecro &(4y, ta) — ¢ &ts. Kpome Toro, sarmich
tyftoftaf ... ft, 6yner cuyxurs coxpamenuem s (... (¢ fto) fta)f .. ) fta).

Tepm Buga z; '& &a, yrmel <ip < ...t <M, E1, ..., € {0, 1}, HagbiBaETCH
SACMEHIAPHOT memmu,um BXOJSIITUX B HETO LIEPEMCHHBIX Zyy, ..., Ty

Tepw puna V zi) & ... &x;f, roe msboEKIMS 6epeTcs MO HEKOTOPBIM HAGOPaM
MHJIEKCOB (11, . .. ,zk) v oKasaTenel (€q,. .., €y ), HABBIBACTCS QU3BIONKMUCHOT HOP-
masvrot gopmots (JHD).

Tepm Bupa 25 & ... &atn, rae €1, ..., e, € {0, 1}, HasLIBARTCS cosepuenioil sae-
MENTNAPHOT KOHBIONKUUET NePCMEHHBIX L1, .. ., Lp.

Tepu Buya V 27'& ... &zl*, roe musbioHKUMA BepeTesa 00 HEKOTOPBIM Habopam
noKasateseit (£,,...,2,), HA3BIBACTCE COGCPULENHOL JUIBIONKMUEHOT NOPMAALHOT

gpopaoti (CAHD).

Teopema 1. (Cosepwennas  JussionxmusHas  HopmaavHas  hopma
(CAH®).) Hara no6ol, nepacrots moscdeemeenno 0, n-mecmmnoti 6yaceoti dymsk-
uu f GnnoAnsemes pacencmaeo

. v Np e E1p i
(e1,-En )ELY
S seen)=1

Hoxasameavemeo. Ilycrs €, ..., &, — NPOUSBOILHBI HAGOD 3HAUCHHN MepeMeH-

HLIX Tp, ..., £, Fean Ba arom pabope dyuxnus f upunuMact ssavedne 1, To B
OpPABYIO YaCTh JOKASLIBACMOIO PABEHCTBA BXOLUT COOTBETCTEYIOLAS dJIeMeHTapIas!
KONbioEKIMs 271 & ... &air, KoTOpasi Ha Habope &€, ..., &, 3HAMCHUN [IePeMEHHbIX
Ty, ..., &, OPUHAMAET 3HaueHue 1.

Ecin oxe ma pabope <y, ..., &, 3Ha4YeHE{ NepPeMEHHDBIX Ty, ..., &y, GyHKIW [

uputuncaer suatense 0, To B MPaByio 9acTh PABELHCIEL HE BXOIUT COOTBOTCTEYIOMAL
s/eMenTApHAA KOHLIOHKLIWS 27'& ... &a.. llosromy nrobas BXoidmias B IPABYIO
HaClh 3TOO PAaBEHCTBA 3/1eMeNTaDHAs KONbIOHKLUMS HA paceMarpuBaeMoM Habope
Sly ooy Sy SHAUECHUH LlEPEeMENHBIX Ty, ..., Z, OpuHaMacT 3Hauerne 0. 3HAUUT, Ha
9TOM HabOpe 3HAYEHMil TepeMeHHbIX NpaBas YacTh PABEHCTBA IIPHHIMAET 3HAME-
gue 0. il

£1 En
Vo ke &l

(Ely y\-n)rlnJ
T(gnen)=1

Tepm



§2. HopmanbHble hopmbr

ITPEICTABIAET CODON TUIBIOHKITHIO COBCDIIEHFBIX HJIEMEHTAPHBLIX KOIbIOHKIui. [To-
3TOMY TOBOPAT, 4TO OH HMEET COBEPULEHT (Y10 QUBBIOHKIMUCHYIO HOPMAALHYIO HOpALY.
B copepureHny0 9JeMCHTAPHY KOHBIOHKIIMIO TICDEMEHHLIX L1, ..., Tp KAXKIad U3
TUX TEPEMEHHBIX WJIH ee OTPHIAHHUE BXO/HT DOBHO OJUH pa3. Ecau oTka3aThes OT
3TOro TPeDOBAHKMI, T.€. PACCMOTPETH TPOUZBOILHY IO KOI'LIOHKLMUIO TEPEMEHHBIX WJIH
WX OTPHIAHHHN, TO [M3BIOHKLMA TAKAX KOWbIOHKIMEA HASBIBAETCS NDOCTO JU3BI0H-
MUBHOT HOPMALEHOT POPMOTL.

3aMeTuM, 4TO paBHas TokAeCTBeHHO 0 DVHKIMS NMpeacTaBuMa, HApHMeED, .16
avionM TepMom 11 &Fy. Toaromy aobas byacea Gyrryus npeicmasuma 1mepsost
nad mrooicecmeom uz mpex gymxyul {Z,V, &}, UMMM JIM3BIORKTUBHYIO HOD-
MAJIBHYIO DOPMY.

JIBOMCTREHHBIMU TOHATUIMU K TOHSTUAM COBEDUMIEHHOH AMSBICHKTUBHON HOD-
MaJIBHOM (DODPMBL U JIUSBIOHKTUBHON HOPMATLHON DOPMBI CVIKAT MOHITHS CO8ED-
WENHOU KOHBIONKMUSHOU HOPMAALNOT POPML U KOHBIOHKTNUGCHOT HOPMAADHOT Hop-
ML

Tepum suaa o1 V.. .\/:cff) rae 1 <o < i <y ey, ..., g, € {0, 1}, HasniBaeTCA
paemenmaprotl JussronKyuet BXOSAINX B HETO NEPEMEUHBIX Ty, ..., Zj, .

Tepn Buga & 1:‘;1 \VARRNAY, .,b::, rae KOHBIOHKIUsT Oepercsl 10 HEeKOTOPbLIM Habo-
paM MHIEKCOB (11, ...,1) U rokasaredaci (£1,...,6x), HA3BIBAGTCA KONBIOHKMUBH O
nopmanvrol dopmot (KHOD).

Tepm Buza z)' V...V ain, rue e,...,8, € {0,1}, Hasvizaercst cosepuwennol
INEMERMAPHOT OUSBIOHEYUCT TTEPEMERELIX T, . .., Iy,

Tepat Buga & 7' V...V 257, niie KOHLIOHKIMS OePeTcs (10 1EKOTOPBIM Habopan
roxKasaTesiefl (51, cey ,-',,.), HA3BIBACTCH COBEPULEHHOT KOHBIOHKMUBHOT HOPMANLHOL

popmoti (CKHD).

Teopema 2. (CosepuenHas KOHBIOHKIMUSHAA HOPMAALHAA HOPMA
(CKH®).) /lan aoboti, nepasnold moocdecmeenno 1, n-mecmnotl 0yacsot iik-
yu [ GoMONHAEMCA PABEHCTNGEO

JHokasamenvcmso. Ilyers €y, ..., &, — NPOU3BOJILHBIN HADOD 3HAYUEHHH NEDEMEH-
HOIX 20, ..., Tnp. Bcit Ha stoM vabope dbvisuusa [ npuinvaer snadesue 0, 1o 8
HPaBYI0 '1ACTE JOKa3LIBACMOrO PABEHCTBA BXOJAUT COOTBETCTRYIOMAA /leMeITapiiad
JAWIBIOUKIAA 17V ...V 2", KoTopas Ha 1abope €1, ..., £, 3HAUCHHH 1ePeMCIbiX
Ty, ..., &, npuaUMaeT spaderie 0. A 3HatirT, Ha 2TOM Habope lpapag YacTh [pH-
HuMaeT 3aqenme (.

3

Ecm xe wa wa6ope €, ..., €, SHA'ICHUN [I€PEMEHIIDIX T, ..., L, QyHKIUL [
NPUHAMAET 3gatCHUE 1, TO B IPABYIO YA L DHICHCTBE HE BXOIAT COOTBETCTBY FOLLAS
afeMeHTapHas auabionkimd 17 V..V 2. Tlosromy fr06as BXOAAMAS B IPABYIO
YACTL TOTO PABEHCTRA JICMEHTApHAS AU3BIONKIHAS HA PACCMATPUBAEMOM HoDOpe
£1, ..., Eq SHAUEHHH [IEDEMEHHBIX T\, ..., T, [PUHUMaeT 3Hadenue 1. 3HAUUT, HA

—
o



CnaBA 1. BYJIEBbI ®YHKIMK

970N HaDOpe 3HAUEHUH [IePCMEHHBLIX NpaBas YacTh PABEHCTBA IPHHUMAET 3HAUE-
une 1. &

Tepm

NPEACTABIACT COOOM KOHBIOHKIIIO COBEPLICHHDLIX 3JIeMENTAPHLIX Au3boHKUui. [To-
9TOMY I'OBOPSIT, UTO OH UMCET COGEPULEHHYI KOHBIONKMUBHYIO HOPMAALNYI0 PODMY.
[3 coBepiueHHY0O 371eMEUTAPHYIO M3 BLIOHKIMIO TePEMEHHLIX 21, ..., Tn KaXKIas U3
STUX [ePeMEeHHbIX WIH ee OTDULAHNEe BXOAUT POBHO O/ pa3. Kcim oTKas3aThcd ot
3TOI0 TPeOOBAHUA, T.€. PACCMOTDCT'b TPOUBBOJILHYIO AU BIOHKIIIO TEPEMEHHBIX HIlU
WX OTPHIAHUN, TO KOUDBIOHKUUS TAKUX AMIBIOHKITN HA3bIBAETCA POCTO KOMBIOHHK-
MUGHOT HOPMAALHOU POPMOTL.

3areTnM, 9To paBHad TOXKACCTBEHLO | DyHKIUS npeacTaBumMa, HAIPUMED, Cie-
JVIOIHM TepyonM oy V Zy. [osromy wobas byaeca dyrxuus npedcmasuma mepmom
nad mmonceemeom u3 mpex gynwyut {z,V, &}, uMeonuy KOHbIOHKTUBHY HOD-
MaJILEYIO QOpMY.

{)b0bLIeHIEM [OKa3ailublX TEOPEM CIYKUT CASIYIONAs TeOPEMa O Pa3/IOKeHIH

(pyl.(KLLHH, KOTOpad JIOKa3LIBALTCA aHAJOTHYIHBIM DACCYXK/ICHMEM.

Teopema 3. Tas a0601 n-mecmuot Gyaesott duynkyuu f npu.mobom k (1 < k < n)
GUNOAHAETCA PAGEHCTILEO

flo ooy, = \/ S8 &t s f (e, Bk Ty, T ),

Hpu & = 1 nonyuacres pasaoxkenue [Hleanona

f’ilv'l, Ce -Tn) = (’&[(O Ly, oo In)) 4 (Ll‘l&f(l,.’Eg) ce ”L’n))

§3. SameikanmMe KJaccoB PYHKINIA

Onpenenenne 1. /Jlaa npousconvrozo mroocecmea I 6yaeenr dynsuuti vepes [T']
0003HANAETNCA MHOJICECTNEO BCET GYACGVT PYyHKEYUT, NPEOCNABUMBLY MEPMAMU 1110
anovicecmeom I Muootceemeo (I} naimsoemes 3aMulkaGHUEM MI00CECNGa Gy.ae-
sur pynxyud U Eeau '] = ', mo amooceemeo yreswr dynxyud 1 nasve emon
3AMEUYINDLM.

Orverny mpocreiinige cBoiicTia OUCPAUMI 3aMbLIKAHUSA
1) T C[1);

2) Eemr U C W, 1o [U] C [W],

3) [[T]] = [I].



§3. BaMpIkaHHe KNaccoB (byHKI[MI

Oupepenenune 2. Mnoxcecmso I' byaesns dynryull nasoieaemc ((Pynruuonans-
no) noanum, ecau (Il = Py, m.e. wobas 6yresa Pynrxiyus npedcmasuma mepmos

nad mroscecmeom 1.

Tax Kax KOWbIOUKUMS T1&ZTo MPEICTaBUMa TEPMOM Xy V To, 8 AUFLIOHKIMA
21V 2y — TepMOM T1& Ty, TO U3 OPeALlLyIIUX TeopeM CICAYET MTOJHOTE KaXI0# 13
CACIYIOUIUX TPEX CHCTeM OyJeBbIX (PYHKIIMT

{z,& v}, {z,&}, {z,V}

Tax kak dyuxuus T npeicrasuma repmom z|z, rue | — mrpnx LUleddepa, a
JUSBIOHKIMS Ty V Ty — TepMom (21 |xy)|(23|22), TO noanoti asasemes cucmema, co-
cmoaujan ud 00nol dynrkuun leddepa. AratoruausiM 06pasoM VCTAHABIMBACTCHA
NOANOTNG CUCTREMYL, COCOoAWeT b ud cumeoaa Jlyxacesuua T (cmpeaxu [Tup-
ca |).

PaccMmoTpuM eule OIHY BAXKHYIO TIOMHYIO cuCTeMmy OyieBbIX (QyHKImH. Buecto
718 Ty TUITEM TPOCTO L1To. luk Kak MyuUKLHa T UPEACTaBMMa TePMOM T & 1, TO
LOJIHOR SIBIIETCST CAEAYIOLIas CHCTeMa U3 IeThIpeX DyneBbix (yHKuuil:

{0, 1, 2139, 21 @ 22},

Tepmor B
n

g

; @iy ig, i Tig Liy - - - Tiy D @,

fe <11,

=1 1=11<is

rae XoaphUUUEAThL G;, 4, 5, B @ ~ 910 0 win 1, HazsBawoTCT noaunostamu 2Kezan-
KUHA.
Tak xax 151 OYACBBIX (DYHKIMN BBILIONUSIOTCH DABEHCTRA

fo=gf, fog=9&f, flgbh)=fgafh [ff=/Ff
TO U3 [IPEJCTABMMOCTH [TPOU3BONBHON OYIeBO! (DYHKUMUM TEPMOM HAL MHOXKECTBOM
{0, 1, 1172, 21 © 29}

CHIGAYET NPedcmasumocnG NPoussoLvroll 6yaesot GyrKyuy nosunomom XKe2airu-
HA.

Teopema 1. [pouseonvhan 6yacea GurryuL 00HO3NAUYHO NPEICTRGEUMA TOAUNG-
mom AKezanxuna,

Hoxasamenscmeo. B Cui1y BBULCCKAZAHHOTO 1€00X0UMO JOKA3aTh JULUb U, THO3HAY-
HOCTB NMpejcraBieHus. Benu aBa pasmuaHbix HoJuAoMa 2K erajkuia. npejcTaB HoT
OJIHY ¥ Ty Ke Oy/1eBY (DYHKIWMIO, TO UX CYMMA OYJIET HeHYACEIM NOAUHOMOM 2K e2a-
Kuna, NPedemasasowum moscocemseenno pasryr 0 dyrnxyuwro. Ecin 270T noyuHoM
HMeeT BUL

m

T\ Yl -,

b - by o iy g, i Lig Vg - - - T @,
t=1 l<iy <o, <l =



[J1ABA 1. BVJEBbLI @YHKILUU

TO JIErKO TOHATL, 4To ¢ = 0. Cpeau HedyneBblX K03bDUUIHEHTOB BhibepeM TaKoe

(i g, ity 9TO G4y qp = 1 BT HauMeHblIee U3 BO3MOXHBIX. [Tonmaras z;, = 1,
X, = 1, ..., x;, = 1, ocrasibHbIC MepeMenyble paBubIMU 0, 1TosydnM, 4TO 3HAUEHHE
HOIHHOMA PABHO 1, YTO OPOTUBOPCUYNT MPE, ILOJI0KEHNTO. ]

KOHBIOHKINS Xy, Ty, - . . Ly, HA3BIRACTCH 00HOMAEHOM CTCTCnH k. Cmenenvro neau-
redinocmu, (nmopsiikom ) Mioroyunena AKerankuna hyHKIuM [ HA3IRIBACTCA HAHDOIL-
mast U3 CrerieHedl BXOAATIYX B Hero ogHo ienoB. Creneus Gyusimy [ obo3nadaercs
uepes deg f. @yuxruun crenesd 1 HazbiBarOTCsl ADMURHBIME WM JTHHETHLIME.

Konenno, crpemMsch K MakCHMAJIBHOM COIVIACOBAHHOCTH € aHAJUTHUIECKOH reo-
MeTpuelt, JuHelHoH anrcOpoit 1 OYHKUMOHAIBLHBIM AlAJIN30M, CJACHOBaI0 OBl Ha-
3BATh JUHCHHBIMA DYHKUNMM BUAA G12Z1 + . . . + Gn Ty, & DyHKIMH Homee ofIIero Buia
Qg+ a1z +. .. +a,x, nasrars acdbduraniMu. O gpaxo B jansHeloes byuKIunaM puia
(171 k. ..+ a7z, He OyIeT ¥ esleHo 0coboe BHUMAHHE, TOITOMY Mbl 0y/1eM HA3LIBATD
JUHEHHBIMM HADSJTY ¢ HAMU U PYHKIEM BUAA Gy + Q121 + ... + QnTp.

§4. Teopema 3. llocra o mosmoTe

Bazxuetiimam BonpocoM Teopun 6yesbix GyEKUM aBsercs sonpoc o6 “addex-
TUBIBIX” FCOOXOJMMBIX M JOCTATOUHBIX YCIOBUAX MOAHOTEL CUCTeMb! (hyHKIIT. M-
9ePUBIBAONIMI OTBET Ha HErO B PACCMATPUBAEMOM CIyYac 2-3Ha9nbIX PyHKIHH JaeT
reopeva 3. Iocra.

PacemoTpum crenyroume Nars 3AMKHYTHIX KJAACCOB OYICBBIX (QOYIKIMIL.

IMyers ¢ — 310 0w 1. Kanace C. cocront uz Beex hyHEKIUN, COXPAHTIONIRX £,
T.e. TaKUX QYHKIIH f, /I8 KOTOPBIX BBINOAHAETCA PaBencTro f(g, ..., <) = &, Jlerko
MpoBepHTh, 970 Klace C, samruyt Kaace Ce(n) Beex n-secrubix Gynxuuil, coxpa-
HAROIEX &, cocTouT U3 22" 1 by,

Onpenenenne 1. n-mecmuas dynryus f nasveaemea sumnetnoti, ecau ona yoo-
GACTMBOPACT. PAGEHCINGY 6UIG

Az, o 20) = ao@® a3 B ... D ann,
ede ag, @y, ..., Gy — Purcuposanioni das [ wabop xosfipuyrermos us 0 u 1.

Kuace L(n) n-meemuviz aunetiz $yrwyud coctonr uz 2™ dyuxrmit.

Eme pas samerny, uro gxoiia B imreparype dbyHknun a3 kaacca L(n) nasol-
RAIOTCA agigiunneimvy GyuripsaME. B takoM ciytae smueitaste byaKIm — 510 ad-
hununie dyuxunn ¢ ag = 0, e, dynuxuun BugR a2z D ... D Cn Ly -

Hepes L oBosnataercst Kaace neex jmHednbx gynxomit, Tak xax [ = [{1, 3},
TO JIEFKO TOISITH, uTo L — gamknymud xaace. Bripouem, B 91oM J1erko yoeanrhes
[ HETIOCPC ICTBEHHO,

SN o . o
vupejenenue 2. n-mecmuas Gynsyua f nasusaemes camodsoticmeeniot, ecau
0116 YOOBAETNBOPALTN, PAGEHCTNEY

f(ﬁ'xl) sy ﬁiEn) = -'f(wl) S )In,)-
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§4. Teopema 3. Ilocra o nosnore

Obosznauum vepes S kaace 8Cer camodeoticmeennz Gynruul.

Tax kak na mabopax (£1,...,6,) # (€;,...,5,) N-MeCTHAS CAMOABOKCTBEHHASL
QYHKUMA NPHHEIMACT UPOTHROLO/IOYKHBIE 3HAYEHHST, TO /IS €€ 3aalHsa HeoDX0IuMO
annis 2"/2 ¢Tpok Tl niBl, H0ITOMY Kiace S(1) N-MECTHBIX CAMOMBOKCTBEHILIX
byaxumit cocront us 27 snemMenToB.

Teopema 1. Kaace S camodsoticmeernonr Gyrkyutl 3amkHym.

Hoxasumenvcmso.  Tak Kak Kaxkasd MCPEMEHHAT Z; 34,1361 CaAMOABOUCITBEHHY
(byHKLMIO, TO JOCTATOYHO AOKA36TH, UTO CCU G(T1, ..., ), fi(zy, . .. @) .,
fm(e1, .., 1) — cavompoiicTBerubic GyUKIuY, & QYHKIMs [ SBIACTCA UX CYlep-
ITOBHIHCH, T.C. Y, 10BJACTBOPICT PABETICTBY

.,{(-7;1, ce :In) = g(f’l(@';b B ;-Tn)a R fm(fvlv ey xn)))
T0 f- camoasoficTBennas (Gynkuus. Ho 9To cpa3yv ciegyer u3 paBeHcTs
f(ﬁml)"')ﬂ;z‘?L) :g<fl ‘f‘.w"') Ir‘l:n))"‘)f'fn(_\ml)'")ﬁl"?l)):
)7 ')ﬂf'm(z.l)"'al‘n)):
= _jg<fl('/z"l: T )xn)> Ve af'm(xla s srn» =

B nokazaTesbCTBe Mbl BOCIOJIB30BAJMCH BO3IMOXKHOCTHIO BBEAEHUST (DUKTUBHBIX
MepPeMEHHBIN, T03TOMY MOTVIH CHUTATE, YTO QYUKIHU 3uBUCAT OT OIHOIO M TOr0 >Ke
Habopa nepeMeHHBIX. IIpu 9TOM camy NEePEMEHHYIO T; Mbl MOYKEM TPAKTOBATH KakK
N-MeCTHYIO (DYHRLUMIO npoexTupoatud UMz, ..., z,).

JLst ompe1eNetust 1LTOr0 HeOOXOAMMOTO HaM aMKHYTOTO K1acca, (byHKIMI onpe-
JleTUM Ha, MHOXKecTBe ) OTHOIUeNMe TaCTRHHONO [0y AKa, 10arad /sl HabOPOos
Q= (0’517 o )C{n) 4] /3 = (!‘6)17 e sﬁ'ﬂ,)

a<f = m <& &a, <0,

O4eBWIHO, UTO 0MHOWEHUE < HA MHOACCCNEE K. ABAALTNCA OMHOWEHUCM “HAC-
MUYH020 NOPATKL, M.€. 010 DEPACKCUBHO, MPANIUNUGHO U GHTNUCUMMEMPULIO.
Onpenenenuve 3. n-meciniaf Gyris s [ HA36CAEMCA MOHOMOHHOU, CCALU TAR L10-
Ovir ey HabOPOS 3HA UL (o QPRYMEHMOS (¢ U 3 ud Hepaseicings o < [F cacdyem
nepasencmeo f{w) < f{J).

O6osrauunt yepes M (n) KIACC BCEX N-MECTULIX MOROMOHNHOLT QYHKIMIE, a qepes
M — Knace BceX MOHOTOHHBIX (DYHKIH.

Bonpoc o Gynxmuu $(n) = |M(n)|, wucio anemenmos mroscecmea M(n), B o1
nuaue oT paccMorperusix auitme Gyuxuuit [Co(n)|, [Cy(n)], |L(n)l u |S(n)|, seagercs
cymectBeHHo bosice ciaokubIM, [TpuBeeM HEKOTOPbIE CBEAGHUST HCTOPUYECKOTO Xa-
paKTepa, 3auMCTBOBaHIbe B3 kuuru B.M. ®omuuesa [47|. Cama nocranosga BOIpoO-
ca poexoaut K P. Hemexunty (1897 1), Vim ke Obiiu BbIUMCIeHD 3HAUEHHST (DYHKIUH

17
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I'JIABA 1. BVIEBBI ®YHKLIAU

O(n) npu n < 4. B 1940 r. P. Yepu sorancana ¢2(5). B 1948 r. M. Yop,1 Bbraucin
(M(6)] m nosiyanst HIKHIOW OLCHKY

0B < p(n), tme B(n)=C4 ala] — meaast vacts .

n

B kavecrre mepxuelt ouenxu dyuxumu ¢(n) nepsonadansHo cayskuia hyik-
ups nM. Dra oueHKa MOCTeNedHO B psje paboT yToUHAMAch B OblLia JIoBeeHA
o 3P0 Takum 06pazoM, GbuTl yeTaHORMEIHL! HCPABEHCTBA

250 < |\M(n)| < 350,

B iocieayiowdX padoTax Ity HepaseHerBa Y POHHAIMCh, 1 ObLId [1OJIyYetd acHMII-
TOTHYIECKA OLeHKA (DYHKIWK ¥(n), onHaKo obCy»KJeHHe ITOrO BOIPOCA YBEIO ObI
HAC CJMIIKOM JAJIEKO OT OCHOBHOM TeMbl. Mpl UL XOTENH IIPOJEMOHCTPUDOBALD,
Kak OJIMRKO OT OCHOBHOM TCMBI HALTIETO OOCY K ICHUA HAXOJHUTCSA OUEHL CJIOMXKHBIE
MATeMATHIECKUE BOIPOCHI,

Teopema 2. Kaacc M mornomonnsir Gyrkyud 3amKHym.

Joxasamenvemso. Tak kak Kaxasa nepeMernast 2, 3a.0aeT MOHOTOHHYIO (Y IIKILIO,
10 JIOCTATOUHO JOKA3ATE, UTO €Cant §(Z1, ..., &), fi(Zy, . 20), ooy flza, .o zy)
— MOHOTOHHBIC QyRKUMYA, & Gyukima [ ABIAerca HX CYLepnosuluei, T.e. yaon/e-
TBOPSAET PABOHCTRY

F(@y @0 = g{Fil@iy. oo, Ba), s v fn(Brie s 5 80),

ro f — souoronnas Gyuxkuaa. Ho aro cpasy coenyer ns nepaserncTs

fla) < ) & ... &,fm(o:) < f}n,(ﬁ),

.{](f] (Q),fm(ﬁ)) S g(\/b.l(/@)):'“').f?‘ll(ﬁ))? f(f\j) S f(j>

O
B eopuu Oyienbix QYHEKUMIT BAXKHYI0 DOJIb HIPACT CCAYIOMA TeopeMa, J0Ka-
sanuag 3. TlocToM.

Teopema 3. (3. Ioct) Jaa mozo, wmobu cucmema dynwuyut T Guae noanol,
HeoDTOOUMO U JOCTRATNOWHO, WMOBb OHG Ne COOCPIHCAAACH MU 6 00HOM U3 NATNU
samxrymmr waaccos gynxyut Cy, C1, L, S u M, m.e. wmobws 8 mell mauniucy
maruc gynruuu fo, f1, f2, fz v fa, wmo

fo g Co f1¢Cr o L, 3¢S fig M.
HeobxomMoeTs yKa3aHHOrO YCAOBUS 0TI, 11,

,IOK&BE)'I‘C&)'KI;CTBY €1'0 JOCTATOYHOCTH TPaJUI[MOHHO LIPCAITCCTBYET HOKA3ATE/IH-
CTBO HECKOJBKHUX JIEMM.
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§4. Teopema 3. Iocra o mosHoTE

Jlemma 1. (Jlemma o HecamogpoicTBenHOR dbyakun.) Femn f — HecamoaBoii-
crBerHas OYHKIHUS, TO Yepes Hee d OTPHIAHHE BLIpasHvbl obe koHcranrsl 0 1 1.

Jlowasameavemeo.  Ilycers [ — necamompoiicreenas dynkiug. Torma Haitaercs
TaKoit HAOOP (E1,...,Ey), UTO

Paccvorpum dyHKIHIO

Torua

= fler,o - nen) = F(I7,...,17) = ¢(1).

Buaunt, GyHKIUS @(2) — KOHCTaHTA, Toraa @(x) —— Apyrad KOHCTAHTA. J

Jlemma 2. (Jlemma 6 HeMOHOTOHHOW dyHKIuU.) [ean [ — HeMOHOTOHHs
GbvHKLHS, TO Yepe3 Hee H KOHCTAHTH () M 1 BBIPA3NMO OTpHIAHAE.

Loxasameavcmso. Ilycts f — HemoHOTOHHAT QYHKIM, TODMA HAKAYTCS ABA TaAKNX
Habopa « u 3, aro o < 3, o f(a) > f(B) (wanomuny, yro o < § & a < G&
a # (). Tak xak ot nabopa o x HabOPY [J MOXKHO MepedTH MyTeM KOHEYHOI'O
uucia npeobpasosannil THna “ofuH HyJeBoll anemenT nHabopa 3amensercd Ha 17
u fla) > f (B), To uaittyTest Takme ABa “coceauux’ nabopa & u B, yTO & < 3, HO

£(@) > £(3). Tvers
a = (alw")()"i'»luotui—i-l:-'-aan\)) /[3 - ":a'l)' e >a7§--—1»1>ai47'- -, O ),
f(ah'“)Qil‘])olalt-}»l:‘"7an> - 1) f(al:--"(—Yi~1>l:ai+1)-'~)(\"n) =0

PaceMoTpum OYHKIIIO

p(z) = flar, - o Q1 T Qi -, G,
Torma p(0) = 1, (1) = 0, re. o(z) = T O

Jlemma 3. (Jlemma o nenuneitnoi dpyuxnmn.) Ecny f - nennneiinas oy KIS,
TO Yepes Hee, OTPHUIAHAC U KOUCTAHTE! 0 1 1 BEIDABMMA KOHBLIOHKIMST.

Joxasamenvemeo. Tak xax f — nejunciinaa $yHKIME, TO COOTBETCTBYOLMKA eff
ITONMUHOM 2K eraTKiba COULPXKUT CaraeMble CTEleHY He Menee Byx. MoxuHO ¢ul-
TATH, YTO ITOT OTHHOM UMEeT BT

T12 f1(Ts, . - ,fn,) @ rifaleg, . Tn) D xofa(as, ... , Ln) @ falzs, ... L),

UPHYEM HOJUHOM [5{X3,...,Z,) HE PABEH TOXKJECTBEIIHO HyjlI0. SHATUT, Hafay1cd
TaKHe €3, ..., &y, UTO f1(€3,...,6,) = 1. Paccmorpum dyrxuuio

©(z1,22) = f(21,29,83,...,€n)
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'1ABA 1. BV/IEBBI ®VHKIUU

Torna

o(z1,12) = 1122 & amy & Py @ 7.
B cuay pasencrsa

Pz ® B, 2@ ) = Tz ®af &Gy
1LOy9aeM, UTO

212y = o(x, & B, 22 F ) G af Sy

Jlna 3aBeplieHts JOKa3aTe/IbCTBA JEMMBI OCTAETCS 3aMeTUTh, UTo = & 1 = . O]

[Ipucrynaem K gokasarenseTsy Teopemsl J. [ocra. Ilyers fo, f1, fo, fs v fa
Takue PYHKINM, 1TO

fO gC()) f'l ¢C1) fQ %L, .f3 ;ﬂrL: S) f4 Q‘ j\/{

Bocnossayemcst byHkmuamu fo, [1 v f3 AJis HOCTPOeHHsT KOHCTAHT O u 1.

Tak kak fo & Co, 10 fo(0,...,0) = 1. PaccMoTpuM /B0 ciydast.

e m fo{1,...,1) = 1, To onHa koHcranTta 1 yxe ects fo(z,....,2) = 1, a
BTOPYIO NOJYYaeM M3 PABEHCTBA '

0=/f01,....1) = filfolz, .. 2), ..., folz,. .., 2)).

Eemm e fo(l,...,1) =0, T0

ITo nennve 0 HecaMOIBORCTBEHHOM MYHKIMH 13 (PYHKUEE T U f3 11oJydaeM 0be KoH-
cramtel 0 u 1.

Uenonbsys xorcTanThl 0 1 1 ¥ HEMOHOTOHHYIO (DYHKIWIO [y, TIO JeMME O HEMO-
HOTOHNONH (PYHKIMY MONy4acM OTpHIIAHNE T.

Vcuonssysa koicranrst 0 u 1, oTpuyanve I nue unednyio QyHKIuo fo, 110 JEMME
0 HeAWHEHHON DYHKIUM NOMYIaeM KOHBIOHKIHI T1&T5.

Takum obpasom, {Z,z1&x9} C [I']. Ho torna

PQ = l{"Z, l’l&.’ljg}] g lF] C_: Pg.

Bnaswr, [[] = P.

Crencreue. e [N — noanast cucrema Qyuximit, 7o B Helt CyUecTBYeT MOJHas
MO/ICACTEMA, COCTOSTNAS U3 9eThIpex yHKITHT.

Iyers fo, fi, fa, f3 1 fy — Taxne QyHUMHE U3 cucTeMbl [, 9T0
fO ¢ COv fl §i (/J f2 ¢ L) f,3 Q‘ S, f1 §_ M.

[ToxaukeMm, 110 OjJHY U3 91UX GYHKIMHE MOXKHO VIAIUTH, HE HAPYUIAS [OJIHOTEl CUC-
TEMBL.

Ec fo(1,...,1) =0, 10 fo & Cy u dynkuyio fi MOXHO y/1aUTh.

e ke fo(l,...,1) =1, 10 fo € S ¥ MOXKHO YA MTE QYHKIWO f3.
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§4. Teopema 3. Ilocra o nossore

[Tokaxkem, 4TO ganbHEUNIee coKpalleHue duciaa (pYyHKUME B TOMHOR clcTeMe He
BCCL)A BO3MOKHO. PaceMoTpum cucremy ud verbipex dyukuuil fi = 1122, fo = 0,

=2 ¢ SR — T v T A - f f ‘ 1 g N £ a4
fai=lunfi=x @220 13 Torma fs € Co, 2 ¢ CL, L€ Su fug M fi ¢ L, re
CHCTEMA, U3 TICTBIPeX DYHKWUE f| = 2129, L =10, f3 = 1u f; = 2, ® zy D 23 nosna,
HO

{(fos s fa} € L, {fi,fs fu} © Cyo {A foo fu) € Co, {h, fo, [} € M.

Cuepacraue. JI000if 3aMKHY ToIH K1acC OYIEBbIX (DYHKIMHA, OTAMYHLIH 01 Kiacca Py
BeeX (DYHKUMT, COJEPXKUTCH B OHOM U3 AT 3aAMKHYTLIX KJIaccoB dpyuxkuuit Cy, C1,
L SwM.

B 1921 r. 2. [locT gast moJiHOE Orlpcaiiue BCEX 3aMKHYTBIX KilaCCOB OY.1€BBIX
bynxuuit. Cooburenne 06 3TOM BLIAAIOLIEMCS] PE3YJILTATE ObLIO OMYOIMKOBAIIO B 3i-
verke [55], & noapobHbIe HoKa3aTeNbCTBA U3NOXKEHLI B8 MOROrpaduu [56]. Vx usio-
JKEHWIO TIOCBATIEeHA U MOHOrpacust [52].

9. [IocT yeTaHOBHI, YTO MHONCECTLBO BCET 3AMKHYMDLT KAUCCOS OYALCHLT (PYHK-
YU CHEMMHO U 8 KAAHCIOM 3amrHymom Kaacce K cywecmsyem KoHewHaa CUCnema
dynxyut F C K maxas, wmo K = [F]. Eciu opu 9ToM HY Jylg KAKOro COBCTBEH-
HOLO NOAMHOXKECTBa, Fy Muoxecrsa F' He BbmosHgetrcs pasenctso K = |[Fj], To
MHOXKeCTBO /' HasbipaeTcs Hasucom Knacca K.

Hanpunmep, dasucamu knacca S caMOIBOUCTBEHHEIX DyHKIUN gBISIOTCS CTeTy-
FOLIME TPH CUCTEeMBI DY IKIHE

{((z&f) V (2&2) V (G&2)}, {{a&y)V (2&2) V (y&z)},
{z, (x&y) vV (2&2) V (y&z) }.

Basucom xnacca M MOHOTOHHBIX (DYHKUEYN SBASCTCT CUCTEMA, N3 YeThIPex (MyUKLMAd
{{(zVvy), (z&y), 0,1}

Oynaxuna {z&y) V (& z) V (y & 2) obpasyer Sasuc noaknacca kiacca M, cocto-
AUIEro U3 CaMOABOMCTRCHILIX MOHOTOHHBIX (DYHKUMEL.

Basucom kiacca L MHHCHHBIX (DYUKUME (BISIETCS CUCTeMa U3 JIBYX (DyHKITHH
{0,(zy 1)}

Ncuepnbipatonmiye CBeACHUA 0 3aMKUYTBHIX Kjaccax OyieBbix (DYHKLHE MOXKIO
nafitn B Mororpacdnu [52].
Onpenenernue 4. Samnnymol wacce byaesor Gynxyud, omanunvd om gaacea Py
geexr PYHRUULL, NA3VUEACTICH MAKCUMAADHDIM, CCAU OH HE COOEPHCUMCA HU 6 KAKOM
JAMEHYTOM. KAGCCE, OTMAULIOM O, HE20 CAM020 U Kaacca Py scer gyrnyil.
Crnencrsue. | [1000# MakcuMaIpublil Kirace OYneBbIX QYHKIMHE COBIIAARET ¢ OIMIIIM
U3 TATH 3aMKHYTBIX Kjaccos dyuxnuit Cy, Cy, L, S u M.

MaxcuManbHble Kaacchl OYHKIUE HOCIT HABBAHUE NPEINOAHOLT KJACCOB. 10
CBA3a10 ¢ TeM, 9To eciun K — makcumanbHb Kiace, To [K] = K # Py, w0 L
suoboit dbyrkumn [, ve nxoygmei 8 K, [K U {f}] = P,



I'TIABA 1. BYJIEBBI ®YHKIIUU

[MokarkeM, 4TO KaxCObl U3 namu damxnymuz xaaccos dynxuut Cy, C1, L, S
u M A6A8EMCA MAKCUMAADHDLM.

Koreuno, 3170 MOXKHO Ob1T0 OBl JOKA3aTh, HCHOIL3Yd jdeMMy Llopra, ognako ta-
KOe JOKAZATENbCTBO ObII0 Obl “CAMIIKOM JaJIeKo OT AMCcKperHo# maremaruxu’. Tlo-
TOMY DACCMOTDHM B HEKOTOPOM CMblcsie “00/iee KOHCTPYKTUBHOE  JOKa3aTebCTBO,

Jtst 1oKa3aTe 1BCTRa JOCTATOTHO BOCHOAB30BATHCA CIACLY OULCH rabsmiei [oc-
Ta.

C() Cvl L S A/[

+ - + - +

Iy-— 4+ + - +

|- - + + -

x|+ + - = A+

@SB3l + + 4+ + -

LT D ToZ3 BT 123 + + — + +

Hamauue + (—) Ha riepecedeHUn HEKOTOPOU CTPOKH M HEKOTOPOTO CTONOUA CBUJIE-
TEILCTBYEr, 9T0 COOTBEICTBYOWAS (DYHKIUS BXOAWT (HE BXOAMT) B COOTBETCTBY-
roimit kiaace. M1 ocraercs Bocnoss3oBaThest Teopemoit 9. ITocra. Hanpumep, amia
YCTAHOBAEHUA MAKCHMAJLIIOCTH Kaacca [ 3aMeruM, 970 ILTI0CAM U3 3TOr0 CTo/bua
B Ka)XJOM U3 OCTaBIIHUXCH CTO0LOB COOTBETCTBYET XOTH Obl OMUI MUHYC, NOITOMY
Jilst NOJTYYeHHsl TIOJIHOM CHCTeMbl (DYHKOMH JOCTATOYHO K CHCTeMe L MPUCOEIUINTD
JI00Y10, HEe BXOISILYIO B Hee (DYHKUHIO.

B sakaouenne niaparpada paccMOTPrM BOIIDOC O HAXOXKUEHWH BCEX MOJIHBIX CH-
creM B Kaacce Po(n) BCeX n-MecTHBIX (DYHKUMM.

J1g sroro 3anyMepyeM Bee n-MecTHBIe (DYHKIWM, HaIPUMeD, Cae1yIouuM obpa-
3oM. 3acbuKCcUpyeM HYMEPALHMIO BCeX HAOOPOB (&1, . ... £, ) 3HAYCHUAA APIYMEHTOB,
HalPUMED, B NOPSJIKE BO3PACTAHUA LMBOUIHBIX HUCET

A U e
Eil - Eia=2 Eat... +Egm

Dyukmud f UpUCBOUM HOMEp

f(gl,b ces 161,7L>_._/‘<"':—2:7 -4\ 7‘3:'2,”-) ’ _fE;‘,]i_— “35—2_"‘,714)'

3ameTHM, YTO IPH Takoi Hymepauuu HoMep 0 OyaeT y BymeBoi (hyHKIMH, & MaKCh-
M IbHBH gomep 2% — 1 — y e MHIYHOM Bbyuknmy.

Hyers m = 22" — 1. Paccmorpuy ralnuiy

| Co G L § M
0 B g ¥p,2 &3 & 4 &g 5
1 a1 Qa2 G134 Qg

M | G Cmo (3 Cgpg Qs

rae a; ; =1, ecan byHKuus f; He NPUHANIEKHAT J-OMY K.laccy, # «;; = 0 B IpOTHB-
HOM CJlydae.



85. CH0XKHOCTH HEKOTOPLIX 34104

3

3anuceiBaeM yesloBue  Bomd noanod cucmemoti dynryull’ B suge “hopmysisl

ay y==l

ITpeobpazyem 3Ty “dopmyay” B IKBUBAIEHTHYIO “DopMyiy” Brua

v & fi
€A JEB; fj

Torga BCe MOMIHBIE CHCTEMBL (DYHKIMH AAKTCA CEMERCTBOM MHOMKECTB

({f7 IJ = Bl}>z€A-

§5. CJT0KHOCTH HEKOTOPBIX 3a/1a4

IIpobaema 8HNOAHUMOCTIU 04 DYAEBHLT GYHKYWL COCMOUm 6 onpedeituy
N0 NPOU3BONLHOU DYAEBOU PYHKULUU, CYWECTNBYEM AU Makol HAbOD 3HOMCHUT ee
APRYMEHMOB, HA KOMOPOM O0HA NPUHUMALIL 3HAYEHUE .

st perteHus npo0iieMbl BbIOAHUMOCTH CYUECTBYET MPOCTOH alrOPUTM 0. 1LIO-
ro nepebopa Beex HaOOPOB BHAYEHUH ApryMEHTOB N-MeCTHOH MYHKUUU f ¢ BhUUC-
JIEHUCM ee 3HadeHus Ha KakuoMm nabope. OnHako momoOHBIH aJlOPATM HC MOYET
PACCMATPUBATBCT KAK “PeANLHO BBITONTHUMbBIN, TaK KAK B IIPOIECCE erO BhITOJIHEHM T
B O0IEM Cly4ae MPUIALTCA nepedpath 2" HabopoB 3Hadenuit apryveHnTor. Ho ecin
Oynera (BYHKIMST 38,1aHa TePMOM JUIVHBL L, HAPUMED, KOl LIOHKTUBHOR HOPMA Th-
HO# DOPMOIi, SIBJSLETCA BBIIOIHUMON U HaM “‘opaxyn” coOOHI COOTBETCTBYIOULMIH
BBIUTOJIHAIONMHE 1A00D, La36IBAEMBI B TaHHOM CIyYae CEPMUGUKAMOM Eolno/ -
MOCTIAL, TO MBI MOYKEM 33 TIOJIMHOMBAbHOE BpeMs. 0T L yOearLes B PaBH/ibHOCTH
(mocToBepHOCTH) 9TOrO cepTuduxaTa. [109TOMy rOBOPIT, 4TO0 NPOOBAEMA BBINONA-
Humocmu 0asn byaesunx Gynruyut npunadaescum xaaccy NP. Ona asas-
eMCA 8 IMOM Kaocce ‘camoti cpoxcnol” zadavueli ¢ mom cmbiene, 4mo
200608 360010 U3 IMO20 KAGCCO 3G NOAUHOMUGABHOE SDEMS CE800UMCA K
netl. JJobayg npobrema, K KOTOPOM 3a IOJUHOMHUAJIBHOE BPEMSsL CBOIUTCA 11PO0. [eMa,
BBITOJIHUMOCTH JUISI OysieBbIX Dytkiui, HaspBaercs N P-mpydnot npobac.aorl.

Teopema 1. [Tpobrema 10A10MbL OAA KOHEYHDIT CUCTIEM DYACBHEL DYHKUUT ABASA-
emes N P-mpydnoi.

Jovasamenrvemao. 1nst npoussonsHoi n-vecrnoit 6yaesoit dbynkugn f(ry, .., T,
PACCMOTPUM DYHKIIAIO

gp("l:h s Ty Y1 @/2) = (f(',[".xa s :En)&/’"‘yl) vV (_"y2>'
ITokaxen:, 4TO
49 N .y - +
pyrxyua f(xy, ..., Ts) BUNOAHUME M020Q U MOALKO M020A, k0204 CUCTLEMA,
{e(xr, ..o Tay U1, y2) ) NOARA.”

23



[ViaBA 1. BYJIRBBI ®YHKUUU

Fean Gyuxumst f(zy, ..., T,) HEBBIIOIHUMA, T.€. OHA TOXKIECTBeH!O pasHa 0, TO
Sy T, Y1, Y2) — 970 (). Buauwr, [p(Ty, ..., Tn, Y1, Y2)] & L # Pa.

Hycers dyuxiwma f(T1, ..., T,) BbIIOTHEMA U (€1, . .. ,En) — TAKOW HAOOD ee ap-
PYMEnTOB, w10 f(e1, ..., &) = 1.

1715 JAOKA3ATENHCTBA TOJHOTBl CHCTeMbL {(Z1, ..., Tn, Y1, Y2)} BOCIO/IB3YEMCSL
teapemoit 3. oviw.

Tak xak ©(0,...,0,0,0) =1ne(l,...,1,1,1) =0, 10 o(z1, ..\ Tny Y1, Y2) & Co
(. T, Y1, y2) € Ch.

JTonyerm, uto (T, ..., Tn, Y1, Y2) € 1.

Toraa BeINOIHAETCA PABEHCTBO BUAA

Wiy Ty Y, Y2) = G0 @ a1x1 O ... & s, & biyy O baya.
3 KOTOPOro noJIyIacM
2lEn 8 YL Ye) = D as1 @B aus, &by @ bays,
YUYz = by D byy & baye.

Yo nporrsopeunt Hemmnednoctn dyuxunu [eddepa |

Buaunr, (1, .., L, Y1,Y2) € L.

Tax Kax

oley, .. ,60,0,0) = 1, @ler,...,6n,1,1) =0,

1o 2Ty, .o, Tn, Y1, Y2) € M.

Jonyerun, uto p(zy,. .., 2, y1,42) € S. Torna

O(Ty, ., D, Yy, TY2) = (T T, Y1, Y2),s

TR

;;fl-\_"/rl: Sy “‘17*71,)&91) Vys = (f (171) ce )I'n,)&_'y]) \ (_‘LUZ) =
= (B ) Vi)
Mosaran (x, ... ap) == (=00 e, ), e 0= f( — w‘,L_)‘, HOTY THM

(yi Vo) = (= Vy)&ys.

Banena y; Ha £, a yy — Ha —e AaeT papercrso 1 = 0.
[Tonyyersoe nporuBopeure MOKA3BIBACT, YTO ©(T1, ..., Tn, Y1, %2) & 5.

Ioaromy 110 Teopere . Tlocra [¢(z1, ..., Tn, y1,y2)] = P U
Tax wax [@(x1,..., 20,791,420 = P moeda uw moavko mozda, roz0a

- Y 2. N
Ce (e, 2, Y, Y2)], nae | - wrpux [Medydepa, to nonyuaen
Cuencrsue 1. IIpobrema BxoxxieHns B [¢(Ly, ..., Zn, Y1, y2)] N P-rpyaua.

Paccyorpuns TpyIHOCTE TPodIeM BXOXKAenus B Kaacenl L, M u S.
lak Kak DyHKIMA (1, ..., Tn) 8NOAHUMAE MO200 U TROABKO MO200, K200

fzn o za)&(yi&eys) ¢ L,



§6. Crexrpa/IbHOE passioxeHve OYIeBbIX (byHKIIHI]

TO I1oJ1y*1aeM

Cunencrsuce 2. Ilpobaema sxoxicuns B kiace L spaserca N P-rpyanoii.

Aranorwaro, Tak xax Gyurund f(zy, ..., ;) BHIOOIHKMA TOTAA H TOJILKO TOL/IA,
KOTJia

f(mlv S )zn)&(gl) ¢ M,

TO NOJIY4HaeM
Caencrsue 3. [Ipobiuema Bxoxdcuus B Kiace M seaserca N P-1pyaHoii.

lloxaxkem, aro dyuriwst [(xy, ..., Tn) HEGHINOAHUMG MO200 U TROALKO M020a,
ko020
f(a;ly cee ):I:71,) 4 0 € S

Ecmm dyukuns f(z. ..., L) HEBBITIOJHIMA,

iz, z)Vyr =y €5

Honycrum, w10
f(-fCla s :I‘n.) \ n & S.

Torua npu MIOOLIX 3HAUCHUAX T, ..., Lp U Y| BBITOJHACTCS DABEHCTBO

f(ﬁm'h ) ﬁ3577) Vooy = ﬁ(f(xl) e 7172) \ yl)-

3uauurT,
f(_j‘:r"l) R )_1"‘7‘”) v YL = ﬁf('rl: Ce >:E'Il)&{ﬁy1'
[Tosrarast ;= 0, noayqaenm, uto f(xy,...,%,) PABHO TOXKAECTBEHHO .
Te. f(zy, ..., 7,) HEBLIIOTHIMA.,

[TosToMmy moayyaem

Cnencrue 4. Ilpobuesma pxoxkyennst s kaace S spasicres N P-rpyviaHOm.

§6. CnexTpanbHoe pa3joxKenue OynaeBniX PyHKINMA

Byiessr (hyHKIMUA UTPAIOT BAKHYIO DONbL B KPUNTOIpadUu Kak BaXKHOE Cpejl-
CTBO [POEKTUPOBAITHY JNEKTPUHEDIX IH(QPATOPOB, BIPOYEM KAk 1 KOMIIBIOTCPOB, U
HCCIEJIOBAHNS UX CBOUCTE.

OmHOM U3 CaMbIX 3HAMEHUTLIX LHhPMAIIMH BTOPOI MUPOBOH BOMHBI ObLTA “DHUT-
va” (“Enigma’); B yeTpoieTse KOTOPOH BAXKHYIO POIL MDA WHQPYOLINE JHCKH.
Ee worCcTpyKLHs ObL1A HECKOIHKO YCJIOKHEHA IO CPABHEHMIO ¢ IIPCIIIECTBY UMM
JICKOBBIMU UMD PMATITHHAMY — I10CIE JJUCKOB Pacliofarafach HEMOUBKHAS 00pa-
TUMAs PO3ETKa, KOTOpas 00ecnedrBasa, DOTONMHATEIHLHOE TDOXOXKICHIE HUMITY1bCa,



['TABA 1. BVJIEBbl ®YHKUUN

TOKA TIEPE3 CHCTEMY JMCKOB B 0OPATHOM HALPAB/ICHME, YTO AaBajio JBofHOe mud-
poBanue Kax10ft Oyxsel. Qo n3 ocobeHHOCTEl "DHHIMDBI” OBLIO HEPABHOMEDHOE
NBHKCHUE QUMCcKOB. B 1923 1 “Quurma’” BhICTABIIAIACH HA KOHIDECCC MEXKAYHAPOIITO-
ro nouarosoro cowosa. Opnako 10 ner 2TOT IPOEKT He MMesl KOMMEPHUEeCKOro yerexa.
Jluus nocsic npuxoda K Bractu 8 [epmanuu ['wiviepa B IEPUOM NEPEBOODYXKEHMS
HEMELKOH AWM M BO BPEMs BTOPOR MUDOBOU BOMHIBI “DHHIMA’ CTajia IIMPOKO WC-
nods3osarecs 3 apmund, BMC u BBC lepmatit. DToMy, B 9acTHOCTH, CIIOCOOCTBO-
pasla NOPTATUBHOCTL “DHurMbl”, padora or OaTapen i ODPOYHBIN, HOTSKEBIH Jepe-
Bsnroiil byrnap. B pamxax omepariun “YiabTpa” anraHHcKUM crercay:k6aM yaa1och
BalTH Criocod YUTATH MePeniucKy, 3audpoBatilyio 1 “Duurme”. 91a BOIMOKHOCTD
LEHNJIACh HACTOIBKO BBICOKO, 4T0 Y. Jepumis HaKTUIecKH MOXKEPTBOBA IOPOJIOM
Kopeurpu 1 €10 sKUTe/IsMl, KONIa, aHMTHHCKUM CenciyKbaM y/1amnoch epexsaTuTh
¥ pacmudpopaTsh coobiienne, conepxkariee uHGOPMANUIO O 1aHe HOMOADIMPOBKH
ATOTO IOPOIa HEMEIKON aBHuamnueil -— te ObUIN IBAKYHDPOBAHBI XKHUTEC/H, 11C IPCIIIPH-
HSIThI CEPBE3HBIE JIOMOMHUTENBHBIE MEPHI DE30MACHOCTH, HOO HTO MONTIO HATOJAKHY Th
HEMEIKOe KOMaH/IOBaHHe Ha JOTragKy, 470 UX 3allndpoBaHHAA [EPENUCKa UHTaeT-
Csl TIPOTHBHUKOM. MBI BO3AEPXKUMCST OT MOPAJILHON OLEHKM MOZOOHBIX ACHCTBUIL
OpPUTAHCKOIC PYKOBOACTRA, 100 MOpPaJ/bHLIE OLIEHKH B MOKOOHBIX CHTYRIHUAX BECEMA
3ATPYAHUTENbHBI — OHM JAIOTCH BBUKHUBIIUMHM, a4 He NOrMOIMMU, TPUHECEHHBIMU B
YKEPTBY.

Jlns nepebopa KIIIOUEBBIX 9JIEMEHTOB “DHUIMMBI ¢ ULJBI0 PEHIeHUs 3a a4y ee
femudposanug B 1942 rofay rpynnoit GpUTAHCKWX CIEHHAIACTOR 10T PYKOBOACTROM
A. Tbropusra Oblma CKOHCTPYUPOBATa NepBas BhIMucHuTe IbHag Mamuia “Colossus’”.
OroT nepBblil OPUTAHCKUH KOMIBIOTED CTAX MOIIHEHITUM OpPYAHEM JUIsl aHajH3a
AJLOPUTMOB (D POBAHS.

Muoxkecrso [(f) Bcex HabopoB apryMeHTOB, Ha KOTOPBIX N-Mecriad hynkuus f
NPUHMMAET 3HavyeHne 1, naselpaercs 0baacmbio ucmunnocmu byBkuuu f, a 4ucio
3JIEMEHTOB B HeM — gecom Dyuxnuu f u obozraqacres gepes || f]].

fAeno, uro 0 < || f|l < 2™ Panencrso gocruraercd Ha bYHKIHIX KOHCTAHTAX 0,
vl

pe Al — on—1 . B AT . y '
Econ i|f]] = 27", 10 dyukuus f HasblBaeTCS PREHOGEPOAMNOT HIIH COLAGHCU-
DOGANHOU,

Ha sexroprom npocrpascTse V,, = EY Bcex n-MepubX 6V/IeBBIX BEKTOPOB Hall
nones  Zp paccMOTpUM  OWIMHeHHY0  (yHKOMIO, nojaras Ul BEKTOPOD
a=(a),...,a,) 0 b= (by,...,b,)

(a,b) = ayby @ aybs @& ... 2 @by
A1 TPOUSBOIBHONO PHKCHPOBANIOT BEKTOPa @ = (a1, .. ., ty) dyHKLK
(@,2) = a2y @ a2 @ ... B ATy, ez = (T1....,2n),

ABNALTCA MAHCHHON.
PacemoTpuM Ha BexTOpHOM TpocTpancise FY byHximo

eivr(a,z) — (#1) (a,x) :’
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§6. CnexrpaJjibHOE pazyoxkeHue OyaeBbIxX (hyHKIHI]

[IPUHUMACIIYIO PAIMOHABHEE 3Havernd. [[oao0ubie PYHKUMN HAZBIBAIOTCH /1C08-
dobyaesvimu. Torma ¢ "% = 1 ecan (a,2) =0, w e™@%) = —1 ccwm (a,2) = 1.
Cymecrsyer 2" qyuxinit suga (—1)@),
Ha MHOXeCTBe BCEX N-MeCTIBIX (hYHKIAN, ONMPENeNeHHbIX Ha EY, ompeietum
CKANFPHOE TPOUSBEACHME PABEHCTEOM

(f,o) = & flz)g(z).

PEEY °
BusinHeHOCTh M CUMMETPUTIHOCT 6 9 'OT0 IIPOU3BEACHU O4YeBUIHbL. Kpove Toro,
(f, £) = Il
Cremyomas Teopema yTaepxaact, 110 dyakmma (—1)(»%) nomapHo oproroHanbHL.
Teopema 1. Ilpua +# b

(1)@, (<)) = 5 (=) (=1)0 = o

U

<(_1)(r’:35))(_1)(0,.2‘:> . 3 (_1)((1,:::)(?])((1.1) — 9n

Jokasamenvemeo. Ecmn a # 0, To dynkuua (a,z) npunuMaer suaderue 0, pos-
HO B LIOJIOBHHE TOUEK MHOXeCTBa [, a 3HadeHHe 1 — B APYroit MOJNOBHHE TOYEK
maoxkectsa £ . osromy
S (=" =9
ze Y

npu a # 0. OgeBuauo, 9ro upu a = 0

S (-1l = o

LY
,.:.[;.,TISI 3ABEDIICHNA JTOKARATeTHCTRA TEOPEMDBLI OCTACTCHd BOCUOJIL30BATHCH D&B(?HCTR()M
7 wa,x) \be)y / v(a,T {b,x)
(1%, (1)) 2 (-1)ea) (-1 =

X g .

T (_1>(a,u-)(3:{b,q:) = (_U’u\:b,m)

N SKBUBaJICHTHOCTHIO @ = b TOL/@ U TOJBKO TOrda, Korda a b = 0. 0

Teopema 2. (Paznoxenue B psig Pypse.) Jwobas burcen gynxyus [ odiosram-
1O NPEJCMABUNG 8 6UOE

Ipu amom xoadunuerme, pazrooicenus -— 3mo xosppuyuermo. Pypve, onpedens -
eMBIE PAGEHCTMBAMU

Colf) = 12" {f(z), (-1)@) = 1/2" £ f(z)(=1)@

T€ET
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[ViaABA 1. BYJIEBbI ®VHKLIWHA

[oxasamenvcmeo. Ecan

f@) = = G-,

a€ LY

TO, UCTIOIL3Y S CKasgApHOE HpOI/ISB(-})_LeHHe (‘pyHI\'Il[’Iﬁ </) g), HOJIy‘-Ii-J,OM
o k7Y
= % G, (-)0) = 2'Gy(p).

aC kS
CyICCTBOBAHUE YKAZAHHOIO PA3iloMKeHHs MOKHO YUIaHOBUTS JBYMA CIIOCOOAMM.
Jlna byuxoun f suraucay ee xKosdduimentst Pyphe, oNpeeIgeMsle PaBeH-
CTBAMYI

Co(f) = 1/2* {f(=),(=D)7) = 1/2* = f(y)(-1)!*. (1)

yEEn

ITosleTaBuM MX B CyMMY

Cal /) (1)1

[~

m

)]
w

n ybemumed, 9o nosyvum f(x).

2 GNENET = B (D B f)(-1)) =

aEF acky yeFy

=1/2* £ fly)( B (-1 (-0)e) = f(z).
ycEy a€EY
Bropoe nokasarenscTBo OCHOBAHO HA “MOUTHOCTHBIX cOOOpaKeHIAX .
P A . Ao
Tax xax cymectsyer 2" dyBKOui Buga (—1)(“), 10 22" cymM BUAA
(a,x
5 Ca(f)(-1)"
aCEY
aa10T 22" pasiaudHbIX DVHKIHNIK, T.e. Bce n-Mectuble GyrKiuu. [lostomy nobas 6y-
JIeRA cbymﬂmﬂ JIOTIYCKAET eJWHCTBEHNOE Pa3IoyKeHHe yKa3aHNIoro Bija. Wy
Ha6op koscbdrrgmenron Pypee C(f) = (Co(f))acry dynxumn f naznisaercs ee
cnexmposm Pypove. pepiyimee pasencrso (1) MoxHO 3<anaTb B MATPAIHOM BUJIC

1
(Co(f)acry = 2_n(f<y>>ycﬁ'g . ((—1)(y,a)) §

[Tepexos ot Bexropa (f(a))wcpy Tabmuunoro sanannsa dynximmn f(r) K ee crex-
tpy Dyphe (Co(f))acry ABAACTCS JIMHEMHLIM TPeOOPASOBAHMEM U 381aCTCA MATPH-
nett 1 /2% Hyn, Toe

H — _1 (y:a') k
= (1))
acE}
Marpuaa Hon — 910 mampuya Adamapa. Fe ajiementsl paBHbl 1, ¥ HEOCPeICTBEI-
HAsI IPOBEPKA IOKA3BIBAET, UTO BBIIOJIHAETCS PABEHCTBO

Hyn - H, = 2"F.



§6. CnekTpasbHOC pasIoXKeHne OyAeBbIX (DyHKI[T

Marpuipt AjlaMapa HTPAIOT BAXKAYIO POL B PA3NAUHBIX PasaesiaX KOMOUHATOPUKH.
Baxxible npuMepsl OpuMeHeHus MarTpil Asamapa OyayT PaccMOTPeHBl B pasiicie
“Kombunatopuka’

PaccvoTpum emme ogun criocod mpeacTaBiernust Hyenbix dbynkipi. as npons-
BOMBHOI Oystesoit byAKUME f paccMOTPUM IICEBAOCYIEBY DYHKITHIO

exp f(z) = e (=) = (=1)/@,

TTpeobpazosanne sexTopa (exp f(a))epr TabnudnOro 3a,janus Gyskuud exp ()
marpuueit Agamapa Ho. Ha3biBaercd npeobpasosanuerst Adomapa—Yonrwa Oyiieson
Gy f. Hoaygaempit npu srom nabop koahduumenros Z(f) = (Zu(f))acky
HR3LIBACTCS cnexmpom Yoswa GYHKIMA f, a camu KOapOUuuenTsl — Koadhghuyu-
enrmamy Yoawa dynesoit dymrxunu . Koadbduumentnr Youia BbIYUCASIOTCS 110
dbopmyiam

Za(f) = T’Z,‘;‘” (__l)f(:u)r"é(’r,a) _ mé\—\_jm (_1>f(’7'§?')(a,x)‘
Ty B

Crienyomas TeopeMa yCralasiuBaeT CBa3b Mexiay cnexktpaviu Oypue C(f) =

— (Calf))aevs 1 Youta Z(f) = (Za(f))acv,.

Teopema 3. Jas 410600 6yreeot dynxyuu f w 4106020 a € EY 6wnosnAemCa pi-
6EHCMBO
—2-27Co(f),  mpma#G;

Z“<f> ol n n
27 —2-2"C,(f), nmpua=0.

Joxasamesvemso. pu a = 0 nonydaem

Golf) = 172" lFlL - Zo(f) = @ =1AD = IAL = 2" = 2/|/]

JI715 IPOM3BOIABLHLIX OyaesblX hyukiuil f u ¢ u m0bbx o u § us By nyers Nes(f, 9)
— 3TO YUCJIO JIEMEHTOB MHOMKECTBA

{z]f(z) = a&g(z) = 7}
Torna upu a # 0 mony4aem

2. Ca(f) = A/V'L,O(fy (a*r l)) - AIJJ(f) (a’ 7:))/
Za(f) - ]\[D,O(f’ (CL} ‘/L/\) N NI,I(f: (“7 ‘L)) - ]\/0,1 <f (0‘> f)) - Nl’()<'f’ ((L, 9“))

,IL.HH 3aBePUICHU HOKa3aTebCTBA TeoOPeAbl OCTACTCH BOCIIONB30OBATECA PABLLICTRA-
MU

]\']Q,O(f; (a»x)) + 1\/'1,0<f, ((1,17)) = 2““1‘;
Nyo(f, (a,2)) + Nia(f, (a,2)) = |Ifll,
Noi(f, (a,z)) + Na(f, (a,2)) = 2774,

Noa(f,(a,2)) = 270 = [Ifll + Nio(f (a,2))-
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[7IABA 1. BYJEBB ®@YHKUWU

[TpuBeaeM HEKOTODbIE 3aMedaHus OTHOCHUTENbHO Kodddummentos Pyppe. Tax
kax Co(f) = 1/2" - |If||, 70 0 < Co(f) < 1.
Ilpu @ # 0 BBIMONHAIOTCA HEPABEHCTBA

—1/2 < Colf) < 1/2.

19 kosdpunperTos Oyphe BLITOJLSIOTCS 1ICKOTOPHIE JONOJHUTE/LHBIE DABCHCTBA
I [ICPABEHCTBA, HAUPHUMED,

PRAGENIO)

Koadhdbuuuenrs: Yonuia 0pou3noisHoi 0yaeBoit QYyHKIAY YIOBAETBOPIIOT CACAYIO-
TLCALY YCIIOBHIO OPTOTOHANBHOCTH: NPU A1000M 0MAUuYHOM om nyas b € EF evnoa-
HAETNCA PABEHCTNEO

5 Za(f) - Zaaw(f) = 0.

A nipu b = 0 Buinonusierca pasencmso [lapcesans

5 (Zalf)) = 2

ae iy
CrpaBeIMBOCTL 3TUX PABEHCTB CEAyeT U3 CJeYIUINX COOTHOICHNIA

S Zf) ZalH) = B, 5 (-1/O(-1)0D T (-1 (1)) -

acE} ) ac By relY yeED

L v (LW n (L)@ S (1) e (_p)es) —
w{;( it kY ./,«;Eg( ) GGE;( )+ (=1)
—on T (_1)2f(y)(_1)(b,y) — 9" % (_1>(b,y) = 276, 0.
yekD yeED !

Jlitst 1tpousBosibHOIO NOMsE F (DYyHKIEM, ONIPEAe/IeHHDIC Ha BEKTOPHOM MPOCTPAL-
crre FY co 3uadeHusiMu B nosie F', waswisaiores F-oyaesvimu, Bem F o mose fefi-
CTBHTENBLHBIX WM PALMOHAJBHBIX YHCEJI, TO COOTBETCTBYIOMME (DYHKIUY HA3LIBA-a
HoTeA necsdofyacanaii. BeKTopHOE TpocTpagcTBo FY s KpaTKoeTu Oyjiem obo-
3padaTh depes V,. Muoxkectso F(n) Beex F-Oynesbix GYHKIWMN, OOpeseaenibx Ha
BEKTOPHOM mpocTpaicTse Vi, co 3nadenusamu B F'| sBiisercs BEKTOPHBIM ITPOCTPAH-
cToM Haz noneM £ g npoussossroro sekropa a u3 Vi, depes e, () obosuatnm
hyHKIMIO
0, rtipu x # q;

i

o
IS
—~
IS
N
I

I, nmpwz =a.

)

Herpyano nonsits, uro cucrema dyaxuui (e,(z)).cy;, 06pasyer 623UC BEKTOPHOIO
npociparcrsa F(n). Hosromy dimpl’(n) = 2%

Jiobas @ynxrms us F(n) ogHO3HAYHO NPeACTaBUMA B BUJE JHHERNOM KOMOHa-
0381

flz) = & f(a)e.z).

a€Vp
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§7. Heroropele npuioxenus 6yaeBbix (hyHKLHI

Oycrs fT = (f(a))azy, — Bekrop-crodnben rabmuuanoro samasus dbysxuuu f. /Ing
J1i0O0I 0GpaTAMON MaTpHIbl A nopsika 2" cpaBesiuBO PABEHCTBO

J1 = A,

Mosromy Bexrop h! = A7'fT = (h(a))sey, ECTECTBENHO PacCMATPUBATL B Kate-
crBe 3ananust (pyrxiuu [ Boiowpas paiiHdibie obparuMbie MaTpUObL A, 00Jy9uM
pas/dHble 3aMaHud QVHKIUU |

Ecmu cronbust Marpuisl A 3aHyMEPOBATL IEMEHTAMYU MHOXKECTBA 175, DACIO-
TOKEHHBIMU B TOM Ke TIOPSIIKE, UTO ¥ CTPOKH TabmnyaHoro 3aanna hyakuua [, 1
g a € EY 9epes g) ofozraguts GYHKIMIO, 3aaHHYI0 CTOABIOM ¢ HOMEPOM 4, TO
DaBeIICTBO

MOXKHO TDAKTOBATH Kak pasiloxenue byHkimy f no 6asucy (gl)gey, -

§7. Hekoropbie npuiioxkeHus: OyieBbiX (hyHKIINM

OnuuM 13 BaXKHEHIITHX TTPUIIOKEHUH OYIIeBBIX (DYHKIMA ABJISIETCS WX UCTIOJb-
30BAHUE B KaUeCTBE CPEACTBA OLMCAHUSA PAbOTHI HUMPOBLIX YCTPOUCTB, BLITOMIUA-
IOLIUX T€ M uible jlorudeckue pyukuun (omepanun). OcuoBy 0600 cOBpeMeH-
HODO KOMIIRIOTEDA COCTARIAIT DA TIIHRIE AUCKPemHbe NPeodPas0BaInet, BXO THBIX
CUTHAJIOB B BBIXOJHBIE 6e3 zamomunanus. Takue npeobpasoBate]d cHrHa o (Ges
BHYTPEHHCH MaMATH) HASLIBAIOTCH GUNKUUOHAADHIMU IACMENTNAMU WL KOMOUHA-
UUOHHBLMU N02UMECKUMU CTemamy. DyHKIMONAIBHLIE 3JIEMEUTHl YI00HO YCJIOBHO
obo3HadaTh CXeMOl BuIa

Ty —'—" )

Ty ———* — Y2
F ‘
Ly » — Um
Puc. 1
Ty, Ta ..y Ty — BXOJIST DYHKUHOHATLHOTO 37iemMenTa I7, a yy, Yo, ..., Ym — CLO

BLIXOALL.
Hanyaue (oTcyTcrBUe) CHITATS Ha BXOAE T; (Ha BBIXOIE ¥;) MOXKHO TPAKTOBATD
creayiomuM o6pa3oM: lepeMenHas ©; (1) UpMHaEMaeT 3Hatdenue 1 (CooTBeTCIBEH-

o 0).
Tpu Takoit TPaAKTOBKE BLIXOABL Y1, Y2, - - -, Ym 3BJA0TCA OYICBEIMY DYHKUMAME
OT BXOJIHDBIX [IEPEMEHHbBIX L1, Ty , - .., Ln.

Takum 0bpasoM padora QYHKUMOHATEHOTO 3JAeMeHTa /' TIOTHOCTHIO OMMChIBALTCS
CUCTEMOR M3 M OYJeBDIX (PYIKIMN

yl - fl(xl)---;xn>» -“1ym — fm,(ml)----,xn)-



['JIABA 1. BVJIEBGI ®YHKLIMH

ITpucoemEas BEIXOAL! 0AHUX DYHKIMOHANLHLIX 3JIEMEHTOB K BXOJAM APYLHX, Mbl
MOYKEM TIOJYIATE CTeMbl U3 GYHKULORANLHOLE IACMEHNO08, 360610ULLE QUCKPETNIDLE
npeobpazosament ungopmayun (663 namamu), DU yCJIOBHH, ITO B 9TONH CXeMe He
BOZHUKACT (UKJIOB. CTeMbL C %UKAGMYU UCPAIOT BAXKIYIO POJIL NPHU NPOEKTHPOBAHHH
AAEMEHINOB TLAMAIMU KOMNBIOMEPA.

Ocobyio postb HrpaioT MYHKIHOHATRABIC 2I€MEHTEI C OJIHMM BLIXOIOM, PeaJIn3y-
rorue OyseBsl (PYHKIFH.

Ilyers dyHKImMOBa ILHBIE 2eMeHThl [, Fy, ..., Fy ¢ 1 BXOJaM#, 1TOMEUYEeHHLIMH
TIEPEMEHHBIMU -, T3 , ..., Lp, U OIHAM BbIXOAOM DEAIH3YIOT N-MECTHBLIE OVIeBb
dbyuxuyn fi, fo, ..., fm, & dyaguponabHbE dnement G ¢ m BXOJAMI I OJHAM
BLIXOIOM peasiM3yeT 1n-MecTHyo 6yieBy dyHKIuIO g.

Ecun n-mecrnas dyaxuns [ asisiercd cynepnozunueit dyakunit g, fi, fo, ...,
Jm, TO clenyomasn cxeMa U3 OYHKIUOHAIBHBIX 2JIEMEHTOB peaausyer PyHKIUW f:

;
,T
|
|
|

Ty ————&——+

S e e .
| |
o |
‘ FJV ! I Ru
o —
W Yrm

Puc. 2.

Hosromy, ecau fr, fo, ..., fm — noanas cucrmema 6y:1esbix byuxupit, a Fy, Fy.,
.., Fin — cooTBercTByoNme OyHKIMOHANBLHBIE 30eMEHTH], TO JTH06YIO GyieBy (DyHK-
LHIO MOMCHO DEAJIH30RATL CXeMOfl N3 QYUKIHONANLHBIX djieMenTos K|, fy, ... F,,.
Bribop Toit uiau wHOR cucTeMbl Ha30BLIX bynKuui 0byCIIoBIeH pPALIOM TpeGoBaHMIL,
HATIPHMED, “IIPOCTOTLI” CXEMBI, TOHUMAEMON KAK MHHMMAJLHOCTE THCIA BXOAATLIX
B Hee DA30BBIX 31E€MEHTOB, YA00CTBA e (DUSHTECKOH DEANIM3AINT, HAACHKIOCTH pa-
60TLHI ¥ T. ).
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§7. Hekoropeie 1puioxeHns OyueBbix GyHKIUI

Y0610 GYHKUMOHAIBHBIT 9MCMEHT, PCATUIYOUH N-MEeCTIYo Oyiesy hyK-
o f, 0bosHauaTs uepes

[
£y ——— |
Ty ———
Tn—— *i __}
Puc. 3.

BaskHpM TPUMEDOM TTONHOW cucTeMbl OYyJIeBbIX (DYHKUMA ABjseTcs Hadop 3
TpeX (PYHKIMI: OTPHUAHAL —, JUILIOHKIEHE V i KOHDBIOHKUu &. CooTBerCTBYIOUHE
DYIKTHONAIbHBIE 3ICMEHTHL 0003HATAIOTCS JeDPes

Onement “HE” (unpepcens)

T— T by 1y >—*
L7

e | |2819%8

Snement “V” (KOHBIOHK UM )

T7-—

|

& =y —

__,._J WITH ./

Daenent VI (,im3boaKIms)

[E— ~

[ ] a \ \
VY Y
Lo —‘L ] WJTE *_TZ/__./

Puc. 4.

Ha npaxTuke Hauboiee YacTo HeuOib3yeTcd B KaieCTBe 0a30BOr0 JOTHIECKO'0
snemenTa »1eMenT “V-HE peamayromumit dyiiknuo [Hedbdepa. Hanomuum, cucre-
Ma, cocrosmast Jiub u3 dyvuxuuna edbdope, apisnercs nionuoit. [losromy jodyio
6y 1eBY (DYHKUUIO MOXKIIO PCAJNBOBATDL CXeMOM, ComepzKaue# Jmib 370T 0a30BbIH
jorndeckuii sneMeHT. Ilpuseyem cxembr, peaanzyromde Gyukmgy oTpunanue —, V

u&.
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[71ABA 1. BWIEBKI OYHKUUU

Peasmzanust Gyaxuun (—z)

Peasmsanus Gynkign (2, V x3)

T1| T2

<5171 V Lg)

Peanuzauysa Qyuaxumn (1;8&22)

T

x

T |
Ti—r—[ o~ ‘—_’
| Base
|

[
B l

1
M
|

Puc. 5.

Cileyoumit MaTepHasl 3aiMCTBOBAH 13 KIMrK [23]. BaxKHyo ponn 8 KOMIbIOTE-
PAX MIPAEOT CACHYIONTHe JBA THa QYHKUMOHMILHLIX JIEMCHTOB — dewudpamopu
W UhpomopoL.

Aewugpomop — 970 DYHKIUONAILIRIA 3)TEMEHT C 72 BXONAMM T1, Lo ; ..., Tp 1
M BBIXOAAMU Y1, Y2 , ..., Ym, B KOTODOM KasKJoH KOMOHHAIIMM BXOAHBIX CHIHAIOR
coorBeTCTBYET 1 Ha ofHOM BhIXOJE ¥ 0 Ha OCTaTbLHBLIX BbIXOJAaX. DysreBa dyHKIms,
OITUCKIBAIOIUASA i-bIfl BBIXOJ ¥, ABJSCTCA HEKOTOPOH dJIeMEHTapHOR KOI'bIOHKIMEH
BUJI
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§7. Hexoropele npuioxenus 6yaeBbIx (hyHKIUI

IpUYEeM NIPH ¢ 7 J COOTBETCTBYIOUIUE 3/IEMEHTADHBIE KOHBIOHKIMY DasIMIHbL [10-
sromy m < 2" lemudpaTopsl UCHOAB3YIOTCA, HAIIPUMED, AJs CO3AaHAA YIDaBId-
IOIErO CUTHAJA [IPX [OJIYHEHHH HA BXOJ OIPEASTIEHHON KOMOWHALUU JIOrHISCKUX
CHrITa 10B. B KauecTBe mpumepa paccMOTPUM MOJHBIR JemudpaTop ¢ AByMd BXO,1a-
MU T ¢ 2% BRIXOAAMHT

_ ‘_O— —- Yo = T1&T
T—— ‘o| | i
‘ K:L(J 1 I’_-—yl =T8Ty
1 ezt
T—
I l_\ 3 f———— U = :’L_fl&fTQ
Puc. 6.

DTOT Aemn@parop MOXKeT ObITh PEATU30BAH, HAIPUMED, CAEAYIOLIeH CXeMOH 13
0a30BRIX (DYHKIIMOHAJBHLIX 3J€MEHTOB

Ty T7 Ty T

R o o o e 3 B

: | | , .
O
| i — | &AIW n

T)-“__ e — 1
| ] ] &

L Li_]__._ . - L |
aR=lie

. -

Pue. 7.

Hugpariopv: BHINONAAIOT onepaipiun, 0GpatHble ollépauuaM Al paTopoB —
npeodpa3yroT MOHUECKHE e/[MILb], TOCTYIAIME HA BXOIHBLIC KAHAJIbBL, B JIBOWU-
HbII KO Ha BBIXO,1€.

006 obnacTsix MpuMeHeHus 1HdPATOPOB U JeHudpaTopos OyIyT JAHbI HOAPOO-
HbIE CBEJICHUSI TIPH U3YYEeHMH AMCHMIUIMHEBL “Diektponnka u cxemorexmuxa’ I1Ing-
paropel ¥ Jemu@paTopsl 0THOCATCA K npeobpasonarensmM Koo, OHH HCIOJB3Y-
0TCH, B HACTHOCTH, JUIS MpeoOpa30Balnsg AECATUYUHBLIX YHCE] B ABOMUHBIN KOA 4
JIBOUHHOTO 1IPEACTABICHUST B JECATUIHOE.



[JIABA 1. BVYJEBBI ®YHKIIUU

Hpyryro cepuio NpuMepoB MYHKIUOHAIBHBIX 3JEMEHTOB Jal0T MYALTHUNACKCO-
PoL U JeMYABMUNAEKCOPDL, KOTOPBIE NpeAHa3HadYeHbl A1 IPeoOpasoBald HECKOMb-
KUX MHQPOPMALMOHHBIX KaHAoB B oaud. llepexkmoucHue KaHAIOB 0becmeYnBaCTCS
VIPABASIONIMMU cUTHAJaMu. B kadgecTBe IpumMepa paccMOTPHEM MYJIBTHILICKCOD ¢
YETBIPBMST BXOJHBIMU WHMODPMAUOBHEEIMUA Kara amu Dy, D, Dy u Dy w jaBymd

JABOUYHBIMHK VIIDABIATOIMMHA CUTMHATAMA Xoun X
S 0 1

STOT MYJIBTHIIIEKCOP MOMXKET OBITh PeAIHM30BAH, HAIDPUMED, CICAYIOEH CXeMO#

[
1 Do

\ MS
‘ Dy
o |
Puc. 8.

13 HA30BBIX (t)vy'IIKIIHOI-I‘(IJIbHbIX J/IEMCHTOB

DO' S B - T &7/
]
Dy = T g —
\/ —
Do | &
! '— i i ‘
| r_—ri_ I
D . ! | & =1
F__#OF .
Tg— 0 ’ L B
AC ,
;| T—
11— 1
3 R B |
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§7. Hexoropnle npunoxenns Gyiesbix GyHKLUALN

Pas,es1eHue TOJIYIEHHOTO ¢ MOMOIIBI0 MYILTHILICKCODA, CIOMXKHOIO HHMOPMALIU-
OHIOI0 CHTH&. 12 Ha COCTABJISIFOITIE BLIIOJNHICTC C TOMOILLIO JAeMYJbTUILICKCOPA.

3aBePIIUM Mbl PACCMOTPEHHUC IIPUMCPOB (XeM M3 (DYHKUMOHH IHLHBIX 3TEMeHTOR
[IOCTPOE! UEM CXEMbI JIBOUUHOTO CYMMATNOPG — BAXKHEHLIEO dJ1IeMeHTa apidMeTHKO-
JOIMYECKOT0 0JI0Ka MUKDPOTNIPOECCOPE, BBITOJHAIONIEI0 apUMMCOTHIECKOe ¢I0XKeHHe
JIBYX JIBOMUHBIX YHCEJ.

CyMMATOPBI BLIOJHSIOT CIOXKEHHE THCe] ¢ (PUKCHPOBAHHBIM UYUCJIOM PA3ps-
JoB. Oy HA3BIBAIOTCH MHOTOPA3DAIHBIMA U CTPOATCI U3 OAHODPa3PaHbix. B ¢Bow
ouepellb OAHOPA3DAMHBIE CYMMATOPB! ASTATCS Ha NOAYCYMMATODYL ¥ NOAHVLE (Y-
MAMOPL.

Y IOMycy MMAToOpa JBa BXO/a, Ha KOTODbIE 1OAIOTCT JIBOWYUHbBIE eIUHULIBL @ U b,
W JIBA BBIXOJIA —- § — CYMMA If p — CHIHAJ [TepeHoca.

ITonHBI CyMMaTOD MMeeT HOTOTHATENBHBIH BXOM, Ha KOTOPbL [101a6TCd CUPHT
[EPEHOCA OT MPEABLTYUICIO CYMMEPOBAHN.

T

| HS
a —: | prLi—

|

= bl

Puc. 10.

IlpuBeneM TabAMIY UCTHHHOCTH )18 OLHOPA3PsHOTO MI0MYCYyMMAaTODa

| Bxow! Boixousr

- ———rry
| a ‘T_b s | p |
o T o T o[ 0 |
L0 I | T [0 |
|1 | 0 1 | 0 |
O T

Puc. 11

C moMOomIbIO COBEPIICHHOR AU3BbIOHKTUBHON HOPMaibHOM (POPMBI HAXOAUM, Y10
BLIXO/ § ommchiBaeTcst OyneBoit dyuxumeri (a&b) V (adeb), a curnan nepesoca
dbyexumcei aded.



[TABA 1. BYJIEBBI ®YHKLUUN

OnHOPa3PAMHEBIN TOMYCYMMATOD MOYKET ObITH PEasi30BaH, HAIlDUMED, CJIELYIO-
niel cxeMo¥ U3 6a30BLIX DYHKIMOHAILHEIX 9. TEMEHTOB:

a a b b
J {
a s i &
- Li Vo b—s
| — = | I_—_
o« | &
b ® e
T ] & — D
o
Puc. 12

[o/iHBI# 0AHOPASPAAHBIH CYMMATOP MOYKHO MOCTPOMTH M3 JBYX [OJIYCYMMATO-
POB, HATIDHMED, [0 CJAEIVIOLIEeH cxeme:

P

Prc. 13,
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§7. HexoTopbie npuaoxKeHus: OyIeBBIX QyHKIUH

Hp[/IHL(HHMZLFIBHaﬂ CXeMa N-paspdJHOro ABOMYHOT'O CY MMAaTOPa MOYKET IMETh CJIe-

JIYIOUIHI BRI

Qp— S T 53
HS ; _
|
Pt
b— D —
L1 | ‘
—
Qg I 89
P2
by— ‘_l
no ’
ag— ———— S3
' D3
1 bq}— o | .
P2 L '
——
[
i % l S "~ Sy
Sz’\ll . )
b === p | Patl | ppyy =1 curnan
S S epelioHeEHU A
Pn-1 | I oA L et SO S
Puc. 14.



I'napa 2. KomOunaropnka

§1. Bribopku, mepecTaHOBKH, COYETAHUS
" pa3MeIeHus

B oroit r1aBe paccMaTPUBAOTCS HEKOTOPBIE BOIPOCHL, OTHOCALIMNECT K OJHOMY 13
JIDEBHEUIIUX Pa3/(e/I0B MATEMATHKU — KOoMOUBATOpuKe. I1pu NOUArOTOBKE UCITOMB30-
BaHa CJejyloast muTeparypa: [2,4-6,8,9,11,13,14,26,30,34-36,38,39,41,44, 46,49,
51]. Ente B riyGoKoit SpeBHOCTH AW CTANKUBAINCE € 38,]a9aMH, BOSHUKAIOLUMA
U3 Urp, ride TpeboBaIGCh yMelide PACCUUThIBATD, COCTABIATh ILI4HELl U ONPOBEPTATh
TJ1aHbl IPOTHBHUKA. PagymMeercs, B 9TOT HePHOJ etile 1e 6b110 pedn 06 0codoit may-
Ke, 3aHAMAaIOIITCHCs peruenreM NONOOHBIX 3a7a4, KaXKAas 3a/iaua PaccMatpPIBaTach
ocoto. Bpems 110, [OSBIAMNCH HOBLIE UTPBL, KOTOPBIE MOPOXKIAIM HOBLIE 38,/1aH,
1 sor B XVII B. dpannyickue Maremaruku bmas Iackans u IInep @epma, pas-
Oupasich B Psie MUPOBBIX 3a1a4, CHOPMYJUPOBANN U JOKA3& M MEPBbIE TCODENbI
rkomounaropuku. B 1666 roay Torrdpun Bunbrensm Jleiionui onybaukonat “/luc-
CEPTAIIMIO O KOMOUHATOPHOM HCKYCCTBE”, e BIEDBLIC 1HIOSBAICT CaM TEPMHH “KOM-
ounaTopubit”. JIeHOHMIL cuuTaN, 9TO KOMOMHATOPUKA NOMKHA 3aHUMAThCA “0/(H-
HAKOBBLIM W PASINIHLIM, TOXOKMM ¥ HEMOXOKUM, aDCOJIOTHLIM U OTHOCUTEbHBIM
PACTIOIOKEHHEM .

O/IHAKO He TOJBKO #3apTilLIC MIPLI JABAJH TUILY U1 KOMOWHATOPHBIX Dai-
MBINLIEHHUH MaTeMaTHKoB. Eiie ¢ Jasnux 10p JUOAOMATHI 1 3arOBOPLIMKIL, MO-
HApPXW M YHenbIe, CTPeMsiCh K Taiie Iepemrcku, uszobperanu sce Oosee u DoJiee
CIOKHBIE MUGPBL, & UX NPOTHBHMKHY TLITAIHCE 3TH WU PLI Pa3ra1ath (B3TOMATE).
W B ocHoBy OmsiTh ObLLIM TIOJIOXKEHBI KOMOUHATOPHBIE NPHAIUIL. Tak, B AHIIMH
B XVII B. MOHAPXHCTCKEE 3aM0BOPILUMKY HOPAXKAANCL OBICTPOTE, ¢ KOTOPOi Kpoa-
BEJIb [IPOHUKA B UX 3aMbICILL UL ocre nagenus pecryOuKi K BoNaperust Kap-
Aa Il orn y3HaM, 4TO BCe WX HiMGPHI, KOTOPbIE OHY CUUTATH HEPA3TAAbIBACMBIMH,
pasrablBai OMHE M3 AYUIHK aHMIHICKHX MATEMATHKOD TOI0 BPEMEHH, Npodeccop
Oxcchopiickoro yHUBepcuTeTa YoILIuc.

Takum obpaszoM, npuHaATO cuuTarh, 4o XVII Bek ¢Bsizan ¢ BOZHUKHOBEHHEM
KOMOUHATOPUKHA — BELBHM MaTeMaTHKH, M3yJaroneit KOMOMHALMN U [1epecTaHoOBKM
11D, IMETOB.

CeropusHul Mrrepec K KOMOMHATOPUKE CBSA3AH MTPEXKAE BCEIO C TOABICHIEM
OBICTPOACACTBYIONUX BHITUCIHTEILHLIX MALTHHE U DACLBETOM KOHEYHOR MareMat-
ki, C TI0SIBAEHUEM KOMITRIOTECPOB CTAM0 BOZMOXKHEIM MPOBEJEHUE BBLIMUCTCHUN, Ha,
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I'naBA 2. KOMBUHATOPHKA

KOTOPBIE PaHee YIIK Obl COTHH JieT YesIOBETCCKON KU, OCOOEHHO YCNEUHO METo-
bl KOMOUHATOPUKY IPHMEHSIIOTCS TIPH AHAIN3€E BBIYHCIUTEILHBIX 38184 U AJOPUT-
MoB. IIpn amanu3e BBIUMCIUTENBHBIX 33429 HX 0DBIYHO OLEHMBAIOT ¢ TOUKH 3PCHUS
pasmepa, T.e. 0OIIEro KOJUYECTBa PABIMYHLIX BAPHAHTOB, CPEAH KOTODBIX HYXKHO
HAlITU DeleHue, a aJrOPUTMbL, UCIIOJIB3YEMbIE JIS UX PCIHEHMs, — C TOYKH 3pe-
HUg caoxcnocmu. TIpu amoM pasIMYaloT CAOHCHOCTS NO 8PEMEHY, T.€. KOJTHUCCTRO
HeODXOMMMBIX LIACOB a/ifOPUIMa, H CAOHCHOCMD MO NAMATU, T.€. 00HEM TAMSTH,
11€00X0IUMBIH J1i1 PAbOTHI AJrOPUTMA.,

Eule pas noauepkreM, 4TO BO BCEX CYYAAX OCHOBHBIM HHCTPYMEHTOM TA4KOIO
aHaIN3a OKa3bIBAIOTCA (DOPMYJIBI U METOMbl KOMOMHATOPHKE, KOTOPBIC MbI PACCMOT-
PUM B 3TOH I71aBe.

[Tycrb maHO HEKOTOPOE KOHCHHOE HEYCTOe MHOXKECTBO X, COCTOSNICE U3 7 dJe-
MeHTOB. BosbMem MHOXeCTBO HaTypasibebiX duced Np = {1,2,...,k} u samagumm
HeKOoTOpoe oTobpakeHne mroxkecTsa Ny BO MHOMecTBO X. DT0 3HAYMT, UTO UMC-
jiy 1 ¢TaBHTCH B COOTBETCTBUE /IeMeHT Z; € X, 1meny 2 — sjieMent zy € X, ...,
uesy k — anement z, € X. B pesyavrare Mpr noayuacem qabop &y, T, .. ., L) dJe-
MOHTOB MHOXKECTBA X, B KOTODBIY HEKOTODBIE IJIEMEHTHI MOIYT BXOJUTH HECKOJIHKO
pes. deilcrBurensho, opu orobpaxennu N 8 X MOXKeT CIy9uTLOS, 9TO PasHLIM
4UC/IAM OTBEYaeT OOMH M TOT JKe 3JAeMeHT Muoxecrsa X. Pacnojiarasi ajieMenTsbl
31oro HAbOPa MO MOPIAKY HOMEPOB, HOJIyHaeM CA060 (Ty, T, ..., Tx) JIALbL k, co-
CTaRmenHoe u3 3neMenToB MHoXecTna X. Daement z;, 1 < 4 < k, HasblBaercsd i-0i
KOMNOHEHTOU Ci10Ba (X1, Ta, .. .. ). Komnonertamu ciiopa MOryT 6bITh MHOYKE-
crpa, c1osa 1 T.4. CrnoBo, He cOJCPKAIIEe HU OHOM KOMIOHEHTL! (T.e. MMeomlee
JUTHIY 110]1b), HasbBaeTcst nycmum 1 obosHadaercs A . sa ciosa (zy,...,23) u
(Y1, -+ Yk) CHUTAIOTCH PAGHBLMU, ECIH ORE UMEIOT OMHHAKOBYIO JTAHY, [IPHTEM UX
KOMIIOHEHTBI, UMEIOIINe OJMHAKOBLIE HOMEPA, PABHAbI.

[lycrn r — cs10BO piinEEbl £, COCTaBACHIOE U3 N-3JeMEHTHOr0 MHoKecrsa X . [Te-
perymepyem snemenTsl MEHOXKecTBa X 1 X = {z1,...,2,}. Torma kaxaoMy umciy i,
1 <% < m, cOOTBETCTBYET YHMCIAC 7, MOKASBIBAIOUICE, CKOABKO a3 9JIEMEHT T; BCTPe-
UACTCA CPEAM KOMIOHEHT ¢/10Ba . BplIIuchbiBad L0 NOPIJAKY 9TH UHCTA, TOJYUAeM
T-MEDHBIT BEKTOD (1N, ..., M,), KOTOPLIUT HA3LIBAETCT COCTNABOM CJIOBA (L.

HO,LJ,‘I('.‘DKHGZ\-’I ele pa3 OTJMYUs [MOHATHS CJIOBA OT IMOBITUI MHOMXKECTBA:
&) B MHOXKeCTBC HNOPSIIOK JJICMEHTORB He urpaer poJdar, & CJja0Ba, OTJHIalOI[HeCsHd

NOPAAKOM KOMIIOHEHT, Das3JIHUHbl JaXKE B TOM caydac, Koraa OHH HMeroT OJQHH
H T Ke CocTaB;

) B MHOMECTBE BCE DJICMEHTBI DAZJITIHL] (HH OJIHH 3JICMeNT He MOXXeT BXOJHTDb
BO MIIOXKECTBO ,’IBH)K_,ZIIJI), a B CJIOBE KOMIIOHEHTEl MOrYT HOBTODATLCA.

[Tycth v u 3 — nBa c10Ba zuindet k1 it kg, COCTABJIEHHbIE U3 N H To-3J1CMOHTHBIX
mHoxkecTs X7 m Xy coorercrsenno. Ham nonauobsres CIEAYIONTUC ABa IPaBHIA;

IIpasunao cymmot. Ecin cioBo oo MoxHO BRIGparh m coocobamu, a cioso [3
— N crnocobaMu, npuyeM Jioboi criocob BeIbOpa & OTIHYAETCS OT JH6oro crocoba
Beibopa. 3, 1o BbIGOD “or i 37 MOMKHO cACAATE M+ N CLOCOBAMIL.
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§1. Boibopku, nepecTaHOBKIL, COYETAHASI H DA3MELLCHHUS

Hanum Apyryio GopMyARPOBKY 3TOTO YTBEPXKeHus: nycme M uw N — dsa mHo-
DICECTNBA U3 T U N IAEMENTNOG coomneerncmeenno, npuvesm M NN = &. Tozda &
obseduneruu M U N codepocumes m + N 3AEMEHTNOE.

IIpasuao npousscderus. Eciu 1080 (¢ MOXKHO BBIOPATH M. CHOCOBAMH, & CJI0-
Ba [ — n crocobamu, 10 caoBo (o, ) MOKHO BLIOpATE MmN, CIIOCODAMH.

A JIDYIYRO (DOPMYITHPOBKY 3TOTO YTBEDXK AeHust: nycmov M u N — dea mro-
HCECNEG U3 M. U T INCMEHTNOG COOTNEEMCINEEHHO. TUCAO IAEMENMOE 6 JeKapPMOB0M
npoudsedenul Koneurnr mrooceems M ouw N pasno mn.

ITo caoell UpUpoLe 3Tl NPABUIA HB.II0TCH OMPEACIEHUAMU, ¥ TTOITOMY WX HY K-
HO NOMMMaTh, & He AOKa3bBATL. 3AMETHM TAKXKE, YTO B TPABUJIE CyMMbI BEIOODHT (v
¥ [ SRASIOTCA BIAMMHAO HCK/TIOY2I0IMMY, T.e. HET BO3MOXKHOCTY BoIOpaTh 004 ¢j10Ba
OJHOBPEMEHHO (ofuidxoBbIME). l{paBuno npoussejerus uaudoJice HaCTO WCIIOADb-
3yercs TOra, Xoriua BrIOOpLI ¢ # (I HesaBucuMbl. OAHAKO BO3MOMKIOCTL HAAWIHIL
TAKOH 3aBUCUMOCTH HI'HOPUDPOBATH HEJIH3S.

ok

A
Pd W

Onpenenenue 1. Pazmeuenuem ¢ noéMoOPEHUAMY U3 T INEMEHNOB
HAZVIBEETNCA CA0GO OAUNDL K, COCMABAEHHOE U3 M-IAEMENTHOZ0 MHONCECTMS
Jucao maruz caos obosnanaemes Uln, k).

&

o

Teopema 1. U(n, k) =n*.

Aoxesameavemeo. V3 npasnia MpousBeeHNs 10 MHAYKIHN BLITCKAET, UTO “HCIO
DasMereHuil ¢ MOBTOPEHUSIMK U3 71 3JIEMEHTOB 110 & PaBHO IIPOU3BEIEHUIO & COMIO-
KuTesel, Kax b U3 KOTOPBIX PaBeH n, T.€. nk. O

Opumep 1. [Ans 3anupanus cefdhoB U aBTOMATUHECKUX Kamep xpaHeHus baraxka npu-
MEHSIOT CEKPETHBIE 3aMKU, KOTOPbIE OTKPBIBAKOTCH UL TOFAA, KOr4a HabpaHo «Tali-
Hoe cnoBO» (unu Talnell Habop yudp). ITO CNO0BO HAOBMPAIOT C NOMOLLBIO OAHOIO NAY
HECKONBKUX ANCKOB, HA KOTOPbIX n30bpaxerbl Oykssl (uam yudper). Mycte 4ncno byks
Ha KaXKAOM [UCKE PaBHO 12, @ 4NCNO AUCKOB PaBHO 5. CKOAbKO HeYydQYHBIT NONLIMOK
Moxem boims COCAGHO HYEA0BEKOM, HE BHOWIUM CEKDPEemHo20 caoea U nodbupaw-
wum ez2o0 Haydawy?

VI3 ycnosus 3agaqm BUAHO, 4TO NOPAAOK BbIDMpaeMbix DYKB CyllecTBeHeH U DYKBbI
MOFYT NOBTOPATHCSA. [103TOMY Mbl MEEM 371€Ch A0 C PA3MELLEHUAMUN C NTOBTOPEHNAMU.
Tak kak Nno ycnosuto kaxaast byksa MOXeT ObiTb BoiOpana 12 cnocobamu, a Kaxaas sbli-
Copka cocTouT U3 5 ByKB, TO MONYHaEM, 4TO HUCNO BCEBO3IMOMHBIX KOMBUHAUWA PABHO
U(12,5) = 125 = 248 832. 3nauuT, reyaadHsix RONLITOK MOXET bbiTh 248 831. Chnras
no 10 cekyHA Ha OAHY NOMbITKY, NONY4aeM, 4TO ANS OTKPbITUA celicha noHagobutcs
bonee 340 4acom HenpepbiBHOR paboTel. Bripouem, 0bbiuHo ceiidbl fenatoT Tak, 4To0b!
nocne NepBoOi e HeyAauHOl NOMNbITKW Pa3faBacs CUrHai TPesori.

Opumep 2. [Npu nepenaqe coobuiernii no tenerpady ncnonssyercs kog Mopse. B stom
kope OykBbi, udpbl N 3HAKW NpenuHaHus obo3Ha4atoTCs Todkamu u Tupe. [lpn 3ToM
ANA OfIHUX DYKB MCMONL3YETCA OAWMH 3HaK, HanpuMep E - 3 a4nst HeKOTOpPbLIX NPUXOAUTCS
WCNONK30BaThL MATE 3HAKOS, Hanpumep 2 - - — - -
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OTxyga e 83210Cs uncno 57 Henb3s nu 060ATUCE MEHBLIMM YUCIOM 3HAKOB, CKa-
KeM, NnepefaBaTh BCE COODLUEHMS C NOMOLWLK KOMOMHauWiA, cogepxawmx He bonee
yeTbipex 3HakoB? OKa3blBAETCH, YTO Heb3s, 1 OTBET TOT A3eT UMEHHO chopmyna Asist
yucna pasmeLeHunii ¢ nosTopeHnsamu. [eAcTBUTeNbHO, C NOMOLLBIO OAHOIO 3HAKA MOX-
Ho nepefatb Tonbko U(2,1) = 2 bykeer (E - u T —), ¢ nomowpto 4ByX 3HaKoB —
[/(2.2) = 2% = 4 byksbl, ¢ nomouisto Tpex 3Hakoe — U/(2,3) = 23 = 8 6yks, ¢ nomo-
Libto YeTbipex 3Hakos — U(2,4) = 2% = 16 byka. MoaTomy obwee yucno byke, koTopsie
MOXHO NnepesaTh He bosee YeM YeTbIpbMsl 3HaKaMU, COMIACHO NPaBUY CIOXEHUS, PaB-
HO

2+4+8+16 =30

A B pycckom andasute 32 OykBbi, Aa eule HaAO NEPEAaBaTe LNQPbLI U 3HAKW Npenu-
HaHus, YICHO, 4TO CUMBOJIOB M3 YeTbipex 3HAKOB He xBaTaeT. A ecin bpaTh CUMBOJbI
n n3 5 3HakoB, TO K nosyyeHrbim 30 npubasntcs ewe 32 cumsona. [lony4deHHbix 62
CMMBOJIOB BNOJIHE AOCTATOYHO AUIA TesierpadmpoBaHuns.

PaceMoTpuM HEMyCTOE [MOAMHOMKCCTBO A MEOKeCTBa X, COCLOAIlee U3 k 9J1eMeH-
T0B. YIOPSAOUMM 3JIEMEHTBI Muoxecrsa A. I1poiie BCEro 9T0 CACIATH, 3aHYMEDO-
BAB AUEMEHTBI JAHHOIO MHOXKECTBa. JJIEMENT, T0JyIuBIIUN HOMED i, 0D03HATMM ;.
[Tonyunsmeecd yopaA0o4eHHOe MEOKECTBO 0003HaUM (X1, . . ., Zg). OJHO 1 TO Ke
MHOKECTBO MOXKHO YIIOPSINOYHATE PA3MMUHBIMU CIOCODAMH.

o

Omnpepesienne 2. Pasmewenue 6e3 noemoperuti u3 n siemenmos no k
SN0 YNOPACOUERHOE k-INEMEHTHOE NOOMHONCECTNGO T-IAEMEHTIHOZO MILONHCECTNGA.
Jucao maxuz nodmuoscecms obosnanaemea A(n, k).

Teopema 2. A(n, k) = (71—7—1[—17,
- \.}.

Aorasameavemaso. Urober cocuurars A(n, k), GyneM paccyKuaTh Tak: COCTABHM
YOOPSIIOUCIIOE K-3JIEMEHTHOE LIOAMHOXKECTBO (Z1,. .., 25) T-NEMEHTHOI'O MHOMKC-
crea X. Ha nepsoe mMecto 2; nmeem n kaimjaror. 1locne Toro Kax oHo 3anoimHelo,
HA BTOPOE MCCLO Ty OCTaloTcd 7 — | KaHJMJATOB, HA TPEThE Tz OCTAKTCH 7L — 2

agauIaros, u T.0. Ha k-c mecto z, umeercd n — k + 1 kanauaaros (1ocie Toro Kak
Mbl BBIOpasn k — 1 snemeHT, ocraercs n—(k—1) = n—k+1 snemenros). Ilpunvenas
MPAaBUAIO TPOUIBCIECHUS, HAXOAUM

Alnky=n-(n—-1)-...-(n—k+1).

Iy POPMYILY MOXKHO 3almcaTh uilade, YMHOKHUB UHCIATEIb U 3HAMEHATED Ha
(n—k)-...-1. B qucsaurenie nosyaurcs npoussefeHne seex dices o 1 1o n. Xopouo
M3BECTHO, YTO TaKue NPOU3BEJEHUs HA3bBAKT @daxmopuasamu 1 0bo3HadalorT n!.
Takinv 0bpazon,

n!
A(n, /i) = (72_~i’_>'
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§1. Boibopxu, nepecraHoBKY, COUETAHHA U Pa3MEICHIIS

Opumep 3. Haydxoe obuiecteo coctouT u3 25 denosek. Hago Bbibpath npesugeqTa
obLiecTBa, BULE-NPE3NAEHTA, YHEHOIO CeKpeTaps U KasHaqea. CkoabkuMu Cnocobamu
Mmoxem boime cOenar smom gelbop, ecAu KakOblli uYser 0OWecmea MOKEem 3aHUMAMb
Auwe odun nocm?

Tak kak pe3ynbTaT BbIDOPOB CYLUECTBEHHO 3aBUCUT OT TOrO, KTO KakOW MOCT 3aiimeT,
TO Mbl UMeeM [1eno C pa3melleHnsimy be3 nosToperni us 25 anementos no 4. Moatomy
oTeeT gaetcsa opmynon A(25,4) = 2524 - 23 - 22 = 303 600.

Onpeuenenne 3. Ilepecmanoexotl (uiu nepecmanosxoii 6e3 nosmopenui)
U3 N FAEMEHMOB MHOHCECTNE0 X HAZDIBAEMCA NPOUIBOALHOE YNOPACOUUBGHUE
anemernmos muoocecmsa X. Hueao ecex nepecmarnosox mroncecmaoa X 00603Hava-
rom P(n).

llepecTanoBku — 3T0 UPCAEALHBIA Cydail pasvelledull 6e3 MoBTOpeHuit mpu
k = n. V3 Teopemspl 2 nojyvaem

Pn)=An,n)=n-(n—-11-.. - 1=nl

Ilpumep 4 CroabkuMy Cnocobamu MOXHO PACNOAOKUME HaQ wazmamuol docke
8 nadeu mak, wmobel oHu He buau dpyz dpyza?

/13 ycnoens AcHO, H4TO MpU TaKOM PACNONOKEHUN HA KAXKAOW FOPU3OHTANN U KAXKAOK
BEPTUKANN CTOUT MO OAHON nagse. BO3bMEM OZHO M2 3TUX PACNONOXKEHUA U 0D03Ha-
HYYM 4epe3 Iy HOMED 3aHATCro MoAst Ha NepaoW FOPU3OHTENW, Hepe3 I, — Ha BTOPOR
FOPW3OHTaNM, ..., Hepes Tg — Ha BOCbMONW ropusoHTanu. Torpa (ry, zo,...,T5) Oyder
HEKOTOPOIA nepecTaHoBkol u3 Hucen 1, 2, ..., 8 (sicHo, 4TO Cpeaw uncen zy, T, .- .,
Tg HET HU OAHOR Mapbi OAMHAKOBbLIX, TaK KaK UHa4e ABe Nafbn nonann Obl HA OfHY W
Ty *e BepTukans). ObpaTHO, ecn 21, Ty, ..., Ly — HEKOTOpas NepecTaHoeka qucen 1,
2, ..., 8, TO eil COOTBETCTBYET HEKOTOPOE PACMONOKEHNE NALEA, NPU KOTOPOM OHU He
MoryT buTe apyr Apyra. Takum obpa3om, 4UCIO NCKOMbIX PacnoNOXKeHNA nafeil pasHo
4ucny nepectaHosok uncen 1, 2, ..., 8, To ectb P(8). Ho

P8)=8'=1-2-3-4-5-6-7-8=40320.

To4HO Tak e A0KA3bIBAETCS, YTO Ha G0CKe u3 N 20pus3oHmasel u T 6epmuKa-
nell moxno n!  cnocobamu pacnosoxume N aadel mak, wmobbl OHU HE MOZAU
bume dpyz dpyea.

Onpenenenuc 4. Covemanuem 0€3 nNosmoperuti u3 n IAeMenmMos no k
HA3BEAEMCA A1000€ K-3ACMERTIHOE NOOMHONCECMBO MmHodMcecmea X . Hucao makut
nodmnoncecme obosnaaemen Cn k).

Teopema 3. C(n, k) = Wr{i_ o

Hoxazamenvemeco. Cocrapum see C(n, k) coderannit us n sjnementos 1o k. 3aTem
NePeCTaBUM B KasKJOM COHCTAHHY DJIeMEHTHI BCEMM BO3MOMKHBIMU criocobanu, Mer
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['JIABA 2. KOMBUHATOPUKA

MONYUMJIM, W TIPUTOM JIMIUL [10 OAHOMY pa3y, BCe YIOPAJOUeHHble K-3/1€MeHTHBIE
MO/MHOMKECTBA N-3NemMeHTHoro Mumkecrsa X. VIx gucno pasuo A(n, k). Ho wucio
k-anemerTHbIX mogmuokecTs B X pasto C(n, k), a Kaxka0e U3 HAX MOXKHO yHOpS-
nounts P(k) = k! criocobamu. Vimeem C(n, k) - k! = A(n, k). Orkyna

A(n, k) n!

C(n, k) = L zl(,b — k)

U
Bameuanwe 1. Copasemsa dopmyia C(n, k) = C(n,n — k). Heiicrearesasno,
eCJTH BhIOPATH U3 M DA3IHIHBIX JJEMEHTOB HEKOTOPOE COYETaHHEe M0 k 3JIEMEHTOB,
TO OCTRHETCS MONOJTHHTENBHOE COYETAHUE 10 N — K 3JIEMEHTOB, a JOTIOJIHHTEbHEIM
K I10Jy 9eHHOMY COYETaHHIO [0 1 — k 3JIEMEHTOB SIBJISIETCSI HCXOJZHOE COUCTAHHE IO
k snemenron. Taxum obpazom, coderaHHust o k U mo n — k 371eMEeHTOB 06Pa3yIoT
B3&HMHO JOTONHHTENbHBIE TAPEl, TOTOMY YHCIO 3THX COYeTAHHH OQHO H TO JKe.

Paccmompum dpyzoe dokazamenscmeo gopmysst C(n, k) = C(n,n—k). s aro-
ro JajMM TeoMeTpHUecKyto muTepnperanuio uncaam C(n, k). [Iycte umeercs npa-
MOYTONIbHAS cerKa padMepa k X (n — k) (cm. puc. 1). Berducmmy 9uciio pa3iagabix
KpaTyailunX 1TyTel Ha 3TOW ceTkKe, BEYIHX U3 JieBoro HuxHero yria (touku (0,0))
B npasblil Bepxiuit yrod (touky (k,n —k)).

0, n-k) (k, n—k)

n—k

0 k (k, 0)

Puc. 1.

Kawxupiit xpaTuaiimmit nycs u3 rouku (0,0) 8 Touxy (k,n — k) cocrour u3
k4 {(n — k) = n orpeskos, npuueM Cpeiu HHX €CTh k MOPUOHTANBHBIX U 1 — k
BEDTUKAJIbHBIX OTPE3KOB. Paguple rmyTH 0TMHYAl0TCs LI TOPAAKOM YePeI0BAAUS
FOPUBOHTANIBHBIX M BEDTHKANBHBIX OTPE3KOB. [losromy obiiee umeno nyTeft pasHo
HicoLy Crioco60B, KOTOPLIMHE U3 MIIOXKECTBA N OTPE3KOB MOXKHO RBIOPATH k FOPH30H-
Ta.1bHBIX OTPe3koB, T.e. C(n, k).

Mozkr0 651710 GBI pacCMaTPUBATE YHC. (0 CIOCOBOB BHIGOPA HA k FOPH3OHTAIBHBIX,
a1~k BEPTHKANBHBIX 0TPE3KOB. TOrma Ml IOy IHIH Bbl OTBET C(n,n—k). Takum
0BPa30M, MBI YCTAHOBWIM reoMeTpadecky pasercrso C(n, k) = C(n,n — k).

Bamevanue 2. 3aukcHpyem Kakoi-HHOYAL H3 N 9JEMEHTOB MHOxecTBa X, Ha-
OpUMeED a, H pas’obbeM BCe COYETAHMS U3 T 3JCMEHTOB MO k Ha JBa KJIAacca —- co-
ACPXKALIAC 3JIEMEHT O M He COAEDrKalfue 9TOr0 dJeMeHTa. THCA0 codeTaHHil IepBOro
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riacca pasHo C(n—1,k—1) — Hag0 U3 OCTaBUIUXCS N — 1 971eMEHTOR BBIOPATL eIIe
k — 1 ssementos. A uncio coweranuii sroporo knacca papHo C(n — 1, k) — HaI0
BhIGPATE k U3 BCeX a1eMeHToB, uckaiodast a. Ho noboe coveranue oTHOCHTC HIH K
IIEPBOMY, HJIH KO BTOPOMY KJIACCY, HO HE K JBYM KJjaccam OmHOBpemerHo. 11oarovy

Cnk)=Cln-=1k=1)+C(n—1k).
orywum meneps smo moxdecmgo u3 2eoMempuueckur coobpaxerull.

O, n- k) Ay A(k, n— k)

—0

3

0 k (k,0)

Puc. 2.

Yncio kparyasimx oyreit u3 rousu 0(0,0) B Touky A(k,n — k) pasro C(k + (n -
k), k) = Cln, k). Bce Takne myTn MOXKHO pa3ie uTh Ha 2 FPYIIILL MY TH, IPOXOISIITHE
gepes Touxy Aj(k — 1,n — k) (uncno ux pasuo C((k ~ 1) + (n — k), k — 1) =
Cln—1,k-1)), u yrn, npoxogsupie depes Touky Ag(k,n—k— 1) (ducno ux pasuo
Clk+(n—k—1),k) = C(n~1,k)). JIroboit xparuaitiuuit myrs uz rogkn O(0,0)
B Touky Alk,n — k) npunagnexcur gubo reppoil, 6o BTOPOH rpyIie, HO He ABYM
rpynnanm ogaospemento. Cienoparensio, C(n, k) =C(n—1,k—1)+C(n—1,k).

Sameuanue 3. [oKaxKeM TOXKIAECTBO

n—k+1

Cln, k) = Z Cln—s,k—1).

s=1

Paccyvorpum Bee k-sj1eMeHTHbIE HOAMHOKeCTBA MHOKecTBa X = {X1, T2, ..., Ty}

M

Yucao nx paspo C(n, k). Pazobbem ot moaMraoxkectsa Ha Kiaacchl 1y, Ty,
T, .11 oTHecsi K kiaaccy Ty pee Te k-amevenrnpie HOAMHOMKECTBA MHOXKecTBa X,
B KOTOPDIX 3JCMCHT ¢ HAHMEHbUIMM HHAEKCOM paBeH Iy, OUeBHIHO, YTO 3TH KJIACChH
HE IIePeCeKATC M UMH HCHEPIBIBAKTCS BCO k-31€MEHTHBIC [I0AMHOXKECTBA MHOMKC-
cra X.

Tax kax Kaxjaoe MOAMHOXKECTBO A3 Kjgacca Ty MoMeT ObITh MOJYIeHO NPHCO-
CAHHEHUEM K 25 HeKOTOpOro (k — 1)-3/IeMelTHOr0 MoAMHOMKECTBA MHOXKECTBA {4y,
Tgro, ..., Int, TO KIaCC 1y cocront mz C(n—s, k—1) nogmuoxects. CileJ0BATCIBHO,
JIOKA3bIBACMOE TOXKIECTBO BEPHO.
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Joayuum menepe 5mo mokdecmeo u3 2e0Mempu4ecKkus Coobpakenul.

0, n-k) (k n—k)

n—k | ]

0%k (k, 0)

Puc. 3.

Paccvorpum Bce Kpardaflide MyTH, COCUHHAIOWIHE TOYKY (0,0) C TOYKOMH
(k,n — k). Yucao raxux myteif pasao C(n, k). Ornccem k xiaccy B, Te myTn, Ko-
TOpBIE TepeceKaroT mpsaMyio T = 1 B rouxe (3,s), s = 0,1,...,n — 1. Quesuzso,
yTO Kaacchl By He mepecexaiorcs M MH ucuepibisalorcs nee rytd nz touxy (0,0)

B Touxy (k,n — k). Kpome Toro, kaxupiii knacc By cocrour u3 C(n —s— 1,k —1)
n—k

nyreit. Hostomy C(n, k) = > C(n—s—1,k—1) = (Bputosxun 3ameny s = s+1)
5=0

1

i

~
>
/.

Cln~ s k—1).

n
5

Bameuanue 4. /logasxen emre OQHO TOXKIECTBO, KOTOPOE HAZBIBACTCS MOAHCOCCTNEOM
Kowu:

k
Clm+n, k)= Z C(m,s)C(n, k — s).
s=0

ITpescrasim, TT0 W3 IPYIILI, COCTOSIUIEN H3 ™ MYXKYUH H N XKCHILHH, MBI XOTHM
seibpars k yenopex. C ogroil cTopounsl, 310 MoxckHo caerdars C(m+n, k) criocobamu,
CCIH OCYIICCTBIATH BHIOODKHA M3 0OLEIHHEHHOTO MHOMKCCTRA My AKIHH W JKCHUTHH.
C apyroii ¢TOpoHbl, BCC k-3/eMEHTHBIC TIOJIMHOKECTEA HAUIENO MHOMECTBA MOMKHO
KJIACCHMPUIIHPOBATE 110 YACIY MYAKUHH B [TOIMHOMKECTBE, k-3JIeMCHTHOC IO IMHOMKC-
CTBO, COAEPAQAILEE § MY>KYHH, MOKHO HOJIYYUTH, BhIOHDAs CHATAIA § MY THH OTHHUM
13 C'(m, s) crioco6os, a 3avem (k — 8) xxenmua ogunm 13 C(n, k — s) cnocobop. Ta-
KHA OBPA30M, 110 IPABUIY HDOM3BEACHHST YHCIO BCEX BOIMOMKHLIX ITOAMHOKECTR 13
k uenopek, prmogaromyx § Mysxkynt, pasno C(m, 8)C(n, k—s). Orcioga 110 npaBuiy
CYMMBI HELIOCPEACTBEHHO CJAEAYET HCKOMOE TOXKTECTEO.

pumep 5. CKOAbKO NDAMOYZ20NbHUKOS MOKHO 6blDe3amb U3 KAEMOK J0CKU,
pasmep komopold m X n? (Bsipesaemcs 00un NPAMOY20AbHUK.)

[TpAMOYroNbHNK Of4HO3HAYHO ONPEAENSETCH NONOKEHNEM €70 CTOPOH. [OpU30OHTaib-
Hble CTOPOHbI MOTYT 3aHWMaTb sitoboe u3 m + 1 nonoxedns. Torga 4mcno cnocobos
ux 8bibopa pasHo C(m + 1,2). AHanoOruyHo BEpTUKaNbHLIE CTOPOHBI MOXHO BeIDpaTh
C(n+1,2) cnocobamu. [No npasuny npousseaeHus NONy4aemM, 4TO YUCAO NPSMOYroONb-
Hukos pasho C'(m +1,2) - C(n+1,2).
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Onpeneserine 5. Couemanuem ¢ NOSMOPEHUSMU U3 T, INEMENRTNOEG NO k Ha-
3BLEGEINCS COCMAB CAOBA OAUHBL K, KOMNOHEHMbL KOTNOPOZO NPUHADAEHCAM. OQHHOMY
n-oaemeHmMHoMY mHoorcecey X . Hucao maxuxr cocmasos obosnaqaemed V (n, k).

Teopema 4. V(n, k) = C(n+k—1k).

Hoxaszamenavcmeo. Ilyers 1, To, ..., T, — 2JeMeETH MHOXKecTBa X. PaccMoTpum
NPOM3BOJBHOC COYCTAHHE C TOBIODEHUSIMK U3 7 3JIEMCHTOBR MHOXkKeCTBa X 10 A,
T.e. COCTAB (Mg, Mgy ..., My), My + My + ...+ M, = k. Bouinmesm 0o 0P IKY

HYMEDaIdi 3JIEMEHTOB BO MHOXKeCTBe X BCE KOMTIIOHEHTHI CJIOB, COOTBETCTBY FOIIHX
3TOMY COCTaBY:

. o | o e o 0o .
T1T1 ... %) | ToZo .. Ty | 3Ty .. T3 | oo | TnZn .. Ap .
™
~——
my mo m3 Mo,

B3aMeTuM, UTO KaXKIOMY COCTaBY TAKash PACCTAHOBKA COOTBETCTBYET B3AMMHO OO~
suatdo. JUMHa  PaCCTAHOBKNA € y4eTOM  BePIHKAIBUBIX JIHHUE COCTaBIACT

k+(n—1)=n+k—1, rjie k — KOJMHYECTBO 3JIEMEHTOB B PACCTAHOBKE; 7L — | -~ 4uC-
JI0 BePTUKAIBHLIX JUHUA. Jance, mobad TaKas PAacCTAHOBKA OJHOZHAYHO 38,18€TCH
BeIOOpOM U3 N + £ — 1 Mecra n — 1 MecTa JJid NOJOMKEHUH BePTUKATLHBIX JHHUE.
Cornacro Teopeme 3 370 moxHo cresars C(n +k — 1,n — 1) cnocobamu. IIpome-
HKYTOUHDIC MECTa MEXJLY JTUHHSAMY 3aT0THIIONCH COOTBETCTBYOTIMMU d1EMEHTAMH.
Cornacno 3ameuanuio 1 reopemst 3 umeent C(n+k —1,n—1)=C(n+k—1,k). [

Mpumep 6. B KOHAUTEPCKOM MarasuHe NpoAaroTCs NUPOXKHbie 4 COPTOB: HANOEOHbI,
SKNEPbI, NECOYHbIE 1 CNoEHbIE. CKOAbKUMU CROCOOAMU MOXHKO KYynums 7 NUPOKHLIT?

Mo ycaosuto 3aga4u MHOXECTBO X COPTOB MUPOMKHBLIX COCTOUT U3 3NEMEHTOB T .
To, T3 U Ty, KOTOPble 0DO3HAYAIOT COOTBETCTBEHHO HAMONEOHBI, IKNEPbI, NECOYHbLIE 1
Cnoenble MUPOXHbIe. Toraa Nokynky n3 7 NMPOXHBIX MOXHO 3aAaTb COCTABOM COBa
AJHbE 7, KOMTMOHEHTbI KOTOPOro NpaHagnexat 4-aemeHTHOMY mHoxecTsy X . [oaTomy
Mbl UMEEM [IENO C COHETAHUAMI C NOBTOPEHUAMU U3 4 31eMeHTOB no 7. | akum obpasom,

7 NUpOXHBIX MOXHO KynuTe C(4 +7 —1,7) = 71,—%1[ = 120 cnocobamu.

[Ipumep 7. Halmu KOAULECMEO UEAOUUCACHHBIT PeueHull YpasHeHUR
r+zo+. o Ha,=k k20 2, >0, :0=1,2....,n n>1

PaccMoTpum Creayiowyo MHTEPNPETALMIO PELLEHNs ypaBHerna. Kaxoe 3HauYeHne
w, o= L+ L+ ...+ 1 npeacTasum KaK Cymiiy SAWHUL, KOJUMHECTBO KOTOPbIX pasHo
2;. Wnpeke v 1; ykasbiBaeT Ha ee NPUHAANERHOCTL K PA3JOMKEHWIO YUCAA ;. |aKuMm
0bpa3om, Mbl BBEAN 7 pa3nn4Hbix anemeHToB {11, 1o,...,1,}. Torga noboe peiuerue
NCXOAHOTO YPABHEHUS MOMHO NPEACTaBUTL Kak CYMMY, COCTaBNGHHYHO U3 k NpOU3BO/Ib-
Hbix efuHuy mHoxectsa {1y, 1o,..., 1,}, T.€. KaK CcoCTas cnosa ANUHE &, KOMMOHEHTbI
KOTOPOro npuHagiexar muoxecrsy {11, 1s,...,1,}. [annoe cooTsercrue sisnderca
B3aUMHO OAHO3HAYHLIM, OTKYAA CAEAYET, 4TO KONNYECTBO PELLEHWA ypaBHEHUS PABHO
qucny codeTannii ¢ nostopenusmu C(n+k — 1, k).
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MoxHo paccmoTpeTs bonee obuiyto 3aaady. Halmu KOAUNECMBO UEAOYUCALCHHLIT
peweHull YpagHeHUud

mtEyp At oty =k, oy >a,10=12...,n n=>1L

Cpenas 3ameny y; = 2, +Q;, 1 = 1,2, ..., 7, NONYHaAEM ypaBHEHNE Ty + Lo+ ...+ Lp =
n

k=5 a; rae z; > 0 — uensle 4ucna. Mbi yxxe 3HaeM, 4TO 4MCNO peLIeHWi 3Toro

=1
n n

n

ypasHenns npu k — > a; > 0 pasno C(n+ (k— > ;) — 1,k — > a;). Croneko xe
i=1 1=1 =1

PELIEHUNA N Y NCXOZHON CUCTEMBbL.

Oupcaenenue 6. [Tycimw sadan cocmas caos (my, ..., my,). Ilepecmanoskoti ¢
NOSTMOPEHUAMU U3 M, INCMEHTMOB8 L1, Mo IAEMEHIMOB Ly, . . ., My IAEMEMH-
MO T, HA3BLEAEMCS CA080 COOMEEMCMEY0WEE JdanHomy cocmasy. Hucao makuc

CA08, COOMBEINCMEYOULUT cocimasy (g, .oy M), 0603HANAETNCH
Plmg,ma, ... ,my).

Teopema 5. P(my,ma,...,m,) = Wﬂ'ﬂT” edem=my+mg+ ...+ My
Jloxasamenscmeo. TlepectaHOBKH C NOBTOPEHMAMU HMMEIOT TECHYIO CBi3b C COe-
ratisiMu. OUPeleuM KOJMYECTBO 3THX [EPecTaHOBOK CleAykornmmM odpaszom. U3
BCEX M. MECT II€PECTAHOBKH 1M, MeCT 3aHUMaOT 9JeMEeHThl T1. BBIOOD MECT /sl HHX
MoHO cacratTh C(m,my) cnocobamu. Y3 OCTABIIMXCS M — 71 MECT 3JeMEHThI Ty
3ALHMAIOT Ty MECT, KOTOPBIe MOXKHO BRIOpaTh C(m — my,my) crocobamu. U rak
Janee. Hakowew, Te »ke pacCy X IeHust NOKA3LIBAIOT, YTO 9JIEMEHTHI T, MOXKIHO Pac-
OJIOKHUTL B mepectadoBke C(n —my —my — ... — My |, My,) cnocobamu. CornacHo
(PABHILY IPOM3BEJAEHNUS, YUCIIO TTePLCTAHOBOK C ITOBTOPCHUAMHA DABHO

Plmy,my,...,my) = C(m,my) - Clm — my, my) -
il
. C(m — My — My —...— 'fnn_l,_mn> = 7’”1'71—13271—[

O

Crneacreue. 3aMevaTesibHo, 410 (DOPMYIIE, A5 YUCH [CPECTAHOBOK U3 1y dJIEMell-
TOB 'y W 1M — 7] ICMEHTOB £, COBMaJaer ¢ (OPIMY.ION coderalinii 0e3 NOBTOPeHHil
M3 1M JTEMEHTOB O 11!

P(my,m ~my) = C(m,m,).

Mpumep 8. Korpa Xpuctuan [ofirenc (1629-1695) oTkpein konsuo CaTypua, oH co-
cTasun axarpammy’

' Anaegpamata — ITO IEPECTAHOBKA OYKD, MOCPEACTBOM KOTOPOW U3 O/HOIO CJIOBA COCTAB/ISACTCH
JIDYroe, UANPUMED, CIOBa «IYHKA» B «KYJIAH» — AHATPAMMBIL.

a0



§2. HonuHomMuaabHas Teopena

aaaaaaa, ccccc, d, eeeee, g h i, M, mm,
nnnnnnnnn, 0000, pp, ¢, rr, S, ttttt, uuuuuy.

Ecnm noctasuTe 8 Held DykBbl B HY>XHOM NOPSAKE, TO NOAYHUTCA TEKCT

«Annulo cingitur tenui, plano, nusquam cohaerente,
ad eclipticam inclinatoy.

(«OKpysKeH KONbLOM TOHKUM, MOCKWAM, HUFAE He NOABELUEHHbLIM, HaKAOHHbLIM K
IKAUNTUKE . )

Ckoabko Hado cdeaams nepecmanogok, umobsl oumu 00 UCMUHHOZ0 CMbICAG
anazpammel [olzenca?

B a1y anarpammy BxoanT 7 byks a, 5 byks ¢, 1 byksa d, 5 byks e, 1 bykBa g,
1 6yksa h, 7 byke i, 3 bykebi |, 2 byksbi m, 9 Byke n, 4 bykser 0, 2 bykssl p, 1 byksa q,
2 bykeb! 1, 1 byksa s, 5 byks t n 5 byks u, a Bcero 61 byksa. [lo Teopeme 5 nonyvaem

61!
71501151 T 117131219141 2111211151 5]

nepecTaHoBoK. JTO FPOMafHoe Y1CAo npumepHo pasHo 1090,

C 3apadeit nepebopa Bcex 3TuX NEPECTAHOBOK 3NEKTPOHHAS BbIYMCAUTENLHASA Ma-
UivHa, Jenatowas MUAIVoH ONepauui B CEKyHIy, He cnpaBunack Obl ¥ 33 BCE Bpems
cyuiecTeoBaHuns CONHEYHON cncTemsl.

Oprako oauH w3 wonner [toiredca, Bannue, Bonbluioid macTtep no pactumdpoBke
TaiHoONWUCK, Pa3rafian 3Ty aHarpaMmy W COCTABWA MO 3TOMY MOBOAY CBOK) aHarpammy,
koTopyto nocnan [tolirency. Korpa yueHbie 0OMeHSNCL pa3rafkaMut aHarpamm, TO No-
AY4MNOCh Tak, 4To byato 6wl Banauc ewie no [Molirenca caenan 7o e camoe OTKPbITUE.
MoTom Bannuc npuanancs, 470 oH nowyTu, 4Tobbl 4oka3aTh HECNONE3HOCTL aHarpaMm
B Aene TaiHonucw. [1OfreHc, 0fAHaKo, HE OLUEHA 3TOM LUYTKU U PacCepamaca . .

[eno B TOM, 4TO 4E/0BEKY B KAaKOM-TO CMbICAE ferde pewuvTb NofobHyto 3apaqgy,
yem mawwure. Beas denosex byaet HpaTh He BCE NEPECTAHOBKM, a TONLKO T€, B KOTOPbIX
NOYHAIOTCA OCMBbIC/IeHHbie CNOBA, DyAET yHuThIBaTh MOPhONOrMieckne Npasuna u T.A.
ITO CUABHO COKPATUT HUCNO HEOBXOAUMbBIX NONBITOK. A CaMOE rfaBHOe — OH NPUMEPHO
3HAET, Haf KaKuMWU BOMPOCOMU AyMaj ero KOppecnoHgeHT. Ho Bce pasHO Nony4aeTcs
O4YeHb rpomMo3akas pabora.

§2. llonmHOMMAIBLHAS TEeopeMa
Teopema 1. (IlonnHomuansuas reopema. )

oM > my o me T
(zy 2o+ ... +z,)" = \ Plmy,mg, ... omy)zy ay? oooxn,

halt} it

1+mat...tmp=m

20€ CYMMUPOBUHUE BUINOAHACTNCA MO GCEM PEULEHUAM YPUBHEHUA My -+ My + ... +
My = M 6 ULABT HEOMPUYUATEALHILT HUucAaL, My > 0, 1 =1,2,... n.



I'1ABA 2. KOMBHMHATOPUKA

Jlokasamenvcmeo. Boutonnum ymuoxkenue (1 + o+ ...+ 2y) " =

=(z14+ 2o+ . )@+ T2+ xn) . (TPt Ty
m

“robpl IpUBECTH NOAOOHBIC ClaraeMble B II0JYY€HHOM BbIPaXKeHHH, HEOOXOJUMO
MOACUMTATE KOJMTIECTBO O/IHOMWICHOB BUIR X1 ' ... i (Wn1 NepecTaHOBOK C I0-

BTOPEHUSMU U3 1| JIEMEHTOB T, My 3JIEMCHTOB Ty, ..., 1M, 3JIEMEHTOB I, ) s
KaKJOT0 COCTaBa (M, Mo, . .., My), TIHE My + My + ... + m, = m. o Teopeme 5
w3 §1 30 Mowiic caenarh (my, me, ..., My) CIIOCOOAMIL. (]

Boipaxkenue (21 + 2o + ... + z,)™ naseisaercsa nepenucasrowets npoussodiuet
Pymryuct NEPECNAHOB0K ¢ NOGMOPEHUAMY U3 T, INCMEHNOE T1, My IAEMEN-
MOB Ly, ..., My INEMEHMOE Ty MO 6CEM COCTNABAM (T, Mo, . .., My) MAKUM, MO
my+mo+ ...+ my, =m.

[TonuHOMBATBIAS TEOPEMa IMO3BOJISET JIOKA3aTh HEKOTOPbIe CBOHCTBA IHCEI

(ma,ma, ... ).

P
Cnefcrsue 1.

nm = Z P(my,ma, ..., my).

mydme+...+my=m

Aorazamenvemeo. B dpopmyne Teopembr 1 MOMOXUM T = 2y = ... = T, = 1.

Crnencresue 2. P(my,my, ..., my,) =

= P(mi—1,mo,...,my) + P(my,my—1,...,my) + ...+ Plmy,my,...,m, — 1).

oxasamenscmso. 1Tobsl moayuuts a7y dbopyyay, Haio B Goprye
/ L . \m—1/ . /
Z1d+ 2o+ 2)" T (e = (b b )™

; - . -1 . . ) -
(ty 422+ +x)™ (14 x04 .. A 2n)™ PAsIOKUTE N0 (HOPMYJIE TTOTMHOMHATb-
HOW TCOpeMbl, BBIIOJHATDL C/leba yMHOXKeHUe Ha (7 + Ty + ... + T,) 1 IIPHPaBHATD
DY

KO3(DPUIMEHTD TIPH O JMHAKOBBIX CTEIIEHAX S N 0

Cnencreue 3.

P(my,ma, o) = Plhyks,. o k)Pl o L),

ki+li==my

DJIC CYMMADOBAHUE DACHPOCTPAHEHO HA BCC LEJIHIE HEOTPHIATEABHbIe YHCTa ki, ks,
conkny Ay la, oL, rakue, uto Ky ko 4+t ky = s, L+l .+, =t
ki +l=my, ky+lo=mo, ..., kn+1,=m,

02



§3. Bunomuasibnas teopema. BuHomuasbable K09DULIHMEHTH H IX CBOHCTBA

Aorasamenvemso. Irobel JoKA3ATH 3TO CJI€JICTBHE, HAI0 NEPEMHOMKHTL 00e YacTH
DPABJIOKCHHIH

‘ L , - ; N 5 ki ka
(1 + 22+ ... +u,)° = > Plky ko, oo kn)aitzs? ooy
kid-ko+. Akn=s
it
) . t 5 bl i
(my+ 22+ .+, = E Pl by, o ly)x a3 oy
otla-b A=t
1 CPaBHVTH KOXPDUUMEHTD B 00UX YaCTAX TPA 27 1y ... 2" O

83. Bunomuanbeas TeopeMa. BuHoMBaIbLHbIe
K03 DUIMMEeHTbl 1 IX CBOICTBA

HacTHbiM caydYaeM HOJHHOMUAILHOU TEODEMBI SBJIAETCS

Teopema 1. (Bunomuanpuasi Teopema.)
n
(a +x)" = E C(n, k)a" *z*.
k=0

Jowasamerncmeo. Jra GoOpMyia ABIAETCHA TACTHBIM CilyJaeM (DOPMYbL TeOpeabi |
113 82 ¢ yUETOM DaBEHCTBA CACNCTBUS TeopeMbl b u3 §1. O

Kaxo#t kombnuaroprpiit cMmbicn aumetor kosbduiumentsr C(n, k) B Gopmyne ou-
HOMHUA. TLHON TeopeMsl! [{aK Mbl BHICIH, UPABAA YaCTH 9T0HW QOPMYJIbI Oy YaeTCst
rocsie BO3BEICIHUA @ + & B N-10 CTEIEHb, T.e. NePeMHOXKeHNs ckobok (a + x), npuse-
JIEHHA [HOJOOHLIX U.I€HOB U PACTIONOXKEHA CHArAeMbIX 0 YOBIBAKOIIMM CTEIICHAM Q.
Koapdpunment C(n, k) crowt ripu Bopakerun a™ *z*. Craraempie TaKOr0 BIIA M0~
AVYAIOTCH TPU PACKPLITHH CKOOOK B TEX CIYYaaX, KOTJA U3 k ckoDOK Heperes 2, A U3
ocrasmxes 1 — k ckobox — a. T.e. C{n, k) — 910 wncno cnocobos seibopa k ckoboK
I3 UMEIOLIHXCS 72 CKOOOK (3IECh 0JIe31I0 BCHOMHUTE 3amMevanie 1 rocse TeopeMsl 3
§1). Boibupad & ckoOOK M3 HMEIOIIUXCH 7 CKOOOK, MBI BLIZETeM h-3JIeMeHTHOE M0
MHOXKCCTBO U3 N-3/1eMeHToro Muokecrsa. Cre1oBatensio, koahpuumentsl C'(n, k)
B hopriviie BIHOMMAIRHOR TEOPEMBI CYTh HE Y10 MHOE, KaK UHCAa COUYeTaHMI U3 1
3.1CMEITOB 110 & Ge3 morTopeHni. '

MopMyiiy OMHOMUAIRHON TeopeMbl Ha3hiBaioT OunomoMm Ibiotona. bunom Heko-
TOHA. Hd3bIBALTCA TaKKE Nepevucamowed npoussodausets gynxyued covernanull 6e3
NOGIOPCHLf

BHHOMUAIBLIIAS TEOPeMAa 1I03BOJHMET JI0KA3ATH HECKOLKO MHTEPECHbX (DOPMY/I.

Cuaejictaue 1. S™Cn k) =2
E 0

Joxasameavcineo.  Hamo B TOXICCIBE OWHOMUAJILHOM TEODEMbI ITOJOXKMLL
a=z=]. (]

93



I'1ABA 2. KOMBUHATOPUKA

n
Caencrsue 2. S C(n, k) (m — 1)"7F = m™
k=0

Hoxasamenvemeo.  Hago B TOXKIECTBe OUHOMHAIBHON TEODEMBI IMOJOKUTE
a=m-—1lnz=1 ]
2] B
Crneacrsue 3. S C(n,2k) =35 Cln, 2k — 1) =21
k=0 le=
Joxasamenvcmeo. Hano B GUHOMUANBHON Teopeme MOJOKUTL 6 = L 1 o = —1,
n
torma (1 — 1)* = > C(n, k) = 0. T'pyunupys 1oaoKuTelbHble W OTPUIATEIIbHbIE
k=0
L3) (%] L5)
PR L ‘
4 Jleibl paBeHcTBa, yeranosuM » . C'(n, 2k) = > C(n,2k—1). Tak xax y , C(n,2k)+
k=0 k=1 k=0

51 n
+ 5 C(n,2k —1) = > Cn, k) = 2% 1o Kaxklasd U3 CyMM COCTAB/ISAET [IOJIOBHHY
k=1 k=0
auca 27 O
" _
Cnencreue 4. ST k-Cln k) =mn2r1
k=0
Joxasameavcmeo. Hamo B OMHOMUANBHON Teopeme MONOXKUTHL @ = 1, TOrga

k3
(1 +a2)" = 5 C(n, k)z*. uddepenuupopatne IOCIEIHEr0 DABEHCTBA 110 I
k=0

naer n(l4z)" 1t = 3" k-C(n, k)z" . Tlosoxus z = |, nosyuaem HCKOMOE TOXK J[eCT-

k=0

BO. O

(12

Crnencrtsue 5. (- C(k,")C(n, k) =0, n>r

&
i7=

Howasamenvemso.  Hayo B OmpoMUaibLHON TeopeMe MOMOXKUTL a = 1, Toria

n
(14 2)" = 5 Cn, k)z*. Hubddepenuposanue nocae/HEro PABCHCTEA I' Pa3 MO Z
k=0

naet - (n— 1) oo (n—rt D(t+a)" = E_: k- (k— i) (k=T l)C(ﬂ,, /{?\)[l,?&" A

k=
Pasagenup Ha 7l v noAOXKUB T = —-1, oJydaeM MICKOMOE TOXICCTBO. C

Cuencriue 6. (Masast reopema @Pepma. ) Ecmu p -— npocroe aucno, Ton? —n
JEJTHTCST HA .

Zoxazamenvemeao. Tlpu n = 1 970 yrBep:KACHHEe BEPHO, Tak Kak 17 — 1 = 0 geaurcd
na p. lycre goxasano, yro kP — k jemres na p. "I1obbl JoKA3aTH JeJIMMOCTD HA P
uncna (k4 1)P — (k + 1), paccMoTpuM PaznocTh

(k+1)P—(k+1)— (kP - k).
Packpsizast (k + 1)” o dopmyne Guroma HuoToHa, HOMyUmM:

(k+1P—(k+1)— (kP —k)=(k+1)P —k? -1 = |
=C(p, )k 4+ C(p, 2)kP2+ ... 4+ C(p,p — 1)k. (1)



§3. BunomnaJsipHas reopema. buHomuaisHble KO3(hUIMEHTH H UX CBOHCTBa

Ho opn 1 < j < p umeem:

2]

, (p=1)-...-(p—j-+1
Clp. ) = PP 4 (p=7+1)

[TockoJibKYy YHCIO p TPOCTOE, OHO HE JEJIUTCA UM Ha OAHO W3 uuces 1, 2, ..., 7,
crosimux B 3HaMenarene. [lostomy C(p, 7) memures na p npu 1 < 7 < p. Ho Torma
BCE CJIATaeMbIC B IIPaBOH YacTy paseHcrBa (1) AemsrTcd s p, a 3HAYMUT, W jeBas
YacTh gejuTest Ha p. ITockonbky B cwity mpeironoxenns kP — k jgemurcs Ha p, TO U
(k+1)" — (k + 1) nemurcs Ha p.

Utak, neaumMocts nf — n Ha p Aoxazaua upu n = 1, a n3 geaumocru kP — & Ha p
cirepyer, uro u (k4 1)P — (k + 1) nenurcst Ha p. 3uavuT, nf — n JEJAATCS Ha P OPH
BCEX HATYPAJBHbBIX SHAUCHUAX 0. O

Hucna couerannit C(n, k) HASBIBAIOT HUHOMUAALHBIMU KoaPPuyuenmamu.
Bavievanue 2 Teopeant 3 13 §1 gaeT npoctoil crocod Mmoc/ieaoBaTelsHOI0 BhIUMICIe-
nus sgagcauit C(n, k). Cradana vato sanucars 3uadenwe C(0,0) = 1. B cienyiouweii
crpoke manmuem snavedus C(1,0) =1 u C(1,1) = 1 tak, urobur suavenue C(0,0)
0KAa3a/10Ch HaJl IIPOMEXKYTKOM MEK Ly STUMY JByMa YucaaMu. Janee, Mbl 3HAEM, 4T0O
C(2,0) = C(2,2) = 1. Orw 9ncia 3a0ulleM B CACVIONEH CTPOKE. A MEXKy HHME
sarmuem qucio C(2, 1) pasuoe, cormacHo 3anvedanio 2 Teopembl 3 u3 §1, cymme dil-
CeJT LPe. (bLAYLIEN CTTIOKH, CTOSINUX CALBa U clipaBa ot Hero, C'(2,1) = 14+ 1 = 2. Ho
TOMY K€ [IDABIILY 3all0.1HIeM OCTATbHBIE CTPOKY: CHAYAA [TUILTEM [10 GOKAaM 3HAve-
nug C(n,0) = C(n,n) = 1, a Bce NPOMEIKYTOUHDIE 3HAUEHWS BLITHCTAEM KAK €y VMBI
YUCEN TPC. IbLAYLUIEH CIPOKY, CTOSIIAX CIEBA U CIPABa OT BLIYUCIIEMOrO 3HATCHHMS.
B pesvaprarTe Hoay4acM UK 10BOH TPEYTOAbHUK, KOTOPbIH HA3LIBAIOT MPey20ibHU-
Kom Llackars Mo aprih memuveckum mpey2oivHuKom.

CUMBOAUNECKAA 3ATVUCD

C(0,0)

C(1,0) €11

C4,3)  C(4,4)
C(G,0) C5,1) C(5,2) C5B,3) C54) C(5,5)

05



TnaBsa 2. KOMBUHATOPUKA

YUCAOBASA 3ANUCD = L

%5 10 10 5 1

Tpeyrosbuux [Mackais ob1amaeT MHOTEMME MHTepecHBIMHU cpoficTsamu. Hatpinep,
CYMMBI 9MCe/, CTOSLIMX B FOPU30UTAMBHBIX DPAJax, paBubl 27 (cM. ciaeacTsue 1 us
OUHOMUATLHON TEOPEMBI ), & CYMMBI 9HCe, CTOAIUMX Ha HAKJIOHHBIX JMHUAX, DABHDI
yuciaam PudoHadau.

Bamckanne. Qopmysuy rteopembl 1 nIpuHATO Ha3bBaTh «OHHOMOM HpbloToHas. Q-
11aK0 OHa Oblia H3BeCTHa 3a40.r0 Jj0 HetoroHa. Fe XopoIo sHaId CpeaeasuaTcKue
maremaruxu Omap Xaisv, nacsnmur u gp. Hseecrdo, yro B 3anagnoit Espore
ee 3nas Buaz [lackaak. Sacayra >xe HerooroHa 6bl1a B HHOM — €My YAAJIOCH 0000-
wHTH popmyry ang (a+x)* Ha caydall Henensx mokaszareiei. Mvenno o goxasan,
TTO CCAU Q@ — NOAOHCUTNEALHOE “UCAO U |Z| < a, Mo Oad 106020 dedemoumesbrozo
BHAMCIUA ¢ UMELCTTL MECITNO PABEHCTE0

Ca : - (o=1) g2 3
(a+2)* =a*+aa® 1.‘13+9-§]—.27’ a® Pzt 4+ (2)
a—1)i(a—kd1) ko L4
a_((t__l%ﬂ::{};_ i a® '.’Uk s

ToneKo TEneps MOJYYUIIOCH HC KOHETHOE YHCIO CJAATaeMBIX, & BeCKOHeIHbBU DS,
KOTOPbIH HASLIBACTCSI OUHOMUGALHILM PAdom. B cayyae, Korga n — HaTypaibHOE
ync10, ckobka (n—n) obpamaercst B Hyb. Ho 914 ckobKka BXOAUT B KOI(DDULHeHT]
BCOX HJIEHOB, HadwaA ¢ (n + 2)-0ro, H NOITOMY BCe 9TH WICHDLI PA3JI0NKCHUA DaBHbI
nyiio. Hoarormy npu HaTypaisiom n GHHOMUAb UL PAL MPEBPAIRAETCS B KOHEUH YO
cyrary (6anom Hirorona),

Kosgpprunentsr, Bxonsimue B cymmy (2), OIPHHATO HA3LIBaTh 0606ULEHNBLMU
burnomuaivrbimu Koapduyuernmanu n obozuaiats Cla, k). ITo onpeenenuo
mpp o € R, k € Z

Cla, k) =

: ecom k = 0,
, ecan k < 0.

56



§4. Popmysia BKIIOYEHHI W HCKITIOYeHHIT

I
5(2:) o4 g aly 4 & a(o 1) a® 292 4 ((; -Aﬂ) a—kok 4
Torza copaseamaso cof(x) = {a + 2)f'(z) n aS(x) = (a + z)5'(z). Buaynr,

J}/((%) = g/((?%), re (In f(z)) = (InS(z)). Tax kax In f(z) u InS(x) mmeor o

IIAKOBBIC [IPOH3BONHBIE U DapHble 3HadeHHsa npH © = 0, TO OHM paBHbl. 3HATNT,
f(z) = S(x), 9ro u rpebosatoc, HOKA3ATS.

§4. Dopmyiia BKAOYEHUN U UCKJIIOUeHIH

Hycm mmeerca N IIPEAMETOB, HEKOTOPbIE U3 KOTODPLIX 0018 a10T CBOHCTBaMN

Qpy Qg e, Q. LIDH 3T0M Kaum, il peliMer MOYKeT He 00JaJaTh HU OFHUM U3 3TUX
cpoticTs, b0 06AaAArE OJIHUM WAM HECKOJMbKUMY cBodcTBamu. Obo3Haunm depes
N(eya; ... cp) KOMMHEECTRO 1PEAMETOR, 00TAAI0IIMX CBORCTBAMH Oy, O, - .., ( (W

OBRITL MOXKET, ellle HeKOTODLIMH U3 JApyrux cBoitcTs). Ecim vam Hauzo Oyper moj-
YCPKHYTh, 9T0 DEpPYTCd JUIIb TPEAMETHl, He OOMaJAI0IIIe HEKOTOPLIM CBOHCTRBOM,
TO 9TO CBOHCTBO FiudieM ¢ 4epTouxoi. Hampumep, wepes N (o aatis) 0603Ha9€HO KO-
JTHYUECTBO NPEAMETOB, 00aJA0UMX CBOMCTBAMI () U (¥, HO He 08JIaJa0UIX CBOMH-
CTBOM 4 (BOLIPOC 06 OCTANBHLIX CBOMCTLAX OCTAECTCS OTKDBITHIM ).

Teopema 1. (Dopmysia BKIIOUEHUNR U HCKIIOYUEHU.) Yucao npedmemos, re
002a0010UUT HU 00HUM U3 YKG3GHHLET CE0TUCTNE, MONHCEM DMy EbUCAERO O HOD-

MYNE
k0

N@ @ @) = Y (-1,
k=0

2de So =N, Sp= > N, .. k=1,2,.

i1 <ig L. iy

k/v

Joxasamenvemso. JJoKazaTenbeTBo IIPOBEAEM HHAYKIMeR 1o aucay cBoicTs. [Tpu
oHOM CBOHCTBE hopmyna ouesuana. Kaxawil upenmver jubo 00/1a/12eT ITUM CBOM-
cTBOM, 1100 He 0bJaaeT uM. IlosTomy

N(@) = N — N(a).

[pennosoxumM, 910 GOPMY/Ia BKAIOYEHH M HCKIIOYEHRN JOKA3AHA I CAyHad,
KOII& YHCJIO CBOMCTB PaBHO 70 — 1

n
ZV( an 1/ =N — Z JV(O[?;) - Z ]V(Oli] C(,,;2> + ...+
el 1) <12 (l)
+('—l)}‘ Z ZV(OZ,;l(lq2 .. .Clt,;k) + ...t (—l)n_l]V(CllQ’fz A Cln-l).
11 << Ll



iAaBA 2. KOMBMHATOPHKA

Sra dopMyna, 1O IPeanoNoKe o, CipaBeuBa st Moboit copokynHocTy. B gact-
HOCTH, OHA, BEpHA [J1f COBOKYMHOCTU N (¢, ) 3J1eMEHTOB, 0018/JAIOTIMX CBOMCTROM Qi)
Te.

n

/\/—('(I]ag .- .a_'n_lQ'n) = N(O{n) - Z ]V(ﬂ--,j()dn) + Z f\r(r};.Otiz(l7l) = e
1:=1 i <1y

H{=0F S N(agag, - oaqan) + ..o+ (D" EN (o . 0p1()

1) <t < .. lig

—~
[N}
g

(nobasiisiercst yKasaHue, ITO B KaXKJIOM cayuae OepyTes JIMINb OpeiMeTh, ob/laxa-
folnge CBOHCTBOM vy, ).

Berurem pasercTso (2) u3 paserctsa (1). B npasoit yactu mony<aum To, 4TO HaM
HYXKHO — OPaBYIO Yacth (GOpPMYyJIbl BKAKOYEHUR U MCKAOUeHWH. A B 1eBOH wacrn
TOJIYUMM PA3HOCTD

N(@ @y ... Tpo1) — N(@ Gy . . Ty 1O ) (3)

Ho N(an@s ... Gy -1) — 9T0 9KCII0 IPESIMETOR, He 00MaIANHX CBOHCTBAMHU &, (2,
. Qp_1 ¥, MOXKET ObITh, 00J8AIOUIMX CBOMCTBOM ¢, A N{(@@y ... Gp_10iy)
5TO YMCJIO NIPEIMETOB, KOTODPbIE HE OOJAJAKT CBOMCTBAMU (vq, (v, ..., (Y1, HO
HaBepHsKa 00JIALAI0T CBOWCTBOM (v,. 3HAYHUT, PA3HOCTL (3) KAk pas pasHa “Tuciy
1IPEeIMETOB, He 00J1aJAaioMUX HU OMHUM M3 CBOMCTB vy, Quo, ..., Qp_1, (y. VIHBDGH

COBAMY,

N(EldQ . .5,,,_1) — N(&IZYZ e Oty |Oin> = /V(alag s oo Gy L?fn).
Takum 06paA30oM, IOCTE BEIMHTAHNSA B B JIEBOM 9aCTH MOJYYaCTCs JIeBas 4acTh op-
MYJIbl BKJFOUEHMH ¥ uekirodelinil. Tem caMbiM 3Ta hopMy/ia JoKasana s cayJas,
KOT/1A 9MC]IO CBOMCTB PABHO 7. 1

Opumep 1. Kak npumMeHeHne METOAA BKIIOYEHUI W UCKNFOHEHNI PacCMOTPUM sadaiy

0 6ecnop_ﬂdfca:c. CKONBKO CyLLeCrBYeT NePecTaHOBOK ay, g, . .., 4, 4ucen 1,2, ..., n,
L, 2, ..., & ..., n
Ay, o, ..., Qi .., Qp,
TaKux, 4TO a; # 1 npu aobom 7 = 1,2, ... . n?
3pece N anemeHTOB — 370 1! NEPeCTaHOBOK (1, dsg,...,0,, a CBONCTBO (v Bbi-
paxasrca pasercTeoM a; = 4, ¢ = 1,2,...,n. Torpa N(aj o, ...qq) = (n— r)!
— 4WCAO NEPECTaHOBOK OCTABNAMOWMX HA MECTe 7 CUMBONOB 1y,1s,...,%,. [anee, 8
Doiicinen i, Nlag, vy .. ,) wmeercs C(n, ) cnaraemMsix — no 4ucay crnocobos ebi-
bopa i1,12,...,%, w3 1, 2, ..., n. [Npumenss dopMyny BKAOHEHUA U WCKAHOHEHW,
HaXo4UM

Ny, @y, ..., @) =0l —nn~ D)+ Cn,2)(n —2) + ... +
+(=1)Cln,r)(n~r)l+ ..o+ (=11
=nl(l-1+g5 -2+ .+ (=) L4+ (-1 1)



§4. Qopmyna BKIOYEHHE 1 HCK/TIOUEHHT

3amMeTuM, 410

—— 3TO Hay4asbHble cnaraemMie BeCKOHEYHOrO pAaa aAns e 1. DToT BecKoHeuHblA pag 3Ha-
KOYePEeAYIOWNIACS N NepBbIi OTOpoWeHHbIA “neH ects (—1)" 1 /(n+1)! Otcroga sugHo,
uto N(@y, @y, . .., Gp) OTaudaeTcs o7 nl/e menblue, dem #a 1/(n + 1), u notomy n!/c
ABJSETCA BECbMA XOPOLWMM NpubamxeHnem aas Hucna becnopsaakos n3 n CUMMBONOB.

Opumep 2. OpHOR M3 Cambix DONbWNX 33araflok MAaTEMATHKLN ABAAETCA PACNONOKEHMNE
NPCCTLIX YNCEN B Psily BCEX HAaTypanbHbIX Yucen. lHorpa aBa npocTbiX HWUCNa uayT
qepe3 ogHo uucno (Hanpumep, 17 u 19, 29 n 31), a uHoraa nogpaa WAET MUNTUOH
cocTaBHbix 4ducen. CnpaluvsaeTcs, cKoabko npocmeir wucen codepxumcs cpedu N
nepesiz Hamypansrelr wucea? B 3Tnx nogcHeTax BECbMA MOJE3HbIM OKA3aCH METOZ,
BOCXOASLNGA elle K ApesHerpeyeckomy ydenomy Spatocdeny (on xun 8 Il seke po
HOBOW 3pbl 8 Anexkcanapun). OH npuayman gnas atoro caegytoutiiia cnocob. CHakana
BbIHEPKUBAIOT KaXX[0e BTOPOe uucio nocne 2 (uckaoyas camo vucno 2). MNotom bepyt
Nepeoe U3 OCTaBLUMXCS uncen (2 umerro 3). FcHo, 470 370 1m0 npoctoe. Boiuepkupa-
0T KaXKAoe TpeTbe 4ucno, uayuiee nocne 3. [epebiM ocTaswmmes yucnom byger 5. Bbi-
YEPKMBAEM KaXKA0e NATOE WAYLULEE NOCNE HEro “MCNOo, 1 T.4. Yucna, KoTopbie yuUenetoT
nocne BCeX BbIHEPKMBAHWA, W ABAAKOTCA NPOCTLIMU. [aK Kak BO BpemeHa JpaTocdeHa
MUCasn Ha BOCKOBLIX TabiMYKaX U HE BLIYEDKUBAAW, a BbikKanblBany uudpel, 10 Tab-
JINYKA NOC/TE ONNCAHHOTO NPOLECCa HanoMuHaa peweTo. f1o3Tomy metos JpaTocdeHa
AN HAXOXKAEHUS MPOCTEIX YUCEN MONYHNI HA3BaHWE «peweTo JpaTocdeHa.

[oacHnTaeM, CKONbKO OCTAHETCS YWNCes B MEPBON COTHE, €CV Mbl BbIHEPKHEM MO
metoay JpaTocdena wucna, genswuecs Ha 2, 3 u 5. Vinbimn cnoeamu, noctasum Ta-
KO BONPOC. CKOALKO HUCEA 8 Nnepeol COMHE HE OCAUMCS HU HQ OOHO U3 uYucean
2, 3, 5? 3Ta 3apava pewaerca ¢ ucnons3oBaHnem hopmMybl BKIKOYEHUA © UCKIIHO-
HeHUNA.

Obo3HauMM Yepes (v CBORCTBO YMC/Ia AENNTLCA HA 2, 4epes vy — CBOWCTBO Aenin-
MOCTW Ha 3 1 uepe3 ay — CBOWCTBO genumocty Ha 5. Toraa (g 03HAHAEeT, TQ YUCAo
nenntcs Ha 6, (y{r3 03HaAYaeT, 4To OHO AennTcs Ha 10, v quory, — 4TO OHO AesnTCs
Ha 15. Hakorel, crpcvy 03Havaet, 4To 4ncno genutea Ha 30. Ham Hafgo HaliTn, Ckosb-
ko ducen ot 1 go 100 He geantca Hu Ha 2, Hu Ha 3, HU Ha 5, TO eCTb He obnagaeT Hu
OAHUM N3 CBOWCTB &y, Gy, (3. [10 hopMyne BKAKOHEHWNA U NCK/IIOHEHNIA NMEEM

N(o t@3) =

=100~ Niay) = N(ea) — N{ey) + V(o) + N(ayag) + N(agas) — N{ogoaog).

Ho 4Tobbl HalTn, ckobko ducen oT 1 ao N agenntcs Ha n, Hago pasgennts N Ha 7 u
B3ATb LENYK 4aCTb NONYHWBLUErOCs 4acTHOro. [losTomy

N(on) =50,  N(aw) =33,  N(ag) =20,
]\T<C¥1042) = 16, ]\'r((l’]ag) = lO, 17\"I(CY‘2C‘K3> = 6, L/V(OQO{QCY:;) = 3,

v, 3Ha4uT,



['1aBA 2. KOMBUHATOPUKA

Takum obpasom, 32 yucna ot 1 go 100 e genarca vu Ha 2, Hu Ha 3, Hu Ha 5. DTu vucna
YLENetoT NOCAe NepBbIX TPEX LWAaros npouecca Jpatocdera. Kpome Hux, oCTaHyTCs camu
qucna 2, 3 u 5. Bcero octanerca 35 uucen.

AHANOrMYHO MOXKHO MOCYUTATH, YTO U3 NEPBOW ThiCAYM NOCNE NEPBLIX TPEX LWAros
npouecca JpatocdeHa octanercs 335 uncen.

Teopema 2. Hucno npedmemos, 0bAG0QIOWUT 6 MOYHOCTIL T, CEOUCTNBAMU U3 1.
rmoxcem bums Hatldero no gopmyae

n--m

N, = Z(~1)’“O(777, + k,m) Sk

Is=h

Loxasamenoemso. Ilepenuniem mokazsisaeMyo (hOpMysy B CJACAYIONIEM BU/IE:

]\Afm - Z(*l)kc(m‘ + kym) Sy = (1) Z(—Ukc(k,m)‘gk-
k=0 [

B mpascii wacTit 370l QOPMYIIEI AEMEHY ¢ TOYHO M CBOUCTBAME YUUTHIBACTCS
OJIMH Pa3 B IEPBOM CJIAra€MOM U He YYUTBIBACTCS B OCTAJIBHAIX CJIATAEMBIX. DJIeMeHT
¢ TOUHO t cBoifcTBaMu, tie ¢ > m, maer (—1)*C(k, m)C(t, k) B craracmom

1

YDk, m) Y Nlaos, ...

F==m 1y <ig<... <),

Ho n3 cuencreus 5 reopemsr 1 §3

9T0 U I0Ka3BIBAET DOPMVITY TCOPEMDL. ]

Teopema 3. Hucao npedmemos, 06460a0WUT He Menee wem M CeOUCMBamy u3 n
mootcem 6vims HAtdeHno 1o Popmy.ac

Ny = (1) C(m -1+ k,m— DS

Jloxasamenvcmeo. [JoKazaTeAxCTBO TPOBEACM HITYKOHeR 110 Gucty . [lpa m = 1
dopmyna ouesnaHa;

n -1

M=) (1S ==Y (~1)Sk = N — N(@may . .. 5,).

k=0 b=
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§5. Ilpouspoasime d?XHKIﬂH/I

[TpeanonoxuM, 910 (GOpMYyIa JOKA3aHe, A1 CAyUas, KOLNa BLINHCISeTCS YUCio
ape, IMeTOB, 00.1AJAI0HUX HE MeHee YeM 1M — 1 CBOMCTBOM U3 1

]V‘m 3= <—1)k(/¥<7’7[ -2 -+ /\7) m, — 2);gm Pople-
k=0
Torza
. . . n—m-t1
/V'rn = /\;’m -1 'zvm- 1 = Z ( ]-)kc(m — 2+ /{ m — 2)‘5771—1%-};—“
F=0 n—m-1
— S (-D)Cm—-14+km—=1)S, 14k =
n--m+1 =0
= > (-D)"Cm—=2+km-2)~Clmn—1+km—1)Su_14x =
k=1 -
n—m-1
= S (—DMC(m — 24k, m — 1)Sm ik =
= 3 (-2 Cm—-14+km-1Sn= D (-=DFClm — L+ k,m—1)S, 1
k=0 k=0
35. IlpouzBopgmme dbyHKImn
5.1. OCHOBHbIe oripeaeJicHMA
Hyers ag, a1, -y Gy, .. — HOCTEIOBATEALHOCTD JICMCHTOB U3 ACCOLMATHEHOTO,

KOMMYTATUBHOIO KOJibla K ¢ exuarIed. Kanuuny a UqdTuBHOM TpyIsl Konbua K
Oynem obosnadaTh 0, & eUHNAIY MYALTHILTMKATUBHON TpyIUiLl — 1.
Oupepenenne 1. IIpoussodawet pyrrxuuet (npouscodauwum padom) nocicdo-

BAMEALHOCTY {an}n:o,l,“_ HO3DEAETMCA POPMaibIvl cmeneriotl pad

~——

Alz) =ag+ @z +ar® + .. +ax - (1

Bydem ucnosvsosams 6oaee Kopomryio Gopmy sanucu das pada (1):

[o.¢]

Alz) = anz™.

)

=y

«DOPMANBHOCTEY 1IOCTPOCHHONW (yHKIUM o3uadaeT, 410 A(2) Mbl TpPaKTyeM
TOJIBKO Kak YIOOHYIO 3alUCh [0CHE0BATCIBHOCTH {an }nop ), , ¥ HECYIIECTBENHO,
JUIST KAKUX 3HATEHUH TepeMellHofl & COOTBETCTBYIOWMHA pstjl CXOMUTCH. [[09TOMY MbI
HUKOLJ(& He OyIeM BBIYMCTSITEL 3HAYENHE TAKOTO PS8 JIId KOHKPETHBIX 3Hadeyi
repeMenIon T, a 6yIeM TOJHKO BbINOJHATH HEKOTODLIE Oepaluy Ha TaKUX PAJIaX,
oupenesnas Ko3MMUUUEHTDI 1PY OTAENbHBIX CTENeHTX IePEMEHHOMN .
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T'naa 2. KOMBUMHATOPUKA

AnasiorugHo MOXKHO PacCMOTPETL IIPOH3BBOILATIIME (byHKI.IHM O1T HECKOJIBKHUX I1e-

pextenpix. Hammpunep,
>0 (o0} o0
§ /‘E /‘ \ ol on
QL Y 2
[=0 m=0 n=0
Mpr orpatttanaest hopMalbibIMH CTEMCHULIMHA PSIAMH OT OfHOL MepeMeHHOi.
Ecut ap = 0o k > n, to pan (1) Gyaem oToXKIECTBASTL ¢ MHOTOUIEHOM
g+ ...+ apx™
Bieney a.redpandeckue AeHCTBHA HAJ TPOU3BOAdUMY dynxkumamu. Pacenor-
A / ‘ L .
(v ¢ o]

pum npousnogauue dynkupn A(z) = > 62" u B(z) = Y bya™. Torpa
= n=0

cymma npoussoagmmx dyrnkuuit A(z) u B(x) ecrs npoussonamas (hyHKIH, KO-
Topast oborragaerca A(z) + B(z) u onpeaesnaercs hOPMaIbHbIM CTEHEHHLIM PAIOM

A( )+B 7 Z((]/L _._b?l )

ymmHoncenue npouzgodswets gynryuu A(z) Ha wucao p € K ecrb 11pous-
Bousinasg QYHKIWs, KoTopast oboszuadaercs pA(z) u onpenensercs (HOPMaILHBLIM

DPAJIOM
oo

N n.
pA(z) = E panz”;
n=0
u npousscdenue Kowu (xoporxo: npoudsederue) npoussoaamux dyikauit A(z)
n B(x) ecte mpoussoagiast Gynxuus, koropas obosnadaercs A(z) - B(z) u onpe-
JCIsIeTesT (DOPMAJILHBIM CTeIeHHbIM PAJOM

o0
A(z) - B(x Zc,n
n=0
n
e ¢n = obn + arby_y + ...+ a,by = 3 a;b, ;. Hocaeporarersnocrs {e, ), 01

i=0
HA3BIBACTCA CeepMKo TIOCIC I0BaTCILHOCTER {a,,,}”:o)l,m u {bp}n=01,..-

Jerxo npoBepuTh, wro TaK OupeJesieHIbe CAOKEHHE, YMUOKEIe Ha TUCAO I
ITPOM3BEAEHAE Ps1A0B YJOBAETBOPSIIOT 3AKOHAM ACCOUMATHBHOCTH, KOMMY TATHBHOCTH
u ucrpudyrusHocTH. Taku obpasom, MuokecTso K|[z]] dbopMaibHbx crencHabIx
PsLI0B ¢ KoadIeRTaMI U3 Kobua K caMo apigerca KoanmoM. [Ipuden accomma-
THBUBIM B KOMMYTATRBHLIM, CCJIN TAKOBLIM ABJIACTCH KOJIBIIO K. Eaununedt koibua
Kl|z]] cnysxwr equima xkoonna K.

Mpbi MoxeM onpeieiuTh 00paTUyo IPOUSBOUSILYI0 BYHKLIMIO K TPOU3BOIAITett
bynxnun A(z), kax obparusii snement s K[[z]].

Onpeaenenue 2. O6pamnotd k npoussodsuict Bynkiyuu A(z) nasweaemnca npo-
ssodawyan Gyrryus R(z) makas, wmo A(z) - R(z) = 1.

Teopema 1. Obpamnas gynkyua x Alx) cywecmeyem mozda uw moavko mozda,
Koz2da saemenm ay odpamum 8 koavie K.
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§5. IlpoumsBojsniue QyHKIMH

Hoxasamenvcmeo.  Obosuauum wepes {rpfn=o1 . TOCAEIOBATENLHOCTL (DYHK-
rg1 R(z). 3anmurem yeionus obpamenns dbyaxuun A(z)

gty = 1
ag”y + a 7o = 0

aoTy + a17p—1 + ...+ ayo =0

Dra CucTeMa PA3PEUIIiM OTHOCHTELHO {7h fn=0j, .. TOTJA U TOJNLKO TOIFa, KOI/A
agp obpatuM B Konbie K. DiIeMCHTLI T, HAXOASTCS MOCAEN0BATEIbHBIM DelIeHHeM
yDaBHEHUH CHCTeMRL. L

Onpenenenue 3. [an npoussodawetd Pynxyuu A(x) onpedeauss npoudseoonyro
o0
A'(z) pasencmeom A'(z) = > (n+ 1)ay z"

n—=f)

Teopema 2. Jlupdeperyuposanue obaadaem caedypousumy cootiersari

1. (A(z) + Blz)) = Al(z) + B'(z);

2. (Alx) - B(z)) = A'(z) - B(z) + A=) - B'(x).
Aoxasamenvcmaso. ( 'faoiIij'uo 1 oueBuHO. Hro0B! JOKA3aTh CBOMCTBO 2, CPABHUM KO-
)Q)(puuw HTbI npu 2" p obeux wacTdx paeHcTBa. B pe’sv' LTat e [OJYUMM

+1) Y Qby_j11 B JEBOH “MACTH U Z (k + 1agy1bn_ - } ap(n — k4 1)bp_p
k=0 k=0

— B ﬂp&BOH C)xe JIEM B CYMME Z (/IL + ])CL} bn k 3aMEeny HHIJACKCA CYsMUPOBAHNWH,
k=-0
(I n

Bpens j = k+1. Dro naer Jjby._j 1, UTO DU CIIOXKEHAU C > aj(n — 7+ D)ba i

VERY 7=20
n41 -
ApUBOMUT K |, Gy gy | (n 4+ 1), 9T0 JOKA2BIBAET CBOTICTBO 2 O
k=0

Oupenesnenue 4. Ob6pammot k onepayuy QuBPeperiuposarL ASAACMCA OTLEPOUILA
UHINE2PUPOBAHUSL
X
[

. 1 .
/ A{ Ndt = agic + 5(1112 F =@z’ + .., = = Qnp_1 X
‘O ~

o) —

X
Ommemaim, wmo c60b0drvld waen v | A(t)dt pacen 0.
Y
0

Teopema 3. Humezpuposanue obaadoem CAedyiowus c60Ucmeamu

!

1. /A( t)dt = fA = A(z), ecau ag = 0;
0
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['ABA 2. KOMBUHATOPUKA

X T
3. [A(t)- B'(t)dt = A(z) - B(x) — [ B(t) - A'(t)dt, ecau ap = by = 0.
0 0
Joxaszamenncmaso. BrrrexaeT uz onpeesenus OPMAILHOIO WHTETDAJIA. B
3 MaTeMaTHIeCKOTO aHAIIN3A, UBBECTHO, YTO €CIH P (1) CXOAUTCS B HEKOTODOH
OKPECTHOCTH HV.Ist, TO er0 cyama A(r) sBisieTes aHaMTHIeCKON QYHKIHEH B 91O
okpectaocTH U a, = AMW(0)/n!, n = 0,1,... (A™(0) obosmauaer 3navenne n-oii
LIPOW3BOHON DYHKI{HM A(r) st © = 0; pax (1) — 9ro He yro mnoe, kax psy Ma-
kiopeda dyuxuun A(z)). DTo B3AMMHBO OLHO3HAUHOE COOTBETCTBHAC MEXK/LY DSIAaMU,
CXOAIUMUCH B OKPECTHOCTY HYIsT, M QYHKUASMYU, AHATHTUYECKIMHE B OKPCCTHOCTH
i1yJist, O3BOJISIET OTOXKAECTBUTL POPMAILUBIA P ¢ ONPEIALTEHHON uepes3 Hero aHa-
TUTHUECKON BYHKUMEH B caytuae pPsloB, CXOAAUINXCS B OKPECTHOCTH Hyns. Takum
obpaszoM, OyIeM THCATb, HAIIPUMED,

(o]
ZI” =(1- ;‘C)ﬂ], (2)
n=y
1 R0% -
S Lo
—~ n!

TO)K_,H,ECTB& CO CTENMEHHDLIMHU DPAJAMU, €CNIU OHM BbLICTYHNAIOT KAaK CPEICTBO 38/ 1aHUd

aHAJITATUYECKHUX (l)YHKl_[PIﬁ; BEDHbBI M KaK COOTHOWEHNUD JJISI (i)OpM&.IIb]'[bIX crerrer-
0

X n n
HbBIX patoB. Hanpumep, toxaectso | . Ly > (=1)" ?{F = 1 crpaBeITUBO Kak
o 0 =0 :
FOXICCTBO MEXKJY alaIuTHIeCKHMI (DYHKUASIMA, 4 Bhipaykende e“e~* = 1 pepHO H
KAK yIBepxK/JieHne 0 GOPMaIbHBIX CTEMEHILIX PIIaX.
Haiiaem reneps mpoussonsmue GyIki i jyist HICKOTOPLIX MOCTeA0BATEILHOCTECH,
B coorpeTcTnim ¢ GUHOMHAIBHOU TEOPEMOH HAEeM

Z(”m k)x ZC (n, k)a" = (1 + )" (3)

Cile, \0BaTeIbHO, OPY 33JAIHOM 1 IPOUBOAsIIEN (DyIKIMell HOC/HeA0BATE IbHOCTH
C(n.0), C(n.1), C(n,2), ... asaserca (1 + )™
Menonnsysa (2), noayaaem

Z ok gk Z(QL)]‘ =(1-2z)7",
k= k=0

4, CleJoBaTesIbHO, npoussondaett hyHxuumel nocieosarensuocra 1, 2, 4. 8, ... ap-
agerea (1 —2x)7". Tlonpsyack TeM, 9T0 AHATHTHIECKYIO DyHKLMIO MOKIO Judde-
PEHIIPOBATD MOWICHHO, MOXKHO HAIHCATD

00 ' / d )
Zk:z ~5kaxk"1:' Zajk :rcdw(l—x)“l:a:(l—:r;j",

=0 k 0 k=20
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§5. Ilpouspogsiuipe QyHKIAH

U, CeR0BaTeIbHO, MPOM3BONsel dyukuumell aus rnociesosareasroctn 0. L, 2,
3, ... awasiercs z(l — )72

MosxHO paccMaTpyBaTs U 0OPATIYIO 337189y IOUCKE NOCIEHLOBATEILHOCTY, CO-
OTBETCTBYIONIEH '3a1dHHOL”1 aHATHTUYecKoi npoussonsuiedt dyuxunu. Hanpumep,

byrxuun (1 — 4z)72,
Vicoonnaya o6obmetiy0 OHHOMUAIBHYIO TEOPeMY, HieeM

y X (=LY =L))o Lt
(1 —41)“5 =1+3 - o l7)'zf — ])(—45’3)” =
n=1
g 2n—1 X hn (

— 14+ L 3 (_ ) 2',[/7 1+ Z 2_13_';77;‘27 ”gj” =

77*1 n=1 4
— 14 Z 2" nl1-3. (__4 ] 4 % 24..2n 132 ]) )
a =1 e - n—-—-Jl " "

:1|-ZC{)H7L ”—ZC

n=1

Suaunt, naHHas QYHKOUS ABAAETCH TPOUBBOALIIEH NI MOCAENOBATEALHOCTH Gy =
C{2n,n),n=20,1,....

[pouzsoggmue dYHKIHR — HT0 YEOOULIA HHCTPYMEHT JJIst JOKA3ATEIbCTBA TOK-
JIECTB, CBA3AHHBIX ¢ OHHOMHUATBHBIMU KOIDPULIMEHTAMY.

Mpumep 1. [Npusenem euje 0AHO AOKAa3aTENbCTBO ToxaecTsa Kowun (cm. §1):

k
Clm+nk)= Z C(m,s)C(n, k — s).

$=0
[encTentensro,

T

S Cm+n k) =(1+2)™" = (1+z)"(1+2)" =

m ) n m+n k
S C(m, )" > C(n, )’ = 5. 5 Clm, s)Cln, k — 8)z*
i==0 j=0 i=0 s=0

(Ha nocnepHeMm Liare Mol BOCNONBL30BaNUCH OPMYNOR npoussegenns Kown AByX psi-

pog). CpasHueas ko3duunenTsl B 0benx HacTax paBeHCTBa, NOAYHAEM UCKOMOE TOX-
[ECTBO.

5.2. Ilpumenenue annapara OpPOU3BOAANINX (DYHKIINHA
K 3a/iae O cocTaBax CJiOB

PaccMoTDHM CIEAYIOLIYHO 3004y
OB603HAMUM MCPE3 & — CA0BO OAUHDL K| COCTNABAEHHOE U3 HAEMENMNOE MHONCECTILEN
X = {z,..., 2}, {mqy,...,my) - - cocmas caosa &, my + ...+ m, = k. Bsedem
02DAHUYEHUA HA KOAUNECTGO STOHCOLHUL KAHCA020 dAeMENMA T; 8 CAOBO (v, ONPe-
Jenus CoOmeememeayIuLee Wucao60e mHoxcecmeo M, kax mrootcecmeso, cocmoaiee
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TJTABA 2. KOMBUHATOPUKA

U3 6CET GOIMONCHUBLL KOAUHECTNE 8TONCOenUl T; 6 . (KOABKO COCMABOE CAOG (X,
KOMNOHENMbL KOTOPO20 YOOBALTMEOPAIOM. PACCMOMPEHHOMY 02PAHUMEHUIO, MONCHO
COCTMUBUMD U3 neMenmos mHuoxncecmaa X ¢

O603HAUNM UCKOMOE YMCIO 4depes ag. 1lyers A(z) - npouspogauiast GyHKIWA
[I0CIIC/I0BATENbHOCTY {ag k=01, .. TONAA CIPABEVIMBO CAEAYIONIEE COOTHOUICHHE

Alz) = H Z g0y (5)

i=1 myeM;

elfcTBUTENBHO,

n o0

H E : M = 2 — E :(L/.Cil?k,

i=1 m;EM; TMy,...,Mn, k=1
oAe G = > 1. 3mech CYyMMUDOBAHNAC BEAETCH [10 BCEM COCTABAM (11, . . ., Ty)

my+..Friin=k

TakuM, 9TO m; € My, i =1,...,n, u m{ -+ ...+ m, = k, B pesyiaprare [IojydaeTcs

MCKOMOE “TUCIIO COCTAaBOB CJIOB (v IJITHMHBI k.

IIpumep 2. CkOAbKO PABHLIT HABOPO8 U8 K Wapo8 MOKXHO NOAYHUMb, UMER
1 cunull, 2 00uHAKOBLIT BEAbiT U 4 OOUHAKOGHIT KPACHHIT Wapa?

3pect MHOMXeCTE0 X COCTOUT U3 TPEX INEMEHTOB T, Tp U T3, 0D03HAHAOWMUX COOT-
BETCTBEHHO CUHMIA, Denblii U KpaCHbiiA UgeTa wapos. Bo3MOXHOE YCA0 BXOXAEHUA wia-
pa KaXaoro useTa B Habop onpeaenserca mHoxecteamu M = {0,1}, My = {0, 1,2}.
My =1{0,1,2,3,4}. Vicnonbsys dopmyny (5), 3anuiem npon3soasilyto (yHKUMIO

Alz) = (1+z)(1+z+2?) (1 +z+a’+2d +3%) = 14+32+522 +62° + 62" +52°+ 320+ 27,

Kosdhduument npn ¥ ecTe uncno k-anemenTruix Habopos Luapos. Takum obpasom,
MOMXHO COCTaBUTL 3 OAHO3NEMEHTHbIX Habopa, 5 — pgByxanemeHTHbiX, 6 — Tpexane- =

MEHTHBIX 1 T.J.
pumep 3. B ycnosuw npeabiayiero npuMepa BBeAem AOMONHUTENBHOE OFpaHUYeHne:
WUCAO KDACHLIT Wapos 6 Habope C00AKHO ObiMb HEUYLEMHO .

/l3meHerHne KOCHETCA MHOXECTBA, ONPEefeAsAtoEero 4ONYCTUMOE YUCAO BXOXAEHWA
kpacroro wapa: Mz = {1,3}. Vicnons3ays dopmyny (5), 3anuwem npousBoaALLyHo
DYHKUMIO

Al) = 1+ 2)(1 + 2+ 28)(z + «*) = 2+ 222 + 32° + 3z + 22° 4 2©.

Tenepb ogHO3NEMEHTHDBIA HADOP MOXET DbITh TONBKO OAUH, CYLLECTBYET 2 ABYXINEMEHT-
HblX Habopa u T.4.

Hpumernnn annapaT DPOU3BOIANX MDYIKLIE K BLIBOLY (DOPMYI I YUCIa CO-
qeTatii 063 DOBTOPEHHHE U C IOBTOPCHUSIMHE.
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§5. Iponzsojsiiue GyHKUnM

Coueranus Ge3 MOBTOPEHHN. k-2JEMEHTHOE II0AMHOXKECTBO MHOKeCTBa X
ONpEJENHEeTCs COCTABOM C/I0BA, B KOTOPOC KAk bl 3MeMeHT MHOxkecTsa X BXOIUT
KaK KOMIIOHeHTa He Hojiee omporo pasa, T.e. M; = {0,1},7=1,...,n. Cornacro (3)
NPOUBBOASIAA (DYHKILES HMEET BUL

T
Alz)=(1+z)" = ZC’{TL, k)zk,
k=0

rie C(n, k) — 6unomMuannsasie Ko3dOuLAenThH.

CoyeTaHusi ¢ TIOBTOPEHUAMMU. KarKablil s7eMeHT MuoMxKecrsa X MOKET T0-
FRUTLCS B criope Joboe xomwieciso pas, re. M; = {0,1,2,...},1 = 1,...,n. Co-
racho (5), DpousBoAgmas QYHKINE HMeeT BUT

Alz) =(14+a+z*+ .. )" =
[mo dbopmysie (2)] = ((1 - l-)*-l)n =(1—2)™=

h=0 ' k=0

e C(n 4k — 1, k) -—— obobiuentibie GUHOMUANBHEIC KOIDMOUUMEHTD]

5.3. CgoiicTBa nipoussoaainux yHKiyi

PaceMoTprM Tenepnh HeKOTOpbIe CBOUCTBA MPOU3BOAANAX (DYHKUMH, HCIOTh3YE-
MBIE [IPH WX HAXOXJEHUU. Dynev 0b03uavaTh TPOU3BOALINNE (DYHKIIHM [0C/Ie/10Ba-
TeMRHOCTEH {n}n=01, ., {Ontn=01, . {Untn=01, ., {Zn}n=o, .. kax A(z), B(z), Y(z),
Z{x) coOTBETCTBEHHO, OVKBAMHU P U ¢ — IPOU3BOJBIILIC [IOCTOSAHHbBIE M3 KOAbLA K
a OyKBOM £k — QUKCUDOBAHTIOL HATYDAAbHOE Yucno. [TpuBe leiHble HUXKe JeMMbl 10-
Ka3bIBAIOTCS OPAMOM 1OJICTAHOBKOH BMECTO IPOUIBOAAIINX (DYHKUMH COOTBETCTBY-
FOILIX PAJOB.

Jlemma 1. (Jlemma o nuneitnolt komounawwmu.) [pousposieid hyHKGHEH 115
MOCHEHOBATCIBHOCTH Uy, = Py + by, n = 0,1,..., asigerca Qynkuns Y(x) =
pA(x) 4- ¢B(z).

Jiemma 2. (Jlemma o capure Ha4gadna.) [Ipouspoasieil (hyHKIHEH ST HOC. €40
BaTCAbHOCTEH

{O., aran=0,...,k—1,
Yn =

Un-k, ATAT = k) k+ 1) Ce a Ly Qpgek
k-1
assorea Gyuxima Y () = A(z) - 2% u Z(x) = [ A(z) — 3 apma™ | -2,
m- 0
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T'naBA 2. KOMBUHATOPUKA

Mpumep 4. B kayecTse npumepa UCnonb3osaHns obenx 1eMM pacCMOTPUM OLEHKY CyM-

Y Cln—1i,j).

=1
Monoxum a;; = C(n —1,7), n ANS KAKLOFO (DUKCUPOBAHHOTO 3HAYEHWNS 4 PACCMOTPUM
(4; KaK NOCNE0BaTENbHOCTb, 3a/aBaeMyto NHAEKCOM J, C NPOU3BOASALLEN byHKUmnen

Ai(z) = (1 + )"

Onpegenum nocnegoBaTenbHOCTL by cregytouynm obpasom:

t

7221

by =

Mpoussoasiias yHKUUS STOW NOCNEAOBATENBHOCTYU NOJYYAETCS NyTeM NPUMEHEHUS
nemmel 1

¢ t t i
1
— ) — n-1 __ AT
B(m)-ZAZ(:L)—Z(]qu) =(1+2) Z(HJ .
i=1 1=1 i=]
[Mocnentee BIpaXKeHne OLUEHNM KakK CYMMY 4IEHOB FreOMETpUHecKol nporpeccun. Takum
obpasom,
1+2)" 1+ )™t
B(’L‘) = g____)___. — (‘i._)._._ -,
% z

[pouzsoasume dyrkyum (1+ 2)"/z v (1 4 )"t/ MoryT BeiTe nonyHeHs no nemme 2
C MOMOLLLIO cABUra Havana ns dyrkunii (1+2)" u (14 )" coorsercraento. OTkyaa

i
b= Cln—i,5)=Clnj+1) - Cln—t,j+1).
i=1

Sameuarme. [1o1e350 3aMern1b, 40 NEPEXO OT NOCAEAOBATEIBHOCTH {ap fn=01..
K {N0y}neo1, B TEPMEHAX TPOM3BOAALINX (DYHKUMI BBHINISAUT KAK CABHL Alz) -z
u jtupdepeHupoBanme:

(A(z)-z) =) napz™
n=0

[loToproe urdeperiuporanye NO3BOIAET YMHOKHTE Gy, 7 = 0,1, ..., Ha 1000i
MIIOTOYICH OT 1.

Hepexon oT {antn=o,1,. & {an/N}n-12 B TepMHAAX IPOUSBOISIIIX yHKLIHIT
BBITIAANT Kak cAar (A(t) — ag)/t u naTErpUpOBaHUE:

X

VAt — 2t
/ ()t ao‘dt: a—”-.r’“‘.

0 n=1
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§5. Ilpoussoganipe QyHKIMH

Jlemma 3. (JIemma o6 uameHenun Maciuraba.) [Ipouspoissmumu ¢yHEHSIMI

B " Ay . .
AT TTOCACROBATCALHOCTEN Yy == T - Gy H 2 = g, = 0,1,..., apusg0rcd QyHK-

mm Y(z) =2 Az) u Z(z) =1

£

A(t)dt coorsercrBerHHO.

Oy

Wamernecnne MacmTada TAKKe HOMC3HO IpM OUEHKe CYMNM.

n—1

Mpuwmep 5. Hadpem cymmy > (n— k) (n—k)C(n—1,n— k).
- k-2

n-—-1 n—2
Nmeem, S (n—k)n—K)C(n—1Lin~—k)=5 k*C(n—1,k).
[ k=)

Obosnatns &ké: k*C(n —1,k), by = kC(n — 'l:k) n dy = C(n — 1,k), nony4aem
by = kd; n, Takum obpasom,

B(z)=x-D'(z).

N3 a;, = kb, cnepyet

e
=2
I
=
=
G
!

- D'(z)+ 2% D'(z).

WNcnons3ys 3amedanue nocne OuHoMuansuol Teopembi, 3akiiodaem, 410 (1) =
= (1-+2)" ", n nponssopawas dyrkuns A(x) aBnseTcs MHOrO4NEHOM CTeneHn 7. — J.
Torpa
INCT L ey 2¢ 1 (P
Alz) =z(n— DL +2)" *+2°(n - 1)(n-2)(1 +2)"*

M MOXHO BbIYUCNUATH 3Hadermne muorodnena A(z) npu = 1, te.

n--1

A(l) = Z E*C(n—1,k).
Orkypa o

n=1

SSln~kYn—k)Cn—1n~-k=n-12""+n-1)(n-2)2"%-(n-1) =

k=2

=n(n — 1)2”’3 —{(n— 1),

\

Jlemma 4. (Jlemma o cBeprke.) [Ipon3pomsineti pysKLmed aist 10CAeI0BATE b

T
HOCTH Yn = . Auby 0, n = 0,1,..., spisgercs yrxgus Y(z) = Alz) - B(z)..
-0

lIpumep 6. [lokaxem, 41O ans M0OOro L CNpaBeasinBo TOKAECTBO

t
Y C(2n,n)C (2t —2n,t —n) = 4"

n="_

Cornacro (4) umeem C(2n,n) — kosdpchuument npu 2 & pasnoxenan (1 —4a) 2,
a C(2t—2n,t—n) — koacbcbuyument npu ' " 8 (1 —4x) =3 Tlo nemMme o csepTke nesas

69



1JIABA 2. KOMBUHATOPUKA

t

4aCTb LOKa3blBAEMOro TOXAECTBA ABNAETCSH KOad)d')MLIMGHTOM npw - B NpOU3BeAEHNN

(1—4z)"% - (1—4z)"3. Ho (1 —4z) 3 (1 —42) i =(1-42)! =
[ncnonssys (2)] = 1 +4z + (42)> + ... + (dz) + ...

OTCPO,D,B nony4aem NCKOMOE TOXOECTRBO.

Jlemma 5. (Jlemma o gacTmuHbIX cymMax.) [lpomsBogameit fiis mociaegoBa-
o Al
TEHLHOCTH Uy = 5 O ABISgETCH QyHKLUS Y () = fl-—-_—ll
m=0

Lloxazamennvcmeo. /JedcTBUTENLHO,

Y (z) = ag+ (ag + a))z+ (ap + ay +a2)z* + ... =
=ag+ayr +agz® + ...+
A R S
+agr? 4+ ..+

I

=ao(l+z+2*+.. )+
tar(l+z 4+ +.. )+
+ap?(l+z+2°+.. )+

:(a0+a1$+a2x2+...)-(1+az+x2+...).

Vicnoansys (2) u onpenenenue A(z), nmonydaeM TpebyeMblil pe3yIbTaT, O]

86. PekyppeHTHbIe YpaBHEHU

B kagecTBe 0CHOBHOIO 110AS1 B 3TOM Haparpa(be 6y}1€M paccMaTpuBaTh 110Je KOM-
IJICKCHBIX 9uCell.
OHpeﬂeﬂeﬂme 1. Pe%yppeHmeLM (Om AGMUHCKO020 recurrere —- 603(?]9(1.7.1,/,(./77”3(.5.}{)
YypasHeHUeM UAL DERYPPEHIMHDBIM COOTNMHOWECHUEM ’nopﬂa'n‘a k Hasvleaemes
PUsCHCIMEO
= 1)
Uptk — ((17L+/c—1; An-tk—2y- -+ )an): ( )

NO3BOAANOULEE BDIMUCAUTID 3HAUMEHUE iy 4, CCAU USBECTNHDL K NPeduidywus 3Hadenull
2MOTl NOCALIOBAMEABHOCITAL.

Onpenesnenne 2. [Tocacdosamesvnocmo {dy n-q 1, . HAIBEACTCA PEWEHUCM PE-
Kyppenmmnozo ypasrenus (1), ecau ona ydosacmaeopaem pascuemesy (1) npu ecex
BHUMEHUAL T,

PekyppeurHoe ypasrerue (1) umeer GeCKOHEYHOE MHOMKECTBO PEIIEHHH, TaK KaK
k NepBbIX YIEHOB [TOCIEJOBATCIBHOCTH MOTYT OblTh 38)1aHbl [IPOU3BOIBHO. 3aJaHue
KX 3HaYeHUuU

ay = Ty, a2 = Tg, G A = Tk (2)

0

HJ3bIBAETCS 33/JAHUEM HAMAALHBLL YCAOBUTL.
Pemrenvie (1), yI0BIETBOPSIONEE HAYAIBHBIM yCJAOBHAM (2), HA3LIBAETCH “aACI-
HBIM.
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§6. PexyppeHTHEIC ypaBHelHs

Pewenne pexkyppertroro ypasuenus (1) a, = f(n,C), ..., Cy) HasbiBaercs 06-
UM, CCTTH:

1) OHO COmEPKUT k MPOU3BOABHLIX HOCTOSIHHBIX Cy, 7= 1,.. . k;
2) TpH MHOOBIX 3HAUCHHUSIX ITUX [OCTOSUHBIX 0HO yacBIeTBopAeT dopmyie (1)

3) Ewibopom 3HaueHuil nocrosuubix Cy ¢ = 1,... k, U3 HEero MOKHO BbIJIEIUTD
YaCTHOE DeLIeHHe, YAOBJIETBOPAIONEe N0ObIM HAYAILHLIM YCI0BHAM (2).

Mpumep 1. PaccmoTpum pexyppeHTHOe ypasHeHue nopsaxa 2

—
[@V)
S’

Unyo = 3a, F1T 2an.~

Ono umeeT wactHoe peuierue a, = L, n = 0,1,..., ygosnersopstouiee Ha4anbHbiM
YCNOBUAM Gy = @y = 1 u 4acTHoe pewenne @, — 2% n = 0,1,..., yooBnersopsioLiee
HaYaNbHbIM YCIOBUAM ay = 1, a; = 2. ObWwuM peleHnem SenseTcs nocneaoBaTest-
HOCTb

4y =Cy 1"+ Cy- 2" (4)

B camom pene, mopcrasus (4) B (3), nerko ybepuTbcs, 4To nocneposaTensHocTs (4)
obpawjaer ypasrenue (3) 8 Toxgectso. [o3ToMy 0CTaeTCs TobKO NoKa3aTs, 470 Ntoboe
pPELIEHNE HALIETO YPABHEHNSA MOXHO nNpeAcTasuTs B Buge (4). Ho nioboe pewenne (3)
OLHO3HAYHO OMPEAENAETCH 3HAYEHNAMN a1 = a U a» = b. Paccmorpum crcremy

JCQ'*{-‘ZCQ =4da
LCl'l «LCZ =0

J7a cuctema umeet petnenns otHocutensHo C u Oy npu ntobbix 3HadeHusix a un b.
Mostomy (4) peficTBUTENbHO sBNSETCH 0bLWMM peternem ypasHerns (3).

3ameuanue. FEcin 00CIe10BaTCILHOCTE {Qn fam01,  €CTh DEHICHNE DEKYPPEHTHOTO
ypasuaeunst (1)

R

JTO) SIRJISHOICRCS] YACTHIO HCXOMICH noCiCA0BaTC/IBHOCTH, TOXe 6}{,"_{1“"[‘ PeluermneM

7

ypasrenust (1).

TO MOCHACHOBATCIBHOCTE by = iy, (ko — Jrroboe HaTypaasroe HHc-

Hurarens, HaBEPHOE, Y2KE 00PATHII BHHMAHIKE, YTO WCIOAb30BAHHAL TEPMUHO.I0-
PUA AHAJIOTUYHA TEPMUHOIOIMH TeOPHH AU PEPEHIHANLHLIX VpaBHeli. Dra ana-
JIOPHST OYAET MPOJOKATHCH 11 A IbIIe.

6.1. JInneiinbie ogHOPOAUDBIC PeKyPPEHTHBLIE YPaBHEeHUs
C MOCTOAHHBIMH Ko3hduimenramu

Oupeienerue 3. Jlunetinnm 00HOPOIHBIM PEKYDPENTIHULM YDASHERUEM
(coomnowernuem) ¢ nocmosnnumu xoxfpuyuenmamu nopadka k naesvisa-
eMCA YPABHEHUE 6U0a

Gni o = P10npk—1 + P2lpii—2 + o+ DElp, 1T > 0) (5)
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TABA 2. KOMBHHATOPUKA

...k, xonwemanmu u py # 0 (910 ycaosue wa P He0OTOdUMO, MaK

Kax npu pp = 0 ypasHerue (5) umeao Go. nopadok wuoice k).
Hesosem F(z) = 2% —pya*!
HTOTO PEKYDPEHTHOTO YPABHEHUs!, U IYCTh

2(9(:pi371= 1,...

= ... 7 P TAPAKRMEPUCNUYECKUM NOAUHOMOM

Flo) = (z—a)t . (z— o)t bt +l=r
— passioxenue F(z) Ha JHHCHHBIE M TOXKUTEIIH.

Teopema 1. [lycmu nocaedocamesvrocms {ay bn=o1 . y008AeMBOPAEM AUHETHOMY
DERYPPEHITIHOMY COOMMOwenwo (5) ¢ nocmoantumy Koapduyuenmamu. Tozda

a, = i P;(n)a!

=1

das ceex n, 2de Py(n) — noaunosm cmenenu we evwue l; — 1 omuocumeavro n. Koadi-
gruypieromu, noauroma Py(1n) onpedeasiomes HaMaAHBMU 3NAMEHUAMU Gy, Gy, . . .,
-1 NoCAed08amesLHOCTNU {an Frsp 1, ...

Jokasameavcmeo. Ilycrs A(z) — upousBoismiuas GyHKUM A T0CICAOBATEBHO
et {an }pen,y,... O603nasmm yepes K (z) nosaaom

K(z)=1-pz—pz®— .. —pua’. (6)
Torma oyeBUIHO, 4T0
A(R)K(z) = co+ ez + e + .. 4+ 2" = C(x),

re C'(z) — nomuHoM crenenu le Bbime k — 1. JeHCTBATEILHO, €CAH Gy €CTH
xoachduument upu ™% 1 > 0, B nponssesenun A(z)K (z), To B cuny (5)

Cntk = Opik — P1Ontk—1 — - .. — PrQn = 0.

Taxum 06pasom, 4715 MOCIEJOBATENBHOCTH { €y, =0 1., YAOBAETBOPIONIEH JIMHEHHO-
My peKypperTHOMY ypasrenuio (5), npoussogsian dyuxuna A(x) ecrn dhopmasin-
Hag panionaIbiast (DYHKIMs
1 )
Alx) = Cla) :

K{z)

Pacemorpum zapaxmepucmuneckutld noiurom

-
=

Flr) =2 —pz* = —p (
(marominM, 910 Pr # 0) u ero pasjiokenue Ha JUHEHHbIE MIOKHTC/IH
Flo)=(@x—o)".. (z—a), L+ . . +l,=r (8)
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§6. PexkyppeHTHbBIE YDABHCHUA

e Gy, ..., (5 — KODHU (BO3MOKHO KOMILICKCHLIe) ronudoma ['(z). Cpasunsas
F{x) w3 dopmyist (7) u K(z) us dopmyisr (6) suaum, 110

1.
K(z)=2"F(~),

¥ B COOTBETCTBMH C pasiokerueM (8) ans F(T) noaydaeM passiomKenne Ha MHOKM-
resu st K ()

Kz)={1 - (1—ax), L+.. . +L=k

Bripazum panponatsayio dyukumio A(z) = C(x)/K(x) B BUje CyMmvbl IPOCTHIX
apobett

I

A(x):-?i)):i‘g gj— (

o)
<

»—LJ

(z (1- o)

3

rae B — NOAXOAAIIUC HOCTOSHHBIC, YTO JTAET BBIPAKEHUC NPOU3BOAFIIEH (DVHKIMI
KaK CyMMbl OYHKIMH BHIA

ITo dopmyne DHHOMUANBHOIO PsLIA TIOMYIAeM

: (=) {=j —n+ 1) (—ar)"
fll—ax)™ =0 <1 + (=) (-az)+ ...+ - d) s g g V(6] + > :

B aToM BEIpaXKeHUH KO3(¢ HIIMCHT IIPH 2" paBen
]

Bn+j-1 ., , _
flntj—1). —;7' ' =0Cn+j—-1n)a"=06Cn+j—1,j5--1a™

7!

.

JaMOeTHM, 970 ;
N - . a4 1 —~ N

> Cln+j—1,7-Daf = Pnjel,

mie Py(n) — mosmHOM OT 1 cTerieHy He Boie [; — 1, n uro moboi nomusom £ (n) Mo-
KeT OBITh [10JIyUeH COOTBETCTBYIOLHM BBIOOPOM IOCTOAHHBIX ;. Taxum obpasoM,

(9) MOKHO 3amMCcaTh B BUJE

x o
5 o ~ ;
;4(\,7)/3 e ; (‘[,_','./:[;"' =: \ \ h /1‘(7’7 18’ "
r—1) n=0 i-1

U, cpaBHuBas KoaphuimenTs! upn 7, noIyacy, YTo

ZP(n

rae crenesb Pi(n) ve Boume [ — 1. O
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I'naBa 2. KOMBUHATOPUKA

Mpumep 2. Paccmotpum nocneposatensHocts PuboHayyu
0,1,1,2 3,5, 8, 13,

rOe Kaxaoe crefyrollee HUCNo ABNSETCS CYMMOI ABYX MPEAbIAYLLUX YMCen.
Takum obpasom, 4ucna nocaegosatensHocTy PuboHauyn 3a83t0TCA PEKYPPEHTHBIM
ypaBHeHnem

Up42 = Ayl — Qn = =0

1 HavaabHbIMW YCJJOBUNAMU
Qg = O, a1 = 1.

Hatigem obiuyto dopmyny anst uncen PuboHaydun. XapakTepncTnieckoe ypasHeHue
-z —-1=0

~ L [ | —1 L
MMeeT ABa AefCTBUTENbHBIX HE PAaBHbIX KOPHA Qi = 1—2—\/5 N ooy = %\/% Cnepo-
BaTENbHO, ODLUM PELIEHNEM PEKYPPEHTHOMO ypaBHeHUs ByaeT NocseaoBaTeNbHOCT

. I - ~ n
n C]Ol + (/2(12.

Cuctema ans Haxoxgenuna C n Cy vimeeT Bug

( C1 + CQ - 0
{ Chaq CQO[Q =1
L 1
Torpga A = ’:a2—0‘~;=\/5,
G Qo
1 10
! vy =1 Bz o; 1 ‘ =1
A K Ay 1
CL:_l: = CZ = - = —=
A V5 A V5

OKoHYaTeNbHO MoayYaem

n

L [1-+5 1 1+\/5' (L+/5)" 5)”

Jiuneiigble HEOAHOPO/IHbIE PEKYyPPEHTHbIE YPABHEHUS
C IIOCTOAHHBIMU KO3(hunmeHTamMmn

Oupesenenne 4. JIunetneim HEOOHOPOOHBIM PERYPPEHHBM YPAEHEHUEM
(coomnoweruem) ¢ nocmosnnvimu Kosunuermany nopaoka k nasmea-
emea pasencmeo euda (uau ypasnciue suda)

Qr ik = D1Qn k=1 T D2lpk—2 + -+ pray + QO(TU n 2> 0, (10)



§6. PexyppeHTHBIC YpaBHCHHUST

ede py, 1 =1,..., k, xoncmanmo, pr # 0 (npu pp = 0 ypasrnenue umeao 6o nopadok
nwusce k), o(n) — mexomopas ymrkuua, He PAGHAR TNOJICOCCTIEEHHO HYAIO.

Kask oMy HEOAHODPOUIOMY PEKYDPPEHTHOMY YPABHEHUIO COOTBETCTEYEL OIHOPO,L
HOE PEKYPPEHTHOE ypasHerue (5).

Obo3mainm {afl”""""""*"'“a“'}n_.:o.‘l).,, YACTHOE PEILEHUE HEOIHOPOLLOTO PEKYPPELTHO-
ro ypaaeuus 1 {af%%0% ), | obuige pelenne cOOTRETCTBYIOLIEN0 MY OAHOPO.L
HOIO YPaBHEHUA.

Teopema 2. Obuwice pewerue {an bneo i HEOTHOPOOHO20 DEKYPPEHTIN0RO YPAGIHE-
HUA MODICET BBimb Halideno 6 eude cymmol wacmmnozo peutenud {a, * ™o} o1
HCOOHOPOOH020 PERYPPEIIMHO20 YPAGHENUSA U 06ULL20 DEULEHUA {a”c'“ 0on-Y 0.1, €O-
0TNGETNCINBYIULEZ0 emly 00HOPOOH020 DERYDPEHTIIHOZO YDAGHEHUA

Gy = ai'\:.ru . HEOH. + a:fw,.odu.
Jowasameavemeo. Tax KaK NP OACTAHOBKE @, ™09 4 00100 5 (10) monyua-
eTCST BEPHOE TOMIRCTRO, TO g 6m 1600 L q0fti-ulit jrop P RIITENBUO ABASIETCS PEIICHT-
em (10).
ITyers {al b1, — mpomssoinbEOe wacTHoe pewenue (10). Tlo yeiosuio Teo-
pEMBI MIMEeM 3a71aHHOC YacTHOe Pellenue {q omneon. bn=01. - Ho 'roma PasiocTh
al = al, —a, @O gpgercs YaCTHBIM PCIIEHIEM COOTBETCTBYIOMIETO OAHOPOIHOTO

PEKYDPPEHTHOIO ypaBleHA, M OHO MOKET ObILb OLIPCUEJIEHO 3adaHueM Heolpeac/eH-

HbIX KOIDMULACIITOR B BHIPAXKEHUH a”"“‘ oo,

Paceymorpun HEKOTODBIE METOMB! HAXOMKJIEHNS YaCTHLIX PEITCHUN HeO [HOPOTHLIX
PEKYPPEHTHBIX ypaBHeHHUH /ulst dacrubix cayvaes dyuxmuu (n). Ciepyowie jise
TEOPEMBI JICTKO JOKA3BIBAIOTCS [IOJCTAHOBKOM YacTHOrO petteHust {7}, 4
B (10).

Teopema 3. (O mpasoft wactu Buna A - b0") Feau s (10) ¢la) = A", mo
wacmmroe pewerue (10) moxcem Gums natdeno & gude

(,Ivncm, HEOOH, — jr)'ﬂkbn,

“n

200 k — KpOTMOCTNG, ¢ KOMOPOT KOWCIRARMG b 62.00UM 6 YUCAO KOPHET Taparme-
PUCTRUYECKO20 YPABHEIUHM, (0 LD — HCEOMODAL TOCMOAHNAA.

Obozuaumy Py(n) muoroied crenenn s : P(n) Z Lyn™

Teopema 4. (O npasoit wactu suna P.(n)) Ecau npacas ~wemo weodropodiozo
peryppenmiozo ypashenua umeern sud w(n) = P.n), mo e20 wacmuoe peutenue

Aocem bwimo Holideno 6 aude

wacm. neodn. _ .k /
a’n I =T CQSUL>7

20e k — xpammocmy, ¢ komopol koncmanma 1 6xodum 6 wucao kopHel Taparme-
pucmuneckozo ypasnenus, a Q.(n) — mnekomopull mHozowaen cmenenu s (Mot e
cinenenu, wmo u mrozovaen Py(n)).
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[AABA 2. KOMBUHATOPUKA

Ipu pakTErvecKoM IPEMEHCIHIN 3TOH TeOPeMbL MHOTOMIICH ()s(n) 3anuceiBaercs
¢ HeOUPEeNCNEHHLIMU KODMUIUEHTAMU, KOTOPbIE HAXOAATCA TOACTalIOBKOH TacTHO-
ro perreHus {a"r[”“m"””‘)”' n=0,1,... B HEOIHOPOHOE PEKYPPCHTHOE ypaBHeHHe. Anaso-
TUYHBIM 06Pa3oM OMPEeIfeTcd KOHCTanTa [ B 4acTHOM PeIIeHHH, HAXOUAHMMOM 10
TEoOpeMe 3.

Mpumep 3. PeliiM pekyppeHTHOE YPaBHEHNE (pio — 4ant +4an = 3- 2" nput ag = 1,

) = 4.
PaccmMoTpuM xapakTepUCTUHECKOE YpaBHEHUE

22 =4z +4 = 0.

Unmeem (2 —2)2 =0, o) = ag = 2.
Mpagas vacTb ypasHeHNs uMeeT Buf, pPacCMaTpuUBaemslil B Teopeme 3

p(n) = A-b", A=3, b=2

KoHCTanTa b BXOAWUT B Hi1iC/IO KOPHERA XapakTepucTu4eCKoro YPaBHEHNS C KPaTHOCTLIO
= 2. HacTHoe peLleHune HEOAHOPOAHOTO YPABHEHNS ULLEM B BUAE

o

wacT . HeOd. D nZ . on

nw

lNogcTagnaenm ero B NeByi0 HacTb HEOAHOPOAHOTO YPaBHEHUS

[MpnpaBHuBaem pe3yabTaT K Npasoid Hactu 8- [ - 2™ = 3. 2" otkypa D = g.
2 7.
OCTIL OO, . 3nc-2
Torpa u,,™ = Sat
Obuiee peluerrie OQHOPOAHOrO YPABHEHUSA VMEET BUJ
o ofn. _ roon AT
(an_ = (,2 - (_/7'2,2 .
Obluee pelweHne HEOAHOPOLHOIO YPAaBHEHUS MMEET BUJ,
. o . 3n? 3, , -
a4y = a;)Lb'w,.odu.. + (1/7:”[“"’/”}()% — (/L?’., + Cv2n2n T on (*‘TLA + (/'2'17, + (/:J . on
8 8

Hagem korcTanTsl C7 v C'y N3 HavanbHbIX YCNOBNIA

DN —~T
1l
o
O
S
I

dp = 1 @
ap=4" 2+ Gt Cy)-
Cnegosatensho, a, = (3n* + 5n + 8) - 2773,

llpurep 4. Pewum pekyppeHTHOE ypaBHEHUE Gy iy — 3dnii + 20, = 6n% — 4n — 13,
npn ag = 5, a; = 6.
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§6. PexyppeurHeie ypasueHus

PaccMoTpuM XapakTepucTu4eckoe ypaBHeHue
2 ‘ ¢ .
r°—3r+2=0, oy =1, g =2

[lpaBasi 4acTb ypaBHEHUS UMeET BUA, pacCMaTpuUBaeMblid B Teopeme 4
w(n) = Pi(n), Pn)=6n>—4n—13, s=2

L.

KoHcTaHTa 1 BXOANT B HUCNO KODHERA XapaKTepUCTUHECKOTO YPABHEHWUA C KPAaTHOCTbLIO
k= 1. YacTHoe peleHne HEOAHOPOAHOTO YPaBHEHNS MUWIEM B BUAE

aieemmeodt — pk o Qo(n) = n - (byn?® + bin + by) = byn® + byn® + bon.

MMoacTaBnsiem ero B NEBYIO HaCTb HEOAHOPOAHOTO YPABHEHNS

[Ba(n +2)% 4+ by(n + 2) -+ no(n + 2)] + [=3ba(n + 1)* — 301 (n + 1)* — 3bg(n + 1)+

»H‘mes + 2[)1712 + 2(')077,] = —‘3627’),2 -+ (3b2 - 2()1)71 + (sz + b[ — bo)

[TpupaBHuBaeM pe3ynbTaT K Npasolt HacTyu

—3byn® + (3by — 2b)n + (5by + by — by) = 6n° — 4n — 13

Ecnu paBHbl ABa MHOIFO4YA€HA, TO paBHb! BCE UX

K03hDNLNEHTbI
[ —3b, =0,
§ 9Ob2 20y = —4,
L 5b3 -+ ])1 - bo = —13.

Pewaem cuctemy
6
by =& =
) 1
bl - 2 ¥ :
bo = —(—13 = Bby - by) = 2.
Iorp,a (chm HeooH, _ __2n3 . nz + 2.

Obuiee peiieHne 04HOPOAHOTO YPABHEHAS UMEET BUA

a;(m/,,odw. - C] Ay CQ Lon — C|+ Co - on

Obuiee pelleHyie HEOQHOPOAHOrO YPABHEHUS UMEET B[

_0bug.00n. WACTIL HEOON
A, = Q +a

; Iy =014 Cy 2" —2n° — n? 4 2n.
Haxogum korictanTel C) u Cy 13 HayanbHbIX yCAOBUA
J g = 5, I ( =
L =6, Gt aCs-2- 152

Pcwas cucremy, rnonyvaem Cp = 3, GQ = P

o o

CnenoBaTenbHo, UCKOMbIM HaCTHbIM PELLEHNEM HEOAHOPOLHOMO PEKYPPEHTHOMO YPaB-
HeHust DyfeT nNocNeoBaTeNbHOCTD

an=342-2"~om3 — 4o =2""—2nd —n? Lo 3
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T'TABA 2. KOMBUHATOPUKA

6.3. Ilpnmenenne NuHEHHBIX PEKYPPEHTHDLIX
[ocJie0BaTeAbHOCTEH B paJuoaoKaliny U Kpunrorpadun

[Tycrs GF(g) — KOHEUHOE HOJIe U3 ¢ INEMEFTOB.

Jlunetinoti pexyppenmmoil nocaedosameasHocmvIo {a, fn—o1 ., L€ BCe
1, € GF(q), 6yaeM HasbIBATEH MOCAEJI0BATEILHOCTE, OPEICTSIeMYI0 JTHICHAILIM OJI-
HOPO/IHBIM PEKYPPEHTHLIM YPABHEHUEM CLENCHM K € 3a/aHHBIME HAYAILHLIMA YC/10-
pusivmi.  ITepuodusnocms NOCHEIOBATENBHOCTH {ay fno0 1 O3LAYACT, UTO CYIE-
CTBYCT TaKoe HaTypadbHOoe uucio T, uro a, = auar g Beex n = 0,1,.... Han-
Metipliee Takoe T Ha3bIBAETC MEPUOOOM TIOCACAOBATENBHOCTH { Gy fn01, ...

HpU,MGp 5. Kak Mol YXKE 3HAEM, PEKYDDEHTHOE YpaBHEHNE
Qp-p2 — Q1 — =0

Haf 7. C HaYanbHBIMW 3HaYeHusMN ag = 0, a; = 1 3agaeT nocnegoBaTensHoCcTs Punbdo-
HaY4m

0,1,1,2 3,5, 8, 13, 21, 34, 55, 89,
Paccmotpum ee 8 GE(11):
0,1,1,2,3,5/8,2,10,1,0,1,1,2,3,5,8,
JTa nocnefoBaTeNbHOCTL Neprnoguyta ¢ nepuogom 1 = 10.

Mpusep 6. Paccmorpum rag GF'(2) pexyppenTHoe ypasHeHune a, s — Gnyg — @y = 0
C HavanbHbIMA 3HaserusMu oo = 1, a; =0, ap = 0, a3 = 0, a4 = 0.
Torpa nony4aem NepuofnYecKyto NoCNefoBaTeNbHOCTSL

10009060101,01,116011000111110,011010010,

¢ nepuogom 1" = 31.

JlunieiiHble PeKyPPeHTHBIE TOCe/10BATSIBHOCTH, IPHIEM, KaK MPABIII0, H0JIbLI0-
o [epro/ia, Haml il IPUMEHEHHE B Pa/MOIOKAITMA U KPUIITorpaduy.

L/1st ONpeCACHS MONOKEHIS ABUAYILErocs 00beKTa B atMocdepe B UPOCTpail-
CTBE HCTIOIB3YETCs Pa/IMOJIOKATOD. AHTEHHA DA IHOJIOKATOPE H3IYHaeT JIEKTPOMAT-
HUTHYIO SHEPIUIO Y3KUM NydKoM. HallpaBjlerue 910ro IIy4YKa MEeHSeTCs TPH fepe-
MCIEHHY aHTenubl, JacroTa f H3JydYeHds Haxoaurced B nenesax 2 - 108-10Y I,
ALHHA BOJHBI A = ¢/ f — cooTBETCTRCHHO B neaesnax 3 cm—1,5 M (Tak Kak cKOpOCTh
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§6. PekyppeHTHBIC YpABHEHUST

T

\C

ccra okoto 300 000 xui/c). Ko-
12 Iy490oK 00JIydaeT HeKoTOPbIH
0OBEKT, TO YaCTh €r0 IHCPTHA OT-
parkaeTcst Hazal K anrexHe. Ca-

Va4 Ma pericTpalnst OTPaXKeHHOT aHep-
// / CUW CAYXKHT yKa3aHHeM Ba/u1ud
Tocnanusid o0beKTAa B 3&J4aHHOM HAalpaBile-

Carnai / ,/O uun. Ho Toynoe noJioxkenne o0bex-
TPAKECHHBIH
PAXEH Ta, B IIPOCTPAHCTBE MOXKHO Y3HATD,
" CHTHAT
// Hero. Paccrosaune 1o obbexTa MOXK-
HO OTIPEUeSUTL B PE3y/LTare W3-

TOJILKO OIIPEAEJIUB PAaCCTOsSTHHE [0
AnteHHa MEpeHus BPEMEHU MEXKIY MOMEH-

TOM HRJIYUCHUST UMIIY/IBCA 3HEPIHH
M MOMEHTOM TIPHMX0OJa €ro Olpake-
HUA. BOSHUKGIOT TPYOHOCTH b CBSI-
3M C TeM, IT0 00BCKT HepeMeriae-
CA B OPOCTDAHCTBE, & TAKXKe B Cnyi-
3W C TeM, TITO B aTMocdepe MOryT
BOSIMKATH DasHble noMexu. [[oaro-
My HH ITOCBLNKA €QMHUYHNONO MMITY/ILCA, Hil HOCBLIKA CEepUNi OAMHAKOBbIX UMI1VIib-
COB He MOI'YT INOJHOCTHI) DEUNTh ITY 3aJady. 38/1a'a YCUEIIHO PeLIaeTcs MoChLI-
KOM AIHIIION CePUH MMILYABCOB, 3aKONMPOBAHHON TakuM 0DPA30M, UTO T4 CepPUH
BOCIIPOM3BO/IUT LEPHOAUTIECKYIO MOCHENOBATENLHOCTR ¢ OUEHb OOJILILIHIM IEPUOIOM.
B pesynerare, HOgyHMB JHOO0N 0TPaKeHHBIH NMITY/ILC, MOYKHO TOYHO OHPELCTUTL W
MOMEHT €ro OTMPABJIEHHS, M MOMEHT €ro [10J1YYeHUST,

I'puemuas aHTeHIIA, KOTODAsS MOXKET COBNAJAATE C U3y darolell, Takke obiagaet
PE3KO BbIDAKEHHON HATPABJIEHHOCTLIO JEUCTBYSE, UTO YBEIUUUBALT TOYHOCTH TOKA-
upy Hanpasienus. Bee 9To pMecTe NO3BOAACT YCTAHOBHTE TOTHOE MECTOLAXOKACINE
HENPCPBIBHO NepeMeltarIerocs 0bbekTa. Kak Uy T B JOCTYTHBIX HCTOYHUKAX,
nepuog, mopsika 108 nocrarouen yus noxaunn Jynsl, nopsyika 10° — 115 sokanum
Benepnl. CHCTEMEI CRS3H €O CIIYTHUKAME ACHOMAL3YIOT HepHoist nopsaka 1017, Tlpu
nepenave 10° wmmynncos B CeKyHJly 9TOT MEePUOI OY/eT LIOPS/IKA [OJa. JaMCTHM,
YTO NIPAMON aHa/IN3 TAKUX MOC/CI0BATENLHOCTe /I ONPEJCTICHMSL UX XapaKTepu-
CTHK COBEPUICHHO HEMBICHM. VMY MOXKHO MOSL30BATHCS JIMITL HJIaromgapst XOpoucH |
TEOPUY UCIICABIYCMBIX JTHTICHIBIX PEKYPPEeHLHbLIX HOCACOBATEIBHOCTEH,

—
Ilepenarunx

’ [Tpremuuk

Cxema pagroNOKAUHMOIHON CHCTEMDI

PaccMmoTpus Teueps MPHMEHCHUC JIMHEHHIBIX PEKYPDEHTHBIX ITOCTE [ORATEHIO-
cTed B Kpunrorpadu.

Mpumep 7. 3awmndpyem coobuierne Ha aHMNACKOM 3bike, KOTOPOE MOXET DbIThb 3a-
nucaro 8 anasuTe, cocToauem n3 26 byks a—z, npobena u 4 3Hakos npenuHaHus:
tLory lllll

ST Tporymepyem cumBeonsr andrasura cootsercTaento ot 1 go 31
PaccMOTpUM peleHue npeabigyliero npumMepa:

1,00¢601,010,11190/110001111100,110 100



IVIABA 2. KOMBUHATOPUKA

3aMeTuM, HTO Ha NepuoAe 3TOol NoCNeA0BaTENLHOCTI NHOBON HetyneBoi Habop U3 naTy
anakos 0 1 1 BCTpeyaeTcs v ToNbKO oauH pas. Ecau Habopy (xg, 1, Ty, T3, 24) CONoOCTa-
BUTL 4ncno lag + 2wy + 222y + 2324 4 2%7,, TO NOCNEAOBATENLHOCTL MEPUOAA MOMKHO
paccMaTpuBaTh Kak NOCNEA0BATENLHOCTL HMCEN

;16 8 20 10 21 26 29 14 23 27 13 6 3 17 24 28 30 31 15 7 19
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

25 12 22 11 5 18 9 4 2
23 24 25 26 27 23 29 30 31

A 3T0 eCTb K/IHOH, KOTOPbIA MOXET BbiTb MCNONBL30BAH A5 WNDPOBAHUA 1 PacLLNdPOB-
k. [1pu wubposanum bepem wndpyembiid cumron, nycts N — ero nopsiKoBbiA Homep
e andasuTe, U 3aMeHREM €ro Ha CuMBOA andaBuTa, KOTOPOMY COOTBETCTBYET HOMEP
B Nepeoii CTpoke Tabnumubl Hag Homepom N. BoT npumep wmnpa O4HOrO U3BECTHOMO
BbIpaXeHns

ui’oniaemijcojd

[pu pacnpoBKe NocTynaem Haobopor.

3amMeTuM, 4TO, 33138 APYFWAE HAYANLHLIE YCIOBUS ANS DEKYPPEHTHOTO YpasHeHus,
Mbl aHANOTUYHBIM 0DPa30M MOXEM MoNy4uTL Apyroi ka4 ans wudcposaqus. MNpes-
NONOXKWM, 4TO Y ABYX aDOHEHTOB, HAXOAALMXCS B CEKPETHOW MEpenucke, UMEKTCS Aga
OANHAKOBLIX DAOKHOTA, B KaXKAOM W3 KOTOPbIX HA HECKOJbKUX JINCTax Hane4aTaH CBOW
kntod. OTnpasutens wudpyeT CBOM TEKCT yKasaHHbIM Bbille CNOCOBOM Mpu nomoLyu
nepeo CTpaHuilbl 6a1okHOTa. 3awunpoBas coobLiEHME, OH YHUYTOXKAET UCMONb30BAH-
HYtO CTpaHuily n OTNpaBasieT ero BTopomy aboHeHTy. Monydatens wudposaHHOro Tex-
CTa paclNgPOBLIBAET Er0 N TAKXKE YHUHTOXKAET WCNONBL30BAHHbIA 1MCT BaokHoTa. Tak
KaK CUMBON B TEKCTE MOXET ObiTh 3ameHeH NtoDbIM APYrUM CUMBOOM U 3TOT BbIOOP
COREPILEHHO CNYHaeH, TO PaCKPbITh OfHOPA30BbLIV WNMP JOCTATOUHO TPYAHO.

6.4. PekyppeuTHble ypaBieHHd U HPOU3BOAAIE DYHKLMMI

PaccMoTpuM BOMPOC 0 HAXOMKJIEHUA TPOU3BOIAIIEHR QYHKIUI T0C/ETOBATE/ILHO-
CTH I10 ONPEJL/ILIOILEMY €€ DEKYPPEUTHOMY YPABHCHUIO Ha [IPHMEPE OJHOPOIHOrO
DEKYPPEATHOTO ypaBHerus: nopsaaka 2. Mveem

4 4 . = = 7 W /
Uy — D10ps1 — D2ty = 0, Ap = Lp, a) — Iy \U)
) = :
Mycro A(z) = 5 a,x™ uponssondinas QyuKLUS TOCICI0BATE I bHOCTH {8 fn=01... -
n=>0

Yunoxas ypasaenue (11) ma 2™'? nosyrns
2 n+1y 2 AN
an 2™ = prz(an 1 2) — paz(anz™) = 0.

[Tpocymmupyem 3TH parencrsa o n ot () 0 0o :

N 42 . n+1 2
Aneaz"™’ —m<§ U1 2"7) = poz E anz" = 0.
n=0 n=0 n=0
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§6. PexyppeHTHbIE yDABHEHIS

Tak kak -
S 02" = A(z) — (ap + ayx),

n=0

CX: .
ST gt = Alz) — ag,
L3 —O

10 A(z) — (ag + ayz) — pye(A(z)  ap) — per®A(z) = C.
Orcropa
Az)(1 — pra — poz®) = ag + a1 — pragz

Alz) = 2 + (a1 — prag)e
1 —p1& — pax?

Ilpumep 8. Haipem npouzsogalLyo dyHKUMIO nociegosaTenbHocT PuboHayyu.
Tak Kak gnst 3ToW NoCNefoBaTENLHOCTY

an+2_an+l —a‘”’l:O ap = 0-, ay = l;
TO
0+ (1-1-0)z x
1—z—22 1 -—x—2%

Paznarast aTy £pobb Ha npocTeliiune, nonyyaem

, o2 1 O 1
Mg)= -t —o0e=n. =
ap— @y - oy —ay 1—oapr

1- 6

[

raem:l—\/g,ozz:

Pasnaras B cTeneHHol psa, nosydaem

N n-+1 ) n41
AT ol il EEL SR T | R L ACH [1-5 4
v n/—_; a; — g ‘—-4)\/5 2 k 2 o

OTkyaa cnegyer yxe U3BeCTHasi Ham hopmMyna anst obliero YneHa nocneaoBaTeNsHOCTY
DuboHayyu.

Apyzol cnocob nazoxdenua npousgodayel Pynryuu Oas wucea Puborauuu
NCNONL3YET NEMEHTAPHbLIE NOHATUS AUHERHOW anrebpbl. PaccmoTpum napy mocneno-
BaTenbHbix Hucen OuboHauymn a,, 0,1 KAK KOODAMHATEI BEKTOPA B ABYMEPHOM BeLle-

CTBEHHOM npocTpancTee R :
a ,
o) e R
An+1

An

Tor,qa nepexon OT BEKTOPa ( 0 ) K BEKTODY <
SIn

ny:

Gl
ocylecTenseTcs no npagn-

n-h2

\
P Qn R An41 _ ny) _
Un1 Un42 On + Qnyl
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['TABA 2. KOMBUHATOPHKA

Mocnenree npeobpazoBaHne NMHERHO, 1 €ro MOXHO 3anNUCaTh B MaTPUYHOM BUAE!

U, 0 1 Qn (i
—

=0

A4 L1 Q41 41

d .

Upnt Qpi2
Mepexon OT BekTOpa < i \ K BEKTOpY ( a” \ OCYLLECTBAAETCS NyTeM M0-

n+2 n+3
BTOPHOrO NpuMeHerus npeobpazosatnsa @, u .4. Takum obpasom, npon3soasiias yHK-
UMs A8 BEKTOPHOI nocnefosatensHocT PuboHayyn NpuHNnMaeT BUA:

iy [0 Ly 2\ 2 _
Az) = I R N R U Ea
/
B I I Y B PP T
aq a \al /
S ([+ 0+ ®22 ) P )= —g0) [ P
o3| 451
A 10
2pecs uyepes | obozHadeHa epmHmuHas matpuua, | = 01/ N BbipaXeHue

(I — 2®)" " nonumaetca Kak obparmman vampuya K matpuue I — 2.

SiBHOE BbipaxkeHue Ans ducen PuboHadyn MOXKHO NONYHNTL, BbIYUCANE ABHO MaT-
pudy ®" ans npouzsosbHoro n. LAns storo matpuuy P HyKHO AMArOHANM3MPOBATH,
NPeACTaBUB ee B BUAE

O =737,
rae d— AuaroHansHas maTpuua, a Matpuua 1" HesoipoxgeHa. Vmeem,
o=t (T ) (T
%4 ﬁn-'["l a; ! a; 0 (1;1 —a11 1
OTctopa, BOCNO/Ib30BABLINCE YPABHEHUEM
" =T 'O T,

W BRID2KEHUAMU AR YUCEN (vp, (Yo, Nosyyaem opmyny ans obliero 4sieHa nocneno-
BaTensHocTt Puborayyu,

3aMCTUM, “ITO MPOU3BOAstiast hyakuus g nociaenosareabaocty Pubonatiiy
OK30710Ch palMoHaIbHOM — OTHOUIeHHEeM JBYX MuorotwieHos. Ha camom jgese s ma-
[HexM BLIBO/E MbI HUIME HE HCIIONTh30BaIW (:II(,‘,LI‘Ifi::l.?'IbI{[)HL/'I BUL 9700 PEKYDPPEHTHOIO
ypaispelinsl. JeicTByda TOYHO TakvuM >Ke 00pazoM, Mbl MOMKEM JOKA3aThb AHaJd0I -
HYI0 TeOPeMY O MPOU3BOTHTITe (HDYHKIHN TS IPOU3BOJIBHON TOCICA0BATEIEHOCTH,
30.1aBAEMOM JIMHEANBIM DEKYPPEHTHBIM YpaBHeHUeM.

Teopema 5. [lycmv nocaedosamesvrocmo a, 3a0aemcea AUHCTHbIM 00HODOOHLM
DEKYDPERMHIbLM YpasHeRUuem (5) nopadka k ¢ nocmosmneimu Kodpguuuernmarm u
HAMAADHDMU  BHAMEHUAMY Ay, ..., Q1. Jlozda npoussodawasi OyHEUUN

_ P(z)

A(z) = ag + a1z + aoz® + . .. payuorasvna, A(z) = Olz)’ NPUMEM CTRENEHD MHO20-

\
J
waena Q(z) pasna k, a cmenens mmozouaena P(x) ne npesoczodum k — 1.
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§6. PexyppentHble ypasHeHus

Loxasamenscmso. - YMHOXKEM - TpoM3BOmsiinyro  byHkuMio  A(x)  Ha
p1o+ pax + .+ et

(e + p2® + ..+ pet®)Alz) =
= pragT + P12’ + prasz? + .+ pragizt 4L
020022 + Do T + ..+ poap_ozt + .+
+]73Cl01‘3 + ...+ pg(b;,_;;l'k + ...+

+opp ag TV .=
= P(z) + Alz),

rze crenenb MHOrowsieHa P(z) He upepocxomur k — 1. JeHcrpnreinnno, koahdu-
npenT npu x™'* B mpaBoil WACTH ITEPBOCO DABEHCTBA COBMALAECT C MDPABOH YACTHIO

ypaBHeHust (5). OTciona Mosy4acM yTBEPKAEHUE TEOPEMBI. OJ

Bameuanue. /J[oka3aTeabCTBO 3TOH TEOPEMBl a0 HaM OOJIee CHIILIOE VILepXKae-
HHE: MbI JOKa3aJ, 4T0 MHOrowieH ((z) uMeerT Buj

Qz) =1—pz—poz’ — ... — pez’.

Oxa3blBae€TCd, YTO PAlUOHAIBHBIE TPOU3BOAANIIME (DYHKIHNA B TOUHOCTH COBIA-
JIAIOT ¢ OPOU3BOMAIMMM (DVHKLIMSIMHU IS IIOCIEI0BATC/IBHOCTCH, 3a0aBaeMbIX JIH-
HEeWHBIMI PEKYPPEHTHBIMU ypaBHeHNAMU. TO4YHee, CIpaBelinBa ciedynas obpal-
Hasl TeopeMa.

o
Teopema 6. Fcau npoussodawan dynxyus A(z) = S ap,z™ payuonasvna, m.e.

n=0
oy Plr) 0 , { : ) . -
Alx) = =%, ade wmmnozounenw P(x) w Q{z) 63aummo npocmol, mo HawuHaA C

HEKOTROPO20 HOMEDE T nocAedo8ameAbHOCTI Ay, Ay, G2, ... 3a0aemca AUHCTIDIM
00HOPOOHbBIM DEKYPPEHMNBLM YPABHEHUELM CTMENEHU k ¢ NOCTNOAHNILMU KOIPPHULU-
enmanmy, 20e k — cmenens mmozouaena Q).

6.5. ACUMOTOTUKA

[MpousBojaume QyUKUMY MOCYT OLIIDL TOJIE3HB JJ1d UCCICA0BAHNST ACUMITTOT -
TECKON0 TIOBSALHUS @y, TPH 7L — 00.
Hauvomuum, wro ¢yHKym ¢(n) u U(n) acumnmomuvecky pasHs, (IIHINEM

w(n) ~(n)) upu n — 0o, ecnu lim == =]

fi—o VAT

Teopema 7. [lycmv  npoussodswan — Pynkyus  A(z)  nocaedosamesvrocmu

Q(z)

{an}tn=01,. umeem sud A(z) = P2) 2de Q(z) u P(x) — wmmozouaenv, ¢ detcmeu-

menvrbmi Kosdunuenmamu. Ilyems o — HOUMENDWUT N0 ABCOAOMHOT BCAU-
wune xkopers mrozounena P(x). Tozda
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[1ABA 2. KOMBHHATOPHUKA

1) ecau oy = mpocmoti (He ABAAOUULCA KpamHbm) dedemsumesvrnil KOpero,
mo NP 1 — 00

Qa1 ol 20e P'(on) = iP(a:\

Ay, ™~ 1 ) )
P(ey) dr e
2) ecau ay — deticmeumenvrotl Kopens kpammnocmu k, mo npu n — o0
DFkIQ(a 1\
CLnN'<— b Rt l)C'( k~1,k—1)/ : |
P(k)(Od]) \O(l

2de P () ecms npouscodnas nopadra k om P(t) 6 mouke £ = 1.
LY ].

Jokasamervemeo. 1) Paznoxum A(z) Ha npocrsie gpobu:

C] CZ 0
Az) = + +...+ " + B(z),
¥ —F &y — D Qs — T

rne B{z) muorownen. Jng maxowaerua xoadbdumiaenta O yvuokum A(z) na
\&L) e { L) )

o — 2. Torna
~Q(z)

(=) . (z— Ofs).

(Od'[ — ’B)A(T} =

f}l

Upu © = oy neBasg vacrts papua (], a mpaBas — —]—5,Z 3 Taxum obpasowm,
, —O((v ) .
Cr = —5 ) . Anajioruuno MoAKHO BoI9UCAETh U Koadbduumentsr C; (1 = 2,...,8).
Py
r.Ipo()h # MOXKHO PAsI0XKUTh B I€OMETPUUECKYIO HPOTPECCHIO
T
: j

K

[Toyuaaenm

Orcrona g 6OabIINX 7

CL Cy 0, |

an~ =+ i+ =2~ Crop ™

R Tl

2) JloxasaTeqneTBO 9TOrO YTBEDIKACIMS TEOPeMbl MOYKET OLITH TPOBEJCHO HOXO-
KM 0OPA30M. O]

Opumep 9. Haligem acumnToTUHECKOE NOBEAEHUE Gy NPU T — OO AN NOCNEAOBATENb-
Hoctu Pubonayun.
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§7. Pasbuenns. Hucna Crupaunra u nx cpoticrra

B aTtom cnyqae

e
Alr) = ———.
1 — 1z — z2
] —vH . -

o = «%_ — HaUMEHbWWA no abCOMIOTHON BEANYMHE KOPEHb MHOrOY/1EeHa

P(z) =1z — z* Toraa no nepsoii 4acTn Teopemsl 7

= —n-—1
. b5 _(1~ﬁ 1 [1-45
I+ (1-vB) \ 2 2 -5 2

-n

§7. Pazbumenusi. Yucaa Crupiumsara u ux csoiicTsa

Oupepnenenue 1. Pasbueruem n-saemernmuozo muoxcecmea X na k nodmro-
ACECTNG HAZBIBLEMCA NPOUIBONBHOE cemeticmeo e2o nodmuosicecmne T = { By, ..., Bi},
makoe umo By UB,U.. . UB, =X, BNB, =0 onal <i<j<kub #2 dan
1<i <k

Hodmmoorcecmea By, ¢ = 1,..., k, naswisaiomes baokamu pasbuerius.

MuoskecTBO Bcex pasbuenuit muOxKecTBa X Ha k OsoxoB Oyaem 0b603tauaTh
IT,.(X), a muoxecTso BCex pazbucnnit muokecrsa X wepes I1(X). Ouesnimo, 4o
(X)) = T, (X)U. . ULL(X) (6osee Toro, amoxectso {T1, (X)), ..., I1,(X)} asnsercs
pazbuernem MHOX)ecTBa [1(X)).

C pazbuerUeM TECHO CBA3AHO LIOHATHE OTHOUIEHUS SKBHMBAJIECHTHOCTY . Kaxomy
PazOHeHUIO T MOYKHO COIOCTABHTEL OTHOIIEHWE IKBUBATEHTHOCTH

E(r)= | J(Bx B) (1)

Bew

(ssnemenmut x,y € X nazodsmen 8 omuowsenuy I5() mozda v moavko mozda, xoedo
OHU MPUHGONEIICATTE 00HOMY O10%Y Dasbuenus T). 11 Ha000pOT, KazK A0MY OTHOTIEHHIO
SKBUBAJEHTHOCTH £ Ha MHOxKecTBE X MOKHO CONOCTABATL pasducHue

X/E ={[z]g | © € X}, (2)

rae [z]p ofo3HAUAET KAGCC HYGUGAACHMNOCTIU 3TEMEHTA X, T.6. MHOMXKECTBO BCEX
NEMEHTOB, HAXOAAWMXCA B OTIONIEHUN F K 3meMeHry & :
lals = fy € X | 2By}

Herpynwo sametuts, 4ro dopmyinl (1) v (2) onpenensior B3auMHO OJHO3HATHOE
COOTBETCTBUE MEXKJTY Pa3OMCHUAMYI W OTHOIIEHUSIMI 9KBUBAJEHTHOCTY Ha MITOYKeCT-
Be X.

Ecm 7, 0 € TI{X) u xaxupii 610K pasbuenus ¢ ecth 00beAUHEHENE DJIOKOB
pasbueHuy 7, TO T HA3LIBAETCH U3MeAbYeHUeM pasdbuenus o, myT © < 0.
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IiaBA 2. KOMBUHATOPHKA

Mpumep 1.

{{1},{2,5}, {4,6},{3}} < {{1.2,3,5}, {4,6}}.

MOXKHO JIOKA3ATh, YTO T < 0 TOLJA W TOJILKO TOIJIA, KOLJAA /48 OTHOWEHHH K-
BEBAICHTHOCTH, COOTBETCTBYIOUINX JAHHLIM Da30HEeHUsSM, BBIIOJIHACTCS COOTHOIIC
rue E(7) C E(o). Oupegesennoe taxuM 06pa3oM OTHOIIEHHE < AB/IACICA HaCTHY-
HBIM yropsiouenneM Ha maoxecrse 11(X). Hexkoropsie cBoitcrsa muoxecersa IL(X).
YIIOPSI0UEHHOTO € [IOMOIIBI0 OTHOIIEHUS H3MEIBUeHNs, HATOMHIAIOT aHAJOrHYHbIe

cBoticTna amuoxkectsa [1(X), ynopsaoueHHOro Ha OCHOBE BKIKOUEHHA.

Onpegenenne 2. Qucaom Cmupaunea emopozo poda S(n. k) nasweaemca
1eA0 PaabUeHT] N-INEMEHTIHOZ0 MHOHCECTRGA 10 Kk 6.A0KO0B:

S(n, k) = [1(X)|, 20e |X|=n. (3)

Mpumep 2. S(4,2) = 7, Tak Kak CyLLeCTByloT B To4HOCTU 7 pasbuenunit MHoxXecTBa

{1, .. 4} Ha aBa bnoxa:

[11,2,3), {4}, {{1L,2,4} {31}, {{1,3,4}{2}}, {{1,2},{3,4}},
(13h 2.4 {140, (230 {{(1},{2.3,4}}.

[To onpenenenuio noaokum S(n, k) =0 upu k > n, S{0,0) = L.

C gucnavu CTUPIMHPA, BIOPOro pOia CBS3AHO, KAK H ¢ OHHOMHAJIBHLIME KO-
hUIMCHTAME, MHOIO JFOOONLITHBIX TOKICCTB. JoKarkeM OJIHO M3 TAKMX TOXK/IECTE,
HaIOMHHALEES TOXKIECTBO, CBA3aM0C C TPEYTOJLHUKOM HaC,KLL.TH.

Teopema 1.

S, k)=5n-1,k—=1)+kS(n—1,k) dra0<k<n,
b'( n)=1 daan>0,
S(n,0)=0 daan>0.

Howasameavemeo. Tlocnearue ape GopMylibl TeOpeMBbl OUEBUHDLL loKaykeM mep-
By10. PaccMoTpuy MHOXKECTBO BeeX PA3OHEHUN MUOKCCTBA 11 ., n} na k 6a0koB.
DTO MHOXKECTBO PACHaJaeTed Ha JIBA PABIMIHBIX KIacca: TexX Pl 61;0::;11”1, KOTOpLIE
CO/ICPIKAT OJHOIEMEHTHBIH 670K {1}, 1 Tex pasbuenud, st K()'.L'()I)b X T SIBJISICTCS
v/1eMeHTOM Domhitero (o KpafiHel Mepe JByxajeMenTHoro) 6soka. Moninocrs nep—
BOro Kyacca paBEa S(n—1, k—1), T.e. TAKOBA, KAKOBO TUCIIO PA3GHCHUH MHOKCCTRE
{1,...,n—1}mak—1 6JIOKOB Mormnocts apyroro kiacca cocranaser kS(n—1,k )
TAK KaK Kaxx /oMy pasdueHuro MHOXecTRa {1,. . ., n—1} ua k 6j10KOB COOTBETCTBYET

B 970M KJAacce B TOYHOCTH k pasdbuenuit, oo[:)a:smrm.ﬂﬂm,\ JobaBIeHueM JeMeHTa 1
IIO0YEPEIHO K KarKAOMY OJI0KY. O
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§7. Pastuerns. Yucsma Crupantra u ux cBoilcTsa

DopmyIbI TEOPEMDI 1TO3BOJIAIOT JIE'KO BBLUHCIATH 3Hadetusa S(n, k) gaxe aas
Gonpluux 3Hadennit n u k. B creaytomed tabnune npe icrasienst yucna S(n, k) s
0<n, k10

n\kj0 1 2 3 4 5 6 7 8 910
0 ]10 0 0 0 0 0 0 0 00
Ljor o0 0 0 0 0 0 0 00
2101 1 0 0 0 0 0 0 0 0
3101 3 1 0 0 0 O 0 0 0
401 7T 6 1 0 0 0 0 0 0
5,01 15 25 10 1 0 0 0 0 0
6 101 31 90 65 15 1 0 0 0 0
7|0 1 63 301 350 140 21 1 0 0 0
§ 10 1 127 966 1701 1050 266 28 1 0 O
9 |0 L 255 3025 7770 6951 2646 462 36 1 0
10 |0 1 A1l 9330 34105 42525 22827 5880 750 45 1

OTy 1abJULy MOXKHO TPAKTORATE Kak “TpeyrofbHuk CTUPUIra,” B KOTOPOM KaK-
JI0€ 3HAYEHUEe, KPOMe KPAHHUX, PABHBIX eIUHULE, MOKHO TOJYUUTL KAK CYMMY HH-
cell, HaXOUSAIMUXCS, HAJ HUM, a UMEIHO THMC/IA, DACTIONIOXKEHIIONO B TOYHOCTH Hal HUM
U YMHOXEHHOTO Ha kb, @ THC/Ia Ha1 UM C JIeBOH CTOPUHDL.

Teopema 2.

n—1
Sin,k) = Y Cln—1,0)S(i,k—1) dan k > 2.

1=k—1

Jlokasamenvcmeo.  PaceMorpun MEOXKECTBO Beex pasbuenui S(n, k) Muoxkecrsa
X ={1,...,n} D70 MHOMKECTBO PACIAJALTCH 116 PABNHAUHBIE KNACCHI, COOTBETCTRY-
FOLLLME PABHBIM TTOAMHOMXKECTBAM MHOXKECTBA X, KOTOPbIE SBJISIOTCS OJIOKAMH, COeD-
Kamump asenvent n, OrMeraMm, 9T0 ISl KAXKAOrO H-3/€MCHTHOrO IMOAMHOKECTBa
B C X, comepXalero 3jeMenT n, CVIieeTsyeT B Tognoct S(n — b, k — 1) pasbue-
Huil MHOKecTBA X HAa k O/0KOB, comep:kawnx B B kaicerse 6s0Ka. JefcrsuTe/bHO,
KaxK10e Takoe pasbuelie OJHO3HAMHO COOTRCTCIBYeT pasbuenuio mMaoxecrsa X\ B
Ha k — 1 OsioxoB. lazee, b-anemenruoe muaoKecTso B C X, coueprkaniee 2, 1eMeHT 11,
MoskHO BLibpars C(n — 1,0 — 1) cnocobamu. Taxim obpaszom,

n--(k—1)
Stn,k)y= > Cln-1b-1)Sh—-0bk~-1)=
b
n-(k-1) ' n—1
= > Cln-1Ln=-b0Snh-bk-1)= 5 Cn-1150%k-1).
= i=k-1
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'1ABA 2. KOMBUHATOPUKA

Yuci1o Bcex pasOueHuit n-371eMeHTHOI'0 MHOXKECTBA HA3bIBaCTCsl Yucaom beana
n obosnavacrcea B, Te.

B, = [II(X)|, tme | X| =n.

Apyrnsvn ciioBamu, n
Bn,:Z:S(n,k), Bo‘—' il
k=0
Teopema 3.
n_‘ / .
Bhy = L Cln,1)B;
=0

Howasamenvemeo. JoxazarenscTio 3TOR TeopeMbl NPOBOAMTCS AHATOIHYHO JIOKARE-
TeAbCTBY  OPeAbiayTiell  Teopembl. MHOMKECTBO Beex pazOMeHHIl  MHOWKECTBA
X ={1,...,n+ 1} M0oXKHO pasburh HA PA3IUILLIC KJIACCH B 3aBUCHMOCTH OT 6110
Ka B, coiepKaero sneMesT n + 1, Wik — 4TO PaBHOBHAYHO — B 3aBHCHMOCTH OT

aroxkecrsa X\ B. st kaxmoro Muokecrsa X \B C {1,...,n} cviiectByer B T04-

woctu [HI(X\B)| = Bjx\p pasbueanit meoxkectsa X, cogeprkamux B B Kauecrse

Gaoka. 'pynuupys Kgacch! B 3aBHCUMOCTH OT MOUTHOCTH MHOKECTBa X \ B, mojytia-

e UCKOMYIO (hOpMyJLy. Ll
n B, CymecrByerT  3aBHCHMOCTH  MEXKAY — SHC-
0 1 namp S(n, k) @ aMcgaoM BCeX (DYHKIHA 13
1 1 N-9JICMEHTHOIO MHOMXKECTBA Ha  k-3JIeMEHTHOE
2 2 MHoKecTeo, Te. dyakmuit f o X — Y.
3 5 f(X) =Y wm | X| = n, Y] = k Kaxaoft
4 15 taxkoit QyHKIHY f MOXKHO DOCTABHTL B COOTBET-
5 52 crBMe cieiyollee pasOucHne mMHOoKecTsa X Ha
6 | 203 k BI0KOB:
T 877 V(f AP e
5 | 4140 NI ={/""y) ryeY}
E ‘ 21147 HasplBaeMoe adpom GyHxumm  f (yeaosue
10) 115975 f(X) = Y aaer rapantuio TOro, Uro U0
Il 678 570 maOoxkeceTBa [ '(y) nemyersie). C apyroit cro-
12| 1213597 POHBI, KoMy pasouermio © € I1(X) co-
13 2764"1 437 orpercrsyer B rounoctH k! dywmxmmi wz X
14| 190899 322 ra. Y takmx, aro N{f) = 7. Kaxuas raxas

1382958 545
10480 142 147

(bYHKI.U'UI LRalMMHEO OJIHOZHAYIIO C()(‘TU(’!T(.‘TB_\"
€T COOTHECEHNHIO GJAOKOB pPasOUeHHd T 3/eMeH-

el e et
O o ~J O O

%2 864 869 804 Tam MHOKecTBa Y. Obo3nauas Jepes 8, j TUCI0
682076 806 159 dynxnuit uz X na Y, nosydaem
5832742205057
20 | 51724 158 235 372 Sn = K15 (n, k). (4)
Tabmuna wicen B, Hoabzysacs, 9108 GopMyIol, MOMKHO JIOKA3ATL
g 0 < n < 20. eLle o/HO ¢BOICTBO wncesn CTUPIMHDE BTOPOIo



§7. Pasbuenns. Yncna Crupiaunra u HX CBOHCTBa

POfia, KOTOPOE KacaeTCd CBAZKM MEKAY MHOTOYJ/JCHaMU Ik 1 MHOTOYJIeHAaMU

A

——

Th=xlz—=1).. . (z—k+1). (!

HpOHZSBOJ]beIf;I MHOIOWJIEH P(’E) OT HEHU3BECITHOI'O T CTeNeHU 7. Mbl MOXKEM O/JLHO-

3H&UHO PeACTaBuTh Kak £(z) = ¥ ap[zly. D10 actuplit ciyHaii TOro 04€BHAHOr0
k=0

n
cbakTa, 9TO CYIIECTBYET OHO3HA4HOe pasioxerne P(x) = Y app(z) mis npons-
k0O

BOJILHOM TIOCTEA0BATE/NBHOCTH MHOIOWICHOB Po(2), p1(), ... Takoi, uro pi(7) ecrs
MHOTOYJIEH crenedu k£ jyig Kaxaoro k > 0. IpyruMu crnoBaMu, Kaskaas Takad o-
CJIeN0BATEIBHOCTE 00pasdyeT 0a3uc B JHHEHHOM MPOCTPAHCTBE MHOrO4 eHoB, OKa-
3piBaeTCH, 9TO uncaa CTUPAUHTA BTOPOrO PO/ B TOYHOCTH PaBHB! KO3 UIIMEHTAM
nepexofa oT basuca 1, x, %, ... k basucy 1, [z],, [2]s, ...

Teopema 4. s xaorcdozo n > 0

" =Y Sn k)[zl. (6)
i=0

Loxasamesvcmso. Ilpennonoxkuu cHauala, T00 T — HEOTPUNATEIBHOE [IEJI0€ HUC-
no. Topcuuraem asymst cnocodamn wuciio Beex dynxmuit f: A — B, e Al = n,
|B| = 2. C omnoit cropoust, oHo pasro . C 1pyroit cTOPOHBI, MHOMKECTBO TAKKUX
byHKUMA [ MBI MOXKEM KaaccudHIIPOBATE OTHOCHTEAbHO MHOKecTBa [(A). Oue-
BUJHO, MTO KaxXKIad MYHKIUA [ ABJAETCT OTODPAXKEHMEM MHOMKECTBa A Ha MHOMXKC-
crBo f(A), TaknM 06pazoM, Iist TPou3BObHOTO noaMuoxKectna Y C B, rae Y] = k,
qucio Beex dyHkupit f 0 A — B taxux, qro F(A) = Y, paBHO S, j, T.e. B COOT-
sercrsun ¢ Qopmynoit (4) kLS (n, k). Yunrbisas ror dakr, 910 1H0MHONKECTBO Y
MoIHOCTH k MOXKHO BeiOpars C(n, k) criocobamu, nojydaem

Z n

Cla, kKIS (n, k) = [2]S(n, k) (7)

=0 k=0

=
I

o

(Bepxuuit NHIEKC CyMMMPOBAHUS MOXKHO 3aMEHUTL ¢ x Ha n, Tak kak S(n. k) == 0
astk > nufr =0 mg k < ). TTocKOIBKY PABEHCTBO MHOTOUIEHOB BLIUOIHSIETCH
YISl TIPOMBBOALHOrO 1eJIor0 [ucia = > 0, 5TH MHOTOWIEHbI TOXKICCTBEHHO PaBIil]
(Tax Kak MX Pasuocrh MO0 ABIACTCHA TOXKJACCIBCIIIO PaBIOH 1Iyilo, JHOO MMecT
GEeCKOHEUHOe YUCTO HYyJIed). ]

Onpenenenune 3. Yucaa Cmupaunea nepeozo poda s(n, k) cymo xosddui-
eHMBL NPU NOCACIOBAMENBHVLT CTNENCHAT TCPEMERHOT T 6 MHO20YUAECHE [T )

n

(2], = Zs(n,k)xk. (8)

k=0
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V1IABA 2. KOMBUHATOPHUKA

Jpvruvu cnosamu, aucia s(n, k) urpaoT 0OpATHYI POJIh B OTHOLICHUH K YHC-
adam S(n, k) — wnossossior mepeiitu or Oasuca 1, (z]), [z]a, ...k OGasmey

L, z, 2%, ... Ouesuano, uro s(n, k) = 0 gia k > n. Yacaa s(n, k) viobuo BEIMHCHATS,
MOAB3YACH CAeAYIOIUEH

Teopema 5. s(n,k)=s(n—1,k-1)—(n—-1)s(n—1,k) 0dan0 <k <n,
s(n,n) =1 daan >0,

s{(n,n) =0 daan>0.

Hoxazemenvemso. Tocaeanne upe
hopvvasr  oueBwanel.  [lepsyio 3 =
QOPMYITY  TEOPEMBL  ITOJAYIAELM, |
cpaBumnBast KOIMOUUUEHTLI UPH
2% ¢ obeux wacTedl paBencTba
(], = [z]pr(z —n + 1).

n

G
0
0
0
0
0
0
0
0
0
1
)

8
0
0
0
0
0
0
0
0

L
—-36
70

L

—28
546

To ecrv umeem Y. s(n, k)zk =
k=0 NG

n—1

= (r—=n+1) 3 s(n— l,kl):L‘k = vlooococo ~ 1O M

k=0 "|1 :_l

0

o

10.

= s(n—1,k)zkH—

~4 536
i

&

—(n = 1) > s(n, k)t = |

k=

5
. k

D A
™ O J

1960
2449
2

<

3
I

= 3 <H('/? - 1,k-1)- !

5
s ()

£

k=1 ~f ) QW) O
7 . g N i 00 &0 3
—(n—1)s(n— J,/C)).’[:}" ! :
ts(n—1,n— Da"— Hi 55

(n—=1)s(n—1,0). [ o .

0
0
0
0
1
0
5
$)
10
1

(8
8
680

| O b el

(n, k)

24

2

6
—13 132
—1172700

118
OJMIA 4HCe]T S

2
0
0
1
3
50
]
54
&4
Te

YT
L
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§8. Cucrempl npeicrasurTenei

§8. CucTeMbl mpeacTaBuTesei

Pacemorpum ci1080 (A, ..., Ap), KOTOPOE COCTOUT U3 KOHEUHBIX (He 00A3aTEbHO

HeNePeCceKalopxcs U e 0053aTe/IbHO PasIuyHbIX) MuokecTs A;, 1= 1,..., 7.

i

Ormnpenenenne 1. Cucmemoti pazauvwnvir npedemasumenet oaq (A, ..., A,)
(uau mpancsepcanvio (A, ..., A,)) naswsaemca caoso (a1, ..., an), 20e a, € /A,
1 <1 < n,ua # a daat # j. [08opam, wmo 8 amom cayuae daemenm q;
NPedcmasAsent Mnodncecmeso A;.

Pacemorpum npa npumepa.

[]Z)Wf}) L [MycTb AaHbl NATh MHOXECTB:

A =11, 2 3),
Ay = {1, 2, 4},
Ay = {1, 2, 5},
A= {3, 4, 5, 6},
As = {3, 4, 5, 6}.

Torpa cnoeo (1,2, 5, 3,4) oueBnaHo sensetcs Tpanceepcansto ang (A, As, Az, Aq, As).

Opumep 2. PaccMoTpum apyrie AsTb MHOXECTB!

B] - {1, 2}7
B2 = {1> 2}1
B;; = {l) 2},
By ={3, 1, 5, 6},
BS == {3, 4, 5, 6}

Oka3biBaeTCs, 4TO B AAHHOW CUTyaL My TPAHCBEPCANMN HE CYLLECTBYET.

O [C}O'x_\.x- BO3HUEKaeT BOIIPOC:
d

Kak BUJHO U3 ITOC/HEAHEIO NPHMeEPa, 09eBHIHOE HEOOXOAMMOe YCI0BMUe J/1d Cy-
ECTBOBAHUS TPAHCBEPCAJIN COCTOUT B TOM, YTOObI B COBOKYITHOCTH BCEX 9./1€MEITOB
UPOU3BONBHBIX 71 MHOXKECTD A; COREPKa 10Ch He MEHeC 7. DA3JUYHBIX JICMCHTOB.
pyMeaareted ToT Gaxr (nokazaunbiil Buepssie Gunnnnom Xosaom B 1935 1), uro
ITO OYEBMIHOE HEOOXOIMMOE VCIOBUE I CYIIECTBOBALIMSI TDAHCBEPCAIU SBAAETCA
TAKKe JIOCTATO I HBIM,

Teopema 1. (Teopema ®.Xouuia.) Tpanceepcans {ay, ..., a,) das (Ay, ... Ay)
cywecmayem mozda u moavko moezda, koeda das xascdozo J ¢ {1,... n}

UA].? > |J]. (1)

=
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['JiABA 2. KOMBUHATOPUKA

Jloxasamenvcmeo. Heobxomumocrs., Eenm  rpamcsepcais {ay,...,a,) s
(A}, ..., Ap) cymecTsyer, To s KaxKaIoro J mmeem

\UAJ-

jEed |

> U{aj}: = |.7].

JT1oCTaTOMHOCT, 3AMEeTHM, YTO CCJIM KaXKI0e A; COUEPKNT eIUHCTBEHHLIH 31e-
MEHT @, TO Bhino/nenue (1) o3HaATAeT, UTO a1, . . ., (4, DASJANEHBL H, 30AHT, 06Pa3yoT
Tpancepcasb. Harell ocroBHON onepauuelt OyICT TAKOE BLIYEPKUBAHUC HOKOTODBIX
JCMEHTOB U3 HEKOTOPBIX MOAMHOMXKECTB A;, YTO JUIA MOJYUIAONUXC B Pe3yabrare
momvuoxects A; C Ay, 1= 1,. .. ,n, yeaoswe (1) Bee eme BbuioaHsgeTea. By mo-
clle paila BBIYEDKUBAHUE, KAXKI0E M3 KOTOPLIX COXpaHsier yegosue (1), ocraiores
MHOXKECT B A'.i, COTEPIKALIUE KayK/{0€e 110 CAUUCTBCHIIOMY SJACMEHTY @, TO 4y, .. ., (Iy
OyIyT 00DA30BBIBATE TPAHCEEPCalb, U TeopeMa Xouia HyIeT JoKasana.

B xavecTBe nepBOro TPUBUAILHOTO BBIMEPKUBAHU, KOTOPOE ¢ HADYHIIAET YCI9-
Brs (1), MDI MOXKEM YAATHTD U3 KaXK0ro MuoxKecTsa A;, cojepxaiiero bosaee n ae-
MCOHTOB, BCE, KpPOME 7, 3JeMeNTOB. Ha30BeM MHOKCCTBO 7 IMOJMHOYKECTR
Ao, Ai, Oaokom 1 obo3HaMIM ero vuepes B, g, IAe § — YHUCA0 PAsIIHTHLIX JIeMCH-
roe B HoAMHOMKeCTBax A; , ..., A;,.. Toraa yenosue (1) 9KBHBAJIECHTHO YTBEPHK IEHHIO,
910 § = 7 Ans aoboro 6noka B, . Fcan s = 7, ro Tako#t 6aox B, HasoBem KpH-

eeKuM GJIOKOM. YCIOBUMCH DACCMATPUBATH ITYCTON DJIOK KaK KPUTHICCKUEH BJI0K

Bnp. Taxike MOXKHO ONDEIEJUThL 0ObLeMHenne 1 nepecedeHue Gioxos, TTpeamnoio-
SKHM, uTO X7, Xy Yoty vowy Yo noamuokeersa A; 8 Onoke B, u uro

X1, -y Xy D, -+ 2y — nojuHOKecTBa A, B Gnoke By, te X1, ... X —
BCC 1OJIMLIOZKECTBA, obutue st 060mx GJ0KOB (HALOMHUM, 9TO MOMIIOKCCTRA A,

e 4

Ay pasiangaioTes CBOWMM MHACKCAMH, & Le JeMEHTaMU, KOTOPhle OHU COAEPIKAT).
Torpa onpesesniv nepeceuenne B, ;N By, kak 010K B, ,, MOIMHOKECTBAME KOTODO-
ro gpigtorest Xy, ..., Xy, a o0beaunenne B, U By, — Kak 6J0K, [HO/MHOMKECTBAMI

I

SV T YN T AT ey P T - A ¥ & r rr PRrTWTR g PR S = |
Koroporo apiaored X, ..., X, Yo, oo, Yoo Zigy, oo, 2y 910 Gyaer Oi0K By,

CYy=r-+t—u
Jemma 1. Fean yenosne (1) Beiosneno, to obweaunenne B, . U By, n nepecedenuc
B, 71 By, Kpurideckux 6JI0KOB — CHOBA KPHTHIECKHE OJOKH.

Jloxasamenvemso. 1yers By, N By = B, u B, ,UB,; = B, . 9ucJI0 2 5eMeHTOB
O0LEANUENUST PABHO YUCAY T+t 92eMenToB B By, n By, YMCHBWEHHOMY HA HHC/I0
ICMEHTON, CONPPKALIMKCA B 0001X 0JI0KAX, KOTOPOE He MEHBITC YHCIA ¥ 9TEMENTOR
mepecedcrma. Takiv odpazom, 2z < 7 -+ £ — v, o yerosuio (1) aveen Takxe, aro
v>uuz>y Tak Kak y+u =71+t 10

rtt—vzz22y=r+t—u>r+t-—u.

.

ClreioBarenibHO, BCIOAY UMEEM DABEHCIBO, M 2 = ¥, 1t = V.

T
L

Hemma 2. Eenn By, — xpurudeckuii 610K, TO BHICPKHBALHAE JEMCHTOR By n3
MHOXKCCTB, HE NPUHAIeKAHX By ., He Rapynraer yenosust (1).
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§8. Cucremsl npeacrapuresei

Hoxasamesvemeso. llycrs B, o — npoussoabbiil 610k, Hy»xH0 mokasarh, 910 ec-
m (B,,) = B, — 610K, nofyUeHtbiil Nocae Bhluepkasanus, To s > 7. [lycrs
Brs NV By = By, BeyU DBy, = By, u B,y cocrour uz muaoxkects Xy, ..., Xp,

Ym-}—l; ) Yra a Blc,k' ~ A3 MHO2KECTB Xl: cey Xm7 Z‘m—{—l; SR Z!c> CAE Xl,» R Xm
— BCE MHOXKeCTBAa, obune ana oboux Oaokos. Torma B, , cocrour uz Xi, ..., X, a
By, —n3

YRy ~
X1yeooy Xom, Yoy oy Yo, Do -, Zi

[locne BrIvepxuBanus noay4uM 650k (B, ;) = B, cocrosmmit uz

! !
Xl)---»Xm» 7n+1)"'7y'r'
Ho rmak kak Yiiy,...,Y, BXomar B B, ,, T0 OHM B COBOKYIIHOCTY COAEPKAT 2 — K
3JIEMEAITOB, He cojepkammuxest B By . Taxmm obpazom, 8" = v 4+ 2 — k, Tak Kax B
B, BXOHAT a7eMenThI repeceyenus By, BMecTe ¢ z—k smemMeBTamMu u3 Yy, ), ..., Y,
Tockomsry y =7 +k —uumz>y v 2>u, 1o

f=vtz—k>uty—k=r

Taxmv obpasom, s > 7, T0 ecTh U 110CsIe BblYepKUBaHus yeaosue (1) Bee emie Bbl-
TTOJIHSACTCS. ]

Hokaxem rterepn Teopemy D.Xonira, MCNOML3YsE AHIYKLLIO 1O "THCTY 71 MHO-
JKeCTB, NOCKOTHKY TeopeMa TpuBUasbHa pu 12 = 1. IIpearonoxum, 410 B CHCTEME
noamHOXKeCTB A Muoxects Ap, ..., Ap, uMeeTcs KpuTuueckuid Onok By g, e COB-
Ma JAIOUH co BCeil cucremoit, To ecrb 1 < & < n. BreivepkuyB, cciu HEOOXOIMMO,
JMeMeHTB! [, M3 OCTaJLHBIX MHOXKECTR, MOXKCM CIUTarh, 4To A cocromr us By i
n 670Kka By_k,, KOTOpBIE He BMEOT 06umxX 3aeMenTon. [lo gevime 2 ycnosue (1)
He HAapyLWAeTcd W Do MuAyKuuu By u By, . 00a nMenT TpaHCBepcand, o TaK
KaK OHU He 11€PECeKaloTCd, TO B COBOKyHH('x:Tﬁ nar rpancsepcais aas A lpea-
LONOXKUM Jlajiee, uTo B cucreMe A MHOKeCTB Ay, ..., A, HeT xpurHieckoro 6,0Ka,
KPOME, OBITH MOXKET, BCeH cueTeMbl. BribepeM Toria NpousBOALILLI 3/1e MCHT KAKOro-
HUOYZIb MHOXKECTBA B Ka4eC1Be ero mpeCTaBiTe/ s ¥ BhIMeDKHEM 3TOT IICMEHT H3
BCEX OCTAIbHBIX MHOMecTB. 1Ipu srom 6uok Bys ¢ 1 < n cranosurcs o1okom B,
rae 8 = s man s — 1. Ho 1o upeanosioxkernio 610k B, ¢ He OLLT KPUTHUECKHUM H,
3HAYUT, § > 7+ 1, CrenoBareanno, s > r, U yejlonue ( 1) BBINOJHAETCS A5 CHCTEMBI
n3 N — 1 ocTaJMbHBIX MHOXECTB, |lo 1ipe;(1I0/0KeHMIO0 HHAYKIINN OHU MMEIOT TPaHC-
BCPCAIL, KOTODPAS BMECTe ¢ BhIOPAHHBIM BbILIE UDPCICTABUTEICM OHOIO MHOKECTRA
o0pasyeT TpaliCBePCAIh ijis BCEH CHCTEMDI. L

Cuencrsue. Ecmr n muOX)KECTB Ay, . .., Ay HMEIOT ThaHcBepcaib M eCIu HAMMCHb-
u1ee 13 9TUX MHOXKECTB COACDIKUT £ 9JIEMEHTOB, TO I1PU L 2> 7 CYLIECTBYeT He MCHbIITe,
e £(t — 1) ... (t — n+ 1) pasigdubix TpaHCEepcasell, a npu ( < n CyLecTBYeT le
MeHblTe, 4eM t! pas3IHuHbIX TPaHCBEPCH (el

Lokasamenscmeo. DTo CAeNCTBYUC NONY4aeTcst TPH Oosiee TLIATEJIHHOM PAcCMOTPe-
HUH JIOKA3aTE/bCTBA TeopeMbl. JIO/MKHO CYIIECTBOBATL XOTS Obl ONHO MHOXKECTBO, B
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[IABA 2. KOMBHUHATOPUKA

KOTOPOM B KAYECTBE [IPEICTABHTC/IM MOYKHO BbIOPATD 1100011 9/1eMCHT, TAK Kak ec/il
HET KPATUHYECKUX OJIOKOB, 3TO CIPABETUBO 1A JH000r0 MIOKECTBa, HO €C/IH KPUTH-
JecKre OI0KU UMEKOTCS, TO 910 BEPHO /IS HEKOTOPOI'0 MIIOMXKECTBa B MHHIIMALHOM
KPHTHUCCKOM Bs10Ke, MHOXKECTBO, KOTOPOE MOMKET UMETH B KAUECTBE NPEACTARMTC
T0B0H ¢BOM seMenT, 0603HANM T—[epc*'s A;. Boibop npejgerasuresst 8 Ap MOXKIO 0CY-

LICCTEWTEL HE MeHee aeM t crocobamil, BErepKueM Teneph 9JeMeHT, BHOpanusit b
. 4 i {
Ka'ecTse TIpeJAcTaBureld Jasa Ay, us AQ, o Ay #1onosyunM Muozkeersa A, Lo, AL

KOTOPBIE 00J1a,JAI0T TPAHCBEPCAJIBLIO M B KOTOPLIX HAHMEHbIIEE MHOMKECTBO COMep-
AKAT He MeHbINe, uem [ — 1 ajieneHTOB. [Ipojo/ikast Janbiie TakuM Ke 00PasoM, MLl
MOKEM IOJYTHTEH He Meree, uem t(t — 1) ... (t —n -+ 1) Tpancsepcalsn, ecan t > 1, u
He meuece qeM th TpaHeBepcain, ecn < n. O

P}L(’(’,".1()'_(‘1‘)63{1}1()(% AOKA3aTCITRCTRBO HE SIBIIMCTCA nepm_)f»m.‘la MTLHIBIM JOKazaleldboT-
soum . Xoiua, a npunaanexxur M. Xomny (Marshall Hall). Ero moxHo ncrioansonars,
“T00Bl PACOPOCTPAHUTD TEOPEMY Ha. Caydai cucreMbl A, cocTommen u3 DecKoneyo-
PO “HC/A KOHEULLIX MHOXKecTB. Hanpumep, eciim MbI HMeeM CHCTeMY M3 MHOXKECTH
Ao = {1,2,3,..} n A; = {i}, i = 1,2,..., To 914 cucTeMa He FIMeEeT TPAHCBEpP-
cand, TaK KaK npencraBuresd s A;, o= 1,2, .., Bm(mpzuo‘r('ﬂ OANGIHATHO T
e OCTAETCH NM OJHOIO JIEMEHTH, KOTOpPLIt npegcrasisn sl Toasko Ay Ognaxo
st 1oboTo K, KOHETIIOTO Wi OECKONETHOTO, HODbIe K W3 JIAHHLIX BbIILE MIOKECTR
COLEPIKAT CPeAM CBOMX 3TEMEHTOR lic MeHee k PasjIMIHBIX.

Teopena ©.Xo/1a 110 CymIecTBY 3KBUBANCHTHA ciacayomed Teopesme o (0 — |-
sarpuitax. [Hog aurued rakoit MaTpuilbl Mbt Oy1eM ITOHUMATL ¢€ CTPOKY WU CTOJ-

Ol

Teopema 2. (Teopema Kenura—3dresapn) Ecau npamoyzoivias Mampuua co-
CMABACHE U3 HYAET U COUHUL, TNO MURUMAADHOE YUCAO AUMALL, KOTNODULE COOEDIHCAM.
uCe COUNUUDL, PAGHO MAKCUMAALHOMY YUCAY eQUNUY, KOTOPYE MOYTL Gbimb 66l0pa-
bl TNAK, YMoOb HUKGKUE 06 U3 UL HE ACCAAU M 00HOT U TMOT HCe AUHUU.

Aoxesamenvenso. Ilyers A = (ay;) corw (n x t)-marpuna us nyaei u epmni. yers
M — MEHUMAJILIOC THCJIG THHUH, COACPKAIMX BCE eMMHALD], a M — MaKcuMaIbHoe

SHCI0 CAUNMLL M3 KOTOPBIX HUKAKKE JIBE He JICAKAT Ha OJHON | TOR »Ke i, Toria,
ouveBIIHO, M > M. Boc'uo neayemest reopevoit @ Xosta, wrobnl J0Ka3aTh 06paTHOE
gepasencrso M > m. [Ipeamosnomiiy, 910 MHHUMAALUOC [HOKPLITHC 771 JTHHUSMU
COCTOUT M3 T CTPOK U § CIoJiOUOB, 11e 7 + 5 = m. [lepecTaBum cTpoku u CTOIOIIbI
TaK, IPOOLI YKA3AIHBIC JIMHMN OLLIH HEPBLIMA 1 CTPOKAMM U TEPBLIME § CTOIOLAMK
coursereteHo. [Tpu epecranoske ¢Tpok u cToa6108 sHatenust M i 710 OUCBH,THO
mavenared. lepsoiv crpoxam Ry, ..., R, conocrasuy muozecTia 51,5, .. .. 9.

1€ MHOKECIBO S, 1 = 1

s - ooy Ty COCTOUT M3 TeX 3HaYeHudl 7, Al KOTOPBIX ¢ = |,
1 9 > s Jpyruvu caosami, S; €CTh MHOMKCCTBO HHICKCOB CTOJONOR (14(‘5:.1[(‘)(1;).&!
[ICPBBIE § CTONDIIOB), Ha [CPECEURHUN KOTOPBIX C -0 CTPOKOH Haxo/IATCa e MHALbL.

[Toxaxxen, 4T0 MEHOXKECTBA S; YAOBICTEOPSIOT yeiosmo (1), Tak Kak ec/in Kakne-
nuGo k U3 9THX MHOXKECTB cojepsar He 6ojee k — 1 sgeMenTos. TO COOTEETCTRY-
OIHE & CTPOK MOXKHO 3aMCHUTH He Dosee vem k — 1 cronbuamu Tak, 4robnbr Bee



89. JlaTuHCKHE IPAMOYTOJBHUKH H KBaJPaThl

eJMHMIBI COLMEPKAJIMCh B ¥TOM HOBOM Habope CTPOK u cronbdnos. Ho BBUAY MH-
HAMRJIBHOCTH M 970 HeBO3MOKHO. (J1e10BaTeIBHO, MHOKECTBA S; VIOBICTBODSIOT
yesosuio (1), 1 110 Teopeme @.Xojlta OHW UMEIOT 7 PA3IMIHBIX [IPe/ICTaBuTe e, TO
eCTh TAKUX €AWHHIL B FEDBBIX 7 CTPOKAX, UYTO HUKAKME JBE M3 HHUX HE JCXKAT Hu
O,1110¥ W TOW >Ke JUMHUM U HH 0jHa 16 JIeKUT B IepBeIX § croibrax. Paccyxkias
AHATOTHYHO, Mbl MOXKEM BbIODAThH S €AWHUIL B [IEPBLIX 8§ CTOAOLAX, H3 KOTOPBIX 1ili-
KAKMe J1Be He JIeXKaT Ha OJHOH ¥ TO# JKe JUHUM M HU OJIHA HEe HAXOAUTCS B TIEPBLIX 7
cTpoKax. TeMm caMbIM MBI HALUTA M = 7 + § eIHHUIL ¢ TeM CBOHCTBOM, YTO HUKAKUEC
ABE M3 HUX He jexkal Ha omuoi Juruu. CrnegoBatessro, M > m. Yaurpiasa patee
Oy HEHHOE HEDPABCHCTBO m > M| 3akmodaen, uro m = M. L_l

Bameuanue. Obparuo, Jerko BeBecTH TcopeMy @.Xoana w3 Teopembl Keunra -
Srepapu. Bemn navel MHOXKecTBa Ay, ..., A, € 97IeMEeHTAMHI G, . . . , Qm, TO 0OPATYOM
marpuny A = (ai;), £ae a; = 1, ecin a; maxomures B A, 1 a;; = 0 B IPOTHBHOM
cayuae. ey emuimunpl B A COnEPIKATCST B KAKUX-IHOO T CTPOKaX M § CTOJIONAX H
r4+9 < m, TO Bk =mn—7r cTpoKax, HE BXOAAINUX B UHCIO HOKPBIBAIOIIAX CTPOK, €/1H~
HELBI HACIOTCT TOJEKO B 8 < — 1 = k croabuax, M JJa 9THX k MHOKECTB YCAORHE
(1) wapymaercs. Ho ecin MUHHMAIBHOE LIOKPBITHE JTMHUSAMU COAEPKHAT T+ 8 = N
JuHII, TO 110 Teopeme Kenura—9repapu MeeTCS n eJUBHIL, M3 KOTOPbLIX HHKAKHE
JBe He JIeXKaT Ha OJHOH JIMHUH, H COOTBETCTBYIOLIHE STHM €IHIMLAM 9JIEMEHTBI 00-
pasyoT TPAHCRepCcads st Ay, ..., Ay

'FQODI‘IIO Pas/IR IHBIX Hpe)lCT{,‘LBHl‘CJIGﬁ MOXKHO YCIEeIIRO MPUMEHNUTD K U3YTICHUIO
JATHHCKUX NPAMOYTOJBHMKOB U JATHHCKHX KBAADPaTOB.

89. JlaTuHCKME TIPSIMOYTOJBHUKHA U KBaJApaThl

Jariicke KRaADATHL U IPIMOYIOJLHUKMY CTAJN M2BeCTHE! Oraromaps ook
SHaMeHUTON 3a/ave Jleonapna Disepa. B 1782 r Dilicp HpeIox)ul CAeAyIONIYEO
npobaemy:

Cpedu 36 oputepos Harodumes no wWecmv oPUuUep0s ULLCTMU PA3AUHHOIT 360HUT
U3 WECTU NOAK0S. Modcho au nocmpoumy ImMur oPuyepos ¢ xape mak, 4modv 6
KaHCO0U KOAOHHE U KAHCOOT WePeH2e BCMPEUAIUCD OPUUEDDL BCET 36AHUL U GCET
noAK08?

Jlume 8 1901 r. ynanocsh n0KasaTh, 9TO 9TO HEBO3IMOXKHO. OJ[HAKO CRA3AHNLIE C
3a,1a4eil Jmepa JaTUHCKAE KBAAPATHl U OPAMOYTIOJIbHUKY He Iepectaliy BhIShIBATE
MHTEPEC, TaK KaK BCKODE ODHADPYIKIIIOCH, YTO OHM MMEIOT MHOrOODDA3HbIE [IPAKTH-
yecKue npumenctus. A B KoHue 60-X roJioB MpOILIOro BeKa OHM ObLIM IIDHUMEHeHb!
u B xopuponanny. Ilonyyaromuecs #a WX OCHOBE KOOLL XOTH W JaJeKM I10 CROUM
napaMeTpaM OT OITHMAa/IbHbBIX, HO 34TO HOIYCKAIOT IPOCTbhIE AAIOPUTMbI HEKOIHPO-
BaHMA,
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I'1ABA 2. KOMBUHATOPUKA

Onpenenenune 1. Haszosem mampuiyy

air iz .. Uip
az Aoy .-+ Aop (l)

\ Gn1 @ma ... Qmn

DAEMEHTIVL KOMOPOTL Gy € {1,2,...,n}, aamunckum (MmXn)-npamoyzoisonuKom,
CCAU KAHCOTHA CTNPOKE eCND HEKOMOPAA NEPECNANCEre wucea 1, 2, ..., n u 6 Kadic-
doam CINGAGYE U 0OHO YUCAO HE NOBTNOPAETILCA.

OueBnjio, 9To s CYIIECTBOBAHNS TAKWUX MATPHIL HEOOXOAMMO, YTOOLI BLIITO.I-
HELTOChL HEPABEHCLBO M < N.

Omnpeneiienue 2. Ecau m = n, mo AGMUKRCKUT NPAMOY2OADHUK HASVGALTICH, A~
TMUHCKEUM KEAOPAINOM U KaxHcdoe wucao 1, 2, ..., 1 NOAGAACTCA MOYHO 00UH DA3
g kancdold cmpoke u xavicdom cmoabue.

HonATHe JarMECKOrO KBAJAPATs OBUIO BBEJEHO Jdeonapmnom SHACPOM, KOTOPLIH
BIEPBHIC 11X HCCITE10BaM, Oeps 3a 0CHOBY JAATHHCKMI addarur. OOpaTnM BHUMAHNC
HA TO, W0 A8 TPOU3BOJILHOIC LIOPHAIKA 71 YHCJIO JETHHCKAX KBAIPAaTOB /0 CUX TTOP
rensectio. Benu [, — 9ueio JarnHCKUX KBaJIPATOB, B KOTOPHIX 2JICMEHTh] [1ePBOU
CTPOKI ¥ IEPBOro ¢ToJIOIA YIOPIAOUEHbI (10 BO3PACTAHUIO, TO YHCJIO Ly, TaTHHCKHX
KEa/APATOB OPSJIKA N ONpeIenseTcd 0o (PopAyIie

Ly =mn!-(n—1)! 1,

Payn m3secrrbix 3nagenni [, ceegeM B TabiauLy

[n]2]3]4]5] 6 | 1 8 9 ‘l
|1 | 1 1| 4[56] 940816 942 020 | 535 281 401 856 | 377 597 570 964 258 816 |

Bor. natupumep, Bee narnicekite KBaaparnhl 4 X 4 (¢ ynopsioTennoi no sospacta
HUIO HEPROH CTPOKOH U HEPBLIM CTOAGHOM ):

L2034 12 3 4 12 3 4 12 3 4
23 4 1 21 4 3 21 4 3 2 4 1 3
341 2 3412|3421 31 4 2
412 3 4321 1312) \4321)

B crasu ¢ 28246l HOCTPOENHS JIATHHCKHX KB&JIPATOB IOPSiKa 7
CCTCCTBCHUBIA BOIIPOC!

, BO3HMKAeT
MOHCHO AL K (11 X ) -1pAmoy2onviury, 200 . < n, dobasums ewe 00HYy CIMpory,
wmnodv noaywuacs aamunckut ((m + 1) X n)-npamoyzoiviug, u ccaw MOJICHO, MO
CROADEUMU COCoDaMU?
[lenn mMeercss TOBKO OfHA CTPOKA, TO NpobieMa O HHcie ClocoboB T06aBe-
HIST BTOPOH CTPOKH ecTh 3a1ada 0 Oeclopsijikax, U KAk MbI 3HACM, 9TO UHCIO €CThb
nesoe, npudsurkenHo pasroe nl/e. Bosee Toro, fmamoro (Yamamoto K.) 5 1951
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§9. JlaTuHckue npsaMoyroJabHAKH U KEa/[PAThI

rofy ObLIO TOKA3AHO, YT eC/IH M MAaJIO B CPABHEHHU ¢ 1 (M < /n), TO GUCIO CIIO-
cob0B M0baRJECHMS CTPOKK NpubsmKeHHo pasho n!/e™. Chenyoouas TeopemMa 1aer
HUZKHIOW MPaHULY AJ1 BCEX 3HAMeHNH m, KOTOpad NOYTH HaBCPHAKA 3aHUKella NPU
m<n-—23

Teopema 1. Yucao cnocobos dobasaerus cmpoku & aamumnckomy (M X n)-npamo-
Yy2oAvHUKY, darouue 8 peaysvmame 4amurckull ((m + 1) X n)-npamoyzoavnuk, e
menvwe (n — k)l

Loxazameavcemao. Ilyers A;, 1 = 1,...,n, — MHOKECTBO UHMCEN, KOTOPbIE HE 10~
ABJASIOTCA B i-OM CTONONE JAHHOro satuickoro (m x n)-npamoyronsauxa A. Torja
TPAHCBEPCATb MHOAKECTE A; MOXKHO JA00aBUTh K A B KAYCCTBE CTPOKY, YTOOBI 10-
AyauTh JaTHickui ((m 4+ 1) X n)-npaMOyrofbHUK, TaK Kak OHa OyJeT COdepXaTb
yuesa o1 1 40 o U HE OfIHO U3 HUX He OYIeT MOBTOpeHuneM Kakoro-Iubo JHcaa B Co-
orBeTcTRYIOWEM cTonOIEe. OBPaTHO, CTPOKa, KOTOPadg MOXKeT ObITh J00aBIcHa K A
YIS TIOJLY YCHMSL JIATHHCKOrO ({1 + 1) X n)-IpAMOyLOABHUKA, OYIET TPaHCBEPCATBIO
JJIT MHOXKECTB A,

3apada COCTOMT TENEPhb B TOM, YTOOBI MOKA3aTh, YTO MHOMKECTBA, A; UMEKT
TPaHCBEPCAJIb, U HAUTU YUCIIO BO3MOXKHBIX TpaHcBepcaseit. Muoxkecrso A; coc rout

U3 N — T 4YHUCes, He COUep:KaIMxcst B 1-oM ¢rojbie A. Kaxpaoe uncno 1, 2, ..., n
IIOSIBNieTCS ™ pa3 B A M, CNeI0OBATCIBHO. N — ™M pa3 B MHOKecTBax A, ..., A,
E3aThIX BMecTe. Habop k u3 srux MuOXKeCTE Ay, . .., Ay Oyaer cogepkats h{n —m)

YHCEN ¢ yyeToM KpaTtuocTeil. Ho Tax Kak 1M OHO U3 3THUX YMce/t He NOSBILeTes Oo-
Jlee 4eM 1 — m paz, TO CPEJM JJIeMEHTOB 3TUX & MHOXKeCTH J0LKHO OLITh He Meuee k
paznnuabx ynces. Ciegosarensto, yeiaosue (1) reopembt . XoJia ya0BI€TBODIET-
cs1. Tak Kak KasxJi0e w3 MHOXKECTB A; COOEPXKUT 7, — 77 3JEMEHTOB, TO IO C1eICTBHIO
teopembl @ . Xonsa cymecrsyer 1e MeHee (n — m)! TpaHCcBepCasieit. ’:‘

PaceMoTpM Teleph NpUMEHEHHe JATHHCKUX KBaApaToB B Kouuposanuu. Oc-
HOBHOM 3aJauetl KOAUPOBAHUS (BJASIETCH SKOHOMHALA, YI00HAS U IPAKTHYeCKH De3-
ommbo4YHAT nepesada coodbmennit, HamoMHEIM, 110 KO/0M [1a3LIBaI0T KOUCTHOC MM
CUETHOE MHOXECTBO CJIOB B HEKOTOPOM aadasure. Mol OyieM HOuuMaTh M0/ KOAOM
KOHETHOE MHOXKECTBO JBOMUHBIX BEKTOPOB I GUKCUPOBAHHOK 1IUHBI [ (paceMaTpi-
BaeMble 3[eCh KO/1bl HA3BIBAIOTCH 2PYNNOSbLMU), ONPCIETHENOe CHCTeMOM

Hzxr =0, (2)

rne H — 3apanbas ABOMYHAS § X [-MATDPHUIA, HA3LIBAEMAT NPOBEPOUHOU MATNDU-
et xoda. [lposepounas MaTpulia B OCHOBHOM WCIIOJIB3YETCH MPH AEKOJADOBALKY
MOJIYHIEHHBIX COODLICHMI 1 Assl MeTpaBieHnd ownbok. M3 nuHeiiHol anreOpsl us-
BECTHO, YTO MHOKECTBO TAKUM 00DA3OM 38,/ aHHBIX BEKTOPOB T 00pas3yeT JHHCHHOE
HOAIPOCTPAHCTBO B IPOCTPAHCTBE Zg 3aMEeTHM, UTO y HAC HET HEOOXOAUMOCTH YKa-
3bIBATH 1HOAHBIN CIMCOK KOAOBBIX CHOB, TAK KaK KOJI [TOJHOCTBIO ONPEIeJEH CHCTeMOM
JIMHERHBIX ypaBueunit (2) way marpuuei . .

Wmeerca u gpyrof ¢nocod MarpudHOro 3aJauus I'PyNIIoBOro Koga. Tak Kak MHO-
>KECTBO BEKTOPOB KO/Jla 00pa3yeT NoAIPOCTPAHCTEO B JIMHEeHOM HDPOCTPAHCTBE Zé, 70
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I'naBa 2. KOMBUHATOPUKA

B HEM MOWKHO BLIOpaTh Oasuc. [Iycre g, ..., g — 0a3MCHBIC BEKTODHL PACCMATPHBA-
eMoro kKoaa. Torga BCeBO3ZMOXKHDBIE KOJAOBLIC BEKTODBI UCUEPITBIBAIOTCH JIHHEHHLIMIT
KOMOTHALIMAMMT

mg + . g,

rine o, € Zo.
Martpitia

coclas/lenilan U3 BeKTopos

g1 = (911-, G125 - - - 7.(.11.1))
g2 = ((le-, G2y« - a£]2,r),

g = (gth.(]ﬂ: s a.gt,l)>

nasLiBacTed noposicdarcwett mampuued xKcoa.

Bamerum, Tro 6azuc MOXKHO BHIOPATL HE eIUHCTBEHHBLIM 00PA30M, HOYTOMY LO-
poskaaroniag Marpuiia G onpejenena HeoHosHauqno. [lociaeaee, BIpoyeM, BepHo 1
B OTHOTIEHUN 11POBEPOUIION MaTPHUb! H.

[lyers HeobxoauMo 3akoanposarh coobuenne o = (Qy, Gy, ..., 04), TAE 0y € Ly,
1= 1.2,...,t. ConocraBuM emMy KOAOBHIH BeKTOD a

g Gz - Gu
g2y Go2 - Gu
%1:&6-_((11;012)...7&15) 32 9 )

CORMAJIQIONIHIL ¢ uHeiinol KoMbuIalueil CTPOK HOPOAIAIOWICH MaTPHLDL.

/

BoisteHiM, KAK CBAZAHLI MOPOXIAI0Ias 0 nposepounasd Marputint, M3 (2) cre-
OVET, 910 KAYKIAST CTPOKA HOPOMKIAIOWEH MATDHIBL, SBIISIACH KOAOBLIM BEKTOPOM,
VAOUICTEOPHET COOTHOIEHUIO

hirgir + higje + .. + hagy = 0.

1 = g - ‘ 5 Trey sty
I H00ad CTPOKA TTDOBEPOYHOH

~

J FTTINGEY (T RCLT IRa e T TN TNV T Tt
¥ LI YUHME CHODAMM, JIOOAA CTPORa MNOPOAIAIOLICH

3 v

MATPHTL OPTOTOHAIBHBL APYT [ IPYTY. TakiM 00pa3oM, B MATPHIHON 3aMUCH OJVIaeM
GHT =0, (3)

e HT — rpancnonuposasnas matpuna H.

PaceMoTpuM Teueps BOMPOC MOCTPOEHNIS TPYIIIOBBIX KOJOB ¢ HOMOIIBIO JaTHH-
cKuX KBaApaToB. CyMECTBEHHLIM 3/16Ch ABAAETCI CBOHCTBO OPTONOHANBHOCTH Jia-
THHCKMX KB3APATOB, KOTOPOE ONPEJETACTCS CICAYIOIIHM 00pa3om.

98



§9. Jlaturckue npsiMoyronbHUKH M KBA,IPaThl

Omnpeaesnenne 3. /Jlea samunckux x8a0pama nopadke m HA3BLEGI0MCA OPIMO20-
HANDHBMU, ECAU NPU HAAOHCEHUY 2106020 U3 HUT Ha Ipy20Tl MbL TOAYHUM MHO-
orcecmso acex ynopadowennnx nap (4,7), 1 <i<n, 1 <35 < n.

OpTrorosa pHbIMH JATHHCKAMU KBaAPATAMU IOPAJKS 3 SBJALIOTCS, HAIpPUMED,
ClleJyIOIIe ABe MATPULbI

[N

1
2
3

— o

3
1,
2

B W o
W = o

3
2
1

A 310 NPUMED OPTOTOHAJLHBLIX JIATHHCKNX KBaAPaTOB NOpAIKa N

1 1 1 o1 1 2 3 . 7
2 2 2 .2 1 2 3 . 7

A= 3 3 3 .3, B = 1 2 3 . n, (4)
n on on n/ \\ 1 23 n /}

Jlerko BUZIETL, 4TO MaTPUIE HODIUKA Tl ABJISETCS JATUHCKUM KBaJPATOM TOTLa U
TOJIBKO TOTHA, KOIIa Oa OPTOTrOHAILHa 0benM MaTpuuaM A u B.

Ilycts C — naTubckui KBaJpaT opToroHasdbhblil Mmarpunam A u B. OnpenennM
U I000r0 ero ajeMenTta k gsoudryio marpury Cp, koropas nosyiaaerca w3 C
3aMEHOU BCEX 9JIEMEHTOB, PABHBIX K, CAMHUIAMM, & BCEX OCTAJBHbLIX ~— YISIMU.
Taxum obpasom, mig Matpulnpl C' nojydaem Marpulnsl nopagka n Ci, Ca, ..., On.
Kaxnoit marpune Cjp 10CTABUM B COOTBETCTBUE BEKTOD Uk, IIEPBBIE N KOODIUHAT
KOTOPOT'O SBJISIIOTCS I10CEJ0BATE/IbHBIMU SJIEMEHTAMU NIepBOH cTpoxy Marpulbl C,
CIEAYIOIME N KOODAMHAT —- DJIeMEeHTaMH BTODOU CTPOKM U T.4. VIHLIMU CI0BaMY,
n? KOOPIMHAT BEKTOPA Uy — 9TO BCE d1eMenThl MaTpunpl Oy, “BHITAHYTON B OAHY
oburyio crpoxy. O6pasyem, Haxorer, Marpully C MOpaaKa n X n?, cTPOKaMu KOTOPOI
ARIAIOTCS BEKTOPBI Vg,

o\

Vs

(@)

Un

Hanpumep, /st MaTpUIib

Q

I
WO
—

—

HMeeM:

C], =

OO =
— O O
O = O
S
|

—
[a»]
)
w

t

— O O
O = O
o O
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11ABA 2. KOMBHUHATOPHUKA

vy = (100001010), v, = (010100001), w3 = (001010100),
100001010
C=|l010100001
001010100

Ilycre Tenieps Dy, Dy, ..., Dy — TODapHO OPLONOHATBHBIE JIATHHCKHTE KBA/PATHI.
Awn B — marpaupl (4). O6pa3syeM 13 BeeX 9TUX MATPUIL yKA3AHHBIM BbIIIe CTIOCOHOM
MATPHLLL /Zl, B, D[, Dy, ..., D,, a saTex nocTpouy Marpuiy 1, KOTOPYIO MOKHO
VCJIOBHO IPEACTABUTL B BHJIE!

o tmz Iy
e
-

_—

H=

o

8]

D,

(MaTpIL! A, B, Dy, Dy, ..., D, HOANNCHIBAIOTCSH OIHA TIOJ PYTOH U K 110y HB-
niefics MaTPHLE [IPUITHCBIBALTCS ClIPaBa ¢AuiuYHas MaTpula [, COOTBETCTBYIOMIErO
TTOPATKA 171).

Marpuuy H OyeM cduraib NpOBCPOYHON MaTPUUEH KoAa, LHOCTPOCHHONO © 110~
MOTTLIO JIATHHCKUX KBaApaToB. '1HCI0 ¢TpoK 970l MATPHIIE!, KAK BBITEKACT H3 M0-
CTPORHIH, PABHO § = (7 + 2)n, a qucao cTojduos coctapiser [ = n® + (r + 2)n.

Hanosmuum, 470 MHOMXKECTBO KOJOBBIX BEKTOPOB T == (2], Za,.... %) B ITOM CIIy-
dae onpejessercs: cucTeMoit (2). A noboe coobuierne a = (a1, dg, ..., Qs) MOKET
OBbITh 3aKOIMPOBAHO 110 npaBuay a = a (G, vge G noposcdarousas smampuua xooa,
naftiennas us (3).

Y1robbL OEHUTE CTTIOCODHOCTH KOAA UCITPABITTL K ODHADYIKABATL OMUOKH, BRe-
JIEM TIOHATHE K0008020 PACCTNOANUS KAK MHHUMATLHOIO PACCTOSIHET MEMILY Pa3-
JTHEHBIMIT KOJTORBBIMM BCKTODAaNMM, PU(,‘(‘ FOATNEG MCZTY ABYMI BEKTODAMM — 970 HHC in
HECOBIA AKX KOODUMHAT 3TUX BEKTOPOB (paccmoanue Xemmumza).

[T3secrio, wro Kom cnocodel uenpasisaTh Modbie KOMOMIALUMKA U3 ¢ (1 MEHBLIIEro
Hie1a ) OUHO0K TOTAA U TOMBKO TOLAa, KOTJa ero KoJoBoe paccrodiune boiniine 2.

Sl Kaxaoro x;, ucuoimnayd (2), spimumen cucreMy TpoBepok. OUeBuanHo, 9o
AJig KEKI000 CHMBOMA Z; OHa Byser cocroaTh us r + 2 coornomennd (o quciy
MATPHL, HCHOML3YEMBIX IJIA IIOCTPOEHHS ), ¥ 9TU COOTHOIEHUA DYIYT HOIAPHO Op-
TOrOHALABL (4T0 0GBACHACTCS CBOHCTROM OPTOPOHAILHOCTH HCXOIHBIX MaTPHIL).

A SHaviT, KOQOBOE PacCiosiiie He MOKET UbiTh MEHDLIIR, Mer I -+ o.

Mpumep 1. B kadecTBe npumepa pacCMOTPUM KOZ, MOCTPOEHHBIA € MOMOLLBIO ABYX
OPTOrOHaNbHbLIX NATUHCKAX KBAAPaTOB NOPsAfKa 3:

13 8% .48
D=12381}), Dy=|312
31 2 a9 3
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§9. JlaTnHCKME NPAMOYTrOJBHHKA H KBaAPATEI

B aToM cnyuae

111 123
A=122 2|, B=1]12 3],
3 3 3 1 2 3
111000000 /100 L 0010 0\
A= 0 1110 0}, B=|0100100T1°0|,
0000001 11 001001001
/1 0 01010 100010060 1)\
Di=1]0 1 1000 1], Dyb=l010001100
0 1010100)/ 001100010
HakoHew, nposepo4Has mMaTpula UCKOMOTO KOAa Takosa:
1110000001
000111000 1
0000O0O0OT1T11 1 0
100100100 1
01 0010O0T10 1
g 001001001 1
1000010710 1
01 010000C01 1
0010107100 0 1
100010001 1
010001100 1
001 1000T1°0 1

Jlerko BUAETH, 4TO AN KAXAOTO U3 9 MHADOPMALIMOHHLIX CUMBOIOB MOXET DbiThb
COCTABNEHO YeTbipe OPTOrOHAsIbHbBIX MPOBEPKW. PaccMOTpUM asis npumMepa CUMBON 77
W DEINM, BEDHO OH Dbin nepefaH uam HeT (4N 0CTaslbHbIX CUMBOJIOB AaHHBIA BOMPOC
peLaeTcs ananoruyHo). 13 nepsoii, 4eTsepTol, CeabMOii u AeCaTOl CTPOK MaTpntibi H
UMeeM CReaytoLiMe npoBepPKM AJst Nepeoro CUMBONA Ty :

1 = Tp + 23+ 20,
T1 = Ty + Ty + 213, (5)
Ty = T — T+ Lis, '
Ti =25+ Ty + Tig.

Ecnu owunbkn npw nepegaye 0TCyTCTBOBaNM, TO B NTPUHATOM CoBe ByaeT BbINOIHATHCA
kaxgoe ua cootHowenuin (4). CoOTHOWEHUA At CUMBONA Xy WMEOT MO MOCTPOEHUIO
MaTpuusl H BuA, korga BCAKWA ApYrofi CUMBON BXOAUT B NPaBYKO 4acTb (4) POBHO
oaHol nposepku. [ToaTomy ecau cpean 3Hau4eHUd x1, To + Ty -+ T1g, T4 + T7 + Ti3,
Ig + g+ Tig, Ts + To + T1g DONBWNHCTBO COCTABAAIOT HYAW, TO f10NaraemM, 410 Hy/b
N €CTb BEPHOE 3HAYEHME ANSA T1, €CAN Ke DONBIINHCTBO U3 HUX E4MHWLbI, TO BEPHbLIM
3HAYEHUEM ONA L1 CHUTAEM €4UHNLY.
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1ABA 2. KOMBUHATOPHUKA

AHanornyHble NPOBEPKU MOFYT BbITh COCTaBAEHbI 1 Anst Apyrux cumsonos. Oyesna-
HO, 4TO Mbl MOAYYUM BEPHOE 3HAYEHMe T, eCAU NPU NEpeAade Nponm3owio e bonee 2
oLinboK (KOJOBOE PACCTOSHME 3AECH HE MEHBLUE NATH).

§10. Marpunsl Apgamapa

MaTpuimt AaMapa ObLIM HA3BaHBL B YE€CTb OJHOTO U3 KpyrmHeAnux (hpanmys-
CKHX MaTeMaTukoB KoHUa XIX u meproii nososunnl XX Beka 7ZKaka Anamvapa. B Ha-
Jasle BTOPOM MOJIOBUHBI [IPOULIONO BeKa ObUIO 3aMEUEHO, YTO 9TH MATPHUBI MOTYT
ObITH HCHOAL30BAHDBL 15 HOCTPOCHIA KOJ0B ¢ HOJBITHM KOAOBBLIM DACCTOTHHIEM.
Oupejienenue 1. Keadpamuas mampuue H nopadva n ¢ asemernmanas 1 1nasni-
gacmea mampuuetll Adamapa, ecat SbNONHACTICA YCAOBUE

HH" =nl,,.

—~
—F
G

2de I, — edununnan mampuya n x n v HY — mpawenowuposarnasn mampuua H.
I3 (1) cnenyer, aro ceau hy, ho, ..., h, — c¢Tpoxu Marpuner I, 10 911 CIpoKH
KaK BEKTODbI VAOBAETBODPIIOT YCJIOBHIO OPTOTOHAIBUOCTH:

n, ecJiH i =7,

(11,, hj) - 0, eCIIn 1 7‘ 7 (

N
~

rie (h;, h;) = Z Righiji — eBKINI0BO CKATAPHOE LIPOU3BEAeHUe BeKTOPOB hy U h_,,-.

s pClRLHClTS s HHT = nl, cpasy cie/yer, 4To lHI - H™', noaromy —H’ H =
snaunr, HTH = nl, = HH?T, re. varpuua H yiOBICTBOPSICT YCIOBHIO 11()1_)1\1(1“1},%10—
CTH

HTH = HHT,

Jlemma 1. Ifepectanorka crpox uix cronbnop varpuisl Anamapa Hy, a rarcxe
YMHOZKCHHE CTPOK UJIH CTONOLOB Ha —1 uepepogst matpuily Hy B A'M'F'[)HIU’ Aama-
pa H,.

Aokasameavemeo.  JlehcTBATENBHO, NEpeCTaHoOBKA CTPOK MATPUILI H| B cooTBeT-

CTBHH € cbop\/ryflop"r (2) mx; AHHAET BCe CKA. ﬂﬂpumo HI)()VII’P(‘EL(-‘III/I&I c-'rp('n\' a uopv—

CRaJISIDHONO NPOH3BCACIMA CTPOK MaTPHLIB! HJ. Ananoruiaenv 06pasor He H3Me-
HAOTCA CKaJISPHBIE TTPOU3BEIEHUS CTPOK M UPU YMHOMKCHHUU CLPOK K CTOIONOB
Ha — 1. U

Bysem canrars marpunsl Agamapa Hy u [y, axeusasernmrivimu, eciu
Hy, = PH,Q,

rae P u () — MOHOMMAIBEBIE MATPHIE! IEPCCTAHOBKI ¢ djieMenTaMu +1 u —1, re. P
" Q MMEFOT I10 OAHOMY HEHYJICBOMY JICMEHTY B KAXKIOW CTPOKE K B KarKI0M ¢10ab11e,
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§10. MaTpuupr Anamapa

¥ 9TOT HEHYIeBOH aslemenT pased +1 unn —1. Marpuna P ocyluecTBisger nepecta-
HOBKY M MEHSCT 3HAKU Y CTPOK, & () — y cTosnduos. Jns mo6of AaHHO! MaTpPHLbL
Anamapa Mbl BCerzia MOXKeM HAMTH 9KBUBAJCHTHYIO eff MaTpuuy Agamapa, nepsas
CTPOKa M TIEPBbIi CTOJI0EN KOTOPOH coCTosT nejnkoM u3 +1. Taxag marpuaua Azxa-
Mapa Ha3blBAeTCS HOPMaau308arHol. llepecTatopKa CTPOK, KpOMe NepBOit, Hiau
cTONONOB, KPOME HEPBOI0, HE HapyIIaeT HOPMAJBHOCTH MATPULbl, HO, BOOOILE ro-
BODS, MOI'YT CYIIECTBOBATH IKBHUBAJEHTHBIE HOPMaJIM30BAHHbIE MATPULBI, KOTOPBIE
He [OJIyYaloTCs OTHA U3 JIPYTO MPOCTOM NePECTAHOBKOR CTPOK U CTONOLOB.

Lanee nod mampuueti Adamapa 6yodem NOHUMATNG HOPMAEAUIOEGHHYI0 MATNPUUY
Adamapa.

[Tpusegen HECKOMBKO MPUMEPOB MaTpull AjlaMapa:

1 1 1
1 1 1 — 1 =
(1)) ( 1 _‘1 >) 1 _1 _L )
1 -1 -1 1
n =1 n=32 n—4
1 1 1 1 1 1 1 1
1 -1 1 -1 1 -1 |
1 1 -1 -1 1 1 -1 -1
1 -1 -1 1 1 -1 -1 1

11 1 -1 -1 ~1 =1

I -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

el S
l
—
—
!
—
|
—
—

Paccmorpum Bonpoc nocrpocuust MmaTpun Anamapa mopaaka n. Hano ckasars,
YT TAKOE TIOCTPOEHME SBIALTCA COBCOM HEJCIKUM JIEJI0M, W 9TOMY BOIIPOCY TIOCBS-
IIIeH BHYIIMTENbHbBLE Da3Ies COBPEMEHHON KOMOMHATOPHKH. Hurke MBI DACCMOTPUM
JIBa METOME NOCTPOEHUST MATPUL AjlaMapa.

Hatigem ¢ HauboJsiee IpocToro criocoda NocTpoeHnd Marpul, AjJamMapa CKoJIb
YIoaHo GoAbWHX 1opankos. [lyers M, — Mmarpuna Ajnavapa nopsiaka n u —H, —
MaTPULIA C ITPOTUBOINOMOKHBIMU drieMerTaMi. COCTaBUM U3 HUX MATPHILY TOPATKA
27 CHEJYIOUMM 00Pa3oM:

u _ (o H,
Aon T \ ]—[n _JHn :

Marpuua Hy, aBsisgerca maTpuaneit Ajgamapa, Tak Kax
- H. H H H 2nl, 0
i . 7 — T n . T 7 — n = 2 [’”.
Hon - Ha < H, —H, > ( H, -H, ) < 0 2nl, ) e

pumep 1. VIMeHHO Takum cnocobom Dby noaydeHsl MaTpulbl Agamapa nopaaxos 1,
2, 4 n 8, npuBefeHHbIE BbILLE.
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['1aBA 2. KOMBUHATOPHUKA

Creayromuii MeToJ( 110cTpoerust Marpur, Anamapa — Merom Ilamm. Ilycrn
Z,=1{0,1,...,p— 1} — noite BEIYCTOB MO MOAYJIO P, Tje p — HPOCTOE THCTO BHIA
n = 4q + 3 q € N. Oupenenum na Z, xapaxrep x(7) cneayionmm odpaszom:

0, ecmi=0;
o —s ]
x(2) = 1, ecun (3j € Z, )(] =i & i £0),
L -1, ecmm=(Fj€Z,)(5 =i&1+#0).
Jlemma 2. Oyrxcnma x(1) obaagaet caAe yIONHME CBOHCTBAMH:
1) x(i) =i" (modp);

2) x(7) = x(@) x(7);

L pol

3) 20 x(@) =3 x(2) = 0;
=0 =1

) x(-)=x(p-1) = -1;

1

N

IS BCAKOIO, © :,-'é 6 EbBIIIOJIHACTCA DaBeHCTBO

YMxT+2) +xOx2+)+. .. +x(p—Dxlp-1T+7) = -1 (3)

oxasamennemaso.
1) pu 7 = 0 (mod p) TOKTECTBO OUEBHIHO.

ﬂ yerh 1 ;-é 0 (mod p). Cornacro maoit Teopeme Pepma P~ =

(mod p), orkyna
(i'7 =1)(@"5 +1) = 0 (mod p). Ouuu 1 TOTBKO OMH U3 COMHOKITE N NCBOH HacTH
MOCCHICIO CpaBieHd jJejred Ha p (068 COMIOXKUTECI HE MOTYT OJHORPEMEHHO
JCTATLCA Ha P, TAK KAK B NPOTUBIOM CIydae WX DasHOCTh 2 J0JoKda Oblia Ol
aemtbea fa p). ITodaToMy i yAoBJIETBOPSIET TONLKO OTHOMY I3 TOZKIECTR

b et .p=1

iz = l(mod p)wm i 2 = —1 (modp).

Kaxoe n3 roxnecrs numeer o= L penrenutt B L. B 37, HTO i = j%(modp), To

‘ L p=1 :
1 YAOBIeTBOPsieT epBOMY cpum-mxmo. Tecrarennho, ¢ 2 = (j2)7 = 71 =
L (modp). Taxum 06pasomM, Bee 7 /g KOTOPLIX 17, 4T0 1 = ]3( nod p), viosie-
ol r = —1
TBOpAIOT cpapHenuio 1 ¢ = 1(modp). Tak xax umcno vtakux 7 pasHo -, To

=1 — .

A1) =1=1i"7% (inodp) BLIIONHAETCT TOLAA ¥ TOJILKO TOLAA, KOLAa 3, wro i = j
= i "

Cie; Lom resisHO, X(1) = —1 = i 2 (modp) Torsa u TOJNBKO TOrma, Korja Aj, uro

=7,
" p=L p-t = | ==
2) VI( NOJIb3Yd MEPBOE CBOMCTBO, MosydaeM i 2 5 2 = (ij) 2 = x(+7) (modp) un
gt B

V7 g = x(0)x(F) (mod p), nosToMy BrOpoe CBORCTBO BEPHO.

3) Tak Kak Kakioe w3 Toxuecrs i 2 = +1(modp) mveer 21 pemennit, To
N p—1 o P _HE
x(1) = 1 ans 22 smemenros nona Z,, u x(1) = —1 raxoke mra 22 aneventon mons

L,y OTKYIa ¥ TOJIYHaEM HCKOMOE,
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§10. Marpunsr Axzamapa

4) Jljist moKasaresbersa 9TOro cBo#ceTBa 3amernm, uro x(—1) = (=1} = -1,
Tak Kak p = 4q + 3.

r) B none Z, nus noboro uw # 0 cymecTByeT eMHCTBEHHbIN U, 7# 0 Takoii, 4To
U+ ¢ = uv,. Ecmu u npoberaer Bee ueiynesble ajeMenTsl Zy,, TO Ty, Npoberaer sce
9/1€MEHTRI Zy,, UCKIIoUad 1, Tak xax rpu U+ ¢ = 0 umeem U, = 0. CremoBaTenbHo,

X(Mx(T+2) + x@xC )+ x(p - Dx(p - 1+7)

= X(DPx(@) + X(2Px(@) + ..+ x(p = 1’x(Tp-1) =
=X(0) + x@) + ..+ x(0p-1) = XD+ x@) + ...+ x(p— 1)) =x() =
=0—1 = —1.
O]
PaccmorpnM Tenepb KBaIpaTHYIO MATPHIY () NOPAAKA P, 9IEMEHTh KOTOPOH ¢;,
2,7 =1,2,...,p, ONPEAEJTIOTCS CAEAYIOIUM 00Pa30OM:
Qij = XG - E)~
Tax kax q; = x(7 — 1) = x(=1)x(i = j) = —g;, 70
Q=-Q" ®

Ecmu QQT = B = (b;), To
4 ~ — — —
mpu i = j mmeem by = Y. x(t —i)x{t —1) = x(0)? + S x(t —1)? =

t=1 t#£1
p—1
t=1
A ‘2‘ i i - - P. - = - = - =
mpu i # g wmeem by = 5 x(E - i)x(t—7) = 2 x(t —ix((t -0+ (—-y)) =
t=1 t=1

> x(uw)x(w+¢) = —1, rue NpeUoCICAHEE PABCHCTBO TOMYMAErCsS U3 TIPEeAbLIY-

u==1
11Er0 YTIOPAAOTMBAHNEM CJATAeMbIX 10 U = t— 4 [PU C == 4 — ], & TOCTC/HEE CIEAYeT
n3 (3).

[Iycry I — eauuuynast MaTpuna nopaaxa p, a J —— KBaAPaTHAS MaTPULA TOCO XKe

4

MOpsijiKa, BCE 2/iCMeHThl  Koropo# pasuel 1. Torua Mbl  JOKa3aj, 1ro
p

p p
QQT = pl — J Kpome toro, Tak Kaxk ¢y = v x(I —i) = z X)) =0wu) gy =

t=1 =1 u=0 t=1
2 _ _ w1
=5 x(1 =1 = > x(@ = 0, 1116 B 0bonx ¢Iydasx OPeAnoCae/HUAR epexos ocy-
u=0

HIECTBASIICH ¢ TIOMOLUBIO YOODSAOUMBANAEG claraeMolx, To QJ = JQ = 0.

MT&K, Mbl IOKa3aJiit DaBeHCTBa

QQ"=pl—J,  QJ=JQ=0. (5)



[iABA 2. KOMBUHATOPHKA

ITokarxkem, 9o MaTpPUIA

11 1

T
H =

I Q-1

I

apastercs Marpuuei Axamapa nopsaka p + 1. JledcTBUTerbHO, BHIYHC/IAS TIPOU3BE-
aeuue HHY, noayaaem:

HH" = , _
0 @ JHE-D@QT-I)

Orcrona, ¢ yuerom (4) u (5), uneem:
JHQ-DQT-DN=J7+QQ"-Q-QT+I=J4+pi—-J—-Q+Q+I=(p+ 1)L
Taxiu O()p'd.",uixi, [LHT = (p e 1)[.

Mpumep 2. Moctpoum matpuuy Agamapa nopsgka 8. Mpu atom p = 7. PyHkuus x (1)
3a03eTCA Cheaytoulei Tabanuen:

(1012 34 5 6
11

x@ |0 1 1 =1 —i
Torga matpuups QQ v H umerot Bujy;
/0 1 1 -1 1 =1 =1\
-1 ¢ 1 1 -1 1 -1
-1 -1t 0 1 1 -1
Q= L -1 -1 ¢ 1 1 -1
-1 1 -1 L0 1
1 -1 1 -1 -1 0 1
11 -1 1 -1 -1 0/
11 11 11
1 -1 1 ] 1 =1 -1
1 -1 -1 1 1 -1 1 -1
1 -1 -1 -1 1 1 -1 1
=1 1 4 - -1 1 1 -1
1 -1 I -1 =1 =1 11
1 1 -1 1 -1 =1 -1 1
\1 1 1 -1 1 —1 =1 -1
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§10. Matpuisr Azavapa

C maTparamu Ajamapa CBA3aH Pl HepellteHubiX npodbaem. Harpumep, ais Jo-
Horo ym n cyuecTByeT MaTpuua Ajamapa mopsiyaka n? Cilegyromas Teopema 1aeT
HEOOXO/UMOE YCIIOBHE CYILECTBOBAHMA.

Teopema 1. Jlaa cywecmeosarua mampuyor Adamapa nopsadka n Heobrodumo,
wmobu Aubo n = 1,2, Aubo 6wno Kpamno 4.

Loxaszameavcmeo. Marpunpsl Anamapa 10pEaKoB 1 U 2 6bUM PACCMOTPEHBI BBILIE.
Cryuyait n = 3 HCK/IIOYAETCsT, TAK KaK JIBA BEKTOPA PA3MEPHOCTH 3 ¢ KOODIMHATAME
=1 11¢ MOTYT OBITH OPTOrCHAIBHBIMH.

Ilpu n > 4 ppusenem MaTpuly H K HOPMAIM30BAHHOMY BHY H. Paccvorpum
MATDULLY H, 06pa3soBatHyIO HePRLIMU TPEMS CIPOKAME MATPHIb H. Cronbus: Mau-
puLpEl H MONYT NPHIALIERATD OJHOMY U3 4 BUIOB:

1 1 1 1
1 R N R ( 1 IR
\ 1 1 \ 1 \ -1

Oboznavum 1epes z, Y, 7, W YUCIIO CTOIOLOB MaTpulsl H Kaxkzoro sua. Toraa
A3 YCJIOBUH OPTOTOHAMBLHOCTH CTPOK MaTPHILI H mosyuaem cHcTeMy ypaBHEeHHMH

T+y-Fztw=mn,
r—y+tz—w=0,
- r+y—z—w=790,
r—y—z+w=0.

OTa cucTeMa UMeeT ¢IHHCTREHHOe pelleHne © =y = z = w = n/4. Taxum obpaszom,
npu n > 4 umeeM 70 = 4p, TAE (L -— HATYPAJIbHOE YHCIO. ]

o racTogIero BpeMenu 0CTaeTed OTKPBITBIM BOTPOC: st JTF0OOr0 T 71, KpaT-
HOro 4, cywecrsyer Marpuua Anamapa mopsaxa n? [HemssecTHo, B 9acTHOCTH, CYILE-
CTBYET M Marpuia Agavapa nopsika 268 (910 HauMeHbIIui opg 0K, KPATHBIN 4,
[UIsl KOTOPOTO MaTDHLA Ajiamapa Crile He TTOCTPOEHA ).

Pacevorpum nipuvenerye mMaTpurl AjaMapa B KOIAUPOBAHUMA.

ITycrn
/ hll h’]? S hln
H | /LQl h22 hQn N /]’LJ ‘l] )
1\ hn{ h"n,2 v hm,n /

— matpiua Anamapa. U3 (2) caeayer, 9o ais n060# napsi CTPOK ¢ HOMEPAMH ¢ 1
J (1 % 7) BEPHO PABEHCTBO:

/’L“ h’jl + high-jg + ...+ hinhjn =0. (6)

Takum 06pazoM, IHCAO ClaraeMblX B (6), paBHBIX +1, JOJKHO COBIaAATh C YHCIOM
craraeMbix, paBHbIX —1. Cj1e10BATENBHO, N YeTHO ¥ JIOOBIE IBE (TPOKHM COBIIAJA0T
POBHO B /2 MO3UUUAX U PA3TNIAIOTCS B OCTABHBIX.
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I'naa 2. KOMBUHATOPUKA

[Tycrs Tenepb A — JBOMYHAS MATPHLA, [TOJIYUAIOMIAICE U3 MaTpuibl H, nocrpo-
cmiofi B mocic/ueM IpuMepe, saMeHoH saementa +1 ma 0, —1 ma 1. Mnoxecrso
BEeKTOPOB-CTPOK MaTpuilbl A 06pasyeT TOr[a Ko ¢ PACCTOSHEEM XCeMMUHITa M1y
JOBBIME KOIOBBIMA CJI0BaMH, papubiM n/2. Tak, n3 Marpuipl AjaMapa 1opaika 8
[OJIVHaeM MaTpuly A, 3aJaroiyio KO JLIHbL 8 ¢ KOJOBLIM paccTosHreM 4:

/060000000

01010101

00110011

011001 10 3
A=l s 0001 111 (7)

010110710

00110011

01101001

He Mensig KOJOBOTO PACCTOSHUS, MOXKHO YMEHBIIHTE JIJIMHY KOJ&, €Cau 0TOPOCHTE
nepeblil (HyJIeBOjt) CUMBOJ KaXK 0O CJIOBA.

YKazanHbLM 00pa3oM U3 BCAKOH MATDHITH! A aMapa MopaaKa 7 MOXCHO TOTYYHTh
JBOMTHLIH Ko Asamapa Tuna (n — 1,n,m/2) (n —1 — aiuna KogoBOro BeKTopa,
N - GO BEKTOPOB KOAA, N/2 — KONOBOE PACCTOSHEE). DT0, KAK OPABUI0, KO, HE
ABIAIONMHACH CPYTHIOBBIM (HAPUMED, KOJI, 3aAaBaeMblil MaTpyLeil (7), we garigercs
IPYINOBBIM).

C marpurelt A ceg3aHbl ele ABa KOJA, KOTOPBIE TOMKE HABBIBAIOT KojaMi Aja-
mMapa.

Tlepseiit 13 HUX momydaetes Tak. epeiinem or Marpunsl A k Marpute A, 3ame-
HUE BCE JIEMEHTHI MATPUIBT A UX JOMONHEHHAME (1.¢. 3AMEHUB C/UMHUIB! HYIIIMH,
a nyin — eauaauasmu ). Torya CTpOKH MaTPUIIB] A 06pasylor KojL THTIa (n,2n,n/2).

Tpyroft ko AgaMapa HOyaaercd U3 Mpeapliyinero 0rOpachiBalueM MepBoro
CHMBOJIA B KAAK/IOM KOJO0BOM ¢J10Be. D10 Gyzer kKo runa (n —1,2n, 5 — 1),

Haoprmep, u3 matpunsl (7) MOKHO HONYIHTH TAKUM ¢IOCODOM KO1BT Ajtavapa
tunos (8, 16,4) u (7,16, 3).

Koant Agamapa, Kak BHIHO U3 HX OUDEAETCHUA, 00/1a/ (10T HHTEPLCHOR 0cobe-
HOCTBIO: PACCTOSHEAE MEXKAY JIOOBIMH JABYMSA KOAOBBIMH BEKTODAMHU OJIHHAKOBO U
COBIATACT HO3TOMY C KOAOBBIM paccrosguneM. [TogobHbIe KOAbl HABKIBAIOT IKGUGH-
ACHTHOLMU, M B HEKOTOPLIX CJIYUAAX UX UCIIOIB30BAHNE J1aeT 0coDbIe IPenMYUIECTBA.

Koupr Agamapa, obiaias 00aLINNM KOJOBAM PACCTOSIHAEM, [TO3BOJISIOT COOTBET-
CTBENHO HCOPABHTH U OOJBITOE KONMIECTBO 0Hb0K (MepBbIe ABa M3 HUX HCIpaB-
TLIOT ONTHOKK JIPHMEPHO B HMETBEPTH NMO3MUMHA KOJ0BOrO ciosa). Jocturaercst sTo,
KOHCYHO, UCHOH BBICOKOU HU30RITOYHOCTH.

o
§11. Buok-cxemsl

Baok-cxema apiasiercd o/HON U3 Raabojiee HHTEPECHBIX KOMOMHATOPHEIX KOHbH-
rypaiiit. 9To He TOIbKO YHCTO MATEMATHIECKAN 00HeKT, HO X CPEACTBO JI/14 Perie-

HHAA DAJa TPAKTHICCKUX 38189, PaccMorpumM Takol npuamep.
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§11. Brox-cxempl

Opumep 1. [lycTb HamM HEODXOANMO CPABHUTL YPOXKAWHOCTL ¥ COPTOB MLUEHUL(L!, €Cu
B HaLLEM PacnopPsXeHNN UMEETCs b OMbITHbIX NONel. Tak Kak ypOXaiHOCTb 3aBUCUT He
TOJIbKO OT COpTa, HO W OT pa3HWlbl B YCAOBUAX PA3BUTUSA paCTeHn:A (B nepsyto OHeEpeELb
OT MNOAOPOAUS NOYBBI), TO IKCMEPUMEHT MO MPOBEPKE YPOXKARHOCT DyfeT ApasuabHO
NOCTaB/EH, €CNN YAACTCH YCTPAaHWUTL BAUSHWE 3TUX Pa3nunuquii. [103TOMy xenaTensHo
cobntopeHne cnegyroumx yCaoBNA:

a) Ha KaXJOM NoNe BLIAENAETCH OANHAKOBOE YMCNO Kk YHACTKOB, B KOTOPbIE BbICEBa-
ETCS KaKOR-Mbo OfiuH COPT NLUEHWLbI;

6) Kaxablll COPT BLICEBAETCSH Ha OANHAKOBOM HUCNE T ONMbITHLIX NONEHA;

B) Ka)kAasi napa pasnuyHbIX COPTOB BCTPEHAETCS BMECTE Ha OHOM U TOM XKe 1ucne
A OMbITHBIX NONER.

B cBA3W C 3TUM, BO3HWKAET BOMPOC: @ BO3MOXKHO N1 cobntofeHne BCex 3Tux yCNoBnA?

VYTouHum ycnoeue 3apayu. [lycTb HYXXHO wCnbiTaTh ¥ = 6 COPTOB MILEHWUb! HA
k = 10 onbithbix noneir. Obosnaunm copta bykBamu vy, vy, ..., Ug, a nons — by,
by, ..., byo. Pazgenum kaxkgoe none Ha 3 yyacTka v 3aceem Nosia no CAeayoulen cxeme:

bl - {Ul,vg,’l)3}, b5 — {’C)l,Uf),UG}, bg - {'02,2)4,1)6},

bg — {’Ul,’Ug,U;’,}, b(; - {02,1)3,7)6}, bg — {1)3,1)4,7)5}, (J.)
by — {v1,v3, 04}, b7 — {va,v,v5}, bio — {va,vs, U6}

by — {vi,v4, 06},

(B ckobkax 3anucaHbl COPTa NMWEHNLBI, NOCESIHHBIE HA YHACTKAX COOTBETCTBYIOWErO N0~
nst). Bee ycnosus cobntopensi:

a) KaX[oe Nose pasfeneHo Ha 3 yqacTka;

) kaxgblil COPT nocesH Ha 5 nonsax (Hanpumep, vy Ha nonax by, bz, bg, by, bio;
v5 Ha nonsx by, bs, by, by, big, n T.4.);

B) KaXKAble ABA Pa3NUYHbIX COPTa MOCRXKEHbl BMECTE Ha Kakux-finbo Asyx Nossx
(Hanpumep, vy 1 vg Ha NONAX by U bs; v3 v Vg HA nonax by n by, n T.4.).

Cxema (1) HasbisaeTcs 6/10K-CxeMoV 3KcnepumenTa. Ee MOXHO paccmaTpusaThb
Kak koHUrypaumto, coctosuyro n3 10 NOAMHOXKECTE Ha MHOXECTBE 13 6 37eMEHTOB.

KoHdburypauuu, yAoBRETBOPAIOLLME YCIOBUSIM TUNa a)—8), UMeT bonbwoe npu-
KNAAHOE 3HAYEHWNE, B HYaCTHOCTU RPU NAAHNPOBAHNN SKCMEPUMEHTOR, FAE NO3BONAIOT He
TOMBKO NOYHATb AOCTOBEPHbIE OMBITHLIE AAHHBLIE, HO TakAe 06eCNeYNBatOT NPaBULHYHO
OpraHM3aunto OfbITOB, 4TO NPUBOANT K IKOHOMWM, AOCTUFAIOLLER MHOTUX MUNNNOHOB
pybnei.

Onpepenieare 1. YpacrosewenHot HENOAHOT 6A0K-cxemot (dance npocmo
BAOK-CLEMA) HA3DIGAETNCA TNAKOE DASMEWEHUE U PASAUNHDIT AEMEHMOE N0 b 100-
MHOCCCTNBAM (DA0KAM), WINe KaHCIu 6A0K codeporcum mouwHO k 3AeMERMOB, KAJIC-
LTl BAEMENHM. NOABASEMCSH MOYHO 8 T PA3NUNHBLL BAOKAT U KAKHCIGA NaAPa pasAu't-
HOLE INEMERTIOE Y U 2 NOABAALTCH MOYHO 8 A 6AOKAZ.
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Iiapa 2. KOMBUHATOPUKA

[TostcHUM CMBICT MOHATHUN, BCTPETHUBIUEXCSI B 9TOM OTIDEJE/ICHUN,

[Myers S — MHOKECTBO U3 ¥ 97eMEHTOB. PAaCCMOTPUM  YCJIOBHE O rapax ajemMe-
rop. [lycTh y M 2z — napa 2J1eMCHTOB MHOKeCTBa 9. Toru\a KAXKJI0€ A~3/IeMeHTHOe
HOAMHOXKECTBO (M 6510K), ((),LL[)?MNUI( Y U z, AMeeT BUA {y, 2, X3, . .., Tk}, TI€ Ty,
Ta. ..., T — mobble k — 2 sgemenTa w3 S, oriMuHBE 0T ¥y M 2. Ofniee M0
TaKUX OJIOKOB PABHO YMCIy coderanuii 063 noBTOpenust us v — 2 9/1CMEHTOB 10 A — 2,
Te. Clv — 2,k — 2). A obuee Tici10 k-3/1eMEHTHBIX TOAMHOKECTB B .S PABHO YHCILY
coderanuil 6e3 MOBTOpeHHst u3 v aeMenTos 1o k, T.e. C'(v, k). Takum obpasom. Mbl
LOAY T BhIpaskelns napaMerpoB A U b uepes v U k, T.e.

A=Cv—2,k=2)ub=C(vk).

Taxas 0JJ0K-CxeMa HA3LIBAETCS NOAHOY DAOK-cTemot, TAK KAK HUKAKAA ypas-
HOBelernasg OI0K-CXeMa Ha MHOXKECTBE U3 ¥ AJCMCHTOB, ¥ KOTOPO OJOKH BMeIoT
BEAYUIY K ¥ BCe PA3JIMUHBL MEXK Ty C000#, He MOXKeT UMETh OoIhuIee 9ucio 010KOB.
Ho soxHO paceMarpuBarh OJ0K-CXEMbI ¢ MEHBLIIAM “HCIOM OJ0K0B. Takne OJ0K-
(XCMbBI HA3BIBAIOLTCH HENOAHBMU. Teroabe DIIOK-CXeMbL IPEACTABATIOT G0N
nHrepec.

BroK-cXeMbl HA3BIBAIOTCS YPEREHOGCUEHHDEMU, TTIOCKOILKY B HUX J100as apa
DABJIEIHLIX JEMEHTOB BCTDETACTCS ¢ OJMHAKOBOM BEPOATHOCTHIO (B 3TOM CJIyuae
roBopsT TakxKe 06 “ommHakosoit BeTpedaemocty’). MHorga o 610K-cXeMax ToBOPSAT
KaK 0 KOH(QUIYPAIUAX, YPABHOBEIIEHHBLIX (MM COANAHCUPOBAIHLIX ) OTHOCHTEIRAD
Iap 971eMEeHTOB, TaK KaK U3VIaTed TaKKe KOUMDHTYPAILHH, YPAaRIOBeHIeHHLIC OTHO
CUTC/BHO TPOEK, UCTBEPOK IJIEMEHTOB B T.J1.

PAccMOTPHM BOIIPOC 0 BCTPEYASMOCTH DIEMEHTOB OJOK-cXeMbl B Hiokax. Ode-
BI/IHO, YTO BCE 2JIeMEHTHl JMOJCKHBL TIOABIIATLCH B 0JI0KaX OJHHAKOBOE 9HUCI0 PA3.
LeficrBiresbHO, MyCTh HEKOTOPKINA 3jieMedT a4 € S BXOJUT TOYHO B 7, Oaokos. [lo-
CHTaeM 9HCII0 AP, KOTOPLIE OH 06pa3yeT BO BeeX OI0KAX ¢ KazK/IbiM H3 OCTAILHBLIX
2/1eMeHTOR v-MHOXKecTBa S. C aJleMeuTaMu BCIKONO OJI0KA, B KOTOPBIH Ol BXOIMT,
obpasyercs & — 1 napa. Tax kak Bcero Takux GJ0KOB Ty, TO HCKOMOE THC/IO PABHO
7o (k—1). C Apyroft cTopoHEI, M0 OUpPese/etiio GAOK-CXeMbBI THCI0 MOsBICHIH TI060H
naput {a,z}, oae © # a, ¢ € S, papro A. CllesoBaTeNbHO, BCOIO TAKHX TOABICHILA
Mv—1). Utak, 7,(k—1) = AM(v—1), oTkyza ciejiyer, 4ro 7, (DaKTHYECKH HE 3aBUCHT
oT a.

HanosauM, 910 7 - - 44010 HoABJIeHEH 3/enedTa B 6J0Kkax, b — 1ucio 6JI0Kos 3
exeme. Torpa copaseanuso coorromenne r(k — 1) = Av — 1). Kpome Toro, tax xak
KazK bl OI0K COCTOMT U3 k' 9JICMEHTOB, a KAXKJbIA U3 U 971eMeHTOR MPUHALTeHUT
B TOYHOCTH T BsoKamM, To nogaywaes, uro bk = vr. Uensie uncia b, v, 1, k, A naswl-
BRIOTCH NAPAMETMPAMU 6f¢0x-c.1;eM1>L. .\/puBnommenﬁyfo HEIOJIRYIO OM0K-CXeMy ¢
napamerpamu b, v, 7, k, A gaswisator (b, v, r, k, \)-konguypayuer.

Taxkum o6pazoM, napamMeTpsl BJI0K-CXeMbl Y/IOBICTBOPAIOT CJICAYIOWMM COOTHO-
HIeHUSM

bk = vr, (2)

r(k—1)=Xv—1). (3)

A
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§12. Koreunsie TpOEKTABHbIC IIOCKOCTH

Cy11eCTBOBAHKE ITUX COOTHOLIEHNH JIOKA3BIBAET, YTO [I5ITh 1APAMETPOB BII0K-CXEMbI
He He3aBUCUMBL 33J1aBad JIIobble TPU N3 HUX, Mbl Houayvaem u3 (2) u (3) sHavenus
OCTaJBHBIX.

HestoumceHHOCTL TapaMeTPOB HAKJIABIBAET OUPATMYEHNA HA CYLIECTBOBAHMC
0J10K-CXeM.

Mpumep 2. He cywectsyer bnok-cxembl ¢ A =1, k=3, v = 5 uan 6. [eAcTenTensHo,
n3 (3) npn v = 6 cnepyet, 4to 2r == 5. [lpn v = 5 u3 (3) nonyyaercss, 4to 7 = 2, HoO
torga (2) osnauaer, uto 3b = 10, 4TO HEBO3MOXKHO.

OuesupgHo, 410 bnok-cxembl ¢ A = |, k = 3 8 cuny (3) He cylyecTsyeT HU Npu Kakom
YETHOM .
Mpumep 3. Paccmotpum (b, v, 7, k, A)-koHdurypaumo Ha 7-mHoxecTse ¢ b = v = 7,
r=k=3 A=1:

by — {01,1)2,1)4}, by — {v4, 5,07}, bg — {v2, vg, v7},
by — {02;’03;05}, bs — {Ul,)vsa’%‘}; by — {U'J,,‘L’s,w}-
b3 — {vs, s, Vs },

B Helt nposenseTcs obuias 3akoHOMEPHOCTL, BbiTeKatowas u3 (2): ecniu 8 ypaBHOBeELEH-
HOW HENONHOW Bok-cxeme YCnO BAOKOB PaBHO HUCAY IAEMEHTOB, T.€. b = ¥, TO 41CNO
NOABNEHNA KAXKAOTO 3/1EMeHTa B DNOKaxX CxeMbl paBHO Benn4uHe b6noka, Te. 7 = k (n
HaobopoT).

Brok-cxemsr, (7151 KOTOpbIX b = v (B, 3HA4UT, 7 = k), HA3BIBAIOTCS CUMMEM-
PUNHBLMU.

§12. KoneuHble IIPOEKTUBHBIE MJIOCKOCTU

B eBKNUIOBOI PEOMETPUT HA TLTOCKOCTH Yepes Modble ABC TOYKH [TPOXOAUT TOJb-
KO OJHA MpsMafd, & JIOObIC jiBe (HENAPALTENhIREC) UDIMbIE [CPECCKATCH TOJBLKO
B oafoi TouKe. OroBOPKa OTHOCHTEJBHO HENapaae bHbiX (IPAMBIX YCTDAHAETCS B
POEKTUBHON TeOMETPHE BBEJIEHUCM ellle OJHOH (#ecoOCTBeHHOM, HECKOHEUHO Yaa-
JIEHHON) TIPAMOL, HA KOTOPOH DACHOJIOPAOTCA TOUKY [1€PCCeYCHEs TapasliebHbIX
npsaMbIX. Takasd J0loAHeHHAS [LTOCKOCTh Ha3bIBaeTCs npoexmucHot. B xoMmdOuna-
TODHOM MATEMATHKE PaCCMATPHBAKTCH KOHOTHBIC TPOEKTHBHLIE TLI0CKOCTH. ‘

Ilycre S — KOHEHHOE MUOKECTBO TOUEK, A5 [OJMHOXKECTE KOTOPOI'0, Has3hbiBae-
MBIX MPAMBIMU, BBUTOIHSIEOTCA CIEYIOLIE YCITOBUSI:

1) ABe pasnuUHble TOYKU MPUHAJIICKAT OHON U TONBKO OJHON MPAMOIL;
2) JiBE pA3JIMHHBIE TIPSIMBIE UMEIOT O/HY M TOILKO OJIHY OOUIYIO TOUKY;

3) CYUIECTBYIOT UeThbIpe TOYKH, U3 KOTODLIX HUKAKHE TPY He JIEXKAT Ha OIHON
TIPSAMOH.
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I'iaBA 2. KOMBUHATOPHUKA

Onpegenesue 1. Konguaypoyus P na konedrom mmuoscecmse mover S 1asviea-
eMmea KOHEeuHOT NPoeKMUBHOT NAOCKOCTBLIO, eCAl OAf C¢ NOOMHOMCCCTE (npa-
MBLT) GOINOAHAOMCA Yeaosus 1-3.

Teopema 1. [Tycmov n > 2 — yeaoe wucao. as npoexmuesnol naockocmu P, 3a-
OaH1olh HA KOHEUHOM MMONCCCINBE MOYER S, PASHOCUALHLL CACHIpOULe CBOTCMEA:

Q) HEKOTOPAR NPAMAA COOEPRCUM MOWHO N+ 1 Touex;

6) HEXOTNOPAK MOWKG NPUHGOACHCUIT TROWNO 1L -+ 1 npamvLm;
8) wancoas NpaAmas codeporcum mowko n + 1 mouer;

2) waotcdas mouka npuradsescum morwno n+ 1 npamvim;

8) S cocmoum us n® +n+ 1 movex;

¢) P cocmoum us n” -+ n + 1 npamw.

JHorazamenavcmeo. Ilycts A, B, C, D — 4eTnipe TOUKH, U3 KOTOPLIX HHKaKHe TPU
I1e JIexKaT Ha OHOHU npamoi. CyuiecTBoBaHNE TAKIX TOUEK 0DECHedeno yeaoBHem 3.
Torma Mol umeenm npsmble Ly, ..., Lg, comepkaume A, B, C, D u eme Tpu TOUKH
XY Z:

Lli A, B, X-, -

Ly: A, C, Y,

Ly: A D, Z, ..., 0
Ly: B, C, 2, ..., VL
Ls: B, D, Y, ..,

Le: C, D, X, ...,

riae X, Y, Z — rtoukn nmepecedenust nmap upsMoix Ly, Lg; Lo, Ls w Lz, Ly. Y3 yeno-
B -3 HETPY/IHO 3aKIIOUUTE, YTO MIECTL UPAMBIX L1, ..., Lg PA3JUTHBI U TOYKH
A, ..., Z TAKKC PasiMyIHbL

Kpome roro, He cymecTByeT, 0OUeBUJIHO, HUKAKHX JAPYIHX OTHOMICHHH ITPHHA,T-
JIEXKHOCTH MEMKIY 3TUMU CEeMbI) TOUKAMU M LIECTLIO IpsMbivu. Hanpumep, ue ao-
sker OplTe A € Ly, TaK KakK TOTJA fepe3 JABe pasiautibie ToUkH A, B mpoxoain Onl
JiBe parmyubie npaMbie Ly v Ly.

Jlotiyerum Terneps, wro BeinoaHseTea coderno a). [Iyers L — npavad Touno ¢
n -+ 1 Tourammn ma ne#t, crkaxem ¢y, Qa, ..., Quy1. e P — rouka, He JeKalnas
na L, ro upamee PQ;, i = 1,...,n+ 1, pasaudusl, tak Kak ecim PQ; = PQ;, 1o
P e Q;Q; = L — nporusopeyne. aice, Kaxjas IpsaMas, Hpoxoaniag qepez P, ne-
pecexaer L M, 3HAMUT, OMKHA OblTh OAHOK U3 n + L nipambix PQ;, i=1,....n+ 1.
Ilo xpaiineit mepe aBe u3 touex A, B, C, D, u3 (1) ue nexar ta L, u moromy
Takad vouka F cymectByer. Ilycrs Temeps P — rouxa, nexxkaras TOUHO Ha n + 1
upamoix Ky, ..., Kqypp. Ecnmnr M - mekoropas mpamas, ue npoxojdaniag depes P,
ro M nepecckaer K7, ..., K, B Toukax Q1, ..., @, L1, KOTOPLIE BCE PA3AHYLEL,
[OCKOJIBKY P e¢TDh e/IMHCTBEHHAA TOYKA, JekKarias 601ee 1eM Ha OO N3 MPAMbBIX
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§12. KoreuHnle 1IpOCKTHBHBIC IIOCKOCTH

Ky, ., Kpea. Ecam 661 5a M cymmectoBana eme ogHa Touka Q,, 3, TO CYLIECTRO-
pasia Obl npaman PQpio, He coBnajaroas i ¢ Kakoii Kj, Tak Kak B NPOTHBHOM
cnydae PQnyo cojepikaia Obl 1 HEKOTOPOe (; 1 Toraa

PQrio = pQni2Q; = QnioQ; = M,

"ITO MPOTUBOPEHUT IpCAnoackenu P & M.

Hamra ncxonnas npsamas L coepKaia TOYHO 1+ 1 TOUKY, CJIeJIOBATENBHO, KAXK-
Jlad TOYKa, He Jie:Kamad na L, JexKuT ToYno Ha n + 1 npaMbrx. K Takua Todkam
OTHOCATCH 10 Kpaiieil mepe nse us touexk A, B, C, D, naupunep, A u B. Tlosromy
KasKZas [psgMas, He npoxoidmas ueped A unu depes B, comep:kKuT To4HO 70 + 1
TOUKY, T.€. KXJas NpAMasd, UCKMo4ad, ObITs Moxet, Ly = ABX, comep:ur ToT
8O 1 + 1 roury. Torma Lo = ACY couep&uT TOUHO 70 + 1 TOHUKY, 4 TOuka 7. He
Jexauas Ha Lo, JIEXKUT TOYHO Ha 1 + 1 mpamoit. CiemosaresbHo, Ly, KoTopad He
COMEPHUT Z, TAKKe NOJDKHA cojep¥ arh N+ L Togxy. Takum obpasoM, CBOHCTBO a)
BII€YET 3a COOOM CBOUCTBO B).

Ho mna nr060it Todxm P Mbl MOYKeM HAUTH NPIMYTO, HE IPOXOAATIYEO 9epes Hee, I
OTOMY, Tax »Ke, KaK U BbIUIC, CYIITeCTBYeT TOUHO n+ 1 npsiMad, Mpoxoiaimas yepes P,
4eM joKasaHbl csodcTna 6) u r). IlycTh Temeps ) — HeKoTOpasd TOYKa, U IYCTh
n+ 1 opaMas Ly, ..., Lyt npoxonur depes Fy. Kaxxjas us Hux COAEPYKUT TOUTHO
7 TOYEeK, OTJIMYHBIX 0T Fjy, ¥ nmockoabKy Fy coequHsercs 0JHOH M3 DTHX MPAMbBIX C
70601 TOUKOi TIIoCKOCTH P, obluee uucao Tovex B S papno 1+ (n+1) =n?4+n+1,
TEM CaMBbIM JOKA3AHO CBOMCTBO /). AHATOIHYHO, eciu Lo ~- NpsaMad, conep/Kallas
TOUKY P, ..., Phy1, KaXKiad U3 KOTOPBIX JIOKUT TOYHO Ha 7 APYIMX TPSIMBIX, TO
B P 6yner 1 4 (n + 1)n = n’® + n + 1 OpAMbBIX ¥ CBOHCTBO €) TaK»Ke JHOKa3aro.

Mbr mokasasTu, 4To CBORCTRO &) Biedyer 3a cobol OCTalbHbIe 9Th CBORCTB, [10TO-
My CBOMCTBO B) TakyKe BleveT 3a COOOM BCE OCTANbHbIE. AHAIOTHIHO B CHLy JABOW-
CTBEHHOCTH, MOMEHAB PONsMH “Touku’ U “Upamble”, MBI BUIUM, YIO CBOHCTBEO 0)
¥ CBOMCTBO r) BJEKYT 3a coDOH ocraibHble. Fenw BLINTOMHSETCS CBONCTBO ,:1), TO
npsiMast Ly 13 (1) comepkuT 1 + 1 10o4eK MpH HEKOTOPOM IEejIoM m = 2, U MHo-
3TOMY, KaK NOKasaro Bbuue, S cofepkuT m® + m + 1 Touex. Ho u3 paBeHCTBa
m? +m+1=n?+n+1 19 UeTbIX NOTOKUTEIBLHBIX 7 U 7 CACJLYET, UTO T = 1, 1!
CBOMCTBO J1) Bieuer 3a cofoli CBOHCTBO a), & MOTOMY U BCE OCTa/Ibible CBOicTBa. AHa-
JIOPHYHBIM O0PA30M M3 CBOUCTBA €) BLITEKAET CBOMCTBO 0), & 3HAUMT, U BCE JDYTHe.
]

Komneunas mpOeKTHBHAS [IOCKOCTD, KUK Tast TIPAMasl KOTOPOU COCTOMT u3 11+ 1
TOYEK, Ha3bIBAETCS MPOEKMUBHOT TLAOGCKOCTND®IO NOPAOKa 1. TaK kak 10 Teope-
Me 1 9UCII0 TOYEK NTPOEKTUBHON NIOCKOCTH PABHO YUCAY IPAMbBIX, KaXKAad IpAMasl
COEPXKUT OIHHAKOBOE JHCA0 TOUEK, paHoe 71+ 1) u epes JobLie ABC TOYKYU NPOX0-
JIUT B TOUHOCTH O/ NPAMAL, 10 JIIDAT KOHEYHAs TPOEKTHBHAS TTIOCKOCTH TTOPH/I-
K& N €Clh CUMMETPUYIHAT ypPaBHOBELICHUIAA HEIOHAT DJIOK-CXeMa ¢ IapaMeTDaMu
b=v=n’4+n+l,r=k=n+1 A=1

ObpaTHo, MyeTh HA MHOMKECTBE S 3a/jaHa cHMMeTpudgas OJ10K-cxema P ¢ rapa-
MerpaMi b =v =n’4+n+ 1, r=k=n+1,A=1 ruen > 2. Kcin Mbl Ha30BeM
9JEMEHTEL S moukamu, a OJIOKH — NPAMBMU, TO P MOXHO PACCMATPUBATE KakK
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['IABA 2. KOMBUHATOPHUKA

KOHCYHYIO MPOCKTHBHYIO ILJIOCKOCTL H& MHOXKCCTBE TO'TEK S. Taknm obpazom, HJ10K-
exena mpamepa 3 §11 maer npuMep KOHeYHON HPOCKTHBHOM MIOCKOCTH HOPH/IKA 2

lpumep 1. Paccmo*rpmm NPOEKTNBHYIO MNOCKOCTb NopsafKa 3 Ha MHoxecTse 13 13 ane-
menToB {1,2,...,13} :

- {1 2 4 ].O} (1)(’5 == {2,6,7,9}, (,)10 === {6, 10 ll Ld}
7

bg—'*] () O l]_} b7—{3: ,8,-]_0}, b“"—{l .’ I L..:J«
3 - {3‘4,6, IZI, bg — {4,8,9) ]1} ])12 o .‘..,, LD }
. —{4,5,7,13}, bg — {5,9,10,12}, byz — {1,3,9,13}.
b — {1.5.6.8},

MocTponm 1Mo 3TOW MNOCKOCTU ABOUUHBIA KOA. [N 3Toro BBEeAeM MaTpuULy UHUMAEHT-
HOCTHOro oTHOWeHUst M = (my;):
1,  ecnu 3NemenT i NPUHAZNEKUT NPAMON bj:
My = , A
Y 0, ecnn 3neMeHT i He NPUHAANEXUT NpaMoi b;.

Torpa
1101000001000
0110100000100
001101 0WOO0OOTE
0 00110 1D DU G&Br ]
10001101000O0CO0
0100011010000

M=10010001101000

0001000110100
0000 1LO0OO0OO0O11010
0000010001101
1000001000110
g 1Loo0o00d001 00011
1 8109 '¢ 88 L.8:9 Rk,

rae KOMOBble BEKTOPbI 3anncaHbl B cTpokax matpuubi M. [aunwiit kog cnocobeq obHa-

pyxungaTs 11 ownbok u ucnpasnats 5.

B koMOHHATOPIHON MaTeMaTHKe PACCMATPUBAKTCA HE TOALKO KOHETHBIE TITOCKO-
CTH, HO TaK¥Ke KOHeYHbIe MPOCTPAHCTRA Go/bIINX pasMepHocTeid. C' moMOmbIO Ko-
HETHBIX [TDOEKTUBHBIX TIIOCKOCTE (8 TaKMKe KOHEUHBIX MPOSKTHBHRIX [TPOCTPAHCTS )
YCTAHABIMBACTCS CBASL MEXKIY TeopHUeit GIOK-CXeM M reoMerpuei, KoTopad 110350
nder HOILOJIL30BaTL B KOY\I(}HHF\T()I)MKB PA3THITHLIC ('O()()pﬂ.)}((.‘,lU’Ul reoOMeTpPpHIeCKOro
XapaKTepa.

§13. TI'enepaimss KOMOMHATOPHBIX 00BLEKTOB

13.1. ITopoxkaenune 1epecTaHOBOK

IIpobnenva mopoxk acHUS BeeX 7! HEPECTAHOBOK N-3JEMEHTHOTO MHOMKECTBA HMeeT
JIABHION MCTOPUIO. 10¢ BOBHUKHOBEHME MOXKIO OTHeCTH K Havally XVII Beka, Koria
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§13. I'enepanust KOMOHHATOPHBIX 0OBEKTOB

B AHIMUKM 3aPOAMIIOCH 0COD0E HCKYCCTBO KOJOKOJLHOrO 604, OCHOBAHHOIO [1a Bbl-
OMBAHUM HA 7. DABHBIX KOJOKOJAX Bcex n! 1epecTaHoBOK. DTO MCKYCCTBO OPOCYTILe-
CTBOBANO A0 Haruux nreil, Tax, B “Kuure pekoppon ['urpeca”’ ecTs ymoMuHaHUE O
BoOuBanny Bcex 8! = 40320 nepecranoBox Ha 8 Kosokonax 8 1963 roay. Ha yeranos-
JIEHHE 9TOro pekopaa norpebosasioch 17 wacos 58,5 munyr! Koneuno, ucmons308a-
HHC BBI'THCIHUTELILIX MAIINI [I03BOIACT [CHCPUPOBATD [IePECTAHOBKY 3HAYUTEIBHO
GuicTpee. Oanaxko Tax Kax n! pacTeT BECHMa OBLICTPO ¢ POCTOM 7, TO 34 Te e 18
HacoB dax<e camas ObICcTpasi BbIYMC/AUTENbHAS MAIMHA HE CMOMXKET TOJAYUUTH BCe
(ICPECTAHOBKH 7-3/IEMEHTHONO MHOMXECTBA, eclin n > 13.

Hocnenosarensrocts 7! mepecTaloBoK Ha MHOXKecTBE {1,2,...,n}, B KOTOPOH
COCEHME TIEPECTAHOBKU PA3IUYUAIOTCS TaK MaJio, KAK TOJbKO BO3MOXKHO, — Jydllee,
HA ITO MOXKHO HAJEATHCA ¢ TOYKW 3PEHHMsI MUHMMH3AUMU 00beMma paboThl, Heob-
XOAMMOrO AJI5T TIOPOXKIEHMS! MEePEeCTAHOBOK. [t Toro 4robel Takoe pazinuue Obl-
JIO MHHUMAJIBHO BO3MOMKHBIM, JII0Dad IePeCTaAHOBKA B HAallledl MOCIeI0BATEALHOCTH
IOJKIIA OTJMYATBLCS OT [IPEALIECTBYIOLIEH el TDAHCIO3UIMed JBYX COCeIHUX 3Tie-
MeHTOB. TaKylo I10C/1e0BATE/IbHOCTh ePEeCTAHOBOK JIETKO MOCTPOUTE PEKYPCHBHO.
Hdis n = 1 equHcTseHHas nepectanosxka {1} yiaoBnersopserT HammM TPeOOBAHU-
sM. 1IpeiIonioyKuM, Mbl MMEEM TOCTEA0BATENBHOCTD TIEPECTAHOBOK Ty, My, M3, . . . Ha
vuaokecrne {1,2,...,n}, B KOTOPO#i [OC/IEI0BATCABIIbIE MEPECTAHOBKI DA3INIAIOTCH
TOABLKO TPAHCIO3ULIMEN CMEKHEIX 3JIEMEHTOB, Pacuiupum Kaxayro u3 srux (n — 1)
MEPECTAHOBOK, BCTABJIAS JAEMEUT 71 Ha KaXs 0e U3 7 BO3MOMHBLIX MeCT. 1lopsiox
[OPOYKJAEMDLIX TAKHM 00Da30M ePecTalioBOK OYIET C/Iey OTIuM:

( 1234

1243
1239 1403
1324
4132
1432
1342
1324
(3124
3142
3412
4312
4321
3421
3241
3214
2314
2341
2431
4231
4213
2413
2143
2134

12¢ 132

321

321

21 ¢ 231

213

,U:H.HH)’}O TIOC/IEJOBATE/IbHOCTh TIE€PECTAHOBOK MOXKHO IODOXKJAAThH HITEDATHUBHO,
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KOMBUHATOPHKA

[''1ABA _2.

Oy sl KazK Y10 [IePECTAHOBKY U3

opeanecrny [OLLL(\[/I et 1 HeDOJIBIIOTO KOJMUCCTRA

/IOUELBO‘-IHOH l/IH(bOpMa,III/IM. 9t10 Jesraeresd ¢ IOMOINBIO THeXN BEKTOPOR! _I(‘,l\_\/lﬂ,fiﬁ He-

PECTAHOBRY T = (m, o,

H sallvcHy HallpaBJIeHWa d,, B3 KOTOPOM CABMNraeTCH KarJILIA 2J1eMeHT 2

.y Ty ), 0OPATHON K HEll HePeCTaHOBKA P = (1, P2y . .+ Pn)
i (—1, ecaut on

CBUTAETCH BJICBO; +1, ecin BUPaBo; u 0, CCIKM He CABUIACTCS ). DIMEHT CJIBAFaeTCs
10 TeX TOoP, [oKa He JOCTHUHET 3jeMenTa, BOJILIIEro, ey ITOM CiIyTae
C/IBHT LPEKpalaeTed. B 3ToT MOMCHT HalPaB/Ielue ¢IBUIa JAHHOI0 3IEeMEHTa H3Me-
HACTCH Ha MTPOTHBOIOJOXKHOE M NEPCABUIAETCSI CACAYIOUMNE MCHLIIME €0 DJIeNMEHT,
KOTODBLI MOXKIO ¢JBHHYTH. [TOCKONLKY XPAHHTCA NepecTanoBKa, 0OpaTHad K m, 1O
B 7 JEFKO HAlTH MECTO CJACAYIONIEro MeHbilnero aeMenta. CAeAyOUINA ajaropurM
mpeIcraBisdeT cobod pealtn3alifio PACCMOTPEHHOTO METOIA.

OIl CaM; B

L T =P = 4
fori=1ton do Lo
d; = —1,
dy = 0;
Ty = Tpey =m=n++1; {"\[GTKH IPAHALIBI )
( IJIHLt T = L/nj,n )74',,);
m = n;
. A = —dp;
while m # 1 q’o § while mp, 14, > m do ™ "‘1’
' m=m — 1;
Tpm * Tppebdon {Usmenurts 7}
Py, € Dim- {Namennts p =771, 7, g, =m}

Pacemorpum Mexanuzm pabBoThl 97000 alropuTMa Ha IPUMepe TOPOKICHMS [1e-
pecTaHoBOK ua 4 ssemeuToB. Iocie1oBaTesbnocTs nrepanmit anropuTMa IpHBeiena
B caeaviowedt Tabinme (MeTKH TPaHuupl To M Ts MBI OHyCKaeM, BMECTO 3HAYCHWN
d; = &1 numeM COOTBETCTBEHHO + WM —).

! { ‘ﬁ d ' T 'm | Kommeurapuil ‘

|4 de dy di|pi p2 py Pa | T Ty T3 M| | F

| ] i 0O - — =1 2 3 4 |1 2 3 44 |

[21 0 -~ -1 2 4 3|1 2 4 3|4 ]|BsemMeur 4 casuraeres '
’ | BJIEBO {

300 - -1 3 4 21 4 2 3|4 |

4]0 ~ —12 3 4 1.4 1 2 3|4 |

510 - — 412 4 3 114 1 3 2 3|Duemenr 3 capuraercs |

|| Ha | osHmino  BIieBo,
\ 4 HATWHACT ABMKEHHE |

| BIPABO

610 — — +11 4 3 2|1 4 3 2|4

| 710 — = +]1 4 2 3|1 3 4 2|4

1810 — — +|1 3 2 4|1 3 2 4|4




§13. I'enepanusa KoMBUHATOPHLIX 06BEKTOR

9]0 - — =12 3 1 4 r 3 1 2 4|3 |Bnemenr 3 capuracr- |
' ICH emre Ha 1 ncmxumo'
BJAEBO
w0wy0 - - -2 4 1 3:3 1 4 2|4
1o - — =3 4 1 23 4 1 24 |
120 - = =13 4 2 1|14 3 1 24|
370 - 4+ 414 3 2 1,4 3 2 1 ‘ 2 | Quement 2 caBuraercs
Ha 1 MO3UNUIO BJICBO, 3 |
i M 4 MEHSTIOT HAaIpPARJIG-
HUS ABHYKEH ST
410 — 4+ +14 3 1 2|3 4 2 1,4
10 - + +14 2 1 3|3 2 4 1 l 4
1610 — 4+ +(3 2 1 4|3 2 1 4]4
170 — + — |3 1 2 4|2 3 1 4|3
80 — + —14 1 2 3 2 3 4 1.4 \
9]0 — + =14 1 3 22 4 3 1 j 4
0|6 — + —|4 2 3 1|14 2 3 14
20000 — 4+ +/3 2 4 114 2 1 3 3
2210 - 4+ +13 1 2 412 4 1 3,4
2310 — + 412 1 4 3 2 1 4 314
410 — + 412 1 3 412 1 3 414
2|0 + - = - - 1 | OcranoBka
| dy dy d3 dgy py P2 p3s pa T T W3 My
1] d | D B o m | Kommenrapuit

KoppexTHOCTb anropuTMa. JoKasbBaeTcsd uigaykuued no n. Caydait n = 1 Tpu-
Buated. [lycrs anropurm npasminHO paboTaer st n. [loxkakem, 9710 oH OyiIer
[PAaBUIBLHC PAdOTATL M i 7+ 1. AjuropurMm HaduHaeT paboTy ¢ MePEeCTAHOBKH
12...n{n+1), pne n+ 1 nepoolit casuraemelil ssement. OH CABUTAETCH IO TEX 10D,
noka He OyneT noaydena nepecranoeka (n+1)12...n. Tlpu srom OyayT 110POXK/IEHEI]
n + 1 NepecTaHoBOK, B KOTOPHIX 4MCa0 7 + 1 3amumaer mecta n+ 1, n, ..., 1. Te-
Tepb HAYMHAET [BHXKEHHC YHC/I0 7, CABUrafch Ha, 1 mosuuuio. Uucio n + 1 Menaer
Hapasiellne U HadMHaeT ¢JBUrarhed srpaso. Korna 6yaer nojyuesa rnepecTaHoBKa
1...n(n—1){n+ 1), 6yayT nomyuens! eme n+ 1 nepecranoska. [lajiee POUCXOAUT
ITEPECTAHOBKA 2JEMEHTOB 7. M 1 — 2, a n + 1 HauuHaer ABUraThes BieBO. laxum
0bpasoM, aAropuTM TOPOXKAAET N + 1 NepecTaioBKY 2jeMeHTa 1 + 1 B 1epecTaHos-
ke 12...7n. Korga Oy/ier QoCTUrHYTa NOCHE/IHssS MepecTaHoBKa ducen L, 2, ..., n,
TO YMCI0 N+ 1, BBITONHUB 7 4 1 CABUIOB, NepecTaHeT ObITb MOABUMXHBIM, U aJIIO-
puTM ocranaBnuBaercs. O0mee YUCAO0 CABHIOB, BHIIOJHEHHBIX AJTODPUTMOM, PABHO
n+1)-nl=mn+1)L

Pacemorpenunlit anropuTM — OJMH U3 Handosiee 9MPEeK TUBHbBIX aJI'0PUTMOB 10~
DOXKEHUS IEPECTAHOBOK.
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TiiaABA 2. KOMBUHATOPUKA

13.2. IopoxkaeHne 1oAMHOIKECTB MHOXK€ECTBA

3a/aua NOPOKIAEHUS MONAMHONKECTE MHOXKecTBa A = {ai,as,...,a,} IKBUBa-
JEATHA 3a/0Me TOPOACACTIHA N-PasPSUIBIX JIBOMYHLIX BEKTOPOB. /leHcTBHTe L0,
J060¢ MO/ IMHOKECTBO B MHOKeCTBa A OTHOZHAMIO 33, AeTCs N-MEPHBIM JTBOUYHbLIM
BEKTOPOM & = {(Cry, (2, . . ., Oty ), OLPEIETSIEMBIM CJIEAYIONIUM 0BPA3OM:

1, ecmma;, €8
0, ecmma; € B

Ouerniro, 4To HADOJeE IPAMDBIM CIIOCOOOM OPONACHUT BCEX INBOMHILIX HAGO-
)
POB JUIHHBI T ABIACTCH CHYET B CHCTEME CHHCTEHNS ¢ OCHOBAHHEM 2, UTO PEATH30BAHO

Gy =

CACAYIOIMM 2 IIMOPUIMOM:

fori=0ton dob; =0
pTint(b,7_1 A bb42> 3 TR ,b());
i =0,
while b, # 1 do b; = 0
i=i+1:

ﬁl while b; = 1 do
K

llepesox aroro anropurma Ha SI3BIK HOAMHOXKECTB MHOKECTBA {aj, da, . . ., Qb
[PHBOJUT K TIPUBEACHHOMY HMKE ajropuTMy, e obasicH (PUKTHBHDLIR 376-
MOIT Qg

S =u;
print(S);
=l
while anty ¢ § do while u; € S do S :.5 ~ {ah
1 =141
S=8U{a;}.

13.3. Topoxeiive pasmerienuii ¢ HOBTOPEHUSIM IX

Bocriombayemest TeM, 9To 33488 HOPOKICHA MHOMKCOCTBA BCEX pasMelenuii ¢
HOBTOPCHUAMH JITHHBI & W3 11 31eMEHTODR {u.o,ul, ..., Qp—)} SKBHBAJTEHTHA 3ajave
MOPOZIEHU ST MHOXKCCTBA A-Da3PaibIX YUCE] B CHCTOME CHHCICHNS ¢ OCIIOBALTHCM 71,
Ha k-om mecte B PasMeIIEHHN PACTIOIIATACTCH IEMEHT (; TOINA W TOABKO TOL
Korjie uMdpa B k-0M Paspsaiie COOTBETCTRYIOWICIO MHCHa PasHA 1. Hamomumm, 7m0
BCCTO PA3MCLUCHHE C HOBTOpeauaMy 1k

Iycre, nanpumep, k = 2 u n = 3. Torya seimumen see 2-paspyabIC YUCIA B
CHCTeMe CHHCJICHHA ¢ OCHOBAHUEM .3:

00, 01, 02, 10, 11, 12, 20, 2

) , 22.
Mt cooTBeTeTBYIOT pasMenienns:
("(f-rJ(lo>, <(l00‘1 >, (aoa2>, <(1,]_CL0>, <(11(1,1>) <(LJCL2>, <(l‘2(1-0>, <(l-2(1,1>_‘ <U,2612>.
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§13. I'eHepanusg KOMOMHATOPHBIX 0OBEKTOB

CneLytolInit alIlOPUTM HCIOAB3YET (DUKTUBHBIA 3J1eMEHT by TpPU HOPOAKICHUH
HabOPOB JIMHBL £ B crcTeMe cuucenns ¢ ocHopanuem n, rae b; € {0,1,...,n — 1},
i=0,1,...,k, e b, — 270 ubdpPbI PEHEPUDPYEMOTO UNCIA B CUCTEME CUHCICHHS ¢
OCHOBAHHEM 70

fori=0to k do b; = 0;

print(be-1,br—2. ..., bo);
1=10;

while b £ 140 S b n 1 do

bZ:O,
P=i4 1

bi:b«;‘i*l.

13.4. Ilopoxkaenue codyeraHuii

B kayecTBe OCHOBHOI'O MHOXKECTBA DYIEM PACCMATPUBATE MHOMXKECTBO HATY DAL
aeix uucen N, = {1,2,...,n}. Byaem nopokzath Bce coueranns QIMEbL k 43 3TOIO
MHOXKECTBA.

Pacemorpun, nanpumep, C'(6,3) = 20, coueTanus 43 NecTy 9MEMEHTOB 110 TPH
(r.e. TpexanemenTHble noaMHONKecTBa MHOXecTBA Ng = {1,2,3,4,5,6}). Drn noa-
MHOXKeCTBa, OYUeM 3alUChIBATE B BUIE G < Gg < a3, The a; € Ng, ¢ = 1,23, re.
YIOPSIOUMB JJIEMEHTBI 110 BO3PACTAHHIO:

123 135 234 256

136 235 245
B 145 236 346
126 146 245 356

134 156 246 456

CoueraHust, MpeiCTaBICHHbE B BUIE YIIOPAJOYEHHBIX 110 BO3DACTAHUIO JIEMEH-
TOB, MOXKHO 1IOPOXKTATH MOCIeI0BATENBHO MPOCTHIM CIOCOOOM. A UMEHHO, PACCMOT-
puM codeTanue a, = 1, ag = 2, ..., ap = k. Creayvioiiee codeTaHue HAXOTHTCA
IIPOCMOTPOM TeKYIUErO COYETAHUS A1, Gz, . . ., Gg CIPABA HAJIEBO C T€M, YTOOB! ONpe-
JIE/UTh MECTO CaMOI'0 NPABOTO 3JIEMEHTA, KOTOPBIH eIle He JOCTUI CBOE[O MAKCH-
MaJIbHOT'O 3HAYEHNE, T.€. UIlleM HaubONbINee a;, TAKOE, ITO G; + 1 He BXOJUT B JAHHOC
coueranue. icnu TakuX a; HET (3TO NPOUCXOIUT TONMLKO B ciyuae ap = n — k+ 1,
..., Qg =7N), TO CTOM. A ecsi TAKOe ¢; €CTh, TO 00pazyeM HOBOE COYETaHWE 4, . . .,
ay, nojaras

ay =ay,.. .05 = a;1,a; = a; + l,a;,l,1 =a;+1,..,q=0q_,+1
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['1ABA 2. KOMBUHATOPHUKA

JlarHBI AMPOPUTM Peau3yeM CJeyIONUM 00pa30oM:

ag = *—'[.;
fori1=0tok doa; =1,
i=1
{ print(ay,ag, ..., a);
j=k
while j #0do { whileaj=n—k+jdoj=j-1;
CLj = Clj + l,

fori=j+1tokdoa;=0a;;+1.

PacevoTpun Mexarusm paboThl 9TONO AJTOPUTMA Ha HPHMEDE TTOPOK IEHM: COte-
Tamni u3 4 snemcnTos o 2. HocsegoBaTeibHOCTL HTEPAIINE aJIPOPUTMA [IPHBEICHA
B crenviowei rabmurne:

i | Coueranus ay, ay h(j;j—'
1 73 2

2 1,3 3

3 1,4 1

4 2,3 3

5 2,4 2
_6J_ 3,4 | crom
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I'naBa 3. ®ynkuum k-3HaA9IHOI
goruku. CxeMbl 13 QYHKIMOHATIBHBIX
3JIEMEHTOR

31. k-3HaYHBIE PYyHKIUN

B srom paszene HyayT HOCTATOYHO KPATKO PACCMOTPEHbI HEKOTOPHIE BOIPOCHI,
oTHocgIuecs. K k-3HaqubiM JoruxaM. Hpu arom Bymer ycranosiaesa Kax HMEROIAs-
Csl OnpelesIeHasd aHAJIOTHS ¢ KJIaCCUYeCKOl 2-3HAYHON JOrnKot, Tak U OTAEIbHbIE
OPUHLUTHAILHBIE DA3JIAIUA.

Muorue onpenenesus mjisi K-3HAYHBIX JIOTHK COBEPIIEHHO aHAJOIUYHBI COOTBET-
CBYIOIIUM OTIPEIENIEHMAM JUIsT 2-3HAYHON JIOTHKH.

O6ozunaunm wepes Fy muoxecrso {0,1,... &k — 1}.

Onpenenenne 1. n-mecmuol k-3navwnolt dynxyued nasssaemea awboe omobpa-
orcenue f mnooicecmea B} 8o mnoorcecmso Ey.

Yepes Py(n) bynem 0003HaUATE MHOXKECTBO BCEX N-MECTHBIX K-3HATHBIX (QYHK-
uuit, a 4epes Py — MHOMXECTBO BCeX k-3HAYHBIX DYHKIHH.

Kaxaywo n-yvectayio k-3naguyio OYHKUHMIO, TAK »Ke KakK i Jr0yo 0y/IeBy (OyHK-
U0, MOKHO 3a08Th TabNuUEl Cleny omero suia, cogepxaieid £™+1 crpok o 1+ 2
CTOJIOLOB:

y . N | £ .

Ne |z Ty ... Tpoy Tn | f(T1, %2, Tno1, Tn)

1 €11 €1,2 E1n-1 Eln €1

2 €21 €22 . E2n—1 Som &2

A - ~ -~ ~ |~

k* =1 ekn11 €12 oo Egroinel Eknoim | Eknol

kn Egn 1 5.’«”,2 s gkln,h‘ 1 Sk",n Egr
B sroit Tabmvue Bece 5,y u e, (1=1,...,k™, 7= 1,...,n) 970 3;1€MEHTBI MHOKECIBa
{0,1,... k—1}.

/ra epupoodpasua HabOPY €1, €2, - -y Cin—1, Sin MOXKHO CONOCTABUTH HATY-

PaJIbHOE YHCTIO /f”‘lel-,-l +k”"25i,2+. ke 1€, k-untowmu yudpamu KOTOPOro
ABJIAIOTCA JEMEHTHl ITOr0 HabOpa, U NePeUHCaaTh HA00Pbl 3HAYEHHI apryMeHTOB
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[1ABA 3. OVHKUNAU k-3HAYHON JIOTUKH. . .

B TIopsiaKe BospacTanugd aTux wuces ot 0 go k" — 1. Taknn obpazom, B 1epsoit cTpo-
Ke Tabaunpl Habop 3HAYCHHH COCTONT U3 OJHMX Hy/eH, a B Hociaeanei M3 OJAHMX
s gncern k — 1.

[Tpu dukcauyn HaGOPOB 3HAYEHUNA APIYMEHTOB TMOJyUaeM ODHEKTHBHOE 0ToDpa-
JKEHYE MHOMKECTBA BCEX N-MECTHRIX k-3HauHbIX (DYHKIUHE Ha MHOAKECTBO TabJMIT VKa-
2AHHOTO RUAA. TAK KAK YMCI0 TakuX Tabiimu PABHO YHCIY PasIHIHBIX HOCTIeNHIX

v W T
croabios, a oHo pasHo kX' ro nonyuaeM ¢leAyIoniyio Teopemy.

Teopema 1. ITpu arwbor n muosicecmso Pi(n) scex n-meemnmd k-3natmols Gyk-
L

uuly cocmoum u3 k™ aneamenmos.

¥ - - - By oy " ek
Onpepenenne 2. n-mecmuan k-snawnas gynsuus f(zy, ..., Tioy, T Tigr,- - Ta)

CYWECTIBERIO 3A6UCUM 01 6Ol 10U NEPEMENHOT Ty, ecau naldemca makasi no-

i

ACOOBATEABNOCTIVG E1,y .+« + y Ei1, Eit Ly - -+ 5 Em, COCTIOAWASA U3 HUCEA MUODICECTIEA L,
) y Ci-1y il ) y

U Mmaxue 06a PA3AUMHDLY IAEMENMA & U [ IMO20 MHONCECTEA, IO

£ < = L Ff =3 ! e = »

i (&]: ce g 8y G Eigly e e ;tn) 7 ./ Lfll AR LS !».315’1.-{4) “ e a(/n)-
Tepesennvie, om KOMOPHIT CYWLCMBENNO 3ABUCUM. (PYHKUILS, NASOIBUIOMCA €€ C1-
WECTNECUHBIMU NEPCMERUDIMU, A OCTIUADHDLE — HECYULLCTIGEHHBIMU.

Ounpenenenne 3. Fceau o0ny k-3nawnyo GUHKUUIO MOJICIO NOAYHUML 13 IpY2ol
KOHCHUH UM, HUCAOM 07’“?])(/,’(/,”'& 6’(3(,’(}(11‘/-?1..‘1, U "U()(lﬂ‘(.’.'H.'f'JJL HECYWCCTHGCHHDLT TLEPCMENIHLUL,
MO 011 CHUMAIOMCA PAGHMU.

Llocreamee onpeaesieHre TO3BOIACT OTHOCHTEILHO TI000r0 KOHeIHoro Habopa k-
SHaaUBIX QYHROME Mpeaosarars, He3 orpauddends OOUHOCTH, YT0 Bee (DYHKIIHM
HTOT0 11abopa 3aBUCAT OT OJHMX K TCX KE HEePEMEHHBIX. DTOI0 MOKHO HLLAO OBl J10-
OUTHCS U 110-APYTOMY, KAk 370 ACJIACTCS, HAIIPUMED, B TeOPUU PEKYPCHBULIX (DyIK-
i - BREJACHHEM B paceMoTpenue gynxyul npoexmuposarud Ul (T, ..., By) = Tm.

Upyrum cniocobom 3ananust A-30aumx QYHKIAN ARIAeTest B 3aaHIE TePAMAMH
A (hODMYTAMI, TAK YKe Kak n OyIeBnx (DYHKIUUH, 9T0 110 CyTH JIeda PABHOCHIILHO,
Tak e xak i B GyJCBOM CVIAEe, MBI OCTAHOBMMCH Ha 1eDBOM BapUALITe,

Hyers U — pponssonabuast cucrema k-snaunbix pyHxrpii. Kaxioi n-mecrioft
f-3naunoit dyuxmuu f uz [ conocTaBum n-MecTHBI GyrRUUONLALHOLL CUMBOA f,
KOTOPBIA Oy/1eM tasbiBaTh umctesm Gyakoun f.

Huy KTHBHO OOPeAeIIM HOHITHE Mepma Had mronceemeom dynruut I, Tlpes-
RAPUTEILHO 32DHKCHPYEM CUETHO® MHOMNKECTBO OEPEMCHIIBIX {4y, Ty, . . )

PR R

[

Onpegenenne 4. 1) Kancoasn nepemernai T ABAACTICA MEPMOM HAO MHOICE-
cmaon, pynryud L.

2) Beaw | — n-mecmnas k-gnarnan dywsyua us ', a ly, ..., L, — mepmol nad
smoscecmeom Pynxuut Iy mo f(ty, ..., t,) — mepam vad smmoscecmsom dymmyui 1.

3) Bupasicenue A8AACTACA MEPMOM Tno20a U MOAbKO Mo20a, Ko2da 9o CAedyem,
us nynkmos 1) u 2).

B namsreiiuren uvs f k-saaupoit byuaxugn f Ovaem obosnadars MpoeTo depes f,
470 He IPUBETET K HEeUOPAasyMEHHIM.
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§2. SaMbikaHue KJIacCOB k-3HAYHLIX (DYHKLMIT

Kaok et Tepu 1 ectecTBenHbIM 006pa3oM onpenenser k-30a4uayio yHKITI0, KO-
TOPYIO MbL 0DO3HAYUNM Hepes fi.

Wunyxuuet no jauHe tepMa t ONPENCAUM €r0 3HAYEHUE NPU 3A0UHHbL 3HA M-
HUAL BLOOAULUL 8 HE20 NEPCMEHHDLL.

[Tycrs BCe repeMeHHbIe, BXOASTIME B TEPM F, COAEPIKATCA B CIIUCKE Ty, ..., Tp.
Boseymem npousBogsHBIE 1AO0D &1, ..., &, U3 [} B KadecTBe 3HAYCHHUA Tepemer-
HBIX T, - .., Ty ONDEJETUM 3HaUeHUEe Mepma T Ha STOM HADOPE B COOTBETCTBHI C
OlIpe/Ie/IeHUEM TEePMA.

1) Ecan tepM t — 9T0 mepeMenHast I;, TO €ro 3HAUCHUeM Ha YKA3aHHOM Habope
bymer €;.

2) Tlycrs Tepm t umeer Bug gty ..., tm), TIC § — M-MeCTHBIH bDYHKIMOHATh-
Hbl CUMBOJI, & 3HAUUT, ¢ -- m-MecTuas Gyrkuus. OBo3natuM depes i, ..., Cin
3HAUEHUS T€PMOB 1y , ..., L,y IIPU 3HAYEHUSX €1, ..., €, [EPEMEHHBIX T, ..., Ty.
Torna 3HatesneM TepMa t MpH 3HAYEHUAX £, . .., &4 HEPEMEHHBIX L1, ..., Tp OYIEL
glay, ...y am).

Oupegenum byHKUMIO [; caenyomuM obpasom: fi(ey,...,€,) PaBHO 3HAMEHUIO
mepma t npu SHAMEHUAL €1, ..., €, NEPEMEHHBLT Ty, ..., Ty.

OrnpenefieHue 5. N-MeCMHaA PyHKYUA © NPedemasuma mepmom i, ecau 8Ce €20
NEPEMEHHDLE CO0EPAHCANCH CPEOU Ty, .., Tpn U ft = §, T.€. NPU M0OBL IHAYEHUAT
EL, .-, En MEPEMEHMBIT Ty, ..., Ty 3NGHEHUE MEPMa t pacro p(E1,. .. ,En).

§2. 3aMbIKaHUE KJIAacCOB k-3HAYHBIX (DYHKITUI

Omnpenestenne 1. Jaa npoussosvnozo mnoscecmea I k-snaunvx Gynrkyutl ve
pes T obosnawaemes mroocecmso ecex k-3naunvir GyHrEyut, npedcmasu.mMbis mep-
mami mad mrosicecmeom . Muooceemso (U] nasweaemea samvixanucst mrodice-
cmsa k-snaunnr dynryud T Ecau ewnoansemes pasencmeo [I'] =T, mo mnosnce -
emeo I' Hasoi8aemes 3aMKRYMbLM.

O"*M(vrmr npocreiiue crolicrsa Onepanny 3aMblKaHUd

)T C [T,
) Ecan U C W, 1o (U] C W]

3) ([ = [T
Ounpenestenue 2. Muosicecmso U k-anaunox dynxyuti nasvieaemca (dyrriuo-
naavho) noanem, ecau I = Py, m.e. mobaa k-snawnas Gynryuas npedcmaeti
mepmom nad mroncecmeom I, m.e. [T'] = Py,

[lpuBejieM HEeCKONLKO TPHUMEPOB IMOAHBIX CHCTEM (MYHKLME M PacCMOTPUM BO-
[POC O HEKOTOPBIX KPUTEPUAX MOJHOTHL. TIPeKie BCero paccMoTpuM pa, 1 k-3HatIIbiX
byHKIMI, KOTOPBE B 1IEKOTOPOM CMBICAC MOXHO CHUTATH 3JICMEHTADHBIMHA.

1)z = z+1( mod k). Oyuxius T “yukauvecxuil cosue’ PaccMaTPUBACTCS B
KauecTBE 01110ro u3 0b60dIeHnit Oynesa OTPUHLAHMIS.

2) Hpyrum o6obiieHyem OyiieBa. OTPUUAHUS CIy:KUT hyHKuAs ompuyariue JIy-
xacesuna N(z) =k — 1 — 2. Dra dbyukugst 4acT0 0003HATAETCS depes3 ~ T.
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[VIABA 3. ®VHKUWU k-3HAYHOW JIOTUKH. . .

3) Heaywo cepuio obobmenuit Gyaesa orpuianust gator gyuxuan [(z) (0 <t <
k — 1), onpeuesisgeMble PABEHCTBOM

k—1 nopu z=t,
It(fl:) =
0 upu @ # t.
DOyuxiwpy I,(x) TakiKe HABBIBAIOTCS TAPAKMEPUCTIUMCCKUMU PYNKUUAMU MUCAG L.
1) Jlpyryio cepuio ob6obmennit Oymesa orpunaHug paior Qyuxnud J{z)
(0 <t<k—1), ompegeiagembie PABCHCTROM

7(2) 1 npu x =t,
Ji(x) =
e 0 npu x #t.

K Ji (1) TakKe HA3LIBAIOTCS TEPAKMEPUCTIUNECKUMU PYIKUGULAMUY YucAa L.
5) O6obmennenm 0y/1eBONH KOHBIONKIIH CIYKUT dyuriuug min(z,, rs).
J B kagecrse ewue onuoro oboduienud 6yn1esoi KOHbIOHKIUN BLICTYaeT dhyHK-

( mod k).

L12o

7) O606metem 6yJIeBOH JIUIBIOHKIWH CIIYKUT QYHKIFs max (1, Ly).
N\
)

o)

v

Ecnu uepes ;o 2y oboznavuurs mobyo u3 Qyuxuuit max(zi, zy), min(e, xg),
ritxs ( mod k) wayr, ( mod k), To HETPYAHO IPOBEPHTH BBILOTHEMOCTE DABCHCTE
1) AacconmaTUBHOCTE

((y0xy) 0omy) = (210 (29 01y))

1 2) KOMMYTaTHBHOCTh
(zy0m3) = (z2031).
B nasipHeimen BMecto saiucn min(z, s) Mbl 9acto 0y/1eM UCHOIb30BATE 3a1IHCh
(2, &x9), a BMecTO 3anucu max (), r3) — samuch (£1 V xg).
B teopun k-snaunnix GyHKIHT BaKIYIO POiTh UPPAET CIeIVIOTIASL CHCTeMA, (DY K-
TIHAI:

7. { s = < - .
{0,1,... k=1,I(z), I1(x), ..., [x_1(z), min(z;, 25), max(z,, 22)}
Hanoarmmm, yro npu 0 < 8,1 < k — | BLHIOJHAETCS] PABEHCTRO

-y o k—1 mupn s=1,
I(s) = : '
0 npu s # t.

~4
)

Kpome TOTO, CIIDABCUIUBHL CHIC/IYIOIINE paBeHcrBa:

I(z) V...V 9L () VI (2) V...V (z) nopu s=0,
I(I(x)) = <0 mpa 0 < s< k-1,
Ii(x) npn § = k—1;



§2. 3ambIKaHue KNaccoB k-3HaUHBIX (PYHKIIHIH

W BBIITOJIHEHBL AHCTpH6YTMBHhI€ 3aKOHBI

(.’Ifl vV :L'Q)l"g = (3719J:3) V (7172333);
(zy10) Vs = (21 Vaz)(zy V a3).

Cnenyroiee paBeHCTBO HOCUT HA3BAHUE “WCKITIOUEHUE YUCTLIX BXOXKICHUI nepe-
MeHHOU

=1 ]1(1) V2. [2( (r’(l*l)'lk_l(‘f).
HpaBMHO BBEACHMS EPeMEeH: HOt

).

/

(o]

T = Ty <[o(93'2) VI(aa) V.. VI (x

Henocpencrsernas mpoctast 1IpoBepKa yOCKIAeT B CIPaBeIJIMBOCTH CJIEIYIOMEH
TEOPEMBI.

Teopema 1 (Teopema o pasnoxenun). Jas a060 n-mecmnoti gyrxyuy | u3
Py svimoaraemes pasencmeso

flzy, ..., z,) = v L ()& &, (20)& fler, ..o En).

(ExymEn)ELT

B xauecTBe HETIOCPEICIBEHHOIO CJIEACTEHS 3TOH TCOPEML] ITOTYIAEM CITe1yIolee
YTBEDIKAEHHE:
cucmema Gyrryud

{0,1,... k=1, Io(z), 1 (z),..., Lr—1(z), min(zy, 22), max(z, za)}

TLOMHA.
Menee TPUBHAJILHON, & 3HAUUT U DOJIeC COLEPKATEILHOMN, TBISETCT C/ICLYIOUIAL
Teopema.

Teopema 2. Cucmema us deyr dyrkyut T v max(T1, Ty) ACAACTCA NOANROT.

Joxasamenvcmeso. st JokasaTenbeTBa TEOPEMBI JOCTATOUHO [OKA3aTh, Y10 (byHK-
muu koucrautel 0, 1, ..., k — 1 1 dyuxouu [o(z), Ii(z), ..., Li_i(z) n minizy, ;)
BBIPA3UMBI depe3 byHKUuKn T 1 max(2y, Ta).

st TonyIenna KOHCTAHT BOCIIOABIYEMUA CJCIYIOTIMMI PABEHCTBAMM!

r+l =2z, 2+2=z2+1... 2= (x+(k:—1))+l =z + (k- 1),

max(z,z Lz +2,. +(k-1)) = k-1,
0=(k-D4+1=(k-01)1=0+1=0.... k-2=(k-3)+1 = (k-23)
Ins monyuenust byaxumit lo(x), 11(z), ..., Ix-1(x) BOoCHOAB3YEMCS DABEHCTBOM

Ii(z) = ax (z+s)+1= K/nkl_ax'(r +s),
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[V1ABA 3. ODYHKUUU k-3HAYIION JIOTUKH. . . i

B BEPHOCTH KOTOPOTO yOEIKTaCMCs IIPOCTBIM PACCMOTPEHHEM ABYX CAYUach a) X = |
ubd)z#t.
Ecin BBecTH B paceMorpenne Qyuxuui fq (1), 3aJaHHbIC DABCHCTBAMM

5 mpu I =1,
faalz) = {

W0 upn @ # 1,

A1 4+max([;(z), k—1—s).

TO HETPYLO YOCUTHCSL B BEDHOCTH paseHeTBa fo (x) = $
r) BBITOJIHAETCS PABEHCTRO

Kpore Toro, mis modolt ogpomecriion Gy f(:
f(z) = max(froyo(®), fropi(@)s - fro—ne-1(2)).
TosTomy monywaes, B 4aCTIOCIH, PABCHCTBO
~z = max(fr10(x), fie21(2),- .., for-1(x)).
Jlst mosiydenus ByHKUMU MIn(z1, £o) MOMKHO BOCMIOAB30BATHCH PABCHCTBOM
min(zy, ) =~ max(~ 1, ~ Z3).

0

Cpean k-3iadunix yuxrwi umerorest adanorn gyuxuma [Heddepa, rakoroit
auiaeTcd, HaupuMep, gynsyus Beooa Vi(wy, 2), 3a/aHHas] pABCHCTBOM

Vilzy, 1) = max(zy,20) + 1( mod k) = max(z,22) = (21 V 72).

[Toanora cucremnl, cocrostuiedt namn u3 dyuxuun Beboa Vi(ry, xy), crenyer us
NPeILLYINeH TeoOPeMbl U CACAYIOUUX PABEHCTE:

z = Vi(m,z),

max(zy, T2) + 1 = Vi(21,22), max(zy,22) +2 = 1_11_?\—’;#1,2) +1,...

max(zi, Zy) = max(zy, x2) + k = max(z,z2) + (F—1).

§3. Ilonnora cucrem k-3HauHbIX DYHKIAH

Bazunr gorrpocom Teopun k-3Hatunik PYHKIEG, KAK 1 Teopiy 6VieBhIX DOy HE-
nnit, apsstered Bonpoc 06 “adpderTuBHbIX” HCOOXOAUMBIX U JOCTHTOYHBIX YCAOBIAX
noAHOTH cucTeMbl Qyuxuuit. B enyuae 2-30a4nb1x QyHKIME MCUCPUBIBAIOIHI OTBET
Ha Hero, Kak Mbl yKe 3HaeM, gaet Teopeaa 3. [Hocra.

[Tpexkne Bcero 3ameTum, uTo Jsitobas OECKOHEUHAS MOMHAN CHCTeMA A-3HAYHBIX
hYHKIUI COUEPKUT KOHEUHYI noanyto nodcucmemy. B camom jene, nyers K
Heckoreunas momuast cucrema dpyuaxmmi. Torga Gyuxuns Bebda V (z), vy) Boipaka-
ercd 1epe3 HEKOTOPYIO konewnyio nojcucresmy A cuerems: K. Hostomy

P = Viz, )] € (K] € [K] C P



§3. Iostnora cucrem k-3Ha9HBIX (BHYHKUHUIT

Buauut, [K*] = P, m.e. K* — koHewHad NOJHAS NOACHCTEMA CHCTeMb! K.

CynectByroT pasiaudHble YTO9HEHUS NOCTAHOBKM TPoG/ieMbl OJHOThL. OcTaHo-
BUMCSI IIPEXJIE BCErO HA AJTOPUTMEUECKON (hOPMYTUDOBKE.

Cyuecmeyem au aa20pumm, no3eoa0UUl N0 NPOU3BOALHOU KOHEY-
HOTL cucmeme k-3naunsir GyHrkuul onpedeaums, AGAACMCA AU OHA NOJ-
HOU.

[To ynecTo TeXHUYECKMAM NPUYMHAM YI00H0 BBECTU B PACCMOTPEHUE PYHKUUL NPO-
exmuposarus, T.e. Gyaxmd Iz, ..., om) (1 <t < m), 3a1aHHbIE PABEHCTEOM

Iz, Zm) = 20

DyHEKIUY NPOEKTUPOBAHUS [103BOJSTIOT QYHKUMIO [, repemMenible KOTOPOH coiep-
JKATCHA CPeAN Ty, ..., Tp, PACCMATDPUBATL KAK 7N-MECTHYKO (PYHKIHIO OT ITUX Ile-
pemenHbix. Clenyomas TeopemMa yCTaHABINBAET aJOPUTMUYECKYIO PA3PEIINMOCTh
1pobsieMsl MOAHOTH! SIS KJIacea k-3HATHEIX QYUKLM.

Teopema 1. Cywecmeyem anzopumm, no3s8oam0wuil no NPOUIBOALHOT KOHEUHOT
cucmeme k-3Hannuls GyHKyul onpedesums, ABAAEMCA AU OHG TOANOU.

Loxazamesvcmeo. PaccMOTpuM NPOU3BONBHYIO KOHEdHyIo cucreMy K k-3HasiblX

byuxkuwit fi, ..., fm. DBe3 orpanndenust oOUIHOCTH MOXKHO CYHUTATL, YTO BCE OHU
3aBHCAT OT OJHUX M TEX JKe NEePEMEHHBIX Iy, ..., Z,. Hamomim, uro gepes [K] Mbr

ofo3nagaeM 3aMblKaHue cHcTeMbl QyHKIui K.
Yepes [Ky, .. 2, 0603HAMEETCE MUOXKECTBO Beex dyHKumMI u3z [K], sasncaiuux
JIMIIb OT HEPEMEHHBIX T, . .., Tp.

L

epsbiv marom Gyner nocrpoenne MHOXKECTBA [K |4, 4,

Jl1s1 9TOro Mo WHAYKIIMK OCTPOUM BO3DACTAUIVIO MOCICI0BATETLHOCTD

Koy CK CKyC...CK,C...

k-3HAYHBIX MYHKIEHE OT HEPEMEHHBIX ] ¥ To.
ITonaracm Ky = @.
[Tpem1onoxem, 94T0 y2Ke MOCTPOEHBI MHOXKECTBA.

Koy C K CKyC...CK,.

Hyern
Ko = {gi(zy.22),. .., g5, (x1, 22) }.

Hepes K, 0003HaunM MHOXKeCTBO (DYHKUIMI BH/IA

fi(Gilmy, @), .., Gulzr. 22)),
riae 1 <7 <m u xaxnas Gyakuus Gi(z), 22) — 970 1mbo dhyHKImMs 13 Kiacca K,
6o dbynxuus 17, mubo bynxima I2 (2-mecTHble DYHKINM NPOEKTUPOBAHAS COOT-

BETCTBEHHO Ha [EDPBYI0 WM BTOPYIO [IEPEMEHHYTO).

127



TJIABA 3. OYHKUUU k-3HAYHOM JIOTWKH. . .

Tlonaraem
K., = K,UK'.

loayaaem nenouKky MHOMXKECTB
Ko CKiCKyC...C K, C K1

Hetpyo noHats, 4ro eciu Ko = K, 10 Ko = Kgq, Kop3 = Koo 1 T, TC
HENOUKa MEOKCCTR

KOQA,IQKQQQAQ

- » 2
crabumnsupyerest. MokHO Haitth Takoe §* < kF | uro
}(()CK1CIK2C...CK‘S* — 1’{.‘5"|l = Ks*+2 —

Herpy/o nousite, 9ro
Vs (" 1
Z\s* = ,/1;---,f7u;J:1,Iz>

e JUIS IPOM3BoNIBHOrO Kaacca K uepes Ky 4,
Lt u3 Kiacca K| 3aBUCAITUX 01 ABYX NEPEMEHHBIX T1 H Ty.
BoamMoKHb! ABaA CIIyvasd.
1) Oynkups Be6b6a Vi, 4, He BxoauT B K. Tax xak Ky = [f1,..
}

0003HAEHO MHOXKECTBO Beex (DYHK-

) f7n]r;.‘1_,1?2>
10 chynkuus Be6ba Vi, 5, we pxogar u B [fi,..., fin]. Hooromy [fi,. .., fm] # P
BHAUUL, cHeTeMa [1, ..., fm HE ABsiercy 110'-1Hoi‘71

2) ®ynruua Bebba V,‘ 2z, BXOJINT B . =2 R o Bl s

Torna

P’c = [%1,:uzj (_: K—s“ g [./‘l:-”:fm] g [)k-

Buauut, [f1, ..., fm] = Py, Te. cucrema k-suanuubix dyuxuu#t fi, ..., fm gsiasercs
HOJIHOI. O

HApyroft D0ax04 K BOIPOCY O TOJMHOTE cuCreM (DYHKUMI MOZKIO Ha3BaTh Onu-
camenvhvm. OH COCTOMT B YKAZAHMH HEKOTOPDLIX HEOOXOMUMBIX M AOCTATOTHRIX
CBOMCTL cucTeMbl QyHKi K| obecieumBaOmMX ee 10JHOTY.

[vers K 11poU3BOABHBIN Kiace (byHKIuL.

Onrpesteisicane 1. m-mecmuan pynsyus gy, ..., Tn) COTPAHAEM KAGCC (PiyHEK-
wuti K, ecan Oas mobwx m ymwuud fr(en, ..o, xn), oo fin(@0y o @) us kaacca K

.(:7(./)1(1:1)"~;:7:n.);-"‘,fn.'(:r])"' )) ["’

st ipoussosbHOro xnacca J obosuamy vepes (K) muooicecmeo ecex dymnk-
wuti, cozpansowur xaace I. Herpymo nomsirs, wro 3 (K) Bxogar Bee hyHKImn
npoekruposanug [z, ..., 2n) u (K) — samxnymuti Kaace, T.e. BLIIOANLETCs
pasercreo [(K)] = (K).

Crheaytontas Teopema A.B. Kysuenona o GynkiMoHaALHON HOJIHOTE MOKET Pac-
CMATPUBATHCA Kak 00obwenue Teopemsl . Tlocra wa k-3uadimie dyuximm,
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§3. Iosmora cucrem k-3Havnblx hyuxiyi

Teopema 2 (A.B. Ky3uenon). Moocro nocmpoums makyio KOHEUWHYH CUCTILEMY
3AMERYMBLL KA0CC08 8 Py
[{lx -[(21 R 7[(17’“

umo das noboll cucmemor K dynkuutl us Py umeem mecmo sK6usaieHmHocmy
K — noanas cucmema gynxyutd > K €Ki &K € Ky& ... &K € K,,.

Hpu mocrpoennn knaccos dyukuuit K, ..., K, 0cobyio pons DyayT wrparsb
OYHKUHH, 3aBUCAUIME JUIIL OT JABYX NEPEMEHHbBIX Ty U Io.
DTO IPUBOJUT K CJIELYIOMEMY TIOHATHIO:

Ooupepenenune 2. Kaace dynxyutd K neswsaemces n-3amxHymom, eCcal
[Kuy, o € K

Fcnu Bce dyHxImu u3 n-3aMKHYTOrO Knacca K sIBISIIOTCH 7-MECTHBIMHU, TO
(Kley 2, = K.

B nansuefimeM OygeT nosiesna CIelyrolad npocTas JeMMa.

Jlemma 1. Ecnu xiace K cocrodT auinb U3 2-MeCTHBIX (PYHKIUH, COUePAKUT (DYHK-
‘ o ;

UM IpOeKTHpOBAHAS [2 i [3 1 SIBJISIeTCA 2-3aMKHYTHIM, T.€. BLIMOJIHSAETCS PABEHCTEO

(K4, 2, = K, TO BBILIONIIEHO H PABCHCIBO

(K)o, = K.

Loxasamenvcmso.  Tpebyercs Hokasarb, YTO HPU CACJAHHBIX [IPEITIOAOKEHU X
2-vecTHast PYHKIME coxpassel kiaace K TOIL 18 U TOABKO TOIAa, KOTJA OHA NDH-
HAINCKUT ITOMY KJACCY.

Ecimm f(xq, 22), filz, 29) u fo(zy,r,) — npoussosbubie pyHKImY 13 Kaacca K,
TO

A N . . . 7 — [~
f(fl(mle):- fQ(-Z/bl'Z)) € [}&]I e T ]\-,
nosromy f(zy,72) € (K)y, 4,, 38auur, K C (K),, ,,.
ot poxazaresnscrsa ofipariioro sk noueunst (K, ., € K BosbMent DVIKIHIO

[y, 22) n3 kracca (K) g, 4. Tax kax knace K cogepuuT QYHKUMM IPOEKTUPOBAHNS
I2ulZ 1o

-/

flzy,20) = f(IE(xy, 20), I3 (2. 1)) € K.
(]

Jowasameavemao Teopemst A B, Kyznenosa. [dns nocrpoedus wiaccos yHk UM
K1, oo, K NPEJBApUTCIRHO HOCTPOUM CHCTeMY Sy, ..., S, €CeT PasiuHvlr cob-
cmeeHHuT nodamiodicecme muosiceemaa (P, o, 6cex 2-mecmmmx k-3nernlz gyik:
wuld, 06A60a0UWUT 06YMA CEOTCMBAMI

1) xancooe us mmooceems S; (1 < 7 < p) codeporcum obe Bymryun npoeKmuUpo-
sonua 13(xy, 2o) u I3(zy, 12);

2) dan xaorcdozo § (1 < j <p) vinoanaemes pagencimeo

[Sj]ﬂt\,l‘z = S]"
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FI«\BA . DYHKIIMKW k-3HAYHOUW JIOI'MKH.

s mocrpoerns cuctemnt S, ..., Sy CPETH BCex gt PARTHYHDIX CODCTBCH-
HBIX HOIMHOMKECTB MHOXKeCTBA (P )y, ., BCEX 2-MECTHBIX Kk-3HAUHDLIX DYHKIMHA BLI-
fupaeM JMIIL Te, KOTopble cojgepkar obe dynkmmu npoextuposauus [i(zy, zs) u
]2)( L1 .’Z’Q),

Cpean 9TUX NOAMHOMKCCTB 0TOUPAEM Te, /LIS KOTOPBLIX BBITOIHEAO CBOHUCTBO 2).

JLisi 5TOr0, Kak OHHCAHO BbIILIE HPU NOKA3ATCALCTRE NPOJALLAYIEH TEODEMDI, 714
Ka7K,10T0 UCIBITYEMOIO KIACCa S CTPOUM MHOXKeCTBO | S| ., H IPOBCPAEM BBILOJ-
HUMOCTB paseHcTsa S, 2, = S.

Toa kaxaoro j (1 < j < p) nonaraen

Sr = (8,

s YA e T YA ('t i rotEITe G
r.¢. 57 COCTOUT M3 BeeX yHKIWIL, COXpaugiomux Kace S;.

13 moeTpoeHHBIX MHOYKECT B OCTABJILCM JIUIIL TE, KOTOPLIE HE COJEIKATCH B JAPY-
rux. [onydaem cucreMy Knaccos Ky, ... K.

Holw,z\cm TO T [IPOM3BOJILUON cuerembl K (pyHkiuui U3 £ umeerT Mecto

K — vonoag cucrema dysxkumuit = KZ K &K K, & ... &« KZ K,,.

[lyctn K posmas cuctema dymkip us . [pegnoiomin, 4o cylecrsyver

rakoe ¢, uro K C K. Hatiylerest taxoe 4, aro K; = (S5,). Kax nokasaio ppirme, u3
pusercrsa K; = (S;) cneayer, uro K, -—— 3aMKHYTLIH KJacc.

Tax xak wiace S; cogepRuT & ym\'mm le()e’ Tupoanus [7 u I u apigercs 2-
3aMKL |\. UBIM, 'T.€e. BBUIOJIIAeTCd PDABEeHCT BO 1"1 Ty - S’.,‘,} TO BBLIIOAHICHO M PaBeHCTRO

Ho o nocrpoenmo S; # (Fy)y 2y, SHATIT,
([{f}-”l E. = ((5“\\,,, # (\Pfﬁ-z'
Tax kak Ky — 3aMKHYTBIH Kiace, TO

K] € Ko # ().

HTo TPOTUROPCHUT TPEITONOKEHHIIO O HOJHOTE CHeTeMb dyHKIil /.
st mokasarensersa obpaTnoro paceMorpuat cuctenmy dbyriimi K, He cogep-
KAILYIOCH HE B OAHOM M3 KiaccoB K, ..., K. Joxaxkes ee nomory.

\

Hpenonoxum uporustoe, T.e. 4ro (K] # Py, Torma dbyuxuus Bebba Vilry, ry)
e npunagnexxut (K. lTomaraen S = [K U {I3(zy,23), [3(x1, 25)}]. Herpyano mo-
HATh, 4TO Torga 0 Vi(zy, 22) € S.

[Tonaraem T = (S),, 2,

Torna

1) muoaectro T' comepznT 0be dyHKIMM IpoekTHposaims [2(z), 25) i I3z, 23);
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§3. Honrora cucrem k-3Ha9HBIX (DYHKIHH

2) oboznadnm vepes F wmuomectso K U {I3(zy, z0), I2(z
BBIIOJIHSIIOTCH PABEHCTBA

1. Z9)}, Torma S = [F| u

[T]Il,l'z = [(S>I1>-’Ezlv1,-’£2 — “]_] -’-",il'z]:ifl',l'z = ['F!llfj,.l:‘i = S;r-..rq = T.

Tak xax Vi(z1,22) € T u I7, 12 € T, to nasigerca taxoe j (1 < j < p), aro
T=5,

Tax kax S = [KU{[}(x),z9), [3(x1,22)}], T0 S — 3aMKHYTBII KNTACC U OH COXPa-
Hs1eT Kiace (S)g, 2, = T = ;. Tlosromy S C ST, Knace ST comepKUTCs. B OLAHOM M3

knaccos Ky, ..., K, kpome Toro, K € S, sHa9uT, u Knace K COUEPKUTCS B O IHOM
3 kiaccoB K, ..., K,,. Ilonydyensoe npoTuBopeune 3asepuiaeT A0KA3aTelbCTBO
TEOPEMBI. 0

Eme B 30-e rogpt XX Bexa M. Caynenxkuil aas k > 3 ycraHoBun KPUTEPUR 110J1-
HOTbI CHCTEMBI k-3Ha4rbix DyHKumi. [Tozxe sTor kpurepuit 611 0bodmer C.B. #06-
JTOHCKWM.

Teopema 3 ([. Cayneuxuit — C.B. doénouckuit). Ifyems k > 3. Ecau cu-
cmema K- gynmuuti us Py codeporcum ece odnomecmmote Gynxyus, mo OAf ee noa-
HOMBL HE0OT0OUMO U Jocmarnouno, wmobvl 6 Hee 6T00uAa Hexomopasd Pynrxyus f,
UMEIOUWAA HE MENEE J8YT CYULECTNEEHHBIL NEPEMEHHILT U NPUHUMAOWAA 8Ce K 3Ha-
YEHUU.

Tp&ﬂI/ILLHOHHO JOKa3aTEeJIbCTBO 6a:&upyeTc<A Ha pdae JeMm.

Jlemma o Tpex Habopax. Ecru 1 — 0fHA H3 CYUIECTBEHHbBIX TIEPEMCHHBIX
dbyrrimn f(z1, ..., T,), HMEOUEH He MeHee JBYX CYLIeCTBEHHBIX MePeMCUHBIX I
OpUHUMAIOUIEH He MeHCe TPex 3HaYeHWH, TO HAHIYTCA TpH Habopa BH,

(b,aq,. ... a,),
(a,bg, ..., hy),
Ha KOTOPBIX PyHKUUA [(21, ..., Ty ) UPHHAMAET TPH Da3iHdHbIX 3HATCHHSL.

Jloxasamenvemeo. [lycrs dynxkumst f(2y,...,2,) npudumaer [ (I > 3) 3naveuuit.
ITo npesnonoKesnio Ty — CyILECTBeHHAd TepeMennas. 1103ToMy Hal 1y rest Takie
HabopbL (@, ag, ..., an) U (f,a,...,0,), 9TO

7((@) Qag, . - >U'TL) 7é f(ﬁ) az, - - )CLTL)'
SuauuT, Ha Habopax

(0,0;2‘,...,C’:n).,(l,(lg,...‘yan),...)(k“.J.,az).“_,an)

dyukupms f(x1, o, ..., T, ) IPUHHMAET HE MEHCE JIBYX SHadeHuid. [Tpy 9T0M BO3MOXK-
HBI JIBa CIy4das.
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['maBa 3. OYHKLUH k-3HAYHON JIOTHKH. . .

1) Oyukuusa f(zy, T2, ..., L,) HA 9THX HAOOPAX DPHUHUMAET JUIIL JIBa 3HAYe-
nng. Torga Tperbe 3Ha4cHHe 3Ta QYHKIUS LUPUHAMACT HA HEKOTOPOM Habope BHA
(@, by, ...,by). Ocraercs BuIbparh Takue HABOPLI (¢, Ay, - .., 0y ) 1 (b, as, ... . ay,), 9r0

fla.az, ... an) # flbyay, ... an).

BB 9rom cityuae nekoMeic nabopbl — 1o (a, ag, . . ., 4y, (b, as, ..., a,) @ (a,ba, ..., by).

2) DyHKIMS f(.’L"l, TSig m nsi ,.’1;:.,,\_‘) Ha ATUX nabopax npuHuMaer Hojee JBYX 3HAYUCHHHA,
Bocnoanayemest Tem, uro y dyuxupn {2, ¥, .., 2,) €CTh elile 0jiHa CYTIECTBeHHAsL
nepeMenHas. SHaYHT, Haflqeres takoe ¢, 1o dynkmua f(a, zg, ..., 2,) HE ABISIETCS
nocrogrnoit. [Tosromy vaiyTea Takne yabopnl (a, @y, ..., ay) 1 (a, by, ..., by), w0

0 = f(a;a%---;an) 7—'L f((l,,bg}...,b,J = (a.

Tax xax byuknus f(ry, zy,...,2,) Ha Habopax Buja (o, as, ..., 0, ) IPAHEMAET
Bo/ee JIBYX 3MAICHHH, TO Haiigerca Taxoil Habop (b, as, ..., ay), 4TO

C3 = f(b, Gy v v ,(Ln> & 3 # (& & 3 7‘1 Co. .

U B arom cayqae (a,az,...,an), (byas,...,a,) 1 (a,by,...,b,) — HckoMBble HAGOPHL.

—

!

Sameuanwe. Pasvecrus HaiiaeHnsie HabOpH B MaTPHILY

a dp ..a g
b g v Gy ).
¢ by ...0b

B Kaz oM cTOJIOnE HOSYHCHHOR MATPHULI COAPIKITC He BOJIee ABYX DA3IIMHBIX
sarenerTon. B nepBos croudne poBLHo gBa pasimuHbIX sqeMmerta. Herpy o nousrs,
9TO U ele o KpaifHel Mepe B OIHOM CTOJIOMNE COACPIKATCA 4BA Da3THIHBIX SICMCHTA,
TaK KAK B IIDOTHBHOM ciydae (a,ay,...,a,) = (a,by,...,b,), 9T0 uUpoTHBOpCIHT
uepapenctsy fla,as,...,a,) # fa,by, ... by).

Keaadpam — sto cucrema us Jersipex HabOPOB BMJIA

ai, G @iy, @y i, oy Ty ey Gl 1 sy O

( Ay, ooy A, (1,/, @iy ey Ay b”, Qiry, +-.y Qn
J 7

¢ " /

( ary, ooy @i, @, apy, .., @i, b, a an
( "

al: Tty (7‘ 1 a i ('L'r' Ly #w = a‘j*-‘ s b/,) {:"Ji b1y o b= ”'H.

1

¥ i G SRR

B B T N

upn yetopnu, 910 ¢ # o’ m b # V. Camu Habophl GyeM HAa3BLIBATL GEPULUNAMIL
KBa apala.

Jlemma o xBajpare. Fean ¢yukyus f npunaMaer ne Menee Tpex 3uaqeHHi U
CVU[ECTBCHHO 3ABHCHT OT He MCHee ABVX CBOMX HCDCMEHHBIX, 10 CYINEeCTBYET KB
PAT, B BepUINHax KOTOPOI'o (DyHKIHMS UDHHHMAET HC MCHCE ABYX PAZIHIHBIX 3HAUC-
1iil, npudeM OMHO I3 ITHX 3HaveHHlt IPHIHMAeTCst JIHIULb B OAHOH Bepliie.
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§3. IloanoTa cucrem k-3HaYHBIX (PyHKLIH

Loxasamenwvcmeo. Ilna dyHKIMK [ BBINOJIIEHB! YCIOBUA JIEMMbI O TPeX HabDOpax.
bBe3 orpaHuterng ODITHOCTH MOYKHO CUUTATH, UTO EPEMEHHAA L1 ABIAETCH Cyiile-
CTBEHHOM, TONJA U3 JOKA3aTEIbCTBA JAEMMbBI O TPeX Habopax CAeNyeT, YTo HalIyTCst
Tpu Habopa BUIA

((l:)(lg, ce >a‘TL):
(b,(lg, . ,an))
(CL, bQ, . -;b-n>)

Ha KOTOPBIX QMYHKIWA f NPUHUMAET TPH Da3/INUHBIX 3HAYEHUS.

B cooTBeTcTBEM ¢ 3aMeyaHUEM [OCTE JIEMMBI O TPEX HAbOPaxX PasMecTUM 3TU
HaDODBI B MATPHUILY ¥ JOOABUM K Helt 9eTREDTYI0 CTPOKY, YT0OL! MOMYYUTE MaTPUILY
BUIA

a azx a3z ... Qym Gme] ... Qp
b ay a3 ... Qn Qpmi1 ... ap
@ bg l)g . (y)m Am+1 .- Qn "
b bg bg Ce bm Am+1 -- - Qp

e BbiAeseHo Haubosbuiee m (2 < m < n) Takoe, U4TO @, # by (Takoe m cyme-
CTBYeT).

Ha stux #abopax dyHKuMS DPUHWUMAET HE MeHee TPeX PAa3JMUYHBIX 3HAYCHHI,
O3TOMY OJIHO M3 3HAYEHUA NPUHHUMAEETCS B TOMOCTH omuil pas. OaHaxo yrasal-
Hble HaDODbI MOIYT HE COCTABAATH KBAJAPAT, TAK KaK HabopBl (ag, a3, ..., 0m-1) I
(ba, b3, ..., bm_1) MOI'YT HE COBMANATE.

Bepaemcst kK #abopam

T
0, Gz, az, ..., a'n) 3
@, 627 b3, Ve, bn)

Ha KOTOPBIX DYHKIMs f IpUHUAMAET TPU PA3JINYHbIX 3HATEHN J1, O 1 J3.
PaceMoTpuM MocieIoBATEILHOCT Iap HAbOPOB BH1a

(a, ag, as, ..., ap) (a, by asz, ..., ag)

(b, a2, az, ..., a,) (b, bo, az, ..., Gy
(@, by, b3, ..., an) o (a, by, ks, oo )
(b, b by ..., an) ... (b by by .., D)

Hetpynno 3amerutsb, 4ro A100ble J1Bd COCEAHUX CTO/ONE B IOy IeHHON MaTpULe
pasmepa 2 (n—1), a5eMeHTamMu KOTOPO# SBAFIOTCH HAGOPLL, IGO0 COBMAIAIOT, 100
0b6pasyoT KBaIpaT.

VEaaaB MOBTOPSHOMIMEcT CTONDLBI, MONYYUM [10CHEeNOBATENBLHOCTE CTONOLOB
Ay, .o, Ak, KaXKJBLIT U3 KOTOPBIX COCTOUT U3 ABYX HAOODPOB.

Ha sneventax cronbua A, GyHKHUA [ UPUHUMACT ABA PA3IMUHBIX 3HAHCHUS 0
uds.
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[VIABA 3. @YHKUWUU k-3HAYHOM JIOTHKI. . .

Cpen suadenuit, KoTopele GYHKIMs [ OPHOIKMACT Ha AjeMenrax croadna Ay,
ecTh 8. IToaroMy Ha sseMenTax nocieauero cronbua A, dpyukiuus [ He upuHnMaer
1o KpaliHei Mepe 0/[HO W3 3HaveHil 01 1 0.

SHauUT, HaliIyTCs Takme Ba IOC/Ie/10BATeIbHBIX crosdia A, u Ayjpy, 110 Ha
sneneHTax ¢roabua A, GyHKIUA f IPUHAMAST /BA PasIMHILIX 3HAMCHH ()J b (Sg
a Ha anedentax cronbua A,y dyuxnus [ oxord Obl 0MHO W3 ITHUX 3HAYEHMI He
MIPUHUMEET.

Habopel, Bxoasmue B croadunt A, 1 A, 00pa3yoT HCKOMBIH KBaIPAT.

Feou Ky, ..., K, — HPOU3BOJIBLHBIE HEITYCTHIE [TOIMHOKECTBA MHOMKECTBa £, TO
UX [psNMOe Hpou3Bederne Ay X ... X A, OvieM Ha3LIBATH KyDOM.

Jlemva 2. Fenw ¢dyuxmus [(zq,...,7,) 1.']),"{)‘{11’,\.’-516,"1‘ [ srazenuf, npuiem | > 3,

H CYIIECIBCHHO 3aBHCHT OT HE MEHCE JBYX CBOHX MEDEMEHHDLIX, TO CYLIECTBYCT Té-

xoit ky0 Ky x ... x K,, na anemenrax Kortoporo yuxuus f(zy,. .., T,) UPHIHMA-

er Bce 3TH | 3raveruit n mpu awbdom | (1 < t < n) BBIMOAHAIOTCA HEPABEHCTBA
A <1-1.

Horazamenvemeo. Jia GYHKIUE [ pBUIONHEHB! YCIOBNH JICMMBL O TPEX HABOPAX.
bes orpanuyerns oOIHOCTH MOXKHO CYUTATh, UTO HEPEMEHHAA Ty ABAAETCA CYILEe-
CTBCHNOMN, TOT/IA M3 JOKA3ATEIBCTBA JEMMDL O TPEX HAOOPaX CAEHYeT, Y10 Halayred
rpu nabopa BuIa

18, KOTOPLIX QYHKLM [ NMPHHUMAET TPH PAa3/IMUHLIX 3HAYCHMSL.

Buibepem [ — 3 mabopa, Ha KOTOPHX (DYHKUHA f HpUHHMaeT oCTasblble [ -
SUaMCIINA,

(D, (Y,

o iaraens

K, = {ay, by, (9(,,2). T (7("' 3) I.

Herpy, 1o nousts, 9T0 B KauecTse HCKOMOTO Kyba MOKHO B3aTh KvB Ky X ... x K.

Aorasamesvemeo reopemsl. Ilyers k > 3 u cucrema K Gyuxuuit u3 % comepKut
BCe OANOMECTHBIE (DYHKLMM.

Hokaxkem, uro daa ee noanomu 1eodrodumo, “mobu 6 nee 6x0uAGL HEKOMOPLA
dynwyua f, umerowas ne menee Jeyx CYULLCTNBERNDLT NCPCMEIHHOLL U TPUHUMAIO
wasi ece k snavenud. Dyaxuus [, UMeomnas He Meree JBYX CYNECTBEHHBIX I1epe-
MELIDLIX U IPHHNMAI0IA BCe Kk 3HAUeHMI, Ha3bIBACTCH CYULECMBEHHOT.



§3. IloraoTa crucTeM k-3HaYHBIX (DyHKIUTH

Upennonoxxum, 910 cucrema K He CONEPKUT CyNIECTBEHHBIX DyHKLIMM,

[TokazeM, 4To Torma u 3ambikanue K| cucremsr K He COACPKUT CYUIECTBEHHbBIX
pyBRUMIA.

[peanonoxum, ato f(z1,...,%,) — cyulecTBenHas (DYHKUMs, peaamuayesad He-
KOTOPBIM TepMOM t Hal( cucTenon K.

Tak Kax 1o DpelIIoNOXenuo CUcTenMa K He CONEPMNT CYILIECTBEHHBIX (DVHKITHHA,
TO JyIMHA TepMa t OosbIue eqUHUIIbI. 3HAYUT, OH UMECT BH/T

g(tl)"':tm)7

rae g — gyExuas w3 cucreMmsl K aly, ..., ty — DOAXOIAIIKE TepMbl. B 3T0M Cilyuae
dbyHKIMA ¢ HasbiBaeTCs sedyued wiu eaashod.

Ecit hyHKIMA ¢ fHe aBigeTest 0AHOMECTHOHR, TO oHa IubO ne NpUHAMAET Bee k
3HAYEHMU W B 2TOM CJTydae TepM t He MOKeT Dealli30BaTh CYUWeCTBEHHYIO (DYHK-
ouio f, b0 MYHKUKA ¢ 11e uMee] IBYX CYUICCIBEHHBIX MEPEMENHLIX. B TOC/Ie/ HOM
cnyvae DYHKIMIO § B 3AIMCH TepMa [ MOXKHO 3aMEHUTH [OAXOALICH OHOMECT-
poyt dyukuued u3 K (no npe;monoxkennio cucrema K CONEP:KUT BCe ONHOMECTHBIE
BYHKIMN) 1 IOy THTL HOBBIH TepM 1/, Peamsyommi Ty ke QyHKOUIo f, NraBHas
dyHKLINA KOTOPOL'O OAHOMECTHAS.

Kpowme Toro, ecitu B Tepme t' Bce GYHKUIMY, HE MMEIOTIHE JIBYX CYLIECTRCHHRIX TTe-
PEMEHHLIX, 3aMCIUTh MOAXCAAUINME OAHOMECTHBIME (PYHKUMAME ([0 (PCAI0TOMKE-
HUIO BCE O IHOMECTHBIE (DYHKIHMH COUEPKATCS B cucTeMe K), TO MoJyHelunii Tepy,
KOTOPBLE Mbl OyAeM NPOLOIKATE 0O03HAYATH HePe3 ¢, PeAIU3yer Ty xKe (PVHKIHIO f.

Tax kak GyHKIME f 10 NIPEATTON0KEHNIO CYIECTBEH AL, TO TePM T UMECT BT

flhC Solgt ) - )),

vie fi, oo b oHOMecTHble DVHERKIMA, 1, .., Ly - DOJIXOJAILHE TEPMbBI, a
gz, ..., Lm) — M-necTHAT PYHALME ki s cucrenmbl K|, uMeiolag ABe CyLIecrBenHble
HOPCMEHHDIE. S1AYHT, OHa NpuHKMMaeT He 6ojec k — 1 3HaqICHuM, TO9TOMY M QYHK-
nust [ npunuMaer He donee k — 1 3HaTEHHH, UTO MPOTUBOPEYUT [IPEATIOT0KCIHIO O
ee CyILIECTBEHHOCTH.

Jlna pokaszarenbeTBa JOCTATOYHOCTH HPEANOAo:KAM, ato k > 3, cucmema K
Pyrxuut uz B, codeporcum 6ee 00momecmnse Gurnkius U 6 nee 800um HeKOmOpLA
dyrnkuus f, umeues He MmeHee JSYT CYUWCCMECIIT NCPCMEINNT U NPUIHUMAIC-
wos ece k snavenut (f — cymecrselnast QyHKIES).

Menykauedt no [ gokazken, 4ro 3aMbikanue [K| cacrensl Qyrkuit £ cORepKHT
Bee byHKUMK U3 F), NPUHUMAIOIINE | 3HAYCHIH.

Haunem ¢ [ = 2. TTokaxem, uro savuikanune [K] cucremsr dynxuuit K coaepKuT
Bce (hyHKIun U3 Fy, TpuRUMarome 2 3HaYeHus. 13 ¢BOW0 ouepean JI8 3TOro JoCTa-
TOUHO JOKA3ATh, YTO 3ambixkanne K| cucremsr dyrxuumit /' cofepxut Bee QyHKIMY
u3 Py, npuanMaloiue gpa 3Hadcrudg 0 m 1.
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[1ABA 3. OVHKIIMK k-3HAYHOU JIOMMKH. . .

B camowm ene, ecam HaM 9T0 YIACTCA CIenaTth, To nyceTh MVHKIMs (2, ..., Ty)
nprHIMaeT ABa 3Hadenud a u J. Pacemorpiy (hyHKIHIO

0, ecma g(xy,...,%n) = Q;

go(@, - Tn) 1, ecma g{zy,...,2,) = 3.

[TosaracMm
[a, ecom ¢ = 0;
,U‘,y”")'(.‘):) - 4
\,
Tax Kax 110 yeaosuio cucreMma K COAEPKUT BCe O/[HOMECTHDLIC (DYHKUMH, TO B Hell co-
JCPKUTCSE  DYHKUIUA p.%f:;(x). TlosroMy ecam MBI JOKaXKeM, 910  DYHKIHs
Go(Z1, ..., Tn) COOEPIKUTCS B [K ], TO Aajee OyAeT J0CTATOYHO BOCIOJIB30BATHCS Pa-
BEHCTBOM

ecan x = 1.

9(971, Ty )-/L‘n) = f“’-n.,,ﬁ(QtJ(f'v»:l; " e :mn>)~

Joxaxkem, yro B [K| comepxkarcst nBe 2-MecTHbie GyHKIMHE Vo, 1 Ag, KOTOPbIE HA
Hatopax u3 0, 1 BeayT cebst Kax 0ObLIYIble JUIBIOHKIES 0 KOH'BIOHKUMSL.

rE

[lo memme o xpajpare HalACTCA TaKoH KBaipar

( Ay, ooy Gy, (J,’, Aiply ooy Ay, b/, Qj41y oy Onp )
( U1y, -y Qgoq, (l’) Qip1y, ooy G-y, ZI”, (ja1y, vy Un )
( 1y suey Gy, a”, Wit1, -y @4y, bl, Ajrl, ooy Up \)
{ 81y very Qidy @y Gibls - -5 Qi=ty 8§ Byggy -«ny; Gk

yro @ # a”, b # V' u ra #abopax Koroporo GyHKIMs [ IPUHEMAET e MEHee jByX
IHAUCHUN, IPHIEM OO U3 HIX, 0003HAMMM €10 9epes 7, — POBHO Ha oj1oM Habope
(B 01HOM BEpIMIUHE).

Paccmorpum Gyskumio ¢(z) or ool nepeMeHHoi

0, comz=r1,

T,
1, eciu x # 7.

e

Mo yenosuio Teopembl dyskius ¢(x), kak 1 modas ofHoOMecTHAs (DYHKIHS, CO-

gepwntea B K. Koneranter 0 1 1) pacevaTpuBacmbie Kak OjHOMECTHBIC (DYHKUNAH,
rakaxe cofepikarca B K, noaromy B 3amMbikarne (K| sxoqur ciedyionas GyHKIIMs
Iy, wy), onpedeiiseras paBetcrBoM

h('xla IQ) = ¢ (f(a’ln ceey @iy Ly Gy - - y g1, Ty, nj-i";# O 7“%)/} v
Oyuxuust h(z,, 74) npurnMacT porlo asa sgaderusa 0 u 1. Ha kpajpare

{ (CL/) bl), (a//: b/)) (a/,b//)) (a/l) bll) }

OIl2 TAKXKe IPUHUMAaET POBHO JiBa 3Hadenusd O u 1, mpuyeM s3Haqenue 0 TOAbKO Ha
ojtiom Habope. ObosHavuM 9TOT Habop depes (a, b).
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§3. IlonnoTta cucrem k-3HAYHBIX (PYHKIIHI

B cucreme K maitayresa ape omHOMeCTHbIE DyHKInu ) () U 9o(x) rakue, 9To

) 1,1()1(1) € {al»a”}\\{a}=
(1) € (V673 (b}

onaraca

z1 Vou T2 = h(t1(x1), walzs)).
[locrpoennas QyHKUMA Vo | IPUHAUIEKUT 3ambikanmo (K] u Ha Habopax 3 0 u 1
BejeT cedst KaK AU3bIOHKIUSL.

Oyuxuus Jo(z) operajgnexur K, nosromy 3aMbikaruio K| OpHHAIIEXKUT U
clenyiomasd Oy KLU

z1 No1 @2 = JolJolx) Vo, Jo(xa)),

kKoTOpad Ha Habopax u3 0 u 1 BemeT ceds KaK KOHBIOHKITHST.

Bemu g(z1, ..., 2,) — npoussosbHas (GYHKIMA, TPUHUMAIOIAL JTUUIb 3HAYEHMT
0 u 1, TO ee mpUHAIIEIKHOCTE 3aMblkanwio (K| cneayer w3 creayioniero papeHcrsa:

g(fl?l,...,.l’n) = \/0)1

Jo, (Z1) Moy -+ Mo Joy(2n) Noa g(on, -, 0n)
(01, o0)ERD
Orciofa, Kak OBLIO MOKA3AHO BBILIE, CIAEAYVET, 4TO W APOUIBONLHAA PYHKUUA
g(x1, ..., Tn), NPUNUMAIOUWAR MUUD 0BG BHAMEHUA, NPUHAOAEHCUT 3amblKanu K.
Has npowssonbaod dyHKImH g(zq,
bo, -, b1 9epes xg(z1,

.y Tp), TPUHUMAIONIEH JUIIb 3HAUCHUS
., L) OB0O3HAYNM DYHKLUMIO, 38JaHHYI0 PABEHCTBAMI

0,

ecra g(zq, ..., ay) = by;
1, ecnu g(xy, ..., Ty) = by;

Xg(Ilw'-aIn,) = ’ o )
I—1, ecan g(xq,. .., Tn) = b_y.

Pagu mexoroporo cokpatienus Oyiem Bech Hadbop (7, .
Papencrsa

., ) ODO3HAYATD Yepes T.

9(Z) = (bo N Jo(xg(2))) V (01 AL (Xg(2))) VoV (bia A Jia (x(2)))

%o(@) = (0A Jo(g(@)) V (LAEGE)) V... v (1= 1) A Jii(g(D)))

MOKA3BIBAIOT, UTO B JadbHEHIeM roBops 0 MYHKUMY A, IPUHUMAIOIEN | 3Ha ICHMH,
0e3 orpaHUYueHHH OOIHOCT MOYKHO CIUTATh, 9TO DYHKLIUS / IPUHUMAET B KAUECTBE
suaguenwit 0, 1, ..., [ — 1.

IpeanonoxuM, 4ro 3aMbikanue [K] conepxuT sce GyHKUMY, MTPUHIMAONIME He
Gostee, wem | — 1 3uavenuit (npw { — 1 < k)
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[1aBA 3. DYHKUNM k-BHAYHON JIOTHKH. ..

Mycrs dyuxima g(zy, - . ., &) OpuHAMaeT [ 3Hadennit vy, ..., . [oxaxem, aro
¥ OHA PUHAIIEKUT 3aMbIkaHno (K.

Ilast cymecrsennoit dyuximu f(2y,...,L,), conepxaueifca 8 K, 1o jgemme o
kybe safizeres Takoi ky6 Ky x ... x Ky, aro npu mobom ¢t (1 <t <n) 1< K] <
[ -1 n Ba nabopax sroro kyba dyaxuns f(r),...,<,) IpuHuMact 14 [ 3HaTCHNH
BRI (2

Jlast kazkoro ¢ (1 < t < n) onpeaesium GYHKIMIO 1y (T1, . .., T ), IPUHUMAIONLYIO
snavenud B K, TaK, 9T00bl BbIIOAHAIOCH TOXKICCTBO

g(xlv R 7$7L> = f <l[!1"l(:2:'1) AL I?'L)) LER :’L,":)'/L(Il) o4 = 1‘rn))
rm . . i - < T LS / e o r [ayal x A 11626
Tax xax jna Kaxxgoro t (1 < ¢ < n) dyuxuus ¥.(z),...,o,) IpuHAMaET He GoJee
| — 1 3na4eHUH, TO MO WHAYKTUBHOMY TIPEILIOIOKEHHIO BCE TOCTPoeHHEIe (DYHKIINN
V(T Za)s s YnlTy, - ., Ty) OpHHAICKAT 3aMbiKano (K. TTosTomy u pyrk-
mwst g(z1, ..., 2,) OpuHaIEKUT 3aMbikano (K. 910 3abepuraeT JOKa3aTelLCTBO
TEOPEMBI. a
OupeAcaeH bt MBTepec NPCACTABISIOT TOMHBIe CUCTEMbl (DYHKIME, COCTOSILLHE

U3 OAHOH (DYUKIMK. DTO UPHBOIUT K CJICYIOMEMY MOHITHIO.

Onpenenenne 3. Feau cucmema, cocmoausas w3 0onoti Gynkyun f noana, mo
Pyrruusn f nazwsaemen gynruuets [leddepa.

Teopema 4. Pynkyua [ sacanemes dynwuuetd [Heddepa mozda u moavko mozda,
Koeda 01a nopoxciaem 6ce 0OHOMECTILIE HYHKULU.

Horasamenvemeo. Bcomm dyaxkuns f ssasercs dynxunett Hledbdepa, 1o oHa, Ko-
HEUi0, [OPOXK,IAe¢T BCE OMHOMECTHBIE (DYHKITHH.

g gokazsareaberBa 0OPATHOrO yTREPXK/ICHU MPEITION0KIM, 910 dbyukius [
TIOPOZK TAET BCE OJHOMECTHDLIC (DYHKLIMM.

Tokaoxenm, 1ro QyHKIHA [ IBAAETCH CYLIECTBEHHOIM.

Eciu Op1 0Ha He IPHHEMMAJIA HEKOTOPOE 3HAYEHHE b, TO LIOPOXKTaeMbIe 10 OHO-
MeCTibIe (PYHKIME TAKIKE He HPUIHMa/d Obl 910 3HadeHHe. JHaquT, 13 9ToH yHk-
1M 1161135 Ob1710 651 oyauTsh Bee ogromectibie dyuxiuu, [Hosromy dyuxums f
NPUEMMAET Bee k 3Hadedud. Ecau Oul oHa He cogeprkata JBYX CYIECTBEHHBIX [ie-
PEMEHHBIX, TO ObLTA OBI TIEPECTAHOBKON, TOATOMY M BCE HOPOXKIAEMBIC el DYHKIHH
Opran OB HePCCTAHOBKAMY, & 3HAMHT, # He BKIOYaJu Obl B CBOM COCTAR BCEX OAHO-
MECTHBIX (DYHKIIH, ]

B P, nonunosmet 2Kerankuba o0pasyiorT N0JMHYIO ciHcTemy (OYREKIHAN. AHamornd-
HbIE BOITPOC BO3HMKAET U st Knacca P, mpu k > 3. OrBer Ha 1Hero jaet clejyoias
TeopeMa, MHTepecnad CBoCH CBA3BIO ¢ Teopucit uucen w anreOpoit. B neit peun naer
o rpejctarirenuyn GyHkuui uz Py noannomamu 1o mod k.

Teopema 5. Cucmema {0,1,2,...,k —1,-( mod k),+( mod k) } noana moezda
u moavko mozda, xozda k — npocmoe wucao.
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§3. Ioanora cucrem k-3HauHbIX QYHKIHIT

Hoxazamenvemeo. Eeau k = p — 0pocToe YHC0, TO BOCIOIb3YEMCs MajoH Teope-
Mot @epuma: eciim a He geauTes Ha p, 1o a? ' = 1( mod p).

Pacemotpmn dynxnemo ¢(z) = 1 — 2?71 ( mod p). Torma ¢(0) = 1 u ¢(a) =0
npu a # 0. 3uaqur, w(z) = Jo(2).

Hanee Ji(z) = o(z — t). VI ocraeTcst BOCIIONB30BATLCH PABEHCTBOM

£{in N 2 P
.f(J'IJ"')In) - Z“ JO’1<1’1)'"'"]Un(xn)'f(o—ly"')o—n)'
mod p
(01,.on)EED
Anst pokazarenbcTBa 00PATHOIO NPEMTIOIONKHUM, YTO Ak —- COCTABHOE YHCIIO
k = kiky, 1 < k1, ke < k. Tloxaxewm, uro dyskiws Jo(x) He npejicraBuMa 110.1H-
nHoMoM. IIpexamosioxknm npoTusHoe, T.e. uTo Jo(z) = ¢ + 1z + ... + ¢zt Tak xax

Jo(0) =1, 10 ¢y = 1. o Jy(ky) = 0, mosrory 0 = 1+ crhy + ... + ¢ (ki)' Yumroxkus
Ha ky, oy unmM nporusopedne ky = 0( mod k).
O]

XopouIo H3ReCTHO, YTO eCJIM U0 k = p™ SIBAYETCH CTENeHbIO TTPOCTOrO YU A
D, TO MHOXKECTBO [Upm MOKET OBITH HaJIesIeHO CTPYKTYDPOi Kosediioro noss [anya
GF(p™), T.e. 1a HEM MOTYT ObIThb OTPEMNEJIeHbI BE ONEPAIN, OJHY UX KOTOPLIX Ha-
3BIBAIOT CJIOYKEHHEM 1 0D03HAYAIOT, HAIIPUMED, 4Yepe3 05, a BTOPYIO — YMHOYKEHHeM
1 0003HAYAIOT, HAIIPUMED, Yepe3 (O, OTHOCHTENLHO KOTOPLIX MHOXKECTBO Fiym CTAHO-
BUATCH 11o1eM. ITo0bl He yeamKHATh 00031aIeHni, Oynem aTu orepanun 0003HaIaTh
ODBIYHBIM 00PA3OM Yepe3 + U -, WTO He IPUBEUET K HE 10Pa3yMEHUIM,

3arem g J0OO0C0 HATYPAJIBHOLO HYUCAA 70 BBOUUTCS KOJBLUO TOJHHOMOR
GE(p™)[z1,...,Zs) OT N NEPEMEHHBIX I, ..., T, 9TO MO3BOJLET MOCTABUTL BO-
[POC 0 TIPEJACTABUMOCTH OYHKIuHA U3 Py MoauHOMaMyu Hagl 3TuM 11oJem. OvBer Ha
3TOT BOIPOC MOJOXKHUTEILHbIA, U, XOTSI OH OTHOCHTCS YKE CKOpee K ajaredpe, ueM K
JUCKDPETHOH MaTeMAaTHKe B NOHHMAEMOM B NOCOOUM HE CHAUIIKOM PACIIAPUTEIbIOMN
CMBIC/IE, IPENCTABISETCS YMECTHBIM N0 KPalHel Mepe KOCHYThCA ero 34€eCh.

[Tycri, K — nponssonstoe none, a p(x) — HempusomuMbid momusaom w3 Klzl.
Beenem B K[z] 0THOIIEHME IKBUBAJCHTHOCTH =, — CPABHUMOCTD LOJIMHOMOB 10
mod p(z), nosaras Ans MponzBobEKIX toausomor f(z) n g(x) uz K[z]:

)

S ENG) f(l) — g(l L p(]”)/’) (7 }.

f(z) =50 9(z) <= nafigerca raxoit nojuraoM h(z)

HerpyHo MpOBEPUTH, UTO BBEJCLHOE OTHOLICHHE =) AHCTBHICILIO ABAAETCS
OMHOWEHUEM FKEUBLAEHTHOCIIAL T.€. OHO PEPACKCUSHO, CUMMETPUMIO U MPAHIU-
MUGHO.

KstacC 3KBUBAJIEHTHOCTH, OlpegeNseMblil mosmsoMoM f(z), Gyaev obosHadars
yepes f(z) wm f.

DaKTOPMHOKECTBO MHOKeCTRA K [Z] 110 OTHOMIEHHIO 9KBUBAIEHTHOCTH =), €.

vaoxectso { f(z) | f(z) € K[z] ) knacco axBuBaNeHTHOCTH, KAk 06bI4HO, 0603HA-
qaem gepes K[z]/ =pu).
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I71ABA 3. OYHKUUM k-3HAYUHOM JIOPUKHU. . .

Ha muoxecrse K(z]/ =) ecrecrsennsM 06pa3’oM ONPE/IEISIOTCS ONEPAHH
CTIOXKEHUS U YMHOXKEHUS

f(@) + g(z) = fz) + g(2), f(z) - g(z) = f(z) - g(x)

W JIETKO TPOBEPHETCH, FITO OTHOCHTENbHO ITHX onepaunit K|z]/ =,4) Aeasemcs
KOMMYTMAMUCHYM KOALYUOM C e0uruyeli, TPUYeM 9T CIPABEIIMBO Lt A1000ro 110-
auHOMa, P(Z).

Baverum, 4TO HyneM (HEUTDPAIbHBIM SJIEMEHTOM OTHOCHTEABHO CJIOXKEHH) B
3TOM KOJblie @BjfeTcs Kiacc 0, COCTOSIMI U3 BCEX MOJMHOMOB, NESIIHXCA HA
nosmuoM p(z), a ejuHuel (HeHTPATBHBIM SIEMEHTOM OTHOCHTCIBIO YMHONKCHMS)
— Kiace 1.

Ecau p(r) — menpueodumoi nosurom, mo nocmpoenHoe KoAbUo ABAACTCA NO-
AEM.

Tpebyerca nuill, yCTaHOBUTEL 0OPATHMOCTD JII0OOr0O HEHYJIEBOIO 3JIEMEHTa 3TOrO
goivtia. [Tyere f(z) # 0. Torna nosmuom f(z) ve mesmrcs na nosmnoM p(z). Tax
KaK NOCJEeNHUI MOTHHOM HMenpusoditm, TO eMUHNIA sBAseTCs HAROOJBIITUM O0BIUM
Jemuresiem nonaunoMos f(z) u p(z). [Mosromy HafmyTes Takue noaunombl w(x) u
v(z), 9To

1 = f(2)ulz) + plz)v(z).

Hcpexo,,[m K COOTBCTLCTBYIOIIUM KJIACCAM, IIOJIYIa8LM

1= f(x)u(z) + pl2)v(z) =
z)u(z) + p(a)v(z) = f(z)- u(z) + p(z) - v(z) = [(z)- ul2),

(
= f(z)ulz)

TaK Kak p(z) = 0.

Orobpaxenue ¢ @ a — @ 33JaeT udomopdnoe eaoocenue uexoguoro moas K p
nocrpoennoe nose K[z] / =p). OTo mo3Bosger “OTOKACCTBATL KK Iblil SIeMeNT a
11oJis1 K ¢ COOTBETCTBYIONINM ayieMenToM G nosist K[z| / =p,)  obpasom aseMeHTa @
OTHOCHTENBHO 0TOOPaXKEHHS ¥ U CHUTATh, UTO

K C Klz]/ =p .

/lnsi mexoroporo coxkpanicuust obosznadnm nose Kx]/ =) yepes F.
Pacemorpun B nose F asevent « = Z. Llyers wexommsiit nosunom p(zr) umeer
BH/T

ap + a1z + a2’ + -+ + apa™
Torna
pla) = ag + a1 + axe® + -+ + ap0" =T+ WT + BT + -+ + 83" =
= ag + a1 + a20? + -+ + a,a® = p(z) = 0.

T.e. 8 nocmpoernom noae F' apemenm & = T AGALETNCA KOPHEM UCTOOHO20 TOAUHO-
ma p(z).
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§3. Ionrora cucrem k-3Had9HbIX (DYHKLH

Teopema 6. Jlaa aoboz0 noas K u nosunoma f(x) us K|z] noroocumenvhot, cme-
nenu cywecmsyem noae F omarxoe, wmo K C F u nosunom f(x) umeem e noac F
KOpEHD.

Ana mo6ozo noas K u nosunoma f(x) us Kz] noroowcumenvnot cmenenu cy-
wecmeyem noae F maxoe, wmo K C F w noaunom f(z) packaadvisaemcs 6 xoan-
ue Flc) 6 npoussedenue aunetinms noaunomos.

Hoxasamenvemeso. Tlycts f(z) — nonuroM nonoxure. snoi crenenn u3 K[z]. Pac-
CMOTDPUM [IDOM3BOJILHBIA HENPUBOAMMBIH nonuHoOM p(x), mensuwmd  f(z), Te.
f(@) = p(z)g(z).

ITo mommuomy p(z) nocrpoum paciupesue F; > K| B KOTOpOM NoJuHOM p(L)
uMeeT Kopeub o. Toraa ay — Kopens nosuuoma f(z) u 8 Fy[x] Beimoasserca pa-
BEHCTRO

fz) = (z— o) filz)
JIsT DOAXOJsIILEro nostaoma fi(z). DTo 3aBepiuaer H0KasaTelLCTBO HePBOR “acTy
TEOPEMbI.

JlokazaTensCTBO Bropoii 4aCcTH TeOPEMbI CIEAYeT U3 ee IepBON YaCTH.

[Iycrs n -- crenens nonusoma f(x). BEcnu n = 1, To nonaraem F=F.

[Ipu n > 1, ornpapnsigcs oT noad Fy u nosmuoma f(2), CTpouM TAKOE paciuy-
pene Fy, O Fy D K, B koTopom nosmHOM fi(T) uMeeT KopeHs asp. Torga B Fh|z]
BBIMTOJHSIETCS PABEHCTBO

flz) = (z = o)(z — o) fo(7)

JUTSL TIOXOMSIINEr0 TOMHHOMa fo ().
Yepes 7 11aroB Mbel HOCTPOUM Takoe pacnmpenne £, O K, aro B F,|z| BBITOI-
HAETCH PABEHCTRO

flz) = alz —ar)(z —aq) ... (= @),
rae @ -— crapiui kosddunpedt noguHoma f(xz).

HoxazkeM, uT0 HA JEOOOM MHOXKECTBE U3 P 3JIEMEHTOB, e P — MPOCTOE UMCIO,
MOYKHO BBECTH CTDYKTYDY TOJIST.

Teopema 7. Jlaa npouseosvi020 nipoCmozo “WUCA P U 2100020 HAMYPANOHOZ0 YUCAD
" CYWECTNBYCTIL NONAE U3 P INEMERMOB.

Hoxasamenvcmeo. llonaraem ¢ = p™. Hag nonem Z, BEIMETOB 10 MOLYJIIO P PaC~
emorprn nosusoM ¢ — . Tlocrpoam Taxoe pacumperwe F' 2 Z,, uro B Flz] nomu-
HOM ¢ — 2 PacK/Ia/AbIBAETCA HA JIMHEHHbIE MHOMKUTEIH.

Hanomruy, uto B mone F D 7, ajis m1000r0 sy1eMenTa b BBUIONHEHO PaBCHCTBO
pb = 0, a 3HaunT, ¥ pasedcTso ¢b = 0.

Ob6ozuauum 4depes H MHOXKeCTBO Beex KOPHe# B F' nonumaova 29 — z, T.e.

H={alae F&a’=a}.
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[ABA 3. OYHKUMUU k-3HAYHONM JIOTUKH. . .

Tak Kax NpousBOHAA MONHHOMA 9 — T paBHa —1. T0 BCe KOPHH TOI0 MOJHHOMA
paziundsbl, T.e. H cocronr uz ¢ = p™ 971eMeHTOB.

[Mokaxxem, uro H — noanose noas F.

719 9T0ro yeTaHoBMM CIOPaBe/UTHBOCTE B ToJie I paBeHceTs

(o £b)7 = a =, (a - b =a - b
ilocneniee paBeHCTBO, KOHEUHO, cpasy cieayer u3 pasencrsa (a - b)7 = a? - §9.
Jlst vCTAHOBJIEHUS CTIPABEIUBOCTH TIEPBOIO PABEHCTBA JTOKAKEM, HPEXKIAE BCe-

I'o, PaBCHCTBO
(a + 0P = af + .

Bocnosb3ayemes Xopoino U3BECTHBIM DABEHCTBOM
\ L i igpi
(a + 6P = V‘] CLa't"™,
=

rie (_7;, — HATYypajibHbIC YMCJIA, OMPEACIAEMbie DABEHCTBOM

Eci 1 <4 < p— 1, ro uncio C) aenurest Ha p, Taxk Kax mu i, nu (p — i)l ne
geadtea Ha p. Iosromy B cyMae TOJNBKO HEPBOE W MOCACHICE CJIAPACMBIC MOIVE
OBt OTVIUYHBL OT HYJS. DT0 JIAeT PABCHCTBO

(w+ b =a + 7,
U3 KOTOPOro HUAYKUUEH 110 € ronyHaesM paBeHCTBO

«pt ot pt

(@ + 6P =d” - b
B wactHOCIHM, NpHU t = m noviyaeM

(@ + b)Y = a7 + b
Fcan p > 2, 10 ¢ — HeveTHOE UHCII0, MOITOMY [OIydaeM

(0 = 0) = a® + (=b)" = a¥ - b,

Hpwu p = 2 BocTarovyno 38METHTL, YT0 —Q = Q.
Benm a n b mprnaguiexar H, to of = a n b7 = b. Iosromy

(a £ b0 =a% £ 07 =a £,

3HAYNT, a = b € H.
Caenosarennno, H — nodnoae noas F, cocmosauiee uz p™ aaemenmos.
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§3. Houmora cucrem k-3HaAYHBIX (DYHKIHIT

Tax kax H cocTouT H3 BOCX KOpHQI;I nosuHOMA, 7 — T, pazJjararaierocd Ha/l
ronem F' B [IPOM3BCACHME JIMHCHHDBIX MHO)KI/I'l“eJ’IeI'?'I7 TO CIIPaBeIJTUBO PaBelCTBO

T - = H(;’L‘ - a).

a&H
[
[Mone uz ¢ = p™ semenToB OyaeM 0bo3Ha4ATHL Yepes G F(p™) wiu bGosee Kpart-
Ko — Fy.
PaccMOTpuM BOLIPOC O TPENCTaBUMOCTH (BYHKIIN, Onpesesedinx na Ly = £,
TOJIMHOMAMUL.
[Tokaxkem, 4TO AJIsT IPOU3BOJILHON N-MecTHON dyukrimn f(z Tp) M3 Pp(n)
o ! ’ : JA\LL, ey b M k\
CIIPABEIIUBA CJAEAYIOMAS UHMEPNOAAYUOHHAL BHOPMYN
q q .
N , Ty — Iy Ty — Ty In — Ty
fan,m) = 8 flar e

ay,..,an€Fy I — Q) Lo — 0o Tp — Qn

,ZLIIH [IPOU3BOJILHOI'O 3JIEMEHTA @ Y1OJIA E] PacCMOTPUM [TONTHHOM

r— x4

wulz) = —— = — H (z —¢).

T —Q

OgernHO, 910 IPH b # a pu(h) = 0.
Hoxaxewm, ur0 @ (a) = 1.
Herpyuuo monsars, yro  [[  (a —c¢) — 310 npoussederiue 8cex 1enyreams 2ae-
cCFN\{a}
menmos noas Fy,. Hanompuum, aro sy NpousBoILHOro nogst £ aepes F* obosnada-
eTCsl MIIOMXKECTBO BCEX HEHYJIEBBIX 2J€MEHTOB 3TOTO MO,

Tax rak
27— = H('J;—a),
ac ly
TO
9t -1 = H(fr,—a),
aGFq*
IOSTOMY
= I -a =y [[a= o
ac ]‘1(; acf q. ”'-FJ
3paunt, @L(a) = 1.
[Toatonmy
9 4 q
Ty — &7 Tg— T Ty — T
e by, by, by) =
Ty —ay To — G2 Ln — Qn
1, ecom (b, ba, ... b)) = (a1, a0, .., 0n);

O) eCiIu <b1762y"'>bn> 7& (a’haQ:‘ e ,(Zn)-
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I'maBA 3. PYHKUWU k-3HAYHOA JOI'MKH. . .

V3 nocijlefiHero paBeHCcTBa ¢pasy CJC/yeT CIpaBelTMBOCTL MHTEePHOJIALMOHHON
DOPMYIIBL 715 [IPOU3BOIBEHON N-MecTiol hyrkuyn [ (21, ..., 2,) u3 Pp(n).

Tak ke Kak 4 B ciaydae OyIcBbIX (OYHKLMHA, BBOJMTCS MOHATHE MPeINoHOro
K.1acca (hynKITHi.
Onpenesienue 4. Kaace K dynnuuti us Iy nasvisaemca npeonosrvim (Maxcu-
MAALHDLM), €CAU OH SaMKHYM, omaui om Py w das aoloti dynnyua fus P\ K
soinoanaemes pasencmeo [K U {f}] = Pr.

B orix repMuHax JokasaHHast Bhire Teopema A. KyasHenopa Moxer ObITE lepe-
GopMyITHPOBALI CACKYIOWMM 0bpasoM:

Teopema 8. /Jlas ar0boz20 k 6 P cywecmsyem Auisb KOHEYHOE YUCAO TPEONOANDIT
raaccos Ky, ..., Kyu)-

Cucmema pynwyutd F us Py, omauwnad om Py, asasemes noanoli mozda u
MoAYKO Mo2da, k0204 01a HE COOEPICUMCS MU 8 00HOM U3 NPEONOANLT KAGCCOB

Ky, ..., f\f(p(k_),

Kax bl yxe 3HaeMm, ¢(2) = 5. Ussectro, uro dyuxums ¢(k) pacrer 1ocraToyuio
OricTpo, Hanpuaep, kax noxazain C.B  Ab6ronckutt, ¢(3) = 18, p(4) = 80, () = 667
n ¢(6) = 15237.

YeranosieHunle Bbiule haxrbl g k-3HAYHbIX QYHKUME B OUPEAeIeHHON Mepe
CRUJOTEILOTEYIOT O UMeIomeles AHAI0run ¢ OyneBsIMY (DYHKIHSIMI,

B 3aKTI09€HHE DPACCMOTPUM HEKOTOPBIE OCOGEHIOCTH, HPHCYLIAE K-3HAUHBIM
dysxImam npu k > 3.

Hanomuum, aro giig kiaacca Py 6yiaesbix Gpydakuuit 9. Tocr yeranosun cieayio-
e JiBa OyHIAMEHTATBLHBIX Pe3YIbTATA

1) xaocdbid samwrymud waace Gynxyul 6 Py wmeem xoneunmdi baauc,

2) MHOHCECTNBO BCET BAMKHYMBLL KAQCCO8 Pynruuti 6 Py cuemmo.

[Tpu & > 3 B knacce Py curyanysa Gosee CIIoKHas.

Bo-tiepsorx, npu k > 3 6 waacce Py cyuecmeyrom 3amxmuympvie KAQCCH, HE UME-
ouLue basuca.

Bo-BToperx, npu k > 3 6 xaacce P cyuecmeyom. 3aMEHYIMBE KAGCCHL, UMEOULUE
Cnenmnut 003UC, HO He UMEIULUE KOHEUHO20 basuca.

B-rperbux, npu k > 3 8 xaacce P, uMEEMCHs HECUEMHOC MUONHCECTIE) 3AMKILY-
L RAGCCOB.

~ld JloKa3aTeNbCTBA TEPBOIO YTREPKACHHSL DACCMOTDIM CJICAYIONYIO TOCIeT0-
pareanirocTs dyakunid fo = 0,

( 1 apu oy =ay=... =1, =2,
Sfalo, oo ) =

0 B poTrBHOM Ciydae.

Obosttatmm epes K 3amnikanue xoracea Gyneii { fo, f1, f2, .o, fn, .- .. V3 pasen-
CTBA

B e ma)y ) 0
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§3. IosrroTa cucrem k-3HavHbIX (hyHKIMHT

cnepyer, ¥To Kiaace K cOCTOMY U3 [epeMeHHbIX M BeeX (DYHKIIMH, [10y9aeMbIX U3
GYHKIUA CHCTEeMBb!

forfis oo fo o

MEPEUMMEHOBAHUEM 1 OTOXIECTBIEHUEM [EPeMEHHLIX.

B xonc poxazarenbcTea HaM MOTPEDyeTcs PaBHAS TOXKICCTBEHHO HYAH (YHKIHS
O MPOM3BOJBHOTO YHCHa epeMeHILIK. OHa MOXeT ObITH HoNydena u3 QYHKIHL fi
BBEIEHEeM (PUKTUBHBIX [I€PEMEHHbIX.

[Tokaxxem, uto ®aacc K we vmeem Gasuca. IIpeanonioxxuv aporasaoe. Tak Kak
jirobasg byHKIES BUIA

f’ll(gl(l:ig) sy CC’i.m)v v )gn('/l:k: pEeey Ltls))

paBHa TOXJIECTBEHHO HYJIIO, €CJIN XOTd Obl OfHA U3 DYHKLHHA gp, .. ., §n OTIMUHA OT
MepeMEnHON, TO 8 6a3uUc MO2Ym 8LOOUMb TMOAKO DYHKUUL, NOAYUEHHDE U3 DYHK-
wul suda fro(Ty,. .., Tn) NEPEUMCHOBGHUEM U OMONCICCTNEACHUEM TLEPEMETHDLL.

[Tycrb ng — HaMMEHBIIEE N TAKOE, UTO B 0a3UC BXOAAT (DYHKIMH, TIONYUEHIBIE 13
byuxnwit Buaa [, (71, ..., 7,) TEpENMeHOBAINEM EePDEMEeRHEHIX, a [ — COOTBETCTBY-
woimas Gyukmpa 13 6asuca, re. f(vr, ..., U0m) = foo(us, ..., Uy). BoamMoxkHbI 1Ba
cJlyJas.

1) Basuc knacca K, kpone dyHKIuU f, conepxut Hexoropyo Gyukimo f', no-
JYHUASMYIO TTIEDEMMEHOBAHMEM TIeDEMEHHBIX U3 HeKoTopoit hyrknun fp,,. ITo Buibopy
YUC.Ia Ny BBTIOHAETCH HEPABEHCTBO Ny < ni. Ho torga dyukims f moxer ObITh
nonyacua 13 Pyuxums f OrorKACCTBIIEHEEM IEPEMEHIILIX, ITO TPOTHBOPEIUT ONpe-
nesenno Hasuca.

2) Basuc kaacca K coctouwn u3 cauuci seinoit dyrxmmn f. Tak kax nodast Oyvir-
nust A fo,, (oL fag, - ) DABIA TOMKIECTBEHHO HYJIIO, TO W3 ¢ IMHCTBEHHON (DYHIK-
mud f Heb3s MONyIuTh MVIKOMIO f,, IPU 1 > Ng.

[Tony4yennoe TpoTHBOpEUME [IOKAILIBALT, UTO 8 Kaacce K nem basuca. Heckoipxo
COMXKHEE TTOCTPOUTS LIPUMED 3AMKHYTOIO KJIACCA CO CUETHBIM 0a3iCoM, HE UMEIOIIETO
KOHEYHOTOo Dasuca.

fOM. dAror u AA. Myunux BBesM B pPACCMOTPEHHME 1OCHCIOBATENBIOTH
k-3HauHbIX (DYHKLIHIT

1 IpH T = ... =Tp | = Tpy] = ... =Ty = 2,Tn = 1,
fn'l(llla'”)"tnz) = n = 1,...,777;,

0 B IIpOTHBHOM ¢.1ydac.

O6ozradnM gepe3 K 3aMbIKaHUe MHOKeCTBa (DyHKInii

{fo, f3ve s S}
[ToxkazkeMm, ato
{fZJfJ),fn}

fasuc kaacca K. s aroro 40CTaToOYHO yCTAHOBUTH, YTO HU OfHa (DyHKUUA fm
9TOW CHCTEMbI HE MOYKET ObITh BBIPAXKEHA YePe3 OCTAIbHBIE.



TnaBa 3. OyHKUMU k-3HAYHOH JIOPUKH.

[lpeanonoxum nporusnoe. Ilycrs GYHKUEA fin (T, ..., Tyn) 38J88TCH HEKOTO-
PBIA TEPMOM, €€ He COINEPKAITUM, T.€. BLUIOJHENO DABEHCTRO

j.("'j;"';"m) f (f'l(f'l)'"af'/?l-|:f"l‘r'+1)'- j,’;/\--- fl»'--:f'im—l“f)?r[}:'".v.,/.])\/'

Pﬂ(_'(_,'\’[()'[“})”\'T RCE BO3MOIIILIC (i.’ly‘l‘{lﬂ.

1) Cpeas repmoB £y, . . ., t5 11O Kpaliueil Mepe J{ga OTIYHEl OT CHMBOJIOB IEPEMeH-
aerx. Torma npu Ji00bIX 3HAUMEHUSIX NEPEMEHHBIX Ly, . .., Ty 3TU TePMBI IPHHUMAIOT
spgagenuy 0 wan 1, moaToMy OpaBas "acTh PABEHCTBA PABH& TOXNIAECTBEHHO HYJUO.
Omaxo dyuxmyst fr,(xy, ..., T,,) mprEmvaer 1 sgadende 1. Homywennoe nporuso-
PEUHe [OKA3LIBACT, YTO 9TOT CIYyHAH HEBO3ZMOKEH.

2) Cpeji TePMOB ty, . . ., te JHIIL OJMH TEPM £ OTVIMYIEH OT CHMBOJ/IA TEPCMEHIOMN.
3natuT, OCTANBHBIE TEPMBI — 3T0 NMepeMeHnsle, Tak Kak odmiee Muciio TEPMOB § = 2,
TO TEPMbI-LIEPEMEHHBIE ACHCTRUTEILHO eCTh. [Tyerh TepM £, — 3T0 nepeMenuas ;.

Pacemorpum coeiyronuit Habop 3HalleHu 1TepeMeHHbIX:

BN X8 = cer S Bl = L] = oo == By =2 BB,

Tak xax Ha aTom Habope 1epm f; npumer 3ragedHue 0 wim 1, TO B IpaBoit yacru
ABa 3Ha4€HUd OTIMYHBL OT 2, 1109r0MYy OpaBast yacTh pasua (. B To ke speMs na
sToM nabope Jiesast yactk pasHa 1. [TonyvaenHoe mpoTuBopedne 10KA3BLIBAET, UTO
ITOT CayUai HeBO3MONKEH.

3) Bee TepMur £y, ..., t, 3TO CHMBOJILI TEPeMEeHHLIX. Tak Kak m # s u Bee
HEPEMEHTHBIC QYHKIMN [, FRILIOTC CYIICCTBEHILIMUA, TO 8 > 77, 3HAMHUT, HEKOTO-
pad TepeMeHHas T, BXOJUT B MPABYO WacTh JBAZKIADL Torya ma nabope 3Havenuii
nepeMeHnnIx

Ty = ... =Tp 1 = Tpy1 = ... =Ty = 2, 2z, =1

Jepag 1aCTh IPHUHUMAET 3HaveHue 1, a npasag — ().
Ten canmuiM yCTAHOBACHO, UTO

{foifosoo s fase o}

- busuc waacca K. Eeman 661 B Ki1acce K cylmecTBOBaI HEKOTOPLIT Koteunblil Hasuc,
TO HEKOTOPAS KOHCTHAS acTh MHOMKECTBA

{for fau oo Jry o}

Orita Owl OasucoM Kiaacca K, 970 HEBOIMOXKHO,

Tk xax npu mobom k MHOKECTBO P, CYeTHO, TO MHOZKCCTBO BCEX €0 HOIMHO-
AKBCTR, ABTAIOUNCS 3aMKHY THIMH KJIACCAMM, MMECT MOLIHOCTS, HE HPEBOCXOAAILYIO
MOUIOCTH KOHTHHYYMA.,

Ocraerca nokasare, 40 npi k > 3 974 MOUHOCTH PABHA MOIMHOCTH KOHTHILYYMA.

PaceyvoTpuM 10CTpoeniblid Buille KJace

{fbf?)jn}
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§4. O CTOXKHOCTH CXeM M3 (PyHKLHOHABHBIX 3JICMEHTOB

HAs UPOU3BOALHBIX ABYX PA3IUUHBIX BO3PACTAONIMX [IOCJE,I0BATEILHOCTEH HaTy-
PATBHBIX YHCET 2 < P < po < ... <Pp < .. . H2S @1 < o < ... < @ <

H.f’maf])z» v >an: c }] 7& [{.f<]1>./(12> Tt ~fq,,,= e }]

IToaroMy MOIIHOCTE MHOMXKECTBA BCEX 3aMKHYTBIX KAaCCOB B P ipu k > 3 He MeubIie
MOLLHOCTH KOHTHHYYM&, & 3HOHMHT, OHA DaBHA MOLIHGCTY KOUTHILY Y MA.

§4. O cioxuocT cxeM u3 GYHKIHOHAABHBIX
JIEMEHTOB

B sTom naparpade J0CTaToOuHO KPATKO PACCMATPUBAKTCH HEKOTOPBIE BOTIPOCKI,
CBSI3AHHBIE CO CAOCHOCMYIO peasudauutt OYIeBbIX (yHKUUN. Ba3oBbiM TOHATHCM
OyaeT nosaTue YHKIHOHAILIOIO d/eMEeHTd KAk HEKOTOPOro “HUepHOro auwmka’ ¢
HAOOPOM BXOLUBIX N BBIXOTUBIX KOHTEKTOR, HAOMHUM, 4T0 cXeMaTUuIHO QyHKINO-
1JBHEI 2, [€EMEHT MOMKHO IPEJCTABHUTE TaK:

Ty .—‘*#—MF’ Y= fl(:r1>""’ ! )

—r

‘T'nl_ >: ‘___» y«n = f ( 11) 8w - )THT)
Puc. 1.
I{&K 1 paHee, BXOAHbIC KOHTaKTbl 9TOI'0 dJIeMeHTa O603Ha‘1€Hb[ Hepe3d Ty, .. .. Ty,
d BBIXOJHDbIC -— YE€PeE3 ¥y, ..., YUm- H‘(LHH‘:{I/IG CHATHaJla Fa BXOJIe MU BLIXOAC MHTEDIIPE-

THPYCLCst KAK 3Hadeine 1 cooTBe ICTBYIOILEH [IePeMEHHOMH, a ero 0TCyTCTBIHE — Kdk
3natenre 0. Ilpu rogate curiia108 Ha HEKOTODLIE BXOAb (DK 3HAYCIIUSX L COOTBET-
CTBYIOLIMX BXOAHBIX MEPEMEHHBIX U 3HAUEHIAX () OCTANLHBIX BXOAHBIX EPEMEHHDBIX )
H& BBIXOJAX HOAIBATCS UM HC HOSBATCA CHIHATLI ( BBIXOHbIE MEPEMEHHDIE TTPHMYT
sradenus 1w 0). Takum o0pasom, 6burodrbie nepemennvie 3a000Mea 6yneebi-
MU PYHKYUAMU 0T BLOOHDIT NEPEMEHHBLT. Feau 6uLo0b 00HUT PUHKYUOHAADIBLL
INEMEHMOE NPUCOLOUHUMD K BLOJAM HI KOMOPHTL OPY2UL IACMEHMOG AKX, 4ok
6 ONUCHIBRAIOULEM ITNY CLEMY OPUCHMUPOCUHHOM 2PAPE HE SOZHUKAO UUKAOG, O
NOAYHENHYIO CTEMY NHA306EM CTEMOU U3 PYHKUUOHAABNUBIT INEMENMO8 be3
ANCMEHTNOE 3adepHeKu. Tou KO Takue CXeMbl Mbl 0 OyIeM PACCMATPHBATL, -
3bIBad UX [1POCTO CXEMAMM U3 PYHKUMOHAALHBLIX 9IEMEHTOB, Tak Kax jidoi dyuk-
LMOHAIBHBIE 9JICMEHT ¢ M BbIXOZAMU MOXKC! OLIThH 3aMeHer Ha 71 3JICMEHTOB € OJ-
HUM BBIXOZOM H TEMU >KC BXOAAMH, IT0 U HCXOJHBIA (DYHKUMOHAILHBIH 3JieMeHT,
TO 0COOBLI MIITEPEC 11PeICTABIAIOT DYHKIMOHATBHBIC TEMEH TR ¢ OHUM BBIXOAOM.
ITpouzBosbHAas CXeMa OMMUCAHIOTO BRIULIE THIA U3 TAKUX JICMelrToB OyaeT 3a1aBaTh
HEKOTOPYIO cucTeMy OyIeBbIX yHKUMH — BBIXOAbI 3TOM CXEMbI OIMCHIBAIOTCS Oy.Te-
BBIMM DYHKIMSIMU OT BXOJHBIX [epeMeHHbIX. Feiu 3adukeuposaTh HEKOTOPBIH Ha-
Gop Oynerbix pyHKIEi fi, ..., fm U COMOCTEBUTL UM (DYHKUMOHAJBHBIE JIeMEHTHI

147



TJIABA 3. ... CXEMbI U3 ®YHKLIUOHAJIBHBIX DJAEMEHTOB

Fy, ..., F, ¢ cOOTBeTCTBYIOIIMM YHCAOM BXOTHLIX IE€DEMEHHBIX, TO eCTeCTBEHHO
BO3HMKACT BOMPOC, KAKUE OYAcEb, PYHKUUL PCOAUSYIOMCA CZEMAMU U3 ITNUT IAC-
MEHINOG U KAK06a 08 KaHCOOU KonkpemHol byresold dynruuu, peaiusyemod mii-
KUMU CLOMAMU, MUHUMAAHAL CAONCHOCTIY PEAAUSYIOULET Ce CTEMUL, TONUMALMAA
KoK 00UPE YUCAO PYHKYUOHAADHDLT FACMERMOG, GRA0ennolT 6 creamy. OcobbIil u-
repec NpeAcTaBageT ciyuail, koria fi, ..., fm — noaan cuemema Gyacans G-
yud. B arom ciayvae obyio Oyiesy GyHKIMIO MOXKHO PEATM30BATH MEKOTOPOR ¢xe-
Moit 13 QYHKIHOHAILHBIX JeMeHToB Fy, ..., [7,. Mbl paceMOTpHM JHbL CTaBuIni
yzKe KJIACCHHecKHUM Cjydal exem 13 (PYHKMHOMAJILHLIX 3/IeMEHTOB, COOTBETCTBYIO-
[IMX TIOJHOR cHcreMe H3 TpeX OVAeBLIX PYHKIMHA: OTPUIAHUA —, AUIBIOHKUME V U
KOHDBIOHKIMH &.

Crema u3 mper GUHKUUORAALHOLL ICMENTNOE, COOMBEMCNEYIOUUT DYLEEDIM
GUiEuAM OMPUUAHUA =, QUIBIOHKUUL V U KOHBIOMKUUY &, 0NUCHLGRemCA OPUeH-
TAUPOSAHIDLM 2DaPom €3 YUKA0G, 6 KadcdyI0 GEPUURY KOTOPO20 8Xoduin He boace
deyx pedep, m.e. emencis d (V) noaysazoda kascdol €20 8EPUUNBL ¥V HE NPESOCLO-
dum 2.

Kancdott eepuwune v emenenu noayaazoda 0 (dy(v) = 0, pedpa ne sxodam 6 smy
GEPUIIHY ), CONOCTNABAACLINCA CUMEOA NEKOMOPOTL NEPEMENNOTE T;

Kancdod sepuiune v cmenenu noaysaxoda 1 (dy(v) = 1, 6 amy sepwuny rodum
Wan 0010 Pedpo), ConoCTaBAACTCA OMPUUGHUE —.

Kaoicdoti sepuiune v emeneru noayzexoda 2 (do(v) = 2, 6 amy sepuruny 6x004m
dau pelipa), conocmasanemes Qu3sONKULUA V wau xKonstonkyus &.

Bepmuubl, U3 KOTOPRIX He BRIXOIAT pebpa, HOMEYAKTCS JIUIst HATMAIHOCTH HeKO-
rOPLIM CUMBOJIOM, HAOpUMED, @, UM COMOCTABISIOTCA DyeBhbl (DYHKLUM 0T BXOIIBIX
HEPCMCHIIBIX, KOTOPBIC HAZLIBATCA PEAAUIYEMLMU ITOU CTEMOU U3 PYHKUUOHa b~
natr saemenmos. lns 3aganug aTuX QYHKIMA HYMEepyIoTes BEPIIMHLL 31000 rpada
Takum 00pazoM, wrodbl LIS 00 JAVIY HOMED €€ HAYAALION BEPUIMHBL ObLT MEeHBIIE
HOMCPA KOHOEBOH BePIIMIEL. 3aTeM JIBUrasch OT BePILUM, [TOMEUEHHBIX [ePeMeHb-
MH, K&XK/I0M BCpUIHHE cornocrassieres OyneBa (pyYHKIEAS, TOTYIeHHAN 1'11:>xrmem':1rwm.\'x.
PACHOAOKEHHON B 3TONW BepiuuHe GYNeBol DynKuun | '(ﬂ“nmu‘mtm =, AHZBLIOOKIMK V
MITH KOHBIOHKLHH &) K ByaesbiM (DyHKUUAM, COIOCTABICHHBLIM BEPILIMHAM, H3 KOTO-
PBIX B PACCMATPUBAEMYK) BEPLIMILY BeiyT pebpa.

Beprnimn: exempl S, momMedueHiibie QYHKIUIME OTPHLAHIS —, AUIHIOHKIHA V Wl
KOMBLIOHKIHK &, HABBIBAIOTCH JAEMEHNAMU CTEMbL S

Hicsno L(S) saerenTos cxeMpl S HA3BIBACTCH €€ CAOICHOCIIGH).

Cacorcnoctnero L([) 6yaesol gynryun f Ha36IBacTCA HAUMEHDIIAS CIOKHOCTT
L(S) peamuayronmx sty by exem S.

Hpu m3ydenun cxeM u3 QYHKUMOHAIBHBIX DJIEMEHTOB 9PE3BLIMARIO BAMKUYIO
poan nrpaet gynryud Hewnona L(n), onpeiensgemast paBeHcTEOM

L{n) = max L(f).

felPa(n)

[TatomuauM, 9TO vepe3 Po(n) 0003HAUAETCS] MIIOKECTBO BCEX T-MCCTHLIX OY/ICBBIX
BbyHrImIi,
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§4. O croxkrocTH cxeM U3 (DYHKUHMOHAIBHBIX 2J1eMEHTOB

Usyuenue dyaxumn L{ f) pst oraeasssix Gyukuumit f mpeacTasager coboil Bech-
Ma CAOXKUYIO MaTeMaTHYIeCKYIO 3a;1a4dy. BoabIIMi 1Tporpece AOCTHIHYT B HCC16,10-
Banui dyuknuu [ennona L(n).

Hameit dnnxalimieit nennio dyaer Noydedne HEKOTOPBIX OUEHOK AJid DYHKLHK
[lennona L(n).

Teopema 1. /Jlas 1106020 HAMYPAALHOZO “UCAG T BUNOAHALINCA HEPALGEHCMEO
L(n) < n2™.

Loxasamenvcmeo. PaccMoTpuM 3A€MEHTAPHYIO KOHbIOHKIUIO

JonyerrM, 9To B HeHl comepKUTCA k BXOXAEHHU TMEePeMeHHBLIX, a 3HAYUT, N — Kk
BXOKEHHH OTPUNAHMH [CPeMEHHBIX. SaMEHUB NOAMOPMYIY BUIA

TL& L &T

Ha PaBHOCHIILHYIO €4

N \/...\/CCZ'k,

HETPYAHO HOCTPOUTD PEATH3YIOUIYIO 9TY (DYHKIHIO CXeMy, COAEPKAILYIO OAull J.1C-
smenr “oTpuuanue’ o, k— 1 saement “AusbroHKums” Vi no— k 31eMeHTOB “KOHBIOHK-
nus” &. Obuiee €HCIIO HTEMEHTOB TOH CXEMLI 7, [I09TOMY

L5 & ... &zir) < n.
AnagorzgansiM 00pasoM MOKHO JAOKA3ATE, 4TO
Lz v ...V air) < n.

PaccMorpiM GPOM3BOILHYVIO n-MecTHVIO DyneBy dyuxkuuie f. Obosmadum icpes t
Tuea10 1abopoB, Ha KOTOPBIX GyHKud [ npuHnMaer 3nauenue 1. Torma ga 2" — ¢
nabopax ona npunaMaer snauenne 0. Eciu t < 2771 1o paccMoTpInd copepruentivio
[JU3BIOHKTABIYIO HOPMaBHYI0 dopmy st f. B nporusaoM cayuae 2% —¢ < 27
H Mbl PACCMOTPHM COBEPLIEHHYIO KOHDBIOHKTHBHYIO HODMANTBHYIO (hopMy uias f.

st nocrpoenns peanusyiomedl (byHKIHI [ CXeMbl, BOCTIONALIYEMCd ILOCTPOEH-
HBIMHU BbIIIE § CXEMAMU, PEUIM3YIOLMMI JUCMEHTApHbIE KoM bronkuun. Yenoinsys
JOTIOFHATENBHO ¢t — 1 9jieMeHT “JM3LIOHKIUA” V, [TOCTPOMM CXeMY, peaTi3youlyio
byuxuuo [ u cogeprraniyio He dosee tn+t— L asemenrren. Ocracred 3aMeTHTE, UTO
IIPK CAC IAHHbIX TPCAIOIOKEHNTX BBIIOIHAITCT HEPABCIICTRA

th4+t—1 < (n+1)2"1 =1 < n2™

B ciyuae t > 2™ paccykaenne OPOBOJUTCH 10 TOH KE cXeme, HO C UCIOJIb30Ba-
HUeM COBEPIIEHHOH KOHBIOHKTUBHONW HOPMaJbHOU dopmbel asd f. O
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THABA 3. ... CXEMBI U3 OVHKLIWOHAIBLHLIX DJIEMEHTOR

Crasnmit KiaccuaecknM pesyiaptat O.B. Jlytianopa, noiyuenibii ¢ HCnobh308a-

N 2?’[ .
HHEM TOHKMX MeTOJIOB CHHTE3a CxeM, yrBepxiaeT, uro L(n) ~ =, Te
. \ nn
lim L(n)/% = 1.
; on

.“AJ-.'.):-I.CL‘T\1OTI')M.’\-’I el OJIHY XOPOLIO U3BECTHYTO 00/1acTh HPUMeHenus Oynenbx dhyHk-
U~ KONIMAKMMBLE CLeMbLHITH CXEMBI 3 IBYXIO3HIEIOHHBIX IepeKtovareel. [pu
OMHOM 1HOJOKEHMY NEPEKIFYATETsT TOK YePes3 HEro MPOXOJIT, a TIPH JPYToM — HeT.
QOuir pacemarpuBatoTes ¢ cepeantbl 30-x rozos XX BeKa B KAYeCTBE MaTeMaTH-
YeCKHX MOJENeH 3JIeKTPHYCCKUX [Hellel, COCTaRJICHHbIX U3 3aMBIKAIOUIMX ¥ Pa3Mbl-
KaIOUIX KOHTakroB. Konmaxm, “HOpMaabHOe Non0dICenue” Komopo20 0mEpwmoe,
M.€. NPU OMCYMCMEUL CUSHAAL OH DAZOMKNYIN, G NPU Nodave Na 1E20 CURHAAL
SUMDIKACTILCA, ECTRECTIGEHHO MA3GAIML “BUMBKQIOWUM KOWMEKMom”, ¢ KOHMAKIN,
“HOPAALABHOE NOAOHCEHUE” KOTROPO20 3GKPHINIOE, TH.€. NPU OMCYMCMEUL CUuHaAl
OH SOMEHYITL, 6 MPU NOOGNE HA HE20 CULHAAL PAZMUIKGEMCH, CCECITGEHHO HA36AM Y
“Dasmuikaiowgus KoHmaxmom”. XoTs (husHHieckast DeaJiMsaliisd TakKuX KOHTaKTOB
JUIS HAC HE SIBJAETCS BaXKHOH, 3aMETUM, YTO OHH MOL'YT ObITh DEAJTM30BaHbl KaK
9TEKTPOMATHUTHBIE Pe/ie, Ha MOIYTIPOBOTHHKOBONR OCHOBE U T.J1., B 3aBUCUMOCTH OT
0DIACTH OPUMEHEHNS!, CHJIBL MCIOJL3YCMbBIX TOKOB — B (DU3HYECKUX YCTAHOBKAX pac-
IDOCTPRHEHBl SACKTPOMAHHTILIE Pesie, B KOMablorepax  noaynposojauri. [lep-
Bbie pabOThL B oo obJactu ornocaTed K 30-m rogam XX Beka W TIPUHANCKAT
B.W. Uecrakosy u K. I1Jennony.

MareMaTrnaeckol MOJEbIO KOWINAKMNOT CLeMbL CILYKUAT rpad, pedpa KOTOPoro
OMETeIbl NEPEMEHHBIMI WKW HX OTPULAHHAMU, [P 3TOM NEPEMEHHAA COOGEN
CMGYCTTL 3AMBIKAIOULEMY KOWTLAKITY, @& OMPUUAHUE NEPEMEHHOT — PASMBIKAIOULEMY).
B rpade poierensl jiBe BEPUIMILL 4 U U, Ha3biBaMble noa0cami. C KaKIOH KOHTaKT-
HOM CXCMOH cBrzaa ee PYrKUUA NPOBOOUMOCTIU [y, 4, OUPEJEAAeMast CCTCCTBCHIILIM
00pa3oM
J':‘ CeIM U = U, TO fw =1
2) ecrit u # v M B rpade HeT neneit, COLARHSIONINX U U v, TO fy,, = 0,

3) ccsim u # v u B rpade ecTh UENH, COCAUHSIONUC U ¥ U, TO A/ HAXOMKICHUS
fu.o HEOOXOIMIMO LIS KASK IO ENH, COSTNHIIONIeH U M ¥, B3ATH KOHLIGHKLIHIO MCTOK
ce peoep, a 3aTeM B3AThL JIUM3bIOHKIIO 110 BCEM TAKAM ETsIM.

Caoorcrocns KOUTaKTHOM CXeMbl — 3T0 YHCI0 ee pebep. Jee kornmaxmiiwie crebt
CUNINAIOTNCA IKCUBAAEHTTIHOIMU, €CAU UL GYHEULL NPOGOOUMOCTIU PAGIDL.

Crozicnocmavio 6yaeBOM DYHKUMY HASKIBACTCH HAMMCHLIIAS CIOMKHOCTL KOMTAKT-
[HIX CXeM, PeaJU3VIONIMX ¢e KaK (QYHKIHIO TPOBOAHMOCTH.

C KOHTAKTHBIMYA CXCMAMM CBA3AHBI JIBE OCHOBHBIC 3a1aH

1) mocTpoctne KOUTAKTION ¢XeMbl ¢ 3a4anioil GyHKIMet TpoBOIHMOCTIL,

2) nocrpoense “aanbonee npocToil”’ KOHTAKTHOH oxeMbl ¢ sa @mHolt dhyukuueil
HPOBO,IHMOCTH.

Pemrenme sTopoii 381891 MOKCT UPOXOAUTD 110 CJICYTOMEMY [LIaHY:

1) HOCTPOEHIEe KOHTAKTHON (XeMBI ¢ 3aJanHON (DYyHKIMeH TIPOBOAMMOCTH,

2) YIPOUIEHHE MOCTPOEHHON KOHTAKTHON CXeMBI,

HocTpoenne KONTAKHOR CXEMBI 110 38IaHMI0 OV/IeBOH (DYHKLMH, HALIDHMED, [0 e
JUFHIOHKTHBHON MM KOH'bIOHKTHBHOA HOPMAJRHON hopMe, OCHOBAHO HA CJEAYIO-
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§4. O cnoxuocta cxeMm M3 PYHKUHOHAIDHLIX 3JEMEHTOR

eM 3aMeUAHIN:

ect fop — DYHKUHS [POBOAUMOCTH KOHTaKTHOM cxembl KC) ¢ nomwcaMu a
U b, a foq — GOYHKINI TPOBOIMMOCTH KOHTAKTHOH cxembl K Cy ¢ moatocamu ¢ o d.
10 (fur& feq) — dynKUMS npoBomuMocTH KOHTAKTHON cxeMbl Ky, ¢ mosocamMu a
1 d, nonydensoi uz cxem KCy n KCsy oroxkpecrsieHueM monocos b u ¢ (mocie-
nosareasHoe coequbenne cxem KCp u KCo, ey puc. 2), a (fop V fed) — dynxuus
IPOBOAMMOCTH KOHTaKTHON cxembl KC\ ¢ mosocamu ¢ w b, TIoJly9eHHOH U3 CXeM
KCy u KCy 0TOXKIECTBACHUEM TI0JTIOCOB @ ¢ ¢ U b ¢ d (napasijiesbHoe coeflHenne
cxem KCy u KCy, cM. puc. 3); moCTpoeHne KOHTAKTHON cxeMbl ¢ hYHKIUEH I1POBO-
JIIMOCTH —f, ), OUEBUIHO.

o KC, % e KC, —
a L] b c d

Puc. 2.

—— KCi .

: ;

|
0

— KC,

Puc. 3.

Bonpoc yupomnieHus KOHTAKTHBIX CXeM CYLIeCTBEHHO Oojiee croxkHblil. Paspa-
OoTaHbl METOMB! TTOCTPOCHUI “DOKOHOMHBIX  CXeM M3 (DYHKUIMOHAJILHBIX 2/7eMEHTOB
¥ KOHTAKTHBIX CXEM, B OCHOBE KOTODPBLIX JKUT AHAJIH3 CICHHHUKH PeAIH3YeMBIX
Dbyukmpi. PaceMoTpum uBa IPOCTLIX TPUMEDA.

ITepsriil npuMmep cBsi3ad ¢ peanusaimedt @yuryuu 20a0co8arud  1’AcCaOTPHM
AuIb Cayuai byHKImn rosocosanust f(z,7, z) 0T TPeX LECPeNEeHHBIX, 3HAUCIHE KO-
TOPOH PaBHO 1 TOrJIa U TOJBKO TOrZA, KOLAA HE MEHee JIBYX [ePeMEHHLIX TIPHHMMA-
o7 3gadenre 1. CoBeprieHHas JM3HIOHKTUBHAS HopMaibHas opmMa 9ToH hyuKIun
HMCET B,

(2&eyl&ez) V (2&y&ez) V (2&ydez) V (z&y&ez).
Ecnu crpounts dyuxkunonansayo cxemy no sro CAH®, To norpebyerca 14 ane-
meHToB. 3ameTus, uro >ty CAH® MoxHO 3aMeHUThH el 9KBUBaIeHTHOH hopMy10il
(‘repmom) BuIA
(w8 (y v 2) V (y&e2),

[OTYYUM CXCMY, COTEPKAIY0 Iuulb 4 DYHKIMOHA ThHEIX djeMenTa. COOTReTCTLY-
wiue cxema u3 GyHKIMOHANLIBIX 3JIEMEHTOB 1 KOHTAKTHAS CXeMa M300pazKelnl Ha
pucydKax 4 u 5.
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[iaBA 3. ... CXEMBI U3 ®YHKITMOHAJABHBIX DJIEMEHTOB

T Yy oz
R —
W
| g v/ & |
= " =
|| R s
i /

| "y
S
| -
& ——— y *
a b

Puc. 5.

Paceyorpuy elle oauHE OpEMep, IPCACTABISION, Ha Hall B3NIAT, naTepec. Ha
TPEX BLIXOAAX U3 GOLITONO MoMelieHust TPedyeTcs Paciof0KUTh BLIK/IOYaTeN Ta-
KM 00pa30M, YTOOBI HEBABHCUMO OT TIOJIOMKENHA JIOOBIX JBYX W3 HUX MOXKHO OBLIO
OBI TPEThUM BRIKJOYATETEM KAK BKJIOYATH, TAK H BLIKJIKYATL CBET B 3TOM [lOMe-
metvi. O0030AMUM BBIKJIIOUATETH UePe3 £, ¥ U 2. /IBYM BO3MOMKIIBIM TOJOKEHUAM
BBIKTIOUATeAS COOTBETCTRYIOT ABA 3HAYCHUS COOTBCTCTBYIONEH 1lepemennoit O u 1.
[yers flz,y,2z) — dbynknua, suaticHne KoTopoit na nadope (a, 3,6) pasuo 1, ec-
JU UPY JIAHHOM HadOPe MOJNOMKEHHH BhIKIIOUaTe e ¢BeT TOPUT U () B HIPOTHBHOM
cayuae. BosmoxHasa tabiuua suavenuit hynxuma f(r, y, z) nzobpakera Ha puc. 6.

TeTwl=T7
Tlo o oo
21 0101 1
570 110 1 |
4To 110
5 1ol of 1
6 | 1] 0] 1 0 |
N 0 | 0
| 811 [ T 1

Puc. 6.
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§4. O cioxuocTy cxeM U3 (OYHKUHOHAIBHBIX 2ICMCHTOR

Wurepecno zamerurs, uro hyurups f(x,y, z) asagerca camoqpoiictsentoi. Co
BEpUIEHHAS MU3IBIOHKTUBHAS HOpMansHas Gopma dyukunn f(z,y, z) uMeeT BuI

(2&glez) V (z&y&2) V (2&p&z) V (x&y&ez). (1)

Ecin crponts xontakTHy0 cxemy ucxoas n3 arodt CAHD, 1o rnorpebyercs 12 nepe-
kmogarened. CooTBETCTRYONAA cxeMa u30bparkera Ha puc. 7.

N
|
~

z Y

Tax xak copmyna (1) pasaocussaa Gopmyre (F&((g&z)V (y&z)))V (2&((g&z)V
(y&=z))), TO MOXKHO TIOCTPOUTH CxXemy, codepkainyio 10 nepexatouarened. [Ipnvep
TAKO! KOHTAKTHON CXeMbI LIPUBEJEH Ha pyc. 8, a Ha puc. 9 MpubeIeHA COOTRETCTRY-
IONAS CXeMa U3 (DYHKUMOHAILHBIX 31eMeHTOB.

ORHAKO MOXKHO MOCTPOUTL CXeMY, COUCPIKALLYIO UL 8 1epekatodaresei, PyHK-
uua f(x,y,z) — 900 acTHLIH cay4ail GyHKUME YeTHOCTH X B Ty & ... & Ty, AN
koropoii [Hleunon B padore 1949 r. wocrpoun KOHTAKTHYIO CXEMY, COTEKANLYI0 41 —4
nepexmodaTeneit, a Kaprno s 1952 11 nokasad, uTo nagbHediuee yMenbUIemHe T
MEPeKIoYaTeTeR HeBOIMOXHO ~ ¢xeMa, [lednona MuruMansHa. KoirrakTHad cxema,
[Mennona ja 3-mecTHOR GyHKIMU ¢ 8 IepeKIvuareaMu uzobpaxera Ha puc. 10
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=

@

Puc. 9.

Y 2 |
=

/ ]

y 7 —

//‘

A |
7 |

Puc. 8.

*<7 — § ad
/oy
/S 78
/ N/
T - ] =
Puc. 10.



Buorpaduydeckass cipaBkKa

A amap 2Kak Canomon [Hadamard Jacques Salomon| (1865-1963) —
dpanUy3CcKU MATEMATHK, U3BECTHLIN CBOWMU TPYJAMU B TeOpuy hyHK-
LM, TEOpHM “HCesT, TeopuM AuddepeHuMa bHbIX YPABHEHNM, MEXAHHKE.
B 1896 roay ox mast nepBoe [0Ka3aTeNbCTBO acMITOTUYECKOrO 33KOHA
pacnpejesenus TpocThiX "ucesn. AgamMap CUMTaerCs OZHUM M3 OCHOBA-
Tesiell PYyHKIIMOHAJBLHOIO aHalM3a. B Teopuu onpegenutencit ¥3BeCTHO
HEePaBeRCTBO AtamMapa 114 aOCOIOTHON BEJAMYMHHBI OUPEAEAMTEs, CICI-
CTBUEM KOTODOCO SIBMUAETCS PABEHCTBO, ONPEAEIAIOUIee MATPHLUbLl Agamapa.

Byns xoprsx [Boole George] (1815-1864) —

AHIMNIMHCKUE MaTeMATUK, OJUH M3 OCHOBOIIOJIOXKUHUKOB MATEMATHUICCKON
sorukn. Paspaboran aarebpy soruxku. Wsernem Byms Hassasbl Oyrestl
anredpbl -— 0cobble AMredpariaecKne CUCTeMb, A8 2)IEMCHTOB KOTODLIX
OLpPEAEJICHBI [(Be ONepaliny, OOJIAJAINE CIeUUa bEHAIME CBOHCTBAMIL.
C umenem Dyna cagzannbl 1 Oyiienul GyHKIML, ¢ pACCMOTPEHUA KOTODBIX
HAYMHAETCS 110co0ne.

HI/I)_LeprELHﬂ,CKHV[ YUEHbIH. I/Lsoope,u B 1657 rojly MRATHUKOBBLIC HaCkl CO
CITYCKOBBIM MEXalld3MOM, YCTAHOBIII 3aKOHLI KOJeOaHus (PU3UYCCKOTO
MAATHHKA, 3aJ0KHJ OCHOBBI Teopun yaapa. Orkprur komsno v Catyp-
Ha 1 ero conyTHUK Twram. ABTop OAMOro w3 mepBbIX TPYJOB [0 TEOpUH
BEPOATHOCTEH.

,H‘eg];exmm KOnnyc Buaerensm Puxapn |[Dedekind Julius Wilhelm
Richard| (1831-1916) -

HCMBHKH?I MaTeMaTUK, H3BECTHLIN TIpeXx e BCero Tpy/jaamMi 1o TeOpyu ajl-
f‘(-‘6pql'l“‘{€('f“/“( UCeJT. Bren pa OKL X l\OdllE‘ﬂJ.er/l, JlealiiuxX B oCiose

CORPEMRHHON 2 refphl (JeMeKHHI0BO KOLIO0, ACICKUN/i0Ba PeIlETKa), B
TACTIOCTH MY NPHHAIIeKIT COBDEMEHHOE Onpeaetenye wieana. Jleie-
KWl -~ aBTOP OMHOMU U3 IePBBIX AOCTATOIHO CTPOMMX LEODUN  IcHCTBM-

TEJbHBIX YUCeJI, OCHOBAHHOU HA TIOHITUM CEYEHHUA B YIIOPAAOUeHHOM [I0Jie PalHuOHa -
HBIX “WHCeJ.

Kerankwr Ban MBanosny (1869-1947) -
POCCHHCKH JIOTHK ¥ MTeMAaTHK, Npodeccop MOCKOBOKOIO yHUBEPCHTCTA, OAMH U3 CO-
3jaTeici CoBeTcKOR IMKOMBL Maremaruueckol joruxu. B 1927-28 mocrpomn jgoruky
BBICKAZBIBAHMA B BU/C aPHMMETAKY ABYX THCEL - - Wy “4eTHOe” 1 e uHuIlhl ‘Hever-
HO€”, yeMm J0CTUT BOJIBLLIOLH TPOCTOTLI B PEITEHNMH JIOIHYECKUX 3a4a4u. B moruke 2Kera -
KVHE HCHOALIYETCS HE COSIMHWTC/IBHALA, & CTPOrast, Pa3jiciauTe/bHas N3 bIOHKIHA —
CJIOKEHUE TIO MOYIIO 2.
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BHOMPA®UYECKAST CITPABKA

Kenur Jenem [Konig Denes| (1884-1944) —

BEHTePCKHil MareMaThK, B pafoTax KOTOPOro Teopus rpados smepsbie
HOSIBMJIACH KAK OTAE/blAd MaremaTuueckas amcrumimna. Cay repyud
“rpad” senen Kenurom g 1936 roay.

Komn Oriocren Jlym [Cauchy Angustin Louis| (1789-1857) —

— | dpanmy3cknil marematyk, aptop cbiue 800 TpysoE MO MaTemaTHHe-
\ CKOMY AHAJII3Y, TEOMETPHY, TEOPUHU TUCET H MATeMATHUCCKON huzuke.
: Hanpuyep, B anredpe Ko npuinagjieaur MPpexpacioe 10Ka3aTeabeTs0
I OCHOBHOW TEOPEMBI; T TeOPHH HHUCCIT — J10Ka3aTe)ILeIBO TOro, 4TO JH-
Ooe HATYPaJILITOC THUCJIO SBIACTCA N-YIJIOBLIM YHCIIOM, WU MOYKCT OBIThH

1 HPEACTABICHO CyMMON He BoJIbILe fIeM 71 YHMCeT N-YIIOBBLIX; B MATema-
'uquou (DUIHKE eny TIPUHAIIeKHT 0B0BIICITIO. MATEMATHTECKOe NTOHA THE 1ehopMaITiy
n yipyroro nanpsixkerust. OcobLIM H JOMEINIDYIOUMM Das/edioM Hay 1HOro TBOPHECTEBA
Kol SIBJISeTcs MaTeMaTHUecKuil anajins, B 9aCTHOCTH, Tpobuemsl (QyHKUIMH KOMIIeKC-
HOPO MEePeMEeHHOro u Teopud juddepeHiuaibnex ypaprennit. C ero uMeHeM CBI3aHbl
TaKNe MOHATHA, Kak “ompezescnuc upegena ¢pyuxmn mo Komm”, “onpesesenne Henpe-
puispoctu dynkiun o Koum”, “npeuzsetenne paaos 1o Koum”, “nprasax Koum exon-
voeTi paos”, “meron Kormu marerpupopanus auQepennnaibipix YPABHCHIHE 1 MHOIHC
apyrie,

Jleii6unn Torrdpus Baasrensm [Leibniz Gottfried Wilhelm| (1646-1716) —

HOMOIKHE MaTeMaTlK, Joruk U gpusuk. Pexosmengosad [erpy I opraim-
30BaTh axkajgemuio Hayk B Poccuu. B 1725 ropy npwm cozganuun ITerep-
OVPreRod AKamTeMun HAyK noszosasmcs mwiadame Jleifuuma. On Bue-
cru ¢ M. Herororoa cuawrraercs cozgarenes guddepeHnHansHoro u nh-
TerpansLHoro ueanciaenui. B 1684 rogy B ueproit cpoell padore o aud-

: depenpmrannLuoMy uedncaernto Jleibunn ssen noHdartie 1 oboznavenue
NPOU3BOAHON, 1TPUBEJ Tpapuaa JudhepenimpoBadus ¢yMMbl, YaCTHOTO, MTPOU3BE-
JIeHHS, CI02KHOH (PYHKIIUM, YKa3asd CHOCOObI OTIPeJEEs IKCTPEMYMOB U TOYEK
neperiba. B 1686 rony od ¢hopMyAKPOBAT MOHATHE M BB 0003HANEHIEe HETerpa-
Ja, a B 1693 rogy — GopMyty OUpPEASTeHUS ITPOUIBOHON 11-0I0 TIOPIIKA HPOH3Be-
nenwst. . [eHORML BB NOHSTHE OUPESINTENT H 381011 OCHOBLL TCOPHU OIIPEIe-
JuTencii. 3aHuMases paspadoTKoil VUHEBEPCATBLIIOIO S3bIKA, IPUTOLHOTO 11 (op-
MYJAHPOBKH PA3TMUIHBIX [IPODIEM U JICHICHHOIO HETOUHOCTEH # HeOupe e eHnocres
ecrectBeHubX g3blkoB. Cozianue noa00HOr0 YHHBEPCAILHOIO $3bIKA, 110 3AMbIC-
sy JlefibHnIa, -- 970 MepBLIi 3Tan ero rpaHRo3HON HPOrpaMMLl CO3JANHA VHU-
BEpPCAILHOrO ¢rnocoba perueHdd pas/ naabx npodiaenm. Dty yien leidnnua Obuiun
pea.wsoBaknl B kouue X[ X-nauane XX Bs. VMenno JIefiOHMAL BBEJ TAKHE MaTEMA-
TUYECKEE 3HAKY, KaK = (paseucTso) u - (ymuoxenue). B XIX sexe nuen Jeiibrauna
CT& I HCXOULHOH TOYKONU COBPEMEHHOM MATEMATHIECKON JIOTUKH.
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nyaceBuq An [Lukasiewicz Jan| (1878-1956) —

nonbekii noruk. IlocTpoun nepsByro cucTeuy MHOPO3HAMHON JIOTHKH.
Pazpabotan OpurMHamLEBIL $3bIK LIS BAMCH JNONHIECKRX H aarchpa-
nyeckux oipakennil (6ecckobounyio cuMBoTUKY JlyKaceBuda).

Heroron Mcaak [Newton Isaac| (1642-1727) —

AHNTHECKIH DU3WK 11 MATEMATUK, O/TUH 113 CO3are et quddepeHipaib-
HOT'O 1 MHTErPAJIBHOTO MCYUCIICHW L, Brec 6osbmioit BKJIa | B pri}})aOOI}\y
OCHOB MaTCMaTHYeCKOr0 aHaJu3a, TO €CTh Jda/l pelienle Taknx Hp()(’)..’[eM,
KAK HAXOXKJEHNe JKCTPEMYMOB (DVHKIUMUE, TOYEK meperuda, ypasnemuit
KACATeBHBIX K KPUBBIM, BRIMMCIEHUE IJIHHBl KPUBBIX, MIOLIALEH, Orpa-
HIUEHHDLIX KPUBBIMH, paspadoTanl MeTOAbl perueHus npocToix Judde-
PEHLMANBLHBLIX YPABHEHUH (MeTos KacaTenbHbix win veros Hororona).

TTapceBans Mapk-Anryan [Parseval des Chénes Marc-Anioine| (1755-1836)
dbpanuysckuit Marematuk. OCHOBHbBIE €M0 TPY/Abl OTHOCH/IUCH K AU (epeHIyalbHbIM
ypaBHEHHAM, Teoprn byHxmil geiicrsurensroro nepemenroro. Chopmymmposan (6e3
Jokasarenbersa) Teopemy [lapcesans.

ITackans Bmes [Pascal Blaise] (1623-1662) —

bpaduyIckuil varemaruk, (PHsUK ¥ Husocod, ABTOP MHOIUX TCOPEM IB-
KAUI0B0H reomerpuy. Tlackans suec Bxaf B pazpaboTKy OCHOB TEODUH
BEPOATHOCTEH K AU DEPEHIMATLHOTO UCTUCTCHUST.

(Canrbsiro) Cangepc [Peirce Charles (Santiago) Sanders]
(1839-1914) —

AMCPUKAHCKYE MATEMATHK W eCTCCTROMCIbILare b, OCHOBHBIC 6r0 TPV
OTNOCATCHA K MaTCMATHHECKON foruke (Crpeika [Tupea), Teopuyd Beposti
HocTed, anrebpe. OcnoBaresns cemmnornku. Boes (vesasucnmo or I Ope-
r‘e) MMOHATHE KBAHTOPA ~— OJIHOIO U3 BAXKHCHIIMX MOHATHH COBPEMCHHOA
MaTeMATMYECKOR JIOTUKHY.

Jleon [Post Emil Leon] (1897-1954) —

AMCPUKAHCKII MATEMATHK ¥ JOIMK. BHeC 3HauwresbHbl BKIAA B [00-
pH0 OvsteBbIX DyHKLUY, B ﬂomxy W MCUMCIIeHNC BhICKasbiBanuil. MM mo-
ayder paf DYHaMEHTATBHLIX Pe3YAHTATOB B MATEMATHUECKON JIOTHKe:
0 13 nanbosiee yIOTpCOHTEIBHBIX OTTPE,/EAeHid MOHATIHI HEUPOTUBO-
DEUHBOCTHU ¢ MOJHOTELI (DOPMATLIBIX CHCTeM {MCYUCIACHIMIT); H0KABATC (b=
cTBa (DYHKUMOHANLHOMA TOJHOTH U LIy KTHBHON TOAHOTEl (B UIHPOKOM

M Y3KOM CMBICJIC) MCUMCICHHS BhICKA3LIBAHMIL; K3y Uelne CHCTeM MHOTO3HAYHOM JIOTUKH C
Gosee YoM 3 3HAUEHMAME HCTHHEHOCTH. [10CTY MPUHALNEKAT OFHO U3 IEPBLIX (HE3ABHCH-
moe or A.M. Twropumra) MaTeMaTHIeCKUX ONPEJENeHNH TIOHITUS AJIPOPUTMA B TEPMUHAX
“abCTPaKTHON BBIUUCAUTENBHON MamuHabl’ U QOPMYIUPOBKA OCHOBHOLO TE3WCA TEODHU
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AJTOPHTMOB O BO3MOKHOCTK OIMCATH JKOOH KOHMKPETHBIA ajropuTy MOCPEACTROM 9T0-
ro ompesienenud. . Hoct ogmospesento ¢ A A, MapKOBBIM JI0KA3AJT AJIOPUTMHYECKYIO
HEPAIPEIIIMOCTL TTPOOIEMbl SKBHBAICHTHOCTH CJIOB ISl ACCOUHATABHBIX HCUHCTCHUH,
WIO CTAIO OHMM 13 TICPBBIX IPUMEPOR AJCOPHTAMIYCCKH HCPA3PCIMMBIX TipobieM, ehop-
MY/IHDOBAHIBIX BHE MATCMATIYECKOT! JIOMHKY, ¥ 3310770 (0 MATeMATH CCKOTO yTOUHeHH
NOHATHS AJICOPHTMA.

[Tasm Paiimonn Dasapn Agsan Xpucrodep [Paley Raymond Edward
Alan Christopher] (1907-1933) —

Z‘LI\K)})HK?IIICKI”H"'I MaTeMaTUK. OCHOBHbIe €ro TpyAbl QTHOCATCA K TEOPHH
pasos n uarerpasos Pypne (reopenva 1Ianp-Bunepa), opToronansubiM
U rapMOnHIeckiy by HKIHAM.

Crapsuar xeiive [Stirling James| (1692-1770) —
TOTAAUTTCKWH MATEMATHK, MRBECTHRIT CBOWMEN TPYAAMY TIO0 TEOPMH DATOB # HCUNC-
nermo konedskix pazuocreit. B 1730 rogy mosywmn dopmyny s npuOIIRKCHEOTO
periuciienua n!, ussecrayio kax gopmysia Crupamsra.

Toropnar Agsan Marucon [Turing Alan Mathison] (1912-1954) —

AHITHHCKHI MaTeMaTuK ¥ JOTMK. My TPHHAICANT OMHO U3 MePBLIX
MATCMATHIECKHX YTOMHCHIH UITYHTHEIOTO JONH TS AMT0pHEMa, Oy~
quBiee 3atem maspadue “vamuas Teoprora”. Toiopuaaly upusaLic-
WKAT U105 YHUBCPCAALHON BLIMMCJMTENLHON MalluHbl, BOIUIOMEHTAA B
COBPEMCHIBIX KOMITLIOTEPAX, TOYLOMY OIT TI0 NPABY CUMTACTCH O/HHUM U3

v cozarescit coppemernioit uudopyaruky. osrae roasl 6110 M0 W3-
BecTHO eme 06 ool cropone jgedrepuocti Triopunra — pabore 8 rpyiue Ho “paroMy”
mupon Hemenkon mrdposatLHol Mam s “Dunrua’.

Yot A:Kt}jt‘ti) Jleonapy |Walsh Joseph Leonard] (1895-1973)
" amMepuKatexuit MaremaTuk. OCHOBHBIE TPY/LBI OTHOCHTCH K TEOPIH (YHK-
i W TOMOJIOTHH.

®epma IIbep [Fermat Pierre| (1601-1665) —

dpamiyackmit MaTen ATk, ToayInBInull grecTHocrs GIareIaps CeoumM
TpyiaM 110 teopun e, Pepwa, KAk YTBePH TaioT, 3aiiMa et ITeHneM
MATEeMATHYCCKHX KIAC [ PA3BICYeHta i [IPUBLIK ITHCATh CEOH 3aMeTa-
HHS Ha TmoAAX. OI HOMECTHI Ha DOMAX MHOTUMX KIHT PYji CBOHX TEOPEM,
e 3ab0Tace 00 ux J0Ka3aTeNnLeTBe. Tak BOIHUKIIR H3BECTHAY TEODeMa

A%

v (-D(!L)M'd,. JIC JlaBaBiasd naisod M?A’L‘C\l'rl'l‘lfﬂ('(i\-' Ha TTPOTHARCHHUIT THeX C [10J10-
BUHOH BEeKOB., :U_[IIDUK‘,lO U3BCCTHOCTD TTOAYTTANA 1T Mallast 1eopeMa (DFD'\ln HPUBETETHAA
KM B IIAChMe, HatncantoM B 1640 rogy. OJ(10 U3 JOKQ3aTeILCTB 3701 TeOPCeMbI [IPHBE/ICHO
BO BTOPOH Tase. Pepuia mapsaiy ¢ JexapToMm cuuTalor ofiuM M3 co3TaTejci ananuru-
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ueckoit reoverpun. OH BBEA NPIMOYTOMLHYI) CUCTEMY KOODAMHAT U JOKA3a71, 9T0 YPaB-
HEHUST TIEPBOHU CTENEHH COOTBETCTBYIOT MPSMbIM, a BTOPOH — IJLIHICAM, THIEPOO/IA,
napaGoJiaM ¥ KP¥BLIM, TO1YHaeMbIM MIPH CEHEHUM KOHYCA MIOCKOCTAMU (KOHHHYECKHC Ce-
genus). Pepma 3aHUMACSH TEOPUEIT BEPOSITHOCTEH, ObUT OJIMM W3 NPEAUIECTBEHHHKOB
Herorona u Jleibuuna 8 obmactu auddepernuansHOro I HHTerpaibHOP0 MCIHCIEHN.

dubonauuu (Jleomapno Iluzanckwuit) [Fibonacci (Leonardo Pisano)]
(1180-1240) —

nranbaHCKUN Maremartuk, asrop ‘Kmnru o6 abaxe” (1202), xoropas
HECKOTBKO BEKOB OCTABAJIACh OCHOBHBIM XDPAMMJIMIIEM CBEZEHHHA II0
apudueruxc u aaredpe. Celtac cro UM Yalle BCEro BCTPEUALTCH B CBS-
3H C 3aMEYaTeIbHOI YUCIOBON MOCTEA0BATENBHOCTBIO (CM. TVIABY 2).

bpanny3ckuil MaTeMarTux, 3aJ0KUBIIHI OCHOBBI TEOPUM TDUINOHOMET-
pUYECKMX PSoB. Psjibl, Ha3BaHuble ero umenem (paisl Pypne), urpa-
10T G0JIBIIYIO POJIb B MareMmarike. Pypbe 3aHUMANCT MATEMATHICCKIIM
aHAIN30M, 0CODEHHO Teoprell DYHKUUHA, WHTCIPAJBHLIM HCUHCIIEHHEM U
ZnddepeHIUanbHbIMU VPABHEHSIMH,

AMEPUKAHCKHI MaTEMATHK, H3BECTHLIA CBOMMY pabOTaMH B 00JI2CTH Te0-
puu uudopmanmun. Ero MCCIeOBAHUA B TCOPUM KOJMPOBANUA CBIZAHLL C
KOJIAME ONMPEJEIAONINMA ¥ BCHPABAMIOMMMA OlubKyY (KOTh XenmuuH-
ra). My Gpuia peuteHa npobjemMa YNAKOBKH MATPHI UAL KOHEUIThI MU
nossiMi, XeMmuar pabotait B 00aCTH TEOPUU YHCEI, HHTENPAThIBIX ¢
HnddepeHiMansHBIX  YpaBHeHud, Y 9acTBOBAI B CO3JAHUN OJHOIO W3
nepsblx KoMmnioTepos IBM 630, 8 ucciesoBanusx MO MPOU3BOACTBY siiepiiof GonmObl B
CIOA (*mMaHxeTTOHCKUH 11poexT”).

Xonn Mapmann (Maammuit) [Hall Marshall Jr| (1910-1990)

i AMEPUKANCKHE MATEMATHK, XOPOTITO W3BCCTHLIK CBOUMIT TRy iaMi B TeO-
PHYU TPYII ¥ KOMOMHATODHKE. B TeOpHu rpyumn emy NpHHAUIeKUT De-
mrennc npodaemsr Beprcaitia. On nokasan, 9o fi0bast KOHEHHO [TOPOXK-
JelHasi rpyluina, TOPAI0K KaKAOT0 3JIEMEHTA KOTOPOM Aetut 6, J0/KHa
ObITh KOHeYHOM. B omOunaropure Xosur usydal KOHEYHbIe NDOEKTHE-
HBIE MIIOCKOCTH ¥ OJIOK-CXEMDI.

i [Hall Philip] (1904-1982) —

AHIIAMCKUA MATEMATHK, X0 3aHHUMASCA HCCTCOBAHMAMH it IHUTHRIX
utaccoB rpyrul. B gacrHocTy, 0B yoKasas, 1To rpynaa nops.dsa pt rie
n > 1, p — OPOCTOE YMCi0, AONXNHA OLITE NPOCTON. BeICTYIax Kak 1o
TIYJISIDU3ATOD TEOPHM ['PYIILI.
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Llopa Maxke Asryct [Zorn Max August] (1906-1993)

H(-‘\mumm varemarik. Yasecrrocrs [opiy nprbecio goxazarelherso
“nemmar Hopaa”, nazsannoii ero vmenen. O paccMOTPEIL TEOPUIO 1OJTe

C TOYKH 3pPeHusl AKCHOMATHYCCKOH TEOPHHY MHOKeCTB, HCITOJIL 3Yd npyH-
v makcuMyma. Kponme reopuu arozkects, Iopn 3animvaics Tom0J0H-
et 1 anredpoi.

‘-Iopvl Anonszo [Church Alonzo| (1903-1995)

AMEPUKAHCKU MATEMATHK U JIOTWK, BHECHTHH 3MAYATeILHLIT BRI
B OCHOBHI TEOPHH aropuTMOB. ‘I1épu paspabdoras Teopuio aambdja-
neuncienus. B crarse 1936 roga oH JOKA3a8 aNropHTMHIECKYIO Hepas-
PEITUMOCTE MCHTHACTTEITHU IPEUKATOB, DCIINEB TEM CaMDbIM O/ITY H3 CaMBIX
3HAMEHNTBIX [POBIEM MATCMATUKH Havala XX Bexa, Yépu n Trropusar

MOKA3ATH, Yo AgaMOja-neaucieHud u Matunasl ThiopuHra HMeIoT “0/1d-
HAKOBLIE" BLITHCIUTELALIC BOSMOKHOCTH, YT TPUBEJI0 K (POpMyAnpoBKe Tesnca Iépya -
Triopurra. Cucrema gsaMOa-UCHUCICTHI Jenia B 0CHOBY (BDYHKIMOHAILHBIX A3LIKOB HPO-
PPaMMUPOBARUS, B HAacTHOCTH cemeiictna Jlucn (Hanpumep, Scheme).

Illennon Knoa Dasya |Shaunon Claude Elwood| (1916-2001) —

AMCPUKAHNCKKHMA HHXAKEHED M MaTeMaTHK. Onu w3 (’.O.’S,‘Ia’]‘(‘,,ll(‘.fi MarTeMaTH-
l - Y

yeckolt Teopnn nndopvanmn. Braec 6onbiiol BKIA B TEOPHIO PeAeHo-
KOHTAKTHHIX CXEM, MATEMATHYCCKYIO TCOPHIO CRI3H, KUOCPHOTHKY.

[lecbpep Ierep [Schoffer Peter| (o 1430 - oxouo 1503) —

HeMEHKMIT vuiorpad u usiarertn.

Ditnep Jleonapz [Euler Leonard] (1707-1783) —

oA w3 KpynHeinmx varemaraxos X VI sexa, pospaca 8 Teefinapun,
Boabiny o YacTs Au3un npose 5 Herepbypre, paboras B 1_[&)’1‘(,:;)())/'1‘)z“cxoﬁ
Axanevuu Hayk. B cuncke cro tpynos Hosee 800 Hazsanmit. Cpean ero
paboT — uepsble yUeOHUKH 10 JH(OEPCHIHAJILHOMY B HATELPAILHOMY
neaucenennio. B reopun auces o ¢cOpMyTHPORAL HPOoGIeMLI, KOTOPLIe
ONPEJeNIHIN  HANPABJENUs HCCIcAoranmil a jgecarwierus. lokazan

PAI VIBEPKIeHUR Teoprn duces: teopesnl Pepyia u Ditaepa, seiaukyio teopemy Pepma
1 mokasarened 3 w4 Maoro padorasn DHiep v B 0HIACTI MATCMATHICCKOrD aH:
Ero nwvs nocur dhopmyia € = cogx + isin 2, yeTamaBMBAOWAas CBA3L TRHIOHOMETPU-
COCKMX M HOKA3aTensHOH QYHKINI, BO3ZHUKAIOULYIO TIPH HCHOJML30HALME KOMILICKCHBIX
ancen. Paszpabortan reopuio jorapichMon A KOMILICKCHRX YHCeT, COVIACHO KOTOPOH
BCC KOMIUJIEKCUBIC THCIIA, KPOME HYJIS, MMCHT JJOrapH(Mbl, IPHYEM KAXK/I0MY YHCAY CO-
OIBeTCTBYeT DOCKONCYHOe MHOMKECTRO 3Havenui jorapudma. B reomerpun itnep mo-
JIOKIT Ha'al0 COBCPITEHHO HOBOH O0OJACTH HCCTEAOBANMN, BLIPOCILEH BIIOCIEICTBAN B
CAMOCTOSITCTLIVIO HAYKY — Torosoruio. Mims aepa nocat hopMyiia, CBA3LIBANINAL
uneno seprmn (B), peGep (P) u rpancit (T') suinykaoro mMuororpassnka: B—P+1'= 2.
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TpynHO Jae NepeIncaUTh OCHOBHbIE PE3V/IbTATH HAYYHON JeATeIbHOCTY Diyepa. 31ech
U I'eOMETPHUST KPUBBIX U [IOBEPXHOCTEH, U IePBOE UJIOKEHUE BAPUALHOHHOTO HCUHC/ICHUS
¢ MHOTOUHCIEHHBIMI HOBAME KOHKDETHBIMHU De3yanTaTaMu U mHoroe gpyroe. B 2007 roay
MaTeMaTudeckuit Mup ormeqaer 300-smeTre co gus poxaeHus J1. Dinepa.

Adsaonckuit Cepreit Beesomonosma (1924-1998) —-

POCCHUCKUN M3TEeMaTHUK, BHECIUUN 3HAUUTEbHBIN BKJIAJ B JUCKPETHYIO
MATEMATUKY, MATEMaTHYeCKHe BONPOCH KMOEPHETUKY M MaTreMaruiec-
Ky Jjoruky. OCHOBILIE €r0 TPY/Abl TOCBALIEHBL TEOPUH YIIPABIIAOLIAX
CHCTEM, BCCAEA0BANNIO DYHKIMOHAILHBIX CUCTEM C OTIEPAIMAMI, BOIPO-
CaM KOHTDPONS M HAACKHOCTH YIPaBJSIFOUIMX CHCTEM, U3YUEHUIO aro-
PHTMIYCCKOH CUIOMKIIOCTH CUHTE3RA YNPABITIOUWX CUCTEM.

161



Jlureparypa

Andepos, Al Ocnoswr xpunmoepapuu | AIl. Andepos, A.HO. 3ybos,
A.C. Kyspmun, A.B. Hepemywkun. — M.: lennoc APB, 2002.

Apmmnos, M.H. Kodw u mamemamura (paccrasv o xoduposarnuu) / M.H. Ap-
mueos, JILE. Cagoseknit. — M.: Hayka, 1983.

Bupkrod, I'. Cospemernasn npuxaadnas anzebpa / I'. Bupkrod, T. Bapru. --
M.: Mup, 1976.

Bunenknu, H.A. Hnoyxyus. Kombuwamopuxa: nocobue oas ywumenci [
H. 4. Buneuxuu. — M.: IIpocsemernne, 1976.

Bunenxun, H. 2. Kombunamopuxa /| H.A. Bunenkus, — M.: Hayxa, 1969.

Bucnxus, 2 Honyaspras xombunamopuka / H.S1. Bunenkun. — M. Hay-
Ka, 1975.

Dnymxos, B, Cunmes yuppoevx asmomamos / B, Dinymkos. — M. Dus-
MaTrus, 1962.

Ppun, H. Mamemamuueckue memodw anaruda anzopummos [ H. Tpui,
JI. Kayt. — M.: Mup, 1987,

Foxon, VLU, Saemernmuor xombunamopurxy |/ W, Exos, A.B. Cxopoxog,
MU, Anperxo. - M.: Hayxka, 1977.

Bamenuues, E.A. Jexyuu no meopuu epados / E.A. Emennges, O.M. Meibsuu-
kos, B.J. Capsanos, P.U. Terunkepuy. — M.: Hayka, 1990.

Epycanmmexuit, A.M. luckpemnas mamemamura: meopui, 3a0a4u, npus0Hce-
nua [ A.M. Epycammnexnit. 3-c u3i - M. Bysosckaz krura, 2000,

3eixoB, A.A. Ocrosn meopuu epagos / A A. 3Boikos. — M.: Hayka, 1987.

Wpanos, B.H. Juckpernnas mamemarnuxa. As2opumav, U npozpammot. yueh.
nocobue / B.H. Usaros. — M.: Jlaboparopua Bazoseix 3uanuit, 2001.

Kamepon, I1. Teopus zpagos, meopus xoduposarus ubrok-cremu | 11 Kame-
po, x. Ban Jlunr — M.: Hayka, 1980.

163



JIMTEPATYPA

[15]

|16]

164

Kopurynos, A, 1. Ocrosrole c80UCTEG CAYHAUNBLT 2paPos ¢ DOALWUM YUCAOM
sepwur u pebep / AJI. Kopmynos // YMH. — 1985. — T. 40, pbon. 1. —
C. 107-173.

Kocrpukun, AV, Beedenue 6 anzebpy. Ocnoervie cmpyrmypu. ai2ebpol [
AV, Koerpukun. — T. 3. -~ M.: JlaSoparopus bBasorwx 3nammit, 2001.

Kodbwan, A. Bocdenue o npukaaonyn wombunamopury /| A. Kodbman. — M.:
Hayxka, 1975.

Kparko, M.U. Anzopummureckan nepaspeuumocins 00rol 3adanu us meoputl
xoneunmnr asmomamos / M. Kparko // Anredpa u sorska. — Hosocudupek,
1964. — T.3, Ne2. — C. 3344,

Kynpasuer, B.B. Bsedenue 6 meopuio koneunwx asmomamnos / B.b. Kyipsas-
ges, C.B. Ancimuan, A.C. Iojakonsuu. — M.: Hayka, 1985.

Kyanenos, O.I1. Jucxpemnas mamemamura das unocenepa | O.I1 Kyauenos.
-- CI16.; M.; Kpacunouap: Jlats, 2004.

Kysueuos, O.I1. Juekpemnan mamemamura das unocenepa / O.11. Kysneros,
'M. Anenncon-Beibeguit. - M.: Dreproarcon, 1988,

Kvk, /1. Komnviomepras mamemamuxa / 1. Kyk, I'. Beiis. — M.: Hayka, 1990.

Kyaymor, A V. Saekmponuxa u cxemomexnuxa | A V. Kyaymos. — M.: leanoc
APRB, 2004.

Harpos, I.A. Sadawu no meopuu MHONCECME, MATEMAMUNECKOT AOZUKE 1

meopuy aszopummos | WA, Jlarpos, JI.JI. Makcumosa, — M.: Hayka, 1975,

Hamneman, 2K. Hoayzpynno u kombunamoproe npuisoncenus [ A8, JamieMa.
M.: Mup, 1985.

Juncknit, B.B. Kombunamopuxa das npozpammucmos / B.B. Jinucxuii. — M.
Mup, 1973.

Horaucs, O.A. Byaesv ynruuw 8 meoput kK0Muposarus u Kpunimo2padu
OA. Jiotaven, ALA. Canbnuxosn, B.B. fmenko. — M.: Mag-so MIIIIMO, 2004.

Mapros, At An. Becdenue 6 meopuio woduposanusn [ An.Ax. Mapkos. — M.:
Havra, 1982.

Martuacesuy, 10.B. Juogarnmosv: smnoorcecmea /| Maruacepna [0.B. // YMK.
— T.22, N#5. — 1972, — C. 185-222,

Mewepawos, M.B. Habpannvie aekyun no  duckpemmott Mamemamuxe |/
ALB. Memeparos. — Capanck: U3i-s0 Mopaos. vu-ta, 2003.



[31]

[32]
(33]

134]

40

JINTEPATYPA

Hosukos, ®.A. Juckpernnas mamemamura oas npozpammucmos | @ A. Ho-
BukoB. — CII6.: Tlurep, 2001.

Ope, O. Teopua epagos / O. Ope. — M.: Hayka, 1980.

[Henrye, A.E. Teopus gpopmarvrmr ssuxos / AT, Tlernryc , M.P. [Tenryc, —
M.: Uz-5o0 MIY, 2004.

[Ipaconos, B.B. Saemenmu komburnamoprot v duddepernyuasvioti monoiozu
/ B.B. Ilpaconor. — M.: MIITHMO, 2004.

Pemxun, HIL Juckpemmnas mamemamuxa / H.IL Penxun. — CII6.; M.; Kpac-
HOmap: Jlann, 2003.

Petinronsa, 9. Komburnamoproie aazopumae. meopus u npaxmuxa /| 3. Peitn-
ronsy, FO. Huseprensr, H. leo. — M.: Mup, 1980.

Punress, I', Teopema o packpacxe xapm / 1’ Puurens. — M.: Mup, 1977.
Puopnan, x. Bsedenue 6 xombunamopnwi onaava [ Jix. Puopman. — M.
VT, 1963.

Puopaan, k. Kombunamopnvie moncdecmea / Jx. Puopnan. — M.: Hayka,

1982.

Canomaa, A. 2Kemwyorcuno, meopun gopmanvrmz asvkos | A, Canosaa.
M.: Mup, 1996.

| Caukos, B.H. Bscdenue 6 xombunamopruvie mermodo, Juckpemmoti Mamemuini-

ku / B.H. Caaxor. — M.: Hayka, 1982.

Cronenkos, A.B. Boxpye xpumepus Kypamoscxozo naaraphocmu 2pados
A.B. Cxonenxon // Matemarnyeckoe npocsenenne. —- 1 perba cepis, Bhin. 9.
-— M.: MITHMO, 2005. — C. 116-129.

Cokonos, B.A. Qopmanvrve szvku u epammamuxy / B.A. Coxkonos. — Apo-
crasiab: AplY, 1998.

Tapaxanos, B.E. Kowbunamoprwe sodavwu u (0,1)-mampuyn. / B.E. Tapaka-
sos. — M.: Hayxka, 1985.

Tpaxtenbpor, B.A. Konewnwe asmomamo. /| B.A. Tpaxrendpor, A.M. bBapa-
Jvab. — M. Hayka, 1970.

®anenny, B.4. Kombunamopuxa. Saemenmor meopuu 2paghos. yuebroe nocooue
/ B4 @anesut. — Poibunck: Mza-so PATH, 1993.

®omnues, B.M. Juckpemmas mamemamura v kpunmonozus / B.M. Pomunues.
— M.: INAJIOT-MU®U, 2003.

165



JIMTEPATYPA

166

Xapapu, O. Teopus zpagos /| O. Xapapu. — M.: Mup, 1973.
Xouut, M. Kombunamopuxa /; M. Xonn. - M.: Hayka, 1970.

Xonkpodt, k. Beedenue 6 meopuio agmomanos, A3uik06 U 6uHUCACHUd |
k. Xonkpodt, P. Morsann, k. Yiasman. - M.: Uznarenssexuilt gom “Buis
amc”, 2002.

Opnun, A FO. Juekpemnasn mamemamuxa: Konenexm aexuyud / AFO. Dpaun.
— Yenabunck: Uza-so KOYPI'Y, 1998.

A6nonckuit, C.B. Bsedenue 8 duckpemmyio mamemamury / C.B. ddnonckuii.
M.: Hayka, 1986.

HAononckuit, C.B. Qyuxyuu anzebpu ao2uxu u kaaccw, Hlocma / C.B. A6non-
ckutt, ['I1. Taspunor, B.B. Kyupasnes. — M.: Hayxa, 1966.

Culer, L. The Konigsbery bridges / L. Euler // Sci. Amer. — 1953. — V 18.
. 66-70.

55| Post, E. Intoduction to a general theory of elementary propositions / E. Post

// Amer. J. Math. — 1921. — Vol. 43.

Post. E. Two-valued iterative systems /| E. Post. — 1941,



	Scan 7
	Scan 8
	Scan 9



