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Bseegenne

B cospemennnix pabowmx y9eOHLIX NiaHax gun coeumassrocTH "Marte-
MaTHKA” Ha mDydenne gudipepeRnuaIbROM IreOMETPHR OTBOARTCA 36 1acos.
3a 3TO BpeMA MOXKEO TONBKO MOIHAKOMHTHCA ¢ Kiaccwdeckoit gudpepes-
IVAILHON reoMeTpHeli KpuBuX u nosepxsocreit 3 R®. Taxmv obpasom,
BODHHKAET HeoOXOANMOCTSh B AONOIHATEALHOM MmydennH guddepennnans-
Holi reoverpmt. [lanuoe nocobme JOMKHO NOMOTH B PEWEHHH TOH 3a-
past. Hanpmep, oHO GygeT NOsesHEIM OpH M3YYeHHH Kypca 1o BmiGopy
"Coppemennas reoMeTpHA”. 3aMeTHM, YTO B ITOM NOCOOHE ME H3JaraeM
nmmmcpmmﬁmrmﬁ.hﬂl,m_
HNpHBOAATCH B TEKCTE NOCO6HA, MOXHO pellaTh Ha NPAKTHIECKHX JAHATHAX,
a Takie OpejaaraTs HX UM CAMOCTOATENLHOrO pelleHns NPH NPOoXokje-
HuW cooTBercTyiomed Temul. HekoTopuie 3agaun MOXKEO NPeIOKMTH B
KagecTe TeM KypCcoBHIX paboT.

Cxummmcmomepmmﬁulomﬁmm
skenna paccMmarpusaeMmuix Tem. [lepsas riasa sBAseTCA BCIOMOTATEIBHOM,
OHA DOCBAWeRA moARIuEeRoR amrebpe. [Ipm manoxenun 210 Tems: Guuaa
nmnmmam[?.] {lenTpamssoil ARAsETCE BTOPAA MAaBa, NOCBAIIEH-
Hafl PHMAROBONH I'eOMETPHN. 3Aech Mbl HAJArAeM TOXLKO JOKATHHYIO PHMA-
HOBY I'eOMETPHIO, HO CTHIb MRACKEHNA TakKoi, YTO OCHOBHEIEC ONpEIelcHs
M TeopeMsl 5e3 TPYIa NePEeROCATCA Ald reoMeTpas MEoroobpaanit. [lpx ma-
DNCAHNA YTOM TIABK HCnNoAbIoBamkch KHArH (1], [4]. Max gamaeiimero way-
YeHNHA PHMAHOBOH I'eOMETPHM OYcHb HosedHa kmura O.Kaprama [2), »apo-
YeM, ée TPYAHO JOCTaTh. LPeThA riaBa MOCBAIEHa MEOPOOGpasHAM. 3aech
OTBOANTCA MHOI'0O MATEPHANA Jif JHAKOMCTBA C ITHM NOHATHEM, B TaCT-
HOCTH, PacCMOTPEHBI KNACCHIeCKHe I'PYNNB Kak nogMEoroobpasna apnd-
MeTirieckoro npocrpakcTsa. Hakoren, gaorcs ykatamma, kak nepenncaTs
raasy II gan mmoroobpasuii. Kpome sroro, Mu magaraem Teopmo maTe-
rpapoBamna andppepeHnmatbEEX dopM Ha MHOr00Opa3IMH, B YACTHOCTH,
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JgoxaxeBaeTca o6obmennan dopmyna Crokca. Yerrepran raasa ssasercs
coemmdmreckoil. OHa NOCBAmMEeHa KOMILICKCHOMY S3HIKY B reomeTprm. Ilpm
HADMCAHNN TOf I'JaBsl HCHOABIOBATacH KEMTa [1]. DTa riasa, » wacrmO-
CTH, MOKET CIYXKHTH BBeIeHHEeM B KOMILICKCHYI0 guddepenynaibayo reo-
smerpino. Ilocseanss riasa asaxoMur ¢ Auddepennmarsaoll reoMeTpmedt
BeKTOpEEX paccioenmi. B meit 06o6manTes BexoTOphe NMpEALAYINRES NO-
HATHA, ¥ OHA NOATOTABINBACT YRTATENA K HOYIeHHIO Gonee QyHJaMeETAIL-
HEIX TPYAOB 1O COBPEMEHHON I'eéOMeTPHH.

Iaasa 1. DAEMEHTHI HOJAWIHHENHONA AJNTEBPHI -

1. Hoamnwnennne oroGpaxenun.
Hamee V,W, W}, V5,..., W, Ws,... ~BexTOpHBI® NPOCTPAHCTBa HAJ NO-
zem K, npmsem K parso R wm C.

" Onpeaenenne 1.1. Orobpaxenme f : V = W amneiinoe, ecmr gas
Beex v¥,v1,v2 € V, a € K pumoanmorcs pasencrsa

flav) =af(v), f(v1 +v2) = f(v1) + (v2).

Jagaua 1.2. llokasaTs, 9T0 Aas mumeiHoro orobpaxesnns f:V = W
BHINOJAHACTCA PABCHCTBO

I(imw) = imf(w),
=l i=1

reea; €K, v; €V.

Jagaqa 1.3. Mycrs vy,...,v, — 6asmc V, wy...,w, — 6asnc W. Tloka-
mmmyn:wnnﬁmewoﬁpumeﬁ:V—+w;
1<k <n, 1 << m, raxoe, 910

_ Jw, ecau i=k;
f‘("‘)“{o,mu :;u.

Jagaza 1.4. O6oonaanm wepes L{V, W) muoxecTso auneinnix oTobpa- -
xemmit 13 V 3 W. BpecTn Ha 9TOM MHOKECTBE ONCPALINIO CAOKERHA W ofle-
PAIMIO YMHOXCHRA HA ckaadpsl w3 K nokasaTs, ITO DOXy1aeTCA BEKTOPHOE
NPOCTPAHCTRO; NOKa3aTh, YT0 oToOpakenna f{, 1<k€<nl1l<I<mm
sagam 1.3 obpaayror 6asuc sexTopHOro npocrpascrea L(V,W); goxasars
PABEHCTBO

dim L(V,W)=dimV - dim W
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Bexropaoe npocrparcrso L(V, K) o6oamasaerca wepes V* u masuma-
erca geoficrenasM X V npoctpancrsom. Ero asemesThi sasmmaloTcs au-
Heianm GyRKImAME L Jaaeisnm dopmavu. Kax upasmso, sumeimre
dopus Gyayr obossamaTscs rpeveckmn Gyssav: a : V - K, a(v).

3agawa 1.5. Ilycrs vy,...,v, — Gaauc V. lokasats, TT0 cymecTsyer u
eauBcTReNHAs auneimas dopua vf, 1 < i < n, Taxas, wro

we)=sy={g ;37

Jagasa 1.6. Hokasars, wro dopMm vy,...,v, ofpasyor Gasmc npo-
crpascrsa V*.

Sagaga 1.7. TlokasaTs, wTo ecint BexTop v € V mueeT B Gaanice vy,...,0n
KOOPANBATH G1, ... ,an, TO ¥} (V) = a;.

Sasmermy, wro Gasuce vi,.. u,npocmai"mm
HeiM GasmcoM K Gasucy vy, ..., v, npocrpasctsa V. Jluseimas dopma

a=ayv] ++++ v,
06LMEO 3umCcHBaeTCR caeAyIomInM obpasom (mouenmy?)
a=a17 + -+ GnTn,

TAE Z1,...,2y — NEPEMEHHKE KOOPAMHATI BexTopa v € V. B wacrnoctn,
v = z;.

Jagasa 1.8. Paccuorpsm " gpaxam gsolicrsesnoe x V' npocrpancreo”
V** = (V*)*. TlokasaTs, wro orobGpaxenne € : V - V**, onpegesennoe pa-
sescTsoM £(v)(a) = a(v), ssaserca mmedimsne oroGpaxennem. [loxasats,
9TO JAA KOHEIHOMEpHOro mpocTpamcrsa V orobpaxkemme £ : V — V™
ABAAETCA HIOMOPQHIMOM.

Ounpegenenwe 1.9. Orobpaxenne f: Vi x Vo = W 6mmmeimoe, ecan
Axn Beex vy € Vi, v € V3, a € K, v}, € Vi, v),v] € Va sumosmmores
paBeHCTBS '

flavy,m) = af(v1,v2),

f(o1,av2) = af(vy,v),
f(v} + vf,v3) = f(v},02) + f(o},m),
f("l"é + ") = f(”h“)‘l' .ﬂ"lt”;)',

Apyrmau crosavu, dymxmas f(vi,v2) OT ABYX BEKTOPHMX NepeMeHWBIX
vy, U3 AMHEHHEA 10 V] H V3.



3agasa 1.10. Iokasars, 9710 caegyomue oTobpakerna GrImHeHE:
KxV =YV, (av) - av,
V‘xi;—bK, (@, v) = a(v).

3azaa L11. lycrs v}, ..., v, —Gasmc Vi, vf,..., v}, — Gasmc V3, wy, ..., wy
- 6asnc W. Tlokasats, 9TO cymecTByeT W eiNECTBeRHOe GumEeiinoe OTO-
Gpaxenne

f:VixVa=sW, 1<p<n, 1<g<m, 1<r<i

TaKoe, T ’ .
_Jwr, eccmi=pj=g;
'f:'("l"}) {0 B NPOTHRHOM CIy9ae,

Sagama 112, O6comamm wepes L(V), Va; W) mmoxecTso Grnmeianix
orobpaxenmit V; x Va 8 W. Beecrn ma 9ToM MEOXeCTBe ONEpaliio cuoxe-
HEA 1 ONEPalii0 YMHOKCHAS Ha cKataps! 3 K; nokasars, 90 noxygaercs
BEXTOPHOE MPOCTPAHCTBO; NOKAIATH, WTO oTobpaxenns fr,1<p<n,
1<g<ml <r <, maagam 1.11 obpasyior Gasuc TpoCTPanCTRA
L(Vi, Va; W); poxasaTs panescTso

dim L(Vi, Va; W) = dim V - dim V4 - dim W.

dsemenTl npocrpascrsa L(V, V; K) sasusaorceas Gmuomseissn dop-
mamu Ba V. Kak npasuso, Gumueinne dopmul 6ygyT oboanataTsca rpe-
weckuMu Gyxksamm:
B:VxV K, Bv)

Jagasa 1.13. Mycrs vy,...,0, — Gasuc V. IokasaTs, 970 cymecTayer
n ejuEcTReEHAN Giumseinan dopma Sy, ma V, 1 <p < n,1 < g < n, Taxas,

e l, ecmi=p,j=
Pra(vir05) = {0 lnpou:o’uczm
mllgmmmmpmupsn,
1<q<n,nm1.130q:nym6mcnpocm
- Gopuma V.
Brmmeiiaas dopma

ﬂ-iwﬁf
ij=1



o6BrvHO JamECcHBaeTCA caefyiomuM ofpasom
B= Y ey,
ij=1

TAe Z1,"*,Tp — NCPEMERNLIEC KOOPANHATH BekTopa v € V, a z},+ -, 2}, ~
xoopauEaTH BexTopa v' € V.
3ajaua 1.15. [oxasaTs paBescTBO

Bi(v,¢') = v (v) - vj(v'),

TAe ¥],...,b5, — ABOHCTBeHHLIN Gaswc.
Sagasa 1.16. wmwmm
ACHUA

f:Wi x xl"i.—;W

Hﬁu@mmmmm,...,ﬂ:W}
3agaua 1.17. Pacemorpum oroGpaxenmne

det: K"x...x K" 2 K,
e ———
n pa3

rge det(vy,...,u,) — OOpefeINTENs MATPHIEL, KOTOPaS HOAYYACTCH H3 BeK-
Topos (vy,...,v,;), ecau BX 2amucars B cToaben. [loxasaTs, ¥To oT0Gpa-
xenne det noamaHReHEO.

2. TessopHOe MpoOE3BejeHNE,

3gece Mu GygeM pacCMATPHBATL TONBKO KOHETHOMEPHBIE BEKTODHLIE
npocrpascTea Hag K. Gnmonpmmnpomn-
HeMHEX dopm.

Onpegenenue 2.1. Ilycrs oy € VY, az € V3, Torza remsopmoe npo-
mpegenne sTEX (hopm oy @ oy npERagrexuT npocrpascrsy L(Vi,Va; K) u
110 ONPEAESCHIIO PABHO

(@1 ® az)(v1,92) = oy (v1) - aa(oa). @2.1)
3agaua 2.2, Hmammalsagmicr-maaommrnp&
crpancrsy L(Vi, V; K).
3agawa 2.3. [loxasats, wro oTobpakenne

®: XV; - LW, Vi; K),



sagamuoe pasencreoM (2.1), Grmmmeitso.

© Jagaua 24. Iloxasars, wT0 ecmm af,...,al - Gasme V7, af,... o2, -

6aauc V', o of ® a3, 1 < i € n,1 € j € m, - 6asmc npocrpancTsa

L(VIJQKJ
Ommmm:mwmnvlnm

Topsl 13 V3 — 310 Gmummesinoe orobpaxenne

R:VixVa—=W,

rge W - mexoropoe BexTOpHOE NPOCTPAECTBO, ONpEYeM 3To oTobpaxenue
AOIKHO YAOBICTBOPATS TPeGOBAHMIO: ecHm vj,...,v) — Gasmc
crsa Vi, v},...,v4, — Gasmc V, To npomsegesms v} @ v}, 1<i<n, 1<
J < m, obpasyior Gaduc npocrpascrsa W. -

Teopema 2.6. Temsoproe nponspejenne CymecTByeT H OHO eHACTHEH-
Hoe (c A0 m30MOpduIMa).

il Tax xax KanoHmIeckwe 0ToGpaKenRng

eViaW, e:Vaa W

segenme jas npocrpamcrs Vi = (V{')*, V3'* = (V7')*. Ho zas mux rogures
KOHCTPYKIHA 13 onpegencuus 2.1, a sagasa 2.4 noxasuBaeT, YTO 3T0 Npo-
mBegenne yfomacTsopserT TpeGosammio B onpezexenun 2.5. Cymecrsoma-
HEE JOKalaHo, HepeifjeM K JOKa3lATeAbCTBY eJHHCTBEHHOCTH (€ TOYHOCTEIO
Ao momopduama). IlycTs AMeerTcs jBa TAKHX NPONIBEJCHNA, TO €CTH JBA
GrummEelEMX oTobpaxeHnn

@:VixVe-W,@&:VixVas W,

Ecxm v},...,v} ~ Gasme Vi, vf,...,v2 - Ml’;,mnpma}@v}

oﬁpnymﬁmw a npomsegesns v} ® vj — Gasnc W', Cymecrsyer u
momopdman f : W—-}W’nmi,mf(u‘sv’)z

v} @ v}, 1<s<n,l<3<m.0cma.mn,mfa®=®',

TaK KaK TO PABEHCTBO O3HAYAET, 4TO mpomasegenus ®, & cosmagaior ¢

TOTHOCTHIO 10 maoMopdumama. Teopema goxasasma.

SameTnM, 9T0 BexTOpHOe npocTpanctso W B onpegesenmm 2.5 madki-
BaeTCd TEHSOPHRIM NpoImBefenmeM npoctpamcts Vi, Va m oboomazaercs
uwepes V) @ Va. Hrax, remoproe npomsesenue pekTopoB 3ajgaeT oTobpa-
Kenue

@:NxKaView.
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dagaa 2.7. Onpegesnts TeH3opHOE OpoN3BecHEe BeKTOPOB V1 ®. . . Qg
m npocrpascts Vi,..., V. HocTporTs xasoRmMyeckne maoMopdusml

Men)e=Ve(heW)=Vehol.

Ipmsep 2.8. Kommexcudmkanis seiecTBEHEONO BEKTOPHONO IPOCTPas-
cTBa.

Paccmorpmm C xax sexropsoe npocrpatcrso nax R. [lyers V - pex-
.mmmmmﬁ,mnmmmC@Vm
eTcs BeKTOPHEIM NpocTpascTBoM Hag R, HO ero MOXEHO pacCMaTpHBaTH
KaK BexTOpHOe npocrpancrso Haj C, ecan nozoxuts a - (b@v) = (ab) @ v,
rae a,b € C, v € V. Temsoproe npomsegerme C @ V, paccmaTpusaemoe
KaK BEKTOpHOe mpocTpancTso Hay C,EasumacTcs xoMmmexcaduxammes V
i ob6oomagaerca sepes Vo. Ecm asemenr 1@ v+ 1@ w, v,w € V, obo-
WATATH 4Yeped v + iw, TO MOIYTHM, 9TO KoMmlexcudukamus Vo cocront
13 Beipaxenuit v+ iw. Onepamum Hajg STHMH BHpaKEHUAME OPOMIBOAATCA
€CTeCcTBeHHBIM 06panoM, B JACTHOCTH,

(a +ib) - (v + iw) = (av — bv) + i(bv + aw),
raca+ib€ C.
Jagaua 2.9, Ilycers f : Vi x V3 = W - Gumneiinoe orobpaxenne.
[okasaTs, 9TO CymecTByeT i egMHCTBEHHOE JNHEHHOE 0TOGpaKenne

g: Vi ® Va - W raxoe, w10 BEmoxmserca pasescTso go® = f.
3agaza 2.10. [oxasaTs, ITO CymeCTBYeT KAHOHNICCKHH HI0MOPHIEIM

ew)=wew

3. Temaopras anrelpa BEKTOPHOr'0 NPOCTPAHCTBA.
Jlazee V - xomeOMepHOe BeKTOpHOE npocTparcTso Hax nosem K. e-
pea TY(V) oboonarnmg TeHaopHOe HPOKIBejeHEe
Ve---av,
qp=

amw@mmmm@ Ecant vy,...,00 -
Gasuc V, 1o Temdopu v;, ® -+ @ vy, 1 < i) < n,...,1 < iy < n, obpa-
aywor Gasuc npocrpascrsa T9(V). Taxmua obpasom, gas t € TI(V) mueem

parsoReHne
=Et‘l““| u“ 0...09".
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Temaop t € TY(V) masumaeTes pajsoXuMEIM, €CIH CYIIECTBYIOT BEKTOPH
O1y+.,9 € V Taxme, wro t =v; @ - Q@ vg.

3agasa 3.1. Ilycrs ¢ ~ nepecranosxa mcex {1,...,q}. Mokasars, wr0
CymecTByeT ® eRECTBeHHOE JNHeHHOe oTobpaxenme

fo : TUV) = TU(V),
KOTOpOe ACHCTBYET Ha PAiJOKHMEIX TEHIOPAX N0 MPABLIY
Fo(v1 @+ B vg) = 0(1) @ ... @ Vy(g)-

Onpegenenme 3.2. Temop t € TY(V) sassmaercs CHMMETpETECKHM
(xococmmerpirsecians), ecan fo(t) = t (fo(t) = e(0)t) gaa xaxzoif mepe-
CTAHOBKH o, rje £(0) — 3HaK NepecTAHOBKE O.

Msuoxecrpo cammerpmiecknx Temopos B T9(V) oboamazaeTca wepea
5%(V), a MroxecTBo KOCOCIMMeTpIYecKHx — Jeped AY(V).

3agaua 3.3. Ioxasars, wro muoxecrsa SY(V), AY(V) spamorca pex-
TopHBIME HogupocTpancTeamu T(V).

Jazee npeanoaaraerca, 9To node K mveeT HyAeByn XapaKTepHCTHKY.
Paccmorpay mmaneiinoe oTobpaxenne

S:THV) = THV),
KOTOpPOE ONpPEAEIseTCE PABEHCTBOM
1
5(t) = agf.m.

9710 0T06paNkeHne HAIKBACTCA CHMMETDIDANNEH.
Jagata 3.4. Moxasars, wro §2 = §, Im S = SU(V).
Paccuorpnym aumeitnoe orobpaxenne

A:TYV) = TYV),

A) = 3 T elo)fo(t).

Ouo masuBaeTCH

AHTHCHMMETPHIAIHCH LI
3anava 3.5. loxasars, o A2 = A, Im A =AY(V).
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Beegem caegyomee ofosnadenme: eca vy,.. ., v, — Gaanc V, 1o
S(uviy ® +++ @ v;,) obosmaTIM Yeped v, -+ v, . DopMarsHOe TPOEIBEACHIE
vy, +* vj, He MEHAETCH MPH NEepecTaH0BKe HHJEKCOB, NOTOMY MOXKHO YCI0-
BETHCH BRIGHPATH B KATECTBE KAHOHNYECKON SAIMMCH TAKHX CHMMETpHTe-

CKHX TEHJIOPOB CACAYHMYIO JalHCh:
o ooty 20ea; 20, a1+ tan =g,

TAe WHCIO G; NOKA3LBACT, CKOABKO Pa3 BEKTOP v; GEIYPEDYET B vj, -+ j,.
3azava 3.6. Joxkasars, ¥To Temopw vy -« vl € SY(V), a; > 0,
ay + ++- + a, = ¢, obpasyor Gasnc npocrpancrsa SY(V). Ioxasars, wro

dim SUV) = (u+:—1)'
S S —

Alvy, @ Qv )=v, A...Avy;,

(amaox A HassBaeTCH CHMBONOM BHENTHErO YMHOKEHIA). SAMETHM Teneps,
ITO NEePeCTaHOBKA JOGHIX ABYX BEKTOPOB B 5, A...Avy, MCHAET JHAK ITOrO
NPOHIBEACHN. )

Jagava 3.7. llokasaTs, 9To:

1) v A Ay, =0, ecam i, = i) X191 REKOTOPHIX @, &;

2) remopu mupa vy A... A, rael <ij < i3 <...<ig <'n,
obpaaytor Gasmc npoctpancrsa AY(V) mpu 1 < g < n;

3) AYV)=0 npug>n;

4) dimAY(V)=() mml<g<n.

Tomoxma

TV)=K, T(V)= ér(v).
g=0

Beckomessnomepaoe npoctpancrso T(V) ¢ onepamueit Tessopmoro ymsoxe-
HES Ha3KBAETCA TeHIOPHOI amreSpoif npocrpascrsa V.

Tlosomma

SV)=K, SV)=@ V).
=0

Boegem ma npocrpasctse S(V) Grmmeiinoe ymmoxene no gpopuye
tia=5(t1 Ot), t € SP(V),t € SY(V).

12



dagaga 3.8. IMokasats, wro S(V) ¢ BBegerEnM yMBEOXeREeM SBISETCH
KOMMYTATHBEHON ACCONMATHBHON arreGpoi may moxem K.
Toaoaoma

MW=K, A0 = aw).
A=Al ®t), t €AN(V), t2 €AY (V).

Jagasa 3.9. Ioxasars, wro A(V) ¢ BBegenEEM yMEOKeRHeM SBISCTCH
accommaTusaol axrebpoit Hay noxem K, yaoraeTsopsiomedt ceoficTey

tg Aty = (1) Aty, ¢ € AP(V), ta € AY(V).

Aarebpa A(V) masuBaeTca premmeln aireGpoit mum amrebpost [paccuana
npocrpancrsa V. .
3agaaa 3.10. Henoasoys onpegeseswe 2.1 nokasars, 970:
1) T9(V*) - npocTpancTso noTRANEeHHEX (yHKIpmE
F: VX xVaK;
qpx

2) S§9(V*) - npocTpaEcTBO CHMMETPHIECKHX NONMLINHENNEIX (yRKIMIL,
T,

F(Va(1)s -1 %a(q)) = flv1,.-.59);

3) AY(V*) - nDpocTpasCTBO KOCOCHMMETPHISCKEX NOMMANHERHEX (yHK-
ik, T.e.
F(Va1)s-+»Vetq)) = (@) f(v15- .-, 0g);

4) ecmty € TP(V"), t. € THV"), T0
(t1 ® t2) (015« s Vptg) = E1(V1y- - s Vp) * Ea(Tpaty oo oy Upag)s
'5) ecamt, € SP(V*), ty€ SY(V"), 0
S TR S, p -G-:—q)! S 1y ety St
6) ecmt; € AP(V*), t2 € AY(V"), 70
(ts Ata)(®1y...,Vpsg) =

13



(P': 9! Edﬂ)‘l(ﬂ.{n, ces ,v,(") . g:(,'(’_n" . '”C{H-'])‘

Inasa IL JIOKAJIBHASI PAMAHOBA 'EOMETPHA

1. Bexropusie noax B oGracTa R".

Jlaree U - obaacte 8 R™. Ilycts 29 € U - daxcuposanman To4xa, To-
raa gepes T, U Gygem o6osuaaTs MHOKecTBO BekTOpoR B R™ ¢ HavanoM
B Touke 7y (oM. pme.l). DTO MHOXKECTBO ABIACTC, HA CAMOM Aele, BEKTOD-
HEM npocrpascTBoM. OHO HadMBaeTCH KacaTexbHBIM npocTpascTsoM K U
B TOIKE Zjy. ;

Pacynox 1.

Iycrs pasee f(z) - dpynxuns, onpejeseHnas B OKPECTHOCTH TOYKH Ty,
Byaem npegnosaraTts, 970 osa kmacca C°° B aroif okpecrsoctn. Torga
onpegexen guddeperuman sroit Gyaxumn df(zg) m o aBAseTCA JHHEHOMN
cdopmoit a Kacareapsom npoctpascTee T, U. Aeficranressso, auddepes-
max df (zg) anaseTcs anmeitnoi Gynxumei or npupamesns Az, #o Az - 310
BEKTOp C HAYaI0M B TOKe Zg. Taxum obpasom, suddpepenmmar df (zq) snas-
©TCA JMEMENTOM JRolcTReROrG npocTparcTsa (T, ). Ono ofoanavaerca
wsepes T3, U » sassisacTes KoKacaTessnsM npocTpascTeom K U B Toaxe xgp.
DaemenTH npocTpascTea 17, U HAOKBAIOTCH KacaTeIsHEMI KOBEKTODAMI.
Hrax, gudpdepermman df (ze) snuserca KacaTersusiM koBexTopoM. Pacemo-
TpuM JEpdepeRnnal KoOpANEATHELX Qyuxmmi dzy,...,dz,. Pasencrso
dx; = Az; camasaer, 110 38avenue gudxpepennnata dz; ua pexTope v = Az
PaBHO i-0if KOOpAHHATE BEKTOPA v B CTaHAapTHOM Gasuce €), ... ,en. Takmm
obpasom, audpepennuans: KoopamEaTHEX dymxmk dzy,...,dz, B TOMKe
T¢ ABAMOTCA JNEMEHTAME ABONCTBEHHOTrO 6ajmca ef,...,e), & PadsoXeHue

14



Aupdepemmana ynxwm f(z)
=3,
=1

ABAFETCH PadsOKeHHeM KoBekTopa df (2g) mo Gasmcy xomexTOpOB €],..., €5,

Ecm dymxmum fi, f2 cosnajaior npm orpaENYeHNE HX HA MAICHBKYIO
OKPECTHOCTS TOUKN T, To Aubdepenmmans dfy(zy), df2(ze) pasmus. Ox-
Crofa caeayerT, 9To yo6so paccMaTpasaTh Jaddpepernmar oT pocTka QyHK-
wm. Bygem rosoputs, 9ro ¢yExmmn fi, fo mMeor ognEaKoBsie pocTKHE B
TOYKe Ty, €CHM OPH OrPAHNIEHHN HX H3 JOCTATOYHO MAaJCHLKYIO OKpecT-
HOCTS TOYKH Z¢ NOAYTACM DABHBIC (PYHKIMN. 3aMeTHM, 9TO MB paccMa-
TpuBaeM Toabko (yHxmum Knacca C™°. Moxwmo gaTs onpefenesne pocTka
Gousee Popuansro creayomam obpasom. Ilycrs pyuxmm fy, f onpegenens:
B okpectroctax Uy, Uz Touka zp, coorseTcTenno. Byaem cmrats dymx-
w fi, f2 (fi ~ f2), ecan cymecrsyer Tpersa oxpect-
socte Uz C Uy NUs Touxm z¢ Takax, wro fi lu;= f2 |us- Torga pocrox
¢yaxmm f — 3T0 Kiacc aKBHBAICRTHOCTH AaEuon dynxumma. MBoxecTso
pocrkos ¢ymxmmil B Touke zg obSoanamM wepes Og,. Pocrox dymxmum f
Gyaem o6oanavars vepea [f], a ecxn me npusoguT X NMyTaRMme, TO NpOCTO
gepes f. Popmyanst

cfl=lfl, +bl=[f+g, [-ld -

ONPCACHMOT ONEPAII0 YMHOMEHAS POCTKA HA THCIO, ONCPAIIO CIOXCHRA
POCTKOB H ONEpallli0 YMHOMKEHHS pocTkoB. DBiarogaps »TEM omepammaM
muoxectso (O, crasosurcs amrebpoil maj nosem R. Juddepenuman onpe-
AemneT orobpaxense

d:0. = T,U,
KoTopoe amseino Hag R u ygosaersopseT npasmay JlelGummna
d([f]- [g]) = g(=o) - d[f] + f(ze) - dlg].

EcnfEO.,loeT_.,,mm#(n){u) 6ygem ob6oaEaYATH Feped
8,(f) n masumars npomssogeoi f no manpasremmio BexTOpa v. B peayis-
TaTe moxysaeM oTobpakenne

9y : 0, 2 R,
KoTopoe amHeino Hag R m ygoreTsopser npasmry JlenGamma
Bu(f - 9) = glz0) - Bu(f) + f(20) - Bu(g)-

15



Onpegenenme 1.1. Orobpaxenme 3 : Oy — R masumaerca guddi
pesumposanwess axrebpst O,,, ecar oo auneiino sag R w yzossersopse
npasuxy Jleiibmma

(S - 9) = g(0) - f + f(x0) - Bg-

3agasa 1.2. Toxasars, wro 8(C) = 0, rae C = const.

Taxma o6pasom, Kaxasi Kacarexsusit sexTop v € T,,U onpegense
Auddepenmponanne amrefpi O,,. B wacTaocrir, Gasucenie BexTOph
€15+ 3€n OUpEREAMOT udypepemmuponanns zl-.. ., -, To ecTh

o . .
aq-b;;, i=1l,...,n

mmqummmons
raa dopmys

(B)(f) =cd(f), (B +B)(f) =(f)+Bu(f)

wmy@nm-mmnm

wectse Dy, , Gaarogapsa koropsiv D, cTAHOBETCA BEXTOPHHIM NPOCTpaH
CTBOM.

Teopema 1.3. Anjpepenumponamus z2-,.. . , 32— o6pasyror Gasmc 1po
cTpancTsa gudxpepenunposamuit D

Cunnﬂmum -

Jlemma 1.4. Iycrs f(z) dymxums xzacca C™ » cpepmveckoii oxpect
socrn U rouxu 0 € R", Torga cymecrayror dysxmm xracca C™
q1(z),...,gn(z) B 06zacrs U raxwe, wro

f(=) = £(0) + g1(2) - 21 + -~ + gu(x) - 2,

a0 =40 f(o) i) 8!(0)

Rmm?wm
10 -10= [ Lo o=

T

16



Ocrazocs nosoxwrs
ﬂ(’)"[la—,};ﬁa, i=1...,n

Jlemma goxasama.,
JoxasarenscTpo Teopemnl. Iloxamem cmasarza, 9ro auddepenmn-
posauun &,.‘..,& mmeitno Hesasmcuvsl. Ecam mueem cooTEOmeRme
¢1-0%+---+a.%=0,

mmmrwhx(,mmq=&
Hrak, amneiimas mesasacamocTs auddepenmuapopanmi &,...,& AOKa-~

sasa. Ilycrs Temepe & — npomssombuoe pudepeRumpoBanie, TOKAKEM,
"ITO CYIIECTBYIOT TAKHE “THCAA d], ... 0y, TTO

a d
8_.'E+."+¢'3;:°

Jas aroro nosoxmm a; = 8(z;), i = 1,...,n, (Tro seobxogmuo) 1 npose-
pEM, TT0 guddepenmmpobanme _

a
coBnagaer c gudrpepennmposanmen 9. [las cOKpaImeHNA JAMMCH MBI MOXKeM
PACCMATDHBATS TONBEO CXy9all g = (), B NPOTHBROM CXydae MOXKHO COBep-

IATE 3aMeHy KOOPAMHAT T — T — . llycers f € Oy, AoKakeM PaBeHCTBO
9(f) = &(f). lo aesnme 1.4 maeen pasaoxenme

1) = FO)+ ote) =0, 0i0)= oY,

Mpavenme sevy 1.4 x pymammav ¢1(z), ... ,ga(2), Torza noxym, wro
mym@mmhq(s); i=1,...,n, Takue, w0
gi(z) = a(0)+§:M(=)'t:-

)= 10+ 27 o1 . w0t L hy(e) iz
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Tlpmvermy Teneps auipeperuupopanns 8,8 k sromy passoxenmo, Torga
DOAYIHM pABEHCTBA

_ 9£(0) a£(0)
8(!)"2‘:“‘ 83( * 8(”'?“‘ az‘ .
Teopema goxasaua.

H> aroit Teopemut BuiTekaeT, wTo orobpawemne T —+ D,,, 3agamnoe
TPaBRIOM v — Oy, SBASeTCA MIOMOPHIMOM BEKTOPHBIX NPOCTPAHCTB.

Hyers gan xampolt Touxm z € U aagam pexrop v(z) € T.U, Torga
rOBOPAT, TO 3ajaHo eexmopwoe nose v(z) ma U. Bexropmoe mose v(z)
MOXHO PAIMOKNTE U0 GadUCY €1,...,En:

v(z) =a)(z)er + -+ + o.(x)?..

rae ay(z),...,a,(z) ¢pynxmmm ma U. Ecam sce 31 ¢ysExumm npusagie-
xar knaccy C°°, To pexTopmoe nose v(z) masumaercas gupepenmupye-
smeiv (Geckoneunoe aueno pas). Mmoxecrso gudipepeRImpyeMEIX BEKTOp-
Heix noxelt Ba U obosnamim wepea T(U). Ha srom MuokecTse onpejeiena
omepaIs yMEOKEHHS HA THCIO M ONCPAlNA CAOKCHHA, OHN NPEBPAITAIT
€r'0 B BEKTOPHOE NMPOCTPAHCTBO.

O6oasagmm sepea O(U) muomecrso dyuxumi xyacca C° wa U. Ha
ITOM MHOXECTBE ONPERCICHA ONEPAINIA CAOMKEHIT 1 ONEPAINS YMHOKEHI,
KOTOPHE NPEeBpalialoT ero B KOMMYTATHBHOe Koikiio. Ecam v(z) - pex-
TopHoe moze, a(z) -~ dyaxuma, To onpegereno sexropHoe noxe a(z)v(z).
Brarogapa >roif onepamus yMuokenns Ha dymxoms maoxecrso T (U) cra-
HOBETCA MoAyXem Hajy koasnom O(U). M xormM onpegeruTs eme ojmy
onepammio Ha MHOXecTse AudpepeRIEpPYeMEIX BEKTOPHRIX NONCH, OHa 060~
3HavTAeTCH Weped [vy,vz] M HAIMBACTCH KOMMYTATOPOM BEKTODHBIX IHOXeH
v, V2.

Teopema 1.5. Ilycrs v1,v2 — gmipepenanupyessie BeKTOPHEIE DOIN
Ba U, Torga cymecTsyeT H eqHHCTBEHHOE Ju(MpepeHimpyesoe BeKTOpHOE
noge w ma U mawve, uro paa xaxgoir ¢yexumn f € O(U) sumossserca

papeRcTBO
Bu(f) = 84, (81 (1)) = Bun (8 (£))- (1.1)
Jokasarenrscreo. [lycts

n= gd‘m. v = ;a‘.ee-

18



Brramcamy npasyio wacTs pasescrsa (1.1)
30 (86, (f)) = 80, (8 (£)) =

ek (k) - (el ML k) =
(el et g) - (Tl ) el o,
(zi:(g(aig‘;} . «{%ngi)m-
M3 5Tux BrMcAeHEmil CIefyeT, 9TO BEKTOpPHOE TOj%e
0= (5 (e -elgt))e

ABIAETCH MCKOMMM BEKTOPHBIM TIOJeM, IpWYeM APYTHX BEKTOPHEIX MOJeir,
yaosseTpopsommx pasericrey (1.1), mer. Teopema goxadzama.

Bexropuoe nose w m Teopems 1.5 o6oamavaerca epes [vy,ve] # mass-
BAETCA KOMMYTATOPOM BEKTODHLIX MOXEH vj, V2.

3agata 1.6. Tlycrs vy, vy,vs Audibepenmupyemiie BeXTOPHBIE NOLA HA
U. Toxasats, ¥To CIeAYIOMEE PABCHCTBA:

1) ["3:”1] = _[”1: v!]!

2) [aivy + agvy,v3) = asfvr, v3) + azfvn, v3), @1,42,a3 €ER,

3) [v1, [v2, vs]) + [v2, [va, oa]] + [os, [0, 2]} = O,

4) [for,v2] = flv1,02] = (Bp)vs, f€O(U).

2. Pamanosa meTpuka B oGracTa R".

Ilycrs Ha Kaxa0M KacaTexsEOM BekTopaOM npoctpanctee T,U, z € U,
onpegeneHo ckalsproe ymuoxenwe (v, w)y, v,w € T,U; rorga rosopar, aro
Ba U sagana pmyasosa mMerpuxa. Taxmwm ofpasoM, paManoBa METPRKA —
2710 "nose” ckarapEMX ymEoxermi. Omumem pEMaEOBY METPHKY B KOOPAH-
marax. Ecan g;j(z) = (ei,€j): mv = vley 4+ 40", w = wley +- - +w"ey,,
TO

o= S sulap'’. @.1)
ij=1
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Jlanmas puMasOBa METPHKS HaskBaeTCH Judipepemmupyesoi, ecan Bee Gynx-
mam gij(z), 1 € 4,7 < n, ssamorcs Pymxmmnan xkzacca O, Jazee Mm
npeAnORAracM, ITO PAMANOBA MeTpuka tuddepenmmpyevan. Tax xax v =
dzi(v), w = dzj(w), To pasemcrso (2.1) Mommo samscaTs CIEAYIOIIM
obpasom

(v,0)s = E 9ij(2) dzi(v) - dzj(w).

Cmpnmdmmwmmte
T.U no popuyae

ol = /(v 0)s -(gnts)o'v')"’.

a TaKKe yroa Mexjy BekTopamu v,w € T,U no dopuyae

(”s U)-

m(ﬁhM 5 =

i gz e’
(X o (=)v'vd) !75 Ty pij(z)wtwd) 2

mmwmwrcﬂ,ww
wsecki: = z(t), a £t < b, no Gopmyae

o) = [ 1o)de =
[ Costeten #o oy a 22
prmﬁompm:ar(l)mcl.
Bexrop
00 =250

HAMBAETCH BeKTOpoM ckopocT (oM. puc.2). Mpowssegenme [&(t)| dt Moxmo
PACCMATPHBATH KaK "GECKOHETHO MANME" NYyTh, UpPOMNeHHLN: 3a "Gecko-
HewHo Manoe” Bpems df, nooroMy mETerpax B Qopmyae (2.2) MoxmO pac-
CMATPHBATBH XaK OYTh, NPOHJCHNEIN 0T MOMenTa £ = @ A0 MoMenTa ¢ = b,



¥TO ONpasAuBacT OUpejelenue AINHL Kpusoil mo ¢opuyse (2.2). Baaro-
Aapa dopuyze (2.2) paManosy MeTPRKY OGHHO OGCOHAMAIOT CAELYIOIAM
obpasom

#=§H(’)h‘¢h
rae ds — guddepenuuan ML DAPAMETPIYIECKOR KPHBOIL.

r
Prcymok 2.
B xawecrse npumepa paccuoTpum Merpuky JloGauescxoro Ha xpyre
2+y<1
it = S
T-=-v¢

Ecan noxoxuTs 2y = 2, T3 = ¥, TO IOAYIHM PABEHCTBA

m1=m=(1_ )’l m=m=0-

Jlazee ME1 Haliem IMENE B YTOM KPyre, KOTOPHE BRIOIHAIOT POSh IPAMBIX
B oroit "nuockoctn JloSasenckoro”, B YACTHOCTH, METEPBANL

2+y<1

y=kz
spamioTes "npaveivue”, npoxogsupvm wepes Touxky 0(0,0). Brramcmms
morpan"npud': z € [0;1/2], y = 0. Hmeen

s=[ ——;;szln |l+'| L =;lnl.

3azama 2.1. Moxasars, TT0 Kax ik paguyc oxpyxsocTs z° +y° = 1/4
mnmﬁoﬂmm*h&ﬂ-ﬁ:mm
z? + y* = 1/4 » MeTpuxe Jlobaencxoro.
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3. KosapmanTaoe guddepennmposanme.

Mycre v € T, U ~ xacaremsumiii sexrop, w(z) - guddepermmpyemoe
BEKTOPHOE Noje, OupejeleHEoe B okpecrrocTR Toukm zg € U. Torga onpe-
JeleEa npomBogEan GyRKINE w(Z) B TOIKE ZTg N0 HANPABICHEIO ¥, KOTOpas
ofosBataercs Yepes J,w. DTa NPOIIBOJHAN ONPEREIRCTCH PABEHCTBOM

dow = Y (Ou')ei,
i
rae wy(z),...,wa(z) - xoopauEaTH w(z) B Gasuce ey,.. . ,e,. YAOGHEE much-
¢epermuposaTs pocTks BexTOpHEEIX noxelt. OHu onpejenmoTCa Tak MeKak

poctkn ¢ynxmmi. Muoxecrso poctxos gudpepeRnmpyeMuIX BeKTOPHBIX
noseit B Toake zy Gyaem obosrataTe Yepes Tr,. DTO MHOKECTBO ABARETCH

BEKTOpHEIM MpocTpaEcTBoM Hajg R, a Taxme mogyaem maj xoabuoM Og,.
Taxma obpasom, gudepennuposasine BEKTOPHOrO NOMA O HATPABACHIO
BeKTOpa Jajaer oTofpaxenne

O:Tpg X Tap = Ty, (v,w) - d,w.

Bo(fw) = Buf « w(ze) + f(20) - Do,

rae f € O,
Onpepenenne 3.1. Kosapmawrmoe judpepennupopanne BeKTOPHEIX
moseit B TOIKe Tg — 310 GEaHHelHOe oTOOpAXKenNe

ViTee X Tag = Tayy, (vyw) = Vow,
YaoBxersopmomee npasuay Jleituuma
vv(f w] =0,f- '(ﬂ) + [ (") - Vyw,

rge f € Og,.
Taxum obpasom, obsrmoe gudepepesumuposarue § gaeT npiMep Kopa-

mwpa[* b-ymmupmmv.,ejnﬁnlum, «3€n, TO
ecTs
Vaej = EI‘%Q.
k=1
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'{,ml'%,l < i,j,k < n, smusaores cavsosamar Kpmcropdeas gan
ASHHOTO KOBADHAHTHOTO AudibepeRuNpOBARMIL.
Teopema 3.2. Bunoansercs pasescrso

Vow =d,w+ Y Tv'w!(ze)en, (3.1)
ik
rge vl,...,v" - KoopgEEATH v, W',...,w" — KOOpAMHATE W.
JoxasaTeascTBO.
Vew = VE‘.;.‘ ;U‘C, = ;v‘v“ ;v’ej =

Z‘:u‘ )j:(a,,)-'e, + Z‘ju‘ );uiv.,e, =

2.:‘0.‘:.: + Ev‘zw-'[‘:}e. =
i i gk

| Oyw + ZI%JJe;.
ik

Teopema goxasama. )
Sameaarue 3.3. wwl‘%wmm
': Ty X Ty — Ty mo popryse

I'(v,w) = E I‘au'w’q. (3.2)
i,k

Taxum obpasom dopmyay (3.1) MoxEO 3anmucaTsh crexyomEM oSpasom
Vow = 8w + T{v, w(zo)), (33)

rae I'(v, w(zy ) — Guseiinoe oTobpaxensne, onpegesennoe dopmysoi (3.2).
3ameqanne 3.4. Ecau I : Ty, X Ty, =+ Ty — npomaBossmoe Guamneiinoe
oroGpaxesme, To popumyaa (3.3) onpegeaser KoBapuanTHOe AH(QepeHI-
poBanme. .
4. AdpPurnas CBAIHOCTS.

ycrs » xkaxpoir Touxe z € U sagano xosapmagraoe gadipepesuupo-
BaEme, To ecTh Guwmmeinoe oTobpaxenme

VT xTz = Ts,
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yaorreTsopsomee npasiay JleiGanna. Toraa rosopar, wro ma U onpege-
aena adumnas cesamocrs. Taxmu obpasom, adduEHAS CBIIHOCTH ABNA-
erca "noxen” xomapmasTHMX Anddepermmponanmit. Eca v(z), w(z) aud-
depeRmupyeMble BEKTOPHLIC NIOJA, TO KOBAPHAHTHAS NPOHIBOJHAR B Nepe-
mennoil Touke V() w(z) anaserca sexTopusiv noses. Mt Gygem npegmo-
JaraTh, ITo BexTopuHoe noxe V) w(x) seaserca gudppepemumpyensng gas
Kaxgux auddepermmpyemsx BexTopEsX noxeit v(z), w(z). B arom cay-
9ae CBAIHOCTh HASLBACTCH JH(pepeHINpyeMod. JaMeTHM, 9TO U4 Bhi-
NONHEHHA 3TOM0 YCHOBHA JOCTATOYRO NoTpeboBars gnudxpepenmmpycMocTH
BexTOpHEX noselt Veej, 1 < i,j < n, rae €),...,6n PACCMATPHBAIOTCA
Kax BexTopasle moad. Tak xax k-an xoopgusara pexTopHOro moas V.e;
mmem(z),mmme
CBA3HOCTH JOCTATOYHO NoTpeGoBaTs, 9T06K caMpoas Kpucroddens G
dysEmavm xaacca C°,

I'nassoe suavenne adpuEHON CBAIHOCTH COCTOMT B TOM, 9TO OHA JAET
BOJMOKHOCTS ONPEACIHTL HOBHI MAPALICNLHLIN NEPEHOC BAONL Mapame-
Tpuaeckoit kpusoil. Ho cuavaza M onpegemm KoBapHARTHYIO IPOMIBOA-
HYIO BAOIL KPHBOIL.

Prcynox 3.

IycTs pana napameTpurdeckas Kpusas xnacca C p obzactn U, To ecTs
orobpaxenne xxacca C° a: [ = U, rge I - npomexxyrox 8 R. Bex-
TOpHOE HOXe BAONH KpEBOE o — 10 Qymxmas v(t), t € I, Takas, wro
v(t) € ToU (o puc.3). Mu npeamosaraem, wro dpymxmus v(f) xaacca
C™, nomo v(t) BA0AL KPHBOH @ COOTBETCTBYET HOBOE BEKTOP-
mm%ﬂ KPHBOH (r, BadkBaeMOe KOBADHAHTHON IPONIBOLHON
moan v(t). Onepamus v(t) — 252 onpegenserca caegyiomman aKCHOMAMI:

1) ecun v(t), w(t) - BexTOpHEE HOAN BjONL KPHBOH a, TO

Div(t) + w(t) _ Do(t) , Doft)
dt dt dt ’
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2) ecam f(t) dymxmus xxacca C™ ma I, 7o
D(f(ty(t)) _ df(2) . . Deft),

3) ecm v(t) meaymeposaso uddpepeRTNpYEMEM BEKTOPHEM mOZEM
w(z) ma U, 10 ects v(t) = w(a(t)) npn xaxgom £ € I, T0

Dot
—él-vé(,,n.
Teopema 4.1. Cymecrsyer ogHa m Toumsko ojua omepaums v(t) —
» YAOBICTBOPAIOWAA TPEM NEPETHCICHHBIM YCIOBIAM. .
Hoxasareascrso. Ecm o(t) = ¥;v/(t)ej, To m axcuom 1), 2), 3)
BHITEKaeT, 9TO

D"(t) = Z: (dﬂj( ) +”’(‘)v¢(l)¢j) =

): (H(‘) d“wn’;(a(t))v’(f))cs. (4.)

rae zi(t),...,za(t) — xoopgumaTs at). O6paTHo, He TPYAHO HpPOBEPUTS,
<TO ONpefencHHAR NOCASAHNM PABEHCTBOM ONEPAIMA YAOBIETBOPSET
yeaosmam 1), 2), 3). Teopema goxasana.

Onpepgenesne 4.2. BexTopuoe mose v(t) pgom xpusoir oft) mass-
mwmmmm%ﬂm
CTBEHHO PaBHA Hy.iO.

Teopema 4.3. Ilycrs gana xpusas aft) u sexTop vy € To(,)U. Torga
CYmecTBYeT O4HO i TOALKO OHO TapaLieibHoe BexToprOe noxe u(t) Bgois
kpusoit at) raxoe, TTo v(ty) = vg.

pit Judppepesnmaisusie ypasEesns

%*-Zd’f)lﬁ(a(t»v’ =0, k=1,...,m

muetoT pemenme v*(f) OAHOOEATHO ONPRIEICHEOS HATATLHLIME JAHHLIMI
v*(ty) = vl. Tax xax ypasmeswus AWHeIHHE, TO DENEHRS MOXHO ONPEACTHTS
Aas Beex t € I. Teopema gokasama.



22 JAHHLN 7Ol CRIIROCTHIO, COXpAHAET CKalspHOe npompejesne. To ects
JAan moboik napameTprryeckoli xpmsoit a(t) 8 U 1 gaa moboit napst napas-

AexpEBIX BexTOpEBX mosel v(t),w(t) Baoms a(t) ckarapsoe mpomssegenue
(v(t), w(#))age) ®e sanucar or t.

Teopewma 5.1. llpegnosoxing, IT0 CBEIHOCTS COBMECTHMA ¢ PHMAHOBOH
smeTpuroif ¥ v(t),w(t) - 8a pexTOpEMX mox Bjoae Kpmsoil aft). Torga
BHIOIHSETCA PABEHCTBO

0000 = (T, "(‘)),(., + (vt 9:‘(_0)“0, &)

HAoxasareascTso. Bubepem oprosopsmposanmsil Gasuc B Ty () U
€],.++y€n, H DaTEM DAPALICILHO pasHeceM ero Baoas xpusoi aft). Torga
NOAYYIMM NapalielbHble BeKTOpHEE nous ej(t),...,eq(t), obpasyonme op-
TOROPMUPOBAHNEL Gasuc B KaX A0l Touke a(t). Bexropuuie noan v(t), w(t)
MOKHO PA3IOXKRETS N0 Gasucy e)(t),...,en(t)

o(t) = gv‘(t)e‘(t). w(t) = 3 w'(t)eit)
i

Caegosaremsuo, (v(t), w(t)) = X, v*(thw'(t) »
D:‘(t) & E D;‘(t)e{(f), D;(t) - ; D?(Tt)q(”.

Tlooromy,

(20) 4 (w22) = (_.m“‘) S0,

Teopema goxadana.
Caepcreue 5.2, [Jar mobeix sexTopunix noxerr v,w #a U m sexTopa
u € Ty, U ssmomaseTca pasescTso

(v, w) = (Vuv,w) + (v, Vyw). (5:2)

JloxasaTenscrpo. Bubepem mapamerpmeckyo xpusyio aft), meeso-
myio npa ¢ = () BeKTOpP CKOPOCTH %, a 3aTeMm OpuMeHHM Teopemy 5.1, Torga

26



u> pavencrsa (5.1) noxyzam npu ¢ = 0 pasescrso (5.2). Caegcrsme goxa-
3ano.

MmemmmW
HEIX TOMEH U, w BBUIOAHACTCH PABEHCTBO

Vow = Vv = [v,w]. (5.3)
Hpmm(ﬁé):hmmmmq,q
'Ihxnta., a'; 'EFF; ;fm,mle;,cj] 0; nooromy Vej —
Ve ei = 0. Ha pasencrsa
Ve85 = 2[%6}
k

TOrja NMOXy9aeM PAaBEHCTBO
=0}, 1<ij<n (5.4)

M noxasamw, wTo w» pasescrsa (5.3) caegyer pasencrso (5.4). Ipex-
ZaraeTcs MPOBEPHTH, YTO BepuO ofpaTnoe yreepagesme. HMrax, civme-
TPUTHOCTS CBA3HOCTH CJHAYACT CHMMeTPHIHOCTS cumponos Kpucroddens

Teopema 5.3. CymecTsyeT m eqHHCTBEHHAS CHMMETPHICCKAS CBAI-
mocrs ga U, cosMecTHMaR ¢ JaHHON PHMAHOBON METDPHKOIN.

Joxasarerscreo. CEasalza ycTaHOBEM efHECTBEHHOCTH CBA3HOCTM.
Tpmuesng pasercTso (5.2) x 6a3BCHEIM BEXTOPHBIM NOXAM €, €, €. LAk
xax (e;,€;) = gij, TO NOAyIAEM TOKAECTBO

ik = (Vuesron) + (o5, V).

Mepecrasana mugexce i, j, k noxywaM eme cregyiomme ToX gecTsa
%" = (Veseirej) + (€3, Veyej),

8
-a%‘:-F (Veseirer) + (€0, Veser).

¥z mepeoro ToxkjgecTsa BHMTEM BTOpPOE, a daTeM nprbaBuM TpeTse, TO-
rAa noaysaerca nepsoe Toxgectso Kpucropdern (Hyxso MCOOILI0BATH
pasencrso V,.e; = V. e;)

Oa:
(Vesejiez) = 5 (%’f‘ %:— + —;T':-) .
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Mmmmm&l‘m Yumoxan ero 5a obpaTHy0
x (gix) Marpuy (g*), noxysmna sropoe Toxgectso Kpmerodepers

o e e (55)
CaegosaTenssio, CRBEIIHOCTD OAHOIHATHO onpegersercs MeTpukoil. O6paTso,
onpegexsx I'f; opuyaoit (5.5), MoxmO npoBepaTS, TTO HOXYMeRNAT CBE3-

HOCTH CHMMETPHYECKAs ¥ COBMECTHA C 3aJaNHOH MEeTPHKOIL
Teopema goxadama.

dopuyze (5.5). Jlasee pacoMaTpHBAETCA TOILKO PHMAHOBA CBAIHOCTS.

Ilapamerpueckas xpupas o @ | — U masusarcea reogeamseckoi, ecin
mmmfml:m&rnmma{i) Ecan
@ — FEOJEANTECKaN, TO KAK NOKAILBACT TOXKIECTBO

L5513 %) -
mlfl—(ﬂ S)mmmmma Bsoaa

s(t) = fl"“la-l‘"l (t~to),

MOXHO BHPa3NTh ITO yTBEpXK fenne caeyomaM obpasom: mapameTp t BAoxs
PeoeNYecKol JHHEHHO JABHCHT OT JUMEE! XYTH

dﬁ-l
C-I—El s+
B xoopaumarax zi,...,%n ypasuemse 547 = 0 npummaer ua

Tt S G gle0 (59)
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6. MaomeTpuu pumanosol oGracTm.
Hycrs F : U = U - orobpaxenmne xaacca C, 29 € U, yo = F(zo),
Torza gudxpepenmmax dF(zo) 3asaeT mueitnoe oTOGpaN-exme

dF(zq) : T, U = T, U. (6.1)
A umenno |
dF(zo)(v) = Y dFi(0)(v) - e,
k=1
rae Fi(z),..., Fy(z) - xoopmumaars F(z) » Gasmce ey,...,e,. B sacrsocTs,
MMeeM PAREHCTBO
= OFy(z0)

dF =
(zo)(es) E o

Taxum obpasom, MaTpuna anEeiEoro orobpaxenns (6.1) » 6asuce €1, ... ,8q
apaserca MaTpamest fxo6u

¥ Y]

;oA 3 (62)
Manee, g1x xparxoctn, oTobpanenme (6.1) Gyaen ofoomamaTs Sepes
F.: TeyU = Ty U. (6.3)

Ilycrs gasee orobpaxesme F : U — U ssaserca gadupeonopdmanson
xnacca C%°. Dro conavaer, wro orobpaxemne F : U — U spaserca Gumex-
muaeit, u orobpaxemus F, P~ npmuagrexar xaaccy C°. Torga marpuua
Slxo6m (6.2) mueer ofparayo MaTpuny, a mMenso Matpuny flxo6u oro-
6paxenna F~1 : U = U » Touxe yy. Caegoparenssso, orofpakenne xaca-
Teabux mpocrparcrs (6.3) ssasercs momopdummon. Ilycrs ma U onpe-
JAexema pumamosa Metpuka (v,w)., Torga guddeomopduam F : U = U
HASLIBACTCH MIOMETpHel, ecam Jns xaxpol Touka z € U oroGpaxemme
F, : T,U - T,U coxpauseT cxaIspHOe NPOHIBEAEHNE, TO eCTh '

(v,0)e = (Fov, Faw)y, y=Fl(z). . (6.4)
Tak xax

oy = —cChky F. = — v Oy

29



7o 13 (6.4) noxysaem mabop pasencrs

z:mty)”‘“’ ”’"’ = gy(s)- (65)

Herpyano npomepwTs, 9T0 ecam pasencrea (6.5) npm 1 <
' 4,j £ n, To sumoxEsercs pasencrso (6.4). Jamvermm Taxxe, wTo Habop
pasencrs (6.5) pasmocmien pasencTay

.Em(v) dyedys = ) _ gui(=) d=; d;j, (6.6)
2] ij '
re i - k-as xoopgmmaTa dymxmm y = F(z).
B kawecTse npuMepa paccMOTPHM eBKIMZOBY MeTpHKY Ha R"
A =del 4 b dal.
9To pEMaHOBA METPHKA € gij = §;;, TAC
- 1, i=j
fi={o 7]
~ cumsox Kporexepa. Pacemorpiv addmmsoe npeobpasosasme R™
y = Az + b, rae A = (ajj) ~ obparamas marpuna, b € R™ - mextop.
Pasegcrso (6.5) Torga npmoGperer nug
E‘U‘H‘;ﬁ’“‘ﬂ-
kel ;
TO ecTs .
Zi:“ﬂ“l!‘;‘ﬂ'
9TO O3HATAET OPTOrOHAILHOCTL MATPHIE A.
llycrs oft) xpusas 8 obsacrs U, Torza wepes G(t) oboomawmm xpu-

syio F(a(t)). Toxamxem, 9ro npu momerpsn F : U = U puumst xpussix
aft), a(t) cornagator.

= [ 8= [ -4}~
[l (&)= 8] =

30



Jazee Mu nokaxem, Iro ecxn aff) - reogeamveckan, a F: U =2 U -
W3oMeTpuA, To KpuBan &(1) Taxxe GyfeT reoAesNIecKoN.

7. Bapmanmosnoe onpejeneHue reofe3uIecKRX.

Mycrs L(z,v) ~ ¢pynxums xxacca C*° Touxm 2 = (21,...,2s) EU =
KacaTeassoro sexropa v = (v',...,v") € ToU » 210kt Towe. Paccmo-
TpEM (DEKCHPOBAHEYI0 DApy TOYEK Zg,z; € U M BeemcaMOXHNe KpHBLIE
xaacca C%  alt), tp < t < t; (c Puxcaposanmsvm tg,;), coeuamoOTHe
i Touxm: afty) = zg, aft;) = z1. Paccmorpum Temeps BemmrauEy

Stal = [ Liote).a)de,
oma HassmaeTca geiicrames. Ha xaxol xpumok aft) geficrswe Sla] Gyaer

MEHEMATBHBIM ]

Jiemma 7.1. Ecnr Sla] mmmmnazsno, 1o gas mo6oii pexTop-ysxmmm
B(t) xracca C™, obpamamomeiics B ByJb Ba KORGAX tq, i), BRIOIEAETCE TO-

d
-d‘;S[ﬁ'l'tﬂlﬂ.-ﬂ-
,ﬂommmmnmm@ymﬂc+qﬂ]lm

£ = () npUENMAST MERNMATLHOE JHATCHNE,
Teopema 7.2. Ecaw sexrnrma

Sl = [ Lato),a)d

AOCTHTaeT MEHAMYMa Ha HexoTopoit kpusoir ot) = z(t), To Bgoxs xpusoi
:(t)mypum

d (8L aL

E 85. —E—"‘o, lﬂtl, -y M, (7.1)
rae
oL BL{z,u)|
P

4 g.f;) - (5 £ +2 5,)!'#
JoxasaTenscrso. PaspepaeM Buipaxenne
STt Bl
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TOrAA HMeeM

s Bea= [ (B G o)) 4= 0

TA€ METErpal BLTHCICR BAONL Xpusoil aft) = z(t). o pasencrso sepuo
Aan moboit sexTop-dymxumn B(t) xaacca C*° raxoi, wro f(ty) = B(t;) = 0.
C noMompio RETErpRpOBANESN N0 SACTAM NOXYIAEM PABEHCTBA

gt = (57 "‘)I: [ & (Ge)mae=-[ & (55) mae

Mmpm(?.z)mmwow

_s[a+ep]|,_. f():[ "‘” )dt:l). (7,3)

Tax xax ymxmm f1(t),...,Bn(t) Moryr Gerre mobrnvm dymxmemvm C™,
ofpamalonmmMucs B Hyss B Toukax fo,f;, To pasencrso (7.3) pasmocmisEo
cucreme pasencts (7.1). Teopema goxasana.

SameTnM, YTO pellleHns cHcTeMs ypasuenmit (7.1) BasmBawTcs sKcTpe-
Marnar dynxumosasa geficrsns Sla). Omw gawr meobxoguMmue ycaosus
Aag roro, wrobut anavenne Sla] va sazansoi xpusoir aft) = z(f) Guuro axc-
TpemarbERM. HMewTcs gocTaTowEme YCIORNA A1 ITOrO, HO PO HEX PeTh
noitger B Kypce " MeToan onrrmmmpammn”.

Ilycrs reneps ma U 3agasa puManoBa MeTpuKa

ds® = %:W(’)d’l'dah
Torga paccMoTpiM GyHEKIHORAL

Stol = [ of at = [ (Soutetisthas0) e @4

Teopema 7.3. Ixcrpemamn Qyrxmmonasa (7.4) — 310 B TOIHOCTH
Tax
JloxasaTenscTBo. KaK

L(z,v) = Z ﬂﬂ(’)"i"'i
kJ
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L Ot 5.
zznv' %:8:1

mm ('a".l) EMeeT BEg
2Eni:+:): 3y 218 -):—ﬁsm 0.

;Wﬂ“=‘?|

§.+);(;(&j—;&£)c“)=m =0.
Bgu @y . _ 1~ (dou | Boay a;
5&1 Sm—zg(a’,+8ﬂ)n"n
TOAYIaeM, ITO IPEAHAYTIee YPABHEHRE HMECT BiLY
Eo+ Y Dhigi =0,
it

( M ,,)y“.

mmmypmrem(ﬁ).wnm
Caegcremne 7.4. Ecau F : U = U - momerpus, aft) - reogesnveckan,
70 &(t) = F(a(t)) - Taxxe reogeanwsecxas.
Hoxasaremscrso. Tax xak S[a] = Sla], To xpusse a,& cramosarces
O/HOBDEMEHHO IKCTPeMATIME (yHKumosasa S. ITO BHTEKAeT W3 ompege-

NEHNS IKCTPEMATH
2 Sla+ efll g =0.

Crepcreme joxasaso.
Jagana 7.5. IloxasaTs, wro axcTpemamn GyHEKIHORAIA

5= [0l = [ (Souteatnw) e



GyAyT TalOKe COBNAJATH C MEONEIMTECKHMI, €CN PACCMATPHBATE Napase-
TPEYECKHE KPHBHE ¢ NAPAMETPOM HPONOPUMOHAILHEIM HATYPAILHOMY Ia-
paMeTpy.

8. IlrocxocTs JloGawencxoro.
Pacomorpms xpyr U = {2? + 3? < 1} ¢ merpuxoi JloGasencxoro
o= dz? 4 dy?
T

Ecm nosoxuts 2y = r, T3 = y, T0 NOIYyTHM PABeHCTSA

m==m=(T_—41_—’;)—,.m=m=ﬂ-
®opuyaa (5.5) npusogRT K cleAyOmMM pasescTBaM fai cumsosos Kpu-
croddens

Ty =Th=Th=-Th =22,
1

2” .

Taxum ofpasoM, ypABHEHHS NeOJEIMISCKHX HMEIOT BHA:
i:+r%:g(ﬂ-g)+ﬁ_—‘zilh=ﬂu

HenocpeacTpenno nposepaeTcs, TT0 NapaMeTpudecKan Kpusan (27, 27) =
(th ¢,0) ysomsersopsier ypassemmam (8.1), To ecTs spaseTcs reojeaute-
ckoll. Iro6nl DoXyIHTE ApPYrEe reojesiriecKne, Mbl PACCMOTDHM BCEBO3-
MOXELIE H3oMeTpHE "miockocTn JoGagenckoro®. DTH HIOMETPEE XOPOIIO
JANNCHBAOTCA B KOMILIEKCHON (popMe. A MMeREO, NOJOXHM T + iy = z,
Torga MeTpuxa JloGavesckoro npmobpeTaeT Buj :

_dzdi

d = =z

mmmmmm
HHYHOIO KPYTa

Th=Tiy=Ty=-T} =

(82)

a,. PER, |a]<1 (8.3)
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coxpanser meTpuky (8.2), To ects smaserca

B T®KII soxasusaerca, wro marepsar (—1; 1) 5a ocu Oz npr npeobpa-
sopamnu (8.3) nepexoguT B AYrY OKPYXHOCTH OPTOTOHANLHON CTAHAAPT-
wolt oxpyawocrn 2% + y® =1 (om. pucd). Tax xax Gepes JaHHYIO TOIKY
xpyra U » 3ajansoM HanpasieHus OPOXOART OJHA TAKAS OKPYXHOCTS (CM.
pucd), To noaysaem, TIo Bee reOJEIMIECKEE NCICPILBAIOTCH TAKHME Y-
raon. Jeiicrsnrensno, pemesus cucrems (8.1) onpegeamores BavarLHON
Pomoll | BEKTOPOM CKOpOCTH B 2T0H Touke. B wacTHOCTRE, Bee AMAMETpE
xkpyra U spamoTcs TEOAeINYecKHMH, YTO YTBEPKAANOCH DAHLIIE. Jame-
THM, YTO reOJeINIECKNe HIPAIOT PONS MPAMBIX.

L
\_/

Prcysox 4.

Tycre A, B - gpe Touxu » xpyre U (om. )s mpoBegeM wepes HAX
CANECTBEHHYIO TeofeamecKyio; ey xyra AD obossamm sepes p(A, B)
B Ha3OBeM paccTOAEEEM oT TOYKM A jo Touxu B. Dro paccrosmme MoKHO
ONpegeInTs ¢ NOMONLI0 ABCHHONO OTHOMEHHA JeThpex Tovek. IlycTs 2y, 22,

24 9eTHIPe TOYKH Ha KoMuusexcuoil wockocrn C, Torga wepes (21, 22, 73, 24)
ofbooEaTaeTCH OTOHOWIEHRE

o Lt B St ]

BNK]Immu,mmmnp-m
oTo0paXeHNAX, TO €CTh ecinm wW),ws,wy,wy — ofpasu ToIex 2,23, 23,24
mmm

b
=S wd-lk#o,

70 (1}, Wy, w3, wy) = (21, 22,23, 2). Hycrs A, B romxm "nepecevenun” reo-
Aexraecxoit AB ¢ oxpyxuoctsio |z| = 1(cm. pmc.5), Torga Moxuo o6paso-
BaTh ABoitmoe ormomenue (A, B, A, B).
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KX

Prcysox 5.
Teopema 8.1. BunmoanseTcs pasescTBO '
P4, B) = 3 In(4,B,A,B). (8.4)

Joxasaremscrso. OGosnatnm npasylo wacts panescrsa (8.4) sepes
d(A, B). Tposepsercs, wro p(A, B) u d(A, B) ygonsersopsior Beem ax-
cuoMam paccrosmma. C Apyroil cTOpOHEL,0HE He MeHmIOTCH TUpH ApobHO-
Jumeitmnx npeoGpasosammax (8.3). Orcioga errexaer, ¥TO OHM AOLKHE
Gerrs nponopumosaxsasl. Ocrasocs yGegumes wro p(0,1/2) = d(0,1/2) =
}lua lh:puum

9. 'Ihaopxpmpnnmdm

Pmmmmwmm
HOro moai v = v(z) #a obaacrn U C R"

V._,(v“v), V.,(v.,v).
Onn e ofmannl coBnajaTh,s c8a3M ¢ >THM [-yi0 KOOpANHATY BEKTODHOrO

noas
Vei(Veer) = Ve, (Veser)

obosuam wepes Rj;,. Torga noxynme mabop ws n' dymxnk wa U. Sror
GyEKuEE HAILBACTCH TEHIOPOM KPHBHIHE HCXOHOK cemuocTH. Bri-
gscaHM ero vYepes cumporsl Kpucroddens.
Teopema 9.1. Bunoansiorca pasescrsa

R = (%*? aar:‘) ):(p,,r«,, rhrh).
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JoxasaTenscTso. Mmqumv;,mn
HMCEM PaBeHcTBA

z‘: Blyer = Vi(Vier) = Vi(Vjer) = v,( Y The.) = V(3 The) =
> %ite, + Y8 et - X 2te, - ST Y e =
s 031 s i '] 8“ ] t

;(%-%)°‘+E(¥(mrk‘ﬁrh))q-

b2 [(%I;‘;.L - %‘a&) + X (rars, -I‘,'.r'.)] e

Moxwo gaTe Goxee HHBADHAHTHOE OUpEACIEHRE TEHIOPA KPHBHIHEL, TO
€CTE He aaBucamee oT BubpasHoro Gasuca €),...,6,. Ilo Tpem BexTOpHEIM
noasm u = u(z),v = v(z),w = w(z) onpegesmu HOBOe BexTOpHOE mosE
R(u,v)w c nomomsio pasencTsa

R(u, v)w = Vy(Vyw) — Vy(Vuw) — Vi 0. (9.1)

Teopema 9.2. 3navenne R(u,v)w » Touxe zy € U 3asmcrr Torsxo or
anavenni pexTopusx noeit u(z),v(z), w(z) » sroi Touke, a He sasmcaT OT
ux agavesmy p 6omoxnx Toykax. Jasee, coorsercrane

(u(20), v(z0), (o)) = R(u(zo), v(z0))w(ze)

ABISETCA TPIIMHEHHAM 0TOGpaXeHIeM .
TeoU X TyU X T U = T U

flokasareascrso. Ouesugno, R(u,v)w ecrs Tpmmmeiinan dynxmus or
t,v,w. Ecas samenwts u 5a fu, rge f — dynxmns, To Tpu wieRa 8 npasok
vacTn pasescrsa (0.1) 3aMeHATCH, COOTBETCTBEHNO, LICHAMME
1) Viu(Vew),
2) (avf )vﬂ"}'fv 'Wlw):
3) = (8uf)Vuw + jV[u,u]w), TOTOMY TIOXYIaeM TOXKACCTBO

R(fu,o)w = fR(u, v}w.
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CooTsercTByone TOXKASCTBA Jid v,w NOAYYAIOTCA OPH DOMOIHM AHAJO-
rasEsx sermcrenmi. [Ipeanoxxmy Teneps, 9o

i, v B g, iy,
i i k

R(w,v)w = Eu‘u’u"&(e;,e,)q = E u'vu* Rize.

Tem canu R{u, v)w B TouKe Ty 3anscaT TOXLKO 0T 3Ravenmit u'(z), v/ (29),
w*(zy), T0 ecTs o1 3mwvenmit u(zq), v(ze), w(zy). Teopesma goxarana.

Samesaume 9.3. Teopema 9.2 noxasumsaer, wro R(u,v)w smaserca Tes-
dopHLM noseM Ba U, a m JOKA3aTeIbCTBA BHAHO, 9TO - KOOp AMBATH
ITOrO TEHIOPHOro NONA. JaMeTHM, ¥ro sEavenwe R(u,v)w 8 Towxe z¢ —
ITO AEMEHT TEHIOPHONO NPOMIBECHNA

ToUSTAU @ T2U 8 TuU.

Teopema 9.4. Temnop XpuBmIREE PHMAHOBON CBSIHOCTH YJOBIETBO-
PAET CAEYIOUUHM COOTHOIMEHMAM:

1) R(ll,ﬂ)ﬂ o -Mwn “)ur

%) R{u,v)w + R{v, w)u + R(w,u)o =0,

3) (R(u,v)w,z) = ~(R(s,v)z,w),

4) (R(u,v)w,z) = (R(w,3)u,v).

JMoxasareascrso. CooTHomenne KococuMmeTpianocTn 1) Bemerenno
BRITEKaeT I onpegesenns Temdopa R. Tax xak sce Tpu craraemsix B ¢op-
MyZe 2) TeE30pHI, TO AOCTATOYHO JOKA3ATH ITY GOPMyIy B CAyIae, KOrAa
pexTopasie noax [u, v], [v, w), [w,u] passs mymo, manpumep, ann Gaomemnx
m_mﬂ €;,€j, €. [IpH ITOM DpeANOICKEHNN HYXKHO HPOBEDHTH
TOXKAECTBO 5

Vu(Vow) = Vo (V) + Vo (Vitt) = Ve (Vers) + Vo (Ver) = Vi (Viev) {;;
Ho u3 cMMeTpRN CBA3HOCTH BHITEKAET, ITO

| Vow=Voomfo,u] =0
e ot BTN coNPARATES 150 AAAES couTE D).



Toxgecrso 3) conagaer, 9o supaxenne (R(u, v)w, 2) kococmmerpiro
10 w, 2. ITO IKBHBANCHTHO yTeepEAenmo, 110 (R(u,v)w,w) = 0 npa Bcex
u,v,w. CHOBA MOXHO NPEATOIOENTS, TTO [, v] = 0, Tax wro (R(u, v)w, w)

passo
(Vu(Vew) = Vo (Vyw), w).

Himave rosops, Mu JOMKHE JOKA3aTh CHMMETPHTHOCTS BHPANKEHES
(Ve(Vew), w) ornocuremsno u,v. Tax xax [u,v] = 0, To supaxenne
" 8,(0y(w, w)) curveTpurdEO OTHOCHTEALHO U, V. Eamm—

CTH C METPHKOIN MOXyIaeM
Bu(w, w) = 2(Vyw,w),
CAeA0BATEALHO,
8,(Bu (1)) = AVa(Vaw), w) + 2(Varw, Vo).

Ho BTopoe caaraemoe B IIOCHEAHEM BHPAKEHNE CHMMETPHINO OTHOCHTEALHO
u,v, nooroMy mspaxesmne (V,(Vyw),w) raxxe camvuerpuaso ormocs-
TEALHO U, v, TTO M JOKAJKBAET CBOHCTBO 3).

CaolicTeo 4) BEBOAWTCA M3 NPEALAYINIX CBONCTB, NPEATATAETCH TPO-
BCDHTE 2T0 CaMocTosTersno. Teopema goxasaua.

Jamesanue 9.5. Bmopmumml),z)ma4m
CHIBAIOTCA cregyonM ofpasom:

1) i=_R‘ﬂs

2) + Rl + R =0.
Tosommm Riju = (R(ea.es)ehec).'mecn

Bigu = 3 Rigut
Torga ToxaecTsa 3), 4) caefylounm obpason:
3) Riyu =—Ryu,
4) Riju = Ruj-

3amermm Takxke, wro Temaop (R(u, v)w, z) BasumaeTcs Temsopom
Pnnn,nmmimqummmmn_p_o-
HIBEACHHA .
LUT, URT,URT,U.

e Fdﬂ'z‘:ﬂfa
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HaMBaeTCH cKamgpHoN Kpusmanoik, rae (g7*) — obparsas MarTpmma x (g;k)-
3agzasa 9. 6. Jlats mEeapmanTHOE onpejeleEme Temsopa Purim x cxa-
AAPHON KPHBIIHEL
Hpmsep 9.7 . Pwmln',mw
e {===(-.v)

v =y(u,v)
z = z{w,v),
rje u,v — napamerpsl. Torjga nepsas KsajpaTnusas dopMa

ds® = Edu® 4 2Fdudv + Gdv®

yro R=-2K, rge K - mmm
Moo u = uy,v = vz, E = g1, F = g13 = g51,G = gn, a T§; -
m!’(mnm

TG G g

Mpnmmmmmpt

K=— (a_-,L %) +;a‘=1ﬂc-rlnﬂ|)]‘

To ecTh 1
K=;l—;-R}’1
Buipasum K wepea remsop Pumana
'—i; 0 = —-Eﬂ’Rnu = —(G”Run +¢®Rynns) =

ﬁﬂmu = A - Rins,
au
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rae A = det(g™*). Tasane obpasons,
| K =A-Run.
C apyroit cropoms,
R=Y MRa= 3 PRp=
Jik=1 g k=1

9" By + 9" Bya + 9" Rigy + 9™ Ry =
9" 92 Rana + 90" R + 9292 Rims + 979" Ruam =
—9"'¢" R + 9" Ruaia + 97 9" Riziz — 679" Ria =
—2A - Rm”

To ects R = —2K.
3agasa 9. § . MMoxasars, wro gan Merpuxu Jlo6asescxoro R = 8.

10. Bremame guddepennmarsanie hopmut.

Caasana norosopuy o semmmx ¢opmax. Iyers V - n-mepmoe mex-
TopHOe mupocrpascreo Eaj nosem K. Bseumas ¢-¢opma w? ma V - aro
KOCOCHMMETpUYecKas Noanseinas Gymxmas

Vx..xVaK
M
qpx
Corsacro apyromy onpegeresmo —~ 3To anemenT npocrpascrsa AY(V*) (em.
sagaqy 3.10 s ra. I). Ecam ey,... e, —Gazme V, ae},... e}~

Gasmue V*, o sremmame npomsnegenns e} A...Aen, i1 < ... < iy, obpasyior
Gaamc npocrpancrea saemmnx g-popm AY(V*). Caegoparessso,

_aimi!(r) - (:)

B wacrsocTs, dim A®(V*) = L.

Mycrs gasee V - pemecTsessoe BeKTOpHOE NpocTpancTso. Torga npo-
crpancrso A*(V*) momopdmo R, 5o ¥a meM ¥eT (NKCHPOBAHHOIO HAIpa-
" paesme. Opmemramms V — aro sanpassesme ma A"(V*) (em. pmc6). Tax
KaK BOIMOKHE JBA EaUPaBIeHRA, TO Ha V BOOMOXHE! fBe OpPHEHTAINN.
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_ AW

- wn

Prcynox 6.

Ecam mbt seifepem menyaesyo dopuy w", TO noxydHM HaupasieHue HA
A"(V*) or 0 x w™. Taxmu ofpasom, ¢opma w” 3agaeT opmerTanmo Ha V.
3ameTnM, TT0 hopM w],w] ONPEIEATOT OANHAKOBYIO OPHEHTAIMIO, eClH
wy = a-wl, rae a > 0. IlycTs opuenramus sagama dopmon w", HasoseM
6anmc e),...,6n DOIOKHTEILHEM, ecalt w™(e),...,e,) > 0, B npoTHRHROM
caygae 6acnc HasHBaeTCA oTpuuaTessHERIM. Takma ofpasoM, opmeRTanmA

Wy oer€h) = det A=W en, .., en).

Ilooromy Gasuchl €1,...,€n, €),...,C) IKBHBAICHTHEL, CCTH OUPEACTHTEND
MaTPHIE NEpexXoja NOMOXKHTENLHBIN. JaMeTM, TTo BHGpas ofun 13 Kiac-
COB 3KBHBAJEHTHOCTH GadmcoB, MM onpefiexnm opmentammio Ha V Tpebo-
BHIGPaHHONO KIacca NONOKHTENLHEE JHAMCHNA. '

Ilycts ma V sagaso cxkaaspEoe Npomdsejenme, TONAA OHO ONpEJeIseT
momopdusm V' = V*, sagamuni npasmiom: sexTopy v € V comocrasas-
erca anmeinas PyExmus H(w) = (v,w). Jamerma, 970 ecam €3,...,8p —
opToHOpMupoBaHENE Gaanc V, To smneinne dynxmms €),.. . , €, 06pasyoT
ABOHCTBEHHBIN 6a3lc, TO €CTh Jid OPTOHOPMHPOBAHHOrO Gasmca BEIIONHSA-
erca pasencrso & = e, i = 1,...,n. Hosowmm (8,®) = (v,w), Torga
TONYIHM CKAlfpHOe mpomaBejeHue Ha V', B YaCTHOCTH, €CIH €],...,€5 —
oprosopMuposaunkii 6asnc B V, 1o €},..., e}, -~ oproopMupoBaHLl Gasnc

B V*. Ecau noxoxuts
(@iA.c.AagBiA...ABy) = &(0) (a1, Boqr)) * -+ (ags Batg))s

TO 3TO YMHOXEHHE NPOJOMKACTCA A0 CKAISPHOr'0 YMHOKEHNA B NPOCTPaH-
cree sremimx g-popm AY(V*). B 9acraocrs, ecum €1, .. . ,€n — OPTOHOPME-
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posasmsii Gasuc V, 1o g-dopmnt €f, A...Aep, i <...< i, obpasyior
oprosiopMuposasEsi Gasnc AY(V*).

Tlycrs ma V sagaso cxanspaoe NpomdBejenme, TOrAa NOXYTHM CKALAD-
HOe NPON3BeieH e Ha ogHOMepHoM npocTpanctee A"(V*), 6rarogapa aromy
onpeeAfoTCA ABe N-HOPMEL eHHEYHON JIHEE, KOTOPHE ONPEAEATIOT PO~
TusonoxoxEse opumenranun. Ecxn ma V duxcuposana opuenranma, To cy-
MECTBYET eAMHCTBEHEAN N-POopMa eAMHNTHON JMHHE!, ONpejertioman Jas-
uywo opuenrammo. Obosmavmu ee wepes (1" m madoBeM (hopmoif obmenma.
Hycrs 9 € A%(V*) u #p9 - Taxax (n — q)mmmmm
¥ € AYV*) sumnonRseTca paseHCTBO

al A1 = (af, 1) Q"

Torpa nposepserca, 9To dopma #47 cymecTByeT X OHA CIHECTBEHHAS, IPH-
9eM oTobpaxenne
1 AY(V*) = A™Y(V?)

ABARETCA JMHeHHEM HaoMopdumMoM. JTo orolpamkense HadWBaeTCA Ome-
paTopoum Xogxa. _

Jagaua 10.1. JoxasaTs yTBepikKgenus:

1) ecamv,,...,v, ~npomssorsri 6asme V, gi; = (vi,v;); 1o (vf,v}) =
99, rae (¢%) — obparmas Mapmua x (gi5);

2) ecum w? € AY(V*), To * # W = (—1)%"—0),1,

3) kil=|+u;

4) eme;,...,e.-opmulpmmﬁﬁnm,mm(euh Ae,,')—
:I:e}lA...Ae;__',rge{ﬁ....,j..'}={l «sB}\ f1y5e-

Mdguxwmnﬁmmw“o&r
crn U C R". Ecam gas xaxoit Touxkn z € U onpegesena sremmas dopma
wi € AY(T}U), ro rosopaT, IT0 OnpejescHA BHemERN Jupepennuarnnas
g-popma wi ga U. Taxmu obpasom, sremnns guddepennnansuan g-popma
ua U — 2710 nose pmenmmx ¢-popm. Hanpumep, sudppepenuman ymummn

fi(z),..., fo(z),9(2), Torza m muax noaysaercs smemmas gndreperumans-
Han g-opma -
wi = g(z)dfi(z) A... Adf(z).

Tax xax gudrpepenmuant xoopAuEaTHEX GyExmmt dry,...,dz, sawoT 6a-
3mc npoctpaictea 1, U, To BRenIENE DpOR3BEACHAA
dz; A...Adzi, i) <...<ig Aa0T Ga3NC NPOCTPAHCTEA BHEIHAX ¢-opnm
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AY(T;U) npu xamaom z € U. Orcioga caegyer, T10 Kakzas Buemman yud-
depernmannan ¢-popua wi ma U mmeer epuucTernoe NpejicTAMICHEE

W= Y ay_i(2)dzi, A...Adz;,, (10.1)

i <<y
rae a;,..i,(z) — dymapm sa U. Ira dopma npmmagsexur xmaccy C™,
ecan nce KoadpdummenTH aj..i,(z) - mmC“ Jazee Mmx

mns ma wicio AY(U) - sexTopmoe mpocrpancTso. Ymuoxenme g-hopu ma
dyaxnun npespamaer AY(U) B Mogyms mag xomsuom O(U). 3amernm, 9To
AYU) = O(U). Nozosmu

£@) =B A),
g=0

wpnA‘(U)mmm. YMEOREHRS:
ecar o” € AP(U), B9 € A'(U), 1o o® A B7 € APH(U). Baarogapa aroit
onepa ymuoxenns O(U)-moxyas A*(U) crasossrcs O(U)-asre6poi.
Onepamna smarns guddepemmara pyEknmn onpejenser oTobpakenue
d: A%U) - AN(U). Caeayomas Teopema NOKadsIBaeT, ¥TO 9TO 0TO6pa-
MeHNe OJHOIHAYRO NPOAOXKaeTCH A0 orobpaxesmmn d : A*(U) = A'(D),
ecant noTpe6oBaTh OT MPOACIKEHAN BLNONHEHUS SCTECTBHHLX YCAOBML.
Teopema 10.2. CymecTeyeT ¥ ¢UECTBeREOE 0TOOPAXEHIE
d: A*(U) = A*(U), yaosseTsopsiomee cAeqysonmms yCaonum:
1) d ssaserca R-ammeianng
2) ecamw? € AYU), To dw® € A™(U);
~ 3) ecama’ € AP(U), B € AYU), 10

d(a® A %) =da® A B + (~1)%a® AdBY;
4)- samommmerca pasescrsodod =(;

5) ecaww® € A'(U), o du® ~ guippepenmmar dymemma.
HAoxasareascrno. Ilycts w? € AYU) mueer pasacikenne

W= Z @i, i (z)dz;, A... Adx;,
1 <.y

mpmlyc‘t-dl)-sjm:m
= Y day_ i (2)Adz;, A...Adz,.
1 <. <y
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C apyroit croposs, 10 pasencrso onpegenser orobpaxesme d : A*(U) —
A*(U), yaosaersopmomee ycaosmsm 1)-5). CooTsercrayiompe Burmciens
Ml OIYCKAeM. Teopema goxasama.

3agasa 10.3. IIpopecTs BRMCICHES, ONYMERHLE B JOKa3aTeAbCTBE Te-
opemsr 10.2.

Tycrs 8 o6aacrn U onpegesena puvanosa MeTpuka (v, w)., Torga onpe-
Aexen oneparop Xogxa )

»: AY(U) = A™Y(U).

JeiscTeareasso, auddepemmmamnuas popma w” = dz; A ... A dz, onpege-
JAfAeT OPHEHTAINIO Ha KaXJ0M KacareabaoM mpocrpanctse T U. Ilooromy
cKaaspHOe npomspecEne (v, w), onpejeaser onepaTop Xoxxa

*2 : A(TZU) - A" 9(T2U).

Ecan reneps w? € AY(U), To nomommm (+w?), = #.wi. 3Jamermy, wro
orobpamenue *, : AY(T;U) = A" Y(T;U) snaserca maomopduamMom.
3aga1a 104. llycrs sa U C R? paccuarpusaercs emumgosa MeTpuKa

ds? = dz* + dy* + 4,

1) #l=dzAdyAdz; .

2) sdzr=dyAdz, »dy=dzAdz, s=dz=dzAdy;

3) »(dzAdy) =dz, s(dyAdz)=dz, #+(dzAdz)=dy;

4) +(dzAdyAdz)=1.

Huddepenunarsman popua Q" = +1 gasumaerca Gopuoif ofsesa. Ecam
K C U - xomnaxTaOe mamepaMoe 0o 2Kopjasy MEOXeCTBO, TO HETErpax

[n-

BasuBaeTCH o6semon Muokectsa K. 3ameTmM, wTo ecam
W™ = a(Z1y. .., 25 )dz1 A, . .AdBy, TO mETErpan [} w" N0 OOpeAETCRMIO paBen
n-KpaTHOMY EETerpazy -

f-?'LG(C],,-.-,InH‘I-'-hl'

Sagasa 10.5. [lycrs puManosa MeTpHKa MMeeT B
' ds* = ¥ gij(z)dzidz;.
i
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ToxasaTs, ¥T0 BHNOIRIETCA PABCHCTBO
Q" = (det (gi5(2)) dzy A... A dzg.

aasa III. FEOMETPHSA MHOIOOBPA3HHR

1. Kpusoumneiane xoopausars 8 R™.

Curcrema xoopaunar 8 obaacrn U C R® — aro mabop audpepemmpye-
Mmux pysxmmit  yy = yi(z),.. ., ¥n = ya(z), yAORIETBOpMIOIDEX yCaOBEAM:

1) Sixobman J = piL=78% ne obpamaerca s Byxs ¥a U;

2) Orobpaxenme y=y(z):U - R", sagammoe mabopom dymxmmit
¥1 =01(2),-..,Un = Yn(z), aBaReTCH Gmexumeit ma obzacTs V C R™.

Ipmsep 1.1. Chepurteckne KOOPAUHATEL T, P),...,a-1 B R”" BBO-
AsTes 00 opuysan

T =TrCosp,
Z3 = rsinp) cos i,
x3 = rsin ¢ sin Pz cos 3,

Zp—1 = rsing; sin ;.. . 5N Pn-2 CO8 Pp1,
Ty = rinmdnm...n’nﬁ_glimp._;.

Ot dopmyxsr onpegermoT ogHOEATHEE Gynkmm r = r(z),
':: @1(2)ye.+ 1 Pn-1 = @n-1(z), ecam morpeGosaTs BETOHEEME yCHO-
0<r<+00,0<p <m0 y,0 < Pp2 <7, 0 < Ppy <2m. SameTnn™,
910 AKobmas

D(#1y.201%n) _ _ n
D(r_m..--.%-l)

He paBeH HyXIO IIpH BIOAHEHNE BepXHEX YCIOBHiL
namu.ﬂmmmwmm
s R".
Paccuor-paM ypasserme yn(z) = ¢, ONO onpegenseT KOOPAWHATHYIO
runepnosepxsocts B U (o puc.?). @ymxmmn y1(z), ... Yo—-1(2) 3agaor
CHCTEMY KOOPAMHAT HA TOH IENEPNOBEPXHOCTH. PACCMOTPMM CHCTEMY
nnmmi: Vk+1 = Ci=ly: -+ 3 Yn(Z) = Cn, OHA OTpeerseT KOOPAWHATHYIO
k-mepry0 nosepxsocts » U. Dymapm yi(2),...,y(z) sagawr cacremy

ﬁh’wﬁmw.".‘n%’
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KOODAMHAT HA TOH DOBEPXHOCTIL &umwmua&
TO YPaBHEHRA Y = €1, Y2 = €2 OUPEJLATIOT KOOPAHHATHLIC JIHNN.

n=C

Prcynox 7.

Yepea xaxayio Touky obaacra U npoxojsr Ape xoopgumaTEme mummm (oM.
puc.8). C noMomeo KpHBOIMHCHALIX KOOPAHHAT M JajMM OUpeicieHie
andrpepermmpyesoro muoroobpasia 8 R", 7o norarue o6oGmaer nons-
THe KpHBoil i nosepxmocTH B R,

=G

%G

Pucyuox 8.

Muoxecrso M C R" saonmaerca gudrpepenmupyessnd k-Mepasiv Muo0-
roofipasmes, eci RIS KakJoR TOIKH g € M cymecTsyeT OKpecTHOCTE
U(zg) ¢ KpHBOAREEHAEIME KOODAMHATAMIE Yy,. .. , Yo TAKEMIE, ITO yPaBHe-
1R Ypi1 = 0,...,ys = 0 onpegeanor muoxkecrso M N U(zg) (cm. pme.9).

Paccuorpun, manpuep, cepy 5™, 3ajammyio ypassenmen

A+ +am=1

Tloxaxens, 9To ona saxserca (n — 1)-Mepusna Muoroobpament. Ilyers yy =
zi'-i-m-l-:ﬁ—l,mpﬁ-sz:;. Ecau Teneps z9 € 5™ m 2 # 0, T0
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wabop ymcmnik
(n=af+-tap-1,
m=n,

{ ¥ = @iy,
Vi+1 = Tigly

L Un = Tn
ofipasyeT KpuBoIHHEeNRYI0 CHCTeMy KoopAuHaT B oxpecrsoct U(zg). 10
wnmmﬁ,ﬂ.ﬁ}#ﬂnmmq.

Pucynox 9.

2. WMWmﬂpﬂllN-w
npocTpascTBe.

2.1. 3agasue MEOroOGpasHA CHCTEMON ypasHesRwiL.
Iyers U ~ ofsacyy 3 R™ m M C U - MoxecTso, 3ajasmoe CHCTEMOMN

YpaBEesi
Fryi(z) =0,...,Fy(z) =0,
rae Fiya(2),..., Fu(z) - andpepesmmpyemsie dymxmn U, npusem paar
(’:’*.ft %i.*ﬂ)
& g
B Kaxjgoil Touke z € M makcamazen, To ects pasen n — k. Torga mmo-

xecrso M smasercs k-mepunid Mmoroofpasmes. [eficTearersmo, ecmx
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qeﬂnmmpmm

ﬁ& g
He PaBeH HYXI0 B TOUKE Ty, TO CHCTeMa (byHxmumi
[ =21,
.“-zlt
1 ﬁ+1-ﬂ+1(=).
k.'l=Fl")

3aJaeT CHCTeMy KPHBOINHEHHAX KOOpAUEAT B okpectrOCTH U (Zg), mpHaem
nepecewesne M N U(zy) onpegerserca cucremoll ypassesmit yi4y =0,...,
Yn = 0. Taxum obpasom, Mucxkecrso M ssasercs k-mepusiv muoroobpa-
amens.

3aMeTHM, TTO AHANOIHIHEIE Pe3yALTAT HMEeT MecTo, ecan M 3ajaeTca
CHCTEMON yPABHeHWN

Fia(y) =0,..., Fa(y) =0,

mey=(y|,...,y.)~:pmnﬂnxmmopmlm.ﬂ.
JokasaTeascTBo TO Xe camoe.

2.2. OxcnoHEHETA OT MATPHILL.

Tlycers M(n, R) — MaoxkecTso MaTpHI pasMepa il X i € BOIIeCTREHRBIME
DUEMEHTAMIL Bch:(sq)EM(n.R),meemmpm

memln MNooromy M(n, R) oroxgecrsas-
erca ¢ RV Onpemmmmxz(:q)m

ﬂxnhmul'%, 0#veR",

Torga M(n, R) craBoBrTca HODMEPOBAHHEIM BeKTOPHEIM
Mo mugyxmm goxassmaercs nepasencrso [|X*|| < | X]|*. Hosromy paz

= xt
L%
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HOpMaXLHO cxopuTer. Taxme oGpasoM, onpeferero oToSpaxeHne
exp : M(n,R) - M(n,R)

€ HOMONILIO PABEHCTBA .
e:pxaz-i
k=0

Sagaqa 2.2.1. JoxasaTs yTBepKeHNS:
1) BEDOIBMOTCH PABEHCTBA

exp X' = (exp X)', exp (YXY ™) = Y(exp X)Y ", det(exp X) = exp (tr X);
2) ecm A u B xommyTpyoT, TO
exp (A+ B) = (exp A) - (exp B);

3) exp - orobpaxenue waacca C;

4)ﬂpmmp@omaeﬂ(u,ﬂ)n
oxpecrsocts E € M(n, R);

5) orobpaxemme

2
Y-_-hx-_-(x-z)—@+
w:WEEM(u,R)-moﬁprmmxow
IEHHIO eXp.
SameTum Teneps, uTo oroGpakenme Y = In X onpegeaser xpumosms-
HellHYI0 CHCTeMY KOOPAMHAT ¥ij, 1 < i,j < n, B OKpecTHOCTH eqMHNTHON
MaTPRIbL

2.3. Ipymnst GL(n, R), SL(n, R), O(n, R), SO(n, R).

MuoxecTso obparimsix MaTpin 8 M(n, R) obocanataeTca yepea GL(n, R)
u HaamBaeTcs obmell JHEelHON rpynnoi. JTo ACCTBATEILEO TPYNIa OT-
HOCHTEABHO OLEPAUME YMBOKEHI. Cmymicmpam,G’L{n.R)-—mar-
tpmmnﬂ(u,.ﬂ)-n' , 3aganEOe HepasencrTeoM det X # 0,
Tax Kak ¢ysxwnn det : M(n, R) -+ R senpepupsas. 3ameTmM, ITO Onepa-
A YMHOKEHRA

Z = X-Y : GL(n, R) x GL(n, R) - GL(n, R)

50



mwm Ananoruiso, onepaums s3s-
Ti# o6paTHOR MATpPHI
Y =X"': GL(n,R) - GL(n,R)

TaKxke Judepernmpyemas.

Hoarpymna GL(n, R), sagansas ypassemmen det X = 1, oboanasaercy
wepea SL(n, R) u sassisaerca coenwassnoi suseinol rpymo. Moxaxes,
mmmWwwﬁmnl"m
et n? — 1. Jlag 9T0r0 AOCTATOMHO NPOBEPETS, FTO CHCTEMA YpaBHEHIE

det X =1
ouX =0, 1<ij<m, G
ne mmeer pemermit. OGoomawnm wepea Ay asrefpamdecxoe JONOIHEHRe
BIEMERTA Tij, TOTAR
Odetx_
_ Oz A“
Tooromy u3 pasescrs
0 det X
=0
Oz

CAEAYET PABEHCTBO HyMO BeeX axrefpairgeckux ponosmeswmit A;j, ciegona-
reasno, det X = 0. Hrax, cucrema ypasnenmit (2.3.1) me maeer pemenmit,
mmmsqmﬂ)mwm
s GL{n,R) CR™.

ﬂomGL(n,R).mmX X‘-E,m'lu
uepes O(n, R) n masusaeTcs oproromazssoi# rpymmoi. Obosmatav wepea
€15.. .6 CTPOKE MaTpmm X, Torga pasesicrso X - X! = E pasmocuasso
cucreme paseHcTs (e, €5) = &, TO €CTH YCAOBMAM OPTOTOBAIBHOCTH CH-
creas sextopon. Tax xax (e;, €5) = (e}, &), To Moxecrno O(n, R) saxaerca
c-:'raﬂni',"'—'lyplmﬁ

(‘ivej)-‘f.ﬁ 1i<j<n (2-3'2)
Brnosmse Bo3MOXHO, ITO OHN 38J&I0T MHOrooGpasue pasMEpHOCTH
n,_u(n-{-l) =n(n-l)
2 2

Yrobu AoKasaTh TO yTBepAkjecHme, M OyjeM HCINOJLIOBATEH KPHBOJN-
Heitayo cucreMy koopgmmar Y = InX, onpesereEmyo B OKpecTHOCTH
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roaxu E € GL(n,R). Torga ycaoese X - X' = E pasHOCHILHO YCIOBIIO
Y 4+Y* = 0, 1o ecTs B okpecTHocTR Toukn E maoxecrso O(n, R) sagaercs

CHCTEMOI YPABHEHIU:
Wity =0, 1<i<j<n. (23.3)

Cucrema ypasuesuit (2.3.3) aumeiino HesasmcmMan, TIOOTOMY OHA Ompefe-
aser pasmepsocrs %Y. ITycrs reneps Xo ~ npomasoss-
Baa MaTpama w3 O(n, R), Torga cacrema dymxmri ¥ = In (X - X5') onpe-
JensieT KPMBOAMHENHYIO CHCTEMY KOopamHaT B okpectHocTR Togku Xo. C
TOMOIBIO TOM CHCTeMBl KoopAusaT Mmuoxecrso O(n,R) » oxpecrHOCTH
rouku Xp 3ajaeTcs cucremoii ypasuesmi (2.3.3), a nooToMy sBaserca MHO-
rooﬁpmwi?—l)-nmmmh

Ecm X € O(n,R), To det X = %1. Orxpurroe mpoxectso 8 O(n, R),
sajgansoe yciopneMm det X = 1, apamerca mogrpynmoii, Koropas oGosHaga-
erca gepea SO(n, R) u sasniBaeTcs coemyabEON OPTOroHaILHON IPYTIION,
Ommmmﬁpmpmﬁ—r—l

Jagasa 2.3.1. Ilokasars, wro mmoroobpasua SL(n,R),S0(n, R) cam-
Hue, a MEoroobpasus GL(n, R),O0(n, R) cocronT m3 FBYyX KOMMOHEHT CBA3-
HOCTH.

3. Tononormueckue MuHOrooGpasmus.

Jlanee uepes B™ obosmavaerca orkpurrhil wap 8 R”. Tonomormieckoe
muoroobpasue sokamsHo ycrpoeno kax B". Tounee, xaycaopdoso Tonoso-
THYECKOE MPOCTPaHCTBO M HadBIBACTCA N-MEPHBIM TONOJOTHIECKHM MHO-
roopasmen, eciy Ai% Kaxk ol Touxn p € M cymecTeyer oxpectaocts U(p)
romeomopdEat oTKpirToMy mapy B®. 3amernm, 9TO B 9TOM
Map MOXKEO 3aMeHNTh Ha NpoHIBoabHOe OTKpHToe MEoxectso V(p) C R".
Xaycaopdorocts M HyxkHa B3 TexsmYeckux coobpaxkenuil, TAKXKe HHOIAA
nprxoguTca TPeGonaTh, Irobr M ofragamo cueTnolM 6230l

Japaga 3.1. Tokasars, 9ro k-meproe gudipepenmmpyemoe MEoroobpa-
ame 8 R" anagerca k-mepanmM TonosormgeckuM MEOroofpasuen co CHeTHOR
Gasom.

Tonosormseckie MHOr0OGPAINA MOKHO NOXYYaTh W3 OTKPHITHIX MHO-
xects B R" ¢ nomomsio onepammam cxaelikn. PaccmoTpuM caagaza cayaid,
KOrfga HMeeM gBa OTKPMTHX Mmuoxecrsa Uy, Us. Ilyers Uy C Uy, Uz C
U - orkpmtsie nogmuoxectsa, @2 @ Uz = Uz - romeomopdmanm (om.
puc.10). Torga oroxgecTsmu Touku z € Uy ¢ Touxamm @y2(z) € Uy,
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TO €CTh PACCMOTPHEM OTHOMCHNAE JKBNBAICHTHOCTH Z ~ @13(z). B peayms-
rare m ofveamuenna Uy U Uz NoayvaeTcs TONONOrHIECKOE NPOCTPAHCTBO
M = U; U Uy/~, xaxgas ToIxa KoTOpPOro oGIagaeT OKPEeCTHOCTHIO I'O-
Mmeomopdmoit oTkperromy wapy. Ho Tomosormwecxoe mpocrpascrso M =
Uy U Uz/~ Moxer GuiTs Bexaycqophonsnd.

>,
@

Pacysnox 10.

Sagaua 3.2, HpoupamoMsU;U[&[~Wmnl
TOABKO TOrja, Korja rpadmx orobpaxenus I'y,, C Uy x Uz ~ savxuyToe
MHOKECTBO.

Ormeram Takxke, 9ro Muoxecrsa Uy, Uz MoryT nepecexarncd, B 3TOM
cayqae HyXKHO 3aMcHETs ofsranoe obsegumeane Uy U Uz Ba mecasatoe ofb-

exusesme U [ Uz, xoropoe no onpegesenmo passo (U x {1})U(Uz x {2}).
Jagasa 3.3. Iycrs

UGh=lh={z=(n,m) eR)-1<n<,-1<n <1}
- orxpurTsil xsagpar, Uy = Uy = {z1 # 0} =

+1,23), 11 <0,
eae)={C T B0

M&n, 910 Torga muorooGpasme M = Uj |]Us/~ romeomopdmo or-
KpbrroMy amcty Mebuyca (om. prc.il).
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Pucynox 11.

TIpesiAynIyIo KORCTPYKIMIO CaelKE MOKEO 0606umIrTs caexysommi obpa-
aom. Ilycrs maeen:

1) HocaegosaremsaocTs (KOHETHYIO HAN CICTHYIO) OTKPLITHX MEOKECTB
U;iCR"

2) Ilpm xamgux i # j orxparTeie MEokecrsa (Moxer GuTs nycTsie)
UjcU.
- 3) Dpmxamzux i # j romeomopdmasmst @y : Uij = Uji, yAosaeTsops-
Oie YCIOBHAM

_ PH=PG Pij © ik © pui = id.

Toraa Ha HecBAINOM O0beARECHIN

III Ui = l;(Us x {i})

wmw z ~ pij(z), rae = € Ui A dax-
TOPIPOCTPAHCTEO -
u:(]tlu,);..

YAOBAETBOPAET YCIOBHIO, ITO A% KaXo# ToIkH = € M cymecrsyer okpect-
HOCTE, roMeoMopdEan oTKpuToMy mapy B R™.
Jagata 3.5. lycrs

R= {(3!’) € (Iil Ui) x (I‘IUi)l’ ~ V}!

Torga daxropnpocrpascrso ([[; U;)/~ xaycaopdono, ecan x Toamko ecim
MEOxecTso R aamxmyToe.



4. KapTu » araachl.

Jazxee M - n-meproe Tonosorsveckoe Muoroofpasme. Kapra ma M
~ 10 romeomopdiam @ : U = V, rpe U C M, V C R® - orxparraie
suoxecTsa (cm. puc.12).

et

%

Pacymox 12.

Tomomopdumam ¢ : U ~ V sajaerca mabopom dymxumit 21 = 21(p),..., 20 =
za(p), To ects @(p) = (z1(p), - -, Za(p)), rae p - nepemenman rowxa w U.
OTH QYyHKIMN BAMKBAOTCA KOOPANHATHHME (YHKIMAME RAH KOOpAHHA-
Tamu. Jlazee npo xapty ¢ : U = V umx Gyaem rosopeTs, 9TO JaBA KapTa
U ¢ xoopguBaTaMu 1,...,Zn

Ilycrs gass gpe KapTH HA TONOJOIEIECKOM MEoroobpasma M

U=V, ¢: U'#W,mmvnv'm(m
p.:.u) Torga oTobpaxenne

¢op™ :p(UNT") = ¢(UNT)

HasKBaeTCH oTobpaXkeHmeM Nepexoja OT UepBON KapTH ko sropoit. Omo
sajaerca EabopoM QYHKIMI OT N-NepeMeRHRIX

I:*. = (21, +12n)
: ;'l = ’:t(’lv"v'u)!

IAe Ty,...,T, — KOOPAMHATH B NepBoil KapTe, a ¥),...,Z), — KOOPANHATE
BO BTOpPOH Kapre. JTH QYHKINN HAIMBAIOTCS (YEENRAME ODepexofa OT
KapTl ¢ KOOPAMRATAME T1,...,Zn X KAPTE € KOOPAMEATAME Z),...,Tp.
Kaprn o : U = V, ¢ : U' = V' auippepenmmpyemo corzacosamsi, ecin
mm(tl).ummmmm
aexar kmaccy C%,

(4.1)

55



il

g

U V'
Pucysox 13.
Habop xapr ¢; : Uy = Vi, i € I, Ba Tomosormseckom MuorooGpazmm
M masmmaerca arsacom, ecin muoxectsa Uji € I, moxpumaor M, To

ecrs U;U; = M. Araac masumaeTca gudipepesnmpyeMsiv, ecam Kaxgsie
Ape ero kapTe gnddepenumpyemo coraacosanst. [lsa guddpepenmupye-
MBIX ATAACA IKBHBAJNCHTHEL, ecad uX obbegunenne gaer aupdepermmpye-
MBIl aTAac. DTO OIHAYAET, YTO PYHKINN Nepexoia OT KOOPAUHAT B NEPBOM
aTaace K KOOpAHHATAM BO BTOPOM aTiace nMpuHEajzexar kzaccy C°°,

Kaacc sxsusansenTHOCTH ARdpepenmmpyeMsIX aTAACOB HA TONOAOTHYE-
CKOM MHOT'0OGPA3HE Ha3LIBAETCA Juipepeniuipyemolf CTPYKTYPOH Ha 3TOM
mHoroobpasmm. Taxu obpazom, andypepennmpyemulii araac sagaeT gud-
depeamupyemyio crpyxTypy. Tonosormieckoe mMmoroofpasue ¢ ¢uxcnpo-
pannoil guddepennmupyeMoil CTPYKTYPOil HassiBaeTes JHphepernupyemMung
uHOroofpasme.

Sagaua 4.1. Tlocrponts Ba guddepennupyemom Muoroobpasum 8 R"
KasoRHYecKyo AnddepeRnnpyeMyo cTpyKTypy.

dagaa 4.2. Ilycte M = R n paccmorpum gsa aTaaca sa M. Tlepsunt
aTAAC COCTONT W3 OAHON KapTh @(z) = =z, a BTOpUHl aTJAC COCTONT H3
ommoit kapTi ¢'(z) = z°. [lokasaTs, 9TO ITH ATAACH We IKBUBATCHTHEL.

5. lIpoexTHBEOE NPOCTPAHCTBO.

[IpoexTHBEOEe NpocTpancTeo Haj noseM R mm C ssasercs npuMepoMm
abcTpakTHOro, TO ecrh He miokenmnoro 3 RY, mmoroobpasms. Cmavaza
MBIl PACCMOTPEM BEIIECTBEHHOE NpPoeKTHBHOE npocTpascTso. Omo oGoana-
gaerca vepes RP" n, xax MHOXECTBO, ABASETCH MHOXKECTBOM NPAMBIX, TO
ecTs OfHOMepHELIX NognpocTpascTs 8 R™H,

Taxum obpasoM, aremenTamu RP™ spamorca npavme 3 R™, npoxo-
smume gepes 0. Kaxgan Takas npamas | onpegenserca HemyAessiM Hanpa-
pamommam pextopod v € R™*! (em. puc.14). KoopzmeaTi aToro sexropa
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(vo,...,v,) HaOMBaOTCS OHOpOAEEIME KoopAEHaTaum Towkm [ € RP".
Onn oupefeasioTcs ¢ TOYHOCTHIO A0 YMHOKEHHA Ha HEHYJEBOH CKauAp:
pexTOp Av = (Avg,...,Av,) ZexHT Ha ToH Xe npamoll | 1 Bee HemyseBme
pexTopsl Ba | noxysalores Takum obpasom. IlooToMy mexTop ogHOpOABERIX
woopguEar Toukn | € RP" no Tpaguusm obosaavaercs sepea (vp @ ... 1 vy).

Pmll;

Toasaysce OAHOPOAHBIME KOODIHHATAMMN, MOKHO NOCTPORTH ATIAC HA
RP"., Iosowmu

Ui={(vo:...:0p)|v5 #0}, i =0,...,n,

u onpegexny Guexkumo @; : U; — R™ npasmiom
e o) = (2 ]
w(q.....m.....o.)-(w,...,l,...,w).

(Ha camom gese 1 myXso BLKHHYTH, HO MK OCTABAfeM €€ JI4 HANOME-
HAHNA,KAK BOHNKIA 3TA CTPOKa.) OTa Gmexuus onpejexasercs Habopom
KOOpAMHATHEIX hyHKmmi

('1-—.- -d (0—1 {0 - :( _
Ty o’ & » T, W 1 s = P

(Hammmqrymmz‘n=lmm) Dynxuuu nepexofa
OT -0l KAPTH! K j-OM HAXOAATCH H3 PaBEHCTBA

B %
v o %Y

hmoﬁpnau.s 333)':“) JameTnm, wTo GYEKINE NepexoAa NpH-
wmﬁ.nmmmw
aTaac,eme pano, Tak xak Ba RP” eme mer Tomosormm. Ocraerca 3ame-
THTH, T0 Tonosorns Ba RP™ aagaerca Tpebopanmen, Trobm oTobpaxe-
mug @; : U; - R™ 6sum romeomopdmmmamm. Herpyaso mposeputs, w10
Taxas Tonodorsa Ha RP" cymecTsyer m oHa equHCTBEREAL.
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3agasa 5.1. Pacosorpmy ma R\ {0} orsomesue sxeusazenTHOCTH
v ~ Av. Tloxasars, uro daxropupocrpascrso (R \ {0})/ ~ cosnagaer
¢ RP", a paxropronozorus yjoszeTsopser TpeGosammo, arobsl oTo6pa-
wenns @; : U; = R® 6sum romeomopdeamarm npu 1 = 0,...,1.

Bosee maraagno semecTeennoe npoexTuHOe npoctpascTso RP" noay-
YaeTCR ¥ N-MepHOR cheprs S, dagammoll ypanmesmes(cy. puc. 15)

Ug+---+u:=l.

Kaxgas npamas | nepecexaer chepy S” B AByX AHAMETPAILHO NPOTHBO-
noxoxasx Toukax. [loetomy RP" monysaerca ma S™ oToxjecTrienmem
ZAaMeTPalbHO NPOTHBONOJOKHBIX To%eK. B yacTHOCTH, NpoexkTHRHAA Nps-
maz RP! yerpoena kax okpyxHocTs, a npoexTunras mockocts RP? — kax
muctT Mebuyca, Kk KOTOpoMy N0 IPAHHIIE NPHKIEEH KDYT.

CHIHO. DTO MHOXECTBO UPAMBIX (Kommsexcanix) » C"H,
3agaua 5.2. lokasars, 9TO KOMILIeKcHas mpoexTupHas npamas CP!
copnagaeT co cepoit Pamana C = CU {o0}.

6. AGcrpaxTane guddepernupyemsie uuoroadpann

Jnddepermmpyemoe MEOroofpasae — T0 TONOAOTHIECKOE MEOT00GPa-
ame ¢ QuKcApoBaHHO# Ha Hem Aupdepemmmpyemoil crpykTypoil. lundbde-
peHnmEpyeMas CTPYKTYpa sagaerca fuddepenmmpyemuin aTracom. [nasroe
amavenue Juddepesnupyemoil CTPYKTYPH COCTOHT B TOM, YTO OHA NOOBO-
ager onpegenuTs gudppepenmupyemble GyHKmum Ea MEoroobpasmm. IJTO

Oycrs M — n-meproe audrpepenunpyemoe Muoroobpaswe. Ecmm py €
M - duxcupopawsas TOUKa, TO OHA BMECTe C HEKOTOPOH OKPECTHOCTBIO
U(po) nonagaer B oany us kapr U c koopgnEaTaMm 2i,...,Zn. llooToMy
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bysxumo f : U(ps) = R moxs0o paccMarpmsaTs Kak QYEKmHIO 0T n-
uepemennnix f(p) = f(21,...,2n). Pymxuma f(p) seaserca Pymxumeit
xsacca C® B TowKe py, ecam Gynxums or n-nepememmbrx f(z15.-.52a)
HMeeT NPOMIBOgHNE J06Oro NOPAAKA B TOIKe py = (23,...,28).

Ecan U - orxpriroe Mpoxecrso 3 M, To wepes O(U) 6yaem oboanaaTs
muOxecTBo Qynkmmi kaacca C ma U. Muoxecrso O(U) ssasercs amre-
Gpoit Bag R orrocaTessHo crokemus 8 ymuoxenms, Jepes Op, Mix 6y e
oboaaataTs aarefpy pocTkos gudpepeHmupyeMbx QPYHEKOHE B TOIKE py.
Torga BexTOpHOe NMpocTpamcTBO Anpdepenunposanmit Dy, amrebpst Op,
HAOLIBACTCA KacaTeIbHRIM HpocTpascTsoM ¥ M B Touke py B obosHagaeTCa
gepes Tp, M. Ecam Toixa py nonagaeT B KApTY ¢ KOOPARHATAMY Ti,. .. ,%n,
NW;&, .,ﬁ—aﬁpmymﬁmnmmm-onpo-
mmwmmmmnmooﬁpmw
BEKTOPHOIO MOAA, KOBAPHAHTHOTO amddepennmposanns, adxpuHuon cBA3-
HOCTH, PHMAHOBOH METPHKH M PHMAHOBOH CBASHOCTH, MEOJedMIECKHX -
HEH, TEHIOpa KPHBIDHL, BHenuX Anddepenmnainusix HhopM ¥ BEEIIHETO
audepepenmmana. Ipeasaraeres NIOBTOPHTE ITH Ofpeje-
JeHHA AAS MHOT00GpadHii, a M OCTAHOBEMCA HA OPHEHTAITNH, TAK KAK OKa~
3LIBAETCA, YTO CYWECTBYIOT MEOrooGpasus, e of1ajaiomue opHeHTAIHe.

Opnesranns wa MBoroo6pasinr M — 3T0 HenpephBHOe NOZe OPHEHTA-
i KacaTeabHbiX mpocTpancTs T,M. YrownaM gammoe onpegeseswe. Ecam
B KaXJOM npocrpascrpe T, M puibpaTs opresTAINIO, TO TO-
ZyTumM nose opienTanii. Ono GygeT HOMPEPLIBHEIM, ecA 1A ABYX GAHIKHX
TOYeK P, P2, HONAJAIAX B OFHY KapTy ¢ KOOPDAHHATAME Z1,...,Tn, 6a-
aumng—lm £—|"npoc1pumT,,M i = 1,2, sagaror 1o cosnaga-
nmeopmamcgmmmnpomelﬁom
K JaHHBIM OPHEHTANNAM B 06ONX KACATEILHBIX NPOCTPARH-

CTBaX.

Muoroo6passe M HasuBaeTCHA HeOpHEHTHpYyeMEIM, €CIH Ha HeM He Cy-
MEeCTBYeT OPHEHTALMN, B NPOTHBHOM CAY9ae OHO HAILBACTCA OpHEHTHpYE-
MBIML

3azata 6.1. TMoxasars, wro RP™ - oprenTupyemoe MuorooGpasse To-
r/ia ¥ TONLKO TOrAR, KOTJa N HeIeTHOe.

Ecxir smuoroofpasite opHeRTEpyeMoe X HA HeM (MKCHPOBAHA OpHEHTA-
IH, TO TaKoe MHOrooGpasie HadWBACTCA OpHeHTHpoBamEnM. Jlan BHem-
aux guddeperunanawx ¢popM Ha OPHEETEPOBAHEOM MHOM0O6Gpasun onpe-
Aenen onepaTop XoAXa #, eCIH Ha HeM BuGpana pumanoBa MeTpuka. [pen-
JAraeTCA CAMOCTOATEIBHO NOBTOPHTE oupeAexcune oneparopa Xogxa ais
mBoroobpasna.
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Orobpaxenne guddepermupyemsix Muoroobpasmi F : X — Y Basuisa-
eTca gdxpepesuEpyessid, ecin Jas Kak Aol gudpepesmupyemoi (ymcmmr
g(y) Ba orkpmTom Muoxectse V C Y caoxuas dymxoma g(F(z)) Gyaer
Aappepermpyemolt PysKumeli Ha orxpsrrom mmoxecrse F(V). Ilpea-
AaraeTcs UPOBEPHTH, ITO KOMDOIHMUHS ARddepenmupyemux oToGpaxenmi
Gyaer pudpepenmmpyeMbiM oToGpaKeREeM.

3ajxata 6.2. NoxasaTs, wro pysxmus f(p) Ha gudxpepenmmpyenmon Muo-
roobpasun M audpepennupyemas TONga H TOALKO TOCAA, KOTJAA COOTBET-
mmmmm@mnuqn
Gymer guddepeRumpyemsiM.

ma&mmwwm
obpasmit X x Y 6yger anddepenmmpyemum muoroobpasmen, ecam X, V
Anddepenmmpyemuie MEOroobpasns, nputem npoexkmm X x YV = X,

X xY = Y - audpdepesunpyemsie orobpaxenns.

3agava 6.4. Paccuorpiu cdepy S° xax nogumoroobpasme C?, sajan-
noeypanmm|z1|’+|z;|’—1 Iloxasars, 9ro orobpaxenme p : S —
5?* = C, sapannoe npasmaon: (21,23) =+ 21/, Anddepenumpyemoe.

3agm65 Paccmorpam » mpomsegenmu RP" x R™*! ymomectso
M™*, cocrosmee m nap (I,z), rae | - npsmas 8 R™!, a z -~ Toxa ma
mmﬂmmh!"‘“ (n + 1)-meproe gudihepenmupyemoe
mEoOrooGpasue, a mpoexmm M™H - RP", M™ - R™ - mdpepen-
nMpyeMbie oToOpaKeHHd.

Orobpaxenne muddepenmmpyemsix Muoroobpasmit F : X — Y masm-
BaeTca gupdreoMopdusMoM, ecan oB0 GuexTHBEO, a oTo6paxemus F, F~!
Audpepesmmpyemsie. MuorooGpasus, MexAy KOTOPLIMI CYmecTBYeT Auc-
deomopduam, HAIKBAIOTCA JHPPEOMOPPHEIME.

3agata 6.6. Toxasars, 9ro Gwexmus y = z° : R — R me smasercs
Rudpeomopdimmonm.

3agaua 6.7. [lokasats, yro RP? me gupdeomoppna 52, RP? me qud-
peomopma 5%, RP* gudpeomoppuo SO(3).

7. O6oGmennan q:?puyn Croxkca.
7.1. ®opmyna Crokca pas n-MepHOro Kyba.

Ilycre V-n-meproe OpHENTHDOBAHHOE BENIECTBEHHOE BEKTOPHOE IPO-
crparcreo. Torga V sBasercd n-MepHBIM OpPHEHTHPOBAHHEIM A epes-
mEpyeMEM MEorooGpasmem. [elicTeuTesssio, ecad BubGepem Gasme V, To
passokeHHe BEKTOPOB No aToMy Gasscy sagaer xapTy Ha V. OTa KapTa
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oroxgecraaser V ¢ R®. Mu npegnosaraem, wro smbpamsnni 6asnuc aa-
Aaer opmenTammo V, KoTopas mMeZach TaM pamee. Biarogaps oromge-
creaermo V = R™ Ml MOXeM OOpejeiNTh KOMIAKTHEE HIMEDHMBIE 110
Kopgarny mmoxecrsa B V. Ilpegaaraerca nposepmTs, 9TO onpejeieHme
KOMIIRKTHOIO H3MEpHMOTro MHoXecTea B V' He zasucaT oT Bmibopa Gasmca.
Mycrs K C V xoMmakTHOe H3MEpHMOe MEOXecTBO, W" n-mepHas amdde-
pmms@qnn.oupmal B OKpecTHOCTH

K. Torpa onpegesen mwrerpax [ w". [Jeficrsuressno, swbpanmuii Ga-
monpwmopmamzh .yZn B V, nooromy dopma w" mueer
npejcTaBiIeHne

W' = f(z1,...,za)dz1 A ... Adzy,,

H 110 ONpPEJESCHNIO NoJaraeM
[xw"=f...fxf(lzl,...,x..}dzl...dz..,

rfie Cupasa CTORT OGKITHLIE KpaTHEIS HETerpas. [IpexraraeTcs nposepuTs,
9TO ONpejlefeHEe HETerpaia oT Audepenuuarsnoi GopMsl He JABHCHT OT
BeiGopa Gasmca, HO NPH HOMEHCHHH OPHEHTAUMEH OH yMHOXaeTcs Ha —1.
O1H dakTH NPOBEPAIOTCA € NOMOMBLI0 (POPMYIH JaMEHB IEPEMEHHLIX B
KpaTHOM METerpaje.

Maoxectso 8 R®, sagannoe mepapescrsavm 0 < z; <1, i = 1,...,n,
obosuaTEM Jepes Q" u HAIOBEM EHHNIHAIM n-MepHhIM KyGom(cM. puc.16)

Xz

ar

X

Prcymox 16.

‘IcpaQ?), Q}l’ﬁynmoﬁmmrpmxy&,mm
creenno, pasescrsamu z; = 0, z; = 1 (om. pme.16). Opmesramma ma
xyﬁeQ"maeleoidz;A Ad:n,woemmmﬁmm

,e..Opmrmsnarme sajaeTca (opumoit

(=1)'dzy A...Adzi A ... Adz,,
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ugmw.mﬂ;mmﬂmmm
mwnmd)mm -

(=1)"Ydzy A... AdzA... Adz,.

BEKTOP v) ABIRCTCH BHEWHEN HOPMATHIO K JaHHON TPANN, OCTATMHME Bex-
TOPH 13,...,Vs BHGHPAIOTCE HA Jannol rpany, HpEYeM Tak, wrobs! Gasuc
Uiy .-, Un 324aBaT QUKCHPOBANEYIO OpHeTamIO KyGa. Torza opmenTaums
HA Zammoil rpamm dajgaercs GasmucoM vg,...,v, (. pucl7). Jamerm,
970 N0 TOMY HpABILIY Ha rpaEuue KBajpaTa Q? OpHeRTAUNA JajAeTCR Ha-
npapreHnes o6X0fa OPOTHB YACOBON CTpeIkH. A OpHEETAIMS HA IpaEMIe
Tpéxmeproro xy6a Q” sagaetes no npasusy sunta. [lo aromy npasuzy ma-
npapiesne 0GX0AA FPARK KY6a COBIAZACT ¢ HAIpABCHUEM BPAIEHNA BUHTA,
XKOFja BHET JBHKeTCE Bapyxy. Taxmwa obpasom, ofmee onpesesenme co-
raacyercs co&m@m&mmﬂw’m
MATEMATHIECKOTO ABAINIA.

Prcynox 17.
Teopema 7.1.1. Ilycrs ua xybe Q" mmmm

—Eq(s}dnl\...l\dzu‘\ Adz,

TOrjia BHTOSHAETCA (HopMyIa

» l= [il )
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Hoxasareascrso. Jocrarotso nposepurs pasenctso (7.1.1) aas dopass

Biga —
W = ay(z)dzy A... Adz; A ... Adzy.
Burmcnmne dw™ !, Torga noxymn |
dw™ ! = (_1)‘-18—‘:‘(.;-:943, A...Adz,.
Toaromy mveem paseEcTBa

jda"-l-
0«(*)
(—)qu’.,dsn &z ds.j
(-1)‘-"]0?)4:....dq...d:..[a;(q,...,g...,s.)-q(s,,...,o,...,s.n-

lqs”q{z}d:;h...hah...hdc,+j‘;!"q(z)ds1 A...AdzZA...Adz, =

f W™,

Q=

Teopema goxanana.

Samewanne 7.1.2. Hmwormb@mnmi@mw

Jagata 7.1.3. [loxasaTs, 9TO HA NIOCKOCTH TeopeMa jfaeT dopMyny
I'pmza '

j;q p(,,,)a,+q(z7,)4,- f /q (8018:-1)_8?3:.1))%_

7.2. Auddepenuapyemuie MEorooGpasns ¢ xpaem.

Yepes B® vt Gyzaem o6oonatars nosymap {z € B®jz; < 0}(cm. puc.18).
Tonosorsreeckoe Muoroofipasse ¢ Kpaem — 1o Xaycaopdoso Tomosormye-
CKOE NPOCTPAHCTBO, KaXjad TOYKa KOTOporo ofiafaeT OKpecTHOCTEIO M0~
mpd:nimpyﬂ"mmmapyﬂ_’,‘_(m puc.18).
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Pucysox 18.

Ecms M-Tonosormieckoe MHOroofpaswe € KpaeM, TO MHOXECTBO TO-
ﬂmu,mmutpwmem.mmw“mpy,
oboonataercs wepes M u masuBaeTcs xpaem MuorooGpasms M. 3amerm,
wro o6prinoe MEOro0bpasne ARIgETCH MHOrOOGpaINEM C KpaeM, ¥ KOToporo
Kpail mycToit. mmm'cwmm
mmmmtnm;;nmmmm
cTpyxTypy (ecam oma cymecTsyer), noaTomy onpegenenst guddepenumpye-
MBle MBOTO00GPasiA ¢ KpaeM Kak 0600meHus 06brHbX Au(depesnpyemMbx
muoroobpasmit. Kpait auddepenmupyemoro Maoroobpasua ¢ kpaem smas-
erca guddepenmupyemun MEOroobopaswem Ges kpax pasmepsocTH Ha 1
MeHbIe,

Ha gudppepenmmpyemsie MEOrooGpasss ¢ KpaeMm mepeHOCATCS Boe HOHA-
THA, KOTOpSe PaEbIe BEOJIINCS I8 MBOT00oGopasuil 63 Kpas, Hanpumep,
AHAJOTHTHO BBOJHTCA MoHATHE opmenTamm. Eciam mmorooGpasme c xpaem
M opuenrupoBaunoe, To Ha Kpae M KamoHWYecKE ompejelfeTCs OpHEH-
TAlMA MO UPABMIY BHEMHEH HOPMANN. A MMERHO, B OKPECTHOCTH TOYKR
p € M puifupaioTca TaKue KOOPAMHATH Z1, . . . , Ty, IAAINIHNE OPHCHTAIIIO
M, wrobm xpait onpegeasics ypassenneM Tp = (), a OKPECTHOCTS TOMKH P
B M 3ajasanacs mepasercTBoM z; < 0 (ca. pme.19).

%

Prcynox 19.
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Toraa KOOPAMHATEL T3;...,Ty ONPEACIMOT OPHEHTAINNIO KPaR B OKPECTHO-
cri Toukm p. Kasomuweckn opuemTmHpoBaEENI Kpal Gyger ofosEazaTsiy
gepea OM. .

Muokecrso K™ ma Muoroobpasus M EasuBaeTCH KPHBOINHEHHEM Ky~
6oM, ecIH HalAeTCA CHCTEMA KOODARHAT T1,...,Ty Ba M Taxas, 9T0 MEO-
xecteo K™ onpegeasercs cuctemoit mepasencts 0 < 2; <1, i=1,...,n,
OpEYeM MPEANOSAraeTCs, IT0 TOUYKH Ha M ¢ NPOMIBOIBHEIME TAKHMIE KO-
OPAMHATAMN CymecTBYIOT B fammoil xapre (v puc.20). Ipamm xyba K™
Takxe GyAyT KpHBOIMHCHERME KyGaMu, HO pasMepHOCTH Ha 1 Memnme.
I'panm rpameit Mu Gyfem RassBaTs Takxe rpansvm xKy6a K™, mo coorser-
CTRYIOmEHl PA3MEPHOCTIL -

Ecan M-xomuaxTHOe MEoroofpasue ¢ KpaeM, T0,0Ka3kIBACTCH, €10 MOXKHO
IPEACTABHTS B Buje OBEANHCHNA KOHETHOrO MHCIA KPHBONNEEHHEX Ky6on

M=KU...UK,

TaK, 9TO JBA KyGA MOTYT NEPECEKATHCH TOILKO 1O OAHON FPAHN KAKOH-TO

mmmn@mhmnpmmsm
ofbeuHeHNS KPHBOINHEHREX KyGop Gygem HasuBsaTh pasGHeHHEM MHOIO-
obpasun. -

Teopema 7.2.1. Ilycts M - n-mepHOe KOMIAKTHOE ODHEHTHPOBAHHOS
Audrpepennmpyenoe Muoroobpasme ¢ KpaeM, W™ — gudipepemumarssas
¢opma 5a M, Torga sumomseTcs popMysa

fr=fam
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JHoxasarenscrso. Vb pasbuesma M = U;K; nosy1aem pasescTso
-l 1
J =T s
Tax xax ¢popmyaa Crokca gas xyba gokasaHa, TO HMeEM PABEHCTBO

fx. s oK =

OcTrafres A0KA3aTH PABEHCTBO

3 M M

Yrobst ero goxasaTh,3aMeTHM, YTO ecan rpasb Kyba K; HaxogaTcs BEyTPR
M, 70 OHA ABAKAN BXOANT B JeBYIO CYMMY DABCHCTBA, HO C NPOTEBOIO-
JOMKHOI OpHEHTAINEH, TIOITOMY HETErpaihl IO HIM YHEYTOXKaloTed. Takma
m:ﬁmmmmmmn

rmM,qmmmmmwupmxpm
oM.

Teopema goxasana.
Jagasa 7.2.2. Busectn m Teopemt 7.2.1 xiaccugeckywo popmyay Crokca
u opmyay Ocrporpagckoro.

7.3. Koromonoram ge Pama.

dopum wa M, Torza onpegenen saemmmit guddepeniman
d: AYM) = A™ (M),

mmdymutp-m-yd‘=o. D@opuma ¥ EaIHBaETCA JAMKRY-
TOl, ecalt OBA yjoRseTBOpseT ypassesmio dw? = 0. Ecam gan dopmmr w?
cymecrsyer dopma o' Taxas, wro w = da?"!, 1o popma ¥ HasKBaeTCH
Towsof. TpocTpancTso JaMKHyTHX g-dopm oSosmammy wepes AY(M), a
HPOCTPaHCTBO TOYHBIX ¢-popM obooraTM Sepes dAT(M), Torga mmeen
AIOKEHHe BEKTOPHRIX NPOCTPAHCTS

dATY(M) C AY(M).
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2T0 BIOKeHHE BHTekaeT Hd pabencTsa d° = (. PaxTOpPHPOCTPARCTBO
o AT(M)/d AT (M)

obcamadaercs wepes HY,o(M) u nasumaeres g-Mepoif rpynmol Koromomo-
rik ge Pama muoroobpasms M. OxassmaeTcs,?T0 BeKTOpHOE MPOCTPaR-
CTBO HMEeT KOHCTHYIO PA3MEpPHOCTH, OHa oboamataeTces wepes b9(M) u na-
suBaeTca ¢-m mcaom Berrn mioroobpasia M. Oboomawmu sepes HY(M)
OPOCTPAHCTBO g-PopM, YACBICTBOPAIONNNX CHCTEME YPaBHEHNI:

dw? =0, th'no,

g-dropat. Tax Kax Kakjan rapMoENTeckas GOpPMA ABIAETCA IAMKHYTONR, TO
onpegesen romMoMopdiM

HY(M) - Hp p(M).
OxasuiBaeTcs, TO OH ABIRETCH HIOMOPGIIMOM,

Mst XOTHM NPHBECTH I'COMETPHYECKOE ONpPEAeseHue IPYNN KOroMoo-
raii. Bubepem pasbmenme MmorooGpasus M ma xpwsommmeimmmie KyGsi.
Paccsorpuy rpasm 2Tex KyGop moGoli pasmMepHOCTHE, OHN CAME SBASIOTCA
KpHBOIHHCHERME Kybami. JadmicEpyeMm Ha Beex KyGax OpHEHTAIME, 1O~
JyieHHbEe OPHEETEPOBANHEE KpPHBOIHHeHHLe KyGnl GyjeM HaskBATL KIeT-
Kamp. DTH KieTkn GyjeM paccMaTPHBATE B KatecTpe GasmCHEIX SACMEHTOB
HEKOTOPOro BeKTopHOro npocrpascrsa. [lycrs

'Oye-eg0lh

— 3T0 BCE KICTKH PA3MEPHOCTH ¢, HX IuHeiHbe KoMOHEAINN ¢ BemjecTBeH-
HEME Koaddurmsesrranm

ayo] +...+amol,

6yaem BasuBaTH g-MepEEME meaami. [IpocTpascTso g-MepHBIX nenel o6o-
anasim wepes Co(M). Ecm dim M = n, 1o Cy(M) = 0 npu ¢ < 0 u npu
g > n. llpm xaxaoM ¢ onpejesen IHHEHHLIT TOMOMOPdIAM IPARNIL

8 : Cy(M) = Cy1(M).
Tlo onpegesemmuo
80§ = {cymma zpaned xaemnu of },
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NpUieM Nepej MPalbid CTABATCH JHAK "+”, eciN OpPHENTAIRS PTOH rpasm
10 NPABITY BHEMHel HOPMAIN COBAZaeT ¢ GUKCHPOBAHNON HA Heil Opmen-
Taleil, B IPOTHEHOM cIydae cTasaTca sHax ”-", Ilpegxaraerca nmposepuTs,
wro & = 0. Ecm ¢ - mems m 8c = 0, 70 mems ¢ HASMEACTCH IMKIOM.
meqmmwmmc,(ﬂ). ¥ pasencrsa
3 = 0 ssirexaeT BacHenne

8C41(M) C Cy(M).
PakTopupoCTPARCTBO
Co(M)[8C 441 (M)

oboanasaerca vepes Hy(M) u massiBaeTcs NPOCTPAHCTBOM ¢-MEPHRIX I'0-
Mogormit MEorooGpasna M.
@opmysa Croxca noxkassmaer, 910 HETerpuposanue quddepennua-
HEIX GopM TO HensM f
w

oupefelfeT CUAPHBARNE MEKAY NPOCTPAHCTBAME TOMOJOTHE B KODOMOJO-
ruit (w,c) = [,w. OxasnBaeTCH, ITO OHO HEBLIPOK ICHHOE. g
3axava 7.3.1. Pacomorpam suddepenmuarsayo GopMy

oo 2= ydz
T

MoxkasaTs, 970 1A HOpMA IAMKNYTAS, HO HE SRIZCTCS TOTHON Ha
R*\{(0,0)}.
Jagava 7.3.2. Haittm npocrpascTsa

Hpp(S"), Hy(S?), Hy(S" x §").
Sagava 7.3.3. [Joxasars paBescTBO )
H(X xY)= Y H(X)®H(Y).
rta=q

Caasa IV. KOMILIEKCHEIN A3KIK B FTEOMETPHH

1. KoMniekcusie BEXTOPH B KOBEKTOPHL.

Mycrs M-gudpepesmmpyemoe smuoroobpasne, p € M, TorAs aseMenTH
xomuexcrduxaman 7, M @ C sassmalores koMmmaekcHsivm BexTopavm. Ha-
OpuMep, eclid Zy,...,Zn KoopamHEATH Ha M B OKpecTHOCTH TOYKH P, TO
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andppepenmposanme 52 +izl anrserca KACATEILHMM BeK-
TOPOM, TO €CTH AIEMEHTOM KACATeLHOIO NPOCTPAHCTEA
T,M@C. 3ameTm, TT0 NPONSBOILELIK BEKTOP TON0 NPOCTPAHCTEA HMEeT
PANIOKEHHE ’

v= i: o (1.1)

rae vl,...,v"-KoMIIexcHNe YHCEa. JamersM, wro gudpepemmaposamme
(1.1) MoxHEO MpEMeRATS K Auddepenumpyemsna ymx
muav. Eca st maeen Taxyio dyuxmmo f(p) = u(p) + iv(p), 1o & aud-
depesmmax df (p) = du(p) + idv(p) seaserca KoMIIEKCHEIM KOBEKTOPOM, TO
€CTh NPHEAANKAT KOMILIEKCHOMY KOKACATEALHOMY HPOCTPAHCTBY
T;M ® C. Ecam pasmepsocts M eTas, T0 ecTs n = 2m, TO MOXHO pac-
CMATPHBATE KOMILIEKCHEIE KOOPAHHATSL 2]y . .+ y Zm B OKPECTHOCTH TOUKH P,
10 Habop mudepeHIHpyeMBIX KOMILIKCEO-3HATHHX (PyHKIMI, KoTOpHe
andxpeomopdao 0TOGpaXAIOT OKPECTHOCTS TOYKH P HA OTKPHITOE MHOXKEe-
creo 8 C™. [duddepenunmar

dzls"'!dzllsdﬁl"-la'! (1.2)

KOOPJMEATA Zj MMECT PAjJOXERHe Zp = i + iy, TONAR HONOKIM

-

=3 _.-%), k=1,...,m, (13)
%: ;(8%+i%), Aml,...,m (14)
JAnddepenumposamns (1.3), (1.4) maosmatorca gudppepenumponammarn Komm.

Hx onpegenenme onpasasiBaeT
Teopema 1.1. Kosexropst (1.2) obpaaytor geolicTsensbir 6asnc K ba-
3HCY BEKTOPOB, COCTABICHHEIX M3 gudpepernumposanmi Komn (1.3), (1.4).
Hoxasarexscrso. HemocpeacTsennas npopepka noKasusaet, T0

da(gy) = dn(zg) =0

. a
a.(—-a':) =0, dz..(o—ﬁ) =§f.
Teopema goxasana.
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3amenanue 1.2. Ecam M-nosepxuocTs ¢ pamamoBoit MeTpuxoil ds?, To
B OKPECTHOCTH TOKE p € M CymecTByIoT BemecTBeRNIIEe KOOP AMBATH 2, Y
Takme, 70 sumomserca pasencrso(a.[1]) ds? = a(z, y)(ds?+dy?). Taxue
KOOPANHATH HEILBAITCH HIOTepMEdeckinMy. Ecam Temepsh Ml NOSOKEM
z = z + iy, To noxywam pasesctso ds® = a(z)dzdz.

Jagava 1.3. TlokasaTs, 4TO A14 MOBEPXHOCTH ¢ PAMAHOBOM METPHKOR

ds? = a(z)dzdz
rayccoBa KpMBIOHA UDUMET BilY
K=- @ aa;flna(:) (1.5)

ONYCKATL NOAPOOROCTH, TAK KAK B BOMECTBEHHOM CIydae 3TA 3aja7a yxe

MsuoxecTBo o6paTHMBIX XoMIlexkcELX Marpun B M(n,C) oboonada-
erca gepes GL(n, C) u pasusaerca obijeit auaeitnoi rpynmnoi. Jta rpynna
obpasyer oTKpEITOC MEOKecTBO B M(n, C) = C™ | 3a5anm0e HepasencTBOM
det X # 0.

HNogrpynna GL(n,C), 2agaunan ypasuenmem det X = 1, o6oamauaercs
gepes SL(n,C) u saduBaeTcs cremazsgoil saneinoi rpynnoi. oarpynma
GL(n,C), sagaunan ypassemmes X - X' = E, o6oomataercs sepes U(n) m
BasuBaeTcH yawTapmo# rpymmos. Iogrpynma U(n), sajanmas ypassenmen
det X = loﬁmmmsv(n)lmmndm
HOft rpymmo#.

Saga4a 2.1. JloxkadaTs CECAYIOMME YTBEDKICHIA: :

1) Daementst rpymms U(n) sagaor npeobpasosanus C*, mmpueco-
- XPaHAIOT IPMATOBO CKAIAPHOE UPOMIBCACHRE

(v,w) = '@ +... + ™",
2) Muoxecrea GL(n,C), SL(n,C), U(n), SU(n) 8 M(n,C) ssamorcx

Wm&mmpmmmmzn’
2n? -2, n?, n? - 1.
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3) Bumounmwores pasencrsa U(l) = S, SU(2) = 5%, rae S' - oxpyx-
mocTs, 5% - cepa.

Haﬁommm‘ooﬁpmll@wm
AHATHTHICCKEMM YDABHCHIAMME.

Onpepencame 2.2. Kommmexcro-awaysas ¢ysxmms f(zy,...,2,) Ha-
3LIBAETCA AHAINTHYECKON, eCIH OHA JH(MpepeRmmpyeMas | y4OBIeTROPACT
CHCTeMe YpaBHCHMH of

af =0, k=1,.

A Teneps onpeferiM KPHBOTHHENHYIO KOMILICKCHQ-AHATHTHICCKYIO CH-
cTemy KoopgmuEaT B obsactu U C C".

Onpepenenne 2.3. Habop KOMILIEKCHO-aHAXHTHICCKIX QyRKmmE
wp = wi(z), k = 1,...,n, ofpasyeT KOMIIEKCHO-AHATINTHYECKYIO CH-
cTeMy koopgusar B obuactm U, ecun omn sagaror Gmexmmio Ba o6iacTs
V 8 C", npiryem ofpaTaoe oTobpakesime TaiKe 3aJaeTCA KOMILICKCHO-
AHATHTHICCKEME (OYHKITHAME.

Muoxecrso M C C" saduiBaeTC KOMILIEKHO-AHANHTHICCKAM k-MepHBIM
MEOroo6pasieM, ecIm A% Kax 0 TouxH zg € M cymecTsyeT oKpecTHOCTE
U(ze) ¢ xpuBonmHeHRLEIME KOMILICKONO -AHATHTHICCKAMH KOODAHHATAMM
W, .y Wy TAKHME, 9TO YPABHEHHA Wiy = 0,...,w, = 0 oupegeasior Muo-
xecrso M NU(z). 3amermm, 910 k-MepHOe KOMILIPKCHO-aHATHTHIECKOE
muoroobpasue sBugeTcs Takke 2k-mepEbiM juddepemmppyeMbM MHOTO-
obpasmeM.

3agava 2.4. Mokasars, yro muoxecrsa GL(n,C), SL(n,C) smamorcs
KOMILIEKCRO-AHATHTHICCKEME MEorooGpasmavm B C”, a muoxectsa U(n),
SU(n) spamorca Tomko AudipepenunpyeMiuIME MEOI0OGpasuaMu.

Iycrs U - obsacts 8 C" 1 M C U - MHOXecTBO, 3aJaHHOE CHCTEMOM
YPABHEHHI

Fep1(2) =0,...,Fo(z) =0,

rae Fiy1(2),...,Fa(z) -
9eM PAHT MATPHIA

dynxumm wa U, npu-
g g

B KA A0l Touke z € M Makcivanes, To ects paser n—k. Torga MaoxecTso
M spasercsa k-MepHBIM KOMILIEKCHO- MuoroobpasmeM. DTo
YTBEpA ACHEE BHITEKAeT D AHANOTa TEOPeMBI
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0 HeaBHOH YHKIHE, KOTOPYIO IpeAIaraeTcs cHOPMyIUPOBaTS B JOKA3aTh
CaMOCTORTEALHO.

Taxxe npefsaraeTca CaMOCTOATENLHO, C NOMOMBIO KADT M ATIACOB,
ONPEACINTS KOMIACKCHO-AHAINTHIECKYI) CTPYKTYPY Ha TONOJOIHIECKOM
muo@mummﬂmemmmm
roobpasue. B xawecTse npuMepa mokasaTs, wro CP" spasercs KoMmLIeKcEo-
AHANTHTHIECKHM MHOrooGpaswen.

AHAINTHYECKOS MHEOI0OfpasEe SBASETCA OPHEHTHPOBAHNHEM TeTHOMEDHBIM
AuddepernuEpyeMEM MEOr00GpaneM.

Janasa 2.6. Pwm@lx@l—bw 3ajlaEHOe

opuysamu

oo = Ugty, Wey = tgUL, Wig = Yyvg, W11 = U1y,

rae (ug : u1) — OAHOpOAEEIE KOOPJMHATH! NEPBONl KOMILIEKCHON TPAMOIL,
(v : m1) — xoOpAMEATE: BTOPOI NPAMOI, a (Weo : We) : Wie * Wiy ) — KOOPAN-
maree CP?, Hmmm,mmomﬂp-nﬂ:emlm
apamrriwseckoe. Haitrs ofpas aroro orobpaxesnmns.

3. Ilrockme XOMIJEKCHEIC KPHBbIE.

B 9TOM MYHKTe Mif PACCMOT-PHM KAK HpHMep IIOCKHE KOMILICKCHO-
mm&mmmwm

f(z,w) =0, (3.)

rae f(z,w) - xomnsexcro-aRaANNTHICCKAT DYHKIHEA ABYX KOMILIEKCHBIX fie-
pemeRENX z, w. Ypassenue (3.1) ecTs ccTeMa ABYX BEIIECTBEHHBIX YpPAB-
wemmit u = 0, v = 0, rge f = u + iv, w noeTOMy 2agaeT ABYMEpDHYIO
nosepxuocts » C? = RY, Beegem xomnaexcusti rpaguesT

gradcf = (5L, 2,

Touxa (29, wy) wa xpusoir (3.1) EadLBasTCS Beocoboi, ecax
gradc f|(sg,m0) 7 0-

mewmwomm
mmm (koTopsik MEX npEBOAEM fea JoKaszaTeancTsa). .
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‘ mll.mmf(gu)-mmwm
npuaen B Towme (z9,wp) ¢ f(20,w0) = 0 rpagmesr gradcf oramsen or
Hyas. lb_'m,mﬁﬁo. Torga B JOCTATOTHO MAJOH OKPECTHOCTH
rouxw (z9,wp) ypasmemme f(z,w) = 0 mMeeT eamHCTBeRHOe N IPE ITOM
KOMILICKCHO-aRaINTHYecKoe pemense w = w(z), Tax wro f(z,w(z)) = 0,
wy = w(z). A

Mpmmep 3.2 Hymf(z,u)-—wqrmm Toraa
TOAHAS COBOKYNHOCTS pemenui ypassesma f(z,w) = 0 suga w = w(z) ma-
ILBACTCA MHOrOIEATHON amrebpamdeckol (yHKUmeH, a CAMA NOBEPXHOCTE
(xoMmuexcuas xpusas) f(z,w) = 0 HasumaeTcs rpadEKoM KX PEMAHOBOH
[OBEPXROCTHIO TOH MEOTCOHAIRON (yHEKIHn.

Baxusni SacTHENE cAyIail — 3T0 MENEPAINITHYeCKEe KPHBAE, TO €CTh
mmwww’=!’.&),rm Pa(2) -
MHOTO'LICH N-0i CTENeHH.

3agawa 3.3. Tlokasars, wro xpusas w’ = Ph(z) meocoGas Torza m
TONLKO TOrAa, Korga muorowien Ph(z) me mveer xpaThmx xopmeil. Bu-
SCHETS TONOJOIIIeCKHI THI STOH KPHBOIH B CAY4ae OTCYTCTBHS KPATHEIX
KopHeit.

mxmwmm
xpusoit f(z.w) = 0. Mycrs

af
Ow (20,%0)

B HeKoTOpOl Touxe (29,wp). Torga

#0

"="(')! b'%“:
nosroMy Merpmka Ha C?
ds® = dzdz + dwdd

Ha nosepxsocTn f(2,w) = 0 npespamaercs »
ds’ = (1 + I%':DM

Ecan z = z + iy, T0 2, y ~ HIOTEPMHIECKHEe KOOPANHATH Ha ITOM NOBEPX-
HOCTH.
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Ilycrs Teneps f(2,w) Muorowsen creneny d, TOrga BbeeM OJHOPO L.
KoOpAuEATH (2 @ 21 : 22) W HOMONKIEM

e |

' ot |
r=— ‘B;‘

H PACCMOTPHM OJHOPOAHLI MHOTOWEH cTenenu d
Plav,anym) = 410 2

Toraa ypasmemue F(zp,2),23) = 0 sagaer xommsexcayno xpusyno » CP2,
Samerum, w0 C? C CP? u xpmsan F(29, 21, 22) = 0 snaneTcs saMuxammen

xpusoit f(z,w) =0.

4. KsaTepanousl.

MuoxecTso KsaTepumONOB — 370 copoxynmocTs H ammednrx xomGuma-
micmmmmm ;

qen.q-c+&+q+& (4.)

r.ne:,;,b mnn&mmm Beepén Grumamert-
Hoe ymuoxerue 8 H, nosoxus

ij:k:-—j"’jk=£=—kj,h'=j:—ib,i’=j’-l’=-—l. (4.2)

Jlerko mposeputs, wro H ¢ Tak onpegesémmimv yMEOXKEHNEM DpeBpaimia-
€TCA B ACCOIMATHBHYIO, HO HE KOMMYTaTHBHYIO amre(py Hajg moJeM Beime-
CTBeHHEIX WHCeX. OTy aure6py MOXHO NPEACTABHTH B MATPHIHOM BHJE.
O6ossamiv Sepes ) MEOXKECTBO KOMILICKCHEIX MATPHI] BHAA

at+bi c+di
—c+di a=bi ’
e 1 — MHNMAS eANENIA, TOTAA CIPABSLINBO :
Ipepnmoxenwe 4.1. PmpuomﬁpamA K—bQ

a+u'c+ﬁ)

Ala+bi+cj+di) = ( st il - (43)
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JMoxasareascTso. Orobpaxenwe A spasercs maoMopduamon 4-MepHEX
BEIIECTBENNLIX NPOCTPAHCTS, OCTASTCA NPOBEPHTS, ITO OHO COXPAHAET One-
pammno ymBoxemms. [Lag 3T0r0 JOCTATOTHO NPOBEPHTS, IO MaTpEIM

(3 8)oa0-(4 )02 )

( ?Hlﬂmmlﬂ,mmwm
4.1 ;
§=a~bi—cj—dk
Ipeanoxenne 4.2. Orobpakenwe ¢ — § — anTHasTOMOPpIIM arre-
6psr H, 10 ecTs
E anfe=a+d 0T 6=8"a-
JoxasarTenscTno. JTO cpasy BUANO H3 TOrO, ITO

AQ) = (A9,

.mxar MWMW
M(n,C). lNpegaoxenne goxadaHo.
Onpegemms mopay |gf, nozaras gz xearepmmona suza (4.1)

laf =g =a+8*+ +d* .
[Ipavoe BermCIeREe OKA3LBACT, ITO
faf* = det A(g),
nosToMY HopMa of6lagaeT cRONCTBOM
las - @2l = || - lezl- (4.4)
Ipegnoxenne 4.3. Ausre6pa xsarepamoros H ssiagerca Tesom, To
€CTh I8 KaXJOrO HEHYIEPOro KBATEPHNORA § OpeAeles OOpaTHRUY xBa-

repawon ¢~ Taxoll, vro gg”' = 1.
JHoxasarenscTso. MoxHO NOMKETS

g '= EqF . (45)
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roraa 90" = ¢i/laf* = 1. Tpegroxesme goxasano.

MeoxecTso kBaTepHEROEOB ¢ HopMoll 1 ofoamawmy wepes H;. B caay
(-I.?)mrpymmym‘m’:m,tm(is)'cmw,memqenl.m
=4

B wersipexmeprom npocrpascree R ¢ xoopamsaTamm a, b, ¢, d Maoxe-
creo H; sagaerca ypasneamem

@+ +l+d=1,

TO ecTs sBaserca cepoir 5,

Ipegnoxenne 4.4. O6pas romomopdmma A : Hl-iGL(zc)pnﬂ
rpymne SU(2).
JoxasarenscTso. Ecau ¢ = a 4 bi + ¢j + dk € H;, To noaoxkma

z=ll+h°,_ w=c+di.
Toraa |z + |w|* = 1 u marpuna A(q) mueer Bug
[ a+bi c+di\_[ z w
A(q"(-chﬁ a—bi)"’(—ﬁ z)'
Mooromy Matpuma A(g) mpmmagsexur rpymme SU(2). Ocraércs mpose-

PHTB, YTO TAK Hoxysaem mobyio MaTpuny ms SU(2). Ipepsoxenme goxa-
3am0.

Iycrs Hg — Tpexmepsoe NpocTpancTsO KBATCPHHOHOB T, YAOBICTBOPA-
IOMEX ycaosuio ¥ = —z. Merpuka B 210M MpocTpascTse 3azacTes (GopMy-
J0it - .

IpeararaeTcs npoBepuTs, IT0 9TO NPOCTPAHCTEO EBKIHIOBO.
Hpegnoxenue 4.5. Ecan |q| = 1, To npeobpasosanne

ag:z—qrq ! (4.6)

ABFAPTCH BpameHmeM TpéxmepHoro npoctpancrsa He = R?.
Joxasareascreo. Tak xak £ = —z, §=q¢}, T0
g2q T =q '3 = —qzq .

HNosromy Tpexmeproe mpoctpanctso Hy npn npeobpasobamny o nepexo-
anut B ce6a. Kpome Toro, jgzg~!| = |z|, To ects gmma mexTopa » Hp
coxpargerca. [Ipegiokenne goxasano.
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3agasa 4.6. JlokasaTs yreepxaeHna:

1) Kaxgpit asement rpynma SO(3) sagaeren dopuyaoit (4.6).
2) Ecm ay, = agp,To g = +qp.

3) Bumomasercs pasemcrso SU(2)/+1 = S0O(3).

4) Tpymma SO(3) auppeomopdma RP?.

5. BemecTBenENEe B KOMOIEKCHEE KONRKH.

Jasee ognopogasie xoopaumaTs Ba CP? Gyzem ob6oamasaTs Yepea
(20 : 21 : 23). Paccmorpmd orobpaxesme o : CP? — CP?, aagammoe
npasuiom o(zg : 2 : 22) = (3 : Z;: 5), Toraa o2 = 1, To ecTs ¢ ABATETCH
uEBOMONMeit. Hemoapimkmuie TOMKE 2TOH HEBONIOINE HEMEIOT BEIMECTBOHHLIS
OAHOpOAHLE KOOPAHEATH (Zg : Z1 : T2), TO ecTh onpegeasoT Touxy RP2,
PaccmorpaM ofEOpogHOe ypasHeHEHe cTeneHH d ¢ KOMILICKCHHEIME KO-

aunmenTAME
Y oumnAE =0
k+i4m=d

O6oanaumm ero wepea E, a wepes E(C) Gyaem obosrasaTh MHOXKECTBO TO-
sex (39 : 2) : 23) € CP?, yxonseTsopmommix ypassesmo E. Ecan ymuoxuts
ypasresme E Ha HeHYZeBOH MHOXWTEIL ), TO €CTh PACCMOTPeTh ypaBHe-
mue (AE), To ero maoxectso pemenmit (AE)(C) cosuager co MroxecTsoM
pemesmit E(C). O6paTsoe yrpepxjenme HepepHo. Ecum ypasmemus E,
(AE) me pasamaaTs, a RyleBOe ypaBHeH#e He PACCMATPHBATh TO MHOXKECTBO
ypasHeHul cTenenn d ofpadyeT KOMILIEKCHOE NPOCKTHBHOE POCTPAHCTBO

pasMepHOCTH
N(d) = (d+z) i1,

70 ecTs MEOXecTBO ypasmemmit passo CPY(¥, Ero ogsopogssie xoop-
AMHATH — 3T0 Koa(hRUHERTH ypaBHeHWE Gjl,. B auseiHoN reoMeTpHE
YPaBHEHHA M MEOXECTBA PEIeHNil PACCMATPRBAITCA C TOTHOCTHIO A0 IPO-
exTHBELX npeobpasosasmit. Taxue npeofpasosanma sagaores opmysoi
w = Az, rae A-zmmeiinoe npeobpasosamme C?, 1o écrs A-matpuma. Ha-
TpEMep, INHCHREOE yPaBHeHHe IPHBOANTCE K KAHOHNSecKoMy BuAy zp = 0,
a ypaBHeHHe BTOpPOil CTENEHN K OHOH M3 CASAYIONEX KAHROHWIECKNX dopm:
g+ +23 =0, +2} =0, 3 =0. Ypasnemme zp = 0 3azaeT npoex-
mmnpnqncl=é. Ypasuenne 2z + 2] + 23 = 0 3azaeT ogEOMEp-
HOE KOMILICKCHO-AHAINTHYecKoe MEOroobpaste, KOMILICKCHO-AHATH TRIeCKH
SKBHBAJEHTHOE NPOEKTHBHOM OPAMOH. JTOT (PAKT NPOBEPAELTCA C NOMOIMBIO
crepeorpadurdeckoit mpoexuma ¢ mewTpom B Touke (1 :1: 0) (o puc.21)
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Pucysox 21.
Ypannesme zf + z} = 0 sagaeT obbeHEenNe NPOSKTHBHEIX IPAMBIX
n+izn =0, z-izn=0,

a ypasmerme z3 = 0 dagaeT " ABOMHYIO" NPOSKTHBHYIO IPAMYIO.
D nmseitnoit arreGpe i1 reoMeTpHE PACCMATPHBAIOTCH TOALKO YPABHEHAR
cTenenu d = 1,2. Caywait d > 2 mccaegyercs B arreGpangeckoil reoMeTpHi,
Mbi HM 3aHMMaThCA He Gyjgem, a cobupaeMca JAONOAEETH pedyabTaTHl 06
YPaBHeHNAX BTOPOH CTENCHM.
llps d = 2 muoxecrso E(C) masusaerca xommkoil, Taxum o6pasom
KOHHKa 3aJaeTcA YpasHeHneM

2
Y aunu =0, (5.1)

k=0

TAe kKoMmuiekcHule KoahpuMenTs! @) 06pa3yloT HeHyJAeBYH CHMMETpHIe-
ckyio marpuny. [lo xoumxe E(C), sagannoit ypassesmen (5.1), aro ypas-
HEHNE BOCCTAHABINBACTCA C TOYHOCTHIO /10 HEHYJeBOr0 MHOKHTENS, TO €CTh
BOCCTAHABAMBAETCA TOYKA B NPOEKTHBHOM NPOCTPAHCTBE YPABHEHHH BTO-
poit crenemm. I[loaromy ypasmemme (5.1) Mit Gysem Takke Ha3NBATH KO-
- mmxolt. Komuxa (5.1) maosmaercs meocoboir, ecm det(ay) # 0, To ecms
M{Sl)mmxwmm Oco-
ﬁmmmmoﬁpuymmepmqmommndm-m
HoM npocrpancree xomix CP°. Komnka (5.1) masupaercs pemecTscumos,
€CH Bee KOO(PUIIEHTH aj BellecTBeHHBIE. Mummmymbm
CTBO 0cOOLIX BEmMECTBEHHBIX KOHMK.

PaccmoTpaM HEBOMOMINIO KOMILIEKCHOT'O CONP/AXERHA O CP’—}CP’
Bygem canrats Touxm z, o(z) axpupasenTHEMM, mxtmw
npocrpascrso CP?/o.
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Hpegnoxenne 5.1. MuoxecTso 0cOGRX BEMECTBEHHEIX KOHNK PaBHO
axropupocrpascrsy CP?/o.

JoxasaTenscrso. - Conocrammm Touxe daxropnpocrpanctsa CP?/o
ocobyio pemecTrennyio komuxy. Touxa paxTopupocrpascrsa CP? /o - aro
napa KOMILIEKCHMX To%ek (ag : @1 : a2), (do : @ : &3). Mo orofft mapm
obpasyes CleAyIOmYI0 0COGYI0 BEUIECTBEHHYIO KOHRKY

(@070 + @121 + a222)(do20 + 8121 + G222) = 0.

HeTpyaso nposepuTs GHEKTHBHOCTS HOCTpOeRHOro oTobpaxenns. Ilpea-
JOXKeHEWe JOKAIAHO.
3agaga 5.2. [loxasats, 970 MHOKECTBO 0COGHIX BemMECTBEHHHIX KOHMK
romeomopdro chepe 4. '
Jagasa 5.3, BermcanTs rpyniy BemecTBeRHIX NPOSKTHBHLX npeobpa-
sosammit maockoct CP?, nepesopsmux » ceba npmayio zp = 0, a Taxxe
napy Tovex ma meit (0:1:4), (0:1: —i).

6. 3avem HyXeH KOMIIEKCHMN S3LIK B reoMerpun’?

Iocae Toro kak [exapr BBea cHCTEMY KOOPANHAT Ha ILIOCKOCTH, CTANO
ACHO, ITO NMPOCTHIE H XOPOmO H3ydeHHHEC reoMeTpudeckne obbexTn (Ha-
npEMep, NpAMEle B KOHEKH) MOXHO 3aJaTh TAKXe ¢ MOMOIILIO MPOCTHIX Mo~
AMHOMHANLHEIX YPaBHeHHN (COOTBETCTBEHHO AMHEHHEIX M KBajPaTHIHLIX).
DTo HABEIO Ha MHCIB, 9TO B Ka4ecTBe CAeyIOMero mara MoxHo Gbino Gul
nonpoGoBaATE WIYUNTL KpHMBEIC, 3ajaHHKE MHOrowseHaMn Goee BEICOKON
crenenn. Yxe Huorom rayboko waywan maockme xybmxum. Ogmaxo cyme-
To8. Ileppas 1> HUX 3aKM09aTach B OTCYTCTBHH GeCKOHETHO YAANEHHEIX TO~
wex. Jlpe pasawiHLe IpAMBe, KaK NPABEIO, IEPECEKAIOTCE B OAHOM TOKe,
HO GLIBAIOT Cyal, KOUAa oHR napassersanl. Oxaswpaerca, ovens yo6H0 B
nociefHeM CIyuae CINTATh, YTO ITH NpAMEE NepecexkanTcs B 6ecKoHeIHO
yAaneHHOH Todke. JTO 0GCTOATEILCTBO MPHBOART K BBEACHMIO NOHRATHA
npoexTussol nuockoct RP?. Ioka, kasanocs, MoxE0 06oiiTHCh 6ed KoM-
TLIEKCHBIX Pemesni ypapaesnit. “ITo 2T0 He TaK, NOKAIKBAIOT yAe MHOTO-
“WeHE! OT OfHON NepemenHol. MEOrowieH MOXeT HMeTs KopEell (¢ xpaT-
HOCTBIO) MEHLIIE €r0 CTeNeHH, NPHYeM KOPHH JOCTATOYHO, MPOCTHX MHO-
TO'LICHOB MOTYT OKa3aThC/l PACHONOKEHHHIMHE BAAMI OT BEHECTBEHHON OCH
Ha KOMILIeKcHO# muockocrn. Jake Korga, ¢ BEMECTBEHHON TOYKH IPEHHS,
CHTYalus He NPegBeilacT HIYero MLIOXoro, 06bicHeHIe HEKOTOPBIX ABICHH
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B MATEMATHKE MOXHO NOXYIHTH, TOXKO Maydas ux sag C. Taxmm, sanps-
Mep, sBAseTCA BONpOC, nodemy paa Teiiopa dymxmm (1 + 2?)~! orxass-
paetca 6uTh Bowgy cxogammmca’ Takmm ofpasom, EayUenne MHOXECTB
pemenmi ypasHenEl GygeT nmpomcxofuTs Gosee aheKTHEHO, €CHH paccMa-
TPHBATH M KOMILICKCHBIC pemeHnf. Dpegesme "MEMMEIX” 28eMEeHTOB reo-
merpamm XIX pexa npusogmuo x samegaTersHmM peayabratam. C gpyroi
CTOpOHB, coBpeMeNHas (momKa TpebyeT B CBORX TEOPETHYECKHX MCCAEHO-
BAHMAX OPHMEHATH KOMILICKCHBIH SIbIK.

B kauecTse npEMepa NpHBEAeM MATEMATHISCKYIO MOAEN: MEXAHNICCKOR
CHCTeMb! B KBAaHTOBOH MexaEwuke. B 2Tol MOJesH coCTOAHAA (EIMICCKOH
CHCTeMB 3aJaI0TCA NPAMBIME B KOMILIEKCHOM MLIL6EepTOBOM IPOCTPAHCTBE
H, T0 ecTs 21eMeETAME KOMILIEKCHOIO DpOeKTHBHOro npocrpanctea P(H).
Kaxgoit ckataproil GpEINYIECKOH BEANIHHE COOTBETCTBYET CAMOCONPAKEH-
ghi oneparop A : H = H, npuiem cnexTop A ecTh DolHOE MEOKECTBO 3Ha-
YeHNH BENITHHEL, KOTOPOE€ MOKHO HNOAYIHTH, NPOHIBOAN H3MEDEeHHA TOH
BEAMMHHBI HA PAlHLIX COCTOAHHAX CHCTEMBI.

Bmmmmmmw
B Kaure [3]. :

T'aasa V. BEKTOPHBIE PACCJIOEHMS B CBA3HOCTH

1. Onpefenensie & NpEMEPH BEKTOPHBIX pman:li.

Tycrs gaso gudpepenmmpyenoe oTobpakenne gudxpepermmupyeMBIX MEO-
rooGpasmit x : E — X, Torga aun xaxgoi rowm z € X npoobpas 7 ~}(z)
6yaem 060aBaTaTh depea E; B HasuBaTh cioem, a oTobpaxesue w : E-—-_?.X
Gyaem HaduBaTH paccioeHmen co cioeM E, nag Touxoi z (oM. pmc.22),

|

LS S, |

Pacynok 22.
Ecan xax et cioit E; saseTcs BEKTOPHLIM NPOCTPaHCTROM(3fECH MBI
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Gyfes PacCMaTPHBATSL TOJLKO BEMICCTBEHR Lie BEKTOPHbIC HPOCTPARCTBA),
TO 3TO PACcCIOCHEE HAJLIBACTCA BEKTODHBIM.

lipmmep 1.1. Ilyers V-sexTopHOe HPOCTPAHCTBO, TOFAS PACCMOT PHM
npoussefesme E = X x V u npoexumo x : E = X, w(z,0) = z, Mu
NOAYIHM BEKTOPHOE PacciocHHEe, KOTOpPOe HalhiBaeTCs TPHBNANLHEIM,

Jlazee Mur GyfeM pacCMATPHBATE TONBKO JOKATLHO-TPHBE-ATLHBIE BEK-
TOPHBEIE PACCIOSHHA. JTO TAKHE PACCIOCHHA, KOTOPhie HAJ MANCHBKHMH
OKPECTHOCTAMH YCTPOCHH KAK TPHBHANLHBIC BEXTOPHHE DACCIOCHHA, HO
raobambEo He o6mannl 6mTH TpEEHANBHEIME. [pexje 9eM JaTh TOIHOE
onpejieienue, BBejeM BcnioMoraTemsHoe oboamazesme. Ilyers w: E = X
pexTOpHOe paccioenne, U C X oTkpuTOe MuOKecTBO, npoobpas 71U obo-
anaumM epes Ey, Torga noxysaem pexTopuoe paccioesme ¥ : Ey - U, ono
HAIHBACTCA OrPAENIeHHeM NEPBORATANEHONO PAccIOCHNA Ha MEOXecTBo U.

Onpepencune 1.2. [omomopduramon pexTopsoro paccaoenns = : E —
X » sextopmoe paccaocsme n : F — X Hasusaercs audpepemmmpyemoe
orobpakenne h : E — F, yjorsersopmomee ycaosuan:

1) Kommyrarnsma cregyromas gmarpamMma

E X F
ix i
X = X

2) Orobpaxenwe cxoés h : E; — F, maneituoe. .
10T romomopdaM GygeT E30MOPGHHIMOM, mhwfbo-
Mopdras paccaoenmit h BassBaeTCH TPHBHAAUAINEH, €CAN BTOPOE PACCIO-
eame 7 : F' = X Tpusmasssoe.

Onpepenenne 1.3. Bexropsoe paccaoenme « : E = X soxamsmo-
TpHBHATLHOE, €CHN JI4 KaXjoi# TOIkH To € X cymecTsyeT OKpecTHOCTH
U C X raxas, 910 paccmenme 7 : Ey — U momopdHo TpHBHAILHOMY
paccroemmo n: U x V = U. '

pmsep 1.4. Mycrs E-nogmuorcoGpasue » npomssesesmn RP™ x R™1,
3agausoe ycaosueM 2 € [, rae | € RP" - npsmas 8 R, z - rouxa s R™1,
Toraa npoexnma « : E = RP" sagaerca npasmiom (I,z) — I. Ipegnara- .
€TCH DPOBEPHTH, YTO NONYIAETCA JOKATHHO-TPHBHANLHOC BEKTOPHOE pac-
CaOeHNe, CHOM KOTOPOro NpAMad, NpEieM OHo He 6yAeT TPHBHATLHBLIM.

JlokaapEo-TpHBAAILHEOE PACCIOCHHE MOXHO 3afaBaTh (PYHKIHAME mepe-
xofa. 1o genaerca cregyonun obpasom. Ilyers

X=UU:
i
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OTKpHTOE NOKpuTHe guprpepermmpyemoro muoroobpasus X. H ma xa-
xgom nepeceneniu U;NU; onpegesena mudpepemmmpyesan ysxums gi;(z)
co suavenuaME B rpyme GL(m, R), npudeM JomkHE BLINOAHITI] YCIOBEA:
1) gil=) = g5'(2),
2) gii(=)gin(z)gulz) = 1.
Torga W TPEBEATEHOIO PACCIOCHNA HA HECBAIHOM OObEMHCHNH

m: | Ui x R™) > | U
i i

NOAYYAETCS JOKATLHO-TPHBHAILEOE paccioenme Ha X, ecnyw ua
Lw: xr™)

BBECTH Clefyloliee OTHOMeHRe IKBHBANeHTHOCTH. Ecmm z € U; NUj, To
ToKa (,v) € U; x R™ oxsusasenTua rouxe (z,gi;(z)v) € U; x R™. Taxms
obpasom,
E=L|(U5XR"V~.
i

Jagaqa 1.5. Tlokasars, YTo KaKgOE IOKATLHO-TPHBHAILHOE BEKTOPHOE
PACCAOCHNE MOXHO NOAYYHTL € NOMOMBIO HEKOTOpPHIX (yHKIME cKiefikn
9ii(z).

3agata 1.6. Tlepesectu onepanms HAZ BEKTOPHBIME HPOCTPRHCTBAMI
(oBpasoBarEe ABOHCTREHROrO MPOCTPABCTEA, HNPOCTPANCTBA HA0MOpdI-
uoe End(V) = L(V; V), npamoit cymmul, TeEOpHOro NPOMIBEICHNUS, ...) Ha
BEKTOPHLIE PaCClOeHH .

2. Kacarenssoe pacciaoenwue.

Jas anddepemmpyemoro Meoroobpasua M cymecTeyeT KaHOHHIECKOE
BEKTOPHOE paccioenme, koTopoe oboanataercs wepes « : TM — M n na-
JsBaeTCA KacaTeababiM paccioesmem ga M. Kax muoxecrso TM snaserca
HECBAIHLIM ofrbeiHenneM KacaTeNbHEIX NPOCTPaHCTE

T™™ = U M.
pEM

Npoexuma 7 : TM — M orobpaxaer Kacareansoe upocrpakcrso TyM »
Touxy p. locrpoam gudpepenmmpyemunt arrac sa maoxecrse TM. [ycts
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U C M xapra sa M c koopAusaTaMu ), ..., Z, U BeKTOp v; € To M mueer
: 3
B Gaduce z2-,..., zo- padsoxenue

VN S}
vy =v (2}32),'.‘_"'".-'.0-(‘)33.

Torga sexTopy v, comocrapmu Eabop WHCeX (Zy,...,Zn,v'(2),...,v"(2)),
6aarogapsa sroMy npasEay Mul noay M Gmexmmo TMy — U xR". Ira 6n-
KU onpefenseT TONONOrHKO Ha Muoxecrse T My u kapry sa mém. Ocra-
€TCH NPOBEPHTH, ITO CYMECTBYET H CANHCTBEHHAN TONONOTHA Ha BOEM MHO-
xecrse TM, xoropas pas xaxpont kapTw U C M argymmpyer nocrpoen-
=y Tonoaormo Ha MmuoxecTse TMy. Taxxe HyxmO mpopepuTs, YTO H3
mddeperumpyemoro arsaca Us, i € I, anmumpy
emuit aTaac Ha TM.

Sagaua 2.1. mwmmmmm
TM, maitrn Ppysxmm nepexofa oT OAROIH KapTht X Apyrof, ybeaarses, 110
. npoexuna ¥ : TM — M 6yger auddepenumpyemum oTobpaxkenneM.

3aga4a 2.2. TokadaTs, 9T KacaTelbRoe paccioenne K chepe 7 : TS? —
5? me TpmBMarLHOE.

Jazasa 2.3. Iokadsats, wTo KacaTeamoe paccioemme X Topy S' x S
TPHBHANLHOE.

Jagaua 2.4. ,ﬂmn,mmvoﬁpmﬁlomymmp-
TOIbKO TOTAR, korga paccamoeswe A"T'M Tpusmamsuoe, rge n = dim M.

Pancwrpmmropnoemuv,ummﬁpunﬁ!.pmm
erca orobpaxesue M — TM, sagannoe npasuiom p — vp.

3agaia 2.5. [lokasaTh, ¥TO BEKTOpHOE NOJE Uy TOTAA H TOABKO TO-
raa gudppeperumpyemoe, Korga cooTseTCTBYIOMee oTobpaxerne M — TM
AndxpepeHmmpyemoe.

3. Cevenns BeXTOPHOI'0 pacCHOEHEL.

Jlanree # : E — X - 20KaibHO-TPHBHANBHOE BEKTOPHOS PACCIOCHNE,
muoroobpasee X obuvuo masmsawor Gadoll paccioenns, a E - npoctpas-
CTBOM paccioesns, mpudem vepes E oboomasaior Boé paccaoenme. Ilycrs
U C X -~ orxpsrroe MuoxecTBO B A14 Kaxjgon Toukn z € U 3agan sexTop
s; € E,, Torga rosopar, wro sa U 3agano cevenne paccaoesus E. 1o ce-
yenne onpegenser orobpaxenue s : U - E no npasusy z — 5,. JamMeTnm,
9TO BHNOAHAETCA paBeHcrso 7 0 s = id (oM. pmc.23)

Ceuenne s(z), z € U, nasnBaercs gRppepeHuapyeMiiM, ecii COOTBET-
cTByomee orobpaxenne s : U = E - aujpepenmmpyemoe.
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_U!__x

MuoxecTso gudipepenmupyemsix cevenm paccaoemus E ma U ob6oamam
wepes £(U). 1o MuokecTBO ABaseTca Moxyaem Hay komsnom O(U).

Ecan gan paccaoenun x : Ey — U aagana Tpusuwmmamis, TO ecTh KOM-
MYTATHBHAS JHAI'DAMMA

By - UxV
ix. in
U = U

rae h — auddeomopduam, To onpeaéanioTes basncHme cevenns $;(z),. . .
<ery8m(2). DT cevennn onpegenmorcs pasencrsavn h(si(z)) = (z,v),
i=1,...,m, e vy,..., U - Quxcaposanmini Gadnc npocrpancrsa V. To-
rnmnxmimze‘lfﬂmﬂln(ﬂ. +»8m(2) oGpasyror Gasmc
npocrpanctsa E;. WWmdﬂW
mnnﬁwmnﬂi{fﬁm

8(z) = ay(z)sr(z) +... +¢-(=)-(t),

rge ay(z), ... ,am(x) — dymxums xa U.
3agava 3.1. Toxasars, wro cevenme 5(z) — Andbepemmpyenoe Torsa
¥ TOILKO TOrAa, Korga dyuxmum ay(z),. .. ,am(z) - Anddepenmmpyerie.
Yepes £z, Mut Gyaem 6603HaT4TS MEOKECTBO POCTKOB Andibepemmpye-
MLIX cevemuil B TOKe 2g paccoenui F. D10 MEOKECTHO ABISETCH MOXYMEM
Bag KoasnoM Og,.

4. Kmpummmlm

Onpegenenne 4.1. Kosapmaarroe gugupepenunposane cesesmi pac-
caoernz E B Touxe zy — mmm )

Vv: :l".,x.‘:n - E.,, (v,a)-iv.c,
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YAoBIETROpAIOMmCE m_m
Volfs) = uf - 8(z0) + f(2a) - Vs,

rje f € Og,.

Mycrs Touka zyp maxogurca B kapre U ¢ xoopammaTaMm zy,...,ZTp,
npEYeM HMEeTCH TPEBRATHIAIMA paccioeHms E ¢ GadHcHRIME CeveHHaMM
81(2),-.,5m(z), Torza Moxem ompegemwrs cummoms Kpmcropdems zam
AAHHOTO KoBapmauTROTO guddepenmmposamus. [Jas aroro obosaaTmm e~
pea l'fi k-y1o xoopgunaty sexropa Vs; € E; B Gasmuce s1,...,8m, TO
ecTs

Vesi= i I‘?,q.
k=1
Jagaua 4.2, [lycrs s(z) nameer passoxenne
ol2) = 3 as(zas(a)
=1

TOCAa MOJMONHM

Bus(aze) = g(a.«;(n»-:(z.).

JloxasaTh, YTO BEIIOIHACTCH PABEHCTBO :

Vos(z0) = Bus(ze) + 3 Tijv'a’ (z0)su(z0), (42)

i3k
rae vl,...,v" - KoopgMEATH v, al,...,a™ — KOOPAMHATH 8. -
IlycTs B kaxgoit Touxe z € X sajgamo xosapmasTHOe guddepermpo-

BaHNe cevesmmii paccioesns E, To ecTs Guammeimoe orobpakenne

' V:T, x & = Es,

yAorzeTpopmomee npasuay Jleitbruma. Torga roBopaT, IT0 Ha PACCIOLHWH

E onpegesena cessmocts. Takum 06pasoM, CBA3HOCTS Ha paccioesmm E -

seasercs "nosem” KosapuaRTHNX Anddepesmuponammi. Ecmr v(z)-gud-
depenmupyemoe BexTopEOe NoAe, 3 8(z)-Audpepenmpyenoe cevenne, TO
KOBADMAHTHANY NPONIBOAHAR B Nepemennoil Toke V,(;)5(z) saaserca ceve-
amem paccaoesna E. Mui 6yzem npeanosarars, 9o cevesie V,(;) s(z) anas-
erca audppepeRumpyeMbiM A1a KaxAoro gudipeperiupyeMoro BeKTOPHOro
noas v(z) u gaddepemmmupyemoro cevenna s(z), B ITOM CAyTAC CBAIHOCTH
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nadLBaeTes Medpepenuupyemoi. JameruM, YTO pan gudipeperumpyeno-
CTH CBA3HOCTH AOCTATOYHO moTpeGopaTs, IT00H caMpoint Kpucropdein
6uum GynknavE Kracca O°°,

lzasroe dHavenue CBASHOCTH Ha PaccIOCHHE COCTONT B TOM, <TO OHa
JAET BOIMOXKHOCTH ONpefelNTs NapallersHbl Nepesoc cios E, Bjom na-
pameTpuieckoil kpupoil. Ho cgesats sro mpeAlaraeTca CaMoCTOATEIbHO,
HCOONBIYA AOKA3ATeNsCTBO Teopemsl 4.1 s raase IL '

3agaua 4.3. [lars onpefenerne Temyopa KPHBHIHE J14 CBAHOCTH Ha
BEKTOPHOM PACCIOCHHH.

Mpusegenm gpyroe, HO >KBUBANCHTHOE, ONPCACICHEE CBAIMOCTH Ha BeK-
ToproM paccaoerny. Obosmamy sepes A( X, E) MHOXeCTBO ceqemmii Bek-
Toproro paccwenna AT'X @ E. Dtu ceseHuA HadHBAWTCA AHpPepen-
nnasEsMGT g-popmarn Ba X co smatenmsmm B BexTOpHOM paccroenmn E.
3navenne 3710l popMu B Touke T € X — 310 KococHMMeTpHIecKan dyHK-

s wi(vy, ..., ;) OT ¢ KACATEALHBIX BEXKTOPOB CO 3HAYCHWAMH B BEKTOPHOM
npoctpaactee E,. Cpasnocts V onpegenseT Audxpepenumar
D: £(X) = A(X, E) (4.2)

CHEAYIOUTHM DPABIIOM:
Ds(z)(v;) = V,'a(z). ' (4.3)

3agasa 4.4. Tokasars, wro ampdepemmman (4.2) yaosseTsopseT npa-
suay Jleitbarna.

3agaa 4.5. IlokasaTs, ¥To oTobGpaxenwe BHAa (4.2), yAoRseTBopaiomee
npasuxy JleiiGunia, onpejesser chmEOCTs ¢ IOMOMBIO npasmia (4.3).

3apasa 4.6. llokasaTs, ¥To ¢ nomomsio npasiia JleiGuana xosapuanT-
suil guddepesuman (4.2) oaHo3HAYHO pac-TIPOCTPAHAETCA JO TNOCIEAO0BA-
TeasBOCTH gnddepenunaion

D : A%(X) = AT (X, E).

Jazata 4.6. MokasaTs, yTo cymecTsyer M SAMHCTBEHBAS BHEWIHAA And-
tepenumansaas dpopma

Ry € AX(X, End(E))
Takaf, 9T0 oTobOpakenne
D? : AY(X,E) - A™*(X,E)
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COBNajacT C BHEIIHNM yMHOXeHmeM Ha dopmy Ry.
" Jagava 4.7. lokasars, wTo popma Ry sBasercd TeH3OpOM KPHBHIHHI
camaaocTR V.
3ameuanme 4.8. B ¢uduke CBA3HOCTH Ha BEKTOPHEIX PACCIOSHHAX HADLI-
BAOT KarAGPOBOYHBIME OOJSMH, OHHM OIMCHBAIOT "MOJiS BIABMOACHCTBHA" .
OTH CBASHOCTHE, KaK NPaBRIO, PACCMATPHBAIOTCA Ha KOMILIEKCHBIX BEKTOD-
HbIX paccaoeEmax. Jua moyvenna arol Tems nosesna xkuura [O.H.Masmna
"Komnaexcaas reomeTpns m KarmGpopoiHbe moas”.

SAKJIOYEHHE

leomeTpus — 270 Hayka 0 NPOCTPAHCTBE, NPHICM NOHATHE MPOCTPAH-
cTBa ABARETCA WcTopmyeckiMm. CHalana MATEMATHYECKOE NPOCTPAHCTBO
OTOAZECTBAANOCH ¢ (uamgeckum mpocrparcrsom. Ho B npomusom Beke
CTalo NOHATHO, 9TO TAKOH NOAXOJ O9YeHb HeygobeH, W MaTeMaTHKH MpH-
DU K y6exJeHmo o Re3aBHCHMOCTH MATEMaTH9eckKoro NpocTPaHCTBA OT
dimuveckoro. 3ToT BIrAAL NpHBed K "COMJAHMIO” PalINMHBIX MATEMATH-
FECKHX NPOCTPAHCTS, MAJ0 NOXOKHUX HA (PEINIECKOe MPOCTPAHCTBO. Tem
HE MEHee, TeOPHH O HeKOTOPHX " CO3JaHHLIX" NPOCTPAHCTBAX CTAIH NPH-
MeHATbeR B (EDHKe.

anmgm:ypm 3TO NODHAKOMATBH CTYAEHTOB C pa3-
AMYHBIMA NMPOCTPAHCTBAaMH, "COTBOpeHHBMEW MaTemaTukamu B XX Bexe.
Mg BaymHAEM € NPOSKTHBHOIO MPOCTPAHCTBA, KOTOpoe OyfeT CIyXHTH
MOJeabI0, & TAKKe HIPATh BCIOMOTATEABHYI0 POJIb NPH ONpeAeicHNH HeKo-
TOPHIX APYrAX NPOCTPAHCTB. JaMeTHM, YTO MPOCKTHBHOE NPOCTPAHCTBO
610 BRegeno B XIX sexe.

Tak Kax OPOCTPAHCTS MHOTO, TO H I'eOMEeTPHIl He OfHA, HAIPHMED, pPH-
MAHOBA I'eOMeTPHA HiyYaeT PMMAHOBH NpoOCTpascTBa. B aTOM Kypce Mul
Gonee MOAPOGHEO NOIBAKOMIIECE C ITOH PeOMeTpHell, a Ha ApyrHe He XBa-
TaeT BpPEMeHH.

C apyro#i cTOPOHBI, MBI IOATOTOBWAN NOYBY A4 HIY9eHHS JPYTHX Feo-
METPHIECKHX MPOCTPAHCTB [0 MOHOTPadHAM ¥ cienuaThHuM craThaM. Ha-
NpHMep, MOXHO NOAPOGHO NOAHAKOMMTBLS € FEOMETPREN KOMILICKCHBIX ajre-
Gpamgecknx MEorooGpasui no kuuram PO.Ipadderca, Jx. Xappucca "[lpus-
mns amreGpamseckoit reomeTpun”. B aToM Tpyse passupaoTCH B HCHIONB-
3yoTca MeTOAH AudppepeRnmNaTbHON MeOMETPHN JIf PemeHNs 3afad KOM-
ILIEKCHON aarebpanteckoil reoMeTpu. ITo6u MOy THTS coBpeMennyio aud-
deperumaTbayo reoMeTpI0 GyHIAMEHTATHHO, MBI peKoMeryeM npopabo-
Tath kuurn C.Koboace, K.Hommasy "Ocuopn auddepennmarsuoil reome-

”

Tpun”.
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Mybposun Hopuxos p reoMe-
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z. . : » 1965.
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