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IIpenucnoBue

These weights values can be shown to work,
but why they work is something of a mystery.
[DSP Guide, 1999]

['naBubrit Bompoc, Ha KOTOPBI HaM XO4UeTcs OTBETUTH B MIPETUCTOBUN:

Jauem nyotcna ewe 00na Knu2a no yudposoti obpabomre cuznanos,
ecal Yyorce u30aH0 MHOACECTNBO 3AMEYAMEALHLT PYK060JcNe ?

OTrBer mpoCToii: MBI CUUTAEM, UTO HAIa KHUIA — JIyUlllee PYKOBOJCTBO JJIsI TeX,
KTO XOU€eT OJIHOBPEMEHHO MO3HAKOMUTHLCS ¢ TEOPETUIECKUMI OCHOBAMU 1D POBOK
00pabOTKM CUTHAJIOB U HAYUUTLCS MCIIOJB30BATh €6 MEeTO/Ibl B paboTe.

Bo-11epBbIX, 9Ta KHUATA SBJISIETCS] 3AMKHYTBIM PYKOBOJICTBOM 10 ITU(POBOI 00-
paborke curnasos (IJOC). Nznoxenwe J0CTYIMHO CHENUAJUCTY MO TPUKJIAIHON
MaTeMaThKe, HE3HAKOMOMY CO CHEKTPaJILHOW TeOpueil CUIHAJIOB: Mbl TOAPOOHO
n3J1araeM Bechb HeOOXOJMMBIi JIJisd IIOHUMaHKS MaTepHrall.

TyT BaXXHO 3aMETUTb, UTO 3HAUCHUE CAMOI CIIEKTPaJbHON TEOPUU BLIXOJUT
JIAJIEKO 32 I'PAHUIIbI 00PabOTKM CHUI'HAJIOB — 9aCTO MMEHHO B 00JIACTH CIEKTPaJib-
HBIX METOJIOB HaXO/sTCsI HauboJjiee KOpOTKKE 1 OE30I1aCHbIE MOCThI MEXKJIy TEOPH-
et 1 BRIYUCINTEHHBIM MeTo10M. JIexKalee B OCHOBE CIIEKTPaJIbHBIX METOJIOB TIPe-
obpazoBanue Oypbe ABJITCsI, BEPOATHO, CAMBIM IIIPOKO UCIOIB3YEMbIM MaTEMa-
TUYECKNM MeTOJI0M — OHO nonctune Bezjecyte’. TIoaToMy 3HAKOMCTBO CO CICK-
TpaJbHOM Teopueit OyIeT MoJIe3HO JTIO0MY CEeNUaJTUCTy O MPUKJIATHON MaTeMar-
THKE.

Bo-BTOpHIX, MBI BCerma JOBOAWM W3JIOXKEHHE 10 PabOoTaroInX AJTOPUTMOB
U [pejoJiaraeM, 9To YuTaTe/ib 3anHTEPECOBaH B OCBOCHUHU BbIYUCIUTEIHHON CTO-
pounl [HIOC. Mbl BepuM, 4TO JIy4IIUil CIIOCOO IOHATH JIIOOOH MaTeMaTHYeCKMii
METO]l — peajm30BaTh €ro B BHJI€ KOMIIBIOTEPHON nporpammbl. JIiogu, HUKOr/IA
STUM He 3aHMMABIIUECH, JaKe He M0J03PEBaloT, KAKOe KOJMIECTBO BayKHbIX JleTa-
JIeil OHM yIycKaroT u3 BUja. VIMEHHO 1TOSTOMY MBI PUBOIAMM MOPOOHBIE CXEMbI
THUIIOBBIX CIEKTPAJbHBIX AJTOPUTMOB M HE »KaJleeM BPEMEHH U MecTa Ha UX 00-
CyKJIeHNe.

[Tocobue B mepByio odepejib NpejaHa3HAUYEHO JJIsi T€X, KTO XOUeT HayUIUThb-
ca ucnonb3oBaTh Meroabl LIOC B cBoeil paboTe, HO MOXKET OBITH MCIOJIHL30BAHO
U CTYJCHTAMHU, U3YyUaIONUMU COOTBETCTBYIONUI Kypc. M3j0:KeHHbI MaTepuas

IMEeI He MOXKeM 37eCh BIABATLCA B IIOIPOOHOCTH, IMOITOMY IIPOCTO IIEPETHCIHM HEKOTOPhIE COBPEMEHHEIE
TEXHOJIOTUY, OCHOBaHHbIE Ha 1peobpazosanuu Pypoe: cxkarue 3syKa (Hanpumep, B hopmare MP3 u npu komu-
poBanuu 3ByKa B crangapre GSM), cxxarue nzobpaxenuii (nanpumep, B dopmare JPEG), cxxarue Buaeonoro-
ka (Hanpumep, B popmare MP4), Boccranosienue pacdhoKycupoBaHHbIX H300paKeHKH, PACIO3HABAHKE ['OJIOCA,
paCro3HABaHUE MY3BIKAIbBHBIX POU3BEIeHU (HampuMep, B cepBuce Shazam), BOCCTAHOBICHNE 00HEMHBIX U300~
paxenuit 1o npoekuusM (Hanpumep, B MPT — MarauTHo-pe3oHancHO# ToMorpadum).
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YACTUYHO UCTOJIB30BAJICA B CIIEIIKYPCE, KOTOPBI aBTOPHI B TEUCHUE PSAJIA JIET IU-
TaJau CTyJeHTaM 3—4 KypcoB crennaJjibHoct «lIpukiagnass MmaremMaTukas.

baarogapaocTn

IIpw monroroBke mMaTepwaJioB, BOMIEANINX B ITY KHUTY, Mbl HWCHOJH30BAJIN
TOJIBKO CBOOOJIHO PACIpOCTPaHsieMble ITPOIPAMMbI C OTKPbITHIM KOJIOM.

e JIj1s1 MOATOTOBKHU TEKCTA Mbl UCIOJIB30BAIN 3aMeIaTe/IbHYI0 U31aTeIbCKYIO
cucremy KEITEX, cospannyio Honasbiom Kuoyrom wu Jlecou Jlamuoprowm.
ETEX — equHCTBEHHAS CHCTEMA [IOJITOTOBKU TEKCTOB, JAPSIasi JIOIIAM pa-
JIOCTB!

e /I pucoBanusi ucnosib3oasiach nporpamma GNUPlot, 3arajjounblit cun-
TaKCUC KOTOPOM € JIMXBON KOMIICHCUPYETCsi IIPEBOCXOJIHBIM KadeCTBOM I10-
JIydaeMbIX MJLTIOCTPAITUI.

e Jlyisi peasM3aliuy ONMUCHIBAEMbBIX aJIOPUTMOB MbI HCIOJIH30BAIN KOMITHJISI-
top GCC — o/iuH U3 JIydIux JOCTYIHBIX KOMIUIATOPOB s36IKOB C/C++.

o Takyke 1IpU CO3J@HMK IHPOTOTUIIOB IHPOI'PAMM Mbl HHOIJIA KCIOJIb3YEM
Octave — MaTeMaTUIeCKUil IIaKeT, COBMECTUMBbII 110 A3bIKY ¢ KOMMEpPUYECKIM
nakerom Matlab.

Ob6parHasg cBI3b

C aBTOpaMyM  MOXKHO CBS3aThCA 110  aJIPECy  DJIEKTPOHHOW  MOYTHI
Olaydy@gmail.com. Mpl Oymem Tpu3HATETBHBI 3a JIOObIE 3aMeYaHUA, OT-
3BIBLI U COODIIEeHnsT 00 OMmmnoOKax.



Pekomenayemas JurepaTrypa

Jlureparypa 1o mudpoBoit 06paboTKe CUIHAJIOB OYeHb OOIINpHA. 3J1eCh [IPUBe-
JIEHBI TOJIBKO T€ KHUT'H, KOTOPhIE HEIIOCPE/ICTBEHHO UCITOJIH30BAJIA aBTOPhI. SHATH-
TeJIbHO OoJiee MOJTHY 0 aHHOTHPOBAHHYO KOJIJIEKIIMIO CCLIOK MOXKHO HAWTU B KHH-
re [Basmanszon, 1989]. CosHaresibHO He PUBEJIEHBI BHIXOJHbIE JaHHbIE KHUT; (a-
MUJINKA aBTOPa ¥ HA3BAaHHUS OOBIYHO BIIOJIHE JIOCTATOYHO, YTOOBI Pa3bICKATh IIep-
BOMCTOYHUK. TOT MaTepuaJ, KOTOPbIil HE COJIEPXKUTCS B IMEPEUUCICHHBIX KHUTAX,
OCHOBaH Ha YKyPHAJIbHBIX IMYOJUKAIUSIX — COOTBETCTBYIONINE CCHLIKHU JaHbl B Ha-
JaJie KaxkJI0i IJ1aBbl.

[BeapmoBuy, 1965] . b. 3eavdosuy, A. J. Mviwukuc DaeMeHT IPUKIIATHOL
maremaruki. CONEP>KUT MPOCTOE M3JIOKEHUE TEeOPUHM WHTErPAJLHOrO IMpe-
obpazosanust Pypee. (L. 1, 2)

[BunoBbes, 1968] A. JI. Sunosves, JI. U. Quaunnos Bsejenune B reoputo cur-
HaJioB 1 1eneil. Co/epKUT JOBOJIBHO MOJHOE M3JI0KEHNE MaTepraJia, OTHO-
CsAIerocsi K CIeKTpaM CUI'HAJIOB U CJy4YalHbIX [1POIECCOB C TOYKHU 3PEHUs
aHaJn3a GuU3nIecKux cucreM obpaborku curaaion. (L. 1, 2)

[Xemmunr, 1972] P. B. Xemmune Uncmenapie merogsl. I'aBbl, MOCBSIIEHHbIE
psiiaam Pypbe, unrerpaiy @ypbe u puabTpam, cojepKar 3aMedare/bHbIi
BBOMHDIH MaTepuas. (I 1, 2)

[Boruep, 1976] Bsenenne B mugposyio ¢gurbrpanuio / nod ped. P. Boenepa
u A. Koncmanmunuduca. TToaHO M3M0KeH MaTepuas, OTHOCAIIMIACA K JIUC-
KperHoMy 1ipeobpazoBanuio Oypbe u asropurmy BIID. (Tui. 4, 5)

[Pabuuep, 1978] JI. Pabunep, . T'oyad Teopusi u upumenenue 1uhpoBoii obpa-
6orku curuasos. ConepKUT BEChbMa MOJHOE U3JI0XKEHUE TEOPUH U IIPAKTUKH
nocrpoenusi 1udposbix dbusbrpos. (. 6, 8)

[Xemmunr, 1980] P. B. Xemmune [{udpposbie ¢pusbrpol. 3amedaresibHOe U3J10-
>KeHue Teopur Mu@poBoil (PUIbTPAIUU U METOJIOB IOCTPOCHUS (DUILTPOB.

(Tu. 6, 8)

[Kaprames, 1982] B. I Kapmawes OcHOBbI T€OpHH JUCKPETHBIX CHIHAJIOB
U IUpPOBBIX (PUIBTPOB. XOPOIIO U3JI0KEHA, TEOPHUS JIUCKPETU3AINN U JIHC-
KperHoro npeobpazorannst Oypre. (1. 3, 4)

|[Beunar, 1983] Jow. Bendam, A. IHupcon Ilpumenennsi KOppeJSIIHOHHOTO
" cHeKTpaJjbHOrO aHaJm3a. COomep:KUT SHIMKJIIONEIMIeCKOe U3JI0KEHNE Me-
TOJIOB KOPPEIAIIOHHOIO U CIEKTPAJLHOI0 aHAJJIN3a CIAyIaiiHbIX IPOIECCOB.

(T 7,9)



[Banmman3zon, 1989] JI. A. 3aamanson Ilpeobpasopanms @ypwe, Yosmia, Xa-
apa W UX NMPpUMEHEHWe B yIPaBJICHUH, CBSI3u 1 ApyTux obactsx ComepKuT
KOHCIIEKTUBHOE u3JjioKenue 0oJibineir yactu BoupocoB LTOC. Ocobyo nen-
HOCTb IIPEJICTaBJISIOT OUeHb [O/IPOOHBIE OuOInOrpaduiecKue KOMMEHTAPUH
B KOHIIE KaKJION 1JiaBbl U OOJIBINION aHHOTUPOBAHHbIN CIIUCOK JINTEPATYPHI.

[Numerical Recipes, 1997] Numerical Recipes in C. The Art of Scientific
Computing {www.nr.com} Hemioxoii yueOHUK 1 CHIPABOUHUK 110 BbIUKC/IK-
TeJIbHBIM MeTotaM. ColepKUT OOJIBITYIO KOJJIEKIHIO TTPOTIPAMM, PeaJn3y-
IOIMX OCHOBHBIE YHCJEHHBIE MeTo bl. Cpejin Mpovero 37ech MOYKHO HaiTh
BCE OCHOBHBIE OBICTpBIE CIIEKTPAJbHBIEC AJrOpuTMbL. (171, 5)

[Kaxauep, 1998] /. Kaxanep, K. Moyaep, C. How Hucsienubie MeTO/bI U 11PO-
rpaMMHOe obecriedernne. KpaTkoe u3/10:KeHne MeTO/I0B IPAKTHIECKOTO CIIeK-
TpajibHoro aHasiusa. COJEPKUT HECKOJIbKO HHTEPECHBIX MPUMEPOB CIIEK-
TPATBHOTO aHAIN3a PeasbHbIX Manubx. (L. 9)

[DSP Guide, 1999] Smith S.W. The Scientist and Engineer’s Guide to Digital
Signal Processing. {www.dspguide.com} Hemmoxoii BBOHBIH Kype 1udpo-
Boit 0bpaborku curnanos. Comep>KUT NPEAEIHHO YIPOIIEHHOE U3JI0KEHUE
OOJIbIIIEll YaCTH BOIPOCOB.

[Backakos, 2000] C. d. Backaxos Pajmorexumyueckue nemn u curnasinbl. Cojep-
KUT M3JI0KeHue OOoJbIeil YacTh MaTepuaja, OTHOCAIIErocst K IudpoBoii
00paboTKe CUI'HAJIOB, HO C TOYKW 3PEHUS Peasn3aiun pU3nIecKux CUCTeM
00pabOTKU CUI'HAJIOB.

[Conouuna, 2001] A. Conronuna, /1. Vaaxosuu, JI. Hrxoeree Ajropurmbr u npo-
1eccopnl 1uppoBoii 0bpaborku curnasion. IlojgpobHoe u3Jj0xKeHne BOIPOCOB,
CBsABAHHBIX ¢ IpuMeHenneM Pypbe-Iporeccopos.

[Osiccon, 2001] I Oaccon, /. Iuanu IlucppoBbie cHCTEMBI ABTOMATH3AIHI
u ynpassenns. COBpeMeHHOe M3JIOXKEeHWe Teopnr Nr(POBOTO YIIPABICHUsT
cucremamu. [1aBbl, nocssineHHble cOOpPy n 00paboTKe JIaHHbIX, HEIOCPE/I-
CTBEHHO IIPUMBIKAIOT K IU(POBOIi 00pabOTKe CUTHAJIOB. IPUMbBIKAIOT K ITU]-
pPOBOit 0OpabOTKE CUIHAJIOB.



1 Psang ®ypbe

PasBuBaloiuecst BO BpeMEH) HATYPHbBIE U MOJEJIbHBIE TPOIECCHI OIUCHIBAIOTCS
BeJINUMHAME, U3MEHSOMUMUCA BO BpeMenn. C TOUKHU 3peHUs] MaTeMaTUKN KaXK-
Jlasi Takasi BeJIMUMHA Hpejicrapiser coboit gpyHkuuio Bpemenu x(t) — 310 Tak
HA3BIBAEMbIH aHa.n0206b11 cuzHan. CUTHAJBI MOTYT 0OpabATBIBATHLCS C HMCIIOJIb-
30BaHMEM CaMbIX PasHoOOpasHbIX MeTosoB. K wugdposoti obpabomrke cuznanos
(LHHOC)? TpajiiuoHHO OTHOCAT METOJIbl 06PABOTKI CUIHAJIOB, CBABAHHBIE CO CHEK-
TpaJbHBIMU IIpeobpazoBanusmu. IIpocreiiliee crekTpajbHoe peodpa3oBaHue —
psi, Pypbe — U3ydaeTcsl yxKe B aHaJM3€e. 3J1€Chb Mbl IIPUBEJIEM OCHOBHbBIE CBEJIe-
HUs, Kacatoruecs psjgoB Oypbe, 1 BBeJIEM YI00HYIO JIJIs JAaJbHERIIIero n3/I0xKeHns
TEPMHUHOJIOTHUIO.

1.1 Kowmmaekcublii pag @ypbe

B anasiuze passoxenune T-nepuoguueckoit Gyukuuu x(t) B psij Qypbe 3aiu-
ChIBAETCsI OOBITHO CJIEAYIONUM 00Pa30M:

(0.@]
a
z(t) = EO + Zan cos 2mn fot + by, sin 27n fot, (1)
n=1
rie fo = 1/T. @opmysbl i KO3(DOUIMEHTOB MOJIYIa0TCs U3 CO0OparkKeHuii

HoNapHoit oproronasbuocTu gpyukiuii cos 2mn fot, sin 2mn fot na orpeske [0, T):
T
/ sin 27tn fot cos 2mm fot dt = 0,
0

T T
0
/ sin 27n fot sin 2wm fot dt = / cos 2mn fot cos 2mm fot dt = < n#m, .
0 0 T/2, n=m

Jlerast  npapast yacTu psija Pypbe YMHOMKAIOTCS IT00UEPEIHO HA KaXKIYI0 U3 9TUX
GyHKIME 1 1MocIe MOUJIeHHOIO0 MHTeIPUPOBAHUs CIIPaBa OOHYJISIOTCS BCE Ciara-
eMble, KpoMe ojiHoro. B pesyiibrare moJiydarorcs ciejyonme (popMyJIbl JIJId KO-

s urmenTon:

o [T

an:—/ x(t) cos 2mn fot dt,
T Jy
o [T

bn:—/ x(t) sin 2mn fot dt.
T Jo

2digital signal processing (DSP)



B nanbueitiniem HaM OyjieT yjno0Hee IOJIb30BAThCs KOMILIEKCHOM (hpopMoit 3a-
nucu psijia Dypnbe, KOTopast MOy IaeTCs TOCIe TePexo/ia OT TPUTOHOMETPUIECKIX
GYHKIMI K KOMILIEKCHBIM 9KCIIOHEHTaM 110 hopMy/IaM Dditiepas

1
cos 2mn fot = 3 [exp(i2mn fot) + exp(—i2mn fot)],

1
sin 27n fot = 5 [exp(i2mn fot) — exp(—i2mn fot)].

1
[Tocie mojicTaHOBKY U NTPUBEJICHUS TI0JIOOHBIX YJIEHOB MOJIy UM CJIEJLYIONLY 0 (DOp-
MYJIY:

x(t) = Z C, exp(i2mn fot), (2)

n=—oo

riie Koadduimentol C), 0Ka3bIBAOTCS KOMILIEKCHBIMU ducjgaMu. Popmysty st
koadppurmerTo Pypre C), MOXKHO MOJIYIUTh U3 (POPMYIT ST Gy, by, HO TIpOITE
CHOBA, BOCIIOJIb30BATHCSA MOMAPHOI OPTOroHaJLHOCTLIO (byHKImMiA exp(i27n fot):

T
0
/ exp(i2mn fot) exp(i2wm fot) dt = < n7m. :
0 T, n=m
B pesyibrare nosydaercs ciemayomias (popMyIia:
1 /T
Cp, = T/ x(t) exp(—i2mn fot)dt. (3)
0

Yucna C, naspiBatorcs koagpuyuenmamu Pypve Gyuknuu x(t). Jlerko Bujers,
aro Jiisi BerecTBennoi gyukiun x(t) koadduipentor Oypne 0b1aga10T Cie/1y-
IOIAM CBOMCTBOM CUMMETPUU:

_ *
cC_,=0C,,
a kKoapdunment Cy B 3TOM CJIydae BelecTBEeHeH.
Ormerum, 4ro juts 000k T-neprojuieckoin (PyHKIMK ¥ BCEX O BBIIOJHACTCS

PaBEHCTBO
a+T T
/ x(t)dt:/ x(t)dt.
a 0

[Tocnemnee yrBepkienne cpasy caeyeT U3 paBencTBa

a+T 0 T a+T
[T A
a a 0 T

ecJI IMETh B BUJLY CJICJLYIONIEe OUEBHUIHOE YTBEPK/ICHNE (3/1ECh CJlesIaHa 3aMeHa
nepementoit t =1 + s):

/THTx(t)dt _ /Oax(T + 8)ds = /Oax(s)ds.
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TakuMm 0Opa3oM, IEePUOJNIECKYI0 (DYHKIUIO MOXKHO HHTEIPUPOBATH 110 JIIOOOMY
OTPE3KY C JJIMHON, PaBHOI ee nmepuory, He 3a00TsICh O PACTIOJIOKEHNN OTPE3Ka Ha,
qucsoBoit ocu. Hambosiee 9acTo 910 yTBEPKIEHUE KCIIOJIB3YETCs PUMEHUTE b
1O K opmyse (3), B KOTOPOil HHTErPpHUPOBAHUE MOXKHO MPOBOJHUTDH TI0 JHOOOMY
oTpe3Ky JuirHoi 1.

Baga4da 1.1. Ilycrs f(t) = sin(2rmt)+sin(27nt), rjae n 1 m — HoJ0KUTENb-
Hble 1eJible Yucia. dApisercs gu dyuxiust f(t) nepuoguueckoit? Eciu ja, To ka-
KOil y Hee mepuoj?!

Bagada 1.2. [Iycrs f(t) = sin(27wpt) + sin(2mwqt), rje p u ¢ — N0JI0KUTE b
Hble paluoHajbHble unciaa. fpnasercsa qu dyuknus f(t) nepuomndeckoii? Eciu
Jla, TO KaKoil y Hee 1mepuo)i?’

Bagaua 1.3. Jokasars, uro ¢yuxius f(t) = cos(t) 4 cos(v/2t) ne apsiercs

[MEePUOJIAICCKOA.
100

3angaua 1.4. [Tycts w = exp(2mi/n). Beraucauts Y w”. Ilpu kakux n cymMma
k=0
MPUHUMAET HYJIeBOE 3HAYEHWE?

1.2 ®usuveckuii cMmbica pgga Pypbe

M3BecTHO, 9TO yCTAHOBUBIIUIICSA PEXKUM B yCTOWUMBOM JIMHEHHON JInHAMUe-
CKOII cucTeMe ODIEero MOJIOXKEHUsT MOXKeT ObIThL IIpeJICTaBIeH B BHUJE JMHEHHO
KOMOMHAIMU TapMOHUYIECKUX KOJIeOaHMIA:

x(t) = Z C exp(i27 ft). (4)

Mmuorue dbusndeckne cucTeMbl, MOPOXKIAIOITE HabJIogaeMble HAMU CUTHAJIBI, JI0-
CTATOYHO TOUYHO OIMKMCHIBAIOTCS JinHEHHBIMU i depeHinaibHbIMI yPaBHEHUSIMY,
T. €. B TIEPBOM NPUOJINKEHUT ABJISAIOTCA TUHEHHBIMA JTUHAMIIECKIMI CUCTEMaM.
menno 3mM oObsicHsIeTCs TopasuTeibHas 3(POEKTUBHOCTH METOJIOB, CBA3aHHBIX
C pas3JioKeHueM CUI'HaJia 110 rapMonudeckum ¢pyukiusam. [Ipejcrasienue npous-
BOJILHOTO curHasa (1) B Bujie JIMHEHHOH KOMOUHAIIMN MrApMOHMYECKUX KOJIeOAH M
(ecsin OHO BO3MOXKHO) HA3BIAETCS €r0 JUCKPEMHLM CEKMPAALHYM DA3A0IICEHU-
em. Habop dactor f, u cOOTBETCTBYIONMX UM KOMILIEKCHBIX aMIiuTy C;, Ha3bI-
Baercs duckpemuoim cnexmpom curbasa (t). Habop BelecTBeHHbIX aMIIUTY/L
A, = |C,| naspBaercst amnaumydnoim duckpemmvim cnekmpom curuana x(t).
fcno, 9To MCKPETHDBIN CIIEKTP CUI'HAJIA TOJIHOCTHIO OlpejiesisieT CBOWCTBRA TOPOK-
JIQAIONIEH 9TOT CUIHAJ JIMHAMUYECKON CUCTeMbl. 3aMEeTUM, YTO CyMMa IapMOHUK
OKa3bIBAETCS MEPHOANYIECKON (DYHKIMEH TOIBKO B TOM cilydae, KOIJIa YaCTOTHI

VICXOJIHBIX TAPMOHUK COM3MEpUMbIS, a psabl Dypbe paboTaloT TOJIBKO Jis Ie-

3Yncna a v b HA3LIBAIOTCA COM3MEPUMBIMH, CIIH UX OTHOIIEHNE ABJIAETCS PAlMOHATLHBIM THCIOM. II0CKOTE-
Ky 4mciIo \/2 He COM3MEPHMO ¢ eIuHuIeil, TO 1 (DYHKIH sin - + sin /27 OKA3BIBAETCS HENePHOIHIECKOH.
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puojimueckux (pyHKIWE. B 3TOM cMbIC/ie TMCKPETHOE CIIeKTpaJbHOE Pa3IoyKeHHe
OKa3bIBAETCS MNpe pasyiokeHust pyHKImu B psiji Pyphe.

Pacemorpum  Gosiee  1ojipobuo  cayuait  T-nepuojudeckoit  gynkuuu  x(t).
B sToM ciydae Bce UWJIEHBI CIEKTPAJbHOTO PA3JIOKEHUS TaKXKe JIOJIKHBI ObITh
T-niepuoinaecKkuMu pyHKIUSAMU, T. €. B CIIEKTPAJIbHOM Pa3JI0yKEeHUN OY/IyT yIacT-
BOBATh TOJBKO TAPMOHUKHM, yJOBJIETBOpsiiomne pasencrsy exp 2w f(t + 1) =
exp12n ft. VI3 mocnennero Toxkaectsa mosydaem expi2nw fT = 1, orkyna cpa-
sy umeem f = f, = n/T wwm [ = f, = nfy, e fo = 1/T. B srom ciuyuae
Ha OTpe3Ke JUIMHBI 1 YKJIaIbIBAETCS TIeJI0e YUCI0 TEPUOJIOB KaXK 0 TapMOHUKH.
CuiejtoBaresibho, criekTpaibioe pasiokenne (4) T-nepuoudeckoit dyukmu (1)
COJIEPXKUT TOJILKO MADMOHUKH € YacTOTaMu, KpaTHbiMu dactore fo = 1/T.

Takum oOpa3oM, MPOU3BOJILHOE TIEPUOIMIEcKOoe Koiebanue ¢ mepuojioM 1'u Ja-
croroit f = 1/T nosnyuaercs: B pesysibrare CJIOXKEHUsI FADMOHUIECKUX KOJIeOaH Ui
¢ wacroramu n/T. llepas u3 srux gacror (n = 1) gBageTcs 9acToTOi cCAMOTG KO-
JebaHusT W Ha3bIBAETCS OCHOBHOM, OCTAJIbHBIE YACTOTHI HA3BIBAIOTCS BEPXHUMMU
JacTOTaMU, Wi obepmonamu. Tak, BbICOTA 3BYKa OIPEJENAeTCsd OCHOBHOW Ya-
CTOTOI KoJieOaHMil BO3/lyXa: HAIIPUMED, HOTE «JIsI» IEPBOI OKTaBbI COOTBETCTBYET
ocuoBHasi yacrora 440 I'. Ho sra HoTa, B3siTas Ha pa3sHbIX UHCTPYyMEHTAaX, UMe-
eT pa3audHbIil TeMOp. OKa3bIiBaeTcs, YTO TeMOp 3BYKa 3bIBUCUT OT COOTHOIICHUS
AMIIJINTYJ] BEPXHUX TaPMOHUK, HAJIOXKEHHDBIX Ha OCHOBHYIO.

Kospdunuenror Oypoe Benecrsennosznatnoil pyHkiuuu x(t) yioBjaeTBopsiior
pasercrBy C_,, = C a xoadpdunuent Cy B 3TOM ciiydae BerniecTBeneH. Boc-
I0JIb3yeMCst 9TUMK CBOHCTBAMM Jijist yhpolienusi Bbipaxkenus (2). [Ipejgcrapum
ko dutmentol Pypre B Buje C, = A, expip,, tie A, = |C,|, v, = argC,.
U3 pasencrsa C_,, = C caenyer, ato A_, = A, u ¢_, = —,, OTKyJa cpa3y
MoJTyJaeM

w(t) = Y Anexpli(2mnfot + ¢n)] =

n=—oo

= Ag+ Z A, expli(2mnfot + )] + A_p expli(—2mnfot + ¢_p)] =

n=1

= Ay + Z Ay (expli(2mn fot + ¢,)] + exp[—i(2mn fot + ¢,)]) =

n=1
= Ap+2 Z A, cos(2mn fot + ). (5)

n=1

O6cy M oTJInYnuTEIbHBIE OCOOEHHOCTH TOJIYUeHHbIX pasjiokenuit. Oka3biBa-
ercs, 910 3anuch (5) paga Oypbe ABISETCS ¢ TOUKH 3peHust (hU3nKu 60Iee OCMbIC-
JIEHHO#, yem Tpajunuontas dpopma (1). deiicrBuresbHo, ciBur Hava a oTcUeTa
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BPEMEHH MTPUBOJUT K HETPUBUAJIBHOMY peobpa3oBanuio Koahdunnentos (a,, by)
¥, TaKUM 00pasoM, npejcrapienne curaaia B Buje (1) He obnagaer unsapuanm-
HOCMBI0 MO OMHOWEHUIO K CMEHE HAYAAL 0Mcyema epement. Takas MHBAPUAHT-
HOCTb BayKHa, IIOCKOJIbKY XOTEJOCh Obl BHE 3aBUCUMOCTH OT MOMEHTa HadaJia Ha-
OJITOJIEHUIT OJTHOIO W TOTI'O Ke CUI'HAJIa MOJIydaTh OJHAKOBbIE pasJioxkeHus. B To
JKe BpeMs B ciiydae pasznoxkenus (5) koaddunuenTsl A, HHBADHAHTHBI K CJIBUTY
HavyaJja OTCcUeTa BPEMEHM, a K HadaJbHbIM (pa3aM @, 1pU 3TOM J100aBJIAETCs 110-
crostHubIil ¢Bur a3, C 9Toit TOUKY 3peHns pasiokenue (2) aHAJOrHIHO GHOPMY-
ne (5). B jonosiHeHre K 9TOMy OKa3bIBAETCsI, YTO ONMEPUPOBATH € KOMIJIEKCHBIME
9KCIIOHEHTAMHU MPU MPOBEJIEHUN BBIKJIAJIOK 3HAUUTEILHO YI00HEee.

Paccmorpum renepn 6osiee ojipobro rapmonuky x(t) = cos(27 ft—p). Jluneii-
nyto ¢ynkuuio spemenn O (t) = 27w ft — ¢ nazpiBaior daszoit kosebanus. [Tosnoe
KoJiebaHe COOTBETCTBYET U3MEHEHUIO (pa3bl Ha BeJIMUUHY 27, U (a3a KoJiedaHusd
baxkTHUECKU OnpeeasieTcs Mo MOAYJI0 27. 3HadeHne ¢a3bl B HAYaJbHbBIH MO-
menT Bpemenn ®(0) = ¢ HazbIBaeTCst HaUATLHOI (Baz0il KoaebaHus, UK CIBUTOM
daspr. Hacrora f ecth 9MCIO MOJTHBIX KOJeOaHW, COBEPIIAEMbIX TapMOHUKOMN
32 eJUHHUILY BpPEMeHH. YTJIOBasl 9acToTa w = 27 f eCTh BeJUUMHA, Ha KOTOPYIO
dbaza u3MeHsiercst 3a eMHUILY BpeMenu. [lepnos Kojebanust (BpeMst coOBepITeHus]
110JiHoro KoJiebanust) T = 27 /w = 1/ f ecrb Bpemsi, 3a koropoe (haza uzmMeHsiercs
Ha 27.

1.3 JIuckpetrHsblii criekTp Pypbe

[Ipejcrasienue npousBoNbLHOro T-nepuojuaeckoro curuana =(t) B Buje pas-
JIOXKeHust (2) Ha3blaeTCst €ro JUCKPEMHLM CIEKMPAIbHbLM passodiceruem Pypoe.
Crekrpasbaoe paszioxkenne Oypbe (2) oTaMIaeTCs OT CHEKTPATHLHOTO PA3JIOKe-
Hust 0011ero Bujia (4) TeM, 4To B HEM yYacTBYIOT TOJBKO TADMOHUKHU C 9aCTOTAMM,
kparHeiMu dacrore fo = 1/T. IlocnemoBarebHOCTD KOMILIEKCHBIX aMIuTy C;,
HasbiBaeTCs duckpemnoim cnexmpom Oypve curnana x(t). Habop BermecTBenHbix
amiiuryy A, = |Cy| HasbiBaeTCst aMNAUMYIHbIM QUCKPEMHbIM CTEKIMPOM CUT-
Hasna x(t). AMIIATYHBIE crieKTp (DYHKIMHA 9acTO W300pakaroT B BHUJE JIMHEH-
YaToil JMarpaMMbl, Ha, KOTOPOM 110 0CU aDCIIUCC OTKJIAJIbIBATCS 4acToTa, 10 OCH
OpJAnHaT — aMIUIATYIa COOTBETCTBYIOIIECH CIEKTPAJbHON COCTABJIAIONICH, & JJie-
MEHT aMIUIUTYIHOTO criekTpa |Ch,| pejicTaB/Isior B BUjle BEPTUKAJILHOTO OTPE3Ka,
¢ abcnuccoit nfy u BuicoTol, pasmHoii |C,|.

Dopwmyiibl (3) 1 (2) OCYHIECTBIAIOT B3aUMHO OJJHO3HATHOE MPEoOpa3OBaHNe
neprorueckoii dpyukiyn x(t) B Habop koabdurmentos {C,} n obparno. Taknuwm
obpaszom, duckpemmnoiti cnexmp Qypve nepuoduueckot dynruyuu x(t) codeporcum

4

40rmerum, uTO Beerja, KOLJa Mbl FOBOPHM O B3aMMHOII OJHOZHAYHOCTH CIEKTDPAJILHLIX I1Peobpa3oBaHuii,
MBI IM€EM B BUJY B3aMMHYIO OJHO3HAYHOCTH C TOYHOCTHIO M0 3HAYUEHWH B TOYKAX pa3pbiBa, T. €. C TOYHOCTHIO
JI0 3HaUeHu (DYHKIUN HA MHOYKECTBE MEPBI HYJIb.
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acro ungopmayuro o ee nosedenuu. [oBopaAT, ITO B wacmommnoti obaacmu’ HyHK-
nust z(t) npejcrasiena ceoumu kodbdunuenramu Oypoe C), a cama GyHKIUsA
x(t) upejpcrasiger Ty xe undopMauio Bo epemenndi obaacmu’. Tlepexo ot pac-
CMOTpeHHsI CUI'HaJIa Kak GyHKiuKr Bpemenn x(t) K paccmoTpenuto ero ciekrpa Cy,
COCTABJISIET OCHOBHYIO MJICIO CIEKTPAJIHLHOIO aHAJIN3A.

B cnexmpanrvrnot meopuu 06vbiuno He 0MONCICCMBAAIOM CULHAN
¢ Pynryuet x(t), Komopas paccmampusaemes AUWL Kak 00HO
us npedcmasaenutl cuenana. B amom cayuae dynryuro x(t) na-
30L6A10M. BPEMEHHVIM NPEICTNABACHUEM CULHAAG, G CIEKMp (unme-
2panvolll uau duckpemnuil) — e20 CneKkmpasvHvLM NPedcmas.ae-
nuem. Ilpu 3adanuu cnexkmpa 2060pAM, 4MO CuUHAA NPEICTNABNAEN
6 CneKmpasvroti 06AaCMU, 4 NPU 360AHUU CULHANG KAK HYHKUUL
x(t) 2060pam, wmo cuenan npedcmasien 60 6pemennit 00AaCTNU.

Ere pas nmoguepkHeM, 9T0 BpeMEHHOE 1 CIIEKTPAJIbHOE TTPEJICTaBICHNsT HECY'T
OJIMHAKOBYIO WHMOPMAITNIO 00 UCXOJIHOM CUTHAJE, T. €. OHU SKBUBAJEHTHDBI. B paM-
Kax CIIEKTPAJILHOTO TO/IX0/1a BCE ONEepallny, MPOBOANMbBIE HAJ CUTHAJIOM, MOYKHO
BBITIOJTHSATH KaK BO BPEMEHHO#, TaK U B CIIEKTpaJibHOI obacTu. Bosbioe 3Have-
HUE TTPUOOPETAET BhISICHEHNE TOTO, K KAaKWUM TTPE0dPA30OBAHUSIM CIIEKTPa TTPWBOISIT
T€ WJIM WHbIE OePAIMH, TTPOU3BOIMMbBIE HAJI BDEMEHHBIM TIPEJ/ICTABJICHUEM CUTHA~
JIa.

3amgaqa 1.5. Pazjioxurh B kKomiuiekcHbiit psiji Pypbe rnepuojinueckue pyHK-
muu f(t) = sin(wt), g(t) = cos(nt), h(t) = sin(2nt) 4 cos((3/2)xt). s kaxkgoii
dbyHKIMKM yKaszaTh neproji. B Kaxjom ciydae (He MPOM3BOJIst 3aHOBO MHTEIDH-
poBanue) HailTH KOhOUIUEHTEI ay, b, BemecTBeHHOTO psifia Pypbe Mo CHHYCaM
1 KocurycaMm u Koadduimentol A, 0, Bemecrserroro psga Oypbe 1Mo KOCHHy-
caM.

3amada 1.6. Beraucantsb qucKkpeTHbril criekTp Pypbe curnaga

T
x(t) = sin 775 + cos (37t) .
3ama4a 1.7. Beruuciaurs JuckperHblil ciiekTp Pypbe curxasia

x(t) = sin(rt) cos(brt).

1.4 Teopema IlapceBas

Hoxkaxxem Teopemy IlapceBang o cnmexkTpe momuoctu curtajia. Mouwmocmuvio
nepuoduMecko20 CuzHaAG Ha3bIBAETCS cpejiHee (3a Teproj]) 3HAUeHHe KBajpara

Sfrequency domain
6time domain
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MOJIYJIsI CUTHaJIa:

E_—/ Ot

Boraucianm MOIIHOCTb CHUT'HaJla, IPEJCTaBJIECHHOI'O B BUAE PALA CDypbe:

_/ DI dt = qlv/OTl’(t) [ﬂ:(t)]*dt:

= —/ [ Z C,, exp(i2mn fot) = —/ i Cr exp(—i2mn fot)dt =

> 1
= nzz_:oo C’;? /0 x(t) exp(—i2mn fot)dt n_z_:oo C.C
Takum obpaszom, 1ojydaem
= / t)|*dt = Z |Gl

[Toceree paBeHCTBO HOCUT Ha3Bauue pasencmea llapcesans. Habop aucen P, =
|C,,|? nazbiBaeTca duckpemmbim CRexmpom MOUHOCTIU HEPUOMICCKOIO CUIHAJIA

x(t).
Pasencrso IlapceBasisi 1103BOJISIET OIEHUTH OIIUOKY, JOIYCKAEMYIO DU KC-
OJIb30BaHNH OTpe3Ka psana Pypoe. Paccmorpum orpe3ok paga Dypowe:

N
zy(t) = Z C, exp(i2mn fot).

n=—N

dcno, uro Gynknus (1) = x(t) — xn(t) packnaapiBaercs B psijg Dypobe caeyio-
UM (eJMHCTBEHHBIM!) 00pa3oMm:

= Z C,, exp(i2mn fot),

n=—0oo

G 4% s
Cn, |n|>N

Ho jyist dyukuun £(t) u ee Oypbe-paszioKenus CIpaBejIiBo paBeHcTBo Ilapcee-

BaJid: T
1
1 [ Eora= Y 6= G

n=—00 In|>N

rjie
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OKoHYATEJIbHO UMEEM:

N

%/0 2(t) — an(®)Pdt = 3 | = %/O P dt— 3 |l

|n|>N n=—N

Taxum 0O6pa3oM, Pa3HOCTD, CTOAIIYIO B IPABOil YaCTH paBEHCTBa, MOXKHO CUMTATD
Mepoit (CpeﬂHeKBaﬂpaTI/I‘IHOﬁ) omubKM, JonycKaeMoil nmpu 3amene psijga Oypbe
€ro OTPE3KOM.

1.5 Teopema o0 ckopocTu yObIBaHUSA CIIEKTPA

BoJibiioe 3HaveHne uMeeT TeopemMa O CKOPOCTU yObIBaHUS KO3(DPUITMEHTOB
Dypbe, ToUHYI0 (POPMYIUPOBKY KOTOPOI MOXKHO HAUTHU B JIFOOOM JIOCTATOYHO 110JI-
HOM Kypce aHajm3a. st Hamumx 1eJeir OymeT JIOCTaTOUYHO CJIEYIOIIei IpoCToi
HbOPMYJIMPOBKU: €CJIM CYIIECTBYET 1M HEePBbIX MPOU3BOJHbIX (MyHKIMU T (t), TO
0| = O(n~(m+1),

JlokazaTeheTBO MOYKHO M3BJIETh U3 OUEBHIHOTO PABEHCTRA (MTOJIydaeMOro NH-
TErPUPOBAHUEM 110 YACTSIM ):

T/2 . T/2
. 1/ x(s)dexp( i2mnfys) 1 1/

T ) 1) —i2mnfy  2mnfoT J 1)

7' (s) exp(—i27n fos)ds.

13 nocaennero papencrsa caepyer Takxke, 9To ecan C, — K03(hDUIUEHTHI
psiyia Pypoe bynxiwn z(t), a C! — anajoruumble Koaddurmentsol Gyuxiwn ' (1),
1o C) = i2mn fyC,.

Takum 06paszoM, eciiu x(t) UMeeT paspbiBbI IEPBOTO pojia, To |C),| yObiBaeT Kak
n~1 1 9TO NPUBOANT K TOMY, UTO JJIs JIOCTHKEHUS YIOBICTBOPUTEIBHOI TOUHOCTH
IIPUXOJIATCA YJIeP:KUBAThL B pasyoxennn Pypwne Muoro wienos. O6paTHO, ecan
|Cy| yoniBator He Onicrpee yem O(1/n), o x(t) ¢ HEOOXOJAUMOCTHIO UMEET TOUKK
paspbiBa 11epsoro poja. Ecin |C,] ybbisator, 10 kpaitne mepe, kak O(1/n?), to
x(t) nuddepennupyema.

CenlaeM BasKHOE 3aMedanue 0 pasjoxkennu B psiji Dypbe 4eTHbIX U HeYeTHBIX
dbynkmmii. Jlerko Busers, uTo mis 9ernoil pyukiyun psajg Pypbe Oyaer UMeTh BUJL

o0
ap + Z ay, cos 27n fot,

n=1

a Jiisi HedeTHO (pyHKIuu
(0]

Z ay, sin 2mn fot.

n=1

14



[Tycrs dyukiusa x(t) onpenenena na orpeske [0, L]. Jloonpegeaum ee Ha 0Tpe3oK
[—L, L] 1o uernocru. [Mosyuennyio HyHKIMIO MOXKHO PaziokuTh B psij Oyphe
110 kocunycam. [Tpojoskas uexojnyo GyHKIUIO Ha 0Tpe3ok [— L, L] 10 HederHo-
CTH, HOJIYYHM pasJioKeHue 110 cuHycaM. B 3aBucuMocTu oT 3Ha4YeHUil (DyHKINUK
x(t) u ee npousBojHOi B Toukax t = 0 u t = L 0jHO U3 JIBYX HOJIyUEHHbBIX [PE/I-
crapjeHnit pyHKIUU B BUJIe psaga Pypbe OKaxKeTcsl IPeIIIoUTUTEIbHBIM B CMbICJIE
CKOPOCTH CXOJIMMOCTH.

1.6 AbcTpakTHbIe pgaabl Pypbe

Cucrema {e,}°2, 3/1eMEHTOB €BKJIMJIOBA TPOCTPAHCTBA X HA3LIBAETCS OPTO-
HOPMUPOBAHHOM, ecil (€4, €5) = 0 pu @ # B 1 (€4, €a) = |€a]? = 1. Pacemorpum

BbIparkeHue
o

T = g cj€j, (%)
Jj=0

rjie ¢; — HEKOTOpBIE MOCTOAHHBIE KOI(DMUIMEHTRI. YMHOXKas JEeBYI0 W TPaBYIO
YACTHU 9TOI0 PABEHCTBA CKAJISIPHO HA Cp, W UCIOJIL3Ys OPTOHOPMUPOBAHHOCTD, 110-
JIYIUM BbIpazkeHue Jijist KO3 OUIMEHTOB Cpy,:

Cm = (T, €1).

Koaddunuents ¢, HazpBatoTca kospduyuernmamu Pypve eMenTa T 110 OpTO-
HopMupoBanHoil cucreme {e,}. Boipaxkenne (%) nazbiBaercst abcmparmmvim psi-
dom @ypve seMenTa T 110 OPTOHOPMUPOBaHHOIL cucreme {e,}. HacTuunoii cym-
Moit abcrpakTHOTO psijia Pypbe HA3BIBACTCS BbhIPAYKEHUE

OpronopMupoBanHasi cucrema {e,} HasblBaeTcs 6asucom IpocTpaHcTsa X, eciu
JIUIsT TIPOM3BOJILHOIO dj1eMeHTa, & € X BBIIOJHEHO PABEHCTBO

lim |z — x,| =0. ()
n—o0
Pacemorpum nognpocrpancteo X, = L(eg, ..., €,_1), HATAHYTOE Ha HEPBHIE

n BekTopoB Oasuca. Bcesikast yacTudHast cCymMMa X, JIEKUT B COOTBETCTBYIOIIEM
HOJIIPOCTPAHCTBE X, IO3TOMY MOYXKHO CKa3aTb, UYTO X, €CTb IOJIIPOCTPAHCTBO
YaCTUYIHbIX cyMM psijia Pypbe jiytnHbl . PaccMoTpuM pa3HocTb €, = & — X, MEX-
JIy 9JEMEHTOM T 1 YacTUIHON cyMMoii ero psija Oypbe. CKajsipHOe IPOU3BeIeHIe

(Enyem) = (& —zp,em) = (T, 6m) — (Tn, €) = o — (T, €)
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paBHO Hymo g Beex 0 < m < n, clIegoBaTesbHO, BEKTOP €, OPTOTOHAJIEH IIO/I-
npoctpancTBy X,. Takum obpa3om, dacTrdHasi CyMMa, X, €CTb OPTOTrOHAJILHASI
HPOEKIIUSI FJIEMEHTA T Ha COOTBETCTBYIOIIEE HOIIPOCTPancTBO X, VI3 paBencrsa
(%) caemyer, 9TO

(0.]
o J X, =X
n=0
TakuMm 06pa3oM, 0ObeJIMHEHIE BCeX MOAIPOCTPAHCTB X, m10THO' B X.
AcHo, 9TO NEPHEHAUKYJISAP peajn3yer KpaTdaiiiiee paccTOossHue OT TOYKH
70 TOJNPOCTPAHCTBA, T. €. |x — x| > |z — x| jist oboro !, € X, oriny-
HOT'O OT L. DTO cpaldy CJeJyeT U3 PaBeHCTBA

2 — 2P = |z — 2, + 2, — 2P = |z — 2|* + |7, — 2,

|27
KOTOPOE CIPABEJJIMBO, TIOCKOJIBKY BEKTOPbl T — Ty = €, U T, — x, € X, op-
TOIOHAJILHBL U MOXKHO BOCIOJIb30BaThCs TeopeMoit [ludaropa®. Takum obpasomM,
JacTHIHAs CyMMa T, pajga Pypbe sneMenTa r € X OTJIUYaeTCsd OT BCEX MPOUMX
JIMHEHHBIX KOMOMHAIM TIEPBBIX 7 BEKTOPOB CHCTEMbI {€q,} MUHUMAJIBLHOCTHIO
HOPMBI OTKJIOHEHUSI OT Z.

Byjiem pacemarpusarh npocrpanctiso Lo[0, T'] komiiekcHo3HAUHBIX (DYHKIHNIA,
onpejiesientbix Ha orpeske [0, 7] u uHTerpupyemMbix HA HEM BMECTE ¢ KBaJ[PATOM
mostyais. Cransgproe mpomssejienne’ ornpeiesaum hbopMyIoit:

@) =7 | alslytoyas

Cucrema dbyuknnii e, (s) = exp(ik27m fos) (fo = 1/T), paccmarpuBaemast Ipu Beex
k € Z, opronopmuponana. Abcrpakrabie psiiabl Dypbe 1m0 Takoii cucreme GyHK-
Uil Ha3bIBAIOTCS TpUroHoMeTpuuecKuMu. Kosddurumentor Pypne MOryT OBITD
HaiiJieHb! 110 popmyJie

1 [T
cr = (z,ep) = T/ x(s) exp(—1k27 fos)ds,
0
¥ JaCTHIHASA CyMMa T, psijia Oypbe JeMeHTa & TPUHUMAET BU/
n—1
xn(t) = Z cr exp(ik2m fys).
k=—(n—1)

"Ecn 3aMbIKaHue HEKOTOPOr'O MHOXKecTBa, A COBIaaer co BceM IPOCTPAHCTBOM X, TO TOBOPAT, YTO MHO-
xectBo A morHo B X

8 Teopema ITudaropa B MPOM3BOILHOM EBKIMIOBOM TIPOCTPAHCTEE JIOKA3BIBACTCA CJIETYIONIM 00pa3oM: eci
(a,b) =0, 70 |[a +b]*> = (a+b,a+b) = (a,a)+ (a,b) + (b,a) + (b,b) = |a|* + |b|>.

90TMeTHEM, 9TO B CIyHdae KOMILIEKCHOTO €BKIH0BA HPOCTPAHCTBA CBOMCTBO CHMMETPUYHOCTH CKAJSPHOTO
MPOU3BeIeHusT TIpuobperaeT cuenytoumii sum: (x,y) = (y,z)*. B stom cayuae (z,ay) = (ay,x)* = o*(y,z)* =

*

a*(z,y).
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[TommpocrpancTBo X, 00pa3oBaHo (DYHKIKUIME, CIIEKTP KOTOPLIX OI'PAHIYEH CBEP-
xy uacroroii (n — 1)fy. B kKypce anannsza JOKa3biBaeTCsi, 9T0 CeMERCTBO (DyHK-
umit {ex} siasercss 6a3ucoM paccMaTpUBAEMOrO NMPOCTPAHCTBA, CJIEJIOBATEIHHO,
|z, (t) — ()| — 0 mpu n — oo. VI3 j0Ka3aHHOTO BbIIIE MUHUMAJLHOTO CBOHCTBA
psios Qypbe ciresyer, 9ro cpeduersadpamuinais ouudkae npudanKeHnst (PyHKIUKI
x(t) yacruanol cymMmmoit psga Oypbe

1 1/2

T
el = |2 — 2| = | / 2(t) — (1)t
T,

LHPpUHUMAET MUHUMaJIbHOE 3HadeHue. Mbl IPUIILIM K Ba)KHOMY 3aKJIOYEHUIO:
0mpe3okr. mpu2onomempuieckozo pada Pypve ocywecmsiiem annpokcuMayuI0
Pynryuu x(t) mpuzoHoMeMPUUECKuM MHOZOUAEHOM HAUAYHUUM 00PA3OM 6 NPO-
cmpancmee ¢ esrAudosots MEMPUKOT, M. €. 68 CMBICAE MUHUMAALHOCTNU CPedHe-
K6adpamuno2o OmKEAOHEHUA.

2 IlpeobpazoBanne @ypne

HecMoTpsi Ha MPOCTOTY M BasKHOCTDH JIUCKPETHOTO CIEKTPAJBLHOTO Pa3JIoyKe-
Husi Qypbe, Py TEOPETUUECKOM UCCJIEJ0OBAHUY 3a/iad 00pabOTKM CUT'HAJIOB DoJiee
YIOOHBIM OKA3bIBAETCS T. H. HHTEIPAJIbHOE CIIEKTPAJHLHOE PA3JIOKEHUE, BKIIOUAT0-
Iee rapMOHUKH CO BCEBO3MOKHBIMU YaCTOTAMK ¥ TTO3BOJIAONIEE PADOTATH C HEeTle-
PHOATIECKUMHU (DYHKITASIMHU.

2.1 Ilpenenbnsiii iepexos B pajge Pypbe

Hocumenem @ynruyuu Ha3bIBAETCS 3aMbIKAHIE MHOXKECTBA TeX 3HAYCHUI apry-
MEHTA, TIPU KOTOPBIX 3Hadenue (DyHKIMKU OTaudHOo oT Hysist. Dynkiyst, nmeromas
OrPAHUYEHHbIH HOCUTE b, HA3BIBACTCS HUHUMHOLT U AOKAAU30E8AHHOT.

[Tycrs x(t) — duHUTHBIE CUPHAT ¢ HOCHTEJIEM, JIeXKAIUM Ha OTpe3Ke
[—T/2,T/2]. Paccmorpum rakxke T-nepuoguueckoe npojosizkerue rp(t) dbyHk-
nuu x(t) Ha BCIO 9uCyIoBYI0 0ch. DyHKIWIO T () MOXKHO pasaokuTh B psiji Dypoe:

1 (T2
C, = —/ x(t) exp[—i27mn fot]dt,
T J 1)

xp(t) = Z C, expli2mn fot].

3J1ech B 11€pBOit (hbopMysie 110, MHTErpajioM crout ucxoas gyukuus (t), a He
ee TIePUOJITIECKOe TTPOJIOJIKEHNUE, TOCKOIbKY HHTEIPHPOBAHUE BEJIETCS 10 OTPE3KY
[—1'/2,T/2] u 3nauenusi GyHKIUE B APYIUX TOUKAX HE UMEIOT 3HAUCHUSI.
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Beejiem ciejyronme 0003HAMEHMS:

Af=fo=1/T,
fo=mnfo=nAf

u nepenuiineM (Gopmysibl Jid psjaa Pypbe clielyommuM 00pa3oM:

T/2
Xa(f)= [ at)expl-izn it

—T/2

vr(t) = Y Xr(f,) expli2n fut] Af.

n=—oo

CyMmMupoBaHme 371ech BeJeTcst 1o n, u yacrora f, = nAf naMensiercss B COOTBET-
CTBUM CO 3HAQYEHUEM HHJIeKCa 1. TOXKJIECTBEHHOCTH 3TUX (DOPMYJI BbIITMCAHHbBIM
BoIIe popmysnaMm s psajga Oypbe CTAHOBUTCS OUEBUJIHOM, €CTIU YIECTh CIIeYT0-
mee pasercrso: C, = Xp(fn)Af.

Eciu T ouenb Beauko, TO 9rcyo Af craHOBUTCS OY€Hb MaJbiM ¥ 3JIEMEHTHI
CIIEKTPa OKa3bIBAIOTCS OYEHb T'YCTO PACIOJOKEHHBIMU Ha, OCH 9acToT. B mpejene
npu I' — 00 cymma BO BTOpOit (popmyJie IpeBpaliaeTcss B MHTErpauJl:

o0 - [ " X () explizn foldf. (6)

IlepBasi ¢popMmyiia mepenucbiBaeTCs IPaKTUIeCKn 0€3 N3MEHeHMIA:

X(f) = /_00 x(t) exp[—i2m ft]dt. (7)

oo

Oynkuus X (f) nasbiBaercs unmezpaivivim cnekmpom curtada x(t), a GyHk-
s A(f) = | X(f)] — ero amnaumydrnom unmezparvnvim cnexmpom. Vare-
IPAJILHBIN CIIEKTP COCTOUT M3 BCEX BO3MOXKHBIX YaCTOT, BKJIAJ KarKJIOH U3 KO-
Topbix onpejessiercs: seauaunoin X (f). @opwmyisl (6), (7) peaausyror B3auMHO
onHosHauHoe npeobpasosannel’ dynkuun x(t) B ee nnrerpanbubiii cnextp X (f)
u obparao. Qopwmymna (7), ocyiecTBisomast mepexoy| ot dbyHKIun (t) K ee nHTe-
IpaJIbHOMY CIIEKTPY, HOCUT Ha3BaHUE npamo20 npeobpasosanus Pypve'l; bopmy-
Ja (6), HO3BOJILIONIAs 110 CLHEKTPY BOCCTAHOBUTH CUI'HAJI, HAZBIBACTCS 00PAMHYLM

00rMernM, 9TO Beerna, KOIIA Mbl TOBOPHM O B3aMMHON OJHO3HAYHOCTH CIEKTPAJBHBIX NPe0bPa3OBaHUI,
MBI HIMEEM B BHIY B3aHMHYIO OJHO3HAMHOCTD C TOYHOCTBIO A0 3HAMEHHI B TOYKAX Pa3PBIBA, T. €. C TOTHOCTHIO
110 3HaMeHn{l PYHKINH HA MHOXKECTBE MEDBL HYJIb.

Hfourier transform
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npeobpasosanuem DPypve. Crekrp X (f) comepxkur Bcro nHGOPMAIHIO O TOBE/Ie-
run dyuxiuu x(t). Toopsit, uro dyukiust x(t) npejacraBieHa B 4acmommot 00-

aacmut? cnexrpom X (f), a cama dynxuua x(t) npejcrasiser Ty ke undopma-

IO BO epemenndti obaacmu'.

Paccmorpum unurnbiit curnasn z(t) ¢ HOCUTEEM, PACIOJIOKEHHBIM Ha, OT-
peske [0,T] u ero T-nepuoguueckoe npojoskerne rr(t). PopMysibl jiisd Ipeod-
pazosanust Dypwe curnasa x(t) u koapduiuenros Pypoe curnana xp(t) umenor

CJEYIONINIl BUI;
T
C, = —/ x(t) exp[—i27n fot]dt,
0

XT(f):/O x(t) exp[—i27 ft]dt.

CpaBHuBas 3TU (HGOPMYJIbI, TPUXOTUM K CJIETYIOIEMY BaXKHOMY BBIBOJLY:

HMumeezpaavrori cnexmp cuenana xkorneunot daumenvrocmu T mo-
otcem Ovimb 3adan kospduyuenmamu Dypve ezo nepuoduueckozo
npodoasicerus ¢ paspeweruem no wacmome Af = fo=1/T:

TC, = Xr(nAf,T).

DTO yTBEPK/IEHUE TO3BOJISIET BbISICHUTH B3aWMOCBSI3b JIMCKPETHOTO W WHTE-
rpajibHoro cruekTpos Oypne. Chosa pacemorpuM bunuTHyo QyHKImo (1) ¢ Ho-
curesiem, jiexaium Ha orpeske [0, T). Tlycrs dyunkiws x(t) joonpejesena Hyjiem
na orpesok [0,7,] (3mecs T, — uHTEepBaJ HAOIIONEHVSI) U B PE3YJbTATE TOJIY-
qaeM (YHKIHUIO T,(t) (pesyiabrar HabsogeHus ). Borancaum JucKpeTHbIii CrieKTp
C', T,-epruoinIecKoro mpojoJKenust GyHKIMN T, (t). Paccrosinne Mexkty criek-
TpaJbHBIMU JIMHUSME JIMCKPETHOTO criekTpa pasio Af = fo = 1/T,, u kaxjomy
MHTEPBAJy M3MEHEHUs] 4aCTOThl COOTBETCTBYET KOHEYHOE HUKCJIO CIIEKTPAJbHBIX
cocrapysiomux. Ilycrs Teneps T, — 0o u, coorBercrsenno, Af — 0. fcuo, aro
npu 3tom C, — 0 u B mpejiesie Mbl MOJIyIaeM npedcmasaenue nenepuoduieckol
bynruuu 6 sude cymmvl OECKOHEUH020 YUCAL OECKOHEYHO MAABLT N0 AMILAUTIY-
de Koaebanutl, beckoneuno bAUSKUT no wacmome. B To XKe Bpemsi mpu JiioOOM
T, somosiaeno coorrorerne AfX(nAf,T) = C, u toukn (nAf,C,/Af) ne-
xar Ha kpusoit X (f,T). Beipaxenue C), /A f uMeer cMbICIT JIOTHOCTH AMILIATY-
JIbI, U B IIPEJIeJIe aMILIATY 18, OKA3bIBACTCs «PA3Ma3aHHOMY 110 BEIIECTBEHHOW OCH
¢ mnornoctTbio X (f, T'). Takum o6pa3om, Ipy yBeJUUEHUH JIJTATEJLHOCTH HAOJIIO-
JIEHUSI CIIEKTPAJIbHBIE JIMHUM MOCTEIIEHHO COJIMMKAIOTCS W IUCJI0 UX Ha, KarXKJOM

2frequency domain
13time domain
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(DUKCHPOBAHHOM OTDE3KE YBEJIUIUBACTCS, YCTPEMJISISICh K OECKOHETHOCTH, UTO
obecrieurBaer Bee Gosiee Tounoe 3aganne crekrpa X (f, 7).

Biejem oneparop FT, nepesoggamumit dynknuio z(t) B ee ubTErpaibHbIi
cekrp: FT[z(-)](f) = X(f). Haubosee Baxubim cpoiicrBom omneparopa FT ss-
asiercst ero Jwneitnocrs. [ycrs FT[z(t)] = X(f) u FT[y(t)] = Y(f). Torua
FT[ax(t) + By(t)] = aFT[x(t)] + BFT[y(t)] = aX(f) + BY (f), uro menocpes-
crBenHo ciepyer us (6). Jlerko Takxke nokasarh, uro crnektp X (f) BeriecrBen-
HOo3HAaTHON (yHKIWK x(t) obsamaer CIeayIONMUM CBOHCTBOM CHUMMETPHU (IIPO-

Bepbre!): X (—f) = X*(f).

2.2 IIpumepsl
Paccmorpum criekTp Buja

(LM< s
X(f)‘{o, 1> 1./2

¥ BBIYUCJUM JIJIsl HETO COOTBETCTBYIONIYIO dbyHKIMO z(t). Berauciaenus mposo-
JISITCST HETTOCPEJICTBEHHO:

fi/2 1 t
/ expli2r ft|df = w
—fi/2 7t

[Ipu f. = 1 nonyuaem dyuknuo x(t) = sin(nt)/nt.

Puc. 1. CDOYHKLII;IOH sinéo(x)

Oyukinus sinz/x (M. puc. 1) HACTONBKO IacTO BCTpedaeTcs B udpoBoit 06-
pabOTKe CUIHAJIOB, YTO JIJIST HEe MCIOJIb3yeTCs CHelnalbHOe 0003HAYCHHE:

Sin &

sincx =
T
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(uuTAETCS «CHHKYCY ).
B nosbix o6o3nauenusx dpopmysia s curuana r(t) u3 npumepa npuHUMAET
CJEYIONNl BUI;

x(t) = fisine(mw fit).

IIpu fr = 1 umeem x(t) = sinc(t).
Ecau B opmyne mist mpeodbpasosanus Pypbe monokuTh [ = 0, TO mOIyInM

X(0) = /_ s,

oo

T. €. MHTerpaj oT (DYHKIMU COBIAJAET €O 3HadeHueM npeobpasopanus Dypbe
B rouke f = 0. Jnst dyskimm w3 npumepa nosydaem (nipu f, = 1):

/_OO sinc(rt)dt = 7 /_OO sinc(t)dt = X(0) = 1,

(0. ¢] o0

* sint
/ smit oo
ot

MbI Oy YU U3BECTHBIH KJIACCUUECKUN Pe3yJbTaT HOBBIM CIIOCOOOM.
Boraucium eme ciekrp dynkiuu Faycca:

z(t) = exp[—t?/2].

[Tpu sToM ncnosb3yercd Tabandnblii maTerpas [lyaccona:

/ exp(—z?)dz = /2.

(0.9]

91y (HOopMyJy JIETKO MOJYUIUTh, IIPOUHTEIPUPOBAB 10 BEIECTBEHHON IIJIOCKOCTU
R? BoipaxkeHne exp(—:z:2 — y2) yTeM Iepexosia K MOJIAPHBIM KOOP/IMHATAM:

2 2 poo
</ eXp(—xQ)dx> = / exp(—a? — y*)ds = / / exp(—rH)rdrdp = 7.
R R? o Jo

[IpoBejieM BbIKJIAKH:

X(f):/_oo exp[—t2/2—i27rft]dt:/oo exp[(t/V2 +iV2r f)? + 2 fdt.

00 —

B pesynwsrare monayvdaem:
Go(f) = (2m)Pgo(2mf).
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2.3 Teopema IlapceBaJis

Mowgrocmuio nenepuoduueckozo cuenana x(t) Ha3bIBACTCs BEJUUUHA

o /Z|J;(s)|2ds.

meer mecto pesysbrat, anajorudnbiii Teopeme [apcesasist st psijioB Oyphe:

[ o= [ 1xpar

Oynxiua P(f) = | X (f)|? naswisaercs cnexmpom mowgmocmu'* nenepuoanaecko-
ro curnaja x(t).

st okazaresberBa, mocjaeHeir (pOPMyJsibl BBITUCANM MOIIHOCTH CUTI'HAJA,
IPEJICTABJIEHHOrO B Bujle uHTerpaia Oypbe:

[ e = [ ato) o) at =
_ / [ / X(f exp(zwat)df} it — / / X(f) exp(—i2n ft)dfdt
/ X(f / 2(t) exp(—i2n ft)dtdf = /_ XX (f)df = / £)2df.

2.4 Teopema JBOICTBEHHOCTU

[Tycrs oneparop FT[-] nepesomut dyukmmio z(t) B ee HHTErpaJbHBI CIIEKTD
X(f):
FT [z(1)] (f) = X(f).
Bamerum, aro nog FT[x(+)](f) nonnmaercst 3nauenue B rouke f QyHKIuM, siBJisi-
roleiics pesysibrarom jeiicrsus oneparopa FT[-] na dynknuio z(-).
Haiijiem pesysbrar jeiicrsus oneparopa FT[-] na cuexrp X (f):

FT[X (") / X(f) exp(—i2m f€)df.

JIerko BUAETH, UTO

FT[X()](§) = z(=£).

Hnst obparroro omeparopa FT™!], npeobpasyiomero cuexkrp X (-) B nexosmbiii
curas x(-), uMeem:

FT[X()] (1) = 2(t) = FT [X(-)] (~).

Mpower spectrum
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ZLOK&S&HHOG YTBEP2KAECHNE HOCUT Ha3BaHUE TMEOPEMDBL deoticmeennocmu U UMeeT
MHOT'OYMCJIEHHbBIE TTPUMEHEHN 4.

2.5 Teopemsbr nogobus

[Tycrs dyukmus x(t) umeer cuekrp X (f). Torma dyuximun x)(t) = x(At)
(A > 0) coorsercrryer ciiekrp X (f) = (1/A)X(f/A). Dro croiicTBo j0Ka3bIBa-
eTcs B OJJHy CTPOKY 3aMEHOI IepeMeHHol § = At:

(0.9]

X\(f) = /OO x(At) exp(—i2w ft)dt = / x(s) exp[—2m(f/N)slds/ A = (1 /AN X(f/N).

o0 —00

JlokazaHHOE CBOMCTBO ¢ MCIOJb30BAHUEM BBEJICHHON BBIIIE ONEPpATOPHON CHMBO-
JINKA MOXKET ObITh 3allMCaHO CJIEJIYIONIUM 00pa30M:

FT[z(At)] = XLX(f/N).

U3 joKa3aHHON TEOPEeMbl M TEOPEeMbl JIBOMCTBEHHOCTH CJIEJYeT, 4TO eCJiu
ciektp X (f) coorsercreyer dyukiwn z(t), o cuekrp X)(f) = X(Af) coor-
sercryer dyukiunu () = x(t/\)/A:

FTUX )] = X2 (t/N).

CMBICT JIOKa3aHHOTO YTBEPIKICHNST COCTOUT B TOM, U4TO MPU CXKATHW CUTHAJIA B A
pa3 BJI0JIb OCU BPEMEHHU 4aCTOTa KarK/I0M rapMOHUYECCKON COCTABJISIONICH U3 CIICK-
TPaJIbHOI'O IIPEJICTABICHUs] CUI'HAJIA YBEJUBUBACTCA B A pa3 U, CJIeJIOBATEJIbHO,
IIPOMCXOUT TAKOE XKe PACIIUPEHHUE CIIEKTPa B 00/1aCTh BHICOKUX YaCTOT.

2.6 3ama3abIlBaHNe CUTHAJA W CABUT CIIEKTPA

Ecnn dyukuns z(t) umeer cnekrp X (f), ro dbyukunn x,(t) = x(t — 7) coor-
sercreyer ciuektp X, (f) = exp(—i2w f1) X (f):

FT[xz(t — 7)) = exp(—i2n f1) X (f).

DTO CBOMCTBO TaKXKe JOKA3bIBAETCS B OJIHY CTPOKY 3aMEHO TepeMentoi s = t—7:

X:(f) = /OO x(t — 7) exp(—i2nw ft)dt =

(0.9]

— /Oo x(s) exp[—i27 f (s + 7)]ds = exp(—i27 f7) X (f).

o

JlokazamHnoe CBOCTBO JIEMOHCTPUPYET MHBAPUAHTHOCTH AMILIATYIHOTO CIEKTDPA
OTHOCUTEJILHO ¢jiBura nipeobpasyemoro curuada: | X (f)] = | X (f)].
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Ecmu  cnektp  X(f) coorBercrByer — dbymkium  x(t), TO  CIEKTP
X (f) = X(f — fo) coorBercrByer bynkimn (1) = x(t) exp(i27 fot):

FTX(f — fo)] = 2(t) exp(i27 fot).

JlokazaresibCTBO TPUBUAJIBHO.

Banaua 2.1. Oyuxuust x(t) punurHa 1 ee HOCUTENIb COCPELOTOYEH HA OTPE3KE
[0,T], a ee npeobpasosanue Pypne X (f) uzsecrno.
Borauciurs npeodbpazosanue Oypbe pyHkInn

x(t), tel|0,T),
LD 0.7)
z(t+T), te|-T,0).
3amgaqa 2.2. Berauciaurs npeodpasosanne Oypbe GyHKIUHU
x(t), te|0,7T),
A CORIT Y
xz(—t), te[-T,0).

Bagaua 2.3. Boruucanrs npeobpasosanne Oypoe dbynxknun y(t) = z(t) +
z(t—1),eciu T =4 u

2.7 IlpuHnun HeolpeaeI€eHHOCTHI

[Tycrs 3aan curnas z(t) ¢ momuocrbio Ey. Bregem dynxiun E,(t) u Ex(f)
CJIeJIYIOIIMM 00pa30M:

B (1) = / al)Ps,
f
Ex(f) = / X (s)Pds

fAceno, uro limy o Fyp(t) = limy o Ex(f) = Ep. Takum obpasom, Ex(fy) —
MOIIIHOCTh CHI'HaJIa, cocpejloTodentast Ha dacrorax |f| < fo. Hlupunot cuenana
Ha30BeM KOpeHb t, ypasuenus . (t) = Fy/2; wupunoti cnexmpa Ha30BeM KOPEHb
f« ypasuenusi Ex(f) = FEy/2. lllupuna cruekrpa onpejesisier HHTEPBaJ 4acTorT,
Ha KOTOPOM COCPEJIOTOYCHA MOJOBAHA MOITHOCTH CHTHAJIA.

Pacemorpnm rerepns curaarn 22 (1) = vV Az(At) mpi A > 0. Jlerko nposeputh,
410 MOIHOCTL curHasa (1) pasna Ey. Paccmorpum dyHkimio

B0 = [ foa(s)s
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TpuBnaabHO POBEPSETCS PABEHCTBO:
EXNt) = E,(\t).

VI3 Toc/Ie/iHero paBeHcTBa cpasy CiejiyeT, 4To MHpHHa t) curaia o (t) pabHa
e/ .

VI3 TeopeMbl OO0 ClEyeT, 9To WHTerpaabHblii ciektp X(f) curmana
2 (t) onpejieaseTcs COOTHOIEHTEM

1

A
X(f) Y

X (/).

Paccmorpum dpyHKINIO
f
(D) = [ P
-f

TpuBnaabHO IIpOBEPSETCS PABEHCTBO:

Ex(f) = Ex(f/)).

113 1ocsie/iHero paBeHcTBa, cpasdy ciaejyer, uro mupuna fo cnekrpa X (f) pasna
Afs.
IIpn ymeHbIeHny HIMPUHLI CHTHAJ A B A pa3 CIEKTD CUIHAJA CTAHOBHUTCH
BO CTOJIBKO ke pa3 mupe. IIpousBejienne mupuHbl CUMHAJA, W ITUPUHDBI CIIEKTPA
OCTAETCs TOCTOSTHHBIM:
t.f. = const.

DTO COOTHOTIEHNE HA3BIBACTCS coommowenuem neonpedesennocmets etizenbep-
2a. Takum 0Opa3oM, MeEXK/ly IMIUPUHON CUI'HAJIA U HIMPUHON CIEKTPa CyIHIECTBYeT
IpocTasi U IJyDOKas CBsA3b, COCTABJISIONIASA COJIEPXKAHIE NPUHUUNG HeOnpedeseH-
nocmu Ietizenbepea.

Kopomxum cuenaram coomsememaeyem wupokuill cnexkmp, u 4em
MEHDUWE DNUMENOHOCTNG CUHAAG, TheM wupe e20 cnexmp. Jpy-
2UMU CAOBAMU, NOKAAUSAUUA CULHAAGL MG 6D60€ DOAEE KOPOMKOM
BPEMEHHOM UHMEPBALE NPUSOJUM K 6060€ TYHCE AOKANU3OEAHHO-
MY CNEexmMpy.

OTMeTHM, 9TO TPOBEJICHHLIC BBLINIE PACCYZKJICHAS UMEIOT IIPOCTON TeOMEeTPH-
geckuit cMpict. JeiicrBurenbio, nepexos ot hyukiwn x(t) K Gyuxipn x(At) npu
A > 1 coorsercrByer cxkaruio rpadguka QyHKIUK B A pas3 BJOAb OCU aDCIHCC
¥ TIPU 3TOM B COOTBETCTBUH C TEOPEMOii o001 rpadyuK aMILIUTYIHOTO CIIEKTPA,
CTAHOBUTCSI THAPE B A pas.
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[TomyuenHoe HaMM CBOMCTBO CIIEKTPa, CUTHAJIA MAJION JITUTETbHOCTH TTPUBOIAT
K TIPULIUITHAJIBHBIM TPYIHOCTSIM ITPU PEAJIM3AIMU CUCTEM Iepeadn nH(pOpMaIi
¢ BBICOKO# LIPOIYCKHOM ClIOCOOHOCTBIO. eiicTBUTeIbHO, Jijist 0DeCIeYeH s BbICO-
KOl CKOpPOCTHU IIepejiadnd MH(MOPMAIUK YKeJaTeJbHO KOIUPOBATh €€ MMIIYJIbCaMU
110 BO3MOXKHOCTH MEHbIIEH JIJINTeJIbHOCTH, HO 9TO IIPUBOJUT K BECbMa IIUPOKOMY
JINAIa30Hy YacTOT, IPEJICTaBJIeHHOMY B ciekTpe. B To ke Bpemsi J1r000i KaHaJ
CBSI3M MMEET OlPE/IeJIeHHbIN JINalla30H IPOIyCKAEMbIX YaCTOT U PACIIUPEHUE ITO-
I'0 JINAIa30Ha COIPAXKEHO C CYIECTBEHHBIMU TEXHUUICCKUME TPY/IHOCTSIMU.

2.8 @®@opwmbl 3anucu mpeodbpazoBanusg Pypbe

B Jinreparype mmupoKo UCHOIL3YIOTCs 3KBUBAJIEHTHbIE CIIOCOObI 3aiucu (Gpop-
MyJ1 17151 ipeoOpaszoBannsg Dypbe, OTINIAIONIECS OT UCIOIb3YEeMbIX HAMA.

[TepBast MojuduKalins CBsi3aHa ¢ UCIIOJAL30BAHUEM YIJIOBOH 4acTOThI W BMECTO
nuneitnoit ucrorol f. [logoxkum w = 27 f u

X1 (w) ! X ( ~ ) ! /OO x(t) exp(—iwt)dt.

=5z =% )
Dopmyiia
o) = [ X etz
HpI/IHI/IMaeT BUJI o

o(t) = -

" 2r

/OO X (i> exp(iwt)dw = /_Z Xi(w) exp(iwt)dw.

oo 2T

Muoxuresns 1/(27) B dhopmydie npsimoro npeobpazosatust (pypbe U aCUMMET-
PUUHOCTD IMOJYYEHHBIX (POPMYJI IPUHOCAT MHOXKECTBO HEYI0OCTB B BBIKJIAJIKaX.
Yacro ncrosib3yior eie ojHy (opMy 3alUCH, TOJydaeMy0 IIyTeM aHaJOIHIHbIX
IpeodbPa3OBAHMIA:

Xo(w) = \/% /_Z:L‘(t) exp(—iwt)dt,
x(t) = \/%/_OO Xo(w) exp(iwt)dw.

Bropast u3 4acTo BCTpedalommuxcs MojudUKanuil cBs3aHa cO 3HAKOM SKCIIO-
HeHTBI. B aToM cirydae popmysibl IpHOOPETAIOT CJICIYIOITUI BU/I:

Xu(f) = [ s esplizngo

0]

o0 = [ Xa(p)esp(-izn oy
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13 TeopeMbl IBOHICTBEHHOCTH CIeyeT, 9To crnekTp Xs3( f) otnaaercs oT ciekTpa,
X(f) nanpapyieHnemM ocu 9acToT:

X3(f) = X(=]).

Wuoria Berpedatorest ciydau, Korja rnpeobpaszopatuem Oypbe HA3bIBAIOT TPO-
U3BOJIbHYIO KOMOMHAIIMIO ONMUCAHHBIX BBIIIE MOIUMDPUKAIINI OCHOBHBIX (DOPMY.I.
OOBITHO TaKasi HECOTJTACOBAHHOCTH HE TIPUBOJINT K OOJIBITTAM TPYIHOCTSIM, HO BHO-
CUT TIOCTOSTHHYIO nyTanuily. OOpainasch K He3HAKOMOMY UCTOYHUKY, BCErJIa CJie-
JIlyeT CHavaJia BBISICHUTH, 9TO KOHKPETHO aBTOP MOHUMAET MO TEPMUHOM <ITpe-
obpazoBanue Pypbes.

3 Teopusa nuckperusanuun

o »Toro MomeHTa Mbl pacCMaTPUBAJIA KCKJIIOYUTEIHLHO aHAJIONOBbIE CHUI'HA-
JIbI, 3aJlaHHble (DYHKIUSIMKE HEIpPepbIBHO MeHsolerocss apryMmenta. Ludposas
BBITUCINTENbHAS TEXHUKA 110 CBOEH NMPUPOJIe HE MOXKET HEelOCPe/ICTBEHHO pabo-
TATh ¢ AHAJOIOBBIMHM CUIHAJIAMMU.

st ipejicTaBeHUs aHAJONOBOTO CUT'HAJIA MCITOJIB3YeTCs TTPOTeypa JUCKpe-
Tuzanun . 3ajasas uHTEpBas JAuckperusanuu T > 0, Mbl HepeXojuM OT aHa-
JioroBoro curtasa x(t) K nocsiepoaresbHOCTH {X)}, 06pa30BAHHON 110 MPABHILY
x, = x(kT). [losyuaemast B pesysibrare JIMCKPETU3AIMI OCJIE[0BATELHOCTD 3HA-
YeHUil CUTHAJIA B PABHOOTCTOSIIINE MOMEHTBI BDEMEHHU T HA3LIBACTCS 8PEMEHHBIM
padom.

[Ipu 06paboTKe HATYPHBIX JTaHHBIX JUCKPETU3AIUsI aHAJIOTOBOIO CUTI'HAJIA, TIPO-
M3BOJINTCST YCTPORCTBOM, HA3BIBAEMBIM AHAA020-UUPPOSHIM NPEOOPA30BAMEAEM
(AITII)Y". Ins obpaTHOro ITpeobpa3oBanys BPEeMEHHOTO psjia B AHAIOTOBBIH CHI-
HaJl IIPUMEHSIOTCA yudpo-anarozocvie npeobpasosameny (LAII'S. AL u ITAII
SIBJISIIOTCSI COCTABHOM 4acThIO BCEX 3BYKOBbIX KapT. IIpu obpaborke pesy/ibraron
MOJIeJINPOBAHUA JIUCKPeTHasI (popMa, IIpeJICTaB/IeHs CUTHAJIA €CTECTBEHHO BO3HH-
KaeT KaK pe3ysbrar NPUMEHEHUs] YUCJIEHHBIX METOJ0B.

Bo Bcex ciydasix BbIOOD IPaBUJIBHOTO 3HAUCHUST UHIMEPBAAGL OUCKDEMUSAUUU
T 1npejicTaBisier coboit BaxkHyo 1mpobJiemy. HTepBas quckpern3ainui BbIOMPaoT
13 coobpaxKeHuit adexsammocmu U HeusdbvimowHocmu BpeMeHHOTo psga. [Ipe-
CTABUTEJILHOCTH JUCKPETU3AIMN [T0Pa3yMeBaeT JOCTATOTHO TOTHOE COXPaHEHHE
cBOiCcTB MCxoHOM byHkiuu. HeuzbbirounocTs npejiiosaraet BbiOOp JOCTaATOYHO
OOJIBIIIOrO IIara JUCKPETU3alUK [IPH COXPAHEHUN IIPEJICTaBUTEIbHOCTH.,

Bsampling

16time series
17analog-digital converter (ADC)
8digital-analog converter (DAQ)
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3.1 Mogeab nucKperu3anuu

C TOYKHM 3peHusi KJIACCUUYECKOrO YMCJIEHHOIO aHAJM3a JIMCKPETU3AIMsL 11PEJI-
crapjisier coboit mepexost ot dbyHkiuu (1) K BpeMeHHOMY DsiJLy
xp = x(kT).

[TonbiTaemcsi B3IJISHYTH Ha, [POLECC JIMCKPETU3AIUU C HECKOJIbKO MHOW TOYKHU
3pEHUS.
Paccmorpum Bbiparkenue

= Z 5(t_j7_)7 (8)

KOTOPOE TIPEJCTABIACT MOCIEJ0BATCILHOCTD JICIBTA00PA3HBIX UMITYJILCOB. Jlnc-
Kkperusanueit curnaia x(t) nasosem curnas x, (1), mojydaeMblii M0 MpaBuULy

o

vo(t) = 2(t)D(t) = D x(t)5(t — j7). (9)

j=—00

Jlerko HEIoCpeaCTBEHHO y6e,ZLI/ITbC?{ B CIIPaBE€AJINBOCTU PaBEHCTBA

kT+e
T = / x,(t)dt
k

T—E
npu € < 7. Takum 0Opa30M, BpEMEHHOW Psijl T BOCCTAHABJIMBACTCS 10 JUCKPE-
TU3ALMU, HO JUCKPETU3ALMI HE COLAECPXKUT, KPOME 3HAYCHUN T, HUKAKOU JPYTOi
utdopmanuu (nockosibky D (t) = 0 npu t # k7). Oyukuusa D, (t) naspiBaercs
duckpemuaupyrouw,ets deavma-epebenkoti, nim A0pom JUCKPEMU3auuL.

3.2 Teopema o HaJIOXKeHUN

Jlerko Bujierb, 1ro dyukiust D (t) siBisiercsi T-nepuojndeckoii QyHkiueit
U MOXKeT OBITh pasyiokeHa B psi ypbe:

Z d,, exp(i2mn fit),

n=—oo

riae fi = 1/7. Haiinem kosdpdunmentor Oypoe dy,:

1 7/2
d, = — D, (t) exp(—i2mn fit)d / Z d(t—j7) exp(—i2mn fit)dt =
T J—7/2 —7/2 ]——oo
=_ Z / d(t — j7) exp(—i2mn fit)dt
]——oo —7/2
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B nmocneaeii cymme siuinb oHo caaraemoe mpu j = 0 ommano ot Hys1sa. OKonva-
TeJbHO nostyunM dy, = 1/7 u

D, (t) = % i exp(i2mn fit).

n=—oo

[Tycts tenepn curnan x(t) umeer unrerpasbhbiii ciektp X (f). Boraucium
uHTerpasibhblii ciekrp X (f) auckpernsanuu x,(t) curnana x(t):

X.(f) = /_ " (1) expl(—i2n ft)dt /_ " B() Do (1) exp(—i2n ft)dt —

o0 o0

= /OO x(t) [% Z exp(i27mf1t)] exp(—i2w ft)dt =

o0 n=—oo

:_Z/ t) exp[—i2m(f — nfi)t] ZX —nfi).

Urax,

DR (] (10)

n=—oo

[Tocieinee paBEHCTBO COCTABISET cojep:KaHue TeopeMmbl HaiikBucra o Hajoxke-
HUKM ClIeKTpoB. MHave roBops, cnexmp duckpemusuposannozo cuznaie 00pasy-
EMCA NYMEM CAOHCENHUA CNEKMPOE UCTOOH020 CULHANG, COBUHYMBLT NO YACTNOME
na eeaununy, kpamnyto f1 = 1/7.

3amaqa 3.1. /lokazaTh aHAJIOIMIHOE yTBEPXKIEHUE JIjist ciydast psijioB Dyphe.
A umenno, j0KazaTh, 9To ecau T-nepuogndeckoii GyHKImu (t) COOTBETCTBYIOT
koabdunmentor Pypne Cy, 10 jguckperusanuu = (t) npu 7 =T /N coorBercrBy-
10T K03 purueaTsr Pypobe

1 00
— ; Z Cn—jN-

j=—o00

Yka3aHue. ]

1
flz; T/N_NT Nfy  (fo=1/T).

3.3 Yacrora HailikBucra

[Tycrs curnan x(t) umeer Gunurhbiii ciekrp X (f). Dro oznavaer, uro cy-
mecrByer uuciao f, > 0 takoe, uro X (f) = 0 upu |f| > f.. Ilycrs auckperu-
3alUs CUIHAJa [TPOM3BOAUTCA NIPU MHTEpBaJe JAMcKpernsaiun 7. Torma crnekTp
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JINCKPETU3NPOBAHHOIO CUTHAJA IPEICTABIAET CODOH CYMMY CIEKTPOB MCXOIHOTO
CUTHAJIA, CABUHYTBLIX 110 YaCTOTE JIPYI OTHOCUTEJILHO JIpyra Ha BEJIUYUHY, KPaT-
nyto fi1 = 1/7. Ecin cuekrp dunnrnbiit n 2f, < f1, T0 OTj1€/IbHBIE CHEKTPHI HPK
CYMMHPOBAHUN He MEPEKPBLIBAIOTCI. B 3TOM ciydae CIeKTp MCXOMHOIO CHTHAJA
MOXKeT ObITh BOCCTAHOBJIEH 110 CIIEKTPY JMCKPETU3ALUK CJIeJLYIONIM 00pa3oM:

X () < S

=10 1> f

(11)

Cwmbica ¢hOpMYJIMPOBAHHOIO YCJIOBUSI COCTOUT B TOM, UYTO B IIPOMEXKYTKE
(1o wacrore) MeX/Iy OTeNbHbIMU cyaraeMbiMit B cymme (10) JO0JKHO yMecTuTh-
Cs1 JIBe TIOJIYIMUPHUHBI f, CHEKTpa UCXOMHOTO curHasia. ChopMyaIupoBaHHOE YCIIO-
BUE HOCUT Ha3BaHue ycarosus Hatxeucma nenarogcenus wacmom. 3aMedasi, 9To
fi = 1/7, npeobpasyem yciosue Haiiksucra 2f, < fi K BHYy, B KOTOPOM OHO
Jare BCero NpUMEHSIeTCs Ha PaKTHKe:

1
T < —

2fs

Takum obpazom, ycaoue HallkBucTa OKa3bIBaeTCsA BHITOJTHEHHBIM, €I 4acmoma
Juckpemusayuu 1/7 curnaja BbiOpaHa B JiBa pasa OoJbleil, ueM dacTora camoit
BBICOKOYACTOTHOIN COCTABJIAIOINICH, IPUCYTCTBYIOIIECH B CUTHAJIE.

Ecin ycinosue HalikBucra He BBITIOJIHEHO, TO «XBOCTbI» CIIEKTPOB HAKJIA/[hIBa-
I0TCA PYT Ha JIpyra U MPUIOIHUMAIOTCA. B 3TOM ciiydae B cieKTpe JTUCKPEeTU3H-
POBAHHOI'O CUT'HAJIA TOSABJISIIOTCS JIOXKHBIE BHICOKOUACTOTHBIE COCTABJISIOITHE.

Duznvaecknit CMBICT TEOPEMbl O HAJOKEHUH COCTOUT B TOM, UTO TOCTE JIAC-
KPeTU3alii Mbl T€PSIeM BO3MOYKHOCTH Pa3/MvaTh YaCTOTbHI, OTJIMIAIOIINECs JIPYT
oT sipyra Ha 1 /7, 1 CeKTpajbHON COCTABIIAIONIEH JUCKPETU3UPOBAHHOIO CUTHAJIA
¢ 9acToToit f/ COOTBETCTBYIOT CIIEKTPAJIBHbBIC COCTABIAIOIINE UCXOJHOTO CUTHAJA,
¢ vacroramu {f" + k/T}rez. Hacrora h, = 1/7 nazsiBaercs wacmomot Hadi-
keucma'®. Takum oOpasoM, CIEKTp JMCKPETH3MPOBAHHOIO CHTHAJA OMpe/esdeT
CHEKTPAJIbHBIH COCTAB MCXOIHOTO CUTHAJA 110 MOJLYJIO Ay — OCh 9aCTOT «CKJIA b~
BACTCS TAPMOITIKOiTy. DTO ABICHNE HA3BIBACTCA «MaAckupockoti wacmom»Z.

MackupoBKy 4acToOT MOXKHO HAOJII0JIaTh B KMHO, KOIJIa B KaJIp 11011a/[aeT KO-
JIECO CO CIUIAME W MEHSIOIIEHCs 4acTOTON BpAIeHUsT (HAPUMED, KOJeCO pas-
rousiforeiicst kaperst). [Ipu yBesnvennu cKOpoCTH BpAIleHKst KOJIECa Mbl BHJMM
cHavdaja, KaK OHO YCKOPSIETCS, 3aTEM ero JIBUKEHUEe 3aMeJJIAeTcs, KOJeco OCTa-
HABJIMBAETCs U HAUMHAET BpalllaThCsd B 0OpaTHyio cTopoHy. /lejio B ToMm, 4To 1pn
JIOCTATOUYHO OOJIBLIONH CKOPOCTH BpallleHusi 3a BpeMsi cMenbl Kajpos (1/25 cek.

Ynyquist frequency
2frequency aliasing
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B KIHO) KOJIECO YCIIEBAeT MOBEPHYThCs Ha yroJ 2m — «. Koryma B Tesenepemaiax
MOKA3bIBAIOT dKPaH KOMITHIOTEPA, BUIHBI UEPHBIE TOJOCHI, KOTOPHIE TAKXKE IO~
SIBJISIIOTCSE B CBSI3M € MACKUPOBKO#H dactor (1Tor xke 3hdexr MoxKHO Hab/I01aTh,
IIOCTABUB BEHTUJISITOD IIE€pe]] 9KPaHOM KOMIILIOTEPA U IIOIJIfAJIeB Ha 9KPaH CKBO3b
BpaIAOIIMecs JIONACTU; MHTEPECHO TaKzKe 10IPodoBaTh U3MEHSATH CKOPOCTh Bpa-
JKEHUs, MOITOPMAXKUBas JIOMACTU PYKOii). ONucaHHble sIBICHUST U3BECTHDLI B (b~
3UKe KaK CTPOOOCKONMYeCKnii 3pdeKT.

3amgada 3.2. ChopmynupoBars yenobrue HalikBucra B ciiydae IepruoiuiecKux
curnaJion u psijiop Oypne.

3.4 Teopema HailikBucra—Illennona

Bamerum, 4o ec/iu Jis JucKperusainu T, (t) Boinosineno yciosue Haiiksucra,
TO MOSIBJISIETCS BOBMOXKHOCTH BOCCTAHOBUTD 110 HEll ucxojublii curuas (t). [eii-
CTBUTEJILHO, 110 JIMCKPETU3MPOBAHHOMY CUTHAJY T, (f) MOXKHO HaliTu ero crekTp
X, (f), 3arem BoccTaHOBUTD CIIEKTP UCXOMHOTO curHaia X (f) u, yxKe 3Hast CEKTD,
BOCCTAHOBUTH UCXO/HBIN curias x(t). OKa3biBaeTCsl, YTO PU BBIIIOJHEHHOM YCJIO-
Bun HallkBrncra MOYKHO SBHO BBITHCATEH (DOPMYITY, MO3BOJISIONIYIO BOCCTAHOBUTD
uexO b curnad z(t) 1o ero jguckperusaiun r = x(k7). Dra dopmysia HazbIBa-
ercd psjgom Haidiksucra, a chopmysinpoBaHHOe BblllIe yTBEpKJEHUE — TEOPEMON

Haiiksucra—lennona?!,

Teopema 3.1 (Haiiksucra—Illennona). Hycmo cuenan x(t) umeem gurnummond
cnexkmp X (f) u coomeememeyowas emy MaKCuMaAbHAA YACTMOMA PAGHA fi.
Toeda cuenan x(t) noanocmovio onpedeser c6OUMU SHANEHUAMY 6 MOUKAT t, = kT

npu T =1/2f,.

Joxasamenvcmeo. Tax kaxk X (f) = 0 upu |f| > fi, To curnan x(t) moxker ObITH
nostyder 1o cruekrpy X (f) ¢ nomomipio ¢hopmyiibi

[
x(t) = X(f)exp(i2n ft)df. (%)
—f
Bamedas, 4TO B NpaBoil 4acTu MocjaeHeil GpopMy/bl MCHOIL3YIOTCH 3HAUCHUS
criektpa X (f) qummb mpu | f| < fi, MBI MOJyIaeM BOSMOXKHOCTD TOJICTABATH B HEE
BMECTO CIIEKTPa pasyioxkenue B psajl Pypbe ero nepuomaeckoro npogozKeHust.
[Tepuoguueckoe npogoskenue ciekrpa X (f) Ha BCIO YUCIOBYIO OCh SIBJISAETCS
nepuojinieckoii dpyukmuei ¢ nepuogom 2 fy. Ilosromy, yuursisas, uro 1/2f, = T,
OJTY YU M

X(f)= Z Cy exp(i2mnTf) (%)

2lsampling theorem
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npu |f| < fi.
[TogcraBum (k%) B (*):

[ 0
x(t) = / ( Z C, exp(i27m7f)> exp(i2w ft)df =

—f.

n—=——oo

Z Ch / expli2n f(t + n1)]df = Z C’n2 Sll;i?tf:_(i;r)nﬂ

n=—oo n=—oo

Haiinem koadurmentor Pypobe B pasioxenun (*x). opmasbHO

f+
Co= = [ X(f) exp(—i2mnr f)df,
2fs J_t.
HO 3 (%) CJIejyer, 9To
fs
x(—nT) = X(f)exp(—i2mnT f)df,
—f.
OTKY/I2
1
C, = 2f*x (—nT).
Nrak

=z (=n7) 2sin2rf(¢ —I— nr) sm 2r f(t — k)
t) =
z(t) nzoo 2fs 27 (t 4+ nr) Z ’ 27 fi(t — k)
¥ OKOHYATEJTHHO .
= Z x (k7)sinc 2 f. (t — k7).
k=—o0

YunrbiBas, uro i = x(kT), nocaennion hopMy/y MOXKHO 1EPENUcaTh B BUIE

= i xpsine 27 fo (t — k7). (12)

k=—0c0

Teopema jiokazaHna.

OTMerrM, 9TO €CJI YacTOTa, fy OrPaHUIUBAET CBEPXY YACTOTHI CIIEKTPAIbHBIX
cocrapiistoniux curnada, 1. e. X(f) = 0 upu |f| > fi, To n0bast yacrora fi >
f« Taxkxke yjoBieTBOpsieT 3roMmy ycjosuio. Ilosromy curnasn x(t) ¢ GUHUTHBIM
CIIEKTPOM TTOJIHOCTHIO olpejiesieH orcueramu Ty = x(kT) npu Beex 7 < 1/2f,.
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[Tonarast, uro 7 = 1/2f, u t = j7, nepenumem Gopmyiay (12) cremyromum
obpa3zom:

Z a:ksm(327rf*< 57 2f*> Z zpsinew(j — k).

k=—0o0 k=—0o0

Boinmucannass ¢popMysia HpeJicTaBisgeT co0O0il OUeBHIHOE TOXKJIECTBO, IOCKOJBKY
dbyukiust sinc(j — k) orymmuna or Hysst Jwmib nupu k= j. Takum obpaszowm,
dbopmyna (12) dbakTuaecKn siBIsIETCs HHTEPIIOIAMOHHON (HOPMYJIOi, BEIPAKAIO-
el 3Hadenne (PYHKIMKE B JIF0OOI MOMEHT BPEMEHHU depe3 ee 3HAYCHUST B y3J0BBIX
TOUYKaxX k7. dTa (popMyJia OKasajaach TOUHONR B CAMUX Y3JIOBBIX TOUKAX JIJIsT TPOU3-
BOJIbHOIN yHkImu (1), HO JiIst PYHKIMI, CIIEKTP KOTOPBIX UMEET OrPaHuIeHHbIi
HOCHUTEJIb, OHA OKA3BLIBACTCSI TOYHON IIPU BCEX 3HAYCHUSIX ApIyMEHTA.

3.5 IIpeobpazoBanme Pypbe ANCKPETHOTO CUTHAJIA

Pacipocrpanum pasBuTble HAMU BbILIE CIHEKTPAJIbHLIC METO/IbI Ha, CJLydail J1uc-
KpeTHbIX curaasos. Ilycrs curaan x(t) umeer dbunurbii cuiekrp X (f). Torma
x(t) NOJHOCTBIO 3aJaeTcst CBOMMU orcyeramu Ty = x(kT), B3siTbiMU Yepe3 1po-
MexKYTOK 7 = 1/2f,. BolpasuM crekTp Takoro CUruaJa depes ero orcuersl. Jjs
3TOro0 NoJCTaBUM Bhipaxkenue (12) B hopmyJty mpsiMOro MHTErpasbLHOro nmpeobpa-
zoBanus Pyphe:

X(f) = /OO x(t) exp(—i27 ft)dt =

/ x(kT) sine 2w fi(t — k) exp(—i2m ft)dt
X k=—00
= Z x(kT) /OO sine 27 f, (t — k7) exp(—i27 ft)dt
k=—oc0 %

Banaua 3.3. [Iposepurs, uro npu 7 = 1/2f,

/oo sine 27 f. (t — k7) exp(—i2w ft)dt = Texp(—i2n fkt), |f| < fs,

YuurbiBas cjesaHHoe B (POPMYJHMPOBKE 3aJiadu yTBEPXKJECHUE, UMeeM JIJist

|f| < Ji

X(f)y=71 ) zpexp(—i2mfkr). (13)

k=—o0
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Ilopcrapasss t = k7T B ¢dopMmyay oOpaTHOTO MHTErpaJibHOTO IpeoOpas3oBaHusd
Dypre u yunrbiasi, uro Hocuresn Gyukuuun X (f) cocpejoroven Ha orpeske

[_f*7 f*], IIoJry4Jaem

.f*

Ty = y X(f)exp(i2m fkT)df. (14)

3.6 /Iuckpermsamnus B CIIeKTPaJbHOI ob1acTn

[IpumennM oIy YeHHBbIE PE3YIbTATHI TEOPUU JTUCKPETU3AINN U TEOPEMY JIBO-
CTBEHHOCTH K BBISICHEHUIO CBOMCTB CHEKTPOB (DUHUTHBIX (PYHKIWH, W, KaK T0-
BODSIT, CUZHAA06 KOHEUHOT OAUMEALHOCTU,

[Tycrs x(t) = 0 npu [t| > T'/2 u curnan z(t) umeer cuekrp X (f, 7). Torga,
npumensisi reopemy HailikBucra—IllenHona B COBOKYITHOCTH C TEOPEMOil J1BOii-
CTBEHHOCTH, MOXKHO ¢jlesaTh cieyiomee 3akmodenne: cnekmp X (f,T) noano-
cmuvio onpedeser ceoumu dnauenuamu 6 moukax f, = nAf npu Af =1/T n

X(f.T)= > X(nAf,T)sinc2r(T/2)(f —nAf) =

n=—oo
0

— Z X(nAf,T)sinenT(f —nAf). (15)

n=—oo

JIMCKpeTHbII CIIEKTP CUI'HaJIa, KOHEUHOH JJIUTEJILHOCTU BBIYUCIACTC 110 (hOpMYy-
Jie:

T/2
X(nAf,T) = /_T/Qx(t) exp(i2mnA ft)dt. (16)

Curnas (1) MOXKHO BOCCTAHOBUTH 110 ero juckperaomy ciekrpy X (nAf, T,
JJIsT 9ero BOCCTAHOBUM CHadajia uHTerpasbhbiii ciektp @ypne X (f,t) mo ero or-
caeram X (nAf,T) ¢ nomorbio dbopmysibl (15), a 3arem UCIOIb3YeM TOJIy YeHHOE
BbIparkeHue B (popmysie obpaTHoro npeobpasopannsg Oypbe:

x(t) = /OO X(f, T)exp(i2w ft)df =

= i X(nAf,T)/ sine 7T (f — nAf)exp(i2n ft)df.

n=—00 o0
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Benomunast 3a1aay (), mpeobpasyem moJiydeHHoe BhIpaykeHue CJIeIy oM obpa-
30M:

2(t) =Af Y X(nAf,T)exp(i2rnAft). (17)
[Iycrs curnasn koweunoii jymresnsuoctu (x(t) = 0 upu [t| > T/2) uwme-

er unurnpiit cnekrp (X(f,7) = 0 npu |f| > fi). Torna, ¢ omuoit cropo-
HbI, CHI'HAJ TIOJHOCTHIO ONpejiedisiercs cBoeii juckpernsanuein (npuy 7 < 1/2f,)
1, C JIPYrOil CTOPOHDBI, CIIEKTP CUTHAJA TaKXKe 3a/1aeTCd CBOCU JUCKpeTUu3alineit
(mpu Af < 1/T). Ha camom jieJie curtaji KOHEYHO JJINTEIBHOCTH BCEra UMe-
eT CIEeKTP ¢ HEOTPAHWYEHHLIM HOCHUTEJIEM, TaK UTO CIAEJAHHOE MPEIIoIoXKEeHNe
BHyTpeHHEe NpoTnBopednBo. OHAKO Ha MPAKTHKE OKA3BIBAETCs, UTO OOJLITWH-
CTBO CUTHAJIOB KOHEUHOH JIIMTEJLHOCTH UMEIOT JIOCTATOYHO ObICTPO yObIBAIOIIMIA
CIIEKTD, 9TOObI CUUTATH WX (MPUOJIMKEHHO) UMEIOIUMA (QUHATHBIHA CIEKTD.

[Tepenuiem opmyiibl ipsiMoro u obparuoro npeodpaszobanuii Dypbe B 11pe/i-
TOJIOXKEHUU OJTHOBPEMEHHOI GUHATHOCTH curHaja u crekrpa. @opwmyia (13) npu-
MeT CJEJIYIONNI BUJT:

N/2
X(nAf,T)=1 Z xpexp(—i2mnAfkT).
k=—N/2

Eciu 7 =T/Nu Af =1/T, o Afr = (1/T)(T/N)=1/N u

N/2

X(nAf,T) :% Z xy exp[—i(2m /N)nk]. (18)
k=—N/2

Dopmyita obpareHus moydaeTcs auckperusarmeii uz (17):

N/2
xp = Af Z X(nAf,T)exp(i2rnAfkt).

n=—N/2

C yuerom paserncrsa Af1T = 1/N nocneusig ¢hpopmysia IPUHEMAET BYL:

N/2
xk:% Z X(nAf,T)expli(2r/N)nk]. (19)
n=—N/2

Baga4da 3.4. [Ipo curnagnl x1(t) u x2(t) U3BECTHO JIMIIL TO, YTO UX CHEKTPDI
orpanuyenbl yacroramu fi u fo coorsercrsento (fo > f1). C kakoit MUHUMAJILHOM
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TaCTOTON MOXKHO JIUCKPETU3UPOBATH Cjiejytorue curnagbl: a(t) = x1(t) + xo(t),
b(t) = xq(t)omwa(t), c(t) = x1(t)-z2(t) npu ycioBUM OOPATUMOCTH JIUCKPETUAIIH.

Bamaqa 3.5. [Ipo curnassr x1(t), x2(t) u x3(t) u3BecTHO JHUIIB, YTO WX CIIEK-
TPbI OrpaHudenbl yacroramu fi, fo u f3 coorBercrBenno (fs > fo > fi). Hua
CHTHAJIA

x(t) = x1(t) o xo(t) + 21 (t) - w3(t)

yKazaTh MUHUMAJbHYIO JIOIYCTUMYIO 4acTOTy JMCKperusaiuu (ecjau rpebyercs
ee 0OpPATHUMOCT®).
3amga4ga 3.6. CriekTp curHaJja yjaoBJIETBOPSET CJICYIONUM YCJIOBUSIM:

07 |f‘ <f17
X(f)=qalfD), fi<IfI< /e
07 |f‘ >f2-

dopwmasibHOE TTpUMeHeHne ycjoBus HafikBucra jlaeT MUHUMAJbHYIO 9aCcTOTY JiM-
cperusanyn fg = 2fo. MOXHO JIn B 5TOM YACTHOM CJIYUa€ YMEHBIIUTh TacTOTY
JINCKPETU3AINT, COXPaHsis 00aTMMOCTh Tporecca auckperusaimn’ Ecam wer, To
OO'bSICHUTD 110UYEMY, €CJIU Jla, TO yKa3aTh JOIYCTUMbIE 3HAUEHUs YaCTOThl JUCKPE-
TU3ALNN.

4 JluckpetHoe nmpeodpasoBanue Pypne

B npeabiaymeM pasjiesie GpopMyJbl JUCKpeTHOro mnpeobpasoBanust Dypbe
(AII®) 6putn ostydeHb B TPUOINIKEHUT CUTHAJIOB KOHETHOM JJTNTEIHLHOCTH € (-
HUTHBIM CIIEKTPOM. 3JIECh MbI TIOKaXKeM JIPYTO MOJIX0/] K BbIBOJLY 9TUX (HhOPMYJI
n uzyunm cpoiictsa II1D.

4.1 uckperusarus mpeodbpa3oBanusga Pypbe

[Tycrs curnas x(t) dunuren ¢ Hocuresem, jexkamum Ha orpeske [—1/2,T/2].
B srom ciyuae dpopmyaibt st npeobpazosanust @ypwe X (f, T') coBnagaor ¢ Gpop-
mynamu s Koaddunuentos Oypoe C), mepuogmdeckoit (DyHKIUH, IOy IeHHON
T-nepuojin4ecKuM IPOJIOJIKEHUEM Ha, BCIO BEIECTBEHHYIO OCh Cy»KeHust (DYHKIMK

x(t) na orpesok [—T/2,T/2]:
/2
X(nAf,T) = / x(t) exp(—i2mnAft)dt = TC,,
T/

rie Af =1/T.
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Boranciaum kosddurmentor C, psga Oypbe IpuOINKEHHO, BOCIOIL30BAB-
ek GopmyJIoii psaMoyroibHUKos pu 7 = T /N:

1T 1 & T
C, = —/ x(t) exp(—i2mnA ft)dt ~ — E x(kT) exp(—i2mnA fkT)—.
T ) 1 T N

Bameuas, uyro Afr = (1/T)(T/N) = 1/N u nonaras xy = x(k7), npuxoaum
K gopmyJie

| N/2
Co > apexp[—i(2m/N)nk].
k=—N/2

Ecim C,, = 0 npu |n| > N/2, To

N/2 N/2
x = x(kT) = Z Crexp(i2nnAfkr) = Z Cy expli(2m/N)nk].
n=—N/2 n=—N/2

Takum obpazom, (POPMyJIbI TPSIMOTO U 0OPATHOTO JIMCKPETHOTO TTPeodpa3oBa-
Husi Oypbe skBUBaJEHTHBI popMysiaM pasJsiokenust pyukiuu B psiji Pypbe 1ipu
YCJIOBUHU, YTO WHTEIPaJ 3aMEHEH CBOWM INPUOIMKEHHBIM 3HAYeHWeM, BbIUNCIICH-
HBIM 110 (OPMyJIe TIPSIMOYTOJIBHUKOB. DTO 3aMeUaHNe BbISICHIET MPUOIMKEHHbBIN
XapaKTep 3aMeHbl WHTerpaJibHOro npeodpasoBanus Pypbe JTUCKPETHBIM W 103~
BOJISIET OIICHUTH BHOCHMYIO TaKOil 3aMeHOil morperninoctb. [Ipu crekrpajibHOM
OJTXO/1e TPUOJIMXKEHHBII XapakTep (popMyJT TUCKPETHOTO mpeobpazoBanust Oypbe
OKa3bIBACTCS 3aKJIFOUECHHBIM B TIPEJIITOJIOKEHUN 00 OJIHOBPEMEHHOM (PUHUTHOCTH
CUI'HAJIA U CIIEKTPA.

4.2 JInckpetHoe npeobpa3oBaHne Pypbe

Bejiem 110c¢1€10BaTe/IbHOCTD X, B COOTBETCTBUU ¢ (DOPMYJIOi:

) N/2
Xy =+ > apexp[—i(2m/N)kn]. (dft)
k=—N/2
Torna
X(nAf,T)=TX, (20)
! N/2
rr= Y Xyexpli(2r/N)kn]. (idft)
n=—N/2
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[TocneoBaTesbHOCTh X, HA3BIBACTCA QUCKPEMHBIM CREKMPOM BPEMEHHOTO
psiia . [ocaegosarensnocrs A, = |X,| nasbBaercs duckpemmvim amniu-
myodnvim cnexmpom BpeMeHHOro psijia Ty, Popmydsbt (dft), (idft) nasbisaror-
Cs1 COOTBETCTBEHHO MPSIMBIM U OOPATHBIM duckpemmnvim npeobpasosanuem Dypve
(JAIID)?*. Jlerko ybeurhest, 4TO B Clydae BEIECTBEHHOIO BPEMEHHOrO Dsijla T,
JIUCKPETHBIN CIIEKTP 00JIaaeT CJIeyIONNUM CBOUCTBOM cuMMerpund X _,, = X'

st yuporenusi 3amucu gpopmyst A1 Beegem cieyroiiue 0003HAUEHMSI:

Wy = expli(2n/N)].

Yucsio Wiy pu 3aiannom N Ha3bIBAETCS N060PA%USHIOW UM MHodcumenem. Ecin
He BOBHUKAET JIBYCMbBICJEHHOCTH, HUXKHUI WHJIEKC ITPU TTOBOPATMBAIONIEM MHOXK -
TeJie MOXKHO OITyCKaTh. B HOBBIX 0003HAUEHUSIX

L Ve
—k
k=—N/2
N/2
n=—N/2
JuckpeTHblii cieKTp X, OKa3bIBaeTCA MEPUOINUCCKUM: X,in = X,. [eii-
CTBUTEJILHO,
| N/2 1 N/2
—k(n+N —k
Xn-l—N:N Z JJkWN tn ):N Z l'kWN "= X,
k=—N/2 k=—N/2
T. K.

WY = explim(2n /N)N| = exp(2rim) = 1.

CoBepLIeHHO aHAJOIMMYHO JJOKA3BIBACTCS EPUOJMIHOCTD CUIHAJIA L), BOCCTAHOB-
JIEHHOT'O II0 JIUCKPETHOMY CIEKTPY: TN = Tj. fcHo, a0 N-epunoamdHocTb
nocJjejioBaresbHocreit ry, X, u W}{‘,k [I03BOJISIET BECTU CyMMHUpOBaHue B (op-
MyJiaxX IIPsMOrO ¥ OOpaTHOrO JIMCKPETHOTo IpeobOpasoBanust Pypbe 10 JH0OOMY
POMEXKYTKY JIJINHBI [V.

C yueroM neprouIHOCTH (POPMYJIbI JUCKPETHOrO peobpazopanns Oyphbe 1me-
PETUCHIBAIOTCS CJIEIYIONINM 00Pa30oM:

| V-l

Nt (21)

v =Y X Wil
n=0

22digcrete Fourier transform
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Yenosue BermecTBeHHOCTH (¢ yueroM paBerctBa X, = Xy_,) IPUHEMAET BUJI:

Xyon = X2

4.3 Bzaumvnaag ogHo3HadHOCTH JIIID

[Tpubnu>kennblit xapaktep (OPMYyJ JHUCKPETHOTO Tpeobpaszoannst Dypbe
LPUBOJUT K HEOOXOAUMOCTH DOJIEe JeTaJIbHO OCTAHOBUTHCS HA B3AaMMOOTHOLICHUK
Mexk 1y (bopMyJiaMi IIPSMOTO U OOPaTHOI'O JUCKPETHOro IpeodpasoBanus Pyphbe.
[Tycrb

1 N-1 N-1
X =+ ; oWy I, = nz:% X, Wi,

Yoenumcst, uto T = x. [locnennee yTBep:KjeHrne HEOUEBUTHO, TTOCKOJIBKY TIPH
BBIBOJIE (DOPMYJI IIPSIMOI'O U OOPATHOT'O JIUCKPETHOIO 1peobpaszoBatust Pypbe Mbl
TIOJIB30BAJIUCH TTPEJITTONOKEHUSIMHI, KOTOPhIE BBIMOJIHAIOTCA JIUITH TPUOJINKEHHO.

Jlokasamesvcmeo.
N-1 N-1  N-1 L
_ in —kn in n(j—k
TEDIRAUED DD BN UGS IS Wl
n=0 n=0 " k=0 k=0 n=0
Ho mpn j =k
N-1 .
W;\@[(]*k) — N,
n=0
aupu j # k
N-1 N(j—k
ZWH(J—k) _ 1 -Wy o
N ik
n=0 N

I3 nociaeqnux ABYX PaBEHCTB Cpa3y CJeayeT JOKA3biBaeMoe yTBeP:KJCHUE.

Jokazannasi B3auMHast OJIHO3HAYHOCTH (DAKTHUECKU OKA3AJIaCh CIIPABEIJINBOI
B pesyJbTaTe Toro, 9To hbyHKImu exp(i2rnA ft) opToroHaIbHBI HE TOJHKO Ha OT-
peske 0 < t < T (Af =1/T), HO 1 Ha JUCKPETHOM MHOXKECTBE TOYEK t = kT.
[Tocenee siBASIETCST OJJHUM U3 CaMbIX 3aMEYaTeIbHbLIX CBOMCTB CUCTEMbI TPUIO-
HOMETPUICCKHUX (DYHKIHIA.

4.4 Teopema IlapceBaJjid

MOHLHOCTBIO CHUT'HaJla T Ha3blBa€TC:d BEJIMYNHA

1N—1
_ 2
E_Nkz%ym.

39



Boraucamm MOMTHOCTE CUTHAJA Tj, MPEJICTABIEHHOTO CBOUM JUCKPETHBIM CITEK-
TpoM X,,:

—1N-1 —1N-1 N-1
ZZXWk”ZXZWkl ZZXXZZW’WIZZWF.
=0 n=0 n()l() n=0

[Tonyuennasi popmysia cocTaBisieT cojeprkanue TeopeMbl [lapcesadisi:

1 N-1 N-1
=Sl = S (22
k=0 n=0

Habop uucen P, = |Xn|2 Ha3bIBACTCS JUCKPETHBIM CIIEKTPOM MOIIIHOCTU CUTHAJIA,
k.

4.5 Popwmbl 3anucu 11D

B smreparype BerpedatoTest passudnbie popMbl 3arucu gpopmyda st IITO.
[TepBast n3 BO3MOXKHBIX MOIMMUKAIMNA CBsI3aHa ¢ pazMerienieM MaoxkuTess 1 /N:

N/2 N/2
Z ka&kn’ X2 Z ka kn
n=—N/2 n— N/2
N/2 N/2
N> xw T 2 W
n— N/2 n— N/2

Bropast momndukanus dopmyn HIID cesizana co 3HAKOM 3KCIIOHEHTHI:

1 N/2
n=—N/2
N/2

n=—N/2

CuexTp Xg 110 OTHOIIIEHHIO K CIIEKTPY X, OKa3bIBACTCS I1EPEBEPHYTHIM.
Hekoropbie aBTopbl nHAYE OIPEIEJISIOT [TOBOPAUNBAIONIUNA MHOKUTE/Ib:

Wy = exp[—i(27/N)].

[TockosibKy Bce olucaHHble MOJM(DUKAIIMU MOI'YT BCTPETUTHCH B HPOU3BOJLHOM
COYeTaHNH, CJIeJTyeT TMPOSIBIATDH UCKIIOUUTETHHYIO OCTOPOXKHOCTD U B IEPBYIO Ove-
peJib BhISICHATDH, Kakoil popmysioit jiist 11D nosb3yercst aBrop.
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5 bBrictpoe npeodbpazoBanne Pypne

Buvicmpoe npeobpasosanue Pypve (BIID)* upencrasisier coboit SKOHOMUU-
HBIil CII0CO6 BBIYUCIEHUS TIpsMoro u obparaoro JAIID?**. B neifcTBUTEIBHOCTH MBI
o1y arM 3(MPEKTUBHBIN AJITOPUTM BBIUNCIECHUS TOCJIEI0BATEILHOCTI

N-1
Ay =) a Wy (%)
k=0

dcuo, uro ecau a = xp, 10 X,, = A, /N. B cieiyronem nyHkre 1moka3aHo, 4to
1 Buluucjenne ooparnoro 11D Tak:ke CBOAUTCS K BBIYUCICHHUIO IIOC/IEI0BATEb-
nocru A,,.

5.1 Brruuciaenne obparuoro 111D

HpOBerﬂ;eM CJIe,D;YIOLU;I/Ie Oo4YeBUAHbBIC Hpeo6pa30}3aHH51 (bOpMyJIbI (*)
Ay =agWo+a W+ .. 4 ay_ W N-Hn =
= aW'4ay_ W WV-Un g W =
= agW° +ay_ W V"W + . 4 W N (V= —
= aW 4+ ay W'+ ...+ a, WU,

3 nostyuenHoit popMysibl BUJHO, 9TO €CJIN

CL():XQ, anN-—1 :Xl, aq :XN_1
nJjin
Xo, k=0,
ap =
XN_k, k>0
TO X — Ak

Taxum 0Opa3oM, eciiu UMeeTcs Hporpamma, ObICTPO BbIUKUCJISIONIAs 110 CUI'HA~
JIy @} TOCJIE0BATEILHOCTL Ay, TO €e MOXKHO HCIOJIB30BATDH JJIsI BHIUUCICHUS KaK
HPSIMOTO, TaK U 00paTHOTO JIMCKpeTHOro rnpeobpazoBanust Oyphe.

5.2 Pexkyppentnas dopmya Jlanmoma—/laamsabcoHa

Ilyctb N = 2M n a% = a9 U a}ﬂu = agpr1 pn 0 < k < M — 1. Torna,
VUIUTBIBAS, 9TO

27 27
W2 = exp <2N2p> = exp (ZN—/Z ) = Wﬁ/z = Wi,

23Fast Fourier Transform (FFT)
24 Anropurm npunagtexut Ky u Trioku (Cooley and Tukey)
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nosyaum 1pu 0 <n < M

M-1 M-1
—n(2k —n(2k+1
A, = Z aszNn( )+ Z a2k+1WNn( ) —
k=0 k=0
M-1 M-1
k=0 k=0
M-1 M-1
=D Wyt W D Wit = AL+ WA
k=0 k=0
rje
M-1
—nk
AL =Y alwyt, g=0,1.
k=0

IIpu M < n < N noaoxum n = M +n/, rue cnosa 0 < n’ < M u rorga
Wi =Wy — woMw = Wy,
OTKY/Ia CJIEJLyeT PABEHCTBO
An = Aprw = Ay + WAL = A5 — R AL,
OKoHYaTETIHhHO NMeeM:

A+ WAL 0<n< M,

A, = /
Ag/_W]GnA,}l/, M<7’L<N,

(23)

rie n' = n — M. Iocnennss dpopMmysna Ha3bIBAETCS PEKyPPEHTHONH (hopMyJioit
Jlanmoma—/laausnbcona.

5.3 Cxema BII®

Ecin N = 2", vo, npumensisi popmyity (23) 7 pa3, Mbl CBEJEM BbIUYHCICHUE
JII® N-todeunoit mocienoBaTeabHOCTH K Bhruucyaenuio N 1-toueunwbrx JIIID.
JTI® 1-royedHOoi MOCJIEI0BATEILHOCTH BHIYUCISICTC TpUBHasbio: Ay = ag. Ta-
Kas cxema Bblumciaenus JIID nazbiBaercs Oviempuim npeobpasosanuem Dypoe
(BI1D).

OneHuM 1oJiydyaeMblil BBIMIPBIIL B ObicTpojieiicTBuu. [Ipu HemocpeicTBEHHOM
Bbruncsiennu JIID N-rouednoit 1nocsiejjoBaTe/IbHOCTU PUXOJUTCH TPOUIBOJUTH
O(N?) ymuoxenuit. Jlerko BumeTs, 9o npu Beraucaennn no cxeme BIID mpons-
BojuTest 7 = logy N maros Bbrauciaenuii mo dpopmyie (23) u Ha KaxKJOM TAKOM
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mare npousBoguTcsa N/2 ymuoxkenwii. Takum obpasom, npu Buraucjiennu BITO
seero npoussourest O(N logy N) yMHOXKEHUH U MbI [OJTy9a€M BbIMUIPBIIT B (-
dexrusnocru B O(N/logy N) pas. I[Ipu N = 1024 = 2! BII® upubiauzurensio
B 100 pa3 spdekruBnee npsmoro Buruucienus 11O,

3aMerum erre, 4To

2 2
Wiyjo = exp ZN—7/T2 = exp 22’% :va.

DTa (POopMyIa MO3BOJSIET BLIUUCIATDL 3HAUCHHUS TOBOPAUUBAIONINX MHOXKHUTE e
W pekyppeHTHO.

HecMoTpsi HA TO 49TO MBI JIOCTATOYHO IOAPOOHO omucaju ajroputm BIIO,
HAIMCATh CAMOCTOSITE/ILHO €I'0 HEPEKYPCUBHYIO peajiu3allnio HerpocTo. B To xke
BpEMsI PEKYPCUBHAsI BEePCHsI aJrOPUTMa, SIBJISIETCs PE3Y/IbTaTOM MOYTH (POpMaJib-
HOU TpaHc/siimu GopMysibl (23) B HOTAIMIO MCIOJIb3YEMOrO sI3bIKa MPOIPAMMH-
poBanusi. PekypcuBHasi Bepcusi B CpeJiHeM BCEro B JiBa pasa MeHee 3(hdeKTUBHA
110 CPABHEHHUIO C YNCTO UTEPATUBHBIM aJIrOpUTMOM. Huxke Mbl iprBeieM OCHOBHbBIE
coODpaXkeHusi, 1103BoJIIONIMEe pean3oBaTh ajropurm BII® B Bujie Hepekypcus-
HOI TporpaMMbl U mpupejieM peayu3anuio BIID, mcnonb3ysa B KadecTBe s3bIKa,
nporpammupoBanus ANSI-C.

5.4 JIBoundyHasi UHBepCHUs

[Tpu Bbrunciienun 11D 1o onucannoit cxeme BII® na nepBom 1iare ncxojHast

[IOCJIEJIOBATEILHOCTL ) pa3dUBaeTCs Ha, JIBE I0CJIE0BATEILHOCTH BJIBOE MEHb-
el JIIMHBI — TI0CJIeJIOBATE/IBHOCTh YETHBIX YJIEHOB ag U II0CJIeJIOBATEJIbHOCTD
HeYeTHBIX YJIEHOB a,lg. Ha BropoMm 1mare aHajornaHoMy pas3OMeHUIO MOBEPraeTcs

KaxKJ1ad 13 HOC.HG,ZLOB&TGJIBHOCTeI'7IJ MMOJIYHYEHHbBIX Ha IMEPBOM HIare, M IoJlydacTC:d

yKe 4 1mocyenoBaTebHOCTH: ago, agl, a,lgo, a,lgl. Ha j-M mare xaxxnasg u3 2771 nc-

b ...bj_lO bl...bj_ll

b 6 1
pa3ouBaecTcCd Ha JIBE — CLk nu ak ,

. by..
XOJHBIX [OCJIE/I0BATEILHOCTEH @),

; o brob;
1 B pesysbrate nojydaercs 2/ nocieposarensnocreit a, . Crejyonast rabnua
HJUTIOCTPUPYET STOT mporecc B ciaydae N = 8 = 23,

000 ag | Qo | Qg | Ao 000
001 | a; | as | ayg | ag | 100
010 Ao | Qg | A2 | A2 010
011 as | g | Qg | Ag 110
100 | a4 | a1 | a1 | a1 | 001
101 as | as | as | as 101
110 Qg | y | a3 | A3 011
111 ary | ay | ay | ay 111
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B nepBoii 1 mocseHeil KOJOHKaxX IPUBEJEHa IBOMIHAS 3alIUCh UHIEKCA COOT-
BETCTBYIOIIErO 3JIEMEHTA, JIO TIPOIECCa pa3OUeHnsT MCXOAHOM MTOCIeI0BATEILHOCTH
u nocsie mnposejienusi logs N = 3 maros pasouenusi. JIerko 3amMeTuTb, 9TO B pe-
BYJILTATE IAEMEHN A OKABAACA 6 NOZUUUL C HOMEPOM, 080UMHAA 3ANUCH KOTOPO-
20 NOAYHAEMCA U3 d60UNHOT 3anuct, wucaa k nepecmanoskot yugdp 6 obpammom
nopadre. K 3roMy BbIBOLY JIETKO IPUATH U B 0bIieM ciaydae. [deficrBuresbio, 1a j-
m waze 6 g-10 (@ = 0, 1) nocaedosamenvrocms nonadarom saemenmot, 6 06ouuHOT
3aNUCU HOMEPA KOMOPYLT HA J-M Mecme ¢ konya cmoum yudpa q. Jdanbaeiimee
paccy»kJeHue TPUBHAJIBLHO.

Onucannasi mepecTaHOBKa 3JIEMEHTOB OCJIEI0BATEILHOCTH HA3LIBACTCS J60-
unHol uneepcuel U SIBJISETCs IEePBLIM LIArOM IIporpaMMuOil peasmsaiuu BIIOD.
OxasbIBaeTcs, 4TO JBOMYHASA MHBEPCUS MaCCUBA MOXKET ObITh BBIIOJHEHA C I0-
MOIIBIO CJIEIYTOIIEro 3(PpMEKTUBHOrO peKyppeHTHOro ajaropurMma. Ilyers R(m) —
HOBUIMS, HA KOTOPYIO MONAJIAET B PE3yJIbTATE JBOMYHON MHBEPCUM 3JIEMEHT C HO-
MepoM M (T.e. TUCJI0, TIOJIYIAIOIIEEcs U3 M «IePEBOPAYNBAHUEM» €0 JBOUTHON
samicn). fcro, uro R(0) = 0. ITycrs nssectro snauenne R(m). Jlerko nousits,
aro anciao R(m + 1) nonyuaercsa u3 uuciaa R(m) ciaegyionmm obpasom: Oyem
JIBUIaThCs BJIOJIb JIBOMYHON 3amucu uncia R(m) ciesa HanpaBo, 3aMeHsis €Jiu-
HUIBL Hy/siMU (T.e. BblunTas qucsa n/2, n/4, ...) 10 1epBoro HyJsi, KOTOPbIi
3aMeHsIeTcsl Ha eAMHUILY. DTa Mpoleaypa (PAKTUIECKH HOBTOPSIET aJlOPUTM JIO-
OaBJIeHMsl €MHUIBI K YUCILY, 3allMCAHHOMY B JIBOMYHOl cucreMe cunciaenns. Huxe
IPUBEJICHA PeATU3allis OMMCAHHOIO aJrOPUTMA.

void binrevers( double *a, int n ){
int 1, j, k;

for( j=1=0; 1<mn-1; i++ ){

if( 1< j){
double t = aljl;
aljl = alil;
alil = t;
ks
forCk =n / 2; k<= 3j; k /=2)
J =k
J =k

+
+

5.5 Peamz3anusa dopmya Jlarmoma—/laansabcoHa

3Jiecb  Mbl IIPUBEJEM IpOrpaMMHYyIO0 peajinsaruio dopmys JlaHmoma—
JlaHua/1bCOHA, BBIMOJIHAIOIYI0 BCE BBIYUCICHUS «HA MECTe», T. €. 0e3 MCIOJIb-
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30BaHUs JIOMOJHUTEJIbHON MaMATH — B TPOIECce BBIYUCICHUE OTCUYETH JIHC-
KPETHOT'O CIIEKTPa 3aMeIaioT OTCUeThl NCXOHOM 1mociieoBaTebHOCTH. DyHKITUS
base_fft () upousBojur BbuucieHue nocjiepoBarebuocru A, 1o dopmysie (23).
BemecTBennas 1 MEIMasi 9aCTH 3JEMEHTOB ITOCIE/I0BATEILHOCTH ) TOMEITAIOTCS
B MACCUBbI X M y cooTBeTcTBeHHO. [locse Bo3BpaTa 3 (PyHKIMU B 9TUX MaCCUBAX
pacIoIaraloTcs BeNeCTBEHHBIE 1 MHUMbBIE YaCTH JIEMEHTOB MOCJEI0BATEILHOCTH
Aj. B aprymenTe n nepejiaercst JyinHa MACCUBOB X M y; B apryMEHTE T HYXKHO
1epeJiaTh JIBOUIHBIN JjorapudM Uuc/a n.

void base_fft( double *x, double *y, int r, int n ){
double ur, ui, wr, wi, tr, ti, ur2;
int 1, j, 1, lel, le2, 1ip;

binrevers(x, n);
binrevers(y, n);
for( le2 =1=1; 1 <=r1; 1++ ){

lel = 1le2;
le2 *= 2;
ur = 1.0;
ui = 0.0;

wr = cos(M_PI / lel);
wi = -sin(M_PI / lel);
for( j = 0; j < lel; j++ ){
for( i =3j; 1 <n; i+=1e2 ){
ip = 1 + lel;
tr = x[ip] * ur - ylip] * ui;
ti = x[ip] * ui + ylip] * ur;

x[ip] = x[i];
ylip]l = y[il;
x[i] += tr;
y[i]l += ti;
x[ip] -= tr;
ylip]l -= ti;

ur2 = ur * wr - uil * wi;
ui = ur * wi + uil * wr;
ur = ur?2;
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5.6 IIporpammuas peaauzaiuga BIIO

Oxkonuaresnbrast peanuzains ajaropurma bII® serauciennns IO Boirsiu
CJIEJIYIOIIUM 00pPa30M:

void scale( double *a, int n ){
int 1i;

void resort( double *a, int n ){
int 1;
for(i=1; i<n/ 2; i++ ){
double t = al[il;
alil = aln - il;
aln - 1] = t;
+
+

void cfft( double *a, double *b, int r, int n ){
scale(a, n);
scale(b, n);
base_fft(a, b, r, n);

+

void cifft( double *a, double *b, int r, int n ){
resort(a, n);
resort(b, n);
base_fft(a, b, r, n);

+

Oyukiust cfft() npousBomuT Bblunciaenue mpsmoro JIID, a dyuknus
cifft() — obparnoe HIID. Comcku aprymenToB y obenx (QpyHKIHMI COBIALAIOT
Kak (popMaJIbHO, TaK 1 110 CMBICY. [lepBble JiBa apryMeHTa — MaCCUBBI, COJepKar-
II[Ue COOTBETCTBEHHO BEIECTBEHHYIO U MHUMYIO YacTH ITPeodpa3yeMoro BpeMeH-
HOTO psijia. JJIMHBI 3TUX MacCCHBOB JIOJXKHBI COBIAJATh M OBITH IEJION CTEeIeHbIO
qucya 2. ApryMenT n onpejiessieT JInHy 00padaTbiBaeMbIX MAaCCHBOB; B apry MEH-
TEe T lepejlaeTcs JIBOMUHbINA JiorapudM uucia n. [locjie BbiojiHenust pyHKINi
pe3yJIbTaT Mpeodpa3oBaHUs MOMEIACTCS TAKXKe B MacCHBBI a U b (a — Berre-
CTBEHHAs YaCTh, b — MHUMAs), 3aTUPasi KX COJEPKUMOE.
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Puc. 2. Ilopsiiok orcueTroB crekTpa

5.7 Ilopgaaok orcueToB

st ipaBu/ibHOIO UCIHOJIb30BaHus 1poiietypbl BIID cosepiiienHo HeoOX0UMO
SICHO TOHUMATDh, KaKue JaHHble OXKHUIAIOTCSI Ha ee BXOJle U KaKhe pPe3yIbTaTbl
HOJIYYAIOTCS Ha BHIXOJIE.

B pesyabrare npumenenusi bIIO k BpemeHHOMY psijly Tj HoJydaeTcss HabOp
KOMIIJIEKCHBIX CIEKTPAJbHBIX OTCYeTOB X,,. McxoHas mocsie1oBaTeIbHOCTh CUH-
taercst N-11eproIuIecKoil:

xn+N — I‘n.
HOCHGI[OB&TGJH)HOCTI) OTCYETOB BbIYMCJICHHOI'O CIIEKTpPa Xn TaKKe sBjsgercsa V-

[MEPUOJIAICCKOMN:

Xn+N - Xna

CJIe/I0BaTEebHO,
XN—n - X—n' (24)

B pesysbrare npumenenus npore/ypbl BIIO mbl osryyaem maccus, cojiepKaliuii
oTcYeThl nepuoardeckoro cuekrpa X, npu 0 < n < N. U3 nocaemaneit popmysib
caenyer, aro nociepnue N/2 suementon crekrpa (npu N/2 < n < N — 1) co-
OTBETCTBYIOT OTPUIATE]bHBIM YACTOTAM, IPUYEM B TOM MOPSIJIKE, B KOTOPOM OHHU
PACIOJIOXKEHBI Ha, TUCJIOBOI OCH.

Ilepswe N/2+1 omcuemos ¢ undexcamu 0 < n < N/2 codeporcam
CNEKMPANLHBLE OMCUEMDBL ONA NOAOHCUMEALHOLT wacmom. Omcue-
moi. ¢ undexcamu N/2 < n < N — 1 coomsememesyrom ompuua-
meavhom wacmomam n — N, npobezarowyum snavenus om —N /2

do —1.

[TopsiIoKk OTCYETOB CIEKTPa MOXKeT OBbITh HTPOUJLIIOCTPUPOBAH PUCYHKOM 2
U cjejiytoleit Tabaniei:

X np - X0 Xo X1 ... Xup
Xo X1 ... Xnp - Xy
Xyg - Xy Xo X1 ... Xup
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Ecsn nocnejoBaTebHOCTD @ IO CMBICITY 3aJlaui OIpeJie/IeHa Ha CUMMeTPHY-
HOM OTHOCHTEIHHO HyJisi orpeske —N/2 < j < N/2, 1o nepej npuMeHeHueMm
upoueypbl BII® (1ipsiMoro uiiu 06paTHOro) cjiejyer JI00HpeJe/uTh ee Ha OTpe-
30k 0 <jJ <N —1:

aj  0<j<N/2
aj-n N/2<j<N-1

A~

CLjZ

Hanporus, ecnn B pesynbrare Burancienus BIIO nonyvena mocienoBaTebHOCTD
aj, JJisl KOTOPOil eCTECTBEHHON 00JIaCTbIO OLPEJEJICHUsS CILy?KUT CUMMETPUYIHbIH
OTPE30K, TO ee TaKKe cJjejyeT JOOIpeeJUTb Ha Hero 1o NepuojuiHOCTH:

an+; —N/2<j<0

a; = :

j . :
a; 0<j<N/2
OTMeTHM, 9TO «CHMMETPHUHbIA OTHOCUTENLHO HyJIA» 0Tpe3ok —N/2 < j < N/2
H& CAMOM JieJie PACIIOJIOXKEH OTHOCUTEJILHO HyJist HecuMMerpuino. I3 N — nepuo-
JUYHOCTH CJIEJYeT, YTO a_N/2 = (p/2, 9TO OOBIYHO XOPOLIO COIJIACYETCs CO CMbIC-
JIOM TI0CJICJIOBATEJILHOCTH ;.

5.8 CpaBur HyJId

Horja onucanHblii B MPEJIBbIIYIIEM pas3/iesie MopsaIoK OTCIETOB, MOJTYIaeMbIX
npu BIID, okaswiBaercst Bechma obpemeHuTe/bHbIM. [Ipn yBesmdyenun mHjiexca
OT HYJIsI Mbl CHaYaJa TTPOXOJNM TOJOXKUTETbHBIE YaCTOTHI B MOPSJIKE BO3PaACTa-
HUS, a 3aTeM OTpPUIATe/bHbIe, HO YK€ B MOpsJiKe yObIBanusa Moayssd. JLoOuTb-
Csl €CTECTBEHHOT'O TOPsijIKa PACIOJIOKEHUST OTCYETOB CIEKTPa MOXKHO, HCIOJIb-
3ys OIMCAHHYIO HUXKe IPOTeAypy cdsuza nysa. Takoe nmpeobpaszoBaHue 0ocOOEHHO
y100HO, €C/IN CHEKTP NMPUXOIUTCS YMHOXKATH Ha B3BEINBAIOIIEe OKHO, 3aaHHOE
KaK (DYHKITUS 9aCTOTHI.

Ob6pasyem 10cj1e/10BaTeIbHOCTh L) 10 TPABUILY

i"k = (—1)kl‘k

3amMerum, 9To

kN/2
(=" =i,

M BBIYUCINM CIEKTD X, CUTHAJIa Tj:

N-1 N-1 N-1

5 N —k EN/2txr—k —k(n—N/2)

Xn = ka:WN "= E kaN WN "= E kaN = Xn_N/Q.
k=0 k=0 k=0
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TaxuMm 00pa3oM, CIIEKTP X,, curnaga I MOXKeT GLITD IOJIVUEeH U3 cIekTpa X,
CUTHAJIA T C TIOMOIIBIO ¢jiBUTa Biipaso Ha N /2 ejunuil. [Ipu Takom cisure Ha OT-
pe3ok 0 < n < N —1 kak pas npuxogurcs uarepsas —N/2 <n—N/2 < N/2—1
MCXOJIHOI'O CIIEKTPA, IPUUEM B CIEKTPE X, OTCUETHI HCXOIHOTO CIIEKTPA, CJIeTY-
0T B €CTeCTBEHHOM mopsjke. Ilpyn yBenmuennn mHJEKCa OT HyJIsl MbI CHAYAJIA
IPOXOJIUM OTPHUIIATEJIbHBIE YACTOTHI B MOPSIJKE YObIBAHUSA MOJLYJISI, & 3aTEM I10JI0-
JKATEJbHBIE B MOPsJIKEe ero Bozpacrannsi. Orcaer crekTpa X, nipu n = N/2 co-
OTBETCTBYET HYJIEBOI YaCTOTE B CIIEKTPE MCXOIHOTO CUTHAJA, a orcueT npu n = 0
cooTBeTcTByeT Jacrore HalikBucra.

Bamaua 5.1. Hamucars mporpaMy Jijist BBIUHCIEHHS CIIEKTpa curnana r(t) =
sin(t) + sin(5t) ¢ ucnosnzopanueM ajaropurma BIID.

5.9 BII® BemecTBeHHOIT TOCJEI0BATEIbHOCTHI

Onucannasi Boime nporeaypa BIID npuaumaer Ha BXOJ, BOOOIIE TOBOps,
KOMILJIEKCHYIO [10CJIEJIOBATE/IbHOCTh T U BbIUUC/ISET KOMILJIEKCHbBIH crieKTp X,,.
B OGosbmuHCTBE 3aj1ad WCXOJHAS TOCIE0BATENILHOCTh T OKa3bIBAaeTCA BeIle-
CTBEHHOW ¥ TIPU HEIOCPEJICTBEHHOM HCIIOJIb30oBaHuu 1poiiejypbl BIID nomycry
TPATUTCA BJBOE OOJIBbIIE TTAMATH, YeM HeoOXonMo. Kpome Toro, mosrydaeMblii
ciekTp X, obJiajlaeT cuMmMeTpueit

U 1P €r0 BbIYKUCJICHUN JIMIIIHEE BPEeMsl TPATUTCsS Ha BbIYUCJIEHHE OTCYETOB, CO-
OTBETCTBYIOIIMX OTPUIATEJILHBIM YacTOTaM. 3JIeCh Mbl OIHIineM 3(p(MeKTUBHbIC
meTo bl Beraucsenns: BII® BemecTBeHHBIX TOCIE/I0BATEIHLHOCTEIR.

O,Z[HOBpeMeHHOG BbIIMCJiI€EHMNE ABYX CIIEKTPOB

[IycTh KOMILIEKCHas II0CJIeI0BATEILHOCTD £} 0Opa30BaHa U3 JIBYX BEIECTBEH-
HBIX TI0CJIe0BATEILHOCTEH Y M 23 OJMHAKOBON JUinHBI N 110 IpaBuJIy

T = Yp + 12%.

[Iycrhb BblumceHbl cieKTpbl X,, Y, U Z, 1OCJIEJI0BATE/]IbHOCTENR T), Yi U ZE CO-
OTBETCTBEHHO. ByKBoil 7 Ha MecTe BepxHero MHjekca OyjeMm oOO3HAYaThH Belle-
CTBEHHYIO 9acTh 4ucia, a OykBoit ¢ — muuMylo. Hanpumep, z} = re[zy] = yy
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u z), = im[zg] = z;,. Umeewm:

1 N-1 1 N-1
Xn = N $kW_kn = N Z(yk + sz)W kn —

k=0 k=0

1 N-1 N-1

= IV D AW =Y, iz, =
k=0 k=0
=Y +iY +i(Z +iZ)) = (Y - Z))+i(Y+ 7)),
OTKYy1a

ro__ T )
Xn - Yn - Zn? (*)
i 7r 7
X, =2Z +Y,.
[TockonbKy Y, U Z,, — CHEKTPHI BEIMIECTBEHHBIX TOCIEI0BATEHLHOCTEH, TO UX Be-

meCcTBEHHbIE 9aCTU CUMMETPUYHBI, a MHUMbIE aHTUCUMMETPUYIHDBI, T. €. BBITTOJIHE-
HbI paBE€HCTBA:

ro__ r T 7
Yn — Yme Yn — _Yme

. : ()
Z;:L = Z}a\f—m Z7Z”L = _Z;\f—n

npu 1 < n < N/2—1. U3 cpaBHenust paBeHCTB () 1 (%) MOJIydaeM:

Yi=(Xp+Xy)/2 Y= (X, - XyL)/2

. . . A
Zy— (Xi+ Xy )2 Zy— (X, Xy )2 A
rakke npu 1 < n < N/2 — 1. D1 hopmyiibl Jerko obpaTuTh:
X' =Y -7,  Xy.,=Y +Z
n n n N—-n n n (A/)

X =Y'+7' X\, =Z-Y.

OrmeTuM, 4TO JIJIsl BEIECTBEHHOM 1IOCIe0BATE]ILHOCTA A) OTCUYEThI CIIEKTPA,
Ag 1 Ay BEIECTBEHHDI, HOITOMY

Xo = (Y] — Zy) +i(Yy + Zg) = Yy +iZg,
Xnjo = Yy = Zise) +1(Ynys + Zyjo) = Yo + 2y,

TaK UTO
T __ T T _ T
1/O _XO7 N/2 = “*N/2> (B)
ro__ 7 T . 7
Zy = X, N/2 = AN/2-
Dopmyiibt (A) u (B) 103BOJISIOT IPOBECTH OJIHOBPEMEHHOE BHIUUCJICHUE CITEK-
TPOB JIBYX BEIIECTBEHHBIX MOCJEI0BATeJbHOCTENH JyinHbl N IyTeM BblUKCJIEHUSI
BII® oxnoit komiuiekcHoit noceoaresnbrocty jimbbl N. @opwmydst (A') u (B)
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IIO3BOJIAIOT BBIIMOJHUTHL OJHOBpeMeHHO JiBa obparHbix BII® 1o crmexkTpam Bere-
CTBEHHBIX TT0C/Ie/I0BaTe/IbHOCTel. [Ipr 9TOM MCIOJIB3YIOTCS TOJTHKO OTCUEThI CITeK-
TPOB, COOTBETCTBYIOLINE IIOJOXKHUTEJbHBIM 4aCTOTaM, T. €. 3HAYEHUSIM HHJIEKCA
0 < j < N/2. Takum obpa3om, KaxKjplii u3 crekTpos cojepxkur N/2 + 1 or-
cuer. Jljist Toro 4robbl IPOBOJIUTH BLIYUCIEHUE B PaMKax JIBYX BEIIECTBEHHBIX
MaCCHUBOB JIIUHBI [N, BOCIIOJIb3YEMCsI T€M, UTO B HOJYIAEMbIX CIEKTPAX OTCUYETHI
¢ unjekcamu 0 u N /2 BerecTBeHHbl, U IOMECTUM BEIIECTBEHHYIO YaCcTh OTCUETa
criekTpa ¢ uijgekcom N/2 Ha MecTo MHUMOI dacTu oTcuera ¢ unjekcom 0. Huxe
NpUBejieHa peajn3aliis psaMoro u obparuoro eriecrBenroro bBITD.,

void rfft2( double *a, double *b, int r, int n ){
int j;
double xrj, xij, xrnj, xinj, xrn2, xin2;

cfft(a, b, r, n);

for( j =1; j < n/2; j++ ){
xrj = aljl;
xij = bljl;
xrnj = aln-j];
xinj = bln-jl;
a[j] = (xrj + xrnj)/2.0;
b[j] = (xij - xinj)/2.0;
aln-jl = (xij + xinj)/2.0;
b[n-j] = (xrnj - xrj)/2.0;

+

xrn2 = aln/2];

xin2 = b[n/2];

for( j = n/2+1; j < n; j++ ){
alj-11 = aljl;
b[j-11 = b[j];

+

aln-1] = b[0];

b[n-1] = xin2;

b[0] = xrn2;

+

void rifft2( double *a, double *b, int r, int n ){
int j;
double zr0O, zrn2, yrj, yij, zrj, zij;

zrQ0 = a[n-1];
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zrn2 = bl[n-1];

for( j = n-1; j >= n/2+1; j-- ){
aljl = alj-11;
b[j] = bl[j-11;

+

aln/2] = b[0];

bln/2] = zrn2;

b[0] = zr0;
for( j =1; j < n/2; j++ ){
yrj = aljl;
yij = bljl;
zrj = aln-jl;
zij = b[n-j]1;

aljl = yrj - zij;
b[j]l = yij + zrj;
aln-jl = yrj + zij;
b[n-j] = zrj - yij;
+
cifft(a, b, r, n);

+

Oyukius rfft2() BbIUKCIAET CIEKTP JBYX BEIIECTBEHHBIX IIOC/IEI0BATEb-
HOCTEl, PACIIOJIOXKEHHBIX B MACCHUBaX a U b CJIeAYIONINM 00Pa3oM:

jJOo[1]...|]N—-1]
a; (Yo |Yr|---| YnN-1
bj 20 | ”R1 | +-- ZN-1

ITocne Bomonnenus ¢gpyuknuu rfft2() orcueTsl CIEKTPOB OKA3LIBAIOTCS PACIIO-
JIO)KEHHBIMHU B MACCUBaX a W b CJIEIYIOIM 00pa3oM:

J o [1]...]N2-1] N2 |...[N-2|N—-1]|
aj | Yo (Y| Yy [ Dypa| | 4 4
b; YZG/Q Yiloo| Yo | D Zi 2Ny

Oyukiusa rifft2() oxujaer, 4TO UCXOHBIE CIIEKTPLI OYYyT pa3MeIeHbl B Mac-
cuBax a M b TakuMm ke 00pa3oMm, Kak B pesysbrare padborbl dpyukimuun rfft2().
A Boixojgubie gannbie Gyukiun rfft2() pasMernens Tak »Ke KaK HCXOIHBIE CIIeK-
Tpbl Juid pyukiun rfft2().

Brraucnenne OJIHOI'O CIIEKTpPa

Baj1aga 3 HEKTUBHOrO BLIYUCICHHUSI CIIEKTPa OJIHON BEIIeCTBEHHON II0CJIe 0~
BaTEJILHOCTU C TIOMOIIBIO PeKyppeHTHO dopmyiibl Jlannoma—/lanusibcona cBo-
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JINTCSI K pa3s00paHHOi B IPEIbIIYINEM IIYHKTE 3a1ate.

ITycTs gama BemecTBeHHast nocjaeaoBaTeabHocTh Ty npu 0 < kB < N — 1.
Cuekrp X, OyjieM BbIYMCJISATH TOJBKO IS HOJIOXKUTEJbHBIX YaCTOT, T. €. IPU
0 < n < N/2. O6pasyem nocsejoBaresibioct Yy 1 2z upu 0 < k < N/2 — 1
110 [IPABUILY:

Yk = T2k,

Rk = Tok+1-

Ilycrs Y, u Z, — cuekTpbl 1OCAEJ0BATEILHOCTER Y U 2 COOTBETCTBEHHO. BbI-
nuiem gpopmysy Jlanmnoma—/laHns/1bcoHa IPUMEHUTETBHO K CIIEKTPAM:

X, =Y, +Wy"Z,)/2

npu 0 <n < N/2 (npu n = N/2 cnepyer yuects, uto Yo = Yo u Zyje = Zy).

[TocsieoBareibHOCTH Yy, 2, — BellecTBeHHble u cojepxkar 1o N /2 orcueros,
09TOMY CIEKTPbI Yy, u Z, cocrost u3 N/4 orcueroB (Jijisi MOJOKUTEIBHBIX Y-
cror). [lepenuinem npejbijiyinee BoipaskeHne B 9KBUBAJEHTHOI hopme:

X, = (Yo +Wy"Z)/2,
Xnja—n = Yjo—n + W1§(N/2_n) ZNj2—n)/2,
Xnjs = Yo+ WM Zy) /2

mpu 0 < n < N/4—1. YunrsBag, ut0 Yo = Y, Znjaen = 2, W];N/Q =1

u W&Nﬂ = —1i, UMeeM
X, =Y, +WN"Z,)/2,
X = (V7 — WEZ)/2,
Xy = Yy —iZny4) /2.

D1u GOPMYJIbI TPUBUAJILHO OOPAITAIOTCS:

Y,=X,+ X;W_n,

Ly = (Xn - X]ﬂ;f/an)WJ%7
Yya = 21e[X 4],

s = —2im[ Xy ).
Huxxe npuBeennl pYyHKIUN, PEAJTU3YIONIIE Oy YeHHbIe (DOPMYJIbI.
void rfft( double *a, double *b, int r, int n ){

int j;

93



double yrj, yij, zrj, zij, arg, cs, sn, yrO, yrn2, zrO, zrn2;

rfft2(a, b, r, n);
yro = al[0] / 2.0;
yrn2 = b[0] / 2.0;
zr0 = al[n-1] / 2.0;
zrn2 = b[n-1] / 2.0;

for( j = 1; j < n/2; j++ ){
yrj = aljl / 2.0;
vij = b[j] / 2.0;
zrj = aln-1-j]1 / 2.0;
zij = bln-1-j1 / 2.0;
arg = M_PI * j / n;
cs = cos(arg);
sn = sin(arg);
aljl = yrj + cs *x zrj + sn * zij;
b[j] = yij + cs * zij - sn * zrj;
aln-1-j1 = yrj - cs * zrj - sn * zij;
b[n-1-j] = -yij + cs * zij - sn * zrj;
+
for( j = n-1; j > n/2; j-- ){
aljl = alj-1]1;
b[j] = b[j-11;
+
aln/2] = yrn2;
b[n/2] = -zrn2;
al0] = yr0 + zr0;
b[0] = yr0 - zr0;
+

void rifft( double *a, double *b, int r, int n ){

int j;

double xrj, xij, xrnj, xinj, arg, cs, sn, xrn4, xind, xr0, xrn2;

for( j = 1; j < n/2; j++ ){

xrj = aljl;
xij = b[j]l;
xrnj = aln-j];

xinj = bln-jl;
aljl = xrj + xrnj;

b[j]

= x1j - xinj;
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arg = M_PI * j / n;
cs = cos(arg);
sn = sin(arg);
al[n-j] = (xrj - xrnj) * cs - (xij + xinj) * sn;
bln-jl = (xrj - xrnj) * sn + (xij + xinj) * cs;
ks
xrnd = al[n/2];
xind = b[n/2];
for( j = n/2; j < n-1; j++ ){
aljl = alj+1];

b[j] = b[j+1];
+
xr0 = al0];
xrn2 = b[0];

al0] = xr0 + xrn2;
aln-1] = xr0 - xrn2;
b[0] = 2.0 * xrn4;
b[n-1] = -2.0 * xin4;
rifft2(a, b, r, n);

Oyukius rfft () sorunciasger BII® BemecrBeHHOI 1OC/EI0BATEILHOCTU T,
3alMCAHHON B MacCUBBI @ U b B CJIEJIYIOIIEM HOPSIJIKE:

Jjloj1]...[N2-1]
a; | o | L2 | --- IN—-2
bj 1 |X3 | ... ITN-1

Cremyer OTMETHTD, 9TO IIapaMeTP N U €ro JBOMIHBII JJorapudM ¥ COOTBETCTBYIOT
JUIMHAM MacCHUBOB a u b. B pesyibrare mojydaercs CIEKTp, 3alUCAHHBIA B Mac-
CUBBI @ U b cjeyommum o0pa3oM:

J] o 1 ]... [N2-1]
a; | X§ X{ X]Q/Q_l
b | Xnpo | X4 |- | Xijos

Oyukius rifft() peanusyer obpaTHoe mnpeobpaszoBaHue, IIPUHUMAas Ha BXO/I
CTIEKTP, PACIIOJIOKEHHBII B MAacCUBaxX a u b OMUCAHHBIM BBIIIE CIIOCOOOM.
Banaua 5.2. Hanucars nporpamy Jijist BolUMCJIEHUs CleKTpa curnana r(t) =
sin(t)+sin(bt) ¢ ucnonbzosannem ajropurma BIID st BerecTBeHHOrO CUrHAJIA.
CpaBHUTH BpEMEHHbBIE 3aTPAThl JAHHON peasm3aiinu ¢ npocrbim BITO.
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5.10 O peammnzamuax BII®

Onucannast peanuzaiusi ajroputma BIID spisiercss BrosiHe yia0BJIETBOPH-
TeJILHOM 7171t OOJIBIMMHCTBA MpuyioxKeHnit. Huke mpuBeieHbl HEKOTOpDIE TTOJIe3HbIE
3aMevaHusl, Kacaloluecs JPYyIux U3BECTHbIX peajusaliuii ajaropurma BIIO.

B nameit peanmuzanuu ucnosb3oBaHa cxema BIID, maspiBaemas aaropurMom
¢ mpopekuBanueM 10 Bpemenu. Hekoropeie u3 uzsectubix peasunsaimii BIIO uc-
MOJIB3YIOT AJITOPUTM C MMPOPEKUBAHUEM TI0 JacToTe. B JeTansx 3T aJropuTMbl
Pa3/IMIaloTCst, HO 10 BCEM OCTaJbHBIM XapaKTEPUCTUKAM COBEPIIEHHO SKBUBa-
JIEHTHBI.

[Tporpamma, peasinzyromast ajgroputm BIID, gacro nociegoBarebHO 0Opa-
1aeTcs K 3JieMeHTaM pabounX MaCCUBOB, PACIIOJIOKEHHBIM JIAJIEKO JIPYT OT JIpy-
ra. 91oT (PaKT yKasbiBaeT Ha TO, 4To ajroputMm BIID mnpejbssiisger cepbe3Hbie
TpeboBaHus K alapaTHOMy K3I1y (ec/Ju MAaCCHUBbI PACIIOJOXKEHbI B OlepaTUBHOMN
MaMsITH) WK K BUPTYAJbHON MaMTH (€C/TH JAHHBIE HE TOMEIAIOTCsT B OEPATHB-
HYTO MaMsITh).

B nepsom caydae ajaroput™m BII® mMoxer ObITH CyIIECTBEHHO OINTHUMU3UPO-
BaH TIPU HAJMYUU AllPUOPHBIX 3HAHUI 00 yCTPOWCTBE M pasMepe K3Ia MpPOoIec-
copa. ZlcHo, UTO TaKol «ONTUMAJBHBINY aJTOPUTM Oy/IeT XKEeCTKO OPUEHTUPOBAH
Ha KOHKDPEeTHBIH mporeccop. V3Becrra peasmsanus agroputma BIIO (6ubanoreka
FFETW {www.fftw.org}), koropas «Ha JieTy» 10JCTPANBACTCS 110j; OCOOEHHOCTH
K3I11a, KOHKPETHOI'O IIPOIIECCopa.

Eciin pabouue MaccuBbl HEe TOMEIIAITCH B OLEPATUBHYIO IaMsTh, TO BO BCEX
U3BECTHLIX aBTOPY CHCTeMax yIpaBJeHWsS BUPTYAJbHONW MaMAThIO 3(PDEKTHB-
HOCTh aJI'OPUTMa CTAHOBUTCS KATaCTPOPUUIECKU HUBKOW, MMOCKOJIbKY OO0JIbINast
YaCTh BPEMEHHU YXOJUT Ha OOMEH CTPAHUI] MEXKY OINEPATUBHON MaMSITHIO U JIUC-
koM. B [Numerical Recipes, 1997] onucana mojudukanus agropurma BIID, ornrru-
MU3UPOBAHHAA JJIT pabOTHI ¢ JAHHBIMU, PACTIOJIOKEHHBIMI Ha BHEIITHEM HOCHUTEJIE.

Mpr onncann mojmdukannio ajaropurMma BIID, opuenTrpoBannyio Ha PabOTHI
C BElEeCTBEHHbIMU JIAHHBIMU, 1IOCKOJIbKY TOT CJydail OYeHb 4acTO BCTPEYaeTCs
ra npaktuke. B [Numerical Recipes, 1997| MoxXHO HallTH aHAJIOTHYHBII AJITOPUTM
Jutst iBymepHoro BITO®.

6 IludpoBbie GUILTPLI

JIuHeitHble cHUCTEeMbl TPEJICTABJIAIOT EIWHCTBEHHBIH JIOCTATOYHO IIUPOKMI
KJIACC CUCTEeM 0OPabOTKM CUTHAJIOB, JIOMYCKAIONIUX TOJHOE aHAJUTHIECKOE OTTH-
canne. K cuacTbio, He BBIXOJIS 3a TpeJebl JUHEHHDIX CUCTEM, MOYXKHO CTPOUTH
MHTEPECHbIE U 10JIe3HbIe CUCTEMbl 00pabOTKM CUI'HAJIOB. B jieficTBuTe/IbHOCTH
B 1P poBOit 0OpaboTKe CUI'HAJIOB OOBIUHO eIlle CUJIbHee CYXKalT KJIAaCC PacCMaT-
pUBAEMbIX CHUCTEM, paboTasi TOJHKO C IUQPPOBLIMU (DUJIBTPAMU — JIMHEHHBIMU
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CUCTeMaMt, THBAPUAHTHBIMU K ¢JBUTY. [Ipu ucciaenopannu 1mudpoBbIX (pUILTPOB
HaunboJiee aJeKBATHBIMI OKA3bIBAIOTCS PA3BUThIE HAMU CIIEKTPAJIHLHBIE METOJIbI.

Hudposbie GuibTPbI MOI'YT ObITH KCIIOJIb30BAHbI, €CJIM HEOOXOMMO BblJICJIUTh
HEKOTOpbIE CIIEKTPaJibHbIE COCTABJIAIONIAE HAOJIOIAeMOI0 CUI'HAJA, U 3aJlepKaTh
(orcesiTh) ocTasibHble YacTorhl. Takast HEOOXOJMMOCTD YaCTO BO3HUKAET IPH 06-
paboTKe IKCIIepUMEHTAJIbHBIX JIAHHBIX, KOIJIa B CUJY OCOOGHHOCTEN alnaparypbl
B Ha0OJII0/IaeMbIX JIAHHBIX HPUCYTCTBYIOT CIEKTPAJIbHBIE COCTABJISIONINE, HE HECY-
e uHopMalu 0 HabJII0JaeMoOM IIporecce. Tak, IpU UCIOIL30BAHUU JIJIS Pe-
UCTPAIMN CUTHAJIA alllapaTyphbl, MATAOIIEHCs 0T ObITOBON OCBETUTEILHON CeTH
IIePEMEHHOI'0 TOKa, B PErUCTPUPYEMOM CHUT'HaJIe OyIeT MPUCYTCTBOBATL UaCTOTA
nurarorero wHanpsikenus (50 ' gy Esponsr u 60 iy st AMepuku) BHE 3aBU-
CUMOCTH OT Ka4ecTBa IKPAHUPOBAHUS U 3a3€MJICHMUSI.

6.1 Ilpuniun cynepno3uiium

Omnpejiesium nonsitre JuHeitHon cucrempl. Ilycrs guckperHblit curnas Ty npu
IIPOXOXK IEHNH cucTeMbl F' ipeobpasyercs B iUcKpeTHblii curnan yy = Flrg]. Ecam
JUTsT JTIOOBIX JTUCKPETHBIX CUTHAJOB Xk, Y W 9HUCE] «, 3 BBIMOJHIETCS PABEHCTBO
Flaxy + Byr] = aF[zy] + 6F[yx], To cucremy F HasbBaioT JUHEHHOIL.

[Iyerp Teneps zp = .ax(]) u L — JyimHeiinag cucrema. Torua

Lizp] =L Zaj:c,(g) = Z L {ajx,(g)} = ZajL {a:,(g)} : (25)
J J J
Brimicannoe paBencTBO HOCHT HA3BAHUE NPUHUUNG CYNEPTO3ULUL.

(7)

Ecnu 2, — 6asucnble curnassl, T. e. o000 curuas (niun Jjiroboit naTepecy-

(4)

FOITUIT HAC CUTHAJ) MOXKHO MPEJICTABATH B BUJIE Zj a;r;’”, ¥ €CJIM U3BECTHLI pe-

AKIUH y,(j ) = L[x,(g )] cucreMbl L Ha Ga3uCHBbIC CUTHAJBI, TO 3a/1a49a OLPEJICICHIs

(J)

peaKii CUCTEMbl HA [POU3BOJILHBIN CUIHA T = Zj a;x;’ pemaercd TPUBU-
aJIbHO C MCIOJIb30BaHUEM IpHHIMIa cynepnosuiun: Lixg] = > . a; ) Basen

puntyna cyneprosuiun: Lzy, Yy
1paBUJIbHBIA BbIOOp Habopa 0a3uCHBIX CUI'HAJIOB, HO B CJIydae JIMHEHHbIX CUCTEM
oTBeT u3BecTeH — Oazuc Pypbe B ITOM CIydae ONTHMAJIEH.

B uwacTHOM ciiydae CleKTpaJbHbIX Pa3JIOKEeHU

T = Z X, exp(i2mn fokT)

HY2KHO 3HATH PEaKIUIO JIMHEHHON CUCTEeMbl Ha FapMOHUYCCKUN BXOJHOU CUIHAJ
Llexp(i2mn fokT)]. Dra 3ajaua pemaercs B CJIey0nux pa3jeiax. 3/ech Mbl 10-
JlaraeM, 9To CUI'HaJI JUCKPETU3UPOBAH C MHTEPBAJIOM T = 1, TaK 4TO MaKCUMaJlb-
Hasl 4acTOTa, HPUCYTCTBYIOIIAsI B CIEKTPE paBHa funax = 1/2. OjHOBpeMeHHO

57



JIeJIAeTCsI MPEeJIIoIOKEeHNe O KOHEUHOCTH YHuCaa orcyeToB N curxaja, Tak dTo
MOXKHO paboTaTh C ero MepuoJIMYecKrM MPOJIOJKEHUEM W Pa3JIOXKEHUEM B Psi/l
Dyne upu fo = 1/N. Unorga paboraior TakxkKe ¢ JUCKPETHBIM CUIHAJIOM, OLPe-
JIeJIEHHBIM BO BCEX TOUKAxX IeJOYMCIeHHON ceTku. B arom ciyuae cuekrp X (f)
OKa3bIBAETCS 3a/laHHON Ha BCeil OCK 1epuojinieckoil pyHkiueit ¢ nepuojgom 1.
IIpumep. Paccmorpum Gpopmysty CHMMETPUIECKOTO CTUTaXKUBAHUS CUTHAJIA 110 3-
M TOYKaM:

1
Yk = 3 [T)—1 + xp + Tpr1] -
Dra popMmyiia 3ajaeT IPOCTyio JrHeiHyo cucremy. Huke Mbl BepHEMCsT K 9TO-
My IpuMepy u yoejumMcs Ha HeM B 3(P@PEKTUBHOCTHU CIIEKTPaJbHBIX METOJIOB IIpU

UCCJIeJIOBAaHUU JIMHEHHBIX CUCTEM.

6.2 lmnyabcHad XapaKTepPUCTUKA

[Tosyunm obmuit Buji nmpeodpa3oBaHusi, BbIIOJHIEMOI'O JUHEHHON CUCTEMOI.
[IycTn

1, k=0,
O = .
0, kK#0
Torma
1, k=
Op_i =1 o
00 k£

B stux obosnauenunsx TPUBUAJILHO IIPOBEPACTCA PaBEHCTBO
T — E LUj(Skfj
J

U, COIJIACHO MPUHIUITY CYIIEPIIO3UIUH,

L [iljk] = Z :UjL [5kfj] .

JIuneitnas cucrema L Ha3LIBACTCS AUHETHOT cucmemots ¢ NOCMOAHHLLMU Ta-
pamempamu (JIIII-cucmemoti), ecim jyist 060ro curHasia Ty U JIEOOOro MEeJ0ro
j n3 paBencrBa L{zy] = yi, cnenyer pasenctBo L{xg—j| = yi—j. Jlerko BeisicHuTS
bUBHIECKUI CMBICJT 9TOTO OIpPEJeeHN: eCIU MapaMeTPhl CUCTEMbl IOCTOSHHbI
BO BPEMEHU, TO PeaKIUsl CUCTEMbl HA CUI'HAJ Tj_j, 3alla3/(bIBAIOIMNA Ha J €jiu-
HUI[ BpEMEHHU 110 CPABHEHWIO C CUTHAJIOM Tj, TaKXKe 3alla3/IblBaeT Ha j €IUHHUIL
BpEMeHU 10 cpaBHeHUIO ¢ Yg. [locaenosaresbnocrs hy = L[0;| naswiBaercst um-
nyavenoti vapaxmepucmurot (MX)), WId umnyabcuvim omeiukom JTHeRHOM

25impulse response
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CUCTEMbI C IIOCTOsIHHBIME HapameTpamu. Cienyer 3aMeTUTh, 9TO UMITYJIbLCHAS Xa-
PaAKTEPUCTHKA MOXKET ObITh IMOJIe3HA W MMEET CMBIC/I JIUIb B CJIydae JIMHEHHBIX
CUCTEM C HOCTOSIHHBIMY [TapAMETPAMU.

IIppaumMas Bo BHMMaHue ompejeseHne UMITYIbcHOM XapakTepuctuku JITIII-
cucrembl 1 obozHavas L|xy] uepes yy, nepenuiinem noc/ie/iHee paBeHCTBO B BU/IE

Yk = ijhkfj- (26)
J

Takum obpasom, 3uanume MX JIIIII-cucrembl 1103BOJISIET OIPEJIEIUTH €€ peak-
IMIO Ha I[POUBBOJIbHBIN CUI'HAJ U, cjiejioBare/ibHo, VX 10JIHOCTHIO XapaKTepu-
syer JI[III-cucremy. Pasencro (26) maseiBaercst ocnoBubiM ypasaeruem JITIII-
cucrembl. JIuHeitHast cucTemMa ¢ MOCTOSTHHBIMU TapaMeTpaMu Ha3bIBACTCs Udpo-
evim puavmpom (I[P)*. Taxum obpazom, 1udpoBoil GUILTP MOKeT OLIThH 3ajaH
ceoeit IX. Benenersue (26) saganne UX sBisiercss nambosee obumm crocobom
onucanust LD.

IIpumep. PaccmoTrpennas Boile (hopMysia CIJIAXKUBAHUS M0 3-M TOYKaM 3aJ1aeT
UG POBOI PUJBTP ¢ UMITYJILCHON XapaKTepUCTUKO

0, k< —1,
hi,=4¢1/3, —1<k<1,.
0, 1<k

DTOT (DUIBTP HA3BIBACTCS CUMMETPUIECKUM 3-TOUEUHBIM CIVIAXKUBAIOIIUM (DUJIb-
TPOM.

O sasasiercst usuvecku peanrusyemowm, ecam hy = 0 mpu k < 0. LD waznipa-
ercst puavmpom ¢ 3adeporcrot omraukal (I = 0), econ hy, = 0 npu k < —1. [Tycrb
OTCYETHI BXOJHOI'O CUI'HAJIA, IOCTYIAIOT IIOCIEI0BATE/IbHO TaK, YTO B MOMEHT Bpe-
MeHU ¢ U3BECTHBI JINIIb OTCYeThl L) npu k < t. Peaknus pusnueckn peaansyemoi
CUCTEMBI C 33JIePXKKOil OTKJIMKA, [ B MOMEHT BpeMeHHU t 3aBUCUT He OoJiee ueMm oT [
oymymux (k > t) sHavyeHuii BXOJHOrO curHajia. B 9ToM ciiydae OTKJIMK Yy CH-
CTEeMbI MOYKET OBITH OIpeJIeJIeH yKe B MOMEHT BpeMmeHu k + [. CuMmmeTpuyueckunii
3-TOUYEUHBIN CTIIaXKMBAIONINA (DUILTD SABJISETCST (PU3WIECKN PEATN3yeMbIM C 3a-
JepKKoit orkiinka [ = 1. @usndeckn peasnzyembiii 11D ¢ 3ajepkkoit oTKIMKA [
HA3bIBACTCA PUALIMPOM ¢ KOHEUHOT UMNYALCHOT Tapakmepucmukot, nin KHX-
puarvmpom?®’, ecim cymecrsyer m raxoe, uro by = 0 npu k > m. B srom ciayuae
qucyio | +m + 1 nassiBaerca nopadxom KHUX-purompa.

[Tokazkem, uro st KUX-bunbrpos ypasuenue (26) maer sadbdekTuBHbIil crio-
cob mpakruueckoii peanmuzanuu 1P ¢ 3amannoit UX. Ilpoussens B (26) 3amemny

26digital filter
2Tfinite impulse response (FIR)
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WHJIEKCA CYMMUpPOBaHus (§ = k — j), moJyaum
Y = Z Qj'k_jhj. (27)
J

B cayuyae KMX-duibrpa B nocsesneit hopmysie cyMMUpPOBaHUE OKa3bIBACTCS KO-
HEYHBIM W OHA JlaeT UcKoMmylo peannzaiuio [[D.

Boobrme rosopsi, Mbiciumbl LD, numerorue beckonewnyto umnyibenyio Tapak-
mepucmuky (BAX-duavmpu)?®. Mnorga BUX-buiabrpsl Takke J1011ycKaior 3¢-
(PEeKTUBHYIO aJTOPUTMHUIECKYIO PEASTUBAIIHIO.

ITpumep. LD, 3ajanubiii popmyioit

k
Yk = E Zij,
j=0
siByisiercst BUX-duiibrpom, HO JionyckaeT 3DPeKTUBHYIO peasin3aliuio:

Y = Yk—1 + Tk.

Taxkoe 3ajanne 1O HazbiBaeTcst pexypcusHbiMm.

6.3 YcroitumBocTh M@ POBHLIX (PUILTPOB

[ HasbiBaeTcst yemotuusoim, eCii Jijist JI0OOro OrpaHuIeHHOTO BXOHOIO
CUTHAJIA €r0 OTKJIMK TakxkKe orpanmden. CUrHald Ty Ha3bIBAIOT OrPAHUYEHHDBIM,
eciin cymectByer nocrognnas M > 0 takas, uro |xg| < M upu Beex k.

Teopema 6.1. I[D ¢ umnyasvcnotl zapaxmepucmukot hi ycmotiuue mozda
U Mmoavko mozda, xozda pad
> Ihyl ()
J

crodumca.

Joxasamenvemeo. 1. Ilycrs 1@ yeroituns. Jokarxkem, 9ro psaj (%) CXOauTCs.
[Ipejnonoxkum nporusroe — psiji (*) pacxogurcst. [lycrs

1, hp>0
-1, h_p <0 .

o= xihj =) Ihl
J

J

T —

Torma

Z8infinite impulse response (IIR)
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¥ BLIXOJIHON CUTHAJ ¥ HE MOXKeT OLITh OrpaHrudeH KOHCTAHTOM.

2. Tlycrs psij (%) exopures. [Tokaxkem, 9o st JTHOGOIO OrPAaHUIEHHOIO BXOJHOTO
curtasna Ty < M BbIXOAHON CUTHAJ Y TAKXKE OIPDAHUYEH. DTO YTBEPXKJICHUE
HEIIOCPEJICTBEHHO CJIeJlyeT U3 HepaBeHCTBa,

el = D i) <D e < MZVl .
J

J

JloKazaTenbecTBO 3aBEPIIEHO.

CaencrBue 6.1. Jhoboii KUX-purvmp yemotivue.

6.4 YacroTHasg XxapaKTepuUCTUKAa

Bepuemcst K Bompocy 0 IpeobpasoBaHui TapMOHHMYECKOIO BXOJIHOIO CUIHAJIA
uudposbiM dusibrpom. I[lyers z = exp(i27 fk). Toraa

Yp = Zhjka—y Zh exp(i2m f(k—j)) = exp(i27 fk) Zh exp(—i27fj)
J

J

Takum 00pa3oM, Ipu MPOXOXKIeHUU 1UPPOBOr0O PUILTPA rAPMOHUIECKUH CUT'HAJI
HEe MEHsIET CBOEi IPUPOJIbI, HO €ro aMILIUTY/Ia YMHOXKACTCA Ha UUC/I0, 3aBUCSIICE
JIUIITH OT 9aCTOTHI TAPMOHUKH.

Hucso, Ha KOTOPOE YMHOXKAETCS aMILIATY/Ia TApMOHUKY ¢ TacTOTOoi [ mpu ee
npoxoxkgernn gepe3 LD, nazwpiBaercs wacmommnot xapaxmepucmurot (9X), niam
nepedamounoti Pynryuet Guanrpa na vacrore f u obosnauaercs H(f):

) =D hjexp(—i2xfj). (28)

BerioMunast MpUHIAIT CYNEPIO3UIIAN, MbI TPUXOANM K BBIBOJLY, UTO aMILIUTYIIA
4aCTOTHOM CcoCTaBJIAIONIell CUIHaJ/la ¢ 4acToToil [ 1pU IPOXOXKJEHUU CUIHAJIOM
nudpoBoro GpuibTpa yMHOKaeTcs Ha unciao H(f).

Bamerum, uTO U3 ypaBHeHust (28) cpasy cjejyer 1epuoJuIHOCTL YACTOTHOI
XapaKTePUCTUKN C NEePUOJIOM, PABHBIM €JIMHUIIE:

H(f+1)=H(f).

[Tosib3ysich nepuojnaHocTbio, pasiaokum dyukiuuo H(f) B psg Oypoe:

= Z Cpexp(i2mnf).

2%filter response function
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CpaBuuBas mocsiesinee Beipaxkenue ¢ (28), nomyunm hy = C_j, HO

1/2 1/2
Cp = H(f)exp(—i2mnf)df = H(f) exp(—i2mn.f)df,
-1/2 -1/2
OTKY/12
1/2
hy. = b H(f)exp(i2nk f)df. (29)

Taxum 0Opa3oM, UMIIYJIbCHAST XapaKTepPUCTUKa, OJTHO3HATHO 3ajatoras D,
MOKeT OBbITh IOJIydYeHa M3 YaCTOTHON XapaKTepUCTUKHU IIyTeM IpeoOpas3oBaHusd
(29). Orcrojia ciejyer, 4T0 9acTOTHAS XaPAKTEPUCTHKA TAKIKE HOJHOCTHIO Olpe-
Jensier (pusbTp 1, caenopareabio, [P Moxker ObITH 3a/1aH Kak rnocpejactoMm X,
Tak u depe3 X,

Oynknusa A(f) = |H(f)| naspiBaercst amnaumydnoti wacmommnoti vaparme-
pucmurot dbunbrpa (AYX), a dyukuusa ¢(f) = arg H(f) — ero ¢gasosoti ua-
cmommoti xapaxmepucmurot (PUX). B HOBBIX 0003HAUEHHSIX

H(f) = A(f) exp(ieo(f))

1, COOTBETCTBEHHO, rapMoHuKa T = aexp(i27 fk) npu npoxoxjenun Guibrpa
npeBpaniaeTcd B

yk = (A(f)a) expli2n fk + ¢(f))].

[Tocnennee Buipakenue nposicusier cMmbica AUX dbunbrpa — 3navenne AYX ma
HeKoTopoit yacrore f* onpemessier koaddunment ocnabienust (A(f*) < 1) nam
yeunenusi (A(f*) > 1) cmekTpaJbHBIX COCTABJISIIONIUX CUTHAJA, COOTBETCTBYIO-
mux dacrore f*.

3amgaqa 6.1. st puiibrpa

1
Yp = —(Tp—2 + 2w 1 + 4x) + 20411 + Tpyo)

10
BBIYUCJIUTH UMITYJIHCHYIO, YaCTOTHYIO ¥ aMILJIUTYIHYIO YaCTOTHYIO XapaKeTPUCTHU-
KY.
3amada 6.2. BuruucauTb aMIUIUTYAHYIO YaCTOTHYIO XapaKTEPUCTUKY JIJIsd
puibTPOB

Yk = Yr—1 + (Tpp1 + T5-1)/2,
Yk = Yk—1 + (Tps1 — Tp—1).

7 OKkoHHBIE IIPeobpa30BaHNIS

B srom pa3jaeji€ BBOJATCA HOHATUA MYJIBTHUIIJIMKATUBHOI'O M CIJIA2KMWBAIOIIE-
'O OKHa. HSY‘I&GTCH BJINAHNE Ha CIIEKTDP OHepaHI/Iﬁ YMHO2KE€HNA Ha MYJIbTHUILJIN-
KaTHBHOE€ OKHO M CBEPTKHU CO CIVIa?KHMBaIOIIIUM OKHOM. HO.Hy‘{eHHbIe PE3YJIbTAaThI
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IIO3BOJIAIOT OIEHUTH BJIUSHUE Ha CIHEKTD 3(hdeKTa KOHEUHOCTH BpeMeHU HabJIro-
JleHnst curaaja. Anmnapar MyJbTAILIMKATUBHBIX U CIIAXKUBAIONAX OKOH sIBJISIETCST
OJIHUM M3 HaubOJIee MOIHBIX METOJIOB KCCIe0BaHns 3(PMEKTOB B CIEKTPAJILHON
00J1aCTH.

7.1 Teopema o0 cBEpPTKeE

Coepmro® Gynkumit x(t) u y(t) (obosnauaercs (roy)(t)) naszwisaercs Gynk-
nust z(t), onpejessieMasi paBeHCTBOM

) = (on)lt) = [ alohy(e—s)ds.

oo

3aMeHa 1epeMeHHo# r = t — S I03BOJIsIeT JIEFKO YOeJIUTbCsA B CIIPaBEIJIMBOCTU
aHAJOTUIHOTO PaBEHCTBA

2(t) = (xoy)(t) = /_OO x(t — r)y(r)dr.

oo

Takum oOpa3oMm, onepalusi CBePTKH KOMMYTaTUBHA: T O Y = 1 O .
Borunciium nipeodpazosanue Pypbe cBepTku PyHKIMI:

2(f) = /_ N /_ ()t — $)ds exp(—i2r f1)dt =
= /_00 x(s) exp(—i2m fs) /OO y(t — s) exp|—i2w f(t — s)|dtds =

o0 —00

— /_OO z(s)exp(—i2n fs)Y (f)ds = X (f)Y(f).

(0.9]

Takum oOpa3om, cBEpTKE BO BPEMEHHOI 00JIaCTH COOTBETCTBYET yMHOXKEHUE
cnekTpoB. IlpuBiexkas TeopeMy JBORCTBEHHOCTH, MOXKHO CJI€JIATH BLIBOJI, UTO IIPH
CBEPTKE CIEKTPOB B CIEKTPAJHbHON 00J1aCTH BO BPEMEHHOW 00JIACTH TTPOUCXOIUT
yMHOKeHne curaagos, T. €. ecin Z(f) = X(f) oY (f), o z(t) = x(t)y(t). B one-
PaTOPHBIX ODO3HAUEHUSIX TMOJYIEHHBIE PE3YIhTaThl 3AMUCHIBAIOTCS CJIELYIONINM
obpa3zoMm:

FTlx(t) o y(t)] = X(NY(f),
FTHX(f) o Y(f)] = z(t)y(1).

30convolution
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7.2 MyJabTUILINKATUBHBIE U CIJIa>KMBaIONIEe OKHA

CwMbICIT onepaluu CBEPTKHU IHPOIIE BCEIO MPOJIEMOHCTPUPOBATH, BHIOPAB B Ka-
YecTBe OJIHOW U3 CBOpAuYMBAEMbIX (DYHKIMH MPIMOYTOJIbHBIN UMITYIbC BU/IA

1, |t <7/2
y-(t) = fs7/2.
0, |t|>71/2
B stom cayuae
00 7/2
z:(t) = (xoy,)(t) = / z(t — $)y-(s)ds = / z(t — s)ds.
—00 —7/2

Takum 0OpaszoM, ceeprTKa 2 (t) npejcrap/isier coboi Pe3yJIbTaT CryaXKuBaHUsT UG-
XOJTHOTO cUTHAJA (t), TTOCKOIBKY 3HAYEeHWEe CUTHANA 2, (1) B KaXK 0 TOUKE ¢ TOU-
HOCTBIO JIO MHOXKHMTEJIsI PABHO CPeJIHEMY 3HaueHuto curaaja x(t) Ha mHTepBaJje
(t—7/2,t+71/2).

B ciyuae Korja criaxkuparoliee OKHO uMeer 6oJiee CI0XKHY0 (bOpPMY, OHO HH-
TEPIPETUPYETCsi KakK BecoBast (PYHKIMS, OCYIIECTBIISIIONIAsi B3BEIEHHOE yCpe IHe-
HUE 3HAUeHUil MCXOMHOro curHasia. OObMHO B KauecTBe OKHA w(t) BBIOMpaeTCs
JIOKAJIM30BaHHAsT BOJIM3U HYJIsT (DYHKIUSI WM JIOCTATOYHO OBICTPO yObIBalOIIast
dbyHKIMS, KOTOPYIO Ha NPAKTHKE MOXKHO CUUTATEH JIOKAJU30BAHHON. B 3TOM ciry-
Jae Mpy BHIYUCIEHUN 3HAYEHWsI CBEPTKHM ¢ OKHOM B TOYKE © TMPOU3BOJANUTCS B3BeE-
LIIEHHOE YCPEIHeHNE 3HAQUYCHUI CUT'HAJIa B HEKOTOPON OKPECTHOCTHU 3TOU TOYKU.

PaccMoTpenHbIil IpuMep JIEMOHCTPUPYET CUTYAIMIO, XapaKTepHyIo JIJIsl CBep-
THIBAIOIIMX OKOH. XOTs B TEOpeMy O cBepTke 00e (PYHKIUU BXOJAT CUMMETPUY-
HO, Ha IPaKTHKE TeopeMa O CBepPTKe OOLIUHO IPUMEHSITECS B CHUTYaIlMH, KOTIA
byHKIMK, y9acTBYIOIIME B CBEPTKE, UMEIOT pasHblii dusndeckuit cmbica. Oy
M3 YUACTBYIOIIUX B cBepTKe GyHKIuUii (Hampumep, y(t)) OOBITHO HABBIBAIOT C2.4a-
orcucarowyum oxrom>t. B aToM cyuae ToBopaT, uTo K curnany z(t) mpumenena
olepalns CBEPTKU CO CrylazkKuBatoiuM OKHOM (1) min uro curnan x(t) criaxen
oxnoM y(t)32.

B coorBercTBUE ¢ TEOpeMOil O CBepTKe, NpH CIJIA’KUBAHKUKM CUTHAJA OKHOM
B CIEKTPAJbLHONR OOJACTH MPOMCXOAUT YMHOMKEHHE CIIEKTPa CUTHAJA Ha CIEKTP
CPJIaXKMBAIOIIEro OKHa. B 9ToM cilydae CleKTp CriIaXKMBaolero OKHa HasbiBaeT-
CsL MYALMUNAUKAGMUGSHOLM OKHOM B CIIEKTPAJbHONA 06aacTi. BBIUHCINM CIEKTp
CrJIa K MBatoIero okua vy (t):

7/ in
vitn)= [ expliom iy = T

o . T sine(mw f7).

3lwindow

32signal windowing
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Ecnu onepalius ¢cBepTKU MPUMEHSIETCS B CIIEKTPAJIbHON 00JIaCTH, TO TOBOPSIT,
YTO CrJIaXKMBAHUE NTPOUCXOINT B CHEKTPAJIBLHON 00JACTH WM UTO CIEKTD CrUIarKu-
Baercst OKHOM. [Ipu criia>kuBaHuu CIEKTPa BO BPEMEHHON 00JIACTU HPOUCXOJUT
YMHOXKEHUE CUTHAJA HA MYJbTUIIJIMKATUBHOE OKHO, CIEKTP KOTOPOI'O COBIIAJIAET
CO CIVIAYKMBAIOIIMM OKHOM B CIIEKTPaJIbHOW 00J1acTH.

7.3 DddPeKThl KOHETHOCT BpeMeHn HAOJII01eHnsd

PaccMmorpum criekTpaJgibable 3 (MeKThI, BOSHUKAIOIINE BCJIEJICTBAE TOrO, UTO
BpeMsi HaOJIIOJIeHnst curHaa KoHeuHo. Vexopubiii curnan x(t), onpejeneHHbrii
BO BCE MOMEHTbI BpeMeHu, Mbl HabJtojaem Ha npoMexxkyrke 0 < ¢t < T', Ha3biBa-
eMOM MHTepBaJIOM HabJiojieHns. B pe3ysbraTe TaKoro HaOIIOACHUS MbI IIOJIY IUM
curnas z7(t), coBHajaonui ¢ UCXOHbIM CUIHAJIOM Z(t) Ha UHTEpBaJe HADJIOjIe-
Husi. [TockobKy nHMOpPMAaIUs 0 3HAUECHUAX CUTHAJIA BHE MHTEpBaJia HabJII0/IeHN
orcyTcrByer, nojoxum, uro rp(t) =0nput <0wut > T.

C TOYKHM 3peHusT OKOHHBIX IPeodpa3oBaHnii OrpaHnIeHHOCTb BpEMEHH HAOJIIO-
JIeHNsT SKBUBAJIEHTHA YMHOKEHUIO NCXOIHOTO CUTHAJIA, HA MYJILTHILINKATUBHOE OK-
HO BHJIA

1, 0<t<T

wr(t) = 0. else

Takum obpasom, z7(t) = z(t)wp(t). B pesynbrare yMHOXKEHUsT CUTHATA HA MYJTh-
TUIIMKATUBHOE OKHO W (f) B ClIEKTPaJbHOI 00J1aCTH TPOUCXOJUT CBEPTKA CIIEK-
tpa X (f) curnasa co cnekrpom Wr(f) okna wp(t):

Xo(f) = (X oWr)(f).

Borancanm criektp okua wr(t):

sin(m fT)
Tf

Cuekrp Wr(f) B janHoM ciiydae BBIIOJIHSIET POJIb CIIIaXKMBAIOIIErO OKHA.

[Ipu T — oo okuo Wr(f) upespamaercst B jesbra~-gynkuuto Jupaka, csepr-
Ka ¢ KOTOPOil He M3MeHsdeT UCXOAHyIo GpyHKImo. [Ipr KOHeuHbIX 3HAYCHUAX BPe-
mernu Habuoenust 1 nipoucxoaur ceeprka ¢ okaom Wrp(f), koropoe rem Jjiydiie
JIOKAJM30BaHo0, ueM boJibllee 3Hadenne npunnMaer 1. Boobie ropops, »kejaaTesinb-
HO, 4TOOBI B pesy/bTaTe orpaHiueHns BpeMeHn HabJIIo/leHnsl CIIEKTD MEeHsJICs Kak
MOXKHO MenbIe. C 9Toil TOUKHM 3peHns CrUIaskKuBalolnee OKHO CIEJyeT BLIOMpATDH
BLICOKMM M Y3KHMM, HO TAKOMY CIVIA’KHBAIOIIEMY OKHY COOTBETCTBYET LIMPOKOE
MYJILTUIIMKATUBHOE OKHO BO BpeMeHHoil obsiacru, u Bpemst nabJojgenunsa 1 cra-
HoBUTCA GosbimM. [Ipy menop3oBanum MaJblx 1 CrIakKMBaONIee OKHO OKA3bI-
BAeTCsl MUPOKUM U CUJILHO UCKaXKaeT CUI'HAJ IIPU CBEPTKE.

T
Wr(f) = /0 exp(—i2w ft)dt = exp(—im fT) = Tsinc(n fT) exp(—in fT).

65



10

0 L
1 -0.5 0 0.5

Puc. 3. Cruiaxkupatolee oKHO

Wr(f)| upn T' = 10

Urak, 6 pesysvmame 02panuvenus 6pement Haba00enus cuznaid npoucro-
dum ceaaoicusanue cnexmpa oxrom Wr(f). fcno, aro na aMiuTyiHbiil criekTp
BozjeiictByer mMoyib okuna Wr(f). Ha pucynke 3 nokazauna dyuxmus |[Wp(f)|.
Yacrh rpaduka CriaaskuBaloero OKHa, PACoJioKeHHasi BOJM3YM HyJist (Mex 1y
JIBYMST HAUMEHBIIUMHY 110 MOty tto Hysisivu dyuknuu Wr(f)), HasbiBaercst ochos-
noem aenecmrom okHa. OCHOBHOM JIETIECTOK OKHA OCYIIECTBIISIET C2AQCUBAHUE
CNEKMPa 3a CUET yCPEJHEeHUs! 3HAUCHUIT COCeJIHUX CLIeKTPaJibHbiX oTcueros. [1Tu-
pUHA OCHOBHOTO JICTIECTKA OMPEJIE/ISET MOJIOCY YaCcTOT, HA KOTOPOH MPOUCKOJUT
CLJIAXKUBAHKUE CIEKTPAJIbHBIX OTCUETOB.

[Tynbcanmu dbyukuun |[Wr(f)| mo obe cropoHbl OT OCHOBHOIO JieNecTKa Ha-
3bIBAIOT OOKOBLLMU AENECTNKAMU. BOKOBBIE JICIECTKYU SABJIAIOTCS HPUIUMHON T. H.
appexma npocanusanua>, B pesynbTaTe KOTOPOro KaxKias CHeKTpaibHast COCTAB-
JISIOIIAsS «3arPSI3HACTCS» COCEJIHUME CoCTaBJisioluMu. [Ipocaunsanue npuBouT
K CYIECTBEHHOMY HMCKAXKEHUIO CIEKTPa, OCOOEHHO B CJIydae Y3KOIOJOCHOTO UJIH
rapMOHMYECKOTO TIPOIecca. B 9ToM cjiyuae npocaduBaHue MPOSIBISETCS KaK 10~
SIBJICHUE B CIIEKTPE JIOKHBIX BBICOKOTACTOTHBIX COCTABJIAIONX (OOBITHO TOBOPST
0 «3a0UPAHULY BBICOKOUACTOMHOT YACU CNEKMPA).

7.4 Oxk#aHO XaHHA

Boicokre DOKOBbBIE JICIECTKHU CIJIaXKUBAIOIIEI0 OKHA, COOTBETCTBYIOMIEIO TPsi-
MOYTOJIbHOMY MYJIbTHIINKATUBHOMY OKHY, OOYCJIOBJIEHBI T€M, UTO OKHO BO Bpe-
MEHHO# 0bJiacTu siBJisieTcsi pa3pbiBHON (yHKIimeit. Mojyib criekTpa pa3pbiBHOM
¢yHKIMN YOBIBaET JUHEHHO IPU YBEJTUICHUH 9acTOThI. g ocadbaenuss O0KOBBIX
JIETIECTKOB CJIEIyeT ClIeJIaTh OKHO HEMPEPHIBHBIM, a erle Jydrie riaagkuM. OObIaHo
npu 3aarHoM T’ crapaioTcst Tak BeiGpaTh hopmy okaa Wy (f), arobbl MuHuMn3M-

33leakage
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POBATH AMILIUTY/y OOKOBBIX JICIIECTKOB, YaCTO »KEPTBYsI IIPU 3TOM Y30CTHIO OKHA
1 pacInpsisi OCHOBHO JieriecToK. Ha npakTuke B KauecTBe yI0BJIETBOPUTEIHLHOIO
MYJIBTHILIMKATUBHOIO OKHA, W7 MOXKHO HMCIIOJIb30BATh IPAKTUYECKU IIPOU3BOJIb-
HYI0 HEOTPUIATEJIbHYIO (DYHKIIUIO, UMEIOIIYI0 €JIMHCTBEHHbI MaKCUMyM B HyJie
1 yObIBAIOILYIO JIO HYJIsl IPY BO3PACTAHUU apryMmeHTa jio 1.

[IpsimoyrosbHOE BpeMeHHOEe OKHO KaXKeTCsl HaM €CTECTBEHHBIM TOJILKO I10 TIPH-
BbIuKe. Vcrosb3oBanue IJajKuxX BPEMEHHBIX OKOH O0ECIeUMBAET IOCTEIEHHbBIH
BXO/JI CUT'HAJIa B MHTEpBaJl HaOJIOIEHNS U BBIXOM 13 Hee, DaKTHIECKH 10 J00HBIM
HPUEMOM TIOJIBL3YIOTCST JIMJXKEN, KOrJIa MOCTEIeHHO YBeJINUNBAIOT IPOMKOCTH O/I-
HOTO M3 KaHAJIOB MUKIIIEPa TIPU MePexXoje OT pedu K My3bIKe.

HauboJblieil omynspHOCTBIO IOb3YeTcs okHo Xanna>?:
1 2rt

t)y==(1—cos— |, 0<t<T.
gr(t) = 3 T

Brejiem obosnauenue fi = 1/T u nepenuinem sty Ghopmyily B BUJE, IPUTOHOM
TSI BBIYUCJICHUS TIPU TTPOU3BOJBLHBIX 3HAUECHUSIX BPEMEHHU:

gr(t) = (1/2)[1 — cos(27 f1t)]|wr(t).
3ameuas, 9TO
cos(2r fit) = (1/2)[exp(i27 f1t) + exp(—i27 f1t)]

1 HCIIOJIB3YSI TEOPEMY O CBEPTKE, Mbl MOXKEM CPa3y BHIITUCATH (POPMYJIY LIS CIIEK-
Tpa OKHa XaHHA:

Gr(f) = [(1/2)6(f) = (1/4)o(f = f1) = (1/4)5(f + f1)] o Wr(f).

B nocisienneit popmysie pe3yabrar CBEPTKU MOXKET ObITh BLITHCJICH B IBHOM BUJIE:

Gr(f) = (1/2)Wr(f) — 1/)OWr(f — f1) — /YW (f + f1).

Ha pucynke 4 upusejen rpaduk dyuxiuu |Gr(f)| npu T = 10. Jlerko 3a-
METUTDL, UYTO MPH OJMHAKOBBLIX 1 OCHOBHOI JIeeCTOK OKHa XaHHa BJIBOE IIHDE,
9eM B CIydae TPsMOYTOJLHOrO OKHA, HO OOKOBBIE JICTIECTKHA MMEIOT 3HATNTEIHHO
MEHbBIIYIO AMILIUTYLY.

7.5 Teopema o JiOKaJu3alul CUTHAJIA U COEKTPA

Anmapar OKOHHBIX TPeoOPA30BAHMI MO3BOJISIET J0Ka3aTh (DYHIAMEHTAJIHHYTO
TeopeMy O HEBO3MOXKHOCTHU OJIHOBPEMEHHO JIOKAJM30BATh CUTHAJ W €ro CIEKTP.
Huxxe copmynpoBana TeopemMa u MpUBEJIEHO PACCYKJICHNE, JIEMOHCTPUPYIOIIee
OCHOBHYIO HJICIO ee JoKazaTeabcTBa. CTporoe JI0Ka3aTebCTBO TpebyeT MpuBJie-
yeHusi 6ojiee TOHKOIM aHAJUTUIECKON TEXHUKN U BBIXOJUT 33 PAMKW KHUTH.

34Hann window
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Puc. 4. Cruaxusaioee OKHO.‘GT(f” npu 1" =10

Teopema 7.1. Omauunviti om HYAs AOKAAUSOBAHHBLT CUHANA UMEEM CNEKMP
¢ Heozpanuertuvm Hocumerem. Qbpammo, Mosvbko cu2Has ¢ HEOPAHUNEHH LM
HOCUMENEM MOHCEM, UMEMD AOKANUIOBAHHOLT CNEKMP.

Hoxazameavcmeo. Bes orpanndenust OOIHOCTH MOJOKUM, 4TO cUrHAJ T (1) JIOKa-
qusoBan Ha orpeske [—1'/2,T/2]. Torga curnan z(t) vHBApHAHTEH OTHOCUTETHHO
OnepaIi YMHOXKEHWsI Ha MYJIbTUIIIMKATHBHOE OKHO W (1):

rie xp(t) = x(t)wr(t), nockosibky Bo Beex Toukax, rye wy(t) = 0 BbloJHEHO pa-
BercTBo () = 0. Ho B criekTpasibHOI 061aCTH ONepaIiii yMHOKEHUS HA MYJ/THTH-
IIMKATUBHOE OKHO W () COOTBETCTBYET CBEPTKA CO CIUIaXKMBAIOIIUM OKHOM BUJIA
Wr(f) = T sine(n fT):

Xr(f) = (X o Wr)(f).

3 mepBoTrO paBEeHCTBA CIEIYET, ITO

cJieJIoBaTesbHO,
(X oWr)(f) = X(f).

Takum 06pa3oM, CIEKTD JIOKAJTU30BAHHOIO CUTHAJIA WHBAPUAHTEH OTHOCHTEJIHLHO
onepanun ceeprku ¢ pynkuueir Wr(f).

[IpesmnonokuM, 9T0 CEKTP JOKATU30BAHHOTO CHIHAJIA CAM OKA3aJICs JIOKAJIH-
soBaHHbIM. Ho jiist s11060it stokaiuzoBantoit dynkiun X (f) ceeprka (X oWrp)(f)
OKa3bIBaeTCs (PYHKIMEH ¢ HeorpaHuIeHHbIM HocuTeeM® . ClieI0BaTeIbHO CIEKTD

35910 — HOUYTH OYEBHAHOE, HO JOBOJLHO TOHKOE YTBEP:KIEHHE, CTPOTOe MOKA3ATeTbCTBO KOTOPOTO JAJIEKO
BBIXOJUT 33 PAMKM KHUTH. YuTarenb ¢ XOpOITefi MaTeMaTHIeCKOH MOITOTOBKOM MOXKET TOMBITATHLCA JTOKA3aTh
3TO yTBEPKIEHUEe CaMOCTOATE/IBHO.
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JIOKAJIM30BAHHOIO CUTHAJIA HE MOXKET ObITh WHBAPHUAHTEH OTHOCUTEJILHO Olepa-
nuu ceeprku ¢ Gynuknueit Wr(f). Tloayuennoe nporusopedne JJOKa3bIBaET MEPBOE
YTBEpK/IeH1e TeopeMbl. BTOpoe yTBep:K1eH1re TeopeMbl JIOKA3bIBACTCS COBEPLLIECH-
HO aHAJOIMYHO.

7.6 Teopema 0 AMCKPETHOI IMUKJINYECKOI CBEPTKE

Teopema 0 TUCKPETHO# TUKINIECKON CBEPTKE TMO3BOISET UCTIOTH30BATH METO/T
oKOH rpuMeHnTesbHo K JITTD.

Juckpemnoti yukauveckotd céepmuxoti BpeMeHHEX panos {zx e b 1 {yr}n g
Ha3bIBAETCsl BpeMeHHOI psiJl 2j, OlpeiesieHHbI (hOpMYJIOit

B upasoit uactu (OpMyJibl OCJAEJOBATEJNBHOCTU T W Y cuuratorcs IN-
nepuoindecKnumMu. JIerko nmokasarh, 9TO CBepTKa KOMMYTATUBHA, T. €. UTO

Zk:%ijyk —j = Zfﬁk R

Bbraucum JIMCKPETHYIO IIUKJINIECKYI0 CBEPTKY 2; BPEMEHHBIX PSIJIOB T W Y,
MPEJICTABIEHHBIX CBOUMHU JINCKPETHBIMU CIEeKTpaMu X, U Yy:

. | NoIN-1 N-1 )
in kE—j)m
=5 Z Y- = 3 2 X, W YWy "=
7=0 7=0 n=0 m=0
N-1N-1 =
— X, Y W= 3 " gt ZX Y, W

OTKYyJa Cpa3y CJeayeT, UTO JUCKPETHBIH CHeKTp 7, HUKINIECKONH CBEPTKH Z2j
orpejiensgercs (poOpMyIoi:
Z, = X,Y,.

PaccMorpuM Tenepb onepanuio CBEPTKU B CleKTpaJbHoi obactu. CBeprka
CIIEKTPOB oIpejiesisieTcst (popMyJIoii:

1 N-1 1 N-1
=52 XiYuy =5 XY
j=0 j=0
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B satom ciaydae nmeem:

1 N-1 1 N—-1N-1 N-1
_ - —q(n—j)
B PRANEED B WD WA
7=0 7=0 p=0 q=0
N—-1N-1 1 N-—1 . N—1
= xpququnﬁ Z W];j(p_q) — Z xpqu];pn7
p=0 ¢=0 7=0 p=0
OTKy1a
2k = TkYk-

7.7 (CBepTKa B CHEeKTpaJbHOII obJacTu

CrepTka Tmocae0BaTeIbHOCTEH — OjiHa U3 Haubosee pyHIaMEHTATLHBIX OTe-
panuii B mudpoBoit 0opadboTKe curiaion. CBepTKa 0ObBIUTHO HHTEPIPETUPYETCA KaK
dgunpTpanusa curaaga; oJHa U3 CBOPAUUBAEMbIX MOCJIEI0BATEIHLHOCTEH MPEJICTaB-
asier UX hy dusbrpa, apyras ke — odpabarbiBaeMblii CUTHAJ Tf.

IIycts UX h; npunumaer HenyJeBble 3HaudeHus npu —[y < k < Lo u L =
Ly + Ly + 1 — nopsjiok dusibrpa. B ciydae cummerpuunoro duisibrpa Ly = Lo
ul =2Ly+ 1, a gna acummerpudnoro Ly = 0u L = Lo + 1. IlycTb ucxonblii
curtan xp onpejgener npu 0 < k < N — 1. OObIuHO JyIMHA BPEMEHHOTO Psijia
N 3HAUNUTETHLHO MPEBOCXOIUT JTUHY UMITYJILCHON XapakTepuctuku L. Pesynbrar
dusbTpannn Y onpeaensercs GopMyJIoi:

Ly
ur= Y hjzi ()

Jj=—1

mpu 0 < k& < N — 1. 3uech Mbl TepsieM HECKOJIbKO HEHYJIEBBIX 3HAUEHUH I10-
caegoBaTeabHocT Y pu k < 0w npu k > N — 1. OObI9HO 3TO HE ITPUBOIUT
K mpobJieMaM, MMOCKOJIBKY €CTeCTBEHHO CUMTATE, UTO PE3yAbTAT (DUALTPAIIA TMe-
er Ty XKe JUIMHY, 9T0 1 (PUAbTPYeMasi OCIe10BATE/IbHOCTD.

DddekTuBHAs peanu3anus BbIUUCICHHN 110 GopMysie (%) cBs3aHa ¢ Mepexo-
JIOM B CHEKTPaJIbHYI0 00/1acTh. [Ipu 9T0M OCHOBHBIM MHCTPYMEHTOM CTAHOBUTCS
TeopeMa O JIMCKPETHOH MuKan4deckoii ceeptke. [Iycrs hy u T — N-nepuojnieckue
IPOJIOJIXKEHUsT TI0C/IeIoBaTeIbHOCTER hy 1 X coorBercTBeHHO. Torma

Y, = H,X,.
[TonydyeHHas 110C/I€I0BATEILHOCTD 1) OKAXKETCsI pe3yJIbTaTOM HUKJIUICCKON CBEPT-
Ku N-1IeproauIecKux mocjiepoBaresbaocreii hy u . B pesyabrare Oyaer Hadio-

JATheA aerm 3amazusanud: Ha TPAHUTIAX 00JTACTH 3aJJaHUs TTOCTET0BATETHHO-
CTU Ui, €€ OTCUeThI OYIYT CUJILHO OTJIMYAThCs OT Y. Jljist 6OpbObI € 3aTsiruBaHueM
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JIOCTATOYHO JTIOOIPEJICJIUTH MOCTIEIOBATEIbHOCTD L) HYJISIMH CIIpaBa Ha OTPE30K,
JUIMHA KOTOPOI'o COBITajiaeT ¢ HanboabiuM u3 unces Lq u Lo. IIpn aTom mociie-
JloBareJbHOCTH by, U T cranosdarcs N'-epuojudyeckumu, rie

Nl =N+ maX(Ll, LQ)

Otmerum, uro N'-nepuoandeckoe MpoJoJiKeHUe IIOCJACI0OBATEILHOCTH hy, Ha OT-
pesok [0, N' — 1] ocymiecTsiisiercsi cyiejiyiomum 006pasoM:

kO ... [ Ly [Lo+1].. . [N—L —1|N —L|... [N -1
hi | ho| .. The,| O |... 0 her, |...| h

Peasuzaniusi JUCKPETHOW UKJINIECKON CBEPTKHU B CIIEKTPAJIHLHON 00J1aCTH OKar~
3bIBaeTCd BecbMa 3(M@PEKTUBHONM: Iepexo)] B CIEKTPaJbHYI 00JIacTh OCYIIECTB-
Jisiercsi ¢ oMol ajiropurma BIID, B criekTpalibHONW 00/1aCTH TPOU3BOJMTCS
MOYJIEHHOE TIePEMHOYXKEHNE OTCUETOB CIIEKTPOB, 3aTeM C MOMOIIBIO aJTOPUTMa 00-
parnoro BII® npousBosuTest repexoji BO BpeMenuyto obsiacth. [Ipu ncnosn3ona-
aun ajropurma BII® obmiee uncno ymuoxenuit ymenninaercsa g0 O(N log N)
no cpapHennio ¢ N? 1pu TPsAMOM BBIYHCICHUN CBEPTKH. 1I0CKOIBKY Tepexon
B CIIEKTPaJbHYIO 00J1acTh 11pou3BojiuTcs ¢ nnomoipbio BIID, To neodbxojumo erie
JIOTIOJTHUTH WCXOJIHBINA CUTHAJ HYJISIMHU TaK, 9TOOBI €ro JJTHHA CTaJIa MeJIoi cTere-
HbIO JIBOWKHU.

7.8 CeknmoHNpPoOBaHNE CBEPTKN

[Ipu dpuabrpanuu JJIMHBL IOCJEI0BATEIbHOCTEH T U hj CYIIIECTBEHHO Pa3J/ind-
Hbl — 0OpadaTbIBAEMbIil CUI'HAJI MOXKET ObITh IIPEJCTABJIEH CKOJIb YIOAHO JIJIMH-
HOI1 II0CJIeI0BATEIbHOCTBIO, TOTJIa KaK UMITYJIbCHASI XapaKTepUCTUKa UMeeT (PUK-
CMPOBAHHYIO M, KaK [PaBUJIO, HEDOJIBIIYIO JUIMHY. B 1IpOTHBOIIOI0KHOCTH 9TOMY,
AJICOPUTM, PEAJIM3YIONINH ITUKINIECKYIO0 CBEPTKY B CIEKTpaJbHON 00J1acTH, IIPe/I-
0JIATAeT, YTO CBOPAUYMBaEMbIe TTOCJIEI0BATEILHOCTA UMEIOT OJNHAKOBYIO JIJIMHY.
Pemenne npobsiembr cocrout B joonpejenennn X Hyssimu Tak, 4To0bl €e JIJIMHA
dbopMasbHO CcoBIATA € JTMHON (QUIBTPYEMOro CUTHAJA (AMEeTCs B BUJLY JIJIH-
Ha GUIBLTPYEMOro CUrHaJa BMeCTe ¢ JI00aBIeHHbIMU HyJisiMu ). Ecim uMiysibcHast
XapaKTEePUCTUKa UMeeT HeHYJIeBble OTCUEThI TP OTPHUIATE/bHBIX 3HAYCHUIX NH-
JIEKCA, TO TOCJIe JIONOJHEHUS €€ HYJISMU CJICJLYET JIOONPEJICJIUTh MOy YeHHYTO 110~
CJIEJIOBATEIbHOCTD 110 TEPUOAUIHOCTH Ha OTPE30K 3aJaHus curxaja. Ilpm srom
orcuernbl MIX, cOOTBETCTBYIOIINE OTPULIATEIbHBIM 3HAUEHUSIM HHJIEKCA, OKAXKYTCS
PACTIOIOYKEHHBIMU Y TTPABOil TPAHUITBI MaCCUBa OTCUETOB.

OnucaHHas BbIIIE CXeMa, BbIUHUCJIEHUSA CBEPTKU 00J1a/1aeT CyIEeCTBEHHLIM HeJ10-
CTATKOM: IIDH BBIIIOJHEHUHU CBEPTKU CUI'HAJIA, IIPEJICTABICHHOIO OOJIBIIKM KOJIMYe-
CTBOM OTCYETOB, ¢ OTHOCUTEJIHLHO KOPOTKOi VX oHa IPUBOAUT K OOJILIIUM U Oec-
MOJIE3HBIM pacxojaM naMaTu. CBepTKY BPEMEHHOI'O Psijia IPOU3BOJILHON JIJIMHBI
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¢ OTHOCHUTETbHO KOpOoTKOoi MUX 3ddekTnBHO peasn3yer ONMMCaHHBIH HUXKE a.A20-
PUMM CEKUUOHUPOBANUA CEEPMKU.

[Tycrs 3amana L-toueunast UX hy n dunbrpyemast mocaeaoBaTeibHOCTh Tj.
Boiienmy u3 mocaeioBaTeNnbHOCTH Ty Kaap T Aauabl N > L 1 BEIYUCTIUM CBEPT-

Ky

=

—1
Y = h;Ty—;,

.
Il
=

rjie hi — pesyabrar JONOJHEeHNsT UMITYJILCHOW XapakTepucTuku hy cripaBa N —
L nynsimu. Berauciium cuektpol X, u H,, 10JlydeHHbBIX 110CJIE0BATE/ILHOCTEH
U CIIEKTP

Y, = H,X,,.

Ob6paTtHoe 1peobpazoBaHme CIIEKTpa Y;, BO BpeMeHHYO 00J1acTh JACT IIOCIEI0Ba~
TEJILHOCTD ), JIJIT KOTOPOit

T

Nag)
=
I
<.
I
o
>
<
=>
=~
d

rie hy u T — NeproguvIecKne MPOJAOJIKEHNsT TOCIeI0BaTebHOCTeH hy M T) CO-
OTBETCTBEHHO. JIJIsI MOCIeJ0BATEIbHOCTH §fi CIIPABEIIMBO PABEHCTBO

T

k
Y = E hjZ—j +
j=0 j=k

+
—_

Ilpu k > L Bropasi cymma paBHa HYJIIO, TOCKOJIbKY iLj =0Qupuj>Lmnu

T

k
Y = E hjxk_j = hj.fk;_j.
J=0

<.
I
o

8 Cunre3 nmudpoBbIX (PUILTPOB

B pasjiesie onucanbl METO/bI CUHTE3a, UG POBBIX (DUILTPOB € HAIIEPE/] 3a/1aH-
HBIMH CIIEKTpaJIbHBIMHU CBoiicTBamMu. PaccmoTpen Bompoc o mepexojie or bUX-
duabrpa kK KUX-puabrpy ¢ 3a1aHH0il JJIMHONE UMITYJILCHON XapaKTEePUCTUKH.
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8.1 OcHoBubIe (HOPMYJIBI

Duibrp MoKeT ObITb 33JlaH KaK UMILYJIbCHONR XapaKTePUCTUKOM hj, Tak n 4da-
crorHoii xapakrepuctukoit H (f). Dru popMbl 33/ 1aH1sT SKBUBAJEHTHDI:

H(f) = Z h; exp(—i2n fj), (30)

hy, = 11//221{( ) exp(i2rk f)df. (31)
Eciu
H(f) = A(f) exp(ie(f)), (32)
TO TApMOHMKA T, = aexp(i2mfk) UpH MPOXOKIEHUH BHIBTPA MPEBPAIACTCH
B FaPMOHUKY
yr = (A(f)a) exp[i(2m [k + o (f))]- (33)

8.2 3amaame AYX dbuabrpa

B obmeMm ciiydae OTCYTCTBYIOT SMIHUPUUECKHE COOOPAXKEHUSI, O3BOJISIONINE
HEIIOCPEJICTBEHHO 3a/1aBaTh UMIIYJIbCHYIO Xapakrepuctuky LP. C npyroit cropo-
HbI, YACTOTHAS XapaKTepUCTHKA, 3alucanias B Buje (32), umeer npocroii dbusu-
YeCKUil CMBIC. 3HaUYeHHEe aMILIMTY/IHONR YaCTOTHOM XapaKTepUCTUKU A( f) €CTb
KO3 DUIMEHT, HA KOTOPHI YMHOXKAETCSA aMILIUTY/Ia TAaPpMOHUKH C 9acTOTOM f
npu MpoxoXKaeHnn dbuibrpa (em. (33)).

Ousnaecknii cmbica AHUX O ucnonbsyercs npu 3agannn 1O n3 smmupute-
CKUX coobpaxkennit. Ecin 3amadqy oOpabOTKH CUTHAJIOB MOXKHO CHOPMYIUPOBATD
B TepMuHaX QUIbLTPaIny (HEMPOIYCKaHUs, OTCENBAHNS) OTJACTHHBIX CITIEKTPAITh-
HbBIX COCTABJISIIOIIUX CUI'HAJA, TO OHA cBOJUTCA K nocrpoenuto LD ¢ 3ajanHoil
AYX. B kauecrse 1enesoit AUX 00brqH0 BRIOHpAIOT (IO CMBICITY 3a/1a91) HEKOTO-
pyio crynendaryio GyHKIuo, mpruHuMaiontyto 3uaderust 0 u 1. Orpeskn, Ha KOTO-
poix AYX npunuMaer eIuHAYUHOE 3HAUEHNE, HA3BIBAIOT N0AOCAMU NPONYCKAHUA.
Haubosee gacro Bcrpeuaiorcest 3aiadu, cBojsiuecs: K mocrpoernio IO ¢ AHX oj-
HOTO M3 MepeYnCIeHHBIX HIKe TUIOB. Quavmp nuskux wacmom (OHT ) umeer
nosiocy niporyckanust [0, f*]. K sagaue nocrpoennss OHY cojgires 3agaum cria-
KUBaHUs JAHHBIX 1 Guibrpau mymos. Quavmp evicokuzr wacmom (PBY )T

yMeeT nojocy nponyckanua [f*,1/2]. YV noaocosoeo duavmpa®® nonoca mpormye-

kanus — [f*, f**], y pearcexmoprozo®® — [0, f*] u [f**,1/2].

36]ow-pass filter
3Thigh-pass filter
38band-pass filter
3%notch filter
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CrenaeM BasKHOE JIJIsI MPAKTHYCCKUX BBLIYMCJICHUI 3aMedanue. 3ajaBas JIc-
kperusanuio rapmornku x(t) = exp(i2w ft) B Buge xp = exp(i2nfk), mbr dak-
rudecku cauraeM, 4ro o = (kT) = x(k) u uro 7 = 1. B s510M cityuae rosopsit
0 6e3Pa3MEPHOM GPEMENU U, COOTBETCTBEHHO, 0€3PA3MEPHAA YACTNOMA TADMOHUKH
MOXKeT Bbibuparhes u3 jguanasona [0, 1/2]. B obiem ciyuae unrepBas JucKpeTu-
3alUK T onpejiesser auanason dactor [0, 1/27], upucyTCTBYIOMUX B JIUCKPETHOM
curaJie. PujibTpbl 0OBIYHO PACCUUTHIBAIOT, paboTasi ¢ 6e3pa3sMepHOil 4acTOTO.
I[Tepexon K pasMepHOil 4acToTe f, IPOU3BOAUTCS 1O (GOPMYJIE

fT:f/T-

Hanpuwmep, ecii npu u3aMepeHun curtaja perucrpupyercs 10 orc4eros B CeKyH-
ay, 70 T =0.1 ¢ 1 fax = 5 ['n. Ecim ny»)H0 paccamrarh mosiocoBoit (puabrp,
IPOIYCKAIOIMUI YacToThl 13 auanasona [1,4] I'm, To B Ge3pasMepHbIX JacTOTax
MbI TIOJIyuaeM uaTepsaJ nponyckanus [0.1,0.4].

8.3 VYcjoBue BelieCTBEHHOCTH

OOBIaIHO BXOJIHOW cUTHA (DUIHTPA TOJATAIOT BEIIECTBEHHBIM U YKEJIAI0T 10~
JIY9UTb Ha BBIXOJIE (DUIIBTPA TAKXKe BEHICCTBEHHBIN CUTHAJ. YCJIOBHE BEIIECTBEH-
HOCTH OTKJIMKa (PpUIBTpa Ha JII0OOW BENeCTBEHHBI CUTHAJ SKBUBAJEHTHO Be-
IECTBEHHOCTH UMITYJIbcHOI xapakrepuctuku [[D. Chopmysnupyem anasornanoe
yCJIOBHE B TEepMHUHAX YaCTOTHBIX XapakTepucTuk. Bermecrpennocrs X hy 9kBu-
BaJieHTHa ycosuio hy = hy. Torna

H(f) = (Y hjexp(=iznfs)) = 3 hyexp(iznfj) = H(~)

u, ¢ ipyroit croponst, eciu H(f)* = H(—f), To

1/2 1/2
h; = H(f)" exp(—i2nkf)df = H(—f)exp(—i2rwk f)df = hy.

~-1/2 -1/2

Takum obpaszom, yesosue semecrsennoctu LI sxsusasentro yeinosuio H(—f) =
H(f)*. B repmunax AUX u @YX ycrnosue Bermecrsennoctu LD skBuBageHTHO
tomy, aro AUX — gernast pynkiust, a DUX — nHegernas:

A(=f) = A(f),
o(—f) = —o(f).

[Tosromy AYX rpajunuonno sagaior Ha orpeske [0,1/2] ¢ nojpasymesaeMmbim
NPOJIOJZKEeHNEeM Ha 0Tpe3ok [—1/2,1/2] no wernocru.
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8.4 3amaame ®YUYX dbuiabTpa

CdopmynupyeM Terepb HEKOTOpbIe yCIOBHsI, HaKJia biBaeMble Ha OYHUX duib-
tpa. [Tepermiem dopmyny (33) B cieyroiiem Bu/e:

= s e (14 5]

[Tycrs reneps o(f) = —a2n f (910 HeuerHas DyHKIHUS, TAK 4TO yCJIOBUE BeIlle-
CTBEHHOCTHU BbINoJHEHO). Toria

yr = [A(f)a] expli2n f(k — «)].

Takum obpasom, ecim OHUX — jmHeiiHast QyHKIM 4acTOThI, TO (DUIBTD UME-
eT OJINHAKOBYIO 3aJIEPXKKY JIJIsI BCEX MapMOHMK M He HMCKarkKaeT (POpMY CHUIHAJIA
CO CIIEKTPOM, PACIIOJIOXKEHHBIM B 110J10Ce TPOITycKaHus. Takue pUuabTpbl Ha3biBa-
10T usompamu ¢ sunetdnot ¢pasod.

OxkasbiBaercs, uto B ciaydae KNX-uabTpoB HeIb3st BHIOUPATh B KaUecTBe (v
IPOU3BOJIbHOE YKCJI0. MBI JOJI2KHBI FrapaHTHPOBATDH BBIIOJHEHUE PABEHCTBA

H(f) =) hjexp(=i2rfj) = A(f) exp(ip(f)) = A(f) exp(—i2m fa),

KOTOPO€ 3KBUBaJICHTHO CUCTEME

A(f)cos2rfa = Zhj cos 27 f 7,
A(f)sin2n fa = Zhj sin 27 fj.

[Tycts cnavana a = 0. Torna nmeem

A(f) = Zhjcos%rfj,
0= Zhjsin%rfj

¥ U3 BTOPOI'O PABEHCTBA ¢ HEOOXOJAMMOCTBIO 1ostydaeM h_j = hj. Dror ciyuqail
COOTBETCTBYET cUMMeTpuiHoMY buibTpy. Boobiie, cuMmmerpudHbie (PUIBTPHI BCE-
IJla BEIIECTBEHHBI W 00JIa IaI0T JIWIIb OJHUM HEJOCTATKOM — IPU 3aJaHHOM 110~
psiiKe, paBHOM 2N+ 1, OHM UMEOT 3aJIep>KKY OTKJINKa, paBHYO 1. CUMMeTpUUIHbIE
GUIBTPHI HABBIBAIOT TaKXKe Pusbmpami, ¢ Hyse60l pasotl.

Cpeii HeCUMMETPUIHBIX (PUILTPOB MbI OyJieM paccMaTrpuBaTh TOJILKO OJIUH
KpaitHnii ciydaii — ciydail Hy/ieBoii 3ajiepxkku orkianka: h; = 0 npu j < 0 (Takoit
buUIBTP MHOTA HA3BIBAIOT ACHMMETPUIHBIM). Kcjim Hy»KHO ¢jieiarth 3aJIepkKKy
OTKJIMKA HYJEBOM, TO yXKe siCHO, YTO Mbl TIOJYYUM HEHyJeBoe & (e MHCTBEHHbIH
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Takoil ¢punbTp ¢ o = 0 cooTBeTcTBYeT HemHTepecHOMY ciydaio hy # 0, hj = 0
npu Beex j # 0). TlojcraBus BTOpoe ypaBHEHNE CUCTEMbI B TIEPBOE, TTOJLYIUM

Zhj cos2m fysin 27w fa = Zhj sin 27 f ) cos 27 fa
WJIH, 9TO 9KBUBAJIEHTHO,
> hjsin[27 f(o — §)] = 0.

JIerko BUIeTH, YTO PN IUCTIE UJIEHOB, PABHOM 7, JIJIS BBHITTOJTHEHUS STOTO YCJIOBU
caejlyeT BhiOpaTh

@ = (n _ 1)/27
h] = hn—j—17

rje n — nopsylok dbusbrpa. B arom ciydae Bce rapMOHUKH [PU TPOXOXKJICHHUH
buIIbTPa CIBUIAIOTCs BIPABO Ha (v, CJIEJIOBATEIBHO, HA CTOJILKO K€ 3aJIeDIKUBa-
ercsi 10 BPEMEHU U TPOU3BOJIbHBIHA curtas. Takum obpasoMm, GUuibTp ¢ HyJIeBOM
3aJICPIKKOIl OTKJIMKA MMEET HEHYJIEBYIO 3aJIePyKKy CUIHAJA, PaBHYIO (. AcuM-
METPUIHBIH (DUIBTP HEIETHOTO MOpsAiKa n = 2m + 1 jaer 3aJepsKKy CUTHAJA
a = (n—1)/2 =m, aro coBnaJaer ¢ 3aJeP>KKOii OTKJIUKA CUMMETPUIHOTO (DUJTH-
TpPa TOTO K€ TTOPSIJIKA.

8.5 CummerpudHble (PUIBTPHI

IIpu pacuere cummerpuanoro semecrsennoro KNUX-duibrpa B 1epByio oue-
peJib U3 AMIUpHUIEcKuX coobpaxkenuit 3ajai0r AUX na orpeske [0, 1/2] u dpukcu-
pytoT nopsijiok dpuiabrpa n = 2m—+ 1. [lockonbky PUX cummerpuanoro puabrpa
HyJIeBas, ero dacroras xapakrepucruka H(f) copnamaer ¢ AUX A(f). Yaursbi-
Bast cummMerpuaHocTh AYX, nosyunm caeayonyo Gpopmyiy:

1/2 1/2
hy = /_ A(f) exp(i2rkf)df = 2/0 A(f) cos(2mk f)df.

1/2

Ecmu samannags AUYX umeer mpoctoii Buj (aro umeer mecto B caydasgx OHY,
®BY, 110J10cOBOIO U PEKEKTOPHOIO (DUIBTPOB), TO 9Ta (HOPMYyJIa MO3BOJISET MO-
ayants UX B gBHOM BH/IE.

[Tonygaemast nocegoBaTeabHOCTL hy npencrapiasier coboit UX mpeaabHOroO
BUX-duabrpa, obragaroIiero 3aganubiMu napaMerpamu. OJIHOBpEMEHHO THCJIA,
hy, sBasiores kosddunuentamu psja Pypoe st Gynknuu H(f). 1o coobparke-
HUe HoKasbiBaer, uro |hyi| yobiBaer K Hysto npu yejudenun k. Benomunasi, dro
yacTu4dHast cyMmma psijia Oypbe siBISeTCs JIyUIIUM B CPeIHEKBAIPATHIHOM CMbIC-
Jie ipubJimkenueM uexoyHoi gyukipn H(f) npu 3ajanHoM duciie 4ieHoB psijia
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Puc. 5. Hacrornas xapakrepucruka OHY (Cquaﬁ obpesanus NX)

(T. €. IpH 3a1aHHOM TOPsiJIKE QUIIBTPA), Mbl IOy 9aeM BO3ZMOXKHOCTH TPUBHAJILHO
nepeiitn K KUX-puabrpy nyrem obpesanus psjga Oypwe. [Ipu obpesanuu psijia
Dypbe Mbl 3aMeHsIeM 110J1y HeHHY 0 OECKOHEUHY IO HMITY/IHCHYIO XapaKTepUCTuKy /iy
Ha UMITYJIbCHYIO XapaKTEePUCTUKY hj KOHETHON JIJIMHBI, COOTBETCTBYOIMTYI0 K X-
pubTpy:

7 hk ‘k‘ < m,

hi =

0 |kl>m

IIpumep. Ilycrb Tpedbyercst cunre3upoBarb cummerpudnbiii PHY 31-1o nopsijika
¢ noJiocoii mpomyckanus [0, 1/4].

BbraucimM uMIysibCHy 0 Xapakrepuctuky hy uaeanbunoro BUX-duibrpa ¢ 3a-
JITAHHOI II0JIOCOU ITPOILYCKAHUS:

sin(mk/2)

1/4
hy, = 2/0 cos(2mk f)df = —

ITepexon k KUX-puabTpy ocyInecTBisgeTcs MyTeM IPoCTOr0 00pe3aHns NMIIYJIbC-
HOI XapaKTEPUCTUKU:

kE— .
0 |k >15
Ha PUCYHKE D TTIOKa3aHa AaMIIJINTy/JHasA 9aCTOTHAA XapPaKTEPUCTUKaA ITOJIYIECHHOI'O

nocJsie oopezannss KNX-dunbrpa. JIerko 3aMeTuTh OTHOCUTEIHLHO CUJIBHBIE KOJIe-
Oanrmst, koropbie pereprieBaeT AUX BOSIM3KM TOYKHU pa3phIBA.

8.6 Acuvmmerpmunbie (pMABTPHI

[Tycrs 3ajana ammauryaHas xapakrepuctuka A(f) duabrpa. ®asobas ua-
CTOTHAsI XapaKTEPUCTUKA aCUMMETPUIHOrO (puiibTpa 3ajaercs dhopmyiioit p(f) =
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—a2nf, rie a = (n — 1) /2. Ilonnas gacToTHast XapaKTEPUCTHKA, (DUIIHTPA HMEeT
BUJL:

H(f) = A(f) exp(—i2maf).

Brraucaum WMIIYJIbCHYIO XapaKTEPUCTUKY:

1/2 1/2
hy, = /_ A(f)expli2n(k — o) fldf = 2/0 A(f) cos[2m(k — «) f]df.

1/2

B cayuae medernoro nopsigka n = 2m + 1 umeem v = (n —1)/2 =m n

1/2
e = 2 /0 A(F) cos[2m(k — m) fldf.

/
[Tycrb b, — nMIysibCHAsE XapaKTePUCTHKA CHMMETPUIHOIO (BUIIbTPA ¢ aMILITHTY/I-
HOI XapakTepucTukoii A(f):

1/2
= 2/ A(f) cos[2mk fdf.
0

Torna
hy = h'(k —m).

Takum 06pa3oM, Mbl IPUILIK K BbIBOJY O MMOJHON 9KBUBAJEHTHOCTH CUMMETPUY-
HOTO ¥ aCHMMETPUUIHOIO (pUILTPOB PaBHOIO HEYETHOro mopsjka. Ha npakruke
MOYTH BCErJIa UCIHOJIB3YIOT aCUMMEeTPUUYHbIe (DUJILTPHI HEYETHOTO Topsijika. VM-
MyJbCHAS XapaKTepUCTHKA TAKOTO (hUILTPa MOJyUdaeTcsa (POPpMaTbHBIM CIBUTOM
MUMITYJIbCHON XapaKTEePUCTUKN CUMMETPUIHOIO (PUJIbTPa C TAKON YKe aMIINTY/I-
HOIl XapaKTEPUCTUKOMN.
IIpumep. Ilycrb Tpebyercs cunTe3npoBarh acuMMeTpuunbiii @HY 31-ro mopsii-
Ka ¢ 1oJiocoit iporyckanust [0, 1/4].

Benomunast popmyisty, MOJYyUEeHHYIO B MPEJIBIIYINEM MYHKTE JIJIsT CAMMeTPHI-
Horo ¢uiabTpa ¢ Takoi ke AUX, momyaum

sin|m(k — 15)/2]
m(k — 15)

hy, =

npu 0 < k£ < 30.

8.7 CuHTEe3 MeToa0M YacCTOTHOI BBHIOOPKN

s dunprpos ¢ npocroit AHX yraercs: aHaJUTHIECKH IOy IUTh SBHOE BbI-
parkeHue JiJisi UMIIYJILCHOIM XapakTepucTuku. B obimem »xke cirydae 1oy duThb siBHOE
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Bhipakenue s UX He yjraercst U MPUXOJUTCS UCIOJIB30BATH OMUCAHHBIH HUXKE
METOJI, YaCTOTHON BHIOOPKH.

[Tycrs st cunresupyemMoro uibTpa 3ajlaHa 4acTOTHASE XapAKTEPUCTUKA
H(f) na orpeske [—1/2,1/2]. Hoonpenenum UX na orpesok [0, 1] mo neprouy-
HOCTH:

H(f)  0<f<1)2

FD=\u(-1 ya<r<t

Bribepem joctatouno 0o0JibIoe mesoe 9ucio N u AUCKPETU3UPYeM Oy YeHHYIO
YX npu unrepsase quckperusaiun Af = 1/N:

N-1

H) = H'(nAf) = hgexp(—i(2r/N)kn).

k=0

[Tonydennas popmysia ¢ TOTHOCTBIO IO MHOXKHUTEJIS coBIaaaeT ¢ (popmystoit JIITD
nocJseopareabnocru H,,:

N-1
Hyy =Y Wy = N - IO [hy].
k=0

Ucnonbzyst ooparnoe IIID, nosyvyaeM BO3BMOXKHOCTH BbIYUCUTH IEPUOJIAYECKOE
NpOJIoJIKeHue ) MMITYJIbCHOM XapaKTepucTuku hy:

N-1
1 1 _
h, = ~ > H Wy = AN ).
n=0

[Ipu cunrese cummerpudHoro gpuiabTpa mopsijika n = 2m + 1 B nocjejoBa-
TesbHOCTH R mepBble m + 1 orcuero paior nckomyio VX mpm meorpumaresn-
HBbIX 3HadeHusX uHjekca. Orcuersl UX mpu oTpunaTebubIX 3HAUYEHUIX WHIEKCA
PACIIOJIOXKEHBI y [IPABOrO Kpasi HOCJIEOBATENLHOCTH R}, HO UX JIETKO MOJIyIUTh
U HEIMOCPEJICTBEHHO M3 COOOparKeHUil CUMMEeTpUIHOCTH (PUabTpa. AcuMMeTpud-
HbI{ PUIBTD HEUYETHOTO NOopsjiKa N = 2m + 1 1noJiydaercs CJIBUIOM MMITYJILCHOM
XapaKTePUCTUKU CUMMETPUIHOTO (DUIBTPa BIPABO HA 1M OTCUYETOB.

[Tpu npakTrdeckoit peajinzalum MeTOJ[a YaCTOTHON BHIOOPKKU OOBIUHO BMECTO
TIEPUOMIECKOTO JIOOMPEIETeHIsT YACTOTHOR XapakTepucTuku Ha oTpe3ok [0, 1]
WCIIOJIL3YIOT CJIBUT YaCTOTHONW XapaKTepUCTUKK BIIPABO Ha 1/2:

H(f) = H(f - 1/2).

[Tepexos BO BpeMeHHYI0 00J1aCTh OCYIIeCTBIIsIeTCsi ¢ omoribio JII1D:
. 1 -
hr = NﬂHCD [H,)].
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IIpu srom nepuoandeckas X hﬁc MOJIyUaeTCs U3 MOCJIEe0BATEILHOCTH hy CIeTy-
IOIIM 00pa3oM:

/ k7

k= (—1) hi..

OrmeTuM, 9TO OIMUCAHHBII METOJ, 9aCTOTHO# BHIOOPKU SIBJISIETCS 11O CYTH TTPH-
OJTMKEHHBIM METOJIOM BbluucsieHus: uaTerpata (31). fcno, aTo Meros acToTHOl
BBIOOPKM rapaHTUPyeT paBeHCTBO UX cMHTE3UPOBAHHOTO PUIbTPa 3ajanHoi X
B Toukax nAf = n/N, HO HET BO3MOKHOCTH YIPABJIATH 3HaueHusaAMu X B IIpo-
MEXKYTKAX MEXKIy STUMHU TOIKaMu, riae UX MOXKeT CHJIBHO OTJINYIATHCS OT 3a1aH-
Hoii. ITapamerp N omnpenensger TOUHOCTDb, ¢ KOTOPO# BHIUNCIISAIOTCS 3JEMEHThI M-
MyJIbCHO# XapaKTePUCTUKN, W HE CBSI3aH HEMOCPEICTBEHHO ¢ JynHoi X crnaTesn-
pyemoro puabTpa — ero cjejayer BhIOMpaTh 10 BO3MOXKHOCTH 00JibIuM. OOBITHO
3HaueHue nmapamerpa [N BuiOUpaioT B 4-8 pa3 O60JIbIINM, YeM MOPSII0K CUHTE3UPY-
emoro dgusibrpa. st Beruncienus 1D obbiuno ucnosnbsyercst ajaropurm BITD.
IIpu sToM BeIOpanHOe uncyio N cieayer OKpyIJIITh BBEPX 10 OJIMKaiiieit crernenn
,Z[‘BOI'7IKI/I40.

Bamaga 8.1. HaiiTu uMIyJIbCHYIO XapaKTEePUCTUKY CUMMETPUIHOTO (PUIBTPA
5-ro nopsiyika, ecom H(0) = H(1/4) =1, H(1/2) = 0.

Bamaua 8.2. Oumprpsr A ¢ UX [1,1,4,1,1] u B ¢ UX [-1,2, —1] Bkimio-
YEeHbBI TIOCIEI0BATEIHHO. BBIUNCINTE NMITYJIHLCHYIO XapaKTEPUCTUKY Oy IeHHOTO
dunpTpa.

Baga4a 8.3. Ouubrp C 00pazoBan U3 MOCIEL0BATEILHO BKIOUEHHBIX (DUIIb-
tpoB A nu B. [Ina dbunasrpos A n C 3aaHbl UMIYJIbCHBIE XapaKTEPUCTUKM:

A [1,2,4,2,1],
C  [-1,0,—1,4,—1,0,—1]

(rasoukoif ormMeueH eMeHT by UMITYJIbCHON XapaKTepUCTUKH ).
1. BbluMc/IUTh 9aCTOTHYIO XapaKTepUCTUKY (buyibrpa B.

2. Haittu umiyjibCHYIO XapaKTepucTuky pujibrpa 5.

8.8 SBaenme I'mbOCa

KoadhduimenTsbl UMILYJILCHONR XapaKTepUCTUKU UM POBOro (PUILTPa 110 CYyTH
1peJicraBiisoT coboit koadduimentsl Pypbe vacToTHON Xapakrepucruku. [Ipu
npocToM obpesanuu X dhakTuuecku IporCcXoUT 3aMeHa YacTOTHON XapaKTepu-
CTUKM 4YacTU4dHOi cymmoii psijia Oypbe. Mbl paccmorpum 3¢ ek Thbl, BO3HUKAIO-
e 1npu oobpesanuu psga Oypbe B 00IIEH CUTYAINH.

103 1ech HUKOTIA HE MCIOb3YeTCs TIPoIlelypa JomnomHenns nyaavu! (mogemy?)
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Puc. 6. fsnenne T'ubbca (coayuait 10 u 15 rapmMoHuK)

Pazyioxkum B paj Pypbe TpaMOYTOTbHBIN UMITYJILC BUJIA:

1 0<t<1,

z(t) = (34)

0 1<t<?2.

Haiijiem xkosdbdurpentsl Oyphe MepruoinaecKoro npoaosnkenns byaxiyn (t):

1

1
Cr = —/ exp(—imks)ds =
2. Jo

sink /2

— exp(—imk/2).

Ha pucynke 6 nokazanbl rpapuki 9acTUIHBIX CYyMM Pa3JI0XKEHUs TPAMOYTOJIHHO-
ro nMmiysabca B psaa Pypwe. Ha aToMm pucyHnke Jierko 3aMeTuTh siBienune I'mboca.
[eiicTBUTENHHO, TPU YBEJUYECHUN YUCTIA Y/IEPXKUBAEMBIX B PA3JIOKEHUH JIEHOB
MAKCUMAJIbHOE OTKJIOHEHHe dacTuuHo# cymmbl or ¢ynkuun z(t) ne yonaert!,
Ecau 0003HAUNTD Yepe3 Tyax M Tipin 3HAYEHUS TTEPBBIX COOTBETCTBEHHO MAKCHMY-
Ma M MUHUMYMa 4aCTUIHON cyMMbl psijia Qypbe npu ymenbinenuu t or 1/2 jo 0,
TO Tpax ~ 1.09 = 1 4+ 0.09 (omubka mopsiika 9%) u xp, ~ 0.95 = 1 — 0.05
(ommbka mopsiika 5%).

[TostBienne HabOJIIO/IAEMBIX B PACCMOTPEHHOM MPUMEpE MYIbCAINH YaCTHIHBIX
cymMm psijia Oypbe HasbIBaeTCs Asaenuem [uwbbca M SABIAECTCS PE3yJIbTATOM 00-

pesaHust HEPABHOMEPHO CXOJIAIIErocst psiyia (orepanust nepexoja or psija Oypbe

41310 cpasy cieayeT U3 CIEIYIOMEro PACCY K IeHN. Bean 651 MaKCHMAILHOE OTKIIOHEHHE YORIBAIO K HYJIIO, TO
psizL, cxommics ObI PABHOMEPHO, HO B 3TOM ciaydae hyHkmua & (t) Oblaa ObI HEMPEePHIBHON KAK CyMMa PABHOMEPHO
CXOAIIErocsa PALA HEMPephIBHBIX (hyHKImi. Boobine HepaBHOMEPHOCTD cXOauMOCTH psga ®ypbe K QyHKIINH,
UMEIOMIEH Pa3phIBbl MEPBOTO POJIA, PEATTU3YETCsi ODBIYHO CJIEYIONUM 00PA30M: MAKCHUMAJIBHOE OTKJIOHEHUE HE
yOBIBAET, HO [IJIMHA, yIACTKA OCH abCIUCC, HA KOTOPOM OTKJIOHEHWE OOJIbINE HATIEPe ] 33 JaHHOrO 9nciia, yObiBaeT
K HYJTIO.
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¢ OECKOHEYHBIM YHCJIOM YJEHOB K KOHEYHBIM YACTUIHBIM CYMMaM Ha3bIBACTCS
obpesanuem pada). PaccMorperHblil mpumep siBisiercst jiiist adpoBbix (hUIHTPOB
B HEKOTOPOM CMbIcjie HauboJiee oo1mM, 11ockoibky s OHY, @BY, nosocosoro
U PEKEKTOPHOTO (PUIBTPOB Ha TPaHUIE TOJOC MPOIMYCKAHUS W HEIPOIyCKAHWS
HAOJII0JIAI0TCs B TOYHOCTU TAKUE XKe 1yJIbCAIUN.

3amaua 8.4. Hanucars nporpammy jijisi BBIYUC/IECHUsST YACTUYHBIX CYMM pPa3-
JIOZKEHUS MPAMOYTOJIBHOTO UMITyJibca B paja Pypoe. [locrponts rpaduku, anaio-
rudnble 6, njocrpupyloiiue sipjenue I'nooca.

8.9 TeopemMa 0 MUKJINYECKOI CBEPTKE

[ToaxoadImuM HHCTPYMEHTOM NIPY U3y9eHUH IIPUPOJILI ABIeHus ['ubbca sapis-
ercst TeopeMa O LUKJIMYecKoil ceprke juist psijios @yphe, aHajornyHas TeopeMe
0 cBepTKe 1 npeobpasopanuii Pypoe.

[Tycrs Gynknuu z(t) u y(t) nepuojuueckue ¢ ojuHakoBbIM 11epuojom 1'. Omupe-
JesuM ux yukauveckyro ceepmry 2(t) = (x o y)(t) pasencrsom

T/2 T/2
At) = (rou)(t) = 7 / e(s)ylt — s)ds = 7 / o(t — s)y(s)ds.

~T/2 -T/2

[TocsiesiHee paBeHCTBO TPOBEPSIETCsT 3aMEHOM epeMenHoil. Taknum obpazom, roy =
Y O T W Olepalust MUKJINIECKON CBEPTKU KOMMYTATHBHA.

[Tycrs dbyuxrusm x(t), y(t) u 2(t) mocraBieHbr B cOOTBETCTBUE HAGOPHI KO-
dbunmenror Oypoe X,,, Y, u Z, coorBercriento u z(t) = (z o y)(t). Berauciaum
CHEKTD Zp:

T/2 | [T)2
= / / y(t — s)ds exp(—i2mn fot)dt
T/2 T T/2

~T/2 -T/2

T/2 T/2
= %/ x(s) exp(—i2mn fys) <%/ y(t — s) exp(—i2mn fo(t — s))dt> ds.

B nocsieiem BoIpazkeHnu TPOU3BEIEM 3aMEHy MepeMeHHol © =t — s:
T/2 1 T/2—s
= —/ s) exp(—i2mn fjs) —/ y(x) exp(—i2mn fox)dx | ds.
T/2 T -T/2—s

Ho unrerpan

1 T/2—S
— / y(x) exp(—i2mn fox)dx
T —T/2—s
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BCJIE/ICTBUE | -TIepUOMYIHOCTY TIOLIHTETPAJILHOTO BhIpaYKeHUs, He 3aBUCUAT OT S
u papet Y. [Tosromy

1 [T/
Iy = Yn—/ x(s) exp(—i2mn fys)ds = Y, X,,.
T J 1/

8.10 ChekrTpaJjbHasg Mo/eJib obpe3annd psaaa Pypbe

[Tycrs st T-nepuojuueckoit dbyukiuu x(t) BBIIMCAHO PA3JIOXKEHUE B PsiJl
Pypnbe:

x(t) = Z C, exp(i2mn fot).

Paccmorpum mosyuennyio B pesyJibrare o0pe3aHnss JacTHIHYI0 CYMMY:

N
zy(t) = Z C, exp(i2mn fot).

n=—N

Oynknusa Ty (t) cama spisercs T-IepuoJUIecKOil U MOXKeT ObITb pasJioxKeHa
B psij Dypoe:

zy(t) = Z C,, exp(i27n fot).

n=—0oo

U3 equncrsennoctn pajga Oypoe cnenyer, uro C,, = Dy (n)C,, rae

I, |n| <N,
Dn(n) = |
v(n) {0, n| > N

Takum obpazom, 1epexoji or cymmbl psija Pypbe K €ro 4acTudHON cymMme
B CIIEKTPAJIbHO# 00JIACTH SKBUBAJICHTECH YMHOXKECHHUIO CIIEKTPA Ha MPIMOYTOJBHOE
okHo Dy (n). VI3 TeopemMbl 0 IUKJIMIECKOH CBEPTKE CJIEJYeT, YTO B ITOM CJLydae
zn(t) = dy(t) o x(t). CriemoBaresnbho, obpesanue psja Pypbe Bo BpemeHHO
0bJs1acTH SKBUBAJIEHTHO CBEpTKe MexoHoi dbyHkiun x(t) ¢ okaom dy (). Haiigem
dbynknuio dy(t):

N

dy(t) = Z exp(i2mn fot) =

n=—N

1 —exp(i2w(2N + 1) fot) _ sinm(2N + 1) fot

= —12m N fot
exp(=i2m N fot) 1 — exp(i27 fot) sin 7 fot
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Puc. 7. CreprbiBatoriiee okHO dy () Hle/I N =10

I'paduk Gynknuu dy(t) upu N = 10 u fy = 1/2 nokazan na pucynke 7. CepTka
curnasa x(t) ¢ dynkuueit dy(f) IPUBOJUT K SIBJIEHUIO, CXOJHOMY CO CHEKTPAJIb-
HBIM TIPOCAYMBAHUEM, KOTJIA MCXOJHDIA CUIHAJ «pa3sMasblBAeTCsI» U KayKIbli ero
OTCHUET «3arPS3HACTC» COCEAHUMY oTcueramu. Hanbosiee oTueTimBo Takoe neKa-
JKEHUE CUIHAJIA HPOABIACTCs BOJU3UM TOUYEK PaspblBa KYCOYHO LHOCTOSHHOIO CUI-
HaJIa, TAE Pe3yJIbTaT CBEPTKU MPOCTO HOBTOpAET (hOpPMY CBOPAUUBAIONIEIO OKHA.

Kak 06b1uH0, nocsieioBaresibHocTb Dy (1) Ha3bIBAIOT MYALMUNAUKGNUEHBILM
oxnom, a GyHKImio dy(t) — COOTBETCTBYIONMM C6EPMBLEAIOUUM OKHOM. TacTo
rOBOPSIT, 4TO Ipu 0bpesanuu psijga Oypbe Mbl nabarodaem cuznan x(t) wepes ceep-
muisarousee oxmo dy(t)*2.

Yacruunple cyMMbl pajga Oypbe HEIPepLIBHBI, MOTOMY B OKPECTHOCTH TO-
deK paspbiBa GyHKIMU X (1) OHU BBINISISIT KAK HEKUil cryiaykeHHblil okHoM dy ()
BapuaHT UCxoAHoi dyHKImH. OKpPECTHOCTh TOYKHM paspbiBa, B KOTOPO 3Hade-
HUS 9aCTUYHBIX CYMM B PE3YJIbTATe TAKOTO CTIAKWBAHUS CUILHO OTJINYAIOTCS
OT 3HAYEHWH MCXOHON PYHKIMN, HA3BIBAIOT NEePerodnoti nosocot, N 00AacmvbIo
cpesa (MOCTEHUN TEPMUH Yallle UCIOJb3YIOT MPUMEHUTETHHO K YACTOTHBIM Xa-
pakTepucTukaM 1udpoBbix GUILTPoB). JIerko MoHsTh, 4TO OCHOBHOIN JIEIECTOK
CIUIA’KMBAIOIIErO OKHA OTBEYACT 34 00pa3oBaHKe MepeXOJHOI TOIOCk, a OOKOBBIE
JIETIECTKY TIPUBOAAT K sABJEHUIO ['mbOca — OHM «3arpsi3HSIOT» KaXKJblii OTCUeT
CHUTHAJIA, COCETHUAM.

8.11 JIuckperHoe OKHO XaHHA

Teneps MbI BUIuM, 4TO obpe3anue psjia Pypbe KaxkeTcss HaM IIPOCTOi 1 ecTe-
CTBEHHON orepalieil ToJabKo 1m0 npuBbluke. [lojyuenHas: crekTpajbHas MOJEb

2gignal windowing
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9TOT'0 IIPOIECCa MO3BOJISIET MOAMMDUIINPOBATL €r0 TaKUM 00pa30M, UTOOBI MOJIY-
YUTH MUHUMAJIbHBIE UCKaXKeHust curaada z(t) npu ceeprke. Mojudukaius mpo-
ecca obpesanust 3ak/0aeTcst B Bbibope nocsejosaresibiocru Dy (n) (juckper-
HOIO MYJIBTUILIMKATUBHOIO OKHA) TaKuM 00pas3oM, 1Todbl (yukims dy (t) obiaia-
JIa TI0 BO3MOXKHOCTH yJIOBJIETBOPUTEILHBIMHU CBOHCTBAME KaK OKHO, YIaCTBYIOIIEe
B cBepTKe. [Ipu 9TOM MMEHHO JIUCKPETHOE MYJIbTHILINKATUBHOE OKHO Dy (1) Oyer
HEIOCPEICTBEHHO TTPOU3BOINTL 00pe3aHue psijia.

B kadecrBe HOAXOASIIEIO JIUCKPETHOI'O MYJIbTUILIMKATUBHOIO OKHA, MOXKET
ObITH BHIOPAH PE3yJIbTAT JUCKPETU3AIUNA MOAUMUIIMPOBAHHOIO OKHA XaHHA:

Gn(n) = [1 + cos %} :

1
2

3Jiech ciaejyer oOpaTuTh BHUMaHUE, UTO MOJAU(MUKAIINS KOCHYIACH UCKJIIOUUTE b
HO 00JIACTH OIpEJIeJIeHNsT OKOHHOW (DYHKI[MM, KOTOPas CJeJaHa CUMMETPHIHON
OTHOCHUTEJILHO HYJIsI. DTO CBA3AHO ¢ OCOOEHHOCTHIO IIpoliecca obpesanust psija Dy-
pbe BelecTBeHHON (DYHKINH, KOI/Ia CAMMETPUYIHBIE TADMOHUKY OCTABJISIIOTCS MJIN
OTOPACHIBAIOTCS OJIHOBPEMEHHO (1IOCKOJIbKY HEOOXOJMMO COXPAHUTH BEIECTBEH-
HOCTH (byHKIHHK). COBEPIIEHHO AHAJOTHIHO TPOU3BOUTCS B3BEITHBAHIE CHMMET-
PUUHBIX TAPMOHMK MYJIbTHILJIMKATUBHBIM OKHOM — TAKW€ T'apMOHUKHU JIOJIXKHbI
YMHOXKaThCs Ha OJUHAKOBbIE KOY(D(DUIIUEHTHI.

OTMeTuM, 9TO MPH HUCIHOJbB30BAHUHU JUCKPETHOTO OKHA XaHHa JJjIsg o0pe3a-
Husi UX cummerpuanoro ujibrpa HOpsijioK 1oJydaeMoro (pujibrpa paBeH n =
2(N—1)4+1=2N —1. ITosToMy 1pu CHHTE3€¢ CUMMETPUIHOIO (DUJIBTPA TTOPAIKA
n = 2m + 1 obbiuno ucnosb3yor okno Xanua npu N = m + 1. Ilpu cunre-
3¢ aCUMMETPUIHOrO (PUIbTPa TMOPsIKa 1 00pe3aHue MPOU3BOJUTC CJIETYIOIINM
obpa3zoMm:

Bk = Ga—i—l(k - Oé)hky

e = (n—1)/2.

[Tonyunm ananuTrdecKoe BhIpaskKeHue JIJis CBepThiBaionero okua Xanna. @op-
mysy st G (n) MOXKHO TIepernucarb B BUJIE:

1 1
Gy(n)== |1+ 5 exp(imnN 1) + 5 exp(—imrnN )

1
2
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Puc. 8. CreprbiBatoriee okHo Xanua npu N = 10

gv(t) = Y Gu(n)exp(i2nnfot) =

n=—N
1 . 1 . _1 1 . _1
= Z 5 exp(i2mn fot) + 1 exp(imn(2fot + N77)) + 1 exp(imn(2fot — N7)) =
_sintM fot  sinTM(fot +a«) sinTM(fot —a)
- 2sinwfot  4sina(fot +a)  4dsinw(fot —a)

1 1 1
=5 [dx(t) + Sdn(t+afe!) + 5dn(t —afyh)]

e « = N71/2u M = 2N + 1. Oyukiusa gy () noaydaercs cioxenueM Tpex
dbyuknuit dy(t), cABUHYTBHIX Ha BEJUUUHY, OJM3KYIO K PACCTOSHUIO MEXKY €e
HYJIsIMA. 3a CUeT 9TOT0 yOuparoTcsi MyJabCalii B OOKOBBIX JiermecTkax (hyHKINN
dy(t). Ha pucynke 8 mokasan rpacduk CBEpTHIBAIONIErO OKHa XaHHA.

ITpumep. Paccmorpum cHoBa nipumep cuHTeda cuMmmerpuanoro KMX-dbunbrpa
HU3KKUX 9acTOT. BocrosibayeMest MyJsibTUILIMKATUBHBIM OKHOM XaHHa 1ipu N = 15
JUId mepexojia oT ujeasbHoro BUX-duibrpa K peanbaomy KUX-puabrpy:

1 + cos(jm/15) sin(jm/2)
2 g

Bj = Djhj =

Ha pucynke 9 nmokazana aMILIUTYHAs IaCTOTHAs XapaKTEePUCTHKA, TOJIYIEHHOI'O
KUX-dunprpa. Jlerko 3amMeTuTb, 4T0 KojieOaHUs BOJU3U TOUKHM Pa3pbiBa IIPaK-
TUYECKHU TTOJTHOCTHIO UCUE3/IM, HO BJIBOE yBEJNUNIACH MUPUHA EPEXOIHON 30HDI.
OrMmernM Tak»kKe, 4TO IPU KCIOJb30BAaHUU OKHA XaHHA MbI MOJy4YaeM (UILTD
¢ JUIHON nMyabcHo# xapakrepuctukn 2N — 1, mockonbky G_y = Gy = 0.
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Puc. 9. Hacrornas xapakrepucrika ®HY (okro Xanna)

8.12 IIpmmepnl cuHTe3a KJIaccmiecKnX (pmabTpoB

K kjaccuueckum oTHOCATCS (DUJIBTP HUBKUX HaCTOT, (PUIILTD BBICOKMX 4Ya-
CTOT, TOJIOCOBOW W PEXKEKTOPHBINH (PpUuJbTphl. B 3TOM pasjesie MbI puBejieM 00-
ey norpeduTesbubie (POPMYJIbl JIJIsi UMITYJILCHBIX XapaKTEPUCTUK COOTBETCTBYIO-
IMUX UeaJbHbIX cuMMeTprndHbiX BUX-dunbrpos. UMnynbcHas xapaKTepuCTUKA
arnnpokcumupyioiiero KNMX-duibrpa MoXKeT ObITH MOJyYeHa YMHOXKEHUEM HM-
nyJibcHoi xapakrepuctuku bUX-duiibrpa Ha MyJIbTUILIMKATHUBHOE OKHO. T puBU-
aJbHBINA ¢BUT VIX cHMMETPpUYHOTO (PUIBTPa IIpeBpalliaeT ero B aCUMMeTPUIHBIII.

q:)I/I.TIpr HN3KNX YaCTOT:

. 17 |f| < f17

A(f)_ 07 |f|>f1 .

fi —1
hk: — 2/0 COS(QWfk)df _ g}f) 1 Sln(277f1k)a : i 8 .
@I/IJIpr BBICOKUX YaCTOT:

o ]-7 |f| = f17

D=0 <

1/2 — (k)" sin(27
b 2/ oo (2 FEVEF — 1 (_ ];}1 Lsin(27 f1k), l]z i 8 .
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ITonocoBoit buIbTP:

0, else

A(f){la f1<|f|<f2,.

hy = 2 /ff2 cos(2m fk)df = ;?;jj[;il;l(Qﬂfzk) — sin(27 f1 k)], Z i 0 |

PexxekTopusbrit puabTp:

1, else

! /
hy, = Q/Of cos(2m fk)df + Q/f1 2cos(27rfl<;)df —
= (mk) Vsin(27 fok) — sin(2n f1k)], k #0
| 1-2(f - ) E—=0"

9 llpakTuydeckmnii crieKTpaJbHbI aHAJN3

3ajada CreKTpaJbHOrO aHaJM3a — BbISIBJIECHNE U aHAJIU3 CIIEKTPAJBHOTO CO-
CTaBa (CprKTypbl) curnaJia. [Ipu criekTpajibHOM aHaJIM3e IMUPOKO TPUMEHSAIOTCS
ONMMCAHHbIE METOJIbI U MaTeMaTHIecKuil anmapat. B To ke BpeMs TpaKTUIeCKnii
CHEeKTPAJIbHDBIN aHaJN3 HATYPHLIX CUTHAJIOB SBJISICTCA CJI0XKHOW MHXKEHEPHON 3a-
Jladeil ¥ Jijisi yCIIEIIHOIO ee pelleHus, KpoMe (hOopMaJibHOI'O BJlaJleHust Teopuei
CIEKTPAJbHBIX TPeobpa3oBaHuil, TpeOYIOTCS TepIeHue, ONbIT U HEKOTOpas JOJIs
3JIPABOI0 CMBIC/IA. DTH TPU KOMIOHEHTHI B YAAYHON MPOTOPIUU COCTABJISIIOT NC-
KYCCTBO CIIEKTPAJBHOTO aHaJu3a JaHHbIX. HacTrodmuit pa3jen mpu3BaH CyMMU-
poOBaTh MPUBEJICHHBIC CBEJICHUS O CIIEKTPAX U CIIYKUTH PYKOBOJICTBOM K ITPAKTHU-
YEeCKOMY IIPUMEHEHUIO allapaTa CIeKTPaJbHOro aHaJIn3a.

9.1 IlopgaoK oTcueToB

OCHOBHOI MHCTPYMEHT CHEKTPAJHLHOIO aHAJN3a — JIMCKPETHOE 1peodpasoBa-
aue Oypoe (AID). [Tpu Borauciaennn 11O Ha npakTike Beeria IPUMEHSIETCS aJl-
roputm Obicrporo npeobpasosatust Dypre (BIID). [Mopsiok orcueros npu BIID
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yaKe 00cyxKanca B pasaeae 5.7. 31ech NpUBeIeHD JIONOJHUTEIbLHBIC 3aMeYanua
1 0COOEHHOCTH, XapaKTepHble JJIs CIeKTPaJbHOI0 aHaJn3a CUTHAJOB.

IIpu criekTpasbHOM aHAJU3e UMEeT CMbIC] PacCMaTpuBaTh OTCUETbl ClEKTPa
X, upu |n| < N/2, nosromy mopsj 0K oTcyeros, noJydaromuiica nocjue BIID,
OKa3blBaeTcs B 9TOM ciiyudae HeyjadibiM. C JApyroil cropoHbl, IIpU ClIEKTPaJbHOM
aHaJIN3e BEIIECTBEHHOIO CUTHAJA MBI IIOJIy9aeM CIIEKTP, 00JIAJAONNil Caeryro-
IIIUM CBOWCTBOM:

X_, = X7,

qTO C y4€TOM IIE€PpUuOJUIHOCTH IIOCJICNO0BATE/IbHOCTHU Xn JaeT
*
Xyon = X7

Cuektp morrnoctn P, = \Xn|2 BEIIeCTBEHHOI'O CUTHAJIa OKa3bIBAETCS CUMMETPUY-
HBIM, IPUYEM yCJIOBUE CUMMETPHUU UMEET CJECIYIONUM BUJL:

Py_, = P,.

Taxum 0bpa3oM, JIJisi BEIIECTBEHHOT'O CUI'HAJA MOITHOCTD KaXKJIO# CIeKTPaJIbHOM
COCTABJIAIONICH OKA3bIBAECTCA PACIPEJICJICHHON MEXKJIy OTCYeTaMM, COOTBETCTBY-
IOHUMK [OJIOXKUATEJILHON ¥ OoTpunarejbHoit dacroram. OTIEJbHO CJeyeT pac-
cMaTpuBarh 4actorbl m = 0 u n = N/2, KOTOpbIM COOTBETCTBYIOT HENapHbIe
creKkTpaJbHbie cocTapsionme. Ormernm, 9To

1 N-1
XO = N Z Lk,
k=0
N-1

1
Xz =7 > (=D,
k=0

MMO3TOMY JIJIAd BEIIECTBEHHOI'O CUT'HAJIA OTCHETHI X() " XN/2 CIIEKTPa OKa3bIBalOTCA
BEIIIECTBEHHbBIMU.
Bwmecro CUMMETPHUYIHOI'O CIEKTPa MOIIHOCTH Pn 9aCTO PaCCMATPUBaAIOT TaK

HA3bIBAEMbIH OJIHOCTOPOHHUI CIEKTP MOIIHOCTH P, OlpejiesIeHHbIH TOJIbKO JJist
HEOTpUIATEJbHBIX YaCTOT:

(0 n <0

_ P —

p =)t =0 .
2P, 1<n<N/2-1
P, n=N/2
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Mowgrocmo cnexkmpanvnox cocmasasowur X, npu 1 < n <
N/2 — 1 cummempuuno pacnpedesena mesncdy omeuemamy, ¢ no-
A0ACUMENLHOT U ompuyamervrol wacmomamu. Hekmouenue co-
CMABAAIOM CNEKMPANLHLE COCTNABAAIOUUE € HYALBOT 4acTOMOT
(n=0) u ¢ wacmomot Hatixeucma (n = N/2).

Takum 0O6pa3oM, 1P CIEKTPaJbHOM aHAJIM3E BEIIECTBEHHOI'O CUI'HaJIa (Pak-
TUYECKH UCIOJIb3YIOTCsE 0TCHeThl criekrpa X, npu 0 < n < N/2, nosromy mpore-
Jlypa, CJIBUATA HYJIsl PEJIKO IIPUMEHSIETCsI B CIIEKTPAJILHOM aHaJIM3e.

9.2 Bpemsa n gacToTa
Pazpemmenue mo gacrore

Ecin ucxopuplit BpeMennoit psij juimabl N €CTh pesy/ibTaT JUCKPETU3alnu
AHAJIOrOBOIO CUTHAJIA, 3aJaHHOIO Ha WHTepBaJie HaOJoeHus JIUHbl T 1npu uH-
TepBaJie Juckperusanuu 7, 10 T = x(kT) u T = T/N. UurepBay mMex iy orcue-
TAMU CIIEKTPA, COCTABJISET B 9TOM CJIyUae

1 1

AT N

Takum obpaszoM, Ipejie/ibHOe pa3pelieHre 10 YacTOTe TeM BbIIle, YeM JIJINHHee
MHTEpBaJ HADJIIO/ICHUS.

[Ipn npumenernn BII® K BpeMeHHOMY psijTy MbI TOJYIUM /N OTCUETOB CIIEKTPA,
X,,. B aTom ciydae crekTpajbHOMYy oTcdeTy X, COOTBETCTBYIOT YaCTOTa,

n
n p— A = —_—
fo =nAf T
U epuo/l
1 T
Tn —_ - = —.
fn n

Cnexmpanvromy omewemy X, coOmeemcmeyem 2apMoHuKa, i Ko-
mopoti Ha urmepsane Habaodenus T ymewaemes poero n nepuo-
dos.

OTMeruM, 4TO paspereHne 10 4acToTe HOCTOSHHO U HE 3aBUCUT OT 3HAUCHMUSI
JaCTOTHI, pa3pelieHue »Ke 110 IeproJaM rapMOHKUK 3aBUCAT OT HMEpUOJIa U MAKCH-
MaJIbHO B 00JIACTH KOPOTKUX [EPUOJIOB (T. €. BBICOKMX YacToT).
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YacTora HajikBucTa B crieKTpe

[Tpu jiuckpernsaiuu ¢ MHTEPBAJIOM JIUCKPETU3AINN T B CUTIHAJIE COXPAHATOTCS
TaCTOTHI BILIOTH 70 dactorhl Hajiksucra (Teopema HaiikBucra o Hasoxenun)

1

[

Yacrore HaiikBucra cooTBeTcTBYeT OTCUYET CIIEKTPA ¢ HOMEPOM

T N
ne = f, I = — = —.
/ 2T 2
JluckperHas rapMoHUKa, ¢ 4acTtoroit HalikBucTa nuMmeer Bu
), = exp(i27 f.k7) = exp(ink) = (—1)F.

OOBITHO MHTEPBAJI INCKPETUZAINT UCXOIHBIX JIAHHBIX OBIBAET BHIOPAH B COOT-
BETCTBUM C IIPUHIMIIOM HEHAJIOXKEHUsI 4acToT. Kciu »Ke JlaHHbIe 110103PUTE/IbHbI
Ha IIpeJIMeT HelIPpaBUJILHOI'O BLIOOPA MHTEpPBAJIA JUCKPETU3AIUT, TO CIeyeT BHH-
MaTeJIbHO CJIEJIUTh 33 3HAUEHUsIMU OTCUeTa ClieKTpa ¢ uHjekcom N/2.

IIpu npasusvrom 6vi6OPe UHMEPBAAGL QUCKPEMUIAUUL OMCUEM,
cnexmpa X /o 6ce2da nyaecoti. Omauynoe om nyai 3HaHeHue om-
cuema Xy — 6epnoill npusHak npoAGACHUA dPperma mackupos-
KU _4acmonm.

DToT perent He Beerga paboraer (MOXKHO TOJYIUTh HYJIEBOE 3HAYCHIE Ha da-
crore HaiikBrcra u ipu HeBepHO BHIODAHHOM MHTEpBaJIE JMCKPETU3AIINHN ), HO MHO-
IJ1a OKa3bIBACTCA MOJE3HBIM.

Be3pa3zmepHoe Bpems u 6e3pa3MepHas IacTOTA

Yacro yin00H0 paborars ¢ 6e3pa3MepHbIMU €JIMHUIIAMU BpeMeHu u be3pa3Mep-
HBIMU €JIMHUIIAMU YacTOThl. Be3pa3MepHble eJIMHUITLI COIVIACOBAHbI C BLIOpAHHbBIM
MHTEPBAJIOM JIMCKPETU3AIIUN.

[Tycrs 3aan curnani x(t) u uarepBas guckpernsanuu 7. [lepeitiem K 6e3pas-
MepHOMY BpemeHu S 1o dopmyse t = s7. B GespazmepHoM BpeMeHH TOJIYYUM
HOBbII curHas T(s) = x(sT).

Jlnckpernsaius 1CXoIHOIO CUTHAJIA C MHTEPBAJIOM JIMCKPETU3AIUNA T COOTBET-
CTBYET JINCKPETU3AINN CUIHAIa T(S) mpu uHTepBase auckperusamun As = 1:

xp = x(kt) = 2(k).

Ejmnnna nsMmepenust 6e3pa3MepHOro BPEMEHU COBIIAIAeT C MHTEPBAJIOM JIUCKPe-
TU3AIUU CUT'HAJIA, T. €. De3pasMepHoe BpeMsi (paKTUIECKU U3MEPSETCs B OTCUeTaX.
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Ennntieit nuamepenns: beapaszMepHoro mnepuojia 1’ sBisgercsa nHTepBaJl JUCKPe-
TH3AILWH, T. €. De3pasMEePHbIl TePUOJI U3MEPSIETCsT B OTCUETaX:

T ="1TT.
CoOTBEeTCTBEHHO JIJIsE YaCTOTHI IOJIydIaeM COOTHOIICHHE

1 1 f
/= T Tr 7
rie f = 1/T — 6e3pasMepHas 4acToTa, KOTOPas M3MEPSAETCA B «OOPATHBIX OT-
cuerax» (1/f ecrh GespasMepHbBIil IEPHOJ, B OTCUETAX ).
I[IycTh BpeMenHoit ps o), umeer aauny N orcueros. Pazpemenue no 6espas-
MEPHOI HaCTOTe MPHU CIEKTPAJILHOM aHAIU3E 3aBUCHT TOJHKO OT JITMHBLI BPEMEH-
HOT'O PsiJIa:

Af:AfT:%.

CriekTpasibHOMY oTcuery X, COOTBETCTBYIOT Oe3pasMepHasi qacToTa,

fn:fnT:%

u O6e3pa3MepHbIil Tepro/L

— N
T, =—.
n

Bespasmepnasi vacrora HajikBucra papHa

- 1
f*—E-

Br160p mHTEpBaJia AUCKpPETU3aInun

[Ipu obOpaborke HATYypPHbBIX JIAHHBIX PEJIKO IPEJIOCTABJISIETCS BO3MOXKHOCTD
POU3BOJBLHO BBIOMpATh WHTEPBAJ JUCKpETHU3aluu. BpeMeHHOe paspelienue
OOBIYHO OIPEJIE/ISIeTCs] BO3MOXKHOCTSIMU UCIIOJIb3yeMOit alnaparypbl. B ciaydae 00-
pabOTKM pe3yJIbTaTOB MOJICJINPOBAHUS OOBITHO UMeeTCsl DOJIBIINIT TPOU3BOJI B BbI-
Oope MHTepBaJia JUCKPETU3AIINN.

B ob11ieM cirydae HHTEpBaJI JIUCKPETU3ANNN OTIPEJIE/ISIeTCS 3HAUCHUEM HAWBbIC-
el 4acToThl, KOTOPYIO CJejyeT MPpUHUMaTh BO BHUMaHue. [Ipu srom Bennanny
MHTEpBaJa JIMCKpeTUu3aliuu BbioupaloT B coorBercrsun ¢ kpurepuem Hailiksucra,
HO OOBIYHO C 3aIIacoM B 2-D pas, T. €.

o a
B Qfmax,
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rie « npuHuMaeT 3Hadenus ot 0.5 no 0.2. Ecau unTepBaa IUCKpeTU3aluy 3a1aH
M3HAYAJILHO, TO CJEJyeT UMEeTh B BUJY, U9TO IO CIEKTPY MOYXKHO OyleT yBepeHHO
HJICHTUPUIUPOBATD JIMIID CHEKTPAJIbHBLIE COCTABJSIONIME ¢ YaCTOTAMUA HE BBIIIE,
deM 1oJioBuHa (a npu neccumusme — 1/5) qacrorsr Haiiksucra.

Hrnmepsan duckpemusayuu onpedessem mMaxcumasbryo nabaroda-
eMY10 6 Cnexkmpe “acmomsy.

Bp16op aamHBI MHTEpPBaJIA HAOJIIOEHUSI

BTopbIM BOIIPOCOM IIPH IIOJIOTOBKE JIAHHBIX SABJISIETCS BBIOOD JJIUHBI 0Opada-
THIBAEMOT'O BPEMEHHOTO Psijia. JMCJIO OTCIETOB BO BPEMEHHOM Psijie ONPEIe/IsieT
JUINHY WHTEepBaJia HaOJII0JIeHNs, KOTOPBI, B CBOIO O4Yepejib, OIpPeJesseT MUHU-
MaJIbHOE JIOCTYITHOE pasperieHue 1o dacrore. [loaromy Heobxojmmasi jjiuHa Bpe-
MEHHOTO PsIia OIpeJessieTcsl TpeOyeMbIM paspelleHneM 110 JacToTe, WK, 9TO TO
2Ke, 4aCTOTOI caMOi HU3KOYAaCTOTHON MHTEPECYIOIeil HaC CIIeKTPaJbHOI cOCTaB-
asiiorniedi. Ilpejiesibroe pasperienue 110 dacrore (a 3HAYUT, U JUIMHY BPEMEHHOIO
psijia) CIeyeT BHIOMPATh TaKUM 00Pa3oM, ITOOBI OTCUET, COOTBETCTBY IO MU-
HUMAJILHOW MHTEPECYIOIeil Hac 9acToTe, ObIJI XOPOIIO OTJIEJIEH OT HYJIEBOTO OT-
cuera. [TosToMy JIMHY BpeMEHHOTO psijia OOBIYHO BBIOMPAIOT C 3aIl1acOM He MeHee
JeM B 2-O pas, T. €. 5

=AF
rje [ IpuHuMaeT 3HadeHus OT 2 0 D.

[Tpu obpaborke HATYPHBIX JJAHHBIX YaCTO OKA3bIBAETCS TaK, 4TO JIJIMHA Bpe-
MEHHOT'O PsiJia OIpeJie/isieTcsl caMiM (DAKTOM HAJUUMS JAHHBIX U HE MOYKET ObITh
BbIOpaHa, MPOU3BOJILHO. B 3TOM cjydae, ecjiv JaHHBbIX MaJo, TO UX KOJUYIECTBO
ompeJiesisgeT IpeieTbHOE pa3pelleHne 0 JacToTe, KOTOPOe ITPEB30UTH HE YIACTCS.
[Ipu 3TOM CiejlyeT uMeTh B BUJLY, UTO B CIIEKTPE OYAYT YBEPEHHO MJICHTUDUIUPO-
BaThCs TOJILKO ClIEKTPaJIbHbIE COCTABJISAIONIME C 110 KpaiiHe Mepe BJiBoe DOoJiblliei
4acTOTOl, YeM (OpMaJibHO BBIYUCJEHHOE IIPeJie/IbHOEe pa3pelleHue 0 JacToTe.
Eciin »Ke JJlaHHBIX MHOT'O, TO MOXKET CJYUYUTHCS TaK, 4TO XKeJlaeMoe paspelieHue
10 YaCTOTE yJAeTCs IMOJYUUTh Y2Ke IIpu 00paboTKe ux MaJjioit qactu. B arom ciy-
4ae MOsABJISIETCS BO3MOXKHOCTH OTCJIE/INTH BPEMEHHYIO SBOJIIOINIO CIIEKTPAJIbHOIO
COCTaBa CHUTHAJIA C IMOMOIIDLIO T. H. ckojab3saiiero II1®. Ecan ke B nabdmogaeMom
CUTHAJIE TTPUCYTCTBYIOT TIYMbI U JIPYT'UE CJAydaiiHbie COCTABJISIONINE, TO CJIE/LyeT
00paTUTHC K METOJIaM CIEKTPAJIbHOIO aHaJM3a CJydYalHbIX CUI'HAJIOB, KOTOPbIE
IIO3BOJIAIOT MCIIOJIB30BaTh U30bITOUHbBIE JaHHbBIC JIJIs YBEJUUCHUS] TOUHOCTH OTICH-
KU CIIEKTPA.

Yueno omeuwemos onpede,/mem npedemmoe PASPEWEHUE TIO LACIMO-
me.
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EqunHunbl n3mMepeHns 9acTOThI

st u3MepeHusi OTHOCUTE/IbHBIX 3HAYEHUN 4YaCTOT HCIHOJIb3YeTCs 3auMCTBO-
BaHHOE U3 MY3BLIKH MOHATHE OKTaBbl. JKkmasot Ha3bIBAETCS WHTEPBAJ, Ha KOTO-
POM IPOUCXOJIUT yABOeHKHE dacToTbl. Jacrora 440 I'ty orimuaercs OT 4acTOThI
880 'y ma oxny okTtaBy. Ilpm yBemmvuennn 9acToThl Ha OJHY OKTaBy Ha OTPE3Ke
JUIMHOMN B OJIMH TIE€PUOJi FTADMOHUKK HAYMHAET MMOMEIAThCs JIBa MMOJIHBIX TEPUOJIA.
Hcnonb3oBanne OKTaB 3KBUBAJEHTHO MPUMEHEHUIO JJIsT U3MEPEHNs JacTOT JIOTa-
prudmMuaeckoii mmkasbl (¢ sorapudmom 1o ocuoBanuio 2). Jlorapudmudeckas mka-
JIa SIBJISIETCSI B HEKOTOPOM CMbICJIe HAubOoJIee eCTeCTBEHHBIM CIIOCOOOM U3MEPEeHUst
OTHOCHTEJIBHBIX 3HAYCHUH 9acTOT*®, MOCKOJNBKY OHa ODCCIICUHBACT HOCTOSHHYIO
CTelleHb JIeTaJlu3aluu BJIOJIb OCU YaCTOT.

9.3 IlpenobpadboTka JaHHBIX

[Ipu mpoBejieHnn CHEKTPAJLHOIO aHAJIM3a YacTO MPUXOJUTCA TPOU3BOJIUTH
TaK Ha3bIBaEMYIO 1PeJ00PabOTKY JaHHbBIX, MO3BOJIAIONIYIO U30aBUTHCS OT HEKO-
TOPBIX BPEJHBIX CIEKTPaJbHBIX 3P (DEKTOB.

HNckiaoyenne moCTOAHHOI COCTAaBJIAIONIEI

Hynesoit oTcuer crmekTpa paBeH cpeJHeMYy 3HAUYEHHIO OTCUETOB aHAJHU3UPYe-
Moro curtaja. OTauIHOe OT HyJisi 3HAYEHUE HYJEBOTO OTCUETa, CBUJIETE/ILCTBYET
O IPUCYTCTBUHU B CUTHAJIE ITIOCTOSHHON cocTaBgromneit. [lpn 3anmmucu curnana B Ha-
TYPHOM 3KCIIEPUMEHTE ITPUOOPHI BCEr/ia HACTPAMBAIOT TaK, YTOOBI 110 BO3MOXKHO-
CTU YMEHBIIUTH TTOCTOSTHHYIO COCTABJISIIONTYO (TP YKEJAHUHN €€ MOXKHO U3MEPUTH
Hes3aBrcrMo). TIprcyTeTBie NOCTOSHHO COCTABIISIONIEH B HATYPHBIX JAHHBIX Ya-
CTO TOBOPUT O CJBUTE HYJA Y PErUCTpUpYIoMeil anmaparyphl. [locTogaHas co-
CTaBJIIONIAs He HeceT NH(MOPMAIMKU O CIEKTPaJbLHOM COCTaBe CUIHAJA U JIOJ2KHA
UCKJIIOYATHCS 11epej] CIIeKTPaJIbHbIM aHaJu30M. [lj1st MCKJIIOUeHUs TOCTOSTHHON CO-
CTaBJIAIONIECH OT BPEMEHHOTO PsJia T NEePEeXOJIAT K Py

T = T — M,

rJie m — cpejHee 3HaYCeHUEe OTCUYCTOB BPEMEHHOTO PAJIA.

HeobxouMocTh NCKJIFOUEHUs TIOCTOSTHHOM COCTABJISIONIECH CBA3aHa C TeM, 4TO
OHA, MPAKTUUIECKN UCKJIOUYAET BO3MOXKHOCTDH UJIEHTU(MUKAIUNA OTHOCUTEIBHO HU3-
KOYaCTOTHBIX COCTaBJAIONINX, MCKaKad JO0 HEY3HABAEMOCTU HU3KOYACTOTHYIO
JacTh cIekTpa. [lejgo B TOM, UTO MOCTOSTHHONM COCTABJSIONIECH COOTBETCTBYET HY-
JIeBasl 4acTOTa W OHa CUJIHLHO 3aJIUpaeT 3HadeHne HyJIeBOTO oTcueTa cnekTpa. [lo-
CKOJIbKY CIIEKTP CUTI'HAJIA SIBJISIETCS HENPEePbIBHOM (DyHKIMEl, 00JIbIoe 3HAUEHE

43Ha CJIyX 3BYKU C 4aCTOTaMU, OTJIUIAIONIUMUCA Ha OKTaBY, BOCIPUHUMAIOTCA KaK OJUHAKOBBLIC TIO TOHY, HO
Pa3/JIHYIHBIE IIO BBICOTE.
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HYJIEBOT'O OTCYUETa TIPUBOJIUT K 33/ INPAHIIO 3HATCHUI U COCETHIX OTCIETOB (Hempe-
phbiBHast (DYHKIMST HE MOYKET MIHOBEHHO YMEHbBIITUThH CBoe 3HaveHue). B pesysbra-
T€ OTHOCUTEJIbHO HUBKOUYACTOTHBIE COCTABJISTIONIUE ITPOSIBJISIIOTCH KakK HEDOJIbIIINE
UKW Ha HECIaJaloneM (pporTe, Ha (poHe KOTOPOro OHM YacTO HE3aMETHHDI.

Iocmoannyio cocmasagowyro caedyem 6ce2da UCKAOUAMD.

Ncnonp30Banmne OoKOH

[Tpu cuiekTpajibHOM aHaJIU3e UMEIOT JI€JIO C BPEMEHHBIM PsiJIOM, SIBJISAIONIUMCSH
pe3yIbTaTOM HAOJIIOJIEHUs CUTHAJA Ha KOHEYHOM WHTepBaJje Habsojenus. Kak
110Ka3aHO B pasjiesie 7.3, KOHeYHOCTh BPpeMeHU HabJIIOJIEHUsT IPUBOJIUT K 10siBJIe-
HUIO TTPOCAYMBAHUS, B PE3yJIbTATe KOTOPOTO CHEKTPAJbLHBIE COCTABJISIONINE «3a-
I'PSIBHAIOTCS» COCEJIHUMU OTcueTaMu criekTpa. [IpocaunBanue cyniecTBeHHO UC-
KayKaeT CHEKTPBI Y3KOMOJOCHBIX CUTHAJOB, TTPUBOAA K 3aIUPAHUI0 WX BBICOKO-
JacToTHOM 4YacTu. llpu cnexkTpasbHOM anaju3e Bcerja MpuUMeHSETCS BpeMeHHOe
OKHO, ObeclieunBalollee MOCTeleHHbI BBOJ| BDEMEHHOI'O Psijla Ha MHTEPBaJl Ha-
OJITOJICHNS U BBIBOJL M3 HETO, YTO yMeHbIIaeT Biausdnue s¢dpdekTta nmpocadnpanmst,

OOBIYHO MCIOTB3YIOT JUCKPETHOE OKHO XaHHa BU/IA

1 2k

gn (k) D) 1—COSW ;

rae N — JUIMHa BPEMEHHOTO psja. PaccmorpuM Biausnue okHa XaHHa Ha, CIEKTP
BpeMenHoro psiia. Obpasyem 10Cae0BATEBHOCTD Yy 10 npasuiy Yr = gy (k)xg.
13 TeopeMbl O JIUCKPETHON MUKJINIECKOH CBEPTKE CJEYET, U4TO

1 N-1
Y, =~ ]z; GiXnj.

Borancnmm cekTp okHa XanHa. [lockombky

11 1 | I S R
gy (k) = 5 2 exp(i(2m/N)k) 4eXp( i(2r/N)k) = 5 4WN 4WN :
TO
a - —1/4 In|=1 |
/2 n=0

OKoHYaTeTbHO MOJTyIaeM

1
Z(_Xn_l +2X, — Xoq).

Takum obOpazoMm, YMHOXKEHHE CHUI'HAJa BO BPEMEHHON 00JIacTH Ha OKHO XaHHa
COOTBETCTBYET CIJIaXKUBAHUIO CIIEKTPA B YaCTOTHOI 00JIACTH.

Y, =

41 data windowing

95



JlotiosTHeHEe HYJIAMU

IIpu mcnonpzoBanun ajsa Buraucaenus JIIP mponenypor BIID mmuny mpe-
o0pasyeMoil 110C/ie/I0BATE/ILHOCTU IPUXOJUTCS BbIOMPATh PABHOMN 11€JI0f cTereHu
JIBOWKH. DTO YCJIOBHE YaCTO OKA3bIBAETCS M3JIUIIHE CTECHSIIOIIIM.

Hnst Berauciaenus: 11O BpemeHHOTO Psijia, MMEIOIIEro JIJIUHY, OTJIMIHYIO OT
TI€JI0fl CTENeHN JIBOWKY, IPOU3BOIAT OMEPAIHIo donoanenus nyaamu'®. [Ipu sTom
K BPEMEHHOMY Psijly JIOOABJISIIOTCS HYJIEBbIE OTCUYETHI TaK, YTOObI JIJINHA, MTOJTy YeH-
HOM 110CJICI0BATEJILHOCTU OKa3aJaCh IEJI0M CTEIeHbIO JIBOWKU.

[Ipu Jlo1mOJIHEHUK HYJISIMU CJIEJIYeT MOMHUTD, UTO CJABHUI' HYJIS JIOJ?KEH BBIIIOJI-
HSTHCS JI0 JIONOJHEHUSI BPEMEHHOTO psijia HyJisimu. [Ipu sTom mar mo dacrore
B IIOJIYUEHHOM CIIEKTPEe OIIpeJIesIsieTCsl JIIUHOM Beeit obpabaTbiBaeMoil Iocie10Ba-
TeJHHOCTH (BKJIIOUAst JIOOABICHHBIE HYIIN ).

[TocsieiHee 3aMedanue JIEXKUT B OCHOBE HIPOCTOI'O METOJIa, TOBbIIIEHUs 4aCTOT-
HOT'O pas3pelleHusl CIIeKTPa: YBeJHInBas JIIMHY BPEMEHHOI'O PsiJjia 33 CUeT JI0IO0J-
HEHUST €ro HyJIsIMU, MOYKHO yBEJNUINTh paszperienne 1o gacrore. Ciepyer oHaKko
MOMHUTH, UTO yBEJUUEHHE YACTOTHOIO pa3pelleHusl IMyTeM JOIOJHEeHUS HYJIsIMU
HE MPUBOJIUT K YJIYUIIIEHUIO Pa3perieHus JIJisd MaJjbiX 4acToT. Kak u paHbIie, Mu-
HUMaJIbHAsT UJeHTHDUIUPYeMasi 110 CIEKTPY YaCTOTa OIPEIENAeTCs JINIID JIJIh-
HOW HCXOJHOTO BPEMEHHOTO psijia (710 jonosiHenus Hyssmu). [leiicrBuresbHO, s
uJIeHTU(MUKAIMY CHEKTPAJbHONW COCTaBJISIONIEH HEOOXOIMMO, YTODObI Ha OTPE3Ke
HAOJII0/IeHNs TIOMEINAJICs, 110 KpaiiHeil Mepe, OJMH IIepHOJ] COOTBETCTBYIOIIEH Tap-
MOHWKHW (Ha MpaKTHUKe JIJIsi yBePEeHHO# uieHTudrKanum rpedyercs 2-5 neprojios).
Taxum 0Opa3oM, B pe3ysIbTaTe JOMOJHEHUs HYJISIMU B CIEKTPE OSIBJISIOTCS JIOXK-
HbIE OTCYETHhI B 00JIACTU CAMbIX HU3KUX YaCTOT.

9.4 InaTepnupeTraliud COeKTpa

CrexTp curfaJjia 1mo3BoJsieT UAeHTU(OUIINPOBATH CIIEKTPAJIbLHBIE KOMIIOHEHTHI,
obpasylolnye CUrHaJ, ¥ YKa3aTh UX 4acTOThl. [l BU3yaJbHOIO aHAJIM3a, aMILIU-
TYJIHBIA CIIEKTD (mm CIIEKTP MOHLHOCTI/I) MOXKeT OBITH IPEJICTaB/IEH KaK I'paduk
3aBUCAMOCTH aMILJIUTY/ b (COOTBeTCTBeHHo MOHIHOCTI/I) CIIEKTPAaJIbLHOW COCTaBJIA-
[OIEe OT YaCTOTHI.

[Ipu wmuTEpHpeTanuy clekTpa IIMPOKO MCIOJb3yercs TeopeMma Ilapcesadisi,
IIO3BOJIAOIIAs] MHTEPIPETUPOBATL CIEKTP KaK I'pacuK paclpejiesieHus CyMMap-
HOI MOIIHOCTU CHUI'HAJIA 110 4acToTaM. B CBsi3M ¢ 3TUM CIEKTDP MOIHOCTH \Xn\Q
UCHIOJIL3YIOT Yallle, YeM aMIIUTYIHDIA CIEeKTP \Xn|

Ha npakTnke Ba>XHO SICHO TOHUMATH (PU3MIECKNI CMBICJI 3JIEMEHTOB CITIEKTPA,
910 TPpEdyeT JI0CTATOYHO OOJILIIOIO OlIbITA, HO 3810 [IO3BOJISAET JIeJIaTh HEKOTOPhIE
BBIBO/IbI O IIPUPOJIE UCCIIEIYeMOro CUTrHaJja yKe IIpu OJITHOM BU3YaJIbHOM PaCCMOT-

45zero padding
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Puc. 10. Cuexrp npu T'= 8

?TTTTI ITTTT?V?VVVVVVVVVoVVV@V@ T ?

Puc. 11. Cuexrp npu T' = 10, cupaBa — ¢ uCrojb30BaHneM OKHa U CJeBa — 0e3

peHun ero criekTpa MolHocTeil. K npumepy, nepuojndeckre U KBa3UIEPHUOJIH-
JeCKHUe IIPOIECChl UMEIOT fAPKO BbIPAXKEHHDLIN JIMHEHYATHIM CHEKTP, B TO BPeMsI
KaK CTOXaCTUYeCKHUe IIPOIECChl XapaKTEepU3yIoTCs CIJIOIIHBIM CIEKTPOM, B KOTO-
POM OTJIEJIbHbBIE CIIEKTPaJbHbIE COCTABJISIONINE [IPEJICTAaBICHbI OOBIYHO B PaBHO
CTEIeHN.

XapaKTepHbIi CIEKTP

DKCIEPTHI 9ACTO UCHOJIB3YIOT IMIUPUIECKOE TOHSATHE «IETKOI'O MAKCHMYMay
CIEeKTPa — 39TO BBICOKUI y3KUI MAaKCUMYM, COOTBETCTBYIOIUI IIPUCYTCTBYIOIIEH
B CUI'HAJIE 4aCTOTe, XOPOIIIO OT/ICJICHHBIA OT COCeJHUX MAKCUMYMOB [IPOMEXKY TKa-
MU € TPAKTUIECKN HYJIEBOM MOIMHOCTHIO. « XapakmepHvimy HA3bIBAIOT CIIEKTP, CO-
CTOSIIIUI W3 OIHNX YeTKUX MakcuMyMoB. CripaBeI/IMBOCTH PaJin CIEyeT CKa3aTh,
4TO XapaKTepHbIE CIEKTPHhI B peaIbHBIX 3a/avaxX MPaKTUYIECKH He BCTPEYarOTCs.
Bo MHOrUMX citydasix MAKCHMyMbl CIIEKTPa OKA3bIBAIOTCS PA3MBITBIMU (<«ITHPO-
KAMW» ), 329aCTYI0 MOIHAS CIEKTPATbHAST COCTABJISIONIA ¢ MHPOKUM MaKCHMY-
MOM <«MaCKHUPYeT» COCEeJHUE COCTABJAIONNE — COOTBETCTBYIOIIUE UM MaKCUMY-
MbI CIIEKTPa PUXOJATCS Ha (DPOHTHI DOJIee MOIHOI'O MAKCUMYyMa, U OKa3blBAIOTCsH
Ha ero (oHe eJiBa 3aMETHBIMU. YCIENIHbIIl BU3yaJbHBI aHAJN3 CIIEKTPOB SBJIS-
eTcst UICKYCCTBOM, TPEOYIOIIUM HAJIMIKUS OIbITA.
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CnekTp rapMOHUKH

Orcuers! ClieKTpa COOTBETCTBYIOT Oe3pasMepHbiM Yacroram f, = n/N, koro-
pble PaBHOMEPHO pacIpe/ie/IeHbl [0 BCeMy Jana3ony JacToT. Hamporus, nepuojt
n-ro BJIeMeHTa crekTpa ecth 1, = N/n, 103ToMy 1eprojibl pacipe/ieeHbl Ha OT-
peske [2, N| HepaBHOMEPHO — IJIOTHO B 00JIACTH BBICOKOUACTOTHBIX KOJeOAHMI
U BecbMa PeJIKO JJIs HU3KOYACTOTHBIX. TakuM oOpa3oM, MpH 3aJIaHHON JIJTIHE
BPEMEHHOI'O Psijla BbICOKOYACTOTHDBIE CIIEKTPAJIbHBIE COCTABJISIIONINE MOIYT ObITh
JIOKAJTM30BaHbI TI0 MEPUOJIy BeCbMa TOYHO, HU3KOYACTOTHBLIE XKe JIOKAJUIYIOTCS
IJIOXO U TE€M XYy»Ke, YeM HMXKe UX 4acToTa. lakasi HepaBHOMEDPHOCThH — €IIe OJ[HO
nposiBJieHne (pyHIaMEHTAJIHHOTO TTPUHITAIIA HEOTIPEIeIEHHOCTH: TIePUOJ] FapMOHY-
KU JIOKAJIM3YETCS TeM JIydilie, 4eM OO0JibIlle OTHOCUTE/bHOE BpeMsi HaOJIIOJIeHUs
0 OTHOIIEHUIO K MEPUOJTY JIOKAJTN3YEMOi rapMOHUKH.

[Ipu crekTpajbHOM aHajU3e CUI'HAJA Mbl MJACHTUMUIUPYEM CIEKTPAJIbHYIO
KOMITOHEHTY TI0 PACHOJIOXKEHUIO U BUJIY COOTBETCTBYIOIIETO € MaKCHMyMa CIeK-
Tpa. Kciu rneproj; rapMOHUKY COBIAJAET ¢ IEPUOJIOM OJIHOT'O U3 3JIEMEHTOB CIIEK-
Tpa, TO MBI MOYKEM HaJIeIThCsl HA XapaKTEPHBIH CIEKTP ¢ YeTKUM MaKCHUMYMOM.
Ecin »xe nepnoji rapMOHUKHN PACIIOJIOXKEH JIAJIEKO OT MEepHUOJIOB 3JIEMEHTOB CITeK-
Tpa, TO MOIHOCTh 'APMOHUKK Pa3Ma3biBAE€TCs 110 COCEJIHUM JIEMEHTAM CIIEKTPA.
Vcnonb3oBanue okHa, ocyiabiger 3h@eKT pasmasblBaHKd, HO CAMO OKHO TaKXKe
YXYJUIAeT JIOKAJIM3AIMI0 3JIEMEHTOB CIIEKTPa 110 YaCTOTE 38 CUET CIVIaXKMBaHMUS.
IMpumep. [lycrs aus rapmonnydeckoro curnana oy = sin(2nT k) mpn 0 < k <
N Boraucisercs amiaryanbiit cuekrp A, = | X,| upu N = 64. Ha pucynkax 10
u 11 (ceBa) mokazan JuHeivaThiii crekTp st ciydaes T = 8 u T = 10, koTopbie
MaJIO OTJIMYAIOTCs 110 Yacrore. BujiHo, 4ro B iepBoM ciyuae pasercrso T = N/8
obecrieunBaeT KadeCTBEHHYIO JIOKAJIM3AIUIO, BO BTOPOM K€ ciiydae HabJIioJ1aeT-
csl CUJIbHOE pasmbiThe MakcuMmyma. Ha pucynke 11 cipaBa 1mokasaH CIEKTDP Hpu
T = 10, Ho B cayvae MCHOJB30BaHUsA OKHa XaHHa. PazMmasbiBanue 371ech MeHee
3aMETHO, HO MaKCUMYyM CTaJl MEHEe YETKUM.

Kparabie TapMOHUKHT

YHacTo creKTpaJsbHbll aHAJM3 CUCHAJA UCIIOJIb3YeTCs JIJisi BblsABJICHUS XapaK-
TEPHBIX JIJIsl HETO MEPUOJUIHOCTENR. 3/1eCh UMEIOTCsT HEKOTOPbIe OCOOEHHOCTH, KO-
TOPBIE PACCMOTPEHBI HUXKE.

Ecnu x(t) — nepuoguueckast GyHKIMsI ¢ TeproioM 1, To ee MOXKHO MpeJIcTa-
BUTH B Buje paga Pypoe:

x(t) = i C exp(i2mn fot).

n=—oo
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T TH MTTT”TMWT
Puc. 12. Cnekrp npu T = 16 (caesa) u T = 18 (cipasa)

f I vHT p 1o

Puc. 13. Cnekrp npu ucnosbzopanun okha (1 = 18)

CHGKTp TaKOI'O CUI'HaJla UMeeT BU/.
X(f)=>_ Cud(f —nfo).

Takum 00pa3oM, CHEKTP MEePUOJAMIECKOT0 CUIHAJA OKA3bIBAETCS JUCKPETHDIM
U COJIEPXKUT MOMUMO OCHOBHOW YacTOTHI f(, rapMOHUKHU ¢ dacTtoTamu k f.
IMpumep. Ilycrs g nepuogudeckoro curnana rp = [sin(2707k)]° npu 0 <
k < N Buraucisercss aMmaaTyaubii cnektp A, = |X,| npu N = 64. Ha pucyn-
kax 12 nokazan JjuHeiiuaThiii criekTp Juid ciaydae 1' = 16 u T' = 18. B neppom
cJIydae siCHO BUJIHBI KPATHbBIE TAPDMOHUKM, BO BTOPOM K€ CJIydae aMILIATY/1a KarK-
JIOM TapMOHUKHU Pa3Ma3bIBAETCS MO COCETHUM JacTOTaM, UTO JIeJaeT CIEKTp elre
boJsiee cioxubiM. Ha pucynke 13 nokasan crexktp nipu 1T = 18, HO B ciiyudae uc-
MOJTb30BAHMS OKHA XaHHa.

Oyukius x(t) HABBIBAECTCS K6A3UNEPUOIUNECKOT, €CIIN OHA MOXKET ObITh PEI-
CTaBJICHA B BU/IE

x(t) = (2w fit, 2w fot, . .., 27 fint),

riae gynkinusa p(aq, ..., Q) ABISETCsT 2T-IEePUOJXIECKON 110 KayKJI0i IepeMeH-

noii*® a wacrorst fi,..., f, Hecousmepumpi?’.

46T, e. mpu JIIOGBIX U1, . . . , Oty H JIIOOBIX IEJIOUHCIEHHDBIX 101, . . . , Ty, BBIIOJIHACTCS PABEHCTBO z(aq+27mn1, ag+
2Ny ey Qu + 27T00) = (0, g, . o Q).

“"Yucna f1,..., fn HA3BIBAIOTCS HECOU3MEPUMBIMHE, €CIM He CYIIECTBYET TAKOTO HMHCIa, fg, UTO BCE fi ABIA-
FOTCS €T0 MEJBIMUA KPATHBIMHU.
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BuIupcanM CIeKTp KBa3HIEPUOIMUECKOro cHurHaja. Jjsi 9Toro pasiiosKum
o(ay ..., ay) B kparnbii pag Oypne?d:

olag, ... qp) = Z Chy.oom €xpli(nion + ...+ iy
Nyyeeesm

Torma
p(t) = > Cuyoony XPlI27(n1f1 + o A M frn)1].

CHGKTp TaKOI'O CUT'HaJla UMeeT BUJ:

X(f) = Z Cnl,-.-,nm(s[f —(nufi + . f)]

Takum 00pasoM, CIEKTP KBa3UIEPUOJMUYECKOI'O CUI'HAJIA COJIEPXKUT BCEBO3MOXK-
Hble JTUHEeAHbIe KoMOuHAId Ny f1 + ... + Ny, frn €ro gacror fi, ..., fm.

dopwma crieKTpa MO3BOJISIET CJeJaTh BbIBOJ, O MPUPOJE CHUTHaJA. [apmo-
HUYECKWI CUTHAJ UMEET HMITYJIbCHBIH crekTp. CrmekTp HerapMoHmdeckoro 71-
MEePUOJINIECKOTO CUTHAJIA SABJISIETCS JIMHERIATHIM U COJMEPIKUT CIEKTPAJIbHBIE CO-
CTABJISIONIME, COOTBETCTBYOIME KpaTHbIM dacroraM nfy, rae fo = 1/T — xa-
pakTepHas JacToTa curfaja. CrnekTp KBa3ulepuoInIecKoro CUrHajia ¢ 4acTora-
MU f1,..., fm TAKXKe UMEET JUCKPETHBIH XapaKTep, HO COAEPXKUT CIEKTPAJIbHBIE
COCTaBJIAIONINE, COOTBETCTBYIONTNE BCEBO3ZMOXKHBIM TIEJIOUNCTEHHBIM JIUHERHBIM
KOMOMHAIMSM XapaKTePHbIX YaCTOT CUTI'HAJA. e 4ncjio XapakKTepHbIX 4acToT
BEJINKO, TO JIMHUU B CIIEKTPE MOTYT OBITH PACIOJIOXKEHBI BECbMa, I'yCTO, HO CIIEKTP
COXpaHseT JInHeldaTocTh. TakuM 00pa3oM, ¢ yBEeJIMYEHUEM CJIOKHOCTU CHUTHAJIA
YBEJIUUUBACTCH U KOJUIECTBO HEHYJIEBBIX 3JIEMEHTOB CIEKTPA.

3amada 9.1. Curnaj, crekTp KOTOPOro COCTOUT W3 JIBYX CHEKTPAJIHHBIX CO-
crapyisifomux ¢ dacroramu 10 I'p m 45 'ty cooTBETCTBEHHO, JIMCKPETUIUPYETCS
¢ yactoToit nuckperuzanuu 60 I'n. Kakue crnekTpasbHble COCTABISIONNE TPUCY T-
CTBYIOT B JINCKPETU3UPOBAHHOM curhaJie B roJjioce 0—60 I'm.

Eauannbr n3amepeHnst MOOTHOCTH

[Ipu uzmMepennr OTHOCUTE/ILHBIX 3HAYEHUIT MOIIHOCTH CHEKTPAJbHBIX COCTAB-
JISTIOTITUX TITUPOKO UCIIOJTB3YeTCs creruduieckas eJIMHUTA U3MEPEeHUs — JIennoedt.
['oBopsiT, uTO MOIHOCTH P oT/indaeTcs or MolHOCTH P Ha

Py

D — 10 loglo F
2

483 11ech MBI HCTIOJIL3YEM ANIapaT MHOTOMEPHEIX psnoB @ypbe, KOTOpEIT onucan B riase 11. YuraTens, He3HA-
KOMBIH ¢ KpaTHbiME psiaMu Pyphe, MOXKeET yike cefiuac pa3zodparsh COOTBETCTBYIOIIME PA3AEBI ITOH TJIABHL.
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-120
-1 -0.5 0

Puc. 14. Criaxusaroriee OKHO TSGT(f)| H;)I/I T =10

deyuben (0boznaqaror a1y equuuiy tak: Ab uiu dB). denuben siistercst 6e3pas-
MEPHO# OTHOCUTEJILHO JIorapuMUIECKOi eIMHUICH n3MepPeHUsT MOIITHOCTH.

Bejennble Bobile jenubebl — 3TO TaK Ha3bIBaeMbIe «JIEIHOEsIbI 110 MOIITHO-
ctuy. [Ipu aHau3e aMIIUTYIHOI'O CIIEKTPA UCIIOJIL3YIOT TaKKe «JIeIIOeIbI 110 aM-
mwmaryser. Hockonbky P; = |A;|* (3nech A; — aMmmmTya cooTBeTCTByIONICH
TapMOHUKH ), TO

A
2

Ecnn amMminTyia TapMOHUKN YBEJTMIUTCS BJBOE, T. €. Ha 6 1D «I10 aMIanTyge,
TO ee MOITHOCTb YBEJIMYUTCS BUYETBEPO, HO CHOBa, Ha 6 ;1B «110 MolHOCTH .
[Tosie3HO 3aTOMHUTH HECKOJILKO XapaKTEPHBIX 3HAUCHUIA:

1B 3 [6] 10 [ 20| 40 [ 60
P/Py| 2 4] 10 |100 | 10* | 10°
AyJAy [ 1.411213.16 ] 10 | 100 | 1000

Jlorapudgmuueckas 1mkasa MOITHOCTHA 0OECIIEUNBAELT TTOCTOSHHYIO CTEIEeHb Jle-
TaJU3aIWH BJOJb OCH YaCTOT U OOJierdaeT aHaJU3 CIEKTPOB, COJEpPKAIUX KaK
BBICOKOAMILINTY/IHbIE, TaK 1 MajoMoliable cocrasisitome’® . [Tosromy sorapud-
MUYECKH# MaciTab OCH MOIHOCTEH MIUPOKO HMCIOJb3YyeTcs TpU TpaduueckoM
n300paXkeHun CIeKTPOB. B 3TOM cjydae 10 OCH OPJIMHAT OTKJIAJIbIBAlOT OTHOCH-
TeJIbHOE 3HaveHue B jernubenax. [Ipu 60bIoM 1ramna3zone n3MEHEHUsT AMILTUTY bl
rapMOHUK JIorapuMUIecKrit MaciTad MO3BOJISIET JIydIle pasriisjieTh Ha OJJHOM
1 TOM Ke rpaduke u MaJibie u boJibiive 3uadenust. Jjist npumepa Ha pucytke 14
MOKa3aH rpaduK CrIayKUBaIoOIero okHa XaHHa ¢ UCIOJIb30BaHUEeM JIeOeI0B JIJIsd

49 TTorapudpmudeckas IIKaTa TAKXKe HANOOJIEe eCTECTBEHHA NI CJIyXa. DIMIHpHYecKuil 3akoH Bebepa yTBep-
XKIaeT, 9TO CyObeKTUBHAS CU/IA 3BYKA MPOMOPIIUOHAIBHA JIOTAPU(MMY €0 MOIIHOCTH.
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M3MEpEHHs AMILIUTY/IbI (110 OCH OPJMHAT OTJIOXKEHO 3HAUCHUE OKOHHON (hyHKIHN
B jierrbesiax ). Bujpo, uro HepasinauMbie Ha pUCYHKe 4 GOKOBBIE JIEMEeCTKI CTasu
3aMETHbI U 11051BUJIACh BO3MOXKHOCTb OLEHUTb UX aMILIUTY/y 110 I'paduKy.

AvnunryaHas Moayadanud U OueHus

Amnarumyorno-modysuposarnvim cuernasom usu AM-cuenarom Ha3BIBAETCS
CUTHAJT BUJIA

2(6) = [1+ Ma()]y ).

Biech M — napamerp, onpejesionuii 2ayouny modysavuu, y(t) — mecyuud
cuenan. ToBopsit, uro Hecyuii curnads y(t) upomoyiuposat curuajiom x(t). Cur-
HaJ x(t) HaseiBaercs ozubarousett AM-curnana z(t). B posu Hecyiero curuasia
00bIYHO BbICTyIaeT rapMonuka exp(i27 fot); ee vacrora fy HasbiBaeTCst Hecyuiel
wacmomoti. B paauoTexHuke aMILIUTYHAS MOIYJISIINAS UCIOIb3YeTCs s [epe-
HOC& CIIEKTPa, CUTHAJIA B 00JIACTH BBICOKMX 4aCTOT. [IpM CHeKTpajbHOM aHAJIM-
36 CUTHAJIOB YaCTO OKa3bIBAETCsI, YTO HADJIIONAEMBINA CUTHAJ MPEJCTABIISAET COOOM
AM-curnas, B KOTOPOM HECYIIAs TPOMOJYJINPOBAHA UCCICYEMbIM CUTHAJIOM. Tak
LPOMCXOJUT, KOIJIA HapaMeTpbl HADJII0AeMOI0 IEPUOMUECKOI0 IIPOLECCa 3aBUCAT
OT COCTOSTHUS U3y9aeMOTr0O IIPOLECCa.

Pacemorpum curyanuio, Korja Hecyias rapMonuka y(t) = cos 27 fot npomo-
JYJIUPOBaHa TADMOHUYIECKUM CUTHAJOM x(t) = cos 27 ft:

2(t) = [1 + M cos 2w ft] cos 27 fot.

Uzyunm cniekTpasbHblil coctaB Takoro AM-curnasa. Nmeem
2(t) = cos 2w fot + M cos 27 ft cos 27 fyt =

M M
= cos 2w fot + 5 cos 2n(fo+ f)t + 5 cos 27 (fo — f)t.

Takum 00pasoM, ¢ TOUKH 3peHHs CHeKTpajbHoil Teopun AM-cUrHa BBITJISIIAT
KaK CUI'HAJI, COCTOSAIIMI U3 TPEX CIEeKTPAJIbHBIX COCTABJAIONIUX — HECyIleil Jda-
CTOTHI fo U IBYX Ookosvir nosoc ¢ qactotramu fo — f u fo+ f.

Asienne, noxoxkee Ha aMILIUTYIHYIO MOJLYJISIIIAIO KUMEET MECTO, KOI'Jjia, CMEIIy-
BaIOTCS JIBA TAPMOHUYECKUX CUTHAJA ¢ OJM3KUME dacToTaMu fi n fo:

Ay exp(i2m fit) + Ay exp(i27 fot) =
= exp(i2m(fi+ f2)t/2) [A1 exp(i27(f1 — f2)t/2) + Ay exp(—i2n(f1 — f2)t/2)] .
B sTOM cirydae cMech rapMOHUK BBINISANT Kak AM-curnaj, B KOTOpOM BBICOKAST
aacrora (f1 + f2)/2 upomosynuposana majoii yacroroii (fi — fo)/2. Habuoae-

MbIe B 9TOM CJydae HU3KOYACTOTHDIE OCTIMJIIATINYA aMILTATY/Ibl BBICOKOUACTOTHOMN
HecyIel Ha3bIBAIOTCH OUEHUAMU.
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[IpuBeernbIe B 9TOM pasjese pe3yabTaThbl TOKA3bIBAIOT, UTO MPH CIEKTPaJsIb-
HOM aHaJIM3e CJIydan CJIOXKEHUsI TAPMOHKK C OJIMBKUMHU YaCTOTAMU U aMILJIATYIHO
MOJLYJISIIMKM HeCYyIIeil TapMOHUKHY HPAKTUICCKU HEOTJIMIUMbI. BO3MOXKHOCTD 1Ipa-
BUWJILHOI MHTEPIPETAIMU CIIEKTPOB B TAKOW CUTYaIllMU MOJHOCTBIO OIpeJIeadeTCs
AIIPUOPHBIMU JIAHHBIMU U OIBITOM HCCJIE0BATEIS.

Hemmneiiabie 3¢ eKThI

Paccmorpum cutyaruro, Koraa HabII0MaeMblil CUI'HAJ TOBEPraeTCss HeJTnHei-
HOMY IpeoOpasoBanmio. Mbl uccienyeM mpocreiinmit ciyJdail MaJoi KBaJgparud-
HOIl HEJIMHEHHOCTU BUA

y(t) = x(t) + ela(t)],
rje € — Madblit Koadiuyuenm nesunetnocmu. 31ech uMmeercs B BuLy, 4ro (t)
— uccreyeMblii curnad, a y(t) — HaOIOMAeMblil CHTHAI.

Henmueiinoe npeobpaszoBaHue CUrHAJa PUBOJINUT K HECKOJBKUM WHTEPECHBIM
apdexram. ITompobyem mojaTh Ha BXOJ TAKOTO HEJUHEHHOTO IpeodpasoBaTesisd
qucryto rapMonuky z(t) = Acos(27 ft). fcHo, 9To Ha BBIXOJE Mbl HOJYIUM CHI-
HaJI, HECKOJIbKO OTJIMYAIOIIUICSA OT rapMOHUYIECKOIO KOJIeOaHWs, — UMEIOT MECTO
Heaunetnoe uckaxtcenus. Viveem

y(t) = Acos(27 ft) + [Acos(2m ft)]* = Acos(2m ft) + %Az + %AQ cos(2m(2f)t).

Mrak, Ha BbIXOJI€, KPOME UCXOAHON rapMOHUKK, Mbl HOJIYUUJIA TAKXKE ITaPMOHUKY
¢ yJaBoeHHO#T yacroroii. Takum obpa3oM, HeJiMHelHoe Ipeobpa3oBaHKUe CHUTHAJIA
HPUBOJIUT K TOSBJCHUIO BvCUUT 2apMOoHuk. KpoMe 3Toro, B BIXOJHOM CUI'HAJIE
[IPUCYTCTBYET IMMOCTOAHHAA COCTABJIAIONIAI A2<€/ 2, cnBUramoIasg cpejiHee 3Have-
Hue curaaja. dHQEeKT MOsSIBICHNUS CABUTA CPEJIHEr0 3HAUYCHUS [IPU HEJMHEHHOM
IpeoOpPa30BaHNN HA3BIBACTCSA JEMEKMUPOCAHUEM.

PaccMmorpum teneph HeJlMHeHOe Tpeobpa3oBaHue CUTI'HAJA, COJIEPKAIIEro JiBe
CLIEKTPaJIbHbIC COCTABJIAIOIIME:

x(t) = Ay cos(2m f1t) + Ag cos(2m fot).
Torma
y(t) = x(t) + e[A; cos(2m fit) + Ay cos(2nm fot)]* =
= 2(t) + eA3[cos(2m f11)]* + e A3[cos (27 fot )] + 2e A1 Ay cos(27 f1t) cos(27 ft).

3/1ech TepBoe cjaraeMoe JaeT MCXOAHOe TapMOHMYEecKoe Kojedanue, a BTOpoe —
MOCTOSTHHYIO COCTABJISIONLYIO W BBICIINE rapMOHUKEU ¢ dacroramu 2f1 u 2 fo. I1o-
cJIeJIHee XKe cjlaraeMoe JIEMOHCTPUPYET ellle OJIuH HeJIMHeRHbI 3 deKT — Mody.a4-
yuro. JleiicTBuTeIbHO, eciim 9acToThl f1 U fo otsimyatores 3uadntesbho (fi < fa2),
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TO MOYKHO CUUTATh, 4TO B curnaje y(t) nossuaacs AM-cocrapisiomas, B KOTO-
poil Hecytas rapMoruKa cos(2m fot) npomorysiuposana Kosiebanuem cos(2mw fit).
C npyroit ¢TopoHbl,

2e Ay Ay cos(27 fit) cos(2m fot) = € A1 Ag[cos(2m(f1 — f2)t) + cos(2m(f1 + f2)t)]

¥ MOXKHO CUMTATh, 4TO B curHaJje y(t) npocro NOsABUINCH JIBE HOBBIE CIIEKTPAJIb-
HbIe COCTaBJIsIioNIue ¢ yacroramu fi — fo u f1 + fo.

Takum 0OpazoM, Mbl OlUCaJIM pa3HOODpa3Hble HeJiMHEHbIE 3PEKThI: 11051 BIIe-
HUE BBICIINX FAPMOHUK, JETEKTUPOBAHNE U MOIYIANHI0. Bee HemHeliHble 3 dek-
THI OKA3aJIMCh TTPOMOPIIMOHAJIBHBI TPOU3BEJICHUSIM AMIJINTY]] CUTHAJIOB, TO3TOMY
MOYKHO OXKWJIaTh, YTO HeJUHEHHbIe 3 DeKTh OyIyT CUIbHEee TMPOSIBIATHCT JIJIsT
BBICOKOAMIIJINTYAHBIX CUTHAJIOB. 3aMETUM TaKKe, 9TO €CJIN PaCCMOTPEHHAsT HAMU
KBaJIpaTuIHasi HEJMHEHHOCTH NMPUBOJUT K MOSIBJIEHUIO TOJIBKO BTOPON rapMOHU-
KU, TO HEJIMHEHHOCTHU BBICIIETO MOPAJIKA OyIyT J00aBIATH OOJiee BLICOKHE MrapMO-
Huku. Bee ycrpoiicTBa, ncnosib3yeMble JJisl YCUJICHWs, TTePeladn 1 PerucTpainm
CUTHAJIOB BHOCST BO BXOJIHOI CUTHAJ HeJWMHEHHbIe NCKaxkeHusd. B KadecTBe mpu-
Mepa CKakeM, 4TO yXO 4eJIOBEeKa TaK»Ke HeJinHelHoe ycrpoiicto. [Ipu Oosibiioii
I'POMKOCTH JlazKe JIJIsT YUCTOTO TOHA, CO3JIAeTCsl OIYIeHNe, YTO B CUTHAJIE TTPUCYT-
CTBYIOT BBICIIIE TAPMOHUKH.

9.5 C(CxeMma CIIeKTPaJIbHOTO aHAJJIM3a

OnucaHHble BbIIIE HPOLEAYPbI HPEI0OpabOTKKM JAHHBIX JIJIS CIIEKTPAJIbHOIO
aHaJIM3a B3aMMOCBSI3aHbI U [IPEJIIIOJIaraloT HEKOTOPBII OPSI0K BbIIoJHeHsT. Ha-
[PUMED, HE MMEET CMBbIC/Ia BBIIOJHATH YMHOXKEHHE Ha OKHO HJIM UCKJIOYEHHE
IIOCTOSIHHOIM COCTAaBJIAONIEH IOCJe JIONOJHEHUsT BPEMEHHOro psijia Hysiasamu. [Ipu
ONMMCAHNN OTJEJIbHBIX MPOIELYP ObLIN CeIaHbl HEOOXOAUMbIE 3aMedaHnst. 3JeCh
IIpUBeIeHa OKOHYATEeIbHAs CXeMa CIIeKTPAJbHOIO aHaJIM3a BPEMEHHOIO psijia, CyM-
MUDYIOIIAs WH(MPOPMAIIIO O B3aNMOCBSI3N MIPOLEAYD MPe1o0padboTKu:

1. Boibop unHTEpBaJia JMCKpPETU3AlUKA MU OIEHKA MaKCUMaJbHON YacTOThI
10 33/JJaHHOMY MHTEPBAJIy JUCKPETU3AINN;

2. Bwibop AuHBI aHAJU3UPYEMOI'O BPEMEHHOI'O PsJia, UK OIEHKa YaCTOTHOI'O
pasperenns 1o 3aJ[aHHOf JJIMHE BPEMEHHOIO Psijia (Ha 9TOM JTalle TakkKe
IPUHUMAETCST PEIeHIe 0 HeOOXOMMOCTH JIOTOJHEHUST Psijia, HYJISIMHE);

3. Mckmodenne MOCTOSHHON COCTaBAAIONIE U YMHOXKEHAE BPEMEHHOIO PsAJIa
Ha, MYJIBTUIIJINKATUBHOE OKHO;

4. JlonosiHeHE BPEMEHHOI'O Psijia HYJISIMU;
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5. Breimosinenne nporeypbl ObicTporo npeobpazopanns Pypbe;

6. Ilepeymopsiiodenne OTCIeTOB CrieKTpa (TMpW HEOOXOANMOCTH) M TIE€PEXOJ
K OJIHOCTOPOHHEMY CIIEKTPY.

[Tporie iy pbl NCKJIIOUEHUS TOCTOSIHHON COCTABJISIONIEH U YMHOXKEHUST Ha, MYJIb-
TUTITUKATHBHOE OKHO TECHO W HeTPUBHUAJHHO B3auMOCBaA3aHbl. [IpuMmenenne okna
K JIAaHHBIM C CHJIbHO CMEIIEHHBIM CPEJIHUM MOXKET MPUBECTH K IMOSABJICHUIO TIe-
PEXOJIHBIX MOJOC MO KpasgM BPEMEHHOI'O pdAJia, KOTOPbIE CYIIECTBEHHO NCKAKAIOT
CIICKTP, II03TOMY Ilepe]i IpUMEeHEHUEeM OKHa BCerjia IIPOU3BOJUTCA UCKJ/IOYCHUE
HOCTOSIHHO cocraBJisifolieil. B ¢Bolo ouepejib, IPUMEHEHUE OKHA, MOXKET IpUBe-
CTU K CMEIICHUIO CPEJIHEro, MO3TOMY I0CJe NPUMEHEHUsA OKHa CJeJlyeT elle pa3
UCKJIIOUUTH MOCTOSIHHYIO cocTaBistiontyio. Crepyer 3aMeTuTh, 9TO CYIIECTBEHHOE
CMeEIlleHUEe CPEJIHErO MMPU IIPUMEHEHUN OKHA I'OBOPUT O HAJWYUAU B JIAHHBIX HEKO-
TOPHIX aHOMAJIMI, KOTOPbhIE cCaMi MOT'YT 3aTPYJHUThH CHEeKTpaJibHbII aHaan3. Ha-
NpuMep, K TaKUM aHOMAaJMAM OTHOCUTCA NPUCYTCTBHAE B JAHHBIX BbIPAXKEHHO-
r0 MOHOTOHHOTO HEJMHEHHOTO M3MEHEHNsT CUTHAJA (TPEeH/Ia ), KOTOPOe MPUBOAT
K CUJIbHOMY MCKaXKEHUIO CIIEKTPa Ha HU3KUX H4aCTOTaX.

9.6 HeaoctaTku cneKTpaJibHOro aHaJm3a Pypbe

IIpeobpazopanne Oypbe HAXOMAUT MHOIOUHCICHHBIE TPUJIOXKEHUA B 00JIACTH
aHaJM3a 1 00PabOTKM CUTHAJIOB 110 MPUYWHE TTPOCTOTHI, HATJIAJHOCTH U MPOCTO-
Thl (pusrdeckoit uHrepuperanuu ciuekrpa Oypoe. B 10 ke Bpemsi 1peodpaszoBatue
Dypbe UMeeT psiJi Cepbe3HBbIX HEJI0CTATKOB, OCHOBHbBIE U3 KOTOPBIX MbI II€PEUHC-
JIUM.

[lepBbIit HETOCTATOK 3aKJIFOYAETCs B HEBO3MOXKHOCTU OJIHOBPEMEHHO JIOKa-
JIN3AIAN CUTHAJA W CIIEKTPa. DTO CBONCTBO crieKTpoB Dyphe MoxKeT ObITH Mpo/ie-
MOHCTPHPOBAHO IIPUHITUIIOM HeollpejiesieHHOCTH [ eiizenbepra, mpejienbHas popma
KOTOPOI'O COCTABJISIET COJIEPXKAHUE TEOPEMbl O JIOKAJU3AIMU CUT'HAJIA U CIIEKTPA.
[IprarHO 3TOro SIBJICHKS SIBJISIETCs [LJIOXasi BPDEMEHHAs JIOKAJM3alndsi 0a31CHbIX
dyuknuit Pypoe.

Bropoit nejocraTok 1npeodpaszopanust Oypbe CBsI3aH ¢ TEM, 4TO JJIs OJIYde-
HUsI UHDOPMAIIMHI O CIEKTPAJbHOM COCTaBE CUTHAJIA UCIOJIL3YIOTCs ero 3HaUeHU s
Ha BCEM MHTEpBaJie HAOJIOACHUS, TPUIEM CNEKMPAAbHIl COCMAS CUHAAGL 0CPED-
HAEMCA N0 6pemeny. Takol MOAXo[ HelpueMmeM JiJjis HeCTallMOHAPHBLIX CUI'HAa-
JIOB, CIIEKTPAJIbHBIN COCTaB KOTOPHIX M3MEHseTCs ¢ TedeHueM Bpemenu. [lo aToii
npuunte npeodpasosanne Oypbe He pasanvaeT JBa CUTHAJA, OJUH U3 KOTOPBIX
HpeJicTaBiisier cod0il CyMMY JIBYX TapMOHHUK C PA3HBIMHU 4acTOTAMU, a JIPYToil co-
JIEPXKUT T€ YKEe IapMOHUKHU, BKJIOYAIOIIMECs I10CJe0BATE/bHO OJIHA 38 JIPYIOil.
B HekoTOpoil CTeleHu 3TOT HEJOCTATOK CIEKTPaJbHOrO aHaju3a Pypbe MOXKHO
000#TH, TPUMEHSIsI T. H. JIOKAJIbHbBIH CIIeKTPaJIbHBIA aHAJINS.
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Puc. 15. Uzmenenune unciia Bynbda ¢ 1700 o 1987 rox

BaykHbIM 4aCTHBIM CJIEJICTBUEM OCPEJIHEHUS CIEKTPa SBJIsAeTCs TOT (haKT, 4To
IpU CcHeKTpajbHOM aHajnu3e Pypbe mHOpMaIUs 000 BCEX CIEKTPAJbHBIX CO-
CTABJISIIONINX TOJIYYaeTCs U3 aHaJn3a BCEro BPEMEHHOI'o psijia. B TO ke Bpems
KaKeTCsl €CTECTBEHHBIM I0JIyUaTh NH(MOPMAIIUIO O CIEKTPaJIbHON COCTABIIAIONIEH
Ha OCHOBE aHaJIM3a yIacTKa BPEMEHHOTO Psijia, JIJINHA KOTOPOT'O COTJIACOBaHa C Ya-
CTOTOM 9TOM ClleKTpaJJbHON cocTaBJisioleii. JdelicrBuresbio, nHdopMaluio o Bbi-
COKOYACTOTHBIX CIEKTPaAJIbHBIX COCTABJISIONINX €CTECTBEHHO MOJIyYaTh Ha OCHOBE
aHaJIM3a MaJibiIX BPEMEHHbIX UHTepBaJioB. B pesysbrare ciektpbl Oypbe yacto
OKa3bIBAIOTCS HE MOIAIOINIMMUCT NHTEPIPETaIUN.

[lepeunciiennbie  HEJOCTATKU CHEKTpaJibHOTO aHaju3a Dypbe perraoTcs
B paMKaX BeBJIETHOIO aHaju3a. BeilBjieTHoe npeodpaszoBaHue OKa3bIBAeTCsl CBO-
OOHBIM OT HEJIOCTATKOB IIpeoOpasoBanusd Pypbe — OHO 0DeCIeUnBaACT JIOKAJII30-
BaHHOCTD ClIeKTPa (PYHKIM, JIOKAJIU30BAHHBLIX BO BpeMEHHO# 00J1acTi U 1103BOJIsI-
eT OIpEeJIeNIATD JIOKAJbHbBIN CIEeKTPaJbHBII COCTaB HecTallMOHAPHOIO curaaJa. Ilo
c1rocoby MPeoJI0JIeHNsT IEPEINC/IEHHBIX TPYJIHOCTEH BeliBjeTHoe Npeobpa3oBaHue
HAIIOMMHAET OKOHHOe IpeobOpasoBanne Pypbe U MO caMoii cBoeil npupoje obJia-
JIAeT TMOJBUXKHBIM YaCTOTHO-BPEMEHHBIM OKHOM, Y3KUM Ha, MaJibIX MaciiTadbax u
LIKMPOKKUM Ha OosibiinX. byarojaps sromy, BeiiBjieTHOE 11PEOOPA30BaHKe OCOOCHHO
yJIOOHO JIJIs aHAJIU3a HEeCTAITMOHAPHBIX IIPOIECCOB C MIHUPOKUM CIEKTPOM.

9.7 llpumep cHeKTpaJbHOI'O aHAJIU3A

3BecTHa runoresa 0 CBsi3W MHOTUX SIBJIEHUI Ha, 3eMJie ¢ JIMHAMUKON COJTHEY-
HOW aKTUBHOCTHU. ITHTEHCUBHOCTD COJIHEUHOM aKTUBHOCTU OIEHUBAECTCS T. H. YUC-
Jiom Byisibda, xapakrepusytonumM HabJ0/laeMoe COCTOsIHUE TTOBEPXHOCTH COJTHIIA.
OcobeHHo BaXXHO, UTO JIOCTYIHBI MOAPOOHBIE PE3YJIbTATHI HAOJIOJEHUST COJIHEU-
HOW akTHBHOCTH 3a Tocaesrre 300 jier. D10 MO3BOJISIET TTPOBOAUTH UX 00PAbOTKY
pPa3/IMIHbIMUA METOJIAMHU U MCIIOJIh30BATh PE3YJIbTaThl JIJisi CPaBHEHUST HMH(MOPMa-
TUBHOCTH PA3JIMYHBIX METOJIOB aHAJM3A.

3/1eCh MBI TTPOBEJIEM CIIEKTPAJIBHBIN aHAJIN3 JAHHBIX O CPEJIHEr0JOBOM MH/IEKCE
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Puc. 16. CriekTp MOIITHOCTH COJTHEYHON aKTUBHOCTH

COJTHEUHON aKTuUBHOCTHU 3a mepuoj ¢ 1700 mo 1987 rom, uro coctapiser 288 oT-
cueToB. ['paduk naMeHeHust cpejiHero0BOro 3HavueHus ducia Bysbda npuBejiex
na pucynke 15. [IpocToit Bu3yabnblii aHaJ M3 MOKa3bIBaeT HAJUYINE MOITHOM Te-
puoInIecKoit cocrapisionieit ¢ nepuojiom npumepro B 10 jier. TIposejiem moJinbrii
CHEKTPAJbHBIN aHAJU3 JIAHHBIX.

MHTepBa qUCKpEeTU3aINN H3HATAIBHO 3a0aH 1 paBeH 1 rony. CooTBeTCTBEHHO
MepuoJi caMoil BICOKOYACTOTHON COCTABJISIONIECH, KOTOpasi MOYXKET ObITh UJICHTH-
¢gunupoBana, cocrapisier 2 1ojia. ACHO, YTO He CJiejlyeT HaJesIThCs Ha, YBEPEHHYIO
UJICHTU(DUKAIIIO COCTABJISIONIUX C TIepUOaMi Kopode 4eM d JieT. J[uHa BpemMen-
HOT'O psijia cocTaBiisieT 288 JieT, 4To B Teopuun obeciiednBaer uIeHTu(PUKAIUIO Tap-
MOHWK C TIEPUOJIaMU BILUIOTH 70 288 JjileT, HO Ha MPAKTUKE MbI MOYXKEM JOBEPATDH
nH@OPMAIMK TOJILKO JIJIsi TapMOHUK ¢ nepuogamu e juinaree 100 Jer.

SHadyeHusI, COCTABJAIOIIME BPEMEHHON psiji, Jexkar B wuaTepBaje ot (.0
710 190.2. Cpenee 3HaUCHEE CYIECTBEHHO OTJIMYIHO OT HYJIs (OHO paBHO 48.4), mo-
9TOMY HEODXOIMMO MCKJIFOUEHKE TTOCTOsIHHOM cocTaBiisiiomieii. ITocse sroro MoxxHo
IMPOM3BECTH YMHOXKEHHUE Ha OKHO XaHHa. [locie mpuMeHeHnsa oKHa cpejHee 3Ha-
JeHre CUTHAJIA CTAaHOBUTCS paBHO —1.4, 9To Oojiee yeM Ha, JiBa MOPsIJIKa MEeHbIe
JIMalla30Ha, M3MEHEHMsI MCXOJHBIX JAHHbBIX, U MOXKHO CJEJaTh BbIBOJ 00 OTCYT-
CTBUH MOIIHOTO HeJimHeiinoro Tpenia. IIposeseM Bce 2Ke OBTOPHOE HCKJTIOUEHHE
MOCTOAHHON COCTABJIATOIICH.

[Tepei nipumenenuem nporeypbl BIID jionosiHuM BpeMeHHOW psiji HYJIsIMU
no jurHbL B 512 orcueros. [locne Bemonnennsa BII® moayunM MaccuB KOMILIEKC-
HBIX drces u3 512 crnexkrpasbHbix orcueroB. Orcuers ¢ nngekcamu 1 < n < 256
YMHOXKHAM Ha 2 JIJIS TOJYYeHUsT OJTHOCTOPOHHETO CIIeKTpa. B mrore momyunm 257
criekTpasibHbix orcueros. Ha wacrore Haiikpucra (orcder ¢ Homepom 256) cocpe-
JIOTOYeHa MOIIHOCTD, paBHast 5 - 1073, uro cocraiser —37.8 1B MO OTHOIIECHUIO
K CaMOIl MOIIHO# COCTaBJIAIONICH, U JUCKPETU3AINIO MOXKHO CINTATHL KOPPEKTHOM.
Ha wacrorax, coorercrBylomumx orcueram ipu n > 128 cocpejioroyeHa cym-
MapHas MOIIHOCTDb, paBHasd 4.5, 9TO, OJHAKO, COCTaBJseT Bcero juib —17.7 1b
110 OTHOIIEHUIO K CyMMapPHOI MOIITHOCTH BCEX CIEKTPAJbHBIX cOocTaBJsiiomux. [To-
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YTU BCS MOIIHOCTD COCPEJIOTOUYEeHa B CHEKTpaJbHbIX oTcuerax npu 0 < n < 128,
KOTOpbIE TIOKa3aHbl B BUJE rpaduka Ha pucyHke 16.

st uHTepIpeTan CIeKTpa CJIeIyeT BbhIsiCHUTH MaciiTad 1o ocu dactort. [1pn
BBIYMCJIEHUM CIIEKTPa MCII0JIb30BaJICs BpeMEHHOU PsiJl JUIMHOK B D12 oTcueros, 110-
9TOMY CHEKTPaJbHOMY OTCUYETY C UHJEKCOM 7t COOTBETCTBYET CIIeKTpaJibHas KOM-
nonenra ¢ nepuojiom 1, = 512 /n jier. Anayus criekrpa 103B0JIsIeT BbIJIEJUTH CJ1e-
JYIOITHE CIIEKTPAJbHBIE KOMIOHEHTHI (MOIHOCTH MPUBEJICHA B Jenubesax mo oT-
HOIICHWIO K CaMOil MOIIHOM COCTaBIISIONIEi):

T (ner) [11.1] 85.3 [ 10.0 | 8.3
P (nB) | 0.0 | —42]-5.0]—-96

Ecnu nepBble JiBe CIeKTpaJbHbIE COCTABJSIONIE MOI'YT OBbITH HEIIOCPEICTBEH-
HO 0OHAPYKEHBI ITPU BHUMATEJILHOM U3YUYeHUN PUCYHKA, 15, TO 9eTKO pasjiminMble
nepuonnaroct B 11.1, 10.0 u 8.3 yiet Ha rpaduke coBepIieHHO HEOTIAUINMBI JIPYT

OT JIpyTa.

10 IIpuniaoxkeHns cneKTpaJibHbIX MeTOJIOB

10.1 WpaeoJsiorus CrieKTpaJibHBIX METOJIOB

OnuH 13 Hanbosiee OOIINUX IOIXOA0B K 00pabOTKe CUTHAJIOB CBSI3AH C BbIJIEJIE-
HIEeM HabOPa TAPaKMePHLLT NPU3HAK0E ", JOCTATOTHO TIOJHO OTIUCHIBAIOIINX CHT-
HaJ. Takye Npu3Haky OOLIUHO SIBJISIOTCS UNCIOBLIMHU XapPAKTEPUCTHKAMU CUTHA~
Jla, 9MCJI0 KOTOPBIX 3HAUNTEIHLHO MEHBIIE YUCIa OTCIETOB CHTHAJa. TakKuM 00-
pPas’oM, OT HPEJCTABICHUS CUIHAJIA BEKTOPOM €0 OTCYETOB, UMEIOLIIUM BbICOKYIO
Pa3MepHOCTD, MBI IIEPEXO/INM K TaK HA3bIBAEMOMY MaA0MOJ0E0MY TIPEICTABICHUAIO
CUT'HAJIA, HEDOJIBIITMM KOJMIECTBOM YHCIOBBIX XapakTepuctuk. Ochosnot 3adavet
LOC asasemea 3adaua 6v160pa ONMUMAALHOZO (M. €. HauboAee UNPOPMAMUECHO-
20 C MOYKU 3PENUA Peuaemot 3a0a4u) Maromodo6o2o npedcmasieHUA CUHANOG.
B GonbmmHCTBE cydyaeB 0e3 Takoro npeobpaszoBanus HH(GOpPMAaIN, COJeprKalia-
sICSl B CUTHAJIE, He MOYKET OBbITh BbIJEeJIeHa U OCMbBIC/IEHA, YeJI0BEKOM.

Opira 3 33181, PEIaeMbiX ¢ MOMOIIBIO MAJIOMOJOBOIO MPEICTABICHNST, — 3a-
Jlada KJaccuUKaluy CUTHAJIOB 110 HEKOTOPOMY [IPU3HAKY (HALPUMED, XOUeTcst
OTJINYATH IIyM HCIPABHOTO JBUIATEJsI OT IIyMa, XapaKTepHOro JJjisl HEKOTOPOi
HEMCIPABHOCTH ). B BOJIBIIMHCTBE C/IlydaeB 4esIOBEKY He YJIaeTCsl IPOBECTH TAKYTO
KJIACCU(DUKAIIIO IyTEM BU3YaJbHOIO aHAJIN3a CUTHAJA.

[Ipn Ma0MOIOBOM TpeCTaBICHAN CUIHAJA DOJILIIOE 3HATCHAE NMEET <«CrKa-
THE> PE3YJIbTATOB MHOMOUYUCICHHBIX U3MEPEHHUi 0 JIErKO 0D03PUMbBIX UEJI0OBEKOM

50feature extraction

108



dopM. 37ech 1M0JIE3HO OTMETUTH, UTO YIOMSIHYTOE «CXKaThue» WHQMOPMAIUU IITH-
POKO TPUMEHSTCS CleNUaJIucTaMi BO MHOIUX 00JIacTsX, IJIe aHaJIN3 CUTI'HAJIOB
SIBJISIETCsl Ba)kKHOW LpaKTU4decKoil 3ajiadeil. Tak, npu aHajmuze 3J1eKTPOKAPJIUO-
rpaMMbI (3aIUCH SJEKTPUICCKOH AKTHBHOCTU CEPJICTHON MBIIIITIbI) OMPEIESAIOTCS
3HAYEHMsI HEKOTOPBIX XapaKTEPHbIX BEJIMUNH (BBICOTA M IIPOJIOJIKUTEIbHOCTD MM-
ITyJTbCOB, BPEMEHHBIE MPOMEKYTKU MEXKJIy HUMHU), KOTOPBIE HCIOJb3YIOTCSA BIIO-
CJICJICTBUU JIJIsl IOCTAHOBKU jiMarto3a. [Ipu nocraHoBke jiuarno3a Bpad pyKOBOJI-
CTBYeTCsl HEOOJIBIITUM HADOPOM UMCJIOBBIX ITaPaMETPOB, JIOCTATOYHO IIOJIHO XapaK-
TEPUIYIONINX UHTEPECYIONNil ero mporecce.

[TpejicraBiienre curuajia B Bujie BPEMEHHOI'O Psijia B OOJILIIMHCTBE CJ1y4da-
eB OKa3blBaeTCs MaJIOMHMOPMATUBHLIM BBUJLY CBoeil n30bITOUHOCTH. OT/]EIbHBIC
KOMIIOHEHThI BPEMEHHBIX PsiJIOB BCErJla CUJILHO KOPPEJIUPOBAHbI, YTO YACTO [PU-
BOJUT K IIpobJieMaM IpU UX YUCJAeHHOM aHaJju3e. IIpu mepexoje K ClieKTpaJbHO-
MYy IPEJICTaBJICHUIO OCYIIECTBIISIETCS JIMHEHHAs 3aMeHa, KOOP/IMHAT U [TPOUCKO/IUT
(Ipu HeKOTOpO#i yjade) TakK Ha3bIBAGMOE PACUENACHUE KOPPEAAUUPL: s1eMenThl
CTIIEKTpa, MMPEJCTABJSIONINEe BPEMEHHON PsiJi B CIIEKTPaJbHON 00J1acTh, OKa3bhiBa-
forcs C1ab0 KoppesupoBantbiMu®?. CLeKTp CUIHAJIA WM IPOCTbIe XaPaKTePUCTU-
KU CIIEKTPa sIBJISIOTCS OJHUM U3 CaMbIX IOIYJIAPHBIX MaJOMOJIOBBIX IIPEJICTaBJIe-
Huit curnasia. CBONCTBO paclenieHns KOppessiiuii 0cCOOEHHO MIUPOKO TTPUMEHSI-
eTcst JJTsi COKPAIEHUsT U30bITOTHOCTH (C2KaTHsl) W300pasKeHuil U 3BYKA.

uTyuTnBHO sicHO, 4TO 3((PEKTUBHOCTH MPUMEHEHUsI CHEKTPAJIbHBIX Pa3Jio-
JKeHUIl B CMBICJIE PACIEIIeHNs] KOPPEJsIuil 3aBUCUT OT «EeCTECTBEHHOCTH» HUC-
MOJIb3yeMoro Habopa 0as3sucHBIX (DYHKIHM, T. €. OT TOr0, HACKOJIBKO 3JIEMEHTHI
Oa3uca xapaKTepHbl JIJis JIMHAMUKU KCCJIEJlyeMOIr0 BPEMEHHOI'O psijia. HEcrecTBen-
HOCTb IPUMEHEHHUs TOTO HJIM MHOI'O CIIEKTPAJIbHOIO PA3JIoXKeHHUsI TpeOyeT B KaxK-
JIOM CJIydae OTIENbHOrO cephe3Horo obcyxkaenus. Cregyer sicHO MOHUMATh, 9TO
HUKaKKe CKOJIb YIOJIHO 3JIEraHTHBIE CIeKTpaJbHbIe Pa3/ioxKeHusd He OynyT apdex-
TUBHBI JIJIsi 0OpabOTKM CUT'HAJIA, €CJIM PUPOoJia Da3nuca BXOJAUT B SIBHOE MMPOTUBO-
peune ¢ MPOUCXOXKIeHUeM CUI'HAaJIA.

B Teopun mudpoBoit 06pabOTKK CUIHAJIOB UCCJIElyeMyto (DYHKIIMIO IIpeJICTaB-
JISIIOT CIIEKTPOM U olepaliuu HaJi (PyHKIMENR CBOJUT K COOTBETCTBYIOIIMM Ollepa-
IUsIM HaJl ee CIIeKTPOM. TaKoii I10/X0/] BO MHOT'OM aHAJIOIUYEH [IPUEMY, UCIIOJIb3Y-
eMOMY B YUCJIEHHbIX METOJIaX aHaJIn3a, Korja (PyHKIUIO 3aMEHSIOT ee TOJMHOMK-
aJIbHOI alllpOKCUMAaIUeil, a omepalny HaJi (DyHKIKEH CBOAAT K ONEpaIusM Ha,l
ANTPOKCUMUPYIOMINM ee MHOrouseHoM. Vcrnonb30Banne CrieKTpaibHbIX Pas/Io-

5ldecorrelation

523BecTHO CHeKTpaIbHOE Pa3IokKeHue Mo OpToroHaibHOMY bazucy (pasnoxkenne Kapynena-Jlossa), onTu-
MaJIbHOE B CMBICJIe HAMMEHBINEH KOPPEJIIiN CIIeKTPATbHBIX KOMIIOHEHTOB, OJHAKO YaIlle MPUMEHSIOTCS CIeK-
TPAJIbHBIE PA3IIOKEHUS, TOIMyCcKaomme 6osee 3G MEKTUBHYIO PEATHIAIINIO.

530rmerum, uTo npu (PUKCUPOBAHHBIX y3iax (j K03(DPUIMEHTbI ANPOKCUMUPYIOIIEr0 MHOIOUJIEHA OJHO-
3HAYHO OMpENeNsoTcs 3HadeHusMn x = x(t;) dyaxkuun z(t) B y3nax. [osromy dbakTuyeckun Bee omneparyn
HaJT UCXOIHOM (DYHKIWEH CBOJATCS K OMEPAIisaM HaJ, TUCKPETHBIM HABOPOM ee 3HAUEHHH T B y3/aX AllIPOKCH-
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>keuuit @ypbe, T. €. Pa3JIOKEHHH 110 FrapMOHUIECKUM (PYHKITUSIM MOJHOCTHIO OIIpe-
neJisier crienuduky 1nudpoBoit 0dOpaboTku curaajioB. ToJbKO B 1OCejHee Bpe-
Msi B IU(MDPOBYIO 00PabOTKY CHUI'HAJIOB HAYaJd IIPOHUKATH METO/bl, OCHOBAHHbBIC
Ha CIEKTPAJTbHBIX PA3JIOKEHUIX, OTJIMIHBIX OT pasiokeruil Pypoe (Hampumep,
BefBJIETHBIE CIIEKTPDI ).

JpyruM MaJIOMOZOBBIM TTPEJCTABIEHAEM CUTHAJIA SIBJISIETCST €0 aBTOPErPeCCH-
oHHasl Mojesb. IIpejcrasienue curnajia KoadgduimeHTaM aBToperpeccopa, 0co-
OEHHO IIOIYJISAPHO B 3aJiadax Kjaaccuukalnuu U ujeHTuduKanmu curaajos. Oka-
3bIBAETCSI, UTO [IAPAMETPBI ABTOPEIPECCHOHHON MOJIEIM BO MHOI'UX 33/1a9aX sBJIsI-
I0TCsl JIOCTATOYHO IPEJICTAaBUTEIbHBIMU XapPaKTEPUCTUKAMU CUTHAJIA, [O3BOJISIO-
IIIUMI BBISIBUTH €TI0 IPUPOLY.

10.2 Kiaaccudukanusa cneKTPaJbHBIX MPeE/ICTaBJICHM

B zaBucnmocTn or npupoJbl CUT'HaAJIa UCITIOJIbL3YyETCA OJHO U3 PaCCMOTPEHHDBIX
BBIIIE CIIEKTPaJbHbIX HpeﬂCTaBﬂeHHﬁ. B sTtom pasjgeJie caeiaHa IMOIIbITKa HEKOTO-
pOI/UI CucreMaTmn3alnm CBOWCTB N3YYEHHbIX HaMW CIIEKTPaJIbHBIX Hpe,Z[CTaBJIeHI/II'/JI.

e Henepuojuueckuii anasorosblii curnan x(t) Moxker ObITb peJCTABIICH
HEIEPUOJIMIECKUM aHAJI0roBbiM criekTpom X (f):

o) = [ X esplizao
X(f)= /_OO x(t) exp(—i27 ft)dt.

oo

e T-neprojniecKuii aHaoroBelii curHas x(t) mpecTaBiseTcs: Herepuoaude-
CKWM JIMCKpeTHBIM criekTpom C:

w(t) = Y Chexpli(2n/T)nt],

n=—oo

C, = T/o x(t) exp[—i(27 /T )nt]dt.

e Henepuojnueckuit  gucKperHblit  CUTHAJ T  HpeJICTaBisiercs  1-

Maruu. COBEPIIEHHO aHAJIOIMYHAs CUTYalius KMEeT MECTO B TEOPHUH JAUCKPETH3AINH, KO CIIEKTD OKa3bIBAETCS
OITHO3HAYHO 33/1aH JUCKPETHBIMHA OTCUYETAMHU MCXOMHOTO CUTHAJIA W BCE OTIEPAITUN HAJI CTIEKTPOM CBOJIATCA K OTTe-
pamusaM Had OTCUETaAMU.
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EPUOJUTHBIM aHAJOTOBBIM crieKTpoM X (f):
1/2

ro= | X(f)exp(i2nf)df,
~1/2

X(f)=)_ zrexp(—i2nfk).
k=—o00

o N-nepuojnvecKuil JUCKPETHBIA CUTHAJ T HPEJICTABISAECTCS JUCKPETHBIM
N-11epronIHBIM CIIEKTPOM X,

N/2
mr= Y Xyexp[i(2m/N)kn],
n=—N/2
| N/2
Xo = > wpexpl—i(2r/N)kn].
n=—N/2

Jlerko zameTuTh, 4TO

L4 nepuoduuecmum cuzranam  CoOmeemccmaeyron ducnpemﬂue cnexwmpol,
a Henepuoduuecnum — aHan0206€;

® 0uc7€pemnbm Cuzranam coomeemcimeyrom nepuodwtecmze cnexkmpout, a ara-
N0208HIM — H@TLGpUO&U%@C’I{IUB.

10.3 Ilepeamckperusaliugd

[Tepennckpernzarmeii®™ BpeMEeHHOrO Psijia HA3BIBACTCS POIELYPA N3MEHEHUsT

MHTEpBaJIa, JucKperu3aiuu. [Ipy yBejimueHun nuTepBaJia JUCKPeTu3aium 00bI9HO
IOBOPAT O detyuMayuu CATHAJA, a YMEHbIICHHe HHTepBaJia JIUCKPETU3aIMI Ha3bl-
BaIOT UHMEPNOAAYUCT CUTHAJIA.

[IycTh BpeMeHHOH psji Tj NoJaydeH JUCKperusanueil curnasa x(t) npu wH-
TepBaJie juckperusainuu 7. [Ipu nepejuckperusanuu 10 BPeMEHHOMY Psijly Tk
[IOJIYYalOT HOBBLII BPEMEHHON PHA/I a:ﬁg, COOTBETCTBYIONUNA IUCKPETU3AINNA CUTHA-
aa x(t) npu HOBOM 3HauYeHMM T' WHTEPBAJIA JIMCKPETU3AIMU. SICHO, YTO €CJIM Mbl
MeeM TOJIbKO BPEMEHHOW pAJl Ty ¢ W3BECTHLIM MHTEPBAJIOM JUCKPETU3AINA T,
TO 3a/1a4a MePeJIMCKPeTH3alni B O0IIEM CiIydae He MOXKEeT ObITh pelieHa — nMe-
€TCsd CKOJIbKO YI'OJIHO PA3JIMYHbIX CUI'HAJIOB, IPUHUMAIONIMX 3a/[@HHbIe 3HAYCHUA
B TOYKaX JIMCKPETU3AIUN.

Sresampling
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Teopema o HajgoOXKeHWNW TapaHTUPYeT BO3MOXKHOCTH TeEPEeIUCKPETH3AINN
B YaCTHOM CJIy4ae CHUTHAJOB C (DUHUTHBIM CIEKTPOM, JIJIsi KOTOPHIX MOXKHO
110 CIIEKTPY JIMCKPETUBAIUU BOCCTAHOBUTD CIIEKTP UCXOJHOIO curnaJjia. Menosibays
teopemy HaiikBucra-Illennona, MOXKHO BBITHCATH SIBHYIO (DOPMYITY JIJIs IEPETUC-
KpeTu3alyun Curuaja ¢ GuuuTHbiM ciekTpom. [lycrs curnan x(t) umeer gpuunt-
HBIA CIEKTp, OrpaHUYEHHBIA YacTOTOH f,, W JJIsI MCXOMHON TUCKPETU3AINAUA T
BbilosiHeHo yeiosue Haiiksucra: 7 < 1/2f,. Torya B coorBercTBun ¢ TeOpemoii
HaiikBucra-IllenHoHa 1o oTcyeTaM T MOXKHO BOCCTAHOBUTH UCXOIHYIO (DYHKITHIO:

x(t) = i xjsine 2w fi (t — j7).

J

Tenepn nepeauckpernsalns MOXKeT ObITh TPUBHAJLHO MOJIyUeHa KaK JUCKDPETH-
3a1ist BOCCTAHOBJIEHHON (DyHKIWMN (1) TP HOBOM 3HAYEHUHM WHTEPBAJIA JINCKpPE-

TU3aANUKA T ;
(0.]

T, = Z x; sine 2m fo (k7' — j7).
j=

—0o0

fcHo, uTO TepenrcKpeTr3aIns UMeeT CMbBICH, TOJbKO €CIN HOBOE 3HAYeHWE
MHTEPBaJIa JIMCKPETU3AINY YIOBJIeTBOpseT yeaopuio Hajiksucra. Ecim ncxoanas
JINCKPEeTHU3aINs YAOBIeTBOpseT yeaoruio HalikBucTa, To mveer cMbIC Jiobast me-
PeMCKPETU3AIMs, TPUBOJIAIIAS K YMEHBINCHUIO MHTEPBAJIA JUCKPETU3AINNA. 1a-
KUM 00pa3oM, i CUTHaJa ¢ (DUHUTHBIM CIIEKTPOM TIO HMCXOTHONH KOPPEKTHOMN
JINCKPETU3AINKA Mbl MOYKEM TTOJIyIUTh CKOJIb YTOJHO MEJKYIO JINCKPETH3AIHIO.

Onucanublii BBITIIE METOJ, MEePeIrCKPEeTH3aIlii BPEMEHHOTO Psifa CBOIUTCS
K BECbMa TPYJ0EMKUM BbluucieHusiM. [Tockosibky dyHKius sinc(z) ouenb mejr-
JIEHHO 3aTyXaEeT, P BBIYUCICHUN KayKJIOIO OTCYETa BPEMEHHOTO Psijia X}, PHXO-
JINTCsI TIPOU3BOJINTH CYMMUPOBAHUE 110 BCEM 3HAUEHUSIM MHIEKCA J, COOTBETCTBY-
[ONMM HEHYJIeBBIM oTcderaM ;. Takum obpasowm, npu 7 = 7/M nepeanckpern-
3allist BpeMEHHOTO psijia u3 N oTcueToB, jatolias HOBbI BpemeHHoi psij u3z M N
orcueron, Tpebyer umonnenns M N? = O(N?) onepanuit yMHOXKeHns (376CH MBI
HE YIUTBIBAEM 3aTPAThl Ha BhIYucjeHue 3HaueHnit Gynkimn sinc(z)). Venosbzo-
Banue BII® nosBoJisier 1pou3BouTh OLICTPYIO HEPEIUCKPETU3AIMIO BPEMEHHOI'O
psjia.

[lycts mcxomHblii BpeMeHHOW psn xp comepkutr N orcueroB. Berawmciamm
crieKTp X, BPEMEHHOTO psijia k. B MOJIyIeHHOM CIeKTpe WHTEPBaJ JIUCKPETH-
sanuu 1o 4dacrore paen Af =1/N7, a orcuery ¢ HOMEPOM 7. COOTBETCTBYET
gacrora f, = nAf. Orcuery ¢ nHomepom IN/2 coorsercrByer 4acrora fr/o =
(N/2)Af = 1/27, pasnas uacrore Haiiksucra fi. TTockosbKy jijisi MCXOjHOI
JIMCKPETU3AINY MPEJIoIaraeTcss BbIOJHEHHBIM ycjioBue HallkBucTa, B crieKTpe
MCXOJIHOTO CHUTHAJIA OTCYTCTBYIOT COCTABJISIIOIIME ¢ TacTOTaMu, OOIbIUMA f,.
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[Iycre 7/ = 7/M, T. e. pesyabTupyonumii BpeMeHHoi psij x), comepxkut N' =
MN orcueros. B criektpe X, BpeMEHHOTO Dsijia &) WHTEPBaJ JIMCKPETH3AINN
1o uacrore pasen Af = 1/N'7' = [[MN)(r/M)]™! = Af. Orcuery ¢ nomepom
N/2, kaK u panblie, cooTBeTcTByeT 4acrora fyp = (N/2)Af" = (N/2)Af =
f«. Orcueram npu n > N/2 coorsercrBytor 4acrorbl f, > fi, OTCyTCTBYIOIIME
B CIIGKTpE UCXOJHOTO curHasa. [losromy crekrp X, BpEMEHHOTO psijia T MOXKET
OBITH TMOJIyYeH IyTeM MPOCTOTO JIOTIOJHEHUST HYJIsIMA CIIeKTpa X, BPEMEHHOIO
psaia T.

[Iycts Temeps N = 2" u M = 2. Torna nasg BbIYMCICHUS CIIEKTpa X, U Ie-
pexojia T cnekTpa X, K BDEMEHHOMY Dsijly &) MOXKeT ObITb HCIOJIb30BaHa MPOIIe-
jaypa BII®. B srom citydae Jijisi BbIIIOJHEHUS TIePEJIMCKPETU3aIUN TPeOyeTcst Bbl-
nosiauth N log N 4+ N'log N' = Nlog N +MN(log N +log M) = O(MN log N)
YMHOKEHUIL. 31ech y100HO HCIOJIL30BATEL IPOLELYPY capura nyis: Iy = (—1)¥zy.
Torpa npu 1 < n < N — 1 noaydaem:

Xhn=Xn  d=(N—=N)/2.

O1siesibHO Crejyer pacCMOTpeTb HellapHblil OTCYeT ¢ UHJICKCOM T = 0, cooTBert-
crByfoluit B ciiekrpe X, dacrore HalikBucra, Koropblil repecraer ObITh Henap-
HBIM B CIICKTpE X{I. MommHOCTD 3TO# ClIeKTpaIbHOM COCTABISIONIEH TOIKHA ObITh
pacipejieaetHa MexK 1y COOTBETCTBYIOIIUMU OTCYETaMU CIIEKTPA X,’L:

X = Xy = o2

OrMeTHM, 9TO HPOIE Ly Py OLICTPOIl IepeIUCKPETU3aIUNI MOXKHO KCII0JIb30BaTh
1 JIJIs BPEMEHHBIX PsiJIOB, JJIMHA KOTOPHIX N HE siBJISIETCsI 1EJI0H CTeneHbio JIBOT-
ku. B aTom ciydae nepej BoinoanenneM bBII® nmpoBogdaT monosnenne BpeMeHHOTO
psija wysasiMu. Ilocsie BOCCTAHOBJIEHUST BDEMEHHOTO Psijla T CJIEJyeT YCedb €ro
1o amael N/ = MN. OrMeTuM TaksKe, 9TO IPEJBAPUTENLHOE UCKIIOUEHNE T10-
CTOSIHHOM COCTaBJIsIIONIEH yMeHbIaeT norepu Toanoctu npu BIID, a npu ucrosib-
30BAHUU IIPOIEIYPHI JOIOJHEHUS HYJISIMU OHO CTAHOBUTCS HEOOXOIMMBIM.

3agada 10.1. Hanumure nporpammy, BbIIOJHSIONLYIO 1IPOLELYPY ObICTPOi
nepeaucKperu3anun ¢ momoribio BIID.

10.4 ®uapTpanusd Opu JAenuIMalnn

HacTo 1Mo TeM WM WHBIM MPUYIUHAM TOSBISETCS HEOOXOIUMOCTH MPOPEINTH
BpEMEHHOM psJl, T. €. 3aMEHUTH ero 6ojiee KOPOTKUM BpeMeHHBIM psjioM. [Ipo-
peXKuBaHKE OOBITHO OCYIIECTBJISIETCS MyTEeM IPOCTOr0 OTOpPAChIBAHUSI OTCUETOB.
Hamnpumep 1npu npopeKuBaHun BJIBOE OTOPACHIBAIOT KaXKJIblii BTOPOil OTCUET HC-
xoHOrO curHaa. Oneparust IpopeXXKBaHus CUTHAJA B NG POBOit 00paboTKe CUr-
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HAJI0B Ha3bIBaeTCs deyumayuet®. JITs opeieIeHHOCTH B 9TOM pasjiese Mo, Je-
uMaryeil OyjaeM MoHNMaTh TPOPEKUBAHUE CUTHAJIA BJIBOE.

C TOUYKHM BpeHHs CIEKTPAJbHON Teopuu omeparys JICIUMAINNA KOPPEKTHA
TOJIbKO B TOM CJIydae, KOTJIa MOJIyUAIONUACs T10C/e Hee UHTEPBAJ JINCKPeTU3a-
UK TTPOJIOJIZKACT YIOBJAETBOPATH yesosuio Hajiksucra. [lycrs mexonnblit curnag
IpU 4aCTOTE JUCKpeTU3anuu fi = 7 1 yjaosaersopser yciaosuio Haitksucra. To-
rJa CIIEKTP CUTHAJa OrpaHndeH cBepxy dacroroii f. = fi/2. Ilocne permumarniu
YaCTOTa JMCKPETH3aluy crameT pasua fo = f1/2 = (27)7! u cnexTp momxen
OBITH OIPAHUYIEH CBEPXY YiKe 9acTOTON fu = fo/2 = fi/2. Takum obpasom, s
KOPPEKTHOCTHU JICIUMAIIIU HEOOXOMMO, ITOOBI B CIIEKTPE OTCYTCTBOBAJIU COCTAB-
JSIOIIME B jluana3one 4acror [fi/2, fi, 7. e. npaBas 1noJoBMHA CIIEKTPA CUTHAJIA
JIOJIKHA, OBITH HYJIEBOI.

[IycTb mpouM3BOAMTCS JEIUMAINsT CUTHAJIA, COMEPIKAINEro CIIeKTpabHbIE CO-
craysionye ¢ dacroramu f > f, /2. Tlo Teopeme 0 HAJIOKEHUU CHEKTP T10JIYYeH-
HOTO TIOCJIe JICTIMMAIIIN CUTHAJIA UMEeeT B/

Xo(f) = L2 [X(f = f2) + X(f) + X(f + f2)],

rie X (f) — cuekTp UCXOHOro cUrHaja. Y YuThiBas, 9To fo = fi, NPUXOUM K Bbl-
BOJLY, YTO B ClieKTpaJibHblil orcuer ¢ yacroroit 0 < f < f, /2 BHecer BKJiaj Takxke
¥ ClieKTpaJibHas cocTapisiomas ¢ yacroroit f./2 < fi. — f < fi. Cuekrpanbhas
COCTABJISIIONIAsT ¢ 4acTOTOH fi — f > fi/2, NPOSABISAIONIASACH KAK COCTABJIAIONIAs
¢ uacroToit f < f./2, naspiBaerca «dywom»°®. Iy 3BYKOBLIX CUTHAJIOB «JIyXH»
POSTBIISTIOTCST KaK HEMPUATHBIA MeTaJIMIeCKUil JIs3T.

Ha mpakTuke onepainusi MPOPeXKWBAHUsT YCIENTHO TPUMEHSIeTCsT, KOria, CyM-
MapHasi MOIIHOCTb, COCPEJIOTOYEHHAsi Ha dacrorax u3 juanasona |fi/2; fi] ma-
JIa U €10 MOXKHO TpeHeOpednb. OJIHAKO B 9TOM CJIydae Hejib3s MPOCTO MPOPEUTh
CUTHAJI, TIOCKOJIbKY B 9TOM ciiydae ero cuekrp B juanazoue [0, fi/2] okaxercs
3arpsi3HeH «ayxaMmuy. [lepen nenumariueit neodxoauMo myTeM (PUILTPAINN T0/1a-
BUTH CIIEKTPaJIbHbIE COCTaBJIsIIONIME ¢ yacroramu f > f. /2.

OmnuiieM 371eCh TPOCTYIO CXEMY TIPEIBapPUTEILHON (DUIBTPAIIH, TTO3BOJISIIO-
et n30aBUThCs OT JIyXOB 1pu jeruManyu. [Iycrb nexojnbiit curiasa £y oopado-
TaH (PUILTPOM

Yk = g(xk + Tpi1 + Thi2),

a 3aTeM CHUTHAJI Y, B CBOIO odepeih, 00paboTan (pUIbTPOM

1
2k = Z(ykz + Ykt1 + Yit2 + Ykt3)-

55 decimation
56alias frequency

114



—-10

—-20

—40

m
el

0.0 0.5

Puc. 17. AUX dbuibrpa-genumaropa

,ZL.HH nepBoro (bl/IJIpra, AMIIJINTYJHAA 9aCTOTHAA XaPAKTEPUCTUKA BbIYMCJIACTCA
TPUBUAJILHO!:

Ayy(f) =11+ 2cos(2nf)|/3.

st Broporo (hbujibTpa nMeeMm

Hye () = 7L+ exp(—i2r f) + exp(~i2n(2f) + expl(~i2n(3f))] =
11— exp(—i2m(4f))  exp(—i2m(2f)) exp(i2n(2f)) — exp(—i27(2f))

4 1—exp(—i2nf)  dexp(—i2nf/2) exp(i2rf/2) — exp(—i27f/2)

OTKY/J1a

| sin27(2f) sin 47 f
Ape(f) = 4sin 27 f /2 4sinnf

JIerko moay4IuTh (popMysly, HEIIOCPEICTBEHHO BBIPAXKAIOIIYIO 2 Uepe3 Tj:

2k = E(xk + 2@k 41 + BTpr2 + 3Th4s + 2Tpra + Tps).

YacrorHas xapakTepucTika (pujibTpa, NpeodPasyoIero Iy B 2, MOIyIaeTcs KakK
MPOU3BeJIeHNe YaCTOTHLIX XapakTepucTuk Ay, (f) n Ay.(f):

sin4r f

Ap(f) = 2sinnf

[1 4+ 2cos(2mf)]|.

Ha pucynke 17 nokazana AYX nocrpoennoro ¢pusibrpa B JorapudMuIecKoOM Mac-
mrabe.

10.5 @uapTphl B CIEKTPAJbHOI 0bacT;

3Jiech paccMOTpeHa peaju3aliisd NUMPOBLIX (PUILTPOB B CIEKTPAJIbHONE 00-
nactu. VHorma criekTpajibHasl peaansalins (priIbTPOB OKA3hIBACTCS IPE3BbIUaiiHO
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yJI0OHO¥, HECMOTPsI Ha HEBO3MOXKHOCTDH HCIIOJIH30BAHUS TAKOW pPEAJU3aI|H JIJIs
duiabTpanuu B peasibHoM MaciiTabe Bpemenu. Kpome smnueiinbix LD, B crek-
TPaJbHOM 00JIACTH MOI'YT OBbITh PEAJIM30BAHbI HEKOTOPBIE MPOCThIE HEJUMHEHHbIE
cXeMbl (PUIILTPAIUN.

JIuneitabIit GUIALTP B CIEKTPAJbHOUN obJjacTu

Teopusi 1ndppoBbIX (GUALTPOB ObLIA MOJAPOOHO PACCMOTPEHa BbIIIE, HO
B HEKOTOPDIX CJIyYadX Jis (PUALTPAIUN CUTHAJIOB HCIOIb3yeTcs: bojiee pocTast
1 HECKOJIbKO OoJiee orpanudenHast cxema. OnUCaHHBIA BapuaHT (PUIbTPA OTIIH-
JaeTcs MPOCTOTON peaim3aliui, HO, HECMOTPs Ha 3TO, MOXKET ObITh € yCIIEXOM
MCIIOJIb30BAH JIJIsi IIPOCTO 00pabOTKU KCIEPUMEHTAIbHBIX JaHHbIX.

Pacemorpum Bpemennoit psig o npn 0 < k < N, co crnekrpom X,,. I[lycrn
BPEMEHHO# Psiji T MOJIyUEH JIMCKPETU3aIieil MCXOHONO CUTHAJA ¢ WHTEPBAJIOM
JUcKpeTn3anyuy 7. Torga OTcUYeT CreKTpa ¢ HHIEKCOM 1 COOTBETCTBYET CIIEKTPATh-
HOU cocrasyisiioneit ¢ yacroroit f, = nAf, rge Af = 1/(NT). Ilycrs cuekrp Y,
HOJIYUEH U3 CIEKTPa X, MO IMPABUIY

Y, = H(nAf)X,,

rae H(f) — wacrornas xapakrepucruka ¢uibrpa. [lepeitjiem Tenepb or criek-
Tpa Y, K curnajuy yi. Ounucansasi nponejypa peajusyer GUIbTP ¢ 4aCTOTHOM
xapakrepuctukoil H(f) B cuekrpaibaoit obsiact. OTMETHM, U4TO TaKylo peajiu-
3aIMI0 MOYKHO MCIIOJIb30BATH TOJBKO B CUTYAIMH, KOIJIa BCE OTCUYETHI MCXOIHOTO
BPEMEHHOI'0 psijia 3apaHee nu3pecTHbl. OnucaHHasg cxeMa HelpUMEeHHMa, KOrJIa OT-
CYeThl BPEMEHHOTO Psijla MOCTYTAIOT B TPOIECCe NX U3MEPEHUST W JIOJIXKHBI 00pa-
OaThIBaThCsI B peajbHOM BpeMenu. OuiabTphl, AolycKaolie paboTy B peaJbHOM
BPEMEHU, PeasiM3yiTcss BO BPEMEHHON 00JIacTh U 3a/al0TCs UMITYJIbCHOM Xapak-
TEPUCTUKON.

CriestaeM HECKOJIBKO 3aMeYaHWil OTHOCHTEJIHHO TPAKTHIECKOW peasn3alinm
omucanHoit cxembl. CrekTp X, UCXOIHOIO CUTHAJIA MOYKHO BBIUUC/IATE C UCIIOJIb30-
BaHWEM OIMMCAHHOM BBITIE TTPOIELYPhI CIIEKTPAIHLHOTO aHAJIN3a, 38 NCKJIIOTIeHNEM
LPUMEHEHHSI B3BEIIMBAIOIIEI0 OKHA BO BpeMeHHO# obJiactu. I1pu arom npuxopm-
CsI CMUPHUTbLCsL C HEKOTOPOIi MOI'PEIIHOCTHIO0, BHOCUMOI 38, CUeT IPOCaYrBaHUs 3a-
JIEPXKUBAEMbBIX 9aCTOT B 00JIACTh MPOINyCKaHust (hUIHTPA IPU CBEPTKE CO CIIEKTPOM
IPSIMOYTOJILHOIO OKHa. [Iporeypsl JOMoIHeHNs CUTHAJIA HYJISIMU U UCKJIIOUEHN
MOCTOSTHHON COCTABJISTIONIEH UCIIOJIb3YIOTCsI B HEM3MEHHOM BH/IE.

IIpu 3a/1aHUK 9aCTOTHON XapaKTEPUCTUKH (PUILTPA, CJIeIyeT IIOMHUTH, YTO ee
CBOMCTBA JIOJIPKHBI OBIThH COIJIACOBAHBI C MOPSIJIKOM OTCYETOB CIEKTPa X,. 3J1eCh
yI06HO TIPUMEHHTH IPOIELYPY CABHTa HY/Id U IepeiiTh K curuaiy 2y = (—1)Fw;.
B sroM ciiydae u 9acTOTHYIO XapaKTEPUCTUKY MPUXOJAUTCS CJABUTATH BIIPABO
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wa 1/27:
Y, = H((n — N/2)Af)X,.

A~

st curuagia g Npou3BOAUTCS OOPATHBIN CIBUI HYJIS: Vi = (—1)kyk.

Hemmueiinas moporoBast (pujabTpalus

Paccmorpum MojirdpuKaIiio onucaHHo#M B IPEJIbLLyIEM Pa3jieie CXeMbl (huJib-
Tpalluu, MpeJHa3HauYeHHyo JJIs TOJaBIECHN MAJOMOIIHBIX CJIyYailHBIX ITyMOB.
Bo Bcex BpeMeHHBIX Psijlax, MOJy4aeMbIX B Pe3y/bTaTe HaTYyPHbIX U3MEPEHUH,
MPUCYTCTBYeT TiyM (momexu), oOyCJOBICHHBINH pas3jndHbiMu HaBojKamu. Obpa-
3yeM CIEeKTp Y, u3 crekTpa X, UCXOJHOI'O CUT'HAJA Tj 1O MPABUILY

X() n=>0
Y, =<0 n=N/2,
0-(X,) else

rjae
s 2ls]*>e
0 2[s]>?<e

0-(s) =

n ¢ > 0 — mopor nponyckauusi (pusbrpa. dta HOpMysa yKe yIUTHIBAET CIie-
MUPUIECKYIO CUMMETPUIHYIO CTPYKTYPY JUCKPETHOI'O CIIEKTPa MOIHOCTU BeIle-
CTBEHHOTO curHaJia. QuIbTP MPOIMYCKaeT BHICOKOAMILJIUTY/HBIE CIIEKTPaJIbHBIE CO-
CTABJISIIONINE, 3a/1ePXKUBasi HU3KOAMILIMTY IHbIE. B KauecrBe nopora mporycKanmst
YaCTO BBIOMPAIOT HEKOTOPYIO JIOJIFO OT MOIITHOCTH CaMOW MOIIHOI CIeKTpaJibHO
cocrapJisifolieit curnaJdia. [pejBapure/ibHOE UCKJIFOUEHUE TTOCTOSIHHOM COCTaBJISTO-
11eil 03BOoJIsieT OrpaHuYuTh HoTepu TounocTu npu BIID, a nonosHenune HyasiMu
UCIIOJIBL3YETCs B HEM3MEHHOM BUJie. Takasi HeJInHelHasi 1oporoBast (puIbTpalius
OaszupyeTcs Ha CJIeIYIONeM IPEeJIIOJI0KEHUU: B IIIyMe IPUCYTCTBYIOT BCE aCTOThI
M MOIIHOCTH TITyMa, «Pas3sMasbIBaeTCsi» 1Mo Beeil ocn gactoT. [Ipu srom n Tak Ma-
J1asi MOIITHOCTD IIyMa OTHOCUTEJIHLHO PAaBHOMEDPHO PACIPEIEIsIeTCsI IO OCH TacTOT,
IOPOXK/JIasl YK€ COBCEM MaJIOMOIIHbBIE IIIYMOBBIE CIIEKTPaJbHbIE COCTABJIAIOIIHE.

Henmueiinasi moporosast (puiibTpaliust WHOT/IA OKA3bIBACTCH YJIUBUTEILHO (]-
dexTuBHBIM MeTo10M. OCODEHHO YI00HO UCIOJIL30BATH TaKOi (PUILTP B 3aj1ate
yJlaJieHus IIyMa U3 3alliCU Y3KOIIOJIOCHOTO IIpoliecca. PaccmoTpum mpocToit mpu-
Mep MPUMEHEHHUsT TTOPOTOBOH (DUIHTPAIIH.

Paccmorpum curnast oy Bujia

k
xp =sin | 27 fi— | +cos | 270 fy 0< k<128

128 128 )
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Puc. 18. CneBa — nCXOIHBIN CUTHAJ T}, CIIaBa — 3alIyMJICHHBIN CUTHAJ Tj,

L L . o L
0 64 0 127

Puc. 19. CneBa — cleKTp CUT'HAJ Tj, CIAaBa — PE3yJbTaT (DUIbTpPAIUN

npu f1 = 7 un fo = 12. 'padwk sT0r0 CMrHAa TTOKA3aH Ha PUCYHKe 18 ciena.
CripaBa TOKa3aH <«3allyMJEHHDBI» BapuaHT 3TOrO CUTHAJA Tj, KOTOPBIA MPE-
cTaBJjsgeT coboii

T = [U;; + Sk,

TJe S, — CJydaiiHas BeJMUNHa, pABHOMEDPHO pachpejenentas Ha orpeske [—1, 1].

Boraucianm criektp X, curnaga xx. CreKTp MOIIHOCTH MoKa3aH Ha pucyHke 19
cjieBa. VIcxoJiHbIN CUT'HAJL SIBJISIETCS Y3KOIOJIOCHBIM, 1109TOMY €r'0 MOIIHOCTH BCs
COCPEJIOTOYEHA B Y3KOM YACTOTHOM JUATIA30HE W CIIEKTPAJTBHBIM COCTABJISIIONIAM
CUT'HAJIa, COOTBETCTBYIOT BbICOKOAMILJIUTY/IHbIE KOMIIOHEHTHI cliekTpa. Haobopor,
CTEKTP TIyMa IMUPOKOTOJOCEH U MOITHOCTD MIyMa OKa3bIBAETCA «PasMa3aHHOl»
10 BCEMY YaCTOTHOMY JIMAITa30HY, TTOITOMY aMILUIUTY/a KaXKJ0M MTyMOBOW CIeK-
TpaJIbHOI COCTABJISIONIEH OKa3bIBaeTCsl HEOOJIBINIOIA.

Bribepem B kaudecTBe moporoporo 3uavenus sejgnunny € = 0.03. Boruwnciss
obpaTHoe 11peodpa3oBaHue Jijist CIEKTPa Yy, Mbl MOXKEM IOJIYUUTh UCXOJHbIH CUT'-
HaJl T}, BBIIEIUB ero U3 IIyMa. PesyspTupyonuil curuas noka3al Ha pucyHKe 19
crpaBa. BujiHO, 4TO UCXOJIHBINM CUI'HAJI BOCCTAHOBJIEH C HEIJIOXON TOUYHOCTBHIO, 11pU
OOJTBITION AMILTUTY/IE TITyMa.

10.6 CrekTpaabHbIi aHAJN3 PA3HOCTHBIX CXE€M

PasnocrHble CXeMbl, NPUMEHSIEMbIe B YKMCJIEHHOM aHAJIN3€, ¢ TOYKU 3PEHUs
1 PoBoii 06PabOTKK CUI'HAJIOB sIBJISIOTCS UM POBLIMU (PUIBTPAME ¥ MOTYT aHa-
JIN3UPOBATHCS ¢ TOMOIIBIO PA3BUTHIX HAMHU CIEKTPAJbHBIX MeT010B. OKa3bhiBaeT-

118



0 L L L L
0 01 0.2 0.3 0.4 05

Puc. 20. Hacrornas xapakKTepuCTUKa CXeMbl CKOJIL3SIIEr0 CpeHero

Cs, 9TO TaKOM IIOJIXO ABJIAETCA HPGSBquafIHO ITIOJIESHBIM N ITO3BOJIAET JIE'KO BbI-
SICHUTb HEKOTOPbIE Ba>KHbIE CBOIiCTBa NI POKO yHOTpe6ﬂHeMbIX Pa3HOCTHBIX CXEM.

Ckoub3dIiee cpegHee

[Ipu 0OpaboTKe peasbHBIX JTaHHBIX YaCTO UCIOJL3YIOT HMPOIEAYPY, Ha3bIBae-

MYIO CenaHCu6aHUEM 1o M@man CROADB3AWESO CpeaH€2057 1 OIIKMCbIBAEMYIO B IIPO-

crefieM cjydae CMMMETPUIHOIO 3-TOUYEUHOIO CrylaXKuBaHus (POPMyJIOit:

1
Y = g(xk_l + T + xk—kl)-

Bbraucimm 4acToTHYIO XapaKTePUCTUKY paccMaTpuBaeMoil cucrembl. oJio-
JKUM JIJIS 9TOTO

x), = exp(i27m fk).

Torma

Yp = %[exp(i%rf(k: — 1)) + exp(i2n fk) + exp(i2nf(k 4+ 1))] =

— %[eXp(—iQ?‘(’f) + 1+ exp(i2n f)] exp(i27 fk)

H(w) = %[exp(—z’wa) + 1+ exp(i2nf)] = %(1 + 2cos2r f).

['paduk aMILIUTYJIHON XapaKTEPUCTUKKA PACCMOTPEHHOIO METO/Ia CIVIaXKHBa-
Husi 110ka3aH Ha pucynke 20. Jlerko BujieTh, 4TO 3JI€Ch MbI IIPOCTO UMEEM JIEJI0
¢ punrbTpoM HU3KHX dacTOT. BoolIie 6ce ceaaorcusarousue Gursompovl AGAALIOMCA
no cymu PGusLMPamU HU3KUL 4acmom.
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Puc. 21. AUX GpuanTpoB u3 JBynapaMeTrpudeckoro ceMeicTna,

JIBynmapameTpuiecKoe ceMeiicTBO (puIbTPOB

Paccmorpum JiByniapaMeTrprudeckoe ceMeicTBO CUMMETPUIECKIX (PUIILTPOB
Yp = aTp—2 + brp_1 + cxp + brp1 + axpio.

Taxoit (bUIbLTP UMeEeT YaCTOTHYIO XapaKTePUCTUKY BU/Ia,

H(f) = aexp(—idnf) +bexp(—i2nf) + c+ bexp(i2nf) + aexp(idnf) =
= 2a cos(4n f) + 2bcos(2n f) + c.

Bysem 1ojiouparh mapamMerpbl Tak, 4To0bl 10JIy4daJsics (PUJIbTP HU3KUX YaCTOT,
YJIOBJIETBOPSIONTHI HEKOTOPBIM YCJIOBUAM. TaK KaK Mbl CHHTE3UPyeM (DUIBTD HU3-
KHX 9acTor, 70 ecrectBenno nosoxkuth H(0) = 1 u H(1/2) = 0. Dru ycnosus
MO3BOJISIOT UCKJIIOYUTH JIBA U3 TPEX CBOOOJIHBIX TTapaMeTpPOB:

H0)=2a+2b+c=1,
H(1/2) =2a—2b+c¢=0,

orkyga b=1/4, c=1/2—2an

H(f) =2acos(4rf) + %cos(27rf) + % — 2a.

SHaYeHUEe OCTABIIEIOCS I[IapaMerpa MOXKHO I0J00paTh SKCIEPUMEHTAJIbHO,
paccmarpuBast rpaduku Gyukipn H (f) npu pasubix a u BbIOupas HauboJiee yiad-
Hbiit. Mbl 3j1€ch noctynum uHade — j106aBuM K yke chOpMyJIMPOBAHHBIM YCJIOBU-
sIM Ha IIapaMeTpPhl elfe OJIHO HEe3aBUCUMOE YCJIOBHE, OJIHO3HAUHO OIIPEIeIsSIoIee
napamerp a. BoibpaTh Takoe ycjoBue MOXKHO MHOIMMH criocobamu. Pacecmorpum
HECKOJIBKO HauboJiee ecTeCTBEHHDIX.

5"Tmoving average (MA)
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YcaoBue cuMeTpudIHOCTH. BbiOop ycioBus
H(1/4)=1/2
naer a =0 u ¢ =1/2 u npuBojur K QPUILTPY € UMILYJILCHON XapaKTePUCTUKON

1
—(0,1,2,1,0).
4(7777)

10T DUIHTP B HEKOTOPOM CMBICJIE «CaMblii CUMMETPUIHBINY cpean (DUIHTPOB
HaIlIero ceMeicTsa.
YcoBue BBICOKOTO KAaveCTBA HA HU3KUX YACTOTAX. Bhibop ycioBusi

H(1/4)=1
naer a = —1/8 u ¢ = 3/4 v puBOAUT K DUILTPY € UMITYJIHLCHOH XapaKTepUCTH-
KO |
—(—1,2,6,2,—1).
~ )

D1or GUIHLTP XOPOIIO MPOIycKaeT 4acToThl u3 orpeska [0, 1/4].
YcoBue BBICOKOTO KavdecTBa BOJM3u HyJd. Boibop yciioBusi

H"(0) =0

naer a = —1/16 u ¢ = 5/8 u npuBosUT K GUIHLTPY C UMITYIHCHONH XapaKTePUCTH-
KO

1
—(—1,4,10,4, -1).
16( YA )’ ) )

3ameTnm, 9TO nepBasi MPOU3BOJHAS YACTOTHON XapaKTEPUCTUKKM B HyJIEe PaBHA
HYJIIO BHE 3aBHCHMOCTHU OT BbIOOpa Iapamerpa @. DTOT (PHILTP OUYEHb XOPOIIO
MPOITyCKaeT JacTOThI, OJU3KUE K HYJIEBOH dacToTe.

I'paduKu 4aCTOTHBIX XapaKTEePUCTUK BCEX OMUCAHHBIX B 3TOM IIYHKTE (DUJIb-
TPOB MOKa3aHbl Ha pucynke 21.

Hdnddepentnupyronime purbTpbl

PaccMmorpum JiBe paciipocTpaHeHHbIe CXeMbl duddepenuuposanus 6pemenHo2o
pada:

Y = T — Tk—1,
Yr = ($k+1 — a?k—1)/2-

YacrorHbre XapPaKTEPUCTUKU ITUX CbI/IJIprOB MOTyT OBITH JIEI'KO BBIYUCJICHDL:

H(f) = 2sin(n f)iexp(—ir[),
H(f)=1isin(2rf).
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Puc. 22. Yacrorhbie xapaKTepHCTMKM ﬁﬂ&;cﬁgpéﬁuupy}omﬂx pusbTpOB

0.15 o

Puc. 23. YacToTHbIC XapaKTEPUCTUKU NHTErPUPYIONMX (PUILTPOB

AMIIMTY/IHBIE XapaKTEPUCTUKKM 00erX CXeM TOKa3aHbl Ha, pucynke 22. 13 pucyn-
Ka, BHUJIHO, 9TO BTOpas cXeMa 00J1aJlaeT 3HAUUTE]bHO JIYUIITUMHU CHEKTPATbHBIMA
cBOficTBaMU 110 CcpaBHeHUIO ¢ nepBoil. JleiicTBuTe/ibHO, 1IepBas cxema y/iBauBaeT
AMILTUTYAY TTyMa ¢ dacToToit HalikBucTa, B TO BpeMs KaK BTOpas CXeMa, TaKo
1nyM (¥ BCe BBICOKOYACTOTHBIE 1Ty MbI) TOYTH MOJHOCTBIO TIOJIABJISIET.

NuTerpupyromne puabTphI

PaccMoTpuM Tpu pa3sHOCTHBIE CXEMbBI UHMEZPUPOSAHUA BPEMEHH020 PAJA:

Yk = Yk—1 + Tk,
Yk = Yk—1 + (T + T-1)/2,
Y = Yp—2 + (z + dzp—1 + T5-2) /3,

B KOTOPBIX JIEMKO Y3HATH COOTBETCTBEHHO (POPMYJIY HPSIMOYT'OJIbHUKOB, Tpaleluii

v CHMIICOHA MHTErPUPOBAHUS CETOTHON (MCKPETU3NPOBAHHO#) (DyHKITUH.
JIerko OTbICKATh YaCTOTHBIE XapPaKTEPUCTUKH (PUILTPOB, 3aJIaHHLIX IIpHUBE-

JleHHbIMU BbIIe (hopMmysiamu. [TpuBejiem cooTBeTCTBYIONINE BHIMUCCHUS JIJIsl TIeP-
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Puc. 24. OTHoﬁeﬁﬁe;A(a)ﬁ/ng*;{wjz ,ZL}fS{ DIﬁIH'FéI‘ﬁI/I})YIOIHI/IX buapTPOB

BOIO U3 BbIUCAHHBIX (uiibTpoB. [Tosoxum x = exp(i2w fk). Torua

H(f)exp(i2nfk) = H(f)exp(i2nf(k — 1)) + exp(i27 fk)
W, CJIEJI0BATEIBHO,
H(f)(1 —exp(—i2mf)) = 1,
OTKY/1a
H(f) = [1 — exp(—a2r f)] .

BrermumeM pe3yabrar i aMIJIATYIHBIX XapaKTePUCTUK:

A(f) = |2sin(x f)| !
A(f) = |cos(mf)| - [2sin(m f)| !
A(f) = (24 cos(2f)) - |3 sin(27rf)|_1.
['padukn aMILIUTYIHBIX XapaKTEPUCTUK MMOKa3aHbl Ha PUCYHKE 23.

Hoeanrvrvim urnmezpupyrousum Guibmpom Ha3bIBaeTCs PUILTD, TPEOdPa3yio-
it curaan rx = x(k7) B curnan y, = y(k7), vae

y(t) = / " ()ds.

—00

JIerKo BBIYHMCIUTL aMILIUTYJIHYIO XapaKTEePUCTUKY WAeaJbHONO HHTErpaTopa:
A*(w) = [2r ],

Boraucaum Jijist KaxKJI0ro U3 pacCMOTPEHHBIX MHTEIPUPYIOMNX (PUIBTPOB OT-
HOIITEHNEe ero aMIIJINTYIHON XapaKTePUCTUKN K XapaKTePUCTUKe NAeajbHOrO WH-
Terparopa. [losyauM cooTBeTCTBEHHO:

AN)JA(f) = |nf| - |sin(r )]
ANJA(f) = | f] - [sin(m f)]7F - | cos(n f)],
AN/A(f) = [2a f| - [sin(2r f)| " - (2 + cos(2 ) /3.

123



Ha pucynke 24 mokasanbl rpadUKy BBIUUCICHHBIX OTHOIIeHU. Ha Hu3KUX
JACTOTAX 3aMETHO MPEBOCXOACTBO (hopMyabl CHMIICOHA — COOTBETCTBYIONNN e
rpacduk ornotenuss A(f)/A*(f) nexur bunxe apyrux k ejunuie. OpHaKo npu
HAJIMYUK B CHUTHAJIE BBICOKOYACTOTHBIX IIYMOB (€ 9aCTOTOl, OJU3KON K dacToTe
Haiiksucra) npumenenue Gopmysibl CUMIICOHA CTAHOBUTCS ONMACHBIM, T. K. IIyM
ra qacrore HajikBucra ycuanBaeTcst COOTBETCTBY IOIIUM (QUIBTPOM B HECKOHETHOE
aucsio pas! 3jiech yxke Jiydinei craHoBuTCs (popMyJia Tpalleluil, Koropas BOBCe
HE MPOIYCKAET BHICOKOYACTOTHBIH 1Ty M.

BreiBoabl 1 3aMevaHUsd

O H1M M3 BaXKHBIX CBONCTB MCIOIB3YEMbIX HAMW METOI0B 00PAbOTKN JTaHHBIX
SIBJISIETCST UX YCTOWIMBOCTH (MM HEYCTOWIMBOCTH) MO OTHONIEHUIO K MAJIbIM 3~
MEHEeHHSM TapaMeTpoB. KcTecTBeHHO 0XKU/IaTh, YTO MaJioe IeBeJIeHIe pPeriaeMoit
3aJ1a9M JIOJ>KHO MIPUBOJIMTH K MaJIOMy M3MEHEHUIO oTBeTa. Perenune, mosydennoe
B CUTYaIlMW OTCYTCTBUS YCTONIMBOCTH, BEPOATHO, JIMIIEHO (DPUBUIECKOTO CMBICJIA.
B 10 ke Bpemsi jiist OOJIBITUHCTBA, METOJOB JOCTATOTHO TTOJTHOE MCCIEJOBAHNE MX
CBOMCTB OTCYTCTBYeT. Bosiee TOro, MeTojIbl, yCTOWIWBBIE B OHON CUTYAIUN, MOTY'T
0Ka3aThCsl HEYCTONIMBBIMK B JipyToit. CBOCTBA NCIOIH3YEMOTO METO1a, 00padoT-
KU 10 OTHOIIEHUIO K IIYMY BO BXOJIHBIX JIAHHBIX SIBJISIOTCS MOIITHEHTIIeH U3 J10-
CTYIHBIX XapaKTEePUCTUK yCTONUMBOCTHU. JI106ast MUPOKO UCIOJb3yeMasi IUCTIeH-
Hasi (POPMYIIa JIOJKHA ObITH UCCJIEIOBAHA, ¢ TOUYKN 3PEHUs €€ OTHOIIECHUST K HAJIU-
JUIO MIyMa. TaKo# MoXo 1 JaeT HOBBIH B3IVIAJ Ha YUCJTEHHBIE METOIbI, TIOCKOJIbKY
OOJTBIITMHCTBO MOMYJISPHBIX (POPMYJT BHICOKOTO MOPSIIKA OKA3bIBAIOTCST HEYIOBJIE-
TBOPUTEJNILHBIMU B CHEKTPaJIbHON oOsacT. Kpome Toro, crnekTpajbHble CBONCTBA
MPUMEHSIEMBIX METOJOB YaCTO TO3BOJISIIOT TUIyOXKe TIOHSTH WX TTPUPO/LY.

3/1eChb MBI TPOTIUTUPYEM OTPBIBOK U3 KHUTH |XemMuHT, 1972], urobbr o6paTuTh
BHUMAaHNE 9UTATE/IsT HA HEKOTOPHIE OMACHBIE TIOBOIHBIE KAMHHU, XapaKTePHbBIE JIJIs
POCTHIX TPEOOPA3OBAHUI MCXOMHBIX JAHHBIX:

«M3 cKa3aHHOI'O BBILIE BBITEKAET, YTO KAKYIO-HUOY/Ib JUHEHHYIO
KOMOHMHAIMIO PaBHOOTCTOAIINX Y3JI0B MOXKHO pacCMaTpUBaTh Kak
HEKOTOPYIO «uibTpannioy QGpyHKImu. B 1poiniomM, 1moka cooTBeT-
CTBYIOITIasi Teopus He ObLIa JIOCTATOYHO $ICHA, HEPEJIKO CJIydaJoCh,
9TO HEKOTOPhIE HEBUHHO BBITISIJIEBIINE TPEOOPA3OBAHMNsI, BHITTOJTHEH-
Hble Ha paHHEeHl CTa Ui BLIYUCJICHUN, CYIECTBEHHO BJIMSIIN HA II0JIY-
JeHHBI Pe3yJIbTaT, KOTOPHI 3aT€M WHTEPIPETUPOBAJICST KaK (pusnte-
ckuit addexT, a He Kak apdexT 00paboOTKN TAHHDIX.

B kadecrBe mpumepa mpejctaBuMm cebe Gesiblil myM (B KOTOPOM,
Kak 1 B 0€JIOM CBeTe, MPUCYTCTBYIOT BCE YACTOTHI ¢ OJMHAKOBOW aM-
WIATY/I0/, HO corydaiiroit ¢asoii) u mpu 06paboTKe ero yaajauM Mo
9TH BCE JACTOTHI, KPOMe HEeOOJIBIIIOr0 MHTEpPBaJIa; TOra TOCIE Y0
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Puc. 25. Agantusabiit huibTp

Ui aHAJIU3 TT0Ka3aJl Obl HaJmdue peobJia laolneil 9acToThl, U OJIHA
M Ta Ke YaCTOTa IMOABJAIACH OBl HE3aBUCHMO OT MCTOUYHHUKA OEJIOro
IIyMa, Oy/ib TO PHIHOUHBIE IIEHbI MJIK KOJUYecTBO IsiTeH Ha CoJtHie.»

10.7 ApanTtuBHBIE (DUIABTPHBI

1o 9TOro MoMeHTa Mbl BCErja pacCMaTPUBAJIN CTATUIECKHE (DUILTPDI, CTPYK-
Typa KOTOPBIX BHIOMPETCsI Ha dTalle CUHTE3a U OCTACTCs HEM3MEHHOW B IpoIecce
dgyukimonupoBanus. B iocjiejiHee BpeMst paclipocTpaHeHUue 1OJ1yYn/Id a/allTuB-
HbIe CXeMbl (PUJIbTPAINK, B KOTOPBIX CTPYKTYPa (PUIbTpa JUHAMUICCKI U3MEHSI-
ercst BO BpeMsi ero paboThl. B pocteiieM ciydae aganTuBHbiil GuiabTp’® cocronT
u3 obbranoro KMX-dguiabrpa u ajgropurMa ajalnTalui, JUHAMAIYECKH U3MEHSIIO-
ero KoadduimenTsl puabTpa. Boobiie roopsi, Takoit pUILTP HE SIBJISETCS JIK-
HEeiHO# cucTeMoii, TocKoIbKY Koahduimentbl KNX-duabrpa 3aBucaT OT BXOJ-
HOTO CUTHAJIa. 3J1€Ch MBI OIUAIIEM MPOCTEHRINYI0 1 HanboJIee yIoTPeONMYIO CXeMy
aJlalTUBHON (buiibrpaluy, npuHayiexxalyio Bujpoy u Xobdy?.

Ha pucynke 25 nmoxkazana o0Imasi CTpyKTYpPHas CXeMa, aJIallTUBHOIO (pUIbTPA.
Buiok, obosnauennbiii 6yksamu AF (adaptive filter), npejcrasisier coboii cob-
CTBEHHO aJallTuBHLIH (buibTp. Ha BXox ajantuBHoro (pusibTpa moaeTcs BXOHOM
CUT'HAJI Tf U CUT'HAJI OIUOKY £. BhIX0HOM curnaJ y; odpasyercst B COOTBETCTBUN
¢ bopmyJI0ii

rjie N — HopsaioK (PpUIbTpa, a a;? — ero ko3dduimenTsl Ha k-M mare. Cauraer-

Cd, 4TO OTCYEThI BXO/JJHOI'O CUI'HaJla Xf IOJaI0TCA Ha BXOJ aJallTUBHOI'O CbI/IJIpra
10 OJJHOMY B p€aJIbHOM MacIrradbe BpEMEHHN. Ha KaXXJIOM IIare aJIrOpuTM a/Jall-

TAIMU [IPOU3BOJUT U3MeHeHre KodpMUunueHToB (puyibTpa TakKuM 00pa3oM, ITOObI

58adaptive filter

®Widrow B., Winter R. Neural Nets for Adaptive Filtering and Adaptive Pattern Recognition //Computer.
1988. N 3.
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0 BO3MOXKHOCTI MUHUMU3UPOBATH CPEJIHUI KBAJPAT CUTHAJIA OMIUOKH £
— /22 :
E = <€k> — min.

CurnaJi OmoOKH MOy IaeTCsl KaK Pa3HOCTh BBIXOJHOTO CUTHAJA (DUILTpa U Tieje-
BOrO CUTHaJIa dj:

er = dr, — Y.

[To cyTn, ajropuT™m ajanTaiuu U3MEeHsIeT CTPYKTYpY (DujibTpa TakuM oDpasoMm,
4TOObI BHIXOJIHON CUI'HAJI KAK MOYXKHO MEHbIIE OTJIMYaJICsd OT 11eJIEBOI0 CUIHAJIA:

E = {(dy — yx)?) — min.

AgropurMm aganraiun

Onuriiem ajropuTM aJlanTaiuu, mpeaaokeHubiit Bugapoy u Xoddom 1 HazbiBa-

eMblii Takxke Jesbra-pasuiom Bujpoy-Xobda®. Pacecmorpum sexrop Ay € R"

koapunuentos puabrpa Ha k-M mared!:

Ak = [ao, RN ,an,l]T

Ha kaxxjom mmare BekTop KoadduimenTos namensiercst Ha Beanauny AA, € R™:
Apr1 = A + AAy.

PaccMmorpum Takrke BXOJIHOI BEKTOp Xj, COCTOSIIUI U3 TEX OTCUETOB BXOJ[HO-
I'0 CUI'HAJIA, KOTOPbIE MCIOJB3YIOTCs JIJIsi BBIYUCICHUsT K-TO OTCUYETa BBIXOIHOIO

CUI'HaJla Yg:
T
Xk = [xk, Lh—1y--- ,xk_(n_l)]

Bo BBejieHHbIX 0003HAUEHUIX (DOpMyJia JiJisi k-TO OTCUETa BBIXOIHOTO CUTHAJA Y
MOYKeT OBITH Mepenucana B CJIeIyIOIeM BH/e:

CoOoTBeTCTBEHHO CUT'HAJ OIMMUOKN £} MOYKET ObITh BBIYHUCIIEH 0 (hopMyJIe:
Er = dk — XgAk
N3menenne k-ro orcuera cCUrHaJjia OIMIUOKN € MOXKET OBITH JIET'KO BBIUHUCJICHO:

AE}C = A(dk - XZA]@) = —XgAAk

60Widrow-Hoff delta rule
613 nech cumBos T B KauecTBe BEPXHErO MHJEKCA 0603HAYAET ONEPALNI0 TPAHCIOHUPOBAHNS MATDHIILL.
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Asnropurm agantamuu Bunpoy—-Xodda zakmouaercs B naMmenennn ko3 du-
IMEHTOB (PUJIBTPA B COOTBETCTBUU CO CJIEJIYIOIIEH (hOPMYJIOi:
Xy

AAk = @gkm.

I—IOKEL}KGMj qTO 1Ipu UCIIOJIL30BAHUN TaKON CXEMbI aJlallTallnun ,B;el'/JICTBI/ITe.HbHO HpO—
nexoauT YMGHBLHGHI/IG OHH/I6KI/Ii
XX,

AcL = ¢ — e = —ag——" = —qe;.

3 sToro paBeHcTBa CaEIyeT, U9TO
52 = (1 — Oé)é?k.
Takum 006pa30M, €CJii BbIIIOJHEHO YCJIOBUE
0<a<l,

TO Ha KaXXKJIOM IIare ajalTalui TPOUCXOAUT yMeHbIeHne ommnokn. Beibop Besu-
YUHBL (¢ OILIPEJIEJISIET CKOPOCTD IIPOIECCa a/lalTallliu.

IIpumepbl TpuMeHeHUd

PaccMoTpuM HEKOTOpPBIE IIPUMEpHI MPUMEHEHUsT aJalTUBHOIO (hUIbTpa st
perennst NpakTUuIecKux 3a/iad 00pabOTKU CUT'HAJIOB.
Beigesnenune curnassa m3 myma. [lycrb nosiesnbiit curdal Sp HabJIOgaeTCst
Ha (OHE MOIITHOIO aJIUTUBHOIO IIyMa 7:

/
8. = Sk + ng.

[Iycrs HaburojaeMblil 3a1y MJICHHbBIR CUIHAJI 52 1O/ AeTCs Ha 1eJ1eBoil Bxoj dj,
ajlanTuBHOrO Quabrpa. Ilycrs Tak:ke HaOJII0/1aeTCs IIIyMOBOI CUTHAJ T, HO Pe-
3yJILTATOM HAOJIIOJICHUS SABJISIETCA CUIHAJ 1., CKOPPEJMPOBAHHBII € 3allly MJISIIO-
UM CUTHAJIOM 1. CUTHAI 1), MO MM Ha BXOJ| ) aanTuBHOro dhusbrpa. Cxema
bunbrpa nokazana Ha prucyrke 26. QuibTp mostydaeT Ha BXOJ MIyM 1), GUIBTPY-
eT ero W BBIYUTAET Pe3yabTaT (PUIbTPAIUU U3 3aIIyMJIEHHOI'O CUTHAJA Sk + Nj.
BoIXomoM cucTembl SIBJISIETCSI CUTHAJ OIMIMOKM € ajalnTuBHOrO (huabrpa. B npo-
rnecce aIanTalni GUIBTP HATHHAET ONEHNBATD IIYM 7f MO BXOJHOMY IIyMY 7.
DTa 0COOEHHOCTH ONKMCAHHOM CXeMbl (DUJIBTPAIUMHU II03BOJIAET YCIEIIHO UCIIOJIb30-
BaTh €e JiJIsi BbIJCJCHNS CJIaDbIX CUI'HAJIOB M3 MOIIHBIX II1yMOB.
[Ipoanasusupyem paboOTy ONKUCAHHOTO aJlalTUBHOTO puyibTpa. [IpemoioxKum,
4TO CUTHAJIBI S, N W N CTAIIMOHADHBI U IEHTPUPOBaHbI. IIpe/monoxum Takxe,
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™
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Yl
A\

Sk + ng

_|_ —

Puc. 26. AjanTuBHasi cucTeMa, OJIaBICHNS Iy Ma,

qTO CUTHAJ S HE KOPPEJIUpYyeT ¢ IymMaMu ny u ny. [lo yciaosuio mmym n). ckoppe-
JINPOBAH C LIYMOM Nk. PaccMOTPUM BBIXOJ| CUCTEMBI:

€k = Sk + Ng — Yk ()

Beraucinm cpejiiee 3nadenne KBajpara 00enx dacTeil 3TOro paBeHCTBa:
<€z> = <sz> + <(nk — yk)2> + 2 <sk(nk — yk)2> .

[TocKOJIbKY CHUTHAJT S HE KOPPEJUPOBAH C IIyMOM N (MO YCJIOBUIO) U BBIXOJIOM
ajanTuBHOrO bubrpa Yi (Kak pesysabraroM (GUILTPAIME M), TO MOCIEHEe pa-
BEHCTBO HIPUHUMAET BUJI;

(k) = (i) + (= 9e)")

AanTuBHBINH GUIHTP MUHUMHU3UPYET CPEJHEKBAIPATHIHOE 3HAUEHNE OIMUOKN €,
1IpUYEM CPEJIHEKBa/IPATUYHOE 3HAYCHUE <8%> CUI'HAJIA OCTACTCH MOCTOAHHBIM, 110-

STOMY (PAKTHUCCKU IIPOUCXOIUT MUHAMUZALMUS BEJIUINHDL:
( ? '
nE — Yr)“) — min.

CremoBaTebHO, B IPOIECCe aJalTAIlIN TPOUCXOINT TOICTPOiKa KO3hDUIIeHToB
duapTpa TAaKM 00pPa30M, UTO €r0 BBIXO/[ Y OKA3bIBAETCH OINTUMAJILHON OIEHKOI
LIy Ma N

Y = N
I3 paBencTBa (%) caeiyer, 9TO MPU MUHUMU3AIUHA BEJIHIHHDI <(nk — yk)2> 0J1-
HOBPEMEHHO MPOUCXOINT MUHUMUBAIMS BEJIAINHDI <(€k — sk)2>, TaK 4TO CUTHAJ
OINOKY €}, aJJaIITUBHOIO (PUJILTPA OKA3LIBAETCS ONTUMAJILHON OIIEHKO IT0JIE3HOIO
curHaJa Sg:

€k = Sk-

MopaenupoBaHue cucteMbl. [lycth umeercs nHelinasa cucremMa F' Hem3BeCTHOM
CTPYKTYDBbI, Peobpa3yIolias BXOJAHONH CHTHAJ S, B BBIXOJHOM curHast Sp. Oxnn
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T = Sy AT Yr = S},

€k

Sk | dy = s}, A
- F +—E —

Puc. 27. ApanTuBHas npsiMmast MOJIEJb

Sk 7 T = S}, AF Yk = Sk—m
€k
dy = Sk—m
> —m > -
T T Y

Puc. 28. Ajantupnast oOpaTHast MOJIENb

13 CI0cOO0B M3YyUeHMSI HEM3BECTHON CUCTEMbI COCTOUT B IOCTPOCHHUH €€ MOJICJIH,
T. €. CUCTEMbI C MU3BECTHOW CTPYKTYPOW, BBINOJHSIONIEH ToXKe Ipeobpa3oBaHue
BXOJIHOT'O CUT'HAJIA.

Ilpu npamom modesuposaruy, Ha BXOJ Tj aJalTHUBHOTO (PUIBTPA IIOAETCH
BXOJIHOI CHTHAJ Sp cucTeMbl F', a ee BBIXOJ (CHTHAJ S)) PaccMaTpUBAECTCs Kak
1es1eBoil BxoJ1 di ajantuBHOro (gusibrpa. CoOTBETCTBYIONAS CXEMa, aJIAlITUBHOIO
dunbTpa nmokazaHna Ha pucyHke 27. MunuMmusupyemasi ommbKa € €CThb OTKJIOHE-
HUE peaKIyyu aJIallTUBHOIO (PUJIbTPA OT Peakiuyu cucreMbl F' Ha 001Ul BXOAHO
curtaJi. B pesysibrare ajanranun KoapOUIMEHTOB CTPOUTCS MOJIEIb CucTeMbl F
— CUCTeMa 3aJIAHHOI'O MOPsIJIKa, ONTUMAJILHO TPUOJIMXKAIONIAS TOBEJICHUE CUCTE-
Mbl F'. Ilpu 3TOM BBIXOJ Yj aJANTHUBHOIO (BUIBTPA OKA3BIBAETCS ONTUMAJbHOMN
OIIEHKOI OTKJIMKa cucTeMbl [ Ha BXOJHOW CUTHAJ: Y = 5;6. Ecin nopsijiok mo-
JIeJIAPYIONIeil CUCTeMbl BBIOPAH BEpHO, TO MOcje Oo0ydeHUsl OHA OyIeT B OTBET
Ha IIPOM3BOJIbHBINA BXOJ{HOM CUI'HAJI BblJIaBaTh TOT K€ OTKJIMK, UTO M MOJIC/IH-
pyemasi cucrema. B 3ToM ciiydae 1oJiydeHHbIe 110cIe ajanraiu KoM uimeH ol
aJIAITUBHOIO (PUJIBTPA IPEJCTABIAIOT cODOM He UTO MHOEe, KaK MMIIYJIbCHYIO Xa-
PAKTEPUCTUKY MOJICJUPYEMOIl CUCTEMBI.

Bo3moxkeH Jipyroit 110J1X0)[ K pelieHnIo 3a/iauu MOJIeJIMPOBaHUs — TaK Ha3bi-
BaeMoe obpammoe modeauposarue®?. TIpu obpaTHOM MOJETUPOBAHUN Ha BXOJ T

52inverse modeling
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Sk SF gk—i—m
Sk Tk = Sk—m Yr = Sk
M AF
€k
dk = Sk J oy
+ _

Puc. 29. AnanTuBHbBIA IpeIuKTOD

aJIANTUBHOTO (DUJIBTPA T10/IAETCsT BBIXOHOM CUIHAJ ), cucTeMbl F', a Ha 1eseBoit
BXOJ| dj, TIOJAETCS €€ BXOJIHON CUTHAJ Sk, 3aJiepXKaHHbIi HAa m oTcueToB. CoOT-
BETCTBYIOIIasi cXemMa ajalTuBHOrO (pUIbTpa IMoKaszaHna Ha pucynke 28. Ha srom
pHUCYHKe 6JIOK, 0003HAYCHHBI CHMBOJIOM T~ ', OCYIIECTBJIACT 3aJIeP>KKY BXOTHOTO
CUTHAJIA, Ha 1M OTCUYETOB, T. €. BHIXOJHBIM CUTHAJIOM 3TOI0 OJIOKA, SIBJISIETCS CUTHAJI
Sk—m. PakTUUECKM 1IPU OOPATHOM MOJIEJIMPOBAHUKM CTPOUTCS CUCTEMa, OOpaTHas
K HCCJIeIyeMOIl.

PaccMmorpum DyHKIMOHMPOBAHKE CXEMbI 00paTHOTO MojeaupoBanust. CHada-
JIa TIOJIOXKUM it IpocToThl m = (0. B 3TOM citydae cpejiHeKBaipaTHIHas OIIHOKA
<5%> OyeT MaJioi, ecau cucreMa F' u ajanTtuBHbIil puiIbTp, BKIIOUYEHHbIE TIOC/IE-
JIOBATEJILHO U paccMaTpuBaeMble KaK eJIUHbINA (DUILTD, OY/IyT OCYIIEeCTBIATH TOXK-
JIeCTBEHHOE 11peobpa30BaHe BXOJHOIO CUTHAJA. [IpU 3TOM aJIrOPUTM aJiariTainm
MOCTPOUT (PUILTP € YaCTOTHON XapaKTepUCTUKON, 0OpATHOM 1O OTHOIIEHUIO K Ya-
CTOTHOI XapaKTepucTuke cucrembl F'. BoiOOp HEHYJI€BOI BEJIMUNHbBI 3aJI€PXKKU 1M
1103BOJISIET €CTECTBEHHbIM 00Pa30M y4ecTh BO3MOXKHbII (Pa30BbIil CJIBUI' CUT'HAJIA,
OCYIIECTBJISIEMbIIl UCCJIEIYEeMOIl CUCTEMOI.
Cratuctuvieckaga npeauKnnd. [1oj crarucruyueckoil npejukiueil moHuMaercs
npeJickazanue OyIyIux 3HaYeHHil BpeMEeHHOI'O Psjia Ha OCHOBE JIAHHBIX O €ro I0-
BEJICHUM B TPEJIIIECTBYIONIME MOMEHTHI BpeMeHu. BOo3MOKHOCTh CTaTUCTHYECKOM
NpPEIUKIINA OCHOBaHA HA HAJUUNH KOPPEJATHOHHON CBI3U MEXKIy COCETHUMHU OT-
cYeTaMu BPEMEHHOI'O Psijia.

PaccMoTpuM cxemy, peasin3yionyo ONTUMAJbHYI0 CTATUCTUUECKYIO MPEINK-
o Ha Oase ajanTuBHOoro dpuiabrpa. Ha BXox xj aganTuBHOrO (PUIILTPa I0J1a-
eTCsi UCXOJIHbIA CUIHAJ Sk, 33JIePKAHHBIH HA 1M OTCYETOB (T. €. CUIHAI Sk_p),
a Ha IeJIeBOil BXOJl dj I0JIaeTcs TEKYIUil OTcUYeT Sp BXOJHOIo curxaJa. Coor-
BETCTBYIOIIAsl CXeMa aJIallTUBHOIO (UILTPa MoKaszaHa Ha pucyHke 29. B pesyiib-
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TaTe ajanTainn KodpuiuuenTsl GUIbTPa HACTPAUBAIOTCSI TaAKUM 00OPa30M, UTO
aIATUBHBIN (DUIBTDP OCYIIECTBIISET ONTUMAIBLHOE OIEHNBAHKE TEKYIIEero OTCIeTa,
BXOJIHOI'O CUI'HAJIA, 110 3HAYEHUsIM €0 1 OTCHeToB (Ie 1 — 1HOPsi/I0K aJalTuBHOO
bubTpa), OTCTOANUX OT TEKYIIEro MOMEHTa BpeMeHu Ha m ejuuuil]. [loyten-
Hble KOd(MOUIMEHTH UMIOPTUPYIOTC BO BeroMoraresibhbiii duiabrp SE - (slave
filter). Dror GunbTp MONYUAET HA BXOJ TEKYIWH OTCUET Sj BXOJHOTO CHUTHAJA
0e3 3ajepKK 1 (POPMUPYET ONTUMAJILHYIO TPEUKIIUI0 OTCUETA, Skiyy,.

11 JIBymMepHbIe cIIEeKTPaJbHbIE€ METOIbI

B sTom paszene OyayT KpaTKo ONMMCAHBI HEKOTOPHIE CIEKTPAIbHBIE METOJIbI
00paboTKu M300parKeHUI MCKJIIOUYUTEILHO € HEJbI0 JeMOHCTpaiun P deKTnB-
HOCTH CIIEKTPAJILHOI'O IIOJIX0/a B 3ajladax oO0paboTKu m3odbpaxKkeuuii. B orinune
OT JIDYI'MX Pa3/IeJI0B, 3/1eCh MbI N3/IaraeM TEOPETUICCKUH MaTepruaJ KOHCIEKTHB-
HO, I10JIaTrasiCh Ha OIBIT PAOOTHI CO CIIEKTPaMU, KOTOPBIH YUTATE b Y2Ke IPUodpEJI.
OcHOBHOE BHUMAHWE YJIEJECHO KITFOUEBbIM UM U OTJININSIM OT OJIHOMEPHOTO CJIy-
qag.

OOBIYHO IO CUTHAJIOM MOHWMMAETCsT Pe3yJibTaT HADJIIOJAEeHNsT 38, W3MEHEHNeM
HEKOTOPOI BEJIMYUHBI ¢ TeUeHHeM BpeMeHu. B 3ToM ciiyuae aHAJIOTOBBIA CUTHAJ
sABJIgeTCA (DYHKIMEH OJIHOM BeleCTBEHHOM IIePEeMEHHOM, a JUCKPETHBIA CUIHAJ
— MOCJIEJIOBATEILHOCTHIO YUCE/I, 3aHYMEPOBAHHBIX C ITOMOIIBIO OJHOTO MHJICKCA.
BarkHbIM CBOMCTBOM TaKOI'O CHUI'HaJIa SBJIACTCA T. H. JIMHEHas KOPPeJsIMOHHas
CTPYKTYypa obpasyoieit ero rnocsegoarenbHocTn ance. CoceiHne 0TCIeThl CUT-
HAJIa, BCETJla OKA3bIBAIOTCs 3aBUCUMBIMU, IIOCKOJILKY 3HAUCHHE CUTI'HAJIA, HE MOXKET
CUJILHO M3MEHUTHCS 32 BPEMsi, PABHOE WHTEPBAJY JUCKPETU3AIINN.

BakHbIM Ha TpaKTUKE OKa3bIBACTCS CJyYail JBYMEPHON KOPPEISIHOHHOM
CTPYKTYPbI, KOTOpO# 00Jaiaer, HampuMep, MIOCKOe JINCKPETHOE W300parKeHwst
B rpajialusx ceporo®. 3ieck cocenue (Ha 11J10CKOCTH) OTCUETbI (IIMKCeIIbl) U300-
paXKeHus 3aBUCUMBI, ITIOCKOJIbKY SIPKOCTb KaPTUHKN OOBIYHO M3MEHSIETCS OTHOCH-
TeJIbHO MEJJICHHO OT MMUKCEIa K UKcely. JIByMepHbIe ClieKTpasibHbIE METOIbI 103~
BOJISIIOT MCIIOJIL30BATH P 00pabOTKe N300parKeHuil OCHOBHYO MJICI0 CIIEKTPAJIb-
HOTO TIpeJIcTaBIeHnst — nH(OPMaIs O BHYTPEHHEH KOPPEISIHOHHON CTPYKType
JAHHBIX «YIIAKOBBLIBAETCS» B UCIOJIL3YEeMbIi Oas3mc.

11.1 JIBymMepHBbIe pgabl Pypbe

OyHKIMA JIBYX BEIIECTBEHHBLIX HepeMeHHbiX Z(t1,ts) maspiBaercs (17, 7T5)-
HEPUOUIECKO, €CIn JIjIsT JIIOOBIX esbiX ducest ki u ko paBeHCTBO

x(ty + ki Ty, to + koTn) = x(ty, t2)

63grayscale image
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BBITIOJTHSIETCST TOXKJIECTBEHHO 110 MIePEeMEeHHBIM 11 U 1o,

[Tycrs sagana (17, Th)-nepuopnveckas gynukuus x(ty,ts). Sadukcupyem to
u paceMorpuM byHKUUIO Ty, (t1) = x(ty,ty). Oyukuus xp, (1) sisisiercs Ti-ue-
PUOJIICCKO 1 MOYXKET ObITh PA3JIOKEHA MPH KaKJI0M 3HaueHuu to B psjg Dypoe:

o

() = a(t,t) = Y Ch,(ta) exp(i2mny fit),

ny=—oo

e f{ = 1/Th.
[Ipu kaxjiom to 3nadenue kodhduuuenra C, (tz) MoxKer ObITh BbIYUCIEHO
110 popmy.ie:

1

Cnl (t2 ) Tl

Ty
/ x(s1,t2) exp(—i27m1f{)51)dsl.

s mnocneaneit ¢gpopmyiibl cpasy cieinyer 1s-1neproguaHoCTbh KoM PUIneHTa
Cy, (t2) Kax GyHKIUE TEPEMEHHON {9 U BO3MOXKHOCTH CJICJIYIOIMETO PA3JIOKEHS:

Ch, (t2) Z Crain, €xp (1270 f3t),

No=—00
rie fY = 1/Ty u koadduimentsr C,,p,, MOTYT OBITH BBIUHUCICHBI 1O (GOPMYJIE

1

Cnn =
1762 T2

T
/ Cy, (59) exp(—i27mny f3 s2)dss.
0

BoimuieM Tenepb MOJHOCTHIO MOJyUeHHoe pasioxkenune dhyHKiwn (ty, to):

(tla t2 Z Onlng eXp[Z27T(n1f1 tl + n2f2 t2)]

ni,nog=—00

Gopwmyina st koapduipmentos Cy, ,, TaKKE MOXKET ObITh BbINKUCAHA SBHO:

T T
C, / / x(s1, $2) exp[—iQW(nlf{]sl + n2f§32)]d51d82.
o Jo

VT

[Ipuem, npumeneHHbIit HamMu TPU BbIBOJE (opmys jByMepHOro psijga Dy-
pbe, HOCUT HA3BAHUE NEPEPa3fodcenua koapduuyuenmos U NMUPOKO TPUMEHSI-
eTcs B MPUKJIQJIHON MaTeMaTHKe Ui PACHpoCTpaHeHus OJHOMEPHBIX METOJ/IOB
Ha JiByMepHble JlaHHble. PaKTuuecKu 1pu pas3jioKeHuu (PYyHKIMUU JIBYX TIepeMeH-
HBIX B JIByMepHbIi psaji Pypbe MPOUCXOIUT passioKeHue 1Mo 0a3nucy BUa

€y ny (11, t2) = expli2m(ny f1's1 + nafysa)] = exp(i2mny fi's1) exp(i27mna fys9).
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DyHKIMst 3T0r0 H6azuca ¢ UHIEKCOM (11, Ng) TOJIyUeHa MepeMHOKeHIeM by HKIHi
C MHJIEKCAMU N U Ny 3 00braHoro basnca Oypre. [IBymepHblit basuc, obpaszoBaH-
HBIA TAKUM CIIOCODOM M3 OJIHOMEPHBIX DA3UCOB, HABLIBACTCH MEH30DHVILM NPOU3-
sedenuem 6a3ucos. AHATOTHIHO MOXKHO MOJIYIUTh DA3UC IPOU3BOJILHON pasMep-
HOCTH.

11.2 JIBymepnoe JII® u BIIP

JBymephyto juckpernyo dyukmuio ik, ko] (0 < k1 < Ny — 1, 0 <
ke < Ny — 1) MOXKHO cuurarh pesysbraroM juckperusanuu jymeproit (17, Th)-
neproiueckoii byukiun x(ty, ts):

w(ky, ko] = x(k171, kat2),

rjpe 71 = 11 /Ny u 19 = Ty /Ny — unrepBajibl JUCKPETU3AIMY 110 IEPBOMY M BTOPO-
My apryMeHTy cOooTBeTCTBEHHO. COBEpIEHHO aHAJOTHIHO PACCMOTPEHHOMY BBI-
1€ OJTHOMEPHOMY CJIyUYal0 MOXKeT ObITh MOCTPOCHA TEeOPUs JUCKPETU3AIUN JIJIs
dbyHnkIuit 1Byx mepeMeHHbIX. MBI He OyjieM 371eCh TTOAPOOHO 3aHUMATHCS ITUMU
BOIIPOCAMMU.

Kak u B ojiHOMepHOM cjiyuae, 1myTeM (hopMaJibHOM JUCKpeTusanum Gopmy-
Jbl J1st KoadpdunmenToB Pypbe MOryT OBITH HOJIYUeHBI (DOPMYJIbI JBYMEPHOIO
JIMCcKpeTHoro rpeobpazoBanust Oyphe:

1 N;—1 Ny—1
X[ny,no] = § Y wlky, ko)W,
NNy

=0 ko=0

N1—1N2 1
nik nok
kl,kg E E X TL1,7’L2 WNi 1WN§ Z,

Tll—O Tl2—

CoBokynHocTb unces X [ny, ng| HABLIBACTCS 06YMEPHBIM QUCKPEMHBIM CIEKTPOM
byukuun [k, ko).

Qopwmyity JuUist JIByMEPHOI'O JIUCKPETHOro 1peodbpazoBanus OPypbe MOXKHO Tie-
PENuCcaTh CJAEIYIONIUM 00pa30M:

1 Ni—1 1 Ny—1
X S — Ky, koW 2R | 7 ke
[n1,n9) N, klz_o N, bz_oﬂ 1, ko] Ny N,

[Tosryuennoe BbIpakenue MO3BOJIIET CPOPMYIUPOBATE CJIEAYIONINN OBICTPBIN aJi-
roput™m Bbluncjienus jasymepaoro 11D ¢ nmomornipio ojinomeproro BIID, naszwiza-
emblit deymeproim BIIO. Ilycrs dyukius x|ky, ko] 3asana B Bujie MaTpuibl u3 Ny
ctpok 1 Ny CTOJIOIOB M TIEPBbBIM MHJIEKC O3HAYaeT HOMep CTpoku. s Kaxxjioi
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Puc. 30. ITopsinok orcaeToB IByMEPHOTO CIEKTPA

cTpoku MaTpuibl x|k, ko] Borancium BII® u pesysibraT moMecTrM B COOTBETCTBY-
FOIYI0 CTPOKY Marpuilbl f[k1, ns]. Tlocie 91oro jist Kaxioro croidia MaTpuilbl
flk1,n2] makxke Boramcaum BIID u pesynbrar 9Toi onepanuy JacT HAM COOT-
BETCTBYIONMI crosiber, uckomoit Marpuiibl X [ng, nsl. CoBepiieHHO aHAJOrHIHO
MOXKET OBITH MOJIy4YeH ObICTPBIA aJrOPUTM BBIYUCICHUsI OOPATHOTO JIBYMEPHOI'O
JII®, nasbiBaeMblit deymephnoim obpammuvim BIIO. TpynoeMKOCTb JIBYMEPHOIO
BII® npu Ny = Ny = N cocrasiasier O(N?log N) ymuoxenmuit,

[Topsijiok orcueTon jByMepHOro crekrpa X [ny, na| onpejessiercst ero nepuo-
JINYHOCTBIO 110 KaXKJIOMY apryMeHTY:

X [Ny — ny,ng| = X[—nq,ns,
X[?”Ll, N2 — TLQ] = X[nly _n2]

v MOXKeT ObITh npousuiocTpuposan pucynkom 30. JIerko sameruts, 4o onmcan-
HBIH MOPSJIOK OTCYETOB MOJIYIAeTCsl IyTeM HE3aBUCHMOIO TPUMEHEHHsI K CTPO-
KaM M CTOJOIAM MaTpHIbl [PABUJIA TIE€PEYIOPsI0IMBAHNsT OTCUETOB OJJHOMEp-
HOTO CIEKTPa. YUUTHIBATH TPABUJIO TEPEYTIOPsI0OIMBAHNS OTCIETOB JBYMEPHO-
rO CHMEKTPa Ha MPAKTUKE OKA3BIBAETCA OOPEMEHUTEIBHO, TTOITOMY B JIBYMEDHBIX
CIIEKTPAJIbHBIX AJIFOPUTMAX Yallle BCEro MPUMEHSIOT MeTOJ| cJBura Hyss. Kcam
uzobpaxkenne x[ky, ko] umeer cnekrp X [ng, ng, 7o uz0bpazkeHuio

a:’[kl, kg] = (—1)k1+k2x[/€1, kz]
COOTBETCTBYET CIEKTD
X'[nl,ng] = X[nl — N1/2,n2 — N2/2]

B marpune X'[ny, ng] nysesoit wacrore coorsercreyer orcuer X'[Ny/2, No/2],
qacrore Haiiksucra — orcuer X'[0,0] u cnekrpasibible OTCYETHI PACIIONOXKEHbI
B €CTECTBEHHOM TIOPSIJIKE.
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Puc. 31. JIBymepHasi rapMOHUKa,

11.3 UWpeoJsiorusgs AByMePHbIX CIIEKTPAaJbHbIX METO/10B

B 1ByMepHOM Cilydae BaxKHO €CTECTBEHHLIM 00pa3oM BBECTH MOHSATHE, SKBU-
BaJICHTHOE YaCTOTE OHOMEpHO rapMonnku. Pacemorpum sekrop t = (t1, 1) €
R?%, BeKTOp ¢ IHeJOUMCICHHBIME KoopauHaTaMin 1 = (ny,n9)’ € Z% u BexTop
fo = (nifYnafT € R% B nowbix 0603HAUEHNsX CHEKTPATHLHOE PA3IOKEHNE
JBYMEPHOI (PYHKIUK IPUHUMACT BUJI:

o(t) =Y Cyexp(i2rflt),

nez>?

rje
1

- nh Jy

rie V = [0,T1] x [0, T3]. Bextop f, = (n1fY, naf)T € R? naswviBaerca 6041m06bim
BEKMOPOM, UIN GEKMOPOM NPOCTPAHCINEEHHYLT YACOM, JIBYMEPHOH rapMOHUKH

Ch, x(t) exp(—i2n f1t)dt,

gn(t) = exp(z’27rfnTt).

Paccmorpum Koopunarublii Bekrop t(s) € RZ, 3aBucsumii or napamerpa
s € R no zaxony t(s) = st°, rue t° € R? u [t°] = 1. Cxangaproe npoussejienue
[t moxer 6bITh 3ammcano B Buje v- | f,| |, e v — xocumnyc yria mex iy BekTo-
pamu t u f,. B ciyuae onucannoit Bblle 3aBUCHMOCTH BeKTOpa t(S) 0T mapaMerpa
S BEJIMUKMHA 7 OCTAETCs OCTOSIHHOW 1pU u3MeHeHuu s, a |t(s)| usmensiercs no 3a-
komy [t(s)] = [t°| - [s| = |s|. Torma fyt =7 |ful - [t(s)] = v - [fal - |5, orKyzA
TTOJIy TaeM:

gn(t(s)) = exp(i2m7[ful - |s]).

TakuM 06pa3oM, 0JJHOMEPHOE CEeUEHUE JIBYMEPHOU TapMOHUKH MPEJICTABIISAET CO-
boit rapmonuky ¢ wacroroii y|f,|. Hacrora nojydeHHoil rapMOHMKH 3aBUCHT
OT BBIODAHHOTO HAMPABJICHUS, BJIOJb KOTOPOTO MPOU3BOJUTCS CEUYCHUE, U BEJIH-
YUHBL MOJLYJIsl BOJIHOBOIO BekTOpa fi,. MOJly/ib BOJIHOBOIO BEKTOPa f;, rapMOHUKM
gn(t) = exp(i27 fI't) maspiBaeTCa ee 60AMO6BIM YUCLOM.

Tapmonuka g, (t) = exp(i27 fI't) moxer OLITH HpejicTaBIena B BAje IPOU3Be-
nennst rapmonnk exp(i2mny 1) m exp(i2mng fts) u apaserca Ti-nepuoautecKoit
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byukimeit xoopaunarst ¢y (mpu 71 = 1/f7) u Te-nepuoanieckoit pynxmnueir Ko-
opaunarhl to (npu Ty = 1/ 7). Tipsmoyrossuuk [0, T1] X [0, T] nasvisaercst 60.1-
106017 Auvelrot. CTpyKTypa JBYMEPHOI MAPMOHUKK Ha BOJTHOBOM siueiiKe BIIOJIHE
BBISICHSIETCS] PUCYHKOM 31, Ha KOTOPOM IOKa3aH 3HAaK BEIECTBEHHON YacTU rap-
MOHWKHW B KBaJpaHTax BOJIHOBO# stueiiku. CriekTpajibHOEe Pa3J/IoyKeHHe JIBY MEPHOM
(QYHKIIMH €CTh IIpeJiCTaB/IeHIe ee B BUJIe JUHEHHON KOMOMHAIINK JBYMEPHBIX Tap-
MOHHUK CO BCEBO3MOXKHBIMHU BOJHOBBIMHU BekTOpamu. IIpu Takom mpejcrapieHnn
nH(OpMaIN O JIBYMEPHO# CTPYKTYpe (DYHKIINKM OKA3bIBACTCS YIIAKOBAHHOI B Oa-
3uC, a KOIPMUIIMEHTHI PA3JIOXKEHUST YKe JIUITIEHBI JIByMEPHON KOPPEJIsIInOHHOM
CTPYKTYPHI.

3amga4a 11.1. Peayin30BaTh BLIYUCICHUE CIIEKTPA N300PaXKEHUA U €0 BbIBO/I
B BuUJle n300parkeHusi B I'pajlalinsix ceporo. Jljis mpocTbix reOMeTpuiecKux CTpyK-
TYp (TOUKA, IPSAMBIE O] PA3IUIHBIME YTJIAME, CETKA U3 PABHOOTCTOSIIIAX MAPAJI-
JIEJIbHBIX [PSMbBIX [OJ] PA3JIMYHBIMU YIJIAMU K TOPU30HTAJHN) MOCTPOUTE CIIEKTD
1 OObSACHUTDH €ro CTPYKTYPY.

11.4 JIBymepHBbIe (DUIBTPHI

[Tycrs gBymeprast quckperaast hyuknus x|k, ko] (n306pazkenue) npejcrapiie-
Ha CBOMM JIByMEDHBIM JIMCKPETHbIM crieKTpoM X [n, ng]. Orcuer X [ny, ng] crek-
Tpa COOTBETCTBYET IapMOHHKE C BOJHOBLIM BEKTOpPoM f, = (nifl,naf)?, rue
n = (n1,n2)T, f{ = 1/Niu fY = 1/Ns. lo sapannoit dynxmun H(f) = H(f1, f2),
rie f € R? obpasyer AuCKpeTHYIO0 (BDYHKIHIO

Hiny,no] = H(m f{,nafy) = H(fy).

Juckpernbiit ciiekrp Y'[ng, ng] obpasyem 1o npasuiy
Yini,no] = H(fn)X[n1,n2] = Hlna, na] X[n1, nal.

Cuekrpy Y[ni, nso] coorsercryer dbyukuus y[ky, ks, Koropast 11ojiy4aercs u3 Hero
nyreMm 1pumeneresi ooparuoro jsymepuoro AIID. B srom ciyuae Oyjiem 1roso-
puTh 0 deymepnoti Purvmpayuu dynkiun (nzobpaxkenus) x|ki, ko] dunbrpom
¢ yacToTHON xapakrepuctukoit H(f).

B nBymepHOM ciydae yxKe 3aJlaHMe JaCTOTHON XapaKTEPUCTUKU COCTABJISET
OTPEJIEJIEHHYIO TPYIHOCTD, TTOCKOJBKY Y Y€J0BEKa OTCYTCTBYeT (DU3MUEcKast WH-
TYHUIHS, CBI3aHHAS C MOHATHEM BOJHOBOTO BeKTOpa. OOBITHO HMCIONB3YIOT OCe-
CUMMETPUIHBIE YACTOTHBIE XapPAKTEPUCTUKN BU/IA

H(f) = H(lf),

IpUJaBasi BOJHOBOMY 4ducay |f| cMbICI cpejiHeil CKOpOCTH W3MEHEHUs FPKOCTH
nM300parkeHus 1pyu U3MEHEHUU KOOpJIMHAT. B jiByMepHOM ciiydae 00JibIoe 3HauYe-
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HUe IprobpeTaeT IMPOCTOe OIMMCAHNE BU3YaJbHOIO 3(pdeKTa, K KOTOPOMY IIPUBO-
JuT obpaborka mnzobparkenust puabTpoMm. B cirydae uIbTPOB HU3KON TaCTOTHI
OOBIYHO T'OBOPSIT O CIVIAXKUBAHUK M300ParKEHUsI U YCTPAHEHUM MEJIKUX JeTaJiei,
a B cJiydae (pUJIbTPOB BLICOKOM YaCTOThI — O BbISIBJICHMU KOHTYPOB U YBEJUUCHUN
KOHTPACTHOCTH.

JIBymepHble (PUIBTPHI OOBIYHO PEAJIM3YI0T B CIEKTpaJbHON 00JIACTH C IIOMO-
IIHIO TIPOIIEYyPhI ¢aBuTa HyJs. [lycrh

.%'/[]431, kg] = (—1)k1+k21’[l€1, kQ]

X'[nl,ng] = X[nl — N1/2,n2 — NQ/Q]
Torna

Y’[nl,ng] = Y[nl — N1/2,n2 — NQ/Q] =
= H[m — N1/2,n2 — NQ/2]X[H1 — N1/2,n2 — N2/2] =
= H[m - Nl/Q,TLQ - NQ/Q]X'[nl,nQ].

Taxum obpas3oM, moJiarast

A~

H[nl,ng] = H[nl — N1/2,n2 — NQ/Z],

nMeeM

Y'[ny,ne] = Hny, na) X'y, no)

ylki, ko] = (—1)" ™29/ [ky, ko).

Kak m B ciydae OJJHOMEPHOTO CUTHAJA, JIJIsT TTPeoOPa30BaHus, OCYIIEeCTBIIS-
eMOTO JIBYyMEPHBIM (PUIHTPOM, MOXKET ObITh 3amucaHa (opmysia, JeHCTBYIONAs
HEIOCPE/ICTBEHHO Ha (DYyHKIMIO X [k1, ko] BO BpemeHHOH obJiactu:

ylki, ke] = > hljy, olalks — ji, ke — jal,
Jj1 J2

rjie Marpula h[jl,jg] HA3BIBACTCS d8YMEPHOT UMNYALCHOT TAPAKMEPUCTNUKOT.
VMIIyIbCHYO XapaKTePUCTUKY JBYMEPHOIO (pUILTPa HAa3bIBAIOT TaKxKe (hynkuued
pacceAnUs mowky, TOCKOJIbKY JIJISI BXOJIHOIO N300paKeHMs, COCTOSIIIEr0 U3 OHO
CBETJION TOUKHM Ha TeMHOM (poHE pe3yJbTar (pUILTPAINNA OKAXKETCs IIPOIOPIINO-
HaJIeH UMITYJILCHON XapaKTePUCTHUKE.

DopMaibHO TOJICTaBUB BMeCTO T |k1, ko] dyukumio expli2w(fiky + foko)], mo-
JIYUUM:

ylki, ko] = expli2r(fiky + foka)] D D hlin, o] exp[=i2n(fiji + fajo)]-
o J2
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OyHKIMA

H(fi, f2) = > hljr, jal exp[=i2m(fijr + fajo)]

Ji Je

IpeJIcTaBIsgeT cOO0 JaCTOTHYIO XapaKTePUCTUKY (PUIbTPA.

CuHTe3 HEeTPUBHAJIBHBIX JBYMEPHBIX (DUIILTPOB SBJISIETCST CJIOXKHON 3a/a4ei,
MI03TOMY OOBITHO BO BPEMEHHOI 00/1aCTH PabOTAIT TOJILKO C IPOCTHIMU (DUILTPa-
MJ MaJIOro IMopsijika. dale Bcero MCIoJab3yIOT CUMMETPUUHBIA CTrUIa K MBaIOIINi
GUIABTP ¢ UMITYJIbCHON XapaKTePUCTUKON BU/IA

—_ = =
Y N
—_ = =

JIerko yoeiuThest, 9T0 TAKOM CIrlasKuBaoIi (pUILTP OTHOCUTCS K KJIACCY (PUIIb-
TPOB HU3KHUX YACTOT.

3amga4a 11.2. PeasmnzoBarh cxemy (GuiibTpaiun n300parKeHust B CIEKTPaJIb-
Hoit obsiactu. Peasmzoars @HY, ®BY u nosiocoBoit huibTphl, MPOKOMMEHTH-
POBATDH Pe3yJIbTAThI PAOOTHI Ha IIPUMEPE IMPOCTHIX N€OMETPUIECKIX CTPYKTYP.

11.5 IlokoopamaaTHbIe (PUITIHTPHI

PaccMorpum 1Ba OHOMEPHBIX (DUIBTPA ¢ UMIYJILCHBIMU XapaKTEPUCTUKA-
mMu hy v gp u gacrorabivu xapakrepucrtukamu H(f) u G(f) coorBercrsento.
[Ipeobpasyem nzobpaxkenue x|ky, ko], obpaboras GuabTpoM hj CTPOKH MATPHILBI
x[k1, ko] u 3arem 06paboras GUILTPOM ) CTOJOIBI MOy Y€HHON MaTpuIibl. B pe-
3yJibTare Mbl 10J1y4uM uzobpaxenue ylky, ka):

ylk, ko] = Zgﬁzh]ﬂ — J1, k2 — jo] = Zzgjlhjﬂ[/ﬁ — J1, k2 — Jal.
o J2
PesynpTupyomuii JByMepHbIil (DUILTP NMEET UMITYJILCHYIO XapaKTePUCTUKY
hli, gal = gji s

JIerko nmoJyunTh BhIparkeHue Jjisi 9aCTOTHON XapaKTEPUCTUKN TOCTPOEHHOIO JIBY-
MEPHOTO (PpUILTPA:

fl f2 Zzgjlhjz eXp Z27T<fl]1 + f2]2>]

J1 J2

= Z gj, exp(—i27 fi1) Z hj, exp(—i27 faja) = G(f1)H(f2).
1 Jo
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Takum oOpazoMm, JIJish PACCMOTPEHHON CXeMbl MOKOOPIUHATHON (DUIBTPAINN TMe-
eT MeCTO (PaKrmopudauus 4acmommuot TapaxmePucmuKry — JaCTOTHAS XapaKTe-
PUCTHKA OKA3bIBAETCSI 1IPEJICTABJICHHON B BUJIE TPOU3BEJICHNsT YACTOTHBIX XapaK-
TEPUCTUK OJTHOMEPHBIX (PUIILTPOB.

Cxema MOKOOPIMHATHON (DUIBTPAIH TTO3BOJISET CTPOUTH JIByMEpHbIE (PUJTb-
TPbI C MOMOIIBIO METOJIOB, pa3pabOTaHHbIX JIJisi OJJTHOMEPHbIX (GusibTpoB. Harpu-
mep, ayMepubiii @HY MoxKHO peasn3oBaTh HOCPEICTBOM IOKOOPIMHATHON 00-
paborku nzobparkenusi ojHomepubiM @HY. B 1o e Bpemsi bopmysia jijisi 4da-
CTOTHOW XapaKTEPUCTUKU MOKOOPNHATHOTO (PUIbTPa MOKA3BIBAET, UTO JIBYMEP-
HBIH PUIBTP MOXKeT padoTaTh KakK (BUILTP HU3KUX YaCTOT IO OJTHON KOOpAMHATE
U QuIbTP BBICOKUX HYaCTOT 110 JIPyroit koopjunare. K coxkaJjieHUIO, OTCYTCTBY-
IOT MPOCTBIE CIOCOOLI ONMUCAHWS BU3YaJbHBIX 3(PPEKTOB, K KOTOPHIM MPUBOIUT
00paboTka N300parKeHust TaKuM (PUJTBTPOM.

3ama4ga 11.3. PeajinzoBarh cxeMy MOKOPJMHATHON (DUIBTPAIMU N300parke-
nusi. Peamuzopars @HY, ®BY u nosocoBoit (buabTp, UCHOIL3YST COOTBETCTBYO-
e Kjaaccuueckne pUabTPhbl, TPOKOMMEHTUPOBATH PE3YIbTAThl PabOThI HA MTPU-
Mepe 1POCThIX INEOMETPUUECKUX CTPYKTYP.

11.6 Ilepeamckperu3aiius n300pazkeHuii

B paznene 10.3 MBI y>Ke paccMaTpuBaJu 3aJady MepeIucKpeTU3aIul OTHO-
MepHOro curHaJia. HamoMHuM, 9T0 mepennckpernsanueil Ha3biBaeTCsl TPOIELyPa
M3MEHeHUsT MHTepBaJja JUCKpeTusanuu. B ciyuae n3o0parkeHuit mepencKperi-
3allMsi, TTPUBOJSINAST K YMEHBITEHNI0 WHTEPBaJa JUCKPETH3AIN, O3HATAET IO~
BBIILIEHNE [IPOCTPAHCTBEHHOrO pazpertenns®. NHTYUTUBHO $ICHO, 4TO yBeJmde-
HUE pa3pelleHrsl CBI3aHO CO 3HAUUTEJIbHBIM YBEJHYCHUEM KOJUUYECTBa HHMOP-
Malnu, cojepxKarieiics B n3obpakenuu. [Ipn 9TOM Ha HEM MOSBJISTIOTCS HOBBIE
boJiee MeJIKue JieTaqu, a JIJisd KPYIHBIX JleTaleil yaydmaercs mpopaborka. Ha mep-
BBIIl B3TJIsJI KAYKETCsl, UTO MPUHIMITHAIHLHO HEBO3MOYKHO YBEJIUUINTEH Pa3peIieHne
n300paXkeHus, He uMesi JONoJHUTEeIbHOU nHdopmannn. CleKkTpaabHast IepeIuc-
KpeTu3alnsi UCXOJUT U3 MPEJITOJIOKEHUsT 0 TOM, 4TO BooDparkaeMoe HjeasibHOe
uzobpaxkenue ¢ OGJIbIIUM pa3pelieHueM He COJEPKUT CIEKTPAJIbHBIX COCTABJISIO-
IAX B IPaBOM (BbICOKoqaCTOTHoﬁ) JaCTH CIEKTPa 10 KaxK10# KoopauHaTe. TakuMm
o0pa3oM, 1pHU yBEJIMUYEHUU Pa3pelieHns C IOMOIIbIO CIEKTPaJbHON IepejucKpe-
TU3AIUN Ha M300pakeHUK He MOIYT MOSBUTHCS HOBBIE Oojiee MeJKue JeTaJH, HO
popaboOTKa, MPUCYTCTBYIONIUX HA U300parKeHuu JieTajieil CyIecTBeHHO yJiydllia-
eTcsl.

Paccmorpum 3aja4dy yBendeHust pa3pelietust nu3oopaxkenusi. [lycrb ucxopnoe
uzobpaxkenne x ki, ko] pasmepom Ny X Ny umeer juckperublii ciekrp X [ng, nol,

64regolution
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a nzobpaxenuto x'[ky, ko] pasmepom N| X NJ, HOIydeHHOMY MOCJE MEpeUCKpe-
Tuzanuu, coorsercreyer cinekrp X'[ni, ns]. Byuem cuurars, uro Ny = M;N;
u Ny = MyNy. Cuekrp X'[ng, ne] nosyuaercs uz cuekrpa X [ng, ng| myrem jo-
nosiHeHus ero HyssaMmu. Ecin Ny = 2™ u Ny = 2", 10 jij10 BbIUKUCJICHHUS CIIEKTPA
X[n1,n2] moxer ObiTh uctosib3oBana nponeaypa BIIO. Eciau rakxe M; = 2
u My = 2P2 1o BII® M0OKHO KCIIOJIb30BATH U JIJIsi BOCCTAHOBJIEHUS U300ParKeHusd
ZC’[kZl, kQ] .

[Ipu crekTpasbHOi NMepeucKpeTu3anuy n300paskKenuil y100H0 HCIOIL30BATh
nponeaypy capura Hysd. [locae BhmosHenns: Tpoelyphl CABUTa HyJis HyJeBoi
qactore coorBerctByer orcuer (IN1/2, No/2) cnekrpa X [ng, ng]. Jononnenue my-
JIAMHE CJIeJTyeT BBIIOJHATD TaKUM 00pasoM, 4T00bI OTCUET, COOTBETCTBYIONIHI Hy-
JIeBOii yacrore, okazascs B ciekrpe X' [ny, no| B nosuiun (Ny/2, Ny/2):

X/[dl + nq,dy + ng] = X[?’Ll, TLQ],
Fﬂ61<n1<N1—1,1<n2<N2—1H
dy = (N — N1)/2,
dy = (N3 — Ny)/2.
Cremyer Tak»ke NOMHUTB, YTO HEHAPHBIC OTCUYETHI CHEKTpa mpu 1y = 0 1 ng = 0
nepecraioT ObITh HemapHbiMu B ciiekTpe X'[ng, ngl. MoIHOCTD 9TUX CHEKTPaJIb-

HBIX COCTABJISIIONIMX JIOJDKHA ObITh PACIIPE/IETCHA MEXK Ly COOTBETCTBYIONIUMU OT-
cueramu crekTpa X'[ng, nol:

X'[dy, dy +ns] = X'[dy + Ny, ds + no] = X[0,14]/2,
X/[dl + nq, dg] = X’[dl + nq, d2 —+ NQ] = X[nl, 0]/2,

rmel<n <N —1ul<ny <Ny— 1. Momuocrs orcuera X[O, 0] pacnpejie-
JISIETCS MEXK/Iy YeTbIpbMsi oTcyeramu ciektpa X' [ng, nol:

X'[dy, do) = X'[dy, dy+ No) = X'[dy + Ny, dy) = X'[dy + Ny, dy+ No] = X[0,0]/4.

Onucanuyio mporejaypy MOXKHO UCIHOJb30BAThH U Jijisi ©300paXKeHU i, pa3Mephbl
KoTOpbIX N1 1 No He ABJIAIOTCA TIeJIOi CTeneHblo JBOWKU. B aToM cirydae mepe/t
BbinojiHeHneM BITD mpopojisiT jronosiHeHne n300paskeHusi HyJIsiIMU ClIpaBa U CHU-
3y. [Tociie Boccranossienus uzobpaxkenue x' [k, ko ycekator j1o pasmepos N{ X V5.
Kak 00bIvHO, MpeBapuTe/ibHOe UCKJIIOUEHUE TOCTOSTHHON COCTABJISIONIEH yKeJia-
TEJIbHO, & IIPU UCIOJIB30BAHUN JIONOJTHEHUST HYJIsIMU — HEOOXO/IMMO.

11.7 Cxema JPEG cxkatuga m3o00parkeHnii

CxkaTue uH(OpPMaIUY OCHOBAHO HA BBISABJICHUY B HEl M yTHIM3AIUN N30bITOY-
HOCTH, KOTOPasi OOBbIYHO IPOSIBJISAETCS KaK BHYTPEHHsIsI KOPPEJISIIMOHHAS CTPYK-
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Typa — OTJeJbHbIE JIEMEHTBI IIpeJICTaBIeHIsI NH(MOPMAIINKA OKA3bIBAIOTCS 3aBH-
cuMbiMi. B citydae nzobparkenuit oueBujiHast U30BITOUHOCTH CBs3aHa C TEM, UTO
COCEJIHAE TOYKU U300parKeHust UMeFOT 0OObIYHO OJIM3KYI0 SpKOCTL. OCHOBHAST TPY/I-
HOCTb 3aJIa4H C2KaThs N300parKeHuil cBsi3aHa ¢ TeM, 4TO JIjisd B300parKeHuil Xxapak-
TEepHa, JIByMepHas KOPPEJISIIMOHHAs CTPYKTYPa, KOTOPYIO CJIOXKHO yTUJIU3UPOBATH
TPaJIUIIMOHHBIMY AJIFOPUTMaMK CxKaTud. Vcrnoiab3oBanue CleKTpaJbHON IIpeso0-
paboOTKHU T103BOJISIET Pa3pelinTh 3Ty HpobJjieMy — JIByMepHasi KOPPEJsiuOHHas
CTPYKTYPa BCsl OKa3bIBAETCSI COCPEJOTOUCHHON B BHIOpaHHOM Oasuce, a Ko3hdu-
IMEHTHI PA3JIOYKEHUS YrKe JIMTTIEHBI TAKOi cTpyKTypbl. [Topasurenbuas a3hdeKTrB-
HOCTb CIEKTPAJbHBIX METOJIOB CxKATHs N300pakKeHnit B CpaBHEHUHN C IIOJIHON Oec-
IIOMOIIIHOCTbBIO TPAJIMIIMOHHBIX METOJIOB JIEMOHCTPUPYET aJeKBATHOCTD OIMCAHHO-
I'0 110J1X0/IA.

Haubojiee n3BecTHbIN CIEKTpaJbHBIA METOJI CxKaThsd U300parkeHuit pazpado-
tat B KoHie 80-x rojgo XX Beka rpymmoii JPEG (Joint Photographic Experts
Group). Cranmapr JPEG npegycmarpuBaer pasjindHbie METObI CKATHSI U MHO-
JKEeCTBO TEXHUUIECKUX JleTasieil nx peajmsanuu. B crangapT BXOJST KaK METOJbI
cKaTus 0e3 1OTePb, KOl C2KATOe N300parKeHre TOYHO COOTBETCTBYET UCXOJIHO-
MYy, TaK U METOJIbl C2KATHs C IIOTEPsME, KOIJIa IIPU CXKATUU B UCXOJIHOE N300parKe-
HUE BHOCSITCsI MCKarKeHusl. VICIOIb30BaHMe METOJ0B CXKATHUsSI C IOTEPSIMHU [103BO-
JIsieT JIOCTUYb CYIIECTBEHHO JIYULINX KOI(DMUIUEHTOB C2KATHA IIPU OTHOCUTEIHLHO
HEBBICOKOM YPOBHE BHOCHMBIX HCKaXKEHUM. 3J1€Chb Mbl PACCMOTPUM TOJHLKO 0a30-
BbIii BapUaHT CXKATHUS C MOTEPSIMU, IIPUIEM JJIsi IPOCTOTHI MBI OIyCKaeM 0O0JIb-
IIIUHCTBO TEXHUIECKUX MOapodHOCTE. KpoMe Toro, onmmchiBaeTcst cxema CxKaThst
M300pazkeHus B rpaanuax ceporo®. CrkaTne MOMHOIBETHOTO N300PasKeHI TIPO-
HCXOJIUT aHAJOIMYHBIM 00Pa30M B KaxKJI0il U3 I[BETOBBIX ILJIOCKOCTEH, HO IIpe/iBa-
PUTEJIBHO POU3BONTCS 11epexos1 or 1BeroBoro npocrpancrsa RGB k nperoBomy
npocrparctBy YCrCb (sipKoCTb-KpacHoe-cuHee), HCIOIb3YeMOMY B TEJICBUICHUH.
[Igerosbie kKoMmmnonenTbl Cr u Cb MOXKHO CKMMATh ¢ OOJIBIIMMHU MOTEPSIMHU, I10-
CKOJIbKY IJ1a3 DoJiee IyBCTBUTENICH K SIPKOCTH, YeM K IIBETY.

JlncKpeTHOe KOCMHYCHOe ITpeoOpa3oBaHIe

Econ Bpemennoit psij o, ipu j = 0,..., N J100Npege/nTh 10 9eTHOCTH Ha, WH-
reppai —(N — 1) < 7 < N pywnoit 2N, 1o juckpernoe npeobpazosanue Oypbe

65 QrMeTnM, 9TO APKOCTH TOUKH, IBET KOTOPOii 3a7aH MBETOBLIME KoMmoHeRTaMu RGB, Boraucagerca mo ¢op-
myste Y = 0.299R + 0.587G + 0.114B. Tlpusenettbie K03 DUITUEHTH TTPEACTABIAIOT OO0 SKCIIEPUMEHTAIBHO
OTIPeJIeJIEHHBIE YYBCTBATENBHOCTH IJ1a3a K COOTBETCTBYIOIINM IIBETAM.
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I[IpeBpallla€TCda B PpaAa3JIO2KEHNE CUTI'HaJIa 110 KOCHUHYCaM:

R o
X, = N | Z T exp (—iﬁjn) =
j=—(N-1)

N-1 N
= % Ty + 2 ; T j COS <%jn) + (1)”:1:N] = % JE:C )xj cos (Njn)
e
1 5=
C(il)=<2 1<j<N-1.
1 7=N
Crektp X, Takxe onpegener npu n = 0,..., N n cummerpuden (X_, = X)),

nosromy gopmysy odoparnoro JAIID yiaercs npeodbpazoBarh aHaJ0rnIHbLIM 00pa-
30M:

N-1

N
= Xp+2 Z X, cos (%]n) + (=1 Xy = Z C(n)X, cos (%jn) :
n=1 n=0

OueBuHasg CUMMETPHA IOJTYYCHHBIX BBIPAXKCHUI MO3BOJIACT OOBEIMHATD NX
B oany dopmyiy. Onpejennm oneparop DCT, [z;], npeobpasdyrommuit BpemenHoO#
PSAJL T, B COOTBETCTBUU € HOPMYJIOit

DCT, ;] = ——— f: Oy cos (Togn)

Torna X, = DCT,[z;]/V2N u x; = V2NDCT,[X,] u scno, uro z; =
DCT,;[DCT,,[z,]]. Takum obpasom, BBeJieHHOE HaMy PeoOpa3oBaHie OKa3bIBACT-
cs B3aMMHO oOpaTHBIM caMoMmy cebe. IIpeobpasoBamnue, ocyIecTBiIsseMOe onepa-
ropom DCT, naseiBaercst duckpemmovim kocunycuom npeobpasosanuem (JKII).
JIByMepHOe JIMCKPEeTHOE KOCMHYCHOE 1IPeodpa3oBaHue 3a/1ae1cs (POPMYJIOii:

DCT, (2] = Z Z C(j)C(k)x i cos <%]n> coS (%km) .
§=0 k=

B [Numerical Recipes, 1997] onucana cxema u npusejieHa peajusaiius ajropurma
obicTporo ogHomepHoro u jgBymeproro JKII. B ujeitnom mane ajaroputm ObICT-
poro JIKII ananoruden ajnropurmy BITOD.
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IIpu cxxatun anropurmoMm JPEG uzobpaxkenust B rpaJanusx ceporo Ha mnep-
BOM 3Talle ITPOUCXOIUT CerMEHTAINST M300parkeHnsi Ha HellePeKPhIBAIOIINECs KB, I-
paTHbIe OJIOKM OJMHAKOBOIO pasmepa. OObIYHO HCHOJL3YIOTCH OJIOKH PasMepOM
8 X 8 nukcesios. s Kaxkgoro 6joka Berancisgercs marpuiia JIKII, B pesyiabrare
4ero HPOUCXOUT [IEPEX0, OT HPOCTPAHCTBEHHOI'O IIPEJ/ICTABICHNUS N300PaXKEeHMSI
K €70 CIEKTPaJbHOMY IIpeJcTaB/IeHnio. bazoBas ujies aJropuTMa COCTOUT B TOM,
YTO JIJISI BU3YAJbHOIO BOCHPUSITHS M300parkKeHusi 4ejJOBEKOM HamboJiee BarKHbI-
MU ABJIAIOTCSI HI3KOYACTOTHIE KOMIIOHEHTHI CIIEKTPAJILHOTO IIPEJICTaBICHUsI, COOT-
BETCTBYIOIIME IJIABHOMY U3MeHeHnio sipkocTu. OrOpachiBast HauMeHnee 3HaINMbIe
CIIEKTPAJIbHBIE COCTABJISIONINE, MOXKHO BBLIOMPATH MEXKJIy KaueCTBOM H300parke-
HUsI ¥ CTEIIEHbIO CXKaTHs.

KBanToBanue ko3dduiineHToB

B marpune JIKII sjemenTsi, crosiiye B JIEBOM BEPXHEM YIVIy, COOTBETCTBY-
IOT CHEKTPAJbHLIM KOMIIOHEHTAM C HU3KON MPOCTPAHCTBEHHON YaCTOTOW M HaWU-
Oosiee BaXKHBI JIJIsT KAUeCTBEHHOT'O BOCIPOW3BEICHWST M300parKeHusi. DJIEMEHTHI,
CTOSITIUE B MIPABOM HUXKHEM YTJIy, HAIIPOTUB, COOTBETCTBYIOT BBHICOKUM TTPOCTPAH-
CTBEHHBIM YaCTOTaM M HECYT MEHBINYI0 BU3yaJbHYIO MH(MOpMaIio. KoMoHeH-
Thl CIIEKTPAJbHOI'O 1IPEJICTABJIEHUS, COOTBETCTBYIONIME BHICOKMM 4aCcTOTaM MOI'YT
KOJIUPOBATHCsA € OOJIbIIMMU IIOTEPsAME 0€3 CYIIeCTBEHHOIO UCKaXKEHUsT M300parke-
aust. Onucanubiii HUXKE TTPoIece oKpyryieHus sjieMmentToB marpuibl JKII peasu-
3yeT MUJICI0 O PAa3JIMIHON BaXKHOCTH MPOCTPAHCTBEHHBIX YACTOT JIJI BU3YaJbHOTO
BOCHPUSTHUS U300paYKEHUsI.

OkpyrJieHne NpUBOJAMT K COKPAINEHUIO YnCIa OMTOB, HEOOXOMMBbIX JIJIsi XPa-
HEHUST BBICOKOYACTOTHBIX djieMeHToB Marpuibl JKII 3a cuer morepu TodnoCTH.
Oxkpyrsienne marpuiibl JKIT npousBoguTcst mocpeacTBoM MaTpuilhl OKPYTJIEHUsT
R,.,. TIponiece okpyrienus koadunnuenTos JKII 3akimoyaercsa B 1103JieMEHTHOM
nenennn marpuibl JIKIT na marpuily okpyriienusi R ¢ nocjejytonmmM oKpyrJie-
HUEM pe3yJIbTaTa JIo OJIMXKAKIIero 1mesioro aucaa. dem 60IbIne 3JeMeHT MaTPUIIbI
OKPYTJIEHUsI, TeM DOJIbITIe TepsieTcsi HHGpOPMaIUK O 3HAYEHUN COOTBETCTBYIOIETO
Koa(ppurmerTa. JHAUCHUST JIEMEHTOB MATPUIbI OKPYIJIEHUs] PACTYT 1O HallPaB-
JIEHUIO CJIeBa, HaIpaBo u cBepXy BHU3. OT BLIOOpa MATPUILHl OKPYTJIEHUs 3aBUCUT
DaJIaHC MeXK Iy KadecTBOM m300parkenusi u crenenbio cxkarusi. Crangapr JPEG
PEKOMEH/TYeT UCIOJIB30BATh MATPUILY OKPYIJIEHUS CJIEJIYIONIETO BU/IA:

rje () — nokasaresib kadecTBa. [Tokazaresb kKauecTBa ONpejIessier CKOPOCTh POCTa
9JIEMEHTOB MAaTpPHIlhl OKpyIJieHus. [Ipu Oosbmnx 3HaveHusX mapamerpa () mpo-
UCXOUT OOJIbINAst MOTEepsi KauecTBa N300parKEHUs! IPU COOTBETCTBEHHO OOJIbITTNX
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KoappurmenTax cxxkatud. [IpuBegem B MaTpUIIBl OKPYTJICHUS /I XapaKTePHO-
ro 3Hadenuns () = 2:

7 9 11 13 15 17]
9 11 13 15 17 19
11 13 15 17 19 21
11 13 15 17 19 21 23
11 13 15 17 19 21 23 25
13 15 17 19 21 23 25 27
15 17 19 21 23 25 27 29
17 19 21 23 25 27 29 31

KoampoBanme cnekTpaJjbHON mHMOpMAITANT

[Tonydennas nocne JIKII n kBanTOBaHMS COBOKYIMHOCTDH MATPUIl KOTUPYETCs
Ha CJIEJLYIONIEM Iare ¢ 1eJIbI0 COKPaIeHUs] 3DbITOYHOCTH.

Kosdpdunmenr ¢ nnyexcamu (0,0) B marpune JKII npejcrasiser cpemiono
SIPKOCTh TOUeK OJioka. ZlcHO, 4To cpejiHsis spKOCTh MeHsieTcst oT 6Jioka K OJIOKY
OTHOCHTENIbHO MejierHo. [loaromy suadenune koadduimenta (0,0) 3amensercs
Ha Pa3HOCTh MEXKJIy €ro 3HaUYeHWEeM M 3HAUYEHWEM COOTBETCTBYIOIIEro KOIMQUIu-
eHTa B mpeabLIyieil Mmarpure (670K 0OXOISITCS B TIOPSIJIKE CBEPXY BHU3 U CJIEBA
HAIPABO), UTO JIACT MEHDIIINE 3HATCHHST 9TOr0 KOI(DMDUIMEHTA U, COOTBETCTBEHHO,
OoJiblliee YUCJIO HYJIell B €10 JIBOMYHOM 3allucu.

Ha cienyromem mare mpon3BouTCs pa3BepTKa Kaxk1oit MmaTpunsl JAKII B jin-
HeltHbIi BeKTOp Koaduimentos. st sroro marpuia JIKII obxojures 3urzaro-
00pa3HO B MOPsJIKe, TOKA3aHHOM HUXKeE:

0 1 5 6 14 15 27 28
2 4 7 13 16 26 29 42
3 8 12 17 25 30 41 43
9 11 18 24 31 40 44 53
10 19 23 32 39 45 52 54
20 22 33 38 46 51 55 60
21 34 37 47 50 56 59 61
35 36 48 49 57 58 62 63

3zech guciio, crosiiee Ha Mmecte jgemenTa Matpunbl JIKII, — ato nngeke B ju-
HEIiHOM BEKTOpe, IIPUINChIBaeMbIi cooTBeTcTBYOMeMY Koaddurnuenty JIKII npu
pasBepTKe.

Ha mocnemmem stame K KayKJIOMy BEKTOPY TPUMEHSIOTCA TOCIEI0OBATEIHHO
asropntm Kogmposanus cepuit (RLE) n anropntm xkopmposanus suTponmu (Ko-
auposatue Xadbdmana i apudMernieckoe KoJUpoBaHue). DTu ajropurMbl 00-
MEeN3BECTHBI, U UX ONMMCAaHUE He BXOJUT B HAIU 3a][a4u.
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