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Bseegenne

B cospemennnix pabowmx y9eOHLIX NiaHax gun coeumassrocTH "Marte-
MaTHKA” Ha mDydenne gudipepeRnuaIbROM IreOMETPHR OTBOARTCA 36 1acos.
3a 3TO BpeMA MOXKEO TONBKO MOIHAKOMHTHCA ¢ Kiaccwdeckoit gudpepes-
IVAILHON reoMeTpHeli KpuBuX u nosepxsocreit 3 R®. Taxmv obpasom,
BODHHKAET HeoOXOANMOCTSh B AONOIHATEALHOM MmydennH guddepennnans-
Holi reoverpmt. [lanuoe nocobme JOMKHO NOMOTH B PEWEHHH TOH 3a-
past. Hanpmep, oHO GygeT NOsesHEIM OpH M3YYeHHH Kypca 1o BmiGopy
"Coppemennas reoMeTpHA”. 3aMeTHM, YTO B ITOM NOCOOHE ME H3JaraeM
nmmmcpmmﬁmrmﬁ.hﬂl,m_
HNpHBOAATCH B TEKCTE NOCO6HA, MOXHO pellaTh Ha NPAKTHIECKHX JAHATHAX,
a Takie OpejaaraTs HX UM CAMOCTOATENLHOrO pelleHns NPH NPOoXokje-
HuW cooTBercTyiomed Temul. HekoTopuie 3agaun MOXKEO NPeIOKMTH B
KagecTe TeM KypCcoBHIX paboT.

Cxummmcmomepmmﬁulomﬁmm
skenna paccMmarpusaeMmuix Tem. [lepsas riasa sBAseTCA BCIOMOTATEIBHOM,
OHA DOCBAWeRA moARIuEeRoR amrebpe. [Ipm manoxenun 210 Tems: Guuaa
nmnmmam[?.] {lenTpamssoil ARAsETCE BTOPAA MAaBa, NOCBAIIEH-
Hafl PHMAROBONH I'eOMETPHN. 3Aech Mbl HAJArAeM TOXLKO JOKATHHYIO PHMA-
HOBY I'eOMETPHIO, HO CTHIb MRACKEHNA TakKoi, YTO OCHOBHEIEC ONpEIelcHs
M TeopeMsl 5e3 TPYIa NePEeROCATCA Ald reoMeTpas MEoroobpaanit. [lpx ma-
DNCAHNA YTOM TIABK HCnNoAbIoBamkch KHArH (1], [4]. Max gamaeiimero way-
YeHNHA PHMAHOBOH I'eOMETPHM OYcHb HosedHa kmura O.Kaprama [2), »apo-
YeM, ée TPYAHO JOCTaTh. LPeThA riaBa MOCBAIEHa MEOPOOGpasHAM. 3aech
OTBOANTCA MHOI'0O MATEPHANA Jif JHAKOMCTBA C ITHM NOHATHEM, B TaCT-
HOCTH, PacCMOTPEHBI KNACCHIeCKHe I'PYNNB Kak nogMEoroobpasna apnd-
MeTirieckoro npocrpakcTsa. Hakoren, gaorcs ykatamma, kak nepenncaTs
raasy II gan mmoroobpasuii. Kpome sroro, Mu magaraem Teopmo maTe-
rpapoBamna andppepeHnmatbEEX dopM Ha MHOr00Opa3IMH, B YACTHOCTH,
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JgoxaxeBaeTca o6obmennan dopmyna Crokca. Yerrepran raasa ssasercs
coemmdmreckoil. OHa NOCBAmMEeHa KOMILICKCHOMY S3HIKY B reomeTprm. Ilpm
HADMCAHNN TOf I'JaBsl HCHOABIOBATacH KEMTa [1]. DTa riasa, » wacrmO-
CTH, MOKET CIYXKHTH BBeIeHHEeM B KOMILICKCHYI0 guddepenynaibayo reo-
smerpino. Ilocseanss riasa asaxoMur ¢ Auddepennmarsaoll reoMeTpmedt
BeKTOpEEX paccioenmi. B meit 06o6manTes BexoTOphe NMpEALAYINRES NO-
HATHA, ¥ OHA NOATOTABINBACT YRTATENA K HOYIeHHIO Gonee QyHJaMeETAIL-
HEIX TPYAOB 1O COBPEMEHHON I'eéOMeTPHH.

Iaasa 1. DAEMEHTHI HOJAWIHHENHONA AJNTEBPHI -

1. Hoamnwnennne oroGpaxenun.
Hamee V,W, W}, V5,..., W, Ws,... ~BexTOpHBI® NPOCTPAHCTBa HAJ NO-
zem K, npmsem K parso R wm C.

" Onpeaenenne 1.1. Orobpaxenme f : V = W amneiinoe, ecmr gas
Beex v¥,v1,v2 € V, a € K pumoanmorcs pasencrsa

flav) =af(v), f(v1 +v2) = f(v1) + (v2).

Jagaua 1.2. llokasaTs, 9T0 Aas mumeiHoro orobpaxesnns f:V = W
BHINOJAHACTCA PABCHCTBO

I(imw) = imf(w),
=l i=1

reea; €K, v; €V.

Jagaqa 1.3. Mycrs vy,...,v, — 6asmc V, wy...,w, — 6asnc W. Tloka-
mmmyn:wnnﬁmewoﬁpumeﬁ:V—+w;
1<k <n, 1 << m, raxoe, 910

_ Jw, ecau i=k;
f‘("‘)“{o,mu :;u.

Jagaza 1.4. O6oonaanm wepes L{V, W) muoxecTso auneinnix oTobpa- -
xemmit 13 V 3 W. BpecTn Ha 9TOM MHOKECTBE ONCPALINIO CAOKERHA W ofle-
PAIMIO YMHOXCHRA HA ckaadpsl w3 K nokasaTs, ITO DOXy1aeTCA BEKTOPHOE
NPOCTPAHCTRO; NOKa3aTh, YT0 oToOpakenna f{, 1<k€<nl1l<I<mm
sagam 1.3 obpaayror 6asuc sexTopHOro npocrpascrea L(V,W); goxasars
PABEHCTBO

dim L(V,W)=dimV - dim W
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Bexropaoe npocrparcrso L(V, K) o6oamasaerca wepes V* u masuma-
erca geoficrenasM X V npoctpancrsom. Ero asemesThi sasmmaloTcs au-
Heianm GyRKImAME L Jaaeisnm dopmavu. Kax upasmso, sumeimre
dopus Gyayr obossamaTscs rpeveckmn Gyssav: a : V - K, a(v).

3agawa 1.5. Ilycrs vy,...,v, — Gaauc V. lokasats, TT0 cymecTsyer u
eauBcTReNHAs auneimas dopua vf, 1 < i < n, Taxas, wro

we)=sy={g ;37

Jagasa 1.6. Hokasars, wro dopMm vy,...,v, ofpasyor Gasmc npo-
crpascrsa V*.

Sagaga 1.7. TlokasaTs, wTo ecint BexTop v € V mueeT B Gaanice vy,...,0n
KOOPANBATH G1, ... ,an, TO ¥} (V) = a;.

Sasmermy, wro Gasuce vi,.. u,npocmai"mm
HeiM GasmcoM K Gasucy vy, ..., v, npocrpasctsa V. Jluseimas dopma

a=ayv] ++++ v,
06LMEO 3umCcHBaeTCR caeAyIomInM obpasom (mouenmy?)
a=a17 + -+ GnTn,

TAE Z1,...,2y — NEPEMEHHKE KOOPAMHATI BexTopa v € V. B wacrnoctn,
v = z;.

Jagasa 1.8. Paccuorpsm " gpaxam gsolicrsesnoe x V' npocrpancreo”
V** = (V*)*. TlokasaTs, wro orobGpaxenne € : V - V**, onpegesennoe pa-
sescTsoM £(v)(a) = a(v), ssaserca mmedimsne oroGpaxennem. [loxasats,
9TO JAA KOHEIHOMEpHOro mpocTpamcrsa V orobpaxkemme £ : V — V™
ABAAETCA HIOMOPQHIMOM.

Ounpegenenwe 1.9. Orobpaxenne f: Vi x Vo = W 6mmmeimoe, ecan
Axn Beex vy € Vi, v € V3, a € K, v}, € Vi, v),v] € Va sumosmmores
paBeHCTBS '

flavy,m) = af(v1,v2),

f(o1,av2) = af(vy,v),
f(v} + vf,v3) = f(v},02) + f(o},m),
f("l"é + ") = f(”h“)‘l' .ﬂ"lt”;)',

Apyrmau crosavu, dymxmas f(vi,v2) OT ABYX BEKTOPHMX NepeMeHWBIX
vy, U3 AMHEHHEA 10 V] H V3.



3agasa 1.10. Iokasars, 9710 caegyomue oTobpakerna GrImHeHE:
KxV =YV, (av) - av,
V‘xi;—bK, (@, v) = a(v).

3azaa L11. lycrs v}, ..., v, —Gasmc Vi, vf,..., v}, — Gasmc V3, wy, ..., wy
- 6asnc W. Tlokasats, 9TO cymecTByeT W eiNECTBeRHOe GumEeiinoe OTO-
Gpaxenne

f:VixVa=sW, 1<p<n, 1<g<m, 1<r<i

TaKoe, T ’ .
_Jwr, eccmi=pj=g;
'f:'("l"}) {0 B NPOTHRHOM CIy9ae,

Sagama 112, O6comamm wepes L(V), Va; W) mmoxecTso Grnmeianix
orobpaxenmit V; x Va 8 W. Beecrn ma 9ToM MEOXeCTBe ONEpaliio cuoxe-
HEA 1 ONEPalii0 YMHOKCHAS Ha cKataps! 3 K; nokasars, 90 noxygaercs
BEXTOPHOE MPOCTPAHCTBO; NOKAIATH, WTO oTobpaxenns fr,1<p<n,
1<g<ml <r <, maagam 1.11 obpasyior Gasuc TpoCTPanCTRA
L(Vi, Va; W); poxasaTs panescTso

dim L(Vi, Va; W) = dim V - dim V4 - dim W.

dsemenTl npocrpascrsa L(V, V; K) sasusaorceas Gmuomseissn dop-
mamu Ba V. Kak npasuso, Gumueinne dopmul 6ygyT oboanataTsca rpe-
weckuMu Gyxksamm:
B:VxV K, Bv)

Jagasa 1.13. Mycrs vy,...,0, — Gasuc V. IokasaTs, 970 cymecTayer
n ejuEcTReEHAN Giumseinan dopma Sy, ma V, 1 <p < n,1 < g < n, Taxas,

e l, ecmi=p,j=
Pra(vir05) = {0 lnpou:o’uczm
mllgmmmmpmupsn,
1<q<n,nm1.130q:nym6mcnpocm
- Gopuma V.
Brmmeiiaas dopma

ﬂ-iwﬁf
ij=1



o6BrvHO JamECcHBaeTCA caefyiomuM ofpasom
B= Y ey,
ij=1

TAe Z1,"*,Tp — NCPEMERNLIEC KOOPANHATH BekTopa v € V, a z},+ -, 2}, ~
xoopauEaTH BexTopa v' € V.
3ajaua 1.15. [oxasaTs paBescTBO

Bi(v,¢') = v (v) - vj(v'),

TAe ¥],...,b5, — ABOHCTBeHHLIN Gaswc.
Sagasa 1.16. wmwmm
ACHUA

f:Wi x xl"i.—;W

Hﬁu@mmmmm,...,ﬂ:W}
3agaua 1.17. Pacemorpum oroGpaxenmne

det: K"x...x K" 2 K,
e ———
n pa3

rge det(vy,...,u,) — OOpefeINTENs MATPHIEL, KOTOPaS HOAYYACTCH H3 BeK-
Topos (vy,...,v,;), ecau BX 2amucars B cToaben. [loxasaTs, ¥To oT0Gpa-
xenne det noamaHReHEO.

2. TessopHOe MpoOE3BejeHNE,

3gece Mu GygeM pacCMATPHBATL TONBKO KOHETHOMEPHBIE BEKTODHLIE
npocrpascTea Hag K. Gnmonpmmnpomn-
HeMHEX dopm.

Onpegenenue 2.1. Ilycrs oy € VY, az € V3, Torza remsopmoe npo-
mpegenne sTEX (hopm oy @ oy npERagrexuT npocrpascrsy L(Vi,Va; K) u
110 ONPEAESCHIIO PABHO

(@1 ® az)(v1,92) = oy (v1) - aa(oa). @2.1)
3agaua 2.2, Hmammalsagmicr-maaommrnp&
crpancrsy L(Vi, V; K).
3agawa 2.3. [loxasats, wro oTobpakenne

®: XV; - LW, Vi; K),



sagamuoe pasencreoM (2.1), Grmmmeitso.

© Jagaua 24. Iloxasars, wT0 ecmm af,...,al - Gasme V7, af,... o2, -

6aauc V', o of ® a3, 1 < i € n,1 € j € m, - 6asmc npocrpancTsa

L(VIJQKJ
Ommmm:mwmnvlnm

Topsl 13 V3 — 310 Gmummesinoe orobpaxenne

R:VixVa—=W,

rge W - mexoropoe BexTOpHOE NPOCTPAECTBO, ONpEYeM 3To oTobpaxenue
AOIKHO YAOBICTBOPATS TPeGOBAHMIO: ecHm vj,...,v) — Gasmc
crsa Vi, v},...,v4, — Gasmc V, To npomsegesms v} @ v}, 1<i<n, 1<
J < m, obpasyior Gaduc npocrpascrsa W. -

Teopema 2.6. Temsoproe nponspejenne CymecTByeT H OHO eHACTHEH-
Hoe (c A0 m30MOpduIMa).

il Tax xax KanoHmIeckwe 0ToGpaKenRng

eViaW, e:Vaa W

segenme jas npocrpamcrs Vi = (V{')*, V3'* = (V7')*. Ho zas mux rogures
KOHCTPYKIHA 13 onpegencuus 2.1, a sagasa 2.4 noxasuBaeT, YTO 3T0 Npo-
mBegenne yfomacTsopserT TpeGosammio B onpezexenun 2.5. Cymecrsoma-
HEE JOKalaHo, HepeifjeM K JOKa3lATeAbCTBY eJHHCTBEHHOCTH (€ TOYHOCTEIO
Ao momopduama). IlycTs AMeerTcs jBa TAKHX NPONIBEJCHNA, TO €CTH JBA
GrummEelEMX oTobpaxeHnn

@:VixVe-W,@&:VixVas W,

Ecxm v},...,v} ~ Gasme Vi, vf,...,v2 - Ml’;,mnpma}@v}

oﬁpnymﬁmw a npomsegesns v} ® vj — Gasnc W', Cymecrsyer u
momopdman f : W—-}W’nmi,mf(u‘sv’)z

v} @ v}, 1<s<n,l<3<m.0cma.mn,mfa®=®',

TaK KaK TO PABEHCTBO O3HAYAET, 4TO mpomasegenus ®, & cosmagaior ¢

TOTHOCTHIO 10 maoMopdumama. Teopema goxasasma.

SameTnM, 9T0 BexTOpHOe npocTpanctso W B onpegesenmm 2.5 madki-
BaeTCd TEHSOPHRIM NpoImBefenmeM npoctpamcts Vi, Va m oboomazaercs
uwepes V) @ Va. Hrax, remoproe npomsesenue pekTopoB 3ajgaeT oTobpa-
Kenue

@:NxKaView.
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dagaa 2.7. Onpegesnts TeH3opHOE OpoN3BecHEe BeKTOPOB V1 ®. . . Qg
m npocrpascts Vi,..., V. HocTporTs xasoRmMyeckne maoMopdusml

Men)e=Ve(heW)=Vehol.

Ipmsep 2.8. Kommexcudmkanis seiecTBEHEONO BEKTOPHONO IPOCTPas-
cTBa.

Paccmorpmm C xax sexropsoe npocrpatcrso nax R. [lyers V - pex-
.mmmmmﬁ,mnmmmC@Vm
eTcs BeKTOPHEIM NpocTpascTBoM Hag R, HO ero MOXEHO pacCMaTpHBaTH
KaK BexTOpHOe npocrpancrso Haj C, ecan nozoxuts a - (b@v) = (ab) @ v,
rae a,b € C, v € V. Temsoproe npomsegerme C @ V, paccmaTpusaemoe
KaK BEKTOpHOe mpocTpancTso Hay C,EasumacTcs xoMmmexcaduxammes V
i ob6oomagaerca sepes Vo. Ecm asemenr 1@ v+ 1@ w, v,w € V, obo-
WATATH 4Yeped v + iw, TO MOIYTHM, 9TO KoMmlexcudukamus Vo cocront
13 Beipaxenuit v+ iw. Onepamum Hajg STHMH BHpaKEHUAME OPOMIBOAATCA
€CTeCcTBeHHBIM 06panoM, B JACTHOCTH,

(a +ib) - (v + iw) = (av — bv) + i(bv + aw),
raca+ib€ C.
Jagaua 2.9, Ilycers f : Vi x V3 = W - Gumneiinoe orobpaxenne.
[okasaTs, 9TO CymecTByeT i egMHCTBEHHOE JNHEHHOE 0TOGpaKenne

g: Vi ® Va - W raxoe, w10 BEmoxmserca pasescTso go® = f.
3agaza 2.10. [oxasaTs, ITO CymeCTBYeT KAHOHNICCKHH HI0MOPHIEIM

ew)=wew

3. Temaopras anrelpa BEKTOPHOr'0 NPOCTPAHCTBA.
Jlazee V - xomeOMepHOe BeKTOpHOE npocTparcTso Hax nosem K. e-
pea TY(V) oboonarnmg TeHaopHOe HPOKIBejeHEe
Ve---av,
qp=

amw@mmmm@ Ecant vy,...,00 -
Gasuc V, 1o Temdopu v;, ® -+ @ vy, 1 < i) < n,...,1 < iy < n, obpa-
aywor Gasuc npocrpascrsa T9(V). Taxmua obpasom, gas t € TI(V) mueem

parsoReHne
=Et‘l““| u“ 0...09".
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Temaop t € TY(V) masumaeTes pajsoXuMEIM, €CIH CYIIECTBYIOT BEKTOPH
O1y+.,9 € V Taxme, wro t =v; @ - Q@ vg.

3agasa 3.1. Ilycrs ¢ ~ nepecranosxa mcex {1,...,q}. Mokasars, wr0
CymecTByeT ® eRECTBeHHOE JNHeHHOe oTobpaxenme

fo : TUV) = TU(V),
KOTOpOe ACHCTBYET Ha PAiJOKHMEIX TEHIOPAX N0 MPABLIY
Fo(v1 @+ B vg) = 0(1) @ ... @ Vy(g)-

Onpegenenme 3.2. Temop t € TY(V) sassmaercs CHMMETpETECKHM
(xococmmerpirsecians), ecan fo(t) = t (fo(t) = e(0)t) gaa xaxzoif mepe-
CTAHOBKH o, rje £(0) — 3HaK NepecTAHOBKE O.

Msuoxecrpo cammerpmiecknx Temopos B T9(V) oboamazaeTca wepea
5%(V), a MroxecTBo KOCOCIMMeTpIYecKHx — Jeped AY(V).

3agaua 3.3. Ioxasars, wro muoxecrsa SY(V), AY(V) spamorca pex-
TopHBIME HogupocTpancTeamu T(V).

Jazee npeanoaaraerca, 9To node K mveeT HyAeByn XapaKTepHCTHKY.
Paccmorpay mmaneiinoe oTobpaxenne

S:THV) = THV),
KOTOpPOE ONpPEAEIseTCE PABEHCTBOM
1
5(t) = agf.m.

9710 0T06paNkeHne HAIKBACTCA CHMMETDIDANNEH.
Jagata 3.4. Moxasars, wro §2 = §, Im S = SU(V).
Paccuorpnym aumeitnoe orobpaxenne

A:TYV) = TYV),

A) = 3 T elo)fo(t).

Ouo masuBaeTCH

AHTHCHMMETPHIAIHCH LI
3anava 3.5. loxasars, o A2 = A, Im A =AY(V).
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Beegem caegyomee ofosnadenme: eca vy,.. ., v, — Gaanc V, 1o
S(uviy ® +++ @ v;,) obosmaTIM Yeped v, -+ v, . DopMarsHOe TPOEIBEACHIE
vy, +* vj, He MEHAETCH MPH NEepecTaH0BKe HHJEKCOB, NOTOMY MOXKHO YCI0-
BETHCH BRIGHPATH B KATECTBE KAHOHNYECKON SAIMMCH TAKHX CHMMETpHTe-

CKHX TEHJIOPOB CACAYHMYIO JalHCh:
o ooty 20ea; 20, a1+ tan =g,

TAe WHCIO G; NOKA3LBACT, CKOABKO Pa3 BEKTOP v; GEIYPEDYET B vj, -+ j,.
3azava 3.6. Joxkasars, ¥To Temopw vy -« vl € SY(V), a; > 0,
ay + ++- + a, = ¢, obpasyor Gasnc npocrpancrsa SY(V). Ioxasars, wro

dim SUV) = (u+:—1)'
S S —

Alvy, @ Qv )=v, A...Avy;,

(amaox A HassBaeTCH CHMBONOM BHENTHErO YMHOKEHIA). SAMETHM Teneps,
ITO NEePeCTaHOBKA JOGHIX ABYX BEKTOPOB B 5, A...Avy, MCHAET JHAK ITOrO
NPOHIBEACHN. )

Jagava 3.7. llokasaTs, 9To:

1) v A Ay, =0, ecam i, = i) X191 REKOTOPHIX @, &;

2) remopu mupa vy A... A, rael <ij < i3 <...<ig <'n,
obpaaytor Gasmc npoctpancrsa AY(V) mpu 1 < g < n;

3) AYV)=0 npug>n;

4) dimAY(V)=() mml<g<n.

Tomoxma

TV)=K, T(V)= ér(v).
g=0

Beckomessnomepaoe npoctpancrso T(V) ¢ onepamueit Tessopmoro ymsoxe-
HES Ha3KBAETCA TeHIOPHOI amreSpoif npocrpascrsa V.

Tlosomma

SV)=K, SV)=@ V).
=0

Boegem ma npocrpasctse S(V) Grmmeiinoe ymmoxene no gpopuye
tia=5(t1 Ot), t € SP(V),t € SY(V).
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dagaga 3.8. IMokasats, wro S(V) ¢ BBegerEnM yMBEOXeREeM SBISETCH
KOMMYTATHBEHON ACCONMATHBHON arreGpoi may moxem K.
Toaoaoma

MW=K, A0 = aw).
A=Al ®t), t €AN(V), t2 €AY (V).

Jagasa 3.9. Ioxasars, wro A(V) ¢ BBegenEEM yMEOKeRHeM SBISCTCH
accommaTusaol axrebpoit Hay noxem K, yaoraeTsopsiomedt ceoficTey

tg Aty = (1) Aty, ¢ € AP(V), ta € AY(V).

Aarebpa A(V) masuBaeTca premmeln aireGpoit mum amrebpost [paccuana
npocrpancrsa V. .
3agaaa 3.10. Henoasoys onpegeseswe 2.1 nokasars, 970:
1) T9(V*) - npocTpancTso noTRANEeHHEX (yHKIpmE
F: VX xVaK;
qpx

2) S§9(V*) - npocTpaEcTBO CHMMETPHIECKHX NONMLINHENNEIX (yRKIMIL,
T,

F(Va(1)s -1 %a(q)) = flv1,.-.59);

3) AY(V*) - nDpocTpasCTBO KOCOCHMMETPHISCKEX NOMMANHERHEX (yHK-
ik, T.e.
F(Va1)s-+»Vetq)) = (@) f(v15- .-, 0g);

4) ecmty € TP(V"), t. € THV"), T0
(t1 ® t2) (015« s Vptg) = E1(V1y- - s Vp) * Ea(Tpaty oo oy Upag)s
'5) ecamt, € SP(V*), ty€ SY(V"), 0
S TR S, p -G-:—q)! S 1y ety St
6) ecmt; € AP(V*), t2 € AY(V"), 70
(ts Ata)(®1y...,Vpsg) =

13



(P': 9! Edﬂ)‘l(ﬂ.{n, ces ,v,(") . g:(,'(’_n" . '”C{H-'])‘

Inasa IL JIOKAJIBHASI PAMAHOBA 'EOMETPHA

1. Bexropusie noax B oGracTa R".

Jlaree U - obaacte 8 R™. Ilycts 29 € U - daxcuposanman To4xa, To-
raa gepes T, U Gygem o6osuaaTs MHOKecTBO BekTOpoR B R™ ¢ HavanoM
B Touke 7y (oM. pme.l). DTO MHOXKECTBO ABIACTC, HA CAMOM Aele, BEKTOD-
HEM npocrpascTBoM. OHO HadMBaeTCH KacaTexbHBIM npocTpascTsoM K U
B TOIKE Zjy. ;

Pacynox 1.

Iycrs pasee f(z) - dpynxuns, onpejeseHnas B OKPECTHOCTH TOYKH Ty,
Byaem npegnosaraTts, 970 osa kmacca C°° B aroif okpecrsoctn. Torga
onpegexen guddeperuman sroit Gyaxumn df(zg) m o aBAseTCA JHHEHOMN
cdopmoit a Kacareapsom npoctpascTee T, U. Aeficranressso, auddepes-
max df (zg) anaseTcs anmeitnoi Gynxumei or npupamesns Az, #o Az - 310
BEKTOp C HAYaI0M B TOKe Zg. Taxum obpasom, suddpepenmmar df (zq) snas-
©TCA JMEMENTOM JRolcTReROrG npocTparcTsa (T, ). Ono ofoanavaerca
wsepes T3, U » sassisacTes KoKacaTessnsM npocTpascTeom K U B Toaxe xgp.
DaemenTH npocTpascTea 17, U HAOKBAIOTCH KacaTeIsHEMI KOBEKTODAMI.
Hrax, gudpdepermman df (ze) snuserca KacaTersusiM koBexTopoM. Pacemo-
TpuM JEpdepeRnnal KoOpANEATHELX Qyuxmmi dzy,...,dz,. Pasencrso
dx; = Az; camasaer, 110 38avenue gudxpepennnata dz; ua pexTope v = Az
PaBHO i-0if KOOpAHHATE BEKTOPA v B CTaHAapTHOM Gasuce €), ... ,en. Takmm
obpasom, audpepennuans: KoopamEaTHEX dymxmk dzy,...,dz, B TOMKe
T¢ ABAMOTCA JNEMEHTAME ABONCTBEHHOTrO 6ajmca ef,...,e), & PadsoXeHue

14



Aupdepemmana ynxwm f(z)
=3,
=1

ABAFETCH PadsOKeHHeM KoBekTopa df (2g) mo Gasmcy xomexTOpOB €],..., €5,

Ecm dymxmum fi, f2 cosnajaior npm orpaENYeHNE HX HA MAICHBKYIO
OKPECTHOCTS TOUKN T, To Aubdepenmmans dfy(zy), df2(ze) pasmus. Ox-
Crofa caeayerT, 9To yo6so paccMaTpasaTh Jaddpepernmar oT pocTka QyHK-
wm. Bygem rosoputs, 9ro ¢yExmmn fi, fo mMeor ognEaKoBsie pocTKHE B
TOYKe Ty, €CHM OPH OrPAHNIEHHN HX H3 JOCTATOYHO MAaJCHLKYIO OKpecT-
HOCTS TOYKH Z¢ NOAYTACM DABHBIC (PYHKIMN. 3aMeTHM, 9TO MB paccMa-
TpuBaeM Toabko (yHxmum Knacca C™°. Moxwmo gaTs onpefenesne pocTka
Gousee Popuansro creayomam obpasom. Ilycrs pyuxmm fy, f onpegenens:
B okpectroctax Uy, Uz Touka zp, coorseTcTenno. Byaem cmrats dymx-
w fi, f2 (fi ~ f2), ecan cymecrsyer Tpersa oxpect-
socte Uz C Uy NUs Touxm z¢ Takax, wro fi lu;= f2 |us- Torga pocrox
¢yaxmm f — 3T0 Kiacc aKBHBAICRTHOCTH AaEuon dynxumma. MBoxecTso
pocrkos ¢ymxmmil B Touke zg obSoanamM wepes Og,. Pocrox dymxmum f
Gyaem o6oanavars vepea [f], a ecxn me npusoguT X NMyTaRMme, TO NpOCTO
gepes f. Popmyanst

cfl=lfl, +bl=[f+g, [-ld -

ONPCACHMOT ONEPAII0 YMHOMEHAS POCTKA HA THCIO, ONCPAIIO CIOXCHRA
POCTKOB H ONEpallli0 YMHOMKEHHS pocTkoB. DBiarogaps »TEM omepammaM
muoxectso (O, crasosurcs amrebpoil maj nosem R. Juddepenuman onpe-
AemneT orobpaxense

d:0. = T,U,
KoTopoe amseino Hag R u ygosaersopseT npasmay JlelGummna
d([f]- [g]) = g(=o) - d[f] + f(ze) - dlg].

EcnfEO.,loeT_.,,mm#(n){u) 6ygem ob6oaEaYATH Feped
8,(f) n masumars npomssogeoi f no manpasremmio BexTOpa v. B peayis-
TaTe moxysaeM oTobpakenne

9y : 0, 2 R,
KoTopoe amHeino Hag R m ygoreTsopser npasmry JlenGamma
Bu(f - 9) = glz0) - Bu(f) + f(20) - Bu(g)-

15



Onpegenenme 1.1. Orobpaxenme 3 : Oy — R masumaerca guddi
pesumposanwess axrebpst O,,, ecar oo auneiino sag R w yzossersopse
npasuxy Jleiibmma

(S - 9) = g(0) - f + f(x0) - Bg-

3agasa 1.2. Toxasars, wro 8(C) = 0, rae C = const.

Taxma o6pasom, Kaxasi Kacarexsusit sexTop v € T,,U onpegense
Auddepenmponanne amrefpi O,,. B wacTaocrir, Gasucenie BexTOph
€15+ 3€n OUpEREAMOT udypepemmuponanns zl-.. ., -, To ecTh

o . .
aq-b;;, i=1l,...,n

mmqummmons
raa dopmys

(B)(f) =cd(f), (B +B)(f) =(f)+Bu(f)

wmy@nm-mmnm

wectse Dy, , Gaarogapsa koropsiv D, cTAHOBETCA BEXTOPHHIM NPOCTpaH
CTBOM.

Teopema 1.3. Anjpepenumponamus z2-,.. . , 32— o6pasyror Gasmc 1po
cTpancTsa gudxpepenunposamuit D

Cunnﬂmum -

Jlemma 1.4. Iycrs f(z) dymxums xzacca C™ » cpepmveckoii oxpect
socrn U rouxu 0 € R", Torga cymecrayror dysxmm xracca C™
q1(z),...,gn(z) B 06zacrs U raxwe, wro

f(=) = £(0) + g1(2) - 21 + -~ + gu(x) - 2,

a0 =40 f(o) i) 8!(0)

Rmm?wm
10 -10= [ Lo o=

T

16



Ocrazocs nosoxwrs
ﬂ(’)"[la—,};ﬁa, i=1...,n

Jlemma goxasama.,
JoxasarenscTpo Teopemnl. Iloxamem cmasarza, 9ro auddepenmn-
posauun &,.‘..,& mmeitno Hesasmcuvsl. Ecam mueem cooTEOmeRme
¢1-0%+---+a.%=0,

mmmrwhx(,mmq=&
Hrak, amneiimas mesasacamocTs auddepenmuapopanmi &,...,& AOKa-~

sasa. Ilycrs Temepe & — npomssombuoe pudepeRumpoBanie, TOKAKEM,
"ITO CYIIECTBYIOT TAKHE “THCAA d], ... 0y, TTO

a d
8_.'E+."+¢'3;:°

Jas aroro nosoxmm a; = 8(z;), i = 1,...,n, (Tro seobxogmuo) 1 npose-
pEM, TT0 guddepenmmpobanme _

a
coBnagaer c gudrpepennmposanmen 9. [las cOKpaImeHNA JAMMCH MBI MOXKeM
PACCMATDHBATS TONBEO CXy9all g = (), B NPOTHBROM CXydae MOXKHO COBep-

IATE 3aMeHy KOOPAMHAT T — T — . llycers f € Oy, AoKakeM PaBeHCTBO
9(f) = &(f). lo aesnme 1.4 maeen pasaoxenme

1) = FO)+ ote) =0, 0i0)= oY,

Mpavenme sevy 1.4 x pymammav ¢1(z), ... ,ga(2), Torza noxym, wro
mym@mmhq(s); i=1,...,n, Takue, w0
gi(z) = a(0)+§:M(=)'t:-

)= 10+ 27 o1 . w0t L hy(e) iz
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Tlpmvermy Teneps auipeperuupopanns 8,8 k sromy passoxenmo, Torga
DOAYIHM pABEHCTBA

_ 9£(0) a£(0)
8(!)"2‘:“‘ 83( * 8(”'?“‘ az‘ .
Teopema goxasaua.

H> aroit Teopemut BuiTekaeT, wTo orobpawemne T —+ D,,, 3agamnoe
TPaBRIOM v — Oy, SBASeTCA MIOMOPHIMOM BEKTOPHBIX NPOCTPAHCTB.

Hyers gan xampolt Touxm z € U aagam pexrop v(z) € T.U, Torga
rOBOPAT, TO 3ajaHo eexmopwoe nose v(z) ma U. Bexropmoe mose v(z)
MOXHO PAIMOKNTE U0 GadUCY €1,...,En:

v(z) =a)(z)er + -+ + o.(x)?..

rae ay(z),...,a,(z) ¢pynxmmm ma U. Ecam sce 31 ¢ysExumm npusagie-
xar knaccy C°°, To pexTopmoe nose v(z) masumaercas gupepenmupye-
smeiv (Geckoneunoe aueno pas). Mmoxecrso gudipepeRImpyeMEIX BEKTOp-
Heix noxelt Ba U obosnamim wepea T(U). Ha srom MuokecTse onpejeiena
omepaIs yMEOKEHHS HA THCIO M ONCPAlNA CAOKCHHA, OHN NPEBPAITAIT
€r'0 B BEKTOPHOE NMPOCTPAHCTBO.

O6oasagmm sepea O(U) muomecrso dyuxumi xyacca C° wa U. Ha
ITOM MHOXECTBE ONPERCICHA ONEPAINIA CAOMKEHIT 1 ONEPAINS YMHOKEHI,
KOTOPHE NPEeBpalialoT ero B KOMMYTATHBHOe Koikiio. Ecam v(z) - pex-
TopHoe moze, a(z) -~ dyaxuma, To onpegereno sexropHoe noxe a(z)v(z).
Brarogapa >roif onepamus yMuokenns Ha dymxoms maoxecrso T (U) cra-
HOBETCA MoAyXem Hajy koasnom O(U). M xormM onpegeruTs eme ojmy
onepammio Ha MHOXecTse AudpepeRIEpPYeMEIX BEKTOPHRIX NONCH, OHa 060~
3HavTAeTCH Weped [vy,vz] M HAIMBACTCH KOMMYTATOPOM BEKTODHBIX IHOXeH
v, V2.

Teopema 1.5. Ilycrs v1,v2 — gmipepenanupyessie BeKTOPHEIE DOIN
Ba U, Torga cymecTsyeT H eqHHCTBEHHOE Ju(MpepeHimpyesoe BeKTOpHOE
noge w ma U mawve, uro paa xaxgoir ¢yexumn f € O(U) sumossserca

papeRcTBO
Bu(f) = 84, (81 (1)) = Bun (8 (£))- (1.1)
Jokasarenrscreo. [lycts

n= gd‘m. v = ;a‘.ee-

18



Brramcamy npasyio wacTs pasescrsa (1.1)
30 (86, (f)) = 80, (8 (£)) =

ek (k) - (el ML k) =
(el et g) - (Tl ) el o,
(zi:(g(aig‘;} . «{%ngi)m-
M3 5Tux BrMcAeHEmil CIefyeT, 9TO BEKTOpPHOE TOj%e
0= (5 (e -elgt))e

ABIAETCH MCKOMMM BEKTOPHBIM TIOJeM, IpWYeM APYTHX BEKTOPHEIX MOJeir,
yaosseTpopsommx pasericrey (1.1), mer. Teopema goxadzama.

Bexropuoe nose w m Teopems 1.5 o6oamavaerca epes [vy,ve] # mass-
BAETCA KOMMYTATOPOM BEKTODHLIX MOXEH vj, V2.

3agata 1.6. Tlycrs vy, vy,vs Audibepenmupyemiie BeXTOPHBIE NOLA HA
U. Toxasats, ¥To CIeAYIOMEE PABCHCTBA:

1) ["3:”1] = _[”1: v!]!

2) [aivy + agvy,v3) = asfvr, v3) + azfvn, v3), @1,42,a3 €ER,

3) [v1, [v2, vs]) + [v2, [va, oa]] + [os, [0, 2]} = O,

4) [for,v2] = flv1,02] = (Bp)vs, f€O(U).

2. Pamanosa meTpuka B oGracTa R".

Ilycrs Ha Kaxa0M KacaTexsEOM BekTopaOM npoctpanctee T,U, z € U,
onpegeneHo ckalsproe ymuoxenwe (v, w)y, v,w € T,U; rorga rosopar, aro
Ba U sagana pmyasosa mMerpuxa. Taxmwm ofpasoM, paManoBa METPRKA —
2710 "nose” ckarapEMX ymEoxermi. Omumem pEMaEOBY METPHKY B KOOPAH-
marax. Ecan g;j(z) = (ei,€j): mv = vley 4+ 40", w = wley +- - +w"ey,,
TO

o= S sulap'’. @.1)
ij=1
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Jlanmas puMasOBa METPHKS HaskBaeTCH Judipepemmupyesoi, ecan Bee Gynx-
mam gij(z), 1 € 4,7 < n, ssamorcs Pymxmmnan xkzacca O, Jazee Mm
npeAnORAracM, ITO PAMANOBA MeTpuka tuddepenmmpyevan. Tax xax v =
dzi(v), w = dzj(w), To pasemcrso (2.1) Mommo samscaTs CIEAYIOIIM
obpasom

(v,0)s = E 9ij(2) dzi(v) - dzj(w).

Cmpnmdmmwmmte
T.U no popuyae

ol = /(v 0)s -(gnts)o'v')"’.

a TaKKe yroa Mexjy BekTopamu v,w € T,U no dopuyae

(”s U)-

m(ﬁhM 5 =

i gz e’
(X o (=)v'vd) !75 Ty pij(z)wtwd) 2

mmwmwrcﬂ,ww
wsecki: = z(t), a £t < b, no Gopmyae

o) = [ 1o)de =
[ Costeten #o oy a 22
prmﬁompm:ar(l)mcl.
Bexrop
00 =250

HAMBAETCH BeKTOpoM ckopocT (oM. puc.2). Mpowssegenme [&(t)| dt Moxmo
PACCMATPHBATH KaK "GECKOHETHO MANME" NYyTh, UpPOMNeHHLN: 3a "Gecko-
HewHo Manoe” Bpems df, nooroMy mETerpax B Qopmyae (2.2) MoxmO pac-
CMATPHBATBH XaK OYTh, NPOHJCHNEIN 0T MOMenTa £ = @ A0 MoMenTa ¢ = b,



¥TO ONpasAuBacT OUpejelenue AINHL Kpusoil mo ¢opuyse (2.2). Baaro-
Aapa dopuyze (2.2) paManosy MeTPRKY OGHHO OGCOHAMAIOT CAELYIOIAM
obpasom

#=§H(’)h‘¢h
rae ds — guddepenuuan ML DAPAMETPIYIECKOR KPHBOIL.

r
Prcymok 2.
B xawecrse npumepa paccuoTpum Merpuky JloGauescxoro Ha xpyre
2+y<1
it = S
T-=-v¢

Ecan noxoxuTs 2y = 2, T3 = ¥, TO IOAYIHM PABEHCTBA

m1=m=(1_ )’l m=m=0-

Jlazee ME1 Haliem IMENE B YTOM KPyre, KOTOPHE BRIOIHAIOT POSh IPAMBIX
B oroit "nuockoctn JloSasenckoro”, B YACTHOCTH, METEPBANL

2+y<1

y=kz
spamioTes "npaveivue”, npoxogsupvm wepes Touxky 0(0,0). Brramcmms
morpan"npud': z € [0;1/2], y = 0. Hmeen

s=[ ——;;szln |l+'| L =;lnl.

3azama 2.1. Moxasars, TT0 Kax ik paguyc oxpyxsocTs z° +y° = 1/4
mnmﬁoﬂmm*h&ﬂ-ﬁ:mm
z? + y* = 1/4 » MeTpuxe Jlobaencxoro.
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3. KosapmanTaoe guddepennmposanme.

Mycre v € T, U ~ xacaremsumiii sexrop, w(z) - guddepermmpyemoe
BEKTOPHOE Noje, OupejeleHEoe B okpecrrocTR Toukm zg € U. Torga onpe-
JeleEa npomBogEan GyRKINE w(Z) B TOIKE ZTg N0 HANPABICHEIO ¥, KOTOpas
ofosBataercs Yepes J,w. DTa NPOIIBOJHAN ONPEREIRCTCH PABEHCTBOM

dow = Y (Ou')ei,
i
rae wy(z),...,wa(z) - xoopauEaTH w(z) B Gasuce ey,.. . ,e,. YAOGHEE much-
¢epermuposaTs pocTks BexTOpHEEIX noxelt. OHu onpejenmoTCa Tak MeKak

poctkn ¢ynxmmi. Muoxecrso poctxos gudpepeRnmpyeMuIX BeKTOPHBIX
noseit B Toake zy Gyaem obosrataTe Yepes Tr,. DTO MHOKECTBO ABARETCH

BEKTOpHEIM MpocTpaEcTBoM Hajg R, a Taxme mogyaem maj xoabuoM Og,.
Taxma obpasom, gudepennuposasine BEKTOPHOrO NOMA O HATPABACHIO
BeKTOpa Jajaer oTofpaxenne

O:Tpg X Tap = Ty, (v,w) - d,w.

Bo(fw) = Buf « w(ze) + f(20) - Do,

rae f € O,
Onpepenenne 3.1. Kosapmawrmoe judpepennupopanne BeKTOPHEIX
moseit B TOIKe Tg — 310 GEaHHelHOe oTOOpAXKenNe

ViTee X Tag = Tayy, (vyw) = Vow,
YaoBxersopmomee npasuay Jleituuma
vv(f w] =0,f- '(ﬂ) + [ (") - Vyw,

rge f € Og,.
Taxum obpasom, obsrmoe gudepepesumuposarue § gaeT npiMep Kopa-

mwpa[* b-ymmupmmv.,ejnﬁnlum, «3€n, TO
ecTs
Vaej = EI‘%Q.
k=1
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'{,ml'%,l < i,j,k < n, smusaores cavsosamar Kpmcropdeas gan
ASHHOTO KOBADHAHTHOTO AudibepeRuNpOBARMIL.
Teopema 3.2. Bunoansercs pasescrso

Vow =d,w+ Y Tv'w!(ze)en, (3.1)
ik
rge vl,...,v" - KoopgEEATH v, W',...,w" — KOOpAMHATE W.
JoxasaTeascTBO.
Vew = VE‘.;.‘ ;U‘C, = ;v‘v“ ;v’ej =

Z‘:u‘ )j:(a,,)-'e, + Z‘ju‘ );uiv.,e, =

2.:‘0.‘:.: + Ev‘zw-'[‘:}e. =
i i gk

| Oyw + ZI%JJe;.
ik

Teopema goxasama. )
Sameaarue 3.3. wwl‘%wmm
': Ty X Ty — Ty mo popryse

I'(v,w) = E I‘au'w’q. (3.2)
i,k

Taxum obpasom dopmyay (3.1) MoxEO 3anmucaTsh crexyomEM oSpasom
Vow = 8w + T{v, w(zo)), (33)

rae I'(v, w(zy ) — Guseiinoe oTobpaxensne, onpegesennoe dopmysoi (3.2).
3ameqanne 3.4. Ecau I : Ty, X Ty, =+ Ty — npomaBossmoe Guamneiinoe
oroGpaxesme, To popumyaa (3.3) onpegeaser KoBapuanTHOe AH(QepeHI-
poBanme. .
4. AdpPurnas CBAIHOCTS.

ycrs » xkaxpoir Touxe z € U sagano xosapmagraoe gadipepesuupo-
BaEme, To ecTh Guwmmeinoe oTobpaxenme

VT xTz = Ts,
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yaorreTsopsomee npasiay JleiGanna. Toraa rosopar, wro ma U onpege-
aena adumnas cesamocrs. Taxmu obpasom, adduEHAS CBIIHOCTH ABNA-
erca "noxen” xomapmasTHMX Anddepermmponanmit. Eca v(z), w(z) aud-
depeRmupyeMble BEKTOPHLIC NIOJA, TO KOBAPHAHTHAS NPOHIBOJHAR B Nepe-
mennoil Touke V() w(z) anaserca sexTopusiv noses. Mt Gygem npegmo-
JaraTh, ITo BexTopuHoe noxe V) w(x) seaserca gudppepemumpyensng gas
Kaxgux auddepermmpyemsx BexTopEsX noxeit v(z), w(z). B arom cay-
9ae CBAIHOCTh HASLBACTCH JH(pepeHINpyeMod. JaMeTHM, 9TO U4 Bhi-
NONHEHHA 3TOM0 YCHOBHA JOCTATOYRO NoTpeboBars gnudxpepenmmpycMocTH
BexTOpHEX noselt Veej, 1 < i,j < n, rae €),...,6n PACCMATPHBAIOTCA
Kax BexTopasle moad. Tak xax k-an xoopgusara pexTopHOro moas V.e;
mmem(z),mmme
CBA3HOCTH JOCTATOYHO NoTpeGoBaTs, 9T06K caMpoas Kpucroddens G
dysEmavm xaacca C°,

I'nassoe suavenne adpuEHON CBAIHOCTH COCTOMT B TOM, 9TO OHA JAET
BOJMOKHOCTS ONPEACIHTL HOBHI MAPALICNLHLIN NEPEHOC BAONL Mapame-
Tpuaeckoit kpusoil. Ho cuavaza M onpegemm KoBapHARTHYIO IPOMIBOA-
HYIO BAOIL KPHBOIL.

Prcynox 3.

IycTs pana napameTpurdeckas Kpusas xnacca C p obzactn U, To ecTs
orobpaxenne xxacca C° a: [ = U, rge I - npomexxyrox 8 R. Bex-
TOpHOE HOXe BAONH KpEBOE o — 10 Qymxmas v(t), t € I, Takas, wro
v(t) € ToU (o puc.3). Mu npeamosaraem, wro dpymxmus v(f) xaacca
C™, nomo v(t) BA0AL KPHBOH @ COOTBETCTBYET HOBOE BEKTOP-
mm%ﬂ KPHBOH (r, BadkBaeMOe KOBADHAHTHON IPONIBOLHON
moan v(t). Onepamus v(t) — 252 onpegenserca caegyiomman aKCHOMAMI:

1) ecun v(t), w(t) - BexTOpHEE HOAN BjONL KPHBOH a, TO

Div(t) + w(t) _ Do(t) , Doft)
dt dt dt ’
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2) ecam f(t) dymxmus xxacca C™ ma I, 7o
D(f(ty(t)) _ df(2) . . Deft),

3) ecm v(t) meaymeposaso uddpepeRTNpYEMEM BEKTOPHEM mOZEM
w(z) ma U, 10 ects v(t) = w(a(t)) npn xaxgom £ € I, T0

Dot
—él-vé(,,n.
Teopema 4.1. Cymecrsyer ogHa m Toumsko ojua omepaums v(t) —
» YAOBICTBOPAIOWAA TPEM NEPETHCICHHBIM YCIOBIAM. .
Hoxasareascrso. Ecm o(t) = ¥;v/(t)ej, To m axcuom 1), 2), 3)
BHITEKaeT, 9TO

D"(t) = Z: (dﬂj( ) +”’(‘)v¢(l)¢j) =

): (H(‘) d“wn’;(a(t))v’(f))cs. (4.)

rae zi(t),...,za(t) — xoopgumaTs at). O6paTHo, He TPYAHO HpPOBEPUTS,
<TO ONpefencHHAR NOCASAHNM PABEHCTBOM ONEPAIMA YAOBIETBOPSET
yeaosmam 1), 2), 3). Teopema goxasana.

Onpepgenesne 4.2. BexTopuoe mose v(t) pgom xpusoir oft) mass-
mwmmmm%ﬂm
CTBEHHO PaBHA Hy.iO.

Teopema 4.3. Ilycrs gana xpusas aft) u sexTop vy € To(,)U. Torga
CYmecTBYeT O4HO i TOALKO OHO TapaLieibHoe BexToprOe noxe u(t) Bgois
kpusoit at) raxoe, TTo v(ty) = vg.

pit Judppepesnmaisusie ypasEesns

%*-Zd’f)lﬁ(a(t»v’ =0, k=1,...,m

muetoT pemenme v*(f) OAHOOEATHO ONPRIEICHEOS HATATLHLIME JAHHLIMI
v*(ty) = vl. Tax xax ypasmeswus AWHeIHHE, TO DENEHRS MOXHO ONPEACTHTS
Aas Beex t € I. Teopema gokasama.



22 JAHHLN 7Ol CRIIROCTHIO, COXpAHAET CKalspHOe npompejesne. To ects
JAan moboik napameTprryeckoli xpmsoit a(t) 8 U 1 gaa moboit napst napas-

AexpEBIX BexTOpEBX mosel v(t),w(t) Baoms a(t) ckarapsoe mpomssegenue
(v(t), w(#))age) ®e sanucar or t.

Teopewma 5.1. llpegnosoxing, IT0 CBEIHOCTS COBMECTHMA ¢ PHMAHOBOH
smeTpuroif ¥ v(t),w(t) - 8a pexTOpEMX mox Bjoae Kpmsoil aft). Torga
BHIOIHSETCA PABEHCTBO

0000 = (T, "(‘)),(., + (vt 9:‘(_0)“0, &)

HAoxasareascTso. Bubepem oprosopsmposanmsil Gasuc B Ty () U
€],.++y€n, H DaTEM DAPALICILHO pasHeceM ero Baoas xpusoi aft). Torga
NOAYYIMM NapalielbHble BeKTOpHEE nous ej(t),...,eq(t), obpasyonme op-
TOROPMUPOBAHNEL Gasuc B KaX A0l Touke a(t). Bexropuuie noan v(t), w(t)
MOKHO PA3IOXKRETS N0 Gasucy e)(t),...,en(t)

o(t) = gv‘(t)e‘(t). w(t) = 3 w'(t)eit)
i

Caegosaremsuo, (v(t), w(t)) = X, v*(thw'(t) »
D:‘(t) & E D;‘(t)e{(f), D;(t) - ; D?(Tt)q(”.

Tlooromy,

(20) 4 (w22) = (_.m“‘) S0,

Teopema goxadana.
Caepcreue 5.2, [Jar mobeix sexTopunix noxerr v,w #a U m sexTopa
u € Ty, U ssmomaseTca pasescTso

(v, w) = (Vuv,w) + (v, Vyw). (5:2)

JloxasaTenscrpo. Bubepem mapamerpmeckyo xpusyio aft), meeso-
myio npa ¢ = () BeKTOpP CKOPOCTH %, a 3aTeMm OpuMeHHM Teopemy 5.1, Torga
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u> pavencrsa (5.1) noxyzam npu ¢ = 0 pasescrso (5.2). Caegcrsme goxa-
3ano.

MmemmmW
HEIX TOMEH U, w BBUIOAHACTCH PABEHCTBO

Vow = Vv = [v,w]. (5.3)
Hpmm(ﬁé):hmmmmq,q
'Ihxnta., a'; 'EFF; ;fm,mle;,cj] 0; nooromy Vej —
Ve ei = 0. Ha pasencrsa
Ve85 = 2[%6}
k

TOrja NMOXy9aeM PAaBEHCTBO
=0}, 1<ij<n (5.4)

M noxasamw, wTo w» pasescrsa (5.3) caegyer pasencrso (5.4). Ipex-
ZaraeTcs MPOBEPHTH, YTO BepuO ofpaTnoe yreepagesme. HMrax, civme-
TPUTHOCTS CBA3HOCTH CJHAYACT CHMMeTPHIHOCTS cumponos Kpucroddens

Teopema 5.3. CymecTsyeT m eqHHCTBEHHAS CHMMETPHICCKAS CBAI-
mocrs ga U, cosMecTHMaR ¢ JaHHON PHMAHOBON METDPHKOIN.

Joxasarerscreo. CEasalza ycTaHOBEM efHECTBEHHOCTH CBA3HOCTM.
Tpmuesng pasercTso (5.2) x 6a3BCHEIM BEXTOPHBIM NOXAM €, €, €. LAk
xax (e;,€;) = gij, TO NOAyIAEM TOKAECTBO

ik = (Vuesron) + (o5, V).

Mepecrasana mugexce i, j, k noxywaM eme cregyiomme ToX gecTsa
%" = (Veseirej) + (€3, Veyej),

8
-a%‘:-F (Veseirer) + (€0, Veser).

¥z mepeoro ToxkjgecTsa BHMTEM BTOpPOE, a daTeM nprbaBuM TpeTse, TO-
rAa noaysaerca nepsoe Toxgectso Kpucropdern (Hyxso MCOOILI0BATH
pasencrso V,.e; = V. e;)

Oa:
(Vesejiez) = 5 (%’f‘ %:— + —;T':-) .
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Mmmmm&l‘m Yumoxan ero 5a obpaTHy0
x (gix) Marpuy (g*), noxysmna sropoe Toxgectso Kpmerodepers

o e e (55)
CaegosaTenssio, CRBEIIHOCTD OAHOIHATHO onpegersercs MeTpukoil. O6paTso,
onpegexsx I'f; opuyaoit (5.5), MoxmO npoBepaTS, TTO HOXYMeRNAT CBE3-

HOCTH CHMMETPHYECKAs ¥ COBMECTHA C 3aJaNHOH MEeTPHKOIL
Teopema goxadama.

dopuyze (5.5). Jlasee pacoMaTpHBAETCA TOILKO PHMAHOBA CBAIHOCTS.

Ilapamerpueckas xpupas o @ | — U masusarcea reogeamseckoi, ecin
mmmfml:m&rnmma{i) Ecan
@ — FEOJEANTECKaN, TO KAK NOKAILBACT TOXKIECTBO

L5513 %) -
mlfl—(ﬂ S)mmmmma Bsoaa

s(t) = fl"“la-l‘"l (t~to),

MOXHO BHPa3NTh ITO yTBEpXK fenne caeyomaM obpasom: mapameTp t BAoxs
PeoeNYecKol JHHEHHO JABHCHT OT JUMEE! XYTH

dﬁ-l
C-I—El s+
B xoopaumarax zi,...,%n ypasuemse 547 = 0 npummaer ua

Tt S G gle0 (59)

28



6. MaomeTpuu pumanosol oGracTm.
Hycrs F : U = U - orobpaxenmne xaacca C, 29 € U, yo = F(zo),
Torza gudxpepenmmax dF(zo) 3asaeT mueitnoe oTOGpaN-exme

dF(zq) : T, U = T, U. (6.1)
A umenno |
dF(zo)(v) = Y dFi(0)(v) - e,
k=1
rae Fi(z),..., Fy(z) - xoopmumaars F(z) » Gasmce ey,...,e,. B sacrsocTs,
MMeeM PAREHCTBO
= OFy(z0)

dF =
(zo)(es) E o

Taxum obpasom, MaTpuna anEeiEoro orobpaxenns (6.1) » 6asuce €1, ... ,8q
apaserca MaTpamest fxo6u

¥ Y]

;oA 3 (62)
Manee, g1x xparxoctn, oTobpanenme (6.1) Gyaen ofoomamaTs Sepes
F.: TeyU = Ty U. (6.3)

Ilycrs gasee orobpaxesme F : U — U ssaserca gadupeonopdmanson
xnacca C%°. Dro conavaer, wro orobpaxemne F : U — U spaserca Gumex-
muaeit, u orobpaxemus F, P~ npmuagrexar xaaccy C°. Torga marpuua
Slxo6m (6.2) mueer ofparayo MaTpuny, a mMenso Matpuny flxo6u oro-
6paxenna F~1 : U = U » Touxe yy. Caegoparenssso, orofpakenne xaca-
Teabux mpocrparcrs (6.3) ssasercs momopdummon. Ilycrs ma U onpe-
JAexema pumamosa Metpuka (v,w)., Torga guddeomopduam F : U = U
HASLIBACTCH MIOMETpHel, ecam Jns xaxpol Touka z € U oroGpaxemme
F, : T,U - T,U coxpauseT cxaIspHOe NPOHIBEAEHNE, TO eCTh '

(v,0)e = (Fov, Faw)y, y=Fl(z). . (6.4)
Tak xax

oy = —cChky F. = — v Oy
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7o 13 (6.4) noxysaem mabop pasencrs

z:mty)”‘“’ ”’"’ = gy(s)- (65)

Herpyano npomepwTs, 9T0 ecam pasencrea (6.5) npm 1 <
' 4,j £ n, To sumoxEsercs pasencrso (6.4). Jamvermm Taxxe, wTo Habop
pasencrs (6.5) pasmocmien pasencTay

.Em(v) dyedys = ) _ gui(=) d=; d;j, (6.6)
2] ij '
re i - k-as xoopgmmaTa dymxmm y = F(z).
B kawecTse npuMepa paccMOTPHM eBKIMZOBY MeTpHKY Ha R"
A =del 4 b dal.
9To pEMaHOBA METPHKA € gij = §;;, TAC
- 1, i=j
fi={o 7]
~ cumsox Kporexepa. Pacemorpiv addmmsoe npeobpasosasme R™
y = Az + b, rae A = (ajj) ~ obparamas marpuna, b € R™ - mextop.
Pasegcrso (6.5) Torga npmoGperer nug
E‘U‘H‘;ﬁ’“‘ﬂ-
kel ;
TO ecTs .
Zi:“ﬂ“l!‘;‘ﬂ'
9TO O3HATAET OPTOrOHAILHOCTL MATPHIE A.
llycrs oft) xpusas 8 obsacrs U, Torza wepes G(t) oboomawmm xpu-

syio F(a(t)). Toxamxem, 9ro npu momerpsn F : U = U puumst xpussix
aft), a(t) cornagator.

= [ 8= [ -4}~
[l (&)= 8] =

30



Jazee Mu nokaxem, Iro ecxn aff) - reogeamveckan, a F: U =2 U -
W3oMeTpuA, To KpuBan &(1) Taxxe GyfeT reoAesNIecKoN.

7. Bapmanmosnoe onpejeneHue reofe3uIecKRX.

Mycrs L(z,v) ~ ¢pynxums xxacca C*° Touxm 2 = (21,...,2s) EU =
KacaTeassoro sexropa v = (v',...,v") € ToU » 210kt Towe. Paccmo-
TpEM (DEKCHPOBAHEYI0 DApy TOYEK Zg,z; € U M BeemcaMOXHNe KpHBLIE
xaacca C%  alt), tp < t < t; (c Puxcaposanmsvm tg,;), coeuamoOTHe
i Touxm: afty) = zg, aft;) = z1. Paccmorpum Temeps BemmrauEy

Stal = [ Liote).a)de,
oma HassmaeTca geiicrames. Ha xaxol xpumok aft) geficrswe Sla] Gyaer

MEHEMATBHBIM ]

Jiemma 7.1. Ecnr Sla] mmmmnazsno, 1o gas mo6oii pexTop-ysxmmm
B(t) xracca C™, obpamamomeiics B ByJb Ba KORGAX tq, i), BRIOIEAETCE TO-

d
-d‘;S[ﬁ'l'tﬂlﬂ.-ﬂ-
,ﬂommmmnmm@ymﬂc+qﬂ]lm

£ = () npUENMAST MERNMATLHOE JHATCHNE,
Teopema 7.2. Ecaw sexrnrma

Sl = [ Lato),a)d

AOCTHTaeT MEHAMYMa Ha HexoTopoit kpusoir ot) = z(t), To Bgoxs xpusoi
:(t)mypum

d (8L aL

E 85. —E—"‘o, lﬂtl, -y M, (7.1)
rae
oL BL{z,u)|
P

4 g.f;) - (5 £ +2 5,)!'#
JoxasaTenscrso. PaspepaeM Buipaxenne
STt Bl
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TOrAA HMeeM

s Bea= [ (B G o)) 4= 0

TA€ METErpal BLTHCICR BAONL Xpusoil aft) = z(t). o pasencrso sepuo
Aan moboit sexTop-dymxumn B(t) xaacca C*° raxoi, wro f(ty) = B(t;) = 0.
C noMompio RETErpRpOBANESN N0 SACTAM NOXYIAEM PABEHCTBA

gt = (57 "‘)I: [ & (Ge)mae=-[ & (55) mae

Mmpm(?.z)mmwow

_s[a+ep]|,_. f():[ "‘” )dt:l). (7,3)

Tax xax ymxmm f1(t),...,Bn(t) Moryr Gerre mobrnvm dymxmemvm C™,
ofpamalonmmMucs B Hyss B Toukax fo,f;, To pasencrso (7.3) pasmocmisEo
cucreme pasencts (7.1). Teopema goxasana.

SameTnM, YTO pellleHns cHcTeMs ypasuenmit (7.1) BasmBawTcs sKcTpe-
Marnar dynxumosasa geficrsns Sla). Omw gawr meobxoguMmue ycaosus
Aag roro, wrobut anavenne Sla] va sazansoi xpusoir aft) = z(f) Guuro axc-
TpemarbERM. HMewTcs gocTaTowEme YCIORNA A1 ITOrO, HO PO HEX PeTh
noitger B Kypce " MeToan onrrmmmpammn”.

Ilycrs reneps ma U 3agasa puManoBa MeTpuKa

ds® = %:W(’)d’l'dah
Torga paccMoTpiM GyHEKIHORAL

Stol = [ of at = [ (Soutetisthas0) e @4

Teopema 7.3. Ixcrpemamn Qyrxmmonasa (7.4) — 310 B TOIHOCTH
Tax
JloxasaTenscTBo. KaK

L(z,v) = Z ﬂﬂ(’)"i"'i
kJ
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L Ot 5.
zznv' %:8:1

mm ('a".l) EMeeT BEg
2Eni:+:): 3y 218 -):—ﬁsm 0.

;Wﬂ“=‘?|

§.+);(;(&j—;&£)c“)=m =0.
Bgu @y . _ 1~ (dou | Boay a;
5&1 Sm—zg(a’,+8ﬂ)n"n
TOAYIaeM, ITO IPEAHAYTIee YPABHEHRE HMECT BiLY
Eo+ Y Dhigi =0,
it

( M ,,)y“.

mmmypmrem(ﬁ).wnm
Caegcremne 7.4. Ecau F : U = U - momerpus, aft) - reogesnveckan,
70 &(t) = F(a(t)) - Taxxe reogeanwsecxas.
Hoxasaremscrso. Tax xak S[a] = Sla], To xpusse a,& cramosarces
O/HOBDEMEHHO IKCTPeMATIME (yHKumosasa S. ITO BHTEKAeT W3 ompege-

NEHNS IKCTPEMATH
2 Sla+ efll g =0.

Crepcreme joxasaso.
Jagana 7.5. IloxasaTs, wro axcTpemamn GyHEKIHORAIA

5= [0l = [ (Souteatnw) e



GyAyT TalOKe COBNAJATH C MEONEIMTECKHMI, €CN PACCMATPHBATE Napase-
TPEYECKHE KPHBHE ¢ NAPAMETPOM HPONOPUMOHAILHEIM HATYPAILHOMY Ia-
paMeTpy.

8. IlrocxocTs JloGawencxoro.
Pacomorpms xpyr U = {2? + 3? < 1} ¢ merpuxoi JloGasencxoro
o= dz? 4 dy?
T

Ecm nosoxuts 2y = r, T3 = y, T0 NOIYyTHM PABeHCTSA

m==m=(T_—41_—’;)—,.m=m=ﬂ-
®opuyaa (5.5) npusogRT K cleAyOmMM pasescTBaM fai cumsosos Kpu-
croddens

Ty =Th=Th=-Th =22,
1

2” .

Taxum ofpasoM, ypABHEHHS NeOJEIMISCKHX HMEIOT BHA:
i:+r%:g(ﬂ-g)+ﬁ_—‘zilh=ﬂu

HenocpeacTpenno nposepaeTcs, TT0 NapaMeTpudecKan Kpusan (27, 27) =
(th ¢,0) ysomsersopsier ypassemmam (8.1), To ecTs spaseTcs reojeaute-
ckoll. Iro6nl DoXyIHTE ApPYrEe reojesiriecKne, Mbl PACCMOTDHM BCEBO3-
MOXELIE H3oMeTpHE "miockocTn JoGagenckoro®. DTH HIOMETPEE XOPOIIO
JANNCHBAOTCA B KOMILIEKCHON (popMe. A MMeREO, NOJOXHM T + iy = z,
Torga MeTpuxa JloGavesckoro npmobpeTaeT Buj :

_dzdi

d = =z

mmmmmm
HHYHOIO KPYTa

Th=Tiy=Ty=-T} =

(82)

a,. PER, |a]<1 (8.3)
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coxpanser meTpuky (8.2), To ects smaserca

B T®KII soxasusaerca, wro marepsar (—1; 1) 5a ocu Oz npr npeobpa-
sopamnu (8.3) nepexoguT B AYrY OKPYXHOCTH OPTOTOHANLHON CTAHAAPT-
wolt oxpyawocrn 2% + y® =1 (om. pucd). Tax xax Gepes JaHHYIO TOIKY
xpyra U » 3ajansoM HanpasieHus OPOXOART OJHA TAKAS OKPYXHOCTS (CM.
pucd), To noaysaem, TIo Bee reOJEIMIECKEE NCICPILBAIOTCH TAKHME Y-
raon. Jeiicrsnrensno, pemesus cucrems (8.1) onpegeamores BavarLHON
Pomoll | BEKTOPOM CKOpOCTH B 2T0H Touke. B wacTHOCTRE, Bee AMAMETpE
xkpyra U spamoTcs TEOAeINYecKHMH, YTO YTBEPKAANOCH DAHLIIE. Jame-
THM, YTO reOJeINIECKNe HIPAIOT PONS MPAMBIX.

L
\_/

Prcysox 4.

Tycre A, B - gpe Touxu » xpyre U (om. )s mpoBegeM wepes HAX
CANECTBEHHYIO TeofeamecKyio; ey xyra AD obossamm sepes p(A, B)
B Ha3OBeM paccTOAEEEM oT TOYKM A jo Touxu B. Dro paccrosmme MoKHO
ONpegeInTs ¢ NOMONLI0 ABCHHONO OTHOMEHHA JeThpex Tovek. IlycTs 2y, 22,

24 9eTHIPe TOYKH Ha KoMuusexcuoil wockocrn C, Torga wepes (21, 22, 73, 24)
ofbooEaTaeTCH OTOHOWIEHRE

o Lt B St ]

BNK]Immu,mmmnp-m
oTo0paXeHNAX, TO €CTh ecinm wW),ws,wy,wy — ofpasu ToIex 2,23, 23,24
mmm

b
=S wd-lk#o,

70 (1}, Wy, w3, wy) = (21, 22,23, 2). Hycrs A, B romxm "nepecevenun” reo-
Aexraecxoit AB ¢ oxpyxuoctsio |z| = 1(cm. pmc.5), Torga Moxuo o6paso-
BaTh ABoitmoe ormomenue (A, B, A, B).
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KX

Prcysox 5.
Teopema 8.1. BunmoanseTcs pasescTBO '
P4, B) = 3 In(4,B,A,B). (8.4)

Joxasaremscrso. OGosnatnm npasylo wacts panescrsa (8.4) sepes
d(A, B). Tposepsercs, wro p(A, B) u d(A, B) ygonsersopsior Beem ax-
cuoMam paccrosmma. C Apyroil cTOpOHEL,0HE He MeHmIOTCH TUpH ApobHO-
Jumeitmnx npeoGpasosammax (8.3). Orcioga errexaer, ¥TO OHM AOLKHE
Gerrs nponopumosaxsasl. Ocrasocs yGegumes wro p(0,1/2) = d(0,1/2) =
}lua lh:puum

9. 'Ihaopxpmpnnmdm

Pmmmmwmm
HOro moai v = v(z) #a obaacrn U C R"

V._,(v“v), V.,(v.,v).
Onn e ofmannl coBnajaTh,s c8a3M ¢ >THM [-yi0 KOOpANHATY BEKTODHOrO

noas
Vei(Veer) = Ve, (Veser)

obosuam wepes Rj;,. Torga noxynme mabop ws n' dymxnk wa U. Sror
GyEKuEE HAILBACTCH TEHIOPOM KPHBHIHE HCXOHOK cemuocTH. Bri-
gscaHM ero vYepes cumporsl Kpucroddens.
Teopema 9.1. Bunoansiorca pasescrsa

R = (%*? aar:‘) ):(p,,r«,, rhrh).
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JoxasaTenscTso. Mmqumv;,mn
HMCEM PaBeHcTBA

z‘: Blyer = Vi(Vier) = Vi(Vjer) = v,( Y The.) = V(3 The) =
> %ite, + Y8 et - X 2te, - ST Y e =
s 031 s i '] 8“ ] t

;(%-%)°‘+E(¥(mrk‘ﬁrh))q-

b2 [(%I;‘;.L - %‘a&) + X (rars, -I‘,'.r'.)] e

Moxwo gaTe Goxee HHBADHAHTHOE OUpEACIEHRE TEHIOPA KPHBHIHEL, TO
€CTE He aaBucamee oT BubpasHoro Gasuca €),...,6,. Ilo Tpem BexTOpHEIM
noasm u = u(z),v = v(z),w = w(z) onpegesmu HOBOe BexTOpHOE mosE
R(u,v)w c nomomsio pasencTsa

R(u, v)w = Vy(Vyw) — Vy(Vuw) — Vi 0. (9.1)

Teopema 9.2. 3navenne R(u,v)w » Touxe zy € U 3asmcrr Torsxo or
anavenni pexTopusx noeit u(z),v(z), w(z) » sroi Touke, a He sasmcaT OT
ux agavesmy p 6omoxnx Toykax. Jasee, coorsercrane

(u(20), v(z0), (o)) = R(u(zo), v(z0))w(ze)

ABISETCA TPIIMHEHHAM 0TOGpaXeHIeM .
TeoU X TyU X T U = T U

flokasareascrso. Ouesugno, R(u,v)w ecrs Tpmmmeiinan dynxmus or
t,v,w. Ecas samenwts u 5a fu, rge f — dynxmns, To Tpu wieRa 8 npasok
vacTn pasescrsa (0.1) 3aMeHATCH, COOTBETCTBEHNO, LICHAMME
1) Viu(Vew),
2) (avf )vﬂ"}'fv 'Wlw):
3) = (8uf)Vuw + jV[u,u]w), TOTOMY TIOXYIaeM TOXKACCTBO

R(fu,o)w = fR(u, v}w.
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CooTsercTByone TOXKASCTBA Jid v,w NOAYYAIOTCA OPH DOMOIHM AHAJO-
rasEsx sermcrenmi. [Ipeanoxxmy Teneps, 9o

i, v B g, iy,
i i k

R(w,v)w = Eu‘u’u"&(e;,e,)q = E u'vu* Rize.

Tem canu R{u, v)w B TouKe Ty 3anscaT TOXLKO 0T 3Ravenmit u'(z), v/ (29),
w*(zy), T0 ecTs o1 3mwvenmit u(zq), v(ze), w(zy). Teopesma goxarana.

Samesaume 9.3. Teopema 9.2 noxasumsaer, wro R(u,v)w smaserca Tes-
dopHLM noseM Ba U, a m JOKA3aTeIbCTBA BHAHO, 9TO - KOOp AMBATH
ITOrO TEHIOPHOro NONA. JaMeTHM, ¥ro sEavenwe R(u,v)w 8 Towxe z¢ —
ITO AEMEHT TEHIOPHONO NPOMIBECHNA

ToUSTAU @ T2U 8 TuU.

Teopema 9.4. Temnop XpuBmIREE PHMAHOBON CBSIHOCTH YJOBIETBO-
PAET CAEYIOUUHM COOTHOIMEHMAM:

1) R(ll,ﬂ)ﬂ o -Mwn “)ur

%) R{u,v)w + R{v, w)u + R(w,u)o =0,

3) (R(u,v)w,z) = ~(R(s,v)z,w),

4) (R(u,v)w,z) = (R(w,3)u,v).

JMoxasareascrso. CooTHomenne KococuMmeTpianocTn 1) Bemerenno
BRITEKaeT I onpegesenns Temdopa R. Tax xak sce Tpu craraemsix B ¢op-
MyZe 2) TeE30pHI, TO AOCTATOYHO JOKA3ATH ITY GOPMyIy B CAyIae, KOrAa
pexTopasie noax [u, v], [v, w), [w,u] passs mymo, manpumep, ann Gaomemnx
m_mﬂ €;,€j, €. [IpH ITOM DpeANOICKEHNN HYXKHO HPOBEDHTH
TOXKAECTBO 5

Vu(Vow) = Vo (V) + Vo (Vitt) = Ve (Vers) + Vo (Ver) = Vi (Viev) {;;
Ho u3 cMMeTpRN CBA3HOCTH BHITEKAET, ITO

| Vow=Voomfo,u] =0
e ot BTN coNPARATES 150 AAAES couTE D).



Toxgecrso 3) conagaer, 9o supaxenne (R(u, v)w, 2) kococmmerpiro
10 w, 2. ITO IKBHBANCHTHO yTeepEAenmo, 110 (R(u,v)w,w) = 0 npa Bcex
u,v,w. CHOBA MOXHO NPEATOIOENTS, TTO [, v] = 0, Tax wro (R(u, v)w, w)

passo
(Vu(Vew) = Vo (Vyw), w).

Himave rosops, Mu JOMKHE JOKA3aTh CHMMETPHTHOCTS BHPANKEHES
(Ve(Vew), w) ornocuremsno u,v. Tax xax [u,v] = 0, To supaxenne
" 8,(0y(w, w)) curveTpurdEO OTHOCHTEALHO U, V. Eamm—

CTH C METPHKOIN MOXyIaeM
Bu(w, w) = 2(Vyw,w),
CAeA0BATEALHO,
8,(Bu (1)) = AVa(Vaw), w) + 2(Varw, Vo).

Ho BTopoe caaraemoe B IIOCHEAHEM BHPAKEHNE CHMMETPHINO OTHOCHTEALHO
u,v, nooroMy mspaxesmne (V,(Vyw),w) raxxe camvuerpuaso ormocs-
TEALHO U, v, TTO M JOKAJKBAET CBOHCTBO 3).

CaolicTeo 4) BEBOAWTCA M3 NPEALAYINIX CBONCTB, NPEATATAETCH TPO-
BCDHTE 2T0 CaMocTosTersno. Teopema goxasaua.

Jamesanue 9.5. Bmopmumml),z)ma4m
CHIBAIOTCA cregyonM ofpasom:

1) i=_R‘ﬂs

2) + Rl + R =0.
Tosommm Riju = (R(ea.es)ehec).'mecn

Bigu = 3 Rigut
Torga ToxaecTsa 3), 4) caefylounm obpason:
3) Riyu =—Ryu,
4) Riju = Ruj-

3amermm Takxke, wro Temaop (R(u, v)w, z) BasumaeTcs Temsopom
Pnnn,nmmimqummmmn_p_o-
HIBEACHHA .
LUT, URT,URT,U.

e Fdﬂ'z‘:ﬂfa
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HaMBaeTCH cKamgpHoN Kpusmanoik, rae (g7*) — obparsas MarTpmma x (g;k)-
3agzasa 9. 6. Jlats mEeapmanTHOE onpejeleEme Temsopa Purim x cxa-
AAPHON KPHBIIHEL
Hpmsep 9.7 . Pwmln',mw
e {===(-.v)

v =y(u,v)
z = z{w,v),
rje u,v — napamerpsl. Torjga nepsas KsajpaTnusas dopMa

ds® = Edu® 4 2Fdudv + Gdv®

yro R=-2K, rge K - mmm
Moo u = uy,v = vz, E = g1, F = g13 = g51,G = gn, a T§; -
m!’(mnm

TG G g

Mpnmmmmmpt

K=— (a_-,L %) +;a‘=1ﬂc-rlnﬂ|)]‘

To ecTh 1
K=;l—;-R}’1
Buipasum K wepea remsop Pumana
'—i; 0 = —-Eﬂ’Rnu = —(G”Run +¢®Rynns) =

ﬁﬂmu = A - Rins,
au
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rae A = det(g™*). Tasane obpasons,
| K =A-Run.
C apyroit cropoms,
R=Y MRa= 3 PRp=
Jik=1 g k=1

9" By + 9" Bya + 9" Rigy + 9™ Ry =
9" 92 Rana + 90" R + 9292 Rims + 979" Ruam =
—9"'¢" R + 9" Ruaia + 97 9" Riziz — 679" Ria =
—2A - Rm”

To ects R = —2K.
3agasa 9. § . MMoxasars, wro gan Merpuxu Jlo6asescxoro R = 8.

10. Bremame guddepennmarsanie hopmut.

Caasana norosopuy o semmmx ¢opmax. Iyers V - n-mepmoe mex-
TopHOe mupocrpascreo Eaj nosem K. Bseumas ¢-¢opma w? ma V - aro
KOCOCHMMETpUYecKas Noanseinas Gymxmas

Vx..xVaK
M
qpx
Corsacro apyromy onpegeresmo —~ 3To anemenT npocrpascrsa AY(V*) (em.
sagaqy 3.10 s ra. I). Ecam ey,... e, —Gazme V, ae},... e}~

Gasmue V*, o sremmame npomsnegenns e} A...Aen, i1 < ... < iy, obpasyior
Gaamc npocrpancrea saemmnx g-popm AY(V*). Caegoparessso,

_aimi!(r) - (:)

B wacrsocTs, dim A®(V*) = L.

Mycrs gasee V - pemecTsessoe BeKTOpHOE NpocTpancTso. Torga npo-
crpancrso A*(V*) momopdmo R, 5o ¥a meM ¥eT (NKCHPOBAHHOIO HAIpa-
" paesme. Opmemramms V — aro sanpassesme ma A"(V*) (em. pmc6). Tax
KaK BOIMOKHE JBA EaUPaBIeHRA, TO Ha V BOOMOXHE! fBe OpPHEHTAINN.

4



_ AW

- wn

Prcynox 6.

Ecam mbt seifepem menyaesyo dopuy w", TO noxydHM HaupasieHue HA
A"(V*) or 0 x w™. Taxmu ofpasom, ¢opma w” 3agaeT opmerTanmo Ha V.
3ameTnM, TT0 hopM w],w] ONPEIEATOT OANHAKOBYIO OPHEHTAIMIO, eClH
wy = a-wl, rae a > 0. IlycTs opuenramus sagama dopmon w", HasoseM
6anmc e),...,6n DOIOKHTEILHEM, ecalt w™(e),...,e,) > 0, B npoTHRHROM
caygae 6acnc HasHBaeTCA oTpuuaTessHERIM. Takma ofpasoM, opmeRTanmA

Wy oer€h) = det A=W en, .., en).

Ilooromy Gasuchl €1,...,€n, €),...,C) IKBHBAICHTHEL, CCTH OUPEACTHTEND
MaTPHIE NEpexXoja NOMOXKHTENLHBIN. JaMeTM, TTo BHGpas ofun 13 Kiac-
COB 3KBHBAJEHTHOCTH GadmcoB, MM onpefiexnm opmentammio Ha V Tpebo-
BHIGPaHHONO KIacca NONOKHTENLHEE JHAMCHNA. '

Ilycts ma V sagaso cxkaaspEoe Npomdsejenme, TONAA OHO ONpEJeIseT
momopdusm V' = V*, sagamuni npasmiom: sexTopy v € V comocrasas-
erca anmeinas PyExmus H(w) = (v,w). Jamerma, 970 ecam €3,...,8p —
opToHOpMupoBaHENE Gaanc V, To smneinne dynxmms €),.. . , €, 06pasyoT
ABOHCTBEHHBIN 6a3lc, TO €CTh Jid OPTOHOPMHPOBAHHOrO Gasmca BEIIONHSA-
erca pasencrso & = e, i = 1,...,n. Hosowmm (8,®) = (v,w), Torga
TONYIHM CKAlfpHOe mpomaBejeHue Ha V', B YaCTHOCTH, €CIH €],...,€5 —
oprosopMuposaunkii 6asnc B V, 1o €},..., e}, -~ oproopMupoBaHLl Gasnc

B V*. Ecau noxoxuts
(@iA.c.AagBiA...ABy) = &(0) (a1, Boqr)) * -+ (ags Batg))s

TO 3TO YMHOXEHHE NPOJOMKACTCA A0 CKAISPHOr'0 YMHOKEHNA B NPOCTPaH-
cree sremimx g-popm AY(V*). B 9acraocrs, ecum €1, .. . ,€n — OPTOHOPME-
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posasmsii Gasuc V, 1o g-dopmnt €f, A...Aep, i <...< i, obpasyior
oprosiopMuposasEsi Gasnc AY(V*).

Tlycrs ma V sagaso cxanspaoe NpomdBejenme, TOrAa NOXYTHM CKALAD-
HOe NPON3BeieH e Ha ogHOMepHoM npocTpanctee A"(V*), 6rarogapa aromy
onpeeAfoTCA ABe N-HOPMEL eHHEYHON JIHEE, KOTOPHE ONPEAEATIOT PO~
TusonoxoxEse opumenranun. Ecxn ma V duxcuposana opuenranma, To cy-
MECTBYET eAMHCTBEHEAN N-POopMa eAMHNTHON JMHHE!, ONpejertioman Jas-
uywo opuenrammo. Obosmavmu ee wepes (1" m madoBeM (hopmoif obmenma.
Hycrs 9 € A%(V*) u #p9 - Taxax (n — q)mmmmm
¥ € AYV*) sumnonRseTca paseHCTBO

al A1 = (af, 1) Q"

Torpa nposepserca, 9To dopma #47 cymecTByeT X OHA CIHECTBEHHAS, IPH-
9eM oTobpaxenne
1 AY(V*) = A™Y(V?)

ABARETCA JMHeHHEM HaoMopdumMoM. JTo orolpamkense HadWBaeTCA Ome-
paTopoum Xogxa. _

Jagaua 10.1. JoxasaTs yTBepikKgenus:

1) ecamv,,...,v, ~npomssorsri 6asme V, gi; = (vi,v;); 1o (vf,v}) =
99, rae (¢%) — obparmas Mapmua x (gi5);

2) ecum w? € AY(V*), To * # W = (—1)%"—0),1,

3) kil=|+u;

4) eme;,...,e.-opmulpmmﬁﬁnm,mm(euh Ae,,')—
:I:e}lA...Ae;__',rge{ﬁ....,j..'}={l «sB}\ f1y5e-

Mdguxwmnﬁmmw“o&r
crn U C R". Ecam gas xaxoit Touxkn z € U onpegesena sremmas dopma
wi € AY(T}U), ro rosopaT, IT0 OnpejescHA BHemERN Jupepennuarnnas
g-popma wi ga U. Taxmu obpasom, sremnns guddepennnansuan g-popma
ua U — 2710 nose pmenmmx ¢-popm. Hanpumep, sudppepenuman ymummn

fi(z),..., fo(z),9(2), Torza m muax noaysaercs smemmas gndreperumans-
Han g-opma -
wi = g(z)dfi(z) A... Adf(z).

Tax xax gudrpepenmuant xoopAuEaTHEX GyExmmt dry,...,dz, sawoT 6a-
3mc npoctpaictea 1, U, To BRenIENE DpOR3BEACHAA
dz; A...Adzi, i) <...<ig Aa0T Ga3NC NPOCTPAHCTEA BHEIHAX ¢-opnm
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AY(T;U) npu xamaom z € U. Orcioga caegyer, T10 Kakzas Buemman yud-
depernmannan ¢-popua wi ma U mmeer epuucTernoe NpejicTAMICHEE

W= Y ay_i(2)dzi, A...Adz;,, (10.1)

i <<y
rae a;,..i,(z) — dymapm sa U. Ira dopma npmmagsexur xmaccy C™,
ecan nce KoadpdummenTH aj..i,(z) - mmC“ Jazee Mmx

mns ma wicio AY(U) - sexTopmoe mpocrpancTso. Ymuoxenme g-hopu ma
dyaxnun npespamaer AY(U) B Mogyms mag xomsuom O(U). 3amernm, 9To
AYU) = O(U). Nozosmu

£@) =B A),
g=0

wpnA‘(U)mmm. YMEOREHRS:
ecar o” € AP(U), B9 € A'(U), 1o o® A B7 € APH(U). Baarogapa aroit
onepa ymuoxenns O(U)-moxyas A*(U) crasossrcs O(U)-asre6poi.
Onepamna smarns guddepemmara pyEknmn onpejenser oTobpakenue
d: A%U) - AN(U). Caeayomas Teopema NOKadsIBaeT, ¥TO 9TO 0TO6pa-
MeHNe OJHOIHAYRO NPOAOXKaeTCH A0 orobpaxesmmn d : A*(U) = A'(D),
ecant noTpe6oBaTh OT MPOACIKEHAN BLNONHEHUS SCTECTBHHLX YCAOBML.
Teopema 10.2. CymecTeyeT ¥ ¢UECTBeREOE 0TOOPAXEHIE
d: A*(U) = A*(U), yaosseTsopsiomee cAeqysonmms yCaonum:
1) d ssaserca R-ammeianng
2) ecamw? € AYU), To dw® € A™(U);
~ 3) ecama’ € AP(U), B € AYU), 10

d(a® A %) =da® A B + (~1)%a® AdBY;
4)- samommmerca pasescrsodod =(;

5) ecaww® € A'(U), o du® ~ guippepenmmar dymemma.
HAoxasareascrno. Ilycts w? € AYU) mueer pasacikenne

W= Z @i, i (z)dz;, A... Adx;,
1 <.y

mpmlyc‘t-dl)-sjm:m
= Y day_ i (2)Adz;, A...Adz,.
1 <. <y
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