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Bapwuanr 3

1. /Ina cucremnr 3 = Ay, rae

a) maiitn e’

0) mccae0BaTh HA yCTORINBOCTD HYJIEBOE DETIECHNUE;
) Haifru Bce o € R, npu KOTOPBIX HYJEBOE DELICHUE CHCTEMbI

y=DBy+ f(y)

ACHMIITOTHYECKN yCTOoiiunBo. 31ech B = A+ aF, E — equHu4YHAS MaTpHIIA,
f(y) = colon(0, y1yays, y1ys sin Z/%)

2. Haiitu Bce [ > 0, mpw KOTOPHIX KpaeBas 3ajada
y'+4y =sin2t, y=y(t), y(0) =0, y(1) =0, t €[0,]]

a) UMEET eMHCTBEHHOE DEIICHHUE;
6) mMeeT GeCKOHETHOEe MHOJKECTBO DEIeHHi;
C) HE MMEEeT pereHuii.

3. Pemuth ypaBHenue
y + 2y = eyt
4. Haiitn byngaMeHTaIbHYI0O MATPHUILY YPABHEHUS

Y+ day + (46> — 1)y =0

¥ BCE @, TIPU KOTOPBIX OMpeAenTe/ b BpoHckoro crpemutcs K 0,
ecjim & — —O0Q.
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BBEJIEHNE

Data aequtione quotcunque

fluentes quatitue involvente

fluxiones invenire et vice versa
I. Newton

Januoe mocobue NpeaHA3HAUEHO CTYJAEHTAM TeX (DaKy/IbTeToB (Creru-
aspHOCTEl, Hanpasaenui), rae kype "OObikHOBeHHBIE nuddepeHanbHbE
ypaBHeHHs1" BBIJETEH B OTAENBHYIO JUCIUILIAEY (MOIyb). B fpocnaBeckom
rocynapcrBeHHoM yHuBepcutere uM. I1. T JlemmjoBa K TakuM OTHOCSTCS
BCE HAIIPABJEHUSI MATEMAaTHYECKOro (bakysibrera, OOJBITMHCTBO HAIpaBJie-
Huit dakyapTeTa WHHOPMATUKI U BBHIYUCTUTETHHONR TEXHUKHU, (PUIUIECKOTO
dakyabrera. OHO HE TIPU3BAHO 3aMEHUTH W3BECTHBIE YIEOHUKH W COOPHUKHI
3a/1a4, KOTOPbIE TPAJUIMOHHO MCIOJIB3YIOT IIPU YTEHUH JIEKIIMH U 1pOBeie-
HUW MIPAKTHIECKUX 3AHITHIl. ABTOPBI HAICIOTCSI, ITO OHO 3aifMeT CBOIO HUTITY
cpeau yaeOHUKOB, yueOHbIX TI0CO0Uil 1 33/ Ja4HUKOB, CIIHCOK KOTOPHIX IPUBE-
JIEH B KOHIIE JTAHHOTO H3/TAHUSI.

B cBs131 ¢ mepexo1oM Ha ABYXYPOBHEBYIO CHCTEMY MOSIBUINCH HOBBIE (he-
JiepaJibHbIE TOCY/IAPCTBEHHBIE 00pa3oBaTe/ibHble cTaHaapThl. [lo-Buumomy,
OHH JIaJIeKH OT 3aBeplleHusd U OY/IAYyT He pa3 MepecMaTPUBATHCS, YIIYUIIaTh-
Cs1, MOJIEPHU3UPOBATHCS. HO sICHO 0/1HO: B 00pa30BATEILHOM MPOIECCE O~
Ha YBEJMYUBATBCI JIOJIS CAMOCTOATEJNBHON paboThl cTyaeHTOB. Mcxoas u3
JIAHHO¥ TIOCBLIKH, aBTOPHI TOTBITAINCH BKJIIOUATH B MOCOOHE Te (hparMenTh
Kypca, KOTOpbIE He BCerja MOXKHO Haiitu B yueOHMKax. Peub wjer o npume-
pax U yIpazkKHeHHUsX, MOICHAIONUX MarucTpajbHOe U3JI0KeHne Kypca. Ta-
KHe yIpayKHeHus 1 Pa300p MPUMEPOB, HECOMHEHHO, TOMOTYT CTYIEHTAM MPU
TMO/ITOTOBKE K 3avUeTaM U 9K3aMeHaM. B KoHIEe TocoOHsT TPpUBEIeHBI TPUMEPHI
3a9EeTHBIX W 9K3aAMEHAIMOHHBIX PabOT, KOTOPHIE MOYKHO MCIOJIB30BAThH, 0CO-
OEHHO TIPU TPOBEJICHIH IK3aMEHOB B muchbMeHHO (bopme. Ilucbmenmbe K-
3aMEHBI XapAaKTEePHBI JIJI BBICHINX YIeOHBIX 3aBeJeHUH OOJBIMMHCTBA CTPAaH,
MPUCOEINHUBINNXCS K BostoHcKOMY mporeccy.

[Tocobue cocronT ux YeThipex IJaB, BKJIYAIUX B ce0si MATepUaJl, KOTo-
phlit gaBasgerca 6a30Boit YacThio Kypca. ObbeM mocobus He MO3BOJSAET BKJIIO-
9UTh PsiJ I1aB Kypca. Hampumep, Kpaesbie 3a1at#, METOI, MAJIOTO TTapamMeTpa
H T. . ABTOpBI HQJICIOTCS, ITO HEJOCTAIONIIE BOMPOCH BOWIYT B CJEAYIONLYIO
9aCTh AHAJOTUIHOTO MOCOOWSI.



Cnucok TuTepaTypsl MIPUBEJICH B KOHIE MOCOOUS W pa3jeeH Ha TPH da-
cru. B neppoii yactn — yueOHBIE TIOCOOWS, KaXKI0€ U3 KOTOPHIX MOYKET OBITH
B34TO 32 00s13aTe/IbHOE.

Bo BrOpoii wacTu npuBesen cuncok cOOpHUKOB 3a,1a4. Hakowner, B Tperbeit
gacTu yueOHOro 1oco0us yKa3aHa JONoaHITeIbHAas JuTeparypa. OHa ckopee
mpeJHa3HavYeHa JJIs CTYJIEHTOB, Dojiee TIYOOKO MHTEPECYIONUXCS JTaHHBIM
pa3IeioM MaTeMaTHKH.

YuebHoe mocobue pa3iesieHO Ha TJIaBbl, a T[JIABBI MOAPA3IETAIOTCT HA
nyHkTel. Hymeparus dopmys, TeopeM, 3aja4, yrnpazkuenuit nsoitnas. [lep-
Bas mudpa ykaspiaer HOMEDP riapbl. Tak, Hanpumep, (3.11) o3mHauaer, uro
peub ujer 06 11 popmydie u3 rperbeii riapbl. B nocobun ucnoib3yoTest craH-
JIapTHBIE 0003HAYEHNST OCHOBHBIX MaTeMaTHYeCKuX MOHATHil. Tak, Harmpumep,
R — noste geiicrBurenbHbIX unces, a R — eBK/IMJII0BO IPOCTPAHCTBO pa3Mep-
HOCTH 7. HaJT TOJIeM JeHCTBATETHbHBIX dncesn. C' — moJile KOMILTIEKCHBIX IHCE.

T z||gn = /@2 + ...+ 22 — HOpMa B R". TovHee, OJHA U3 HOPM.

Bapuanr 2

1. JIna cucremnr § = Ay, rae
0
A=11 0 0
3 0

a) Haiitn e

6) mccae0BaTh HA yCTORINBOCTD HYJIEBOE DEIEHUE;
) Haiftu Bce ov € R, npu KOTOPBIX HyJEBOE PELIEHUE CHCTEMBbI

y=By+ f(y)

ACHMIITOTHYECKH ycToitunBo. 31ech B = A — E, E — equHuYHAs MaTPHIIA,
fy) = colon(yy sin® ys, 1193, y3).

2. Haiitu Bce [ > 0, mpm KOTOPHIX KpaeBas 3a7ada
y' +y=sint, y=y(t), y(0)=0, v'(I) =0, t €0,]]
a) UMEEeT eMHCTBEHHOE PEIeHNE;
6) nMeer GECKOHEYHOe MHOZKECTBO DElIeHHI;
C) HE UMEEeT pEreHuil.
3. Pemuth ypaBHeHue
(z +y*)dy = yda.
4. Haiitn dpynmamMeHTaIbHYI0O MATPUILY YPABHEHUSI
Y +2ay + (a®* — 1)y =0

" BCE @, IIPH KOTOPBIX Olpeje/inTesib Bpouckoro crpemutcst K 0,
ecau r — +00.

135



IIpuMepbl KOHTPOJIBHBIX PaboT
Bapuanr 1

1. s cucrembr § = Ay, rie

-2 -1 0
A= 0 -2 —4
-1 0 1

a) naiiru e??;

6) MCCiIeI0BATh HA YCTOHUMBOCTD HYJIEBOE DEIIeHNE;
) HaifTn BCe v € R, nmpu KOTOPBIX HYJEBOE DENICHUE CHCTEMBbI

y=DBy+ f(y)

ACHMIITOTHYECKU ycToiiunBo. 31ech B = A+ aF, E — equHuYHas MaTpHIIA,
fy) = colon(y}, y1ys, y3).

2. Haiitu Bce | > 0, mpu KOTOpPBIX KpaeBas 3aja4a
y' +y=cost, y=y(t), y(0) =0, y(I) =0, t € [0,]]

a) IMEEeT eJMHCTBEHHOE DEIEHNE;
6) nmeer GECKOHEUHOE MHOXKECTBO DElIeHu;
) He uMeeT pelieHuii.

3. PemmuThb ypaBHEHHE
(2¢¥ — )y’ =1.

4. Haiitn byHIaMeHTaIbHYI0 MATPHILY YPaBHEHUS
y' +2ay + (a* + 1)y =0

7 BCE @, TIPU KOTOPBIX OMpeAeInuTe/Ih BpoHCKOro cTrpemMutces K 0,
ecJim r — +00.
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I'nmasa 1

Huddepeninaibabie ypaBHEHUs [IEPBOrO MOPAIKA.
DjieMeHTapHbIe METOAbl UX UHTETPUPOBAHUS

1.1. O6iiye MOHATHS, OIPEE/IEHNS U IPUMEPHI

JnddepeHinaibHbiM HA3BIBAETCST TAKOE YPaBHEHHE, B COCTaB KOTOPO-
ro, MOMHMO HEe3aBHCUMBIX IIePeMEHHBIX 1 HeH3BECTHBIX (DYHKIUIl STUX IIepe-
MEHHBIX, TAKZKe BXOJSAT MPOM3BOHBIE HEM3BECTHBIX (DYHKIUN wan ux aud-
depentmansl. Eciun dyaknun, Bxoggmue B guddepeHnuaaibHoe ypaBHEeHRE,
3aBUCAT OT OJHOW HE3aBUCUMOIl mepeMeHHOM, TO 3TO ypaBHEHUE Ha3bIBaeT-
cst 00vKHOBERHbILM JuPdeperyuarvhoLm ypasreruem. Eciu e B ypaBHeHHE
BXOJAT YaCTHBIE NPOM3BO/IHbIE HEN3BECTHBIX (DYHKITHII MO HECKOIBKIM He3a-
BHCHMBIM TIEDEMEHHBIM, TO YPaBHEHNE HA3BIBAIOT JuPPeperiyuasvrovim yYpas-
HENUEM € YaACMHBMU NPouseodusimu. Huke OymeM paccMaTpuBaTh OOBIKHO-
BeHHbIE i depertnaababie ypaBHEHN .

Bynem o603HauaTh HE3aBUCHMBIE IEDEMEHHBIE OYKBOH T, y(X) — HEn3BECT-
Hast QYHKIUS STOM MepeMeHHO, a mpon3BoHble GYHKIMN Y(7) — KaK 0GBIIHO
y'(z), y"(x), .., y"(x). Yepes cumpon F 0603HAUNM W3BeCTHBIE (DYHKIUM.

Nrak, 06bikHOBEHHBIM i DepeHnna bHbIM YPABHEHHEM HA3BIBAETCSI Y PaB-
HEeHHe BIJIA

Fa,y(x),y' (2),y"(@),...,y"(z)) = 0. (1.1)

HawuBsicmnii mops 10K TPOM3BOIHBIX HEX3BECTHON (DYHKIHH, BXOISIINX B YPaB-
HEHHUe, HA3bIBAETCsI NOPAdKkom duddepenyuanrvrozo ypasrenus. Pynxnus y ()
HA3BIBAETCSL peweruem (unmezparom) duddepenyuarvnozo ypasnenus (1.1),
€CJIH OHa N pa3 HempephiBHO anddepennnpyemMa Ha HEKOTOPOM WHTepBaie [
u npu z € [ yposnersopsier ypasaennio (1.1). 3asaua HAXOXK I€HUsS DENICHUs
juddepeHnuaTbHOTO ypaBHeHN HAa3bIBA€TCA OOBITHO 33/1a9eil HHTETPUPOBa-
uns auddepeHnuaabHOro ypaBHeHHI.

Ha mepBoM stame OyjgeM paccMaTpuBaTh OOBIKHOBEHHBIE UMD depeHIn-
aJbHbIE YPABHEHUS TEepBOro mopsiaka. OO6mmii B Takux ypaBHeHU Oyaer

F(z,y,y) =0 (1.2)
WM, B pa3penieHHoil ornocuTeabHo iy’ dopwme,

y = flz.y) (1.3)



[Tomp3ysich ApyruMu 0DO3HAYEHUSMH MPOU3BOIHOI, 3TO YpaBHEHHE MOYKHO
3anmcaTh B BU/jIe

dy
Ecnn nekoropas dyukims
y = ¢(z)

ynoBieTBopsier paseHCTBY (1.2) mm (1.3), To OHa, eCTECTBEHHO, HA3BIBACTCS
pemenneM 31oro auddepernmnanbHoro ypasHenns. Nnorna ¢(x) HA3BIBAIOT
YACTHBIM PEIIEHHEM COOTBETCTBYIOMIETO Jiu(DepeHImaibHOr0 ypABHEHUS.

IIpumep 1.1. [Iycts f(x) — nenpepsiBaas Ha naTepsaie I = (a,b) GyHk-
nus, y(z) — eé neproobpasnas. Torga

y(z) = f(z) (1.4)

1 JIJIs HAXOXK/IEHUST TIePBOOOPA3HON MBI MOTyunin JuddepeHnajibHoe ypas-
HEHHe TePBOro nopsiaka. KEro pemerust MOryr ObITh HaiiIeHbI B CJIE/LYIOIIEM
BHJIE

y(x) = /f(t)dt +C, (xo € 1), (1.5)

rjae C HpOI/I3BOJIbHaH IIOCTOAHHAMA.
O6o3Ha9uM

o(x) = / f(tyt.

Tem cambiv dopmysia (1.5) nepenuniercs B Buje

y(@) = p(z) + C.

Caenosarensro, ypasaenue (1.4) nmeer cemeiicTBo penienuii, 3aBucammx ot
napamerpa C' € R. IlpuaaBast KonKpeTHOe 3HadeHne qist C', TMOMyIaeM qacT-
ubie pemennst quddepennmanbroro ypasrenust (1.4). ®opmyna (1.5), npn-
HATO TOBOPUTH, AaeT HaM "obmee pemenne'.

AHajoruvHast CUTYaIus MOKET PeaTn30BaAThCS U IIPH PACCMOTPEHUH YPaB-
Henus o0mero Buga (1.3). Penrennst Takoro ypaBHEHHsl MOYKHO 3aIMCATh B
CJTEJTYIONEM BH/JIE

Y= 90(1‘7 0)7 (1'6)

8

UccmemoBaTh yCTORIHBOCTD HYJEBOTO PEIIEHUsI, MOCTpouB (byHKIHIO JIsmy-
HOBa W M IpUMeHuB TeopeMbl JIsmynosa n Yeraesa

t=a3—y i =2y — b
4.15. ¢ " ’ 4.16. < ’
{y=x+y37 j=—z—y +1°.
; 3

i = —y—x(x®+y?), {x'=y3xx‘7
417. 4 * 418. 4 °
{y—x—y(ﬂc2+y2), y = 6z —2y.

VYkazaume: B 3a7a4uax 4.5 — 4.14 MOXKHO HCIIOJIB30BaTh TEOpEMY 00 yCTOM-
4UBOCTH 10 JinHeiiHoMy (1epBoMy) npubinzxennio (cm. . 4.4).
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1 KOPHH €r'o XapaKTePpUCTUIECKOI'O ypaBHeHI/ISI
N4+14A+6=0

JiekaT B JIeBOI HOJIYIIJIOCKOCTH KOMILJIEKCHOM IIJIOCKOCTH.
VYupaxxuenue 4.13. lcciienoBarh CBOWCTBA YCTORIUBOCTH COCTOSTHU
paBHOBeCHsI CJaeayionux cucteM auddepeHnuagbHbIX ypaBHEHT

a) .%.'1 = + 7372, i’Q = + T,
6) j?l = .Z’% — X9, i’g =X — 2$2./

6) &1 = —3x1, &y = —4dxy + sinz,.
4.5. Bagaum OJisi CaMOCTOSTEIBHOrO PEIleHnst
C nomonipio Teopemsbl JIsyHoBa 06 yeroiiunBocTn 10 JnHeiHoMy (11epBo-

My) IpUOJIMZKEHUIO UCC/IEJ0BATh HA YCTONYMBOCTH HYJIEBOE DEIIEHUE CHCTEM
juddepeHIuaTbHbIX yPaBHEHU ]

41 T =2zy—x+Yy, 19 i =a% +y? - 2,

T y=5at 43+ 22 — 3y, T =322 -1+ 3y,
& = tg(y — ), ;= 3

43.4 m gq f F=ly e,
y:2y—2<:os(§—x), y=2y—1+(1—06x)"".

UcenepoBarh, Ipu KAKUX 3HAYEHUSIX HAPAMETPOB @ U b ACHMITOTHYECKH
YCTORYUBO HYyJIEBOE pellieHne cucreM JuddepeHuajabHbIX ypaBHEHU T

. _ 2 R 2
5§ Tar =2y, 46. 4 TEETWAY,
y=x+y+ay, § = bx — 3y — 22
T =y+sinz, & =In(e + azx) — €Y,
4.7. ) 4.8. .
{y—az—i—by., { y=bxr+1tgy.
Haiitu Bce mosozxenusi paBHOBECHUS M UCCJIEI0BATDH UX HA YCTOWYMBOCTD
T = —2y(z —y), T =uzy+4,
4.9. {y:2+xy2, LRI S e B
wqp A= —y+y?), 119 x—(y—l)(3x+y75)7
T 9=3— /a2 + 8y, Tl y=a2"+y? -5,
T =1, T =e¥—e",
4.13.9 . . 4.14. .
{y—smuw), {y—mw?_z
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rae dbyuknus ¢(z, C,) npu Kaxaom dukcnpoanHoMm C' = C, yI0BIETBOPSIET
muddepennuanpromy ypasrernto (1.3). Taxkoe cemeilcTBO pemennii Ha3bIBa-
0T 00UUM PeUWEHUEM W 00UUM UHME2PaLOM Juddepenuuarviozo ypas-
nenus. OOl MHTErpas MOYKET OKA3aThCs 3AMMCAHHBIM B HESIBHOM BHUJIE

U(z,y,C) = 0w Y(z,y) = C.

Dynxkrmio ¥ (z, y, C') TakyKe HA3BIBAIOT HHTETPAJIOM COOTBETCTBYIOIIETO YPaB-
nenust. Tepmun "pernenne" (B Takoit curyanun) He ynorpebJIsioT.

PaccmoTpuM Terepb reOMeTpUUYECKY0 HHTEPIPeTaluo peiteruii qudde-
pernmanpaoro ypasaenug (1.3). Ha mockocrn 2Oy pasencrso (1.6), npu
kazkoM dukcnpoannom C, 3amaer rpaduk kpusoil. Takas KpuBas HOCHT
Ha3BaHue unmezparvrol kpueot, a dopmyna (1.6) 3amaer cemeificTBo uHTE-
I'PAJIBHBIX KPUBBIX.

Huxxe, na pucynkax 1.1-1.6 upejicraBiieHbl MHTErDaJIbHbIE KPUBbBIE JIJIsI
COOTBETCTBYIOIUX ypaBHeHMii. MeToIbl MHTerpupoOBaHus COOTBETCTBYIOIIUX
ypaBHEHU OyyT TPUBEICHBI HIZKE.

[ycrs B Hekoropoit obmactn D C R? ((z,y) € D) bynxuus f(x,y) or-
auuna or myad. Torga ypasrenue (1.3) MOXKHO mepenucaTb B BUJIE

da
dy

—_

= g(ﬂayy) = f(m,y)

1 peIaTh yzKe MOCIeIHee YpaBHEeHNe, CIuTasl § He3aBUCHMOI MepeMeHHOi, a
x yHKIHEH OT Y.

/
f‘\\\ /|

Puc. £.1. & e x ——¢, Pue, 1.2, Rw=—xjt, =0,

0&
/[




I N ’
y £

Puc 1.8, & == — t/x, Puc. 1.4. % == 1 (5* — 1),
— V/JF
—

?\'\\\

|~ \\

Pue. .1‘5. X oo Dack. Puc. 16, & == — xfth ¢, £ = 0.

AN
|
V /\

N

/7

1.2. Bagaua Koru

Hanomunm, uro ypasuenue (1.3) numeer 6ecunciieHHOe MHOXKECTBO DelleHuii,
nockotbky B opmyny (1.3), KAK MpaBmIO, BXOJUT MPOU3BOIbHAS TOCTOSTH-
Hast. JJobaBuM Tenepb K ypasHenuio (1.4) Z0MOJHATEIBHOE yCJI0BUE

—

y(xo) = o, 1.7)

rae To, Yo € R, T. e. 3amanuple uncia. Yciosus (1.7) NPHHATO HA3BIBATDH
yeaosuamu (dannvmu) Kowu, nim HauasbHumy YCAOSUAMY. 3Ty 110 Ha-
XOKIeHHI0 DYHKINE § = po(2), yaoBaeTBopsonieii ypasaenuio (1.3) u yco-
Busim (1.7), maseBator zadauet; Kowu. Ecmm ycnoeue (1.7) orrecTn k ypas-
nenuto (1.4) u3 npumepa 1.1, To coorBeTCTBYIOIIEE DeIEHHE MOXKET ObITH
3aJ1aH0 caeayomeit hopmytoit

y(z) = o + / f(t)t

10

ITpumep 4.11. Paccmorpum cucrtemy auddepeHITHATbHBIX YPABHEHWIH

l"] = —I *I?*Fﬂ?g,
i’g = 31‘1 —.’I)% — Xa.

CocTosiHnst paBHOBECHsT ITOIl CHCTEMbl HAXOJIMM KaK DEIIEHUST CJIemyoreit
aJiredparmveckoil cCucTeMbl ypaBHEHU

2

—11 — T3+ 12 =0,
31 —27—22=0

win 3z — 23 — (23 4+ 21) = 0, 1. e. 2 + 27 — 227 = 0. CremoBarenbHo,
paccMarpuBaeMasi CHCTeMa MMeeT TPU COCTOSIHUSI DABHOBECHSI

p1(070)7 p2(17 2)7 p3(727 710)

HccrenyeM X yCTORYHBOCTD MO OYEPE.IH.
[Tycts BEIGpanO p1(0,0), Torma MaTpuna

-1 1
(7).

Eé cobersennbie 3nadenns A, = vV3 — 1 u Ay = —v/3 — 1. CireoBaTesbo,
OHO HeyCTOH4YUMBO.

Bo BropoMm ciaydae, T. €. mpn m3ydeHWH yCTORUmMBOCTH po(1,2) Haxomm,
YTO COOTBETCTBYIONIAS MATPHIA

—4 1
a-(0)
Eé xapakrepuctuieckoe ypaBHEHHE UMEET BU/L
M 4+51+3=0.

Bce k03 uimeHTh 3T0r0 MHOTOUIEHA BTOPOIi CTEeNEHN MOJIOKUTENhHBI. Clie-
JIOBATEJIbHO, €10 KODHU JIEZKAT B JIEBOU HOJIYILJIOCKOCTH U Py aCUMIITOTHYECKHI
YCTONYIHUBO.

CocTosinne paBHOBECHsI p3 TaKyKe ACHMITOTHIECKH yCTOitumBO. B aTom
cJlydae COOTBETCTBYIONIAS MATPUIA

~13 1
ne(74)
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Pacemorpum Teneps citydait, Koraa y cucreMsl quddepeHIuaIbHbIX ypas-
uennit (4.19), T e.

T =F(x)
€CThb COCTOAdHHE PaBHOBECHA
x(t) =y, y #0.

UccioteioBanue ero ycroiumBOCTH 3aMEHAMU CBEJIEM K HCCJIEJIOBAHUIO HYJIe-
BOT'O PeIIeHus BCIIOMOIraTe/IbHON CUCTeMBI.

[Iyctn
5 [OF,
ka
N3 Teopem 4.6, 4.7 BbiTeKaer, 4To CIPABEJIUBO yTBEPK/ICHHE.

Teopema 4.8. I[lycmo 6ce cobemeertvie wucaa [, mampuys, B aeacam
6 NOAYNAOCKOCTU KOMNACKCHOT NAOCKOCTIU, 6bl0eAAeMOT HePAGEHCTEOM

=y

Repuy, < 0.

Toeda cocmosnue pasnosecus x(t) =y acumnmomuuecku ycmotuuso.

Teopema 4.9. FEcau y mampuuyv, B cyuecmeyem zoms 6w, 00Ho cob-
CMBEHHOE 3HAMEHUE [by,, AL KOMopo2o Rep,, > 0, mo cocmoanue pasrose-
cua x(t) =y neycmotinueo.

3ameuanue 4.3. B ycioBusix Teopem 4.6 u 4.8 MOXKHO JOMOJHUTH BBIBOJ,
U JIOKA3aTh, YTO COOTBETCTBYIONIEE COCTOSTHUE PABHOBECHS OYIET SKCIOHEH-
MUATBHO YCTOHUMBO (CM. ONpEIEIEHNe SKCIOHEHIINAIBHONR yCTORINBOCTH ).

Pacemorpum npuMepsl Ha HCHoJb30Banne TeopeM 4.8, 4.9.

ITpumep 4.10. Paccmorpum ckagsgpHoe JuddepeHnuaibHoe ypaBHeHe

&= (z—1(z=2), (Fz)=(z-1(z-2),

KOTOPOE HMeEeT JiBa COCTOsiHusi paBHoBecust * = 1 u x = 2. Marpuna B
COCTOWT 3/1€Ch U3 OJIHOTO djIeMeHTa b, rje

b= F/(.%')|z:1 =-1

B mepBoM ciyuae (x = 1) u b = 1 Bo Bropom. OTKyna 3aKII0YHM, ITO COCTOSI-
HIe PaBHOBeCUS T = 1 aCHMNITOTHYECKN YCTOWYINBO, & T = 2 — HEYCTOIINBO.
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1 TaKoe penrenue e JMHCTBEHHO, TaK KaK U3 KypCa MaTEMATUYIECKOTO aHaJIN3a
T

U3BECTHO, YTO / f(#)dt Gymer omHOlt M3 MepBOOOPA3HBIX, & BCE MEPBOOOPA3-

x0
uble f () ONPeeJSIOTCs ¢ TOYHOCTBIO JI0 IIPOU3BOJILHOM IIOCTOSHHOI.
QyHjIAMEHTAJIBHBIM PE3YJIbTATOM TEOPHH OOBIKHOBEHHBIX JuddepeHiiu-
aJIbHBIX yPaBHEHHIl dABjdeTcd clelylolnasg TeopeMma. [IpuBemeM oauu U3 Ba-
puanToB (POPMYJIUPOBKH ITOI TEOPEMBI.
Teopema 1.1. ITycmv mouxa (o, yo) € D C R? u daa ecex mouex smoti
obaacmu 6vnoarens, credyrougue 06a Yeaosua:
V1. Oyuxyua f(x,y) nenpepuéra no coOBOKYNHOCMU NEPEMEHHBLT.

V2. Cywecmeyem HENpepueHas 4acmHuas npouseoonas 97
T

Tozda M09HCHO YKA3AMD MAKYIO TOAOHCUMENDHYIO NOCTROAHHYIO 0, 4mo
npu |z — x| < 0 3adana Kowu (1.3), (1.7) umeem eduncmeennoe pewenue.
3ameuanune 1.1.Veaosue Y2 moorcro samenums na yeaosue Y2': 6 00-
aacmu D dynryus f(x,y) no nepemennot y ydosaemesopsaem ycaosuro Jlun-
wWuYa:
| f(,y1) — flzoy) | S Llyi =y |,

2de L — noaoorcumenvan xonemarnma, (z,v1) u (z,y2) € D.

Bameuanne 1.2.[1Ipu neswnoanenuu yeaosus Y2(Y2') mooicno ymesep-
orcdamo, wmo sadawe Kowu umeem pewenue, 1o Heab3a Yymeepicoams “imo
pewenue 8 maxol Cumyayuy eduncmeenHo.

ITpumep 1.2. Paccmorpum 3agaay Komu

1
y=2]yl>, y(xo) =0, 20 >0.

Y pmawuoit 3amaun ecrb perrenne y(z) = 0, a TakyKe CeMeiCcTBO pereHui
(nmpoBepsieTcst 0CTAHOBKOIH)

y() = {( 0,z € (—o0; o), }

x —10)?, 2 € [10;00)

B nmawmmnoit curyanuu perenue 3amadu Komu we egunuacreerno. [Ipuwanna
HenpuMeHuMocTd TeopeMbl 1.1 coctout B TOM, 4TO (DYHKIUS

fla,y) =2y

B Touke y = ( He MMeeT MPOW3BOIHOI (B OKPECTHOCTH 3TOl TOYKH OHA He
Y/IOBJIETBODSIET yCJIOBUIO Jlummmna).
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Vupaxuenne 1.1. ITokazars, uro 3amaua Korrn
Y =3y7, ylae) =0, 29> 0

TakzKe umeer DOJiee OJIHOTO PEelIeHUs IIPU T > Xg.

Teopema rapanTupyeT CynecTBOBAHMNE TOJIBKO B MaJIO# OKPECTHOCTH TOY-
KN To. ITO 3aMeIaHUe CYIMEeCTBEHHO, TAK KAK CYIECTBYIOT TAKUE YPABHEHHU I,
y KOTOPBIX TIPH OTPEIETIEHHOM BBIOOPE HAYATBHBIX YCIOBHUIT peIlleHns 3a Ko-
HeuHoe Bpemst "yxoaaT"B 6ECKOHEYHOCTD.

IIpumep 1.3. Paccmorpum 3aa4ay Komu

v =9, y(0) =y, yo> 0.

V mee, corsiacuo Teopeme 1.1, cymmecTByeT eIUHCTBEHHOE PEIeHne

Yo
x)=—"".
y(a) = 1= ot
D10 perieHne TakKOBO, UTO
. 1
lim y(z) = 00, g = —.
T—T( yo

B npuiokenusx, HATPUMED B MEXAHUKE, UCHOJIB3YIOT WHOT/IA, HHBIE OyK-
BBl JIT 00O3HAYEHHS HE3aBUCAMOIl M 3aBHCHMOl IepeMeHHBIX. IlycTh ¢ —
He3aBUCHMAas nepeMenHasi, a @ = z(t) GyHKIus, KOTOpas ONpeeIseTcs n3
ypaBHeHus

&= f(t,x). (1.8)

. dx
3necoh & = au Yepes t 00bIYHO 0003HAYAIOT BPEMSI.
1.3. ABTOHOMHBIE YDAaBHEHUS

uddepentuanbaoe ypaBHeHTEe BHAIA

Y = f(y) (1.9)

Ha3bIBa€TCAd a8MmMOHOMHBILM. HpaBaﬂ qacCTb ,ILI/Id)(i)epeHHI/IaJIbHOI‘O YpaBHEHUA
HE 3aBUCHT ABHBIM O6p3,30M OT HE3aBUCUMO HepehleHHOﬁ. 9T0 Ha3BaHUE

dy
OlIpaBJIaHO, B YaCTHOCTH, T€M, YTO IIPOU3BOJIHAA d— = yl onpeaesadeTrcd JIUIIb
X

OJHUM Y U, TaKUM O6p3,301\/1, permenne caMO yIpaBJIisdeT CBOUM U3MEHEHUEM.

12

ITpu peanusalui KPUTHIECKOTO CJIydasi TeopeMa O IepBOM MPHOIIIKe-
Huu (JiMHeiHOM npuGJIMKEHHH) He 1I03BOJIsIeT JaTh OTBET 00 yCTOHYMBOCTH
COCTOsIHUSI DABHOBECUs U OTBET 3aBUCHT OT HeuHeinbix ciaraembix (G(z))
npaBoii uacru cucreMsl (4.19).

IIpumep 4.9. Paccmorpum cucremy auddepeHnuaibHbIX ypaBHeHUI

{ i1 = e — 1o + day (22 + 23) — C(a? + 22), (4.24)

By = Ty + xg + dxo(2? + 23) + Cxy (2% + 23).
31ech
(e -1 _ o [ dx1—cxo
ae = (5 ) s =l (8.
OrmeTnm, 9TO
1G(@)]] = Vd? + ||,

T. €. JIJIsI MCCJIeTOBAHMUS YCTONIMBOCTH PeIeHnst L1 = Ty = () MOYKHO HCIIOJIb-
3oBarb Teopembl 4.6, 4.7. Cobcrsennbie 3naueHust Marpuibl A(g) 0603HaUNM
A12(¢). Ipu srom

)\172 =c=ti.

IIpu £ < 0 u3 Teopemb 4.6 BBITEKAET, YTO HyJI€BOE pemenne cucrembr (4.24)
ACHMIITOTUYECKN YCTOIUNBO, a mpu € > () HeyCTOIUHBO.

Ecin e = 0, to A;12(0) = =i, 1. e. peanmsyercss Kpuruieckuii ciydait
JIBYX 9HCTO MHAMBIX KOpHei. OTBer 37ech yke 3aBucHT OT Kodbduimenta
d. Iomoxum

V (w1, 29) = 27 + 23.

CrargapTHBIM 00pa30M (CM. yIpasKHEHHs! U3 IIPeIbIYIIEro naparpada) Mox-
HO HalTH, 4TO

D,V = d(x} + x3)*.

OTKya ¢ HCIOIb30BaHMEM JIBYX TeopeM JIlamyHoBa um Teopembl UeraeBa 3a-
MeuaeM, uro npu d < 0 HyJIeBOE pellleHne aCHMITOTHYECKH YCTOWYHUBO, TIPU
d > 0 — meycroitunBo, a pu d = 0 cucrema (4.24) umeeT mepBHIii HHTETPAI.
B wacrrOCTH, HyJIEBOE pellieHne YCTONYINBO, HO HE ACHMITOTHIECKU.
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OTKyZa mosydaeM Ha OCHOBAHHH JIeMMBI 4.2, 4T0
p(t) < Kllal|e”

nJjn

[lz(t, )|l < K[allet=7). (4.23)

Ecnu € BoIOpaHO Tak, 4TO € < 7, TO HepaBeHCTBO (4.23) MOKa3bIBaeT, UTO
o(t) < Kllall,

ecin 10J1bKO () < J. Takum obpasom, eciu ||a|| < §/k, To HepasencrBo
(4.23) Boimoneeno npu Beex ¢ > 0. Bosee Toro, mepaserncTso (4.23) osnadaer,
4T

lim ||z(¢,a)|| = 0.

t—+4o0

Teopema 4.7. Ilycmv mampuuya A umeem xomasa 6w 00no cobemeenmoe
3HAYEHUE N1, OAA KOMOPO2O GHINOAHENO HEPABEHCTNGO

Re)\1 > 0.

Tozda nyaesoe pewenue cucmemnvt dupdepenyuarvrns ypasuernut (4.22)
HeYcmolinueo.

JlokazaTesibCTBO MOXKET ObITh BBIIIOJIHEHO € IIOMOIIBIO TeopeMbl Jeraesa
7 MUMeeTCsl B MHOTUX y4ueOHUKaX 110 TeOpun OOBIKHOBEHHBIX /i hepennnanh-
HBbIX ypaBHEHUI.

Ecnu q1s coGCTBEHHBIX 3HAYEHUT MATPUITBI A BBIMTOJIHEHO HEPABEHCTBO

Rel, <0
" JJId HEKOTOPBIX U3 HUX PEaJIU3yeTCd PAaBEHCTBO
R@)\j = 07

TO IPHHATO FOBOPHTH, YTO B 33/a4de 00 YCTOWIUBOCTH HYJEBOTO COCTOSHUS
paBHOBecHUs peajn3yeTcs Kpurudeckuil ciaydaii. [Ipocreitnmumu n3 Hux sBiis-
0TCd CJIeylolue

1))\1:07 Re>\j<0,j:2,...7n;
2)A\1 2 = %io,Re); <0, j=3,...,n, a o= const > 0.
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Pemenns aBTOHOMHBIX ypaBHEHHII 00.1a/Ial0T BaxKHBIM cBoiicTBoM. Ecm
y = ¢(x) — pemenne ypasuerus (1.9) ¢ obactbio onpenenenns x € (a,b),
To byukuus y = P(x) = ¢(x + C) takke Oyaer pemeHneM 3Toro ypaBHeHUs
upu = € (a — C,b— C). dro caeayer u3 Toro, Iro

P(x) = ¢'(x+C) = fley(z + C) = f(¥()).

Unrerpanbhas kpusas y = () IOJyIaeTCs N3 HHTErPAIBHON KpUBOil y = ()

caBurom 1o ocu x Ha Besunuuny C Bieso, ecau C > 0. Bupaso upu C' < 0.
[Tycte x € I, npu xoropwix f(y(z)) # 0. [ycTs

dy
—— = F(y).
fy) )
Torna paBencTBo
Fly)=z+C (1.10)

3asaer uHrerpan ypasaenus (1.9). [eiicrBurenbHo,

d _ Y _
ZFO+0)=505=1

orkyna y' = f(y).
ITpumep 1.4. Haiitu pemiennsi ypaBHeHUsT

y=y-

WNurerpupoBanue CBOAUTCS K PACCMOTPEHUIO PABEHCTBA,

d

—:g = dx.

)
OTKyaa moaydaem

2

2
i y? = — C,FAeCGR.
x

HpnMef) 1.5. PaccmoTpum ypaBHeHue

y =ay, a € R, a#0. (1.11)
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d
Torna &4 _ adx nm
Y

In|y| = ax + Cy, Cy = const > 0.

OTkyma mosrydaeMm

ly = e

OKOHYATEIBHO IOJIYYaeM, 9TO
bl
c
y=Ce™ |C|=¢e"".

— oburee pernenne ypasaenust (1.11).

Iycrs f(yo) = 0,40 € R. Torma y(z) = yo Oyaer penieHnem ypaBHeHUs
(1.9). Takoe peruerue B 310M U Gosiee OOIIUX CIYUAAX HAZBIBAIOT COCTROAHUEM
PABHOGECUA W HENOOBUNCHOT MOUKOU.

[Tepennmiem ypaprenue (1.9) B 1pyrux o6o3HAYEHHIX

i = f(x), (1.12)

e ¢ = z(t) € R. B npuiokeHusx He3aBUCHMAs MEPEMeHHAs ¢ HHTePIPeTH-
pyercst Kak Bpemsi. B MexaHuke u JApyrux pasjesax (pusuku, a Takzke mpujio-
JKEHUAX K JPYTHM €CTeCTBEHHBIM HAYKaM HHTEPEC TPEJICTABIIET MOBEICHIe
pemennit (1.12) npu ¢ — +oo. Ecomm f(z) # 0, 1o & # 0. Cienosarenn-
HO, PelleHust STOro ypaBHeHust b0 Bo3pacraior, Jubo yosiBator. Eciu xe
f(C) =0, to cymectsyer pemenne z(t) = C.

O1u cBoiicTBa peuenuii yjobuee uzobpazkars ua ocu z(x = (1)), yem
Ha mwiockoctd t,x. Ecmm f(x) # 0 mpu = € (a,b), To Ha 3TOM HHTEpBaTe
PHCYETCST CTPEJIKA, TOKA3BIBAIOIIAS HATPABJIEHNUST N3MeHeHnst & = x(t). D10
reOMeTPUYECKOe N300PakeHne KAueCTBeHHOTO 1OBejeHust ypapHenus (1.12)
Ha3bIBaeTCs fazosuim nopmpemom. HemoBuzKHbIe TOUKH OTMEYAIOTCS "TOY-
kamu". Ha puc. 1.7 — 1.10 n300parkKeHO HECKOJIHKO (DA30BBIX MOPTPETOB JIJIst
KOHKpeTHbIX (pynkunii f(x).

14

JIoKa3aTeJIbCTBO TEOPEMBI Oa3upyeTcsd Ha IBYX YTBEpP:KICHHIX.
JIemma 4.1.Cnpasedauco Hepasercmeo

le¥|] < Me™, M,y = const > 0,

2de v = max (Re\y) + Y0, @ Yo — d0cmamouno maias nosoACUMEeNvHAA No-
cmosmnas. Hocmosmnas M = M (o). Hdokasameavcmeo aemmol svimeraem
u3 c80UCME MAMPUYHOT IKCNOHENTTIbL, KOTNOPAA OblAa ONPedenena U U3yuena
6 2aa6€e 3.

Jlemma 4.2(T'ponyosa — Besnmana). Tycmo ¢(t),¥(t) — dse neom-
puyamesvhvie GyHKUUY npu t € [to,00), npuuem npu t > to GUNOAHEHO
HEPABENCTNEO

t
pt)<C +/ ¥(s)p(s)ds, C = const > 0.
to

Tozda npu t > to umeem
t
w(t) < Cexp/ P(s)ds.
t0

VYupaxuenue 4.12. /lokazars jemmy I'poryosa  Bennmana.

HokasarenscrBo Teopembr 4.6. ITycrs 2(0) = a. Torga pemenne ypasne-
Hust (4.22), yI0BIETBOPSIIONIEE JTAHHOMY HAYAJIBHOMY YCJIOBHUIO, MOKHO HC-
KaTb KaK pellleHHe CJIeAYIONEero NHTeIPATbHOTO YPABHEHHS

x(t,a) = exp (At)a + / exp A(t — s)G(x(s, a))ds.

to

Otkyna
¢
|lz(t, a)[| < || exp (AL)][[]al| +/ [lexp A(t = s)[[||G (2(s, a))l|ds.
to
st moboro € > 0 cymecryer takoe 6 = d(g), uro

|G (x(s, a))[| < el (s, a)|/M,

ecin ||z|| € Ks — mapy pamuyca 0. Hanmommunm, uro ||exp At|| < Me .
onoxum @(t) = ||z(t, a)||e”. Tlocaenuee HEPABEHCTBO MOKHO MEPENUCATEH
B crenytomeii hopme

o(t) < K||al| +£/ (s)ds.

to
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2
[Iycrs V(y1,y2) = (1 —cosy) + y—; 1 PaccMOTPHM B KadecTe D map K.,

a Dy ={(zy,12) : 23 + 23 < &% 21> 0,0 < x5 < nry }. Torma
D,V = 2xysina; — gas = xo(2sinz; — gay) > 0,

€CJIH 1) — TOCTATOTHO MaJiasl HOJOKHUTeIbHA IIOCTOSHHASI.
Yupaxuenue 4.11. [lokazars, 4T0 HyjI€BOe pellleHIe CUCTEMbI

i = axy — 9 — 21 (22 + 23) + cao(a? + 22),
By = 21 + amy — xo(2? + 22) — cxy (22 + 22)

ACHMITOTHYECKH YCTOUnBO, ecm o < 0, U HeycToiuuBo npu o > 0.
VYkazaname: nonoxuth V(z1,z2) = 23 + x3.

4.4. Teopema 06 yCTOWYNBOCTH IO JTUHENHOMY NPUOJIMKEHUIO

Pacemorpuwm cuctemy (4.19), mpennonaras, uro F'(0) = 0, T. e. oHa umeer
HyJeBoe cocrosiHue papHOBecus. OGo3Haumm wepes A = D, F(z) marpuiy
Axobu BekTOp-pyHKIMEU F'(T), BBIMUCAEHHYIO B TOUKE X1 = Ly = ... =
x, = 0(z = 0). Kak X0poIo u3BeCTHO U3 KypCa MATeMATHIECKOTO aHAJIN3A,
CTPABEINBO PABEHCTBO

F(z) = Az + G(x), (4.22)

rJe, KaK MPUHATO TOBOPUTH, BeKTOp-pyHKIms G () MMeeT B Hyse MOpPsI0K
MaJsIocTu Bhie nepsoro. llocneaunii Tepmun o3nauvaer, uro ais G(x) cupa-
BeJJTUBO HEPABEHCTBO

T

G @) < ¢(r)]]z]],

ecn ||z|| <7, a lim0 ¢(r) = 0. Unoit BapuanT: Marpuia SIkobu, BoIHCIsIEMAsT
T

B Touke 7 = 0, stBasteTCs HyNeBoit, T. e. D, G(z)|.—0 = 0.
Teopema 4.6. [Tycmwv 6ce cobemeennvie 3nanenus Mampuyv, A maxoso,
umo

Re), < 0.

Tozda cocmoanue pasnosecus cucmemu duddeperyuanrvnus ypasrnenud (4.22)

acumnmomu4ecru ycmmiuuso.
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x x
&= —1 % hd
-t o | ]
Puc. £.7.  Femx, x==0— Qo1 Puc. 1.8, =i (22— 1), x=—
JBMIKHAS TOUKA. =

== 3zl —— HeROABHIKHEIE TOWEH.

X X
x
x
Puc. 1.9. % ==x3, x==0— geno- Puc. 1.10. % == x%, x==0 — neno-
ABHIKHAR TOYKA. ABMIKHAS TOMKA.

[Tycrb cucrema (1.12) Takosa, uro ypapnenue f(x) = 0 umeer ogun KO-
perb x = C. Ha xaxmoit n3 nomynpsverx & < C nan ¢ > C dyHkons
f(z) coxpanster cBoit 3HaK M MOKET OBITH MOJIOKUTEIBHOI NN OTPUIATEb-
uoii. CieoBaTesibHO, (ha30BBIl TOPTPET TOJIZKEH COOTBETCTBOBATH OJHOMY
W3 YeThIpexX CJIydaeB, W300parkeHHbIX Ha puc. 1.11.
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¢ d

Puc. 1.11. Yervipe ro3MOmELX DASOBHX NOPTpeTa AAs ommol ﬂsompomimoﬁ
BenopsaxHol Touxn, HeDORBMMHAR TOUKE HASLIBACTCH GITPAKTOPOM B CAY~
uae (q), mynrom B cayuanx (b)) 8 {¢) u peneasepom B cayuse {d).

Tak, ypaBHenue & = —x nopozxaaer ¢a3osbiit norper a). Eciu pacemor-
perb ypasHenus @ = x? u i = —x?, To peanusyiorca ciydau b) u c). Hakoner,
YDABHEHUIO & = X COOTBETCTBYET Cayvail d).

1.4. YpaBHeHUd C PA3eJAI0IMMUCH T€PEMEHHBIMUI

Ypa(menue C pasdeﬂmomumum nepemMernviMu — 3TO YpaBHEHHUE BHIa

dx

= F(a)g(t (113)
WX B JIPYT'UX II€PEMEeHHBIX

dy

= — Il (1.14)

Ypasuenue (1.13) 3auumem B Buje

o
f(@)

OTKyLIa IIocjie HHTEIrpupoOBaHUA HaXOJIUM

= g(t)dt.

% - /g(t)dt+C. (1.15)

0 to

PagercTBo onpenenser z(t) kak HegBHyio dynkiumio ot t. Pasencrso (1.15)
nosy4aeno npu ycaosun, uro f(x) # 0. lycrs f(C) = 0. Torna z(t) = C
Oyzer pemennem (0COObIM DELIEHUEM ).
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taomasa Gyukmusa. CraegoBarensno, V(z(t,a)) < m mpu BeeX ¢ U TOITOMY
tpaextopus z(t,a) He Moxer nepeceub OK.. Teopema mokasaHna.

JlokazaTesbeTBO 3TOR U JABYX OCTABHIMXCS TEOPEM MOXKHO HAUTH BO MHO-
rux yueOHUKaxX u y4eOHbIX 1mocobusx 1o jauddepeHnuaaIbHbIM yPaBHEHUSIM.
CChUIKE HA, HUX MOYKHO HAfTH B CHHECKE MUTHPYEMOil JUTEPATyPHl JAHHOTO
nocobus. IIpuBeeM HEKOTOPBIE MPUMEPHI HCTIOTH30BAHUS ITHX TEOPEM.

IIpumep 4.7. Iycrs cucrema (4.19) mmeer nepswiit marerpan V(z),
MOJIO?KUTEBHO ONPEIETCHHBI B OKPYZKHOCTH COCTOsHUS paBHOBecus & = (.
Torma nosioxkenne papaoBecust © = () ycToiuuBo.

Heiicreuresbro, D,V (x) = 0, m 109TOMY BCe yCJIOBHSI TEOPEMBI 00 yCTOii-
YUBOCTU BBHINOJIHEHBI. B npumepe 4.5 npuBejieHa OJHA M3 TAKUX CHCTEM, y
KOTODOIi cylmecTsyer nepsbiit nunrerpat V (g, z2) = 22 + 23 .

ITpumep 4.8. Kak panee ormeuanoch, ypasHenus: dpusnueckoro ( u
MATEeMATHIECKOTO) MAagTHUKA MOXKeT OBbITh 3allUCAHO B BHJIE CUCTEMBbI

T1 = Tg, Tg = —sinz; — gz, g > 0.

Paccvorpum dbyuaKmmio
22
V(z1,29) = (1 —cosxy) + 72

Ormerum, V(zy,z9) > 0, ecin 23 + 23 # 0 u, xoueuno, V(0,0) = 0. Ha-
kouen, D,V = xasinm + xo(—sinz; — gra) = gx% < 0, ecmm x5 # 0. Ho
B JroboMm ciaydae D,V < 0, 1. e. HyJleBOe COCTOsSIHHE PABHOBECHSI YCTOWUIUBO.
[Ipu g < 0 HyJIE€BOe COCTOSHUE PABHOBECHS ACUMITOTHYECKH YCTOWYHUBO, HO
9TO HENOCPEJICTBEHHO W3 TeopeMbl JIdmyHoBa 00 acCHMIITOTHYECKON yCTORYH-
BOCTHU HE BbITEKAET.

VYupaxuenue 4.10. [lycts g < 0. JlokazaTh, 4TO HyJIeBOe pellleHUe
CUCTEMBI, OHI/IC])IBa}OIILeﬁ KOHe6aHI/I5{ MadTHUKA aCUMITOTUYECKHU yCTOfI‘{HBO.

PaccmarpuBaeMast B paMKaX JTaHHOTO NMpUMepa cucteMa JuddepeHIu-
AJIBHBIX YDaBHEHWil MMeeT TaK’yKe COCTOsTHWe paBHOBecwst T1 = m, To = 0.
3amMeHamu 23 = Ty — T, 2y = Ty CUCTEMY Y/JIAETCS TEPEIHCaTh B CJIeLyomeit
dopwme

Y1 = Y2,
Yo = S Y1 — gy,
Yy KOTOPOil ceyeT u3ydaThb YCTOUYIMBOCTD Y2Ke HYJIEBOTO COCTOSIHUS PABHO-

Becud y; = 0,92 = 0.

125



Teopema JIsnyHoBa 06 acuMnToTudeckoii ycroiausoctu. I[lycmo
6 oxpecmuocmu T = 0 Cywecmeyem nosoicumesvno onpedeseHnas Hymr-
yus V(x1,. .., Tn), npoussoduas xomopot 6 cuay cucmemuv, (4.19) W(x) =
D,V (x) ompuyameavno onpedesena. Tozda nyaesoe cocmosnue pasHosecus
cucmemvl QUPPHEPENUUGALHULT YPABHEHUT GCUMNMOMUYECKY YCTMOTHUBO.

[Iycte D mekotopas okpectHocTh Touku © = 0, a D C Unxz = 0
SIBJISTIETCSL TPAHUIHOI TOuKOil myist Uy (em. puc. 4.2).

B //'// A
e =
Puc. 4.2.

Ha pucynke 3amrpuxoBana obnacts Dy, 0D — 9acTh €€ TpaHUIBI, COCTO-
stast u3 BHyTpeHHnx rovek obsnacru D (myrm OB, OA).

Teopema YeraeBa o HeycroiiunBoctu. Ilycmsv cyuecmsyem nenpe-
puero dugifepenyupyeman Pynrkyua V(x) makas, wmo

1) V(@)la, = 0;

2) 6 obaacmu Di cnpasedausw, nepasencmea V(x) > 0, D,V (x) > 0 npu
x # 0.

Tozda cocmosanue pasnosecus x = 0 neycmotiuuso.

Jlokaxkem 1epByio u3 3tux TeopeMm. llycts € Takoe, 4To map
K. = {z : ||z|| £ ¢} nmenukom npumammexxkur obracru D. Ero rpamumna
OK. = {z : ||z|| = €}. Tak kak 0K, — 3aMKHYTOE OrpaHUYEHHOE MHOYKECTBO,
TO CYMIECTBYET

min V(z)=m >0 (V(z) > 0,z #0).
r€OK,
Pacemorpum reneps map Ky = {z : ||z|| < §} paguyca J. Beanun-
Hy 0 MOKHO BBIOpPATH JAOCTATOYHO MaJIOif Tak, 9TOOBI OBLIO CHPABEIJINBO
uepasercto V(z) < m. Ilycrs teneps z(0) = a, a € Kj. Torma pernenue

x(t, a) ocraercs Temeph B mape K.. JleficTBuTe1bHO, paceMoTpum yHKIHIO
W(t) = V(z(t,a)). Eé npoussoamas W (t) = D,V <0, 1. e. W () ne Bospac-
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ITpumep 1.6. PaccmoTpum ypaBHeHHE
T = xt.

D10 ypaBHeHme mmMeer ocoboe perrenne ¢ = 0. Ecom x # 0, To momywum
pPaBEHCTBO

d
e
x
njain

1
In|z| = itz—i—C’, C eR.
ITocetHee PABEHCTBO MOYKHO IIEDENICATh B BHJIE
z(t) = Ce?.

Ocoboe perenne BXOAUT B JaHHYIO hopmyity, eciaun mogoxkutb C' = 0.
IIpumep 1.7. YpaBuenue

&= —tax?

nMeeT o0Inee peleHne
1

2 -1
z=(zt"+0C)
2 )
a TakzKe ocoboe pemenne & = (), KOTOpPoe He MOMAJAET B CeMeficTBO by HKIHIL
(3t + C)~' um npu kakom BEIGOpe nocTosHuOM C.
YpaBHeHue ¢ pas/ie/II0IUMUCH ePEMEHHBIMU MHOT/IA 3aIUCHIBAIOT B CHM-

MeTpUUHOI (dpopme

VpaBHenune, 3anuCaHHOE B TAKOM BHIE, HE CBA3LIBAECT HAC BBIOOPOM HEH3-
BecTHOH (yHKIMU. 3a TAKOBYIO MBI MOXKEM LPUHSATH KaK y = y(x), Tak u
x = x(y). Paznenus sto ypasuenne ua M;(x)No(t), monyuaem paBeHCTBO

NQ(t) Ml(l') o

", KaK CJIeJCTBUE, OOIIUIl MHTerpas

[N [ M)
AT I YRES

to o

dx = C.
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Wuage o0muii HHTErpa MOXKET OBITH 3alUCAaH B BUIE

Qi1(z) + Qa(t) = C,

M-
rae Qq(x) — mepBooGpasnas dyHKIUH MQExi, a Q(t) — mepsoobpasHas
1\x
Mi(t)
Na(t)

ITpumep 1.8. Paccmorpum ypaBHeHUe
cost(1 + 2%)dt — (sint)zdx = 0.

[Tocste mpeobpazoBanuil mOIyIaeM PaBEHCTBO

cost

sint 1+ a2
t
Cidt:/idx.
sint 14 22

1
In|sint| = 5111(1 +2%) + C.

der =0

i
OTKyna moxydaem

[Tocsie ynpouennii nuTerpajg npuobpeTaer CJeyonmii B
sint = C(1+ 1’2)%,

e C € R. OrmernM, 4TO NPH PACCMOTPEHHH STOTO YPABHEHHs] Mbl ITOKA
Hamu obimee pemerne B dpopme obmero uaTerpaaa. [lpu C' = 0 monxydaem
ocobbie pemenns t =k, k € Z.

1.5. OgHOpOAHbIE YPaBHEHUS

K ypaBHeHHAM ¢ pa3nenasioniuMucs ITepeMeHHBIMH MPUBOJAT TaK HA3bIBa-
eMble OJIHOPOJHBbIC YDAaBHEHUd

dr (x)
dt 7\t

T dx dy

Bemem dynkimio y = e TOTJA u tE—l-y. Orciona mosrydaem ypaBHeHHE
dy
=2 -
o tv=710)
18

1
onoxnm U(zy) = —/ f(&)d¢, (U'(zy) = —f(x1)). Torna
9 [e3
V(zy,z2) = % +U(z1) wuepssbiii uarerpan nocaeaueii cucrembr quddepen-

NUAJTBHBIX ypaBHeHuil. /leiicTBUTENbHO,

DV (xy,33) = %Iz + 23 f(21) = — f(x1)22 + 22 f(21) = 0.

B mexannke dyHKIms

Vo) =2 40y =2 - [ feae

[e3

OOBITHO MHTEPIIPETHPYETCS KaK IMOJHAS SHEPrus, a PaBEHCTBO

DtV =0
ofHa U3 (HOpM 3aImCH 3aKOHA COXPAHEHUS SHEPTHUH.
Pynkius V (21, ..., T,) B OKPECTHOCTH Hadasa KoopauHatr (x; = 0,
Jj=1,...,n) HA3BIBAECTCSI NOAOHCUMEALHO onpedesernot, ecan V (x) > 0,

x #0,V(0) = 0. Oynknust V(z) Ha3BIBaETCS 0mpuyamesvho onpedenernot,
ecit —V () HOJIOKUTEILHO OLPE/Ie/IeHA.

Dyukius V(x) HA3BIBACTCH N0A0HCUMENLHOT (Heompuyamenavhol) 6 okpecm-
HOCIU Ha%ara Koopdunam, ecau V(x) > 0 jyist BceX T U3 TOr0 MHOYKECTBA.
Hakomen, V(z) ompuyameavras (ne norosicumenvran), ecmu V(z) < 0.

IIpumepsr:
1) Vi(zy, ... zn) = 23 + 22 + ... + 22 — H0JI0KATEILHO ONpejiesiena;
2) Vi(wy,...,2n) = (21 + 29+ ...+ 2,)? HeOTPHIATEIBLHO ONpeJeseHa.
Oynkmusa Vao(zy,...,x,) > 0, HO o6pamaercs B 0 HE TONBKO MpH

Ty =29 =...=2x, =0, a ¥ HA TUNEPILIOCKOCTU X1 + T3 + ... + x, = 0;

3) Va(z1,22) = 2} — 23 - 3HaKonepemenHas (GpyHKIH, T. €. He BXOJIAT B

OTIpEJIeTIEHHBIE BHITIE KJIACCHI.

Teopema JIanmyHoBa 06 ycroiiuuBoctu. Fcau 6 Hekomopot okpecm-
HOCTNU TPUBUAALHO20 cocmosnus pasrosecus (o = 0) cucmemot (4.19) cy-
wecmesyem noaosicumervio onpedeaennas dynryua V(x), npoussodnas xo-
mopoti 6 cuay cucmemv, makad, wmo DV < 0, mo cocmosnue pasHosecus
z = 0 yemotinueo no Jlanynosy.
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[TocsieiHEE PABEHCTBO BBITEKAET U3 TOTO, YTO B cuiy cucreMbl (4.19)
;= Fj(z1,...,2,).

Omnpegenenne 4.4. PaBencreoMm

OV
D,V (z) = —Fi(xy,...,2,
(@)= 3 G B )
j=1
OIIpeJICJIM IIPOU3BOAHYIO B ¢ty cucteMsbl (4.19) dyukmun V(z) = V(ay, ..., x,).
Ecan
DtV = 07
o dyukmuio V(zy,...,2,) IPUHATO HA3BIBATD €€ NEPEHLM UHMEZPAAOM CH-

crembl quddepennuanbupix ypasaenuii (4.19).
ITpumep 4.5. Paccmorpum cucremy

I.l = —T9 — IQ(.ﬁ% + I‘%),
By = 21 + 21 (22 + 23),
a TakxKe (PYHKIUU

Vi1, 22) = 21 + @2, Va(21,22) = I% + x%,
DyVi(wy, x9) = —y — wa(af + 23) + o1 + 21 (2] + 23),

D\Vo(x1, m2) = 231 (—22 — za(2] + 23)) + 222(21 + 21 (27 + 23)) = 0.

Oynknus Vo(x1,9) nepeblii nHTErpaT PACCMATPUBAEMOIl B JAHHOM HPH-
Mepe CHCTEMBI.

ITpumep 4.6. B Mexanuke KOHCEPBATUBHOII CHCTEMOIl C OJIHO CTENEHbIO
¢BODOIBI HA3BIBAETCS CHCTEMA, OMHUChIBaeMas ypaBHEHHEM

&= f(x),

rae f(z) — mekoropas muddepeniupyemast byHKIHI. DTO ypaBHEHHE, KakK
0OBITHO, MOZKHO TIEPENMUCATH B BUJIE CHCTEMBI IBYX M depeHna bHbIX ypas-
HEHUil 11epBoro nopsjka

I = X2, Lo = f(x1), (11 =2, 2 =1).
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njain

dy _ fly)—y

dt t
HOCJIe,Zl,Hee ypaBHeHI/Ie — 9TO ypaBHeHI/Ie C Pa3JaeadI0OINUMHUCA II€PpEMEHHBbIMHA.
OrKya nMeeM HHTErpaJl

[ % cen

OIHOPOJHBIM HA3BIBAIOT U CJIEAYIOIIee ypaBHEeHHe, HMEIOIee HeCKOJbKO
GoJiee OOIIMi BHTL
M(z,y)dx + N(z,y)dy =0,

B kKoropom M u N ojgHOpOjHbIE (DYHKIMH OJHOW U TOU »Ke CTEeleHu M.
HanomuuwMm, uro dbyuknua M (z,y) Ha3bBaeTcs 0dnopoduotl cmenenu m,
€CJIH TIPH BCEX A BBITIOJTHEHO TOKIECTBO

MMz, \y) = N"M(x,y).

OTO ypaBHEHHE CBOJUTCS K YPABHEHHUIO C PA3JEJISIONIUMUCI HePEMEHHBIMH,
€CJII TOJIO’KUTD
Y = ux.

Ormernm, uro dy = zdu + udz, moyromy
2™ {M(1,u)dx + N(1,u)udx + N(1,u)zdu} = 0.
O01iee perienne HAXOAUTCS U3 yPABHEHUS
F(u)dz + G(u)zdu = 0,

rae F(u) = M(1,u) + N(1,u)u, G(u) = N(1,u).
ITpumep 1.9. Paccmorpum ypaBHeHnue

(x + 2y)dx — xdy = 0.

Baeck M(z,y) = x+2y, N = —x, T. e. 0qHOPOAHbIE DYHKIUH NEPBOH CTEIEHN
(m = 1). Monoxkum y = uz. CHaTaTa Oy IaeM, 9TO CIPABEIINBO PABEHCTBO

z(1 + 2u)dx — x(zdu + udz) = 0.
[Tocse ynpoutenuii mosydaem

(1 +u)dz = zdu
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niain

/dmi/ du
x ) 1+u

z=C(l+u), C €R.

OTKyIa HAXOIUM, UTO

Bosepamasice kK UCXOHBIM nepeMeHHbIM, nojydaem © = C'(1 +

22— Cx
Wil y —————.

ITpumep 1.10. Pemmum ypaBHeHUE
(x — ycos g)dx + x cos gdy =0.
x x
Cremaem 3ameny y = uz. [loxyaaem
(x — zucosu)dx + x cos u(xdu + udz) = 0

nJjn

dx
— + cosudu = 0.
x
Wurerpupys, nojayvdaem
In|z|+sinu=C, C€R

njain

In|z| +sin? =C.
x

K 0/1HOpO/IHBIM ypaBHEHUSIM [PUBOJISATCH YPABHEHUS BUJIA

dy mx + by +
dr T + by +co )’

[TycTb cucrema aareOpamdecKux ypaBHEHUH
a1t +by+c =0, asx+byy+co=0
UMeeT eJMHCTBEHHOE pelleHue T = Tg, Y = Yo. lorja 3amena

rT=zo+u, y=yo+v
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B ciyuae 6) cucremMa nMeer CoCcTogHUE paBHOBecHd T1 = T2 = 0 (HyseBoe
COCTOsTHEE PaBHOBECHS), a TaKKe CeMeilCTBO COCTOSHWMI paBHOBeCHs T3 +

23 = 1. VX HaXOJMM M3 PACCMOTDEHUS] CHCTEMbl ypPaBHeHHT

{ z1(1 = (2% + 23))
zo(1 = (2% + 23)) =

0,

YpaBHeHHUE B IIyHKTE B) HA3BIBACTCS YPasHeHUueM Husuieckozo Maammnu-
xa, ecn g > 0, a upu g = 0 — ypaBHEHHEM MaTeMaTHYeCKOro MasgTHUKA. Kak
OOBIYHO, €r0 MOYKHO ITlepenucaThb B BUJE CHCTeMbI JBYX yDaBHEHHI MepBOTrO
oPs/IKa

T1 = T,
T9 = —sinx; — gaa,
y KOTOPOH ecTh cOCTOsiHusl paBHOBeCust X1 = 7wk, n € Z(n = 0;+1;+2;...)

u x93 = 0. C ToUKE 3peHns (PU3NIECKUX MWHTEPIPETANUl HHTEPEC MPeICTaB-
JIAIOT J[Ba M3 HUX

21=0, 2o=0x =0); z1=m, xy =0(x =m).

Bamena z(t) = x(t) — y cBoaut cucremy nuddepeHnuanbHbIX ypaBHEeHUI
K aHaJOIHYHON

= F(z+y),

y KOTOPOil y?Ke eCTh HyJeBble COCTOSHUs paBHOBecHs. Tak 4To 6e3 Hapyrie-
HUS OONTHOCTH MOYKHO CYHUTATh, ITO cucTeMa auddepeHnunaabHbIX ypaBHe-
Huii (4.19) uMeer HyJeBble COCTOSIHUSI PABHOBECHS], a U3YUEHHE YCTOHUMBO-
CTH IPOU3BOJIBHO CBECTH K AHAJIOIMYHBIM BOIPOCAM JIJIsl HYJIEBOT'O COCTOSIHUSE
PABHOBECHS.

Pacemorpum menpepsiBaO anddepenimpyeMyio yHKITHIO

V(z)=V(z,...,z,).

Iycrs z(t) = (x1(t),...,xn(t)) pemenne cucrembl auddepeHnnaIbHbIX
ypasuenuit (4.19). IToxoxum W (t) = V(x(t)). Toraa

d ~OV . ROV
j=1 j=1
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4.3. Meton dyuknuii JIanyHosa

B srom pasjesie orpaHnyumMMcs PacCMOTDEHHEM CJIydasi, KOIJa CHCTEMA
nuddepeHnnaIbHbBIX YpaBHEeHNT aBTOHOMHA. VI3710KeHHAS HUZXKe MEeTOIHKA
WCCJIeIOBaHNS, KOHEYHO, JIONyCKaeT 0O00Ienrne Ha He aBTOHOMHBIN CJIydaii,
HO, KaK MPABUIO, TH OOOOIEHUS HOCAT YUCTO MATEMATHICCKHUI XapaKkTep u
PEJIKO HCIOIB3YIOTCA B TPAJIUIUOHHBIX IPUJIOKEHUAIX.

Nrak, paccMoTpuM cucremy

i = F(z), (4.19)
rae, kak u panee, © = colon(Fy(x1,...,x,), ..., Fy(x1, ..., 2,)). Komoonen-
Tl BekTOp-byukunun F(z), 1. e. Fj(xy,...,z,), HenpepsBHO TuddepeHiu-

PYEMBI 110 COBOKYITHOCTH HEPEMEHHBIX (CYIIECTBYIOT HENDPEPhIBHBIE YACTHBIE
POU3BOHBIE —).
Ox

Ecan ypasuenue (4.19) 10m0JHATH HAMANIBHBIME YCJIOBUSMHE
z(0) =a, a € R", (4.20)

TO yKazaHHbIE BbIIIE YCJIOBUS XapaKTepU3yIoT JIOKaIbHYI0 PA3PEITUMOCTD 3a-
naun Komm. Muade rosopst, MoxkHO ykaszarh Takoe T = T'(a), uro 3a1aua
Kommn umeer sxksusasenrroe peutenue 1upu t € (—T'(a), T(a)).

[Mycrs z(t) = y (y € R",y = colon(yy,...,yn),y; = const) peuenue
ypasuenus (4.19). Takoe pelenue Ha3bIBAIOT COCTMOAHUEM PAGHOBECUS, U IO
KOODJMHATHI CJICAYET HAXOJUTH KAK PEIIEHUs CIEAYIOMEeH CuCTeMBI ypaBHe-
Huil

Fy)=0 (4.21)

ITpumep 4.4. Paccmorpum nuddepennuaabuble YPABHEHUS B CHCTEMBI

a)i =z —2° v =u1(t) €R,

o
) dig :IQ—CL’Q(JI%+I‘§)7

6) &+ gi+sinz =0, g >0.

i =21 — 31 (22 + 23),

B ciyuae a) ypaBHeHHe UMeeT TPH COCTOSTHUS paBHoBecust & = 0,
r =1, = —1, KoTOphIe HAXOAATCS KaK KOPHN ypaBHeRus 1 — z° = (.
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CBOJAT JAHHOE YPaBHEHHE K OJTHOPOTHOMY
dv f a1u + byv
du ast +bov )

Ecnm ykazanuas BbIlIe CHCTeMa JIMHEHHBIX aareOpamtdecKux ypaBHEHHH He

nMeeT pelleHuit, To

o _ by
a2 by

U, CJIEJOBATENBLHO, 3aMEHa,
asx +boy +co =0

OPUBOJAUT €TI0 K YPAaBHEHUIO C PA3JACTAIONIUMUCA ITepEMEHHBIMU

, Aot — A
=g (REAZRE) ),

Hakonerr, MCKJIIOUNTE/IbHBIH BADUAHT HAJIMYUSL Y CUCTEMbl aJrebpandecKux
ypaBHEHHUil cemelicTBa pelleHnii, SKBUBAJICHTHOTO IPONOPIUOHAIBHOCTH KO-
3 duimenToB: a; = Aag, by = Abs, ¢y = Aco. CiiefioBareibHO, ypaBHEHHE Ha,
caMOM Jiesie UMeeT CJAeYIONil BIT

dy

perenue

y=fNzx+C, CeR,

rae f(A\) — nocrosinnasi.
ITpumep 1.11. Pemuth ypaBHeHHE

(2 —4y +6)dz + (v +y —3)dy = 0.
Cucrema ypaBHeHHi
20 —4y+6=0, x4+y—3=0
nMeeT eJIMHCTBEHHOE perienne o = 1, yo = 2. 3ameHna

r=u+1, y=v+2
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IPHBOJAT JJAHHOE YPABHEHUE K OJHOPOIHOMY
(2u — 4v)du + (u + v)dv = 0,
KOTODOE UMeeT MHTerpaJl (IPOBEPUTH CAMOCTOSITENILHO)

(v—2)3

UWZC7CER

B UCXO/JIHBIX IIEPEMEHHbIX IOJIYy41aeM
(y—220°=Cly—x—1)>~
Huddepenuanbroe ypaBHeHme

dy

% :f(x,y)

HA3BIBAETCS K6a3U00HOPOOHvM, ecin hyHKIms [ (T, y) OKA3aIaCh KBA3HOIHO-
poauoit dbynknmeit crenenn 3 — o epeMenHbIX z, y (¢ Becamu « u 3 COOTBET-
creenno). HanomunMm, uro dyukumus f(z,y) nassiBaercsa k6a3uodnopodnol
cmenenu k ¢ eecamu o u (3, ecaw mpu HEKOTOPHIX «, 3 € R cnpapeminBo
PABEHCTBO

Fz, Xy) = X f(a,y).
KBasuognopoaHoe ypaBHeHne 3aMeHOiT

B8
Y =1uxe

IIPUBOJUTCA K YPABHEHUIO C PA3AE/IAIOIIUMUCA ITePEMEHHbIMU

au' + <ﬁ> u=f(1,u)
a
bimnt 5
o' = g(u) = f(1,u) — —u.
a
ITpumep 1.12. V6enuThcs, 4TO ypaBHEHUE
dy 428 — g
dr ~  2z'%

ABJIACTCA KBA3UOJHOPOJIHBIM, U PDEIIUTH €ro.
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Ha rmaBHOil quaroHagu 3TOil MATPHIBI CTOAT THCHARA Ci,C2, . . ., Cyp. QUCTA Cj
¢ uHjekcamn j > n win j < 0 3amensaiorcsa 0.
[naBuble jguaroHajibHbie MUHOPBI MaTpuiibl ['ypBuiia

Cc1 Cp 0
Ar=c, Ap=| T Ol A=
1=0C, A2 = ez cy |’ 3=1|C C2 C1|,....
s Cs C4 C3

VYupaxkuenune 4.7. /g MHOrO1JIeHOB
P1(>\) = Cl)\ + Co, PQ()\) = (;2)\2 + 01A + ¢y

YCJIOBHE TTOJIOZKUTETHHOCTH UX KO3(hDMUIHUEHTOB dBJgeTCs He TOJbKO HeoD-
XOIUMBIM, HO W JOCTATOYHBIM JIJIsT TOTO, 9TOOBI OHHM OBLIM MHOTOWICHAMEI
I'ypeuna.

Haunnaga ¢ n = 3, HeOOXOUMBIe YCIOBHS YK€ OTIMYAIOTCI OT YCIOBUIl
Payca — I'ypsuna. MoxxHO npuBecTH IpuMep MHOTOYJIEHA, Y KOTOPOT'O BCE KO-
3 unmenTs MOMOKUTETHHBI, HO TEM He MeHee Y Hero eCTb KOPHU B IIPABOil
TIOJTYTIOCKOCTH

P3(\) = A\ + 2027 + 2) + 40,

y KOTOPOro €CTh KOpHH A; = —4, Ay 3 = 1+ 3i(Relg3 > 0).
VYupaxkueaune 4.8. [lycrs

Ps(\) = XN+ pA2 + g\ + 1
[Tokasarh, 4TO JIaHHBI MHOTOYJIEH Oy/1eT MHOTOYIeHOM [ ypBuna, ecjiu
p,q,7 >0, pg—1>0.
Yupaxuenne 4.9. [lycrs

PiN) = A+ pN + g\ +r) + s

[TokazaThk, 4TO 3TOT MHOTOUJIEH Oy/1eT MHOTOWIeHOM ['ypBuIa, ecin
p,q, 7,5 >0, p(rq—ps) —r* > 0.

[Tocnennee HEPABEHCTBO MOYKHO TEPENUCATH B HHOM (hopme

p(pg —r) —p*s > 0.
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1 0 N
hy = ( 0 )" hy = | ) KOTODbI€ JIMHEHHO HE3AaBUCUMDI. B srom ciyuae

cucremMa npuobperaet BuJ 1 = 0, @5 = 0 U Bce pereHnss TAKOBBI
x1 = Cy, 19 =Cy, C1,Cy = const,

U 1I03TOMY CUCTeMa yCTOWYUBA.

Jnsa npunoxkennit quddepeHnalIbHBIX YpaBHEHIT 0COOEHHO XapaKTepHa
CHUTYaIlNs, KOT/Ia TpebyeTcs mMpoBepuTh ycaoBust Teopembr 4.3. Ecin paccmor-
peThb XapaKTepHOe ypaBHEHHE

det|A — \E| =0,

TO 10C/Ie IPeobpa3oBauil JaHHOe YPABHEHHE MOKHO MePelucaTh B CIeLy1o-
eM BHJIE
Po(A) = cp A" + 1 A+ L+ =0, (4.17)

e ¢; € R (¢cn, = 1). TIpoBepka ycaoBumii TON TEOPEMBI, CJIEJI0BATENBHO,
CBOJIATCS K PACCMOTPEHHIO arebpanveckoil 3a/1aun o paclooKeHHNn KOpHeit
ypasuenust (4.17) Ha KOMIUIEKCHOIT TIJIOCKOCTH.

Ecnun n Besmko, TO npsMoil CIIOCOO: HAXOXKJIEHWe KOPHEeH MHOrO4YJIeHa
(4.17) — rpyano peanusyeM. [TosToMy npecTaBIIseT UHTEPEC KOCBEHHBIH CII0-
o0 MpPOBEPKY HEPABEHCTBA,

ReM, < 0. (4.18)

[Ipu BbIIOIHEHMH TOrO HepaBeHCTBA KOPHM MHOrowiena (4.17) nexar B
JIEBOHl TIOJTYTIIIOCKOCTH KOMTIJIEKCHOM TIJIOCKOCTH, & COOTBETCTBEHHBIT MHOTO-
WIEH HA3BIBAETCH MHMO20MAEHOM (noaunomom) Lypsuya. Byaem rosopurs,
9TO MOJIMHOM HMeeT CTaHIAPTHBI Bu, ecan ¢, > 0(¢, = 1).

Kpurepuit Payca — 'ypBuna oTpunaTe/ibHOCTI BEIeCTBEHHBIX
gacrell ypaBuenus (4.17)

Heobxomumoe ycnosme: Bce ¢; > 0. Heobxoammoe m mocTaTodHOe yCI0BHeE:
MOJIOYKUTEILHOCTh BCEX TJIABHBIX JHATOHAIBHBIX MWHOPOB MaTpHUILl [ 'ypBu-
na

Cc1 O 0 0
C3 C C1 ( 0 0
cs €4 €3 Cc ¢ cg 0 0

... 0
0 0 ¢,
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[Tycth o umeer Bec a, a y umeer — 3. UToOBI 9TO ypaBHEHHE OBLIO KBa-
3UOHOPOIHBIM, HEOOXOAMMO, ITOOBI OBLIO CIIPABEIJINBO TOYKIECTBO

4)\6(11.6 _ )\4ﬁy4 _ o 41,6 _ y4
2\dotBpdy 2xty
DTO TOXKIECTBO OY/IET BBIIOJIHEHO, €CJIN
b —da— =40 —-4da—-F=0—a.

3
2

[Tocnenussa cucrema mmeer perienne, ecin = «2. [losToMy mooKuM

Y =uzx
[Tomyuaem
du 3 3 1 428 — u*ab
—x2 + —r2u = 3
d 2rtuz?
nam
du n 3 4 —ut
T— 4+ -—u=——.
de 2 2u
[Tocute ipeobpasoBaHmii IOy IaeM
2udu dx
————+—=0
(wW+4Hw-1) =
7 yIKe TOCJI€ MHTerPUPOBAHUS NMEEM
2
u” —1
In|——|+5ln|z|=C,C € R,
u?+4

2
u-—1
- 2°=C.
u?+4
Bosepamasick k crapbiM nepeMeHHbIM (2, ), OKOHYATETHHO MOJTydaem
2 3
y —a 5
St = C
y? + 4z
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1.6. JIuneiinbie ypaBHeHUus

YpaBuenne Bua

dy

— =a(zx b(x 1.16
2~ alw)y + ) (116)
HA3BIBACTCA AUHETHbIM HEOOHODOOHbLM YPAGHEHUEM. Y DABHEHUE BHIA
dy
— =al(x 1.17
Y —awyy (117)

HA3BIBACTCS AUHEUHOM 00HOPOOHBIM Ypasheruem. L Toro, 4Tobel HaiiTH
obmee penrerne ypasrenust (1.16), HyzkHO HaliTn pemenne ypasaenns (1.17)
U HallTH YacTHOe perneHue ypapHenus (1.17).

Ypasuenne (1.17) ecTb ypaBHeHHE C DA3EJISIIONIUMUCS T1€PEMEHHBIMHU.
Kaxk uzBectHO n3 §1.4, OHO HHTEIPUPYETCS B CJEJYIONIEM BUIE

= a(z)dx,

/dy / )dz, Inly| = /a(:c)dxvt(l

OTkyna pemeHHe 1 17) MOKeT OBITh 3aIMCAHO B CJIEYIONEM BHU/IE
y(x) = Cel o@de, (1.18)

e C' — Ipou3BOIbHAS MOCTOSTHHAS.

JIJ1st HAXOXKIEHNsST 9ACTHOTO PENIeHnst HeOMHOPOAHOTO ypasHeHus (1.16)
MbI IPUMEHUM MeTOJ[ BApUAIUU MPOU3BOJIBHOI 1ocTosiHHOMK. CyTh JAHHOTO
MeTo/a 3aKiiodaerca B caeayiomeM. Ilyers C' = C(z), . e. BpeMenHo Gyaem
CYNTATh, 9TO MPOU3BOJIbHAS MOCTOSTHHAS OYIET BaAphUPOBATHCS HA HEKOTO-
pom orpeske. [Tojgcrasus (1.18) B (1.16) ¢ yuerom sbimeckasannoro st C,
Oy IaeM

y = C'el @k L gl a@deg gy — g(z)Cel “@o 4 p(y),
Clefa(z)dz _ b(fL’), C = /b(x)e—fa(z)dzdx + Cl.

Urak, B okoHuaTesbHOI dopme obimag dhopmyia perenus ypasaenus (1.16)
MOYKeT OBITH 3AlMCAHA B CJIELYIOMEM BUIE

y = ef @ [01 + / b(x)e ! “(’”)d””da;] : (1.19)
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JeficTBUTEIbHO, B TaKOM cydae cucreMa JuddepeHnnaIbHbIX ypaBHe-
uuii (4.16) nMeer HEOrpAHHYEHHOE PEIICHHE

x(t) = exp (Amt) i,

rie h,, cOOCTBEHHBI BEKTOP, OTBEYAIONHIT COOCTBEHHOMY 3HAYEHHIO A, T
e. Ahpy = Anhomy By £ 0.

Teopema 4.5. I[lycmv das 6cex cobcmeeHHus wuces N, mampuysve A
CNPaBedAUBH, HEPABEHCMEA,

Redp=a, <0
U 045 MeXT Ny, OAA KOMOPHLEL UMEENM MECO PABEHCMEO
Re),, =0,

8uIN0ANEHO donoanumenvroe ycaosue. bydem npednosazamo, wmo arzebpau-
YECKAA KPAMHOCTVD Ty COOCTNBEHHO20 HUCAL Ay COBNADGEM, C €20 260MEMPU-
Yeckotl KpamHocmv0 gn,. Toeda mootcno ymeeporcdams, wmo cucmema oudg-
deperyuarvnns ypasrenud (4.16) yemotivusa. Ilpu 6vnosnenuy yeaosus
T'm 7# Gm MOOICHO ymeepocdamsb, wmo cucmema (4.16) neyemotivuea.

Yupaxkxuenue 4.6. /lokazars Teopemy 2.5.

[IpounmiocTpupyemM BTOPYIO YacTh MOCJIEJIHETO YTBEPZKIeHus. PaccMoT-
puMm cucremy (4.16) B cayuae, koraa

x(t)eR2,A—(8 é)

3mech cobcrBennoe 3uadenne A; = (), OHO JIBYKPATHO U MM€ET COOCTBEHHDII

0

1
0 1

HEOI'DAHUYEHHOE DelleHue

x<t>—t<é>+(?>_<i>‘

0 0
Ecnu ke BeiOpama maTpuma A = 0 o ) TO U OHA MMEET IBYKpaTHOE

BEKTOp € = u HpHCOSAHHeHHbIﬁ h = < ) B JaHHOM CJIyvae eCTb

cobcTBenHOe 3HaUeHne A\; = (), eMy COOTBETCTBYIOT JIBA, COOCTBEHHBIX BEKTOPA,
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TaK KaK

lim z(t) = 7.
t——+4o0

Ecimu npu usydennn cucremst (4.12) okazasocs, 410 i Bcex Fj(t) Bbi-
MOJTHEHO JIOIIOJHATETBHOE YCIOBIE

lim E;(t)=0

5 Foo ]( ) ’
TO HyJE€BOE DEIIeHHEe W BCE OCTAJIbHBIE ACHMITOTHYECKH YCTOWIHBBI. 37€Ch
{E;(t))} - dynnamenrasbas cucreMa PeIIeHMi.

Bosee peTanbHO yaeTcs paccMOTPETh BOIPOC 00 YCTOIYMBOCTH CHCTEMBI
OIHOPOIHBIX NTHMMEPEHINATBHBIX YPABHEHUI B TaCTHOM, HO BayKHOM JIJIST
npunoxenuii ciyvae, korna marpuna A(t) mocrosunas, T. e. A(t) = A uwim
At) = {ajr}, ajx € R, tie j,k = 1,...,n. Itak, paccMOTpHM CHCTEMY
g depeHnuaabHbIX ypaBHEHU I

T = Ax. (4.16)

O603HaunM 4Yepe3 A, coOOCTBeHHBIe 3HaueHns MaTpuisl A. Hepes 15 060-
3HAUMM ATeOPANIecKyI0 KPATHOCTh STHX COOCTBEHHBIX 3HaUeHmil. Ecam cob-
CTBEHHOE 3HAYEHHUE Ay IPOCTOE, TO 7'y = 1.

Teopema 4.3. Ilycmv das 6cex cobemsennus 3naveruli Ay cnpaceoiu-
6v. Hepasenemea Rel, < 0, moada cucmema duddepenyuaronol ypasrenutl
(4.16) acumnmomuuecku yemotiuusa.

N3 pe3yabTaToB mIaBhl 2 BBITEKAET, UTO PEIIeHNs], BXOAATIe B (hyHma-
MenTanbHyIo cucremy Ej(t) = exp (A\;jt)P;(t), rae

Pj(t) - qjmjtmj + ...+ qo, q; S Cna

T. €. BEKTOPbI, KOMIIOHEHTAMU KOTOPBIX B O0IIEM CJIyUae sIBJSIOTCS KOMIIJIEKC
uple gucaa. Cremenp muorowiena Pj(t) pasaa m; < N. Ocranoch BCmoM-
HATB, 410 | exp (A\;t)| = €%*, rne a; = Re);
lim e®'%™ =0
t——+4o00

npu o < 0 1 m1060M M.

Teopema 4.4. IIycmb cpedu cobcmBeHHHLET YUCes N, MAMPUDBL A MOIHCHO
YKaA3amsb 0010 UAU HECKOADKO Makux, 4mo ReX,, = a,, > 0. Tozda cucmema
(4.12) neyemotivusa(enoane neycmotivuea).
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KOTOPYIO MOZKHO IEepenuncaTb B BUJIE

y = ¢1(2)C1 + pa(z),

e ¢1(z) = el al@idz _ peleHne JUHEITHOTO OJHOPOIHOTO YpaBHEHUS, a
@o(x) = el d@)dw [p(z)e= ] a@drqy — yacrnoe pemenne ypasnenns (1.16).
ITpumep 1.13. Pemuts creayroree JuHETHOE HEOTHOPOTHOE YpaBHEHHE

z(y —y) =¢"

Jlerko mokasaTp, 9TO TaHHOE YPABHEHUE SBJIACTCS JTUHEHHBIM HEOTHOPOTHBIM
ypasrernem (1.16). [eiicTBurenbHO, 10g€ME 00€ 9aCTH ypaBHEHUS HA T,
HPUXOJUM K CJIe/LyIOHIEMY .
y=y+—
T
Hasee, mpumvenus dopmyay (1.19), noayuaem

pi(z) = el tr = e’

* 1
pa(x) = e’c/e— - —dz = ¢ ln |z|.
T e’

Orser: y(z) = e*[C + In|z]].

Sameuanue 1.3. He Bcerma Jsneiinoe neoxuopojanoe ypasaenue (1.16)
moxkeT ObiTh 3anucano B "crangapraom euge' (1.16). MHorma umeer cMbica
nonpo6oBaTh JAPYTAM THIOM IEepeXoja OT OJHONH He3aBHCHMOR HepeMeHHOM
K apyroii. [Tokaskem 3TO Ha mpuMepe.

IIpumep 1.14. Pemurs cirepyioniee jimaeifnoe HEOHOPOHOE YPaBHEHHE

(sin’y + zctgy)y = 1.

Jlerko ybenuTbes, 9TO JAHHOE yPaBHEHHE OTHOCHTEJHHO MEPEMEHHOH y He
apisgercd ypasaenueM Buja (1.16). ITocae cMenbl y Ha @ uMeeM ypaBHEHHe
Buza (1.16), HO yzke oTHOCUTEIBHO APYTOli mepemenHoii. MrTax,

d d
(sin?y +xctgy)£ =1, d—; =siny + zctgy,

z' = zctgy +siny.
IMpumensist bopmyay (1.19), rae

pry) = el B = siny,
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1
a(y) = Silly/Siﬂ2 Yy —— dy = —cosysiny.
siny

Otser: z(y) = siny(C — cosysiny).

Pemenus ypasuenuit (1.16) u (1.17) MOXKHO 3amucarh u HHOMU, OTJIUIHOM
or dbopmya (1.18) u (1.19), bopme. Unas dopma 3amucu yaobra, ecau ypas-
mernns (1.16) u (1.17) paccMaTpHBalOTCsST BMECTe ¢ HAYaJbHBIM YCIOBHEM

y(z0) = Yo

Tora dbopmyiy s pemenus ypasaenus (1.17), ¢ yueToM Ha4aIbLHOIO YCJIO-
BuUd, MOKHO IepenucaTb B BUIEC

P

[ a(t)dt
y(x) = yoe = . (1.18a)
A dopmyay (1.19) B ciaenyiomem Buje:
[ a(t)dt - ~ [ a(t)de
y=e" Yo + /b(z)e 7o dz| . (1.19a)

zo

IIpu BeiBogEe bopmy. (1.18a), (1.19a) ncnoab3y0T XOPOIo W3BECTHOE yTBEP-
JKJIGHUE MATEeMATHYECKOTO AHAJU3a O TOM, UTO HHTErpad C IEPEMEeHHBIM

BEPXHUM IIPEJIEJIOM
x

d(z) = /g@(t)dt

ABJISETCA OJHON 13 1epBooOpasubix GyHKIMI ¢().
ITpumep 1.15. Pemurs 33184y Korm

Y +ycosz = e 57 y(0) = 0.
[Tpumenum Gopmyny (1.19a)

2 :
— [costdt | Z . [ costdt
ylx)=e 0 [ esinzen dz| =
0

=€

z
7fcostdt z ) . .
0 fe—smz+smzdz — pesinT,
0
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VYupaxkueune 4.3. [IpoBepuTh yKasaHHOe BBIIIE yTBepzKIeHue. [Ipo-
BepKa 5TUX MOCJeI0BATE]bHBIX (DaKTOB Dasupyercst Ha (opmynax st 00-
LIEr0 pelleHus JaHHOIO yPaBHEeHU

(1) !

T Cexp(—t)— 1’ Celt

Pemenne z(t) = 0 — ocoboe pelnieHne pacCMaTPHBAEMOTO YPABHEHNUS.

Teopema 4.2. Jlaa acumnmomuieckoli ycmotiuusocmu pewenus y(t)
HeodHopoonot cucmemv, dudidepenyuarvros ypashenud (4.11) neobrodumo
u docmamouno, 4mobvs 6via0 ACUMNIMOMUYECKY YCTNOTUYUBO HYALBOE DEuULe-
HUE CUCMEMBL 00HOPOOHBLT YPABHEHUT.

VYupaxuenue 4.4. Jlokazats Teopemy 4.2.

Yupaxxuenue 4.5. [lokazars, 4T0 ycTORUNBOCTH cucTeMmbl anud pepen-
nuaIbHbIX ypaBHeHuil (4.12) SKBUBATEHTHO OrPAHMYEHHSIM BCEX €€ DenreHuni
npu t > to. HamomuuM ompeaenenue.

Ounpenenenue 4.4. Pemenne x(t,to, a) orpannaenso npu t > tg, ecan
CYIIECTBYET TaKas MOJIOKATETbHAS NOCTogHHAsd M, aTo mpu ¢ > () BBIIOJIHEHO
HEPABEHCTBO

x(t, to,a)|| < M.

Bameuanue 4.1. [Ins uposepku ycaosuit ycroitunsocru cucrembr (4.12)
[0JIE3HO OTMETHUThH, YTO IIPU STOM JOCTATOYHO H3YIUTH BOIPOC 06 OrpAHUIeH-
HOCTH peltenuil cocrapisonux ¢ynamenranpuyio cucremy {E;(t)}, j =
1,...,n, TaK KaK OCTAJbHBIE DEIICHHs] MOTYT OBITH MPEJCTABIECHBI B BHJIE
JIMHEHON KOMOMHAIIMN YKA3aHHBIX pernenuit F;(1).

3ameuanue 4.2. DKBUBAICHTHOCTh OTPAHHICHHOCTH PEMIeHUuN yCTOdi-
YHBOCTH, HATIPUMED HYJIEBOrO penteHus cucreMbl (4.12), xapakTepHa i Jiu-
HEITHBIX OJHOPOJIHBIX ypaBHeHuil. B wHbIx Bapnantax Bbibopa auddepeHim-
aJIbHBIX yPaBHEHUIT 910T (DAKT HEe MMeer MecTa.

Paccmorpum ypaBHenune & = —x +t, obliee perienne KOTOPOro NMeeT BH/I,
x(t) = Cexp(—t) +t— 1. llpu ¢ > 0 BCe penieHns: HEOrPAHUIEHHBI, HO BCE
OHHU YCTOWYUBHI.

Bropoit npumMep — 310 HeJiMHeiHOe ypaBHEHUE

i =sin? z.

ITycrs 2(0) = a. Torna npu a € (0, 1) pemenue sroii 3agatn Komn z(t) =
arcctg(ctga — t) — Bce orpaHmvenHb, HO penrerne T (t) = 0 HEYyCTOHIMBO,
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Teopema 4.1. Pewenue y(t) yemotinuso mozda u moavko mozda, eciu
y cucmemvt (4.12) yemotiuueo nyaesoe pewenue.

JlokarkeMm cHavaIa HEOOXOUMBbIE YCIOBUS TEOPEMBI. YCTORIUBOCTD Peliie-
uusg y(t) cucremsr (4.11) o3madaer, 9To st 106010 € > 0 MOXKHO BBIOpAThH
rakoe 0 = §(¢) > 0, ;11 KOTOPHIX BHIMOJHEHBI HEPABEHCTBA

llz(t) =yl <e (4.13)
upu t > tp, ecam TOJIbKO
[lz(to) — y(to)l| < 0. (4.14)
Ho, kak u3BecTHO, BEKTOP-(DYHKITUS
2(t) = a(t) — y(1) (4.15)

Y/IOBJIETBOPSIET OHOPOIHOM cucreme juddepeHnnanbHbix ypasaenuit (4.12),
mpudeM JIoboe eé pellleHne MoXkKeT OBITH TpescTaBieHo B Buie (4.15). U3
uepasencTs (4.13), (4.14) BeITeKaoT HEpABEHCTBA

Izl <&, llz(to)ll < 4.

W3 nocsieiHuxX IBYX 3aMe4aHUil BbITEKAeT CIPaBe/JIMBOCTh U BTOPOil da-
cru Teopembl 4.1, T. e. ecan yeroiituuBo HyseBoe pernenne cucteMbl (4.12), To
yCToiiunBo u coorsercryiomiee pemrenue y(t) cucremsr (4.11).

Kak BbITekaeT w3 JAHHONW TEOPEMbI, pelieHus JuHeHHbIX guddepeHim-
AJIBHBIX CHCTEM JIL0OO BCE OJTHOBPEMEHHO YCTONIHNBEI, OO HeycTOWIuBHbI. [1o-
9TOMY JOMYCTUMON TEPMUHOJIOTHEH MOKET OBITh moHsTHE: "yCTOanBast JTu-
HeiiHag cucreMa'n "HeycToitunBas uHeiiHasg cucrema ("'BmosHE HEyCTONYN-
Basl JuHelHas cucrema).

B ciiyuae nesimneiinbix ypaBHeHUN yCTOWYIHMBOCTD — 3TO WHIMBU/LYAJTHHOE
CBOWCTBO TOTO WJIH WHOTO PEIleHHs.

ITpumep 4.3. Paccmorpum ypaBHeHue

&=+ 27

y Koroporo ecrb pewtenue x(t) = 0 u x(t) = —1 (rakue perieHust LPUHATO

J

Ha3bIBATH COCTOAHUAMHU paBHOBeCHsI ). MOXKHO 0Ka3aTh, 4T0 pernenue x(t) =
0 meycroitunpo, a penrerne () = —1 acUMUTOTHYECKH yCTOHUMBO.
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1.7. YpaBuenusa Bepuynan n Pukkaru

O6o6uiernem ypaprerus (1.16) MOXKET CIyKUTb CJI€IyOINEe yPABHEHHE
Y = a(a)y + ba)y",n £0,1. (1.20)

910 ypaBHeHue HazbiBaercs ypasHernuem Bepruyaiu. Ilonsrao, aro npun = 0
JIAHHOE YDABHEHNE eCTh JIMHEHHOe HEOJTHOPOJHOEe ypaBHEeHWe, a Mph n = 1
MMeeM JIET0 ¢ YPABHEHHEM C DA3/IeNsIONIMACS TTePeMEHHBIMH.
BhInoiHEB 3aMeHy
1
Mbl npuBesieM (1.20) K nuHeiiHOMY HeoqHOpOAHOMY ypaBHenuio (1.16). Io-
KazKeM 5TOT TIepexoJl

I,n

2
1—n

=a(x)y +b(z)y", 2 =2(1—n)+b(x)(1-n).

MpI IPHUILIA K JTHHEHHOMY HEOTHOPOJHOMY YPABHEHHIO OTHOCUTEIBHO Iepe-
MerHOit 2. [IpoBo/st 0OpaTHYIO 3aMeHy, MBI TIOJIYIUM OOIee perrenne ypas-
nenus (1.20).

ITpumep 1.16. Pemuth ypaBuenue

Y+ 2y = yPe”.
Jlannoe ypaBHeHue spisiercd ypasHenueM Bepnysuin. [Ipoojs 3ameny
1
2z = —, MBI IPUXOJUM K CJIEJYIONeMYy JUHeHHOMY HEOTHOPOTHOMY YpaBHe-
Y

HIIO
2 =2z —¢",

pelreHne KOTOPOTO MOYKHO 3aIlUCATh B BHJIE
z=e*(C+e "), CER.

A permenne NCXOIHOTO YPABHEHUST BBHITISIAUT CJAETYIONIAM 00pa3oM

1

y= e2(C +e )
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ITpumep 1.17. Pemuth ypaBHeHHE
y'adsiny = zy’ — 2y.

Bynem pemarh ypaBHeHHe OTHOCUTEBHO X, TIOCJIe TTPeodpa30BaHMil Oy Ya-
eM

T siny
/ _ .”ES .

2y 2y

Samena z = — IPUBOJAUT HAC K YPABHEHUIO
T

z sin
PR
y y

[Tpumvenus dbopmyary (1.19), momyvaem obmiee perenne
1
z=—(C —cosy), C €R.
Y

[IpoBoist 0OpaTHYIO 3aMeHy, TPUXOIUM K OKOHYATEIbHON (hopMysie penteHust

2 — )
C —cosy’

3ameuanue 1.4. I3 nocjennero mpuMmepa BHJIHO, 9TO HCKOMast (pyHK-
[Msl HEOJIHO3HAYHAS U PellIeHne 3a/aeTcsi B BUJIE JIBYX BeTBeil. Boibop BeTBI
Oy/1eT 3aBUCETD OT 3a/[aHNUs HAYAIbHBIX ycaoBuil(3amaua Komm). Kak Toabko
3aa4qa Ko Oyaer mocTaBieHa, Mbl YK€ MOYKEM B3Th KOHKDETHOE €JIIMH-
CTBEHHOE pelIeHuUe.
VpaBuenne Buga
Y +a(x)y + b(z)y* = c(x) (1.21)

Ha3bIBaeTCd ypashenuem Pukrxamu, KOTOpOe He UHTErPUPYETCs MPHU MPOU3-
BOJIbHBIX KO3 duuenTax k kpaaparypam. Y papnenue (1.21) MmoxHO npuse-
CTH K YpaBHEHWIO BepHY/IN, ecii H3BECTHO KaKoe-JTHO0 YacTHOEe pelleHue.
YacTtHoe perieHne MOKeT OBITh yraJaHo UCXOI U3 BHIA CBOOOTHOTO H/IeHA,
B JIAHHOM Cjiydae u3 Buja ¢(z).

3ameuanue 1.5. B kauecTBe 4acTHOIO pelieHns MOXKHO IIpoOOBaTh pe-
menue 00 B (popMylie SKCIOHEHTHI, HO B 00IIeM Buje, JubO B BHE KBa-
3UMHOTOUJIeHA.
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BMECTE ¢ HAYATLHBIMH YCJIOBHAME
2(to) = a1, 2'(to) = ag...., 2" V(ty) = ay,. (4.8)

. dz(t) .
Buecs 2 = d(t),jzl,Q,....
HamomuuM, 9TO cCTAaHZAPTHBIMA 3aMEHAMHE OT YPABHEHHS TOPSIIKA 7 MOZK-

HO NepeiiTi K paCCMOTPEHUIO CUCTEMBI U3 1 yPABHEHUII EPBOTO MOPIKA

i=F(t ), (4.9)
e
x = colon(wy,...,x,), 11 =2, Tg =2',..., 1, = 2",
F(t,z) =colon(Fy,...,F,), F=mx1,...,Fy_1 =, (4.10)

F,=—f(t,z1,...2,), ©(0) = a, a = colon(a,...,an).
[ycrs u(t, to,b) penenne ypauenns (4.7), y10BIETBOPSIOIIEE YCIOBHSIM
u(to) = by, ..., u™ V(ty) = b, b= (by,...,by).

Bynem roBoputs, uTo nanHoe pemienue ypasaenus (4.7) ycroituuso (Heycroii-
YMBO, ACUMIITOTHYECKH yCTORUMBO), €CJIM yCTORIMBO (HEYCTONYMBO, acumI-
TOTHYECKH YCTORUMBO) COOTBETCTBYIOIIEE PEIIEHAe BCIOMOTATeJIbHON CHCTe-
Mol guddepermanbabx ypasaennii (4.9).

4.2. Ob6mime TeopeMbl 00 yCTONYMBOCTU JUHEHHBIX CHCTEM
aunddepeHnuaabHbIX YPaBHEHTI

Paccmorpum smmreitnyto auddepernuaabHyo cucteMmy
T =A(t)z+ f(t), (4.11)
re
A(t) ={au®)}, jk=1,...,n, f(t)=colon(fi(t),..., [n(t)).

[IycTn
= A(t)z (4.12)

COOTBETCTBYIOINAA OJHOPOAHAS cucTeMa AubdepeHInaIbHbX ypaBHeHuil, a
y(t) — xaxkoe-1m6o pemenne cucremsl (4.11). CrnpaseyiuBo yTBEPXK/ICHNE.
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VYupaxkuenne 4.2. Vcxong u3 onpejiesieHusd YCTORIHBOCTH 110 JIATyHOBY
BBISICHUTD, HE YCTOIYWBHI JIM DEITeHWs JAHHBIX YDPABHEHUIl C yKA3AHHBIMI
HAYATBHBIME YCJIOBUSIMHE

1) &= O;—x 2(1) =0

2)i=1+t—=z, z(0)=0;

3) & = sinz?, x(0) = 0.

VYkazanme. B nepsom ciydae orser 3aBucut oT napamerpa «. Perienue
3agaun Komn

numeer Bua z(t) = St* (NpOBEPUTH CAMOCTOSITEIBHO).

[Toste3HO OTMETUTD, YTO ONPEJIETCHHH ACHMITOTHYECKOI YCTOHINBOCTH
HeJIb3sl OTKA3aThCs OT NEPBOil YacTu oupejesaenus. Jlazke ecju Bce perieHust
upu t — 400 CTPEMATC K HyJIIO, 9TO He 03HAYAET, YTO HYyJIEBOE PEelIeHHe

ycroitanBo. [Tosichum wa mpumepe. JIjist 3TOTO pacCMOTPUM CHCTEMY
. z1 3 2 . T2
Ty = —nxy, o= ——,

t t

xl(to) = aq, I'Q(to) = ag, o> 0.

JIns mpocToThl 6y/1eM cauTaTh, uTO to = 1. Torma
x1(t) = 21(t, 1,01, a9) = artexp —a3(t — 1) = artexp —a2(t — 1)),

Qa
2o (1) 72

$2(t7 17a17 Cl2) =

OueBuno, uto upn t — +00 upeaesn z1(t), z2(t) pasen 0 (uposepurb
CaMOCTOSATEJIBHO).

Omnako mrs moboro 6 > 0 mpm a; = 62, a; = & GyaeM WMeTb, 9TO
by x1 () J0CTHrACT CBOEro MaKCHMyMa IpH ¢ = §2 (mokaszath 910). [Ipu

1

1
srom x1(6%) = 6 exp ﬁe‘l > e 1, ecam § gocrarouno maso. CiemoBaTenHo,

npu t = ts = 0% IMeeM HepaBeHCTBO

lz(t)]] = /i (ts) + 23(ts) = e

Paccmorpum mudpdepernnaibHOe ypaBHEHHE TOPSIIKA 1, PA3PEITNMOe OT-
HOCUTEJIbHO llpOI/I3BO,LLHOI71

2 = f(t,z,2,..., 207D (4.7)
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Hocne HAaXO0ZK/IEHUA JaCTHOTO DEIIEHNAd BBEJIEM B PDACCMOTPEHHE HOBYIO
byukumo y;
Y =Y1+ Y, (1.22)

rje y. —vacrroe pemenne. [Togcrasum (1.22) B (1.21), yuanrsisast, 4T0 Y, Haii-
JIEHO, 1I0JIy4aeM YzKe U3BECTHOe yYpaBHeHHe BepHyJLIn Jijisd HOBOW BBeIEHHON
nepeMeHHO# Y. lasee nenas 3aMeHy, CBOMCTBEHHYIO 9TOMY KJacCy ypaB-
HeHHuil, Mbl IPHUXOIUM K JHHEHHOMY HEOMHOPOAHOMY JuddepeHInaIbHOMY
ypaBHeHHIO, u3ydeHHoMy B §1.6. BoccTamaBamBas Bce TepexXobl, MBI MOJIY-
waeM pentenne ucxopsoro ypasnenus (1.21). TIpogemorcTpupyeM ckasanHOe
Ha [pUMepe.
ITpumep 1.18. Pemuth ypaBuenue

22y + zy + 22y = 4.
[lozesme o6e YacTh ypaBHeHHs Ha T2, TIOIydaeM

Y

4
y+=+y =
x xT

4
31ech ¢BOOOAHBIN KO DUIMEHT paBeH —- HacTHOe permenue ciexnyer mc-
T

c
KaTh B BUJE Y. = —(c € R). [lomcraBnM ero B MCX0AHOE ypaBHEHHE, OTKYIA
T

HAXOJUM, UTO ¢ = 2, T. K. HAM HYZKHO YaCTHOE PEIrieHne, Mbl BHIOEPEM JITO-
Oy10 KOHCTAHTY, IyCThb Jyist onpeaenennoctu ¢ = 2. Cnenas 3ameny (1.22), B
HaIlleM CcJIydae MBI IPUJeM K ee CJIeTyIomeMy BUILY

2
Y=oy +—.
T

B cBoto ouepen, /s y; moaydaem ypasuenue Beprysuin

5y1
/ 2
Ww=——-""WU
x
1 "
Boinosiasist 3ameny z = y—, [OJIy4aeM JIMHEHHOe HeoHOpOoHOoe jJuddepeH-
1

IMAJIbHOE YDaBHEHWE OTHOCHTEJIBHO 2, PellleHne KOTOPOro MOKeT ObITh 3a-
MUCAHO B BUJIE



,Z[JIS{ Y1 COOTBETCTBYIOIIEE PEIICHNUE BBITVIAIUT KaK

4
N==-
Czd—=z
. 4
OkoHuaTe/IbHbIH oTBeT: Iy = — + -
N O I

1.8. YpaBHeHUs B MOJHBIX AucdepeHnmaiax

VpaBuenune Buga

M(z,y)dx + N(z,y)dy =0 (1.23)
win
dy _ _Mx.y)
dx N(z,y)

HA3BIBACTCH YPAGHEHUEM 6 NOAHME JuPPHepentuarar, ecinm aeBas 4acTb ero
ectb quddepeniuan HeKOTopoit (hyHKIuU

M(z,y)dz + N(x,y)dy = df (z,y) (1.24)

u B 9TOM cayvae gannoe quddepennuanbaoe ypasaenne (1.23) jerko mare-
rpupyercs

fla,y) =C, (1.25)

e C) Kak U paHee, TPOM3BOJIbHAS MMOCTOSTHHASL. [[0JIy9eHHOE COOTHOIIEHIE
oTpesiesisieT Y Kak HesBHYIO (hyHKIHIO OT z. HamoMHmM, 9T0 perenne, 3armm-
cannoe B Buje (1.25), Ha3bIBAETCA peweHuem, 3anuceHuum 6 dopme unme-
2pana.

Teopema 1.2.[Tycmov dynryuu M(x,y), N(z,y) nenpepuero dupdepern-
yupyemv 6 obaacmu D. JTas mozo, wmobw, ypasuenue (1.23) 6viio ypasHeru-
em 6 noanols duddepernyuarar, HeobLoOUMO, 4MobvL BBINOAHALOCH YCAOBUE

OM _ON () eD. (1.26)
Jy oz
Ecau obaacmov D — odnoceasnas, mo yeaosue (1.26) asaaemces docmamon-
HOLM.

,HOKaBaTeJILCTBO MOYKHO HATH BO MHOTUX y‘{e6HI/IKaX IO MaTeMaTnu4de-
CKOMY aHaJIM3Y.
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[Iycts 2(0) = a,a € R. [lanHOE ypaBHEHNE HMEET HYJIE€BOE DEIIeHNe, eCTH
a = 0. DJeMeHTapHO TPOBEPSIETCS, ITO 3/1€Ch

z(t,a) = aexp(at).

U3 mocneaneit bopmynsr BeITeKaeT, 910 npu o < () cIpaBeyInBo HePABEH-
crBo |x(t,a)| < |a|, ecin, koreuno, ¢ > 0. [TosToMy B paMkax paccMaTpuBae-
MBIX BAPHAHTOR BHIOOpA (v HYJEBOE perrenne ycroitanso. Ecan e momoann-
TeJIbHO 110TpeboBarhb, uto av < 0, TO HyJIeBoe pelieHue Oyj1eT ACUMITOTHYECKH
ycroiituBo, Tak kak lim z(t) = 0.

t—+4o00

Bousee Toro, HymmeBoe pemenne OyIeT U 3KCIOHEHITTATBHO YCTONYABO, TAK
KaK PEIIeHNs], OTJINYHBIE OT TPUBAAIBHOTO, CTPEMATCSA K HYJIIO CO CKOPOCTHIO
SKCHOHEHThI ¢ loKazareseM o < 0.

[Tpu a > 0 HyJaeBoe pemeHne y:Ke HeyCTONYMBO, TAK KAK MOXKHO yTBEp-
JKJIATH CyNIECTBOBaHME Takoro t, > 0, npu koropom |z(t,,a)| > 1 Bre 3a-
BUCHMOCTH OT BBIOOpa a. [leficTBHTENbHO, TOCIeHee HEPABEHCTBO MOZKHO

nepenucarth B cieayomem suie |alexp (t) > 1, to ects exp(t) > ﬁ.

Oxkonuarenbho, npn t > to = In|a|~! cupasejmuBo ykazanHOe HepaBeH-
crBo ( ecan |al > 0, To t, = 0).

VYupaxkuenue 4.1. [lokazaTs, 9T0 OTMEICHHBIE YTBEPYKICHHS OCTAIOTCS
B CHJIE U IO OTHOIIEHHIO K JII000MY perteHnio & (t, a.)

1) npu « < 0 oHO ycroitauBo;

2) npu @ < 0 — ACUMITOTHYECKHU U JIaZKe HKCIIOHEHIIMATBHO YCTORIHBO;

3) mpu « > 0 paccMaTpuBaeMoe pelieHue HeyCTOHIuBO.

IIpumep 4.2. PaccMoTpnM ypaBHeHHme & = ax® BMecTe ¢ HAUaJIbHBIM
yeaosueM x(0) = a. UHTerpupysi mocie/iHee ypaBHeHHe KaK ypaBHEHHE C
Pa3IEIAIONINMHACS TIEPEMEHHBIMHI, HAXOANM, UTO

x(t,a) = a(l — 2aa2t)7%.

Ecm o < 0, to lim z(t,a) = 0 u, koneuno, |z(t,a)] < |a|. Tocmen-
t—+o00
Hee 03HAYAET, YTO HYJEBOE DEIIeHHE PH TAKOM BHIOOPE (v aCHMITOTHYECKH
YCTOWYHMBO, HO, KOHEYHO, HE IKCHOHEHIINAJIBHO.
Ecin o > 0, T0 npu Jii060M JOCTATOUHO MAJIOM @ > ( COOTBETCTBYIOIIHE
pelleHus Henpojo/kaemsl Ha unrepsaie (0, +00).

IIpocto mposepsiercst namuune y dynxnmn z = a(l — 2aa’t) 3 BEpPTH-
1

KaJIbHOII acCUMIOTOTHI t = .
aa?
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U3 HepaBeHCTBA ||a|| < 0 BBITeKaeT HEPABEHCTBO
[lz(t, to, a)|| <e.

Onpegnenenne 4.2. Pemenue y(t, tg, b) GyemM HA3BIBATH HEYCMOTUYUGHIM
no Jlanynosy, eciu cyiecryer Takoe £y > 0, aro jyist 1106010 § > 0 MOXKHO
yKa3aTh Takoe § W TAKOii MOMEHT BpeMeHH g, JJisi KOTOPBIX BBIIOIHSIIOTCS
HEPaBEHCTBA

llas = bl| <6, ||z(ts, t0, as) — y(to, £, b)[| = €o.

N3 orpunanust onpejenerust 4.1 ciejpyer cauraTh TaKzKe HEyCTORINBBIM
pemenue y(t,ty,b), KOTOpOE HEMPOIOIKAEMO NMPHU ¢ — +00, WK TAKOE, JJIs
KOTOPOTO B JIFOOOH OKPECTHOCTH TOYKHU b HaliIeTcst TaKkasi TOYKa (y, YTO pe-
menue x(t,to, a.) HEMPOJOIKAEMO Ha BECh HHTEDPBAT [to, 00).

Onpegnenenue 4.3. Pemenne y(t, to, b) HA30BEM acumnmomuuecku yemoti-
YUBHLM, €CTTU

1) sT0 pemenue ycroituuso 1o JlgamnyHosy u

2) ans mo60ro A(ty) mpu BHIIOJHEHNN HEPABEHCTBA

||y(t7 to, b) - ’E(t, to, CL)H <A
CIIPaBE/JIMBO CJIE/IYIONIee Pe/eIbHOE PABEHCTBO
Jim [y (t,to, b) — (. to, a)|| = 0. (4.6)

Takum 00pa3oM, aCHMITOTHYECKAs YCTOHUHBOCTH — 3TO YCTOUIMBOCTDH IIO
JlsnyHoBy ¢ gomostHUTENLHBIM yeaoBrueM. OTmeTnm, uTo ecm ycaosue (4.6)
3aMeHeHO Ha cJleylolee

[ly(t, to,b) — x(t, to, a) < M exp(—at),

to pemenue y(t,ty,b) IPUHATO HABBIBATD IKCNOHEHUUAALHO YCTOTHUBHIM.
Paccmorpum HECKOJIBKO ITPUMEDPOB, WIIIOCTPUPYIOIIUX OIIPE/IeJIeHUs ITO-
ro pasjena.
ITpumep 4.1. Paccmorpum nuddepennnanbHoe ypaBHEeHHE

t=oazx, «a € R, x=2z(t) €R.
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ITpumep 1.19. PaccmoTpum ypaBHeHHE
ydzr + xdy = 0.

JlanHOe ypaBHeHUe ecTh ypaBHeHUe B MOJIHBIX juddepenmnmnanax. leiicTBu-
TEJIbHO, IIPOBEPUM JIJIsi ITOTO YCJI0BUs TeopeMbr 1.2

oM ON

P

Urak, d(zy) =0 — mosusiit quddepeHIman paccMaTpuBaeMoro ypaBHEeHHUSI.
CrenoBarenbro, Bce permenns 3amaorcs dhopmynoit xy = C. OTmernm, 910
upu C' # 0 unrerpajibibie Kpusbie runepoosibl, upu C' = 0 umeem y = 0.

3ameuanue 1.6. He Bcerya jierko yiaaercsd oOHApPYKHUTb MOJHBINR -
depennnalt, 3uas, 9To manHoe auddepeHnuaIbHOe YPABHEHIHE TAKOTO TUTIA.
OnumreM aJaropuT™ I HAXOKIEHUS TMOJTHOTO JauddepeHnuaa.

Nrak, mycTh HAM U3BECTHO, UTO BRIMTHCAHHOE YPABHEHNE €CTh YPABHEHNE B
dopme nosHOrO Juddepenimaa. BozabMéM nHTErpaI 110 IIEPEMEHHOMY BepX-
HeMy TpeJeTy OT ciaenyoreil hyHKIun

/ M(z,y)dz = Glz,y) + oly). (1.27)
0

rae G(z,y) — HekoTopas nosyvennas dpyHkus, a ©(y) — Hen3pecTHas DyHK-
IUs TOJIBKO TI0 TepemMeHHOil y. HamoMmuuMm, uTo mosubiit auddepeniman 6y-
JIeT 3alUChIBATHCS

dF = G(z,y) + ¢(y). (1.28)

Hnst oreickarms p(y) npoauddepernupyem npasyio 1acts (1.27) 1o y u
IpPUPABHsIeM 110Jly4eHHOe Bbipazxenue K N (x,y)

Gy(z,y) +¢'(y) = N(z,y).

Orpickas ¢(y), Mbl mosyduM noJnbii guddepennuan. CiemxoBaTenbHo, 3a-
TEM He COCTABUT Tpyja Beimmcarh pemenue (1.24) B dopme nmepsoro mure-
rpaJa.

ITpumep 1.20. Pemuth ypasHeHue

2zydz + (2 — y*)dy = 0.

31



CaMocTogTebHO TPOBEPUTH HEOOXOIUMOE YCJIOBUE CYIIECTBOBAHUS MOJTHOTO
nuddepennuana. Haiimem Temepsb ero ¢ mMOMOIIHIO BHITIMEYKA3AHHOTO aJITr0-
purMma.

/ M(a.y) = / 2rydr = 2yl + oly) = 2%y + o (y).
0 0

[TponuddepernnpoBas Moy IeHHOE BEIpazKeHHe MO Y U IpupaBHsB ero N (z,y),

TOJTyIuM
3
)
Py = -y = ely) = -3
y’ Y
Urax, dF = 2%y — 3 Otser: F = 2%y — 5= C.

1.9. IToum>xeHue nmopsiAKa ypaBHEHUS

1. IlycTh ypaBHeHHe He COAEPKHT MCXOAHON (PyHKIINH
F(z,y',y")=0. (1.29)

Bamena iy’ = u, TIe u — HOBasl HeM3BeCTHas (DYHKIHsI, IPUBEJET YPABHEHHE
(1.29) k ypaBHEHHIO TIEPBOTO MOPSIIKA

F(z,u,u') = 0.

Ero pemenne nmeer sug u = u(z,C), mocne 4wero mexomuast byHKIUs Y
HaXOJUTCS WHTEerPUPOBAHUEM.
2. [lycTp ypaBHEHHUE $IBHO HE COJIEPYKUT HEM3BECTHON IepeMeHHOI

Fy.y',y") =0 (1.30)
[opsinox ypasrenust (1.30) monmzkaercs Ha eguHUIly 3aMeHON y' = p, e
p = p(y) — HoBag HensBecTHad byHkuus. [TosToMy

dy _ Ly _dp_dp dy _dp

dr P @ T dr  dy dx  dy
3ameuanue 1.7. B pesynprare yka3anHO# 3aMEHBI BO3MOYKHA TOTEPSI
pelennii y = const, 9T0 MPOBEPSETCS HEMOCPEICTBEHHO MOICTAHOBKOI.
3. Iycrs ypasmenne F(z,y,y’,y") = 0 OMHOPOTHO OTHOCHUTEIBHO Y, Y,
YTO O3HAYAET BBIIOJHEHUE YCJIOBUSI

F(x,ty, ty' ty") = t"F(z,y,y,9").
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Pemenne 3amaun (4.3),(4.4) 6yaem obosHauaTh depes x(t, tg, a). Ecin
to = 0, To Gymem mmcars x(t,a) = x(t,0,a). O4eHp 9ACTO B NPUIOKEHUSX
paccMaTpUBAIOT YACTHBIN Cayvaii cucremsr (4.3)

i = F(a), (4.5)

rae F(z) ne 3aBucur sBHBIM 06pazom or t. Takue cuCTeMBl HA3BIBAIOTCSH
ABTOHOMHBIMH (MHAMIYECKUMHU cucTeMaMu). Eciu x(t) penieHue cHCTeMbl
(4.5) mpn t € (o, ), TO T(t — t) permenne Toil Ke cucrembl npw ¢ € (a +
to, B+to). IlosTomy m1st aBTOHOMHBIX b epeHITHATHHBIX YPaBHEHHIT BHIGOD
to B HAUAJHHOM YCJIOBUH HE UI'DAET NPUHIMIKAIBHONW POJIH U 6e3 HapyIIeHus
OOIIHOCTU MOXKHO cuuTaTh, uro to = 0.

Onpenenenue 4.1. Pemenue y(t, to, b) cucremsr (4.3) HasbiBaeTca yemot-
wusvM 1o Jlanynosy npu t — +00, ecan Jya aobbix € > 0,1y € R cytme-
creyer 0 = d(g, 1) rakoe, 4ro

1) Bce pemenus cucremst (4.3) , Briouag pemenue y(t, tg, b), yaoBiaeTBo-
psiromue ycaosuio ||a — b|| < 0, onpenenensl B npomexyTke [tg, 00);

2) 1 9THX DelleHuii CIpaBe/InBO HEPABEHCTBO

||$(t,t0,a) - U(t,to,b)” <g,

npu Bcex t > .

Wabivu cioBamu, penrerne (¢, to, b) yCTORUMBO, €CM JOCTATOTHO OJIM3-
KHe K HeMy PelieHus Mpu ty MeJUKOM IMOTPYZKAIOTCI B CKOJIb YTOJIHO MaJIyIO
e-"Tpyby", mocTpoeHHyI0 0K0JIO HccieayeMoro pemenus y(t, to, b) (cm. Ha
puc. 4.1).

Puc 4. 1.

U3 oupejiesiennst BBITEKAET, YTO BCEIIA MOXKHO BbIOpaTh § < €.
Ecmn F(t,z)|,=0 = 0, To cucrema (4.3) uMeeT TpUBHAJIBHOE peIICHHE
x(t, to,0) = 0. Ono ycroitunso, ecin cymecrsyer § = (e, tg) > 0 Takoe, aro
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I'nasa 4
YcToiunBOCTh

4.1. OcHOBHBIE MOHATUY TEOPUU YCTOWYNUBOCTU perieHuii
auddepeHnnanbHbIX yPaBHEHUH

B pannoit riaBe Oyjem paccMmarpuBaTb cucrembl JindOepeHnnabHbIX
ypaBHEHU
$]:Fj(t,l’1,$n), jzln, (41)

rae dyukmun Fj(t, 21, ... T,) yIOBIETBOPSIOT CJIELYIONUM YCIOBHSIM:

1. @ynkuun Fj(t, 21, . .. T,) HEIPEPBHIBHBL 10 COBOKYIIHOCTH MEPEMEHHBIX
npu Beex t > to(t, € R).

2. Oyukmun Fj(t,x1,...2,) HenpepsBHO-AN(GEPEHIIPYEMBI IO COBO-
KYLIHOCTU [€PEMEHHBIX 1 ...T, UPH Beex t > to (bynkmun F;(t, z1,...2,)
UMEIOT HENPEPBIBHBIE YACTHBIE MPOU3BOIHBIC a—] npu Beex t > ty U Beex

Tk
paccMaTpuBaeMbIX Ty, j, k= 1...n).
Cucremy (4.1) GyzeMm paccMaTpuUBaTh BMECTe ¢ HAYAJIbHBIME YCJIOBUAME

zk(to) = ax, (4.2)
rae ai € R. Iomoxxnm

x = colon(x1,...,x,), a = colon(ay,...,a,),
F(t,z) = colon(Fi(t,x1, ..., Tn), ..., Fu(t,z1,. .., 20)).

ay
B Go.siee nmpusbrunoii 3anucu a = colon(ay, ..., a,) =
an
OTH 0603HATEHHsT TTO3BOMSIOT 3AIUCATh HCXOTHYIO CHCTEMY B BEKTODHOI
dopme
&= F(t ), (4.3)

a ycsosust (4.2) MOryT GBITH Telephb 3alucaHbl TAKUM 00pa30M
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[Topst10K TAKOTO ypaBHEHHS MOHUYKAETCS Ha eJIMHUILY TMOJICTAHOBKOM ¢ = yu,
T7ie U — HOBasl HEM3BECTHAS (DYHKITHS.

4. Ypasuenne F(z,y,y) = 0 04HOPOAHO B 0OOOOLIEHHOM CMBICJIE OTHO-
CUTEJIbHO X U Y. B 9TOM ciiydae BUJ YpaBHEHHUS JOJI2KEH COXPAHATHCA MPU
3aMmeHe x Ha tx u y Ha t™y. [Ipu 3TOM B COOTBETCTBYIONINE BbHIDAXKEHUS Iie-
peiinyT nuddepeHnuanbl 1 TPON3BOTHEIE

dz — tdz, dy — t"dy, d*y — t™d%y.

Takum ob6pazom, /It cOXpaHEHHUST BUJA YPAaBHEHWEM JOJZKHO BBITIOTHSTHCS
yeJ10BUe
F(tx, tmy7 2fmflyl7 tmfly//) — th(I7 v, y/7 yl/)7

KOTOPOE MOYKET BBITOJHATHCS He mpu JI000M m. s mosydeHnss nCKOMOro
3HAUeHNsT M HaJ0 TMPUPABHATL JPYT JAPYTY CYMMBI MOKazaTeseil cTemeHeit
t B KayKJIOM CJTaraeMOM YDABHEHUs, B Pe3y/IbTaTe Uero MOJIyIaeTcst, BOOOIIe
rOBOPsI, EPEOIIpe/ieJIeHHAsT cUucTeMa. Ecjin nCKoOMoe 3HaYeHne M, CyIEeCTBYeT,
TO JleJ1aeTcsd 3aMeHa MepeMeHHbBIX

r=c y=ue™,

rje t — HOBas HE3aBUCHMAs NEePeMeHHast, a u(t) — HoBas Hem3BecTHast (DyHK-
nug. [lonydaerca ypaBHeHUe, He cojepiKalllee SBHO HE3aBUCHUMOI MepeMeH-
HOI ¢ W JTOIyCKaloIee MOHNUYKEHNUST NOPsI/IKa COIVIACHO CIIyYalo 2.

ITpumep 1.21. Pemurh ypasHenue

y =y
Cnoco6 1. 1o ypaBHEHHE HE COAEPIKHUT Y, MOITOMY 3aMeHod y = wu,
u = u(r) OHO MPUBOAMTCS K ypaBHeHuIO u' = u?, PAaBHOCHJILHOMY COBOKYTI-
du
nocru ypapaennit u = 0 u — = dz. 13 nociepnero naxoaum u = o
u 1— T
dy .
C) € R. Tak kak u = e TO, UHTEIPUPYS HallJleHHbIE COOTHOIIEHUS, MTOJIY-
x
qaem s y(z)
y=0C, yzCQ—ln(Cl —.%'), C,Cy € R. (131)
Cnocob 2. Vpasuenue y” = y'? oruocurcs Takxe K THILY, HE COAEp-

JKaleMy dBHO He3aBHCHUMOU IepeMeHHOU zx. IlosTomMy mOpsmok ypaBHeHUS
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MOHIZKAETCS HA €JUHAILY 3aMeHOH §' = p, e p = p(y) — HOBas HEM3BECTHAS
byuknus. /leiicTBuTeIHHO,

" YpaBHEHUE CBOJIUTCA K YPaBHEHUIO TEPBOTO IMOPAJIKA

@w. _ 2
dyp P
. dp
PaBHOCHJIBHOMY COBOKYITHOCTH ypaBHenuit p = 0 u — = dy. VI3 mocteanero
naxoaum C1p = eV, C; € R. Bosepamasce k dbyrkmun y(x), moayuaem i’ = 0,
a TaKyKe YPaBHEHHUE ¢ Pa3JIeJIONAMUCS TepeMeHHBIMI
dy
Ci—= =¢€v.
Yz
Unrerpupyst 9tu ypaBHeHus, Haxoum st Y ()
y=C, y=InC; —In(Cy —z), C,Cy € R. (1.32)

Pesynprarsr (1.31) u (1.32) coBIaaioT ¢ TOYHOCTBIO 0 0003HAMEHHIT PO 3-
BOJIBHBIX TTOCTOSTHHBIX.
IIpumep 1.22. Pemurh ypaBuenue

" /2

vy =y

YpaBHeHHe SIBIISIETCS OTHOPOTHBIM, TaK KaK COXPAHSET CBOi BIT MOCTIE 3aMe-
uel ¥,y Yy’ na ty, ty n ty” coorsercrrenno. CiemoBaTeabHO, MOYKHO TIOHNU-
3UThH €ro MOPSAJ0K HA eIUHUILY, oJaras §' = yu, Tae % — HOBass HEM3BECTHAS
dyuxiua. Jiag npoussoausx iy u y” nmeem

Y =yu, ¥ =yu+yd =y +d),
IIOCJIE YEro MCXOJHOE YPABHEHHE MPHOOPETAET BH/L
yA(u? +u') =y,

orkyga y = 0 u v/ = 0. UaTerpupys nocjiejiHee paBeHCTBO, MOJIYYaeM
oY
u=C, =%, C; €R,
Y
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3.7. 3amaunm jid CaMOCTOATEJbHOrO pPeIleHus

Pemurb cucrembl, 3anmucannbie B BEKTOPHOIT opme & = Ax

1 1 -1 1 0 2
3l.t=Ax, A= -1 2 -1 |, 32.0=Ax, A= 0 1 —4
2 -1 4 -1 0 -2
2 0 -1 0 11
33.t=Azx, A=11 -1 0 , 34 . 1=Ax, A= 1 101,
3 —1 -1 -1 0 1
Haiitu e - X )
= (30). sea(2),
-3 2 2 4 -1 -1
37 A= -3 -1 1], 38 A=|1 2 -1 |,
-1 2 0 1 -1 2

Pemurn CHUCTEMY ypaBHeHI/Iﬁ C HaYaJIbHBIMHU YCJIOBUAMMI

3.9. { T=YHCOSt ) = y(0) = 1,

y:l_‘flf)a
& =2x+y—Tte" =3, _ _
3.10. { Py a1 2(0) = y(0) = 1,

j=3c+oy+e, O =v0=1

T = —y + cost, . .
3.12. { J = —x +sint, z(0) = y(0) = 1.

311 { T =2x+4y — 8§,

VYkazaume: B 3amauax 3.1 — 3.4 M0oxkHO nipuMeHnTh MeTo u3 1. 3.4. Ocoboe
BHUMAaHUE cJeayeT OOpATUTh Ha CJaydail, KorjJa Yy MaTpHIBl €CThb KpATHBIE
COOCTBEHHBIE 3HAYECHUSI.

B 3agauax 3.6 — 3.9 npu HaAXOXKJIEHUU MATPUIHON IKCIIOHEHTHI y100Hee 1
OBICTPEE UCTIOIB30BATH METO/T BTOPO#t YacTH 1. 3.4, IJie HCHOJIb3YeTCsl MTPUEM,
CBsI3aHHBIN ¢ perrenueM 3aga4d Korrn.

B zajlauax 3.9 3. 12 ciiejyer BOCIOJIB30BATHCA METOJaMK U3 11. 3.6.

107



Wuorna pesysabTaTa MOXKHO JOCTUTHYTH MOCPEICTBOM BBEJIECHHS HOBBIX
BCIIOMOTATEILHBIX HEN3BECTHDIX.
ITpumep 3.13. Paccmorpum cucremy

1 = 231 + 29 + 26,
.’,i?g =+ 21’2 - 3€t.

Ecim ux cirokuth, TO MOIYIUM ypaBHEHHE

d
ﬁ(l‘l + 29) = 31 + 3wy — €.

Boraurast u3 nepBoro ypaBHeHUsI BTOPOE, TMOJIyYaeM PABEHCTBO

d
—(.Z'l — IQ) =T — 2o+ 5€t.

dt

[Ton0KUB uy = Ty + Ty, Uy = T — T, HOJIYIAM JIBa OTJEJbLHBIX ypaBHEHHI
HepBOI‘O HOpﬂgKa
’l.l,l = 3U1 — et, 7_.LQ = Ug + 56t,
. 1
orkyaa u(t) = Cre® + Zeﬂ uy(t) = Che® + 5te'.

[Tocae gero IPpUXOJIUM K Cnegy}omeﬁ cucreMe

1
T1 4+ 10 = Cre3t + Zet,

71 — o = Chel + 5tel.

CrnenoBaTenbHO,
) 1 5
21 = ape® + aqel + —e + —te,
8 2
1 5
To = one’t — apet + —et — —tel,
8 2
& Co
TAe Gy = =, @ = ==, TO €CTh NO-MPEAKHEMY MPOUIBOMBHbIC TOCTOTHHBIC,
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TOCJIe Wero BO3BpaIaeMcs K mepeMeHHoil y(x)
y=0, y=Cye™™ (Cy #0).

Pemenne y = 0 MOYKHO BKJIIOUATH B Tocaeaaion dopmyay, "paspemms" Co
NPUHEMATH 3HAYEHNE, PABHOE HYJIIO.
IIpumep 1.23. Penurh ypaBuenue

VpaBHeHHe He $BJIAeTCS OJHOPOHBIM OTHOCHUTEJIBHO Yy U 1pou3Bojubix. Ho
IIPU Iepexo/ie
d*y tmd?y d*y
v—te, y >ty Y=o o S =T
dx t2dx dx
NIPUpABHUBAZA CyMMBI IIOKa3aTeJ eil cTeneneii ¢ B J1eBOil U MpaBoil 4acTAX ypaB-
HEeHUsI, HaXO0/ UM

2m =3+ (m —2),

oTkyJda m = 1. YpaBHeHHe OKa3bIBAETCsI OJHOPOIHBIM B 0DOOMIEHHOM CMBIC-
Jie. 3aMeHa [epeMeHHbIX
v=¢', y=ue
UpUBOAUT K ypasHenuto i + u — u? = 0. D10 ypasHeHue He COUEPKUT HB-
HO HEe3aBUCHMON IepeMeHHOH ¢ W MOITOMY MOKeT OBITh peIleHO Pa3HBIMUI
crocobaMu, B TOM YHCJIE M MOHUKEHUEM TOPS/IKA COTVIACHO CJIyJaio 2.
ITpumep 1.24. Pemuts 3a1auy Komu a1 MaTeMaTHIecKOTO MasgTHUKA

y" 4+ w?siny = 0, y(0) = yo, ¥'(0) = 0.

ypaBHeHI/Ie He COJIEPZKHUT ABHO He3aBUCHMOI HepeMeHHOﬁ Z, IO9TOMY MOZKHO
NOHU3UTH €ro NOPSIOK, nojaras y' = p, rae p = p(y) — HOBast HEM3BECTHAS
dyuknus. Jlanee naxoaum

s dp dy dp

= — = — d ?sinydy =0
dy dw  ayt P sinydy =0,

2

‘% = w?(cosy — cosyp), p = Fwy/2(cosy — cosyp),
d
p= & _ +w+/2(cosy — cosyo).

Cdx
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HaKOHeH, noJyvdaeM

y
1 dy
T = .
w2 ] Jeosy — cosyg
%
nTerpas BuIpaskaeTcs B TaK Ha3bIBAEMBIX 2AAUNMUMECKUT (DYHKIUAX, KO-

TOPBIE HE BXOJSAT B MUPOKO U3BECTHBII KJIACC dMeMeHTapHBIX DyHkmmii. Vx
OTHOCAT K CIIEIIATbHBIM (DYHKIIUIM.

1.10. 3agaum [Jjid CAMOCTOATEIHHOTO PEIIEeHUS

Haiitu pemenus ypasaenuil uin pernenne 3agaun Kormn:
1.1. ¢/ = siny.
12y =x+y+ 1
1
1.3. ¢ = /4y? — 1, y(0) = 3

x

14. y(z) =1+ /y(t)dt.

0
1.5. (42 + 2y dx + (2? — ya?)dy = 0.
16. 2y = /22 + 2 +y.
1.7. Bz — Ty —3)y' + (Te =3y — 7) = 0.
1.8. 2y’ = ycos(In E)

1.9. ¢y =y, y(0) :xl.

1.10. ¢ = —y, y(0) = 2.

1.11. ¢ = =2, y(0) = 1.

1.12. (1 —z)dy — ydz =0, y(0) = 1.
1.13. zdy — ydz =0, y(1) = 1.

1.14. (y* — 32x?)dy + zydz = 0.
L1y — - _jmzy =0, y(1) =2.

1
1.16. /' + o 3z, y(l) =1.

3 2
1.17. ¢ + V= y(l) =1.

1.18. ¢ — 2zy = 223y?, y(0) = 1.
T
1.19. ¢/ + =2V = /Y.
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MOZKET, B 3TOM CJIydae ¢ BBIYHCIUTETHHON TOUKH 3peHus 60Jiee SKOHOMIIEH
METO/T BAPUAINH MTPOU3BOIHHBIX MOCTOSTHHBIX.

Hexkoropsie 3ameuanus. B n. 3.6 npejcraBiensl Ba METO/Ia HHTEIPH-
POBaHUS CHCTEM JTHHEIHBIX HeOJHOPOAHBIX ud depeHnnaaIbHbIX yPaBHEHTI.
Bri6op crmocoba perrennst KOHKPETHO 33891 MOTHBUPYETCS BBIUUCIATE b
HOU CJIOZKHOCTBIO ero MpuMeHeHnsd. Ho mpu paccMOTpeHHNn KOHKPETHBIX CH-
CTeM HEBBICOKOW PA3MEPHOCTH, KaK MPABWUJIO, B CJIyUae CHCTEM, COCTOSITIIAX U3
JIBYX HEOJHOPOJIHBIX YDABHEHU{, HHOI/IA TEJeCO0OPA3HO MPUMEHSATH WHDIE,
MeHee YHHBEpCAJIbHBIE IMPHEMbl, CBI3aHHBIE C JIEMEHTAPHBIMH IIPe0oOpPa30-
BaHHAMHU ypaBHenuil. Hanpumep, B IPOCTHIX CIyUasiX JOCTATOTHO YaCTO MC-
MOJIB3YETCsl METOJI, CBEJICHUS CUCTEM, COCTOSINNX U3 JIBYX YDABHEHHI, K OIHO-
My cKagsspHOMY b dEepeHITHAILHOMY YPABHEHWIO BTOPOTO MOPSIAKA. JTOT
METO/I, JIAJIEKO HE YHUBEPCAJTCH W IMPUMEHSETCS B TEX CJIyJasX, KOTIa CBeJe-
uue "momydaerca". IlpowntocTpupyeM 3TOT MPHEM HA YaCTHBIX MPHMeEpPAX.

ITpumep 3.12. Paccmorpum cucremy

. t .
T1=—To+ €, z9=x1+ 1.

Koneuno, oHa MOKeT OBITH pellleHa ¢ TTOMOTIBIO OJHOTO U3 YKA3AHHBIX paHee
criocobos. Ho eciim mpomuddepeniimpoaTh nepBoe ypaBHEHHE CHCTEMBI T10
t, TO HOIy4uM PaBeHCTBO I = —Zp + e'. Tenepb 5 MOXKHO HCKJII0YATDL C
MIOMOIIBIO BTOPOTO YPaBHEHUSI MCXOIHOM CUCTeMbl. B utore mosydaem, 4To

.l.‘l = —(I1+1)+€t

nJjn
i’l +x = Gt — 1.

OO6iiee perierre MOCIETHETO YPABHEHUsT
x1(t) = Cycost + Cysint + %et -1
Torna 3 mepBoro ypaBHeHWs] CHCTEMBl HAXOJIUM, 4TO
79(t) = €' — (=Cysint + Cycost + %et).
Uraxk, noiyuniu pemerne B KOOPIUHATHON hopme
x1 = Cycost+ Cysint + %et +1,

z9 = Cysint — Cycost + éet.
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AHAJOTUYHBIA aJlrOPUTM MOZKET OBITH HCIOJB30BaH, ecau f (t) BEKTOP-
HBII KBA3WMHOTOYJIEH.
[Tycrs

Fy = Qo pMier,
k=0
IJe m  HaTypaJbHOE YHCJIO,

Bra
p(k) = .. , 6@' S R(C)

ﬁkn

ECJII/I Y HE ABJIAeTCA KOPHEM XapaKTEPUCTUIECKOI'0 MHOTOY/ICHa
det(A — \E) =0,
TO YaCTHBIE peH_IeHI/IH MOYKHO MCKaTh B aHAJIOTHUYHOI (bopMe

Vr1
. , ’(/)kj S R(C)
k=1 wkn

KOMITOHEHTBI 1)), HO/IEZKAT OMPEIEJIEHIIO TP MOCTAHOBKE BEKTOP-(DYHKIIHNI
v(t) B cucremy (3.36) 1 LPUPABHMBAHUU CJIAIAEMBIX DU O/[MHAKOBBIX CTelle-
nax t. C y4eToM Hepe30HAHCHOCTH Y KOMIOHEHTH BekTopos Q) naxomarca
O/THO3HATHO.

Cayuaii, Korjia vy sIBJIseTcs KOPHEM XapaKTepHCTHYECKOTO ypPaBHEHHs,
ciaoxuee. [lycts v = Ag, 1716 Ay KOpeHb KPATHOCTH kg XapaKTEePUCTHIECKOTO
yDABHEHHUS.

VYanpaxuenne 3.1. [lokaszarp, 4T0 YacTHOE pelleHHe MOXKHO HANTH B

dopme

m+s

(Z Q(k)tk)e)\st,
k=0

T. €. KBa3UMHOI'OUYJICHAa CTEIeHUu ™M + S, TJe M — CTeleHb KBA3UMHOTIOUJICHA

u(t)

m

Ft) = S0,

k=0

OTMeTnM, 9TO PE30HAHCHBII CJIydail MPUBOIUT YaCTO K OTBICKAHUIO KO-
bUIMEHTOB BEKTOPHOIO MHOTOYJIEHA JOCTATOYHO BBICOKOI crereHu t. BhITh
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1.20. 2y +y =¢y*Inz, y(1) = 1.
121y = =y + 1 + 2%

1.22. ¢/ =y — 2y — .

1.23. ¢y = y* — (22 + Dy + 2% + 2.

VYkazaume: B nociaeganx AByX ypaBHEHUSIX MOYKHO HafTH YaCTHOE perie-
HUE CJIeAYIOMEro BUIA
y=ax+b, a,b€ R.

1.24. (322 + 6xy?)dz + (62°%y + 4y3)dy = 0.
1.25. xdx + ydy = 0.
1
1.26. —dy — Ldx = 0.
. * dx — xdy
ydx —
1.28. ¢ =y — o>,
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I'nasa 2

HuddepennmaibHbie ypaBHEHUs BBICIINX OPSIKOB.
JIuHeiinbsie auddepeHuaabHble YpaBHEHIS

2.1. InddepeHnuanbHble YpaBHEHUS N-TO IMOPAIKA

JnddepernuaibHoe ypaBHEHHE N-T0 MOPsiJIKA UMEeT B

Fz,y,y, .. y™) =0 (2.1)

I/ B pa3pelIeHHOM OTHOCHTEIBHO CTApIIeii mpom3soanoil y™ Bumie

y" = flay gy ™). (2.2)

Jlobast dbyrkmust (), IMemas HenpepbIBHBIE TACTHBIE TTPOU3BOIHBIE
JI0 TIOPSI/IKA N BKJIIOUMATEJNBHO M YAOBJIETBODsONAst ypasHenuto (2.1) wim
(2.2), HasbIBaeTCs pewenuem 3mo2o ypashenus. [Iporece HAXOXKIEHUS Pe-
MMeHNsT HA3BIBAETCS MHTEIPUPOBAHIEM COOTBETCTBYIOIIErO YDABHEHUS.

B kauecTBe mpumepa pacCMOTPHM TPSIMOJIMHEHHOE TBUKEHIE TOUKH MAaC-
¢l m moj Bo3aeiicTeueM cunbl F = F(t, z,2'), 3aBucsameii or MOMeHTa t,
MOJIOZKEHUST T M CKOPOCTH TOYKH &. ITO JaéT HaM JuddepeHuaibHoe ypas-
HEeHUe JBHZKEeHIS

d*x dx
m——o = F(t,z,—)

dt dt
— npocreiimuii BapuanT ypasuenuii Hoiorona. Nurerpuposanue 3roro ypas-
HEeHHdA BTOPOTO MOPAJIKa OIpeesdeT 3aBUCHMOCTb T OT ¢, T. e. JBHXKeHHe
TOYKH I10J] BO3JeiicTBUEM CHJIbL. Jljis TIOJIydeHHs OIpPEJIeJIEeHHOTO DPeleHust
3a/]a4u MBI JIOJIZKHBL 33/IaTh elle HadajlbHble YCJIOBHUsI JBUKEHUS, a UMEHHO
NIOJIOZKEHNE U €€ CKOPOCTb B HEKOTODBIH HAYaJIbHBIII MOMEHT BpeMeHH ¢ = &

dz .
X = X9, — = Zyp.
t=to dt lt=ty
st ypasrenust n-ro nopsiika (2.1) uin (2.2) HauajbHbIE yCJIOBUSI COCTO-
ar B 3aganun GyHknum y = y(z) u e npousBognbix 10 (n — 1)-ro nmopsiaka
BKJIIOUHTENILHO TP T = Ty

y =y, ¥ =y, Y =y Y. (2.3)

T=x0 T=x0 T=x0
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XapaKTepucTu4eckoe ypaBHeHHEe uMeerT KOpHU A = —1, Ay = 2, KOTOpbhIM
COOTBETCTBYIOT COOCTBEHHBIE HJIEMEHTHI

() (2)

Ob1ree perenne 0JHOPOTHOIO ypaBHEHUS & = Az mMeeT BUT,

z(t)—q(ll >et+02(;)622

rae C1, Cy — npoussosbhble nocrosuubie. Haiinem v(t) = v1(t) + va(t), rae
Up(t) — 4acTHBIE PelIeHNsT HeOJHOPOHOTO ypaBHenus & = Az+ f,(t),p = 1,2.

Monoxum vy (t) = ( Zl
2

MYy C OTVIMYHBIM OT 0 onpeaeanTesIeM

) e". Ina oupenenenns Hy, Hy momydum cucre-

5 1 1
iHl = HQ - 57 ZHQ = 2H1 + HQ, H1 = —5(1 - Ql), H2 = 5(7— ’L)

Orkyma
1/ —-1+4+2i .
( 3 ) exp(it).

[MorsaTHO, uTO V9(t) = T7(t), T. €. KOMILIEKCHO COMPSZKEHA K MEPBOMY.

[Tosromy
—cost —2sint
v(t) = ) .
3cost + sint
[Tpu BBIBOME OKOHUYATEIHHONU BEPCUU JJIsT YACTHOTO PENTeHUsT ObLIN UCIOJIb-

30BaHbl (DOPMYJIbI

e =cost+isint, e = cost — isint.

I/ITaK, 0611188 penienune paCCManI/IBaeMOﬁ CHCTEeMbI UMeeT BH/T

o(t) = Cre" + Cye® — cost — 2sint
T\ —Ciet 4+ 205¢* +3cost +sint ) -

103



e H € R*(C"), ©. e. H = colon(Hy, ..., H,). loxcranoska v(t) B (3.36)
TOKA3BIBAET, ITO ISt BeKTOpa H TOMydYaeM ypaBHEHHe

AH =~H+h
uiu
(A—~E)H = h.
[TocsteiHsist cucrema ajirebpandeckux ypaBHeHuit st Haxoxaenust Hy, ..., H,

nMeeT eJJMHCTBEHHOE DelIeHHe, TaK KaK
det(A — \E) # 0.

Ecan
m

ft) =" e,
j=1
TO IPHMEHHM TOT K€ MeTOJ, eCIH HH OJHO U3 UHCeN 7y; He YIOBJIETBOPLET
XapaKTePUCTUIECKOMY ypaBHEHWIO. [[OHSITHO, UTO YaCTHOE PEIeHne MOYKHO
uckathb B popme

o(t) = Zvj(t), v(t) = HDet,

3ameyanue 3.5. B paccMaTpuBaeMblil KJIace HEOTHOPOTHOCTEH BXOIAT
BEKTOP-(DYHKIUN BUJIA

hsinyt, hcosvt, h € R"(C").

B sTom ciydae 3agada MokeT OBITH CBEICHA K TPEIBIIYINEi, eciu BOCIOIb-
30BaTbCs (bopMyIaMu Diiaepa
ei'yt _ e—i'yt ei'yt + ei'yt
sinyt = - cosyt = ——
2i ’ 2
[Ipemoykennblit paHee BApHAHT BHIOOPA YACTHOTO PEMIEHUsT JOMYCTHM, €CJIH
=i He yJOBJIETBOPAIOT XaPAKTEPUCTHIECKOMY YPABHEHUIO (HEPE3OHAHCHBII
caydait).

ITpumep 3.11. Paccmorpum cucremy

T1 =Ty — Hcost, To = 2w1 + Xa.
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1 -1
B stux ycaosusax yqg, yé ), y(()n ) _ omnpejeeHubie ducaa. s ypaBaeHust

(2.2) mMeeT MecTo TeopeMa CYIIeCTBOBAHUS U €JWHCTBEHHOCTH DEIIeHNs, CO-
BEPIEHHO aHaJoTwIHas Teopeme 1.1 w3 mepBoil TyIaBhl JaHHOTO MOCOOMUSI.

Teopema 2.1. Ecau f(z,y1,... ,Yn—1) — HENPEPBIGHAA PYHKUUA, UMENO-
WA HENPEPHIBHBLE Yacmmuvie npousdsodhue —— j=1,... . n—1 no cogokyn-
ayj
W me) o
HOCTIU NEPEMEHNBIT 6 OKPECTNHOCTIY oYKUY (To, Yo, Yy s - » Yy ), MO 360a-

wa (2.1) —( 2.2) umeem eduncmeennoe pewenue y(x), ecau x € (xg—0a, xo+0),
0 = const > 0.

Hamomanm eme pas, ato 3amady onpenenenus byHkuum y(z), yaoBie-
TBOpstfoIeil ypaBHeHuio (2.2) u HAUYAABHBIM yCa0BusaM (2.3), TPaJMIMOHHO
Ha3bIBAIOT 3aaa4eil Komn.

U3mensis B HaYaJIbHBIX yCJa0BHSX (2.3) MOCTOSTHHBIE yg,yél)7... 7y(()n_l),
MOJIyYUM CeMefiCTBO pellleHuil, 3aBUcAIIee OT N IPOU3BOJIBHBIX MOCTOSHHBIX.
OTH NPOU3BONBHBIE IOCTOSTHHBIE MOTYT BXOJUTh B PEIEHNE U HE KAK HATATh-
HBIE YCJIOBUS

y=p(x,C,...,Ch). (2.4)

Takoe pemenne (2.4), copepKainee n NPOU3BOJBHBIX IOCTOSHHBIX, HA3bIBA-
erca obiuM unTerpajgoM ypasaenus (2.1). OHO Moxer ObITH 3aIUCAHO B
HesBHOI hopme

1/’(1’7%017 7Cn) = 0.

[IpumgaBas onpeaenenube ancaoBbie 3uadenus st C1, ... , C,, TOJydIuM 9acT-
Hble pemennst ypasHenust (2.1). Juddepentupys (2.4) mo mepemeHHOi © 1
TOJICTABJISAS B IOJYUEHHBIE PABEHCTBA T = X, moctosiaubie C1, ... , C), MOXKHO
OOBIHO OTPEJIINTh U3 HavYaabHBIX ycaosuil (2.3). [IpogemoncTpupyem 1o
3aMevaHme Ha IpUMepe.

ITpumep 2.1. Paccmorpum 3agaqy Komn

VYpasuenue 3y’ = 1 uHTErpUPYETCA OUEHH MPOCTO
/
y =2+ Ch,

OTKYy/da uMeeM
2

X
y:7+C’1x+C’2.
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[TocrosanbIe Cl u 02 OIpeaesdioTCd n3 CUCTEeMbI aJII‘e6paI/I‘IE‘,CKI/IX ypaBHeHI/Iﬁ

1
54‘014-02:17
1+Cy=1.

1
Orkyma naxogum C; = 0, Cy = 3 Urak, pemenuem 3amauun Kormu u3 gan-

HOTO IIPUMeEPA CAYZKAT QyHKIUS

N | =

$2
y(r) = B +

BanuiieM ycjaIoBue u3 mpeablIyInero npumepa B 6osee obmieit popme. Pac-
CMOTPUM ypaBHEHHE

y™ = f(a), (2.5)

rae f(x) 3anannas nenpepwiuas Gynkuus upu x € (a,b). Ypasnenue (2.5)
JIOTIOJIHAM HAYAJIbHBIME ycJaoBugMu (2.3), cuurasi, KOHEIHO, 4T0 To € (a,b).
Pewenue 3azaun (2.5), (2.3) OyueM uckarb B cje/yIOUEM BH/IE

y(@) = u(@) + v(z),

rie u(z) perrenne 3a1aun

du dn—lu
U f(.l‘), U(IO) A | =0 dazn=1 | p=z, ’ ( )
a d d 1
() — g 0 2 =0 e 2.7
v ) U(.TO) Yo, dr . Yo s dpn—1 e=10 Yo . ( . )

[Mockostbky mpownssoaHast mopsiaka n Gyakmun v(z) pasaa 0, To v(z) ecTh
MHOTOWICH ¢ HPOU3BOJBHBIME HOCTOSHHBIME

v(w) = Co+Crx 4 -+ Cp_2"
rje mocrosuubie Cy, Cy, ... C),_1 OTHO3HAYHO HAXOIATCS U3 HAYAJBHBIX YCJIO-
Buii B 331a4e (2.7). DTO BHITEKAET W3 TOTO, YTO NPH ONPEJIETCHAN TTOCTOSH-
ubix Co, C4, ... Cj_1 Mbl LOJIyYMM CHCTEMY JIMHEHbIX aJrebpanvecKux ypas-
HEeHWil ¢ TpeyroJIbHO#! MaTpuIlei, rjie Ha IIaBHOH! JuaroHa n HaXOAATCH 3J1e-
MEHTBI, OTJINYHbIC OT HYJIA.
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[TosTomy

o= (0 ()G

B xoopaunatHoit (hopme 3amucu mosayydaem

t3 t?
z1(t) =142t + T xo(t) =14 7
B mamnowm criyvae cuctema MOXKeT OBITh W3HATAIHHO 3aMMNCAHA B KOOPIH-
HaTHOW opme
j31:I2+17 Igzt

[Tocse wero myisa ee mHTErpupOBAHUS He 0043aTEILHO IPUMEHATH KaKue-Iu60
obmue meronpl. CHaga a MOXKHO HAWTH PEIIeHIe BTOPOTO YPABHEHHUS, 3aTEM
MO/ICTABUTh HAlJICHHOE peIlleHre B TepBOe U HEIMOCPEICTBEHHBIM HHTErpH-
posarmnem Haiitn x1(t). [[pOM3BOIBHBIE MOCTOSTHHBIE MHTEIPUPOBAHUS MOTYT
ObITh HANJIEHBI U3 HAYAJIBHBIX YCJIOBUIA.

3ameuanue 3.4. Eciau mavanbHOe ycjoBue 3ajaHo He npu t = 0, a npu
t = tg, rae tp nponsBoabHO, TO dopmyna (3.43) mMoxer GbITh MOIUMUIIPO-

BaHa
t

z(t) = eAltt)g 4 /eA(t_S)f(s)ds,
to

2. Cucrema co crenuajbHOi HEOJHOPOAHOCTHIO. B 310oit wacTu na-
parpada paccmorpum uacTHbI cayvail Beibopa f(t), npu KoTtopom He 00s-
3aTeTbHO UCIOJb30BATh METOJ BADHAIMU IPOU3BOJIBHBIX TOCTOSHHBIX.

[Iycts cragasa

f(t)=he, h=colon(hi,..., h,), hj € R(C), v € R(C)
W 7y He SIBJISETCST KODHEM XapAKTEPHCTHIECKOTO YDABHEHWST
det(A — \E) = 0.

Taxoii ciyuaii HA3BIBAETCA HEPEZOHAHCHBLM. TOT/IA 9ACTHOE DENIEeHNe CHCTe-
Mbl (3.36) MOKHO uCKaTh B caeaytomei dhopmve

v(t) = He",
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B namewm ciyuae

4  cht sht o
e _(sht cht) (mouemy?).

CrenoBaTenbHo,

t
(1) _eAt( 1 )+/6A(t—s)( %6_5 )ds,
-1 Vo€
0

At—s) _ [ ch(t—s) sh(t—s)
e )_<sh(t5) ch(ts))'

O603uaunM 1epes g(t, s) BeKTOp-pyHKIMIO MO/ 3HAKOM HHTErpasa. [losromy

t

G(t) = ( g;gg > , Gi(t) = /(71 ch(t — s)e® + yash(t — s)e”*)ds,

/’ylsht—se + Y2 ch(t — s)e™%)ds.
0

CramgapTHEE BHIYHCJIEHAS] HHTETPAJIOB M03BONsIOT Hafitn Gy (t) u Ga(t)

Cr(t) = Dte + 56— ) + Litet 4 56 —e) =
_n 72
Tt 4 sht) + 2 (-

Galt) = —( —te! +sht) + ’é(te +sht).

te! +sht),
Wrak, B Hamem ciyvae
21(t) = cht —sht + 1 5 L(te! +sht) + 22(sht—te_t)7

o(t) = sht — cht + 2 T sht —te) + %(Shtﬂe*t).

ITpumep 3.10. Pacemorpum eme npumep cuctems (3.36). [Iycts

01 1 1
n—Q,A—(O 0), f(t)_<t>’ x(O)—<1>.Toma
eAt_ ( 1 ¢ ) eA(t,S) _ ( 1 t—s )
SN0 1) \0 1 '
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TTomoxum

ur(z) = ]u(s)ds, us(z) = /Iul(s)ds7 cey Ug(T) = /zun_l(s)ds.

[To unayknun nposepsiercs, 1o dbynknus y(z) = u,(x) ecrb pemenue 3a1a-
qu Kommn (2.6).

Mpbr mpuBesn JiBa CAMBIX NPOCTHIX BAPMAHTA ypaBHeHus (2.2), re 3a1aua
HAXOXKJIEHUsI OBIIEro pelneHns win 3a1ada KoImu cBoquTest K MHOTOKPATHO-
MY WHTErPUPOBAHUIO. ECTECTREHHO, UTO B CHTYAIUU OOMIETO TTOJOYKEHUS 3a-
Jlaua MHTErPUPOBaHust ypaBHeHus (2.2) B ssBHOM BUJIE HE BCEIJIA HMEET CTOJIb
npocToe perrenne. B cieayromem maparpade Mbl pACCMOTPUM HEKOTOPBIH
KJIACC TAKWUX YPABHEHWIL, TJe XOTA OBl B YACTHOM CJIyYae YIAETCs HAMUCATH
dopmyity, 332011y 00IIee PelieHre.

2.2. Jluueitubie guddepeHnuaaIbHble YPaBHEHUS BBICIINX IOPSAI-
koB. O6mIue cpoiicTBa

Jluneitapiv tuddepennuanibHbBIM yPaBHEHHEM MOPSIIKA N HA3bIBAETCS -
depeHnuaIbHOE YPABHEHHE BHIA

2™ a, ()2 b a ()2 F ao(t)r = b(t), (2.8)
rae _
y _ da(t)
=a(t), 2V = —= N.
z=ux(t), « i jEe

Kosddunuentst ay(t), b(t)-nenpepoiBuble neiicTBuTenbable GYHKIUT, OIpe-
JieJIeHHbIe Ha HEKOTOpOoM MHoxkecTBe J C R. llHorja paccMaTpuBaroTCs KOM-
IJIEKCHO3HAUHBIe (DYHKIUU B KadecTBe KO3 duineHToB auddepeHnaibHo-
ro ypasHerus (2.8).

Sameuanue 2.1. Oyuxuus ©(t) KOMIJIEKCHO3HAYHAS, €CJU Mbl MOYKEM
eé 3ammmcaThb B BUJIE

o(t) = pu(t) + ipa(t),

tae ¢1(t), p2(t) yxe aeficTBuTebHBIE (DYHKIUH TEPEMEHHOTO t.
Hapsiny ¢ ypaBrHennem (2.8) paccMaTpuBarOT €ro 4acTHbBIH BHT

2™ a1 ()2 4 ay ()2 + agt)r = 0. (2.9)
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Yparenue (2.9) Ha3BIBAIOT JHHEHHBIM OJHOPOAHBIM YDABHEHHEM MOPSIIKA
n, a ypasrenue (2.8), eciu b(t) # 0, HASKIBAIOT AuHETHVM HEOOHOPOIHVLM
ypasHenuem nopaodka n.

[Tycrs B ypaBuenun (2.8) a;(t) = a; = const € R (umm C), Torjga ypashe-
Hue (2.8) OymeM HA3BIBATH YPAGHEHUEM C NOCTNOAHHBMU KOIPPuyuenmamu,
HECMOTPsI Ha TO, YTO CBOOOJHBLIl WIeH MOXKeT ObITh (DYHKIIHEH, OTIHIHOH 0T
MMOCTOAHHOM.

Ypasuenue n-ro nopsiiaxa (2.8) ¢ LOMOILILIO 3aMeHbL

r=z, 7 =29, .., 2"V =2,

MOYKeT OBITH CBEJIEHO K CHCTEME JIMHEHHBIX yPaBHEHUH MEPBOro MOPSIKa,

Zi = Z2,
S (2.10)
2= =1 (t)2n — - - — ag(t)z1 + b(t).

C Teopernveckoii TOYKH 3peHHs UHOTJA YAO0OHEH paccMaTpUBATL CHCTEMY
(2.10) Bmecro muddepennuanbuoro ypasuenus (2.8). Hampumep, st j1o-
Ka3aTeNbCTBA TEOPEMBI CYNIECTBOBAHUSA W €MHCTBEHHOCTH DEICHUsl 3a1a91
Kommn. C npakTHYecKOi TOYKH 3peHus YI00HeH HAXOJUTH DENIeHUs NMEHHO
yPABHEHUS TOPSIKA 7.

Bgenem obosnauenune

Lz = 2™ +a,_ ()Y 4 - 4 ay(t)2’ + ao(t)z.
Torpa ypasuenue (2.8) MoxKer OBITh KPATKO 3aIMCAHO B BUJIE
L, =b(t), (2.8
a ypasuenue (2.9) kak
L(z) = 0. (2.9)

Orvernm, ato auddepennuanbusiii oneparop L auneinsiii. [locreamee
03HAYAET, YTO BBIMOJHEHBI CJEIYIONIHE IBA CBOWCTBA:
L L1+ ¢2) = L1 + Lo, @5 = ¢5(1).
2 L(A\p) = ALy, p = ¢(t), A € R(C).

[Tycre ¢1(t), pa(t) nBa HEKOTOPBIX penenus ypasHenud (2.8). Torma oue-
BHUIHO, UTO (DYHKIHSA 1) = @1 — o yAOBIETBOPsieT auddepeHuaIbHOMy
ypasrenmio (2.9). JeitcTBurensHo,

L@l = b, LQOQ = b
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= e Mf(t). (3.41)

CrieioBaTeNIbHO,

ut) =B+ [ st

rae § € R™ — mpou3BOJIBHBIN BEKTOD, & WHTErPUPOBAHUE BO BTOPOM CJa-
raeMom 1ocsieHero pasencrsa (3.41) mpoms3BOAMTCH NMOKOMIIOHEHTHO st
BEKTOp-(yHKITHH

g(t) = e A f(t) : /g(s)ds = G(t), G(t) = colon(Gi(t),...,Gn(t)),
Gj =g;t), j=1,...,n.

OKOHYATETHHO Oy IaeM

2(t) = (B + (1)) = MG + e / A F (1) d). (3.42)

[TepBoe BEKTOPHOE CJIATAEMOE B IIOCJIEHEM DABEHCTBE — PENICHUe JIUHEeHHO
021HOPOHO# cucrembr (3.37), a Bropoe  uacrHoe pemenue (3.36).

Ecuu peub uzer o Haxoxaenun pentenns 3aaa4u Komw (3.36), (3.38) upu
to = 0, To dopmyaa (3.42) momyckaer caemyonry0 MoaAndUKAIUIO

t

z(t) = ey +/6A(tfs)f(s)ds. (3.43)

0

Heitcrurensuo, x(0) = ¢, a BTopoe B Heii c1araemoe

t t

[ op@as = et e isas)

0 0

IJe B IpaBoil TaCTH TOC/JIEHETO PABEHCTBA BHIHCAHA OJHA W3 MEPBOOOPa3-
ueIx BekTop-bynkmmit g(t) = e A f(t).
ITpumep 3.9. Paccmorpum cucremy (3.36) B uacrHom cayuae n = 2,

-1 = nel _ (%
A—<1 O)v f(t)—<72et),F/1871772€R. HaKOHeu,q_<g2 ,
=1 qg=-1
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B npunmune, Kax yze XOpOIIO U3BECTHO U3 M. 3.1, 71 TOTO ITOOBI Haii-
i obmee pemenne cucrembr (3.36), JOCTATOYHO yMETh HAXOJUTH YACTHOE
pemenue v(t) 310ii cucrempt. JleficrBuTeIbHO, CHIPABEIMBO NPEICTABIEHHE

z(t) = u(t) + v(t),

rae u(t) — obmiee pemenne CUCTeMbI JTMHEIHBIX OJJHOPOHBIX ypaBHeHuii (3.37).

[TosTomy mpu peanamsanuu J06Oro U3 METOI0B pelleHns cucreMbl (3.36) 1eH-
TpaJILHOE 3HAYEeHWE pHoOpeTaeT MeToanka (pparMeHT SToif METOUKM) Ha-
XO2K/IeHUsT YACTHOTO perenust U(t).

1. MeTona Bapuanuu IPOU3BOJIbHBIX OCTOSHHBIX. JTOT METO. HAU-
60JIee POCT B TEOPETHYECKOM U3JI0KEHUH U JOCTATOYHO MOHATEH MPH €TO
npuMerenun. OH npuMeHuM npu 1060 f(t). OCHOBHBIM €ro HeJOCTATKOM
CJIelyeT, TO-BUIAMOMY, CIUTATEH GOJIBINOH 00heM BHIYUCICHUII IPH €ro pea-
JII3AINN.

[Tycre o6miee permenue (3.37) 3amucano B cieayiomeit popme

z(t) = eMa, (3.39)

rae a = colon(ay, ..., ), a a; OPOU3BOJIbHbBIE IEfiCTBHTEIbHBIE TOCTOIH-
ubte. Torza obiiee pelrenne HeOAHOPOAHOI cucreMbl (3.36) MOXKHO HCKATH B
dopme

z(t) = e™u(t), (3.40)

TJie TIPOM3BOJILHBIN BeKTOp v w3 hopmynst (3.39) 3ameHsieTcst HA HEM3BECT-
HYI0 BeKTOP-byHKImO u(t)

Cre/1oBaTeIbHO, OCTA€TC OMpeIenTb ero KOMIoHeHTHl w;(t). IlomcraBum
BekTop-byrkmmio (3.40) B cucremy (3.36). Tloyuaem paseHCTBO

%(e/‘tu) + eAt% = AeMu+ f(t).

d
Hanomuum, 4ro E(eAtu) = Ae?u. TTosromy 1OC/I€/Hee PABEHCTBO LPHOD-
peTaeT CIeIyIONUi BHI TIOCIe YIIPOIeHHit

et = f(t)
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Orcrona nmeem
L{pr — ¢2) = 0.

[Tycrs 9)(t) pemenne ypaBrenus (2.9), a ¢(t) — pelreHne (IacTHOE PeIIeHNe)
HeomHOpoHOTO mudbdepertmanbaoro ypasaerus (2.8), rorga GyHKms
©(t)+1(t) rakzke ynoBaeTBOpSAET HEOJHOPOAHOMY JAuddEPEHInATBHOMY yPaB-
uernnio (2.8). B cuity sTux 3aMevanuil npu oreickaHuu pernenuii (o6miero pe-
LIEHUs1) BAXKHYIO POJIb HIPHOOPETaeT paccMOTPEHHE OHOPOJHOIO YPABHEHHSI

(2.8).
2.3. JIuneiinbsie ogHOpOAHBIE auddepeHnnaIbHble YPAaBHEHUS

Teopema 2.2. Mnosicecmeo pewenut dugdepernyuaivrozo ypasnenus (2.9)
obpasyem eexmopnoe (aunetinoe) npocmparcmeso.

YTBepKieHNe U3 TeOpeMbl O3HAYAeT, YTO U3 IPE/IIOJ0KEHUST O IPHHAI-
nexuoctn aByx yHkumii ¢1(t), pot) MHOXKECTBY pemeHuii OJHOPOJIHOIO
muddepennuanbaoro ypapienus (2.9) BBITEKACT YTBEPK ICHHE O BKIIOUEHHN
B MHOKECTBO PeIeHnii JHHeHHOW WX KOMOWHAIMN

A1) + doga(t), A, A2 € R(C).

D10 yTBepKAeHNe ObLIO paHee MTPOBEPEHO.

OcHoBHOI! 11e71bI0 JaHHOrO naparpada gaBJIgeTCs JONOJHATEIbHOE YTBep-
JKJIGHHE O TOM, 4TO IIPOCTPAHCTBO pelleHuii obpasyer JuHeiiHOe HPOCTPaH-
CTBO Pa3MepHOCTH 1.

Onpegenenne 2.1. Oyukunn f1(t), f2(t), ..., [n(t) HA3BIBaOTCS AUHELHO
He3a8UCUMBLMU, eciiu IpH Beex ¢ € (a, b) ToxKaecTBO

lel(t) + -+ Cnfn(t) =0, Cj € R(C), j=12,....m

BO3MOZKHO JIUIIb B CJIyYae

Ci=0Cy=.. =C,=0.
B nporusaom cayuae stu dyuxuun fi(t), f2(t), ... , f,.(t) nassisaores au-
HETHO 3a6UCUMBLMAL.
ITpumep 2.2. Oyuxnuu 1,¢,... ;1" TUHERHO HE3ABUCHUMBI, TaK KaK JIU-

HeifHast KOMOWHAIWST
Ao+ At + - F AT
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NIPU HEHYJIEBBIX KOIDDUIHEHTAX Ag, ... , A, MOXKET 0OPATHTCS B HOJIb JIHIIb
B KOHEYHOM YHCJIE TOYEK THUCIOBON MpPSMOii(CaMOCTOSTEHHO TOKA3ATS ).
[Mycrs dyukmun fi(t), f2(t), ... , fm(t) auddepennupyemnr k pas. Toraa
PaBeHCTBO, GUTypUpyIoliee B ompeaeaeHnn 2.1 MOKHO 3aMEHUTDh HA CJIEIy-
1oTIHe
CLfit) + -+ + Cuf, () = 0,
Cifif@t)+---+Cunfr(t) =0,

i) + -+ CufP 1) = 0.

Paccmorpum n pemennit 1 (t), ... , @, (t) ypasaerns (2.9). CocraBum onpe-
JleJITe b
pr(t) - ea(t)
W (t) = det ey(t) - (1)

ORI ()
Ero naseiBator onpedeaumenem Bponcroeo (Bponckuanom) pewenud pq(t), ...
Teopema 2.3.Caedyrousue ymsepotcoenus IK6UBAACHMMHDL:
1. W(t) =0 npu scex t € (a,b).
2. W(ty) = 0 npu nexkomopom ty € (a,b).
3. Pewenua o1(t), ... , pn(t) aunedno 3asucumo..
JlocTaTouHO JI0KA3aTh, YTO

1)=>2), 2)=>3), 3)=>1).

Mmmmukanus 1) => 2) ouesnna. Ilycrs reneps W (ty) = 0 npu HEKOTOPOM
to € (a,b). PaccMoTpum anrebpanveckyro CHCTEMY

C1(p1(to) + -+ Cn<pn(t0) = 0,
Cr¢(to) + - + Cripy, (to) = 0,
CrpU" V(to) + -+ Cuplt ™V (t) = 0

¢ memssectabivu C1, ... , Cy,. E€ onpenennrens ects W (tg). Ilosromy nannas
cHucTeMa uMeeT HeTpuBHaibHble pemenus: Cio, ... , Cpo. OyHKIUA

o(t) = Cropr(t) + -+ + Cropn(t) =0
Y/IOBJIETBODsieT ypaBHEHUIO (2.9) M HAYAJIBHBIM YCJIOBUSAM

d(p B dn—lsp

) = -2 -
#lto) dt li=ty dtn=1 |i=¢,
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3.6. JIuHeiinbie HEOOHOPOIHBIE CUCTEMBI
C HOCTOSTHHBIME KO3 dunueHramn

B II. 36 pedb HOﬁ;LeT O MeToJaX pelIeHud CUCTEM cnegy}omero BHUIa
n
b= apre+ fi(t), j=1,....n, (3.33)
k=1

rae a;; € R (nomycruMm BapuaHt, Koraa daj; € C' — MO0 KOMILTEKCHBIX 4H-
cei), a f;(t) — u3BecTHBIE HeNpePLIBHBIE (DYHKIINI HE3ABUCHMOIl HePEMEHHO
t € I C R. B cucreme (3.33) K03 OUIHEHTE COOTBETCTBYIOMIEH OTHOPOIHOM
JIMHEHO CUuCTeMbl

.Z.'j = Zajkxk (] = 17 e ,Tl) (334)
k=1

HE 3aBUCAT OT ¢ M, CJIeJIOBATE]bHO, i cucTeMbl (3.34) ObLI paccMOTpeH
CTaHJIAPTHBII AJTOPUTM HAXOZK/IEHUsT ODIIErO penrenus, ecam cucrema (3.33)
JIOIIOJTHEHA, YCIOBUAMU

.I'](to):q], jzl,,n7 (335)

rae to,q; € R, 1o, Kak OOBIYHO, Pedb HJIET O 33jade (HA4aIbHOI 3ajade
Kommn).

Cucremsr (3.33), (3.34) mHOrIA y00HEE IEPENNCHIBATH B BEKTOPHO# (Hhop-
me. Ecin nostoxuth

z1(t) fi(t) apg ... A
)= ... |, fo=| ... |. a=| ... ,
.I'n(t) fn(t) Ap1  -.. QApp

1O cucreMa (3.33) IpuMeT BHJ
&= Az + f(t). (3.36)

Jluneitnyto ogaopoauyio cucremy (3.34) aHAJIOIrMYHO MOXKHO 3amUCATH CJIe-
JIYIOIITIM 00pa3oM
T = Ax. (3.37)

Haxonen, ycinoeus (3.35) npuoGperaror caemytonyo ¢hopMy 3anucu

J?(to) =qc R, t() € R. (338)
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oka3arenscTBo Teopemsl. Ilycrs B(t) — dbyHmameHTanbHas MaTpH-
na ypasaennus (3.25). Torga n marpuna Q(t) = B(t + w) Takxke sBJsiercst
dbynaamenranbroll Marpuneil ypasuenus (3.32). JeiicrBuresbHo,

Bt+w)=A(t+w)B(t +w),
a B cuty w-nepunogunanoctn A(t) u onpenenenns (Q(t) oTcioaa ciemyer, 4To
Q(t) = A(H)Q(t.)

Kpowme toro, marpuna ((t) — Heocobas npu Beex ¢, Tak Kax B(t) — neocobas
matrpuna. CiiejoBaTe/IbHO, CyllecTByeT Heocobas MaTpuiia V' 1opsjika n X n,
9TO IMpPHU Bcex T

B(t+w) = B(t)V.

UsBecTHO, uTO B TakoMm caydae Marpuna V umeer jgorapudm. Bosee geramrn-
HO C TIOHATHEM MaTPHIHOTO JIOTapHdMa TATATETh MOXKET MO3HAKOMATHC B
psizie yae6ruKkoB (cM., Hanpumep [9]).

[Mosroxum

1
P ==LnV, By(t)=L(t)e .
w

Tora (3.32) BLIOJHAETCS ABTOMATUYECKH, U OCTAETCS JOKA3ATh, UTO
B(t +w) = B(1).
Nmeem

Byt +w) = B(t + w)e P = B(t)VewPetP,
Tak xax Ve ¥ = E, to
B(t+w) = L(t)e " = B(t).

Teopema jokazana.

Or™MeTnm,9T0 COOCTBEHHBIE THUCTA A1, ..., A, MATPUILI P HA3BIBAIOTCS Ta0-
paxmepucmuveckumy noxazamenamu. 13 onpenenenns P MOXKHO BBIBECTH
COOTHOTIIEHNE MEYKTy MYJbTHILINKATOPAMHI U XapPAKTEPUCTHIECKAMU TTOKa3a-
TeJISIMHA 1

)‘j = ;Ln,uj, _] = 1, ey N
[Ipu 3TOM MPOCTHIM MYJIBTHILIHKATOPAM COOTBETCTBYIOT TPOCTHIE XapaKTe-
PUCTHYECKHE TTOKA3aTeN !, a KPATHBIM MYJBTHILTHKATOPAM — XapaKTePUCTH-
qeCcKme TMOKA3aTe N C SJIEMEHTAPHBIM JeJINTeIeM TOH K€ KPATHOCTH.
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C zapyroii croponsl, ypaaenue (2.9) ¢ HyJeBbIMA HAYAJILHBIMU YCIOBHAME
nmveer pemrerne z(t) = 0. B cuny eamucrBennoctn Ha (a, b) mMeeM paBeHCTBO

IIpu sToM He Bee Cjg paBHBL HYIO. ITO U 03HATAET, 4TO GyHKIUH @1 (1), ... , 0, (1)
JuHeitHo 3aBucumbl. UMimkanus 2) => 3) gokaszana. Vmmnkanus 3) =>
1) oueBuana.

Jlunelinas 3aBucuMocTb @1 (t), ... , @, (t) O3HAYAET, YTO OJUH U3 CTONOIOB
W (t) npu xaxgom t € (a,b) sBasercs muHEHHON KOMOMHATMEl OCTAJIBHBIX.
Teopema JoKa3aHa.

Nwmeer mecto dhopmyra JInysumas — OcTporpaackoro

Wi(t) = W(to)exp{—/an,l(s)ds}.

Eé 10Ka3aTebCcTBO MpOINe NPHBECTH, IEPeXoid K CHCTeMe.

W3 npuBejieHHBIX pacCyKJAeHUil, B YaCTHOCTH, BBITEKAET CIIPABE/IJINBOCTH
CJIETYIONMETO YTBePIKICHU.

Teopema 2.4. Jhobvie n Aunelino HE3a6UCUMBET Dewenul YpacHeHUua
(2.9) obpasyrom Gazuc 6 aunetiom npocmparcmee pewenuti 0arnnozo ypas-
HENUA.

YTBepKeHHE TEOPEMbBI O3HATAET, uTO 000 pemenne ¢(t) muddepen-
[UAJLHOTO ypaBHeHHd (2.9) IpeIcTaBUMO B BHJIE

o(t) = Crpa(t) + - + Cnp(t),

rae {¢;(t)} — ykasannas JuMHEHHO He3aBHCHMAas CHCTeMa, a Hocrosduusle C)
MOTYT OBITH BBHIOPAHBI €TMHCTBEHHBIM 0OPA30M.

13 Teopembl BBITEKAET, UTO JJIst perieHust ypasHenns: (2.9) (Haxox aeHust
ero o0IIero perenns) JOCTATOYHO HANTH 7 JIMHEIHO HE3aBUCHMBIX YACTHDIX
pelieHnii.

ITpumep 2.3. Paccmorpum auddepennuasbaoe ypaBHEHAE

t% (tfl—::) —x =0,

¥ KOTOPOT0, KaK JIETKO JIOKAa3bIBAETCS, €CTh JIBA YAaCTHBIX peleHust 1 (t) = t,
po(t) = t~1. DTn GyHKIEN IMHEITHO He3aBUCHMBI, TaK Kak paBercTso Ot +
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Cyt™! = 0 mpu Beex t > 0, mveer Mecto s npu C; = Cy = 0. [TosToMmy 06-
Iee pelneHne JAHHOTO ypABHEHUs nMeeT caeaytomuii Bug () = Cit+ Cyt™1,
rjae Cl, 02 € R.

ITpumep 2.4. PaccmorpuMm auddepeninuaibioe ypaBHEHAE BTOPOTO T10-
psaKa

2z +1)y" +4zy — 4y =0, y = y(z).

Y 3TOro ypaBHEHHS €CTh TacTHOE pelntenne @1 (x) = . s Toro 14ro6s! moty-
qnTh 6a3uc, HeoOXOAMMO HAWTH BTOpOe pelienre. B 3ToM HaM MOYKeT ITOMOYb
dopmyna Jlnysumist — Ocrporpaackoro. Ilycrs (x) — Bropoe uacrroe pe-
menne. Torma nMmeem

/ 4s ds
Hz’ ‘ﬁ”:ce 25+1  CceRr

[Tocse yuporenuit mosryaaem
v—a =C.

[Tocnennee ypaBHeHHe — 3TO JIMHeilHOe ypaBHEHHe II€PBOrO IOpsika. Ero

pelieHnue UMeeT BUJT
—2z )

W(x) = c.q:(o1 ¢

Orcrojia HaXOUM BTOPOE YaCTHOE PelleHre

Y(z) = e .

CnenoBarennio, obIee pelenne ypaBHeHHsl, PACCMATPUBAEMOTO B JIAHHOM
IpHMepe, HMEEeT BILT
y(x) = Cra + Core ",

B Gostee obuieii dopme, ecim ypasuenune (2.9) mmeer 4acTHOe pDenreHue
z(t) = ¢1(t), moacramoBKa

2(t) = 1 (t)y(t)

upuBoauT ypasuenue (2.9) K ypaBHeHuo 1uid y(t), HOPAIOK KOTOPOrO MEHb-
me Ha 1. DToT npuéM HOCUT Ha3BaHUE NOHUNCEHUE NOPAdka Juddepenyuant-
1020 ypasHenuA. K corKaleHUIo, OH TPUMEHUM TOJBKO €CJTH M3BECTHO XOTS
OBl OJTHO peTleHue.
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JokazaTejibCTBO TEOPEMBI.
Heobxoammocts. IlycTs p — MynbTumIMKaTOp CUcTeMbl ypaBHeHuii (3.25),
TOrJIa CYIIECTBYeT Takoil BekTop Ty # 0, 4ro

B(w)xy = po.
PaccMoTpuM ciieyioniee HeTPHBHAIBHOE PEILIeHNE CUCTEMbl ypaBHeHuii (3.25)
o(t) = B(t)ao.
B cuty (3.27)
p(t +w) = B(t + w)ao = B()B(w)zo = B(t)pzo = pB(t)x0 = pp(t).

CiietoBaTesibHO, HEOOXOJMMOCTD JIOKA3aHA.
Hocrarounocts. 113 coornommenus (3.29) npu ¢ = 0 noayanm

p(w) = pp(0). (3.30)
B cumity Teopembr equHCTBEHHOCTH
¢(t) = B(t)(0), (3.31)

npuuem ¢(0) # 0, Tak KaK B OpOTUBHOM ciyvae penrerue ¢(t) GbLio Obl
TPUBHAILHBIM.
U3 pasencrra (3.31) B cuiy (3.30) caemyer, aro

B(w)p(0) = p(w) = pp(0).

CrenoBarensno, ¢(0) cobGcrBeHHBIT BeKTOp MaTpunsl B(w), a p  MynbTu-
IMKaTop cucrembl ypasuenuit (3.25). Teopema joka3zana.

U3 noKa3aHHOIl TEOPEMBI BBITEKAET CJIEIYIOIIEE YTBEPIKICHHE.

Caexncrsue 3.2. Jluneiinag oJHOpOIHAS crCTeMa ypaBHeHuii (3.25) ume-
€T HETPUBUAJIBHOE PENIEHNE C IEPHOJIOM W B TOM M TOJILKO TOM CJIy4ae, KOT/Ia
OJIMH 13 €€ MyJIBTHIUINKATOPOB DABEH €MHUIIE.

Teopema @aoke. Kascoyro Pyrndamenmarvnyio Mampuyy ypasHerus
(8.24) moorcro npedcmasumo 6 sude

B(t) = By(t)e"™, (3.32)

20e By(t) — nepuoduueckas mampuya ¢ nepuodom w, a P — nocmoannasn
MAMPUYA.
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[Iycts 1(t), ..., zn(t) — dyHIaAMEHTATBHAST CHCTEMA DEIIeHUH sl CHCTEMBL
ypasHenuit (3.25), onpeensieMast HAqaIbHBIME YCJIOBUSIMA

zi(0) =¢j, j=1,.,m, (3.26)

rae e = 0;1, ..., 0. [lockompky MaTpuia A(t) nepunogndeckas, u

21t + W), ..., T (t + w) Takke 06pasyrOT ByHJIAMEHTATBHYIO CHCTEMY DEMIe-
uuit. CuesoBaresnbno, kaxjas u3 Gyukuuit z;(t + w) Gyer auneinoil KoM-
ounanumeit z1(t), (k=1,...,n) ¢ mocrogHEBIME KOI(DMUIUEHTAMH, TTOITOMY

n

z(t+w) = chkxk.(tL j=1..n,
k=1

rae ¢k, J,k = 1,...,n — mocrogunsle. [Toaydennoe cooTHOIIEHnE MOXKHO 3a-
nucaTh B BUJIE

B(t+w) = B(t)C, (3.27)

rae B(t) - dynmamenranbas MaTpuna pemennii 2;(t) j=1,...,n, a
C ={cjr} uocrosiunasi marpuua.
B cuny (3.25) u (3.26) marpuia A(t) ynoBierBopger yCJI0BUAM

B=A(t)B, B(0)=F.
[Tonaras B pasencrse (3.27) t = 0, nosy4aum
B(w) =C.

Taxkum obpazom,
B(t+w) = B(t)B(w). (3.28)

Marpuna B(w) HasbBaercs mampuueti mMoHodpoMuy CUCTEMBI yDaBHEHHUIl
(3.25). OueBuano, uro |B(w)| # 0. CobcrBennble 3HAYCHUS [Uy, ..., [y, MATPU-
bl A(w) HA3BIBAIOTCS MYALIMUNAUKAMOPAMU CUCTEMbl ypaBHeHuii (3.25).

Sameuanwue 3.3. Ecom marpuna B(t) aeficTBurenpHas, TO MATPUIA MO-
HOJIPOMEH TaK7Ke JeiiCTBUTEIbHA, OTHAKO MYJIbTHILTAKATOPHI OYIYT, BOOGIIE
TOBOPSA, KOMIIJICKCHBIMH THCJIAMH.

Teopema 3.13. /[asa moz2o wmobv, KoOMNAECKCHOE “UCAO P ObLAO MYAb-
MUNRAUKAMOPOM cuctemuvs ypasrenutl (8.25), neobrodumo u docmamouro,
4MOGYL CYUWELCNBOBAN0 MaKoe HenpepvieHoe pewenue o(t) cucmemwv (3.25),
das KOmMopozo

et +w) = pp(t). (3.29)
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[IpuBeneM q0Ka3aTETHCTBO TPUMEHUMOCTH 3TOTO IIpHEMa JJ1s yDABHEHUS
BTOpOTO TOpsijiKa. Paccmorpum ypaBHeHne

"+ a1 (t)x’ + ao(t)z = 0. (2.11)
Ilycrs x(t) = p1(t) ero yacTHOE pelieHue, T. €. CHPABEJINBO PABEHCTBO
¢1 + ar(t)py + ao(t)er = 0.
[MomoxuMm teneps x(t) = ¢1(t)y(t). OTKyna umeem
o =g+, 2 = ely+ 200y + ey
[Tocste moacranoBku B ypasaerune (2.11) u rpynmmpoBKE MBI MOJTydaemM
o1y + (a1 + 201y + (@] + a1y + aopr)y = 0,

ogaako xkodbdunuent npu y obpamaerca B 0. Cnemosarensuo s y' = 2z
noaydaeMm auddepeHnuaibHoe ypaBHEeHnE TepBOrO MOPS KA

017 +1pz =0,

/
rae ¢ = (a1 + 2¢)).
Vupaxxuernue 2.1. Jlokazarh cpaBe/iIiBOCTh YyTBEPKJIEHUS] O BO3MOZK-
HOCTU IIOHHZKEHHUs MOPSIKA YPABHEHUS B OOIIEM CJIydae.

2.4. JIuneiiapie ogHOpOAHbIEe nuddepeHIInaIbHbIE YPABHEHU ST
C OCTOsAHHBIME K03d dhunmenramu

JInHeHHBIM OTHOPOAHBIM M DePeHITuATBHBIM YPABHEHIEM 1-TO TOPS/I-
Ka ¢ mOCTOstHHBbIMU KO3 urmentamMn HasbiBaeTcs ypashenne (2.9), ecam
a;j(t) =a; meificTBUTeNbHBIE MM KOMILTIEKCHBIE TIOCTOSHHBIE. VMeem

Loz = 2™ + ap_12™ Y+ 4 a1’ + apzr = 0, (2.12)

rie a; € R(C). Eciu nosoxuts z(t) = e, To nojcTanoBKa TaKOro 4acTHOTO

pemenust B ypasHenue (2.12) npuBoauT K CieyOneMy paBeHCTBY
M) =" +ap, A"+ +aA+ag=0. (2.13)

Anre6pamdeckoe ypaBHeHHe cTereHn 1 (2.13) IpHHATO HA3BIBATH Tapakme-
pucmuseckum ypasnenuem st quddepennuanbaoro ypasnenns (2.12). U3
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Kypca BBICHIEIT aare6phl XOPOIIO H3BECTHO, YTO OHO HMeeT 12 KOPHEl ¢ y4eToM
kparroctn. O603HaIMM KOpHU ypasHenusi (2.13) wepes Aq,... , Ak, a 4epe3
71, ... ,T) UX COOTBETCTBYIOIIUE KPATHOCTH, 'y + - - - + 7 = n. Ho Bo Beskom
ciydae ecTb pelrenue ypasaenus (2.12) (wactHoe pemenue)

T(t) = e A\, € R(O).

3ameuanue 2.1. Hanomunwm, arto ecan A, € C, T. e.
Am = Qm + 10m, B # 0, TOr/Ia SKCLHOHEHTA C KOMILJIEKCHBIM HOKA3aTe/1eM
OTIPEJIETISIETCST CIIEIYIONINM 00pa30M

elomtibm)t — gamt(cos Bt +isin Bt) = €2t cos Bt 4 i€ sin Gt

Hampumep, e = cost + isint.
Jlemma 2.1. Kaxosa 6v nwu 6viaa n pasd dugdepervyupyemas GyHruua
f(), umeem mecmo caedyrowan popmyaa
M'(N) M™(X)

LeMf(t) = eM (M(/\)f LTI A Tf("))- (2.14)

JokazarenasctBo. [Tycmov Lz = 28 (0 < k < n). Tozda M()\) = A u
nocwoavky MO(N) =0 npu | > k, mo mvi umeem
k

At " n - AP 0
LN f(t) = 2 (e f(0) =D Clor () F0(1) =

ek — 1)k —1+1) w1 d
P Dxt oy = 30 L) ) =

1=0 =0

3mech ncmosb3oBagach gopmyna Jleibuuma a1 HaXoXKAeHUSA k-0Oif Tpom3-
BOJIHOM npou3seenns asyx (ynkumii. Urak, dopmynra (2.14) nokasana gis
wacrroro ciydad Lz = 2. Cnpasemmusocts dopyyn (2.14) B obmen cry-
qae CJIeIyer W3 TOro, UTO JIUHEHbIil omepaTop Lz TpeiacTaBisieTcss B BUIE
JIMHEHHOW KOMOMHAIMK C HOCTOSIHHBIMEU KO(hDUIEHTAMEI OIIEPATOPOB BU/IA
Lz =280<k<n).
Jlemma gokaszaHa.
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Haiitn e4.

Paccmorpum cucremy ypaBHeHUI
T = Ax.

Y marpunbt A jiBykparHoe cobcrBeHHOe 3HaueHue A = 2. Emy orBeuaer

COOCTBEHHBI BEKTOD € = a T. K. YMCJIO JIMHEHHO HEe3aBUCUMbIX BEK-

1
0 )
TopoB paBHo 1 (cMm. § 3), TO B HameM CJyvae ecTh NPUCOEMHEHHBIH BEKTOD

0
h = . [TosTromy 0b1mee perieHne 3TOH CHCTEMBI PABHO

1
x(t)—Clth<(1)>+0262t[<(1))t+<(1))].

Bribepem C1, Cy Tak,atobn x(0) = ( (1) >, rorma C7 = 1,Cy = 0. Pemenne

npuobperaer Bug B (t) = e* < (1) ) , 1 nosromy By(t) = e ( i ) .

OKoHYATETIBHO noJjyvdaeM, 9TO

e = (By(t), By(t)) = ( e;t te;t > '

e

1o e = el (t =1). Cienosaressho,

3.5. JIuneiinbie OMHOPOIHBIE CHUCTEMBI
c nepuogndeckuMu kod3ddunuenramu

Paccmorpum cucremy auddepeHInaabHbIX YpaBHEHWIH
& =At)x, te (—o0;+00), (3.25)
riae A(t) — HenpephIBHAS MEPHOJNYECKAs MATPHIA C MEPHOJIOM W

At +w) = At).
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TOTTa

. (-1 0 s (0 1 . (10
() =) -(t)

I/ICHO.J'[I)By?{ METOJ, MaTeMaTI/I‘{eCKI/II‘?’I, MOZKHO HOKaSaTb, q9TO
4k+1 4k+2 4k+3 __ 4k+4
ASHL g g2 g At g gtk B

e k= 0,1,2,.... I[TosTomy
At tQ td t4
e :E-O-tA—EE—EA-FIE—i-...

OTKyia HAXOAMM, 4TO B 3TOM CJIydae

At cost —sint
sint  cost ’
WNuoit BapuanT OCHOBaH HA pPeAJM3AINUU CJIE/LYIONEr0 aJrOPUTMa JIjisd HAX0-

KJIeHHS MATPUYIHON SKCIOHEHTHI. PaccMOTpuM II0C/IeI0BaTE/IbHOCTD 3a0a
Kommnu

T = Az, (3.23)
x(0) = by. (3.24)
Buec k=0,1,2,...,n,

b
" 0,k # j.
b, = : ;b= k=5 )

bkn

Pemenne (3.23),(3.24) npu Beiopannom k obosuaaum By (t). CocraBum mat-
puny
B(t) = (Bl(t)a BQ(t)a el B7L(t))7
rae cronbupl MaTpunsl — pemenns Bi(t), Ba(t), ..., B,(t). Marpuna B(t) -
dbynraventanbaag Marpuna cucremsl (3.23) (BCHOMHATE HOYeMy) H, KPOME
toro, B(0) = E. Tostomy B(t) = el.
ITpumep 3.8. Paccmorpum marpuily

(31
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JIemma 2.2. IIycmo N, — Kopenv Tapakmepucmuuecko20 MHO20UACHA,
M(X) xpammnocmu k. Toeda dynryuu

xp = et py =tetmt L xy = thTlednt
ABAANOMCHA PEUWEHUAMY, YpasHenus (2.12).
HokazarenbcrBo. HamomunM, 910 A, — KOPEHb XapaKTEPUCTUICCKOTO
muorowiena M (\) kparnocru k, eciu

MA\y) =M (\y) = ... = MED(\,) =0, MB()\,) #0.
Hpumenss bopmyy (2.14) k byakmun 2,1 = t/eM (0 < j < k—1), moayaum

) M®(\) d* M@ (N\) d*
Myj (7 N\ g N 4d —
L = M= )+ S ) =0,
d
TaK Kak @(tj) =0, l>j.
Jlemma mokaszaHa.
MozkHO 10Ka3aTh 1 00PATHOE yTBEPzKAeHHe (IIPeIaraeTcst J0Ka3aTh Ca-

MOCTOSATEJIBHO).
JIemma 2.3. Ilycmo Lt"eM =0npur = 0,1,... ,k— 1. Toeoda

A — KOpEHD TAPAKMEPUCTNUYECKO20 MHOZ0UNEHE, UMEOWUT KPAMHOCTIG, HE
MEHLUWYI0 K.
Bepnenmcs tenepb K ypasaennio (2.12). Ilyctb ero xapakrepucTuuecKkuit

MHOTOWIeH nveer m(m < n) pasIudHBIX KOpHEH Aj, ... , Ap,. OGo3HAUNM
gepes ki, ... , k, ux kparsoctu. B cuity jiemm QyHKIuA
=Mt xy =teMt L xy, = thiTleMt)
_ et _ fohat _ 4ha—1 st
$k1+1—627 $k1+2*t627"'7‘rk1+k27t2 e,
(2.15)
— At — thm—1 At
Thytootbm1+1 = €5 s s Ty ety — timTetm

Oy/LyT pereHusiMu OHOPOIHOrO ypasHenus (2.12). Vx kosmvecTBo paBHO n.
MozKHO J0Ka3aTh CJIEAYIONee YTBEPZK ICHHE.

Teopema 2.5. Cucmema dynrxyut (2.15) obpasyem cucmemy u3 n au-
HEUHO HE3ABUCUMBLT GYHKUUT, U, CAedO8AMEALHO, A1060€ PEUEHUE MOICEM,
bvimb npedcmasneno 6 eude
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-
ede x; — pewenus onpedeasemuie Popmyramu (2.15), a C; — nexomopuie no-
CNOANHHBLE.

OrMmeruM, 4To ecjid XapaKTepUCTHIeCKOe YyPABHEHUE UMeeT 1 Pa3/IuuHbIX
KOpHeii, To dopmysna (2.16) npuobperaer cJeayomuii Bu

x(t) = CreMt 4o 4 Ot

Hawnbosee mpocTo jgoka3biBaeTCs JUHEHHAS HE3ABUCUMOCTH (DyHIAMEH-
TasbHOI cucrembl (2.15), ecau KOpHE Ag, ... , A, pasaudnbl. leficTBETEIBHO,
nycth ipu HeKOoTopbixX C1, ..., Cy, mnpn ¢t € (=T, T) cupaBeyIMBO TOXKIECTBO

CieMt 4+ 4+ CeMt = 0.
[IpoauddepernupoBas ero, HoJy4aeM CJe1yIOIee TOZXK IeCTBO
CyheMt - Cohet =0,
a TpOJIesIaB MOCJIeJ0BATEIHhHO JAHHYIO IPONeaAypy 7 — 1 pas, mosydaem

CiNIeMt + -+ C N\ZeMt = 0,

CINteMt o O Attt = 0.
[Ipu t = 0 npuxoauM K CUCTEME JIMHEHHDBIX aJreOPAnIecKux ypaBHeHHN

Ci+-+C,=0,
MG+ -+ ACyy =0,

N7 4 AL, =0,

y KoTopoii ectb mHemysesbie permennus Cig, ..., Cho. CiemoBaTesibHo, ompee-

JINTENIb JAHHOI cucTeMbl JoJizkeH ObITh paBeH 0. Ho, ¢ apyroit ctoponsr, eé
OIIPE/IeJIUTEIb

1 . 1
Al An
Vo= 7é 0,
n—1 n—1
T AL
€CIH A1, ... , A, — pasiauaHble dncia. [locieanuit onpeeanTess XOpoIo u3-

BeCTeH U3 Kypca BBICIIeH ajreOphl HOJ HasBaHUeM onpedesumens Baw dep
Mownda.
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4TO 1 TPeOOBAIOCH JOKA3aTh.
OrMernm Apyrue BasKHBIE CBOCTBA MATPUYHONR SKCIIOHEHTHI:
1. (eM) =4,
2. ¢ = E, ecim Ay — HyJeBas MaTpHIL,
3. Ecoim A; — kBagparHag marpuna, nogobnas marpune A, T. e.

Ay = SAS™'  (detS #0),

TO UMeeM
oo 1 3 oo 1 3 B
em:E:me;w:sQ:EMwlzs&sk
p=0 p=0
OKoHYATEIbHO IIojgy4vaeM, 9TO
exp(SAS™!) = SeS—t (3.21)

Hapsiny ¢ onpenesennem MarpudHoii skcnonentsl (3.17) st Marpuns A,
MOKHO OIPEJENTUTh MATPUUHYI0 SKCIOHEHTY JJIsi MATPUlipl tA

t t? "
At _ 2 n
e fE+1!A+2!A +...+n!A + ... (3.22)

Ormernm TPpH BazKHBIX CBOICTBA ManI/I‘IHOﬁ 9KCIIOHEHTBI YzKe JIJIsd MaTPHUIbI
tA

1. ehtA . gl2A — (titt) A

2. (etA)/ = Aetd = etAA,

3. (") = E.

HaXO}K,ILeHI/Ie ManI/I‘IHOﬁ 9KCIIOHEHTbI, OCHOBAHHO€ Ha UCIIOJIb30BAHHUH BU-
Ja pdaaa, ABJIACTCA TPYJAOEMKHUM U MTO3TOMY JIETKO MOZKeET 6bITb TIPpUMEHUMO,
ecJii MaTpHIa IIPUBEJIEHA K HOPMAaJIbHOM »KopaanoBoit (popme. JleraibHo ¢
9TUM METOJAOM MOZKHO ITO3SHAKOMHTLCA B PA3ITMIHBIX y‘{e6HI/IKaX. Hixke pac-
CMOTPHUM HECKOJIBKO IIPpUMEPOB HAXOXKICHUA ManH‘{HOP'I 9KCIHOHEHTDI.

01 . (00
HpnMep3.6.HyCTbA(O O),TomaA (0 0), n > 2.

At (1t
e —E+At—<0 e

[TosTomy 311ech

ITpumep 3.7. PaccmoTpum Matpuity

0 -1
=(V)
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49TO U JOKA3bIBaeT Hallle YTBEPXKIeHue.
B wactrocTH, HA OCcHOBaHMU (HopMyJbl (3.18), NCTIOIB3YsST OJHY W3 HUZKE-

CTOAIIUX HOPM
max E |(ljk|7
J k

[A]]2 = HISLXZ |aji,
i

1Al

rae ||E|| = 1, umeem

o0
p
= p!

Jlemma 3.1. [lycmov mampuuyot A u B xommymupyiom, m. e. AB = BA.
Toz0a
efef = eATB, (3.19)

JdoxkazarenncTBo: [eitcrBuTesibHo, B crily abCOMIOTHON CXOIUMOCTH pa3-
aoxenud (3.17) umeem

N B D) I

p=0 ¢=0

=

[Momoxum p+q=s (s=0,1,2,3...), torna¢g=s—p >0, 1e. p< s, m
CIeJI0BATETHLHO

=0 p= 0 ' s=0 " p=0

s!

pl(s —p)!
Tak xak maTpunst A 1 B KOMMyTHPYIOT, TO

rae Og) e — YHACJIO COYeTAaHUN U3 S 3JIEMEHTOB IO p-

> CrAPBT = (A+ BY.
p=0
Otcrona Ha ocHoBanuu dbopmyr (3.20) u (3.17) nomydaem

oo

1
etel = Z —(A+B) =t
s!

5=0
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VYapaxkuenne 2.2. [lokazars, 9T0

V=[] x=X)

Jk(<k)

Brpowewm, mposepky 3roro (akta MOXKHO HAWTH B MHOTMX y4eOHHKAX U
3aJa9HUKAX, OTHOCAIIUXCA K Kypey "Ausreopa.

B o6rieMm corydae 10Ka3aTeIbCTBO TEOPEMbl MOZKHO HAWTH BO MHOTHX (hyH-
JIAMEHTAJIbHBIX YIeOHUKAX 10 Kypcy auddepeHnaabHbiX yPaBHEHHI.

Dopwmyy (2.16) MOXKHO 3aIHCATH B BHJIE

x(t) = Z p;(t)ert, (2.17)

rae pj(t)  muorowien creuenu k; — 1 coorsercrsenno. IIpasyio yacrs dop-
Myiibl (2.17) IPUHSATO HA3BIBATH KGA3UMHOLOUACHOM.
Ecsn, kak u panee, ypasaenne (2.12) 10M0IHEHO HATAIBLHBIME YCJIOBUSIME

.’Z'(to) = Qg, ... 7x(n_1)(t0) = 0p—1, (218)

TO peds uier o 3agadte Komn (2.12), (2.18).

Paccmorpum mpumeps! 3aj1a4, /1€ Tpebyercst inOo HalTH obIee perrene
ypasuenust (2.12), suGo peunrs 3ajauy Kowm (2.12), (2.18).

ITpumep 2.5. Pemuts 33021y Korrm

i—x=0, 2(0) =0, £(0) = 1.

Brinuimem XapaKTepHCTHYECKOE YPABHEHHE JIJIA JTAHHOTO AuddepeHiy-
AJILHOIO yPaBHEHHsI, KOTOpoe bGyaer mMmers ciaegyomuii Bug A2 — 1 = 0.
OTKyzma ciieayer, 4To HMOCJIeHee ypaBHEeHHe uMeeT 1Ba KopHsa —1,+1. Cie-
JIOBATEILHO, PENICHUE MOYKET OBITH BBIIMCAHO B CJIEAYIOIEM BHJIE
z(t) = Cre™! + Cqe!, tae Cy, Cy — NPOU3BOIBHBIE TOCTOAHHEIE.

Y106l HAITH KOHKPETHBIE 3HAYCHUSA MPON3BOJBHBIX mocToaaubx C, Cy,
HY2KHO II0C/I€ BBIIMCHIBAHUS OKOHYATEILHOIO pElleHUd B 00LIeM BUJE Pe-
IIUTh YpaBHEHHE ¢ HAYATIBHBIMHU ycioBusMu. Vrtak, u3 yeiaosuit z(0) = 0

cnenyer, uro C7 +Cy = 0, a u3 yeaosus £(0) = 1 caenyer, uro —Cy 4+ Cy = 1.

1
W3 monyuupmuxca cucrem jmias Cp, Co HaxomuMm, uro Cp = —5 Cy = 5
ITpumep 2.6. Haiitn pemenne 3amaun Kommmn

2V — 3 =0, 2(0) =1, #(0) = -1, ¥(0) = 0.
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B 5ToM mpuMepe XapaKTepHcTHYIecKoe ypaBHenme umeeT sum AT — A2 = 0.
Kopnu nmocieanero A\, = 0 — kparaoctu 2 u Ay = —1, A3 = 1. Tak kak cpemu
KOpHEH JIAHHOTO XapaKTePUCTHYECKOrO0 yPaBHEHUS €CTh KOPEHb KPATHOCTH
2, TO pemenne OyneT 3aIllCaHo B CICTYIOMeM BIIe
2(t) = C1e% + Cote®t 4+ C3e + Cyel. Ormernm, 4To BTOPOE CilaraeMoe B pe-
MIEHNH BBHITICAHO C YUETOM TOTO, YTO KPATHOCTh KOpHS A = 0 paBHa 2. Tak
x(t) = C1 + Cot + Cse™t + Csel. Tloce BHIMUCICHAS 3HAYCHUTT TTOCTOSHHBIX
C;, = 1,4 nonyuaem OKOHYATEILHLIH OTBET JITA JAHHON 3a/auu

1
I(t)=2+t*§(€t+67t)=2+t+cht.

ITpumep 2.7. Haiitn obmiee perienne ypaBHEHUS
T+x=0.

Xapakrepuctudeckoe ypasuenue A2 4+ 1 = 0, KOpHE KOTOPOro \; = 4,
Ay = —i. Crie1oBaTeIbHO, PellieHrne B KOMILIEKCHOH dhopMe MOXKeT ObITh BbI-
mucano B caeaytomenm suge () = Cre” %+ Chel. Yrobn mepermcats yparHe-
Hue B JeficrBuTebHOI (popMme, Tpebyercsi BbIIEUTh JIMHEHO HE3aBUCHUMBbIE
pellleHns JaHHOTO ypaBHeHH. JIeTKo I0Ka3aTh, 9TO B TAHHOM CJIydae JHHedi-
HO HE3aBUCHMBIME DeITeHusaAMA OyayT sint, cost. OTMeTnM Takzke, ITO TUC-
JIO JIMHEHHO He3aBUCUMBIX PEIIeHNIT TOTAKHO PABHATHCS MOPIIKOBOMY UUCTY
ypasHenus. ltak, pemmenne B jieiicTBUTENHHON (hopme
x(t) = Cycost + Cysint. 3nech Gbuta ucnoap3oBana Gopmya Jitnepa

e = cost + isint,

a TaKzKe TO 0OCTOATEeNbCTBO, UTO JJI JIUHEHHBIX OTHOPOIHBIX nuddepeHnu-
AJbHBIX YPABHEHHII C JICHCTBUTEIHHBIMI KOIDDUIMeHTaMn TeiHCTBATEIHHAS
7 MHEMAsl 9aCTH KOMILIEKCHO3HATHOTO DEIeHHs TAKZKE YIOBIETBOPSIOT 9TO-
My yPaBHEHHIO.

ITpumep 2.8. Haittu ob1mmee permenne

2V 427 4o = 0.

Xapakrepucruueckoe ypasuenue umeer s A* 4 2)\2 + 1 = 0. Pewau
ypaBHeHUe, HaXOUM KODHH YPaBHEHHS A = ¢ KPATHOCTH 2, Ao = —i KpaT-
noctu 2. Pemmenne B koMmiekcHoit hopme OyaeT 3amuCcaHo B CJI€/ Iy IONEM BH/IE
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Marpuina A uMeeT TpeXKpaTHOE COOCTBEHHOE UUCJI0 A; = 2, KOTOPOMY OTBe-
1

qaer cobcrBenubiit BeKTop € = | 2 | . OcrajabHbie BEKTOPBI  3TO MPHCO-
1
eJIMHEHHBIE BeKTOPHI. [IpucoenHeHHbII BeKTOPD A HAXOMUTCS U3 ypaBHEHUS
(A— a1 E)hy = 1. B mamem coyqae /11 HAXOXK/IeHHsT KOMIIOHEHTOB BEKTOPA
hy TpebyeTcst pemuTh CuCTeMy
23’)1 — X9 = 1,
31}1—1‘2—1}3:2,
Tr1 — T3 = 1.

0
OTKyJa hy = —1 | . CoorBercTBeHHO hy — OHO M3 PEIleHUil CHCTEeMbI
-1
0
(A= E)hy = hy, otkyna ho = | 0 | . Obmiee penrenne
1
1 1 0
2(t) =Cre® | 2 | + Che? 2 |t+ | -1 ]+
1 1 —1
1 2 0 0
+Cye?t 2 5+ -1 ]t+1] 0 }
1 —1 1

3.4. MaTpuyHag 3KCIOHEHTA

[Tycrs A = {a;} — KBaJparHas MATPUIA TOPSIKA 7.
Omnpegenenune 3.6. [log MaTpuyaHON! SKCITIOHEHTON KBAIPATHONR MATPHITHI
X moHmMaeTcs MarpudIHas (QYHKIUS

= A -

expA =e’ = Z o (3.17)
p=0
Marpuunstii paz (3.17) cxoaures agig mo6oii KBaapaTHoil MaTpunsl A u npu-
ToM abcosrorHO. [Ipoepka 3roro dakra jgocratodno oueBnaHa. CocraBisist

COOTBETCTBYIONMUN psiJi HOPM, B Pe3yJibTaTe IPUX0/IUM

oo A P oo A P
Z—“ '” §||A||+Z—H |” < o0, (3.18)
p=0 P p=1 P
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... + ¢s = n JUHEHO HE3aBUCUMBI, TO OIpeJeNuTeNb BpoHcKoro mpu ¢ = 0
ormmuen ot wyas (W(0) # 0), uto B cury teopembr 3.6 n onpejenenust 3.2
JloKasbiBaer JuHeiinyo nesasucumocts (3.16).

B sroM ciiydae obliee pelieHne MOXKHO [MPEJCTABATH B BUJE

tqk_lll(cl)

z(t) = Cle/\ktl,(cl)+CQe/\’€t(ll(€2)+tl(1))+...+CkeA"t(l,(€q’“)+tl](€q’“_1)+...+m ,
k — .

rae Oj — IIPOU3BOJIbHBIE ITOCTOAHHBIC.

1
st coBCTBEHHOTO BEKTOPA l,(g ) BhinmchiBaeTcs HEHOYKA HPUCOETMHEHHbBIX
1 .
BEKTOPOB llg ). l,(cq").

ITpumep 3.4. Paccmorpum cuctemy

T = Az,
rae
4 -1 -1
A=[1 2 -1 ],
1 -1 2

y KOTOPO# eCThb MPOCTOe COOCTBEHHOE YHCI0 A; = 2 W JBYKPATHOE — Ay =
A3 = 3. CoOCTBEHHOMY YHCJIY A = 2 COOTBETCTBYET COOCTBEHHBIN BEKTOD

1
e1r=| 1 |, acobcrBenHoMy 9dHuCIy A = 3 OTBEYAIOT COOCTBEHHBIE BEKTODDI
1
1 1
€y = 11, e3s=1[ 0 |, nomapuo jmHeHO HE3ABUCUMBI
0 1

(n=3r=1—,k=n—r=2).
[ToaTomy 0O1Iee perieHne MOYKeT OBITh 3alUCAHO B CJIELYIOIIEM BHJIE:

1 1 1
’E(t) = 0162t 1 =+ OQ@St 1 + 03€3t 0
1 0 1
ITpumep 3.5. Paccmorpum cucremy
4 -1 0
t=Ax, A= 3 1 -1
1 0 1

2(t) = Cre™ + Cyte 4 Cae® + Cyte’. Boienss TuHEHHO He3aBUCUMBIE JIeH-

CTBHUTEJIbHBIE DEIeHnsd, nojy4daeM sint, tsint, cost, tcost. Beimuimem pere-

Hue B geiicreurenshoit hopme x(t) = Cysint + Cot sint + Cy cost + Cyt cost.
IIpumep 2.9. Haiitu obmiee pemenne

T+ 2ix = 0.

XapakxTepucTraeckoe ypasaenue A2 +2i = 0, KOpHE KOTOpoTo A; = 1— i,
Ay = —1 +i. Pemenne B KOMIIEKCHO# popMe MOKET OBITH 3aMUCAHO B BU/IE
eymmpr z(t) = Crel=0t 4 Chel-1+0¢,

3ameuanue 2.2. Eciiu B ypaBHeHUN

2™ 4 a(n,l)xm*l) 4+ ...+ at+agr =0
a; € C, 10 a; € R, T0 0bIee pelieHre MOKeT ObITH 3aIlHCAHO TOJIBKO B KOM-

IEKCHOIT hbopme.

2.5. JluneiiHbie OJHOPOAHBIE YPABHEHNS BTOPOTO HNOPSAAKA C MOCTO-
AHHBIMHI KO3 PUuIiiueHTaMu

PaccmoTpuM ypaBHeHEE
2+ 2az 4+ bx =0, (2.19)

e a, b — BeIecTBeHHbIe MOCTOsTHHBIE. KOpHI XapaKTepuCTHIECKOTO ypaBHe-
mug A2 4 2a\ + b = 0 pasub

)\172=7a:t V(l2*b.

B 3aBUCUMOCTHU OT COOTHOIICHUA MEXKIY YuC1aMu a, b BO3MOZKHO HECKOJIb-
KO BApUAHTOB perieHuii ypasuerug (2.19), a ciegoBaTesbHO, U MOBEICHUS
periennii. Pazbepem pasHbie ciIydan M0 OTAEIbHOCTH.

1°. Baryxaromme rapmormdeckue Kogebanusg. [lycrs a > 0,a? < b,
Toryia Ay 2 = —a £ iv/b — a? u BCE BemiecTBeHHbIE pelneHus ypasHenus (2.19)
UMEIOT BHUJL

= "(Cycoswt + Cysinwt),w = Vb — a2,

rie C1, Co — MPpOM3BOJIbHO BENIECTBEHHBIE MMOCTOSTHHBIE. Perlennss MOXKHO 3a-
1CaTh B UHOM BH/I€

x(t) = Ae % cos (wt — ), (2.20)
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cy o C.
rie A = \/C?+ C2 cosp = = sinp = =, OyuKIWs, 3aMnCaHHAs B BHU-

A’ A
qe dopmyabr (2.20), — HEMEPHOAMIECKAsT, HO €6 HyJIM, & TaKkKe MaKCHMY-
2
Mbl U MHUHUMYMbI [EPUOJUYECKH MOBTOPsitorcst, ¢ nepuojom 1T = —. Ko-
w

siebanust, KOTopble onuchiBatorcst popmynoii (2.20), 3aryxaromme, Tak Kak

lim z(t) = 0. Bequunna Ae™* naswiBaerca amnaumydoti xorebanua. Bean-
t—-+o0

1
yuHA § = G HA3BIBAETCs Koadduyuenmonm damyranus. OHa paBHa § = —, rJe
T

T - IPOMEZKYTOK BPEMEHH, 3a KOTOprfI AMILTIUTY A KOJIEOAHUS YMeHbIIaeTCA

T
B a pa3. Bermuuna d = 07 (10 ecrb d = ——) HA3BIBACTCS A02APUPMUNECKUM

dexpemenmom 3amyranus. ITa BeJININHA TOKA3BIBAET, HACKOJIHKO YOBIBAET
amiuTyaa GyHkimu cos (wt — @) 3a OJUH HEePUO/I.

20, Anepuoaudeckuii mporecc.

2.1. Ilycts b > 0,a > 0, —b + a® > 0.

Permernne nmeer Bu

.Z'(t) = Cle’\lt + CQG)‘zt(ALQ < 0)

1 He KOJIeOJIeTCsI. DTO OTBEYAET HAJMYHUIO OOJIBIION0 TPEHUST U HOJIBIIHX 10~
Tepb B CHCTEME.

2.2. [Tyctb b < 0. Torga kOpHU A1 2 00a BEIeCTBEHHBI, HO PA3HbIX 3HAKOB.
B sanHOM ciyuae, kak u B ciydae 2.1, pelenue He KoJ1eb1eTcst 1 9T0 0TBeYaeT
HaJIMYHIO OOJIBIIOrO TPEHUs U OOJIBIINX HOTEPb B CUCTEME.

39, PacemorpuM Tenephb ciydail @ < 0. B 9ToM ciydae pemieHus HMeEIOT
BHJT

2(t) = Ae™ cos (wt — ¢)(a® < b),
z(t) = AeH(CreV @b 4 Che V'),

B nepBom ciydae ammmryaa koneGanuii Ae” % HeorpaHWIEHHO BO3pACTa-
er co BpemeneM. Takoii Iporece MOKeT ONUCHIBATHCS JTHHEHHBIM YPABHEHIEM
TOJIBKO HA KOHEUHOM IIPOMEKYTKEe BPeMEHH, TaK KaK KoJebaHust ¢ GOJIbIInMY
aMILTHTYaMi HelnHeiHbI. Bo BTopoM ciydae mpu b > 0 ammturyma Koseba-
Huil Tak ke HeOrpaHUIeHHO Bo3pacraer. Ilpu b < 0 mMeercst eJUHCTBEHHOE
(C TOUHOCTBIO 10 MHOXKHUTEJIs1) YOBIBAIOIIEE DeIIeHHe

z(t) = el-a-Var-br,

o4

CdopMmymupyeM BazKHBI pPe3yIbTaT, KACAIONUHACT CTPYKTYPbl (byHIa-
MEHTAJIbHOI CUCTEMBbI PEeIIeHU.

Teopema 3.11. Cywecmsyem cucmema u3 n AUNEUHO HE3GEUCUMBIT
8eKMOPOB li’“ Ur = 1, 0yq5, k = 1,..,8), ydosaemsoparowux caedyrouyum
COOMHOULEHUAM

ALY = 2\,

AP = NP+ 1D,

(3.14)
Al](ch) — )\kl](qu) + l](chfl)7

2de cymma Qi, OMBeUAOUWUT 00UHAKOBHIM i, PAEHA as2ebpauMeckol Kpam-
HOCTIU, 9MO20 KOPHA.
BekTopbt l,(f), - l,(cq’“) HA3bIBAIOT NPUCOCOUHEHHBLMYU BEKMOPAMU, TTOPOZK-
JICHHBIMI COOCTBEHHBIM BEKTOPOM ll(:). Or™meTnm, 9TO KOPHHU A TIPH PA3HBIX
k MOTYT OBITH OTMHAKOBBLIMH.
Nrak, paccMoTpuM KopeHb Ag. EMy oTBewaer perenue xgcl) = llil)ekkt.
Takxke emy orsevator eme (g — 1) pemenuii.

Teopema 3.12. Kaorcdomy xopmio A, omeenwaem q, pewenut 6uda

2 = (WMt

;rl(f) = (l,(f) + tl,(cl))e’\kt,

(3.15)

—17(1)
o=ty

(g — 1)!

Tax kax Kaotcdomy Ng, k= 1,..,8 omeenwaem q, pewenut suda (3.15), mo
ecezo0 umeemca q1 + qo + ... + qs = n pewenu’

A (1) (s Jet

l.gl) (q1) xg1)

™M gl (3.16)

b I

Teopema 3.13. Pewenua (3.16) obpasyrom dyndamenmanvryio cucme-
MY pewenuti 001opoonot cucmemv, aunetnux OJY (3.10).
JokazaTeabcTBo: [10CKOIbKY 371(@1) = l,il)7 ...,:n,(f"‘) = (l,(cq"‘) (k=1,.,8)

)

2
npu t = 0 u, coracHo Teopeme k, BEKTOPHI l,(c ), e l,gq’“ B KOJINYECTBE ¢1 + o+
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OJIy9uM

_ cos 2t 3¢ _ sin 2¢ 3t
u(t) = ( cos 2t + 2sin 2t ) e, ()= ( sin2t —2cos2t ) €

Tak kax dyuxunu u(t) u v(t) o6pasytor dbyHIAMEHTAIBHYIO CUCTEMY DemIe-
HUil U1 paccMaTpUBAeMOil CHCTeMBI, TO obIlee pelieHne OyIeT MMEeThb CJIe-
VIO BUJ,

o cos 2t 3t sin 2t 3t
o(t) =G ( cos 2t + 2sin 2t ) eT+Cy < sin2t —2cos2t ) € ¢, G € R.

3. Cnyuaii KpaTHBIX KOpHeil. B sToMm ciywae ecTh 2 BapmaHTa BBI-
6opa dyunaamentanbroro pemenust cucrembt (3.10). Do Gyuer 3aBucersb or
OTIpejIe/IEHNsT KOJMIECTBA JUHEHHO 3aBUCHMBIX PEIICHUIT, & TAKAKe 0T aared-
parvecKoil U reOMeTpUYeCKOl KPaTHOCTH.

3ameuanue 3.2. Hamomunm, 9to ecan y Marpunpbl A ecTh ¢ JMHCTBEHHOE
9mucJ0 A = A1 KpaTHOCTH N (anrebpandeckass KpaTHOCTh PaBHA M), TO YHCJIO0
COOCTBEHHBIX BEKTOPOB k (reoMerpuyueckasi KpaTHOCTD), KOTOPbIE JIMHEHHO
HEe3aBUCHMBI, ONpeJIesIoT 10 (GopMyIe

k=n-—r,

rae r — panr Marpuist (A — A E).

[Iycts A = Ay KOpeHb KpaTHOCTH M > 1 XapaKTEePUCTUIECKOrO ypaBHe-
Hust (3.10) 1 9TOMY KODHIO COOTBETCTBYIOT DOBHO 1 COOCTBEHHBIX BEKTODOB
matpuns A(anrebpanveckast KpaTHOCTb = reoMeTpuieckoil Kkparnocru). B
5TOM CJIydae KOPHIO A OTBEYAIOT M YACTHBIX pernenuii cucrembl (3.10) Bua

M At
)

are™t ane™t L ame (3.13)
Pemenne (3.13) obpasyer JmHEHHO HE3aBUCHMYIO CHCTEMY DETNEHWUiT OIHO-
poanoii cucremst snneiinsix OJ1Y (3.10).

[Tyctb A\ coOCTBeHHOE 3HAYEHHE MATPHUILI A, a 3HAYUT — KOPEHb XapaK-
repucTuieckoro ypasaernus (3.10). [Ipeamnoozkum, 9To €ro KpaTHOCTH PABHA
m > 1, HO 5TOMY cOOCTBEHHOMY 3HAUEHUIO COOTBETCTBYET My < M COOCTBEH-
HBIX BeKTOpOB. Torma ero aarebpandeckast KpaTHOCTh M > Mp — FeOMeTPH-
qeckoit kpaTHocTu. V3 Kypca anreOpbl W3BECTHO, YTO B TAKOW CHUTYAIMH Yy

MaTpPHUIIbI A ectb m — M1 NIPUCOECJIUHEHHBIX BEKTOPOB.

86

Tenepb paccMOTPUM YacTHBIE cIydan ypasHerud (2.10), BazKHble ¢ TOUKH
3pennst npuaokeruit. Cpean 9acTHBIX CIYYIaeB OTMETHM B TEPBYIO OY€peIh
ciaydait a = 0, KOTOPBIIl IPUMEHAM BO MHOTHX (DH3UIECKUX H MEXAHUICCKUX
NPUIOKEHUAX U 3a1a9ax. Mtak, paccMorpum ciaydait a = 0 6oJsiee moapobHO.

4°. Tapmounueckue xoyebauus. [lycrs a = 0. Torna ypasnenue (2.19)
MOXKeT OBITh MEPENUCAHO B CJEIYIONEM BH/IE

i+ br = 0. (2.21)

4.1. ITyctp b < 0. Jannpiii caydail He mpejcTaBisieT HHTepeca, TaK Kak
OH COBIIAJAeT CO CJIydaeM 2.2, KOTJIa KODHH Aq 2 002 BEIIECTBEHHBI U PA3HBIX
3akoB. OTBET OTHOCUTEJILHO PelIeHU aHAJIOTMYeH KaK U B ciydae 2.1, Tak
U B caydae 2.2.

4.2. Ilycts b > 0. XapakTepucTudeckoe ypasaenne ecTbh A2 + b = 0, Tax
410 Ao = +ib u Beskoe Bewiecrsennoe peuienue ypastenust (2.19) umeer
BH/

z(t) = Cy cos (wt) + Cysin (wt), w? =b
HJTH 3aIICAHHOE B HECKOJBKO JPYTOM BHJE

x(t) = Acos (wt — ),

e A= +/C?+C3%, cosp=C1 A, sinp = % Yncio A HasBIBaeTCd AMNAU-
2T
mydoti korebarut. Komebanus coBepiaiorces ¢ nepuojgom 1T = —.
Mexannueckast nin jpyras pusndeckas CUCTEMA, KOTOPast gfmeIBaeTCﬂ
ypasaenneM (2.21), HA3BIBAETCSI 2aPMOHUNECKUM OCUUALAMOPOM. [Ipunvepst
TakuxX cucreM: 1) MaJible KosieOaHUS MasgTHHKA, 2) MaJble KoJebaHus rpy3a,
TTO/IBETIIEHHOTO HA YMPYTOW TPYKUHE, MO JEHCTBUEM CHJIBI TSYKECTH,
3) ssekTpuyeckue KojaebaHus B KOHType, cocrosimeM u3 eMkoctu C' n uHyK-
THBHOCTH L.
5% Cayuait kpaTHBIX KOopHeii. Ilycts a? — b = 0. B mamsOoM ciydae
XapaKTepPHCTHYIECKOe ypaBHEeHHe IMeeT KOPeHb \j o = —a@ KPaTHOCTH 2.
5.1. [Tycre a > 0. Torma perenne 6y1eT BBITISIETH CJIELYIOMNAM 00pa3oM

z(t) = Cre™™ + Cyte™ ™.

B sTom ciyvae 1o amminTyjie perenne yobBaer.
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5.2. Ilycts a < 0. Torma pemenne yzke OyIeT 3allHCAHO B CJIEAYIOIIEM
BHJIE

2(t) = Cre™ + Cote™.
Pemnternune B 3TOM citydae 1o aMmILiuTyjie BO3PacTaet.
2.6. YpaBHeHne Jiinepa

JIuneitHOEe ypaBHeHNE BH/IA
™y 4 qp=Dytr=D 4 4, zy + any = 0, (2.22)

e a; = const, i = 1,...,n Ha3bIBaeTCs ypasnenuem Jisepa. Huxxe, aist
OIPeJICTICHHOCTH, OyJeM CIuTaTh, 9To x > 0. Jlemad sameHy T = e!, ypaBHe-
mne Ditjiepa MOKHO TPUBECTH K YPABHEHUIO C TOCTOSHHBIME KOI(hdUIIneH-
TaMM, TaK KaK CIIpaBe/[JINBbl DaBEHCTBa

SR SN SN liy
y=y-r=¢€ey,y o

. Y
y:y/et+y//€2t’ y//:%_§7...

3mech TOUKOIT 0603HAYMEHA TPOU3BO/IHAS 110 ¢,  IMTPUXOM TPOU3BOIHAS TI0 .
AHATOTHYHO MOXKHO HOKa3aTh, uto ¥y ectn numeiinas koMOuHamus mpo-
U3BOAHBIX (DYHKIIUU Y TI0 TIEPEMEHHOiT ¢ ¢ TTOCTOTHHBIME KO DUIIEeHTAMI.
Bonee abdexruBnbiii criocod narerpupoBanus ypaBHenus Jilaepa cocTo-
UT B TOM, 4TO DeNIeHHe HIIeTcs B BHAE y = 2. Ilocje TOACTAHOBKH 3TOM
dbyuxumu B (2.22) moIyvaeTcs XapaKTepPUCTHYECKOE YPABHEHUE JIJIsT OTIPEJIE-
JIEHUST A
AMA=1)-...-A=n+D+auA(A-1) x...

X(A=n+2)+...+ a1 A+ a, =0. (2.23)

Bug obmero pemtenust ypaBHeHug (2.22) ompeessercs BHIOM KODHei
XapaKTePUCTHIECKOTO YDABHEHHUs (XapaKTePUCTUYECKUMI 9HCJIAMHU) U WX
KpaTHOCTbIO. Pa3bepeM 1O OT/e/1bHOCTU PAa3JIMYHbIE CJlyuyan KOPHe# Xxapak-
TEePUCTHYECKOrO YPABHEHHS.

1. Cayuait nmpocThix KopHeit. Kopran Ag, ...\, XapakTepuCTHIeCKOro
ypaBHeHus (2.23) pasiuuHbl. TO 03HAUAET, UTO KaZKIOMY IPOCTOMY KODHIO
\; OTBedwaeT wacTHOe pemenue r ypasnenus (2.22).
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Ucnonbsysa dopmyny Diiaepa
e = cost + isint,
npeobpasyem pyuknumio z(t) K Buy
2(t) = (p+ig)e™(cos bt+isin bt) = e (p cos bt —qsin bt)+ie(q cos bt+psin bt),
nmm z(t) = u(t) + iv(t), rue
u(t) = e™(pcosbt — gsinbt), v(t) = e™(qcosbt + psinbt).

Ecinm a = p+iq coberBeHHblit BEKTOP, COOTBETCTBY IOIIMI KOPHIO
A = a + b xapakrepucTnueckoro ypaBHennust (3.12), To KOMILIEKCHO COIpsi-
JKEHHOMY KODHIO A = ¢ — ib Gymer COOTBETCTBOBATH KOMIICKCHO COIPSKEeH-
Hoe pemieHne @ = p — iq. Tak kak T(t) = e Taxixe Oy/eT perreHnemM
cucrembr (3.10), To B cuiy JmuelinOCcTH cuctembr (3.10) eit GyayT ymosie-
TBOPATH U BeKTOp-byHKmu u(t) = %(x(t) +Z(t) nmo(t) = Ez(f(t) —z(t)),
NPUHNMAIONINE 3HAYCHUA B R™.

Takum obpazom, ekrop-byHkimn u(t) u v(t) sBasoTCs AeficTBUTEbHO
1 MHHMOIl IaCTSMH KOMILTeKCHO3HATHOf (byHkmmn z(t) = ae u pemennsayvu
cucremsl (3.10). Ormernm, uro Gyuxuun u(t) u v(t) juHeiiHO He3aBUCUMBL
B R. 3HAYUT mape MPOCTHIX KOMILIEKCHO COMPSYKEHHBIX KOPHEH A = a +
ib XapaKTepHCTHYECKOTO YPABHEHUS COOTBETCTBYET MAapa JeHCTBATEIHHBIX
JMHEIHO He3aBUCHMbIX pentenuii cucremst (3.10).

Vuopaxuenue 3.2. [Iposeputsb, uro u(t) u v(t) JuHEHO HE3ABHCUMBIL.

ITpumep 3.3. Paccmorpum cucremy (3.10) mpu n = 2, a

=5 %)

XapaKTepuCTHIECKOe YpaBHEHWE MMEET KOpHU A; = 3 + 2i, Ay = 3 — 2i.
Kopusim A1, A2 coorBeTcTBYI0T COOCTBEHHBIE BEKTOPA

B 1 B 1
“a=l1—2 ) 27142 )

Boiienssa neficTBUTEIbHYIO 1 MHUMYIO YaCTH JIjIs BEKTOP-(DYHKITUT
:L“(t) —a e)qt _ 1 e(3+2i)t
! 1—2 '
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IWIN B KOOPIHHATHOH opme
Il(t) = 016325 + Cgeiit,

.Z‘Q(t) = Cle?’t - CQCiit.

IIpumep 3.2. Pacemorpum cucremy (3.10) B corywae n = 2, a

-(21)

XapakTepucTHIecKoe YPaBHEHUE B JAHHOM CJIydae MMEET BHJL

2—-A 1
3 4-=A

‘—A2—6A+5—O.

Ero kopau A\ = 1 Ay = 5. CobCTBEHHOMY 3HAYEHUIO A; COOTBETCTBYET COO-
CTBEHHBII BEKTOD €1, & Ay — €9, TJIe

(1) - (2)

CremoBaresibHO, 00IIee perleHne

2(t) = Cyet < 4 ) + Gyt < ; > 7

a C1, Cy — MpOW3BOJIbHBIE JIEHCTBUTEIBLHBIE TTOCTOSTHHBIE.

2. Cayuaii KOMILJIEKCHBIX KOpHeii. [lycTth cpean mpocThix KOpHEil xa-
PAKTEePUCTHIECKOTO YPABHEHNS €CTh KOMILTEKCHBbIe. Takme KOPHH pa3miess-
OTCsI HA APy KOMILTEKCHO CONPSIZKEHHBIX KOpHeil A = a + ib, A = a — ib, 1o-
CKOJIBKY XapaKTepHCTHIeCKoe ypaBHeHne (3.12) aBisieTcss ypaBHEHHEM CTe-
neHu n ¢ JgeficrBureababiMEI Ko3ddurnnentamu. Kak B JaHHOM ciiydae, Tak 1
B Gonee obmieii curyanuu obmee penrenne Oyzer BurIsIeTb B (opme (3.11).
[Ipn HATHYNN KOMILTEKCHBIX COOCTBEHHBIX 3HAUEHHH, KaK B HAIEM CJIydae,
pemenue B ¢hopme (3.11) HA3BIBAIOT peneHneM B KOMILTIEKCHOH hbopme. Mox-
HO HOJIYYUTDH PEIIeHNe B JefiCTBUTEIbHON (hOPME, T. €. U3 BUIa KOMILIEKCHBIX
peleHnil BEIACINTD JTHHEITHO He3aBUCHMbIE 1eiCTBATE/IbHBIE pemennd. leii-
CTBUTEIHHO, KAZKIOMY KOMILJIEKCHOMY KOPHIO A = a + ¢b cooTBeTCcTByeT €00-
CTBEHHBIN KOMILIEKCHBIl BEKTOp o = p +1q, p,q € R™. Jli1a noaydeHHbIX
A ¥ (¢ PACCMOTPUM KOMIIJIEKCHO3HATHYIO BEKTOP-YHKIIHIO

z(t) = ae™ = (p +ig)el@),

84

CrieioBaTeNIbHO, BCAKOE PEIleHne YpaBHeHUs Dilrepa mMeeT B
y= CiaM + Cox?® + ...+ Cpa,

e C, Cs, ... C), — TpOU3BOJIbHBIE TOCTOSTHHBIE.

2. Cayuaii komniaekcHbIX KopHeii. Ecin koaddunuentsr ypasaenus
(2.22) BemiecTBEHHDI, TO KOMILJIEKCHbIe KOpDHH ypaBHeHud (2.23) GyayT mo-
HAPHO KOMILIEKCHO-CONPSIZKEHHbIMI: A1 = « % 4. B arom ciyuae nape
MPOCTBIX KOMILJIEKCHBIX KOpHel « & i3 MOTYT COOTBETCTBOBATH JBa BeIlle-
CTBEHHBIX 4ACTHBIX pemenns: £ cos (Glnx), z%sin (fInz) (sT0 cnexyer n3
onpesienenuss 1t = eMN®). CoOTBETCTBEHHO DelieHns ypaBHeHHs Jiinepa B
caydae KOMILTIEKCHBIX KOpHeil B JieficTBUTEIbHON (bopMe nmeeT B

y = C12° cos (Blnz) + Coz® sin (Binz).

3. Cnyuaii KpaTHbIX KOpHeii. Xapakrepucruiaeckoe ypasaenue (2.23)
UMeeT KOPHHU A1, ..., Ay KpaTHOCTH Ry, ..., Ry coorBeTcTBeHHO. Torma Beskoe
pelrenre ypaBHeHusT Diiilepa nMeeT BUT

y = P(Inz)z™ + Py(Inx)z™ + ... + P(lnz)a’,

rae Pj(t) — npousBosibHblil MHOrOWIeH OT ¢ cremenn Rj — 1.

OTMeTHM TakzKe eIle JIBa THIA YDABHEHUIl, SIBJISIONIUXCS OJU3KUMEH K
yPaBHeHHsIM THIA Diijiepa, KOTOPhIe ¢ MOMOIIBIO 3aMEH CBOJSITCS K ypaBHe-
HUSIM C HOCTOSTHHBIMU KO3(DDUIMEHTAMHE.

2.7. Ypasuenue Jlarpan>ka

9T0 ypaBHEHHE BUIA
(az + b)"y™ + ay(az + b)" 'y 4 4 a1 (az + b)Y + any =0,

rae a,b,a; = const (j =1,2,...,n). 3amena ax + b = e' ceomuT ypasHeHne
Jlarpamzka K JIMHEITHOMY YpaBHEHHIO C TIOCTOSHHBIME KO3(hMUITHEHTAMU.

2.8. Ypasueuune YeoOrniimesa
9T0 ypaBHEHHE BUIA

(1 —2%)y" — 2y +n’y =0 (n = const).
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C nomompio 3aMeHbl ¢ = cost (npH |z| < 1) ypaBaenne YeGbiuieBa cBOHTCS
K yPaBHEHWIO

d*y
W + TLQy =0.

Hurke mpuBesieM HeCKOTBKO MPUMEPOB HA KazK/IbIil TUI YPAaBHEHUI, M3y TeH-
HBIX B 5TOM maparpade.
IIpumep 2.10. [IpounrerpupoBars ciejyiomiee ypaBHeHue

22y 4 62y’ + 4y = 0.

B aHHOM C/Iydae 9TO ypaBHeHHe Diijepa, pellleHns KOTOPoro 6yaeM HCKATh
B Buge ¥y = 2. Toraa mosyvaem

2PAN = 1)2M 2 F62da ! F42r =0, AN — 1) +6A +4 =0, 2+ 5\ +4 =0,

orkyma A\; = —1, Ay = —4. [losromy y = Crz~ " + Chz ™%
ITpumep 2.11. [Ipounrerpupyiite cienyiomiee ypaBHeHUE

22y 4 bay’ + 4y = 0.

D10 ypaBHEHHE OTHOCHTCS K TAKOMY K€ THILYy, YTO M ypPaBHEHHE B IPUME-
pe 1. TTocaie noacranoBku u peobpa3oBaHUil Mbl IPUXOJAUM K CJIEAYIONIEMY
XapakTepucTHieckomy ypasHermio A2 + 4\ +4 = 0, otkyga Ao = —2 —
JIBYKPATHBIH KOpeHb. [loTomy ofmiee pemenue umeer BU

Yy = Ciz 2+ Cox%lnz.
ITpumep 2.12. [IpouHTErpUpPOBATH ClEAYIONIEE YPpABHEHUE
z2y" + 3zy’ + 2y = 0.

B pesyabrare mMOACTAHOBOK MPUXOAMM, UTO XaPAKTEPUCTHIECKOE YPABHEHUE
Oy/ieT BhIIsIETb clejyiomum obpazom A2+2X+2 = 0, orkyua Ao = —144.
[TosToMy pereHne MOXKET OBITH 3AMHCAHO TAKAM 00PA30M:
y=Cir~tcoslnz + Cyr~'sinlnz.

ITpumep 2.13. [IpounrerpupoBarh ciejyoliee ypaBHeHUE

(z+1)%" +4(z + 1)y +2y = 0.
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unu det(A — AE) = 0, Ha3BIBaeTCH Taparmepucmuseckum ypasreruem. Kop-
HU ypaBHeHust (3.12) HABBIBAIOTCS COOCTMEEHHLLMU 3HAYEHUAMU MATPATH A.

Bug o6mero pemenunst cucrembr (3.10) onpenensiercss KOJM4ecTBOM KOP-
Heil XapaKTepPHCTHYECKOTO ypaBHEHHs, UX KPATHOCTBIO, a TaKKe TeM, Ka-
KO€ KOJINYEeCTBO COOCTBEHHBIX BEKTOPOB MaTPHIIbI A COOTBETCTBYET KPATHBIM
KOPHsIM ypaBHeHnus (3.12).

PaccMoTpuM BO3MOYKHBIE CJTyUTaH.

1. Cayuaii nmpoctbix KopHeii. [lycTs Bce KOpHE Aq, ..., A\, XapaKTepu-
cruueckoro ypasaerug (3.10) mefcTBUTEIbHBL U PA3JIMIHDBL, KAK yZKe ObLIO
OTMEYEHO, MOYKHO C(POPMHUPOBATH N-PABIAIHBIX JTHHEITHO HE3ABUCAMBIX Pe-
wenuit Ej(t), a ¢opmyna (3.11) unrepuperupyercst kax obuiee peuienue cu-
crembl puddepennuanbubix ypasaennii (3.10). Win, corsiacHo onpe/iesieHnio
3.4, o6pa3yor OyHIAMEHTATHLHYIO CHCTEMY PEIIeHuil 3TOi 0HOPOIHOI cH-
CTEMBI.

PaccmoTpum 1Ba mpuMepa JI1st 3TOTO CIyHdas.

ITpumep 3.1. Haitnem obmiee perrenne cucrembr O/Y.

T = 11 + 229,
To = 221 + Ta.

Marpuna A u xapakrepucruueckoe ypasuenue (3.12) cucrembr O/1Y B nan-
HOM CJIydae MMeeT BUJ

e 1 2 1-X 2 —0
(31) 5" 2=
PackpbIBast ompe/ie/uTe b, HoLydaeM KBaIpaTHoe ypasaenne \2—2\—3 = 0,
HMeroTee JIBa JeHCTBATETHHBIX PA3TIUIHBIX KOPHA A; = 3, Ay = —1. Onn
ABJIAXOTCA CO6CTBeHHbINII/I SHAYEHUAMU MaATPUIIHI A

Haiizem cobcTBeHHBIE BEKTOPBI MaTpHIbl A, oTBedaromue 3TumM cob6CTBEH-

ubiM 3HaveHuaM. CoberBeHHbIM uncaaM A = A\ =3 ((A— M E)e; =0) u
A=X=-1 ((A—XgE)es = 0) cooTBeTCTBYIOT COOCTBEHHBIE BEKTODBL

() w=(4)

Takum o6pazom, obIiee pernieHe Haleil cucTeMbl B BEKTOPHOI (popme MozkeT
OBITH 3AIICAHO B CJIEAYIONEM BHJIE

#(t) = Cre® ( ' ) + Cpe? ( ! ) . LG ER
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e
z1(t) 71 (t)

T = ) T = ) A:{a]k}‘ jvk: 1727n7
In(t) Ty (1)

TO ecTh A — KBapaTHasl MATPHUIA TOPSIIKA 7, & A, — HOCTOSHHBIE (BOOGIIE
rOBODPsi, OHU MOTYT OBITh M KOMILIEKCHBIMH).

IIycts A; — 01HO U3 COOCTBEHHBIX 3HAYeHUH MaTpUIBL A, a ¢; — cobcTBeH-
HBIil BEKTOP, OTBEYAIOIINH 3TOMY COOCTBEHHOMY 3HadeHuIO (€; # 0).

DTO 0O3HAYAET, ITO

Ae]- = )\jej,

Torzna cucrema (3.10) umeer nerpusnasnbHoe pentenue E; (1) = exp(A;t)e;.

Yupaxkuenne 3.1. ITposeputs, uro E;(t) — peutenue.

Heo6xomumo ormeruts, uro C;F;(t) Takke OyIeT pelleHHeM CHCTEMbI
(3.10), e C; — Hpou3BOJIbHASL MOCTOSHHASL.

ITycrs marpuna A umeer n pas/iuuublx cOOCTBEHHBIX 3Hadenuii A; (j =
1,..,n). Torna cucrema (3.10) umeer n JUHEHHO HE3ABUCHMBIX DEIICHUIH

Ej(t) = exp(Ajt)e;.

Jluneitnas KOMOMHAIIMS STUX PEITCHUI
x(t) = CiE;(t) (3.11)
j=1

raxxke Oyjger pewenunem cucremst (3.10). 3uech, kak u pauee, C;  upous-
BOJIbHBIE TTOCTOSHHBIE, OHU MOTYT GBITH HE TOJBKO JIHCTBATENbHBIMA, HO
KOMILJIEKCHBIMU.

HamomunM, 4ro cuctemMa (byHKIUHA HA3BIBAETCs JHHEHHO HE3aBHCHMOIL,
€CJIM TOXKJIECTBO

> CiE(t)=0
j=1

Bieder pasenctBa C; =0 (j = 1,2,...,n).
Omnpenesieane 3.5. YpaBHeHUe n-ii cTenenn

a1 — A 12 ce Qip

921 a9 — A QAop,
=0, (3.12)

(0751 Anp2 R
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Bujno, uro sTo ypabHenue Jlarpamxka. Jenasg sameny x + 1 = el MBI ¢Bo-
JIUM UCXOJHOE ypaBHEHNE K YPABHEHWIO ¢ MOCTOSHHBIME KOI(DDUImeHTaMu.
Pe]_l_[eHI/Ie IIOCJIeITHETO0 YpaBHEHUA UMEeT BUJL

y(t) = Cre™? + Cye7t. CresioBaTesIbHO, pElIeHHEe BCEro yPABHEHUs UMeeT
CICYIOMI BU/T,

y=Ci(z+ 1) 2+ Cyx+1)""
ITpumep 2.14. [IponHTErpUpPOBATH CIEAYIONIEE YPABHEHUE
(1—2%)y" —ay + 3y =0.

W3 Buga ypaBHeHHs! 3aMedaeM, dTO 310 ypaBHeHue YeOwimeBa. [1poremgem
3ameny nepementoii 1o dgopmyse z = cost (t € (0,7)). Umeem
1 1 cost
;. v .
Yy =yl—7— =Y, Y
( smt)’ sin®t sint’
rJie, KaK U paHee, MITPUXOM 000O3HAYEHA [IPOU3BOJHASL 110 T, & TOYKOH 110 t.
[ToacTaBuB MOTyUeHHbIE BHIPAYKEHUS B YPABHEHWS, MMEEM B UTOTE

d?y
— +3y=0

orkyma y = C cos V/3t+Cy sin v/3t = Cy cos (\/g arccos x)+C5 sin (\/§ arcsin ).

2.9. Jluneiiapie HeomHopoaHbie auddepeHIanbHbIe YPABHEHUS C
HOCTOSHHBIMU KO3 duIueHTaMu CO CHelnaabHOl nIPaBoii 4acTbhio

B srom naparpadpe 6ymeM paccMaTpuBaTh HEOIHOPOIHbIE JAuMDdepeH -
aJIbHbIC ypPaBHEHUH

Ly =2 +a, 12" ' + ...+ aiz! + apr = f(t), (2.24)

dk
e a; € R, j=0,1,2....,n—1, 2® = d—tf, k € N. Hakomemn, HeomHO-

ponHocTh f(t) 6yaeM BbIGHPATh B HEKOTOPOM CHENUATbHOM Kilacce pyHKImit
TIepeMeHHoro ty.

Onpeznenenune 6.1. Oyukuuio f(t) Gyaem HA3BIBATL KEA3UNOAUHOMOM,
ecm

f(t) = exp utQum(t),
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rae @, (t) — momuuoMm cremenn m (m =0,1,2,...), T0 ecTb
Qn(t) = gut™ + gu-1t™ ™' + ...+ @it + o,

rJe [, q — JAeifiCTBUTeIbHbIe WM KOMILJIEKCHbIE ITOCTOdHHbIE.
CrenuaibHbIil Kj1acc (PYyHKIUA OyIyT COCTABJIATH Te U3 HUX, JJIst KOTOPHIX
CIIPaBe/IJINBO Mpe/ICTABICHIE

F8) =" exp (1t) Qs (1),

J=1

To ecTh f(t) — KOHeUHas1 CyMMa KBa3HIIOJHHOMOB.

IIpumep 2.15. f(t) = (12 +t + 1) + 2e7%(2t — 3).

IIpumep 2.16. f(t) = (coswt)(t* + 1) + sinwt(2t + 1), w € R.

Jlannasg GyHKIHI MOXKeT OBITh IpeoOpa3oBaHa K TaKOMY BHJLY, KOTO-
pBIii TO3BOJISIET BKIIOYHTH B CIEIMUAIBHBIH Kaace dyukimii. /leficTBuTeHHO,
CIIpaBe/IJIUBLl PaBeHCTBa

exp (iwt) —|—2exp (—w}t)7 sinwt = &P (twt) —;?Xp (—wt).
i

[TosToMy cripaBeTHBO PABEHCTBO

coswt =

ft) = %Cxp (iwt)[t? + 1+ %(21& +1)] + %Cxp (—iwt)[t* +1 — 2%,(21& +1)].

HanomunM, 4o juig Toro, 4To0bl HajiTi o0Iee pernenne ypaBHerus (2.24),
MOXKHO CHavaJ1a HajiTn obmee pemenne y(t) COOTBETCTBYIOIIErO OJHOPOHOTO
ypaBHEHUs

Le =z 4 q,_ 12" + ...+ a1zt + apx = 0.
Tora obree pernenue ypapaeHud (2.24) MOKHO 3aIlCATD B CJIEIYIONIEM BUJIE
z(t) = y(t) + u(t),

rae u(t) — gacrnoe pemrenue quddepennuanbaoro ypasaenus (2.24). Cuoco-
OBl HAXOKJIEHUsI ODIIEro periernsi 0HOPOIHOTO AnudHepeHInaJIbHOro ypas-
HeHHs OBLIH PACCMOTPEHBI B IPEIBIIYINNX pa3/enax yuebHoro nocobus. [en-
TPaJbHBIM MOMEHTOM CJIEYEeT CUYUTATh PAaCCMOTPEHNE XapaKTEePUCTUIECCKOTO
ypaBHEHUS

PA) = A"+ an X" 4 ard +ag = 0. (2.25)

60

Teopema 3.9. Ecau sexmop-pynryuu

(le(t)
x(t) = : , k=1,.,n,

onpedeaennvie 6 npomestcymre T wucaoeot npamoti R, obpasyrom 6 nem @iym-
damenmanvhyio cucmemy pewenuti 00nopodnoti cucmemv, Asunetdinvr O/Y
(8.8), mo obusee pewenue amoti cucmemv, umeem 6ud

o(t) =Y Cran(t) (3.9)

¢ Hexomopumu nocmosnnvmy kosppuyuenmamu C,  (k=1,...,n).

Teopema 3.10. O6wee pewenue HeodHopoonot cucmemv, (3.2) ecmo
cymma obuiezo pewenus coomsememeyroweds et 00nopodroti cucmemos (3.3)
U MACTIHO20 pewenus neodnopoonot cucmemot (5.2)

o(t) = z.(t) + Y _ Cran(t),

k=1

ede () — wacmmuoe pewenue neodnopodnoti cucmemo (3.2), onpedeaenmoe
na npomesrcymre T, xx(t), k =1, ..., n, — Pyndamenmanvraa cucmema peuie-
nuli coomeememsyrowed 001opodnol cucmemuv (3.3), onpedesennasn 6 mom
aice npomencymexe, Cr, k = 1,..,n — HEKOMOPBIE NOCTNOAHHDLE.

Baxuo ormerutn, uTo Teopemsl 3.9, 3.10, HeCMOTpPg Ha AOCTATOIHO OO-
Uil XapakTep, He TOJIBKO MIPAIOT BarkHeiintyio poyb B Teopun OV, HO u
VKa3bIBAIOT MyTh pemienns cucreM JuHeiHbIx OJIY ¢ mepeMeHHBIME KO3(g-
dunenTamu.

3.3. JluHeiinbie OMHOPOIHBIE CHUCTEMBI
C HOCTOSHHBIME KO3 dunueHramn

CucremMoit TUHEHHBIX OTHOPOJHBIX AuddepeHITnaIbHBIX YPABHEHUH C 10~
CTOSTHHBIME KOd(MDdurmentamMn Ha3BaHa CUCTEMA

T = Az, (3.10)
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Omnpenesnenne 3.4. Jluneitno mesaBucuMmyio B mpomexyTtke 1" C R cu-
cremy u3 n BekTOp-byHKIHMil Buga (3.8), KaXKaas U3 KOTOPHIX SIBJSETCS B
HeM pelleHueM OJHOPOAHON cucrembl n sHeitbix OLY (3.3), HaswiBaror
pyndamernmanrvrot cucmemoti pewenuts 1 (3.3) B 5TOM IPOMEXKYTKE.

W3 1anHOro yTBEpKACHUST BHITEKACT CJIEIYIONasi TeOPEMA.

Teopema 3.8. Dyndamenmarvrovie cucmemvs peweruts CYULLCMBYIOm.

HoxkazaresiberBo: [lycrs i,k = 1,...,n n yncia

b (0 i#k
k=1, i=k
00pa3yIoT eIMHUYHY IO MaTpuity B = (bzk) pa3Mepa n, onpeaeanTeab KOTOPOil

paBeH 1.
Pacemorpum n pernenuit 0gHOPOHO# cucrembr (3.3)

l‘lk(t)
Z’nk(t)

KOTOPBIE ONMpeJIeIeHbl B HEKOTOPOM TpoMexkyTKe 1T C R u B Touke tg € T
YZAOBJIETBOPAIOT HAYAJIbHBIM YCJIOBUAM :vgk)(to) = by, i,k = 1,...,n. To-
raa noayunm Wi(tg) = det E = 1 # 0, = e. W(t) # 0 B upomexyrke T.
Ha ocnoBanuu (3.5) u oupegenenus 3.1 ciejyer, 4T0 9TH PEIIEHUs JHHEHHO
HE3aBHCUMBI B NpOMexKyTKe T W, CONIacHO ompejeseHnio 3.2, o0pasylor B
HeM bYHIAMEHTATbHYIO CHCTEMY DelleHuil s cucreMsl (3.3).

Ompenenus moHsTHE (DYHTAMEHTATHLHON CHCTEMBI PEIMIEHUIT, MBI MOYKEM
chOpMyIMpPOBATH TEOPEMY O CTPYKTYyPe 00IIero pemennst Kak cucremsl (3.1),
TAK U CHCTeMbI JinHeHHbIX HeoaHopoxubix OV Buaa (3.2), KOTOPYIO TakiKe
HA3BIBAIOT HOPMAJIbHOI HEOMHOPOAHOH cucTemoii uaeirHbx OJ1Y Buga (3.2)
¢ TIepeMeHHBIME KO3 DHUITHEHTAMT.

Obmee perenne HOpMaTbHOiT cuctembr u3 n OJ1Y BkIIOUaeT n mpoms3-
BOIbHBIX noctosiuabix Cr, (kK = 1,...,n). Aranmormvanas curyauuss yzxe or-
MeYasach IPU U3YUIeHUU ypaBHeHUi n-ro nopsiaka (em. rii. 2). Ciemyiomag
TeopemMa MO3BOJISIET HE TOJIHKO YKA3aTh CTPYKTYPY OOIIErO PEeIeHus OTHO-
PoaHOI cucrembl Buaa (3.3), HO U yCTaHOBUTH, YTO B Ciayuae 3aaaun Komm
Jts cucteMbl uHeHHBIX OJ1Y 9TH MOCTOSHHBIE OMPEIeTAIOTCA OJHO3HATHO.
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[IpucTynum K 0CHOBOI# 3a1ade JaHHOTO TMaparpada — aJrTOPUTMY OTHICKAHUS
9acTHOTO pemenns u(t). 31ech CaeayeT pa3jInuarh JBa OCHOBHBIX CJIydasl.

Cuayuaii 1. "Orcyrcreue pesonanca'. Dror ciydail onpeesiercs ycio-
BHEM: [l HE BJISeTCH KOPHEM XapaKTePUCTHIECKOro ypaBHeHus (2.25).

Cayuaii 2. "Pesonanc" onpegessiercst ycjaosuem 1 = \;, rie \; — KOPeHb
XapaKTepUCTHYeCKOro ypaBHeHus (2.25). 31ech ciaepyeT pa3indaTh ABa MOJ-
CITyUast.

2a) p = Aj, \; — IPOCTOii KOPEHb XapPAKTEPUCTUYECKOIO yPABHEHMUS;

2b) pt = A;, A\j — KOpeHb KPATHOCTH k; XapPAKTEPUCTUIECKOTO YPABHEHHSI
(2.25).

Paszbepem nociiegoBaresibHO 311 c1iocoObt. [Ipu 310M cHaYa 18 JOCTATOYHO
PaCCMOTPETh TOT BAPUAHT, €CJIN

f(t) = " Qu(t),
rje, Kak u panee, () MEHOrOUNEH crenenu m. [eiicTBuTenbHO, ecau

k
f@) = Z f;(t), To gacrnoe peutenue u(t) ypasuenus (2.24) ¢ Takoii npasoit
J=1

9aCTbIO MO?KHO HaIIMCaTb B BHU/IE

k
u(t) = uy(t),
j=1
rae u;(t) — gacrHoe pemenue ypasuenus Lz = f;(t), j=1,2,... k.
Hepe3zonancHblii ciyJaii

Teopema 2.6. Jacmnoe pewenue ypasruenus (2.24), ecau f(t) = e Qut,
P(p) =0, m € N, moorcro uckamo 6 caedyousem gude

u(t) = e" B, (t),
ede B, (t) — mmozousen moti oce cmenenu, wmo u Qu(t)
Bm(t) = b, t" + bmfltmil + ..+ bt + b()7

bo, b1, ..., bm € R(C) u nodaestcam onpedeaenuro nocae nodcmanosky 6 ypas-
nenue (2.24).
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ITHOIA STOT METOJ HA3BIBAIOT METOJOM HEOIPEIeTeHHBIX K03 hHIeH-
ToB. Teopemy 2.6 yao0HO JOKa3BIBATH, MCHOIL3YI0 METOI MATEMATHYECKOM
MH/LYKIH.

[Iycts m = 0, T. e. Qo(t) = goe™t, wacTHOe permenue GyeM HCKATh B BUIE
uo(t) = boett. Dmemenrapuo nposepsiercs, aro u)(t) = pbyett m mosromy

Lug = by P(u)e! = qoet.

OTKyga HAXOIMM, UTO

_ 4

[IycTh Tenepb yTBEPKAEHNE TEOPEMbI BEPHO mpu HEKOTOpoMm m = k. ITo-
KazKeM, 9TO 9TOT CIOCoO OTBICKAHUS YACTHOTO DelleHus OyJAeT CIpaBe/nB
unpum=*k+ 1.

Bameuanue 2.2. [Tycrs v(t) = tFett. Torma

Lo(t) = e" P(u)t* + e" Ry (t),
rae Ry_1(t) — maorousen crenenn k — 1. JlefictBurensro,

J
. . . .
(thert)i = piertth 4 Zcf(t )P (ertyi =P,
p=1
Pacemorpum HeomnopogHOe tuddepeHnnaibHoe YpaBHEHHE

Lo = " Qs (1),

e Qpi1(t) = quiit™ + Qi(t). Byaem uckaTh 9acTHOe pellieHHe B CIEIH-
aJbHOM BHJIE

u(t) = bt e 4 u(t).
[Tpu Taxom BbiGOpe u(t) mosyuaem
Lu(t) = by L e) 4+ Lo = gy t" el + e Qu(t).

B cuty 3amevanust 1 nocsiesnee ypapaenue st onpeesienust v(t) MOZKHO
IepenucaTh B CIeJyIoleM BUIe

Lv = e"Q(t),
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Cdopmyupyem B BUJE TEOPEM HEKOTOPBIE OCHOBHBIE CBOHCTBaA OMpe/e-
auresst (3.7).
Teopema 3.6.Fcau cucmema eexmop-@ymrruu

l‘lk(t)
l'nk(t)

aunetino 3asucuma 6 nexomopom npomesicymxe T C R, mo onpedeaumenn
Bponckozo W (t) =0 daa moboeo t € T.

B KadecTBe JI0KA3ATENbCTBA JAHHOIO YTBEPKICHUS HEOOXOIUMO BCIIOM-
HATbL YCJIOBHs JIMHEeiiHOf 3aBucumoctu BekTop-pynxkmun zx(t) (k = 1,n)
B npomexxyTke T', Koropbie ObLin chopMympoBanbl B onpegesteann 3.2. Co-
[JIACHO 9TOMY OIpeJIeIeHII0, OMuH u3 Koabduruentos B (3.5) ominuaercs oT
myns (A; # 0). Orciona ceyer, uto Bektop-byHKus x;(t) Gymer muHeiHON
KOMOUMHAIME OCTaIbHBIX BEKTOP-(DYHKIIHI

xzj=a1x1(t) + ...+ o121 (8) + oz (8) .+ onx,(t), teT,

IJle COOTBETCTBYIONHEe ; OYyIyT HepecUNTHIBATLCA Uepe3 A; 10 cJIeyloIneit
dopmyite

Ak

Aj
Orcroma j-it cronben, onpenesmrens W (t) Gyner nmHeiiHOl KoMOMHAIMEH
OCTAJILHBIX CTONOIOB. OTKY/Ia CleayeT CIpaBeTHBOCTL YTBEPIKICHUS.

MokHO chOpMYyJINPOBATH €Ie OJIHO YTBEPIKJIEHNE, KOTOPOe BHITEKAET U3
onpejiesieHus 3.2 u onpejeaeHus 3.3.

Teopema 3.7. Ecau onpedeaumens W (t) das cucmemv, 6exmop-@yrruud
(3.8), asamowuxca 6 npomescymre T C R pewenuamu 00mopodnoti cucmne-
sl aunetnus OV (8.8), pasen nyao zoma 6w 6 0dnot mouxke tg € T', mo
ama cucmema 6exmop-Pyrkyull aunetino sasucuma 6 npomestcymee 1.

W3 yTBepKIeHnst JAHHOI T€OPEMBbI BBHITEKAET CJIEYIOIIEe.

Caencreue 3.1. Eciu ompenenurens W (t), cocTaBiaeHHBI W3 BEKTOD-
GbyHKINH, IBIAIONNUXCS PEITEHUSIMA OJTHOPOTHON CHCTEMBI JTHHEHHBIX OTHO-
poaubix auddepennuanbabix ypasaennii (3.3) B Hekoropom npomexyrtke T
paBeH HyJIO B ofHOU Touke to € T, 1. e. W(tp) = 0, TO OH TOXKIECTBEHHO
paBen Hym0 B 9ToM npomexyrke (W (t) =0  mis moboro t € T).

OHUM U3 BayKHEHIIHX MOHATHII B TEOPUH OTHOPOTHBIX CHCTEM JTHHETHBIX
OJ1Y siBisieTcst mousiTie (hYHIAMEHTATBHOW CHCTEMBI DETTeHUi.

ap =
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Ecn e Taxoif cucTeMBl 9Hces He CYIMEeCTBYeT, TO CHCTeMY BeKTOP-(pyHKIHi
(3.4) HazwpBAOT AUHElRO HesasucuMOl B TpOMEKyTKe T .

3.2. Onpenenurens Bporckoro. @yugamMeHTaabHasg CUCTEMA Pelile-
Huii. CTpyKTypa pelieHuii OJHOPOAHOH 1 HEOTHOPOTHOM JIMHENHBIX
cucTeM

Ecsn tpebyercs najitu pernenue cucrembl (3.2), yI0BI€TBOPAIONIEE YCI0-
Buio y(tg) = Yo, TO TOBOPAT, UTO [Uid CHCTeMBbI (3.2) mOCTaBJIeHA HAYAJIbHASL
3aJa4a Win 33/1a49a Koy n 3anucsBaioT ee B BUJE

X' = Atz + g(t),

Teopema 3.5. ycmo mampuya A(t) u eexmop-dynryus g(t) sasucam
om t nenpepusno, 2de t € (ty — a;to + a). Tozda 3adava Kowwu (3.6) umeem
eOUHCTNGEHHOE PEWEHUE.

Sameuanwme 3.1. Benomumm, uro marpuna A(t) HeNmpepbIBHO 3aBHCHT
or t, eciu o6oi dsement marpunpl A(t) siBasercss HenpepbiBHOH yHK-
nueil mepeMeHHoil t. AHATOTHIHBIM 00PA30M ONPENENSETCS HENPEPBIBHOCTD
BekTop-bynKImn g(t).

[TycTh 3a1aHa cuCTeMa 7 BEKTOP-DYHKITHIT

Ilk(t)
21(t), oy (t), oy xn(t),  xr(t) = : , k=1,n,
znk(t)

ompejenennas B npomexxyTke T C R ancioBoit mpsmoit R. 3mech mepBblii HH-

JIEKC y CKaJasapHOil byHKImn 24 (¢) 03HAUAET HOMED KOOPAMHATHON (DyHKIMY

GYHKIUN BeKTOP-PYHKIUA Tj, & BTOPOH  HOMED 3TOH BEKTOP-(PYHKITHH.
Omnpeanenenne 3.3. Onpeneanresb

Ill(t) Ilg(t) l’ln(t)
Tn1(t) Tpa(t) .. Tpn(l)

Ha3bIBAIOT onpedeﬂumeﬂeM Bponc%oao CHCTEMBbI BeKTOp-(l')yHKLII/Iﬁ
J?l(t), ceey .’L‘k(t), ceey CC7L(t).
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rae @k(t) — MHOTOUJIeH cTeneHu k. JlelficTBUTEIbHO, B CUITY 3aMeTaHus
b L(t* ety = buth e P(u) 4 e Ry (1),

" €CJIN Telephb MOJIO?KUTh

brois _
Py

TO OCTAHyTCd JIUIIL caraemble Buja agtfel, rue j < k + 1. Cuaraemble,
comepzKanmIe uneHn tPlett, cokpararca. g HEOTHOPOAHOrO ypaBHEHHS,
MOJTY IHMBIIETOCST TTOCJIE TAKOTO COKPAIEHNUsI, CIIPABEIABO TPEJIMOJI0KEHNUE.
[IpounmiocTpupyem 3TOT MeTOJ Ha MPUMepax.
ITpumep 2.17. PaccmoTpum ypaBHeHue

Lr=3+2t+z=¢€(t+1)+2cost,

y KOTOpPOro Tpedyercst HaiiTu obiiee perreHue.
JLyis 3TOro paccMOTPUM CHAdYaJa COOTBETCTBYIOIIEE OTHOPOTHOE YpPaBHE-
HIE

T+2c+2=0.

CooTBeTCTBYIOIIEE €My XaPAKTEPUCTUIECKOE YPABHEHUE MMEET CJIe Iy Ol
BU/T

p(A) =N +2X+1=0.

OHo uMmeer AByKpaTHbIH KopeHb A = —1. O0Iee perniere 0OJIHOPOIHOTO Jud-
depeHInaJIbHOIO YPABHEHHUS MOXKET ObITh 3allUCAHO B BHJIE

y(t) = (C1 + Cat)e™ (novemy?),
rae 017 02 € R.
JIJ1s1 HAXOZKIEHMST 9ACTHOTO PEIeH st HEOHOPOIHOTO ypaBHeHust u(t) pac-
CMOTPHM JIBa BCIOMOTATEIbHLIX yPaBHEHHA

420 +x=e(t+1), (2.26)

Z+2% +x =2cost. (2.27)
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Pacemorpum ypasrenue (2.26). JacTHoe pellleHre 9TOro ypaBHEHHS, CJie-
JIysl METOJLy M3JI0’KEHHOMY BBITIe, Oy/IeM MCKATh B CJIEIYIONEM BHUIE

Ul(t) = et(blt + bo), bl»bO € R.

[TomuepkHeM, 9TO 3/1€Ch (1 = 1, T. €. j4 OTJIUYHO OT KOPHS XapaKTePHUCTH-
4ecKoro ypaBHeHus. B takom ciydae

Ul(t) = €t(b1t + b1 + bo), Ul(t) = €t(b1t + 2b1 + bo)

Tozcranoska u (1), (u)1(t), iy (f) B ypasmenme (2.26) u cokpamenue na e
MIPUBOJIUT K PABEHCTBY

byt + (2b1 + bo) + 2(byt + by + bo) + bit + by) =t + 1,
KOTOPOE JOJPKHO OBITH BHITIOTHEHO Tpn Beex t € R. CenoBarennHo,

4by =1, 4by +4by = 1,

1
TO €CcTh by = 7 by = 0. Urax,

1
Uy (t) = Ztet.

Haiinem tenepn wactoe pernenue ypasaenus (2.27). Ero mpasyio uactb
MOYKHO TiepenncaTh B Buje e + e . [ToHATHO, 4TO umcaa £4 He ABISIOTCS
KOPHSIMHU XapaKTEePUCTUIECKOTO ypaBHeHus. [loaToMy dacToe pelieHne ypas-
HEHUdg

F+20+x=e"

MOZKHO HAIINCATH B BHUJIE
it
U9 (t) = ae™.

[Ipu sToM HeompeereHHBIN KOIDDUIUEHT (v MOZKHO HANTH U3 ypaBHEHUS

29 1 ! .

ia=1 a=—=—=i.
24 2

YacTHOe perienre BTOPOro

it

T4+2r+x=e"
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Hoxkazarenscro: [lycrs 2 (t),22(t) — pentenus cucremsl (3.3), T. e.
oy =A@z, 5= At)zs.
PaccMoTpuM JnHEHHYI0 KOMOHHAIMIO STUX DEeleHui
x(t) = axy(t) + Baa(t), a,B € R.

B pesyabrare moayuaem, uro &' = ax)+fzh = aAr+0Ary = Alaxi+Fxs),
CJIEJIOBATEIbHO (' + (g TAKIKe ABIAIOTCS DeleHueM cucreMsl (3.3).

Teopema 3.2. Pasmocmo a06v.x 08yx peuserutds HeodHopodrot cucmemot
OY (3.2) ecmv pewenue 001opoduoti cucmemsvs (3.3).

Teopema 3.3. Cymma pewenuti neodnopodnot cucmemov (3.2) u pe-
wenutl coomeememeyrowet el 00Hopodnot cucmemv, (3.3) ecmuv pewenue
HeodHopodnot cucmemvl (3.2).

Teopema 3.4. FEcau x1(t) u x2(t) — pewenusa cucmemo, aunetinws OLAY
coomeememeenno t) = A(t)xr + g(t) u ab, = A(t)za + f(t), mo x = 21 + 29
ABNACCA PeweHuem cucmemvl, sunetinux OV

= Alt)z + g(t) + f(1).
JlokazarenbcrBa Teopem 3.2 3.4 NPOU3BOAATCS HEMOCPEICTBEHHON MO/

CTAHOBKOIl U IIPOBEPKOIl yCJIOBUN TEOPEMBI.
Paccmorpum BekTOp-DyHKITHH

21 (8), oo, 25(E), ooy (), (3.4)

He 00g3aTeTbHO ABJSIONIecs penteHnaMu cucteM (3.2) unn (3.3).

Onpepnenenne 3.2. Cucremy Bexrop-dynkimii (3.4) Ha3BIBAIOT AuHElHO
3asucumoli B HeKOTOpoM mpomekyTke T C R gucioBoit npsmoit R, ecin
CYIIECTBYET TaKas CHCTEMa THCeJT

n
2
My M A €R 3N A0,
i=1
9TO UMeeT MeCTO TOXKIECTBO

Mz () + oo+ Nmi(E) 4+ o+ Az (B) =0 VEET. (3.5)
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I'maBa 3
Cucrembl muHeHBIX AuddepeHImaJIbHbIX yPaBHEHUM

3.1. OmpenesieHrIe 1 OCHOBHBIE CBOIICTBA pelIeHU

Omnpenenenne 3.1. Cucremoii uHEHHBIX OOBIKHOBEHHBIX nuddepentin-
anpublx ypasrenuii (OJ]Y) HasblBaloT cucreMy BiIa

n
dIi

- = ayt)r; +g(t), i=Tn, (3.1)
j=1

rae x;(t) — nenssecruble GyHKIWMH, a;;(t) u g;(t) — n3BecTHBIE DYHKIME apry-
MeHTa t € T, HempepBIBHBIE B HEKOTOPOM IpoMexkyTKe T' € R. JIna muHeiHO
cucrems (3.1) B o6actn D = T X R™ BHIIOJIHEHBI BCe yCi0BHst TeopeMbl Ko-
LM O CYIIECTBOBAHUM M €/IMHCTBEHHOCTHU DEIleHUs.

Cucrembr (OITY) (3.1) momyckaior 6ojiee KOPOTKYIO U mpOCTYIO hopMmy
3AMUCH B BEKTOPHO-MATPUIHBIX 0O03HaUYeHus. Bremem obo3HaveHMs

1 () ai(t) ... aw(t) ot
IQ( .

ORI O I RO

Za(t) an(t) e (D) ga(t)

~
~

Baech x(t) u g(t) Bexrop-bynknum, A(t) KBasparTHas MATPUIA, HA3BIBA-
x
emas marpuneit cucrembr OJIY. O6osnaunm Takxe 1’ = e Torna cucremy

(3.1) MO2KHO 3aIUCATH B BUJIE BEKTOPHOIO YDABHEHHUSI
¥ =Alt)x + g(t). (3.2)

Ecmu g(t) =08 T, 10
= A(t)x. (3.3)

Cucremy (3.3) HABBIBAIOT HOPMAALHOT 00HOPOOHOT cucmemots AunetHuT
oay.

Huxxe npuBejieM yTBep:K/IeHHUS, YCTAHABJIHBAIONINE OCHOBHBIE CBOIICTBA
OJIHOPOJHBIX M HEOAHOPOHbIX cuctem QY.

Teopema 3.1. Jlunetinasa xomburayua peuerutd 00HOPoIHOT Cucmemos
(3.3) makorce asaaemces peweruem ImMot CUCTNEMbL.
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0603HATNM 1epe3 Usgg(t). IIpn 3ToM uge(t) = U2 (t), T. €. KOMIUTEKCHOCOTPSI-
xenHas ynkius. MTak,

1. . 1. .
UQ(t) = U921 (t) + Ugg(t) = —iiezt + gielt
B JIeiCTBUTEIbHOI dopMe
ug(t) = sint.

Nraxk, obiee perenne ypaBHEHUs, PACCMOTPEHHOTO B JIAHHOM ITPUMepE,

x(t) = (C1 + Czt)eft — %et + sint.

PezonancHsrii cayuait

Teopema 2.7. Ilycmv 6 ypasnenuu (2.24) f(t) = e"Q,(t), 2de p —
npocmot Kopenv rapaxmepucmuneckozo ypashenus (2.13) (P(p) =0,
P'(A)a=n # 0). Toeda wacmnoe pewenue 0ar1020 neodnopodnozo ypashenua
MOAHCHO UCKamd 6 caedyrousem sude

u(t) = e"'tB,,(t),

20e By, (t) = byt™ + by t L byt + by, me.e. By, (t) mnozouaen moti sice
emenenu, 4mo U Qu,(t).

B nokazaresnbcTBe TeopeMbl 2.7, KaK 1 TeOpeMbI 2.6, MOYKHO HCIIOJI30BaTh
MEeTO/[ MATeMATUIECKON MH/LYKIIUH.

[Tycth chauasna m = 0, T. e. IpaBas 4acTh nMeeT BUI goett. Torua
u(t) = bote!'. TIpm 3TOM

u®)(t) = by (4t + kph1), L(bote™) = boe (P()t + P (1)).

YuaursiBas, uro P(p) =0, a P'(u) # 0, maxoaum by = %
I
[Iycte yTBepx)aenue Teopembl 2.7 CIpaBeIINBO MPH HEKOTOPOM HATY-
panbHOM M = k. Torga oHo ocraercst BepHbIM 1 1ipu m = k + 1.
JleficTBUTEBHO, PACCMOTPUM HeOIHOPOIHOe nuddepeHnuaabuoe ypas-

HEHHE

Lz = e"Qry1(¢), (2.28)
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e Qri1(t) = qeat™ + Qr(t), a Qi(t) — muorouren cremenu k. YactHoe
pemenue Oy1eM HCKATh B BHJIE

u(t) = byt e .
Ypasuenne (2.28) npuHAMaeT BIJ

Lo + by L(E*2e) = qea et 4 e Qu(t).

J
[pu stom (tF2ert)) = Z CP(tHH2)P) (em =T g cuy dopmyat JleiiGuuna
p=0
JUIS TTPOM3BOAHOI npomnssenenns. [losTomy

Lo + b1 P(p)tF "2 4 b e P () tF ! + €M Py(t) = qrpreti ! + e Qu(t).

qk+1
Ecan renepp mosoxuth by 1 = ——, 10 v(t) moyunM ypaBHEHHE BUjA

(1)
Lv = " Qu(t),

rae Qr(t) — MHOrOWIEH y2Ke CTeneHn k u B CUJly MHJYKIIMOHHOTO HPE/IIO/N0-
JKeHUs TeopeMa JTOKa3aHa.

Teopema 2.8. ITycmwv 6 ypasrenuu (2.24) f(t) = e Qn(t), 2de Qun(t) -
MHO20YNEH CMENEHY M, G (L Koperd kpamuocmu k. Toeda wacmmoe pewe-
nue ypasrenus (2.24) moocro uckamo 6 caedyrowet; Popme

u(t) = e’ t* B, (t),

20e B(t)  mmozowsen cmenenu m.

Jloka3arenbcTBO TeOpeMbl 2.7 IOBTOPSET OCHOBHBIE MOMEHTBI JOKa3a-
Te/ibeTBa TeopeMsl 2.6. Ilpu ero peasmusanuu cie/yer y1ecTs ClpaBeJInBOCTh
PaBEHCTB

P(u) =0, P'(u) =0, P¥ () =0,

1o P®) (1) # 0, T. K. 110 NPE/NOJIOKEHUIO (i — KOPEHb KPATHOCTH k XapakTe-
pucruueckoro ypasnenus (2.13).

VYupaxxuenue 1.6. Jlokazars Teopemy 2.7.

IIpumep 2.18. Paccmorpum HEOHOPOIHOE YpaBHEHHE

¥ — 2%+ x = te’.
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2
212. 2 — 22+ = —.
te~

2
2.13. % = —.
T
214. 2 —x = +

2.15. & — 2@ +x =
2.16. $3(i —z) =12 — 2.

Vkazanme: B 3amagax 2.1 — 2.8 MOXKHO IPpUMEHHTH MeToq 1. 2.9, e dact-
HOe pellieHre HaXOAUTCsI B crienuaJbHoil popme. HamoMHUM, 9TO 3TOT MeTO.,
NPUMEHUM, KOTJa IIpaBasi YacTb SIBJSIETCS KBA3UIMOJUHOMOM. B ocTajibHBIX
3a/lavax MpaBas vacTh He ABJgeTcs KBasumosmHoMoM. [losromy mis perre-
HUS JAHHBIX 33/1a9 CJIeyeT MPUMEHSITh METO/l BAPUAIINU MPOU3BOJIbHBIX TI0-
CTOSHHBIX, M3JIOKeHHbIH B 1. 2.10.
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WuTerpupys, numeem

t 1 1 1
C1(t) = —5 + §Z’IL(€t + 1) + 01, Cg(t) = —§€t + §l7l(€t + 1) -+ CQ.
[Moacrasnas soipaxkenue C1(t), Co(t) B dbopmyity Jjig MOMCKA DelIeHus, 10~
JIydaeM OKOHYATEeJbHBII OTBET

= —%[(t (e + 1))t + 1 (In(e! + 1))e ] + Cret + Coe™.

1
ITpumep 2.22. Pemmts cienyiomiee ypashuenue & + x = ——. OOmiee

sin
pemenne Moxker ObiTh 3amucano B Buge x = C(t) cost + Cysint. Cooret-
CTBy}O]_]_Laﬂ cucreMma

C'lcostJrC'gsint:O

) ) 1
Cycost — Cysint = —.
sint
Orkyna maxomum, aro Cy = In|sint| 4+ Cy, Cy = —t + Cj. Tloayqaem oTBeT
B okoHuaTeabHOM Buje: z(t) = (—t + Cs) cost + (In |sint| 4+ Cy) sint.

2.12. 3amayu OJisi CAaMOCTOSTEJIBHOTO PelleHns

Haitru pemenust ypaBHeHuii:

2.1. 2D — 33 4 33 — x = e! + 2cost.
2.2. WD 4 g = tet,

2.3. V) — 2% + = 2 cost.

2.4. V) 4 23 + 2 = 2cost.

2.5. & — 3% = €3 — 18t.

2.6. &+ 2% +x = te™".

2.7. & — 2% 4+ = = 4te’.

2.8. i —x = 4sh(t).

1
29. % +4x = .
cos 2t
2.10. £ + 22 4+ =3e 't + 1.
911, 5 4 sint
Al 242 = .
cos?t
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31ech (= 1 KOpeHb KPATHOCTH 2 XapaKTEePUCTHIECKOTO YPABHEHUS
A2 —2X + 1 = 0. IlosToMy WacTHOE pellleHne YpaBHEHHs CIeIyeT HCKATh B
BUJIE

u(t) = e't*(byt + b).

YMeCTHO MOAUEPKHYTh, uTO 3716ch Q1(t) = ¢, 1. e. 1 = 1,90 = 0. IlosTOMy
By (t) — a10 MHOTOWIEH TepBoil cremeHn. OTKYy/Ia MOIyIaeM, ITO

U= et(b1t3 + (3b1 + bo)tz + 2b0t),
i.L = €t(b1t3 + (6b1 =+ bo)tz + (6b1 + 4b0)t =+ 2b0)

[Tocyte moCTAHOBKY U COKPAIIEHU IIPABOil U JIEBOl YaCTH MOJIYYEeHHOTO pa-
BEHCTBA, TIOJIyIaeM, ITO

bit3 + (6by + bo)t? + (6by + 4bg)t + 2by — 2b113—
—2(3by + bo)t? — dbgt + byt> + bot? = t.

[Tocsie s1eMeHTAPHBIX TPEOOPA3OBAHUIN B JIEBOW YACTU MOJIYdaeM

2b0 == O7 6b1 +4b0 - 4b0 =1

1
Orkyma by = 0,b; = 5 Wrax

z(t) = (Cy + Cat)e’ + étSet.
ITpumep 2.19. PaccMoTpum HEOTHOPOTHOE YpaBHEHUE
4wt = acost, w,a € R,
O01ee perrenne COOTBETCTBYIONIETO OJHOPOJHOTO YPABHEHUS
&4 w?r =0,
kak ussecrno, x(t) = Cy coswt + Cysinwt. Ecium w # 1, 1o yacrHoe peruenue
u(t) = (w? — 1) *acost.
Wnas, curyanyst BO3HUKAET 1IPU Pe30HAHCe, T. €. Ipu w = 1. B 3ToM ciyuae

u(t) = atsint.
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[Ipu w = 1 ofmee pemenre HEOTHOPOJHOTO YDABHEHHST
x(t) = Crcost + Cysint + atsint.

HyCTb IMo-IpezKHeMy w = lu paccCMaTpuBaeMoO€e ypaBHEHHUE JOIIOJHEHO Ha-
YaJIbHBIMA YCJIOBUAMU

B srom ciyvae 3ajada Komm mmeer perienne
z(t) = cost + atsint.
[Tocrostananie C7, Cy ONPEIEIsioTCs: W3 HAYaIbHBIX YCIOBUI

z(0) =C1 =1, £(0) = ((—Cysint + Cycost) + asint + t cost))|i=p = Cy = 0.

2.10. MeTon Bapumanum Ipom3BOJIBHBIX ITIOCTOSHHBIX JIJISd JIUHEHHBIX
YPaBHEHUI1 BTOPOTO IMOPAIKA

PaCCMOTpI/IM JUHEeRHOe HEOTHOPOJHOE YpaBHEHHNE BTOPOTO MMOPAdJIKa
L = i + p(t)i + g(t)e = f(1), (2.29)

tie p(t),q(t), f(t) 3amanHble GYHKIMK TepeMeHHOro t. A TakiKe JTHHEHHOe
onHOpoHOE nudbhepeHnnaIhbHOe YpaBHEHTE

Lz =i+ p(t)z + g(t)x = 0. (2.30)

[Tycrs 1(t), p2(t) — nBa nuHeiiHO He3aBHCUMBIX pentenns: ypasaenust (2.30).
Torpa obmee pemenne ganaoro auddepernuansaoro ypasaerus (2.30)

x(t) = Crpi(t) + Capa(t), (2.31)

rae C, Cy — mpou3BOIbHBIE JefCTBUTE/IbHBIE (MM KOMILIEKCHBIE) TTOCTOSTH-
ubte. O6IIee perenne TUHETHOTO HeOTHOPOAHOTO JuddEpeHIIATBHOTO ypaB-
nenus (2.29) Oyzem uckarsh B Gopme (2.31), T1e MPOU3BOIBHBIE TIOCTOSTHHBIE
C1, Cy 3amensiiorcs Ha He3aBucumbie Gynxuuu aq(t), as(t).

2(t) = ay (D) (1) + ax(D)pa(t). (2.32)
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Tak xak Lo(¢1) = ... = Lo(¢n) = 0, TO OKOHUATETHHO C‘l(t),...,C'n(t)
JIOJZKHBI YJIOBJIETBOPATD TIpH ¢ € (a,b) CJeIyIOmuM yCIOBUSAM
ClgOl —+ ...+ Cngﬁn = 0,
. _ U 2.32
Crpt 2+ 4 Cupn? =0, (2:32)
Crpt ™ 4 4 O™ = b(t).
Jammas cucteMa ecTh JWHelHag anrebpanvdeckas CHCTeMa yDaBHEHWH 115
onpejesenus C1,...,C,, oupejeaure/b KOTOPOR ABILETCS OLPEIeIuTe1eM
Bpounckoro W (t). Tak xak ¢1,. .., ¢, JuHeiino neasucuMel, To W(t) # 0
npu ¢ € (a,b). Pemas (2.32) no dbopmyram Kpamepa, nomyuaem ciegyrormee
yTBEpKICHUE.
Teopema 2.9. Juddepenyuanvnoe ypasuenue (2.8) umeem pewenue

o)=Y w0 /t M‘;;“(g)b(t)dt, (o, € (a,1)), (2.33)

20e p1, . .., pn — Pyndamenmanvras cucmema pewenuti COOMEEMemeyouLezo
0dropodnozo ypasnenusa; W(t) eé onpedesumenrv Bponcrozo; W, — anze6-
pauveckoe donoanenue sremenma onpedesumens Bponckozo na nepecenenuu
n-o0l cMpPoKu U i-20 CMOAOYG.

3ameuanue 2.3. Xores10ch 66 OTMETUTD, UTO METOJ, BADUAIUH IIPUMe-
HOM TSI HEOJJHOPOIHOTO YPABHEHHs, KOT/A MpaBas JacTh 3aMNCAHA KaK B
CIIEIMAJIbHOM BU/Ie, TaK U B 00uieM ciydae. JlaHHbI MeTOJ| BJIsSIeTCs yHU-
BEPCAJIBHBIM.

Hurke mpuBesen psii mpuMepoOB HA TPUMEHEHHWE METOJa BaPHUAIMH TIPO-

HU3BOJIbHBIX IMOCTOAHHBIX. .

.. e
ITpumep 2.21. Pemuth cjepyioniee ypaBHeHWe & — T = 1 Coor-
e

BETCTBYIOIIEe OJIHOPO/HOe ypaBHeHue & — r = 0 umeer ¢yHIaMEHTAIBHYIO
cHuCTeMy pellenuit z; = !, o = e¢~t. CaefoBarenbHo, oblee pelIeHre ypas-
nerust uveeM B Buge & = Cy(t)e! + Coe™". CocraBum cucremy

Cl (t)et + Cg(t)@it = 07

et

Cy(t)et — Cy(t)e™ =

et +1
Pemag eé, naxomum
. 1 1 . 1 e
Ci(t) == Co(t) = —=
) =557 @0 =357



2.11. MeTopn Bapuanuyu IpOM3BOJBHBIX HOCTOSHHBIX
B oD1eil cutyauuun

B ofmieM caydae i MOCTPOCHUSI IaCTHOTO pelleHus ypaBHeHus (2.8)
MCIOJIB3YIOT MeTOJ BapHUaIlMK ITPOU3BOJIBHBIX MOCTOSHHBIX, WHOT/IA HAa3bIBa-
eMblil MeTojioM Jlarpan»xka.

OG1mee pemienye 0JHOPOAHOTO ypaBHeHUd (2.9) MOKeT GbITH 3aIUCAHO B
CJIeIyIoNeM BH/IE

.’L'(t) = Cl‘)ol(t) + C2(p2(t) +...+ Cn(pn(t):

e C1,...,C, — TPOU3BOJILHBIE TIOCTOSHHBIC, & 1, P2, . . ., Py — DYHIAMEH-
TasIbHAs CUCTEMa pemenuii 0aHopoaHoro ypasuenns (2.9). CorsacHo sromy
MeToLy Oy/IeM MPENONAraTh, 9T0 NpOU3BOIbHbIE TocTogHubE C1, . . ., C), 13-
MEHSIIOTCsT Ha HEKOTOPOM mHTepBaste (a,b), To ectb C7 = C4(t),

Cy = Cs(t),...,C, = Cy(t). Bun z(t) obbacuser nassanue Merona. Beramc-
JISTEM TIOCJTEI0OBATELHO MPON3BOIHbIE (hyHKIME (t) 10 MOPSAIKA 1 BKIIHOIH-
TEJIbHO, HaJIarasi JIONOJHUTEIbHBIE YCJIOBUsI HA IIEPBbIe ITPOU3BO/IHbIE (DYHK-
muu C1(t),...C,(t). B pesyabrare umeem

#(t) = C1p1+ ...+ Coipn + Cro1 + ... + Cripp.
[Tosaraem C'lgol +...+ C’ngon = 0. Torma
in(t) = Ci@r+ ... 4 Copn + Crp1 + ... + Crpn

u cuosa mosaraem C1¢ + ... + Cp, = 0. IlpupaBuuBas npu BHIYHCICHAN
KaKJ10ii IIPOU3BOIHOM 10 MOPSAIKA 1 — 1 BKIOYATEIBHO WIEHBI, COAEPIKAIIIE
Ch, ..., C, HYJIO, MOJIYIHM

"=t L+ Crl Y
2" =C 4 4 Crp + O 4+ ™

Tak xak x(t) mo/zkHa ObITH penieHnem ypasHenus (2.8), TO, y4UTBIBas MO-
JIyIeHHBIE BBIPAKEHUs, HAXOIIM
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CrieioBaTeNIBHO,

() = dar(t)er(t) + aa(t)pa(t) + ar(t)p1(t) + aa(t)pa(t).

Bysem cumrars, uto a;(t),as(t) BHIOMparOTCss TakmMm 0Opa3oM, uTOOBI Mph
BCEX PACCMATPUBAEMbIX ¢ ObLIO BBIIOJHEHO PABEHCTBO

ay (t)@l (t) + (12(1')992(25) =0.

[Tosromy B Hamem ciydae

i(t) = a1(t)@1(t) + az(t)Pa(t) + ar(t)o1(t) + aa(t)pa(t).

[oacranoska dyuknuu (2.31) u €€ NPOU3BOJHBIX B yPDABHEHUE IPUBOJUT K
PaBeHCTBY

a1()[@1(t) + p(D)1(t) + q(t)p1()] + aa(t)[Ba2(t) + p(t)D2(t) + a(t)p2(t)]+
Fa(t)pi(t) + as(t)pa(t) = f(1).

BripazkeHns B 06enxX KBaJPATHBIX CKOOKaX paBHBI 0, Tak Kak ¢1(t), pa(t)
— pemtenust oxHOpoaHOro auddepennuanbioro ypasaenns (2.30). TTosromy
HOJIy9MM CHCTEMY Jiist onpesenenus ai(t), as(t) caemyronmero sujia

¢1(t)ai(t) + pa(t)aa(t) = 0,
@1(t)ai(t) + pa(t)as(t) = f(1).
OmnpenenuTensb JAHHON CHCTEMEL
e1(t) a(t) ‘
W)= 7. i 0,
0=| 50 0| #
Tak Kak @1(t), pa(t) muHeitno HesaBucumbl. Vcmonbsys mpasuito Kpamepa,
HAXO/MM, 4TO

a1 (t) = P1(t), as(t) = 1ha(t),
hilt) = _%; Ya(t) = w,

OTKY/Ia

0t) = [nls)ds+ 51, aalt) = [ valtyis +
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Dopmyity (2.32) ¢ yueToM JaHHBIX 3aMeYaHuil MOXKHO 3aIlACATD B CJIELy-
IOTIEeM BHUIE
z(t) = u( )+ o(t),
u(t) = ar1p1(t) + apa(t),

= pu(t /1/)1 )ds + pa(t /¢2

ITpu rakom Bapuante 3ammcu dopmyist (2.32) dyukuust u(t) — obuiee pe-
menue o7HOPOoaHOrO auddepennuanbroro ypasuenus (2.30), a v(t) — gacr-
HOE DelleHre HeoJHOPOIHOro ypaBHenus (2.29).

Merton Bapmannu OOBIYHO HCMOJIB3YETCS MPH PENeHUH HEeOTHOPOTHBIX
i epeHnaibHbIX YPABHEHUH ¢ MOCTOSHHBIME KO3 duImeHTaMu

¥+ pi+qr = f(t),

rae p,q € R(C), a f(t) — u3BecTHAsT DYHKIUSI, HO He OOSI3ATEIBHO KBA3HIIO-
JIHOM.
ITpumep 2.19. [Ipu ¢ > 0 pemmuTb HEOJHOPOHOE YpaBHEHHE

t
i—2i+x:%.

OnmnopomHoe ypaBHeHune & — 2& + x = 0 uMeeT JBa JUHEHHO HE3aBUCHMBIX
pemenns @ (t) = €', py(t) = tet. Pemenne mneomnopoauoro muddepennuars-
HOrO ypaBHeHus Oyjem uckarb B opme (2.32)

2(t) = ar(t)e’ + ay(t)te’.
st a1(t), ao(t) monyuaem cucremy u3 JAByX ypaBHEHwUt
ay(t)e' + ag(t)te’ =0,
ay(t)e' + aq(t)(te +¢') = —e?t.
Bbrunrast u3 Broporo ypapHEHHUsI II€PBOE, HAXOIUM
aa(t) = % ax(t) = nt + as,
a1 (t) = =1, a1(t) = =t + aa.
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Uraxk,
2(t) = are’ + agte’ —te' +te'Int

— obIIee pelreHue JJAHHOTO YPaBHEHUS.

DTOT METOJI, MOYKET IIPUMEHSIThCSI HE TOJIBKO JIJIsi HEOJIHOPOAHBIX judde-
PEHITHAJTBHBIX YPABHEHHIT ¢ MOCTOSHHBIME KOI(MDMHUITHEHTAMT.

ITpumep 2.20. Ilycts ¢ > 0. PaccmoTpum ypasHeHue

1?3+ ti — 4z = ;13.
CoorBercrByioniee 0JHOPOJHOE yDABHEHUE
3 +ti — 4z =0
— ypaBHeHHE DiiTepa, y KOTOPOTO €CTh JBa JUHEHHO HE3ABHCHMBIX PEITeHUs
pr(t) =1, palt) =172
Ero obmee perrenne
x(t) = Cyt? + Cot 2.
Pemenne meoqropoHOrO ypasuenus uimem B dhopme (2.31)
o(t) = ay ()t + az ()t
rae ay(t), as(t) OUpesessFoTCs KAK PENIeHns] CHCTEMBbI
a () + ap(t)t ™2 =0,
t2(2a(t)t — 2a2(t)tl3) = ;13.

OrKya HAXOUM

o T

1
ai(t) = = o, as(t) = n + ag, aj,ay € R.

5t

Uraxk,

4
x(t) = ayt? + gt + gt*“.
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