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I1peaucaoBue

Y4yebHOE 110COOME COMEPXKUT U3JIOXKEHUE pPas3JiesIoB JTUCIUILINHBI «Bapuanmon-
HOE WCYNCJIEHNEe U METOJIbl ONTUMU3AIINN Y, N3yIaeMbIX CTYJIEHTaMU TPETHETO Kypca
yauBepcutTeroB crermaabaoctn 010100.65 MaremaTnka M CTyJeHTaMH I€TBEPTOTO
kypca crernuanabnoctu 010200.65 IIpuknannas maremaTuka u nHGOPMATHKA.

Bech marepman pa3bur Ha JBe TyiaBbl U Tpu npuiioxkenus. llepsas rimasa mo-
CBSIIEHa KJIACCUYECKOMY BapPUAIMOHHOMY UCUYHUCJIEHUIO. 371€Ch BBIBOJATCH ypaBHe-
uHust Ditnepa—/larpanka g npocteiiiieit BApUAIIMOHHON 3a/1a9u, (DOPMYIUPYIOT-
cd HeOOXOMMbIE W JIOCTATOYHBIE YCJIOBUS CJIabOro JIOKaJbHOrO MUHUMYyMa. [lasee
N3YJAI0TCsT PA3InIHbIe 0000IEHNs TPOCTeInell BapualnoHoil 3a/a1n. 3aBepIaoT
[VIaBY BapUAIMOHHBIE MPWHINILI MeXaHUKN u du3nku: npuHiun Pepma u 3aKOH
Cuejummyca mpesioMJieHusi cBeTa, npuHiun Topuyesm u 3ajada 0 Nporude TsaKe-
JIOM OJTHOPOJIHOM HWTHU, MPUHITUI HAUMEHBIIEro JIeHCTBUSA U TeOoje3ndecKue JTUHUN
Ha TTOBEPXHOCTH.

Bo Bropoii riiaBe paccMaTpuBaroTCs IPoOIEMbI OIITUMAJIBLHOTO yiipaB/eHus. [len-
TPAJILHBIN pe3y/IbTaT TJIaBbl — mpuHiuin mMakcumyma l[lonrparuna. Bragase sTor
NPUHITAIT JTOKA3BIBACTCA JIJIsi BECbMa CIEIUAJIBLHOIO CIydasi: YIIPaBJISEeMblid O0bEKT
JINHEeeH 10 (ha30BOMY IIEpEMEHHOMY, BpeMs OKOHYaHUS ITporiecca (hMKCUPOBAHO, TPa-
BbIil KOHEIl TPAeKTOPUHU CBOOOJIEH, KPUTEPUil KauecTBa YIpaBJIeHns JNHENHO 3aBU-
CUT OT IIPABOT'O KOHIIA TpaeKTOpUu. B 3Tolt cuTyarmm mpuHIIAIT MAaKCUMYMa yCTaHaB-
JINBAETCA OYEeHb ITPOCTO, OH SBJIAETCH U HEOOXOIMMBIM, U JOCTATOYHBIM yCJIOBUEM
ONTUMAJILHOCTHU, €ro IMPUMEHEHNe He BbI3bIBacT 3aTpyaHeHuii. Bmecte ¢ Tem, paszo-
OpaBIINCH C JJAHHBIM YaCTHBIM CJIydaeM, YhTaTe/b Oy/leT FOTOB K M3yYeHUIo DoJiee
CJIOYKHBIX BOIIPOCOB TEOPUHU JINHEHHBIX YIIPABJIAEMbIX CUCTEM: 3a/1a4a Ha ObICTPO/Ieii-
CTBUE U 3aJlada TEpPMUHAJIBLHOTO yIIpaBjieHud. FIé TpyiHee B TEXHUYECKOM OTHOIITE-
HUW Pa3Jiesibl, CBA3aHHbIE C ITPUHITUIIOM MAKCUMYyMa JIjIs HeJIMHEHHBIX YIIPaBJIIeMbIX
cucreMm. [Ipesnonaraemasi OJIFOTOBKA YATATES U 3JI€Ch HE BBIXOJUT 38 ITPEIEIbI
JIEMCTBYIOMMX IIPOrPaMM, OJTHAKO CTAHOBSTCH JKeJIaTeJbHBIMU OIIPEIeIEHHOe Tep-
IeHre U HAyYHBI SHTY3Ua3M.

B 3maunTenbHO OOMBINEll CTelleHN yKa3aHHbBIE BBINIE MTOJOKUTETIbHbIE KATeCTBa
HYKHBI JIisl ycBoenus npuiioxkenuit. Cozeprkarniuiicsa 31ech MaTepua OpUeHTHPO-
BaH IPEXKJE BCEIO HA YUTATEJIs, KEJAIONEro yryiyOUTh CBOU MMO3HAHUS IO IKCTPE-
MaJILHBIM 3a/a49aM, HallTH T0JIXO/IAIINEe TEMBI JIJI KYPCOBBIX, JTUILJIOMHBIX U JIPYTHX
KBaJIM(PUKAITMOHHBIX PaOOT.

[IpuHATHI TOPAIOK U3/I0YKEHUS HE CAMBII SKOHOMHBIN ¢ TOYKU 3PEHUs 3aTPadIH-



BaeMoro BpeMeHu. Ecim mOCTaBUTh SKOHOMUIO BPEMEHH BO I'VIaBY YIJIa, TO OBLIO ObI
JIOTUYHO BHAYaJIE U3JIOZKUTD IIPUHIUII MAKCUMyMa JIJId HeJIMHENHDBIX yIIPaBJIAeMbIX
CHUCTEM, 3aTeM B KaveCcTBe CJIEACTBULA IIOJIyIUTH OCHOBHBIE PE3YJILTAThl Bapualll-
OHHOT'O McuucjaeHusd. HeolHOKpaTHO MPOBEJIEHHBIE TTeIArOTTIECKUE IKCIEPUMEHTHI
[TOKA3aJ/Il, YTO CIIOCO0 U3JI0ZKEHUs] BAPUAIMOHHOTO MCUYUCICHUS JTOJIPKEH BO MHOI'OM
MIOBTOPATH MCTOPUIO €r0 pa3BUTHA. VIMEHHO MOOOHBIN TPUHIUII — OT IPOCTOrO K
CJIOYKHOMY — aBTOP U TBITAJICS PEAJM30BATh B JJAHHOM TOCOOUH.

Ucnonw3yrorest ciempyromue 0003HAUCHUS

<& — 1IyCTOE MHOXKECTBO;

V — "mrs Beex"wm " s kaxkgoro";

def
= wm = — "paBHO 110 omnpeeeHno";

<« — HavaJIO JJOKa3aTeJIbCTBa; P — KOHEI] JI0Ka3aTeJIbCTBa;

ou

oz’

X* — conpsizkénHoe K 6aHaxoBy mpocrpacTBy X; (x,x*) — 3HaUYeHHe JIMHEHHOTO
dyukmmonana r* € X* Ha sjemente x € X;

R™ — n-mepHoe apudmernieckoe TpOCTPAHCTBO BEKTOP-CTOJOIOB & = (T;) HaJ
rojieM R geficTBUTE/IbHBIX YHCET;

U, — HaCTHad ITPOU3BOAHAA Cb}/HKLLI/H/I U 110 aPTYMEHTY I

R,, — n-MepHOe apudMeTHIecKoe MPOCTPAHCTBO BEKTOP-CTPOK T = (I;) HAJ 10~
jgeM R JeficTBUTEIBHBIX YUCET; TTPOCTPAHCTBO R,, Oy/IeT OTOXKIECTBIIATHCA C IIPO-
crpanctBoM (R™)* nuneitabix Ha R™ GyHKINOHAIOB;

T: R" — R,, — oniepaTop TPpaHCIOHUPOBAHKS, COITOCTABJISIIONINN BEKTOP-CTOJIOILY
2 BEKTOP-CTPOKY 2! ¢ TeMU 7Ke KOMIIOHCHTAMIL; TAKOe K€ 0003HAMEHIE UCIIOIb3YeTCs
JIJIsl ollepaTopa TpaHCIIOHUPOBaHUs, JeiicTBytomiero u3 R,, B R™;

b
[ ¢(t) dt — marerpan or dyukuun ¢: [a,b] — R 1o orpesky [a, bl;
dg

Vg(z) = a—x(:r) — rpajueHT (PYHKIUU ¢ B TOYKE T, WHAUYe MOBOPS, BEKTOP-
7

cTosIbern, KOMIOHEHTBI KOTOPOTO PaBHBI YaCTHBIM ITPOM3BOIHBIM (DYHKIUN §;

g (z) = (Vg(z))" — cooTBeTcTBYIOMmAs BEKTOP-CTPOKA;

B nocobuu npuHsTa aBTOHOMHAas (B Tpejesiax KarKJoil IJIaBbl CBOs) HyMepa-
IUsl CEKIi, pa3OUTHIX Ha OTJe/bHbIe MYHKTH. POPMYJIbl (TEOPEMbI, YIPasKHEHUsI
U T. I1.) HyMEPYIOTCA B IPeJIeIaxX KaxK 1ol cekiuu. [Ipu cehblIKax BHYTPU CEKITUU YKa-
3BIBAETCS JIUIIL HOMEP COOTBETCTBYIONIE (hOpMyIIbl (TEOPEMBI U T. 11.); B IIPOTUBHOM
cllydae MPUBOJUTCS U HOMep ceknuu. Hampumep, dopmymna 2.3(1) — s1o dhopmyna
(1) u3 cexknum 2.3; memma 1.2.3 — 1o jgemma 3 u3 ceknun 1.2.

Muorue pasziensbl mocobust oOCyKIAJNCh ¢ KOoJIeraMu 13 ZIpocaaBcKoro rocy-
JapcTBeHHoro yausepcurera uM. I1. I'. JlemuoBa, a Takke ¢ MaTeMaTUKaM# JIPYyTUAX
By30B. [IpuHoInry BceM MM caMyio HCKPEHHIOI IPU3HATEIHLHOCTh. By 1y Oarogapen
34 yKa3aHns Ha BO3MOXKHDIE OIMIMOKN B TEKCTE, OTBETCTBEHHOCTD 38 KOTOPBLIE aBTOP
IIOJIHOCTBIO OepéT Ha celdsl.

Kimmos B. C., 1okTop (hpusnko-mareMarniecKux HayK.



I'maBa 1

YpaBuenus Jditjaepa—J/larpanxka

1.1 IlIpocreiiniasg BapualimoHHasI 3aa4a

1. IlocTtanoBKka mpocrTeiinieii BApuanuoOHHON 3ajiauu. MHorne n3 pesyiib-
TATOB, OTHOCANINXCS K KOHEYHOMEDPHOH ONTHUMU3AINU, UMEIOT OECKOHETHOMEDPHDIE
aHajioru. BosHUKarOIIMe 3/1eCh HOBbIE MOMEHTBI ITPOSIBJISIIOTCS IPU PACCMOTPEHUH
mpocTeiinieir BapuannonHoi 3aga4un. [Ipexkae yeMm mepexoquTh K pOpMaIN3aINIM,
paccMOTpHUM JiBe 3aJadu, Bo3OyuBIIe B ¢BOE BpeMmsi (17-if Bek ) obuiuii uHTEpEC
CpeJii MaTeMaTUKOB.

Haubosiee msBectroit 6bi1a 3a/1a4a 0 6paxucToxpone (KpUBOil HAMCKOpPETi-
mIero ckara), nocrasientas B 1696 rogy U. Bepuymiun u dbopmynupyemast ciemryro-
IIIIM 00pa30M: cpedu, 6CEBO3MONCHHLT NAOCKUT KPUBHIT, ACHCAULUT 6 6EPMUKANHOT
naockocmu u coedunarowur dee mouku A u B, ne pacnososicernvie na obweti eep-
muKkaau, Hadmu my, no Komopot MamePuaAbHas mowka nod Jetcmeuem moivko
CUNDL MANCECTU U 0€3 HAYAALHOT CKOPOCTU CKAMUAGLCH Obl 8 KPAMMatwee Pems.
s anamuTudeckoit (GOPMYTUPOBKE 3a/ia9u IpuMeM 3a 0Ch X TOPU30HTATLHYIO
npsMyto, a ock Oy HampaBuUM BepTUKaJIBHO BHU3. Toryga Toukn A u B OymyT nmers
coorBercTBeHHO KoopauHarhl (a,0) u (b,y;). Tak kak Touka jmBmKercs u3 A Ge3
HAYaIbLHON CKOPOCTH, TO €€ CKOPOCTH ¥ CBdA3aHa C €€ OPJINHATON Y COOTHOIIEHUEM
v? = 2gy , rie g — yCKOPeHUe CHJIbl TIXKECTH, WIH U = +/2gY.

[Iycts y = y(x) ecTb ypaBHeHUWE KPHBOIi, 10 KOTOPOI JIBUYKETCsS TOYKA U3 A

B B. CKOpOCTb JIBIZKEHHsI TOUKH v = % e s — myTh, t — BpeMs. 110CKOJIBKY

di’
ds = /1 +y%dz, T0

d 1 12
dt="= [TV g,
v 2qy

[Tostroe Bpemst T jiBrzkeHust u3 A B B BbIpazkaeTcst HHTErpaJiom

b
[1+ 9y

7



Ouesuno, T'(y) ectb dyHKIMOHAN, 3aBucamuii ot dyHkiwn y. Tpedyercsa Haiitu
dbyuknuio y(z), mig koropoit T nmpuHAMAET HAMMEHbINCEe 3HAYEHUE: K CPABHEHUIO
JroryckatoTest byHKImn y(x), onpeesaéHHble Ha OTpe3Ke [a, b] u ymoBieTBoOpsitonne
kpaesbiM ycstousM y(a) = 0,y(b) = y;.

Sajtada 0 6paxucToXpoOHE POJCTBEHHA CJIeyIomIeil (hu3ndeckoit 3a1ade HHOI pu-
POJIBL: 8 NPO3PauHOl cpede ¢ nepemennoti ONMueckot NAOMHOCBLIO daHbL 06 MOY-
xu A u B, mpebyemcsa onpedesumsv mpaekmopuio Ayua c6ema, udywezo om mouky
A x mouke B. DTa 3a/1a9a CBOJUTCS K 3a/1aU€ Ha PA3bICKAHNE IKCTPEMyMa Ha OCHOBa~
nun npunimira Pepma: us ecer kpuswir, coedunarowur mowku A u B, mpaexmopus
AYUaA CEEMA eCMB AUHUA, PACTIPOCTPAHAACH 6004 Komopol ceem npudém u3 A 6
B 6 xpamuatiwudi cpok.

Paccmorpum mmockuii cory4ait. [Ipumem 3a 1mI0cKOCTh pacrnpocTpaHeHUs] CBETA
wiockoctb xQy. Ilyers (zg,y0) u (x1,y1) — kKoopaumaarel Touek A u B, a
y = y(x) (g < x < x1) ecTb HEKOTOpAs KPUBasi, COCIMHSIIONMAsT 3T ToUKH. [lo-
BTOpsisl PACCYZKJIEHUs, TTPOBEIEHHBIE B MPEIBIIYINEM IIpUMepe, TOoIyduM: Bpems T’
pacipocTpaHeHus cBera BJ0Jb KpuBoil y = y(z) u3 A B B BeIpaxkaeTcs HHTErpaaoMm

/W

TeM CaMbIM 3a/la4a OIpeJIe/IeHIS TPACKTOPHUH JIyda CBETa CBOJUTCA K HAXOXKJICHUIO
dbyukIwy y, aist Koropoit dyukimonan T'(y) npuHIMaeT HauMeHbIlee 3HaYeHHe.

[Ipocreitrass BapualmonHas 3ajla9a COCTOUT B MUHUMU3AIMM WHTErPAJIbHOTO
dyukmmonaa

flz) = /L(t,az(t),x’(t))dt
A

Ha COBOKYIHOCTH (DYyHKIIHUIA, ONPEeIEIEHHBIX Ha OTPE3KE
A= [to,tl], (—OO <ty <t < OO)

U YJIOBJIETBOPSIONINX KPaeBbIM ycaoBusaM x(ty) = xg, x(t1) = x;. Ona Oymer 3amu-
CBIBATbHCsI CJIEIYIOIIUM 00Pa3oM

o) = / L(t, o(t), 2'(1)) dt — min,
A
(1)
x(to) = o, x(ty) = 1.
Bamaga (1) mocrapiena HEJIOCTATOMHO YETKO, TMOCKOJIBLKY HE OIPEJENEH KJIace
dbyHKIWMIT, Ha KOTOPOM MUHUMU3HpPYeTca PyHKIMOHAJ [, He YKa3aHbl HPEIIOI0Ke-

HUst OTHOCUTEILbHO (byHKIuN L , HazbiBaeMoil nnrerpanTom dyuxnuonaia f. Huxe
cuuTaeM, uTo (PYHKIU L ornpe/ie/ieHa U HEIPEPbIBHA 110 COBOKYITHOCTH TIePEMEHHBIX



na MuoxkectBe A X W, rne W — oTKpbIToe nomMHoxkecTBo 1ockoctu R? (W # &,
ciaygait W = R? me uck/rodaercs; Ip1 IePBOM YTEHUU MOKHO OIPAHUYUTHCS TOJIb-
KO 9THM YacTHBIM ciydaem). VHorma Kk dyHKmun L OymayT mperbsBiaaTbes Oosiee
JKEcTKUe TpebOBaHUSI.

[Iycts m — narypasbhoe uncio. O6o3unadnm depes C™(A) cOBOKYITHOCTH M pas3
HenpepbIBHO Juddepennupyembix Ha orpeske A dyukimit. [Ipu ecrecrBerHOM Orpe-
JIeJIEHUN CyMMBbI (DYHKIINN 1 YMHOXKeHUsT (DYHKIUK Ha JeHCTBUTETLHOE THCJIO KJIACC
C™(A) obpasyer nmueitnoe npocrpancrso. Ecin 8 C™(A) BBecTH HOpMY

ol = 3 g (0.

to C™(A) craHOBUTCS GaAHAXOBBIM IIPOCTPAHCTBOM.
[Homoxnm

X ={zeC'(A), (z@t),2@t)eWVvteA, x(ty) =m0y, (t;) =121}

Mg xaxmoit ynknnn x w3 muoxecrsa X dynkmusa L(t, z(t), 2’ (t)) oupenenena
u HenpepbiBHa Ha orpeske A. Ilosromy (yHKIMOHAX [ ONpEIenéH Ha MHOXKECTBE
X. Dnement £ n3 X Ha3bIBAIOT TOYKON abCOIOTHOTO MUHUMYyMa (DYHKIMOHATA [
Ha muoxectse X (perrenneM 3agadn (1)), eciu f(2) < f(z)Ve € X. Diement &
u3 X WMEeHyIOT caabbiM JIOKAJbHBIM perenueM 3ajaqu (1), ecim cymecrByer Ta-
koe 0 > 0, uro f(z) < f(x)Vx € X, ||z — Z||; < J. Duemenr & u3 X Ha3bIBAIOT
CUJIBHBIM JIOKAJIbHBIM perieHreM 3ajadn (1), ecam cymectByer Takoe § > 0, 4ro
F(2) < f(2) Ve € X, o — #llo < &

fcuo, uro KaK10e perntenne & 3agaun (1) peasusyer CUIbHBI TOKATbLHBI MIHH-
MyM 3ajaqn (1), a Kazkji0e CHIbHOe JIOKAJbHOE pPellleHre 9TOi 3a/1a4u 0JJHOBPEMeH-
HO sIBJIsIeTCsI U cJ1abbIM JIOKAJIbHBIM peleHneM. B mpejiesiax 9Toii riaBbl CHJIbHbBIE
JIOKAJIbHBIE PeIlleHus] He OyJyT pacCMaTpUBATHCS, [MOITOMY SIUTET ,,cJ1aboe’ oIryc-
KaeTcs.

OcHOBHOE BHUMAHUE Jlajiee yJIe/isieTcsl HeOOXOAUMBIM YCIOBUSAM JIOKAJIBHOIO MU-
HuMyMa B 3azade (1). C MeHbIeil moJHOTOH 06CYKIAITCS TOCTATOYHBIE YCIOBHUSI
JIOKAQJIbHOIO MUHUMYMa ¥ COBCEM MAJIO — YCJIOBHs aDCOJIOTHOTO MUHUMYMA.

2. BcnomorarenbHblie nipeasoxkenusi. s ananusa 3agaan (1) morpebyor-
sl BCIIOMOTATe/IbHBIE TIPEJIJIOKEHNUST, [IPEJICTABIISIONIINE CAMOCTOSITEIbHBIA HHTEPEC.
Humxe CJ(A) := {z € CY(A), z(ty) = z(t;) = 0} — COBOKYIHOCTb HENPEPHIBHO
muddepeniupyembix Ha orpeske A = [tg, 1] dyukuumii, obpamaonmxcs B HyJIb Ha
rpanuiie orpeska A.

Jlemma 1 (JIemma Jdro6ya—Peiimona). [Tycmo ag(t), ai(t) — nenpepovishoie 1a
ompeske A dynxyuu. ITycmv das moboti dynxyuu h us CL(A) evinoaneno pasen-
cmeo

/(al(t)h’(t) + ag(t)h(t)) dt = 0. (2)

A
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Tozda pynryus ai(t) 6 wascdoti mouke ompesxa A  Jupdepenyupyema u
al'(t) = (lo(t) Vit € A.

<« Brauajie pacemorpum ciyuait, korma ag(t) = 0. Ilogbepém korcranty C' Taxk,
4T00BI T depeHnuaabHoe ypaBHEeHUE

H(t) = ar(t) — C

nmesto pemtenne Kiaacca CJ(A). D10 Bo3aMOoKHO, ecu

/ (@) —C)dt =0, me. C=— / a(t) dt.

Tt
A A

CrpaBe [JIUBBI paBEHCTBA

(1D (111)

a(t) — C2dt 2 [ (@) — @y dt Y [ awne)dt "L o.
o=t | /

A A

Heitcrurensro, (I) cmemyer u3 pasencrsa h'(t) = ay(t) — C, (II) BbITeKaeT u3
srmouenus h € C3(A), (I11) cnenyer us (2). @ynxuus (a1 (t) — C')? neorpunaren-
Ha, HelpepbIBHA Ha oTpe3ke A, u uHTerpas or Heé paBe (. DTO BO3MOKHO JIMIIb B
caydae, korga ai(t) = C, a}(t) = 0 = ag(t).

B obmem citydae mosioxKum

t

Ao(t) = /ao(s) ds.

to

Torma BepHBI paBeHCTBA

/ a0 ()h(t) dt — / A (B h(t) dt = — / Ao(B)R(8) dt,

A A A

/ (ar (W (t) + aol(t)h(t)) dt = / lax(t) — Ao(OI(t) dt = 0

A A

s moboit yukmun b uz CF(A). B cuny yaxe jokazannoro dyukims aq(t) — Ag(t)
MIOCTOSIHHA, YTO U IMPUBOIUT K TPeOyeMOMY pPe3yJIbTaTy. B

IIpensioxenue 1 (IIpaBuno Jleitbuuna nuddepeniiupoBanusi nHTErpa-
JIOB, 3aBUCAMIUX OT mapamerpa). [Tycmo ¢gynruus Qt, &) (t € AL € (o, 5))
onpedenena u nenpepviena na A x (a, B) emecme ¢ wacmnoti npouseodnot U (t, §).
Tozda pynruus

1) = / Ot €) dt

A
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nenpepuiero duddepenyupyema na unmepsane (a, ) u

(e = / Lt €) dt. (3)

A

JlokazaresibecTBO Mpe/IozKeHust 1 mpuBejieHo, HanpuMep, B [1]. Anamorndnsie (3)
bopMyIIBI ClIpaBe I IUBLI 118 IPOU3BOAHBIX BBICIIUX HOPSIKOB. B KadecTse npumepa
IpUMEHEeHHs Ipeyiozkenus 1 paceMorpuM (byHKIHIO

16) = f(x + €h) = / Lit,x(t) + ER(t), /(1) + €1/ (1)) dt. (4)

A

rie x € X, h € C3(A). Ouenmno, uro dbynkius () onpesenena n HenmpepblBHA Ha
HEKOTOPOIt okpecTHOCTH TOYKK (. [Ipu JOMOTHUTETBHBIX TTPEJIITOIOKEHUAX TJIA KO-
cru dyukun L MoxkHO yeraHoBuTh auddepentnupyemocts byukimn [(€). Kak n B
KOHEYHOMEPHOM CJIydae, IUC/Io

d
Pl = 5 <x+§h>\

Ha30BEM ITPOM3BO/IHON (pyHKIMOHA A f B TOYKE T 10 HAIIPABICHUIO A.
JIemma 2.11ycmo gynryus L(t, x,u) u €€ wacmuwvie npouzeodivie

=0

L (t,x,u), L (t,x,u)

ONPEJENEHbL U HENPEPLIEHBL NO COBOKYNHOCTNU NEPEMEHHBIL Ha MHodcecmee A X W,
Tozda onpedenseman pasencmeom (4) dynxyua I1(€) dupdepenuupyema 6 mouxe 0
u

I'(0) = f'(x,h) =/[L;(t,x(t),ﬂf'(t))h’(t)+L;(t,x(t),95’(t))h(t)] dt.— (5)

A

<« /11 okazarebcTBa JIEMMBI TTOJIOYKIAM
Q(t, &) = L(t, z(t) + Eh(t), 2'(t) + €N (1))
1 BOCITIOJIB3YEMCSI PAaBEHCTBOM
Qe(t,0) = Ly, (¢, (1), 2" ()W (t) + Ly(t, x(t), #'(t))h(2),

06 benHsAsE KoTopoe ¢ hopMyIIoit (3), IPUXOANM K JIOKA3BIBAEMOMY Y TBEPIK JICHUIO. B

Jlemma 3. ITycmo dynryus L(t, x,u) u eé wacmmuvie npoudeodnvie 6mopozo no-
padka L (t,x,u), L7 (t,x,u), L (t, z,u) onpedeservl u HENPEPLIEHDL NO COBOKYNHO-
cmu nepemennvix na mroscecmee A X W. Tozda ynryus I(€) deasrcov duddepen-
yupyema 6 mouxe 0 u cnpasedsuss, COOMHOULEHU

d?
I'0) = gl e+ en)| =S =
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= /[Cloo(t>h2(t) + 2@01 (t)h(t)h,(t) + a22(t)h'2(t)] dt, (6)
6 KOmopulx
aoo(t) = Ly, (8, 2(8), 2'(})),  an(t) = Ly, (¢, z(t), 2'(1)),

axy (t) = Lo, (£, x(t), 2'(2)). (7)

<« JlokazarebcTBO OCHOBAHO HA JBYXKPATHOM IIPUMEHEHUN IpaBusa Jleitbuuia
qudepeHImpoBanus HTErPasIoB, 3aBUCAIINX OT ITapaMeTpa. »

lasee ncriob3yercs cJeLyIonuii BApUaHT TeOPEeMbI O HESBHOM (DYHKIIAM.

IIpennoxenune 2. [Tycmo (L, u) — pynryus, onpedesernan u HeNPepuieHo dud-
peperyupyeman no cosoxynHocmy nepemernur npu t € Ajug < u < uy. Ilyemo
yeC(A), up <y(t) <ui(t€A)u

O[t,y(t)] =0, O [t,y(t)] £ 0Vt € A.

Tozda y € C1(A).

JlokazaTebCTBO 9TOr0 YTBEP:KICHUS MOXKHO HAWTH B JIFOOOM yIeOHUKE MaTeMa-
THYecKoro anaimsa (cMm. Takxe [1], [5]).

3. ¥YpaBHeHue Oitsiepa. B 3TOoM mIyHKTE NIpEIIOIaraeTcs, 9TO (yHKIIAA
L:AXxW — R u eé qactuble npousBojiabie L), L! HempepbIBHBI IO COBOKYITHOCTI
[IepEMEHHBIX.

Teopema 1. [Tycmo & — aokasvhoe pewenue 3adawu (1),

o~ o~

Lo(t) = LL(t,3(0,3(1),  Lu(t) == Li(t, &(t), &'(t)).
Tozda pynruus Z\u(t) dugpdeperuupyema ecrody na ompeske A u

d —~ -

Ly(t) = La(t). (8)

<« Ilycrs h € CY(A). Tpu gocrarouno masiom geiicteureabiom & dbynxuus Z+Eh
npunaiekuT kiaccy X . Tak kak & — JokajbHoe perienne 3agadu (1), To Haiigéres
takoe 0 > 0, uro f(z) < f(z)Vx € X, ||z — 2|1 < 0. B wactHOCTH, IpU MaJIBIX &
crpaBe/ymBo HepaBeHCTBO f(Z 4+ Eh) > f(Z), T.e. 0 ecTh TOYKA JIOKATBHOIO MUHU-
myma bynkiun [(€) = f(2 +&h). B cuny teopemsr @epma I'(0) = 0. B coennnennu
¢ dbopmymamu (5) 9TO IPUBOJUT K COOTHOIIEHHIO

f(@.h) = / Ta(H (1) + Lo ()h(t)] dt = 0Yh € CL(A).

[Tocnennee paBeHCTBO U IeMMa 1 BJIEKYT 3a coOOIl TOKa3bIBAEMBIIl PE3yIbTAT. P
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Teopema 1 o3HauaeT, 4To T ecTh pemnienne Jud@epeHITnaIHLHOTO YPaBHEHUS
d

Ha3BIBAEMOTO ypaBHeHneM Diijepa. B kadecTtBe nmpumepa paccMoTpuM (hyHKITHOHAT

g(x) = /[a(t)x’2(t) + b(t)z*(t) — 2c(t)z(t)] dt, (10)

A

rje a,b, c — HenpepbiBHble Ha oTpeske A dyukiun. Pyukimonan (10) ecrb cymma
KBaIpATUIHOrO (PYHKIIMOHAJIA

%«@;3/m@y%w+wwﬁ@ﬂﬁ (11)

U JIMHEIHOro PyHKIIMOHAIA

z@y:—/%@mwﬁ.
A
B srom cayuae wmTerpant L dyHKImoHaNA ¢ 3aJaéTCAd  PABEHCTBOM
L(t,z,u) = a(t)u® + b(t)z* — 2¢(t)x, nosromy
L =2b(t)x —2¢c(t), L. = 2a(t)u.

CooTBercTByIOIIEe ypaBHeHue diljepa nMeeT B

—% (a(t)fl—j) + b(t)x(t) = c(t).

OHO 5KBUBAJIEHTHO WHTETPO- (D DEPEHITNATEHOMY Y PABHEHUTO

a(t)ccll—j = /[b(s)x(s) —¢(s)] ds + const. (12)

to
Eciu a(t) # 0Vt € A u bysakus a(t) Beogy HenpepblBHO nuddepeHnupyema, To
u3 (12) Berrexkator Brmouenns @' € CY(A),x € C*(A). B 91ux npeanonokeHnsx
ypaBHenue Diijiepa 3alUCbIBACTCA B BHUJIE

—a(t)z"(t) — ' (t)x' (t) + b(t)x(t) = c(t).

[IpeamectBytoniue paccyzKieHusl 0000IAI0TCS Ha MUPOKUl KJIacC MHTEI'PAHTOB L.
Pemmenns ypasaenns Ditepa (9) HasbiBatoTcst sKcTpeMasismu hyHKimonaaa f. B 06-
1eM cydae sKeTpeMalib ecTh (ynkius Kiaacca C1(A), yiosieTsopsionias HHTerpo-
b depeHImaIbHOMY yPaBHEHUTO

t

L (t,x(t),2'(t)) = /L;(s,x(s),x'(s)) ds + const. (13)

to
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*

OkcTpeMasib & byHKIMOHAAA [, VIOBIETBOPSIONLYI0 TPAHUIHBIM YCIOBHUAM
x(ty) = xo,x(t1) = @1 , UHOTJA HA3BIBAIOT KPUTUYECKOH TOUKOIl, a wuncio f(z*)
— KPpUTUYIECKUM 3HAYEHUEM f.

Teopema 2.1Iycmo L : A x W — R dsaotcdor nenpepvisrno duddeperuyupyemas
dynryusa, x(t)— sxcmpemans dynrkyuonara f u

L' (t,a(t), (1)) £ 0Vt € A. (14)

Toz0a x € C*(A).
<« Bresiém B paccmoTpenue pyHKITUIO

t

O(t,u) == L(t,x(t),u) — /Lx(s,x(s), 7'(s)) ds — const.

to

Torna dyakius ¢ HenpepbiBHO auddepeHnupyeMa 1Mo MmepeMeHHbIM ¢, U B ecTe-
cTBeHHOi obJsiactu onpesesennsi. Pynkius y(t) = x’(t) HenpepbiBHA Ha oTpeske A
u yznosserBopsteT ypasuenuto O (¢, y(t)) = 0Vt € A. Ouesnjno, uro

O, (8, y (1) = Lo (8 x(t), /(1)) # 0.

Cornacno npejyioxennto 2 gynxnus y npunaekut kiaccy C1(A). Dro skpusa-
JeHTHO BKJouenuio v € C(A). »

Teopema 2 npunamiexur ['masbepry. Hepasencrso (14) HasbiBaoT ycioBuem
Jlexkangpa. Teopema ['mibbepra BhIpazkKaeT MOBBIINIEHHYIO IVIQJIKOCTb SKCTpeMaJieit
npocreitineii Bapuarnmonnoit 3ajaqdn. PopmanbHoe nuddepennuposanne (13) 1o ¢
upuBoauT K ypasaennto L), + LI o' + L " = L. Ecom LI # 0, To ypaBHeHne
Dittepa SKBUBAJIEHTHO JTuhdepeHIaIbHOMY YPABHEHAIO BTOPOT'O MOPSIKA,

"o__

"o "
L,— L) o — Ly,
" :
Luu

B HeKOTOpPBIX Cilydasix MOPsJIOK ypaBHEHUs Jiijlepa MOXKET ObITh MOHMKEH.

1°. @yukimsa L He 3aBUCHT OT u. Y paBHeHMe Diljiepa mpeicTaB/IsieT COOTHOIEHNE
L(t,x) =0, 1.e. He aBasercs audepeHIuaTbLHBIM YDABHEHUEM.

2° . Oyuknug L we 3asucut ot x. Torga L/, = 0 u ypaBuenne Ditepa J0IMycKaeT
MMOHUKEHUE TTOPSIIKA

L (t,2'(t)) = Ch. (15)

Coornomenne (15) Ha3BIBAIOT MHTErPATIOM MMILYJIbCA. B 3a1adax MeXaHUKH TAKO-
r0 pojla COOTHOIICHMs BBIPAKAIOT 3aKOH COXpaHeHnus umiyiabca. Oyuknusa L., me
00s13aHa OBITH ITOCTOSIHHOI; OHA IIOCTOSIHHA JIMIITh BIOJIb SKCTPeMaJIeil.
3°. Oyukiwst L ve 3apucut ot t. Torya s 10601t skerpeMasy z(t) BbIIOJHAETCS
COOTHOIIIEHIE
oLl (z,2") — L(z,2") = C. (16)
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Js nokasaresnscra (16) mocTaTodHO B3ATH MPOM3BOAHYIO OT JieBoil dactu (16).
Nnmeem

d
"L (x,2") + .I'/%L;(l', ') = L (z,2")a" — L (z,2")2" = 0.

Pasenctso (16) Ha3BIBAIOT HHTErPAJIOM SHEPIHUH.

3ameuanwue. Brie Bciojly pacemarpuBasics GYHKIMOHAT [, OIPeIe/IEHHbBIN Ha
dbyHKIWAX 2 () IEpEeMEeHHOTO ¢, HHTEPIPETHPYEMOro Kak Bpems. B psijie 3a1aq Hesa-
BHUCHMOE [IEPEMEHHOE UMEET XapaKTep BEJTMINHDI, PACIPEICIEHHON B IPOCTPAHCTBE.
Hampumep, 510 Tak /st ynoMuHasIeiics: Boiie 3aja4qu o Opaxucroxpore. [losTomy
[PEJICTABIISIETCS €CTeCTBEHHBIM ODO3HAYUTDL HE3aBUCHUMOE TIepeMEHHOe He Uepe3 t,
a 4uepe3 x. [Ipocreiinasg BapuannonHnas 3a/1a4ua 4acToO 3alllCbIBAETCI B CJIE/LyIONIei

dopme:
b

J(y) = /L(xay(x)v y'(x))dr — min, y(a) = A, y(b) = B. (17)

a

Hng samaqan (17) odeBugHBIM 06pa30M BBOJAATCS MOHATHS PEIICHUS U JIOKATHHOIO
pertienns. Y paBHeHHe Jiljlepa UMeeT BU/I

d
r_ 7
%Lz = L. (18)
Ero perienus nasbBaoT skcTpeMasiamMu gpyukimonana J. Ecim dbynknusa L me 3a-
BHUCHUT OT OJIHOI'O U3 IIePEeMEHHBIX, TO ypaBHeHUEe Diljepa JOIMyCKaeT MOHUKEeHNE T10-
psfka. B acTHOCTH, HMEIOT MeCTO ecTecTBeHHBIE aHaoru paBeHcTs (15),(16)

L (z,y(z)) = Cy, coorBercrBenno, y'L.(y,y') — L(y,y') = Ch,

3a KOTOPBIMU MbI COXPAHUM Y2K€ He CTOJIb OIpPABJIAHHbIE HA3BAHUS WHTErDAJa UM-
yJIbCa W UHTErpaJjia SHEPruu.

4. /loctaTouHble ycJjoBHUs abCOJIIOTHOTO MuHHMMYyMa. Ilycrs T — sKcTpe-
Masb dyukmmonana f u & € X. Torga gucio 0 ecTb KpuTudeckas TOIKa (DyHKITUN
I(§) = f(Z + &h) nna moboit dyaxuuu h us CH(A). Ecom W — Boimykioe mo-
MHOXKeCTBO TIockocTn R?) To X — BhIyKJ/I0€ ToJMHOKecTBO npoctpanctsa C(A).
Hazosém dynkimonas f BBITYKJIBIM, €C/IU IPU JIIOOBIX 4, v 13 X U JIIOOOro dmcyia A
u3 (0,1) mMeeT MecTO HEPABEHCTBO

FI = M+ Xe] < (1= A f(u) + Af(v).

Jlemma 4. Ecau f: X — R — svnykanti pynxyuonanr, T — axempemans Gym-
yuonana f u € X, mo & — pewenue 3adavu (1), m.e. f(z) < f(z)
Ve e X.

<llycte x € X, h=x—2, I(§) := f(&+&h). U3 BeimykiaocTn dbyHKIMOHATA f
BbITEKAET BBIYKI0CThH byHkimn I(£). Tak kak I — skerpeMasib GyHKIMOHAIA f, TO
I'(0) = f'(z,h) = 0. CieoBaresbho, 0 — TOYKa abCOMIOTHOIO MUHUMYMa (DYHKIIUHI
I. B wactrocrn, I(1) > I(0), uro skBuBasenTHo Hepaeuctsy f(x) > f(Z).»
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Teopema 3. Ilycmv ¢ynwkyuu L, L., L nenpepvisno, no cosoxynmiocmu nepe-

MEHHDT U npu mobwx t us A dynxuyua L(t, -,-) : W — R swnykaa. Ecau & —
axempemans gynrkyuonana f ux € X, mo & — pewenue zadavu (1).
<« Boemykiocts dyskmun L(t, -,-) : W — R Biedér 3a coboil BBILYKIOCTH

dyukmmonana f: X — R . Teneps Teopema 3 ciieryer u3 jemMmbl 4. »

[Tpumenum Teopemy 3 K onpeessieMomy pasencTBoM (10) uHTerpasibHoMy dyHK-
muonany. B mannom caywae L(t,x,u) = a(t)u® + b(t)z? — 2¢(t)z, W = R? Oynk-
st L(,.,.) BBIIYKJA MO COBOKYIHOCTU MEPEMEHHBIX T, U, €CJU U TOJBKO €/l
a(t) = 0,b(t) > 0.

Bosee Tounblit (HO MeHee 0003PUMBIiT) PE3YJIbTAT TIOJIYYACTCs, €CIH BMECTO TeO-
peMmbl 3 ucnosnb3oBaTh JemMmy 4. B pacemarpuBaemom ciyudae I(§) = g(x + &h),
(r € X, h € Cy(A) ectp xBagpaTuanas QyHKIUA CKAJAPHOTO TEPEMEHHOTO & U
I"(¢&) = 2#(h), tne & — oupenensieMplit paBencTBoM (11) nHTerpaabHbIil GyHK-
muonas. Eciun (h) > 0Vh € CH(A), To I"(§) > 0, I — Bomykias dbynxuus |
g : X — R — Bemykabiit gpynkmuonasn. Ecim T — skerpemasb yHKIMOHAIA ¢ U
z € X, 1o cornacuo gemme 4 ¢(2) < g(x) Vo € X. YeroBue HeOTPHIIATEIBHOMN Ompe-
JIeTEHHOCTH (DYHKITUOHANA S MOMKET BBIIOJHATHCS U JIJIst OTPUIATEILHON hyHKIN
b(t). Hamrpumep, dbyHKImoHAT

Ho(h) = / (12 (t) — W3(t)) dt

HeoTpuIaTebHO onpejesién, ecim 0 < T < 7 (em. coemyromuii myHkT). Bmecre ¢
TeM CIIpaBeJInBa

Jlemma 5. Fcau keadpamuunviti pyHrxyuonas K Heompuyamesvho onpedenéh,
mo a(t) > 0Vt € A.

<« B npeanosioxkennn mporuBHOTNO HaiiayTea uuciaa m > 0,7 € R0 > 0, aro
[T — 0,7+ 0] C (to,t1) m a(t) < —m Vt € [T — 0,7 + J]. Beeaém B paccmorperne
byHKIMO ©, OMPEIeIEHAYIO Ha, JIEHCTBUTEIBHOM MPSMOIl paBEHCTBOM

2
exp(=2—), ecm |t| <1

plt) = o
0, ecmn |t| > 1.

Qyukius ¢ O6eckoHedHo auddepeHnupyemMa Ha Beeil MpsIMOi, MOJIOKUTE/IbHA Ha
unTepsase (—1, 1) u paBHa Hysio BHe Hero. [Ipu JoctaTodHo 60IbIINX HATYPATbHBIX
unctax n gyukmun h,(t) = p(n(t — 7)) npunagrexkar npocrpanctsy Cf(A), npn
sroM R, (t) = ng'(n(t — 7)), |h,(t)] < 1. CupaBeiIuBBI COOTHOIIEHNUST

H () = / (a(t)h2(t) + b()R2 (1) dt <

nlt—7|<1
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HOCTOsIHHAS ¢y HE 3aBHCHT OT n. fcHo, uro J (h,) < 0 mpu JocTaTodHO GOIBIINX
n. [Mosyuennoe nporuBopeure BIedéT 3a coboii Hepasencrso a(t) = 0. »

5. IlonoxkureabHasi ONPENEIEHHOCTh MHTErPAJIBHOTO KBAJPATUYIHOTO
dyHsKImoHANA. B 9TOM IyHKTE NPUBOJIATCS YCJIOBUS IOJIOKUTEIHHON OIIpe,1e/16H-
noctu Kpajiparnunoro ¢gyukmuonana (11). Huxe a € CH(A), a(t) > 0Vt € A,
b € C(A). CymiectBennyto poJib jajee urpaer auddepeHinaibHoe ypaBHeHne BTO-
pOro HOPsIIKA

—(a(t)h) 4+ b(t)h = 0. (19)
Ero Mo:KHO MHTEPIPETHPOBATH KAK ypaBHEHHE Diliepa jijid GyHKIMoHaa JF .

Teopema 4. (Teopema Jlexxanapa—dAko6u). Ilycmov ui(t) ecmv pewenue
ypasrenus (19), ydosaiemeoparowee navasvnvm ycrosuam ui(ty) = 0,u)(ty) = 1.
Ecau uy(t) > 0Vt € (to, t1], mo natidémes maxoe eg > 0, wmo

K (h) = g0 / (W2(t) + h2(t)) dt Vh € CL(A). (20)
A

<« Ilepsbiit sran. Jlokaxkem CyniecTBOBaHUe MOJIOKHUTEILHOIO Ha OTpe3ke A pe-
mennst u(t) ypasuenus (1). Ilycts ug(t) — pemenne ypasuenus (19), yaoBieTBopsito-

mee HadaJgbHBIM yctoBusaM  us(ty) = 1,ub(ty) = 0. Torma dyuxuus
u(t) = uy(t) + dus(t) mpm Masbx 0 > 0 ABIAETCS HCKOMOTA.
Bropoii sran. @yukiuus w = —au’/u yioBIeTBOpsieT PaBEeHCTBY

a(t)(b(t) +w') = w(t).

st lokasarenbeTBa JI0CTATOYHO YIeCTh, 9T0 (bYHKIUSA U yA0BIeTBOpseT audde-
peHIpajibHOMy ypasuenuio (19).
Tpernit sran. s mo6oit dyuxuun h uz Cj(A) cupaseyinBo paBeHCTEO

/ (w(t)h™ (1)) (t) dt = w(t)h*(t)],} = 0.

CureioBaTeILHO, NMEEM

H(h) = / [a(t)h'Q(t) +2w(t)h(t)W (t) + (b(t) +w'(t))h*(t)| dt.
A
[ockombky a(t) > 0,a(t)(b(t) + w') = w(t), To
a(t)h*(t) + 2w(t)h () (t) + (b(t) + w')h2(t) > 0,

nostomy & (h) > 0 Vh € C3(A).

Herséprorii sram. 3amennm a(t), b(t) dynkuusamu a(t) —e,b(t) — e . [Ipu mambix
HOJIOKUTENbHBIX € DyHKIMK a(t) — &, b(t) — & yIOBIETBOPSIIOT TeM Ke TPeBGOBAHUSIM,
[O3TOMY COOTBETCTBYIOIINIT (PYHKIIMOHAJ

Ho(h) = / [(alt) = ) (6) + (be) — )B*(1)]

A
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neorpunarenen: J#.(h) > 0Vh € C}(A). Oro sksuBasenTHo Hepasenctsy (20).
Teopema 4 1MoJIHOCTBIO JOKa3aHa. B

Bameuanue 1. Cnpasedauco obpammoe ¥ meopeme 4 YmeepiHcoeHue: ecau ume-
em mecmo oyenka (20) ¢ g9 > 0, mo uy(t) > 0Vt € (to,t1].

Bameuanue 2. Ouenka (20) ¢ € = 0 sxsusasenmmua nepasercmey ui(t) > 0,
Vt € (to, t1).

JlokazaTebCTBa MIPUBEJIEHHBIX B 3aMedaHusX 1, 2 yTBep:K/IeHNN MOXKHO HAWTH
B [5] - [10], [21].

CaencrBue. ITycmv A = [0,T],a(t) = 1,b(t) = —1. Toeda noaosrcumervhas
onpedeaénnocmy xeadpamuunozo gynryuonara K na npocmpancmee CE(A) oxeu-
sanenmua ouerke 0 < T < w; npu T = 7 dannoid GynryuoOHaL HEOMPUYAMENEH;
npu T > T paccmampusaemvili GYHKUUOHAA 3HAKONEPEMEHEH.

6. Heobxogumbie ycJioBUSI JIOKQJIbHOIO MHUHUMYyMa BTOPOrO MOPSIKa
s mpocreiiiiieii BapuanuoHHoit 3agaun. Beprémes k 3agade (1). B srom u
CJIEIyIOINEM ITyHKTaxX Hpejmnosaraercs, 4ro dpyaknus L : A X W — R u e€ gacTHbIe
npoussognbie L, L) L L L onpeseieHbl n HeIIPEPbIBHBI 10 COBOKYITHOCTH I1€-

xx? Tu?

pemenubix. [lycrs Z(t) — mokanpHOe perenne 3agaqn (1). Iomoxnm
fzoo(t) = Lgx(t7 :i.(t)7 i‘,(t))’ LOl (t) = L/m,u(t7 ‘/%(t)7 i’,(t))7
Lun(t) = Ly, (8, 2(0), 2 (1))
Beeném B paccMOTpeHne MHTErPaJIbHBII KBaIPATHIHBIH (DyHKITHOHAI

~

A (h) = / [Loofﬂ(t)+2z01(t)h(t)h'(t)+z11(t>h'2(t> dt.
A

Teopema 5. Ecau & — aokasvhoe pewenue 3adawu (1), mo - HEOMPUY G-
menvnviti keadpamusnodi dyrnxyuonan wa CHA), m.e. A (h) = 0Yh € CL(A).

< IIycts h € CY(A), I(§) = f(Z + €h). Torma 0 ecTb TOYKA JIOKAJILHOTO MU-
wumyma by I, mostomy I'(0) = 0, I”7(0) > 0. Ocraérest 3aMeTUTh, 9YTO
1"(0) = # (h). »

[10J1e3HO 3aMETHTD, ITO eC/In Lo (t) — menpepsiBHO Juddepenimpyemast GyHK-
s, TO

[2taemne i = [ Lu@ane) = [ 1) (Lu) d
[IO3TOMY
A h) = / (atn™(0) + b(0)2(0)) .

re a(t) = Lii(t), b(t) = Loo(t) — (Lo1(t)), T.e. dyHkumonan # npusomutcs K
cTaHnapTHOMY BuUjLy. VI3 TeopeMbl 5 1 JIeMMBI 5 BBITEKAeT
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CaencrBue. Fcau & — aokaavroe pewenue 3adavu (1), mo
Lua() = Ly, (8, 2(2), #() = 0—

Heobxodumoe ycaosue Jlescandpa A0KANGHOZO MUHUMYMA 0L NPocMetwel 6apua-
YuoHHoU 3adavu.

7. JlocTtaTo4dHble YCJIOBUSI JIOKAJIBHOTO MHUHUMYyMa BTOPOTO MOPsSIKAa
IJI TIpOCTeiilneil BapualimoHHoO# 3aga4du. [lycth & — skcrpemasib HyHKINO-
nana f, & € C3(A) N X, bynukiusa L TpuzK/pl HenpepblBHO JudddepeHnupyema mo
csonm aprymentam, h € C3(A), ||h|| < p. B cuny dopmyner Teiinopa cipaseamso
PaBEHCTBO

L(t, #(t) + ht

), #(t) + (¢ )) L(t, (1), 2 (1)) =
La(t)h(t) + Lu (DR (t)+ (21)

+ (Eoo2 (1) + 2Lor (VRN (1) + B (1 (1)*(1)) + 2,

rie Z = o(p?). U3 pasencrsa (21) myTéMm MHTErpUpOBaHus MOJIydaeM COOTHOIIECHUE

F( 4+ B) = (@) = 5 () +w(h), (22)

B KOTOPOM

/2 2 .. . .
/ h £) + h¥( )) dt, npmiéa lim=(p) = 0. (23)
A

Teopema 6. ITycmo dynkuuonar & noioscumessio onpedeién, m.e. cnpaeed-
auea ouenka (20) ¢ K = K eq > 0. Tozda 2~ aokarvnoe pewenue sadawu (1).

<« Dukcupyem 4nciIo py TaK, 9T0 £(p) < £0/4 11PU p < po. O6bemHsA (22), (23),
noJstydaeM, 9to npu ||hll; < p < pp EIMEIOT MECTO COOTHOIICHH

£+ h) = (&) = 5 () +w(h) >

> (52—0 - 5(,0)) / (h’Q(t) + h?(t)) dt > /4 / <h’2(t) + h?(t)) dt.

A A
Cnenosarensuo, f(Z + h) > f(2)Vh € C3(A), ||h] < po- »

N3 teopem 6, 4 BbITEKaeT
CaencrBue. [Tycmo ui(t) ecmv pewenue duddepenyuanviozo ypasrenua

—(Ln N (1) + (Loo(t) = (Lor (1)))h(t) = 0,
ydosaemeoparousee Haasvnvm yeaosuam h(ty) = 0,1 (ty) = 1. HTycmo

L) >0Vte A, uy(t) >0Vt e (to, ).
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Tozda z(t) ecmv aokaavroe pewerue 3adavu (1).

Cdopmymupyem Terepb CUCTEMY YCJIOBUI, JIOCTATOIHBIX JIJI TOTO, YTOOBI (DyHK-
st & 3 X Obura JOKaJbHBIM perenneM 3ajaqu (1). s Tprzkpl HempepbIBHO
b depeHImpyemMoro mo COBOKYITHOCTH IepeMeHHbIX uaTerpanta L(t, z,u) (t € A,
(z,u) € W C R?) 3Ta COBOKYIIHOCTDH yCJIOBU{I COCTOUT B CJIEJLYIONIEM.

1. Oynknusa x = Z(t) ABJIgETCST SKCTPEMATIBIO, T.€. YIOBJIETBODSET YPABHEHUIO

Ditnepa
iL/ — L/
dt u x*

2. Bemonneno ycumenHoe ycmoBue Jlexxkanapa
L7 (t,&(t),2'(t) > 0Vt € A

3. @urypupytomias B caeIcTBun TeopeMbl 6 dyHKIWs 1y (t) mosoKUTEIbHA HA
npoMexxyTke (to, t1] (ycmmennoe yeaosue kobm).

HawnGosee ciioKHBIM J1JIs1 TIPOBEPKU IIpeicTaBsgeTcs ycaosue 3. OcTaHOBUMCS Ha
AHAJTMTUIECKOM criocobe ero mposepku. O6osnadmnm 4depes z(t, o) perienue 3a1adu

Kommm p

EL;‘ =L, z(ty) = o, 2'(to) = a.

N3 reopun juddepennmanbubix ypaBHeHuit (cMm., Hampumep, [5]) m3BecTHO, UTO
dbyukiws z(t, o) HenpepsBHO TuddepenimpyemMa Mo mapaMeTpy «; CIpaBe/JInBO

PaBEHCTBO
u(t) = M . (24)
2

Dopmyna (24) nozsosser Haiitu byHKIMIO u1(t), & BMECTe ¢ T€M JOCTABJISET
crIocob MpoBepKHU ycujaeHHoro yciaoBus fAkobu. Peasmszanus sroro mogaxona tpedyer
sHanus GyHknun z(t, «).

[eomerpuieckn yeiaoBue FKoOH 03HaYAET, YTO JOCTATOYHO OIM3Kme K Z(t) 9KCc-
tpemasn x(t) dyHKIMoOHAa [, BBIXOJSIINE U3 TOUYKU To, HE UMEIOT OOIIUX TOYEK
c z(t), re. x(ty) = &(ty) = wo, HO x(t) # Z(t) ms t u3 (tg, t1]. Chopmynuposan-
HbIE BBIIIE JIOCTATOYHBIE YCJIOBHSA JIOKAJTBHOTO MUHUMYMa OJIU3KU K HEOOXOMMBbIM.
Boutee mospobnoe n3iiozkeHne JAHHOIO KPyra BOIPOCOB MOXKHO Haiitu B [1], [6]-[11],
141, [15], [21].

[IpemmecTBytomue pacCMOTPEHN IIPUBO/IAT K TECCUMUCTIIECKOMY BBIBOJLY: IIPO-
creiilnas BapralloHHas 3aa4a coBceM He poctal [eiicTBUTeIbHO, pa3BUTHIA BBIIIE
I10/IXOJ1, [IO3BOJILAET JIUITH CBECTU BAPUAIMOHHYIO 3aJa4dy K He MeHee CJIOXKHOI JIByX-
TOYEYHON KpaeBoil 3aj1atie st JauddepeHImajibHOro ypaBHeHUs BTOPOTO OPSI KA.
B psijie citryuaeB cooTBeTCTBYIONMAA KpaeBas 3a/ada MOXKET ObITh PeIleHa; He CJIUII-
KOM OOIIIMPHAasA KOJJIEKIUs IPUMEPOB TAKOTO POJia aHau3upyercd B pasjene 3. Eé
MOZKHO TIOTIOJTHUTD, 00PATSACH K PYKOBOJICTBAM 10 BAPUAIIMOHHOMY MCIUCIEHUIO (CM.,
nanpumep, [5]-[11], [14], [15], [21], [23], [28]-[30]).

Bwmecre ¢ Tem oTMeueHHas BBIIIE CBA3b MEXK/1y BAPUAIIMOHHBIMU U KPAEBLIMU 3a-
JIadaMu OKa3aJ1ach MOJIE3HOM Aj1s1 qudepeHnnaabHbX ypaBHennii. OHa MOBIUsIIA 1
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Ha TIOCTAHOBKY MHOT'UX ITpobJieM JnddepeHInaj bHbIX yPaBHEHN, 1 Ha pa3paboTKy
METOJOB UX pEeIIeHUA.

1.2 Moandukauu npocteiilieii BapuammoHHOIM
3aJ1a4n

1. IToctaHoBKa m3omepuMeTpUYeCKOi 3aga4u. B reomerpun m3onepumer-
pPUYIECKOil 3a/1aveil Ha3bIBAIOT CJIEIYIONLYIO: CPeIN 3aMKHY THIX IJIOCKUX KPUBBIX JAH-
HOW JIJIMHBI HAWTHU JIMHUIO, OTPAHUYUBAIONLYIO HAUOOJIBINYIO ILIOMIA/ L. Permennem
9TOH 3a7a4u ABJIAETCAd OKPYKHOCTb. OHO OBLIO M3BECTHO B TJIyOOKON JIPEBHOCTH,
OJ/IHAKO aKKypaTHOe 0DOCHOBAHUE, YJOBJIETBOPSIOIIEE COBPEMEHHBIM TPEOOBAHUSIM
CTPOTOCTH, TPOBEJEHO Jullb B 19-M Beke. [IpumbikaeT K m30mepuMeTpUIecKoil u
3HaMeHnTas 3aja4a JMJI0HbI: cpe/in KPUBBIX, ONMUPAIOIINXCS HA JTAHHBIN OTPE30K U
UMEIOIINX 38IAHHYI0 JITHHY, HAHTH JIMHUIO, OrPAHIIUBAIONIYIO BMECTE C OTPE3KOM
durypy HambOJIbINIEH TLJIOIIA/IH.

VzonepumeTprdeckoil B BApHAIIMOHHOM MCYNUCCHUN HA3BIBAIOT 3a/a9y, 3aIiChI-
BaeMyIO CJIEJIyIIIIM 0Opa3oM

folz) = / Lo(t, 2(8), 2/ (1)) dt — min, (1)

A

filx) = /Li(t,x(t),x’(t)) dt=C; (i=1,...,m). (2)

A
l'(t()) = Xy, l‘(tl) = XT. (3)
B srom m ciemyromem myHKTax A = [to, tl], —00 < tyg < t; < oo, PyHKIUN
Li(t,x,u) (i =0,1,...m) — onpejieieHbl U HEIPEPHIBHBI BMECTE C YACTHBIME IIPOU3-

BOJHBIME 110 = 1 u Ha A X W; 31ech W — OTKPBITOE MOJAMHOXKECTBO TIocKocTn R2,
ITosozxum

X ={z (D), xz(ty) =z0, z(t1) =1, (x(t),2'(t)) € WVte A}

C yuérom mpuHATHIX Obo3HavYeHuit 3aga4da (1)-(3) mMoxker ObITH 3ammcaHa B CTaH-
JlapTHOU hopme

fo(%)%min, fz<£l})—CZ:0 (izl,...,m), reX. (4)

EcrecTBeHHBIM 00pa30M OLPEIEIAIOTCSA OHATHSI PEIIEHUs U JIOKAJTBHOTO Perle-
ung 3agaan (1)-(3). Hanpumep, & ects sokasbhoe pemtenne 3agaqau (1)-(3), ecan
T e X, filz) = C; (1 = 1,...,m) u cymecrByer Takoe § > 0, 9TO JJIs BCEX I,
YZOBJICTBOPAIONINX HepaBeHcTBy ||z — Z||; < § u orpammuennam r € X, fi(z) = C;

(t=1,...,m), mmeer MecTo HepaBeHCTBO fo(x) = fo(Z).
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2. IIpaBuio wMHoXKuteseit Jlarpanxka [gasd wu3onepuMeTPUIECKON
3a/1a4n.

Teopema 1. [Tycmov & — sokasvhoe pewenue 3adavwu (1). Tozda cywecmesyem
makol nenyaie6ol Ha60p wucen Ao, A, . . . , Am, wmo & ecmo aKempemans GyYHKYUo-
Haﬂ'af_)\()f(]"i_)\ fl +)\mfm< )

<« Pacemorpum ciayuait m = 1. Ecin & — sxerpemasb yHKIMOHATA f1, TO BCE
J0Ka3aHO; JTOCTATOYHO TOJIOKUTH 5\0 =0, 5\1 =1.

[lycts 2 e gaBigercs sKcTpeMasinbio dhyukmuonasa fi. Torga cymecTtsyer dbyHK-
s hy w3 Cj(A), na koropoit

£(@ hy) = / [zm(t)hl(t>+1i1u<t>hg(t) dt # 0 (5)

A

(31ech
Bialt) = 520,20, #0), Luu(t) = S 3(0,8'9).

Oukcupyem npoussosbHyio dyukimio hy nz C3(A) u BBesIgM B paccMoTpeHue jise
YUCJIOBBIE (DYHKITUN

wo(&1, &) = fo(@ + E1hy + &ha),
©1(&1, &) = fil@ 4+ & h + §he) — Cy.

[Tocko/bKy 2 — JiokaabHoe perenne 3ajiaun (1)-(3), To Touxka 0=(0,0) uz R? ectnb
JIOKAJIbHOE peIlleHre 3a/1a 1

©o(&1,&2) — min, 01(&1,&) = 0. (6)

K zamade (6) MOXKHO TpUMEHUTH TpaBuio MHOXKUTeNel Jlarpamxka. [lefictBuresnbho,
dyHKIINN V), o1 HEMpPephIBHO TnddePEHITIPYEMbI; CIIPABE/JINBLI PABEHCTBA

0p;

96 00 =fEh) (=01 §=12) 7

N3 (5),(7) BBITEKAET COOTHOIICHHE 2—2(0,0) # 0, mosTomy Jytst 3asa4n (6) BLITOT-

HeHbI ycsioBust peryasgpaoctu. CyriecrByer takast KocranTta A, uro Touka (0,0) ss-

nsterest Kpurudeckoit jytst pyukmmn o(€1, &) = po(&1,&2) + Ap1(&1, &), T.e. cipaBe-
JIUBBI COOTHOIIEHUST

00 O 20,0, 0y + 222L(0,0) = 0.

3] & 3 082

ITepBoe paBEHCTBO OHO3HAYHO OMPEEISAET A, BTOPOE COOTHOIICHUE O3HAYACT, YTO
1t Jmo6oro Beibopa smementa hy uz Cj(A) Bepuo pasenctso (fo+ Af1) (2, he) = 0.
910 BI€YET 33 cOOOM JOKA3bIBaeMOe yTBepKaeHue B ciydae m = 1. Obmuit ciy4ait
(m > 1) paccmarpuBaeTcsi AaHATIOTHIHO. P

Z72(0,0) + A=22(0,0) = 0,
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3. Ilpocreiinias BapuanmnoHHas 3aja4a B cjiyvdae BeKTop-dyHkimii. Pac-
CMOTPHUM 00001IIeHNe TPOCTEIell BAaPUAIIMOHHON 3a/1a491 B IJIaHE 3aMEHbl CKaJIsdp-
HbIX yHKIWI BekTopHbiMEU. [lycTh n — HaTypasbHoe yncso, R” — eBKIMI0BO PO-
crpancTso pazmeproctu n. O6oznaunm yepes C'! (A, R™) cOBOKYIIHOCTb HEIPEPLIBHO
mubdepernupyemMbix orobpazkennii orpeska A = [tg, 1] B R™. IIna z uz C1 (A, R")
TIOJIOZK UM

— /
[} = max |x(#)] + max |2 (2)],

rae |v| — pmHa BekTOpa v u3 R™.
BekTopHoe 060011eHIE TIpOCTeiilell BapUAIMOHHON 38141 3aIllNChIBAETCs CTaH-
JapTHBIM 00pa3oM

flz) = /L(t,:c(t),:r;’(t)) dt — min,  z(to) = wo, x(t1) = 1. (8)

A
Baecy L(t,x,u) = L(t,x1,...,Tp, U1, ..., U,) — DYHKIHUSA, HENPEPBIBHAS O COBO-
KYIIHOCTH IePEeMEHHBIX BMECTe ¢ YACTHBIMU HPOM3BOIHBIMHE %, % (i=1,...,n)

(t € A, (z,u) € W C R*™), W — orkpbiToe NojMHOKecTBO R*™; 70,21 — puK-
cupoBanuble d1eMenThl R™. EcTecTBeHHbIM 00pa3oM BBOJASTCS MOHATHS PENIEHUs U
JIOKAJILHOTO perteHns 3a1a4n (8).

Bce pesyibrarhl mpe/iectByormero maparpada mnepeHocstes Ha 3agady (8). B
YaCTHOCTH, JIOKaJIbHOE pertenue & = (I ... %,)T 3agaun (8) yaosieTsopsier cucreme
nuddepeHImaIbHbIX yPaBHEHMI

C L (1),2'(0) = L, (,2(0),#(0) (1=1,..,m), (9)

Ha3bIBAEMOIl crcTeMOil ypaBHeHuit Jitnepa—/larpanxxka. [l BeIBogA (9) JIOCTaTOY-
HO B 3a/1a4e (8) dbukcuposars Gyuxmu T1(t), ..., Ti-1(t), Tip1(t),. .., Tn(t), a Me-
HATH JIUIIH i-yI0 KOMIOHEHTY x;(t) BekTop-dyHKImu x(t). B urore orHOCHTETHHO
x;(t) Bo3HHMKaeT mpocreiilias BapuaIMoHHas 3a/1a4a, peleHne KOTopoil yI0BIeTBo-
psieT ypaBHEHUIO Ditepa. DTO U MPUBOJUT K CHCTEMe ypaBHeHHit (9).

Pemmennst cucremsl (9) HasbiBaoT 3kcTpeMasamu dyukinunonaaa f. Ecin dyHk-
st L(t, x, u) pu jiio6om ¢ u3 A BBIIYKJIa [0 COBOKYITHOCTH IIepeMeHHbIX (z,u) € W
u W— BbIIyKJI0€ TIOJAMHOXkKecTBO R*™, TO HeoOX0uMOoe yCJIOBHe JIOKAJILHOIO MUHH-
MyMa (ypaBHeHus1 Diiiepa—J/larpanzxka) CTAHOBUTCS JTOCTATOYHBIM YCJIOBHEM abco-
JIOTHOTO MUHUMYyMa. TpeboBaHMe BBITYKIOCTH MHTEIPAHTa MOYKHO OCIa0duTh. [Ipo-
BEeJIEHHBII B IIPE/IIIIECTBYIONIEM Maparpade aHaaIu3 ypaBHEeHHs Diliepa MOKeT ObITh
HIOBTOPEH M JIJIsl BEKTOPHOTO ciiydas. VIMeloT MecTo aHaJIOrn MHTErpajioB MMILY/Ib-
ca u sneprun. Hamnpumep, ecim mHTErpanT L He 3aBUCUT OT NEPEMEHHOW Uy IIpU
HEKOTOPOM K, TO CIIPABEJJIMBO PABEHCTBO

L, (t,z(t),2'(t)) = Ci — umrerpas umMIyIIbCa.
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Ecmm dynkius L He 3aBUCUT OT TIEPEMEHHOTO ¢, TO
> w(t)L, (x(t),2'(t)) — L(x(t),2'(t)) = C1 — unrerpan suepruu.

4. BapuaimoHHbie 3ajiauu AJsd (PYyHKIIMOHAJIOB, COJEp2KAaIluX HPOou3-
BOJIHBbIE BBICIINX IOPsSAKOB. PaccMmorpuMm ciejyromiee o0oOIeHne pocTeiieit
BapUAaIMOHHONA 3a/1a9U

f(z) = /L (t,x(),2'(t),..., 2" (t)) dt — min, (10)
A

I(j_1)<t0) = l’oj, IL'(j_l) (tl) = Ilj (] = 1, e ,m). (11)

Baech A = [ty, t1] — bUKCHPOBAHHBII OTPE30K JIEHCTBUTEILHOI MPIMOii, —00 < ty <
t1 < 00, L(t,ug,uy, ..., Uy,) — OYHKIWMs, ONpeIeJEHHAS HA TPIMOM IIPOU3BEJICHUN
A x W orpeska A n orkpbiToro nogmuozkecrsa W npocrpancrsa R™H xg;, @1
(j = 1,...,m) — dbuxcupoBanubie uucia. Byaem cumrars, aro dyHKIwMa L n eé
"acTHbIe mpoussoamble L, (i = 0,1,...,m) onpeeieHbl U HEIPEPHIBHEI 110 COBO-

KynHocTH mtepeMeHHbIX Ha A X W. [Togoxum
X = {l’ S Cm(A), Jf(j_l)(tO) = IL‘Oj,I'(j_l)(tl) = Ty (j = 1, ce ,m),

(z(t),2'(t),..., 2™ (t)) € W Vt € A},
CI(A) == {z € C™(A), 2U V(ty) =2V V() =0, j=1,...,m}.

Bagada (10), (11) moxker ObITH 3alKcana B CTaHIaPTHOI (hopme
f(z) - min, zeX. (12)

9TO TO3BOJIAET OLUPEJETUTD HOHATHS IVIODAJBHOTO M JIOKAILHOIO DEIIeHUs 3a/1a-
an (10),(11). Hammpumep, & — jokasbroe perenne 3amaqn (10),(11), ecin Haiinércs

takoe ¢ > 0, 1To
flz) = f(@) Ve e X, ||z — 2| <.

OcHOBHOE HEOOXOIUMOE YCJIOBHE JIOKAJIBHOIO MUHIMYMa B pacCMaTpUBaeMoil 3a1ade
— nmuddepennuanbaoe ypapHenne Jitepa—llyaccona mopsinika 2m. st ero BeIBO/IA
HaM TOTPEOYeTCsT HECKOJIbKO BCIIOMOTATEIbHBIX YTBEPKICHUIA.

JIlemma 1 (JIemma Jlarpamxka). I[Tycmo a(t) — nenpepwenan na ompesxe A
dynryus. Ecau das mobot dynryuu h kaacca CJH(A) enpasedauso paserncmeo

/a(t)h(t) dt =0, (13)

mo a(t) = 0.
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<« B mpeonioxkennn mpoTuBHOro Haiiaérest touka 6 u3 unrepsasa (o, t1), 11
koropoit a(d) # 0. Ilycrs mias onpenenéunocru a(f) = 2a > 0. B cuy nenpe-
poiBHOCTH byHKIMN a(t) Haiinércsa takoe £ > 0, 9TO CIpaBeINBO HEPABEHCTBO
a(t) > o qyrsa Beex uncen t us[d —e,0 + €| C (to,t1). Beném B paccmorpenne dbyHK-
ITUIO

h(g) — (t—0—e)" "t —0+e)™, ecmteld—e0+¢
(1) = 0, ecmt ¢ [0 —e,0+ ¢l

Oynknus h npuaaaiexkuT kiaaccy CJ'(A), mosToMy jJist Heé BBIOTHIETCS PaBEH-
crBo (13). Bmecre ¢ Tem

0+
/a(t)h(t) dt = / at)(t — 0 — )"t — 04 )"dt >
A O0—¢
0+
>a/(t—@—g)m+1(t_g+€)m+1dt>0.
0—e

[Tosryuennoe IPOTHBOPEUHE JOKA3BIBACT JIEMMY. B>
Jlemma 2. [Tycmov ai, € C*(A) (k= 0,1,...,m) u das moboti pynxyuu h xaacca
CIM(A) svimoaneno pasencmeo

Toz0a

<« llycrs 1 < k < m,h € C*(A). Ucnonb3yst nHTErpUpOBaHUE 10 YaCTAM 1
Brutouenue h € CJ'(A), mostydaem mocie10BaTe/IbHo

/ ar (OB (8) dt = / (an(B) ORED (@) dt = -+ = (—1)} / (an(£) PR (t) dt.

A A A

CyMMupyst TIO00HBIE PABEHCTBA, IPUXOIUM K COOTHOIIEHUTO

/ iamh(’“(w dt = / i(—n%ku))(“h(t) dt,
A k=0 A k=0

BepHOMY Ji/Ist ipousBosibHO# dynknun h u3 CJ'(A). Tloceanee paBeHCTBO COMTACHO
smemme Jlarpam:ka BiaedéT 3a coOOil JTOKa3bIBaeMOe YTBEpKJICHHE. P
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Jlemma 3. Ilycmo & — saokasvnoe pewenue 3adavu (10),(11),

. oL
ar (t) = a_uk

Tozda dasn 06010 pynryuu h uz CJ(A) cnpasedauso pasercmeo

/zm: ap(t)h () dt = 0,
A k=0

naswvieaemoe ypasnenuem Jusepa—Ilyaccona 6 unmezpasvnot gopme.

<« Ilycts h € CJ'(A). Beeném B pacemorpenne dynknuio I(€) = f(z + &h).
Oyuxist [(€) onpeenena u auddepeniupyema Ha HeKOTOpoit okpectHocT 0. Tak
Kak & — JokajapHoe pernenne 3agadn (10),(11), To I(£) mocruraer JIOKAJIBLHOTO M-
aumyMma tipu § = 0. B ey Teopembr @epma I'(0) = 0. st 3aBepitennst gokasa-
TEJILCTBA JIOCTATOYHO 3aMETUTH, ITO

I'0) = / idk(t)h(’“)(t) dt.
A k=0

[Tocnemnee paBeHCTBO BbITEKaeT U3 mpasuia Jleiibnura muddepennupoBannsa nH-
TErpaJsioB, 3aBUCAIINX OT IapameTrpa. »

Teopema 2. Ecau 6 ycaosuazr semmor 3 T npunadaeocum C*™(A), a dynwuuu
Ly, (t,uo, u1, . .., ) k pas nenpepwieho duddepenyupyemv, no cosoxynrocmu nepe-
mennoir , mo ay € CH(A) (k= 0,1,...,m) u dynxyus & ydosiemsopsem dugpe-
PEHUUANDHOMY YPAEHEHUIO

(t.2(t), &' (t),...,2" 1)) (k=0,1,...,m).

j{:(—q)kéégL;k@,x(w,xxt%...,xﬁnxt» =0, (14)
k=0

Ha3v8aeMoMy ypasHeruem dsepa—ITyaccona 6 dudpepenuyuaroroti dopme.

<« Teopema BbITEKAET U3 JIeMM 2, 3.9

[TockosibKy TOpsAIOK udepenimanibHoro ypasaenust (14) pasen 2m, ero obiiee
pellieHre T 3aBUCAT OT 2M MPOU3BOJBHBIX MOCTOAHHBIX: © = x(t,C1, Cy, ..., Cap).
JI1sT HaXOXK JEHHs 3TUX IOCTOAHHBIX MOYKHO BOCIIOJIb30BATHCSA TPAHUYHBIMU YCIOBH-
ssvu (11). B kagecTBe nmpuMepa paccMOTPUM BAPHAIMOHHYIO 3a/1ady

ﬂ@z/ﬂ@ﬁ%mm
z(0) =2'(0) =2/(1) = 0,2(1) = 1.

B paccmarpusaemom ciyuae L(t, ug,ur,u) = uj, mosromy L) = L, = 0,
L;, = 2uy. Ypasuenue (14) umeer Buj 22®) = 0. Ero obrmee permnemnne

z(t) = Cy + Ot + Cot® + Cst?
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— IIPOM3BOJILHBII MHOTOUJIEH TpeTheii crenenn. [locTosaubie C; HAX0UM U3 TPAHUY-
HBIX YCJIOBUIA:

$(0) = CO = 0,1”(0) = Cl = 0,33,(1) = 202 + 303 = 0,1’(1) = Cg + Cg =1.

Orcioga momygaem Cy = C; = 0,0y = 3,(3 = —2. Nckomasg 5KcTpeMaJib
z(t) = 3t* — 2t3. B paccmarpupaemMoM npumMepe (GYHKIHOHAT f BBITYKJI, HOITO-
MY HEOOXOJIMMOE YCIOBHE JIOKAJILHOIO MUHUMYMa ABJISIETCA JOCTATOUHBIM YCIOBHEM
abCOJIIOTHOI'O MUHUMYMa.

Bossparmasics k obmemy cayvaro 3agadn (10), (11), 3amernm, aTo s Heé cripa-
BEJIJIUBbI aHAJIOIM PE3YJIbLTATOB, YCTAHOBJIEHHBIX JIJI HPOCTEiilell BapualoOHHON
3aja4n. Borpoc o cyIecTBoBaHNY U TJIaAKOCTH OOOOIEHHBIX perernit 3a1aan (10),
(11) obcyzkmaercst B onosiHeHnn B.

5. Bapuanmonnble 3ajaum Ha YCJOBHBINU 3KcTpeMyM. PaccmarpuBaercs
3a/1a4a 0 MUHUMU3AIUE WHTErPAJTBLHOIO (DYHKIMOHATIA

f(a) = / L(t, (1), 2 (1)) db.

A

onpeieaIéHHOro Ha BekTop-bynkiuax x kiacca C'(A, R™), yI10BIeTBOPSIONUX Kpa-
€BBIM yCJIOBUSIM

x(to) = 2o, I(tl) =T (15)
U YCJIOBUSIM CBSI3H BH/JIQ
wi(t,z(t)) =0, t=1,...,m, m<n. (16)

[Ipeanonaraercs, aro pyamun L : AXR"XR" — Rup; : AXR" - R, i=1,...m
JIBazKJIbl HEIPEPBIBHO UM MEpeHIMpyeMbl TI0 BCEM IIEPEMEHHBIM; YDABHEHUsI CBA3U
(16) HesaBUCHMBI, T.€.

9p1 ... 941
8:1:1 aiﬂn
rang : . : =m;
Opm .. Opm
ox1 O0xn

cBs3u (16) corytacoBaHbl ¢ KpaeBbIMU ycaoBusmu (15):

@i(to,m0) =0, @i(ty, 1) =0 (i=1,...,m).

[TocTaBiennas 3a/1a4a OTHOCUTCA K 3a/1a9aM Ha YCJIOBHBIN SKCTPEMYM, MTOCKOJIb-
Ky, KpOMe KpaeBbIX ycijouii (15), Ha MCKOMYIO BEKTOP-(DYHKIMIO HAJIOKEHBI J10-
noJiHuTe bHbIe yesoBus ceasu (16). Kparkocru pajau uccienyemyio 3ajiady Oyiem
0603HaYATH CUMBOJIOM (3) ¥ Ha3bIBATH 3aJ1aUeil Ha YCJIOBHBII sKcTpemyM. Hac OymyT
WHTEPECOBATH HEOOXOMMbIE YCJIOBUSA JIOKAJIHHOIO MUHUMYMa B 9TOU 3aJ1a4e.
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Teopema 3 (HeoOxomuMBbIE YCJIOBHs JIOKAJBLHOTO MUHUMYyMa B 3ajade
(3)). IIycmw &(t) — aokarvroe pewenue 3adavu (3) xaacca C*(A,R™). Tozda cyuse-
cmeyrom makue HenpepueHvie na ompeske A dynrwyuu Ai(t), ..., Ap(t), wmo z(t)
ydosaemeopaem cucmeme UPHEPEHUUANOHVT YPASGHEHUT

L, (t,x(t),2'(t)) — %L;j (t,x(t),2'(t)) + Z Ai(t) gﬁ; (t,z(t)) = 0. (17)

=1

,HOKaBaTeJIbCTBO TEOPEMBI 3 HIPUBOJIUTCA B CJICAYIOIIEM IIYHKTE. Ecism BBecTn

obo3HaueHnue
m

L(t,,u, A1) = L(t, z,u) + Y Ni(t)gi(t, z),

i=1

rae L(t,z,u, \(t)) naseBaercs dynkmueit Jlarpamka, a dynaxman A; (i = 1,...,m)
— muoxkutenamu Jlarpanxa, A(t) = (A () ... \n(t))T, To cucrema (17) coBnasaer c
cucTeMoit ypaBHeHmit Jitepa—/larpanxa

_ d -
L;J;EL;W (j=1,...,n)

COCTaBJIEHHON 7711 (DYHKITMOHAIA

Teopema 3 cBouT perrenne 3a1a9n (3) K MCCIEIOBAHAIO SKCTpeMaseil hyHKIMOHA-
ja f 1IpU OTCYTCTBUM ypaBHEHHl cBa3M. IIpUBEIEHHBIH CIIOCOO AHAJIOIMYEH METOJLY
MHOKUTEel JlarpaHka JJIsl perieHns 3a/la9d MaTeMaTHIecKOTo IIporpaMMUupOBa-
Hust. B paccmarpuBaemoMm ciyuae MHOKuTeIH JlarpaH:ka \; yxKe He CKaJsIpbl, a
dyukmn nepemennoro t € A.

6. /lokazaTeabcTBO TeopeMbl 3 1poBesieM B ciaydae m = 1. OHo onmpaer-
csl HA psJi BCroMoraTebHbIX yTBepKaenuil. [Tycts b(t) — rimajkas na orpeske A
BeKTOP-(pYHKIMsL cO 3HaUeHugMu B mpocrpanctee R (kparko b € C'(A,R™)) u
b(t) # 0Vt € A. Beeiém B paccMOTpeHIe MHOXKECTBO

CHA ) =={h e CIHA,R™), (h(t),b(t)) =0Vt c A}.

Jlemma 4. Iycmo a € C(A,R"). Ecau

/(a(t), h(t))dt = 0 Vh € CHA, bY),
A

mo a(t) = p(t)b(t), 2de p: A — R— nenpepuenan na ompesre A pynruus.
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<« Ilycts b € CH(AbY), ¢ € CY(A). Torna ph € CYH(A,bF) u B cuny yesosuit
JIEMMBI CIIPABE/IUBO PABEHCTBO

[ eltyiate). ) ai o

Tax Kax ¢ — npoussosibHast pyukima Kiaacca C(A), To cornmacno jsemme Jlarpanzxa
(a(t), h(t)) = 0 ana kaxmoit bynxuun b us CF (A, b).

Dukcupyem umcsio T u3 uHTepBasa (to,t1) u Bekrop v m3 R™, jyis KOoTOpOro
(v,b(7)) = 0. locTpoum Takyio BekTop-bynxuuio h uz CL(0,b%), uro h(T) = v; cro-
€00 MTOCTPOEHNUST IPEJIIATACTCsT IPHUJIYMATh THTATENI0 B KATECTBE CAMOCTOATEILHOTO
yipazxHenusi. B cuy yke mokazannoro (a(t), h(t)) = 0, B gacTHOCTH,

(a(7), h(1)) = (a(7),v) = 0.

Takum obpasom, (a(7),v) = 0 mag KazxKJI0ro BEKTOpa ¥, OPTOTOHAIBHOIO BEKTODY
b(T). Orcrona ciemyer paserctBo a(7) = u(7)b(7). Onupeensemas Takum 06pa3oM
dbyukns p(7) HenpepbiBHa Ha uHTEepBase (to,t1). Ilo HempepbIBHOCTH paBEHCTBO
a(t) = u(t)b(t) npomoskaercs Ha BeCh OTPE30K A.p

[Tonoxxum

bi(t) = g‘iz (t,#(t)) (i=1,...,n)
1 BBEJEM B paccMorpenue BekTop-pynkimio b(t) = (by(t)...b,(t))T. B cuny npu-
HATBIX BBIIIE MPENosIoKenuit b(t) — riuajkas BeKTOp-QYHKIMs Ha OTpe3ke A u
b(t) # 0Vt € A. Knace CH(A, bh), onpenensiembrii 3Toit BekTop-byHKIHMe, 3aB€/10-
MO HEILyCT.
Jdemma 5. Ilyemv h € Ci(A,bY). Tozda cywecmeyem makas dyrryus
n=n(t¢) (e, | <, d - nexomopoe nosostcumenvroe wucio), ¥mo

e1(t, 2(t) + Eh(t) + nb(t)) = O; (18)
dymmyuu n(t, §), ne(t, §) nenpepviehor no cosoxynnocmu nepemennoir na A x (=4, 6)

U o B
2e(t0) =0 (19)

« [Tonoxxum
D(t, &, m) = @i(t, 2(t) + Eh(t) + nb(t)).
Torpa ®(¢,0,0) = 0; dyukuusa ¢ wenpepbiBaO auddepeHnupyeMa mo mepeMeHHbIM
t,n,Euput € A, (§,n) € U, U — wekoropast okpectaoctb Touku (0,0);
®¢(t,0,0) = 0, P, (t,0,0) # 0. (20)

CortacHO TeopeMaM 0 HesIBHbIX (QyHKIWAX (cM., HampuMmep, [1]) cymecrByer dyHk-
st 1) = 1(t, £), yAOBIETBOPSIONAs YCIOBHIM
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1) ©(t,&n(t,€)) = 0;

2) dynxmun n(t, ), ne(t,§) HENpepeIBHBI 110 COBOKYIHOCTH IEPEMEeHHbLIX Ha
A X (=6,6) npu mekoropoMm § > 0, crpaBeuBoO MpaBuiao auddepeHnnpoBanus
HestBHON yHKnu 7)(t, ), a MMEHHO

on B
a_g(ta 5) -

e(t,€,m)

(06 m) (21

Oyukuus n(t, §) sapasiercss uckomoii. [leficTBUTeIbHO, OHA U €€ YacTHAs MPOU3-
BostHAsA 1);(t,§) HeNmpepeIBHBI 10 COBOKYIHOCTH TIEDEMEHHBIX Ha MHOXKECTBe
A X (=4,8),0 — HEKOTOPOE MOJIOKUTEIbHOE YUCI0; paBeHCTBO (19) BbITEKaer u3
coornorrennit (20), (21). »

Bresiém B paccmoTpenne byHKITUN

agi(t) :== L, (t,&(t),2'(t)), ayi(t) .= L, (t,2(t),2'(t)) (i=1,...,n)

U BEKTOP-DYHKIINH

ao(t) = (am(t), N ,aon(t)))T, al(t) = ((lll(t), Ce ,aln(t))T.

[Tockonbky 2 € C?(A,R"™), a dbynxuua L(t,z,u) aBaxKbl HenpepbiBHO Tudde-
peHnupyema, 1o BeKTOp-byHKIMU ag(t), a1 (t) wenpepwiBHO TuddepeHnupyemMbl Ha
orpeske A. B wacrnocrn, mia mo6oit Bekrop-dyukimn h kinacca Cp(A, R™) nmeer
MECTO PaBEHCTBO

/@wmmmﬁzammmm;—/mmww»ﬁz—/@@w@Mt

A A A

N3 sToro paseHncrsa BhITEKaeT (popMmysia

[ Haole). 10+ (a0 @) dt = [ lfaol®) — arfe) b)) de. (22

A

JokazaresabcTBo TeopeMmbl 3. [lycts h € CL(A, b)), n(t, &) — bynknus, bu-
rypupyiomias B jemme 5. Bekrop-dyuknus (t) + Eh(t) + n(t, £)b(t) ymosaersopsier
orpanndennsaM 3agaqdu (3). [TockoibKy & — JIOKaJbHOE DellleHne TO 3aja4u, TO
f@+Eh+n(.,€b) > f(Z) upu gocrarouno masbix . Uuade rosopst, £ = 0 ecTb
TouKa JIoKabHoro MutnMmyma gyukiwn 1(€) 1= f(z+&h+n(.,£)b). B cuty Teopembl
®epma umeem I'(0) = 0. Pacmmudpyem nocseaaee paserctso. Vcmmoib3yst mpaBuio
Jleitbnuria quddepennnpoBanns NHTETPAJIOB, 3aBUCAIINX OT ITapamMeTpa, U (hopMy-
ast (19), (22), TpuXOaUM K COOTHOIICHISIM

1'(0) :/[(a0<t)7h(t)) + (ax (1), h'())] dt = /((ao(t) —ay(t)), h(t)) dt = 0.

A
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B cuny nemmbr 4 maiinéres Takas HernpepbiBHas Ha orpeske A dyukims (), aro
ao(t) — aj(t) = p(t)b(t). Orcrona u cuemyer (17) ¢ A (t) = —p(t).

B caygae m = 1 teopema jokasana. [Ipu m > 1 j10Ka3aTe/bCTBO IIPOBOIUTCS 110
TOI K€ cxeMe; IUTaTesb MOXKeT Haiitu ero B (8], c. 105-106.»

Hapsiy ¢ merosiom MHOXKUTe€i Jlarpanzka jiuist periernst 3a71a49u (3) IpuMeHsi-
0T METOJ HCKJIIOUeHUs. YeroBus cBsi3u (16) HCIOIB3YIOT /I HCKIIIOYECHUS 1 HEn3-
BECTHBIX KoOp/uHAT BekTop-byHnkuun z(t). PaccMorpuM, Hanpumep, IpUBeIEHHYIO
B [14] 3a/ia1y 0 HAXOXKJIEHUN SKCTPeMyMa (DyHKIIMOHAIA

/() = / [0+ 5300 - 20 - 5520

na kjacce BekTop-bynxuuit z(t) = (z1(t), 72(t))?, ynoaersopsionmx rpaHuIHBIM
YCJIOBUSIM:

W YPaBHEHUIO CBSA3U T — Xo — 2cost = 0.

Bpsin in agis pertienust 9Toil 3aj1a49u 11€71€c000pa3HO TPUMEHATH TPaBUJIO MHO-
xkuresieii Jlarpanzka; Biipouem, JaHHbBII TOIX0/1 TakKe peanusyeM (cm. [14], ¢. 514-
516). IIporre Bcero BoCoIb30BaThCsT BHITEKAIOITMM M3 YPABHEHs CBSI3U PABEHCTBOM
x1(t) = wo(t) +2 cost u cBeCTH HUCCIEIYEMYIO TIPOBIEMY K 33/[ad€ MAHIMU3AIIN HH-
TerpajbHOro (pyHKIIMOHAJIA, 3aBUCSIIE OT OJIHOI HeM3BeCTHOH (DyHKINN xg(t) Mpn
peau3aI HaMedeHHOT'O TOJIX0/Ia OTHOCUTE/IbHO HEM3BECTHON (DYHKITNNA BO3HUKACT
ypaBHeHue Jitjiepa.

7. Sagaua BoJabna. B npocreiinieit BapualinoHoii 3a1aue

f(z) = /L(t,m(t),x'(t)) dt — min, x(ty) = zg, x(t1) = 21
A

qnCIa Xo, r1 OpeamoIaranTcs GuKCHpoBaHHBIMIA. OTKA3 OT 3TOr0 MPEIITOI0KEHNST
IIPUBOJINT K 3a1ade bosbia

fz) = /L(t,x(t),x'(t)) dt + g(x(tg), z(t1)) — min. (23)

A

MunuMusupyeMerit (byHKIHOHAT HApsLy € HHTEIPAIBHBIM CIATACMBIM COJCPIKHUT
TepMuHAJIBHYIO 9acTh — ¢(z(ty), x(t1)). Bamada (1) MoxkeT OLITH 3alEcana B CTAH-
JapTHOI dpopme

f(x) — min, re X :=CYA).

DTO IO3BOJIAET OOBLIYHBIM 0OpPA30M BBECTH IOHATHUS PEIICHUS U JIOKAJILHOTO pellle-
Hus 3aja9n (23).

Cumraem, uro ynknuu L(t,z,u), L' (t,x,u), L) (t,x,u) oupemeneHsl u Hempe-
PBIBHBI 110 COBOKYTIHOCTH miepeMenHbix Ha A X R? a dbynxuus g(zg, 21) onpe/enena
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1 HempepwlBHO juddepenimpyemMa Ha miockoctn R?. B Hammx IIpeionosKennsx
dyukmumonan f : X — R Bciogy auddepennupyem, a ecjau roBOpUTh 060J1€€ TOIHO,
npu Jio6bix * u h u3 X cymecrByer npoussogaas f'(x, h) dyukuuonana f B Touke
2 110 HaIpaBJIeHUO h:

h) — d
o) = i HEE IO~ s ven)| -

= / (L (¢, x(t), 2 (£))h(t) + L, (t, z(t), 2" (¢))R'(t)] dt+

A
+, (2 (to), x(t1))h(to) + oL, (@ (to, (1)) h(t1). (24)

Dopmyia (24) Boitekaer u3 npasuia Jleiibuuna auddepeHupoBaHns HHTErPAJIOB,
3aBHUCAIIIX OT IapaMeTpa.

Hazopém saement x m3 X KpUTHIECKOil TodYKoi dyHKIHOHaIa [, ecin
f'(x,h) = 0 ps oboro Hanpasienus h u3 X.

JlemMma 6. Saemenm x uz X ecmv kpumuneckas mowka Gyrwkyuonasa f 6 mom
U MOALKO 8 TOM CAYUGE, ECAU SOINONHEHDL YCAOBUM!

1) ¢pynryus x(t) asasemes pewernuem ypasrerus uiepa

d
—L =1L
dt " v

2) enpasedausv, cOOMHOWEHUA
+ 9., (2(t), x(tr)) = 0, (25)

<g_i<t’ z(t), xl(t)) t=t1

(Getta.a0)

<« [lycts x — kpurnueckas Touka dyuknuonana f. Torma f/'(x,h) =0 Vh u3z X.
B wacTnocTn, qannoe paseHcTBo UMeeT Mecto s Beex h uz Cf(A). Cornacuo dop-
myste (24) orcro/ia BBITEKAET PABEHCTBO

= gz, (2(to), z(t1))- (26)

t=to

/ [LL(t,x(t), 2’ (t)h(t) + L. (t, x(t), 2" (t))W ()] dt = 0 Vh € C5(A).

Terepb BBITIOJIHEHUE TIEPBOTO yCJIOBUS ciiejiyeT u3 jJeMMbl [i00ya—Peiimona.

g nposepku coorromenuit (25),(26) croBa Bocmosb3yemcs dopmysioii (24),
HO y2Ke Jijid 1pou3BojibHON dyuKIMu h n3 X. HTEerpupoBanue 1o 4acTam BICYET
PaBEHCTBO

/L;(t,w(t),x’(t))h’(t) dt = L,(t,(t), 2" (O)h(t)];) —

A
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—/h(t)iL’ (t,z(t),2'(t)) dt,

dat
A
obbeuHsst KoTopoe ¢ dbopmyioit (24) u ypaBHeHneM Diijiepa, MoIydaeM, ITo
fi(a,h) = (Ly(t, 2(t), @' (1)) + oL, (2(to), 2(t1))) hlt:)+

+ (= Ly, (to, (t0), ' (t0)) + g, (x(t0), z(t1))) h(to). (27)

[Tockombky f'(x,h) = 0 nyst mpousBosbHOl dyukmu h u3 X, To u3 (27) cremyror
pasencTBa (25),(26).

Bepho u o6paTHoe yTBepxKaeHue. Eciiu BbioHeHbl yeaosus 1), 2), To £ — KpUTH-
yeckag Touka dpyHKmonana f. 1 noKaszaTe/bCeTBa JOCTATOYHO BOCIIOIb30BATHCS
HPOBEIEHHLIMU BBIIIE BLIKJIAIKAMHU, HO YK€ B 0OPATHOM HOPsIKE. P

HeHOCpe,ZLCTBeHHbIM cJIeACTBUEM JIEMMBI 6 dABJjideTcd

Teopema 4. [lycmov T — aokasvnoe pewenue 3adawy (23). Toeda & ecmov pewe-
nue ypashernus disepa, ydosaemeoparouiee epaHuHuM yeaosuam (25), (26).

I'panmamsie ycrosus (25),(26) massBaoT ecrecTBeHHLIME. B mcxoamnoit Bapua-
[UOHHOM 3ajade (23) 9TH yCJIOBUs OTCYTCTBYIOT, OJJHAKO OHU BO3HHMKAIOT IPU €€
aHaau3e. B KadecTBe nmpumepa paccMOTPUM (DYHKIMOHA

fla) = / (a(ha (1) + b(t)a*(t) = 2e(t)(t)) dt + kox?(to) + k(1)

A

Baech a(t),b(t), c(t) — nenpepbiBHbIe Ha oTpeske A dyukuuu, ko, ki — JeficrBureb-
HBIE OCTOAHHBIE. B 9TOM ciydae

L(t,x,u) = a(t)u® + b(t)x® — 2c(t)x, g(z0,21) = kozy + k127
EcrecTBeHHBIE KpAeBble YCJIOBHs UMEIOT BUJL
a(tl)x’(tl) + l{ill’(t1> = O, CL(to)JI/(t()) = k0$(t0)

B maremarudeckoil pusnke B 10JI00HOI CUTYAITMU TOBOPSIT O CMEIIAHHOM KPAEBOM
yenosun (k2 + k% > 0) u 3amaue Heiimana npu kg = &y = 0.

B reopeme 4 comep:kaTcs HeOOXOIMMBIE YCIOBHS JIOKAILHOTO MIHIMYMAa ITIEPBOTO
nopsiyka jiis 3agaqu (23). OHE MOrYT ObITh JOMOJHEHBI JOCTATOYHBIMU YCIOBUSME
vuanmyMa. Hampumep, ecim dbynkiun L(t, ), g Beinykinl Ha R?) To Heobxomumbie
YCJIOBHSI JIOKAJTBLHOIO MUHUMYMa, JIABaeMble TeopeMoil (4), SBJISIOTCS JOCTATOIHbI-
MM I AOCOTIOTHOrO MUHUMYMa. JIByKpaTHas nenpepbiBHasd TuddepeHmpyeMocThb
dyukuit L, g rapaaTupyer AByKpaTHyIO quddepeHnnpyeMocts QyHKIMOHATA, f 1
MI03BOJIsIET CPOPMYINPOBATH YCJIOBUS MUHUMYMa BTOPOTO MOPSIKA, aHAJOTHIHBIE
M3JI0YKEHHBIM B IIPEJIIIECTBYIONIEM Haparpade TPpUMEHUTEIHHO K IIPOCTeiIeil Ba-
PUAIMOHHOI 3a/1a1e.
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1.3 BapuanuoHHble ITPUHITAIBI

1. ITpuanun @epma u 3akoH CHeJinmyca. XopoIo U3BeCTHO, UTO B OTHOPO/I-
HOII cpeJie CBET pacipoCcTpaHsgeTcs 110 MpsAMoii tuHun. KEcin ke cpejia HeoIHOPOIHA,
TO TPACKTOPHUs CBEeTa MOKET ObITh M KPUBOJHHEHHO; HAIIPpUMED, €CJU MMEIOTCs
JIBE OJHOPOJIHBIE CPEJbI, 3aHUMAIOIINE JIBE TOJIYIIJIOCKOCTH, TO IIPU IIEPEXOje de-
pe3 IUIOCKOCTDb pasjieia MPOUCXOIUT IpestoMiienne ceeta. CoOTBETCTBYIONIUI 3aKOH
IpeIoOMJIeHrs ObLT Hali/IeH TOIAHICKAM yI€HbIM CHELINYCOM.

MaremaTndeckoe o0ObsICHEHIE 3aKOHA ITpesioMyieHus 06110 gano Pepma. st ero
hbopMyIMPOBKY BBEJEM IOHATHE ONTHYECKOi bl nytu. [lyers v = v(x,y, z) —
CKOPOCTh PaCIPOCTPAaHEHNUs JIyda CBeTa B TOUKe (X,¥, z), [' — TpaekTopus Jiyda cBe-
Ta, ds — »snaement ymHb KpuBoit ['. Torma 1o omnpejenenuio cKopocTu
ds/dt = v(x,y,z). Orciona BpeMs MPOXOXKJEHHsI TpaeKTopuu [ paBHO KPUBOJIU-
HEHHOMY HHTErpaJjly IepBOro poja

T— 7{ ds ;
v(z,y, 2)

r

qnco 1 Ha3bIBalOT ONTHYECKON JummHON myTu. [lpuamun Pepma riacut: u3 6cex
mpaexmopud, coedunsouwur mowku A, B, ceem ewbupaem my, onmuyeckas oiu-
Ha Komopotl munumansvra. ITpuamun Pepma cBOAUT 3a/1a4dy OINTUKNA K CJIEIYOIIE
BapUAIAOHHON 3aj1a4e:

T:f%%mm; 1)

3773/72)
r

MUHUMEA3AIUS IPOUCXOIUT 0 BCEM KPUBBIM, COEIUHSIIONIUM TOUKN A, B.
[Ipumennm npunimn Pepma k 3aade CHestnmyca o 3akone npesiomienud. [lycts
B tockoctu I1 manbr gBe Toukn A, B |, pacioJiozkKeHHbIe TI0 Pa3Hble CTOPOHBI OT TIPsi-
Moit [, pasnensiornieit 1Be cpeabl. Tpebyercs Ha mpsimoit | Hafitn Touky C' Takyro,
aro Bpems npeojosenns mytn AC'B ObLI0 MUHUMAJBHBIM IIPU YCJIOBUM, YTO CKO-
pocTh cBeTa B cojiepKaiieil Touky A mosymiockocru 1, pasma vy, a CKOpOCTH B
JIPYTOii TOJTyIIOCKOCTH (Ccozepakarteit TouKy B) paBHa vy. L1 dopmannsannm 3a-
Jlaau narpasuM ock O X 110 ipsimoii [, pasedtsionieit aBe cpeibl, a ocb OY nposesiém
HEePIEeHINKY/ISIPHO TpsiMoii [ aepe3 Touky A. Ilycts koopamuarsr Touek A, B oka-
sammch Takumu A = (0,a), B = (d,—b) (a > 0,b > 0,d > 0). Boseménm na ocu OX
touky C' ¢ koopaunaramu (x,0). Torga ontuueckast qiuna nytu AC' B pasHa

_lAcl , [cB| _ V@i | JPid-ap

U1 V2 U1 V2

T

B urore BozHuka ciemyomas sSKCTpeMasibHas 3aa4ua 0e3 orpaHuaIeHni

B \/a2+x2+\/b2—l—(d—m)2

U1 V2

— min. (2)

f(x):
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Munumunsupyemast (pyHKIUsT JIBaXK bl ud pepeHnupyemMa n crporo Beimykia. Ona
UMeeT eIMHCTBEHHYIO KPUTUIECKYIO TOUKY, OIPEIe/IgeMyI0 U3 YpaBHEHUS
x d—uw

Fo) = Vasa avrra=ae )

B cuny Beimykioctn dyHKimu f perenne & ypaBHeHus (3) ecTh pellieHre 9KCTpe-
MaJIbHOI 3ajaun (2). PaBercTso

P d— 2
mv a? + T2 (%) b2 + (d - JAI)2

9KBUBAJICHTHO COOTHOIICHUMIO

sinc;  sinas

= ) (4)

U1 V2

BbIpazKaroremy 3akoH CHeJITnyca: 0mHOUWeHUE CUHYCO8 Y2Aa NAdeHUs U YeAid OMm-
PAACEHUA PABHO OMHOWEHUIO CKOpocmell 6 nepeotl u 6mopoti cpede.

2. Bagava Jlonurang. [lycts ckopocTh pacipocTpaHeHus CBeTa B ILJIOCKOCTH
xOy pasua v(z,y). Haiiném cseroBoit jy4, coemuusgomuii Touku (xg, Yo), (T1,Y1)-
Bynem cumrath, 9T0 X9 < X1 U TPAEKTOPHUs PACIIPOCTPAHEHUS CBETOBOIO Jiyda 3a-
naéres gBHBIM ypaBHeHuneM y = y(x) (xg < x < x1). B cuny npunnuna @epma
IIOCTaBJICHHAd 3a/a4a CBOJAUTCA K CJICAYIONeill mpocTeiinieil BapualnonHon 3a/1a49e

Fazic
oz, y(x))

dr — min,

(5)
y(zo) = vo, y(r1) = 1.

Ecim dyuxus v(z, y) 3aBUCAT JIHIIL OT OJHOIO U3 TIEPEMEHHBIX T, Y , TO 3a/a9a
(5) cymecTBenHo yuporaercs. PaceMoTpum BHaYaIe CJIyvail, KOrjia v 3aBUCHT JIUIITh
or y (3amava Jlonmrass). B srom ciryuae uarerpant 3amaqn (5)

V14 22

e = )

HE 3aBHCHT OT &, MOITOMY MMeeT MecTo murerpan suepruu y'L, — L = C}, aro B
paccMaTprUBaEMOM CJIydae SKBUBAJEHTHO COOTHOITEHUTO

\/1+y?v(y) = C; — (zaxon Cuesmyca).

OTCIO,ZLa BBITCKalOT paBeHCTBa

() - 2
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B wutore nonyueno juddepeHimaibioe ypaBHeHne IePBOTro MOPsIKa ¢ pa3Iessiio-
IUMUCS [TepeMeHHbIMU. TakuM obpas3oM, nMeeM

= ®(y, Ch). (6)

v(y)
T 02: —
" /\/012—02(,@) /

st onpeiesienunst HensBecTHBIX KOHCTAHT C1, Cy CIIeIyeT BOCIIOIb30BATbCS KPAEBbI-
Mu yeaoBusiMu Y(xg) = Yo, y(x1) = y1. oce sroro maiinennoe pemenue y(x; Cq, Co)
KpaeBoil 3aJ1auu JijIsl ypaBHEHUsI Diijiepa HeOOXOMMO HCC/IEJ0BATh Ha ONTUMAJIb-
HOCTD, MCHOJIL3Ys, HAIIPUMED, JOCTATOYHBIC YCJIOBUSA MUHUMYMA.

Ecin dyukius v 3aBucut Jjuiib ot z, To byuknusg L(x,y, z) = \/vl(j;? pH JIIOO60M
2 BBIIYKJIA 110 COBOKYIIHOCTU HMEPEMEHHBIX ¥, 2, YTO BJIEYET 3a COOOi BBINYKJIOCTD
dbyuxmonana J u copnajenue HeOOXOAMMbIX U JIOCTATOYHBIX YCAOBUI MunumyMa. B

9TOM CJIydae IMeeT MeCTO nHTerpas uMmiyiabca L), = C, 970 IPUBOIUT K PABEHCTBAM

Y o Clv(x)

v V1= C%2%(x)

Orcrona HaxoauTces obiee pererne ypasuenus ditaepa y(z) = O(x, Cy) + Cy; 31ech
®(z, Cy) — HEKOTOpAast IepBOOOpa3Hast GyHKIUHI

Cﬂ)(fL’)
1 — C?v%(x)

Koncranter C, Co onpeiesisiioTcst u3 rpaHngIHbIX yesoBuit 3aaaaun (5). CoorBeTcTBy-
fomee perenne y(x; C, Cy) KpaeBoit 3a/1auu Jyisi ypaBHeHUs Diijiepa B JAHHOM CJIy-
Jae sBJIFeTCs pernenneM 3agadn (5).

3. Yacrable cayqam 3amaqum Jlommrass. [lycrs v(y) = ky™, tme y > 0,k —
MIOJIOZKUTEIbHAs TIocTosinHad. He mapymas obmuocTt, MOXKHO cunTaTh k = 1; Ha
BO3pakeHusd (BU3UKOB OTBETHUM, UYTO paBeHCTBa k = 1 MOXKHO JIOOMTLCs, U3MEHsIs
€JIMHUIB] T3MePEHNUs.

1) HaubGosee nipoct ciyvait m = 0. B sroMm ciiydyae TpaekTopun Jjiyda CBeTa €CTh
npsiMble — (DAKT OYEBUIHBIN U Oe3 BapUAIIMOHHOTO UCUUCICHUS.

2) TloapobGuee ocranoBuMmcst Ha ciaydae m = 1. B srom ciaygae v(y) = y; u3
pasencTBa (6) cieyer COOTHOIIEHUE

_ Y
:zr—l—CQ—/—mdy.

[TosToMy sKCTpEeMasIsIMI pacCMATPUBAEMON 331841 ABJIAIOTCA OKPY2KHOCTH, OIIPe/Ie-
JdeMble ypaBHEHUEM (x+02)2+y2 = 6’12. [HeATpsI STUX OKPYZKHOCTEN PACIIOIOKEHDBI
Ha ocu abcruce. Mckomoit Oy/eT Ta sKecTpeMalsib, KOTopas IIPOXOJIUT Uepe3 3a/laHHble
Touku (Zo,Yo), (T1,¥1), vae yo > 0,y; > 0. 3ajaua umeeT eIMHCTBEHHOE PEIIIEHIE,
TaK KakK 4depes3 JIoOble JIBe TOYKHU, JIeYKAIle B BEPXHEHN IMOJIYIIOCKOCTH, ITPOXO/IUT
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OJTHA U TOJIBKO OJTHA TIOJIYOKPY?KHOCTD € IIEHTPOM HaA OCH abCIUCC. DKCTPEMAJIH, TTPO-
XOJIAIIIE Yepe3 TOUKY (o, Yo ), MOMAPHO He HepecekaioTces. Ha ocHOBaHMM pU3HAKA
Akobu B ero reomerpuueckoii popme (cMm. m. 1.7) orcioma BBITEKAET, UTO SKCTPE-
MaJlb, TIPOXOJIsIast depe3 TOUKN (To, Yo), (21, Y1), peanmnsyer JOKaJIbHBIH MUHUMYM
dyukmmonana J.

C paccmarpuBaeMoit 3ajiadeil cBsA3aHa MoJe/Ib 1ockocTu JlobadeBckoro, mpej-
JoykenHas dpaniry3ckum marematukoMm A. [lyankape. MoxKHO moKa3arh, 9TO 9aCTh
AD nonyokpyxkuoctu ', OJMH U3 KOHIIOB KOTOPOW JIEKUT Ha OCU abCIHCC, UMEEeT
6eckoneunyio onrudeckyio jymny. Toukn ocu OX Oyjiem Ha3bIBATH OECKOHEYTHO Yila-
JIEHHBIMU. ByeM cantarh mOJIyOKPYKHOCTH C TIEHTPAMU HA OCH aOCIIUCC TTPSAMBIMHA,
OTITUYIECKIE JIJTMHBI TAKUX TIOJIyOKPYKHOCTEH — UX JUTMHAMH, YTJIaMU MEXKTY TaKIMI
NPAMBIMU — YTJIBI MEXKJIY KacaTeJIbHbIMU B TOUKe X mepecevdenusd. [losyanm moc-
KYIO T€OMETPHIO, B KOTOPOI COXPAHSIOTCS MHOTHE ITOJIOYKEHHS OOBIMHON MeOMeTPHH.
Hampumep, gepes jiBe TOUKU MOYKHO IIPOBECTHU OJIHY U TOJIBKO OjiHY tpsimyto. [lapas-
JIEJIbHBIMI OyJIeM CUUTATH JIBE IMPsIMble, UMEIOIIHe OOIIYI0 OECKOHEYHO YIAJEHHYIO
TOYKY (T.€. JiBe TOJIYOKPYZKHOCTH, Kacaloliuecsi APyT Jpyra B TOYKe, JiexKalei Ha
ocu aberuce). Torya yepes JaHHYIO TOYKY, HE JIEXKAILYI0 Ha IpaMoil [, MOXKHO TIpo-
BecTH JBe npaMble ['; u 'y, mapasutesnsubie I

3) Ilpu m > 0 curyarusi BO MHOIOM AHAJOIMYHA BO3HUKAOIIEH mpu m = 1.
Pacemorpum cotyuait m = 1/2, Berpeuasmmniicss panee B 3ajatde 0 OpaxucTOXPOHE.
3 3axona Cremmmyca caeayer pasercrso y(1 + y'?) = Cy. IpounTterpupyem 1o
ypaBHeHIe B TapaMeTpuieckoil (popme, mmosaras

Yy =tg 5 (p # +m).
Orcrosia mosryaaem
y = C cos? g (Cy > 0).
[TockoJibKy
dy = —C' cos ? sin fdgp =y/dr = tg fdx,
2 2 2
TO o
dx = —Clcoszgdgo = —71(1 + cos p)dep.
urerpupys, IPUXOIUM K COOTHOIIEHUIO
Cy

xr =

5 (p+sinp) + C".

[Tocnennee ypaBHenue mpeoOpasyeM, I€PEXojid OT IapaMeTpa ¢ K rnapameTrpy t ¢
IIOMOIIILIO paBeHcTBa ¢ = T — t. Torma
C
T = —71(7T — t+sin(r —t)) + C,

WJIN OKOHYATEJHHO o
T = 71(75 —sint) + Ch.
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Benomunag BbIpazKeHue J1Jjid Yy, IojydaeM

C
y201C082£:—1

C
5 5 (1 + cos ) :71(1—(:0525).

Takum obpazoM, SKCTpeMa/IsiMU B 33/1a4e 0 OPAXUCTOXPOHE SBJISIOTCS IUKJIO-
Ibl, IapaMeTpUyecKie ypaBHEeHUs KOTOPhIX UMEIOT BUJ,

r = %(t —sint) +Cy; y= %(1 — cost),

npudéM reomeTpudeckuit cmbicst C] — qruaMeTp OKPYKHOCTH, KaTsdieics 6e3 CKOJIb-
»xeuns 1o npamoit OX, a Cy — Bemmuuna ¢asura BroJb ocu OX B TOM WM UHOM
Hanpasaennn. [lojrydeHHbIe UKJIOWIBI UMEIOT TOYKH BO3BpaTa Ha ocu OX 1pn

t = 0,£2m,..., rue y obpamaerca B GeckonednocTb. CiemoBaTebHO, 3aja4a O
Opaxucroxpone pemienuii kiacca C1 ne nmeer.
4) TIpu m = —1 sazmaqa Jlonurana ¢ v(y) = y~ ' 9KBUBaIEeHTHA 3a/1a4€e O OBEPX-

HOCTHU BpallleHnsl HauMEeHbIIell TI0Ma 1, CTaBsIeiicsa C/Ie/yIommuM oopa3oM: cpein
MHOKEeCTBa TVIAJIKIX KPUBBIX, IPOXOIAIINX Uepe3 aBe (pukcupoBanubie Touku A u B,
HalTH TaKyi0 KPUBYIO, YTOOBI IIOBEPXHOCTH BPAIIEHUs TOW KPUBOI BOKPYT MPSIMOIt
[, ytexkarreil B €€ IJIOCKOCTH, UMeJIa HAMMEHDIITYIO IO Th.

QopmasmsyeM 3aj1aqy. Byaem cautars, 9T0 npsaMasd [ COBIAIaeT ¢ OChIO aDCIUCC
B Koop mHaTHON 1iockoctu X OY, a paccMarpuBaeMble KPUBBIE ABJISIOTCA rpadu-
KaMU TI0JI0XKUTeTbHBIX (bynkimit y knacca CH(A), A = [zg, 2], —00 < zg < 11 < 00,
upuaéM y(zo) = yo, y(r1) = y1; 31€ch (o, Yo) 1 (71, Y1) — KoopIMHATEI TOTeK A 1
B coorBerctBenno. Ilocrapiaennast reomeTpudecKkast 3aiada CBOJNTCS K CJeIyIomeit
OPOCTENIITENl BApUAITMOHHON 3a1a4€e

S(y) =27 [ y(x)\/1+ y*(x) dr — min,
/
y(zo) = vo, y(z1) =y

Baech S(y) — mromaab COOTBETCTBYIONIElH MoBepXHOCTH Bpatienus. 13 3akona
Caenyca cjeayer COOTHOIIEHIE

Yy = Cl\/ 1 +y/2.

,L[JIH HHTEIr'pupoBaHrd ITOJYYECHHOI'O YpaBHCHUA BBe,ILéM HOBO€ IIepeMEHHOE ¢ C II0-
MOIIbIO PaBEHCTBaA

/
y =sho,
U3 KOTOPOT'O, MOJIb3YACh CBOMCTBAMU TUIEPOOTNYIeCKUX (PYHKITUH, TOTydaeM

1+ y'2 = ch? .

Cnenosaresnbuo, y = Cy chp u dy = C} sh pdyp. lens obe qacTu mocjiemHero paBeH-
cTBa Ha dr W CPaBHUBaAsI C COOTHOIIECHUEM, BBOJISIIINM HOBOE ITEPEMEHHOE, [TOJTYYaeM
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npoctoe auddepennuaabaoe ypasaenne dr = Cidp, 13 KOTOPOro HAXOMM CHaJa/Ia
x = Crp+ Cy, azarem u
. T — 02
90 - Cl ’
[Tomcrasiisis HaiiieHHOE 3HAYECHUE © B TIOJIyUeHHOE paHee cooTHoreHue y = C ch g,
[OJIy9aeM JIBYyXITapaMeTPUIecKoe CeMeiCTBO MEeMHbIX JTNHUM
r — CQ
y=Cich o
1
C OCSIMH CHMMETPHUH, IMapasie/IbHBIMUA OCH OPJAMHAT U 3aaBAa€MbIMU yPABHEHUAMUI
x = Cy. Beprmuasl 1ensbIx JuHMi pacnonaraiorces B Toukax (Cy, C).

Jlastee citetyer BBISICHUTH, MOYKHO JIU Yepe3 TOUYKN A, B poBecT KPUBYIO JTUHUIO
pacMmaTpuBaeMoro cemericrBa. OOCyInM 3TOT BOMIPOC B ciydae ro = —1, 7 = 1,
Yo = y1 = h > 0. B 910l curyarmuu BOIPOC CBOJIUTCA K 3aj@ade O PaspernmMoCTu
ypaBHEHU

Cy 0.

1
h= =h
CCO

oraocurebHo  C.  HecioykHble  BBIYUC/IEHWsT  MOKA3BIBAIOT, YTO  (DYHKIUS
() =& Ch% cTporo BhiyKJa u 6eckonedno juddepenimpyema Ha jayde (0,00).
Omna jocruraer abCoIOTHOIO MUHUMYyMa B €JIMHCTBEeHHON Touke & u (&) ~ 1,51.
Ecim h < (&), To skcrpemasu, coeaunsitonieir rouku A, B, wer. Ilpu h = (&)
OyzeT ojiHA SKCTpeMasib, coeauHsomas Toukn A, B, a npu h > (&) Takux sKc-
TpemaJsieii Oymer jBe. B aToMm mociemneM ciydae MbI TojydaeM JiBa 3uHaderus C-
MEHBIIIEMY U3 HUX COOTBETCTBYET O0Jiee HUBKas TelHas JIMHUs, a 60JIbieMy — OoJiee
BbIcOKasl. JIj1s1 HuzKHel 1ernHoi JiuHun ycjioBue SIKoOu He BBITIOJTHEHO, a JIJIsi BepXHEii
OHO BBINOJIHEHO. [T09TOMY HUKHSISI TIeNHAsl JTMHUST He JaéT MUHUMYyMa, & BepXHsisl
JAET CUJIBHBIH MUHUMYM (COOTBETCTBYIOIIHE BHIKJIAJKH MOKHO HalTH B [7]).

4. ITpuanun Topudyensnm m 3agada o Iporude TAXKeJoil OJHOPOTHOM
HuTu. OnpenennM GOpMy OTHOPOIHOM, THOKOM, HO HEPACTSIKUMOM HUTHU JITHHBI [,
[OJIBEIIEHHON CBOMMM KOHIIAMH B TOUKax A = (xo,yo) u B = (x1,y1), (xo < x1), ec-
JI Ha Heé JieficTByeT TOJIbKO cujia TsizkecTr. OCHOBY peIlleHus COCTaB/IsieT TPUHITUIL
Topuaesm: mancéras cucmema MamMePUASLHHIT MOYEK € UICANOHBIMU CEA3AMU
HATOOUMCA 8 PABHOBECUU MOALKO NPU TOM YCAOBUL, HIMO GHCOMA €€ UEHMPA MACC
uMeem CMAYUOHAPHOE 3HAYEHUE.

Eciu vHuth 331aéres Kak rpaduk dynkuun y = y(x),x € A = [xg,z1], TO
KOODJIMHATHI (T, Y.) €€ IMEHTPa MaCC OUPEIEJISTIOTCS PABEHCTBAMME

1 1
%zi/@vl+y%wﬂaz&zj/y@)1+M%@M1
A

A

[TosTomy 3ajiada 0 mporube HUTU CBOJUTCA K HAXOXKJIEHUIO KPUTUYECKON TOYKHU

dyHKIIMOHAIA
i) = [ s+ ) o

A
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HpI/I YCJIOBI/IHX CBA3U
Ji(y) = / L4 y2(@)de =1, y(zo) = yo, y(a1) = w1,
A
PGH_IGHI/IC HOCTaBJ’[eHHOfI 3&,&&‘11/1 eCTb 3KCTpeMaﬂb (byHKHI/IOHaﬂa
() = Joly) + M (y) = / (@) + /1 + (@) da
A

npu nekoropoM A. Ilomoxxum z(z) = y(x) + A. Torma Bcé cBOIUTCA K MOUCKY 9KC-
TpemaJieil pyHKInoHAIA

I(2) :/z(a:) 1+ 2"%(z) d.

A

B CHUJIy PE3YyJIbTaTOB IIPpEAIICCTBYIOMICIO IIYHKTa, OTHOCAIIINUXCA K CJIydato

v(y) = y~!, cemeiicTBO 3KCTpeMalieil 3Toro GyHKIMOHAIA UMEET BUL
Tr — Cg
Z(l’, Ol, OQ) = Ol ch ———.
G
CiieoBaTesbHO,

y(z) = Cy + Cy ch “=C2.
Cy

[Tocrostaubie C4, Cs, C3 HAXOAATCSA U3 yCJIOBUI CBsi3u. VlccseioBanme BOSHUKAIOIEH
3JIeCh CHCTEMbl YPABHEHUI COCTABIAIO (M OYJIET COCTABISITh) T€MY MHOTUX KYPCO-
BbIX, JUIJIOMHBIX M JAPYIUX KBaJIU(pUKAIMOHHBIX PaboT.

Paccmorpum 6sm3KyIo 3aj1a4y 0 paBHOBecun cTep:kHs. IlycTh crepkeHb JJTMHBI
[ sameman B Toukax A = (zg,y0) u B = (x1,41). VI3 Teopun ynpyroctu msBecTHO,
9TO MOTEHIHAIbHAS SHEPIUs CTEPKHS B 1e(DOPMUPOBAHHOM COCTOSTHUH TIPOTIOPITHO-
HaJIbHA MHTErpaJly, B3ITOMY BJIOJIb CTEPKHS, OT KBajpaTa ero KpuBusHbl. [Ipumem
38 HE3aBUCUMYIO IIEPEMEHHYIO JIJIMHY CTEPXKHsI §, OTCUUTHIBAEMYIO OT TOYKU A, u
obozratmM epes 6(s), s € A = [0,1] yros, 06pa3oBaHHbI KaCATEIbHON K CTEPXKHIO
¢ oceio OX. KpuBnsna pasna ¢'(s), a noreHnuasbaast sHeprust 1eopMUPOBAHHOTO
CTepzKHsI (C TOYHOCTHIO JI0 MOCTOSTHHOIO MHOYKUTEJIsI) BBIPAZKAETCS MHTErPAJIOM

Jo(0) := / 0" (s) ds.

A

CrpaBelJIUBBI paBEHCTBA,
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IpuBoOAdIIe K CJACJAYIOINUM YCJIOBUAM CBA3U

J1(0) = /cos 0(s)ds = x1 —xg, J2(0) := /sin@(s) ds =11 — yo. (7)

A A

KpOMe TOro, 3a/1e/JIaHHOCTDb CTEP2KHA SKBHUBaJICHTHa I'PaHUYIHBLIM YCJIOBUAM
0(0) = Qo, 9([) = ag, (8)

I7e ag, a1 — HeKOTOpble (PUKCHPOBAHHBIE YMCIa. BOCIOIBb3yeMes TPUHITUIIOM CTaIld-
OHAPHOCTH ITOTEHIMAJILHON SHEPIUU: CUCTEME MAMEPUAALHBLT MOUEK HATOOUMCHA
8 pagrosecuy mozda U MoAbko moz2da, K020a €€ NOMEHUUANOHAA IHEP2UA UMEEMN,
CMAYUOHAPHOE 3HAEHUE.

B COOTBETCTBUU C 3TUM IIPUHIUIIOM XapaKTEPUIYIOIllad IIOJIO2KEHUE PaBHOBECUA
crepxust hyHKIua 0(s), s € A sBisiercsa sKcTpeMaibio GyHKInoHana Jlarpanxka

J(0) = Jo(0) + M\ J1(0) + Ao J2(0) = / [9/2(3) + AcosB(s) + Aosinf(s)| ds,
A

rze A1, Ay — MHOKHuTENH Jlarpanzka (mpoBepka yeJIoBUil PEryJIIPHOCTH YCJIOBUIT CBsI-
su (7) mpejocrassiercs: autarestio). arerpant dyHknnoHasa J He COIEPKUT He3a-
BUCHUMOII IIEpEMEHHO# S, a HOTOMY MOXKHO Cpa3y BbIIINUCATDL IIEPBLI MHTErpaJjl ypas-
HeHus Jilyiepa:

0 = C + A\ cosf + Aysin . (9)

BBG,ILéM HOBBIE IIOCTOAHHBIC
20/ M+ A3
h=C+\/A+X3, K= =
CH A+ N
1 BMeCTO ) BBEJIEM HOBYIO TIEPEMEHHYTO

0—10 A
5 0, rie 0y = arctg )\—j

SO:

Teneps (9) npuBoAUTCS K BUILY

dp _ Vh

7s = 3 1 — k2sin? ¢,

OTKY/1a II0JIydaeM

S

2 d
Vh 1 —k2Zsin®
[Tocrosuubie h, k2, 0y, sy J1OJKHBI olpeensaTbea u3 yeosuit (7),(8).
JleKapToBbI KOOPIMHATEI TOUYEK CTepPKHs HAXOJATCA TaK:

dx = cosfds = cos(2¢ + 6p)ds, dy = sinfds = sin(2¢ + 6y)ds,
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njin B CUJIy TOro, 4T1o

2dy
ds = ,
Vhy/1 — k2sin?
HOJLY IUM
2 cos(2¢ + 6y) 2sin(2¢ + 6

de, dy

€T = —_= s
Vh(1 — k2 sin® o) Vh(1 — k2 sin’ p)
OTKYJIa T U ¥ OIPEJIEJISIIOTCs ¢ TIOMOIIBIO KBapaTyp.
5. IIpuHIAII cTalmOHAPHOrO AeiicTBus. PaccMoTpuM cucremy n MaTepuasib-
HBIX TOYEK C MACCAMU My, M KOOPJIMHATAMUA Ty, Yk, 2k (kK = 1,...,n). IIpennonoxum,
YTO JBUKEHWE CUCTEMbI MO TIMHEHO CBI3IM

o;(t,z,y,2)=0 (j=1,...), tme m<n, (10)

u ipoucxonuT nof geiicreuem cuit Fi(Xg, Yi, Z;) (k=1
madt (cutoByto dyuknuio ) U = Uz, y, z,t):

y. .., M), IMEIOIINX TOTEH-

Xk:a_U yk:a_U Zi ou

8xk’ 8yk’ 8Zk ( ’ 7n>

Kunernueckast QHEPIrusd 9TOI CHUCTEMbI paBHa

1 9 2,
Tzikz;mk(:ci—i—yi—l—zi).

[IycTs U3 HEKOTOPOro 1oJIoKeHus A, COOTBETCTBYIOIIEIO MOMEHTY BpeMeHn ¢ = fo,
9Ta CHCTEMa IIePEMECTHIACh K MOMEHTY BpPeMeHHU ¢ = t; B HEKOTOPOE IOJIOKEHUE
B. U3 Bcex BOBMOXKHBIX IIepeMelrennii cucreMbl u3 A B B BeIOMpaeTcs KJace JI0Iry-
CTUMBIX JIBUZKEHWH, a MMEHHO TeX JBUKEHMUIl, KOTOpble COBMECTUMBI C YCIOBHSIME
cea3u (10) u B 3aaHHBI TPOMEXKYTOK BpeMeHn A = [tg, 1] mepeBogdaT cucremy n3
AB B.

O6o3naunmM kuHeTHIecKuii morenrwas (pyukimio Jlarpanxa) gepes L =T+ U.
Kazxmomy nomycrumomy asmxennto x(t),y(t), z(t) (¢t € A) comocraBuMm HHTErpas

W= [ Ldt, (11)
/

Ha3bIBaEMBbIil HHTerpaJjioM JieiicTeud. Ero MoXKHO paccMaTpuBaTh Kak (DYHKIMOHAJ,
OIPEJIC/IEHHBII Ha JTOIyCTUMBIX JAeiicTBrAX. [IpMHIAI cTalMOHAPHOrO JeiiCTBUS
MOZKHO chOPMYJIUPOBaTh ceyomum obpaszoM: kpusasa (t),y(t), z(t), onpedeasro-
WA 3aKOH 8UHCEHUA CUCTNEMDBL, CO2Aacyembili co ceazamu (10), asasemes sxcmpe-

MAALIO OAA UNMEZPAAG OeUCmEUs NPt JONOLHUMENDHVIL YCAOSUAT — YPAEHEHUAL
ceasu (10).
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DTO 03HAYAET, YTO OHA JIOJIZKHA OBITH peIlleHneM CUCTEeMbI ypaBHeHuil Diiiepa,
IIOCTPOEHHO JIjIsI UHTETPaHTa

=1
[Honcrasnsa dyukiuio L B cucreMy ypaBHeHMiT Ditiepa

d - - d - - d - -
- =L =L =L 6 —L. =L, (k=1,...
dt T Ti? dt Yi Yi? dt Z4 25 ( ) ’ 77,),

IIOJIY9YUM COOTHOIIECHUA:

“ o aU o 8% .

MpIy — 8_:% + Z)\ja—xk,
U . Oy

T D - ; Oy’

y4s a—Zk + )\ja—Zk,

SABJISTIONTNECS ypaBHEHUAMU JlarpanzKka 1mepBoro pojia MeXaHu4ecKOl CUCTEMBI.

OrmeTuM 9acTHBIN, HO BechbMa BaKHbBIH ciaydail. [Iycts numeercs ogHa marepu-
aJlbHAsI TOYKA €MHUYHOI Macchl (m = 1), omHo ycnosue cBsizu o(z,y,z) = 0 u
orcyrcrBytor Brentaue cuiibl (F' = 0). B atom cityuae ypasaenus Jlarpanzka mepso-
o poJia CYIIECTBEHHO YIPOIIAITCA U IPUHUMAIOT BUJL

B0 Py 00 B0
a2 ox’  dt2 oy’ dt? 0z

Eciu 7(t) = (x(t),y(t), 2(t) — paguyc-BeKTOp pacMaTpuBaeMoil MaTepUaIbHON TOY-
K, TO CIIPABEJJIUBBI COOTHOIIECHHSI

=0, TE=A0) Velr). (12)

Huddepennupys ycnosue csisu ¢(r(t)) = 0 1o ¢, IpuXoauM K PaBEHCTBY
dr(t)
r(t),——= ] =0.
(Totrion. “G2)

9t0 paBeHcTBO U (12) IPUBOAAT K COOTHONICHHIO

ar)* _, <F(t)7 dZ(tt)) =0,

dt

dt
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O3HAYAOIIEMY, 9TO CKOpocTh v(t) = |7 (t)| ABuKeHus TOUKM HOCTOsiHHA. Feam s —

o —

HATYpaJIbHBII HapaMeTp KpuBoii ¥ = 7(t), To v = s,. CupaBeyIMBO PaBEHCTBO

e ﬁ?ﬂ + d—FU' = ﬁUZ = At)V(

a2~ ds?. ds't - #(7)
UMeEIOIIee TIPOCTO TeOMEeTPUIECKH CMBICI: TJIaBHAs HOPMAaJb K KpuBoil ©© = 7(t)
cOBIaaeT ¢ HOpMaJibio K nosepxuoctu () = 0. OTciofa BBITEKAET, 9TO KpUBas
7 = 7(t) siBasiercs reomesndeckoii. CyMMUpPYys, IPUXOJNM K BeChMa HHTEPECHOMY H C
TOYKM 3PEHUSA MEXaHUKH, U ¢ TOYKU 3PEHUsT MATEMATUKHU BBIBOJLY: CKOPOCTH TIepeMe-
IIEHNsT MATEPUAIBLHON TOYKHU 110 MOBEPXHOCTHU MMOCTOAHHA, & TPACKTOPUS JIBUXKEHUS
Oy/1eT Te0/Ie3MIECKOI.

Kocuémest ypasuennit Jlarpamka Broporo poja. Jlis ux BBIBO/IA TOXKE MOXKHO
BOCITOJTb30BATHCS HEOOXOMMBIMU YCJIOBUSIMHE JIJIsI COOTBETCTBYIOIIEH BAPUAIIMOHHOI
3aJ1a4H1.

PaccMoTpuM mpon3BOIBHYIO MEXAHUYECKYIO CHCTEMY B IIPOMEXKYTOK BpPEMEHU
A = [to, t1]. IlycTb cocTosiHme cHCTEMBI ONTpeIeIsIeTCst 0O0OIIEHHBIMU KOO/ [IHATAMI
¢; 1 0O0OIMEHHBIMU CKOPOCTAMU ¢;, ¢ = 1,...,n. Torga dynknua Jlarpamxa Oymer
ONpEJIENISAThCsT BpeMereM ¢ u srumu Beawannamu: L = L(t, q;, ¢;), a uaTerpas jei-
crBust W — pasencrsom (11). IlpuHImun craimoHapHOTro AefCTBUS B 9TOM CJIydae
dbopmysupyercs ciemyrommmM obpasom: kpusas ¢; = ¢;(t) (i =1,...,n), onucwsaro-
WasA Peasrvroe 08UNCEHUE METAHUYECKOT CUCTNEMDL ECTND IKCMPEMAND OAA HME2PAA
deticmeus, mo ecmbv 0As HEE DONHCHDL UMEMD MECTO YPABHEHUS DUNAEPA

d

%Lq}:[’qm (izl,...,n),

COBIIQJIAIONINE B PACCMATPUBAEMOM CJIydae ¢ ypaBHeHUusiME JlarpaHzka BTOPOro po/ia.

B szakJiodenue riaBbl O3BOJIIO cebe NMPUBECTH JIOCTATOYHO OOIMIUPHYIO IUATATY
u3 3ameuaresbhoil kauru K. Jlanmoria «Bapuanuonabie TPUHIUIB MeXaHUKU» [23].
Bor uro numrer aBTop 9TOro HCKIIYUTENIBHOIO 110 KPACOTe IIPOU3BEICHNUsI: «B 3a,1a-
Jax O JBUXKEHUN CYIIECTBEHHBI JIMIIh CMAUUOHAPHbLE 3HAYEHUS HEKOTOPBIX OIIpeIe-
ﬂéHHbIX I/IHTeraJIOB. HOSTOMy NMeEeEeTCd 3HaYUTEeJIbHOE paB.HI/ILH/Ie Me}Kﬂy BapI/IaHI/I-
OHHBIM MCYKCJIEHHEM — BETBBIO YHCTON MaTeMaTHKH, U €ro MPUIOKEHNEM K 3a1adaM
MeXaHUKHU — ¢ Japyroit. C TOUKM 3peHust YJUCTON MaTeMaTUKH 3a/1a49a O HaXOXKJICHUN
CTAIlMOHAPHBIX 3HAYECHUI He IpecTaBiigeT O60Jbinoro naTepeca. Ilocae ycranosiie-
HUA KpI/ITepI/IH JJIA CTaLH/IOHaprIX TOYEK nayT JaJIbIle 1 nmyT JOIIOJTHUTEJIbHBIC
KPUTEPUU JII UCTUHHBIX SKCTPEMYMOB. /[JIg BapUAIIMOHHBIX IPUHITAIIOB MEXaHUKU,
OJIHAKO, TH IOCJIEIHIE HCCJIEIOBAHUs IPEICTABIAIOT MHTEPEC TOJIBLKO IPH pelle-
HUU 389 YCTOWIMBOCTH, KOIJa MINETCS JeHCTBUTEIbHBIH MUHUMYM IIOTEHIINA b
HOI Heprun. 3a/1a9u ¥Ke 10 OIPEeJICICHUIO IBUKEHNs He CBA3aHbI CO CIIeInaIbHBIMI
YC.HOBI/IHMI/I CyH.[eCTBOBaHHH TaKNX MI/IHI/IMyMOB».

Touxka 3penus Jlaumoira Bo MHOTOM CIIOpHA. Y2Ke K CepeJInHe JIBAJIIATOrO BEKa
TPYJaMid MHOIUX MAaTEMaTHKOB OBLIO CO3IaHO BAPHAIMOHHOE MCUYUCICHNE B IIEJIOM,
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Ta caMas 9acTh BAPUAIMOHHOTO UCUIUC/ICHUs, B KOTOPOIl OCHOBHOE BHUMAHUE YIe/Isi-
eTCsl MOMCKY CTAIMOHAPHBIX (He 00gA3aTe/lbHO MUHUMAJIBHBIX MM MaKCUMAJbHBIX)
snaveHuit pynkimonaaos. Mexanuku, pusnku u BOOOIIE BCe YIEHDbIE TTPOSBIILIN U
[POSIBJIAIOT 3HAYUTE/IBHBI MHTEpEeC K ONTUMUBAIMOHHBIM 3ajadaM. Bmecte ¢ Tem
y9IeOHUKOB 110 TVI006AIbHOMY BapUAIMOHHOMY HCYHC/IEHUIO, JOCTYITHBIX MAaCCOBOMY
YUTATE0, TAK ¥ HET. B HaydHOl JinTepaType BOIPOCHI BAPUAIIMOHHOTO UCUHUCIIE-
HUsI B IIE€JIOM JIOCTATOYHO IMHPOKO O0CYKJIaauch. OrpaHuvych JIMIIb CCHLIKOW Ha
UMeroNLyo 60JbiryIo 6ubiuorpaduio kaury [16].
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I'1aBa 2

IIpunanun maxkcumyma IloHTpgaruna

2.1 IlocranoBka 3aJilady OIITUMAJIBHOIO YIPaBJJICHUS

1. YpaBHeHusi aBuxkenunsi oobekTa. [Iycrs cocrosinme HeKOTOPOro o6bekTa B
MOMEHTHI BpeMeHn ¢ € [tg, ;] xapakTepusyercs n BeauaunaMu (), ..., x,(t), Ko-
TOpbIe Ha30BEM (Da30BBIME TIepEMEHHBIME U OyJIeM CIUTaTh KOMIIOHEHTAMHI BEKTOD-
bynxuun z(t) = {x1(t), ..., 2,(t)}T (31ech u panee cumpon T o3HAYAET ONEPAIAIO
TpancionnpoBanus). [Ipeamnosmokm, 910 06beKT MOKET U3MEHSAThH CBOE COCTOSTHIE
[OJT BJIMSIHAEM HEKOTOPBIX Bo3jeiicTBuit ui(t),. .., Uy, (t), HA3BIBAGMBIX B JasIbHEl-
meM ynpasiaenusmu. Bekrop-byukmuio u(t) = (uy(t). .. um,(t))T nasosém yupas-
senneM. Pasmepuoctun n u m $Ha3oBOrO U YIHIPABIAIONIETO BEKTOPOB MOTYT OBITh
Pa3TMIHBIMH.

[Tapy BekTop-dyukiwmit x(t), u(t) OyaeM HA3BIBATH yIPABJIseMbIM TIporieccoMm. B
KauecTBe IPUMepPa YIIPaBJIsieMOro IPOIEcCa PACCMOTPUM JIBUYKEHUE aBTOMOOUISA B
mwtockoctu OX7X5. CocrosiHre aBTOMOOWIIST MOYKHO OXapaKTEPU30BaTh JBYMs KO-
OpAMHATAMU 1, T2 U KOMIOHEHTAMU CKOPOCTH Vg, Vs. DTU BEIUIMHBI U3MEHSIOTCS
B 3aBUCHMOCTH OT cujibl jpuraresss F' = (Fy, Fy). B paccmarpuBaemom mpumepe
UMEIOTCsl IIeCTh CBSI3aHHBIX MeXKly 00O MapaMeTpoB: Xy, Tg, Vi, Vs, Fi, Fy. Cuiy
JIBATATEIsI MOYKHO IIPUHSTH 3a YIIpaBJIEHHEe, apaMeTphl T, Lz, U1, Uy UIPAIOT POJIh
¢a30BBIX ITEpEMEHHBIX.

Huke npeamnonaraercst, 970 CKOPOCTh M3MEHEHUsT (DA30BLIX MEPEMEHHBIX OIpe-
JIeJIeTCs 3HAYeHUsIMU B TOT »Ke MOMEHT (ha30BOTO BEKTOpa U ylpapjeHus. VIMeHHO,
IIYCTh TIOBeJIeHNe OO'beKTa OMMCHIBAETCST CUCTEMOT i hepeHInalbHbIX ypaBHEHUT

du; :
d—i:fi(:v,u,t) (i=1,...,n),

3aIlnChIBAeMOM JdaJjiee B BEKTOPHOM BHUJIE

dx
pri (x,u,t), (1)

rae f = (fi... fu)?. Ecim npasas uacth ypasnenns (1) me 3aBucHT OT t, TO yIpas-
JISIeMBIii OObEKT HA3bIBACTCS CTAIMOHADPHDBIM.

47
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it 0HO3HATHOTO ompe/iesieHnst ha30BbIX MePEMEHHbBIX HeOOXOIMMO K CHCTeMe
(1) HpHUCOEMHUTEL COOTHOIIIEHHE

z(to) = o, (2)

XapaKTepu3yollee HavdaIbHOe T0JI0KeHne o0bekTa. Fcyin HeKoTopoMy yIpaBIeHUIO
u(t) coorBeTcTByeT enuHCTBeHHOE pemnienne x(t) muddepeHualIbHOr0 ypaBHeHUsI

d

= = flau(®). 1), 3)
YZOBJIETBODSIIOIIEe HAYaIbHOMY yCI0BHIO (2), To x(t) Ha3bBaOT (Ha30BON TPAEKTO-
pueii, cCOOTBeTCTBYOIIEl yrpaBaeHuo u(t).

HacrabIM cirydaeM cucTeMbl (1) sBisgercs cucrema

d

& Atz + b(u,t) . (4)
dt

Bnech A(t) — kBajipatnast Mmarpuna pasmepos n X n, b(u,t) = (by(u,t), ..., by(u,t))"
— BEKTOP-DYHKIHsI [epeMeHHbIX U, . OObeKT, omuceiBaeMoii cucremoit (4), Gyaem
HA3bIBATh JIMTHEHHBIM 110 (pa30BBIM ITEPEMEHHBIM.

Hanpueiimeit ciennanm3anueit cucteMsl (1) sBiisercs cucremMa

D Ao + B+ ct)., (6)
dt

riae A(t) mmeer Tor ke cMbIc, uro u B (4), B(t) — marpuiia pasmepo n X m, ¢(t) —
BekTop-yHknusa. CoorsercrBytomuii (5) ynpapisgemblii 00beKT HA30BEM JTHHEHHBIM
110 (ha30BBIM HEPEMEHHBIM U YIIPABJICHUSIM.

2. JomycTuMble yrnpaBjiaeHusi. YnpasjieHue u: [ty, 00) — R™ Gyjem Ha3bIBATH
KYCOYHO-HEIPEPLIBHBIM, €CJIH Ha KaXKJI0M OTPe3Ke [tg, t1] OHO HEIPEPBIBHO BCIOLY 3a
UCKJTIOUEHUEM KOHEYHOI'O YUCJ/Ia TOYEK, B KOTOPbIX oTobpaxKkenue u(t) mmeer pas-
PBIBBI [IEPBOTO POJIA. SHAUEHUE KYCOYHO-HEIPEPBIBHOIO oToOpazkenus u(t) B ToUKe
pa3pbiBa He UI'PAeT CYIIECTBEHHON POJIM B JAJIbHEHINEM. YCIOBUMCH CIUTATD, UTO
BCE paccMaTpHUBacMble HUXKE KyCOYHO-HEIIPEPBIBHbIC (DYHKIMHM HEIPEPLIBHLI CIIPa-
Ba. COBOKYIIHOCTH KyCOYHO-HEIIPEPBIBHBIX OTOOpazKkenuii [tg, oo) B R™ obozHaunm
CUMBOJIOM Y.

B kauecTBe Kacca JOMYCTUMBIX YIIPABJICHMI Jalle BCEro UCIOIL3YIOT COBOKYII-
HOCTH TAKUX OTOOPayKeHUud u € P, 9T0

wWt)eQ  (t=to). (6)

3nechb () — HEKOTOpOE 3aMKHYyTOe moMHOKecTBO R caydait 2 = R me nckioda-
ercst. MHOZXKeCTBO 0TOOpayKeHHit U K1acca Py, /I KOTOPBIX BBITOIHEHO BKIIOYCHUE
(6), oboszHaunmM cumBosoM % (£2).

[Tox pemennem 3a1aqu Kormmn (2), (3) Huzke oHUMaeTCst HeIpepbIBHAS Ipu t > tg
dbyuriws x(t), ymoBaerBopsonias ypaBHEHUIO (3) BCIOLY 3a MCKJIIOYEHHEM TOYEK
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paspbiBa yrpasienus u(t). ODyukius x(t) sBIsgETCS PElleHneM HHTErPATbHOIO yPaB-
HEHUS

x(t) = o +/f[x(s),u(s), slds. (7)

Ecmn bynkmun f;(z,u,t),0f;/0x;(x,u,t) (i,j = 1,...,n) HEIPEPHIBHLI 10 COBO-
KyIHOCTH HepeMeHHBIX © € R" u € Q,t > tp, 1o 3amada Komm (2), (3) nmeer
eIMHCTBEHHOE PEIIeHNe, OPEIEICHHOE Ha HEKOTOPOM OTpe3Ke [ty, to+ h]. Besmanna
h MokeT 3aBHCETb OT BbIOOPa yIpaBjeHus u. e cBepX TOro mMeeT MeCTO OIEeHKA

zf(x,u,t) < e(R,To)(1+ |x|?), (8)

B KOTODOI 2y — CKaJigpHoe mpousseienue B R" ) |x| — eskimnosa vHopma B R" ¢( R, Tp)
~ IIOCTOSTHHAS He 3aBucdAInasg oT - 13 R"™ u u u3 €2, To 9ucao h MOXKeT ObITh IPON3-
BOJILHBIM.

CoorHomenne (8) nmeer MecTo Jisi JUHEHHON 1m0 (Ha30BBIM MEPEMEHHBIM CH-
crembl (4), eciim Tosibko mMarpuna A(t) u BekTop-yHKIusa b(u,t) HEIPEPBIBHBI 110
COBOKYITHOCTH TlepeMeHHbIX. B obieM cirydae (8) siBjsieTcst JOCTATOYHBIM YCJIOBUEM
HEJIOKAJILHON IIpojioJizKuMocTH perternii 3aaun Komu (2), (3). OHO MOXKeT BBITIOJI-
HSATHCSL U JIJIsi HEKOTOPBIX HEJTMHEHHBIX YIIPABIAEMBIX 00bEKTOB.

3. Kpurepmit kadecTtBa ynpasJseHus. [lycts 3a/1an ynpaBiageMblii 00bEKT,
ommchIBaeMblii crcteMoii (1), hbUKCHpoBaHbl KJIacC JOMYCTUMBIX yrpaBieHuit 7 (),
HavaJbHOE COCTOsTHIE O0bEeKTa U MHOYKECTBO V' KOHEUHBIX COCTOSHMIT 00beKTa. By-
JIeM TOBOPHTD, ITO ympasierue u € %/ (§2) mepeBOIUT TOUKY Ty B MHOXKECTBO V'
3a Bpems l; — to, ecyau mpasblii KoHer z(t;) Tpaekropuu z(t), COOTBETCTBYIOIIEi
yupasiernio u(t), npunasgexkut V. Ecian cymecTByeT HeCKOIBKO yIpaBIeHni, Te-
PEBOIAIINX TOUKY Lo B MHOXKECTBO V', TO BOZHUKAET 3a/1a4a O BBIOOPE OIITUMAJIHLHOTO
(B cMbICIe KaKOrO-HUOY/ b KpuTepHsi) yupasienus. Omnpenesny KpUTepuil KadecTBa
yIIpaBJIeHUsT PABEHCTBOM

J(u) = g(z(tr), 1), 9)

riae g: R™ X [tg,00) — R — Hekoropas ckajuspHas dbyHkiust, x(t) — TpaekTopus,
COOTBETCTBYIOIIAs YIIpaBIeHUO u(t).

Bagada o munnMusanun dyskimonasa (9) Ha MHOKecTBe 7/ (€)) OymeT 3ammchl-
BAThCA CJIEJLYIONIM 00Pa3omM

J(u) = g(x(t1),t1) — min,

dx

i f(z,u,t), (10)

z(to) =x9, x(t1) €V, uwe%(Q).
I[Iportecc (x(t), u(t), t1) HA3BIBaeTCS MOMyCTUMBIM, ecn x(t) — dazoBas TpaeKToOpus,

cooTBeTCTBYOMIAs yrpasiaeHuto u(t) (to < t < t1), a z(t;) € V. Jomycrumbiii mpo-
niece (Z(t),u(t),t) HasbBaeTcs ontuMasbHbM, ecian J(u) = g(x(ty),t1) = J(a) =
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g(&(t1), ;) ars moGoro gomycrumoro mporecca. B stom ciyuae 4(t) HazbBAIOT OII-
TUMAJIBHLIM yIpaB/enneM, & (1) — ONTHMAILHON TPAEKTOPHeEil, {; — ONTHMAJIBHLIM
BpeMEHeM OKOHYAHHUsI TIPOTIECCa.

Oynknuonasn (9) HA3BIBAIOT TEPMUHATBHBIM WM (DYHKIMOHAIOM KadecTBa B
dopme Maiiepa. 3amada ¢ KpurepreM KadecTBa B ¢popme Bosbiia

t1

T1(u) = gla(tr) b)) + / L(x(t), u(t), ) dt

to

Jerko cogurest K 3ajade (10). st aroro k cucreme (1) NpUCOETUHSIOT €€ OJTHO
ypaBHEHHUe
dni1
d—nt = L(z,u,t), x,41(to) =0.

Tak Kak
t1

Tpa1(ty) = /L(a:(t),u(t),t) dt
to

to Ji(u) = g(x(t1),t1) + xps1(t1), T€. Jy gABASETCH TEPMUHATIBHBIM (DYHKITHOHAJIOM.

Ecin V' = R™, 1o (10) HasbBaror 3a1adeii co cBOOOIHBIM MPABbIM KOHIOM. B
5TOM cjrydae yesosue x(ty) € V He Hak/ajblBaeT OrpaHUYEHUIl HA MTPaBbIil KOHeI|
TPACKTOPUH. 3aJ]a9 CO CBODOJIHBIM IIPaBbIM KOHIIOM B PsiJjie OTHOIIEHUI ABJIAIOTCS
HauboJIee TPOCTBIMU.

B upwiokeHusx npejcrapisger narepec Bapuant 3aiaqu (10), B KoropoMm Bpems
{1 OKOHYaHM# IIpolecca (PUKCUPOBAHO U HE IOJJICXKUT ONTHMU3AIMKA. BBe/EéHHbIe
BBIIIIE OIPEIEICHUs JIOIyCTUMOrO U ONTHMAJILHOTO IPOLECCOB COXPAHAIOTCA, Hy7K-
HO JIMIIb CYNUTATL BPEeMd OKOHYAHMS IIpoIlecca i IMOCTOAHHON BeamduHoii. B sToM
cirydae OyjieM IIpeJosiaraTh, 9To yupasjienue u(t) HepepbIBHO CJieBa B TOUKE t.

2.2  OnruMusanug JNHEHHBIX CUCTEM

1. TITpocreiimas 3a/1aua ONTUMAJIBHOrO ylpasiieHus. Mzyuenue 3a1a4 on-
TUMAJILHOTO YIPABJICHUS HATHEM C PACCMOTPEHUS YaCTHOTO CJTydasi, BECbMa, TPOCTO-
I'0 ¢ TOUKH 3PEHUS UCHOJIB3YEMbIX CPEJICTB, HO BMECTE C T€M JIOCTATOIHO XapaKTep-
HOTO JIJIs JIAHHOTO KPyTa BOIpocoB. Ha B3riisiy) aBTOpa, IpocTeifiieil npeicraBaseTcs
3a/1a49a

J(u) = px(t;) — min,

dx
= = A(t)x + b(u,t), (1)
JT(tQ) = To, u € %(Q) .

Baech p € (R™)* — BeKTOp-CTPOKA, pr = P11 + ... PpT, — NPOU3BEJIEHUE CTPOKH
p=(p1...pn) Ha cTonben & = (x1...13,)7, t; — buxkcuposannas eauauna (t; > ty),
A(t), b(u,t) mmeror ToT ke cMbIC, UTO U B (1.4).
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Bynem npeanonarars, aro b: ) X [tg, t1] — R™ — HenpepbiBHOE 110 COBOKYITHOCTH
[IEPEMEHHBIX OTOOpaKenue, eMenTsl a;;(t) Marpurpt A(f) KycodHO HEIPEpBIBHBI
Ha oTpe3Ke [tg, t1].

Bamava (1) mpenacrasiser BecbMa yIpoIeHHb BapuanT 3a1a4qu (1.10). Yopo-
IEHNEe CBA3aHO C TEM, UYTO PaCcCMaTPUBACTCA JIMHEHHBIN 110 (pa30BBIM ITepEMEHHBIM
yIIpaBJIFgeMbIil OObEKT, BpeMsi OKOHYaHUsI Ipolecca (PUKCHPOBAHO, MPABBI KOHEIL
IIpe/Iro/araeTcs CBOOOIHBIM, KPUTEPHil KadecTBa YIIPaBIeHUs JUHEHHO 3aBUCUT OT
[IPABOr0 KOHIIA TPAEKTOPHUH.

Jlajiee Oy1eT HEOTHOKPATHO UCIOJIb30BATHCA OJIHO BCIIOMOTaTE/IbHOE YTBEPIK/Ie-
HUE O JIMHEHHOU cHUcTeMe

dx
i A(t)x +w(t). (2)

Baech w(t) — KycouHO-HeNpepbIBHAsi HA OTpe3Ke |[to, t1] BekTOp-yHKIWMsA. Conpsi-
KEHHOM K (2) HasbIBAETCs OJHOPOJHASA CUCTEMA,

dip

— = —YA(t 3
L= —pA), 3)
rJe Y — BEeKTOP-CTPOKa ¢ 1 KOMIIOHEHTaMU. BeKTop 1) Ha3bIBaeTCSd UMITYJIbCOM, a €0
KOMIIOHEHTHI 1, . . . , 1, — CONPSKEHHBIMH ITepeMeHHbIMU. [lof pemenneM cucTeMbl
(3) moHmMaeTcst HepepbIBHASI BEKTOP-CTPOKA (1), yI0BJIETBOPSIONIAsT HHTETPATTH-
HOMY YPaBHEHUIO

ww=wm+/¢vwwmm

ecan MarpudHas dyHKIws A(-) HenmpepbiBHA B TOoUKe ¢, TO dyHKINsA ¢ muddepen-
UpyeMa B TOYKe ¢ ¥ CIPaBEJJINBO PaBeHCTBO (3).

Jlemma 1. ITycmo x(t) — pewenue cucmemos (2), ¥(t) — pewenue cucmemo (3).
Toz0a

wlt)a(t) ~ vlto)elto) = [ witu(t)dt. (@)

< Bcerogy (kpome Touek paspbiBa Marpudnoil dbyHkimn A(t) u BeKTOP-DYHKIMN
w(t)) umeem

d A (t) dz(t)

Swbe(n) = 20w + o =

= —¢(0)A®)z(t) + L) (A@)x(t) + w(t) = Y(t)w(t).

NuTrerpupysi HoJIyYeHHOE PABEHCTBO 110 OTPE3KY [to, 1], mpuxomum (B cuity Gopmysisl
Herorona—Jleitbuuia) K coornorennio (4). »

Pagencro (4) OyieM Ha3bIBATH OCHOBHBIM CBOWCTBOM COIPSIZKEHHON CHCTEMBI.
2. Pemenue nmpocreiinieit 3agaun. Huke Oyner jjaHa XapakTepUCTUKA Pe-
IeHusd 3a1a49u ( 10), IIPUBOJIsAIAs K JIOCTATOTHO IIPOCTOMY CIIOCOOY €ro OThICKAHMUSI.
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Teopema 1. [Iycmo 1[1(15) ecmsb pewerue obpammoti 3adavu Kowu

dip
— = —VAQR),  ¥(t)=-p. (5)
dt
Jlas mozo wmobw, ynpasaerue U(t) 6wviao pewenuem 3adavu (1), neobrodumo u do-
cmamoyuno, 4mobvt das Kascdozo t uz ompesxa [ty, t1] umeno mecmo coommowenue
DOB(E(L). 1) = masx (O(v.). 0
<« Ilycts u € % (£2), () — coOTBETCTBYIOMIAs YIIPABJICHUIO U (ha30Basi TPACKTOPUSI.
Cornacno jgemme 1

~

dlta)o(ts) ~ dtopatts) = [ depla(e) o),

OTCIO,IL& BbBITEKaeT paBeHCTBO
t1
ﬂ@z—%Mm—/&@WMMMh
to

o3HavawIee, 9To 3a1a4a (1) sKBUBaJeHTHA 3a/1ate
t1
JMOz/&@MMﬁﬂﬁ—Hmm we (). (1)
to

Ecaun  yupasnenne @ yjoBierBopsier coorHomieHuio (6), TO, OYEBHIHO,
Ji(t) = Ji(u) Yu € % (), re. 4 — pemenue 3amaa (1), (7). B wacru mocrarod-
HOCTH TeopeMa 1 JioKazaHa.

IIycte Temeps 4 — permenue 3agaqn (1). Torga @ aBisgercs u penernneM 3a1a<u
(7). Ilpeamonoxkum, 410 B HEKOTOPON TOUke T M3 A coorHommenue (6) He mMmeer
mecta, T.e. h(E)b(a(r),7) < U(T)b(v,T) mis nekoroporo v w3 . Tak Kax (yHKIUs
g@(t)b(u,t) HelpepbIBHA, a (QPYHKIMA U KyCOUHO-HEIPEPBIBHA, TO HANJIETCS TaKOi
OTPE3OK [Ty, T1] HOJOKUTENBHON JUIHHBL, 9TO [To, T1] C A,

D()b(at), ) < P(t)b(v,t) Vi € [10, 7] (8)

U ylIpaBJeHue U HEeIpPepPbIBHO B TOYKaX Ty, T1. 1lo10KuM

) ecm t € [19, 7).

at) {j(t), ecut ¢ [ro,71)

Kak werpyaao Bumers, @ € U(Q2). B cuny (8) Jo(a) > Jo(@), 910 SKBUBATIECHTHO
HepaseHctBy J () < J(u). Ho 910 mpoTrBOpevInT ONTUMAIBHOCTH YIPABICHUS U. W
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[Iporece orbickanus perterns 3aga4u (1) ya06HO pa3ouTh Ha jiBa sTana. BHada-
JIe HaXoIuTCst pernienne obparnoit 3aja4qu Ko (5). Ocoberno mpocto nepsbiii sram
peajin3yercs B caydae MoCTOdHHON MaTpuiibl A. BTopoii sTalr cBsa3aH ¢ 0TbICKAHIEeM
yIpaBJieHus U, YJ0BJIeTBOPAIONIEro npunimity Mmakcumyma (6). CroxkHOCTh 9TOi 3a-
JIa9d 3aBUCUT OT CTPYKTYPBI MHOKecTBa {2 u dyHkiwn b(u,t). Ecaun Q — mommsmp,
a dyakuus b(u,t) muHeiiHa M0 u, TO HAXOXK/EHWE U MPUBOJUT K HEKOTOPOI 3ajade
JUHEHHON ONTUMU3AIAN.

B kagecTBe mpumepa paccMOTpPUM 3ajady O HakoIIeHHu Bo3MmyeHuii. [lycTsb
[IOBEJIEHNE CUCTEMbBI C OJHOI CTEIeHbIO CBOOOIBI OIMCHIBAETCs JTUHEHHBIM ypaBHE-
HUEM

m 84— ), (9)

rje q¢ — oOOOIIEHHAas KOOp/JMHATa CUCTEeMbI, F' — BHENIHAd CHJIa, M — Macca, ¢ —
K03 urmenT Tpenus, k — KO3 UIUEHT KECTKOCTH. ByjieM cauTaTh, 9T0 BHEITHSIS
CHUJIa OTPAHMYEHa 110 MOJLYJIIO:

F(t)| < Fy. (10).

Hych N3BECTHO HaYaJIbHOE COCTOAHUE CUCTEMBI.
q(to) = qo, q'(to) = q1 - (11)

Bajiaua 0 HAKOIJIEHUN BO3MYIIEHUTT COCTOUT B OTBICKAHUU TAKOroO Bo3eiicTust F(t),
KOTOpOE coo0MIaeT yKIOHeHuo cucreMbl I = ¢(t1) MakcumabHOEe 3HAUEHUE.

Honoxum xy = ¢, 70 = ¢',v = 5,0 = %,u = % Torma 3a/ata 0 HaAKOILJIEHUH
BOBMYIIEHU CBOJUTCS K CJIEIYIOIEMY YacTHOMY cirydato 3ajaqdu (1):

J(u) = —x1(t1) — min,

d.Tl dﬂ?g

E = T2, E = —(S.Tl — YTo + u, (12)

z1(to) = qo,  xa(to) = q1, |u(t)| <

Y

Fy
m
B paccmarpuBaemom cirydae

A:(_O(S _17> p=(=1,0), Q:{-%%} b(u,t):(g).

Bekrop-dyukius zﬂ(t) olIpeJie/IsieTcs KaK pellenne obparHoil 3aga4un Komn

o) == (O L) ) = 1,0).

[Tpuanun makcnmyma (6) TPUBOIUT K COOTHOIIEHUSAM

w(t)o(t) = max viba(t), a(t) = % sgn(in(t)) . (13)
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Kaxk merpyaao Buserh, GyHKIws s (t), durypupyromas B (13), ectb perenue cie-
Jytorreit obpaTHoit 3amadu Kot
2
ZTj - % +0z = O, Z(tl) = 0, Z/(tl) =-—1. (14)
[TosToMy JIjI perenny 3aa4nu O HAKOILIEHNU BO3MYIIEHHUH JOCTATOYHO HaiTu
perienne obparnoii 3aaun Komm (14), a 3arem Bocnosb3oBaThest hopmylioit (13).
B1ech BOBMOKHBI JIBa Pa3HbIX Caydas. Eciu TpeHne J0CTaTOMHO BEINKO, TO Xapak-
Tepuctuueckoe ypapnenne A2 — 4\ + 6§ = 0 gas auddepeHnnaabHOro ypaBHeHns
(14) umeer geiicTBuTesbHBIE KOPHU. B 9TOil cuTyarum Ha KasKjoM orpeske [to, 1]
perierne z(t) obpamaercs B HyJIb He 60jiee UeM OJMH pa3, HO3TOMY ONTUMAJbHOE
yupasjieaue 4(t) b0 MOCTOSHHO, MO0 MMEET JIUIIb OJHY TOUYKY HEePEKTIOYCHMUS.
[Tpu MaJIOM TPEHHH KOPHU XapaKTEePUCTUICCKOIO YPaBHEHUS IePECTalOT ObITh JIeii-
CTBUTEJIbHBIMHE, 8 COOTBETCTBYIOIEe perenne 2 (1) cTaHOBUTCs KOJIEOTIOIIIMCS, IHC-
JIO €10 KOPHEli 3aBUCUT OT BeJIMYUHBI OTpe3Ka [to, 11]. Permenne 3amaun (12) B 910M
CJlydae eCcTh KyCOYHO-IOCTOAHHAs (DYHKIUS, TPUHUMAIONIAS TI00YEPEIHO 3HATCHIS
foy Lo
m
3. 3agaya 06 onTUMaIbHOM ObICTpOAeCTBAN. PaccMaTpuBaeTcst yupaBis-
eMblii 00BHEKT, SBOJIONUST KOTOPOT'O OIUCHIBAETCA COOTHOTIEHUSAMHE

dz
i A(t)z + B(t)u + c(t),
z(ty) = x9, u€ U(Q). (15)

Bnech v = (z1...2,)T — dazosbiit BekTOp, U = (U1 ... U,)T — yupasienue, MaTpu-
st A(t), B(t), ¢(t) Kycoano-HenpepbiBHBL pH t 2> o, Tg — GUKCUPOBAHHBIN 3JIEMEHT
R™, 2 — Hemycroe BBIMYKJI0€ 3aMKHYTOe MmojaMHOKecTBO R™. Takum obpaszom, pac-
CMaTPHUBACTCS JIMHEHHBII 110 pa30BbIM II€PEMEHHBIM U YIIPABJICHHAM OOBEKT, KJIACC
JIOIYCTUMBIX YIPaBJIEHUH KOTOPOTO €CTh BLIIYKJIOe HOAMHOXKECTBO D), .

Kaxxgomy wmcity ¢, > ty comocraBuM MHOKeCTBO ¥ (11), COCTaBJIEHHOE U3 TI0JIO-
JKeHuit B MOMeHT t; pa30BBIX TPACKTOPHil, COOTBETCTBYIONMX BCEBO3MOKHDBIM J10-
IIyCTUMBIM yIIpaBJeHuaM. VHbIMEU cioBaMu,

H(t) ={z eR", z=uz(t;;z0,u), ue€XQ)},

rie depes x(t; o, u) obo3HadeHa dhazoBas TPAEKTOPHUs, COOTBETCTBYIOIIAs yIIPAB-
JIEHUIO U ¥ HAYaJIbHOMY 3HaYeHHIO To. OnpejiesieHHOe TaKiM 00pa30M MHOYKECTBO
(1) Ha3BIBAIOT MHOKECTBOM JOCTHKUMOCTH yIpaBisieMoro oobekra (15).

Jlemma 2. Ilpu arobom t; > to mrootcecmeo docmurcumocm Ji/(tl) EBNYKAO.

<« Ilycrs y, z n1Be Touku u3 A (t1), u,v — JOIMYCTUMBIE yIIPABJICHHs, IEPEBO/IsI-
Iue TOYKY o B TOYKHU Y, 2 COOTBETCTBEHHO 3a BpeMs t1 — to . [Ipu mobom A u3 (0, 1)
yrpasyeane w = (1 — A\)u + Av gBJII€TCsI JIOMYCTUMBIM, TOCKOJIBKY §) — BBIYKJIOE
noaMHOKecTBO R™ . VI3 jinHefiHOCTH YIIPABJISIEMOro 00beKTa BHITEKAET, UTO W Iepe-
BOJIUT TOUKY Zo B TOUKY (1—\)y+ Az 3a Bpems t1—tg. [loaromy (1—N)y+Az € F (t1)
upu Jjrobom A u3 (0, 1), T.e. £ (t1) BBITYKIO€ MHOXKECTBO. P
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[Iycts V' — moamuoxkecTtBo R™, He comepxKariee TOUKy xg. IlycTh cymecTByer
Takoii yupasiseMmbrit nporece (z(t), u(t),t), aro x(t1) € V upu Hekoropom ¢ > to.
3a/ata onTUMAaIBLHOTO OBICTPOIECTBISA 3aKII0UAETCS B HAXOXKIEHUN JIOIYCTUMOTO
yupasiieans u(t), mepeBoIsIero TOUKy Ty B MHOKECTBO V' 38 MUHUMAJIbHOE BPEMs .
OHa 3aImCBHIBACTCS CIIEYIONM 00PA30M

J(u) =t; — min,

& _
dt
z(ty) =zo, x(t1) €V, ue ().

A(t)z + B(t)u + c(t), (16)

[Tpu BBIBOJIE HEOOXOMMBIX YCJIOBHHA MUHUMYMa JiJIst 3aa4u (16) cymiecTBeHHyTO
pOJIb Urpaer

Jlemma 3. Ilycmv C' — svinyr.aoe nodmmoocecmeo R, e codepotcawee nyresyro
mouky 0. Toeda natidymesa maxue wucia ay, ..., 0y, HE 6CE PAGHBLE NYA0 00HOEPE-
MenHo, wmo oas amoboti mouku & = (&1, ...,&,)" us C' ewnoanaemes nepasencmeo

a1§1+-~-+aq§q20.

<« Jlemma BoITEKaeT U3 TeopeM oraeanmoctn |1, [3]. »
Ecom XY — nBa nogmuoxkecrsa R™, To omnpejieisieMoe PaBEHCTBOM

Z={2€eR"z=y—w,yeY,ze X}

MHOYKECTBO / HA3bIBAIOT areOpamvdecKoil pa3HOCTbIO MHOXKeCTB X, Y u obo3Hava-
1or cumBosioM Y — X. Hecioxkno mokazarb, 9To ajredpanmdecKkas Pa3HOCTb JIBYX
BBIIIYKJIBIX TOAMHOXKeCTB R"™ ecThb BBINYK/I0e MHOXKeCTBO B R™.

Teopema 2. [Tycmv V — evinykaoe nodmmosicecmeo R™, (&(t),4(t),t) — onmu-
MaALHOLT o Gvicmpodeticmeuro npoyecc. Tozda cywecmeyem makoe Henyaesoe pe-
wenue U(t) conpascennot cucmemv (4), wmo 1° npu ecex t us ompeska [to, t]
CNPABEOAUS NPUHUUN MAKCUMYMA

D) B(t)u(t) = max () B(t)v; (17)

2° uMeNnm Mecmo CoOOMmHOULEHUS

. ~oodT .

Y(t)(v—2(t1)) 20 Vv eV, w(tl)a(tl) > 0. (18)

« IlycTh 7, — moc/1€/10BaTE/IbHOCTD, CXOJIAIIAsICT K fl, NPUIEM T, < t1. Tloso-
wum Cy =V — H (7). Ilpu 11060M § MHOYKECTBO BBIIYKJIO U HE COJEPIKUT HYJIsl.
JHeiictBurenbho, Briodenne 0 € (5 o3HavaeT, 9TO MHOXKECTBO V HMeeT HeIlyCcToe
nepecedeHue ¢ MHOXKeCTBoM £ (7g). OTciona ce1oBaio Obl, 9TO t1 < 7. D10 po-
THBOPEYUT OIPEJIETEHNIO TOCIEI0BATEIBHOCTH Ty.
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[Tockonbky 0 ¢ Cs, TO cormacHo jleMMe 3 HafilyTcs Takne 4ucia aj,...a
(a$)®>+ -+ (a2)?* = 1 u qig moboit Toukn 2z = (21,...,2,)7"
HEPaBEHCTBO

S
>, dTO
3 () BBIIOIHACTCH

Zafzi > 0. (19)
i=1

He nmapymras obmuoctn, OyeM CIUTaTh, YTO HOCIEI0BATEIBHOCTD @ CXOAUTCH K @
npu s — 00, i = 1,...,n. O4eBuiHO paBeHCTBO a3 + - -+ + a2 = 1.
OmnpejiesiuM BEKTOP-CTPOKH a°, & PABEHCTBAMHE

a®=(aj,...,a,), a=(ay,...,an,).
13 nepasenctsa (19) cieyer coorHorenue
asy = asz  (yeV,ze H(r)).

B wacrHocTn, ecim x(t) — TpaeKTOpHsi, COOTBETCTBYIOIIAs JOMYCTHMOMY yIIpaBJIe-
Huto u(t), To
asy = asx(7y) (yeV). (20)

Verpemiiss § K 00, TPUXOJUM K HEPABEHCTBY
ay > az(fy) (e V). (21)

B nepasencrse (21) x(;) MoxkeT 6bITH TPOM3BOMBLHBIM deMenToM J (1)).
[Mockombky 2(ty) € V N (t1), 10 3 (21) BBITEKAIOT COOTHOIIEHUST

ay > ai(ty) (yeV), (22)

az(t,) > ax (x € H(t). (23)
13 nepasercrsa (23) cieyer, 4To ynpasienue U(t) sBIsSeTCsS PEIIeHneM IPOCTei-
meit sagaun (1)c ¢ = ¢y, b(u,t) = B(t)u + c(t),p = —a. B cuny Teopemsr 1 ynpas-
nenne U(t) ymoBieTBopseT mpuHImIy MakcnMmyMma (6), ecam B KadecTse 1(t) B3ATDH
pelreHne oOpaTHON 3a1a9n

= —wA(t)W(fl) =a.

Sl

~—

Yunteipas pasenctso b(u,t) = B(t)u + c(t), IpuXo/uM K TMPUHIMIY MaKCHMyMa
(17). Tak xak ¥ (t1) = a, 10 U3 (22) ciaemyer nepBoe u3 HepaBeHcTB (18) .
Cornacuo (20) asZ(t1) > asz(7s), mosromy
(
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SKBUBAJIEHTHOE BTOPOMY U3 HepaBeHCTB (18). »

Hepasencrso §h(t1)(v — &(t1)) = 0 Yo € V Ha3BIBAIOT yC/I0BHEM TPAHCBEPCATIb-
HOCTH B 3ajiaue ObIcTpojieiicTBust. I3 HEro BbITEKAET, HAIPUMED, UTO €CJ/IU IEIeBOe
MHOKECTBO V' €CTh HOJIYIIPOCTPAaHCTBO pv = h, (p # 0), TO B TeOpeMe 2 MOKHO B3STh
z[}(fl) = p. Ilo 310it mpuumHe 3a1a4n Ha ObICTpOAeiicTBIEe HanboIee IMPOCThI JJIS I1e-
JIEBOIO MHOXKECTBA, COBIAJAIONIEIO C IMOJIyIPOCTPAHCTBOM HJIM OrDAHUIUBAOIIEH
ero IUIepIIOCKOCThIO.

4. JTocraTo4Hble yCJIOBHUsS ONTHUMAJILHOCTH IO ObicTpozeiicTButo. [Ipu
HEKOTOPBIX JIOHOJHATE/IBHBIX ONPAHMYCHHUAX HA YIPABIACMBIl OODBEKT U IEIeBOe
MHOXKECTBO V' IPUHIUII MAKCHMyMa OKa3bIBAETCS JIOCTATOYHBIM YCIOBHEM OITHU-
MaJIbHOCTH 10 ObIcTpo/ieiicTBIIo. [oBOpsT, UTo yrpasisgembiit 00bekT (15) obiramaer
CBOICTBOM €IUHCTBEHHOCTH, €CJIH [Isi KA2KI0I0 HETPUBHAJILHOIO pemtenust ) (t) co-
IPSZKEHHOMN cucTeMbl (3) CyIIecTBYeT e IMHCTBEHHOE yIIpaB/eHue 4(t), y10BIeTBOPs-
tomtee npuHImity Makcumyma (17). O6o3pumble yeoBus, 06ecreanBaionye CBORCTBO
eJINHCTBEHHOCTH, MOXKHO Haiitu B [2], [4], [12].

Muoxectso V' C R"™ HazbBarorT ycToiumBbIM i 00bekTa (15), ecim, KaKoBbI
6b1 HE OB 1 € V' 1 oTpesok [y, 01] (6p > o), HalinéTcsa Takoe JOIMyCTHMOe YIIPaB-
nenue u(t), 9TO COOTBETCTBYIONIAs ITOMY YIPaBJICHUIO TpaeKTopus x(t), yIoBIe-
TBOpsIoNas yeaosuio x(y) = x1, upn t > 6 NEeIMKOM PACIIOIOKEHA B MHOMKECTBE
V. YeroiiunBOCTh 1eJIeBOrO MHOXKECTBa V' O3HAYAET, UTO, U3 KAKOH Obl TOYKH ITO-
r0 MHOXKECTBA Mbl HM HAYMHAJM JIBUYKEHHE, MBI CMOXKEM (HAJJIesKAIUM 0OpasoM
noJ0upas JOMyCTUMOE YIPAB/IEHNE) KaK YIOJHO JIOJIN0 OCTaBaThCs B MHOXKecTBe V.

Teopema 3. IIycmwv ynpasasemviti obsexm (15) obaadaem ceoticmeom edun-
CMBEHHOCINU, G UYEALBOE MHONCECMBO 6uNYKA0 U  ycmotuuso. Ilycmo U(t)
(to <t < 1)) — donycmumoe ynpasaenue, nepesodsusee MoKy To 6 mowky r1 € V 3a
epema t—to, 2(t) — coomeememeyrowasn mpaexmopus, npuném &(t) ¢ V nput < t;.
ITyems cywecmeyem nempusuaishoe pewenue (L) conpascénnoti cucmemvl, 0is
KOMOP0O20 CNpasedius npuHyun Makcumyma (16) u ycaosue mpanceepcasvbHoCmu.

Tozda (&(t),a(t), t;) — onmumanrvroiti no Geicmpodeticmeuo npoyece.

<« Ecm iportece (2(t), @(t), £1) He onTuMalien o 6uIcTPoIeiicTBIIO, TO CyIIeCTBY-
0T JIOIyCTUMOE yTipaBJjienue 4(t) u cCOOTBeTCTBYOIast eMy TpaeKTtopus I (t), Takue,
qro (f) € V npu mHekoropom 6 < t1. BeiGepem Takoe JIOMyCTUMOE yIIPABJIEHHE, YTO
COOTBETCTBYIOMAst eMy a30Basi TPAEKTOPHs, BBIXO/AIAsS B MOMEHT 6 U3 I10JI0Ke-
uus Z(6), Gyuer HaxoUThCs B MHOXKecTBe V' (Takoe yIpaB/ieHue CyIecTBYeT B CHILY
ycroitunBocTn MHOXKecTBa V). BbiOpanHoe yiripaB/ienne Mbl CHOBa 0603HAUUM Yepe3
u(t), a coorBercTByfOILyIO TpaeKToputo — depe3 Z(t). Temeps u(t), Z(t) onpemnerenbr
Ha oTpeske [to, 1], npwaém F(t) € V mpu 0 < t < £;. Us sxiovenns @(f1) € V
BBITEKAET B CHJIY YCJIOBUSI TPAHCBEPCATIBHOCTU HEPABEHCTBO

~

Y(1)(@(t) — @ () > 0. (24)

[ockombky ynpassenue 4(t) ynoBaeTsopgaeT IpuHIUITY MakcuMyma (16), To oo
mMuHEME3EpYeT Ha %/ (§)) xpurepnii kadecrsa J(u) = —(t;x(t1). B cuny (24) sro
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BO3MOXKHO Jumib 1pu yeaosun J(u) = J(@). CiaegoBarenbho, 06a yIpaBIeHNs MU-
HUMH3HUPYIOT OJMH U TOT YK€ CHEIUAIbHBIN (DyHKIMOHA J; TI09TOMY

D) B()a(t) = () B(t)a(t) = max Y(t)B(t)v.

Q

Tak kak ympasisgemas cHcCTeMa O0JaJaeT CBOWCTBOM €JIWHCTBEHHOCTH, TO
u(t) = u(t) (to < t < t1). Orcioma BoITeKaeT paBeHCTBO T(t) = &(t) (to < t < ).
Ho rorma z(f) € V, 910 IpOTUBOPEYNT YCIOBUSIM TEOPEMBL. B

Pacemorpum crieyronuit 9acTHbI corydail 3agaau (16):

J(u) =t; — min,

dry dzs

a Tt at

2(0) = (£,&)7, —a<m(h) <a,2a(t) =0, Jul < 1.
Q=[-1,1,t0=0,a >0,

=u, (25)

B namnom npumepe n = 2, m = 1,

A= ( 8 é ) CB=(01)7, c=007, V=[—a,a]x{0}.
MHuoxkectBo V' ycroitamBo Jiyis yrpasisieMoro oobekra (25). [efictBurenbro, Tpa-
ektopust z(t), COOTBETCTBYIOINIAs yIpaBaeHuo « = () U yJIOBIETBOPSIONIAs YCIOBUIO
x(0) € V, upu ¢t > 0 me/MKOM pacrosiozkeHa B MHOXKecTBe V', HoCKosIbKy Z(t) = x(6)
upu t > 0.

HerpuBnasbHble perieHus CONpszKEHHON CHCTEMBI

<y a) = (i w) (8 é)

umeror Bug Yy (t) = c1, o(t) = dy — ¢qt, npuuém XOoTsd ObI OJIHA U3 KOHCTAHT dj
u ¢; ommaHa oT Hy/s. Kaxkaomy HeTpuBnasibHOMY perenuio ¥(t) = (¢, dy — cqt)
COTIPSIZKEHHOI CHCTEMBI COOTBETCTBYET JIUIIh OJHO ylipasienue u(t) = sgn(ds — cat),
VJOBJIETBOPSAIONIECE MPUHIIAILY MaKCUMyMa. TakuM o6pa3oM, yIpaBisieMblil 00beKT
(25) obaiaerT CBOMCTBOM €MHCTBEHHOCTH.

[TockosbKy Heny/eBas JinHefiHasg QyHKIUs MeHseT 3HaK He 6ojiee 9eM OJUH pas,
TO yIIpaBJIleHUe, ONTUMAJILHOE 110 GLICTPOJIEIICTBUIO, ABJIAETCS KyCOYHO-IIOCTOAHHOI
dbynKImeit BpeMeHn u MOXKeT HepeK/IodaThes He 6osee onporo pasa. CiemoBaTelinh-
HO, ONTUMAJIBHBIME MOTYT OBITH TOJIBLKO YeThIpe IOC/IeI0BATeTLHOCTH:

{+1}, {-1}, {+1,-1}, {-1,+1}.

BI/I,H OIITUMAJIBHOT'O YIIpaBJIEHUA 3aBUCHUT OT HaYaJIbHOT'O ITOJIOZKEHUA 00bEKTA.
BBe,ZLeM B PpaCCMOTPEHHNE MHO2KECTBaA

_.1'2‘5[)2' N < 7 < _$2|.1'2‘

Ga = {(z; )" € R?: 5 5

+a, Az <0},
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Ra = {(z1, m)T € R*: Ay < —A% — Aa},
_I2|.Z'2|

2
rie A = +1. OueBunno, yro G; UG_{UR UR_ UV = R2

Ecmu & = (& &) € Gy, o yupasnenne 4(t) = 1 ectb pemenue sajgauu (25).
HetictBuTesibHo, TycTh #(t) — COOTBETCTBYIOMAST STOMY YHPABJICHIIO TPACKTOPH.
Kak merpyano sujers, &(t) ¢ V upu t < |&]) u 2(|&|) € V. Tonoxkum ¢(t) = (0 1).
Torua ¢)(t) — HETPUBHAILHOE PELICHUE CONPSKEHHON CHCTEMEL, sl KOTOPOIO CIIPa-
BEJIJINB [PUHIIAII MAKCHMyMa ¥ YCJIOBHE TpaHCBepcaJbHOCTH. B cmity Teopembr 3
u(t) = 1 ecth onTUMaJIbHOE 10 GBICTPOJEHCTBUIO yIpaBIEHUE JJIsl PACCMATPHUBA-
emoro cirydasi. COBEpIIIEHHO aHAJOTUYHBIE PACCYZKJIEHUSI [TOKA3BIBAIOT, UTO €CJIHN
¢ € G_1, 10 pemmenneM 3aga4n (25) sapBisercs yupasienue 4(t) = —1.

[Iycrs € € Ry. JlokakeMm, 9TO B JIAHHOM CJIydae ONTHMAJIBHOE MO OBICTPOJIEi-
CTBHUIO YIIPABJICHUE MMEET BUJT

va = {(z1 xQ)TERQ = — Ao},

At +1, ecimmt €10,7);
au(t) = .
-1, ecnmt € [1,ty].
e 7,1, — HeKOTOpBIe KOHCTAHTHI. JI/Ist OTBICKAHHST KOHCTAHT T, 0003HAYNM depes3
Z(t) coorBercTByIONLYIO ypasiaenuio 4 (t) Tpaekropuo. OnpeaeanmM ducia 7,t; u3
yCJa0BUM

#(r)em, ih)=(~a,0)".

Hec/103KHbIe BBEIYHCICHNS TTOKA3BIBAIOT, 9TO STUMHE yCJIOBHSMMI GHCJIA T, ) ompe-
JIeISIOTCA OHO3HAYHO, IpraeM 4 (t) ¢ V npu t < t;. Yupasienue 4(t) ynoBneTsops-
er npunIuy MakcumyMa ¢ O(t) = (1,7 — t). Ouesuno, 1h(t) ecrb HETPHBHAIBHOE
pellleHne CONPSXKEHHON CUCTEMBI, 1T KOTOPOrO CIPABEIJINBO yCJIOBHE TPaHCBEp-
casbHoCTH. V3 Teopembr 3 BBITEKAET, U4TO U(t) — ONTHUMAJIBHOE 110 OBICTPOIEHCTBUIO
yIIpaBJIeHHE.

B cayuae £ € R_; yupapiienue, olTUMaJJIbHOE 110 ObICTPO/IEHCTBUIO, UMEET BHJL

—1, ecmt e [0,7);
+1, ecmt € [7,1].

u(t) =
rae T, 1?1 — KOHCTaHTBI, OlIpeae/isddeMbIe U3 yCJIOBUA
#(r) €y, (h) = (o,0)",

QOOTBeTCTBonmaH 9TOMY cJiydato (YHKITHS &(t) ompesieIsieTcd  PaBEHCTBOM
w(t) = (_17 t— T)'

[IpuBeiéHnbIe BBINIE PE3Y/IbTATHI COXPAHAIOTCA U JUId v = 00. B 3ToM ciyuae
RA,’}/A — IIYCTbI€ MHOXKECTBA, Gl,G_l — HH2KHAA U BEPXHAA IIOJIYIIJIOCKOCTHU CO-
OTBETCTBEHHO, ONTUMAJIbHOE OBICTPOJIEIiCTBIE MOCTOAHHO, puaéM U (t) = —A jyist

£ € Ga.
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5. 3amaya TepMuHaJbHOro ympaBjaeHuda. Ilycts g: R — R — audde-
pennupyeMasi (PYHKIMA N IepEMEHHbIX. PaccMmarpuBaercst 3ajada TePMUHAIBLHOTO
yIIpaBJICHUS

J(u) = g(x(t1)) — min,

dx
pri A(t)z + B(t)u + c(t), (26)
l’(to) =g, UEC %(Q) .
Hucso t; > ty u dukcuposano. Kak u B 1. 3, x = (71, . .. ,xn)T — (bazoBBIiT BEKTOD,
u = (uy,...,un)’ — ynpasnenue, marpuis A(t), B(t), ¢(t) KycouHo-HeNpepbIBHbI

upu t € [tg,t1],x0 — dburcupoBanubiii s71ement R”, () — Hemycroe BBIIYKJIOE 3a-
MKHYTO€ ITOJMHOKeCTBO R™, J# (t1) — MHOKECTBO JIOCTHZKIMOCTH PACCMATPHBAEMOi
YIIPaBIIsIeMOil CHCTEMBI.

B cuty siemmbr 2 MHOXKecTBO K (t1) Bbimyk/0. s u3ydenus 3amaqn (26) Ham
HOTPEOYIOTCS eIé J[Ba BCIIOMOTaTeIbHbBIX yTBEPIKICHHS.

Jlemma 4. Jlas mozo wmobw, napa (Z(t),4(t)) 6viaa onmumarvHbm npoyeccom
3adavu (26), neobxodumo u docmamouro, wmobv, asemenm I (ty) AGAANCA pewenuem
3adavu

g(x) — min, x e H(t). (27)

<« Ecimm (2(t),4(t)) — onrmmanbablii nporece, To J(u) = g(z(ty)) = J(u) =
g9(z(t1)), me. g(x) = g(z(t1) ms Beex x w3 A (t1). Takum obpasom, & (t1) — pernerne
saaan (27).

Ob6paro, mycrsb Z(t1) — permenue 3ajga4u (27). dro 3uaqnt, 4ro ¢(Z(t1)) < g(z)
st Beex x u3 A (t). Crenosarenbro, J(u) = g(z(t1)) = g(z(t1)) = J(a) nna
JIFOOOTO JIOIyCTUMOTO YIIPABJICHUS U. P

Jlemma 5. ITycmv K — swnykaoe nodmmnooicecmso R, f: K — R — deticmeu-
meavHodnadmnas gynkuus wa K, duppepenuupyeman ¢ mouxe z € K. Jlas moeo
YMOOYL INEMEHM, Z MUHUMUIUPOSAL GyHruuto f Ha mroocecmee K, neobxrodumo, a
6 cayuae svnyksocmu gynkyuu [ u docmamowno, wmobv, mowka z OviAG PeueHuem
IKCMPEMANLHOT 3a0a4U

f'(2)v — min, veK. (28)

JlokazaTesbcTBO JIEMMBI b 1 0oJiee OOIIMX PE3yIbTaTOB IPUBEJIEHO B ITPUJIOXKE-
Hum A.

Teopema 4. Iycms (&(t), 4(t)) — onmumarvrod npouece 3adawu (26), P(t) -
pewenue 0bpamrot 3adavu Kowu

Wmpan),  wln) = (50 (29)

Toz0a das kasrcdozo t uz ompesxa [ty, t1] cnpasedaus npurnyun maxcumyma (17).
< B cuny nemmsr 4 2(ty) ects pemenne 3amaan (27). [Ipumenss memmy 5 K
dbyuxmm f(z) = g(x) u K = (1), nonydaaem, aro Z(t;) Muanmusupyet va A (t)



61

dbyukimo v — ¢ ((t1))v. Ucnonbsyst BHOBB JieMMy 4, HAXOJUM, YTO yIpPaBJIeHHe
ﬂ(t) €CTh pelICHUe CJeAYIOeH 3aaun

Jo(u) = ¢'(2(t1))2(t1) — min,

dz
= = AWz + B(tyu + c(t), (30)

x(ty) = x9, u€ U(Q).

Bagadga (30) mpejcraBiager dacTHBI ciydait 3agadu (1), BO3HMKAIONIUT TIpU
b(u,t) = B(t)u + c(t),p = ¢'(x(t1). Coornorennst (30) SBISIOTCST BapHAHTAME Da-
Bercts (5), a mpuHnun MakcumyMa (17) sto Bepcust pasencrsa (6). Termeps mokasbr-
BaeMoOe YTBEpK/IeHNe BBITEKAET U3 TeopeMbl 1.p

[Tpu JONOJHUTENBHBIX TPEIIIOJ0KEHUAX OTHOCUTEJIBHO (DYHKIUU ¢ IIPUHIIAI
MakcumyMa (17) cTaHOBUTCS JIOCTATOYHBIM YCJIOBUEM ONTUMAILHOCTH MPOIECCA.

Teopema 5. ITycmv dpynxyus g: R™ — R swnykaa. Jasa onmumanrvrocmu npo-
uecca (Z(t),u(t)) neobxodumo u docmamouno, wmobu, ynpasaenue U(t) ydosaemeo-
pAano npuryuny maxcumyma (17), 6 xomopom lﬁ(t) — pewenue obpamuol 3adayu
Kowwu (29).

<« Ilycrs dyukus 4(t) ymnosrersopsier npunnuiny MakcumyMma (17). B cuty Teo-
pembl 1 4 sBasierca pererneM 3agadn (30). Orciofa coryiacHO jeMMe 4 BBITEKAeT,
410 Z(t1) MuHEME3EPYeT dyHKnno v — ¢'(Z(t1))v Ha muoxectse £ (t1). Tak Kak g
BBITYKJIasi (DyHKIMsI, TO CHOBA U3 JIEMMbI b CJIejyeT, 9ro & (1) MUHUMU3UPYeT DyHK-
o g Ha MuOKecTBe £ (t1). CHOBa IpUMeHsist JleMMy 4, IPUXOUM K JJOCTATOIHOCTH
UPUHIKIA MaKCUMyMa. Ero HeoOXOIMMOCTh YCTaHOB/ICHA BBIIIE. B

6. IIpuHIMII MAaKCUMyMa [JI 3212491 CO CKOJIb3LIIUM IIPABLIM KOHIIOM.
CdopmynmupyeM BapHaHT IPUHIIAIA MAKCUMYMa, JIJIS 381291

J(u) = go(z(t1)) — min,

0 Ay + Bty + (), 61)
J](to) =Ty, UEC %(Q) s
g1(z(t1)) <0,..., g(z(t1)) < 0.

Ona ormyaercs oT paCCMOTpeHHOfI B IIpeJAEeCTBYIONIEM IIYHKTE 3aJa91 HaJIUIUEM

OTPaHUYEHMIl Ha IIpaBble KOHIIBI TpaekTopuil. PyHKINM go, g1, - - - , i ONPEIETIEHBI U
uenpepbiBHO Jiuddepentupyembivu na R™. Bpems ¢ > ¢y npesanosaraercsa dpukcu-
POBaHHBIM.

Paccyzkaenus, anaJormdHble NCIOJIb30BAHHBIM [P JOKA3aTeILCTBE JIEMMBI 4,
IPUBOJIAT K CJIEYIONIEMY yTBEPKICHUIO.

Jlemma 6. /las mozo wmobw npouece (&(t),u(t)) Ovia onmumasvrvim 0t 3a-
davu (31), neobrodumo u docmamoywno, wmobv, anemenm &(t1) AGAAACA PeweHuem
3adavu

go(z) — min, gi(x) <0(i=1,...,k), x e H(t). (32)
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[Ipumvenss K 3agade (32) HeOOXOIUMBIE YCJIOBUS JIOKAJIBHOIO MHHHMYMa, (CM.
npuioxKeHre A), mosrydaeM CJIejyionee yTBep K /IeHue.

Teopema 6. [Tycmov (Z(t),u(t)) — onmumarvnod npouyece 3adavwu (31). Tozda
cyuiecmeyem makot nenyaesoti Habop A = (5\0,5\1, . ,S\k) , 4mo ;\Z = 0, u ecau
g@(t) — pewenue obpamnoti sadavwu Kowu

% = —A(1), W(ty) = — Z&gé(ﬁf(h)),

mo cnpasedsus npunyun maxcumyma (17) u yeaosus donoarnumenvrol nescécm-
koemu Nigi(£(t)) =0(i=1,...k) .

Huraresio npeiaraeTcs JoKa3arh reopeMy 6 camoctosaTebHo. HoBbIM B Heil 110
CpaBHEHUIO ¢ TeopeMoil 4 gaBjseTcs Hajau4due k + 1 alpruopu HEM3BECTHBIX MHOXKHU-
TeJaen S\Z Nx BOSHUKHOBCHUE 06yCJIOBJIeHO JOITOJIHUTEJIbHBIMU OI'PaHUYICHUAMMN Ha
npaBble KOHIIBI TpaekTopuii. HaGop A MOXKHO cumTaTh HOPMEDOBAHHBIM. YCIOBHE
HOPMUPOBKH JIaéT elIé OJIHO yPaBHEHUE JIJIs OlIPe/IeJIeHNs] HEN3BECTHBIX IIAPAMETPOB
i . TIpu [OHOMHUTEILHBIX IPe/IOI0KEHIX (BBIIYKIOCTh (DYHKIMH ¢;, HepaBer-
CTBO 5\0 > 0) IPUHIUIT MaKCUMYMa CTaHOBUTCA JOCTATOYHBIM YCJIOBUEM OIITHMAaJIb-
HocTu tporiecca (z(t), u(t)).

2.3 JlemMMmbI

1. Bapuaursl nmpaBujia MHOXKuTeJiel Jlarpanxxka. /[l pacnpocTpaHeHust
NPUHIINIA MAaKCUMyMa Ha HeJIMHEeHbIe yIpaBJisieMble CUCTEMbI HaM IIOTPeOyeTcst
PsAJI BCIOMOTaTe/IbHBIX YTBEPXKJIEHNUH. B 9TOM IyHKTE TPUBOASTCA (POPMYTUPOBKH
HEOOXOMMBIX YCJIOBUI JIOKAJILHOIO MUHUMYMa JIJId CHEeNUAJbHbIX 334 HeJnHeri-
HOIO IporpaMMupoBanus. VX moKa3areabeTBa MOXKHO HAWTH B IPUIOKEHHNA A U BO
MHOTHX PYKOBOZCTBAX [0 KOHEIHOMEPHO{T onTuMusanuu (cM. Hampumep, [19], [25]).

Iycre Oy :=={a = (¢;),0< a; < 1,7 =1,...,n} — craugapruslii Ky6 ¢ pebpom
1 B npocrpanctee RY, ®(a) — dyukuus, onpe/enennas u HernpepbiBHo juddepen-
nupyeMasi Ha HEKOTOpoii okpectHoct Kyba C, =1 Oy (7 > 0).

Jlemma 1. Ilycms mouka 0= (0---0)T docmasanem munumym Gynryuu ® na
xybe C,. Tozda

0P

@(Gpo (j=1,...,N). (1)

AHaJlorn4HbIi JTeMMe 1 pesy/ibraT BepeH Jist 331840 Ha YCJIOBHBINH 9KCTPeMyM
Qo) » min, «ae€C,, (2)

®i(r) = 0(i € o), Pi(a) <0(i € 1y). (3)
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Baech Iy, I, — HemepecekaIuecs KOHEUHbIE MHOYKECTBA HATYDATbHBIX duces (He
MCKIIIOYaeTCs Carydail myereix Muoxects Io, I,). Ipemmonaraercs, aro Touxa 0 yio-
BJIeTBOpsier orpanudeHusM (3), a dyukmun Py, ®;(i € [ = Iy U I,) onpenesnensr u
HenpepsIBHO JnddepennupyeMel Ha HEKOTOPOi oKpecTHOCTH Kyba C.

Jlemma 2. ITyemo mouka 0 ecmo pewenue 3adavwu (2), (3). Tozda wnatidymes
wucaa Ao, \i(i € I), ne 6ce pasrvie 0 00H08PEMEHHO U MAKUE, 4MO
1° /\0 2 0, )\Z 2 0, )\ZCDZ<6) =0 (Z S ]+>,’
2°  Oaa pynruuu

®(a) = APo(a) + > Aii(a) (4)
iel
uMem Mecmo coomuowerus (1).

Hucma Ao, Aj(1 € I) HasbBaroT MHOKUTENsIMU Jlarpanzka, a ONpe/essieMyIo pa-
BercrsoM (4) dynkmnmo ¢ — dyuximeit Jlarpamxka s 3agaan (2), (3). Jlemma 2
rapaHTHpyeT CyIIECTBOBAHIE TAKOro Hemysaesoro nabopa A = (Mg, \;), 4ro Touka 0
VJOBJIETBOPSET HEOOXOAMMBIM YCJIOBUSIM MUHUMYMA B 3a/a4e

®(a) — min, a€Q,. (5)

ITepexon ot 3ama4u (2), (3) k 3amade (5) BbIpazkaer mpaBmio MHOKATe el Jlarpan-
’Ka, OCHOBHAsI T1€/Ib KOTOPOTO 3aKJ/II0YAeTC B N30ABJIEHUU OT YCJIOBUN CBSA3U Iy TEM
BBEJIEHUSI JIONOJTHUTE/IbHBIX [T€PEMEHHDIX.

Habop A, obrazaroruit TpedyeMbIME CBORCTBAME, OIPEIEISIETCsT HEOTHOSHATHO.
OueBniHO, HaIIpUMeEp, YTO BMecTe ¢ A ONUCAHHBIMU BBINE CBOWCTBaMM 00J1a/1aeT
u Habop pA mpu JIOO0M MOJOKUTETHHOM YUC/IE [i. 38 CIET BBIOOpA MHOMKUTEJIS i
BCETJIa MOYKHO JIOOUTHCsT TOTO, 9TO JjiHa Habopa A paBsiach 1:

1/2
_ [ 2 2 : 2 _ 1.
el
cooTBeTCTBYIONMi Habop A Oy/eM Ha3bIBATH HOPMUPOBAHHBIM.
Ecim Ay > 0, To, yMHOKas1 HAO0P A Ha IOJIOKUTEIBHOE YUCIIO L = Ay L moxHO
J06uThest paBeHcTBa Ag = 1. B sTOM cityuae ycioBus csaszu (3) OyjeM HasbIBaTh

perysspHbIME. JlocTaTOUHBIE YCIOBUST PETYIAPHOCTH MOKHO HaiTh B [13].
O6oznaunm depes ), (T) npoussenenue Kyba (), u orpeska [T — 1,7 + 1] , T.€.

Qu(1)={(a,t) eERY xR, «a€Q, te€[r—nr71+n}.

—

JIemma 3. ITycmv mouxa (0,7) asasemes pewernuem 3a0a4u
Po(a, t) — min, (a,t) € Q,(1), (6)

@i(a,t) =0 (Z c I(]), (I),L(Oé,t) <0 (Z S I+) (7)

Iycmo pynruuu O, ®; (i € I = Iy U 1) onpedenenv, u nenpepvisho duddepenyu-
pyemwr 6 okpecmmocmu mouku (0, 7). Tozda cywecmeyem maxot HOPMUPOSAHHBIT
Habop Ao, Ai (1 € 1), 4mo 6unoAHAIOMCA COOMHOWEHUA
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X =0, N>0 NO(0,7)=0(i¢el), (8)
d; -

> Aia 0,7)>0 (j=1,...,N), (9)

. 80@

e{0}ur

b, -

Z N (0,m) =0, (10)
1e{0}url

Kak HeTpy/HO NOHATH, U3 JIEMMBbI 3 BBITEKAIOT yTBEPXKICHUA JIeMM 1, 2.

2. Oneparop caBura 10 TpaeKtopusMm guddepeHnnaIbHbIX ypaBHe-
uuii. [ycrs F(x,t) = (Fy(z,t) ... Fy(x,t))T: R*xR — R™ — nenpepbisHas BEKTOP-
dyukImMdg, KOMIoHeHThl [, ..., F,, nuddepeHmpyemMbl M0 MPOCTPAHCTBEHHBIM ITe-
PEMEHHBIM U JacTHBIe IpousBoguble OF;/0x;(x,t) HEIPePHIBHBI 10 COBOKYIIHOCTH
nepeMeHHBIX. [Ipn 9TUX TpenosioKeHndax CIpaBe/JIMBbI KJIACCCUIECKIE Pe3yIbTa-
ThI O 3aBUCUMOCTHU pelrenuii 3a1auun Korm

dx
y = F(x,t), (11)

z(0) = € (12)

OT HaYaJIbHBIX JaHHbIX (T,&). B actHOCTH, cripaBesyinBa (cM., Hanpumep, [1])

Jlemma 4. ITycmov x: [0y, 61] — R™ — pewenue ypasnenus (1), T' = {(x(t),1) :
0o <t < b1} — epadur amozo pewenus.

Tozda cywecmeyem maxoe & > 0 u makoe omxpwmoe ¢ R mmnosicecmeo
G D T, wmo dan mobwzx (&,7) € G pewenue x(t,7,&) 3adawu Kowwu (11), (12)
onpedeaeno na [Bg — 9,607 + 0] u asasemes nenpepvisno dugdepenyupyemots no co-
8oKYNHOCTAU apeymenmos dynkyuet 6 [0y — 9,60, +9) x G.

Touka £ € R", asurasicb mo Tpaektopusim cuctembl (11), 3a Bpemsi or 7 110 t,
nepeiiIeT B HoBy1o Touky x. Oneparop % (t, 7) nepexojia ot £ K  HA3BIBAETCS Ollepa-
TOPOM CJIBATA 10 TPAEKTOPUAM CUCTEMBI. DTOT OIEPATOP ONPEJIEIIAECTCS PABEHCTBOM

U (t,7)=uz(t,T,§).

O61acTh ero onpeeleHus 3aBUCAT OT T U t. ECIM BBINOTHEHBI IPeIIoI0KEeHIST
nemmbl 4 u |t — 61| < §, |7 — 6| < 0, To oneparop % (t, T) onpeesiéH U HEITPEPHIBHO
muddepeHiupyeM B HEKOTOPO OKpecTHOCTH TOUKH X (6)).

3. OnpeneneHne uUroJpdaTbix Bapuanuii. Hipke paccMaTpuBaeTcs Hesn-
HEWHBIN yIpaB/IAeMbIil 00BHEKT

dx

% = f(x,u,t), .Z'(to) = X, u € %(Q) . (13)
Buech u ganee x = (x1,...,2,) ,u = (u1,...,u,)" — dasosriit u ynpasisio-
Uil BEKTOPBI COOTBETCTBEHHO, ) — 3aMKHYTOe MOJAMHOXKeCTBO R™ KOMIIOHEHTHI
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fi,. ., fn BekTOP-DyHKIIMK f auddepeHnupyeMbl M0 (ha30BbIM IT€PEMEHHBIM, TTPH-
qém byukimu f;, 0f;/0x; (i,7 = 1,...,n) HEIPEPBIBHLI 10 COBOKYIIHOCTH II€pe-
MeHHBIX Ha R™ x Q X [tg, 00).

Hng usydaenns obbexra (13) OymeT MCIOIB30BATHCSA CEMEHCTBO YIIPABIISIEMBIX
IPOIIECCOB, HA3bIBAEMOE [IAKETOM HIONILIaThiX Bapuarmit. Ilycrs u € % (2). Uromns-
JaTasi Bapuals YIPaBIeHUS U 3aBUCHT OT CJIEAYIOMNX apaMeTpPOB:

KOHEYHBbIT MOMEHT BPEMEHMU ©1;

Habop T = (11 -+ 7n), tyie top < 71 < ...Ty < t1, UPUUEM CPEJH THUCEJ T; COJEP-
JKATCs BCe TOUKH pa3pbiBa yrpasienus u(t) ua (fo,t1);

HaboOp & = (a1 ...ay), e oy, (i = 1,..., N) — HeoTpHIATEIbHBIE JOCTATOTHO
MaJIble INCIIa;

Habop U = (vy---vn), tae v; € Q (i = 1,..., N). Urosbuaras Bapuarysi yrpas-

—

JIEHN U, OTBE€YalOoIllad Ha6opaM 7_", a, U, OolIpeae/IiddeTcda paBeHCTBOM

u(t), t¢ UiN:1[Tz‘aTz‘+1), t <ty
u(t,d) = < v, t € [m, Tit1)
U(tl—O), t}tl

Ouesnyno, u(t,d) € % (2). B npenenax sroro naparpadga Habopsl 7, U (bUKCHpoBa-
HBI, IO3TOMY 3aBUCUMOCTb OT HUX HE OTMEYAETCS.

Hucma o; TpeonaraloTesi HaCTOJBKO MAaJIbIMU, YTO MPOMEXKYTKHU [T;, T; + ;)
(¢ =1,...,N) nmonapHo He mepecekaroTcsa u npuHaex)ar (to,t;). Ha srux npome-
KYTKax pasHocThb u(t, @) — u(t) MoxKeT ObITH 3HAYUTEJLHOl, BHE X OObLEINHEHUST
npu ¢ < t; OHa paBHa HYJIIO.

Yupasienusm u(t) u u(t, d) coorBercTByIOT (bazosbie TpackTopun x(t) u x(t, @)
yupasisiemoro oobekrta (13). Tpaexkropus z(t,d) Ha3bBaeTCs UTOJBIATON Bapua-
mueit Tpaektopun z(t). Bymem cumrars, uro x(t) ompeseneHa Ha orpeske [to, 1]
CosokynHocTh nap z(t, @), u(t, @) obpasyer maker urobuaTbix Bapuanuii. O4ueBu/i-
Ho, uro (x(t),u(t)) = (z(t,0),u(t,0)).

4. ®opMyJIMPOBKA JIEMMbI O IAKETE WI'OJIOK. YIPABIAEMOMY IPOIECCY
(x(t),u(t)) comocTaBuM MaTpHUILY

n

A0 = 10 = (52 w0 ut0)

ij=1

afi )
Dmementsl a;;(t) = P (x(t),u(t),t) 9TOit MATPHUIBI — KyCOIHO-HEIPEPBIBHBIC PN
Lj
t >ty byukiuu. B jgaibHeiineM BayKHYIO POJIb UI'PAET CHCTEMA
dz
— =A(t)z. 14
A (1)

Yepes z(t) Huke obozHavaercs perierne cucreMbl (14), yIoBaeTBOpSIOIee Hauab-
HOMY YCJIOBUIO

z(tk) = f(2(), vk, 7)) — f(2(70), u(Th), 7h) - (15)
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Jlemma 5. (JIeMmMa o makere UroJiOK).

1) Cywecmeyem maxoe n > 0, wmo ecau & € C,, MO ULOABNAMAA 6APUAYUA
x(t, &) onpedesena na ompeske [to,t1 + 7).

2) Ecauw & — 0, mo z(t, @) — x(t) pasnomepro na ompeske [to, t].

3) Omobpasicenue (a,t) — x(t, @) moorcem bvimov npodossiceno do omobpasice-
nus, onpedeaérnozo u nenpepuiero duddeperyupyemozo 6 HEKOMOPOT OKPECTHOCTIU
mowru (0,t1), npu 5moM cnpasedrues. pasencmea

oxr, =
5 (t0.0) = fla(ty) ults = 0), 1), (16)
S (1,0) = 2u(t), (a7)

ede zi(t) — pewenue s3adavu (13), (14).

JloKazaTeIbCTBO JIEMMBI O IIAKETe€ UIOJIOK IPUBOAUTCA B CJCLYIOMEM IIyHKTE.
Ero ocnoBy cocrapisier crenuaabHoe IPeICTaBIeHAe NIOIBIATO BApUAIIT TPACK-
topun. [Tonoxkum masa equHoobpasus 79 = to, Ty = t1. Obo3Haunm depes w;(t)
(¢ = 0,1,...,N) menpepbiBaoe orobpaxenue u3 R B ), coBnasatoriee ¢ u(t) Ha
unrepsase (7, T;41). Haupumep, MOXKHO TOJIOKUTh

u(T), ecmn t < T
w;(t) = < u(t), ecu t € (74, Tiz1)

w(rip1 —0), ecom t > T .

[Iponomkum dyuknuio f Ha R™ x Q X R, monmaras f(z,u,t) = f(x,u,ty) npu t < to.
Oynkuun f(x, w;(t),t), f(z,v;,t) (i =1,..., N) yI0oBIeTBOPSAIOT BCEM YCJIOBH-
sM aKocT teMMbl 4. TTosromy K nddepeHimaabHbIM yPaBHEHUSIM

dx
i flz,wi(t), 1), (18)

é—f = f(z,v;,t) (19)
HPUMEHUMBI KJIACCUIECKHE Pe3yIbTaThl 0 auddepeHnupyeMoii 3aBUCHMOCTH Pelie-
HUI OT HAYAJIbHBIX JIAHHBIX. BBeném oneparopst ciasura P(t, 7), Q;(t, 7) 1mo Tpaek-
topusim cucrem (18), (19) coorsercrenno (i =1,...,N).
Ecau uromnpuaras Bapuanus x(t,d) Tpaexropun x(t) ompejesieHa Ha OTPE3Ke
[70, Tky1], TO
x(t, @) = Qp(t, )z (1, d), (7 <t <7+ ag), (20)

x(t,d) = Pe(t, 7 + ag)z(me + o, @), (T + ap <t < Tpyr). (21)

B wacrnocru, ecsm tpaekropus x(t, &) onpejesieHa Ha 0Tpe3Ke [to, t1], To dopmysIbl
(20), (21) Bepubt gyt k=1,..., N.
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Jnst mokasarenbcrBa paseHcTBa (20) JIOCTATOYHO yY€CTh, YTO HA OTPE3Ke
[Tk, Tk + ] dynkuus z(t, @) ects perenue ypasuenns (19). Pasencrso (21) Bbirexa-
eT U3 TOrO, YTO HA OTPE3Ke [T+, Tp+1] byHKIUs x(t, @) yI0BIETBOPSIET yPABHEHUIO
(18).

5. Jloka3aTeJbCTBO JIEMMBI O IAKeTe MIOJIOK. Pa300béM Jl0Ka3aTeIbCTBO
Ha HECKOJIBKO 9TAIIOB.

a) ITocrpoenne crenuasabHOl MOCIEI0BATEIBHOCTH 0TOOPAZKEHNIA.

[Iycts 29 = 2op-1 = x(m) (kK = 1,...,N). Oupenesum orobparkeHust
Ti: R*xRY - R" (i=1,...,2N — 1), nonaras

Top—1(§,0) = Qe + o, )6 (k=1,...,N),

Tgk(f,&)zpk(Tk_,_l,Tk—l—Qk)f (l{:L...,N—l).

Kak merpynuo Buzners, zj11 = 15(2;, 0) (j=1,...,2N —1).

Orobpaxkenne Tj: R® x RY — R" onpeseneno n mermpepbIBHO uddepentmpy-
eMO Ha HEKOTOPOil OKPECTHOCTU TOYKHU (Z;, 6) st orobpaxkenust Thy,_1 9TO CJiery-
eT U3 TOro, UTo B Ccuiy JieMMbl 4 orobpaxenue (t,7,z) — Qk(t,T)z HempepbIBHO
b depeHImpyeMo B HEKOTOPOiT OKPECTHOCTH TOYKHU (Tk, Tk, (7% )). Hempepbisaast
nuddeperimpyeMocTb oTobOpakeHusi 1o, BBITEKAET M3 TOI'O, YTO COIVIACHO JIeMMe
4 orobpaxenue (t,T,z) — Py(t,T)z sBisiercsi HenpepbIBHO jJudbEpeHIUPyeMbIM B
OKPECTHOCTH TOUKH (Tkt1, Tk, T(Tk)).

6) [dokazarenbCTBO MEPBOrO yTBEPKIEHUs. BBeIEM 110C/I6/10BATE/ILHOCTE OTOO-
paxkennii #;: RY — R™, nonaras

H(@) =z, V(@) = T(F(@).0) (j=1....2N1).

Ouesngno, #(0) = z; (j = 1,...,2N). IlockoIbKy Cynepro3unus HEIPEPBIBHO
b depeHImpyeMbIx 0OTOOPaXKeHWl eCTh HelpepbiBHO TuddepeHnupyeMoe 0Too-
pazkenue, TO HaiiAeTcs okpecTHOCTh W, Toukm 0, B KOTOPOH BCe OTOGparzKeHms
% (i=(1,...,2N) gBaAOTCA HEMPEPHIBHO UMD MDEPEHITIPYEMBIMH.

PacemorpuMm oTobpazkenust

q)(t, O_Z) = PN(t, ™~ + QN)%N(&) .

Ouesnno, ato (ty,0) = x(t). VI3 reMMbl 4 BBITEKAET CYIIECTBOBAHEE TAKOTO § > ()
u TaKoit okpecrrocru W rouku 0, ato W C Wy u oroGpaenue O(t, @) onpeereHo
u HenpepbiBHO nuddepentmpyemo Ha (t; — d,t1 + ) x W.

IIycts 0 < 7 < 6 m ¥mesI0 1) HACTOIBLKO Masio, uTo Kyo C, = n Uy mpunase-
xur W. Ecm @ € ), To

(d) =2 =z(m),
W (d) = Q1(1 + oy, 1)x(71) .

[Tocstenee paBeHCTBO O3Ha4aeT, 4To TpaekTopus z(f, @) olpejeneHa Ha OTpe3Ke
[to, 71 + ] m #(d) = x(m + a1, d). U3 paBencTsa

(@) = Pi(12, 71 + a1)a(m + o, )
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ciiesryer, 9o Tpaekropus z(t, &) onpejesnena Ha oTpeske [tg, o] u #5(d) = (1o, ).
Anajiorundnble paccyK/ICHUs IPUBOJIAT K PABEHCTBAM

Do(@) = x(m + o, @), Popy1 = T(Thy, A) (22)

O(t,d) = x(t, d). (23)

Kak mokaseiBaer pasenctso (23), npu sobom & u3 C,, uroipdaras apuanus z(t, @)
onpejiesieHa Ha oTpeske [to, t1 + 1. Tem cambIM JI0Ka3aHO TIEPBOE YTBEPIKICHUE JIEM-
MBI 9.

B) JlokazarebcrBo Broporo yreepxkienus. Oobeaunss (22) ¢ pasercreamu (20),
(21), mpUxOUM K COOTHOIIEHHSIM

Py(t, Do (), t € [T,
£t &) = %k (t, T + Q) Qf(a) [T, T 1] (24)

Qr(t, ) %ar—1(Q), t € [T, Th + ]
B KoTOopbIX kK = 1,...,N,a € (. Tak xak %y,_1(d) = x(7x), Dox(d) — x(7%) upn
@ — 0, To u3 coorHommenuit (24) n IeMMbI 4 BBITEKAET, ITO

x(t, @) — x(t)

paBHOMEpHO Ha oTpe3ke [Tg, Tk+1] (kK =1,..., N). I[lonobHoe paccyxeHne mpume-
HUMO K KaxKJOMy U3 OTPE3KOB [Tk, Tki1] (k= 1,...,N). Orcioga cieayer Bropoe

YTBEPIKJICHNE JIEMMBI 5.

r) O6ocuoBanue pasencrsa (16). Kak ormeuasnocs Beie, orobpazkenue P (t, )
HENpPepPbIBHO Tu(dEPEHITNPYEMO B OKPECTHOCTU TOYKU (tl,ﬁ). B cuny pasencrsa
(23) ero MOXKHO paccMaTpUBATH KaK [IPOJOJIKeHne orobpaxkenus (t, d) — x(t, ).

[IycTn
t t<t
ity = ") teh
u(t1—0> ,t)tl.

Yupassenue #(t) HeNpepbIBHO B TOYKe t1, a TpaekTopus z(t), COOTBETCTBYIOIIAS
yupasiernio 4(t), npu t < t; conajaer ¢ z(t). B wacraoctn,

9 4 0y = Py = platt), ults — 0),1).

ot dt
Pagencrso (16) mokazamno.
1) HokazarenbctBo pasernctsa (17). Ilyers 0 < A < n, up(t) = u(t, \eg), vae e
— BEKTOP-CTPOKA, Y KOTOPOIl k -as KOMIIOHEHTa paBHA 1, a OCTaJbHbIE KOMIIOHEHTHI
paBubl 0; z)(t) = x(t, uy). HHockonbky uy(t) = u(t) upu t < 73, T0 )\ (t) = 2(t) 1pH
t < 7. Ha orpeske [y, t1] dyukimst z,(t) yioBieTBOpsieT MHTErPATBLHOMY YpaBHE-
HIIO

zy(t) = z(m) + /f(xA(s),uA(s),s) ds .
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B wacTHOCTH, clipaBe/TUBBI PABEHCTBA

T+
(T + A) = x(m) + / fza(s),ur(s),s)ds, (25)
xp(t) = (A4 1) + / fza(s),ux(s),s)ds (t =1+ N). (26)
A+Tg
B cuny (24)

£L’,\(t) :Pk<t,Tk+)\)%k<)\€k) (Tk—i-)\ gthkH). (27)

U3 (21) BBITEKAET pABEHCTBO
xx(t) = Pi(t, 7+ A) - o Popa (T2, Ter1) A (Thot1) (28)

e (1o <t <7ep;s=k+1,...,N).
Breném B paccMoTpenne ob1acTu

Go={t,\):0< A< <A<t <T},

Gi={t,N):0< A< Tppi <A<t<Tppin} (i=1,...,N—k).

I3 pasencts (27), (28) u sleMMbI 4 JIErKO BBIBOJUTCS, 9TO (QYHKIHN

8@ (t) 89@ (t)
ot ’ O\

(t,\) = xA(2),

HEeIPEePBIBHBI B 00/1acTsX (G; 1 MOTYT OBITH IIPOJIOJI?KEHBI C COXPAHEHUEM HEIPEPbIB-
HOCTHU Ha 3aMbIKaHUA 9TUX O6J_[aCTeI7L
Huddepennupyst pasercTo (25) 1o mapaMeTpy A, MoJydaem

%(Tk“—)\) = f(ox(me + A), vk, 7 + A) . (29)

Unrerpas, naxogamuiicss B mpaBoit yactu (26), mpeJcTaBUM B BUJE CYMMBbI

Tk+1

/f[m(s),u(s),s]ds%—/f[xA(s),u(s),s]ds+

Te+A T+

N—1 Tj+1

—1—‘2 /f[x,\(s),u(s),s]ds+/f[x,\(s),u(s),s]ds. (30)
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B cmny ormedenHbix  Bbime  iudpdepeHImaabHbIX  CBOHCTB — O0TOOparKeHUs
(t,\) = x,(t) K KaxjgOMy U3 HHTErpaoB B pasoil yactu (30) HpUMEHUMO KJjiac-
cuueckoe mpapuio Jleitbuuna auddepeHnupoBanus HHTErPAJIOB 10 mapamerpy. Me-
IIOJIb3Yy4d 9TO IIPpaBUJIO U aJJUTUBHOCTb MHTEI'DaJia, IIPUXO/JINUM K PaBEHCTBY

di/\ / flea(s),u(s), slds = — flex(me + A), u(me + A), 7 + A+

T+

+ / fw[m(s),u(s),s]%(s)ds (31)
T+

ITomoxkum "
SRS CNRRELS

3 coornomenwuit (29), (31) BoITeKaeT ypaBHEHHE
2(t) = fle(me), ve, 7] — fla(me), u(me), ) +/fé[$(8)aU(S),S]Z(S)dS-

Dr1o o3Havaer, uTo z(t) ectb pemenue 3amaun Kormm (14), (15). Teneps dhopmymra
(17) cmemyer u3 paBencrsa

Oz Oma(h)

@(t170> - O\

o = Z(tl) .

Dopmya (17), a BMecTe ¢ Hell 1 jileMMa O TTAKeTe UTOJIOK JIOKA3AHBI.

2.4 OnrtumMunsainus HeJMHEHHBIX CUCTEeM

1. JIokajbHO onTUMAaJIbHbIE IIpo1ecCcChHl. B sTom paz3jgesie u3ydaeTrcd 3a1ada

J(u) = g(z(t1)) — min,

dx

a:f(x,u,t), (1)

z(ty) =zo, x(t1) €V, uwe Q)

¢ (bUKCHPOBaHHBIM BpEMEHEM OKOH4YaHWs Iporecca ty. PaccmarpuBaeMblii yrpas-
asieMblii 06beKT (1) yI0BIeTBOPSIET MPEIIIOIOKEHHSIM TIPE/IIIECTBYOIIEro pas3/iesa.
Kaxk u Bbrme, nponece (z(t), u(t) Hazoém momycrumbiM, ecsm x(t) — TpaeKTOpHU,
COOTBETCTBYIOMIas yipasienuio u(t), a x(t1) € V. HJomycrumerit nponecc (Z(t), 4(t))
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HA3BIBACTCH JIOKATIBHO ONTHMAJIBHBIM T 3ajadn (1), ecan Hainéres takoe € > 0,
9TO JIIsA JII0OOro Jorycrumoro nporecca (z(t), u(t)), yaoBIeTBOPSIONIEro yCJI0BIIO

max |z(t) — z(t)| < e,

t€lto,t1]
BBITIONTHsACTCs coornomnenue J(u) > J(4) . OueBuHO, ONTHMAIBHBII IIPOIECC SBIIA-
eTCsl 1 JIOKAJIBHO ONTHMAJIBHBIM. OTCIO/[a BBITEKAET, B 9aCTHOCTH, UTO HEOOXOAUMOE
yCJIOBHE ONTUMAJIBHOCTH TIporiecca (Z(t), u(t)) aBisgercs n HEOOXOMMBIM YCIOBHEM
JIOKAJTBHON ONTHUMAJIBHOCTH HPOIECCA.

B obmem cirydae JIOKAJIHLHO ONTUMAJIBHBIN IIPOIECC MOYKET He OBITH ONTUMAaJIb-

HBbIM. B KadecTBe puMepa paccMOTDPHUM CJI YOI YacTHBINA caydail 3agaqan (1):

Jo(u) = 9(1) — min,

dl’l . d$2 . 2 4\ 2
a v T T (7 — a)u”,
21(0) = 21(1) = 22(0) =0, —oo < u(t) <oo.

[Iporecc z(t) = 0,u(t) = 0 aBIAETCA JTOKAIBHO ONTUMAIBLHBIM. [leficTBUTEIBHO,
ecn |z(t)) < 1/2, To

1
d.ﬁL’l

) = a(1) = [ 30) = a0 (E) at > 0= Jo(0).

0

[TockobKy

irif Jo(Au) = —o0

JIJIE JTI0O0T0 HEHYJIEBOT'O YIIpaBJIEHUS U, TO B pacCMaTpUBaeMOil 3ajiade OInTUMa Ib-
HOT'O TIporiecca HeT.

2. IlpuHIMOD MakcuMyMa JIJis 33/1a94d CO CBOOOJAHBIM IIPaBbIM KOHIIOM.
Huke BBIBOISTCST HEOOXOIUMBbIE YCJIOBUST ONTUMAJbLHOCTHA B 3a/1ate

J(u) = g(x(t1)) — min,
dzx

o = (x,u,t), (2)

x(ty) = x9, u€ U(N).

XapakTepHBIM JIJIsI ©3y9aeMOTr0 CJIydas siBJISIeTCsd OTCYTCTBUAE OIPAHUYEHUN Ha TTPa-
Bble KOHIIbI TpaekTopuil. Cunraem, 9YTO B TOUKe ! pacCMaTpUBaeMble YIIPaBJIeHUS
HenpepbiBHbI cieBa. Oynknus g: R® — R npesnosiaraercs nenpepbiBHo jiuddepen-

Ox1 " Oxn

C YaCTHBIMU TPOU3BOIHBIMY (DYHKIIUU §.
JLst Toro 9To0bI TPUJIATH HEOOXOMMBIM YCJIOBUSAM MUHUMYMAa, JIOCTATOYHO 000~
3puMyto popmy, ya00HO BBecTH (DYHKIMIO H TepeMeHHBIX U1, ..., Yn, T1,..., Ty,

mupyemoit; ¢'(z) = <ﬁ . ﬂ) — BEKTOP-CTPOKa, KOMIIOHEHTBI KOTOPOil COBIIaJIal0T
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UL, ..., Uy b, HA3bIBaeMyto dyHKnueit [Torrpsaruna oobekra (1). Ona onpeesser-
cs1 PABEHCTBOM

H(,w,u,t) = szfzxut

vie (fi--- fu)T = f. Oyukiua [onTpsaruna juHeiiHa 10 NepeMeHHbIM Uy, . . ., Uy,
HenpepbIBHO JuddepeHimpyema 1o epeMeHHbIM L1, . . . , T, U HEIPEPhIBHA [0 COBO-
KYITHOCTH TI€PEMEHHDIX.

Teopema 1. IIycmy (2(t), 0(t)) — aokarvno onmumanvred npovece sadawu (2),
O(t) = (U1(t) ... ha(t)) — pewenue obpammoti sadavu Koww

di; oH , . .
(;/; :_8xi(w’$(t)’t)’ (t=1,...,n) (3)
U(t) = —g'[2(tr)]. (4)
Tozda dasn nobozo t uz ompesxa [to, t1] cnpasedauso pasencmeso
H (4 (t), &(1), a(t), 1) = max H (4 (1), &(), v, 1) . (5)

vEQ

<« [lycrs u(t,d) — wronpuaras Bapuanus ynpasiennus u(t), oTBedarorias Habo-
pam @ = (g -an), T = (11...7n), 0 = (v1---vy), x(t,d) — coorBeTCTBYyIOMAs
uropIaTas Bapuanust tpaekropun I (t). Ilockombky z(t, &) — Z(t) paBHOMEpHO Ha
[to, t1] upu & — 0, a (Z(t), @(t)) — TOKAIBLHO ONTHMANBHBL Iporece 3axadn (2), To
HaitziéTea Takoe 1 > (), 9To

gle(t, @)] = glZ(t)] (@€ Cy). (6)

Onpenesmum Ha kybe C, dynkiuio ¢ pasencrsom O (&) = glz(ty, @)]. Hepasen-
crBo (6) o3Havaet, uTo ToUKa () SAIBJISIETCS PEIeHIeM 3a/1a9n

d (@) — min, aed,.

B CHUJy JIEMMBbI 3.1 OTCIO/Ia BBITEKalOT HEpaBCHCTBa

0P

é)0%(6) 0 (k=1,...,N). (7)

[IpesgcraBuM JieByto 9acthb (7) B ymobHoil /it anasmsa dhopme. OueBuHO,

) = o (0] 5

o (t1,0).

Ucrnionb3ys aemMMy 00 UToJIbIaTBIX BapUAIIUAX, IIPUXOUM K PABECHCTBY

0d -
Do 5 —(0) = g'[2(t)]z(tr) (8)
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rie z(t) — permenne 3agaun Komm (3.14), (3.15).
Cucrema (3) sBsieTcs conpsizkenHol K cucrenme (3.14). B cmmy ocHoBHOTO CcBOfi-
CTBa CONPSIKEHHBIX CHCTEM CIIPaBEIUBO paBeHCTBO 1(ty)zk(t1) = ¥(7)2zk(1%). Co-

~

rinacuo (4) ¥(t1) = —g'[Z(t1)], mosromy u3 (7), (8) BeITeKaeT HEPABEHCTBO

0 > O(i)zx (i) = O(7) [f (E(70), vky ) — F(E(T0), (), 73:)]

Takum obpasom,

~ ~

V(1) f(2(Tr), U(Ti), ) = 0 (70) f(2(T), Ok T) - (9)

B mpesmmecTByonux paccyKJICHAAX B Ka4eCTBe Ty, MOYKHO OpaTh MPOU3BOJILHOE
qucsio t w3 mnrepBana (to,t1), a B KadecTBe U — IPOU3BOJIBHBIA dj1eMeHT u3 ().
[Tosromy (9) mpusout K (5) mpu Beex t u3 (tg, t1). Ilpu srro6om v u3 §2 cripaBe/MBLL
HEPaBEHCTBa

CiietoBaTeIbHO,

sup H[th(t), 2(t1), v, t1] < H[(ty), &(t1), a(ty), t).

ISy

[TockosibKy 06paTHOE HEPABEHCTBO OYEBHUJIHO, TO PaBEHCTBO (5) BEpHO U mpu t = ti.
Cnyuait t = t( paccMaTpuBaeTCsl AaHAJIOTUIHO. P

Pasencrso (5) ecTh mpuHIMI MakcUMyMa jist 3aga9u (2). OTMeTnM, 9To ypas-
HEHNsl, ONMCBHIBAIOIINE N3MEHEHUs (PAa30BBIX U CONPSKEHHBIX MEPEMEHHDBIX, MOIYT
OBITH 3aIUCaHbl B popMme

dr,_OH  db__0H

(1,...,n) (10)

HAIIOMUHAIOIIEH N3BECTHBIE B MEXaHWKEe ypaBHEHUs | aMU/IbTOHA.

3. Ob6cy2xkeHne NpUHIUAIIA MAaKCUMyMa. B dhopMyumpoBKe npuHIAITa, MaK-
CUMyMa UMeeTCsd 2N + m HEeU3BECTHBIX (DYHKIWI: X1, ..., Ty, V1, oy Up,y Uty e v oy Upy.
OmnpeiesIuM KOJIMIECTBO COOTHOIICHUN JIJIsd ONMPEIC/ICHUS STUX (DYHKITHIA.

Pacemorpum mpezkiie Bcero paBeHCTBO (5), cautasi ) OrpaHUYeHHO 3aMKHYTO
obnacteio B R™ ¢ jgoctaTodno riiajkoi rpanureil, a dyaknuo f — muddepernupy-
eMoit 1o u. HeTpyiHO IOHATH, YTO OHO JIAET 1M COOTHOIIEHHI MEYKy HEM3BECTHBIMU
dbyuknusvu. eiictBurenbho, eciau (t) sBisieTcss BHYTPEHHEH TOYKOl MHOXKECTBa
Q, 1o s BeIOTHEHMS (5) HEOOXOMMO ObpalleHne B HyJIb YaCTHBIX TPOU3BOJIHBIX

OH[U(t), 2(t), v, 1]
ov; ’

v==0(t)
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9T0 JIAET M COOTHOIIEHUH MeXKJly Hem3BeCTHbIMU (byHKImsiMu. Ecam smement 4(t)
IPUHAJICKUT IPAHUIE MHOXKECTBa {2, TO KOJIMIECTBO COOTHOIICHU OCTAETCs IIPEXK-
HUM: JIECTBUTE/ILHO, UMeeM 1m — 1 yCIoBHil CTallmOHAPHOCTH 110 KacaTeIbHBIM K Of)
HaIPaBJIEHUAM ILIIOC OJHO YCJIOBUE IPUHAIIEKHOCTH K T'DAHMUIIE.

Kpowme coorrorrerns (5), B mpuHmumne Makcumyma Gurypupyor 2n auddepeH-
muaibHbIX ypasaeruil Buga (10). O6miee pemenue cucrembl u3 2n auddepeniiy-
AJIbHBIX YPaBHEHUIT 3aBUCUT OT 271 HMPOU3BOJIBHBIX OCTOSHHBIX, JIJIS OIPEIeICHUS
KOTOPBIX MOKHO HCIIOJIB30BATh HadaJibHOE yciaoBue x(ly) = o u paBeHcTBO (4).
[TosTOMYy ecTecTBEHHO OXKUJATh, UTO CYIIECTBYIOT JIUIIb OTJ/E/IbHBIE YIIPABISIEMbIE
IIPOIIECCHI, YIOBIETBOPAIOIIHE YCI0BUAM TeopeMbl 1. ToIbKO 9TH yIpaBisieMble Ipo-
IIECChI MOTYT OKa3aThCsl ONTUMAJIHHBIMU.

4. IIpyHIUI MakKCUMyMa AJd 384291 CO CKOJIb3SIIIUM ITPABbIM KOHITOM.
YcTaHOBUM IIPUHITAIT MaKCUMyMa, JIJIsI 3a1a91

J(u) = go[z(t1)] — min,
fl_f = faut), alt) =20, uE U, (11)
gilz(t1)] =0 (i € Ip), gilx(t1)] <0 (ie€ly).

B pacemarpuaemom dactHOM corydae 3agaan (1.10) meneBoe MuOKecTBO V' ompe/ie-
JIEHO PaBEHCTBOM

V={zeR"g(x)=0(€l), g)<0@el)}.

3nech u nagee Iy, I, — HenepeceKaromecss KOHEUHbIE MHOXKECTBA HATYPAJIBHBIX Y-
cest (He MCKIIIOYAeTCsl, YTO OJTHO U3 9THX MHOXKeCTB 1mycTo); [ = [y U I, ; dyHKnum
g; (i € 0UI) ompesieniensl n HempepbIBHO juddepeHnupyeMbl Ha mpocTpancTee R™.
Henyesoii nabop A = (i, (03U ;) HA30BEM JIOIYCTUMBIM Jlsl TOYKH 2 U3 V, eciin
BBIIIOJIHAIOTCST COOTHOIIIEHUST

Jomycrumblit Ha6op A mMeHyeM HOPMHPOBaHHBIM, €CJIA €r0 JIJINHA

1/2

A= D> N] =1.

ie{0}uI

Teopema 2. ITycmo (Z(t), 4(t)) — aokasvro onmumarvrod npouece 3adavwu (11).
Tozda cywecmsyem maxoti donycmumoti nabop A = (5\,) ot YMo ecau Qﬂ(t) -
ie{o}uI
pewenue cucmemvl (3), ydosaemeopaowee Ycrosuro

b(t) == > Nigi(@(h)), (12)

1€0Ul
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mo cnpasedauso paserncmeo (5).

<« Pazo6bém 10Ka3aTeIbeTo TCOPEMBI 2 Ha UETHIPE JTAlA.

a) Caemenne K KOHeYHOMepHOI 3ajade. Pukcupyem HaOOpbl T = (T1...7TN),
U = (v1...vy) u obosHauuM depes u(t,d),x(t,d) urospbuaThIe BapUAIMU YIIPAB-
nenus U(t) u TpaekTopun I(t) coorBeTcTBEHHO. Paccyxkasd Tak e, Kak IpH JOKa-
3aTesIbCTBE TeopeMbl 1, HailjgéMm Takoe 17 > 0, 910

go(x(t1,@)) = go(Z(t1))

ecin TospKo (@ € C, x(t, @) € V.
Onpenemnm wa kybe C,, bynkimn @;(d) (i € {0} U I) paBencrBamu

() = gilz(tr, d)] .
113 ompeiesienns: 9uCIa 1) BHITEKaeT, 9To ( eCTh pelenne 3a/[adm
®p(@) - min, aeC,NV.

K sroii 3a1a1e npumenuma jiemma 3.2. [Tostomy cyiecTByer Takoil HOpMUPOBAHHbII
Habop L = (li)’ie{o}ul , 9TO (PYHKIHS

o= > L

1e{0}url
YIOBJIETBOPAET HepaBEeHCTBaM
0P -
87%(0)20 (k=1,...,N). (13)

6) Cerounbiit npuniun Makcumyma. Hepasencrsa (13) aHAIOrMYHBI HepaBeH-
crBam (7), MO9TOMY, 3aMeHsisl B JIOKA3ATEILCTBE TeopeMbl 1 (byHKINIO g Ha (DYHK-

IO
Z lzg’b7
ie{0}ur
IIPUIEM K HEPABEHCTBAM
D (7e) f(&(7h), @(Th), i) 2 (i) f(2(70), vk, ) , (14)
e k=1,..., N, (t) — pemmenne cucrembl (3), yAOBIETBOPSIOIIEE YCIOBHIO
Y(t) == Y Ligi(#(th). (15)
1e{0}urI

Hepagencrso (14) amasormano HepaBeHCTBY (9), M MOXKET ObITh HA3BAHO CETOTHBIM
IIPUHIAIIOM MAaKCUMYyMa.
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[punrunmansroe otimane (4) ot (9) cBs3aHo ¢ TeM, 9T0 HAOOp L 1 COOTBETCTBY-
fo1as eMy (QYHKIMs )7, MOIYT OBITH Pa3HBIME I pa3HbIX HabopoB T, v. O6o3HAa-
quM depe3 A(T,¥) COBOKYIHOCTh TAKUX HOPMUPOBAHHBIX HAOOPOB L, sl KOTOPBIX
cripaBe/ymBO HepaBeHCTBO (14) ¢ 11, oupezessiemoit Kak pererne 3a1aqau (3), (15).

B) Cuyuail KpaTHBIX Tj. BBIle BCIOLY MPEIIOIaragoch, 9To BCe UUCIA Ty, Pas3-
bl OJHAKO CETOYHBIN MPUHIAIT MAKCUMYyMa JIEFKO PacIpOCTPAHSAETCS U HA TOT
cydail, KOTja HEKOTOPbIe U3 YHCEJI T SIBJISIOTCS KPATHBIME, T.e. MOBTOPAIOTCA B
Habope 7 = (71 ...7Ty) Gosee gyem oxun pa3. [eiicrBuresbro, st Jroboro Habopa T
MOYKHO ITOCTPOUTH IIOCJIEI0BATEIbHOCTL HAOOPOB 7° € MOIAPHO PA3JIMYHBIMU KOM-
[MOHEHTaMU U TaKylo, 910 7° — T. B cuty yke joka3aHHOTO cyiiecTByeT Habop L°
u3 A(7°,v). B qacTHOCTH, IMEIOT MECTO HEPABEHCTBA

Vs (Tis) f(2(Ths ) W(Ths ) Ths) = Vs (Ths) (2 (Ths)s Uk Ths) (B=1,...,N).  (16)

Bes orpannyenusi 0GIIHOCTH MOYKHO CUUTATH, YTO MMOC/IEI0BATEIHHOCTH HADOPOB L°
CXOJIUTCsI K HEKOTOPOMY HopMmupoanHHOMy Habopy L. Ilepexonst B (16) k mpese-
Jqy npu § — 00, npuxojuM K (14) u B paccmarpuBaemoM cirydae. Pacripocrpanum
BBeJIeHHOe Bhilie obo3Hadenne A(7T, V) u Ha cirydail HAGOPOB T € TOBTOPSTIOIIIMUCST
KOMIIOHEHTaM.

r) CymecrBoBaHne yHHUBepCAJbHBIX MHOXKHUTese. Perenne obparTHoil 3a1a4m
Komm (3), (14) menpepsiBro (u jaxke JsimHeiHO) 3aBucut or Habopa L. Ilosromy
JeBast ¥ TpaBast dactu HepaBeHCTB (14) cyrb menpepbiBuble dyukimu or L. Coe-
JIOBATEILHO, MHOXKECTBO A(T, U) ompeie/isercss HEKOTOPOii COBOKYITHOCTBIO HECTPO-
I'MX HEPABEHCTB, CBSI3bIBAIOIINX HerpepbiBHbIE (DyHKIIH. OTCIO/1a BEITEKACT 3aMKHY-
TOCTb MHOXKeCTB A(T, U) Jy1s1 001X HAGOPOB T, U.

[Mycre (74, 91), ..., (7%, 7°) — HeKoTOpble HAGOPBI, UMEIOMINEe, BO3MOXKHO, Pa3HOe
YHCJI0 KOMIIOHEHT, (T, ) — o0beuHenne 3tux Habopos. Kak HETPYIHO BUJIETH,

A(7,5) € (VA7)
j=1

O3TOMY J1000e KOHEYHOe YHCI0 MHOXKeCTB Buja A(T, V) mMeer Hemycroe mepece-
JeHue, T.e. cucreMa MHOXKecTB A(T, V) menrpuposana. (HamomuuMm, 4o cmcrema
MHOXKECTB ., 3aBUCAIIAX OT IapaMeTpa <y, HA3bIBAETCs IEHTPHPOBAHHOI, eC/IH
nepecedenne JIIoH60ro KOHETHOTO YHUC/Ia MHOKECTB U3 CUCTEMBI ., HEILyCTO.

I3 TomoJIornu M3BECTHO, YTO IepecedeHue IeHTPUPOBAHHON CHCTEMbl 3aMKHY-
TBIX [IOJIMHOXKECTB KOMIIaKTa HeirycTo [1], [3]. B wacTHOCTH, CymecTByeT Takoit HOp-
MUPOBaHHBI HabOp A , 41O

Ae(AF ).
70

DToT HAOOP ABJIAETCST UCKOMBIM. JleficTBUTEIHHO, HEPABEHCTBO

Vi (1) f(@(Tr), W(Th), Tie) = U3 (T8) f(2(T), Vi, Th)
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Oy/1eT BBINOJHAThCS JJisl JTFOObIX HAGOPOB T = (71 ...7,),0 = (v -+ - vN). B

OcHOBHOE OTJIMYHE TEOPEMBI 2 OT TeOpeMbl 1 3aK/II0YaeTCsd B IIOSBJICHUN HEH3-
BECTHBIX MHOXKUTEJIEH B ycsioun (12), Ha3pIBAEMOM, KaK U JIJIs JIMHEHHBIX YIIPaBJIsi-
eMbIX 00BEKTOB, YCJIOBUEM TPAHCBEPCAJIbHOCTH. BO3HUKHOBEHUE STHX MHOXKHUTEJEl
BBI3BAHO OIDAHMYEHMSIMU Ha IPaBble KOHIbI TpaekTopuil. s 3amaan (11) moxkHO
[IPOBECTHU AHAJIN3 [OJIHOTHI YCJIOBUMA, BIIOJHE aHAJIOIUYHbIH OIMCAHHOMY B IIPEJlIiie-
CTBYIOIIEM IIyHKTE.

2.5 YupasJjigeMble IIPOIeCcChl
C HeU3BEeCTHHBIM BpeMeHeM OKOHYaHNs

1. ®opmyaupoBKA OCHOBHBIX TeopeM. Kciu BpeMs OKOHYaHUS POIECCA
He (PUKCUPOBAHO, TO BOZHUKAET BOIIPOC O €ro ONTUMaJIbHOM BbiOOpe. JlomycTumbrit
niportece (#(t),4(t), ;) Ha3BIBAETCS JIOKATBLHO ONTHMATBLHBIM Jis 3aja4u (4.1), ec-
an HaigéTes takoe € > 0, ato g smoboro gomycrumoro mporecca (x(t), u(t), ty),
VJIOBJIETBOPSIIONIETO yCJIOBHSIM

it —ti| <e, |z(t)—2(t)| <e VtE[to,t]N[to,t1],

BLIONIHACTCH HepasencTso glz(ty)] > g[Z(t1)] .

Cotywait ¢, = ¢, ne uckmmogaercs. [losromy ecom (&(t), 4(t), 1)~ MoKaabHO ONTH-
MaJIbHBIii 1poriecc i 3aa4n (4.1) ¢ HebUKCHPOBAHHBIM BPEMEHEM OKOHYAHMUS, TO
napa (Z(t), (t)) ecTh JOKAIBHO ONTUMAJBHBII TIpOIece /T BapuanTa 3ajadn (4.1)
¢ (UKCHPOBAHHBIM 1 PABHBIM ] BpeMeHeM OKOHYaHHs IIpolecca. B cuiry sToro oue-
BUJIHOT'O 3aMevaHusi HeOOXOIMUMbIE YCJIOBUsI OIITUMAJIBHOCTH [IPOIIECCa, BHIBEICHHBIE
B IPEJIIECTBYIONEM Pa3/ielie, COXPAHAIOTC U JIJIA 33/1a9H ¢ nepeMeHHbIM tq. O 1Ha-
KO K IPEKHUM HEOOXOIMMBIM YCJIOBHAM JIODABIISETCS €IIE OJJHO, YTO COBEPIIEHHO
€CTECTBEHHO BBUJLY HAJMYHsI JOMOJHUTEIbHOTO HEU3BECTHOIO 1.

[TpuBeném anasiorn Teopem 4.1, 4.2 njs 3aj1a4 ¢ IepeMEeHHBIM BPEMEHEM OKOH-
YaHUs TIPOIECCA.

Teopema 1. ITycmo (2(t),4(t), 1) — aoxasvno onmumassibii npovece 3adavu
(4.2), b(t) = (W (t) ... hn(t)) — pewenue obpammoti sadawu Koww

d; 0OH . . .
o = =S (0,60, 0(0).1) (=1,....m), (1)
b(t) = —¢'la(t)]. (2)
Tozda das kasrcdozo t us [to, fl] CNPaBedIUBo PABEHCMEO
H[(t), #(1), a(t), 1] = max H[(t), &(1), 0,1, (3)

NPUHEM
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Teopema 2. ITycmo (£(t),4(t), 1) — aoxarvno onmumaavheill npovece sadanu
(4.11). Toeda cywecmeyem maxoti donycmumvid nabop A = (X;) (i € {0} UT), wmo
ecau P(t) — pewenue cucmemv (1), ydosaemeoparowee epaHuMHOMY YCAOBUIO

Y(t) = — Z Nigil(t], (5)

mo umerom mecmo coommowenus (3), (4).

JokasaresbcTBa TeopeM 1, 2 IPUBOJSATCS B CJEYIONEM yHKTe. VI3MeHsis 3Ha-
wenne U(t) B Touxe t;, MOxkHO m06UTHCA pasenctsa U(f) = d(t; — 0). Taxoe me-
peonpesiesieHre He BJHsieT Ha TPaeKTOPHIO, COOTBETCTBYIONLYIO yIpaBieHuo u(t),
TI03TOMY HUZKe CYMTaeM, 4TO yHpas/aenne 4(t) HelmpepbIBHO clIeBa B TOUKe .

2. JokasareabcTBa Teopem 1, 2. Papencrso (4) ecTb HOBOE JIONOJTHUTE b
Hoe orpanmdenne. OCoGEHHO JIETKO OHO YCTAHABIMBACTCS ISt 381491 CO CBOOOTHBIM
npaseiM KomnoM. Jeiicrsurenbno, B sToM caydae g(#(t)) = g(2(t,)) mna t nocra-
TOYHO 6/M3KUX K 1. [TosToMy ) — KpuTideckas Touka dyukmun g[z(t)]. DTo Bredér
3a coDoil paBeHCTBa

[Tosryaennoe paBeHCTBO B PACCMATPUBAEMOM CiIydae SKBuBaaenTHo (4). [lockonbky
JUIS 3aJ1a9X C IIePEeMEHHBIM BPEMEHeM OKOHYAHUs IIPOIecCa COXPAHAITCHA HEOOXo-
JIIMBIE YCJIOBUSI ONITHMAaJIbHOCTH, YCTAHOBJIEHHBIE B IIPEJIIIECTBYIONIEM pasJesie, TO
pasenctBo (3) caemyer u3 (4.5). Teopema 1 nokazana.

JloKkazareabeTBO TeOpeMbl 2 IPOBOIUTCA 110 TOH 2Ke CXeMe, ITO U JJOKA3aTeIbCTBO
TeopeMbl 4.2, YKayKeM JIMIIb Ha HeOOXO/MMbIe N3MEHEHNUST B STallax a) - T).

Ha nepBom sTarne BBogATCH (DYyHKIIUN

Oi(d,t) = g;la(t,@)] (e{0}ul).

Baech x(t, @) — urosbuarasg Bapuals TpaeKTopuu I(t), COOTBETCTBYIOMAs HAGO-
pam &, 7, . IloxkaswiBaercs, uro ecmm (2(t), 0(t), ;) — JOKAIBHO ONTHMAIBHbIIT ITPO-
nece agaun (4.11), 1o npu Hekoropom 1 > 0 Touka (0,%) ecrs pelrenue 3a1aum
(3.6),(3.7).

Ha BTOpOM 3Tame ucrnojab3yercs jemma 3.3, U3 KOTOPOH BBLIBOJAUTCA CETOYHDII
HIPUHIAIT MakcuMyMa. VIMeHHO, HaxoauTest Takoit HopmupoBauublii Habop L = (I;),
qr0 ecan Py (t) — pemenne obparHoil 3agaun Komm (1), (5), To cripaBeyimBel cOOT-
HOIIIEHHUST

V() f(@(7), W(Th), 7) = Yr(m) f(2(Tk), Uk, Th) (6)
wL(t)f(i(t% ﬁ(t)> t)‘t:fl =0. (7)
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Cootrnormmenus (6), (7) BeiBogsTes n3 pasencts (3.9), (3.10) (cm. semmy 3.3).

Henynesoii mabop L, jijisg KOTOPOTO BBLIBEJEH CETOUHDIH HPUHIMII MaKCHMyMa,
MOZKET 3aBHCETh OT HAOOPOB T, U. IIOBTOPsist paccy KIeHusl, MPOBEJIEHHDbIE Ha STAaIax
B), T') JIOKa3aTeJbCTBa TeopeMbl 4.2, MOXKHO yOeIUThCS B CYIIIECTBOBAHUHN YHUBED-
caJIbHOTO Habopa A, 00€eCTIeYNBAIOIIEr0 CIIPABEJTMBOCTL CETOYHOTIO TIPUHITUIIA MaK-
CHMyMa JIJIs IPOU3BOJIBHBIX Habopos T, U. Ecmm 13 (t) — coorBercTByINee yHUBEp-
CaIbHOMY HOPMUPOBAHHHOMY Habopy A pelenne 3ajadu (1), (5), TO cooTHOIIEHUST
(6), (7) Bepubl jyist JI0OLIX HAbOPOB 7, U. OueBnano, uro n3 coornomenuii (6), (7)
BBITEKAET TeopeMa, 2.

3. 3aja4uu ¢ MHTErpajbHbBIM KpUTEPUEM KadecTBa. B 3ToM IyHKTE OIu-

cbIBaeTCs crocob ceejienus K 3aade (1.10) ciesyrommeii sKcTpeMasbHOl 33/ 1a9m

t1

J(u) = gola(tr)) + / Fola(t), u(t), t) — min

to

dx
= = flx,u,t), x(to) =x9, we X)), (8)

t1
gi(z(ty)) + /E-(x(t),u(t),t) dt=0 (i=1,...,k).
to
Baech Fy, ..., F), — dyskmun Ha R™ X Q X [tg, 00), npuaéMm Kak caMu (DYHKIHH, TaK
U UX YaCTHDBIE IIPOU3BOIHBIC 10 MPOCTPAHCTBEHHLIM IIEPEMEHHBIM HEIPEPLIBHBI 110
COBOKYITHOCTHU MTE€PEMEHHBIX.

Bresiém HOBBIE (ha30BbIE ITIEPEMEHHBIE Yo, Y1, - - - 5 Yk, IBOJIOIUS KOTOPHIX OIUCHI-
BaeTCsT COOTHOTIEHUAMU

dy; .
;;:E@mﬁ,yﬁdza (i=0,1,....k).

Basaqa (8) skBUBaJeHTHa cyeytornemMy Bapuanty 3ajgaqn (1.10):

J(u) = go(z(t1)) + yo(t1) — min,

dz d
%:f(x,u,t), d—i:F(x,u,t),
x(ty) = zo,  ylto) =0, 9)
gi(@(t)) + yi(t)) =0, (i=1,....k),
ue U,

ey = (y1-- ), F = (F ... F.)T. Jlna jokazaTeibeTBa COBIAICHUS MHOMKECTBA,
ONTHMAJBHBIX yIpaBieHuil B 3a1a9ax (8), (9) 10cTaTovHO 3aMETHTD, 9TO

t1

yﬁﬁz/ﬂ@@w®jﬂt@:QL”w@.

to
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Oyuxkrus [lortpsruna B 3amade (9) nmeer Buj

k

H= Zwifi(a:,u,t) + Z%Fi(x,u, t).
=1

=0

13 Teopembl 2 BBITEKAET CyIIECTBOBAHUE TAKOTO JOMycTuMoro nabopa A = (), aro
eciu Z(t), y(t), u(t),t) ecTb JOKAIBLHO ONTUMATBHBII mpotece 3a1aun(9),

~ ~

(W (1), D) = (Pr(t) - - (1), Go(t) - k(1))

— perienne obpaTHOit 3a1a4un Kot

di; 0H
= — =1,...
dt or; (i=1,m),
de; OH
—— =0 =0,...,k
dt dt (i=0,....k),
k ~ A~
Y(t) = — Z)‘igg(j:(tl)a P(t1) = —A,
=0
TO o o
H((t), (1), 2(t), a(t), 1) = max H(y(t), §(t), 2(t), v, 1) , (10)
Hp(0), (1), 2(1), 9(0), (), )| = 0. (11)
dpi . 3
[TockonbKy 7 0, To ¢;(t) = —\; . Takum obpaszom, BcromoraTeabHbIe BDyHK-
mmn Po(t), ..., Pr(t) TOCTOSHHBI U TPOTUBONOIOKHLI MHOXKHTEIsIM Jlarpamxka. Co-

ornomenue (10) BeipazkaeT npuHIMI MakcuMmyMa it 3agaqdu (9). Pasencrso (11)
€CThb JIONOJTHATEIBHOE YCIOBHE [IJIs OIPE/IC/ICHUsT BpDeMEHI OKOHYaHus TIporecca. B
3a/1a9ax ¢ (PUKCHPOBAHHBIM BPEMEHEM OKOHYAHUs MIPOIecca OHO OTCYTCTBYET.

4. 3amaua o 6eicTponeiictBun. Bynem HasbiBarh (8) 3a1aueii o GbICTPOIEii-
crBun, ecam go = 0, Fp = 1, F1 = --- = F, = 0. B sTrom yacTHOM cydae pedb
WJIET O MEHUMU3AINE BPEMEHH IepeX0/ia 0ObeKTa N3 HAYAIBLHOIO MOJOXKEHH Ty Ha
IeJIEBOE MHOYKECTBO

V={zeR":g(z) == gx(x) =0}. (12)
Teopema 3. Ilycrs (2(t),a(t), ;) — ONTHMAJTLHBII HpoTiece B 3aj1ate o GhICTpo-

neiictBun. Torma HaiijlyTcst TaKle TOCTOAHHBIE Aq, . .., Ak, HE BCE PABHbIE HYJIIO, 9TO
ecin 1(t) — pemenne cucrembl (1), yAOBIETBOPSIIOIIEE YCIOBHIO

1&(51) = - Z 5\1’92(55(51))7 (13)
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TO BBIIOJIHSAETCS COOTHOIIEeHHE (3)

~ ~ ~ ~ ~

H((tr), &(h), i), 6) > 0. (14)

« Tak kak Fy = 1,F) = --- = F, = 0, o dyskuua [lonTpsruna s 3aj1a4du
OBICTPO/IEIICTBUST UMeeT BU]T

]:I - Z¢ifi(x7u7t) + ©o -

Ecm A = (5\0, e j\k) — JIOMyCTUMBIi HAOOD, /I KOTOPOT'O CIIPABE/JINBLI COOTHOITIE-
ung (10), (11), To xors ObI OJfHA N3 MOCTOSHHBIX Ay, . .., A\;) OTJIHYHA OT HyJs. [eii-
CTBHTEIIBHO, B IPOTHBHOM ci1ydac ¥(t) = 0 n 3 (11) caenosano 6o, aro ¢o(f;) = 0.
Kak 10KAa3aH0 B IPEIIIECTBYIONEM MyHKTe, Ao = —@o(f;) = 0. Crieoaresuo, Ha-
6op A oxasbiacTes mysesbiM. 1Io/IyHeHHOE IPOTUBOPEUNE IPUBOAUT K HEPABCHCTBY
A2 4 A2 >0

Tlockonbky A — gomyerumbiii nabop, To Ao = 0. Hosromy @o(f1) = —Ag < 0. U3
pasenctBa (11) Berrekaer (14). Coornormenne (10) Biaeuér (3). »

OcraHOBUMCSI Ha T€OMETPHYIECKON MHTEPIPETAINN YCIOBUS TPAHCBEPCAIBHOCTI
(13). Onpegemnsiemoe pagerncrsoM (12) muoxkectBo V' HazpiBaioT (n—k)-MEpPHBIM MHO-
roobpasmem B R™ | eciii BBIIOJHEHO CJIEYIONIEE YCJIOBUE: B KayKJIoi Touke & € V
BEKTOP-CTPOKH ¢} (Z), .. ., g (x) auHeitHO He3aBucuMbI. JlaHHOE YCI0BHE PABHOCHIIb-
HO TPeOOBAHUIO, YTOOBI PAHT (PYHKITMOHATILHOW MaTPHUITHI

~

og1 g1
or1 7 Oxn
gk 9gi
or1 = Oxn

OB MakCHMAIBHBIM (T.e. paBHsics k). BekTop h n3 R™ Ha3bIBaloT KacaTelbHBIM K
MHOrooOpasuio V' B Touke x € V', ecam cyniecTByeT HeKoTOpasd jimHus [ B mpocTpan-
ctBe R", memmkoM Jiexkalas Ha MHOrooopasun V' u mpoxojsiasi depes TOYKY T,
npuuéM BeKTop h Kacaercs junuu ' B Touke x. COBOKYITHOCTD OJI0OOHBIX BEKTOPOB
h obpa3syer JauHeiHOE TPOCTPAHCTBO, HA3bIBAEMOE KacaTeIbHBIM K MHOTOOOpasuio V'
B TOUKe x, 1 obo3HadaeTcs cuMposiom 1, V. YcimoBrue TpaHCBepCaJIbHOCTH O3HAYAET,
YTO MMITYIbC-BEKTOP 1/3(51) OpPTOTOHAJIEH BCEM 3JIeMeHTaM IpocTpancTBa 1,V mpu
r = &(t;). Unorna (KpaTkocTH paju) OBOPAT, UTO MMIIYILC-BEKTOP OPTOIOHAJICH
MHOrooOpaszuo M.

5. O6o6mieHnst nmpuHIUIIA MakcuMmyMa. [Ipunnun makcumyma [lorTpsru-
Ha MHOT'OKPATHO 0000IaJICd B Pa3/IMYHBIX HalpabjeHuax. He mperenmays Ha 00-
30p BCEBO3MOXKHBIX MOJIUMDUKAINMA, YCUJIECHUN U TMPUIOKEHHUI, OCTAaHOBUMCS 371€Ch
JINIIT> Ha HEKOTOPBIX BapHaHTaX MPUWHIMIIA MaKCHUMyMa. BbIe BCIOAY Mpernosa-
rajloch, UTO paccMaTpuBaeMble QYHKIUU g;, f; OIpeJesieHbl Ha BCEM IIPOCTPAHCTBE
R"™ u menpepsiBuo juddepeHupyeMbl 1m0 $Ha3oBbiM epeMeHHbIM. OIHAKO Ha ca-
MOM JIeJIe OCHOBHBIE PACCYKJI€HUsI HOCUJIN JIOKAJbHBIN XapaKTep, IM03TOMY OHU 6e3
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Tpy/Jla TIEPEHOCSITCsI Ha CIydail, Korja (a30Bble MepeMeHHbIe TPUHAJIIeKAT OTKPhI-
TOMY MHOKECTBY, COJIEpKAIIEMY HCCIe/lyeMble (ha30Bble TPAEKTOPUN. SHAIUTEIHHO
CJIO’KHEe CHUTyallsi B cJllydae, KOTJa MHOXKECTBO JIONYCTUMBIX 3HAYeHHH (ha3oBbIX
nepeMeHHbIX 3aMKHYTO B R™. B 3ToM ciryvyae u hpopMyInpoBKa IPUHITAIIA MAKCUMY-
Ma, U €ro J0Ka3aTeIbCTBO CTAHOBATCs Oosiee TpyaHbIME (M., Hampumep, [10], [19],
[24] u npuBesgHHYO TaM JETEPATYDY ).

[TpuHIMn MakcUMyMa JTOKa3aH BBIIE JJIs KYCOUHO-HEIPEPBIBHBIX YIIPaBIEHUIT
u(t) u Kycouno-rmaakux hazoBbix Tpaekropuil x(t). HesnaunrenbHble u3MeHeHUsI
B JIOKA3aTeILCTBAX MO3BOJIAIOT PACIPOCTPAHUTD €r0 Ha CJIydail H3MEepUMBbIX Orpa-
HUYEHHBIX yIpaB/ieHuii u(t) u yIoBJIeTBOPSIONINX YCJIOBHUIO JIUmImina TpaekTopuit
x(t). CooTBeTCTBYIOIIIE PE3yIbTaThl U3JI0KEHbI, HalpuMep, B [4], [12].

[Ipusiieyenne Kjacca W3MEPUMBIX OTOOPAYKEHUIT TO3BOJISIET JIOTOJTHUTH HEOOXO-
JIUMBIE YCJIOBUSI 9KCTPEMyMa TeopeMaMi O pPas3pelImMOCTH COOTBETCTBYIOIIMX 3a-
JIad ONITHMAaJIBHOTO ylipaBjenus. Hampumep, ynaércs ycTaHOBUTH 3aMKHYTOCThH MHO-
JKECTB JIOCTUKUMOCTH KaK JIMHEHHBIX, TaK W HEJMHEHHDbIX YIPABIAEMBIX CHCTEM.
[Ipumenenne mnrerpasa Jlebera BMECTO KJIaCcCHYECKOro WHTerpajia Pumana jgaer
BO3MOXKHOCTH HCIIOJIB30BAThH JOCTATOYHO TOHKHE TEOPEMBI O MPEJIETLHOM IIEPEXO/Ie
I10JT 3HAKOM MHTErpaJia, a TaKzKe XOPOIIO Pa3BUThIE METOJIbI (PyHKIIMOHAIBHOTO aHAa-
nu3a. Bmecre ¢ TeM 9acTo OKa3bIBAETCsI, UTO ONTHMAJIbHBIE YIIPABIEHUSI SIBJISTFOTCSI
KYCOYHO-HEIPEPBIBHBIMU, & WHOT/IA JIazKe KYCOUHO-ITOCTOSTHHBIMU (OYHKIIASIMHU.

2.6 Ilpunmun makcumyma
11 BapualnoHHOe NCYUCJIeHe

B sTom pasmesnie obcyx)1aeTcs ¢BA3b HPUHITAIIA MAKCUMYMa € KJIACCUIeCKUM Ba-
PHAIMOHHBIM HCYHUCIeHrneM. dTo0bl n30eKaTh MPOMO3IKUX BBIK/IAJIOK, ITOIAPOOHBIE
paccyKeHus IMPOBEJIEM JIUIIh JJIsi IIpocTefiiieil BapuannoHHoit 3agaquu. [IpuHiumn
MaKCHUMYyMa, TI03BOJISET IOy IUTh /Il 9TOH 3aa1U1 TPHU U3 I€THIPEX U3BECTHBIX HEOO-
XOAMMBbBIX yCHOBI/Iﬁ MHHHUMYMa, a TaKzKe YCJIOBUA B YIVIOBBIX TOYKaX U YCJIOBUA TPAHC-
BEpPCAILHOCTH.

1. YpaBuenus Diinepa—Jlarpamxka. [Iycre —oo <ty < t; < oo, A = [to, t1].
Oyukimio xr: A — R Ha30BéM KyCOUHO-IVIAJKON Ha OTpe3ke A, ecjin CyIeCTBYeT
TaKo#l KOHeJHbIIT Habop uncen vy, V1, ..., Y,,, 910

to=to<h <--- <1 <V, =t,

u cyKenne (bYHKIMN & HA KaxKJbIi n3 oTpeskos [¢;_1,v%;] (i = 1,...,m) npunaie-
xut knaccy C([¥;_1,9;]). CoBOKYIHOCTL KycOUHO-TIAIKMX Ha OTpes3ke A pyHKImii
oboznauum cumposiom K CH(A). Kaxnas ns dyukiumit r kinacca KC'(A) nenpepbis-
Ha Ha oTpeske A. B kax10it Touke ¥ nnTepBasa (tg,t;) CymecTByOT OJHOCTOPOHHUE
upoussojabie 2’ (0 —0), 2’ (9 +0). Ecau npu srom 2/ (9 —0) # 2/ (¥+0), To ¥ nmeHyIOT



83

YIJIOBOI TOYKOM (DYHKIIUU X; MTOJOOHBIX TOYEK JIUIh KOHEYHOE YHCJIO0, TIPUA STOM

(0 —0)= lim 2'(t), 2'(0+0)= lim 2'(¢).

t—=19-0 t—=940

MSyanMaﬂ BapualnuOHHad 3a/a4a 6y,ZL€T 3allUCbIBATbCA CJIEAYIOIIUM 06pa30M

t1

f(z) = /L(t,:v(t),x’(t)) dt — min, (1)

to

r € KCYA), x(ty) =ap, 2(t)=a;. (2)

Bnech L(t, x,u) — dbynkuus onpejieénnas u HenpepbibHag Ha A X R? Bmecte ¢ gact-
HBIME TIPOU3BOAHBIMU L), L 10 IepeMeHHbIM T, U, Gg, 41 — (PUKCUPOBAHHBIE YHCIIA.
[Mpeanonoxkenust o dyuxiun L(t, x,u), HazbiBaeMO#l HHTErpaHTOM (BYHKIMOHAA
(1), 6yayT namee MEHATHCSA. 3HAUYEHUsT IPOU3BOIHON 2’ (1) B KOHEUHOM HUHCJIE TOYEK
u3jioMa (PYHKIMU T HE BJIMSIOT Ha BejuunHy dyHKnuoHasa f. OupenenéHHoCTH
pajiu, nostaraem yuknuio u(t) = z’(t) HenpepbIBHOII crpaBa.

DOynknuio Z(t), yI0BIETBOPAIONLYIO YCJIOBUAM (2), HA30BEM CHJILHBIM PEIIeHHeM
sagaan (1), (2), ecsm cymectByer Takoe 0 > 0, 4TO

f(z) = f(2) (3)
JUIsE BeeX (DYHKIUI X, yJOBIETBOPSIONINX YCIOBHAM (2) ¥ HEPABEHCTBY
lz(t) — 2(t)] < 6.

[TonsiTre CHIIBHOTO perieHrs Baprainonoit 3ajaqu (1), (2) omimdaercs oT MOHATHSA
c1aboro perenns IpocTeiiineil BapualmoHHo# 3a1a4un. Kak HeTpy/JIHO BUIETh, CUJIb-
HOE peIlleHre OTHOBPEMEHHO SIBJISIETCS W CJIA0BIM PeleHneM TO# »Ke BapUaIllmOHHOMN
zastaan. OOpaTHOe, BOODIIE TOBOPsI, HEBEPHO.

ComocraBum 3a1a9e (1), (2) ciaemyrornyo 3a/a1y TepMIHAIBHOTO YIIPABJICHUST

dzo
dt
$0<t0) = 0, I‘l(to) = Qo, xl(tl) —ay; = 0, u e %(R)

= L(t, 21, u), — =u, (4)

Bajaua (4) ectb BapuaHT pacCMOTPEHHOI B 11. 5.3 3a/1a4u ONTUMAJIBHOIO yIpaBJjie-
HUS CO CKOIB3ANIMM HPaBbIM KOHIIOM, BosHUKaroumit mpu « = (zo 1)%, go(z) = xo,

gl(l‘):xl_ah fo(t,[E,U):L(t,l'l,U,), fl(t,l‘,U):U, Q=R

JIlemma 1. Ecau z(t) — cuavnoe pewenue zadavu (1), (2) u u(t) = &'(t), mo
napa (Z(t),0(t)) — aokasvro onmumanrvrod npouecce 3adaywu (4).
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<« Ilycre dyuxmua z(t)(t € A) ymorerBopsier yciaoBusM (2). Ilomoxkum
x1(t) = x(t), u(t) = 2/(t) n oupenenum GyHKIMIO To(t) paBEHCTBOM

t t

zo(t) = /L(s,$(s),x'(s))ds: /L(s,xl(s),u(s))ds.

to to

Kax merpymnmo Bugets, (xo(t), x1(t), u(t)) ects HomycTHMBII HpoIece I 3a1atH
(4), mpu srom J(u) = xo(t1). IlosTomy coornomenne (3) BaedéT 3a coboil TOKATBHYIO
onTHMaIbHOCTE mporecca (& (t), u(t)) B 3amaue (4). »

Oynkuus [lonrpsaruna H s 3a1aqu (4) Takosa

H = o L(t,z1,u) + ¢ru.

YpaBHEHUS JIJI CONPSKEHHBIX ITEPEMEHHBIX 1), 1) UMEIOT BT

dyy  OH

at T om ®)
dyy  OH
W = axl = —w() (t,xl,u) . (6)

YcioBus TpaHCBEPCAIbHOCTU HA IIPABOM KOHIIE TPAEKTOPUU C YIETOM OIPEIeIsIo-
X GYHKIUNA §g, §1 COOTHOIIEHU BBITVISIAT CJICIYIONUM 00Pa3oM

Yo(t1) = —Xo,  1(t1) = =A1, (7)

npuaéM g > 0 1 Xorda ObI OJIMH U3 MHOXKUTe e Jlarpanxka A, A\ OT/IMYeH OT HyJIs.
B cooTrBercTBUU C NMPUHIUIIOM MaKCHMyMa CYIIECTBYIOT TaKue YUCIa Ag, A\; , 9TO
BBITIOTHAETCS COOTHOIIEHNE

Yo(t)L(t, 21(1), a(t)) + ¢ (H)a(t) = max{yo(t) L(t, 21(t), v) + ¢ ()} (8)
Tak kak u(t) gocTaBiseT MAaKCHMyM (DYHKIUN

v = Yo(t)L(t, 21(2), v) + r(t)v

Ha JieficTBUTE/IbHON mpsiMoit R, To u(t) — cranuonapuasi Touka 3Toil GyHKIMUA. DTO
IPUBOJAUT K PaBEHCTBAM

0 = oLy, + 11, Yy = =L, . (9)

YeraHoBUM HEpaBeHCTBO Ag > 0. B npeanosnoxenun nporusaoro A\g = 0 u u3 (5)-
(7) BBITeKAeT TOrMA, uTO Vo(t) = 0. Ho B cuny (9) B sToM ciayuae n ¢it) = 0. Dro
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nporusopednt (7) — HaBop Ag, A\ J1072KeH ObITh HeHnyseBbiM. UTak, Ag > 0, mosromy

MOKHO cUuTarh, 4T0 A9 = 1,10(t) = —1. Cornacuo (9) ¥y = L, . PaBencrso
diy oL 0L
dat - 0x Oz
BJICUET 3a COOOI COOTHOIIEHME p
lu=Lo, (10)

COBIIaJIatoliee ¢ ypaBHeHuneM Ditiepa—/larpamxa.

Crenyer ormerutrsb, uto coornomtenus (5), (10) crpaBeiuBbI JHINL B TOYKAX
HenpepbIBHOCTH byHKINH U(t), T.. BCIOLY 3a HCKJIIOUEeHNEM KOHETHOTO NC/Ia TOYEK.
Huddepennnansaoe ypasuenne (10) SKBUBAJIEHTHO HHTEIPATLHOMY DABEHCTBY

t

L(t),z(t),2'(t)) = /L;(s,i(s),:ﬁ'(s)) ds + const , (11)

to

BEPHOMY U Bcex © u3 oTpeska A — HempepbIBHOCTL byHKImu ¥ (t) .
2. YcaoBusa Beiiepairpacca u Jlexxanjpa. 11poseiéHnbiilt B peJimnecTByio-
IMIEM IIyHKTe aHaJIu3 MO03BOJISIET CIYUTATh, YTO MPUHIUIT MAKCUMYMa (8) BBIIIOJIHEH C

A

Yo(t) = =1,9¢t) = L, (t),2(t), 2'(t)). DTO IPUBOIUT K HEPABCHCTBY
L(t, &(t), &'(t)) — Ly, (1), (1), &' (1)) #'(t) <

<Lt (1), v) — Ly, (1), 2(1), &' (F))v, (12)

B KOTOPOM ¥ — ITPOM3BOJIbHBIN 9jieMeHT u3 R. Hepasencrso (12) u3BecTHO Kak yciio-
Bue Beiiepiirpacca cuIbHOIO JIOKAJILHOIO MUHUMYMa B IIPOCTEiiIell BaprualmoHHOM
zatade. OHO O3HAYAET, ITO (DYHKITUS

v — L(t,&(t),v) — L (1), (t), &' (t))v

Jocturaer ceoero MuauMyma Ha R npu v = Z(t). Ecim dbyukuusg v — L(t, £(t),v)
nBazk el auddepenimpyeMa B Touke &(t), TO Bropas HpOU3BOIHAs ITON (ByHKIUI
B JIAHHON TOYKE HeOTpUIaTesbHa. [103TOMy ClpaBeyInBO HEPABEHCTBO

Z2 (t’ f(t)v ’U)’U:i/(t) >0,

Ha3bIBaeMoe ycjaoBueM Jlexkanpa JOKaJIbHOIO MUHUMYMa B IIPOCTENINell Bapualiu-
OHHOI 3a71ad4e.

Venosuga Beitepmrpacca u Jlexkanapa 3aBeoMO BBIIIOJIHEHBI, €CJIM WHTETPAHT
L(t, z,u) aBiasgercs BBITYKJION (DYHKIMEH 110 MepeMeHHON 4. DTO BBITEKAET U3 W3-
BECTHBIX KPUTEPHUEB BBIIYKJI0CTH JuddepeHimpyemMbix byuknuii. TpeboBaHue Bbi-
nykJioct L 110 u UMeHyIoT yciaoBueM kBazuperysapuoctu. H. H. Borosmo6osbiv emé
B 1928 roiy OblLiTa jJoKa3aHa BayKHas TeopeMa, U3 KOTOPOil CJIe/lyeT, 9To Jjisi JI000it
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IPOCTENIeil BapuallMOHHON 3a/1a4il CYIIECTBYeT SKBUBAJCHTHAd €l 3a71a4ya C KBa-
3UpPEryJIsApHBIM HHTErpanToM. TouHyio dhopMyImpoBKy TeopeMbl Borosobosa u eé
obcy K IeHe MOYKHO HaiiTu, Hanpumep, B [10, c. 398—-401].

[MoxBosst wror myHKTaM 1, 2, MOXKHO CKa3aTh, YTO MPUHIMN MakcuMmyMa [ToHT-
psruHa BIEYET 3a cOOOM TpU HEOOXOIMMBIX YCIOBUS MUHUMYMAa JJIs HpocTefireit
BapUAIMOHHOI 3aja4m: ypasHeHue Diinepa—/larpamxka, yciosus Beiieprirpacca u
yesosue Jlexanapa. Yerséproe Heobxomumoe yeosue (yeiaosue fkobu) He cieyer
HEIOCPEICTBEHHO M3 IPUHITUIIA MAKCHMYMA.

3. YcinoBue B yriaoBbIx TO4dkax. Pemenne Z(t) 3amaun (1), (2) ectb dyHK-
mus kiacca KC'(A). B wacTHOCTH, MOTYT CyIECTBOBATHL TOYKH U3joMa T(t), T.e.
rakue To9kn U u3 (to,t1), aro £(J — 0) # (¥ 4 0). OkasbiBaercs, JieBas U mpaBast
pOU3BO/IHbIE (DYHKINK & B TOUKe 1) CBsI3aHBI OIIPE/ICIEHHBIMU COOTHOIIEHUSIMU, Ha~
3bIBaEMBIMH yCJIo0BHAMI Befieprrpacca—dpamana.

Jng ux BBIBOZA BCIOMHHM, 910 MMIyabc-byukima ¥y (t) = L (t,z(t), 2'(t))
HelpepbIBHA BCIOJAY Ha oTpeske I = [tg,t;]. DTO UPUBOAUT K MEPBOMY YCJIOBUIO
Beitepmrpacca—9pamana

LL(0,2(0), 4 (0 — 0)) = L(9, &(9), &' (¥ + 0)). (13)

J71s1 BBIBOZIA €IE OJTHOTO YCJIOBHST BOCIIOJIb3YEMCsI IPUHITUIIOM MakcuMmyMma (8).
[Tockosbky Z'(t) — orpanuuennas dpyukius, To |¥'(t)| < r Vt € A. Tlosromy

max{ o (t)L(t, z1(t),v) + 1 (t)v} = max{wo(t)L(t, Z1(t),v) + U1 (t)v},

veR |v|<r

13 KOTOPOTO BBITEKAET HEIPEPLIBHOCTD 110 ¢ mpasoit dactu (8). Ho Torma u jeBas
JacTh (8) TakzKe HelpepbiBHA Ha orpe3ke A. YUuThiBas HaiijleHHbIE paHEe COOTHO-
menus Jyist PyHKIui g, 11, TPUXOIUM K PABEHCTBY

(L(ﬂ, :i'(ﬁ% ’U) - ULU(ﬂ’ i)(ﬁ% U) ’v:f:(ﬁfO) = (L(ﬁ’ i)(ﬁ)? U) - ULU<197 £)<79)7 U) ’v:a”:(ﬁJrO) )

UMEHyeMOMY BTODPBIM ycjioBueM Beiiepirpacca—dpamana.

Pemmenus npocreiineii BapualinoHHOM 3a/1a91, KMEIONINE YIJIOBbIE TOYKH, MOSB-
JIAIOTCA B 33/ladaxX CO CKOJIb YI'OJHO IVIaJKUMU mHTerpanTtamMu L. B kadectBe mpu-
Mepa pacCMOTPHUM 3aJiady

f(z) = /xa(t)(l —2'(t))*dt — min, (14)
re KCY(I), =(0)=0, z(2)=1 (I=]0,2]). (15)

Tak kax marerpant L = u?(1 —u)? > 0, to f(x) > 0. IlosToMy ecim jist Kakoii-
HUOY b (DYHKIMK X, YIOBJIETBOPsONel yciaoBusM (15), mMeeT MecTo paBeHCTBO
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f(z) = 0, To x — pemenne 3amaan (14), (15). Hanpumep, B KadecTBe 1momo6HOIl

d)yHKH,I/II/I T MOZKHO B34dTb
t, 0<t
x(t) = D
1 1<t

C Jpyroit CTOPOHBI, JIeTKO BHUEeTh, 4ro f(x) > 0 s 060t yHKINN T Kiiacca
C(I). [eiicTBUTEIBHO, IOABIHTErpAIbHASA (DYHKIMSA 00PAIIAETCs B HYJ/Ib TOJBKO IIPH
x =t+Cy wim x = Cy, HO IMHUK, COCTABJIEHHBIE 13 OTPE3KOB IIPSIMbBIX, IIPOXOAAIINX
gepe3 Touku (0,0) u (2,1) MOryT OBIT JIUIIE JOMAHBIMA.

Beimumiem yesioBust Beiiepirpacca—9pamana g dyuakimonana (14). B pac-
CMaTPUBAEMOM CJIyUae

NN

1
2.

L=v*(1-u)? L, ,=2u(u—1)Q2u—1), L—ul! =u*(u—1)(1-3u).

Ecan J — rouka msmoma skcrpemarn x(t), To yciosust Beitepirpacca—dpamana
MIPUHAMAIOT BH]

u(u =1)(2u = Dmp(gg) = (e = 1)(2u = Dlmprg o) -

u2(u—1)(1—3u)‘u = u*(u—1)(1 - 3u)|

=z’ (9-0) u=z'(9+0) °

[Iycrs 2(¥ — 0) # z(9¥ 4 0). Torma nanHast cucreMa UMeeT JBa PEIICHUSI:
Z(W—-0)=0, 2(W+0)=1

WK
Z(W-0)=1, 2'(¥9+0)=0.

[TosToMy J1OMaHBIE SKCTPEMAJIN MOTYT COCTOSATH TOJBKO U3 OTPE3KOB IPSAMbBIX, IIPU-
naJtexkamux ceMeiicrsam £ = Cy u x = ¢ + Oy,

4. YcJjioBUS TPaAHCBEPCAJIBHOCTHU. BbIlie BCIOIY TPenoarajaock, 9To rpa-
HUIHBIE TOUKU (g, ag), (t1,a1) dukcuposansl. [Ipennosokum Temnepnb, 9ro oJHA U3
9TUX TOYEK, Hapumep, (ti,a;) MOXKET IepeMeriarbcsa 1m0 Kpuboil I') 3ajaBaemoi
ypasuerueM ¢g(x,t) = 0. Beipaxkasich 60Jiee TOIHO, OyjieM CIUTATH, YTO MHOXKECTBO

I ={(t,x) € R? g(x,t) = 0}

€CThb HEIyCTOl KOMIAKT, byHKIwms ¢(x,t) onpemenena u HenpepblBHO aud depentm-
pyeMa B HEKOTOPOIH OKPECTHOCTH KOMIIAKTa ', IpuIém

lgi (. t)| + |gu(x, t)| >0 (t,z) €.

Jonmycrumpivu GyHKImSME B 9TOM ciaydae sapisiores Gynkiwn x(t) (fy < ¢ < ty),
YJIOBJICTBOPSIONIUE [PE/TOIOKEHISIM

r € KC'([to, t1]), x(ty) = ao, g(z(t1),t1) =0. (16)
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Yucno t; > ty B paccmaTpuBaeMoil cuTyanyuu He (hUKCHPOBAHO, TpeOyeTcs JIUIIb,
4T00bI TOUKA (t1,2(t1) npuHasIeKaaa Kpusoi I

Honycrumyto dyukimio z(t) (tg < t < T') HA30BEM JIOKAJBHBIM peIeHHeM 3a-
naan (1), (16), ecau Haiiaéres rakoe § > 0, 4To jiis 060N JOImyCTUMON (DYHKIHN
x(t) (to<t<t;,, T—0<t; <T+6), yIoBIeTBOPSIONIEl COOTHOIIEHNIO

2 (t) — 2(8)] < 8Vt € [to, t1] N [to, T,

BBIIIOJIHAETCA HEPABEHCTBO

t1 T

/L@ﬂ&f@ﬁﬁ)/L@dﬁi@Mt (17)

to to

B nepasenctse (17) He uckimodaercst ciydail t; = T, T09TOMY JIOKaJIbHOE PelleHne
samaqn (1), (16) peasnsyer CHIIBHBIN JIOKAJIBHBIH MUHEMYM U st 3ajaqn (1), (2)
c t; = T. [losromy dyuKIwms 2z(t) yIOBIETBOPSIET BCEM DaHEe BBIBEJICHHBIM HEOO-
XOJIMMBIM YCJIOBUSIM CHJIBHOT'O JIOKAJILHOTO MUHUMYMa. B gactHocTH, dyHKINA 2(1)
JIOJIZKHA OBITH pellleHneM ypaBHeHust diijiepa—/larpanzxka jijist OnpeessieMoro pa-
BercTBoM (1) dyuknmonana f.

OGimiee perieHne TOrO YpaBHEHUsI 3aBUCHT OT JBYX IIPOU3BOJIBHBIX MOCTOSH-
HBIX, JIJI OIPEJIeIeHIs] KOTOPbIX Tpebyercst UMeTh JiBa YCJIOBHs. B ciydae 3aja-
9K ¢ 3aKPEIIEHHBIMU TPAHUIAME TAKUME yCJIOBUSIMU ObLu paBeHCcTBa X (fy) = ag,
x(t1) = a;. B pacemarpuBaemom xe ciaydae yciaosue x(ty) = ay orcyrcrsyer. st
OIpe/Ie/IeHUsI TPOU3BOJILHBIX TIOCTOSIHHBIX TPEOYETCsI MOy IUTh eIE OJ[HO YCJIOBUE.

J1J1st BBIBOJIA, COOTBETCTBYIOIIETO YCJIOBHS TPAHCBEPCAJBHOCTH COIIOCTABUM 38,18~
ge (1), (16) ciaeayrontyio 3a/1ady ONTUMAIBLHOTO YIIPABICHIA

J(u) = xo(t1) — min,

dIO dl’l dIg
Mo _, My, T2
dt (Z’Q,Q?l,U), dt u, dt )
zo(to) =0, x1(to) = aog, x2(to) =to, (18)
g(x(t),t1) =0,
ueUR).

Bagada (18) ecTh wacTHBINA ciydail pacCMOTPEHHON BBINIE 3aadi ONTHMAJIBLHOTO
YIIPaBJIEHUS CO CKOJIB3AIIM IIPABbIM KOHIIOM 1 HE(DUKCHPOBAHHBIM BPEMEHEM OKOH-
YaHWs, BOZHUKAIONIMHA 11pn

r = (20 1 332)T> go(x) =z, g1(z) = g(x1,22),

fl(t,x,u) = L(l‘g,&?l,U), f2<t7$7u> =u, fg(t,.’L‘,U) =1.
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Jlemma 2. [Tycmo z(t) (to < t < T) - aokasvnoe pewenue sadavu (1), (16).
Tozda (2(t), 7' (t),T) — aokarvro onmumanvrol npoyece das 3adavu (18).

JlokazaresbecTBO JIeMMBI 2 HE MIPUBOJNUTCS BBUJY €O MOJHON aHAJIOTUH C JIOKa-
3aTeJIbCTBOM JIEMMBI 1.

Oynknus [lorrpsiruna H nug 3amaqn (18) takosa

H = poL(z2,x1,u) + 1u+ s

Bynem cunrars, uro dyukuus L(t, z,u) oupeesiena u HenmpepbiBHO uddepeHI-
pyeMa o COBOKYITHOCTH IEPEMEHHBIX Npu ¢ > ty U MPOU3BOJILHBIX JE€HCTBUTETbHBIX
2, u. YpaBHEHUs JIJIsi CONPSKEHHBIX TEPEMEHHBIX g, 11, Y9 UMEIOT BU]

diy __OH
dt N (91:0 ’
iy, OH
B = — 1
dt 8x1 2/)08.%'1 ’ ( 9)
diy __OH
dt N 8x2 N 081‘2 )
YeaoBust Ha IIpaBOM KOHIIE T BBIIVIAJAT CJIeJyIOIIUM o6pa30M
dwl 8g dwg ag
T) = — S\ 2o\ 29 2
77Z)0( ) )\0’ dt >\1 01’1 ’ dt )\1 8.172 ( O)

B coorBeTcTBHE C JIOKA3QHHBIMHA BBIIIE HCOOXOUMBIMU yCJIOBHSIMI MEHIMYMa (T€o-
pema 5.2) maitgayrcs Takue qucia Ao = 0, A1 € R, ar0 |Ao|+|A;| > 0, u Bomosmsiorcs
COOTHOIICHHST

bo()L(E, 2(t), 2'(t)) + 1 (1) 2 () = max(o(t) L(t, (1), v) + dr(t)v) (21)

veER

(Wo(t) L(t, 2(t), (1)) + 11 (8)2'(E) + 2 (t))|,—r = 0. (22)
[ToBTOpsisi paccy:xKjeHus, TPOBEJIEHHDbIE B 1. 1., MOYXKHO JIOKa3aTh HEPABEHCTBO

Ao > 0, 9TO MO3BOJISIET MOJOKUTHL A\g = 1. DTO B CBOIO OYEpEIb BICUYET 3a CODOIA
coornorennst Py(t) = —1, Y1 (t) = L!,. U3 (22) BbITEKaeT, 4TO

a(T) = (L —uly)(T).

O6’be,ZLI/IH$IH IIOJIy9YeHHbI€ COOTHOIICHUA, IIPUXOJUM K PaBEHCTBaM

99 1 _ - VA 99

L,= -\
laxl “ 81‘2

(23)
B ucXOIHBIX TIepeMeHHbIX paBeHCTBa (23), Ha3bIBAEMbIE YCIOBHSIMU TPAHCBEPCAIIb-
HOCTHU, MOT'YT OBITH 3aITMCAHDBI CJIEIYIONINM 00pa30M

Jg

L;(T,Z(T), /( )) = -\ O

(2(T),T) (24)
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L(T,2(T),(T)) = Z(T)L,(T, 2(T), 2 (T)) = —M%(Z(T),T)- (25)

HewusBecTHblit HapaMeTp A; MOXKHO UCKJIIOUUTDH U3 YCJIOBUI TPAHCBEPCATLHOCTH.
Hanpumep, u3 (23) BbITEKaeT PABEHCTBO

L,g; = (L —uly,)g, (26)

TaKKe Ha3blBaeMOe yCJIOBUEM TpaHCBepCasbHOCTH. OTMETHM J1BA YACTHBIX CJIydasd.
Eciu koneunast Kpubast [ 3a/1aercsi IBHBIM ypaBHeHUeM - = (t), TO MOXKHO IO~
n0xkuTh g(x,t) = x — p(t). B sroit curyanun ¢, = 1,9, = —¢'(t) u yciosue (26)
[IPUHUMAET BH/L
. / /
L=(u—¢(T))L,.

Hpyroit maTepecHslii ciydail Bosuukaet, ecau L(t, x,u) = c(t, x)v/'1 + u?. Unrerpan-
THI TAKOI'O POJIA XapaKTepHBI JJIA 3aJa4 O IIPEJOMJICHNN cBeTa. 1locie 0ueBuIHbIX
BBIUHUC/IEHHU yCIOBHUE TpaHCBepcaabHOCTH (26) mpuHuMaeT Gopmy

Z(T)g(2(T), T) = g, (2(T), T). (27)

Yeqosue (27) uMeer mpo3padHblii reoMeTpudeckuii cMbicst. OHO O3HAYAET, YTO KPU-
Bast z = z(t) B Touke (T, z(T')) oproronayibha Kpusoii I

AnaornaHeIM 00pa30M MOXKET ObITH UCCIIEIOBAH CIydail, Kora JieBast I'paHnd-
Has TOYKa (tg, ag) HMEepeMernaeTcst B0 b HekoTopoil kpusoit 'y, Hampumep, ecim Ty
3a/1aéTcst ypasHeHneM © = (), TO COOTBETCTBYIOIIEE YCIOBHE TPAHCBEPCATBHOCTH
Ha JIEBOM KOHIIE OIITUMAaJIbHON TPAEKTOPUU MMEeT BHU/I

(L+ (- Z/)Lu> li=t, = 0.

Bes npunnunmaibHbIX M3MEHEHNH N3JI02KeHHasl BBIIIE CXeMa, ePEHOCUTCS Ha, CITy-
Jaii, korjga x(t) — BeKTOp-(bYHKIMsI CO 3HAUEHUSIMU B KOHEYHOMEPHOM MPOCTPaH-
cree R". EcrecTBeHHO CYMTATH IPHU 3TOM, UTO UHTEIpaHT L ecThb (bYHKIUSA Ha
A x R*™, ay, a; — ¢uxcuposannbie BeKTophl u3 R”. BMmecro ofHOro ypasHeHuUs
Ditnepa—/larpanka B JJaHHOM cjIydae BOZHUKAET CHCTeMa ypaBHeHui ditgepa—/lar-
pamzka. CooTBercTByIOmuM 06paszoM MOAUMUIUPYIOTCA YCIOBUSA CUIHLHOIO MAHUMY-
Ma Beitepinrpacca, yeioBusi B YIVIOBBIX TOYKAX U YCJIOBUSA TPAHCBEPCATHLHOCTH.

JIyummii criocob ocBoeHus JJAHHOrO MaTepuasia (KakK U MHOIUX MCTHH) — 9TO MO~
HBITATHCA IOy YUTh KaKIe-TO 6oJ1ee 00IIre yTBEPK ICHHA. DTOT CII0C00 He HA30BEIIhL
IPOCTBIM, HO ero 3(h@dEeKTUBHOCTL MHOIMOKpaTHO nposepena. C 1ebio obserdenust
y9acTH MOTEHIMAILHOTO YUTATeIs yKaxKy, 9TO OorarTblii (haKTHUecKnii MaTepuall
MOXKHO HaliTh B y4eOHMKAX [0 BAPUAIMOHHOMY HCUYHCIeHHIO (CM., Hampumep, [7]-
[11], [15], [21], [28]-[30]). Hust Tex, KTo mpesmounTaeT CipaBOYHUKH, GyIeT M0JIe3eH
CJICLYTOLIHI ITyHKT.
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5. MunauctpaBounuk. [Ipuseiém hopMyTMPpOBKE OCHOBHBIX PE3Y/IbTaTOB.
1. YpaBHeHue Jiijiepa IJid npocTeiilieii BapuanoHHON 3aaayuu

HpOCTeﬁHIaH BapuallMOHHaA 3a/1a9a (H.B.S.) 3allUCbIBaACTCA CJICAYIOIMUM 06pa30M

flx) = /L(t,x(t),a:’(t)) dt — min, x(tg) =z, x(t1) = 1.
A
JlokanbHOE perieHne T 11.B.3. YJIOBJIETBOPSIET YPaBHEHUIO Jilrepa
—L,=1L,.
dt

B obmem cayaae ypaBaenne Ditiepa — 310 audpepeHnuaabHoe ypaBHEHe BTOPOro
nopsijika. Ero perrennsi Ha3bIBalOT SKcTpeMasiaMu yHKIHOHAMa f; OHEH 00pa3yroT
ceMeificTBO (pYHKIHI, 3aBUCIIIIX OT JIBYX IIapaMeTpOB, 3HAUEHUsT KOTOPHIX HAXOIAT
U3 IPAHUYHBIX yesoBuit x(ty) = o, x(t1) = x1, vae [to, t1] = A.

2. IlepBble mHTErpaJibl ypaBHEeHUS Jdiijiepa

Eciau dyukius L = L(t, x,u) He 3aBUCHT SIBHBIM 00PA30M OT I, TO CIIPABE/JINBO
pasenctBo L, (t,2'(t)) = C}, Ha3bIBaeMOe UHTErpajoM UMITyJIbca. Ecim ke hyHK-
s L = L(t,z,u) He 3aBUCHT ABHBIM 00pa30M OT f, TO UMEET MECTO COOTHOIICHUE
&' Ly(z,2") — L = C, uMeHyeMoe HHTerpajioM SHEPIUH.

3. locTtaTo4yHbie ycj0oBHuUsI aOCOJIIOTHOIO MUHMMYyMa B I.B.3.

Ecmu f — Beimykiibtit pyHKIMOHAI, T — 9KCTpeMasib (DyHKIMOHa A [, YIOBIETBO-
psroIas TPAaHUIHBIM YCIOBUAM, TO T Pean3yeT abCOIOTHBIN MUHIUMYM (OyHKITHO-
nasna f. Hanpumep, 1o Tak, eciau npu JiroboM ¢t u3 orpeska A = [to, t1] dyukims
L(t,-,-) : R? - R BbIIyK/a 110 COBOKYITHOCTU HePeMEeHHbIX.

4. NN3onepumerpuyecKasl 3agada

N3zonepumerpruteckoil Ha3bIBAIOT BAPUAIMOHHYIO 3819y BUJIA

fo(z) = /Lo(t, z(t),2'(t)) dt — min,

filz) = /Li(t,x(t),x’(t))dt: G (i=1,...,m);

x(ty) = o, x(t1) =a1.

Ecnun & — jokajabHOe pelleHne M30MepUMeTPUYecKOil 3aadu, TO CYIIECTBYET Ta-
KOl HeHyJIeBOi Habop duce 5\0, 5\1, e ;\m, YTO T €CTh SKCTpeMaJsib (PyHKIIHOHAIA
f= ;\0 fo+ Xl fi+--+ S\m fm — npaBmwao MHOXKHUTEJIEH JlarpaHxka 11 B30IepuMeT-
pUYECKON 3a/1a4u.
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5. ¥YpasHenune Dditsiepa—Ilyaccona

PaccmarpuBaercst ciesytoiiee 06001eHnE 11.B.3.

f(z) = /L(t,x(t),x'(t), ., 2™(t)) dt — min,

A

SL’j(to):xoj, l’j<t1>:$1j (j:O,l,,m—l)

JlokanbHOe perienne T 3TO 3a/1a4u yI0BJIETBOPsET JuddepeHnnaaibHoOMy ypaBHe-
HUIO

k
E:@J)EﬁL%@gdﬂﬂﬁﬂw.wxmxﬂ)zo,
k=0
Ha3bIBaeMOMY ypaBHeHmeMm Jityiepa — [lyaccona. B obrmiem ciydae mopsioK 3TOTO
JuddepeHImaaIbHOro ypaBHeHusl paBeH 21m.

6. 3agaua Boabia

B zamage Bosbia

ﬂ@z/i@ﬂ&ﬁ@ﬂﬂymmwmﬂ%mm

A

OTCYTCTBYIOT AllPUOPHBIC OrpaHUYeHUdA Ha 3HadYeHUs (PYHKIUN T B TOUYKaX tg U tq,
BMeCTe ¢ TeM MUHUMU3UPYEMbI (PYHKIIMOHAT HAPSAY C WHTerpajJbHbBIM KPUTEpU-
eM KadeCcTBa COJEPKUT TEPMUHAIBHYO coCTaBdaonyo —glz(ty), z(t1)]. Jlokanabuoe
pelieHue 3Toil 3a/iaun yJIOBJIETBOPSET yPABHEHUIO Diljiepa U JIBYM €CTECTBEHHBIM

KpaeBbIM yC.HOBI/IHM
+ 9z [x(t0)> .1'(251)] =0,

(?9_5<t’ z(1), a:/(t)) t=t1

(Sett.at0.a0)

B paccmorpennom ciydae uucia tg,t; dpuxkcuposanbl. VMeoT cMmbIca BapuaH-
TBI 33,1891 BoJsIblia, B KOTOPBIX HadasbHas U KOHeTHas TOuKH (tg, x(tg)), (t1,2(t1))
[PUHAJIE’KAT HEKOTOPBIM HoaMHO)KecTBaM Mo, My tutockoctu (t,x); darie BCero
My, My — rnajkume KpuBble, U pedb HJIET 00 ONTHUMAJILHOM IIepexojie ¢ Hadajlb-
HOIl KPMBOIl Ha KOHEYHYIO. B 3Toil cUTyalun MOSBISIOTCA TaK Ha3bIBa€MbIE YCJIO-
BHUS TPaHCBEPCATLHOCTH, 000OIIAIOIINE eCTeCTBEHHBIE KPAEBbIe YCIOBUS; 00CY K Ie-
HUE YCJOBUI TPAHCBEPCAIBHOCTUH MOXKHO HANTH B IIPEJIIIECTBYIONIEM ITyHKTE STOTO
pazjesa. Ilosesno nMers nepes riaazamMu IPOCTENITYIO 3a/lady TaKOro poja: HalTh
KpaTJyallnil IIyTh Iepexo/ia ¢ OAHOI KPUBOU Ha JAPYLYIO.

= Y9z [ZL’(t(]), x(tl)} :

t=to
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7. puamun @epwma. [lycrs v = v(z, y, 2) — CKOPOCTHh PACIPOCTPAHEHUS JIyUa
cBeTa B HEOIHOPOAHOI cpeme, I' — TpaekTopus Jyda cBeTa. BpeMms INPOXOKICHUST
JIy4OM CBeTa TpaeKTOpHuH I’ Ha3bIBAIOT onTudecKoi aymuoil mytu. [Ipuanun Pepma
YTBEPKIACT: U3 6Cex MpPaekmopull, coeQUHANOWUT GUKCUPOSAHHbIE MOYKU, CEEM,
GLLOUPAETL MY, ONMUMECKAA OAUNG KOMOPOll MuHuMabHa. Bapuanmmonnas 3amaqa
Jlonuraist

dr — min, y(xo) =vo, Y1) =w

- ki V1+y?(x)
0=/ )]

BO3BHUKJIA B ONITHKE (HAYAIO BAPHAIMOHHOIO Mcuncyaenns ~ 1696 r).
8. IIpuHnun makcuMyMa /iJjis 3aJla4i CO CBOOOJHBIM IIPABBIM KOHIIOM.
CdopmynmupyeMm HeOOXOAMMBIE YCIOBUS ONTHUMAJIBHOCTH B 3a/a4e

J(u) = g(x(t1)) — min,
d
— = fla,ut), (1)
Jf(to) =g, UE %(Q)
XapaKTepHbIM JJIs U3y9aeMOro CIydas sIBJIAeTCs OTCyTCTBAE OIPAHUYCHUIT Ha IIpa-

Bble KOHIIbI TpaekTopuil. Pyuknus [lonrpsaruna obbekra (1) onpemessiercst paBeH-
CTBOM

HW,z,u,t) = Z@Z),fzxut
Frﬂ;e(fl fn)T_f

Teopema 1. Ilycmy (2(t), 0(t)) — aokarvno onmumanvrwd npovece sadawu (1),
O(t) = (Ur(t) ... ha(t)) — pewenue obpammoti sadavu Kouw

dip; oH , . .
= S0, (=1, ©)
() = —g'[2(t)]. (3)
Tozda dasn aw0bozo t uz ompesxa [to, t1] cnpasediuso pasencmeso
H (3 (t), &(1), alt), t) = max H(4(t), &(), v, 1) . (4)

vE

9. IIpuHIMI MaKCUMyMa JJid 3aa491 CO CKOJIB3SIIAM IIPABbIM KOHIIOM.
[IpuBe1éM PUHITAIT MAKCUMYMa, JIJI 381491
J(u) = go[z(t1)] — min,

dz

p = f(z,u,t), x(tg) =x0, u€ U(Q), (5)
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gilr(t1)] =0 (i € Ip), gilz(t)] <0 (iely).

3nech Iy, [, — HemepeceKalomuecsd KOHEYHBIE MHOXKECTBA HATYPAJbHBIX UHCET
(He MCKIIIOYAETCS, 9TO OJHO M3 THX MHOXKecTB mycro); I = Iy U I,. Henysesoit
mabop A = (Af;e (01U ;) HA3BIBAIOT JOLYCTHMBIM [jIsl TOUKH ¥, €CJIH BBIIOJIHSIOTCS
COOTHOIIIEHUS

Teopema 2. [Tycmo (Z(t), 4(t)) — aokarvro onmumanvrod npouece 3adavwu (11).

Tozda cywecmesyem maxot donycmumoids das mowky T(ty) nabop A= (5\1) our’
ie{oyurl

umo ecau P(t) — pewenue cucmemv (2), ydosaemeopaowee Ycao8uI0

Y(h) == Y Agi(@(h), (6)

1€0Ul

Mo CNPasedsuso pasencmeo (4).
10. IlpuHIun MakcuMyMa JJIs 3a7a49i Ha ObICTpoeicTBHE.
PaccmaTpubaerca 3a1ada
J(u) =t; — min,

C_ pwut), alte) =0, ue%(Q).

dt
g(x(t) =0 (i=1,....k).

B sToMm wacTHOM cJIydae pevb I/I,ILéT O MUHUMU3allul BpeMEHU IIepexo/a 00 bEeKTa 13
Ha4vaJIbHOI'O IIOJIO2KECHUA Ty Ha IeJIeBOC MHOZKECTBO

V={reR": g(2) = = gula) = 0}.

Teopema 3. ITycmo (Z(t),0(t),t1) — onmumarvhuil npoyecc 6 3adave 0 bvicm-
podeticmeuu. Tozda natidymes maxue nOCMOAHHBIE A1, . . ., A, HE 6CE PABHDBLE HYA,
umo ecau P (t) — pewenue cucmemut (2), ydosaemeoparousee Ycao8uro

@2(51) = —Zj\igz{(i“(fl))a (7)

MO BLINOANACTNCA COOMHOWENUE (4) U

~ ~ A ~ ~ ~

H(y(t1), 2(t1), 4(t1),t1) = 0.

Coornomtenus (3), (6), (7) Ha3bIBAIOT yCJIOBHEM TPAHCBEPCATIBHOCTH B COOTBET-
CTBYIOIUX 3aja4dax. B 3asatue Ha OBICTPOEHCTBIE 9TO YCIOBHE MMEET IIPOCTON Teo-
Merpraeckuii eMbica. OHO O3HAYAET, UTO BEKTOP-HMITYJILC 1) B TOUKE ] OPTOroHAjIeH
IIeJIEBOMY MHOTroobpasuio V.



IIpunoxenue A

IIpaBmnio muoxKuTeseii Jlarpanxka

1. YcaoBusi MUHUMYyMa Ha BBIITYKJIOM MHOXKecTBe. Hike paccmarpuBaet-
cd 3aja9a MUHIMU3AIUKA (DYyHKIIUN Ha BBITYKJIOM MOJIMHOXKECTBe TpocTpaHcTBa R™.
Pesynbrarsl npuioxkenusi HeOJHOKPATHO UCIOJIB30BAIUCH PaHee Jjis BBIBOJIA YCJIO-
BUIl MUHUMYMa B 3a/a4aX BapUAIMOHHOI'O UCUYUC/IEHUA U ONTUMAJILHOTO YIIPaBJie-
nud. B aTom myHKTe POPMYIUPYIOTCH TMPOCTERIINE YTBEPK ICHUS .

JIuneitnpiM  pyHKIIMOHATIOM Ha npocTpancTBe R"™  HasbiBaeTcs (QyHKIHA
[: R" — R, obiragarorasi cBOCTBaAMU

lz+y)=1Ux)+1(y), (Ax)=MN(z) Vr,yeR", XeR.

Jlrobast mmHeitnas dynkims Ha R gomyckaer npejcrasienue [(x) = pr = pixy +
-+ 4 ppT,, B KOTOPOM T; — KOMIIOHEHTBI BEKTOD-CTOJIONA T, a p; — KOMIIOHEH-
TBI BEKTOP-CTPOKH P. DTO MO3BOJIAET HICHTU(DUIMPOBATH TPOCTPAHCTBO JTHHEHHBIX
dbyuknmonanos va R™ ¢ jmHeitHbIM ipocTpancTBoM R,, BEKTOP-CTPOK p = (P1 -+ * Pn),
nzomopdubiMm npoctpanctBy R™. B R,, crangapTubiM 00pa3oM BBOJIUTCA CTPYKTYPa
eBKJINJIOBA ITPOCTPAHCTRA.

[Tycts () — BBIyKI0€ MHOXKecTBO B R", 2 € (). JIluneitubriit pynkmmonas | Ha3bl-
BAIOT OIIOPHBIM K MHOXKeCTBY () B Touke z, ecau [(z) = [(v)Vv € Q. CoBOKyIHOCTH
OHOPHBIX (BYHKIHOHATIOB 0003HA4NM CUMBOJIOM Ng(2) 1 HA30BEM KOHYCOM ONOPHBIX
dbyuknnonanos K MHokecTBy () B Touke z. OueBnnno Bximodenne 0 € Ng(z). Ec-

o

m z € @, to Ng(z) = {0}. HeiictBurensHo, Ipou3BOgHAS B TOUKE JIOKAIHHOIO
MUHUMYyMa pasHa (.

st Touku 2z, mpuHAIeKaleil rpamuie MHOKecTBa (), Komyc Ng(z) Moxer
OBITH JJOCTATOYHO CJIOYKHO YCTPOEHHBIM MHOXKeCTBOM. OTMETUM HEKOTOPBIE CBOMCTBA
KOHYCa OIOPHBIX (PyHKIIMOHAJIOB.

1°. Ecim ll,lg € NQ(Z), TO ll + l2 S NQ(Z)

2°. Ecm [ € Ng(2),A = 0, To Al € Ng(2).

3°. OnopHbIil KOHYC €CTh 3aMKHYTOE MHOYKECTBO.

4°. Ecom B(z, R) — 3aMkHyTHIi 1map pagumyca R > 0 ¢ meHTpoM B TOUKE 2,
Q1 = QN B(z,R), To No(z) = Ng,(2) — CBOHCTBO JIOKATILHOCTH KOHYCa OHOPHBIX
dpyHKITMOHATIOB.

95



96

Crroco0ObI HaXOK/ICHIA KOHYCA OMOPHBIX (DYHKITHOHAJIOB JIJIsT JIOCTATOIHO TUITHI-
HBIX MHOYKECTB PACCMATPUBAIOTCS B TPETHEM IIYHKTe. B 3TOM IyHKTE 00CY MM POJIb
9TOT'O MOHSATUS B SKCTPEMAJIbHBIX 3a/1a1aX.

[lycrs g — uncioBast (DyHKIMST HA OTKPBITOM BBITYKJIOM MHOXKecTBe ¥ C R™ |
() — BBITIyKJI0€ TIOMHOXKeCTBO ¥, PaccmarpuBaercs 3a1a4a

g(x) — min, € Q. (1)

CrangapTHBEIM 00pa30M BBOJATCS MOHATHS PEIIEHUsT U JIOKAJIBLHOIO PEIIeHUs 33/ 1a91
(1). metor MecTo CrIeyromye yTBep:K IeHNUSI.

Teopema 1. Ilycmo z — nokaavroe pewenue 3adavwu (1) u Pynryus g dudpe-
penyupyema 6 amot mouxe. Tozda —g'(z) € Ng(z) uau 6 sxsusarenmuots (u waue
ucnoavayemoti) dopme

0 € () + Nol2). )

<« Dukcupyem v 3 () 1 BBeJEM BerioMoraresibayo GyHKIumio ¢(t) = g(z+t(v—2))
(0 <t < 1). TockoabKy MHOKECTBO () BBIYKJIO, TO 2+t(v—2) € Q. [Ipu mocrarouso
MaJIbIX IOJIOZKUTEIbHBIX ¢ CIIPaBe/JIMBbl COOTHOIICHUA

o(t) = gz + t(v — 2)) > g(2) = p(0),
OTCIO,ZL& BbITECKalOT HEPpAaBEHCTBaA
0<¢(0) =g ()v—2) YweqQ.

[Mocieree HEpaBeHCTBO BiIeYET 3a co0Oil BKtoUeHue (2).»

Teopema 2. Ilycmv g — swnykaas na mmoxcecmse () u duddepenyupyema
6 mouxe z € Q Pynrkuua. Ecau cnpasedauso coommowenue (2), mo z — pewenue
sadavu (1).

« I3 Boiykoctn pyHKINN g 1 €€ nudhepeHmpyeMOCTH B TOYKE 2 BbITEKaeT
HEPABEHCTBO

9(v) 2 g(2) +d(2)(v—2) YveQ.

BxJmouenue (2) SKBUBaJIEHTHO COOTHOIICHHIO
J2)v—2)20 Yweq.

O6benunss 1Ba MOCICIHIX HEepaBeHCTBAa, IIPUXOINM K JIOKA3bIBAEMOMY YTBEPZKJIe-
HUIO. P

[}

B cayuae z € @ yenosue (2) comurcs K yeaosuio f/(z) = 0. Pacmmdposka ycio-
Bug (2) Jyist TPAHUYIHON TOYKH 2z HE CTOJIb HPOCTa. 371ech Tpebyercs nHdbopMarmst
00 ycTpoiicTBe MHOXKeCTBa, () BOJIU3U TOYKH Z.

2. OcHoBHasi TeopeMa. Pe3yabraThl IMpeIecTBYIONEro MIyHKTa MOTYT ObITh
pacIpocTpaHenbl Ha 0oJiee CIOXKHYIO 3aJa4y C JIOHOJHUTEILHBIMUA OrPaHUYCHUSIMI
TUIIa PaBEHCTB 1 HEPABEHCTB

go(z) — min, r€eEQ, (3)
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9i(x) =0 (iel), (4)
9i(x) <0 (i€ly). (5)

Baecs Iy, I, — Hemepecekaronuecs MHOXKECTBA HATYPATbHBIX IHCeT (He HCKJTI0UAeTCst
cJtydaii, KOrja OJIHO M3 9TUX MHOXKECTB IIyCTO), (DYHKINN §; — OIPEIEICHbI Ha HEKO-
TOPOIT BBIMTYKJIO# OKpecTHOCTH ¥ MHOXKecTBa (). 15 hopmymmpoBKu aHAIOTOB Teo-
peMm 1, 2 BBeIEM HEKOTOPBIE OHATHs 1 obo3Hauenust. Hiske I = [ZbUT,, I = {0}U1.
Henynesoit nabop A = (\;);c;, HA30BEM JIOIYCTHMBIM, €CJTH

A =0 (ie{0}uly).

Jomyctumbrit Habop A OyleM mMeHOBATH HOPMUPOBAHHBIM, €CJIU €10 JIJINHA

1/2

A (SN =1

i€l

Teopema 3. [lycmwv z — pewenue 3adavwu (3)-(5), Pynxuyuu g; (i € I;) nenpe-
puero dudpepenyupyemv, 6 okpecmuocmu mouwku z. Tozda cywecmeyem maxof
donyemumviti nabop A = (\i)l;c,, wmo

1° pynxuuoran
/
l=—- § Aigi(2)
i€ly
ABAACNCA ONOPHVLM K MHOKcecmey () 6 movke z;
2° 8bINOAHEHDL YCAOBUA DONOAHUMEADHOT HEHCECTIKOCTIU

Aigi(z) =0 (iely). (6)

<« Pa3o0béMm j10Ka3aTe/IbCTBO TE€OPEMbBI Ha J[Ba dTara. 1-if stam: () — KOMIAKTHOE
BBINTYKJI0e MHOKecTBO. He mapymias obirHocTu, Oy/eM CcIuTaTh, 910 (DYHKIUUA (;
b depenImpyeMpl B KazK10i TOUKe MHOXKECTBA () ¥ IPOU3BO/IHBIE §; HEIPEPHIBHBI
Ha (). Bemosaenus 3Toro TpeboBaHWsT MOXKHO JIOOUTHCSI, TIEPEXO/Ist B CJIydae HeoO-
XOJIMMOCTH OT MHOXKeCTBa () K MHOXKecTBY Q1 = QQ N B(z, R) ¢ 10CTaTOYHO MaJIbIM
MIOJIOYKUTETBHBIM IUCJIOM [ — CBOMCTBO 4 JIOKAJILHOCTH KOHYCa OMOPHBIX (DYHKITHO-
HAJIOB.

Bresiém B paccmoTpenue (hyHKITUIO

t2

=, (=20
h(t) =< 2’ (

0, (t<0
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[TpousBognas h'(t) nenpepsiBHa Ha Beeil ocu. TTomoxkmm

=2 S @+ Y M)

i€ly i€l

Oyurnusa P omnpenenena Ha MHOXKecTBe ¥. Kak HeTpyaHO BHIE€TH, PaBEHCTBO
®(z) = 0 sksBuBasentHo coornorerus™M (4), (5). Oyukua ¢ muddepentmpyema
B KaxK/JI0if Touke = € (), n nupoussoaHas ¢'(x) HenpepbIBHA.

KazxkioMy HATYpaJbHOMY YUCIIY U [IOCTABUM B COOTBETCTBHE (DYHKIUIO

|z — 2f*

2

D, (x) = go(z) + v®(z) +

U 9KCTPEMAJIBHYIO 3818y
¢,(r) > min, z€Q. (7)

13 Teopembr Beiteprirpacca BbiTekaer cyiecrBoBanue perenns x” 3amaqu (7). Vme-
et Mecto HepaBeHcTBO D, (2Y) < P, (2) uau Gostee 1OGPOGHO

|7 — 2P

go(x,) +v®(z”) + 5

< 9o(2) - (8)
B wacraocTu, n3 (8) Boitekaer onenka v®(z”) < go(z) — go(x”) u paBeHcTBO

lim ®&(z") =0.

V—00

[TocsieoBaresbrocTh x” npuHayiexkuT (). Ecin Z — npejenbHas TouKa 9Toil ocste-
noBatebHocTH, TO Z € Q 1 P(Z) = 0. U3 (8) coremyer nepaBeHcTBO

|z — 2
2

9o(Z) + < 90(2) -

C npyroii cTOpOHBI, TIOCKOJILKY 2z — perienne 3agaan (3)-(5), 1o go(z) < go(Z), mo-
sroMy Z = 2. Besikag mpesiesibHas TOUKA MOCTIEI0BATENLHOCTH ¥ COBHAJAET C Z.
1o o3Hauaer, 4To T’ — Z.

Tak xak z¥ — pemrenne 3agaau (7), o —®) (2”) € Ng(x¥). Bosee moxpobuo
JaHHO€ BKJIIOYEHHNE MOXKET 6bITb 3alliCaHO B BUJE

=Y pgi(a") — (& — 2)" € No(a¥), (9)
ieh
rie
=1, =gle’) Gek), W=Na@) Gel).  (10)
[ToJstoxkum

1/2

i€l



99

OueBujno, uro K, > 1. Paznenus (9) va K, NpuxognM K BKJIIOUEHUIO

1
~ NG~ - (a — 2)T € No(a®), (1)
i€l v
B KOTOPpOM
v /Lly v\2
A — )2 = 1. 12
S Y (12)
(ASF 31

Kaxnas u3 nocsenoBarensaocreir Ay, (8 € I1,v = 1,2,...) orpanndena, mo3Tomy,
He Hapymiasg OOIIHOCTH, MOYXKHO CYUTaTh, 910 A/ — A\Vi npu v — oo. 3 (12)
BBITEKaeT PABEHCTBO
Z 2
Al — ]_ y

i€ly
B CHJIy KOTOPOI'O XOTsl ObI OJIHO U3 YUCEJI \; OTJIUTHO OT HY.JIS.
[Tepexong B (11) K mpeseny mpu ¥ — 00, TOJYIaeM BKJIIOUCHUE

— Y Ni gi(2) € No(2) . (13)
i€l
Eciu g;(z) = 0, o, oueBmino, \;g;(2) = 0 u ycjaoBue JONOTHUTEIBHON HEIKECTKO-
cru BoimosiHeHo. Ecmn xke g;(z) < 0, To ¢;(2”) < 0 mpu JoctaTodHo GOIBIHX v,
CJIEIOBATEILHO,

A= KL K (gi(z")) =0,

[O9TOMY YCJIOBHE JIOMOJIHSIONIEH HEXKECTKOCTH BBIIIOJHEHO U B 9TOM CJIydae.
B cuy (12)

N=—2>0, MW>0 (iel,),

nostomy Ao = 0, A\; = 0Vi € I;. Dro osnadaet, uto Habop A = (\;)];c;, ABNACTCA
nckoMbiM. Teopema B cirydae KOMIIAKTHOIO MHOXKeCTBa () oKazana (1 Jaxke B 6osee
cuIbHO# hopmysInpoBKe — HAOOp A OKazasics HOPMUPOBAHHDIM ).

2-ii sram: () — BbIIyKJIoe (BO3MOXKHO, U He3aMKHYTOe) mojmuokecTBo R™. Tlycrs
U1, ..., Uy — HPOU3BOJILHBIA KOHEUHBIH HAOOP JEMEHTOB VU M3 MHOXKecTBa (), P —
BBIITYKJIasi 000JIOUKA MHOXKeCTBa {z,v1,. .., Uy }. OdeBugHo, P — KOMIAKTHOE BbI-
[YKJIOe MOJMHOYKECTBO () (MHOTOIpaHHUK), z € P u z MuUHUMEU3UpYeT QYHKIIUIO (o
Ha MHOYKECTBE 3JIEMEHTOB, TPUHAIEXKAIIUX P 1 yI0BJIETBOPSIIONINX OTPAHUIEHUSIM
(3), (4). Ilpumenum K MHOTOrpaHHUKY P JOKa3aHHYIO 9acTh TeOpeMbl. B cuy yike
JTIOKA3aHHOTO CYTIECTBYET TaKoii HopMupoBaHHbIH Habop A = (;), 4ro

=3 Agl=) € No(2) (14)

i€ly
U BBIIIOJIHEHBI YCIOBU JIONOJHUTENLHON HexkécTrocTH (6). 13 (14) BBITEKAIOT HEpa-
BEHCTBa

D Nigi(2) e —2) 20 (k=1,...,m). (15)

i€l
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O603naunM yepe3 A(P) COBOKYITHOCTH HOpMUPOBAHHBIX HAOOPOB A, yI0BJIETBODSIIO-
mux ycsaosusam (14), (15). Ouesugno, uyro A(P) — Hemycroe 3aMKHYTOE HOJMHOXKE-
CTBO eIMHUYHOI cepbl KoHeIHOMEpHOTO pocTpancTBa. Cucrema muoxkects A(P),
COOTBETCTBYIOIIUX MHOIMOIPpAHHKKAM PP OIIMCAHHOTO BhIIIE BUa, eHTpupoBaHa. [1o-
9TOMY Iepecedenne MHOKecTB Buja A(P) HemycTo, T.e. CyIecTBYeT yHUBEPCAIbHBIIT
HOPMUPOBaHHbI HAOOP A, /st KoTOporo coorHomuenus (14), (15) BbIToTHSIOTCS pH
JI060M BBIGOpE KOHEUHOIO MHOXKECTBa {vy}. DToT yHUBEpcaJIbHbI HAabop A sBIs-
€TCsI UCKOMBIM. P>

N3 Teopembr 1 BbITEKAET

CraenctBue. Ecau 6vinoanens, npednosodcenus meopemv, 1, mo cywecmeyem
maxot donycmumviii wabop A = (N;), wmo cnpasedausol ycaosus JoNOAHUMENLHOU
nearcécmrocmu (6) U SAEMEHM 2 ABAAECMCA PEUWEHUEM FKCPEMANLHOT 300a4U

Z Aigi(z)v = min, v € Q. (16)

i€lq

Hucsta \; Ha3BIBAIOT MHOXKUTEIgAMEU Jlarpanzka, a caM 1epexoj or 3aaadn (3)-
(5) x 3amade (16) — mpasmiom MHOXKHUTEe Jlarpanka. C WHBIME BEPCHSIMU 9TOTO
IpaBU/Ia U ¢ UHBIMH JIOKA3aTeILCTBAMI TEOPEMbI 3 1 0ojiee OOIMUX yTBEPKICHUit
MOZKHO [TO3HAKOMUTECH, Hanpumep, B [1], [5], [10], [19], [25].

3. Obcyxknenune npaBua MHoxkuTeJieii Jlarpam»xka. BapuauTtsr Teopemsbr 3
COXPAHSIOTCS, €CJTU OJHO U3 MHOXKecTB [y, [, mycro. Hanpumep, Bepua

Teopema 4. [lTycmv z — pewenue 3adavu (3), (5) u dynkyuu g; HenpepvieHo
dugpdeperyupyemo. 6 okpecmuocmu mouku z. Toeda matidymces maxue Heompuya-
meavhvie wucaa A; (1 € {0YUIL, ne 6ce pagrvie HYAM0, YMO BVINOAHEHDL COOMHOUEHUE
(18) ¢ I = {0} U I+ u ycaosua donoanmowets neacécmrocmu (6).

[Tosie3Ho citejytolee JIONOTHEHNE K TeopeMe 4.

Teopema 5. I[Tycmo gynruyuu g; (i € {0} U L, swnyrav, N\; =0 (i € 1), N\ > 0.
Iycmov

z €@, 9i(2) <0, Ngi(z) =00 € I)

u z ecmob pewenue 3adavwu (16) ¢ I = {0}YUI,. Toeda z asasemea pewernuem 3a0a4u

(3), ().

« Oynknusd

g(x) = Z Aigi()

iG{O}UI+

BBIIIyKJIa KaK HEOTpHIATe/IbHAas JIMHEHas KOMOMHAINs BBITYKJIbIX (byHKImii. [To-
CKOJIBKY 2 ecThb perterne 3ajgadn (16), to —¢'(z) € Ng(z). B cmmy teopembr 2
g(x) = g(2)Vx € Q. Vcnonb3yss 970 HEPABEHCTBO U YCJIOBHE JOMOTHUTEILHOM
HEZKECTKOCTH, IOJIydaeM II0CJIe/[OBATEIbHO COOTHOIIEHNUST

Z Nigi(x) > Z Xigi(2) = Aogo(2) (z € Q).

iE{O}UI+ iE{O}UI+



101

I3 sroro coorHommenus BbITeKaeT, urto ecm © € Q u ¢g;(x) < 0 (i € 1), 1o

Aogo(x) = Aogo(z). Tlockombky Ag > 0, T0 2z — perenue 3ajaaun (3), (5). »
Kocuémes crioco6os onncanns kKoryca Ng(z) onopHbIX QyHKIMOHAIOB K MHOMKe-

crBy @ C R™. Orpannanmcst crydaeM, KOrjia MHOZKECTBO () OIPeJIe/IeHO PABEHCTBOM

Q={rxeR" Q(z) <0,...,0,(x) <0},

rie ®,: R” — R — Bemykisle muddepeniupyembie dyakimu. [lycts 2 € @ n
muo)kectBo [(z) = {i, ®;(z) = 0} memycro. [Ipu gocrarodso HEOOPEMEHUTETBHBIX
[IPE/IITOIOXKEHUAX JTI000M JTMHEHHDbIN (DyHKIIMOHA U3 NQ(Z) JOILyCKaeT IIpelicTaBiie-

L= ) Ndj(2), (17)
)

i€l(z

B KOTOPOM \; — HeoTpuiaTejbHble wncia. Hanpumep, dopmyna (17) cupasemm-
Ba, ecyin pynrrun P; adGUHHBI WM BBIIOJTHEHO YC/IOBUE CHIBHON COBMECTHOCTH:
CyIIeCTByeT 3JeMeHT U, jjig kotoporo ®;(v) < 0Vi. B wacrHOoCTH, TIpencTaBienne
(17) MOXKHO TIPUMEHUTH K CIydaro, Korja () ecTb mpsiMoe MPOU3BEIeHNEe OTPE3KOB
JIeHCTBUTEIbHON ocu (MMEHHO 3TOT YaCTHBIH cydail ObLI BayKeH BO MHOTUX KOH-
CTPYKIIUSIX BTOPOIi IJIaBbI).

B mpasuite muOX)KUTEsIEH Jlarpanka BO3MOXKHa cuTyalusi, Koraa Ag = 0. 910
O3HAYAET, 9YTO B HEOOXOJAMMOM YCJIOBUM MUHUMYMa OTCYTCTBYeT caMa MUHUMU3UPY-
eMas yHKIUA ¢o. JI1000e TpeioioKenne, rapaHTUPYIONee HEPaABEHCTBO Ag > 0,
HA3BIBAIOT YCJOBHEM DerysspHocTa JaHubix 3a1a4du (3)-(5). He obecyxnas n 31ech
BOIIPOC ¢ MAaKCUMAaJIbHOf OBIIHOCTBIO, OMpaHUIUMCs cirydaeM, korja [y = & (orpa-
HUYeHUs THIA paBeHCTB (4) orcyrcTByior), a dyukmun g; — R™ — R (i € 1)
BBITYKJIBI U juddepernupyembl. CuibHast COBMECTHOCTh orpanudenuii (5) rapas-
THPyeT HepaBeHCTBO Ag > (. VIMeHHO, MmMycTb CymIecTByeT JIeMeHT U u3 (), st
koroporo g;(v) < 0. Ilpexnosoxkenne A\g = 0 B1e9éT 3a cOOOIT HEPABEHCTBO

S Nge) o —2) 20, (18)

iely
B KOTOPOM XOTsI ObI OJIHO U3 4unces \; nosjoxkurenbHo. [Tockonbky g;(v) < 0Vi, T0
i€l

C nmpyroit cTopoHBI, UMEIOT MECTO OIEHKHI

D o Xigi0) 2> g+ D gi(z) (v —2) >0,

el el el

BeiTekatonue u3 (6), (18). Ilosyuennoe mpoTmBopedne JTOKA3BIBACT HEPABEHCTBO
Ao > 0.
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4. 3agaun. lless npemmaraeMoro IukJia 3aJad COCTOUT B 0OOOIIEHUN IIPaBU-
Jla MmHOXKHTe el Jlarpanxka na Heryajikue dyakiun. HamoManm, 9To GyHKIMOHA
h: R™ — R Ha3bBaioT CyOJINHERHBIM, €CJIU OH BBIIYKJI U ITOJIOKUTETHHO OJHOPOIEH.
Cyb6auneitHocTh (pyHkmuonasa h: R™ — R sxkBuBa/ieHTHA COOTHOIIEHUSIM

h(z+y) < h(z)+h(z+y), h(Az)=AI(x),

rje x,y — npousBoJibHbIE djeMeHThl u3 R™, A > 0. Hanpumep, eciiu M — mpousBoib-
HOE OI'PDAHMYEHHOE MTOJIMHOXKECTBO JIMHEHHBIX Ha R™ QyHKIIMOHAIOB, TO PABEHCTBO

h(zx) e/ sup [(x)
leM
omnpejiessgeT cyoymHeitHbIi pyHKImona h.

Bajadga 1. Jluneitnsiit dyaknmonas [: R” — R Ha3bIBAIOT OMOPHBIM K CyO/IMHET-
HoMmy yuKImonay h, ecan [(v) < h(v) masg Beex v uz R”. Ucnonb3ys KoHeTHOMED-
HBII BapuaHT TeopeMbl Xana—Banaxa [1], [3], Jokazars ciemyrornue yTBeXK ICHUS:

a) MHOKeCcTBO Oh BCexX OMOPHBIX (DYHKIMOHAIOB [ K cybnHeiiHOMY (byHKIMOHA~
Jy h eCcTh HEIyCTOe KOMIIAKTHOE BBIIYKJIOE MOAMHOXKECTBO POCTPAHCTBa R, ;

b) cripaBeIMBO PABEHCTBO

h(v) = maxl(v) Yv € R".
1€dh

2. Ilycts g — pelicTBuTeIbHAS (DYHKIHA, ONPEIeEHHAA HA HEKOTOPON OKPEeCT-
Hoctu U TOYKM X W YIOBJIETBOPSIOIASA B 3TOH OKPECTHOCTH ycaoBuio Jlummmia.
Torma

a) Jyist Jiroboro v u3 R™ cyiecTByeT KOHEUHbBIH BEPXHUN IPeiet

W)= Tm gy +tv) —g(y) .

y—x,t—40 t '

b) onpeensiemprii Takum obpaszom dyukimonaa h: R — R cybauneen, coorBer-
CTBYIOIIIEE eMy MHOXKecTBO Oh mMmenytor cybanddepeHimaaoMm GyHKIUA § B TOUKE
x 1 0603HaIAIOT CHMBOJIOM Og(x).

3. Ilycte () — BBIyKJI0€ TTOAMHOXKECTBO R”, (DYHKITMOHAJ ¢ ONpEIeIEH HA BbI-
nykJoit okpectnoctu U Touku x € (), yIOBIETBOPSET yCJIOBHUIO Jlwmmuia B 9TOi
okpecraocty u g(x) < g(y)Vy € @ NU. Torna

0 € dg(x) + Ng(x). (19)

4. Bruiouenue (19) oueBuaHbIM 00pa30M aHAJOIMYHO BKJIIOYCHHIO (2), & B Ie-
JIOM 3. TIPeJICTaBJIsIET BaPUAHT TeopeMbl 1 0 HEOOXOIMMBIX yCJIOBUSAX MUHUMYyMa Ha
BBIITYKJIOM MHO)KecTBe. ChOopMyIMpoBaTh U JOKa3aTh JJIs JIAIIIUIEBBIX (OYHKITHI
g, g; aHaJIoru BceX chOpMyJIMPOBAHHBIX B IIPUJIOKEHUNA A yTBEPKICHUI.

5. [IpumenuTs anajor npasuia Jlarpanka Jijisd JIAIIIAIEBBIX (PYHKIMI K 0000-
IMEeHnIo MpuHIITa MakcumyMa [lonTparuna.



I1pniaoxxenne B

O riIaJKocTHu perieHuil oJJHOMEePHbIX
BapHAIlMOHHBIX 33144

1. ITocranoBka 3agaun. B Teopun BapHaIllMOHHBIX 3aJa4 UMeeTCs OIIpeIesICH-
HBIII pa3pbIB MeK/y TeOpeMaMU CYIIeCTBOBAHUS U yCJIOBUAMHI MUHAMYMA. T€OpeMbI
CYIECTBOBAHMA OOBIYHO YCTaHABJINBAIOT B JOCTATOYHO MIMPOKUX HOPMUPOBAHHBIX
IPOCTPAHCTBAX, B KOTOPBIX MUHIMU3UPYEMbIil (DYHKITHOHAT ABIAETCA PACTYIINM I
HOJIyHENPEPHIBHBIM cHU3Y. C JApyroit cTopoHbl, B (hOPMYyJINPOBKAX YCIOBUIl MUHH-
MyMa (1 HEOOXOAMMBIX, U JIOCTATOUHBIX) (DUTYpHUPYyeT, Kak npasuio, auddepenm-
pyeMoCTb uccjieyeMoro (hyHKIIMOHAJIA, YTO 3aCTaBJIACT IIPeIIoIaraTb IIPUHA K-
HOCTb TOYKHU MHHIMYMa HEKOTOPOMY Y3KOMY IIpoCcTpaHcTBY. OJIMH U3 €CTeCTBEHHBIX
ImyTell IPEOoIoJIEHNs 3TOT0 Pa3pblBa JJId MHTErPAJIbHBIX (PYHKIIMOHAJIOB 3aKJIIOYa-
eTcd B JOKa3aTeJIbCTBe IVIAJKOCTU CIabbIX PEeIIeHuil BapualllOHHBIX 3324, CyIIe-
CTBOBaHUE KOTOPBIX I'apaHTUPyeTcA IPAMbIMU MeToJaMu. B ciydae nmHTerpabHbIX
(pyHKIIMOHAIOB CO CTEIEHHBIM IHOPAJIKOM POCTa MHTErDaHTa UMeeTcs OOJIbIIoe KO-
JITYECTBO UCCJIEJIOBAHUMN, CBA3AHHBIX C 9TUM BOIIPOCOM; IMOApoOHAas O6ubnorpadus
cofepxkuTcs B [22], [27].

Menee uzydeH BOIPOC O IJIaJIKOCTU KCTpeMaJieil ¢ HeCTelleHHbIMU HeJInHeiHo-
crsmu. B monorpaduu ([10], c. 394-398) npuBouTest Teopema 0 TIIaIKOCTU CJIabbix
penteHunii npocTeinieil BapuanuonHoi 3aa4n

fla) = / L(t, o(t), 2'(1)) dt — min,
I(to) = Xy, J](tl) = XT.

B mpe/osiozkenusix 3roit TeopeMbl mHTErpaHT L(t, T,Yy) MOMXKET pacTu 1o y HecTe-
IIEHHBIM 0OPa30M, OJTHAKO Y/IOBJIETBOPSAET OIEHKE

|L(t, 2, y)| < e(t, @) exp (k[yl)

Taxum obpa3oM, yKa3aHHasi TeOpeMa He OXBaTbIBaeT caydas PyHKINi L, pacTymx
110 Yy ObICTPEeEe SKCIIOHEHTHI.
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B stom npuioxkeHun uzydaercs BOIPOC O IVIAIKOCTH OOOOIEHHBIX PEIeHuil Ba-
PUAIMOHHOM 3318491

t1

flz) = /L(t,x(t),x’(t), . 2"™(t)) dt — min, (1)

to

Qf(l)(to) = a;, l’(z)(tl) = bi, (Z = 0,1,...,771— 1), (2)
,L[JIH TOYHON HOCTAHOBKU 3a/la4dl BBEIEM HECKOJIBKO 0bo3HaueHul u TEPMUHOB. ,ZL&—

nee A = [to, t1], maTErpas
/h(t) dt

A

or dynkmun h: A — R nonumaercs B cMpicite JleGera. IIpejnoaraeTcs 3HAKOM-
CTBO C OJIHOMEPHBIM MHTerpaJjom Jlebera; 6ojee 4eM JOCTATOYHO CBEJIEHUIA, Coep-
Karmuxces, Hanpumep, B [3]. Huxke Z(A) — mpocTpaHCTBO CYyMMEPYEMBIX HA OTPE3KE
A dbynxmuit, CF(A) — npocrpanctso k pas menpepbisHO uddbepeHnupyeMbx Ha
orpeske A CKaJAPHBIX (DYHKITHIA.

HenpepsoiBayio Ha orpeske A dyHKImOo = OyjeM Ha3bIBATH abCOJIOTHO HeEIpe-
PBIBHOIA, €CJIN OHA JIOIIYCKAET [IPeJICTaBJIEHIEe

t

z(t) = x(to) + /v(s) ds, (A)

to

B KoTopoM v € Z(A). Oyukimst z: A — R abcosoTHO HEpepbIBHA B TOM U TOJBKO
B TOM CJIydae, KOrjia Jyis Kaxkaoro € > 0 cymectByer takoe § > 0, uro ecin (o, §;)
— KOHEYHas CHCTeMa IIOIapHO HEeIepPeceKalolnXCsl HHTEPBAJIOB, CyMMapHas JIJIMHA,
KOTOPBIX MEHBIIIE J, TO

Z |z(6;) — (o)) < e.

JItobast abcosnoTHO HenpepbiBHAs (DYHKIWMS T (f) UMeeT MOUYTH BCIOLY CYyMMUPYEMYIO
npousBoanyto ' (t), u dyuknus x'(t) skBUBajeHTHA (DUTYPUPYIOIIEl B DABEHCTBE
(A) bdysakmun v(t). CoBOKYITHOCTH abCOIIOTHO HENPEPBIBHBIX Ha oTpe3ke A ]yHK-
mmit oboznauum cumsosiom W1(A). B knace WH(A) sxogar dyukmun z: A — R,
yaoBseTBopsronye ycaosmo Jlummuma. Oynkima x(t) = \/f IpHHAIIE;KAT KIaccy
W1([0,1]), no me ynosnersopsier yciosuio Jlunmuna. st Toro uto6bl byHKIU
r xacca W'(A) yaosrersopsaia ycnosuto Jlummmuia, HeoOXOMUMO U JOCTATOYHO,
9T00BI €€ TIpon3BO/IHAs &' IpUHAIe)KaIa mpocTpacTBy £ (A). JokazarenbcTa
[IEPEYNCIEHHBIX CBOMCTB abCOTIOTHO HEITPEPBIBHBIX (DYHKITNI MOYKHO HANTU, HAIIPU-
mep, B [3].

[Iycts m — marypasbhoe umcio uw m > 1. O6osumaunm vepes W™ (A) gacrb
npocrpanctea C™1(A), cocrosmuyo uz gyHKmuit x, 1 KOTOPBIX MPOU3BOJHASL
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™1 nopsika m — 1 abeosmoTHO HenpephIBHA Ha, oTpeske A. Jitst moboit GyHKIIT

x kimacca W™(A) crupaBe/iiTiBO PABEHCTBO

t

2 (1) = 2D (1) + / u(s) ds. (3)

to

Dyuknus v B paBeHCTBE (3) CyMMEpyeMa; eé Ha3bIBalOT [POU3BOHON HOPSIKA M
or dyukun x. Qs dyaknun z uz W (A) nomoxnm

ox(t) = (z(t),2'(t),...,zm V().

Hamnee C§°(A) — mpocrpancTso beckoredHo muddepeHnupyeMbrx Ha A DyHKIHI,
PABHBIX HYJIO BOIM3HM rpanuibl mpomeskyTka A. e u(t) = 2™ (t) | To mua moboit
dbyuknnn ¢ kracca C§°(A) nmeer MECTO PaBEHCTBO

/ £(t) o™ (1) dt = (—1)" / u(t)p(t) d. (4)

Becbma wacTo paBeHCTBO (4) NPUHUMAIOT B KadeCcTBe ONPEJEIeHUs TPOU3BOJIHOM
HOPSJIKA M. DTO HOBOE OIPEJIEJICHAE UMEET TO HMPEUMYIIECTBO, UTO JIE'KO PACIIPO-
crpaHsieTcs Ha (DYHKIMI MHOTUX TIEPEMEHHbBIX [22]; COOTBETCTBYIOIIE YaCTHBIE TIPO-
M3BOJIHBIE MMEHYIOT TIPOU3BOJAHBIMU B cMbiciie Cobosea. B ojHOMepHOM citydae oba
OIPE/ICJICHHS TI0 CYIIECTBY SKBUBAJICHTHBI.

Eci He 0roBopeHo IpPOTUBHOE, B IpeJiesax 9TOro maparpada mpenoaraeTcs,
aro L(t,ug, ..., U,) — HenpepbiBHasg Ha A X R™! dbynknua. Beejem MHOXKeCTBO
Dy dbynkmmit x kmacca W™ (A), yIoBIeTBOPSIONX KPAEBbIM yCIOBHAM (2), JyIs
koropwix bynkmus L(-, 6z (-), 2™ (-)) npumamiexur £ (A). Muoxkecrso Dy sapis-
eTCsl ecTeCTBEHHOI 0bJacTbio onpeneserns Gynknnonana f. Qs z(-) uz W™ (A),
ne npunarexanux Dy, monoxuM f(x) = oco. Oyuximio zo(-) uz W (A) bynem
Ha3bIBATH DeIleHIeM BapHalmoHHON 3amaqu(l), (2), ecm g € Dy u s Beex x
u3 W™ (A) umeer mecro mepaserctBo f(xg) < f(x). Huxe cymecrBoBanue pere-
uust 3aaqu (1), (2) npeanosaraercs. Jfoctarodnble yCJIoBUsT BBITOJTHUMOCTH 9TOIO
TpeboBanng MoxkHO Haiitu B [10]. B wacrHOCTH, CripaBemBo

Ilpennoxenune 1. [Tycmo dynruyusa L(t, up, uy) svinykaa no nepemennot u
(npu PUKCUPOBANHDIT SHAMEHUAT OCTNANLNHLET NEPEMEHHDIT) U JONYCKAEM 0UEHKY

L(t, ug, ur) = Y1 (ur) — Pa(uo) — k, (5)

2de k — noaootcumenvhan Koncmanma, a Gynruul P, Wy yA06AELMBOPAIOM YCAOBU-
AM:

1° 4y swnykaaa wémnas dynxyus na [0,00),11(0) = 0 u w1 (u) — 0o npu
U — 00;

2° 1)y meompuyamenvua, nenpepuisra u Heybumeaem na [0, 00);
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3°  npu A1006LT NOAOAHCUMEALHVLT YUCAAT Y, Ng PYHKITIS
Ur(u/7) — (i + Ao) = 00 TpU U — 0.

Tozda 3adaua (1) npu m = 1 umeem pewenue.

O6cyKjieHne MpeJIoKEeHnsT 1 U JPYIrUX TeopeM pa3pernimMoCTH MOKHO HAalTH B
[10, c. 384-386].

2. ¥YpaBHeHnud Jdiisiepa—Jlarpamzka B ciaboit popme. B srom nmyrkTe dpop-
MYJIMPYETCS U JOKA3BIBACTCS IEHTPAIbHDBINA Pe3yJIbTaT MPUIOXKEHHUS.

Teopema 1. ITycms dyrxyus L: A x R™TE — R ydosaemeopaem ycrosusam:

1) cywecmeyiom u HENPEPLIBHDL NO COBOKYNHOCTIU NEPEMEHHDIT YACTIHVLE TPO-
us600nvie Ly, (i =0,1,...,m);

la) Pynryus L evnykia no nepemenHomy ty, ;

l3) Oaa kasicdoti Koncmarnmovr R Hatdymes 6unykias HEOMPUUAMEAOHAA HYHK-
yua YPr U nocmoarHve Cr, kg maxue, 4mo ‘llirn Yr(2) = 00 u npu

Z|—00
‘U,Q’ + ... |Um_1| < R

CNPaBedauBsl, OUEHKU

L(t,ug, ..., un) = Yr(uy) —cr, (6)

m—1
S Lttt )| < Fenth(n) + e (7)
=0

Ecau xog — pewenue sapuayuonnot sadauu (1), (2), mo gymxyuu Ly, (-, 0xo(-), zo(+))
npunadaescam L (A) u daa 110600 dynryuu @ us C§°(I) evnoansemen pasencmeo

> [ Bt an(t), " )6 01t = 0. ®)
i=0 A

<« /Ij11 IpOCTOTHI BHIKJIAJIOK OYIeM CUYUTATH, 9TO
a;=0=0 (i=0,1,...,m—1);

obrmuit cirydait CBOJUTCS K 9TOMY IIPOCTOI 3aMeHoit iepemenHbix. [lycrs 2 € C§P(A),
h =z — x,

m—1 m—1
_ (4) (i)
R Z;IggXIxo 6] +Z;ngg><|x ),

g — BblyKJast MYHKIWSA, Cgr, kg — MOCTOSIHHBIE, [TOCTPOEHHBIE B COOTBETCTBUU C
yesoBueM l3) o koucranre R. @ukcupyem A € [0, 1] u ycraHOBUM CyMMHUPYEMOCTh
dbyuriwm L(-, 0xg+ Adh, :L'(()m)). B cuty jteMMBbI 0 TPOMEXKYTOYHBIX 3HAYEHUAX CYTIIe-
cTByeT Takag usMepuMas | ua A dbynxuust 0(t), uto 0 < 0(t) < 1 n

'BosmozknocTh uzmepunmoro Buibopa 0(t) cieyer 060CHOBATL YHTATETIO.
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m—1
L(-, 0w + ASh, a§™) — L(-, 620, 25™) = > Ly, (-, 620 + Ah, a§™ AP . (8)
=0

U3 yciioBust [3) BbITEKAIOT COOTHOIICHUST

/1/)3 ) dt < oo,

| Ly, (-, 620 + MSh, 27| < kptbr(z™) + e (i=0,...,m —1),

Biaekymue B cuiay (8) cymmupyemocts dyuknumit L(-,0xy + Adh,a:(()m)). [Ipu
A = 0 U3 3TUX COOTHOIEHUN CJIeJlyeT CYMMUPYEMOCTD (DYHKITHIA

Ly, (-, 5x0,a:ém)) (i=0,...,m—1).

Hockombky z € C°(A), To L(-, 09 4+ Adh, (2o + h)™) € 2(I).
Oy g = L(-,8(zo + Ah), (zo + Ah)™) ynosnersopser nepasencrsam

Yr((xo + Mh)™) —cp < g <

S AL(+, 039 + AR, (g + h) ™)) + (1 = N)L(-, 0(zo + M), 2™ (9)

Kax ykaspisasiocs seimre, byuximm L(-, 6xo+ Adh, (xo+h)"™)), L(-, §(zo+Ah), xém))
npunaexkar £ (A), nosromy npasas dacts (9) npunamiexur £ (A). [lockoabky
wR(:Eém)) € Z(A),Yr((xo + Ah)™) € L(A),vr — HeoTpunaTenbHas BHITYKIasa
dbyukuus, To seBast yacth (9) Takzke cymmupyema. CiieroBaresibHO,

L(-,8(z0 + AR, (xo + M) ™) € L(A), w9+ Ah € Dy
AnaylorudupIM 00pa30M MOXKHO YCTAHOBUTH CYMMHUPYEMOCTh (DyHKIHN
L(-, 6z, (20 + h)™) .
Tak Kak x( — perienue Bapualonnoit 3amaun (1), (2), To
flzo+ Ah) = f(xg) YA €]0,1].
[Tpu A € (0, 1] oueBUIHBI COOTHOIIECHHS

0<? (xo“ﬁ) = 1@ _ o+ SO, (10)

B KOTOPBIX

fiN) = A7 | fzo + Ah) — / L(t, 620(t), (xo + A0)™ (1)) dt |
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fa(A) = A7t /L(t,axo(t), (2o + M) ™ () dt — f(x0)
A

MCHOﬂb3yH BHOBb JIEMMY O IIPOME2KYTOYHLIX 3HAYCHUAX, ITOJIyIaeM PaBEHCTBO

L(t, 6(xg 4+ AR)(1), (2o + AR) ™ () — L(t, 6x0(t), (zo + Ah) ™ (1)) =

= Ly (t, 6x0(t) + O()ASA(t), (2o + AR) ™ () ARD (), (11)

K3

3

Il
o

%

rie 6(t) — mamepumast dyuknus, 0 < 0(t) < 1. U3 yemosuii ly), l3) caemyer
| Ly (&, 00(1) + O(L)AGA(L), (o + M) ™ (1))] <

< kAR ((wo + AR)™ (1) + k(1 = \er(al" () + cr (12)
Beenem mocsteoBarebHOCTE GyHKIMIT Yy (1) =

=k (L(t,8(xvo + k7 h)(2), (w0 + &~ h)™(t)) — L(t, 6x0(t), (vo + kh)™ (1)) .

OueBuHO, 9TO

fuleh) = /yk(t) gt (k=12

A

Coornorienrie (11) mokasbIBaeT, 4TO MOCIEIOBATEILHOCTL Yi UPU k — 0O MOYTH
BCIOJTY CXOJUTCA K (DYHKITUN

m—1
D L (t, 6x0(t), (o)™ (£))h (1)
1=0

N3 (12) BbiTekaeT abCOMOTHAS HEHNPEPBIBHOCTH HHTErPAJOB OT (DYHKIHHA Y,
IO3TOMY

lim f, (k /ZLM (£, S0 (1), (20)™ (£))h) (t) dt < o0

k—o0

Orcroma B cuity coorHomennii (10) cieyer orpaHUYeHHOCTh CHU3Y TIOCJIEI0Ba-
TEJILHOCTH fo (E) . [lockosibky byHKIMsA L BBITYKJIA 110 TIEPEMEHHOM U, TO TIOCIe-

JIOBATEJILHOCTD (PYHKIINI

au(t) = k (L(t molt), (w0 + k7 0)™ (8)) — L(t, mo(t), 25 (1))
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MOHOTOHHO YObIBaeT ¢ poctoM k. Tak Kak dyuKIius L auddepenmupyema, TO 10-
YTH BCIOJLY CyHIECTBYET IIpeJiest 3Toi QyHKImMH, paBHblii Ly, (t, dxt), x(()m) (t)) A (t).
Cornacuo Teopeme Bermo Jlesn nupenenbnas GyHKIUSA cyMMUpyeMa 1

lim [ () dt = / L, (t, 62¢t), 5™ (£))h™ (t) dt .
—00
A A

[Tepexoss K npejieny B Hepasenctse fi(k™ 1)+ fo(k™1) > 0 xk npeneny npu k — oo,
oJiy4aeM, 91o (pyHKIUs

D Lt 00(8), 2™ (1)) (2 = 20) V(1)

CyMMHpyeMa U UHTErpaJi oT Heé HeoTpuIliaTeJIeH:
/ D L (8, 0o (t), 2™ (1)) (& — 20) O (1) dt > 0. (13)
A =0

Coornomienue (13) Bepro misa npomsBosbrOil dyukiwn © w3 C§(A). Tomaras
x(t) = 0, noyvaem BKIIIOYCHHE

L (t,030(8), 25 (1)) (1) € Z(A).
Cornacno ycsosusM ls), l3) npu |ug| + - -+ + |tym—1| < R cipaBeyinBbI OIEHKH
L, (t,ug, .oy Um)tm = L(t, ug, . .., uy) — L(t, ugy - ., Upp—1,0) =

2 ¢R(um) — CR — L(t, UQy+ v oy Um—1, O) N

nosromy cymiectByer takoe M > 0, aro upu |ug| + -+ + |upm_1| < R, |upm| = M
UMeeT MeCTO HEPABEHCTBO

Ly, (t, g, ooy Uy ) Uy > 0.
Ecin |xém)(t)| >M+1, 10
Ly, (, 620(8), 2™ (£)25™ () = | L, (8, 520 (), 25 (1))

IIO9TOMY

L, (:020(-), 28" () € Z(A) .

[Tonoxkum teneps B (13) x(t) = sp(t), tae ¢ € CP(A), s — aeficrBuTesbHOE
qucao. Torma nMeem

/ S Lt 3z0(t) 7 (0) (5 — 20) (1)t > 0
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JIJIST TIPOU3BOJIBHOTO § € (—00, 00). DTO BO3MOYKHO JIIIb B CIydae, KOI/Ia BBIIOTHE-
HO (8). »

OcranoBuMCsT Ha BO3MOXKHBIX 00OOIEHUsIX TeopeMbl. TpeboBaHne HENPEPHIBHO-
ctu dysknuit L, L, 10 COBOKYITHOCTH II€PEMEHHBIX MOXKHO 3aMEHHUTH COOTBETCTBY-
oM yesorueM Kapareomopu (M3MepuMOCTb 110 ¢ U HeTPEPBIBHOCTD MO COBOKYITHO-
CTU TIEPEMEHHBIX Uy, - . . , Uy, ). B Teopeme 1 mpeinosiaraercst BBITYKJIOCTb L JIUIITh 110
OJIHOMY IIepEeMEHHOMY. YCUJICHHE YCIOBUs BBIMYKJIOCTH (DYHKIMKU L, HATIpUMEp, 10
BBIIYKJIOCTU 110 COBOKYITHOCTH TEPEMEHHBIX U, . . . , Uy, TO3BOJIAET OCIa0UTH YCJI0-
BUeE [3), OCHOBHOE Ha3HAYEHNE KOTOPOTO 3aK/I09YAeTCS B TIOJIABJICHUN BJIMsIHISI HEBbI-
MIyKJIOW 3aBUCUMOCTU L OT MEPEMEHHBIX U, - - ., Upy_1 -

3. 'nagkocTh 0000MIEHHBIX perleHnil nuddepeHnnalbHbIX YPaBHEHUIA.
CoorHomienue (8) o3HavaeT, 4To HYHKIWS Lo YIOBJIETBOPSAET B CMbICTIE 000OIIEHHBIX
dyuknuit ypasuenuio ditiepa
(1) Lt 62(8), 20 (1) = 0. (14)
i=0

N3zyunm cBoiicTBa 0OOOIIEHHBIX perntenuii uddepeHImaIbHbIX yPaBHEHN BHIA

m 4
dt
S At da(e), (1) =0, (15)
i=0
rae Ai(t,ug, ..., uy) — HenpepbiBHble HAa A X R™T! bynkinun. @yukuuio o u3 mpo-
crpanctea W™ (A) Gyem HasbBaTh 0000IEHHBIM perierreM ypasuenus (15), ecin
byHKIIT Ai(-,éxo(-),:v(()m)(-)) (¢ =0,1,...,m) npunamiexkar .Z(A) n s a060i
dbyurim ¢ uz C§°(A) cupaBeyInBO PABEHCTBO

/ i Ai(t, o (t), 0™ () (t) dt = 0. (16)

Teopema 2. [Iycmv 6uinoAHAIOMCA YCAOBUA:

1) Ai(t,ug, ..., uy) ecmov i pas nenpepwvieho duddeperyupyemasn GyHKUUL;

2) 0A,/0u, >0 na A x R™H;

3) das 060t Koncmanmovr R cywecmeyiom HeompuyamessHbHaa 6unyYKAGA
dyrruus Vi u xkoncmanma cg maxue, wmo |z|\hr(z) — oo u npu |ug| + -+ +
|um—1] < R cnpasedauso nepasercmeo

At u, -« o U Uy, = VR(Up) — CR .

Tozda Kxasrcdoe 0bobwénnoe pewenue ypasnernus (15) ecmo dynxyua xaacca C*™(I)
U ABAAECMCA KAACCUMECKUM DewerueM ypasHenus (15).
« Ilycts m = 2. Beném dbyakimm

t

go(t) = /(t — 5)Ao(s, 5x0(s),m(()2)(s)) ds,

to
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t

01 (t) = / Ay(s, 6z0(s), 22(s)) ds

to

g2(t) = A(t, 6o (t), 2 (2)) .

WNuTerpaibHbIe COOTHOIIEHUSI, OIIpeIesonue (pyHKIUN g, §1, SKBUBAJIEHTHbBI YCJIO-
BUAM

g = Ag(t, 6z0(t), 25 (1)), golto) =0, gh(te) =0,
g (t) = Av(t, 520(t), 25 (1),  gi(te) =0.

Ucnosb3yst 91U cOOTHOIIEHUs, paBeHCTBO (16) 1 MHTerpupoBaHUe 10 YACTSIM, MOJTY-
JaeM, ITO

/ (02(8) = 91(8) + g0 (D)) e @ ()t = 0

Jytst siio6oit dynkiwm ¢ u3 C§°(A). 1o o3HAYAET, ITO BTOPaAst IPON3BOHAS B CMBIC-
ne Cobonesa dyurImu go(t) — g1(t) + go(t) pasua 0, mosToMy namHas GYHKIH K-
BUBAJIEHTHA HEKOTOpOMY MHOrOWwIeny P(t) mepsoit crenenn. Takum o6pasoM, mouT
BCIOJLy B A BBIIIOJIHEHO PABEHCTBO

t

As(t, 6x0(t), 2P (1)) = / Ay (s, 6z0(s), 27 (s)) ds—

to

t

= [ 90l 80(5), 58 (5)) + PO = Q). (7

Beeném dbyuximio H(t, z), onpenenénnyio pasencrBoM H (t,z) = As(t, dxo(t), 2)
(t e A, zeR). Ilycte R > |zo(t)| + |2((t)| upu Becex t € A. U3 ycnoBus 3 nosydnm

(H(t,2) = Q(t)z = Yr(2) — & — Q1) 2,

a nockosbKy Yr(2)|z|™! — oo upu |z| — oo, To npu |z| > M, rae M nocratouno
BEJIMKO, IIpaBasi 9acTh II0CJIEHEr0 HepaBeHCTBa 1os1oKuTenbHa. OTcio/la BbITEKaeT
CYIIETBOBaHUE U OPAHUYEHHOCTH HesABHON (yHKuun y(t), onpe/essieMoil u3 ypas-
HEHUs

H(t,y(t) = Q1) (18)

Cormacuo ycaosuio 2 dyukims H(t,z) = As(t,0xo(t),z) MOHOTOHHO BO3pacTaeT
1o z, no3ToMy ypastenue (18) umeer yuinb ojgHO perenue. 13 eMHCTBEHHOCTH U
OrpaHrYeHHOCTH HesBHON (byHKImM y(t), onpemesnsiemoit u3 (18), B cuity HenpepbiB-
Hoctu H(t, z) u Q(t), caeayer mwenpepbiBHOCTH byHKInu y(t). B coorsercrsun ¢ (17)

a:(()z) (t) = y(t) nourn Beioy, oTciofa ciejyer BKodenue ro € C*(A) u paseHcTBO

a:(()z) (t) = y(t) mpu Beex t u3z A.
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Pagencrso (17) nokassiBaer, uro Q € C(A). ITo Teopeme o HessBHON DyHKIMH,
npumenénnoii k (18), y € CY(A), re. g € C3(A). Vcnonnsys cuosa (17), nme-
em: Q € C?*(A). Ilpumensia em@é pas TeopeMy O HesBHOH (byHKIMHU, MPUXOIUM K
sr/ouenuto y € C*(A), re. zy € CHA). Oyukiusa o ABIAETCA KJIACCUIECKUM De-
menneM ypasrenus (15). Jlyis Toro arobbl yoeauThest B 9TOM, JOCTATOTHO JIBAZKJIbI
muddepeniuposars (17) 1o ¢.

Teopema B cirywae m = 2 mokaszana. OOmuii caydaili paccMaTpuBaeTCs aHAJIO-
I'IYHO. P>

CaencrBuem TeopeMm 1 u 2 sBIseTCs

Teopema 3. Ilycmv pynrxuyus L ydosaemeopaem ycrosuim:

1° wacmmuan npouszeodnasn L, (i = 0,1,...,m) ecmwv i pa3 nwenpepwero dugge-
PEHUUPYEMAS PYNKUUA;

2° npouseodnan 0 /Ou, L(t,t, ug, ..., uy) > 0 das ecex donycmumvz t, u;;

3° umerom mecmo nepasencmea (6),(7), 6 xomopoix

lim Vr(2) =

|z| =00 |Z’

Ecau xy ecmv 06obwénnoe pewenue sapuayuornot 3adavu (1), (2), mo xo npunad-
aesrcum C?™(A) u asasemea xaaccuneckum pewenuem ypasrenus (14).

< Kax1oe yesioBue i° Biedér 3a coboit yeioBue [;) TeopeMbl 1, To3ToMy COrJIacHO
reopeme 1 xq aBisgercst 0600meHHbIM pentenrem ypasaenus (14). [Ipumenum teope-
My 2 K ypasaenuio (14), nomarag A; = L,, (i =0,1,...,m). B cury Beimykmoct L
1O Uy, TPH |Ug| + « ++ + |tpm—1| < R uMeeM COOTHOIIEHNS:

Ly, (t,ug, .oy Um) U = L(t,ug, . .y Uy) — L(t, ug, ..y Uup—1,0) =

> Yg(um) — cr — L(t,ug, . .., Up—1,0),

U3 KOTOPBIX CJIEJyeT BBIIOJHUMOCTL ycjioBusd 3 Teopembl 2. [lockosbKy ycmoBust
1 u 2 TeopemMbl 2 BBIOJHEHBI OYEBUIHBIM 00PA30M, TO JOKA3BIBAEMbBIH pe3y/brar
BBITEKAET U3 TEOPEMBI 2. P

[Ipumep BapuarmoHHON 3a/1a4H, YJIOBJIETBOPSIONIEN YCIOBUAM TEOPEMBI 3:

1

f(z) = /[(2 + sinz) exp(2)? — tx(t)] dt — min,

z(0) =2(1) =0.

CymiecTBoBaHme pelieHns JaHHON BapUAIIMOHHON 3a/1a"i BBITEKAET U3 IPEJJIOZKe-
nug 1. B paccmarpuBaeMoM ciiydae MHTETPAHT

L(t,z,y) = (2 +sinz) exp y* —tx

pacTéT 1o y ObIcTpee JiT000I IKCIOHEHTHI. B KavuecTBe 1V MOKHO OpaTh (DYHKITUIO
P(z) = exp 22
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Teopema Jjierko oboOIaeTcss Ha ciydail, Korjga & — BEKTOP-DYHKINASA CO 3Ha-
YeHusIMU B KOHeYHOMepHOM mpocTpancTBe R™. EcrecrBennbIMu aHasioramum mpo-
crpaucts .Z(A), C™(A), W™ (A) aBisiorcs IpOCTPaHCTBa BEKTOP-(DYHKIHIN CO 3Ha-
yenusMu B R", obosnagaemere cumsoamu Z (A, R™), C™(A,R"™), W™ (A, R™). Onn
MOTYT pacMaTPUBATHCS KAK MPSMbIE IPOU3BEJICHUST N IK3EMILIAPOB COOTBETCTBYIO-
IUX [IPOCTPAHCTB CKaJISIPHBIX (DYHKIINI, TTO3TOMY HacjeayioT ux cBoiicrBa. Heob-
XOJIUMO TPU3HATD, YTO MEePEeYNCIeHHbIE TPOCTPAHCTBA IIJIOXO ITPUCIOCOOIEHBI JIJIs
UCCJIeIOBaHUS BAPUAIMOHHDBIX 33/1a4.

4. 3agauu 1 KOMMEHTApPUMN.

1. Ecm B yenoBusix Teopembl 2 dyHKIH A; 00/1a7af0T TTOBBINIEHHONW TJIa/I-
KOCTBIO, TO W TJIQJIKOCTb ODODOIIEHHOIO PEIIeHUs Xy COOTBETCTBYIOMIETo i de-
PEHIMAILHOTO yPaBHEHNs TakKzKe HoBbimaercda. Hampumep, ecim A; € CF) 1o
x9 € C*+E: 5 cnyqae Geckoneunoit nuddepenupyemoctu A; GyHKIHUA o OKa3bI-
BaeTcst TakKe OeckoHedHo juddepeHimpyemMoii. AHAIOITIHOEe YTBEPKIEHNE BEPHO
1 JJIsl PellleHnil BapuallmoOHHbIX 3aJa4. Axkypammo chopmysuposamo u dokazamy
meopemyl 0 NOGHIUEHHOT 2Aa0K0cmY pewenuts duddepernyuarvnur ypasrenud. Ta-
KOT'O POJIa Pe3yJIbTaThl MOJIE3HBI IPU aHAJIN3€e JOCTATOYHBIX YCIOBUH MUHUMYMA.

2. B obmem cirydae 11aIKOCTH PeIleHnii BAPUAIIMOHHBIX 3319 MOYKET U He ObITh.
Amnajioruvnbie IpUMeEpbl yKe MPUBOIUINCH B CBA3U C ycjaoBueM Beitepmrpacca—
Opamana (eMm. 1. 2.6). Bor emé oaun npumep, npunaexkanuii 1. Tuasbepry.

fla) = / 23 ()2t — min;  2(0) =0, (1) = 1.

Jokazamo, wmo skcmpemans T 9mo2o GYHKYUOHAAG, YOOBAEMBOPAIOULAA KDAECHIM
yeaosuam 6 mowkar 0 u 1, eduncmeenna, docmasanem 2A00aA0HIT MUHUMYM, HO
ne npunadaesicum xaaccy C*([0,1]) .

3. Iokasamo, wmo y dynrkyuonana

1

flx) = /152(3:’(t))2 dt, z(0)=0, =z(1)=1

0

ne cywecmeyem donycmumoti sxcmpemant dasice cpedu abcoiomHo HeNPEPLLGHHLL
dynryui (npumep Betepwmpacca).
4. PaccMOTpeTh BapUAIMOHHHYIO 3319y

1

flx) = /((1 — /()2 +2%(t)) dt — inf, x(0)=0, z(1)=0.
0
Hoxazamv, ¥mo Mounaa HUNCHAA 2PaHL GYHKUUOHAAL PAGHG HYA0, HO He JOCTU-
2aemcea nu na 00noti donycmumoti gynrkyuu kaacca KCL.
[IpuBenénnnble TPUMEPHI MOABOJAT K Bocxosrieit Kk . I'misbepry Mmbicsu, 910
KaK/IyI0 BapUAIMOHHYIO 33Ja9y CJIe/yeT pacCMaTPUBATHL B CBOEM IMPOCTPAHCTBE.
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[Ipu 3TOM BO3HHKAIOIINE TPOCTPAHCTBA U PEIIeHNs] MOTYT CYIIECTBEHHO OTIMYATh-
Csl OT KJIACCHYECKUX 0OPas3IoB (HACKOJIBKO CHJILHO 3TO Pa3/IMIhe MOYKHO MOHATD,
sarignys B kaury JI. fura [30]). Tuasbepry ke npuHAJJIEKAT THIIOTE3a, YTO TIPU
OTIPEJIETIEHHDBIX MTPEIIOIOKEHUSAX PETYISIPHOCTH KazKi0e 0000IEHHOE pellieHne Ba-
PUAIMOHHOM 33,141 ABJIAETCA HA CAMOM Jiejie TVIQJIKUM U CTeIeHDb TJIaIKOCTU OIIpe-
JleJIsieTCs JINIb CTENeHbI0 IVIQJIKOCTH MHTerpanTa. Eciam 1jis OIHOMEPHBIX Bapua-
IMOHHBIX 3aJa4 mpejnosoxkenne ['mabbepra crpaBenBo, TO JJId MHOTOMEPHBIX
BapUAIMOHHBIX 33JIa9 9TO HEBEPHO; OOCYK/IEHUE JAHHLIX BOIIPOCOB U TOYHBIE pe-
3yJIbTaTHl MOXKHO Haiitu B [22], [27].

5. B aToM nipuiiozkeHun pedsb Iia o IJI1aKOCTH PEeIeHnil IrpocTeiinieil BapuanoH-
HOIT 3a/1a41. B 9acTHOCTH, OTCYTCTBOBAJIN JOMOJTHUTETbHBIE OTPAHUYIEHNS N30IIE€PH-
Merpudeckoro tuma. Caedyem pazodbpamvces, HACKOALKO OONONSHUMEALHBIE YCAOBUA
MO2YM, NOBAUAMY HA 2A60K0CMb 0000WEHHBIT peweruti. TpyIHOCTD 3aK/II0UaeTCs
B TOM, YTO IPUBBLIYHBIN anmnapar aHajan3a KCTPeMaJsbHBIX 3aJla9 B JIAHHOIN cuTya-
MM MOXKET He cpaboTaTh BBHILY HeTU(MDEPEHITUPYEMOCTH UCCIELYEMBIX (DYHKITHO-
HAaJIOB; 9Ta HErVIaKOCTh MOXKET BO3ZHUKHYTH JlaxKe I (DYHKIIMOHAJIOB, TTOPOXKIae-
MBIX CKOJIb YIOJIHO IJIQJIKUMU MHTerpaHTaMu (M3-3a [JIOXUX CBOHCTB IPOCTPAHCTBA
£ cymmmpyeMbix dyHKImi).

6. Nurepecen Botpoc 06 sKcTpeMasiax byHKIIMOHAJIA

fx) = /((96'(1?))2 +alz(t]?) dt, (18)

YJIOBJIETBOPSIIONINX I'PAHUIHBIM YCTOBHSAM
z(0) =0, =z(1)=0. (19).
Baecs p > 1, a € R. Ypasuenue Diutepa jyist dysximonana (18) umeer Bu
—a" + %mp_% =0. (20)

Jormycrumbie SKCTpeMan B JIAHHOM CJIydae 9TO pelenus Kpaesoii 3agaqan (19, (20).
Jlokazarh cjejyionue yTBepK IeHUS.

a) npu aobom a = 0 kpaesaa 3adava (19), (20) umeem eduncmeentoe pewerue
& = 0, peaausyrowee abcorrommoili murumym dynryuonana (18) npu epanusmous
yeaosuazx (19);

B) mom arce 6b1600 6epen, ecaup =2 ua > —T> ; NPOOYMAMD CAMOCTNOAMEABHO,
YMo NPou3oToEM 6 cayuae p =2 U a = —m° U a < —m2;

v) ecau p > 2, mo npu aobom a < 0 cywecmsyem makas nociedo8amesbHOCG
pewenuli T, kpaesots 3adavu (19), (20), wmo f(x,) — oo npun — 0o; Gynkyuora
| meoepanunen u ceepry, u cHUY;

d) ecau 1 < p < 2, mo npu abom a < 0 cywecmsyem makas nociedosamens-
Hocmb pewenuls T, kpaesotls sadawu (19), (20), wmo f(x,) <0 u f(x,) — 0 npu
n — 00.
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,ZL&HHBIﬁ InpuMep IIOKa3bIBaeT, YTO JJIfd <«BblJIaBJIMBaHUA» KPUTUYECCKHUX 3Ha4de-
HUA (byHKLII/IOHaJIa cjaeayer UCIoJIb30BaTb U OTJIMYHBIE OT MaKCHUMaJIbHOI'O UJIM MH-
HUMAJILHOTO ero 3HadeHnii. Kakum o6pa30M — 9TO GH_Lé TOT BOHpOC!
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ITpunoxenune C

MeTos, ycjaoBHOIO rpaaueHTa

B stom pazgenie uzydaercs CXOIMMOCTb METO/Ia YCJIOBHOTO TI'DAJIMEHTA B 3a/1a-
Je NpHUOJIMKEHHOIO HAXOXKJIEHUsI TOUYeK MUHUMYMa (DYHKIIMOHAJIOB, OIPE/Ie/IEHHBIX
Ha OI'PAHMYEHHBIX 3aMKHYTBIX U BBIIYKJIBIX ITOAMHOXKECTBaX pedIeKCHBHOIO IIPO-
CTPAHCTBA. YCTAHABJIUBAIOTCA JOCTATOYHBIE YCJIOBUSI CXOJIMMOCTH, ITPUMEHUMbBIC, B
JaCcTHOCTHU, K HEBBIIYKJIBIM (DyHKIMOHAJaM. [IpuBoasTCA NPUIOXKEHUS K 3ajadaM
OTITUMAJTLHOTO YIIPAB/IEHUS M BAPUAIMOHHOTO UCIHMCIEHNsT. 3aKII0IA0T PA3/Ie/T CBe-
JIEHHs 0 MeTojie PUTIa 1 HECKOJIBKO MMOCBAIIEHHBIX 9TOMY METO/Ly 3a/1ad.

C.1 CxomuMocTh MeTOoda YCJIOBHOTO I'PaJAneHTa

1. CBenenuda n3 pyHKIIMOHAJIBHOIO aHaau3a. HamoManM HeKOTOpBIE OIpe-
nenenns yHKImonaabHoro anamu3a 3], [10], [19]. Ilycte X — aeiictBuresnbHoe Ha-
HAXOBO IIPOCTPAHCTBO ¢ HOpMOii ||z||. Ero MoxkHo paccmarpuBaTh Kak MOJHOE MeT-
pHYIECKOe IPOCTPAHCTBO € METPHKOit p(x1, X2) = |21 — x2||. CoBokynHOCTE X* Beex
JIMHEHHBIX HEIPepPbIBHBIX (MyHKIMOHAIOB Ha X (compsikéHHOe K X POCTPAHCTBO)
sABJIgeTC DAHAXOBBIM, €CJIU 3aJ1aTh B X ¥ HOpPMY

l2* ]l = sup (z,2%),
Jall <1

rie (r,z*) o3HaUaeT pe3yabTar npuMeHeHns K © GyHKnnonaga x*. JIroboil simemeHT
x n3 X MOpoxXK/IaeT JUHEHHBIH (hyHKIMoHA Ha mpocTpancTBe X *. Takum obpazom,
BO3HUKAET €CTECTBEHHOE OTOOPaKeHNe K MIPOCTPAHCTBA X BO BTOPOE COIPSIKEHHOE
kK X mpocrpancrBo X** = (X*)*. Ecim orobpaxenne x: X — X** ectb 6Guekius,
TO MPOCTPAHCTBO X HA3BIBAIOT PEIEKCUBHBIM.

B 6anaxoBom mpocrpancTBe X MOXKHO pacCMaTpUBaTh CUIBHYIO U CJIA0YIO CXO-
JINMOCTH TIOCJIETIOBATETHbHOCTH 3JIEMEHTOB I, 3TOI0 TPOCTPAHCTBA. By/1eM roBOpUTH,
YUTO MOCJIE/IOBATETLHOCTD Ty, CUIIBHO CXOJUTCS K 9JIEMEHTY T W MUCATH Ty — &, €CTIN
p(xp,x) = ||z, — || = 0 npu n — co. CrazxkeM, 9TO MOCJIEIOBATEIBHOCTD &y, C1a00
CXOJIUTCS K IJIEMEHTY X, U CTaHeM IUCATh T, — T, €CJId Jijid JIIoOoro (pyHKIMOHA~
aa x* € X* mocse1oBaTebHoCTb (X, %) cxoaures K (v, %) npu n — oco. Beakas
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CUJIBHO CXOJSINAsICS MOCJIeI0BATEILHOCTD CXOAUTCs caabo. ObpaTHOe, BOOOIIE TOBO-
psi, HEBEPHO.

CutbHasi TOMOJIOTHS Ha TPOCTPAHCTBE X — 9TO TOIOJIOIHS, TIOPOXK/IaeMasi MeT-
pukoii p. Cinabast Tonosiorust B X — 3T0 cadefiias u3 TOMOJIOTU, B KOTOPOI HeIpe-
poiBHBI Bee dyukrmonasbl x* u3 X*. Hike Cv(X) — COBOKYITHOCTH BCEX HEITYCTBIX
BBIIYKJIBIX 3aMKHYTBIX IIOJIMHOYXKECTB IIpocTpancTBa X . B aToM ompeeneHun nmve-
eTcsi B BUJLY 3aMKHYTOCTH OTHOCHUTEJILHO CHJIbHOI Tomojorun. Opaako ecim X —
pedJieKcrBHOE TPOCTPAHCTBO, TO MHOXkKeCTBO () Kiacca Cv(X) 3aMKHYTO OTHOCH-
TEeJIbHO U ¢JIaDOI TOIOJIOruU TTPOCTpaHCTBa X .

CrangapTHBIM 00pa30M OIPEIe/IAI0TCA 3aMblKaHns MHOxKecTBa M C X oTHOCH-
TeJIbHO ¢j1aboi 1 cuyibHO# Tomosioruu. Hampumep, cuibHOe 3aMbIKAHIE MHOYKECTBA
M — 510 MHOXKeCTBO M, CoCTOsIIEE U3 SJEMEHTOB T, JIIsl KOTOPBIX CYIIECTBYET II0-
CJIEJIOBATEILHOCTD JIEMEHTOB X, CUJILHO CXOJIAIAasAcs K ajeMenty x. [Ipocrpancrso
X Ha3bIBaIOT cernapabebHbIM, €CJIU CYIIECTBYET TaKOe €ro CYETHOE TOJIMHOYKECTBO
M, aro M = X.

[lepBocTenenHoe 3HaUEHNE UMeEET JIjIsI HAC CJIEAYIOMNi KpUTepuil cjaaboit KOM-
MAKTHOCTH.

IIpengyoxxenune 1. [lycmv Q) — oepanuvenroe nenycmoe 6vinykA0e 3AMKEHYMOE
NOOMHOICECMBO pedaekcusHo20 cenapabesvrozo npocmparcmaa X . Tozda u3 scaxoti
n0CAeJ0BAMENLHOCTNU Uy INEMEHMOE MHOACECTNEG () MOIAHCHO U3BAEYUL NOINOCAEIO-
BAMEABHOCTVD U, , CAGOO CTOOAWYIOCA K HEKOMOPOMY INEMEHMY U MHOACECMEa ().

Orobpazkenue F: My — My (M, My — nopMHOXKecTBa 6AHAXOBBIX TPOCTPAHCTB
X1, X2 COOTBETCTBEHHO) UMEHYIOT OIPAHUYIEHHBIM, €CJIN JIJIsI KaK/I0T0 OrPAHUIEH-
Horo B X muoxectBa M C My obiacts 3nadennit F'(M) ecTh OrpaHUueHHOE HOJI-
MHOXKECTBO Xs.

PaccmarpuBaemMble HUZKe (DYHKIIMOHAJBI TPEIIOIATAIOTCA JIEHCTBATEIHLHO3ZHAY-
ubivu. Ecin f: M — R — dyakiuonast na Maoxectse M, 1o arg mj\}n f —MHOXKecTBO

TOYeK TiobanbHoro MunuMmyma f uHa M: BKIOUYeHNE T, € arg min f SKBUBAJIEHTHO
M

HepaseHcTBy f(z.) < f(x) Vo € M. CrangapTabiM 00pa30oM OIPEIE/ISeTCs TIPOn3-
Bopnas f'(x) dynknmonana f, 3amaHHoro Ha HeKOTOpOil okpecTHOCTH O(X) TOUKH
x. IMeHHO, IIyCTh CYIIECTBYeT Takoil JuHeiHbIil dyHKIMOoHaJ =¥ Kiacca X*, 910
JIJIs1 J1I000TO dJ1eMeHTa v 13 X CIIPaBeJIMBO PABEHCTBO

i L&+ &) — f(2)
£-0 &

= (v, x%) .

Torna dyukimonan f HasbBaloT AuddepeHnupyeMbIM B TOUKe X, a (DYHKITMOHAJ
x* — npousBojHOl [ B Touke T um obozHaudaror cumposiom f'(z). epes CH(U) obo-
3HAYAETCS COBOKYITHOCTH HENpPepbIBHO aud depennupyeMbix Ha Muoxkecrse U C X
byuxmuonamnos, C(U) (0 < v < 1) — wacts C*(U), cocrogmast u3 yHKINOHATIOR

f, Ipon3BO/IHbIE KOTOPBIX YIOBIETBOPAIOT HEPABEHCTBY

1 (w) = ()]l x- < Kju—ol%,
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noctogHHag K He 3aBUCHUT OT u, v u3 U.

2. CruenuajbHble ONEpaTopbl U (PYHKIMOHAJIBI. B 3TOM U cleyionemM
nyHKTax X — cenapabesbHoe pedreKCcnBHOE 6aHAXOBO IPOCTPAHCTBO, || - || || - ||« —
HopMbl B X 1 X* COOTBETCTBEHHO, CUMBOJIBI — M — O3HAYAIOT CJIA0YI0 U CHJIBHYIO
cxopuMocTu coorBercTBeHHO, () € Cv(X). Obosnaunm vepe3 S((Q)) KIacc orpaHu-
YeHHBIX oToOpaxkeHuit F': () — X*, yIOBJIETBOPSIONIUX CJIEYIOMEMY YCIOBHIO: JIJIst
[IPOU3BOJILHON MOC/IeI0BATEILHOCTH X, € X, obJiajalonieil cBoiicrBaMu

T, =z, F(z,) =z lim (z,, F(z,)) < (z,2%),
n—oo
HMEIOT MECTO COOTHOINECHUA &, — x, x* = F(z). Bauskue k S((Q)) Kaccel omneparo-
POB M3ydYaJuch MHOIMME aBropamu (cM., Hanpumep, [16], [27] u npusenénuyto Tam
mureparypy ). OrvernM, 9to cyKenne omneparopa F' kinacca S(X) Ha MHO)KECTBO ()
npuHaIIeXKUT Kiaaccy S(Q).
DjemeHT T € () Ha30BEM 0c00OI TOUKOI oTobpazkenus: F': () — X*, ecin

(v—2,F(z)) 20V eqQ. (1)

Coornomenus Tuna (1) Ha3BIBAIOT BapuAIlMOHHBIME HepaBeHcTBaMu. OHHU HEOTHO-
KPATHO TIOSIBJISLINCH U B HAIEM Kypce J[JIsi KOHETHOMEPHOI'o MpocTpaHcTBa X, Ha-
IpuMep, Kak HeoOXoauMble (a MHOT/A M JIOCTATOYHBIC) YCJIOBHS MUHAMYMa (QyHK-
I[N Ha BBIITYKJIOM MHOXKecTBe (). B Hacrosiee BpeMs Teopusi BAPHAIMOHHBIX HEPa-
BEHCTB IPeJCTaB/IsieT OyPHO pasBUBAONuiics pasjen MareMaTukn (6ubsnorpadus
MozKeT ObITh Hafinena B [16]).

Ecsin se oroBopeno mpoTuBHOE, HUKE HPEJIIOIAraeTCs, ITO () — OrpaHutIeHHOe
noamuokecTBO X . B aroMm ciydae mHOKecTBO R(F') Beex 0COOBIX TOUEK OTOOpazKe-
mug F kmacca S(Q) ects memycroit komnakT. Hemycrora R(F) ycranoriena st
6osee mmpororo, dem S((Q), kracca oneparopos. lokaxkem kommakTHoCTh K(F').
HeiicTBuresnbro, mycTtsb T, € R(F),n = 1,2,.... Ilockoibky () — OrpaHIYeHHOE MHO-
JKECTBO, TO MOCJIEIOBATEIBHOCTH L, F'(x,) orpanndensl B mpoctpancTBax X u X*
coorBeTcTBeHHO. [IpocTpancTBo X pediekcuBHO, T03TOMY, HE HapyIas OOITHOCTH,
MOXKHO CUHTATD, 9TO

z, =z, F(x,) = z*.

Tak kak x, € R(F), To B cuity (1) uMeer MeCTO HEPABEHCTBO
(v —1,, F(x,)) > 0Vv € Q. (2)
B gacTHOCTH, HepaBEeHCTBO (2) CIpaBeJINBO IIPH ¥ = . DTO BJIEUYET 3a OO0l OIEHKY

lim (2, F(z,)) < (z,2%) .

n—oo
[MTockosbky F € S(Q), To x, — x,z* = F(x). lepexonst B (2) K upejesy npu
n — oo, noayvaeM, ato € R(F'). O1cioa u BEITEKACT KOMIAKTHOCTh MHOYKECTBA

A(F).
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[Tpu sroboM = u3 ) nuHeiinbil dyHkmonan z — (z, F'(z)) mocturaer coero
MUHUMYyMa Ha MHOXkKecTBe (); umMeer cmbica dyukius (r) = mlél{(z —x,F(x))}.
zE
OueBuno, uro ((z) < OVx € @, upu stom {z € Q,((z) =0} = R(F).
[MocaemoBarenbHocts @, (n = 0,1,...) mHOKecTB Kiacca C'v(X) Ha30BEM mC-
JeprbIBaioINieil MHOXKECTBO (), ecyin (), C Q11 U

Uev=0. (3)

[Monoxum (,(z) = min1{<z —a,F(z)} (n=0,1,...,2 € Q).

2€Qn+
JIemma 1. Ilyemv F € S(Q). Tozda secaran nocaedosamesvrocmo T, € @Qp

(n=0,1,...), das xomopot (,(z,) — 0 npu n — oo, codepatcum nodnocaedosa-
meavhocmy, crodswyroca k aremenmy us K(F).

< Byumem cuwrars, yro z, — z,F(x,) — z*. QukcupyeM z u3 MHOXKeCTBa
Qn (N =1,2,...). U3 onpegenenust GpyHKIuu ¢, BbITEKAET HEPABEHCTBO

CulTn) + (T, F(20)) < (2, F(xs)) (0> N),
BJIEKYIIee 3a cO0Oil OIEHKY

nh_g)lo (T, Fx,)) < (2,27) .

B cuy (3) mocsensist oleHKa BepHa Jyist 2 = x. VI3 yCcTaHOBJIEHHBIX CBOWCTB T10CIe-
JIOBATEILHOCTU T, U BKjtodeHus F € S(()) BbITeKaeT CXOJAUMOCTh T, — &, PABEH-
crBo x* = F(x) u coornommenue (1). B wacraoctu, = € K(F). »

Jlajiee 0OCHOBHOE BHUMAHUE Ye/I9eTC TOTEHInaIbHBIM oToOpaxkenusam. [lycrs f
— mudbdepeHIumpyeMblil B KaxK10# TOUKe MHOKeCTBa () PYHKIIHOHAJ. DJIEMEHT & U3
() HA30BEM CTAIMOHAPHOW TOYKON (PYyHKIMOHAIA f, €CJIM BBIMOJHAETCS COOTHOIIE-
ure (1) ¢ F' = f'. MuoxkectBo cranmuoHapHbIX ToUYek f obozHadnm cumsosoMm R(f').
CrpaBe/yInBO BKJIIOYCHUE GT'( ngn f C R(f'). Dmementer Muoxecrsa @ \ K(f') na-

30B6éM peryssipabiMu Toukamu f. [lomoxkum ((x) = micrgl (v —z, f'(z)). Beraucienne
ve

dyHKIMN ( B TOYKE & CBOJUTCA K PEINIEHUIO SKCTPEMALHON 3a/1a9m
(z, f'(x)) > min, z€Q.

CymecrBoBanue perienus z(x) 3TOH 3a1a4u OUEBHU/IHO; PeIleHure, BOOOIIe roBops,
MOZKeT OBITh HEeIMHCTBEHHBIM.
[Iycrs @, (n =0,1,...) — ucyepubIBamOIas MHOKECTBO () TIOCIEI0BATETHLHOCTE
muO)kecTB Kiaacca Cv(X). Beeném dyurimn (, () = HQlin (z =z, f'(x)) (v €Qn)
1S n+1

u orobpaxkKeHus z,: Qn, — Qny1 (n =0,1,...), obaagaomue coiicTBaMu

Zn(.CL') € Qn+17 <Zn(33),f/($)> g <Z> f/(l'» Vz € QnJrl-
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YKazaHHBIME CBOfiCTBAMEU OTOOparXKeHus z,: @, — Qni1 (n = 0,1,...) onpesens-
I0TCsI, BOOOIIE TOBOPsi, HEOIHO3HAYTHO.
N3zyuaemast Bepcust METOJIa YCJIOBHOTO T'PaJIMeHTa JIJIs PEIIeHNs 3a,1a9u

f(x) > min, z€Q (4)

COCTOUT B TIOCTPOEHUHU MOCJIEIOBATEILHOCTU T,y € @, (n =10, 1,...) 10 cieryommm
dopmyiam:

Tpt1 = Tp + @p(2n(xn) — x,), @, € arg r[%lilr]l fns (5)

riae fola) = f(a, + alzn(z,) — ) (0 < a < 1). Daement xy u3 (Qp Upero-
Jaraercs 3aJaHHbIM. Ha KaxK/IoM 1mare HeoOXOIMMO PeIaTh JiBe BCIOMOTraTe/IbHbIE
3aja4n: 1) 3a1ady 0 MEHIME3aNNY JuHeiinoro dyuknnonaina z — (z, f'(x)) ma muo-
x’ecrBe (Q11, 2) 3a7a4y 0 MUHUMU3ANUH (GYHKIMH OJHOTO TepeMeHHoro f,(a) Ha
orpeske [0, 1]. Obe 3ajauu umeroT perrernsi. B IpeecTByONUX MOCTPOCHUSAX He
UCKJTIOYAETCs CJIydail TIOCTOSTHHOM 1mocsieioBareibioct Q, = @ (n=0,1,...).

Borpoc o cxoiumocT MeToia YCJI0BHBIX I'PaMEeHTOB OyIeT MCCIeI0BaH IPU J10-
[IOJTHUTETBHBIX OIPAHNYIeHUsIX Ha (DyHKIMOHAT f 1 MHOXKecTBO (). Obo3Ha"MM depe3
A1(Q) coBokymmoCTh uddepeHupyeMbIX Ha MHOKeCTBe () (DYHKIMOHATIOB, st
KOTOpBIX orobpaxkenne F(zr) = f'(x) npunamiexkur kiaaccy S(Q). Jis konedno-
mepHoro npocrpancrsa X kiace Aq(Q) conajaer ¢ kiaaccom CH(Q). B 6eckoneu-
HOMEPHOM IIPOCTPAHCTBE ITO y2Ke He TakK; MpuMepbl QPyHKIMOHAIOB Kiiacca A Ha
npocTpaHcTBax Pucca mpuBomsdTes jastee.

Huzke Oyer ncmomp30BaThCs CIEAYONN BapruanT (hOPMY/Ibl KOHETHBIX TTPUPa-
IeHn

f) = flu) ={v—u, f(w), (6)
e f € A(Q),u € Q,v € Q,w =u+0(v—1u),0 <0 < 1. B kagecrBe 6 MOXKHO
B3aTh TouKy u3 (0, 1), B KOTOpOIl peanusyercs sKCTpeMyM DyHKIUK

p(t) = flu+t(v—u)) —t(f(v) = f(u))

Ha orpeske |0,1]. st dbyukmmonana f kiracca Aq(Q) 3amada (1) koppekrra. Tou-
HOe Olpejie/ieHre KOPPEKTHOCTH IPHUBOJUTCH HUXKe, a ceffdac OyjeT yCcTaHOBJIEHO
BaKHOE caMo 110 cebe CBOMCTBO paccMaTpuBaeMoro kjacca gpyHkinoHa oB. Hamom-
HuM, 9TO byHKIMoHAI f: () — R Ha3bBaOT €71a00 MOTYyHEIIPEPBIBHBIM CHUZY, €CJIN
JUUTST TIPOU3BOJIBLHON €JTab0 CXOIAIIENCs K 9JIeMEeHTY & MOCJIeI0BATEIbHOCTH X, € ()
CIIPaBe JINBO HEPABEHCTBO

lim f(2,) > f(x).

n—0o0

Jlemma 2. Qynxyuonan xaacca Ai(Q) caabo noaynenpepoviser crusy.

<« B npennonoxennn nporusHoro cyriectByer dyakimonan f kiaacca Aj(Q),
Touka T u3 ), ducaa € > 0,0 > 0 u mocjieoBaTeIbHOCTD T, € (), objamarone
cBoicTBaMu

Tp — T, f(xn)<f(x)_2€7 f(y)>f($)_€ VyEQa|’y—$H<5;
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B YACTHOCTH, €CIA Yy = T + t(Yn)(Tn — ), |lyn — | =9, 0 < t(yn,) <1, 1O

flyn) 2 f(x) —e > flzn) + €, t(yn) > o > 0.
B cuy dbopmysibl KOHEUHBIX [IPUPAIEHU UMeeM

e> f(xn) = f(yn) = (Tn — Yn, f'(2n))

e
Zn =T+ t(zn)(xn — ), tlyn) <t(zn) <1,
0= = (L= ) = ) = S (e )

[Mosromy (z, — z, f'(x,)) < —et(z,) < € . He mapyrmmast obImHocTH, MOKHO CUH-
tath, 9t0 f'(2,) — z*. [locienoBarenbHoCTh z, 06Jaa€T CBOMCTBAME

Zn—x,  fl(z) =25 lim (2, —z, f'(2,)) < —€0,
n—oo
13 KOTOPBIX BbITEKaCT OLIEHKaA

lim (2, f'(z)) < (2,27) .

n—oo

[Mocennsist onenka nporuBopednt BRIOYeHHO f € A(Q). »
Bazmady (4) nasnIBaloT KOPPEKTHO, ecin 1) muoxkecTBo My = arg mén f memy-

cro; 2) 106ast MUHUMU3UPYOIIasi (DYHKIUMOHAT [ MOCJIEI0BATEIBHOCTD Ty, CXOIUTCS
K MmuoxectBy My, re. ecmn x, € Q u f(z,) — a = innf, 10 dx(%n, M) — 0

upu n — 00; 31ech u panee dx(z, M) = inj\f4 llz — y|| — paccrosrue or TOUKHU 2 110
ye

MHOXKecTBa M B MeTpuKe IIPocTpaHcTBa, X .

Teopema 1. IIycms Q — nenycmoe o02paHuveHHoe GHNYKA0E 3AMKHYMOE NOO-
MHOMCECTNBO pedaercusrozo npocmpancmea X, a f — dynxyuonan xaacca Ai(Q).
Tozda 3adava (4) xoppexmua.

<« [Tycrs a = Helcg f(z) — rounas HuKHsAS rpaHb GYHKIMOHATA f HA MHOXKECTBe

X

(), ToCIeI0BATEILHOCTD X, MUHUMU3UPYET f, T.€.
T, €Q, f(r,) - a upun— co. (7)

He napymas obniHocT, MOXKHO CYUTATh, YTO T, — & IPU N — 00. Tak Kak (PyHK-
roHaJ1 f €j1abo MOJIyHelpepbiBeH CHU3Y, TO

lim f(z,) > f(z),

n—oo
B yactHoctH, f(z) < a. Ilockosbky 10 camomy omnpesenennio a < f(x), o f(x) = a.
Koneunocts a u nemycrora Muozkectsa My JT0Ka3aHbI.

[Iycrb x,, — mocaeoBaTeIbHOCTD, ObTanaast ceoiictBamu (7). Byaem caurars,

qro a < f(z,) n x, — x. [locienoBarensuocts (x, + x)/2 TakkKe c1abo CXOAUTCS K

T, HO3TOMY
ﬁmf(“;x)>a=ﬂm.

n—oo
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B cuty dhopmysibl KoHeUHBIX Tpupalieruii (6) crpaBeiinBo paBeHCTBO

T, +T
2

-1
o) = £ (252 =27 o = o )
e z, = ¢+ 0, (x, — ), 1/2<6,<1.
OO6bIUHSAA IOJIyYeHHBIE COOTHOIICHUS, IIPUXOIUM K HEPABEHCTBY
lim (2, —z, f'(2,)) <0.
n—oo
[Tockombky f € A1(Q), To TmOCT€EHEE HEPABEHCTBO BICUYET CHUIBHYIO CXOIAUMOCTD
OCJIE/IOBATENIBHOCEH Ty, 2, K ©. OueBugno, aro dy(z,, My) < ||z, — x|, ciegosa-
TeqbHO, dx (T, My) — 0. »
BepraéMcs K METOy YCJIOBHOTO I'DaMeHTa.
Teopema 2. ITycmo f € A1(Q) u cnpasedausa oyenka

fl@+h) = f(z) < (h, f'(2)) +w(|A]]), (8)

ede x,x + h € Q, Pynryua w: [0,00)R ne 3asucum om x us Q u w(s) = ofs)
npu s — 0. Hyemv x, € Q, (n = 0,1,...) — nocaedosamesvrocmsv anemenmos,
onpedeaseman uz coommowenuts (5), npuuém C,(x,) < 0.

Tozda f(xns1) < f(xn), Co(xn) = 0 npu n — oo, nocaedosamervrnocms x,
KOMNAKMHA U 6CAKGA NPEJEAbHAA MOUKA MOl NocAed08aMeENbHOCTU NPUHAJAE-
orcum R(f").

<« llonaras 8 (8) x =z, h = az,(x,) —x,) (0 < a < 1), mostydaeM HEpaBEHCTBO

f(@n + alzn(@n) — 2n)) — flan) < alulzn) + w(allzn(@n) — za|) - (9)
Tak Kak w(s) = o(s), To maga moboro § > 0 Haiinércs Takoe wmeso 7 > 0, 9ro

da
lw(a]| 2 (20) — z0||) < 5 (0 < a < 7), 9UCTIO T HE 3aBUCUT OT BBIOOPA HAYATIBHOIO

UpUOJINKEHUS Ty U TUCIA N.

®ukcupyem § > 0 u coorBercTByomiee emy ducyo 7 > 0. Obozuaunm depes N(0)
COBOKYITHOCTb TAKHX HATYPAJbHBIX 9dHCes N1, 9T0 (,(x,) < —d. Eciu n € N(J), o
u3 (9) BBITEKAET OIEHKA

f(xn + O‘(zn(xn) - xn)) - f(xn) < -5 (0 Sa< T) )

«
B vactHOCTH, f(Th11) — f(2,) < - Oyuknmonayn [ orpaHUYeH CHHU3Y, TOITOMY

muozkecTBO N(0) KoHEuHO npu Jsrobom 6 > 0. Hepasencrso f(r,41) < f(x,) u cxo-
TMOCTh () — 0 mpu n — 00 JIOKA3aHbl, OCTAIbHBIE YTBEPIK/IEHNST BbITEKAIOT
u3 JeMMbl 1. p

CanexncrBue. Ecau 6 ycaosuax meopemvr 2 cmayuonaphas mowka T, Gynryu-
onana f eduncmeenna, mo T, — Tx NPU N — 00 U Ty € M.



124

CKOpOCTBb CXOIMMOCTH T, K T MOXKET 3aBUCETh U OT CBOHCTB (yHKIMOHATA [,
U OT CKOPOCTH TIPUOJINKEHUS MHOMXKECTBa () MOC/IE0BATE/IbHOCTBIO MHOXKECTB (), .
st BeInmostHeHUs1 oreHKu (8) jocTaTovHo, 9To0bl oTobpaxkenue F' = f': Q) — X*
OBLI0 PABHOMEPHO HENpepbIBHBIM. B Teopeme 2 mckiodaercs ciaydai ¢, (z,) = 0
pU HEKOTOPOM 7. B 9TOM cjydae MeToJ1 yCJIOBHOIO TpaJlieHTa KOHEUYEH, T.e. OCTa-
HABJINBAETCS MOCJIe KOHEYHOro Jrc/ia maros. OOCyKaeHne TAaHHOTO BOIIPOCA MOYKHO
maiitu B |13, c. 189-190].

3. O ckopoCTH CXOAMMOCTH METO/Ia YCJIOBHOIO rpajaueHTa. B srom pasje-
JIe MeTO/I, YCJIOBHOTO IPaJIMeHTa TIPUMEHSIeTCs K UM dEePeHIIUPYEMbIM U BBIILYKJTbIM
Ha MHOXKecTBe () (DYHKIMOHAIAM, IPOU3BOJIHBIE KOTOPBIX OIPAHUYEHbI HA MHOXKE-
crBe (). YHKIMOHAIBI JAHHOTO KJIACCA YJIOBJIETBOPSIIOT yCa0Buio Jlummmmna u cia-
60 TOJIyHEeNpePBIBHBI CHU3Y, MHOYKECTBA TOYEK MUHUMYMa M CTAIIMOHAPHBIX TOYEK
cosnajiaor. Kak u B mpepuayieM pasgeie, ((r) = Ivrélél (v—uz, fl(z), a = mén f

Boiykitocts dyukiun f BjIe9€T HEPABEHCTBO
f) = f@) 2 v—= f(z) Ve,

HEeImocpeaCTBEeHHBbIM CJICACTBUEM KOTOPOI'O ABJIACTCA OIICHKa

—((z) =2 f(x)—a Vreq.

Jlnst ananmusa CXOUMOCTH METO/Ia YCJIOBHOTO IPaJIMEeHTa UCHOIb3YeTC s
IIpensioxkenne 1. [13, c. 52]. ITycmo w, > 0 u

Wpi1 Swp —cw™ (¢>0, >0, n=0,1,...). (10)
Tozoa
wy, < wo(1 + nefuwg) P (11)

O6oznaamnm gepe3 A, (Q)(1 < v < 2) COBOKYIHOCTb BBILYKJIbIX I auddepeHiu-
pyeMbIX Ha MHOXKeCTBe () (DYHKIIHOHAJIOB, YIOBJICTBOPSIONIIX OLECHKAM

If @)« < Ky, flz+h) = f(z) < (h, f'(2)) + Ka|h]] (12)

C HEKOTOPBIMHU HOCTOAHHBIME K1, Ko, He 3aBucsmumu ot © 1 = + h u3 (). Orenku
(12) mmeror mecto gyt dyukmuonanos f kmacca CH(Q) (v = v — 1).
ComocTaBuM peryssapHoil Touke T u3 () saeMeHT z(x) u3 arg mén f'(z). Takum

obpasom, ((x) = (z(z) — z, f'(x)) < 0. [lonarag B (12) h = a(z(z) — x), upuxoaum
K COOTHOIIEHUIO

flx+alz(z) — ) = f(2) <al(z) + Ko7 |[2(2) — 2" < af(z) + Ky Do,

rae D = sup ||u — v|| — quamerp muO)KecTBa Q). VI3 9TOM0 COOTHOIEHUS BBITEKAET
uU,WEQ
OIICHKA,

min [f(z+a(z(x) —2)) — f(2)] < min (a((2)+K2D"a”) < —e[¢(2)707Y, (13)

0<a<1 0<a<1

N
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HOCTOSTHHAA ¢ > () He 3aBUCHUT OT BLIOOpA PEryIsapHOil Toukn x us3 (.

Teopema 3. IIycmv f € A(Q),z0 € Q,z,(n = 1,3,...) — nocaedosamens-
nocmo u3 coommowenuts (5), npuwém Q, = Q,((x,) <0(n=0,1,...). Tozda das
nocaedosamenvrocmu w, = f(x,) —a eepna ouyenka (11), 2de f(y —1) =1,c = ¢
u3 ouenru (10).

< 113 onenku (13) ciaeayer HepaBeHCTBO

f(@ni1) = fzn) < —a|C(zn)]”

C yuérom (10) mosydaem, 9T0 HOCIEI0BATEBHOCTD W, = f(Z,) — a yJI0BIE€TBOPSIET
onenke (11) ¢ f(y — 1) = 1,¢ = ¢;. Teneps joKka3bIBaeMOe yTBEPKIECHUE BHITEKAET
U3 TpejyioyKeHust 1. »

Jlnst GoJiee y3KOTO KJIacCa BBIMYKJIBIX MHOYXKECTB () W BBIIYKJ/IBIX (DYHKIIMOHA-
0B f Teopema 3 moiyckaer HekoTopoe ycuiaeHume. MuoxkecTtBo () C X Ha30BEM
T-BBIMYKJIBIM (2 < r < 00), ecji cymiecTByer takoe 0 > 0, 4To i JHOObIX X,y

m Q uzu3z X (||z|| < ||z —|") rouka + 2z UpUHAJIEKAT MHOXKECTBY ).

Hanpumep, ecm ) — map B pocrpanctse LP (1 < p < 00), TO MOKHO HOJIOKHUTH
r = maz{2,p}.

IIpengyioxxenune 2. Ilycmov () —r-svnykioe nodmmoocecmeo X, f — evinyxavil
dyrwyuonan ||f'(z)||s =0 >0 VeeQ u f(z,) =a= ngn f. Tozda

—((x) = 20e0]|2(z) — =", f(z) —a > 20e] 2(z) — =" (14)

JloKazaTesibCTBO MPEIOCTABIISETCS IPOBECTH YUTATENI0; €0 MOYKHO HaiiTu, Ha-
upumep, B [20], [26].

Hnga dyuxmmonanos kinacca Aq(Q) uwepasencrso ||f'(z]l. = €9 Vo € Q ¢ HeKo-
TopbIM £g > 0 caenyer u3 yenosus f'(z) #0 Vo € Q. JocrarodHo 3aMeTHTb, 4TO
ecmm x, — , f'(x,) = 0, Toz € Qu f'(x) =0.

Teopema 4. [Tycmov gpynryuonan f, nocaedosameavnocmsv x, (n = 0,1,...)
YO0BAEMBOPAIOM, YCAOBUAM MeEOPeMbL 3 u npedaoocenus 2. Tozda

1) ecau r > v, mo daa nocaedosamesvrnocmu w, = f(x,) — a umeem mecmo

r—1
ouenka (11), 2de f = ———,
r(y=1)
2) ecaur =y =2, mow, < cqy (co <00,0<qy<1).
<« Ilycrs Brauasne r > . Yeranosum anasor onenkn (13). Ilpumvenss (12), (14),
HMeeM TI0CJIe/I0BATEHLHO

C  — NOAOAHCUMENDHAA NOCTNOAHHAA,

fla+a(z(z) — @) = f(z) < an(z) + Kaa7||2(z) — 2| < an(z) + Ksa”|n(a)|""
¢ HEeKOTOpOil mocTosguHo#i K3. OTCcioa BbITEKAET COOTHOIIEHNE

min [f(z + a(z(z) — 1)) - f(2)] <

0<ax<1
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< min [a(z) + Ksa7 ()] < —caln(x)["7, (15)

0<axl

Yy
r(y—1)

Cootrorernne (15) Biaedér 3a coboil HEPABEHCTBO

3/1€Chb 6 = Co — IIOJIOZKHTEJIbHad ITOCTOAHHAA, HE 3aBUCAIIlad OT .

f(Zngr — f(x) < —ca|Clan)|MH7

Tak kax |n(x,)| = f(x,)—a, To MOCTEAOBATEIBLHOCTD Wy = f(Xy,) — @ YIOBIETBOPSIET
ry
r(y=1)

n3 npejiokennd 1.

Ecim v = r = 2, 10 onenka (15) umeer mecro ¢ [ = 0. Orcroja mojydaeM, 4ro
HOCJIEIOBATEIBHOCTD Wy, = f(Z,,) —a YIOBIETBOPSIET HEPABEHCTBY Wy 41 < Wy — Coly,.
U3 310ii O1leHKN OYeBUHBIM 0OPA30M CJIEJyeT BTOPOE YTBEPIK/IEHUE TEOPEMbI.

Kombunupyst Teopemy 4 ¢ HepaBeHCTBOM (14), MOKHO TIOJIYIUTH OIEHKU CKOPO-
CTH CXOJIMMOCTH IIOCJIEJI0BATEIbHOCTH T;, K TOUKE T, MUHUMyMa (DyHKIMOHAa f Ha
mHOXkecTBe (). B wacrnocTu, npu 4 = r = 2 MeTOJI YCJIOBHOIO TPAIUEHTa CXOANTCHA
CO CKOPOCTBIO T€OMETPUIECKOI porpeccud, T.e. ||, — Z.|| < const ¢" (0 < ¢ < 1).

Teopembl 0 CXOIUMOCTH COXPAHAIOTCS U [IPU OTJIUYHBIX 0T (5) criocobax BbIOOPa

napaMeTpoB «,. O6CyzKIeHne TAKOTro pojia BOIIPOCOB MOXKHO Haiitu B [13, c. 77-80];
120, c. 89-93].

orenke (11) ¢ f = , ¢ = ¢9. Tenepnb 1epBoe yTBEPKICHIE TEOPEMbI BLITEKAET

C.2 IlpnaoxeHus K 3aJadam
OIITUMAJILHOTO yIIPABJICHUS

1. Oneparop cynepmio3uiiuu. /s nepexosga oT pe3yabTaToB O0IIEro XxapakTe-
pa K 3aJlagaM OITHMAJIBHOIO yIIpaBJIeHHs HaM oTpedyeTcs Psijl CBeIeHniT 00 onepa-
TOpe CyHEepHo3uIuu. BobIIHCTBO (DOPMYIUPYEMBIX B 9TOM IIYHKTE yTBEPXKICHUI
XOPOIIIO M3BECTHO, MTOITOMY MPUBOIUTCA 0Oe3 JloKa3are/bcTBa. BmecTte ¢ TeM IieH-
TpaJbHBIE PE3YIBTATHI — JeMMBI 1, 2 — JIOKA3bIBAIOTCS MMOJTHOCTHIO BBULY WX MPUH-
MUNAAJBHON BasKHOCTH.

Hike A = [to,t1] — orpesok jeitcrBuresnbHoit ocu R, mesje — omnomepHast
Mmepa Jlebera mmoxkectsa ¢ € R, R¥ — k-mepnoe apudmermueckoe IIPOCTPAHCTBO,
CTaHIAPTHBIM 00pa30M HAJIEJIEHHOE CTPYKTY POl eBKINI0Ba mpocTpancTBa. Obo3HAa-
M uepes (A, R¥) coBoKymHOCTL M3MEPHMBIX HOYTH BCIOLY KOHEUHBIX (DYHK-
muit p: A — RF. Kak o6ur4m0, 5KBHBaJIeHTHBIC (DYHKIUH OTOXKICCTBISIOTCA. B
Zo(A,RY) BBomuTes exommmocTh 110 Mepe. HammoMHmM, 9T0 TIoCTIe/10BaTeTbHOCTD (0,
3 ZH(A, R¥) cxomurest o Mepe K byHKIUE ¢ TOTO Ke KJIacca, ecjid JIIs JI060ro
HOJIOKUTEJILHOTO o JieberoBa Mepa MuoxkecTBa F,(0) = {t € A, |, (t) — o(t)| > o}
CTPEMUTCS K HYJIIO TIpU . — 00. B 3TOM ciiyuae, KpaTkocTu paju, OyJIeM MucaThb

“n = $.



127

B npocrpanctse % (A, R¥) paccmarpuBaercst cxoamMocTsb iouTn Beiofry. U3 cxo-
JINMOCTH ITOYTH BCIOJLy BBITEKaeT e€ cxoauMocTh 1o Mepe. ObparHoe HeBepHo. O1-
HAKO M3 KakKJIOH Ioc/Ie10BaTe/ IbHOCTH, CXOISINEcs 110 Mepe, MOKHO M3BJIedb IO/
[OCJIEIOBATEIBHOCTD, CXOMSIYIoCs mouTH Beoay (teopema @. Pucca).

[lycts p € [1,00). Yepes LP(A,RF) obozmauaercs wacth kmacca Z5(A, RF),
cocrosmiasa n3 QYHKIHHA ©, JJIsT KOTOPBIX UMEeeT CMbBICJT U KOHETHa HOpMa

1/p

Il = | [ et a
A

Bumecre ¢ mpoctpanctsom ZP(A,R¥) pacemarpusator npocrpancrso £°(A, RF)
usMepuMbIX QyHKIWT. HopMa B 9TOM IpoCTpaHCTBe OIPEeae/IseTcs pABEHCTBOM

lplloo = vraimax|p(t)] = lim fol,.

[Ipocrpancrea £P(A, R¥) ¢ BBeéHHbIMU TakuM 06pa3oM HopMamu 1osHbl. Co-
npskénHoe K mpoctpanctBy ZP(A,RF) mpn p € [1,00) MOXKHO OTOXJIECTBUTH C
npoctpanctom Z(A, RF), rae

e ecm 1 < p < oo
q:

oo , ecmp=1.

[Ipu p € [1,00) npocrpancrea £P(A,RF) cenapabensnbl, a gaaa p € (1,00) — u
pedJIeKCUBHBL.
OrmeruM u3BeCcTHOE HEpaBeHCTBO [€1baepa

/(SO(t),w(t))dt < llellp [lllg-

A

Cxomumocth B ZP(A,RF) Breuér 3a coboit cxommmocth 110 Mepe. O6parHoe
uneBepuo. CrpaBes s

Kpurepwnii Bamsie—Ilyccena. /[as mozo wmobwv, nocaedosamesvrocmsv @, cxo-
dunacy % o 6 mempure npocmpancmsa LP(A,RF) (1 < p < o0), neobwodumo u do-
CMAMOUHO, 4MOOBL BHINOAHANUCH Yeaosua: 1° p, = p; 2° unmezpanv, om GyHKuul
lon(t)|P pasrocmenenmo abcortommo HenpepuieHol, m.e. CNPasediusa OueHKa

[ et de < nmesie),

6 Komopot ynryus wy He 3asucum om n u wi(s) — 0 npu s — 0.

IIycte R! — [ -mepnoe apudmernyaeckoe mpoctpancTso, A x R! x RF — mpsamoe
npomssenenne A, RLRF &: A x R! x RF — R* — menrpepniBrOoe oTobGpazKkenue, yio-
BJIETBOPSIOIEE OIEHKE POCTA

®(t,n, )| < vollnl) (A + [P, (1)
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B KOTODOIT ¢y — HelTpepbIBHAST TTOJIOKUTEIbHA (PYHKIHA JeHCTBUTEIHHOTO TePEeMeH-
noro. 13 ouenku (1) Berrekaer, uro ecim 1 < p < oo, v € C(A,RY), u € LP(A,RF),
to dbyuxiws w(t) = (¢, v(t), u(t)) npunamiexur npocrpanctsy £9(A). Coorser-
crue, comocrapisiomee mape (v,u) € C(ARY x £P(A,RF) dynkumio
w=®(,v(-),u(-)) uz LA, R*), oboznaunm cumposiom .F u GyjeM Ha3bIBATDL Olle-
PATOPOM CYIIEPIIO3HITHN.

Jlemma 1. Onepamop F deticmeyem u nenpepvicen us C(A,RY) x LP(A, RF)
6 LA, RF).

<« Ilycrs v, € C(ARY), u, € LP(ARY) w, = F (v, u,), w=F(v,u) n

v, —=v BC(ARY, u,—>u BZL°ARF.

[TocsietoBaTe IbBHOCTD U,, CXOAUTCS K U 110 Mepe. B cuiy Teopembl Pucca us kazxioit
TIOCTIEI0BATEILHOCTH Uy, (j = 1,2,...) MOXKHO BBIOPATH MOJIOC/ICIOBATETLHOCTD
Up,,, CXOJIAMIYIOCH K U IOYTH BCIOJY. N3 nenpepoiBaocTu hyHKImu ¢ BuITEKAET, 9TO
[OCJIe/I0BATEIbHOCTD F (unj,) TaK7Ke CXOJIUTCSI MOYTH BCIOY K (DYHKIUN W. DTO 3Ha-
YUT, YTO U3 KarKJIOi MOCJIeI0BATEIbHOCTH W, MOXKHO BbIOPaTh MOIIOC/IEI0BATE b
HOCTB, CXOJIANLYIOCA K W MOYTH BCIOy. [1o9TOMY 10C/I€10BaATEIBHOCTD W, CXOIUTCSI
K W 110 Mepe.
113 nepasenctsa (1) BeITEKAET OIECHKA

Jwn ()] < co(1 4 [un()[") (2)

¢ He 3aBUCHINIEH OT N IMOCTOSIHHOM ¢g. B ycoBusx jl0Ka3biBaeMOii JIEMMbI U, — U B
npocrpanctse .£P(A, R¥), mostomy nrTerpasst ot dynkmmit |u,|P paBHoMepHo abeo-
JIFOTHO HeIlpepbIBHBIL. B crity oreHkn (2) aHAIOTHIHBIM CBOHCTBOM 00J1a/1a10T U UHTe-
rpaJbl oT dbyHknuit |w,|?. Tenepsb cxoaumocTsb w, — w B HpocTpanctee £9(A, RF)
cnejyer u3 Kpurepus Baste-Ilyccena.p

Orobpazkenne O(t, z,u) (t € A,z € R, u € R¥) HazoBéM cTPOro MOHOTOHHBIM
10 U, eCJIn

(O(t,x,u) — O(t,x,u),u —u) >0

JuIg Ipon3BoMbHEIX ¢t € A,z € R! u mo6BIX He paBHBIX MeKIy coboil u, @ u3 RF.
Pacemorpum orobpazkenue ®, yaoBaeTBOpsIONIee OIEHKE CHU3Y

(@(t, ,u), u) Z r(|2])]ul” = Po(lz]), (3)

B KOTOPOM %)), 1)y — HEIIPEPBIBHBIE TOJIOKUTEIbHBIE (DYHKITUN OJIHOI'O TIEPEMEHHOTO.
Jlemma 2. I[lycmov nenpepuisroe omobpasicerue

d: A xR x RF — RF

ydosaemeopaem ycaosuam pocma (1), (3) u empozo mornomonno nou € R*. Iyemo

U, € LP(ARF), v, € C(ARY), w, = F (v, up) € LA, RF v

unéua /UTL%’U7 wn4w7 (4)
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n—00
1

T [ (un(t), wa() dt < [ (ult)w(o)de. o)
A
Toeda u, = v uw = .Z(v,u).
» [lomoxum 2, = F(v,,u). B cuny memmbr 1 u (4) 1mocae0BaTelbHOCTD 2y,
cxonures K z = F (v,u) B Merpuke npocrpancrsa £9(A, RF).
Brauvase ycranoBuM €xomuMocThb U, = u. BBenéMm B paccMoTpenune OyHKITHH

hn(t) = (un(t) = u(t)) - (wn(t) = zn(t),  ra(t) = (un(t) — u(t)) - wa(t),
sp(t) = (u(t) —un(t)) - z,(t) (neN, teA).
OueBntao, uT0 dyHKIWMNI hy\y (1) HEOTPULATETBHBI U Ny = Ty + Sy [TOCKOTBRY 2, — 2
B LA R au, — u, T
lim [ s,(t)dt=0.

n—oo

A

CHpaBGILIH/IBbI COOTHOIIIECHM A

n@o T (t) dt :n@ (un(t) — u(t)) - wn(t) dt = lim / U (1) - W, (1) dt—

— lim [ wu(t) - w,(t),dt < /u(t) ~w(t) dt — /u(t) ~w(t)dt =0.

n—oo

A A A

3J1eCh HCIIOJIBL3YETCsl OLIPEeIeIEHIe II0CIe0BATEIbHOCTH T, , 9JIEMEHTAPHbBIE CBOCTBA
[PEJIEJIOB MOCJIeI0BATEILHOCTEMN, HepaBeHCTBO (5) U cxomuMocTb w, — w. Teneps
sicHo, uro h, — 0 B Z(A). B wacraocru, h, = 0 u unrerpansl or dbyHKImi hy,
PABHOCTEIIEHHO abCOJIIOTHO HEIIPEPhIBHLI.

Hexkoropasi momocie1oBaTeIbHOCTE IocIe1oBarebHocT h,, cxoauresa K 0 1mo-
gyTu BCoAy. [Ipon3Boas mepenyMepannio, MOKHO yKa3aTh TaKoe MHOXKECTBO Aq, 9To
Ay C A, mesi Ay = mes; A u s Beex t € Ay BBIIOJTHSIIOTCS YCJIOBHS

hy(t) =0, Ju(t)| < oo.

U3 s1ux ycaoBuii u (3) BBITEKAET OMPAHMYEHHOCTD MOCIEI0BATEILHOCTH Uy, (t) 15t
Kazk10ro ¢ u3 MHOzKecTBa Ap: |u, ()| < R(t) < ooVt € Ay. Ilycrs u*(t) — yacTuambLii
IpeJIesT MOCIe0BaTeIbHOCTH Uy (t) (t € Ay). Tak kak h,(t) — 0 npu t € Ay, TO

(u™(t) = u(t)) - (Bt 0(t), u*(t)) — (2, v(1), u(t))) =

= lim (un(t) — u(t)) - (B, v, (t), un(t)) — B(t, va(t), u(t))) = 0.

n—o0

[TockosbKy oTobpaxkenue $ crporo MoHOTOHHO IO U, TO u*(t) = u(t). Takum obpa-
30M, Uy, (t) — u(t) s t u3z A
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[IpoBeéHHBIE pacCyzKICHUS TOKa3bIBAIOT, YTO JIJIs JITFOOOI0 OECKOHEYHOI'0 MHO-
»kectBa Ny HaTypaJIbHBIX YHCEJ CYHIECTBYET TaKas BO3PACTAIOIAA IIOC/IeI0BATEC b
HOCTh 4, € Ny, s koropoit u;, (t) mouru Beromy cxomures K u(t). DTo0 BO3MOKHO,
KOI'JIa [IOCJI€J0BATEILHOCTD 1, CXOOUTCA K U 110 Mepe.

Kak ormewanoch Bwime, z, — 2 B Z(A,R¥), a nociegosarebHOCTb U — Uy,
orpanmdena B npoctpancTse £P(A, RF). B cumy mepasencrsa [éinaepa crpasei-

JINBa OIICHKA
1/q

/ lsu(t)] dt < / (@) dt | —ull.

e e
n3 KOTOpOfI BBITEKaeT, 9TO IIOCJI€eA0BaTC/JIBHOCTDL S, HMMEET PaBHOCTCIICHHBLIC WHTE-
rpaibl. [lockombky h, — 0 B Z(A), a h, = 1, + S,, TO U TOCTEIOBATETHHOCTH
Py, T TaK¥Ke MMEIOT PABHOCTEIIEHHO abCOJIOTHO HelpepbiBHble nHTerpasbl. 13 (17)
BBITEKaeT OIEHKA,
ra(®)] > erlun () — 3,

IJIe C1, Co — MOJIOKNTEbHBIE TocTosHHEbIe. [losToMy muTerpassr ot dbynkuuii |u,(t)[?
PaBHOCTEINIEHHO abCOTIOTHO HEIPEPBIBHBI.

B cuny kpurepus Bamne-Tlyccena u, — u B npocrpanctse £P(A, R¥). Tenepn
OYeBH/IHBI paBeHCTBA W = F (v,u) = z. B

BrumareabHbIA duTaTe b 3aMETUT, 9TO TpeOOBaHNe HelPEPHIBHOCTH OTOOpaske-
Husg ® 110 COBOKYIIHOCTH II€PEMEHHBIX MOYKHO 3aMEHHTH MEHEE OrPAHUIUTEIbHBIM
ycnosuem Kapareomopn: mpn mobwix (7, u) n3 R! x RF orobpaxenme ®(-, x,u): A —
R* usmepuno, a nouru npu seex t uz A orobpaskenue ®(t, -, -): REx R — R* nenpe-
PBIBHO.

2. IIpousBoaHbIe crienuaabHbIX (PyHKIIMOHAIOB. Paccmarpusaercs yupas-
JITIEMBIii 00BEKT, SBOJIONM KOTOPOTO OIMUCHIBACTCA COOTHOIICHUAMNI

dz

Brecs © = (z;) (i = 1,...,N) — dasosbiit BektOp, 4 = (u;) (j = 1,...,m) —
yupasserne, A(t), B(t) — KycouHo-HenpepbIBHbIE Ha oTpe3ke A = [t(, ;] MaTpuIbl
pasmepoB N X N, N X m COOTBETCTBEHHO, Z( — (BPUKCHPOBAHHLI 371eMenT n3 RY.

Kasxomy ynpasiennio u kiaacca U, = ZP(A,R™) (1 < p < 00) COOTBETCTBYET
equHcrBeHHoe perrerne z = W (u) 3amaun Komu (6), HassiBaemoe (has3oBoii Tpaek-
Topueii. DTO peleHre OpeIesieTcsl PABEHCTBOM

t
z(t) = V(t)xo +/V(t)V_1(S)B(S)u(S) ds. (7)
to
Baech V(t) — dynaamenTaibHas MATPUIA PENIEHUH OJJHOPOJIHON CUCTEMbI
dy _

LAl
o )y,
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coBIasaoMas Ipu t = ty ¢ eIuHUIHON Marpureil &,. 3 pasencrsa (7) BbITEKA-
eT ycusieHHag HenpepbiBHOCTH otobpaxenus W: U, — C(A,RY): ecan nocseno-
BaTEJIbHOCTD U, U3 U, crabo cxomurcs K u, To W(u,) — W (u) B upocrpamcrse
C(A,RY). Kpurepuit kauecTsa yrpasjienus 3ajaétcsa B dhopme Bosbia

t1

J(u) = / Lt 2(8), ult)) dt + gla(t):

to

3aech u gaiee u € Uy, x = W(u) .

IIpensoxkenune 1 [17]. c¢. 93-95. ITyemo dynxuyuu L, L, L), nenpepvisnv, no
cosoxynnocmu nepemennnx (t € A,z € RN u € R™) u ydosaemeoparom nepacen-
cmeam

Lty 2, u)| + | Lo (t @, w)| + (1 + [u)| L, (8,7, §)] < Lo(l=]) (1 + [uf?),

ede Ly: [0,00) — (0,00) — nenpepuisran Gynruus.
Toz0a J € C'(U,) u cnpasedauso pasencmeo

t1

(v, J'(u)) = /(a(t)h(t) +0(t)u(t)) dt + g'(x(tr))h(t1) | (8)

to

6 KOMOpom v — npouseoavrid anemenm uz Uy, g € C1(RY),

a(t) = L;(t, z(t), u(t)), b(t) = L;@? z(t),u(t))
h(t) — pewenue s3adavu Kowu

% — A)h+ B(t)o, hlte) = 0. ()

Ecmun dbynknuu Lt -): RN x R™ — R (t € I),g: RY — R Bbimykibl, To
dbyukimonan J: U, — R rakxke Boimykisiit (em. [17], c. 101). IIpu mononnuresns-
HBIX TPEJIIOJIOKEHUIX O TJIAJIKOCTU (DyHKIMA L, g MOKHO YCTAHOBUTDH BKJIIOUECHUE
J € C*(U,) (cm., manpuwmep, [17, ¢. 97-99]), npocroit npuMep TaKOro poja IpuBo-
JIATCST HUZKE.

Cdopmynmupyem orpanumdenusi Ha GyHKIUN L, g, obecriedauBaioniue BKIIOYEHNE
J € A(Up).

Jlemma 3. Ilycmov evinoanerv, ycaosus npedaostcenus 1. [lyecmv npu 001
(t,2) us AXRY dynwyus L(t,x,-): R™ — R cmpozo evnyraa u L(t,0,u) > Ko|ul|P—
K1 (KQ > O,lil > 0)

Toeda J € Ay (U,).

<« [ocrarouno ycranoButh, uro orobpaxkenue F(u) = J'(u) (v € U,) upunag-
nexut kiaaccy S(Up). Ilycrs nocienosarensuocts u, € U, obragaer cBoiicTBaMu

Uy —u,  Fuy) = u*,  Tim (u,, Fuy)) < (u,u) . (10)
n—o0
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Homoxum x, = W(uy,), an(t) = LL(t, x,(t), un(t)), bn(t) = L (t, ,(t), un(t)). U3
opmyuiet (8) BBITEKAET pABEHCTBO

t1

(v, F(un)) = /(an(t)h(t) +bn(t)o(t)) dt + g'(zn(t1))h(t1) |

to

rae v € Uy, h — pemenne 3amaau Komu (9). [ocrenosarensuocts x, = W(u,) cxo-
nurest K ¥ = W (u) B upocrpancrse C'(A, RY), nocnenosarensnoctu ay,, b, orpanntie-
el B ipoctpancTeax £ (A, RY), £4(1, R™) coorBercTienno. Bes orpannaenus obi-
HOCTH MOXKHO CUHTATD, ITO HOCIEA0BATEILHOCTE b, citabo cxomures B L9(A,R™) k
HeKkoTOopoit (yukiuu by. V3 (24) ciemnyer HepaBeHCTBO

lim (u, —u, F(u,)) <0,

n—oo
sKBHBaJIeHTHOE B cuity dopmy (8), (9) HepaBeHCTBY

t1

im / (an(O)nt) + but) (an(t) — u(£))) dt + g (en(t)hn(ts) | <0,

n—oo
to

e h, — pemenue sagaun Komm (9) ¢ v = u, —u. Tax kax h,, — 08 C(I,RY), noce-
JIOBATE/ILHOCTD @, orpanndena B .2 (A, RY), a b, — by, To Hoc/e/IHEe HEPABEHCTBO
BJICYET 3a CODOI OIEHKY

t1 t1

lim | b, (t)u,(t)dt < / bo(t)u(t) dt .

n—oo
to to

CorstacHo jleMMe 2 U3 9TOM OIEHKN BBITEKACT CXOAUMOCTH U, — U B METPHKE IIPO-
crpatcrBa U, u paBenctso by(t) = Le(t, x(t),u(t)) = b(t). llockombky z,, — = B
C(ARYN), u, = u B Uy, 10 a, — a = L,(-,z,u) B Mmerpuke Z(A,RY). Ycranos-
JICHHBIE CBOMCTBA TOCTIEOBATEIBLHOCTEH @y, b, U UX IIPEJEJIOB a,b 03HAYAIOT, UTO
u* = F(u). »

YeaoBuaMm gemMbl 3 yaoBrerBopsior dyukmun L(t, x,u) = |[ulf (1 < p < o0),
g € CY(RYN). ®dynkuuonan KadecTsa, COOTBETCTBYIONMMIA Takoil nape L, g, IpuHaJl-
aexxur C(U,), ecu v+ 1 < min{2, p}, g € CY(RY).

Tak kKak coupskénnoe K npocrpancTtsy U, = ZP(A, R™) MOKHO OTOXKI€CTBUTD

1
u3BoHY10 J' (1), MOXKHO 3aIiCaTh B BUJIE

¢ npocrpanctBoM Z(A/R™) (¢ = L), TO paBeHCTBO (8), OIpeJesIAIee IPo-
p —

t1

(0, (u)) = / (F(u)(t), v(t)) d

to
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riie F(u) — smement npocrpanctsa Uy = Z9(A,R™), (+,-) — ckanapHoe mponsse/ie-
uue B R™. Unorga npoussoauyio J'(u) oroxkmectsisiior ¢ BekTop-dyukiueil F(u)
(em. [16, c. 298]; [17, c. 93]; [20, c. 129]); Tam ke ommCAaHBI CIOCOOBI HAXOXKJICHUS
BekTop-pyuknun F(u).
Sajlaun MuHIMu3anun gyHkiponaaa bosbia na muoxecrse () C U, 3anucbiBa-
10T B BHJIE
t1

() = / L(t, (t), u(t)) dt + g((t1)) — min, u € Q, (11)

to

IPU 9TOM TojpasyMeBaeTcs, 9to & = W(u), T.e x,u cBa3anbl cooTHOmeHusaMu (7).
B yenoBusix semmbr 3 3asa4a (7), (11) KoppekTHa Jist 1106010 OrpaHnIeHHOIO MHO-
xkectBa () kmacca Cv(Up,).

J1st HaxoXKIeHnsT eé PereHnst [0 METOLy YCJIOBHOTO TPaINEHTa KOHCTPYHPYETCst
HOCJIEIOBATEJILHOCTD U, € (Q, (n = 0,1,...),Q, — UCIepIbIBAIONIAsT MHOXKECTBO ()
HocJs1e10BaTe/IbHOCTE MioxkecTs kKiacca Cv(Up)). B kadecrse ncxozmoro npubiimxe-
HIs BBIOMpaeTCs JII000i 7eMeHT Uy u3 (Qy. Ecim n3pecTHBI HavaIbHBIE IPUOJIKE-
HUS Ug, UL, - - - , Up, TO JIJIs OTBICKAHNS CJICIYIONIEro npuosmkenns Haxoaurest F(u,),
3aTeM ONPEJIETIAeTCs Uy, KAK PEIIeHIe BCIIOMOraTeIbHOM 9KCTPeMaIbHO 3a/1atdu

(v, J'(uy)) = /(F(un)(t),v(t)) dt — min, v € Qu41,

I

JlaJiee COCTABJISIETCsI BBITYKJIast KOMOUHAIIUS Upe = (1 — @)Uy, + Qv,, 1 BBIIHCIISIETCS
o, u3 [0, 1], munnvusupytomiee GbyHKImo o — J(Uy,,) Ha orpeske [0, 1], u, HakoHeII,
nosiaraercst Up 1 = (1 — a)u, + a,v,. Halne Bcero orpaHUUUBAIOTCS MOCTOSTHHOM
[I0CJIEIOBATEILHOCTRIO (), = (). Ecimm () — mocTarodHo mpocToe MHOXKECTBO B IIPO-
crpanctse U, (HampuMmep, map), To BCIIOMOTaTe/IbHbIE 3a/1a9l JIETKO PEIIaIOTCsl.
[IpuBeiéHHbBII BBIIIE aHaau3 CBOHCTB (pyHKIMOHA A J MMOKA3bIBAET, 9TO B JI0-
CTATOYHO OOIIUX OTHOCHTEIbHO DYHKIWMI L, g npeanonoxkennsax K 3amade (7), (11)
IPUMEHUMBI Pe3yJIbTaThl IPEIIIeCTBYIONNX pa3lesoB. B dacTHOCTH, M3 TeopeMbl
1 1 slemMBI 2 citejlyeT KOMIIaKTHOCTD IIOCJIJIOBATEIbHOCTH U, B IpocTpancTse U,
BCsIKasl TIpejie/TbHAsl TOYKA U ITON IMOC/IEOBATEIbHOCTH SABJISETCS CTAITMOHAPHBIM
yIIpDaBJIEHUEM, T.€. YJIOBJIETBOPSIET JTUHEAPU30BAHHOMY ITPUHIIUITY MUHUMYMa,

t1

/(F(u)(t),v(t) b)) dt > V0 € Q.

to

Ecim cramporapHOoe ynpaBileHHEe €IMHCTBEHHO, TO OHO SIBJISICTCS PEIIeHUEM 3a-
maqan (7), (11). TpeboBanne e UHCTBEHHOCTH MOXKHO 3aMEHUTH HPE/IIOJIOKCHAEM O
BBIIIYKJIOCTH (PYyHKINOHAJIA J, B 9TOH CHTyaIlIl MOYKHO IPUMEHUTDH TEOPEMBI 3, 4.

B kauecTBe 9acTHOrO CIy4as pacCMOTPUM BapHAIIHOHHYIO 3aady CO CBOOOIHBIM
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IIpaBbIM KOHIIOM

t1

flz) = /L(t,:r;(t),x’(t)) dt + g(z(t1)) — min, x(ty) = xo. (12).

to

Ara 3asa4a sxkBuBasenTHa 3a1ade (7), (11), ecin canrars m = N,  A(t) — nynesas
marpuiia, B(t) = &y — enunnunas marpuna pasmepos N X N. CoorBercrByromas
(12) 3asaua OITUMATBHOIO YIPABJIEHUs MOXKET ObITh 3allucaHa B cieyorei popme

t1

() = /L(t,x(t),u(t)) 4 g(a(tr)) dt = min,u € U, (13)
dx
il x(tg) = o . (14)

Ocuosroe ormmune (13),(14) or amamormanoii eit 3amaan (11), (7) cBazano ¢ Tew,
410 B (13) MHOXKeCTBO () — BCé mpocTpanctso U, a He ero OrpaHuveHHasl IacTh, KaK
B (11).

CrpaBe UIBBI CJIEAYIONINE YTBEPKICHNS (JI0KA3aTh CAMOCTOSTEHHO).

Jlemma 4. Hnmeepanrvroii onepamop

deticmeyem u nenpepuieer 6 npocmpancmee U,.
JIemma 5. [Tycmo dynxyua g oepanuvena crudy, a gynxyua L(t, z,u) ydosae-
meopaem npeonosOHCEHUAM AEMMBL 3 U YCAOBUIO POCTA

L(t,z,u) > a|ul? — Blz|P —r,
ede a, B, 1 — NOAOIHCUMENDHDIE KOHCNAHMbL U
a> BlA7 -
Tozda das ecex dpyrxuyut v kaacca U, umeem mecmo ouernka
J(u) Z anlully = b1, (15)

6 Komopoti ay, f1 — NOAOKHCUMENLHBIE NOCTROAHHVIE.

CaencrBue. Ilyemo ug € U,. Tozda 1) mmoocecmso {u € U,, J(u) < J(ug)}
ozparuseno 6 npocmpancmee Uy, m.e. npunadaedcum nexomopomy wapy Q npo-
empancmea Uy; 2) dynruus ., munumusupyrowan dyrwkyuonan J na wape Q,
peanusyem abcoarommovid munumym gynkyuonasa J na npocmpancmee U,,.
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B ycnoBusix semmnt 5 dynknuonasn J npuxarexut kinaccy Ap(U,) n sBisercs
pacTynmM Ha 9ToM IpocrpaHcTse. 3aada (13), (14) koppekTHa U Jist eé peleHust
MOKHO HUCIIOJIb30BaTh METOJI YCJIOBHOTO rpajimeHTa. B KadecTBe () MOXKHO B3sTh
map ||ul| < R ¢ gocraroano GosbmmM pagmycom R; BemduHy R MOXKHO HaiiTw,
npuMensist orenky (15).

YKazkeM CI10c0O OTBICKaHHUA IIPOM3BOJHON dyHKIMoHAMa J B Touke u € U, 10
HanpajeHnio v. [Tomoxkum

a(t) = L(t,z(t),u(t)), H(t)= /a(s) ds, b(t) = L,(t,z(t),u(t)),

rie

Torma
t1

J (u)v = /(ﬂi(t) +0(t) + Vg(z(ty))v(t)dt.

Jlamnoe paBencTBO (B APYIUX TEPMUHAX) Y2KE BCTPETIAIOCH HAM IIPU AHAJIN3E 38/ 149K
Bosbna. Ecim J'(u)v = 0 gns Beex v u3 Up, o

2 (t)+b(t) + Vg(z(t1)) =0.

W3 sToro paBeHcTBa MOXKHO €IIE Pa3 BRIBECTU ypaBHEHUE Diljiepa u yC/JI0BUE TPAHC-
BEpPCAJIbHOCTH JIJIs PellieHrsI HCXOHON BapralmonHoil 3aaun (12).

3. Merox Purnia. B Bapuanuonnom ucauc/iieHnn n31aBHa UCIOJIb3YETCS METO/T
Purna. Kpartko omuiiiem ero cythb. Ilycrs Tpebyercs MUHUMU3UPOBATH JEHCTBUTE b
HO3HAYHBIN (pyHKIIMOHAT J Ha HEKOTOpOM MHO)KecTBe %/ . B Merone Purna 3amaqe

J(u) — min, uewU (16)
COIIOCTABJISIETCS [I0CIIE/I0BATEIbHOCT AHAJIOMMIHBIX 3884
J(u) — min, uew". (16™)

[Ipu srom mpemosaraercs, aro 3aja4da (16™) mporre ucxognoit 3agaun (16) u eé
pertieare 1" He TOJBKO CyIIECTBYET, HO U JOCTATOYHO JIETKO HAXOAUTCA. AHaaun3 u"
— npubmKeHus PUTia — oKa3bIBAETCA MOJIE3HBIM U JIJIA OTHICKAHUS, U JJIsT XapaK-
TEPUCTUKU Delenns U ucxoiuoil 3amaun (16). Takoro poja moaxon dbakTHIeCKu
yKe HUCIoJIb30Bajicd Hamu. Hampumep, mpu JloKa3aTeIbCTBe TPUHIIAIIA MAKCHMY-
Mma [lonrpsruna ncxonas 6eckoHeTHOMEpHAs 3a/a49a PeIyIUPOBAIACh ¢ IIOMOIIHIO
UIrOJIBYATBIX Bapualluil K HEKOTOPOil KOHEYHOMEPHOU 9KCTpeMaJsIbHON 3a/a4e.



136

[Ipu ompeieIEHHBIX TIPE/ITOIOKEHUAX OTHOCUTEIHHO (yHKIMOHAMA J W MHO-
KEeCTB % , %" ynaércess yCTAHOBUTH PABEHCTBO

lim J(u") = min J(u) = J(u).

n—00 UEU
B stom ciydae roBopat o cxomumocTu mMetoja Putia o dyakimonasy. Ecim ke
[IOCJIEJIOBATEILHOCTD U™ CXOJIUTCH K U B CMBICJIE KAKOH-HUOY/Ib METPUKH 0, TO TOBO-
PAT 0 CXOJMMOCTH MeTojia PUTIia B cMbIC/Ie JJaHHON MeTpuKu. BHUMaHUIO YuTaTeis
IIpe/IyTaraeTcst HeCKOJIbKO 3a/1ad, CBA3aHHbIX ¢ MeTojioM Purna. Huxke U — nemycroe
OTrpaHMYeHHOEe 3aMKHYTO€ BBIITYKJIOE TTOJIMHOXKECTBO Pe(JIEKCHBHOTO MPOCTPAHCTBA
X, f — dynkunonan kimacca Ay (U).

Sagaua 1. IlociemoBarenbHocTh U™ HEMyCTHIX 3aMKHYTBIX BBIMYKJIBIX [TOJIMHO-

JKecTB () HA30BEM ucUepliibiBaloieii muoxkectso U, eciin

vrcuttt w (JUur=U.

n

JlokazaTtb, 4TO

1° 3agaqan (16) u (16)™ umeror pernenus @ U u™ COOTBETCTBEHHO;

2° J(u"t) < J(u™) m J(u") = J(G mpu n — oo , T. e. MmeTon PuTna cxoqurcs
110 (bYHKIMOHAJTY;

3° ecom perterne U 3a7a49u (16) equHCTBEHHO, TO U" — U — CHJIbHASI CXOJAUMOCTD
Mmeromaa Putra.

Bagaua 2. s cenapabenbHOro 6aHaxoBa MpocTpaHcTBa X CyIIECTBYeT IOCTIe-
JIOBATETHLHOCTh X ™ KOHEUHOMEPHBIX TIOAIPOcTpancTs X | obiajaomas cBoiicTBaMu

Xrcxm ou | Jxn=Xx. (17)

n

Bagaga 3. Ilycte U — 3aMKHYTOE BBIYKJIOE TTOIMHOXKECTBO IpocTpaHcTBa X ¢
[¢]

HEITyCTO# BHYTpeHHOCTbIO U, a Ioc/Ie0BaTe/IbHOCTh KOHEYHOMEPHBIX ITPOCTPAHCTB
X" obnamaer ceoiicrBamu (17). JTokasaTh, 9TO MOCJIEI0BATEILHOCTH MHOKECTB

Ur=UnXx"

ncYepIbiBaeT MHOXKeCTBO U.

Bagaga 4. [locTpouTh mMocC/I€10BATETHHOCTE KOHETHOMEDPHBIX ITPOCTpaHCcTB X,
ucuepIibBaoIyio mpocrpancrso X = LP(A/R™) (1 < p < o0).

Bagaqa 5. Peammsyiire meron Purna mis 3amaan (7), (11).

Bagaua 6. Kak m3bapurbest or npeanosoxenus U # &7

Basaga 7. OnummuTe HECKOJIBKO peasu3anuii MeToja Purma mjs mnpocreiineit
BapUAaIMOHHON 3a/1a4U.



llociaecaoBue

ABTOD BBIHYKJIEH MIOCETOBATDH, UTO JIAJIEKO He BCE M3 3a/[yMaHHOI'O Y/IAJIOCH BO-
IVIOTUTDH B IIpE€ACTaBJIAEMOM CYAYy YHUTATEJIA HOCO6I/H/I. CI/ITyaL[I/IH BIIOJIHE THUIIMYHAA:
paccka3zaHo MEHbINe, YeM IIPE/II0JIArajoch, a 00bEM OKazaJjcd OOJIbIe, YeM XOoTe-
JIOCh.

[lepBoHada/ibHO ABTOP IJIAHUPOBAJ MMOCBATUTH OTJEIbHYIO TJIABY TOCTAHOBKE,
a WHOIJIa W pa300opy peIleHnit psijia KOHKPETHBIX SKCTPEeMasIbHBIX 3ajad. HazoBy
HECKOJIBKO IPUYUH, B CHJIy KOTOPBIX IOJ00HOTO pasjesa HeT. Bo-mepBbIX, 10 Ba-
PHAIIMOHHOMY HMCYUCJCHUIO MMeeTCs DOJIBIOEe YUCJIO PYKOBOJCTB, COJIEPKAINIUX He
TOJIBKO TEKCThI 33/1a9, HO U TOJIPOOHBIN MX aHAJIU3 C PA3HOOOPA3HBLIMU KOMMEHTAPU-
amu (cM., nanpumep, [5], [6], [11], [14], [28]). Bropas u e menee Baxknas nmpuanna:
BKJIIOUEHHE TI0I00HOT0 MaTepuasia B MOCOOHE YIABOUIO, a MOXKET ObITh, U yTPOUJIO
€ro pa3Mep. DTO COBEPIIEHHO TPOTUBOPEYUT OCHOBHOM METO/IMYECKOH yCTAaHOBKE aB-
TOpa O Pa3yMHOI KPATKOCTU YIeOHBIX PYKOBOJICTB. B-TpeTbux, pu Beell BaXKHOCTU
U TIOJIE3HOCTHU 33/IAYHUKOB U PEIIeOHUKOB, B HACTOAIIEee BpeMs O60jiee BOCTPeOOBAHbI
UX 9JIEKTPOHHBIE Bepcuu. ABTOpa yOE NN B 9TOM MHOTOYHC/IEHHBIE OECe/IbI CO CTY-
JIEHTaM1, MHEHIE KOTOPBIX § Beerjia cauTas perratommm. Moun yueHukn, ObIBITHE U
HACTOSIIIE, B 3HAYUTEILHON Mepe — COaBTOPbI JaHHOTO 1mocobust. U ecim s 00y1ato
1 BOCIIMTBIBaXO CTYJAEHTa OKOJIO IIATH JIET, TO CTYAEHTbI O6yanOT 1 BOCIINTBIBAIOT
MeHs1 6oJiee COpOKa JieT.

Kro mobuiics ycrexoB B cBoeit JIeATEIbHOCTH — s, CTYIACHTBI WU T€ U JIPYyTrHUe, —
IIyCTh PemmuT Bpems!
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