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[TPEJIVC/IOBUE

Teopust aaropuT™MOB OJIHOBPEMEHHO OTHOCUTCS K YHCJIY JPEBHEHIINX U BeCh-
Ma, MOJIOJIBIX HAIIPAB/ICHUNH MATEMATUYECKUX MCCJIE/IOBAHUIN. XOTS IEePBbIe IIPUMEPDI
AJTOPUTMOB (BBIYHCJINTEIBHBIX POIECCOB MEXaAHNYECKOTO XapaKTepa) BOCXOAAT K
pesuemy Erunty, BaBumony u I'penun, cOOCTBEHHO T€OPHsI aJITOPUTMOB BeJIET CBOE
Haga1o ¢ 30-x rogoB XX Beka. Bo3HUKHOBeHNE W pa3BUTHE TEOPUH AJTOPUTMOB TeC-
HefImuM 00pa3oM OBLIO CBSA3aHO C pa3BUTHEM MAaTEeMAaTHYeCKO# JIOruKu. XX BeK
OBLJI IEpUOJIOM OYPHOTO pa3BUTUsI MATEMAaTHYECKOl JIOTUKH, B paMKaX KOTOPOH aK-
CUOMATUYCCKUI METO/ M3JIOKEeHUS MaTeMAaTUYeCKUX TEOPUid, BeAYyIIuii CBOE HAaYaJI0
OT JIpeBHEIPeUYeCKUX MAaTEeMaTHKOB, ObLT JIOBEJIEH JIO CBOETrO JIOTHYECKOTO 3aBepiile-
HUg — ObLTH (POPMATIM30BAHbI, BEIPAKEHBI HA TOIXOIIEM (hOpMaTbHOM S3BbIKe, HE
TOJILKO OCHOBHBIE TIOJIOYKEHUS Ps/Ia MATEMATHIEeCKAX TeOPHUil, HO U IOTHIECKHE CPe/I-
CTBa JIOKA3aTe/JIbCTBA TEOPeM B 3THX Teopusx. IIMeHHO B MaTeMaTH4yecKoil JIOruke
B 30-e roapt XX Beka OblI0 BBIpaOOTAHO MAaTEMAaTHYECKOE YTOYHEHUE WHTYUTHB-
HOTO TMOHSATHUS AJTOPUTMA, KOTOPBIM K TOMY BPEMEHH MATEMATUKHU I10JIb30BAJIHCH
yKe 0oJiee JIBYX THICAY JIET. DTO MMO3BOJIMJIO0 YCTAHOBHTDH CYIIECTBOBaHUE Hepaspe-
ITIMBIX AJTOPUTMHUYECKUX ITPoOJeM BO MHOTHX pa3jiesaXx MareMaTuku. B HacrTos-
mee BpeMsi MarTeMaThudeckas JIOTMKa U TeOPHUsl aJIlTOPUTMOB UMEIOT CBOM HpeaMer
U METOJbI MCCJ/IeJIOBAHUS, UTPAIOT BaKHYIO POJIb KaK B Pa3/IMYHBIX pa3/ie/lax Ma-
TeMaTHKN, TaK U B ee MPUJIOKEHUsIX, B JacTHOCTH B umHpopmaruke. [lo mHenunro
BBIJIAIOIIEr0Cs CIIeIuaIncTa B 3Toil obmactu, A. V. ManbieBa, MareMaTHIecKas JI0O-
IUKa U TEOpUs aJTOPUTMOB 00pa3yioT TeopeTndecKuit pyHaMeHT s CO3TaHud 1
HpUMeHEeHUs ObICTPOICHCTBYIONIUX BBIUYUC/IUTEIBHBIX U YIPAB/ILAIONINX cucTeM. Pes-
KO BO3POC yJe/IbHbIA BeC MaTeMaTU4eCKON JIOTUKU U TEOPUU AJIIOPUTMOB U B CaMOil
matemaruke” [37]. DTo ke moguepKuBaeT U APYroil KPymHERIHi CHernuagncT B 06-
JIACTH MaTeMaTu4IecKoit jjoruku u Teopun aaropurmos FO.JI. Epmros: "Crernuauctbt
B obactu 9BM HauMHAIOT OCO3HABATH, UTO 3TH PAa3ETbl MATEMATUKU SIBJISIOTCS
dbyHTAMEHTOM JIJIsI MOCTPOEHUsI HACTOSTETHHO HeoOXOMuMOoil ceitdac Xoporlmeil Teo-
pun BeraucaeHuit” [89).

[Ipu pabore HaJI MOCOOHEM aBTOPOM IMPEC/IeI0BAIACH TeTb — MOIBITATbCS U3J10-
JKATD C €JINHBIX TTO3UINHI OCHOBHOIM, IO €ro MHEHUIO, MaTepHaJl 10 TEOPUU AJITOPUT-
MOB, HEOOXOJIUMBIN M B TOXKEe BpeMdA B UJIEHHOM OTHOIIEHHHU JOCTYIHBIN CTYIeHTAM
ITI-TV kypco maremarudeckux haxyabTeToB yHUBEPCHTETOB. () HEKOTOPHIX OCO-
OenHocTsix orbopa MarepuaJia ¥ BHIOPAHHOTO HAMHU CIIOCODA €ro M3JI0KeHUus Oy1er
CKa3aHO HMKe. 3aMeTHM JIMIIb, YTO aBTOp OOJbIIe 3a00TUICSI O SICHOCTH U IOJTHO-
Te, YeM O KPATKOCTU HM3JI0KeHHUs — JI0Ka3aTe/TbCTBA HEKOTOPBIX TeOpeM, KOHEUYHO,
MOKHO COKPATHTb, OJJHAKO IPU ITOM, IO MHEHHUIO aBTOpa, MOYKET IOCTPAJIATh SC-
HOCTh M HECKOJIbKO 3aTPYIHUTHCS MMOHUMAHUE CMBIC/IA TPOBOJMMBIX MOCTPOEHMII.
A Bejp MOHWMaHUE JIOKA3ATE/HCTBA BKJOYAET B CeDsl, MPeZkKJie BCEro, MOHNMaHUe
oOImeit ujien J0Ka3aTe/IbCTBA, KOTOpas peanu3yercs 4epe3 dTallbl J0Ka3aTeJbCTBA.
Hauumnaromemy m3ydarhb mpejaMeT 9acToO OBIBAET IMpOINe HMOHATH JIUHHOE TOKa3a-
TEJILCTBO, B KOTOPOM JIEFKO ITPOCMATPHBAETCS MOTHBHPOBKA KazKJOrO IMara, Iem
KpaTKoe J0Ka3aTe/IbCTBO, OCHOBAHHOE HA OPUTMHAJILHOM ujee. B mocseanem ciydae



BosuuKaer Bompoc Tlouemy Tak?”. Konedno, mocje HEOIHOKPATHOIO HCIIOJIb30Ba-
HUsI OPUTHHAJIbHAA KOIJIA-TO HJes CTAHOBUTCI PAOOINM HMHCTPYMEHTOM, M BOIIPOC
oTIaaaeT caM co0Oil — 3Ta ues CTAHOBUTCS YACTHIO HAIEro O0IIero oopa3oBaHUsI.
Ho, mo mamemy MHEHHIO, HaJO CTPEMHTbCSI MAKCHMAJIbHO OOJErYuTb TPV HAUH-
HAIONIEero YWTaTe s, a He OIIeJOM/IATh ero “(deeiiBepkamu Mbicju . Hackoabko 310
HAM y/IaJI0Ch — CYAUTh 9UTATEII0. ABTOD Cesasl, 9TO MOT, MyCTh JAPYTHe CJIe/ai0T
OOJIbIIIE.

[Ipu HamucaHuu MOCOOUS HCIOJIH30BAIMCH BKJIIOUEHHBIE B CIIHCOK JTUTEPATYPbI
paboThl pa3/IMYHbIX ABTOPOB Ha 3Ty TeMy. BceM uMm, Kak ¥ TeM, 4bd PabOThl HE
BKJIFOYEHBI B CIIUCOK JINTEPATYPHI, OJIHAKO OKa3aJu ujeitHoe BausiHue Ha (POPMUPO-
BaHUe B3TVII0B aBTOPa Ha MPEJIMeT, Mbl BbIpakaeM HCKPEHHIOK 0JIaroIlapHOCTb U
HpU3HATETbHOCTh. BKIIOUEHHBIN B MOcoOHe MaTepHa MOYKHO CUUTATH yiKe JOCTa-
TOYHO YCTOABIIUMCSI, CTABIIIM OOIEMATEMATHIECKUM JOCTOSHUEM. XOTs BPpEMS OT
BPEMEHU W MOSIBJISIOTCST OPUTHHAJIBHBIE JOKA3ATEIHCTBA U3BECTHBIX B 3TOH 00/1aCTH
TEOPEeM.

O cozep:KaHUU MOCOOHSI MOXKHO CY/JIHUTD II0 €ro JIOCTATOYHO IMOIAPOOHOMY OTJIaB-
nennio. [IpuBesem Kparkuii 0630p IJIaB mIOCOOHUS.

Brejenne mocBsierHo pacCMOTPEHUIO HECKOJIBKHUX ITPUMEPOB aJITOPATMUIECKIX
Ipo0OJIeM, UCCIeI0BAaHIe KOTOPLIX BO MHOIOM CIIOCOOCTBOBAJIO (hOPMUPOBAHHIO B Ha-
gaje XX BeKa TOYHOI'O MaTeMATHYECKOI'O MOHSATHA AJTOPUTMA, MPEJJIOKEHHOIO B
Ka4uecTBe SKBUBAJEHTA MHTYUTHBHOMY MOHSTHIO aJTOPUTMA.

[TepBas riiaBa "KoHedHbie aBTOMATBl U S3BIKH  CJIY?KUT OIPEJIeICHHbIM BBeJle-
HIEM B TEOPHIO aJTOPUTMOB. 3/1€Ch OIIPEIeISTIOTCS HEKOTOPbIe OCHOBHBIE IS JTa Ib-
HEHIero n3a0KeHnd MOHITHA — aJl(PaBUTHI, A3bIKH, PEry/JIdpHble BHIDAYKEHHS U Pe-
I'YAsIpHBIE S3BIKH, KOHEUHBbIE JIeTePMUHUPOBAHHBIE U HeJIeTePMUHHUPOBAHHBIE aBTO-
MaThI, CBsI3b MeK 1y HuMU. [lenTpaibHoil B 9100t itaBe siBiisiercst reopema C. Kyiman
00 9KBUBAJIEHTHOCTH MOHATHUII PEryJIsIDHOTO SI3bIKA U KOHETHO-aBTOMATHOTO SI3BIKA.
Paccmorpenbl HEKOTOpBIE aJIrOPUTMUYECKHE MPOOJEMbI sl aBTOMATHBIX SI3BIKOB.
SaBepiaeTcs IlaBa pacCMOTPEHHEM HEKOTOPBIX BONPOCOB, OTHOCAIIMUXCA K KOHE-
HBIM aBTOMAaTaM C BBIXOJIOM.

Bropas rnaBa "Hacruuno pekypcuBHble (DYHKIUU TOCBSIIEHA PACCMOTPEHUIO
HPUMHTUBHO PEKYPCUBHBIX, PEKYPCUBHBIX U YACTHIHO PEKYPCUBHBIX (DYHKIHI —
JTIAIOTCS OCHOBHBIE OIIPEJIe/IEHHS, YCTAHABIMBAECTCA HMPUMHUTHUBHAS PEKYPCUBHOCTD,
PEKYyPCUBHOCTh U YaCTUYHAS PEKYPCUBHOCTH Psi/ia BayKHBIX J/IsI JATbHEHIIero u3Jao-
JKEHUs TEOPETUKO-YUC/IOBBIX (pyHKIMiT. BBOsITCS HyMepalnonubie (hyHKIUT, (PyHK-
nust [emensi. 3aBeprmaercs riiaBa pacCMOTPEHHEM PEKYPCUBHBIX U PEKYPCHBHO Ie-
PEUHC/IMMBIX MHOYKECTB U TPEJIUKATOB.

B Tperneit rmaBe "Mamunansl Thiopuara”’ paccMaTpuBalOTsS OCHOBHbBIE IMOHSITHSI,
OTHOCSTIINECST K HCTOPUIECKH OJTHOMY U3 IMEPBBIX MATEMATHICCKUX YTOIYHEHUIT HHTY-
UTHUBHOTO MOHSITUSI aJIropuT™Ma — Mamuue Thopunra. Bee BBoguMbie OHSITHS U /10~
Ka3bIBAEMbBIE YTBEP:K/IEHUsI HAIIPABJIEHBI HA JIOKA3aTEIHCTBO OCHOBHOI'O yTBEPIK/Ie-
HUs 3TOM TJIABBI O COBIAJIEHUH KJIACCA YACTHIHO PEKYPCUBHBIX (DYHKIHI ¢ KJIaCCOM
BBIYHC/IUMBIX 110 ThIOpUHTY (byHKIHiI. 3aBepimaeTcs I/iaBa PacCMOTPEHHEM HeKO-
TOPBIX BOMPOCOB, CBSI3aHHBIX C HyMepalueil 9acTUIHO PEeKYPCUBHBIX (DYHKIWI U



PEKYPCUBHO MEPEUNCIUMBIX MHOYKECTB.

Yerpeprasg riaaBa ’AnropurMudeckKne MpoOaeMbl’ IOCBSAIIEHA TOKA3ATETLCTBY
Kaaccnaeckoit TeopeMbl A. Tapckoro o Heapu(pMETHYHOCTH MOHATHS HCTHHHOIO
apudMeTnIecKoro yTBep:KjaeHus. B 3Toil raBe B KadecTBe IPUIOKEHUS Pe3y.ib-
TATOB, BKJ/IOYEHBIX B TPETHIO TJIaBY, YCTAHABJIWBAETCS AJTOPUTMUYECKAS Hepas-
PENMMOCTD TTPOO/IEMbI BBIBOJUMOCTH JIJIsl MOJIyCUCTeM u cucreM 1y — Teopema
A.A. MapkoBa — 9. Ilocra. 3aBepmiaercs riaBa 0OCYKIeHHEM MTOHATHUS HEIeTep-
MHUHHPOBAHHONW MHOI'OJIEHTOUYHON MaIuubl ThiopuHra.

B naroii rmase "N P-tpynnsie nu N P-monnsie npobaeMbl”’ COTePKATCA HEKOTO-
PBIi 1OCTATOYHO TPAAUIMOHHBIN MaTepuaJl, OTHOCAIIUACA K 9TOI TeMaTuKe — JI0Ka-
3aresiberBo TeopeMbl C. Kyka 06 N P-1o/1H0Te 1po6JieMbl BLITOJIHUMOCTH J1Jid pop-
MyJI JIOTUKH BBICKA3bIBAHUIT, CJIO?KHOCTH BOMPOCA, O PA3PENIMMOCTH B HATYPAJIbHBIX
qHCIaX CHCTeM JTMHeHHBIX yPaBHeHHH 1 0JHOTo ypaBHeHus, N P-IoIHbIe ITpoOIeMsbl,
OTHOCSIIIECA K BOIPOCY O Pa3peluMOCTH YpaBHEHHiI BeChbMa CIIeIHaJbHOTO BUIA B
cB0OO1HO#T oty rpyIie. C Neabio AeMOHCTPAIMH BO3MOYKHOCTEH MEeTO0/1a MOJTHHOMU-
AJIBHOI CBOAMMOCTH ycTaHaBauBaerca N P-moJHOTa HECKOJILKUX IPOOJIeM U3 TeOPUH
rpadoB, myTeM MOJMHOMHAIBHOIO CBEIEHHST OJHUX PodaIeM K ApyruM. [Ipu sTom B
KauecTse UCXoAHoi N P-moIHOo TpobIeMbl BRICTYIIACT IPOOIeMa 3-BBIIOJTHAMOCTH.
BapepiaeTcs riaaBa HeGoMbImuM cucKOM N P-HOTHBIX Tpob/aeM, HACHHO CBA3aHHBIX
¢ MaTepuaJoOM MOCOOMsI.

[Tosip3ysich ciiydaeMm, BbIpazkai IiyOOKyIO OJiarogapHOCTh PEeIaKTOPY MOCOOus
Mapun Bukroposne HukymHoit 3a TeprejnBoe W BHICOKO Ka9eCTBEHHOE PeIaKTH-
poBanne u Muxamny AHaTonbeBUIy BaIKuHy 3a HEOIEHHMYIO IMOMOIIL B KOMITBIO-
TepHOM HabOpe U MPUIAHUU TTOCOOUIO TOCTONHOTO BHENTHErO BU/IA.






BBenenue

[To MHEHHIO Psijia CHEIUAIUCTOB 110 UCTOPUN MATeMAaTHKH, BOSHUKHOBEHUE Pa3-
JIMYHBIX BBIYUCANTENIBHBIX MPOIEAYP, KaK TOBOPSAT YHCTO MEXaHHIECKOTO XapaKTe-
pa, OTHOCHTCS K CAMOMY PaHHEMY IEPHOLY PA3BUTHS MaTeMaTHKH — KO BPeMeHAM
Ipesuero Erunra, BaBusona u I'peruu. DT mporeaypbl MO3BOJILIA HAXOIUTH Be-
JINYMHBI, SBIABIINECS PEIIeHUSIMI HEKOTOPBIX 3a/a4, U3 BEJUYUNH, BXOJAIINX B HC-
XOJHBIE JAaHHBIE THX 3aJa4, [0 JOCTATOYHO TOYHO CHOPMYJTMPOBAHHBIM HpABUAIAM
(nHCTPYKIMsIM). B KagecTBe XOPOIIO W3BECTHBIX U3 MIKOJIBHOIO KypCa MaTeMaTHKH
PUMEPOB MOYKHO MpUBeCTH (GOPMYJIbI IS HAXOXKAEHUS TLIOMAAEH MTPAMOYTOIbHA-
KOB, ITapaJuIeIorpaMMOB, Tpaleluii, TpeyroJbHUKOB, MHOIOYTOJbHIUKOB U KPYTOB,
GOpPMYIBI [T HaXOXKJAEHUsT 00beMOB MapaJiieelune 0B, Ipu3M, MHPaAMEJI, KOHY-
COB M TIApOB. DTU (HOPMYJIBI MO3BOJISIOT O HEKOTOPHIM HCXOIHBIM JaHHBIM HAXO-
JIATH COOTBETCTBYIOIINE BEJIUYMHBI C MOMOIIBIO ONEpPAInii CJIOKEHHsSI, BHIYNTAHUSI,
YMHOXKeHusT U jejiernss. GopMysibl, BeIpasKarolue KOPHU aaredpandeckKux ypaBHe-
HUi 9epe3 uX KO3 UIUEHTHI ¢ MOMOIIBIO TeX YKe OMePAITUil CJI0yKeHUsI, BEITUTAHUSI,
YMHOXKEeHHS, JeJeHUusl W U3BJIeUYeHHs KOpHei, JAa0T BBIUYUCIUTEIbHYIO MPOIEIYyPY
I HaXOXKIeHHs KOpHel, Mo KpaiiHeil Mepe, B mpuHIune. PelrenueM 3a1a4n Ha IMO-
CTPOeHMEe MUPKYJIeM U JimHeiikoit 10 Havasa XIX Beka BBICTYIIAJIa COOTBETCTBYOIIAS
BBIYHC/IUTEIbHAS MIPOIEAypa, U JIUIIh B XIX Beke pernreHneM HEKOTOPBIX TAKHX 3a-
Jlad CTAJI0 JI0KA3aTeIbCTBO HEBO3ZMOXKHOCTH BBIOTHEHHUSI TeX HJIU HHBIX MOCTPOEHUIA,
T.e. HEBO3MOXKHOCTH CO3JaHHS COOTBETCTBYIOIIEH mporeaypbl. OMHIM U3 HauboJee
M3BECTHBIX TAKUX BBIYHCIUTEIbHBIX HPOIECCOB SIBJIAETCSI U3BECTHHIN ellle co BpeMeH
EBkimmaa mporecc HaxoxKaeHuss HanOOJIbINeil odIeit Mepbl ABYX OTPE3KOB, Terephb
OoJ1ee M3BECTHBII Kak aaroput™ EBK/MIa HAX0XKIeHUST HAROOJIBIIErO ODIIEro I1e/m-
TeJIs IBYX HATYPAJbHBIX UHCET U HAMOOJBIIEro OOIIEro AEINUTeNIs ABYX MHOIOYJIe-
HOB. [lo32Ke MOOOHBIE BBIYHC/TUTETHBIE TTPOIEAYPHI CTAIN HA3bIBATHCA @.A20PUM-
mamu (arzopugmamu). JIpyrue npuMepbl aIrOpuTMOB JAI0T XOPOIIO U3BECTHBIE
AJITOPUTMBI CJI0YKEHUST W YMHOYKEHUsI HATYPAJIbHBIX YHCEJI, 3aJaHHBIX B HEKOTOPOIi
CHUCTeMEe CYHUCJIeHUs, B YaCTHOCTH, B AECATHIHON wanm aBowdHOi. Cuuraercs, 9To
camo ¢s10B0 " aazopumm’ (@aazopugdm) TPOUCXOTUT OT WMEHU BBIIAIONIErOCS y3-
oekckoro maremaruka IX cromerus Moxammena nOH aib-XOpe3MH.

Asp-Xopesmu Moxammen 6er Mycca (787 — okosto 850) — cpenmeasuaTckuii MaTe-
MaTHK, acTpoHOM 1 reorpad. Pomom n3 Xopesmckoro oa3uca, HCTOPUIECKOTO EHTPA
[UBUIN3AIIT, KOTOpast AaJia MUPY IEJI0€ CO3BE3/I1e BbIIAIIINXCSA YIEHBIX U OITOB.
C konma VIII Beka xui B Barnaze, rue ¢ 815 roma 6611 riiasoit ”Ioma myapoctn” —
Barmaickoro XxpaHuIuina pyKOIucei.

M3 maremaTndecKux padOT ajgb-XOpe3Mu 0 HAIIUX JIHel JOILIN JBa TPaKTa-
Ta — apudmerndeckuii u aaredpandeckuii. OCHOBHBIE Pa3Ie/bl MEPBOIO TPaKTaTa
MOCBSIIEHBI AeHCTBUSIM ¢ HATYPAJbHBIMIA YHCJIAMHA U JIPOOSIMH.

Bo BTopoM TpakTare n3ydaroTcs ypaBHEHUs EPBOil 1 BTOPOil CTEIeHH, PaccMaT-
PUBAIOTCS HEKOTOPBIE ITPUEMbI PEleHusd IeOMEeTPUIeCKUX 3a1a9 METOTaMH aJreOphbl
U PAJI IPYTUX BOIPOCOB.

CounHenust ajib-X0pe3MH OKa3aju OOJIbINOE BAWSHAE HA PA3BUTHE MATEMATHKN



Bpenenne

He TOJbKO Ha Bocroke, Ho u B 3anauoii EBpore.

Cunraercsi, 9T0 OT JATHHU3NPOBAHHOTO MMeHH ajb-Xope3mu (Algorithmi) mpo-
HCXOJIUT caMo CJI0BO ”aazopumm (anzopugpm)”’, koropoe emie B Koure XIX — Ha-
gajie XX B. IPOU3HOCUJIOCH KaK ~a.420pu@dm’, BIPpOUeM U B HACTOSIIEEe BpeMs HEKO-
TOpbIe MATEMATHKU MPUIEPKUBAIOTCS MPOU3HOIICHUs ~asnz2opudm’, a ve ”aqzo-
pumm”, HapuMep, " HOPMaAAbHBLU an2opudm”’ A.A. Mapxkosa.

Hamomunm, 910 €/10BO ”a.a2€0pa”’ TPOUCXOAUT OT MEPBOTO CI0BA ~ GAb-0xHCEOD’
(BoccTaHOBIIEHNE) HAa3BaHWs AJrebpanvdeckoro rpakrara ajib-Xopedmn "Kurab ajb-
JkeOp Basib-Mykabana” ("KHura o BOCCTAHOBIEHHH W TpOTHBONOCTaBIeHun”). B
9TOM TpaKTaTe a/2e6pa BIIepBbIe MPEJICTAaBIeHa KaK CAMOCTOSITE/TbHBIN pa3/ie MaTe-
MATHUKHU, BBEJEHBI IMPABWIA JALfCTBUN ¢ aaredOpandecKuMu BeJTUIHHAMA, PEMTA0TCs
ypaBHeHus 1epBoit u Bropoii crenenu. Jlaruuckuii mepesos XII Beka sToro Tpakra-
Ta MHOTHE rojbl B EBpore OblI OCHOBHBIM PYKOBOIACTBOM 10 ajredpe. Camo CJI0BO
"aJIb-72Ke0p” 0003HAYAeT Olepanuio MepeHeceHns 4IeHOB YpaBHEHUs U3 OTHOM ero
JaCcTU B JPYTIYIO C U3MEHeHHeM 3HaKa.

B knure "O6 nnaniickom cdere” aib-XOpe3MU BBeJ JECATHIHYIO CUCTEMY CUUC-
jerns. 1ot Tpaktar B XII Beke ObLT mepeBeieH ¢ apabCKOTO HA JATHHCKUIA SI3bIK.
Birarogapst atomy B EBporte craia n3BecTHa WHAMIICKAST TO3UITHOHHAS CUCTEMA CUUC-
JIeHWsI W TpaBuyia (AJropuTMbl) BBIIOJIHEHHsT apudMerndecknx omeparuii. [Tepso-
HAYaJIbHO CJI0BO  anzopugdm (Algorithmi) cayxuno obo3HAUEHHEM TPABUI BbI-
HOJTHEHUsI JeficTBuil B apudMeTnKe HATypPaJbHBIX YHCEs, 3aJaHHBIX B HHIMICKOI
HO3UITMOHHON CHUCTEeMe CUHC/IeHHS, a MO37Ke CTAJ0 OOIUM Ha3BaHHUEM JIIsS BCAKOM
CHCTEeMbI BBIYUCJIEHWIT TI0 CTPOTO ONPE/IeIeHHBIM MPAaBUIaM. B CpeIHeBEeKOBBIX Ma-
nyckpunrtax ¢popmyaa DIXIT ALGORIZMI — narurckuiit nepeson apabckoro QALA
AL-KHOREZMI, mo-pycckn TAK CKA3AJI AJIb-XOPE3MIU — cay:xunna cepru-
dukaToM 6e3yHIpedHoil ICHOCTH U JOCTOBEPHOCTH. Jlo/irne rojabl aib-X0ope3Mu CUu-
TaJICA BBICIIMM aBTOPUTETOM.

Bea 6omee wem deThIpexThIcAYUeIeTHsIS UCTOPUSA MaTeMATHKH CBUJIETETHCTBYET
00 ocobOM mHTepece K aJrOpUTMaM, TaK KaK CO3/[aHUe aJTOPUTMA JIJIsi PEIIeHUst
OTIPEJIEJIEHHOT0 DECKOHETHOr0 KJIACCa 3a/1ad MO3BOJISIeT €NHOOOPA3HO PEIIUTh, M0
KpaitHeii Mepe, B NpHHIUIE, JIOOYI0O U3 3TUX 33Jad, U TeM CaMbIM B OIpe/e/eH-
HOIl CTemeHH TPUBHAJIM3UPOBATH HEKOTOPYIO 00JIaCTh MareMaTuKd. MoxKHO ¢ J10-
CTATOYHBIM OCHOBAHUEM YTBEPZKIaTh, UYTO 3HAUUTEIHHBIN MPOIPECC B Pa3BUTUU aJI-
TOPUTMHUYECKAX METOJ0B CO3JaJl JIOIIe/IInee 10 HAIMUX JIHEH MpeJCTaBJIeHne, 9TO
perreHne MHOTUX MPOOJIeM JOJIZKHO HOCHTH AJITOPUTMUYECKUIT Xapakrep. fpkumvu
HIPEeJICTABUTEISIMI TaKUX B3LVISI0B ObLTH, Hanpumep, P. Jlekapr, I.B. Jleitouum n
JI. I'mnpbept. 1 oHM BechbMa mpeyclie/in B peaju3allid CBOUX HAYYHBIX B3T/ISIIOB.
CozaB aHAIUTHYIECKYIO TeoMeTpuio, P. JlekapT cBes 3HAYUTETbHYIO YaCTh I'eOMeT-
pun K ajaredpandecKuM BBIYUCIEHUSM W TeM CaMbIM CYIECTBEHHO MPOJIBUHYJ/ICS HA
nyTu ajroputmusanuu reomerpuun. /. I'miandepr B konne XIX Beka B onpejieieHHoit
CTEeIeHN 3aBepImu/i padoOTy MO aKCHOMATHU3AINNA eBKJINI0BOW TeOMeTPUH, YTO BMe-
CTe C MeTOJaMH AHAJHUTUYECKOW MeOMETPHH JIAJI0 BO3MOYKHOCTH CBOJUTDL pEIIeHUe
MHOI'IX T'€OMETPUYECKUX 3a]a9 K BOIIPOCY 00 MCTUHHOCTHU OIPeIeIeHHBIX (hOPMYJT
Ha MHOXKeCTBe JieficTBuTeIbHBIX dncel. A. Tapckuii pazpabora aJaropuTM, pemrawo-
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MU TOC/IeTHUI BOITPOC, YTO SIBUJIOCH OJIHUM W3 IEPBBIX MPUMEPOB CO3IAHUST AJITO-
PUTMa, JJIs PellleHusl HeIPOCTOH MaTeMaTHIecKOl 3adadM, [ KOTOpoil caM (akT
CYTIECTBOBAHUS Pa3pelrafoniero aaropuTMa HeOIeBHIeH.

Onnako B cepenune 30-x rojgoB XX BeKa Bepa B OIIpeIeIeHHYI0 YHUBEPCATbHOCTh
AJITOPUTMUIECKUX METOJO0B ObLiIa IMOJ0pBaHA.

Bmiors 10 30-x rogoB XX Beka MaTeMaTHKH OOXOIUINCH HETOUHBIM UHTYUTHUB-
HBIM TOHSITHEM aJIropuT™Ma. Bo3HUKaBIINE aJropuTMUYECKHe MPOoOJIeMbl PEIaINCh
yKa3aHHeM COOTBETCTBYIOIINX pa3pentalimux mpoieayp. [Ipu aTtom KaxK bt pa3, Ko-
12 KOHKPETHBI aJrOpuTM JIjIsi PelieHus TOW WM WHOM Cepruu OJHOTHIIHBIX 3a/1a9
OBLT TIOCTPOEH, HU Y KOI'O He BO3HUKAJIO COMHEHHII B TOM, UTO YKa3aHHA ITPOIEIypa
SBJISIETCS AJTOPUTMOM.

[lox aszopummom 6 UHMYUMUBHOM CMBLCAE MBI TOHUMAaeM TOYHOEe IpeInnuca-
HUe, OIPeeIsiiollee BhIYUC/ANTEIbHBINA TPOIECC, KOTOPHIH BeIeT OT MCXOIHBIX JaH-
HBIX, BapbHUPYEMbIX B HEKOTOPOM 3aJaHHOM MHOYKECTBE, K MCKOMOMY pe3yJbTary.
OTOT BBIYUCAUTEIBHBIN MMPOIECC A0JIKEH ObITh KOHEYHBIM, OH JIOJIZKEH OJHO3HATHO
OTIPeJIeIATHLCA 3alaHueM TPEeINICAHusd U KOHKPETHOTO UCXOTHOTO JaHHOro. MHOrma
Ha3bIBAIOT AJTOPUTMOM W CaM BBIYHCJIUTETLHBIN MPOIECC, OMpeaeasseMblii TOIHBIM
IpeTINCAHTEM.

[lox aazopummuyueckoti npobaemoti TOHIMAETCA 3a1a9a MOCTPOECHHS AJITO-
puTMa JIjisl PelieHust 3aJaHHO MAacCOBOI 3a/1a4uu, T.e. OECKOHEYHOW CepUu OHOTHUII-
HBIX BOIPOCOB, 3aBUCSIINX OT KaKUX-TO HapamerpoB. B ciydae, Korjga MCKOMBbIit
aJITOPUTM HEBO3MOKEH, T'OBOPAT, UTO JIaHHAS GA20pUMMUMECKAs Npobaema
nepa3pewuma. HepazpemmmMocTb aJaropuTMHAYecKoi MpodIeMbl, KOHETHO, BOBCE
HE O3HAYAET, UYTO KaKag-TO M3 3aJad PaccCMaTpUBAEMON CEepUU HepaspemnMa. DTO
O3HAJYaeT JIMIh, YTO HEJIb3sl YKa3aTh €JIUHbIH MeToJ pelieHusl BceX 3aJ/ad JaHHOM
cepur. BO3MOXKHOCTDH pernteHnst KayK/0i U3 HUX CBOUM CIIOCODOM ITPU 3TOM HE HUC-
KJIFOYAeTCs.

[Ipeanucanue, 3ajaaromiee ajaropuTM, J0JKHO ObITH KOHEUHbLM, U UCKOMBIH pe-
3YJIBTAT JOJIZKEH MOYUIAThCS 9ePe3 KOHEUHOE YUCAO ULG206 PADOTHI ajropurma. OHO
JIOJIZKHO OBITH HACTOJBKO YeTKHM, UTOOBI OJHO3HATHO OIIPEIE/IATh BECh BBLIUUC/IH-
TeJILHBII MTPOIECC OT HAYAJIbHBIX JTAHHBIX 0 Pe3yJbTaTa. DTO 03HAYAET, UTO IIPOLIECC
OCyIIecTBIIsieTcs gvinucaumenesm (6yab TO 9YeJOBEK WM MAIIUHA) YHCTO MEXaHHU-
JecKH, T.e. 0e3 NpUBJIEYEHUs] KAKUX-JTU00 TBOPUYECKHX IJIEMEHTOB, U MOYKeT ObITh
BOCIIPOM3BE/IEH C TeM Ke pPe3y/IbTaTOM JIPYTHM BBIYUC/IATETEM W B JPYyTroe BpeMs.
Wuadve roBops, /i1 BBIIOTHEHAS BHIYACIATEILHOIO IIPOTIecca He TpedyeTcss HUKaKo-
IO TBOPYECKOTO YCHJTHSI.

I[To cioBam akagemuka C.1. Angna, K Hagaay XX BeKa MaTeMaTHKa CTaJja 60ra-
qe, B Heil Bce OOJIBIIYIO POJIb CTAI0 HTPATh H3YYeHHe HeUNCIOBBIX 00beKTOB. (1064 6
PABAUSHBLL KOHEYHLT U CHEMHBLT aAPasumar Bee OOJIbINE BHICTYIAIN B KAYeCTRe
JIAHHBIX JIJIsI aJropuTMOB. Bblin siBHO chopmymnpoBanbl DoJiee riiyOOKHe aJropuT-
MHYecKHe mpobJieMbl, KOTOPbIE HE YIAaBAJOCh PEIINTh, HECMOTPA HA YCUJIHS MHOTUX
MaTeMaTHKOB. Hagam BO3HHKATH COMHEHHUS B BO3MOYKHOCTH UX MOJOXKHUTETHHOTO
pereHusi.

[IpuBesem mpuMepsl TakKuX TPOOIEM. DTO MPEXKIe BCero npobaema 6v.800u-
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mocmu 0as Ucuwucaenus Ilpeduramos, cocTosmast B CIeLyOmeM:

OrA PuKCUPosaHHOT KOHEWHOT cuzHaMYPLL. T Mpebyemca paspabomamod anzo-
PUMM, NO3BOAAOWUT NO NPOU3BOALHOT popmyae © asvika L, onpedesumv, 6vi60-
duma au ona 6 Ucvucaenuu I[Ipedurxamos amot cuznamypo.

Oty mpobaemy, noayuusiyio Hassanue Entscheidungsproblem, 1. I'ninbepr
CYMTAJI OJIHOW W3 OCHOBHBIX MPOOJIEM MAaTeMATHKH HA9a a XX BeKa. 3aMeTHM, 9TO
aHAJIOTHYHASA npobaema ewvi8odumocmu das Hcuucaenus Buwickadvieanutl
perraeTcs MmyTeM MOCTPOeHUs] UCTHHOCTHOW Tadunbl g (popmyasl ¢, Tak Kak Mo
teopeme . Ilocta gopmyra ® ewsoduma 6 Ucuucaenuu Bwuicrkadveanuli mo-
2da u moavko moada, Ko2da ona moscdecmeenno ucmunna 6 Jloeuxe Buvicka3vi-
sanuti. Be3 ocoboro ycrexa wucciaegoBaHusi 1Mo npobaeme 8wv.800uMOCU OAS
Hcyucaenusn IIpedurxamos enuch ¢ Hadaga XX Beka 0 cepeautbl 30-X ToI0B.
W sums B 1936 rony A. Hepuy ymanoch doka3amv HEBO3MONACHOCTG NOCMPOCHUA
an20pUMMa, pewatou,ezo npobaemy suveodumocmu das Hcuucaenusn Ilpedu-
Kamoa, Ho 00 5TOM pedb MOWIeT Mo3Ke.

Hpyras mpobJiema Takoro poja — 31o 10-as npobaema /I. I'uavbepma, BKIit0-
YeHHas 1Mo HoMepoM 10 B 3HAMEHUTHIH CIUCOK U3 23 mpodsieM, chOpMyInPOBAHHBIX
nM Ha [I MexayHapoanoM MaTeMaTHIecKOM KOHT'PECcCe, COCTOSBIIEMCS B aBIYCTe
1900 roga B [Tapmxke:

10. BuiacHenue paspemuumocmuy npoudsosvrozo duoarmosa ypasHe-
nus. [lycmov 3adamno duodarnmoso ypasHeHue ¢ NPouU3BONLHLIM YUCALOM HEU3BECI-
HOLT U UeABLMU PAUUOHAALHUMY Kodpduyuenmamu, mpebyemca yka3dams cnocoo,
no KOMOPOMY € NOMOWBIO KOHEYHO20 YUCAL ONEPAUUT MOHCHO ObLAO ObL Y3HAMD,
PA3PEULUMO AU YPABHEHUE 8 UCAVLT PAUUOHAALHOLL YUCAAL UAU HEM.

[Tox duogarmosvim ypasrenuem TOHUMAETCA YpaBHEHNE BHIA

F(Jfl,...,l’n) = 0,

rae F(zy,...,x,) — NOJUHOM ¢ neJgbiMu KoddduimenraMu or nepeMeHHbIX 1, . . .,
ZTp. " Cnocob6’, 0 KoTopoM ujer pedb B popMyaupoBke 10-o0if mpobieMbl, Temnepb IMo-
HUMAEeTCsI KaK a.A20pumm. XOPOIIo U3BECTHO, KAKUe TPYIHOCTH BO3HHUKAIOT ITPHU
UCCJIeI0OBAHUY JIMO(AHTOBBIX YPAaBHEHUI, JJazKe TaKOr0, Ka3a0Ch ObI TPOCTOTO, KaK
ypasrenue [leans 22 — dy? = 1. TIo3ToOMy NOABIINCH TIPE/IION0KEHNS, 9TO HCKOMO-
ro aJaropuT™Ma mpocTo He cymecTByeT. CrpaBe InBOCTh TUX IIPE/IMOI0KEeHN ObLIa
yCTaHOBJIEHA BO BTOpPOii mosoBuHe XX Beka B cepun padbotr M. /Issuca, X. [IyTHam,
k. Pobuncon u FO.B. Marusiceuua [48], 9T0 SIBHJIOCH OJHUM U3 BBIIAIONIUXCSI
¢dbyHIaAMEHTATBHBIX JTOCTUXKEHUNH TEOPUU aJTOPUTMOB BTOPOI MOJOBHHBI XX Beka.
3amernm, 9TO B HACTOSIIIEE BPeMsl HEM3BECTHO, BO3MOYKHO JIM TIOCTPOUTDH aJITOPHUTM,
HO3BOJISIONIUI 10 TPOU3BOJILHOMY YPaBHEHUIO BU/IA

F(xy,...,2,) = 0,

rae F(xy,...,x,) — DOTHHOM C HeabIMi KO3(hDMUIIEHTAME OT MePEeMeHHBIX T, . . .,
Ty, ONIPEIETINTD, IMeeT JIM OHO pellleHne B pallnoOHATbHBIX JucaaX. FIHTepecHo 3TO co-
MOCTABUTH CO CJAEAYIOMKUM (DAKTOM: BOIIPOC O PA3PENIMMOCTH YPaBHEHU I yKa3aHHOTO
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BH/IA B JEHCTBUTEIbHBIX YHC/IAX AJTOPUTMUAYECKU PA3PENTUM, 9TO OBIIO YCTAHOB/IE-
Ho A. Tapckum Ha OCHOBe T/TyOOKOro ODOOIIEHUS M3BECTHOIO UUTATENI0 M3 Kypca
"Anrebpa” meroma IlITypma, OTHOCSINErocss K ypaBHEHHSM C OHOI HEH3BECTHOIA,
T.e. KOrJa 17 = 1, a BOIIPOC O pa3pelrnMOCTH YpaBHEHHII STOr0 BHIa B KOMILTEKCHBIX
YUCJIaX JIETKO PeIraeTcs: Ha OCHOBE TaK HA3BIBAEMOI OCHOBHOI TEOPEeMbl O MHOTO-
YIeHaX HAJ[ TOJIeM KOMILIEKCHBIX THCET.

[IpuBeaeM erre oJMH MpUMEpP AJTOPUTMUAYECKOH ITPOOIEeMBI, JT0JTHE TObI He MOJI-
JlaBaBIIeiics perrennio. Peds moiier o npobaeme 8bt800umocmu i MOTYCUCTEM
Ty»3, cchopmynupoBannoii HopBe:kcKuM MareMaTukoMm Axkcernem Tys B 1914 romy.

[Iycte A = {ay,...,a,} — npousBosbHbIil KOHeuHBI andabut. 3abukcupyem
HEKOTODBI KOHEeYHbII HaOOp ymopsiioueHHbX map cioB (Ay, By), ..., (A, Byn) B
srom asndasure. C Kazx10ii mapoii (A;, B;) cBsizkeM asemenmaproe npeobpazosarue
cioB B andasure A — mepexo BuIa

UAV — UB,V,

rie U n V — npoussosibhbie cioBa B aiadasure A. CaMy yHopsio4eHHYIO Hapy
cioB (A;, B;) tpamnnmonno obosnavaor B Buge A; — B;. Iloaydenusiii o6bexr
0003HAYAETCI B BHJIE

<CL1,...,CLn|A1 — Bl,...,Am — Bm>

u Ha3biBaeTcss moaycucmemot Tys niu cucmemoti noay-Tys n 6yaer obo3HaIATH-
cst wepe3 ST Tlpu srom A = {ay, ..., a,} Ha3bIBaercs aagasumom nosycumemo, ST,
a Ay — By, ..., A, — B, — ee cucmemotl nodcmanosox.

OCHOBHBIM TOHATHEM /I mojycucreM Ty3 gBasgerca nowamue ue00umo-
cmu.

[Iycte W u U — cnoBa B andasute nmoxycucteMbl Ty3

ST = <a1,...,an’A1 — Bl,...,Am — Bm>

Craoo U naswiBaercss 6wv8600uMbtM U3 ciaoBa W, ecanm CymiecTByer MOCJeI0Ba-
TeJLHOCTD IeMEHTAaPHBIX IIPeodpa30BaHTii

W=Wy—-W, — ... oWy —= Wiy — ... > Wy =0,

nepeBoisiiias cioBo U B ciioBo W.

B npobaeme evieodumocmu das noaycucmem Tys, chopmynmpoBaHHOM
A. Ty» B 1914 roxy, Tpebyercsa pa3zpaboTaTh OOIIHil METO/, IO3BOIAIOIINIA O TIOOBIM
nyMm cioBaM W u U B andasure momycuctemsr Ty ST onpeaeanTb, BBIBOIUMO JT1
crmoBo U u3 cioBa W.

Akcesb Tys (19.02.1863 — 7.03.1922) — nopsezkckuii Maremarnk. Emy npunare-
JKaT BayKHbIE PEe3YJIbTAThl B TEOPUU YHCEJI, B JUOMDAHTOBOM aHaJ/M3e U B pa3paboTke
MeTojia TpuronoMerpudeckux cymm. [HIupokyro uzsecTHocTs nosyduan meroj Tys B
Teopun AO(MAHTOBBIX MpUbIMKeHnii, Teopema 1Ty> — 3urensa — Pora, Teopema Tys o
KOHEYHOCTH YHCJIa MEJOUNCTeHHBIX PelleHnil OTHOPOTHOrO HU0(haHTOBa YpaBHEHUS
C ABYMA HEU3BECTHBIMHU U CUCTEMbI Ty3
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Cuteytommuit mpumep oTHOCUTCS K Teopun rpymi. OH CBsI3aH ¢ BBeIeHHBIM Bajib-
tepoMm don Jlukom B 1882 — 1883 romax cmocodboMm zadarus 2pynn o0pa3yOUuMU
INEMEHMAMU U ONPEJEAANOWUMY COOMHOUWEHUAMY. TaKOil crmocod 3aJaHusa TPYIII
BO3HUKAET €CTeCTBEHHBIM OOPa30M B TOIOJIOTHU KaK cIocob 3ajanus (hyHIaMeH-
TAJIBHBIX TPYIIT HEKOTOPBIX TOMOJOTHYECKUX MPOCTPAHCTB.

[Iycte A = {ay,...,a,} — npousBosbHBI KOHeuHBIT andasutr. Beegem anda-
BuT OykB-aoitmnkos A~ = {a]', ..., a;'}. Oveammenne AU A1 sTux andasuton
OyeM HA3LIBATL 2PYNNoSuM GAPLEUTTLOM.

Badukcupyem HEKOTOPBIH KOHEUHBIT HAGOD YIIOPAI0UeHHBIX map cJaoB (A, By),
..oy, (Ap, Bp) B atom rpynmnosom asdasure. C Kaxk1oit mapoit (A;, B;) cBsizkeM 1Ba
2NEMEHMAPHHLT NPeobpasosanus caos B rpynmosoM ajgdasure AU A1 — nmepexomp:
BU/A

rjie U u V' — npou3BoJibHBIE CJIOBA B I'PYIIIOBOM ajihaBuTe.

K s1um snementapubiM npeoOpa3oBaHusiM JI0OABUM TaK Ha3bIBAEMbIE MPUGU-
BAALHBIE dAEMEHMapHBle npeobpasosanus cl1oB B TpylnosoM andasure AU A1 —
epexobl BUIA

Udia;°V — UV, UV — Uaia; "V,

riae U u V' — npousBosibHbIE ¢JIoBa B rpynmoBoM ajdasure, a ¢ € {—1,1}. ITpeo6-
pa30BaHUd MEPBOrO BUJA HAZBIBAIOTCS COKPAULEHUAMU, & BTOPOTO — 6CMAGKAMU.

Camy ymopsizioueHHyo napy ciaoB (A;, B;) TpajuiuoHHO O0O3HAYAIOT B BUJIE
A; = B;. Tlonyuennsiit 00beKT 0003HAYAELTCS B BHJIE

<<a1,...,an\A1 = Bl,...,Am = Bm>>7

U OH OyJIeT CJYKUTH 33aJaHueM HEKOTOPOil TPYHIbI, KOTopas OyaeT 0003HAYATHCS
TeM ke crocobom. [Ipu atom aq, ..., a, HA3BIBAIOTCI 00pPaA3YIOUUMU INEMEHMAMU
31Ol Tpymmsl, a Ay = By, ..., A, = By, — ee onpedessrouwumu coomHoweruAMU.
Jlist mocTpoeHus STON IPYIIIBI UCIOJIB3YEeM OTHOIIEHNE BhIBOIANMOCTH CJIOB.
Kak u B ciyuae nosycucrem Ty, cmoBo U Ha3bBaeTcst 661600UMbLM U3 CJIOBA
W (obosmagaerca W H* U), ecin cyIecTByeT moC/e10BaATEIBHOCTD IEMEHTAPHBIX
Ipeodpa30BaHmit

W=Wy—-W —- ... oWy =Wy — ... > Wy =U,

nepeBoinas cjioBo U B ciioBo W.

Herpyano nokasarb, 4To OTHOIIEHNE BHIBOAUMOCTU FH* B paccMaTpuBaeMOM CJIy-
yae gBIIeTCs OTHOIIEHHEeM SKBHBAJIEHTHOCTH, T.€. OHO pedIeKCHUBHO, TPAH3UTHBHO
u cumMeTpudHo. COOTBETCTBYOIINE KJIACCH IKBHBAJIEHTHOCTH OyaeM 0003HAYATD
aepes3 [W].

Ha mHO>XKecTBe KJ1acCcOB SKBHBAJEHTHOCTH €CTECTBEHHBIM 00Pa30M OIPEIEIIeTC s
YMHOXKEHHE PaBEHCTBOM

wi-u] = wuj,

riae WU — obbranoe mpousse/ienue (codienenne, KoukareHamust) cios W U.
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Herpyano npoBepuTh, 4T0 MHOXKECTBO KJIACCOB SKBUBAJEHTHOCTUH OTHOCUTETHHO
BBEJIEHHOII OTepaluy YMHOXKeHUS IBasgeTcsd rpymnmnoii. [Ipum sToMm posb HefiTpaIbHOro
9JIEMEHTA BBITIOJIHgAET Kaace [1], rie epe3 1 0603HAUEHO TYCTOE CJIOBO, & SJTEMEHTOM,

obparubim K [W], asagerca [W], rue

€1 att = g ¢t a; .

ail... i TR (7

HOCTpOGHHaH rpyunmna 0003HAYAETCS uepes3
<<CL1, N an|A1 = Bl, ey Am = Bm>>

U HA3BIBAETCS 2PYnnoti, 3a0aHH0T 00PASYOUUMY INEMEHMAMU G, . . . , Gy T ONpede-
AAOWUMY coomHoutenuamu Ay = By, ..., A, = By,

Ecnu mekoropas rpynmna GG uzomopdHa MOCTPOEHHOI T'pyIIe, TO TOBOPST, UTO
epynna G umeem sadanue (2enemuseckudi kod, Konpedcmagaenue)

<<CL1, ceey @n’Al = Bl: ooy Am = Bm>>
Hampumep, cuMMeTpudeckast rpynna Ss NMeeT 3a/aHue
{{a,b]a®=1,b* = 1,ba = a®b)).

[pynna SL(2, Z) negouncIeHHbIX MATPUIL, BTOPOTO MOPSIIKA ¢ OMPEJICTUTEeM, DaB-
HBIM €JIMHATE, UMeeT 3aJaHne

({(a,b]a® =1,b" =1,a> =0")),

a ee dakroprpymmna no neatpy PSL(2, Z) (mpoeKTuBHAas ClenuaabHast eJT0INCIeH-
Hasl IPYIIa MAaTPHI[ BTOPOIO MOPsIIKA) MMeeT 3a/aHue

{({a,b|a®=1,0* =1)).

3amernm, UTO TPYIIa KOC HA TPeX HUTAX U TPYIIA y3/1a KJIEBEPHBIH JUCT (Tpu-
JIUCTHUK) UMEIOT OJHO U TO ¥Ke 3aJ[aHue

{{a,b]a® = b*)).

B cBs3u ¢ pacemorpeHHBIM criocoboMm 3aaanus rpynn M. J[su B padore 1911 roga
chopMyIUpPOBAT TPH AJTOPUTMUYECKHE TPOOIEMBI, MOJYUNUBIINEe Ha3BaHUE GyHda-
menmanvhoie npooaemv, M. [ona — npobaemy mootcdecmea, npobaemy co-
npsasceHHocmu u npobaemy uzomoppusma.

ITpobaema mootcdecmsa. Tpebyemcsa paspabomams obwsul memod (aseo-
PUMM), N0360AANOUUT NO N1000MY 3a0aHUIO 2DYNNYL

<<@1,...,an\A1 = Bl:---aAm = Bm>>

u no aobvim deym (epynnosvim) caosam W u U 6 amuzx obpasyrougus onpedeaums,
pasno, au asemenmo, (W] u [U], m.e. mootcrno au us caoea W sweecmu caoso U,
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NONB3YACH YKA3AHHOLMU ONPEIEAAIOUUMY COOMHOWEHUAMY U MPUBUAALHOLMU CO-
OMHOWEHUAMAL.

ITpobaema conpsiotcennocmu. Tpebyemes pazpabomams obuyu memod (an-
20pUMM,), NO3GOAAOUWUT NO N000MY 3040AHUIO 2DYNNBL

<<a1,...,@n]A1 = Bl,...,Am = Bm>>

u no a0bvm deym (epynnosvim) caosam W u U 6 amuzx obpasyrouus onpedesums,
conpascenv, au aremenmo, (W] u [U], m.e. natidemes au makoe caoso Z, umo
[Z]7 Y W][Z] = [U] (mooicno au us caosa ZW Z eweecmu caoso U, noavsyacs yxa-
BAHHBLMU ONPEOCAANOULUMY COOMHOWEHUAMY U MPUSUAALHBLMU COOMHOUEHUAMU).

ITpobaema uzomoppusma. Tpebyemcea paspabomams obuyut memod (anrzo-
pumm,), no3eosa0wul no A0bvM 06YM 3a0aHUAM

<<a1,...,@n]A1 = Bl,...,Am = Bm>>

<<bl,...,bp’01 == Dl,...,Cq == Dq>>

onpedeaumov, 6ydym AU U3OMOPHHBL COOMBEMCMBYIOULUE 2PYNNDL.

[Tepsbie aBe npobsiembl 66l chopmysupoBanbl M. /[3HOM B mpejbiayiieil pa-
6ore 1910 rosa, a Tperbio npobyeMy MOKHO 0OHAPYKUTH B pabore X. Turne 1908
rojia, HO He BBIJIEJIEHHYIO TaM clienuaibHo. OTHAKO 0cO00e BHUMAHUE STUM MpPODJIe-
MaM ObLTO yaeneHo uMeHHO B pabore M. JIsma 1911 roga, KoTopasg HAYMHAETCI C
GOpPMYJIMPOBKH TUX TPEX HPOOJIEM.

B 6osbmoit padore 1895 roma "Analysis Situs” A. [Iyankape BBes nonsitue (hyH-
JIAMEHTAJILHOW T'PYIIIBI, a B CTOJIb ke 601bimnoit padore 1908 roga X. Turie ycrano-
BILT, UYTO (DPYHIAMEHTAJIbHbIE TPYIIIBI HEKOTOPBIX MHOI00OPa3uii, 38 JaHHbIX K/JI€TOU-
HBIMH KOMILTEKCaM#, UMeIoT KoHeuHble 3ajannd. Haunnas c¢ pador 2K. Jluctunra
1848 roga MHTEHCUBHO M3y4YaeMblil KJIACC HATISAIHBIX TOIMOJTOTHIECKIX 00HEKTOB CO-
crapistin y3iabl. B pokaazse 1905 roga B. Buprunrep msimoxkmii MeTo HaXOXKIeHUsT
I'PYIIBI y3J1a 110 ero MPOeKIUK Ha eBKJINJI0BY IIockocTh. Panee M. /Isn npeiozxKua
HECKOJIBKO MHO# CIIOCcO0 HAXOXKIEeHUS 3a/IaHus T'PYIIILI y3/1a, OJHAKO BIOCEICTBHI
meto B. Buprunrepa cran 6osiee pacupoctpaneHabiM. M. JI9H mokaszan, 4To y3en
N30TONMMYECKH SKBUBAJEHTEH OKPYZKHOCTH TOIJIA U TOJBKO TOTJIA, KOI/Ia ero rpyImia
abejieBa, a 3HAYUT IUKJIN4YecKas. V3 cKa3aHHOIO MOXKHO NMOHSATH, ModeMy (yHa-
MeHTaJIbHbIe TpodIemMbl M. JI9Ha cpaldy npuB/ek/in BHEMaHUe HCCaeaoBare eil. 3a-
METHM JIAIIb, YTO B mpobaemMax M. /[sHa pedb IL1a 0 HOCTPOEHUH COOTBETCTBY IOIIUX
pa3penamIumx aJrOpuTMOB.

[Tourn mosBeka mpobaemer M. JI3Ha He momgaBaIuCh PEIIEHHI0 — TOJILKO B Ha-
gaJie 50-x romoB XX Beka [lerp Cepreesuu HoBukoB jokazaj, 91o uckombvie Ga20-
PUMMDBL HEBOZMONACHO NOCMPOUMD.

Tak kaxk npobjembr M. /[3Ha pemmTh He YIaBaJJIOCh, TO €CTECTBEHHO BO3HUKJIO
JKeJTaHue paccMOTPeTh 0oJiee ODIMYI0 CUTYAIMIO — aHAJOTHYHBIE aJTOPUTMUIECKUE
pobJIeMbI 711 HOJTYTPYIII, 3aJaHHBIX 00PA3YIOMUMHI dJIEMEHTAME U O Pe e s IO~
MU COOTHOIIEHUSIMH, U YCTAHOBUTH UX HEPA3PENTUMOCTb.
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B 40-e roasr XX Beka A.A. Mapkos u . [locT He3aBUCUMO W PAKTUIECKH OJI-
HOBPEMEHHO YCTAHOBHIH AJTOPUTMUYECKYIO HEPA3PEIINMOCTh MPOOIeMbI PABEHCTBA
(SKBUBAJIEHTHOCTH) CJIOB JIJIsI TOJYIPYIII, 33JAHHBIX KOHEYHBIM YHCJIOM 0Opa3yro-
X 3/IEMEHTOB U KOHEYHBIM YHCIOM OIPEIESIONIINX COOTHOMIEHU. DTO MOHATHE
BBOJIMTCS] QHAJIOIMYHO BBEJIEHHOMY BBIIIE TIOHATHIO IPYIIIBI, 38 aHHON 00pa3yomu-
MU 3JIEMEHTAMU W ONPEESIONMMEA COOTHOIIEHUSIMHU.

[Iycts A = {ay,...,a,} — IPOU3BOIBLHbIN KOHEUHBIH asihaBUT.

Badukcnpyem HEKOTOPBI KOHEUHBIH HAGOP YIOpsI09eHHbIX nap cioB (A, By),
ooy (A, Bi) B3TOM andasure. C kaxka0it napoii (A;, B;) cBSXKeM JIBa aieMeHmap-
HOLL npeobpasosanus cjioB B ajadasure A — nepexoiapl BUIA

UA,V — UB;V, UB,V — UA,V,

e U u V' — npousBo/ibHbIE CJIOBA B 9TOM aJjichaBute.
Camy ymopsiziouenHyio napy ciaoB (A;, B;) TpajnnuoHHO 00O3HAYAIOT B BHJIE
A; = B;. llonyuennslii 00beKT 0003HAYACTCS B BHIE

<&1,...,&n’A1 = Bl:---aAm = Bm>7

1 OH Oy/IeT CITYKUTDH 33 JaHueM HEKOTOPOil OJTyTPYIIbI, KOTOpas 0y1eT 0603HaYaTh-

csl TeM Ke crocoboM. [Ipu 3ToM ay, . . ., @, HA3BIBAIOTCA 00PaA3y0ULUMU INEMEHMAMU
9Toit mostyrpynnet, a Ay = By, ..., A, = By, — ee onpedessarouyumu coommouLeHus-
MU.

[l mocTpoenusi Toil MOJyrpyHIbl, KAaK U B C/Iydae IPYIIIbl, UCHO/Ib3yeM OTHO-
IIIeHHEe BBIBOIUMOCTH CJIOB.

CnoBo U maswiBaercst swgodumvim w3 cioBa W (obosmagaerca W H* U), ec-
6o oHO eMy rpadudeckn paBHO (BBIBOAMMO 3a 0 1mraroB), JubO CyIIecTByer
MOCJIeIOBATEIHHOCTD 3JIEMEHTAPHBIX MPEOOPA30BAHMIL

W=Wy—-W, — ... oWy =Wy — ... > Wy =0,

nepeBoisiiias coBo U B ciioBo W.

HerpynHo mokasaTh, YTO OTHOIIEHHE BBIBOJUMOCTH F* B pacCMaTpUBAEMOM CJIy-
qae gBIgeTCs OTHOIIeHHEeM SKBHBAJIEHTHOCTH, T.e. OHO pedIeKCHBHO, TPAH3UTHBHO
u cumMerpudHo. COOTBETCTBYIONIME KJIACCHI IKBHBAJEHTHOCTH OymeM 00O3HAYATD
qepes [W].

Ha MHOXKecTBe KJ1accOB 9KBHBAJIEHTHOCTH €CTECTBEHHBIM 00pa30M OMPEIEISIeTC S
YMHOKEeHIE PAaBEeHCTBOM

Wi-[U] = wuj,

rie WU — obbiuHOe mpou3Bejienne (cowieHenne, Koukarenamus) cios W n U.

Herpyano npoBepuTh, 9TO MHOXKECTBO KJIACCOB SKBUBAJEHTHOCTH OTHOCUTETHHO
BBEJIEHHOIT OTepallii YMHOKEHNUST SIBJISETCS TOJYIPYIIOfi ¢ euHuIel (MOHOMIOM).
[Ipu 3TOM pPOJIH HEHTPAJILHOTO JeMeHTa BHIMOIHsIeT Kiaacc [1], e depe3 1 obo3Ha-
4qeHo mycroe ca0Bo. [locTpoernast moryrpyiima obo3HadaeTCs depes

<@1,...,an\A1 = Bl:---aAm = Bm>
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Bpenenne

U Ha3BIBAETCS NOAY2pYynnot, 3a0aHHol 00Pa3y0UUMU INEMEHMAMU A1, .., Ap W
onpedeaarowumu coomuowernuimu Ay = By, ..., A, = By,

Ecnu mekoropas mosyrpymnma S n3omMopdHa IOCTPOEHHO MOTYTpYyIIIe, TO TOBO-
psT, 9TO noayzpynna S umeem zadanue (2enemuueckull kod, Konpedcmasaenue)

<a1,...,an‘A1 = Bl,...,Am = Bm>

B cBs13u ¢ paccMOTpeHHBIM CIIOCODOM 33 JaHusl MOJIYTPYIII €CTECTBEHHO BO3HUKA-
0T aJITOPUTMHUYECKHE TPOo0JIeMbl, aHaJorndabie mpobsemam M. /Isna, — npobaema
paserHcmea (9K6UBAAEHMHOCTIL) CA08 0Ai NOoay2pynn u npobaema u3o-
Mmopusma 0as noayzpynn.

ITpobaema pasencmea (sxsusasenmuocmu) caos das noayepynn. Tpe-
byemca paspabomams obuuti memod (anrzopumm), no3eosa0wUs no A06omy 3a0a-
HUIO NOAY2DYNIbL

(al,...,an|A1 = Bl,...,Am = Bm>

u no mobvim deym crosam Wou U 6 amux obpasyrousux onpedesumsv, pasHv, AU
anemernmo, (W] u [U], m.e. moorcrno au us caosa W ensecmu caoso U, noavayacs
YKA3AGHHOMU ONPEIeAANOUUMY COOMHOULEHUAMU.

ITpobaema uzomoppuama das noayepynn. Tpebyemcsa pazpabomamsv obuyul
memod (aszopumm), no3eoaaouull no A106vMm 08YM 360GHUAM

(al,...,an|A1 = Bl,...,Am = Bm>

(by, ..., b,|C1 =Dy, ..., C, = D,)

onpedesums, 6Ydym AU U30MOPPHHL COOMBEMCMBYIOULUE TLOAY2PYNILbL.

Kaxk 6b110 ckazano Beie, B 40-e romgsr XX Beka A.A. Mapkos u . IlocT He3a-
BUCHMO W MPAKTUIECKH OJJHOBPEMEHHO YCTAHOBUJIU AJTOPUTMUYIECKYIO HEPA3PEIIH-
MOCTB TIPOBJIEMBI PABEHCTBA (IKBHBAJEHTHOCTH) CJIOB JIJIsi TOJYIPYIIH, 3a/aHHBIX
KOHEYHBIM THCJIOM OOPa3yIOIMUX 3IeMEHTOB U KOHEIHBIM THCJIOM OIIPEIeISIONIIX
coorHomenuii. HepaspemumMocTs mpobieMsl m30Mopdu3Ma I MOJYTPYIIT JErKo
cIeyeT U3 HEePa3peIINMOCTH /I HUX MPOOJeMbl PaBECTBA CJIOB.

Jl1st 1oKa3are/bcTBA HEBO3MOYKHOCTH aJrOPUTMA, JAIOMIEro pereHne TOH I
WHOW cepum 33/ad, CJIeJ0BaI0 CHAYAIa TOYHO MATEMATHUIECKH ONPEIeIUTh, KAKO
CMBICJT BKJIAJBIBAETCS B MOHsATHE “aaroput™”’. Takoe yTouHeHHe ONpeeTeHnus MOHI-
THS aJTOPUTMA CTAJIO BO3MOXKHBIM OJIar0aaps pa3sBUTHIO MATEMATHIECKON JIOTHKH
B Hauase XX Beka. OHO ObL1O mostydeHo B cepeaune 1930-x rogoB B paborax K. I'e-
neqst, J1. Dpopana, A. Uepua, . [locra u A. Thiopunra modrn OZHOBPEMEHHO B
JIBYX BHEIITHE COBEPITEeHHO PAa3IUIHBIX (DOpMAaX: B BHJE TOYHOTO MATEMATHIECKOTO
ONMCAHUST KJIACCA BHIYUCAUMBIX (DYHKIMH HATYPAJBLHOTO apryMenrta (4acmu4Ho
PeKypcusHuvle U peKypcusHsie GYHKUUU) U B BHJIE TOYHOTO MATEMATHIECKO-
ro OIpeJeseHns KIAaCCa BBIYUCIUTETbHBIX MPOIECCOB, PEATH3YEMBIX MeXaHHIECKH
abcTpakTHBIM Bbraucanreiem (Mmawunse Toropunea). Bekope 6b1I0 yeTaHOBIIEHO,
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YTO 9TU JABa YTOYHEHUA MOHATHUA aJITOPUTMa 110 CYHIECTBY 3KBUBAJICHTHBI APYT JAPY-
Iy, T.e. OHH B3aUMO3aMEHAEMBbI. DTO A0 OCHOBAHUE aMEPUKAHCKOMY MaTeMATHKY
A. Yepuy B 1936 roxy [102| cchopmyuposars ciiemyromuii Te3uc:

Te3suc Yepua. Beakuill arzopumm 6 UHMYUMUBHOM CMBICAE C MOYKU 3PEHUSA
€20 BLUYUCAUMENLHBLT BO3MONCHOCTET IKEUBAAEHMEH HEKOTOPOMY AA20DUMMY 6
YMOUYHEHHOM CMBLCAE.

HOHBI[GHI/IG TOYHOT'O HOHATHA aJTOPUTMa IIO3BOJINJIO YCTAHOBUTHL HEpa3pelin-
MOCTb MHOI'HX aJTOpuTMudeckux mpodsem. CHadaJsa HepaspelrnMble aJropUTMU-
qeckue MpodIeMbl OBLIM HaiileHbI B CaMOil TEOPUHU aJTOPUTMOB, 3aT€M B MaTeMa-
THIecKoii joruke. [1o3ke OBLIO yCTAHOBJIEHO UX CYIIECTBOBAHHME W B JIPYTUX pa3jie-
JIaX MaTeMaTWKu — ajredpe, TOMOJOIUH, TEOPUU UUCE]I, AaHAIN3E, TEOPUH OOBIKHO-
BeHHBIX JIu(pdepeHinaj bubIX ypaBHeHuil. Bobljio jloka3aHo, 4To OHM €CTh U Cpeju
M3BECTHBIX 3aJIa4, MMOCTAaBIECHHBIX B MaTeMaTHKe paHee, JO CO3JaHUs TEOPUH aJi-
TOPUTMOB, M JOJITHE TOJbl He IOJIABABIINXCS pelieHnio. TaKOBBIMH OKa3aJuCh B
MaTeMaTHIeCKOll JIorTuke — npobaema ewvieodumocmu das noaycucmem Tys,
npobaema evieodumocmu das Ucuucaenus Ilpeduramos, B anredbpe — Pym-
damenmaavroe npobaemov. M. /Iana 0as KoHewHO onpedeaeHHBT epynn
U aHAJOTHIHBIE ITPOOJIEMBI JI/Ii KOHEYHO OIpeaeeHHBIX IOJIYTPYII, B TOIOJJOTHI
— npobaema 20meomopPuama 0as noau30Po8 (MHOrOOOPA3WIA, SIBJISIONINXCS
"npaBUIbHBIME 00beMHEHUSIME CO CKIEHKON CTAHJAPTHBIX CAMILTIEKCOB), B TEOPUH
qUCeT — MPobaema pasdpeuwsuMoCcmy 8 UEABT UAU HAMYPAALHBIL YUCAAL
NOAUHOMUGALHOEL Yypasherul F(xy,...,x,) = 0 (10-as npobuaema [I. 'nib-
Gepra). Bbur HaiiieH psiji aaropuTMHYECKH Hepas3pernmMbiX Mpo0JeM, CBsI3aHHbBIX C
BOIIPOCOM O CYIIECTBOBAHUU PENICHU JIJIsI CHCTEM OOBIKHOBEHHBIX JTupbhepeHInaib-
HBIX YPaBHEHHii, ¢ BOIIPOCOM O CXOJIMMOCTHU HeCOOCTBEHHBIX HHTEIPAJIOB U HAJTAIHEM
ePBOOOPAZHBIX U3 HEKOTOPOro (hUKCHPOBAHHOTO KJIacca st (DYHKIUNA OIIPe/1e/IeH-
HOrO Kjacca [49).

B nepsoii nmosiopune XX Beka uccieaoBaresieil mpek/ie Bcero nHTepecoBaJio, Cy-
IIECTBYET JIM aJITOPUTM [T PElIeHusl paccMaTpuBaeMoit 3aga4uu. Bo BTopoit moso-
BuHe XX Beka 0COOBIN HHTEpPEC CTasl IIPeJACTaBISITh BOIPOC O CJAOKHOCTH COOTBET-
CTBYIOIIETO aJrOpuT™Ma, T.e. 00 HCHOJIB3YEeMbIX UM Pecypcax — BPEMEHU W ITaMSITH.
B ormpesiesiennoit Mmepe 310 ObLJIO CBA3aHO ¢ KOMIILIOTEPHON peajin3alueil ajaropur-
MOB. HaI/I60.Hee UHTEPECHbIMU NPEACTABIAIOTCA BOIIPOCHI, CBA3aHHBIE C IMOJIYyYE€HUEeM
HETPUBUAJIBHBIX HUKHHUX OINEHOK CIOXKHOCTH AJTOPUTMOB, PEIIaoNIuX 3aIaHHYIO
3ajady. OIHAKO 9TO TeMa BBIXOJHUT 3a PaMKH Halero mocobus. Mbl mianupyem eit
MOCBATHTD B Oy/IylIeM HEKOTOPOe JOIMOJHEHHE K IOCOOHIO.
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['JTABA 1

KOHEYHBIE ABTOMATBHI 1
A3BIKU

§1. Aadasurni. CioBa

[Ipn mamucanmum 3Toro maparpada Mbl UCHOJbL30BATN JJIEKTPOHHBIE BAPHAHTHI
koncnektoB Jeknuii C.JI. Bepesutoka [6] u A.C. Mopo3sosa [54| kak mpu orbope
MarepuaJa, TakK ¥ IMpu BhIOOpE CIocoda ero m3JI0KeHNns.

B sTom maparpade, Kak ciemyer u3 ero Ha3BaHUs, OYIYT PACCMATPUBATHC @A~
dasumor 1 a3vku. Kak m MHOTHE JIpyrHe MOHATHS, HAPUMED, TOHATHE aKCUO-
MBI, TIOHATHE A3bIKA U ajihaBuTa TMPOILIO JIATETHHbIA Tal pa3sBUTHs (CTAHOBIIE-
Husl, yrounenus, dbopmasnusanun). Ha obumit Borpoc "Hro Takoe s3bIK?” Tak xKe
TPY/IHO JIaTh MCYEPHBIBAIONINI OTBET, KaK W Ha Bompoc "Urto Takoe umcao?” u Ha
MHOTOYHC/IEHHBIE aHAJTOIHYHBIE BOIIPOCHI, KACAIOIINECS ~CAUIIKOM OOIUX MOHATHI.
Muorne ga3bIK1 He TPEOYIOT CAUITKOM TOYHBIX (POPMYIUPOBOK, & HEKOTOPBIM U3 HUX
OHHU TIPOCTO BPEJIHBI, HAPUMED, HEKOTOPBIM MOITUIECKUM SI3bIKAM U SI3bIKAM YKHUBO-
nucu. OHAKO psiIy s3bIKOB TpeOyeTcsi TOYHOCTh W ONpeJeeHHasT OTHO3HATHOCTb,
HAIPUMED, SI3BIKAM ITPOrPAMMUPOBAHUS, FOPUINIECKAM sI3bIKAM U T.J[. M T.II.

Mpr Oynem paccMaTpuBaTh JIMIID SI3BIKA, B KOTOPBIX HA CETOMHSNTHUN TeHb T0-
CTUTHYT BBICIIUI MO COBPEMEHHBIM IPE/ICTABIEHUSM yYPOBEHb TOYHOCTH (DOPMYITH-
POBOK U oTIpejiesieHuil, — popmarvruie a3viku. K HIM OTHOCATCS KOMIOBIOTEPHBIE
SI3BIKW, SI3BIKN MPOTPAMMHUPOBAHUS U MAaTEMATUIECKHUE SI3bIKU, B MEPBYIO OYepe/ib,
— g3bIK MaTeMaTudeckoit jjoruku. [log mousiTHeMm si3bika MbI OyeM MOHUMAThH HEYTO
MOZKET OBITH Y3KOe, OJTHAKO MOJIIAIONIeecsT TOYHOMY MaTeMaTHIeCKOMY OIIpe/Iese-
HUIO, & 3HAYUT U U3yIEHUIO.

Omnpepesnienne 1.1. Aagasumom nazwvisaemcsa 11060e Henycmoe MHoAHcecmso X
CUMBONOE. DAEMEHTNDL MHONMCECTNGA Y HA3BIBAIOMCA CUMBOAAMU UL bYKEaMU
0aHH020 aAPpasUMa.

Hukaknx orpaHnveHuil Ha MIPUPOJLY SJEMEHTOB MHOKECTBA Y (CHMBOJIOB ada-
BUTA) MbI He HAKJIAIBIBAEM, €[MHCTBEHHOE MPEJIIOI0KEeHHE OTHOCUTEIHHO Y COCTOUT
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I'JIABA I. KOHEYHBIE ABTOMATHI U $13BIKN1

B TOM, YTO MBI JIOJIZKHBI YMEMD PACNO3HABAMNG KAHCOVT CUMBOA U3 X KAK MOM dHCE
camvLli NPU KaAcooMm U3 e20 8TONCICHUT U OMAUNAMD €20 OM BCEX OPY2UT CUMBO-
A06 U3 X, T.e. TMPEII0JIAraeTcs, 9TO0 Pa3AUYUSL HEOOUHAKOBHBLL CUMBOA08 3Ha-
YUMEABHO NPEBOCTO0AIN MEAKUE PA3AUYUSL 00UHAKOBBLL CUMB0.408. CuM-
BOJIbBI U3 Z paCcCMaTPpUBaAIOTCA KaK IIPOCTbl€ 3HAKU, a HE KaK CUMBOJIbI, KOTOPbIE
970-/1100 03HAIA0T. CUMBOJIBI a/1(PaBUTA, Y CIUTAIOTCS INEMEHMAPHOLMU 3HAKAMU,
nmasiee HegemuMbiMu. Hampumep, ecmm W u V' Bxoagar B 2, TO MBI cuutaeM, 9to W —
9TO JeMEeHTapHBIl 00BHEKT, /Taiee HeJe UMb, B 9aCTHOCTH, He cuauTaeM, 9Tto W —
9TO JBa pa3a MOBTOpeHHOoe V.

Onpenenenne 1.2. Caogom uiu ewviparcerHuem 6 aipasume > HA3bLEBGEMCA
NPOUZBONOHAA KOHEUHAA (B03MONACHO NYCMAA) NOCALOOBAMENDHOCTIVD

WiWsy ... Wy

cume0n06 uz X, m.e. n > 0 u npu wmobom i (1 < i < n) w; € X. Yucao n
HA3BLEAEMCA OAUHOTL CA0BA WiWs . . . Wy,.

Jmany mpousBosbHOTO ciioBa X Gyiem obosHauarh depe3 | X|. ITycroe cioBo —
5T0 caoBo AauHBEL 0, Oyaem ero obo3HadaTh depe3 A, € mam depe3 1, ecim 9T0 He
NIpUBeAeT K IIyTaHUIE.

Mmnootcecmso 6cex cao6 6 aagasume Y TPAIUIIMOHHO 0003HAYAETCS Yepe3 2.

[Tycte X — 310 c0BO wyws ... w, (w; € X, i = 1,...,n), a Y — 310 cJI0BO
ViVg .Uy (v € X0 = 1,...,m).

Onpenenenne 1.3. Caosa X u Y naswearomcsa epapuvecku pasHbLMU, €CAU
n = m unpu amobom i (i = 1,....,n) w; uv; 00uH U MOM dHcE CUMBON U3 2.

YrBepikaenne “caosa X u Y pasnvr epaguvecku’”’ Oyaem 3anuchbiBaTh B BHIE
X =Y.

Onpenenenune 1.4. ITpoussedenuem ( coedunenuem, cOUNEHEHUEM, KOHKA-
menayuet) croe X u 'Y naswseaemca caoso XY, m.e. ecau X — amo cao6o
WIWs ... Wy, G Y — 2MO CA0B0 V1Vs . ..Uy, Mo XY — 3mo ca060

WLW32 ... WRU1V2 ... Up.

Nuorna Bmecto oboznavenus XY Oygaem ucnosib3oBarb X o Y.
OueBngno, uro | XY| = |X|+ Y| u XA = AX = X.
OtmeTuM crieayioniee OYeBHIHOE CBOHCTBO: eciu X = Y, a Z — 00oe CJI0BO,
TO
XZ =YZ 7ZX =7Y

u oOpaTHo, ec/iu
XZ =YZ wm ZX = 7Y,

0 X =Y.
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§1.  Andasursr. CoBa

Omnpenenenne 1.5. Croso X nasveaemcs modcaogom cirosa Y , ecau Hatidymces
maxue crosa U u V', umo ewnosnaemca pasencmeo Y = UXV. Ilpu amom, ecau
cnoso U nycmo, m.e. snoanaemca pasencmeo Y = XV, mo caroso X Hasvieaemcs
nauwaaom crosa Y . Ecau orce nycmo caoso V, m.e. svnoansemca pasencmeo Y =
UX, mo croso X nasvieaemcs KOHUOM CA06G Y .

Jlemma 1.1. FEcau XY, Z,V — caosa 6 angasume X u XY = ZV, mo daa neko-
mopozo caoea P aubo X = ZP uV = PY, aubo Z = XP uY = PV.

doxaszameavcmeo Ecum |Z < |X|, o, oueBunHo, HalljeTcst Takoe
cioBo P (Bo3moxkuo mycroe), uro X = ZP, no torma ZPY = ZV u, 3uaunr,
V = PY. B cayuae, korga |X| < |Z]|, coBepIIeHHO aHAJOTHYHO MOKA3BIBAEM, UTO
JIJIsl HEKOTOPOTo cjaoBa, P

4 =XP Y = PV.

9TO0 3aBeplIaeT J0Ka3aTeIbCTBO JIEMMBI. O

Omnpenenenne 1.6. ITycmo x ¢ 3. Bxootcdenuem caosa Y 6 caoso X nasviea-
emesa caoso Vo oeuda X1 x Y x Xo npu yeaosuu, wmo X = X Y Xs.

Omnpepesienne 1.7. Pe3yavmamom 3amernv, darroz2o sxroscdenusn V = Xix
Y % Xy crosa Y 6 caoeo X na caoso Z nasweaemces caoso X174 Xs.

¢lcHOo, 9TO OJIHO M TO 2Ke CJI0BO Y MOKeT uMeTh 60J1ee 0JHOTO BXOXKIEHUS B CJIOBO
X, MO3TOMY CJIeJlyeT TOBOPUTH O 3ameHe dannozo exoscdenus V cioBa Y B CJIOBO
X Ha cJI0BO Z, a He IIPOCTO O 3aMeHe cJ0Ba Y B ciaoBe X Ha cj0Bo Z. B wacTtHOCTH,
ecan Y — mycToe cJIoBO, TO BXOxKierue V' ciosa Y B ciioBo X nmeer Buj Xq**xXo, U
TOIJIa pe3yJbTaT 3aMeHbl BXOxKIeHust V' cjioBa Y B ¢10BO X Ha CJIOBO Z — 9TO CJIOBO
XZX5.

Eciu cioBo Y cOCTOUT U3 OJIHOTO CUMBOJIA, T.e. Y — 310 HEKOTOpoe o (o € X), TO
Bxoxkjienne V ciosa Y B ci0Bo X Ha3biBaeTcst 8rodtcdenuem byxev. ( cumeona)
«a B CJIOBO X.

Eciu o — cumBout asicbaBuTa X2, a X n Z — cjioBa B ajidaBure Y, TO pe3yabmam
00HOBPEMEHHOU 3aMeEHDBL KAHCO020 8T0HCIEHUA CUMBOAG (@ 8 CA060 X HaA
€080 7 0003HAYAELTCS depes

X. [Z].

Amnasorm4so, ecim «q, ..., (, — OOIHAPHO pPa3JUIHBIE CHMBOJL M3 X, a X,
Z1, ..., Zy — CcJIOBa B ajdaBuTe Y, TO Pe3yabmam 00HO08PeMeHHOU 3aMeHbl
scex sxoatcdeHuli vy, ..., (v, COOMBEMCMBEHHO HA CA08A L1, ..., L, HA3BI-
BAaETCS Pe3YAbMaAIMoM 00H08PEMEHHOTU TOICMAHOBKU CIOB L1, ..., Z, BMECTO
ai, ..., a, 1 obosnadaercs depe3 Xo, o, [Z1,. -\ Zn]-

g moboro ciaoBa w u JOO0r0 HATYPAJTBLHOTO HUHCJIA 7. OHPEIeTHM CJIOBO w™
CTIEIYIOIIIM 0Opa30M:

w' =e, W' =w"w mra kaxzoro n > 0.

Obpaweruem caosa w, obo3HaTaeTcs depe3 w!t, HazpIBaeTcsa "To ¥Ke caMoe CI0BO,

3arcannoe crpasa HaseBo . [IpuBenem dopmasibHOE onpe/ieieHue.
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B —w=c¢.
B — quft.

Onpenenenne 1.8. 1) Ecau w — ca060 nyaegot daumol, mo w
2) Ecau w — ca060 daunoi n+1 v w = ua das nekomopozo a € 3, mo w

Onpenenenne 1.9. H3vikom 6 argasume Y na3vieaemcs A1000e n0OMHONCECMEO
MHOJCECNBG X* 6Cex CA06 6 IMOoM andasume.

[IpuMmepamu g3bIKOB B aJipaBUTE Y MOTYT CJAYKUTh: X.° — YHUBEPCAJIbHBIN A3BIK,
() — mycroit a3pik u {a} — 0qHOOYKBEHHDBI sI3bIK, TyIE @ € 2.

Koneunble g3bIKM MOYXKHO 3a/1aBaTh MyTeM IEepPeducIeHUsl BCeX HX JIeMEHTOB.
O 1HaKO OOJIBIMTUHCTBO WHTEPECHBIX SI3BIKOB SIBJISIIOTCS] OECKOHEIHBIMH, MOITOMY He-
BO3MOXKHO X 3aJlaHKe TepeducjeHneM Bcex djeMeHToB. Hanpumep, BaykKHYIO POJib
UT'PAIOT SI3bIKU

{w|lweX*&w = wt}, {0"M"|n>0}
{w]w € {0,1}* &w comepKuT 0AMHAKOBOE YHCIIO HYJIEH U €JIUHHUIL }.

Beckoneunnie a3bIKu 0OOBIYHO 3a0AI0TCS B BHIE
L ={w|w € ¥ &w obaamaer croiicreom P }.

N3 Teopun MHOXKECTB XOPOIIIO U3BECTHO, YTO €CTU X — KOHEYHBLT UAU CHEMMHBLT
argasum, mo MHONCECMBO X 8CEX CA06 8 IMOM AAPABUME ACAACNCA CUEMHBLM.

I3BIKM — 9TO MHOKECTBa, MOITOMY K HHM MOXKHO MPUMEHSTH TeOPEeTUKO-MHO-
JKEeCTBEHHBIE OIepaIuu 00beTuHEHUs, IepecedeHss U Pa3HOCTH.

OHaKO CyIIECTBYIOT HEKOTOpbIe BazKHBIE OIEpaIlli, KOTOPbIe HUMEIOT CMBICT
UMEHHO IS SI3BIKOB.

DTO mpexkje BCero npou3sedeHue Wi KOHKamMenauus s3uiKoB. Eciu Ly n
Ly — s3p1ku B andasure X, To ux (mpousBejienne) KoHkarenanusa Ly o Ly 3amaercs
PaBEeHCTBOM

LioLy ={wlw € ¥ & ans wekoroppix ¢ € Liny € Ly w = zoy}.

Eme oxna omepanug HaJ S3bIKAaMH — 3TO Hasewusarue 38e3douku Kaunu
Ha a3bIK L. Pesymbrar obo3nadaercs depe3 L*. L* — amo muoocecmeo ecex caoe,
NOAYUAEMULT NYMEM KOHKGMEHAUUY HYAA UAY osee ca06 u3 L (KOHKaTeHAIsT HyJIst
CJIOB — 3TO €, & KOHKATEHAIMsI OJHOTO CJIOBA — 9TO CaMO 3TO CJIOBO).

L' ={w|lwe X &
W = wy 0+ 0wy, A HEKoTOporo n > 0 u wy, ..., w, € L}.

Yepes LT obosnagaerca a3bik LL*, T.e.

LT ={wlw e &

W = Wy 0wy O ...0w, Ajst HeKoToporo n > 1 u wy,...,w, € L}.
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§2. Komneunsle mpeacTaBiIeHns S3bIKOB

§2. KoHeunble nipeacTaB/IeHUs A3BIKOB

Koneunslit si3bIK MOYXKeT OBIThH 33/IaH, B HPUHIAIE, TIEPEUUCTCHUEM BCEX BXOJIs-
X B HETO CJIOB. PACCMOTPUM BOIPOC O BO3MOXKHOCTH KOHEYHOTO 3aIaHus (OMUCa-
HUsl) GECKOHEYHBIX SI3BIKOB.

[Ipexk e Bcero HeOOXOMMO YTOYHUTH, YTO MbI IOHUMAEM T0/I CJIOBAMU "KOHETHOE
3ajanue (omucanue) si3pika”. Bo-MepBbIX, KAazK10€ TAKOe 3aaHue CaMo OYJIeT CJIOBOM
B HeKOoTOpOM ajihaBuTe Y. Bo-BTOpBIX, €CTECTBEHHO TpeOOBaHUE, YTOOBI PA3IUIHBIE
SI3BIKHM UMeJIH Pa3IddHble 33JaHusd. 1aK KaK MHOXKECTBO X* BCeX CJI0B B aadaBUTe
Y} CYETHO, TO CYETHO W MHOYKECTBO BO3MOXKHBIX KOHEUHBIX 3aJaHuil s3b1koB. O
HAKO MHOZKECTBO BCEX BO3MOYKHBIX SI3BIKOB HAJ[ JIAHHBIM aJI(aBUTOM Y, HECUETHO.
[ToaToMy He KazKIblii S3BIK JOIMyCKaeT KoHedHoe 3amanue. CremnoBaTebHO, pa3yM-
HO IONBITATHCA HANTH HEKOTOPHIe KOHEYHBIE 3 JaHHA /I JTOCTATOYHO HHTEPECHBIX
C Pa3HBIX TOYEK 3PEHHS A3BIKOB.

O/ uH U3 MOXO0/I0B K PEIeHHO TOi 33291 COCTOUT B MCIIOJIH30BAHUN ATIAPATA,
PER2YAAPHBLT B8bLPaHCeHUT.

Qukcupyem ajdasut . Jlajgum MHIYKTUBHOE ONpE/Ie/IeHne OHATUS Pe2Yyaip-
Hoe suipadicerue Had arPasumom X u onpedessemoz0 um asvika. Ecau pezyasp-
Hoe 8upascerue 0DO3HATEHO Yepes3 (v, TO onpedeasemuili um A3l OyIeM 0003HATATH
qepes L(a).

1) 0 — peeyaapnoe swvpascenue. L(D) — nycmot asouk .

2) € — peeyaapnoe eupasicenue. L(e) —{e} — asvuk, cocmosuwuid aruwn us nycmoezo
CA08G €.

3) Ecau a - 6yksa (cumeon) argasuma X, mo a — pezysaproe swpasicenue. L(a)
—{a} — aswk, cocmoauul AU U3 CUMBOAG .

[IyukTer 1), 2) u 3) coctaBiasiorT 6a3y MHIYKTUBHOTO onpe/enenus. Cieryone
TPU MYyHKTA — 9TO WH/IYKTUBHBIH TEPEXOI.

4) Ecau o u 3 — pezyaaproie supasicenus, mo (af) — pezyaaproe svipasrcerue u
L(af) = L(«a) - L(B) — npoussedenue asvxos L(a) u L([3).

5) Ecau o u B — peayasapnoie svpascerus, mo (aU ) — peeysaproe supascenue
u L(aU B) = L(a) U L(B) — obsedunenue asvkos L(a) u L([).

6) Ecau o — peeyasaproe swvipascenue, mo & — peeyaaproe svipasrcenue u L(a*) =
(L(a))"

301K HA3BIBAETNCA PE2YAAPHBIM, €CAU OH MOAHCEM Obimb 3a0GH HEKOTOPbLM
PELYNAPHBM BVIPAACEHUEM.

BamernM, 9TO pa3Hbie PEryJsSPHBbIE BBIPAYKEHUsI MOTYT 331aBaTh OIUH U TOT JKe
SI3BIK. BoJiee TOTO, OJUH M TOT K€ PeryasgpHbId S3bIK MOKHO 33/1aTh OECKOHEIHBIM
MHOYKECTBOM PEryJIIPHBIX BbIParKeHUIA.

JIerko MOHSATH, UTO KAUCC PE2YAAPHBLIT A3BIKOS 6 GAPasume X 3aMKHYM OMm-
Hnocumeavho onepayut U, - u . [o3ke Oymer ycTtaHOB/IE€HA €ro 3aMKHYMOCMbL U
ommocumenavro onepayud N u \.

Cy1ecTBeHHYIO 9acTh IIPOrPAMMHOI0 0OeCIIeueHns COBPEMEHHBIX KOMIIBIOTEPOB
COCTABJIAIOT KOMIHIATOPBI. C OHOI CTOPOHBI, 9TO CBA3AHO C T€M, UTO B HACTOAIIEE
BpeMsl sI3bIKU BBICOKOI'O YPOBHS — OCHOBHOE CPEJICTBO pa3paboTKu MPOTpaMM, JIMIIb
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He3HAUYUTeIbHAs YacTh HPOrPAaMMHOIO obeciiedenusi, Tpebyioiasi 0coboit 3dhdex-
THBHOCTH M HAJI€:KHOCTH, IIPOrPAMMHPYETCS € MOMOIIbIo accembyiepoB. C pyroit
CTOPOHBI, OYpHOE pa3BUTHE apXUTeKTyp DBM Takxke momjiepxKuBaeT HOTPEeOHOCTH
B CO3JQHUH HOBBIX KOMIMJIATOPOB. BasKHBIMHU STaaMu HPOIECcCca KOMIUIAIME SIB-
JIIOTCA Aekcudeckul U cunmarcuveckut anasusd. Ha stane jekcmyeckoro anajmsa
TEKCT BXOJHON MPOTPaAMMBbI, SIBJISIIOIIUIICS MPOCTO CJIOBOM B COOTBETCTBYIOIIEM aJi-
daBuTe A3BIKA MPOrPAMMHUPOBAHKS, HA KOTOPOM HAIlMCaHa IIporpamMMa, pa3dnBaeT-
Cg B COOTBETCTBHUU C OIIPeIeTeHUSIMU UCIOTb3yeMOro s3bIiKa IPOrPaMMUPOBAHUS Ha,
JleKceMbl. B OCHOBY peasim3anuu JIEKCHIEeCKUX aHATIN3ATOPOB YaCTO 3aKJI1aIbIBACTCS
dopmasn3M peryasipHbIX BhIpaKeHnit 1 KOHeIHbIX aBToMaToB. Padbora jekcutaeckoro
aHaJIM3aTOPa OCYIIECTBJISIETCH HEKOTOPHIM KOHEYHBIM aBTOMATOM, PACIIO3HAIOIIUM
si3bIK JiekceM. Ho ¢ mpakTudeckoit ToOYKu 3peHns He Bceraa yaA00HO HeIToCpeICTBEHHO
3a/IaBaTh COOTBETCTBYIONIUI aBToMaT. BMecTo 3TOr0 ncnoib3yercsa hopMau3M pe-
I'YISIPHBIX BBIPAZKEeHUH WM MPABOJUHEHHBIX IPAMMATHK, [0 KOTOPBIM Y Ke MOYKHO
IIOCTPOUTH COOTBETCTBYIOINNA KOHEYHBIA aBTOMAT.

Paccvorpum npumep onucanust JeKCHIECKUX CTPYKTYP € MTOMOIIBIO PeryJ/asipHbIX
BhIpazkeHuit. [Ipu 3TOM yI00HO COMOCTABIATH PErYAsPHBIM BBIPAXKEHHAM HX HMe-
Ha, a 3aTeM JieJlaTh CCBLIKH Ha JIEKCEMBI IO MX HMeHaM. [ onpejesieHusT mMeH
JIEKCEM HCITO0JIB3YIOT BbIPAYKEHWST BU/IA, KOTOPbhIE MHOT/1a HA3BIBAIOTCS PEryJISPHBIMEI
oTpe/Ie/IeHUSIMH

[1 = 0q, [2 = Qo, 7Im = U,
rie Iy, Is, ..., I, — pa3znuunbie umena, a npu jooom 0 < ¢ < m oy — peryJsipHoe
Beipazkenne B andasure X U {1, I5, ..., I;}, tae 3 — ocuoBHoil andasutr. 3aMensis

IMeHa, PEeryJIsipHBIX BBIPAZKEHUiT Ha COOTBETCTBYIOIINE MM PEry/IspPHBIE BBIPAZKEHU,
MOZKHO JIIsI JTIOOOTO UMEHH [; TOCTPOUTH COOTBETCTBYIOIIEE PETY/IsiPDHOE BhIPAZKEHUE
B OCHOBHOM aJjihaBuTe 2.
Bsenem obrmienpuHsaToe coryaiieHne 0 BO3MOXKHOCTH OIIYCKATh “JIMIIHIE CKOOKH
M HCIOJIb30BAHNE B HEKOTOPBIX CHTYalugx Beipazkenus («|f) Bmecro (aU ).
Hanpuwmep, jjst mocTpoennsi perysisipHoro BbIPaKeHus, 3aa0MIero MHOZKECTBO
UJIeHTH(PUKATOPOB, MOXKHO HTPUMEHUTDH CJIEIYIONIYIO CXeMY

Letter = alblcld| . .. |z|y|z
Digit = 0[1]2] ...|8|9
Identifier = Letter(Letter|Digit)*.

3aMeTnuM, 4TO XOTsI ¢ MOMOIILIO PETYJISIPHBIX BHIPAKeHUHA MOXKHO 3a/1aTh J0CTa-
TOYHO HETPUBHAJILHBIE A3BIKH, OJHAKO HETPYIHO HPUBECTH HPUMEPDhI HEPErYIIPHBIX
S3BIKOB, KOTOPbIe BECbMa MPOCTO OIMCHIBAIOTCA JPYTUMH cliocobaMu. Hampumep,
mo3ke Oy/er joka3aHo, 9ro s3bik { 0" 1" |n > 0} Hesb3st 3a7aTh PEryIsiPHBIM BbI-
pazkenuem. 3amernm, 9ro "oau3kuit” sa3bik { 0" 1 | n,m > 0} 3amaercs peryaspHbiM
BeIpazkernem (0 U 1%).

KoneuHo, peryasgpHble BbIpaskKeHUsd He MOI'YT PAaCCMAaTPUBATLCA B KAYECTBE J0O-
CTATOYHO YHUBEPCAJBHOIO METOJIA 3a/IaHUs SI3bIKOB.
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§3. Koneunble aBTOMAaTHI

Paccmorpum apyroit moaxos K 3aaHui0 SA3bIKOB. [Ipu 3TOM MBI Oy/1€M PYKOBO/I-
CTBOBATBHCA OOIEll cxeMoil 3a1aHU A3BIKOB

L ={w|w € ¥"&w obaamaer coiicreom P }.

Ho orpanwaunmcs Ui pa3pewiumvimu, CBORCTBAMHI, TO €CTh TAKUMU, JJIsT KOTOPBIX
CYMIECTBYET aJITOPUTM, TO3BOJISAIONINI 110 MPOW3BOJIBHOMY CJIOBY W ONPE/IEINTh, BbI-
MOJTHEHO JIW /1T Hero cBoiicTBo P.

§3. KoHeuHbIe aBTOMATHI

B srom maparpade peds moiiier o Apyrom moaxoje K 3aJaHUI0 A3BIKOB — 33/~
HUE ST3BIKOB KOHEYHBIMU aBTOMATAMU. 3aMETHM, YTO KOHETHBIE aBTOMATHI — O/[HA, U3
Tpex HamboJjiee paclpoCTPAHEHHBIX B HACTOSIIEe BPeMsl MoOJieJieil BbIYUC/JIeHUi, nuc-
MOJIB3YEMBbIX JIJIsT OMMUCAHWS U U3YUeHUsI B3AUMOIEHCTBUSI KOMIBIOTEPHON MPOrpam-
MBI U KOMIbIOTepa. /[Be Apyrue — 3T0 JIOrnuecKue cXeMbl U MAIIHHBI ¢ O€CKOHETHOI
MaMSThIO.

Jozuveckasa uau KOMOUHGUUOHHASA CTEMaG — TO coejuHeHure (YHKIHO-
HAJIbHBIX JIEMEHTOB, KazKJIblil 13 KOTOPHIX Peajin3yeT HeKOTOPYIO OysieBy (pyHKIIHIO.

TpaaunuoHHO CUYUTAETCs, YTO HAYAJIO U3yUeHUs] KOMOMHAIMOHHON CJI0XKHOCTH
Oyaesbix dyukiuit BocxoauT K juccepramuu [llemnona 1938 rojga, B kKoTOpoit oH
OKa3aJl BayKHOCTH OyJIeBOI aJireOpbl JI/Isi CUHTE3a W aHaJInu3a PeJIeiiHbIX MePeKJIIo-
JaTeIbHbIX cxeM. Jlormdeckne cxembl CIIOCOOHBI BBIYHC/IATH (DYHKIUH, OJTHAKO OHH
He 00J1a1a10T MaMAThbio. KoHeuHble aBTOMATHI ¢ BBIXOJIOM TaK zKe, KaK U JIOTHIECKUe
cXeMbl, BBIIHCISIOT hyHKIun. Ho B oT/intne oT JOrH4ecKux cXeM, KOHETHBbIe aBTO-
MaThl 00JIAIAI0T MAMSATHIO (KOHETHOI ), YTO MO3BOJISIET UM HCIOIb30BATH CBOK CXEM-
HYIO 4acTh MHOTOKpaTHo. [Tocienee jmaeT BO3MOXKHOCTD pean30BbIBATH (OYHKIIUT
C UCIOJIb30BAHUEM JIOTHYECKHX CXeM MEHBIIEero pasmepa, deM TpeOyeTcs MalinHaMm
0e3 maMsTH.

Koneunwuiti agmomam — 3TO MareMaTudeckas MOJIe/b BbIYUCUTE/IHHBIX Ma-
IIUH C KOHEYHON MaMsTbIO, YCTPONCTBO KOTOPOH M3BECTHO. Y HEr0 MMEeTCs HEKO-
TOPBIiT aHAJIOD MTPOIECCOPa PeaJbHOT0 KOMIThIoTepa — mrpoieccop”’ (UKCHPOBAHHOTT
KOHEYHOI MONTHOCTU. BXOAHBIME JAHHBIMU 1711 KOHEYHOI'O aBTOMATa CJIYZKAT CJIOBA
B HEKOTOPOM (DUKCHPOBAHHOM ajihaBUTe, HA3BIBAEMOM €r0 BXOJHBIM WU BHEITHUM
asdasurom. CiroBa MogaloTCst (3AMUCHIBAIOTCS) Ha JIGHTY aBTOMaTa. PasindaioT as-
TOMAaThI C BBIXOJIOM 1 0e3 Bbixoja. [lepBbie Ha3bIBatoTCst aBromatamu Muu, a BTO-
pbie — aBromaramMu Mypa. Mbl OyjeM ncnob30BaTh aBTOMATHI JIMIh B KA4eCTBE
pacno3nasameneti a3b1K0B. [loaTOMY OrpaHmImMcsa aBToMaTaMu 0e3 BbIXOoma. AB-
TOMAaTHI C BBIXOJIOM HaM HOTPEOYIOTCA MPU ONMUCAHUU TEOPETUKO-aBTOMATHBIX MOJIe-
Jieit mugpaTopos.

Bosnukaer ecrecrBennblii Bompoc "MoryT Jin KOHEYHbIE aBTOMATHI pacCMaTpHU-
BaThbCd B KA4eCTBe AOCTATOYHO AJeKBATHON MOJEIH peaJbHOro Komibiorepa?’ Y
KOHEYHOI'0 aBTOMAaTa HMeeTcs IaMdaTh, HO ee 00beM (pUKCHpPOBaH "B MOMEHT CO3/1a-
HUus” U B JlaJIbHEATIIEM HE MOYXKeT OBITh yBeJUYeH. A 9TO MOXKHO CKa3aTh 00 0Obeme
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ImaMATU peaJibHOI'O KOMHBIOTepa? KaKaH MaTeMaThu4deCKasd MOAEJIb JIydIlle OIMUChIBa-
eT — C KOHeYHOi MaMThIO WK ¢ HeorpanundeHHoi? OTBeT BO MHOTOM Oy/IeT 3aBUCETD
OT Tesieif, ¢ KOTOPBIMH CTPOUTCA MOJEIb. ECIu MBI cTpeMuMcs J0Ka3aTh OTPaHU-
YEeHHOCTb HAIUX aJTOPUTMHYECKHX BO3MOXKHOCTEH, TO, BEpOSTHO, Ieaecoodbpa3Hee
UCIT0JIb30BaTh MOJIEJIM C HEOIPAHWYEHHO# maMsThio. Iy 1eMoHCTpalum »Ke MOIIH
HalluX aJITOPUTMUYIECCKUX BO3MOYKHOCTEe 60.)'[le€ MoAXO AT MOAeJIn C OI'PpaHUYEeH-
HOI maMAThi0. MOXKHO IMOCTaBUTH, HO HE PEIIuThb emre 0oJiee o0IMHe BOIPOCH — O
pu3HIeCKHX OrpaHHMYeHHUIX, 00 OrpaHmYeHHOCTH BcesleHHOi.

Teopusi KOHEUHBIX ABTOMATOB JOCTATOYHO COJEpzKaTe/NbHAa W HAXOIUT MHOIO-
YUCIeHHbIe TpuMeHeHnda. Hampumep, aTan jiexcu4eckoz0 anaiu3a B KOMITHISITOPE,
KOTJIa BBIJIEJIAIOTCS JIEKCHIECKUE eTMHUIBI ITPOrpaMMbl TaKHe, KaK CJIy:KeOHbIe CJI0-
Ba, UJICHTU(MUKATOPHI, 3HAKH ONEePalyil 1 T.JI., HEPEJIKO Da3upyeTcs Ha MOCTPOCHUN
COOTBETCTBYIOINUX KOHEYHBIX aBTOMATOB. HaXO}K,Z[eHI/Ie BXO)K,ZLGHI/IfI OZIHOT'O CJIOBa B
JIPYroe, UTO 9acTo TpedyeTcs MpH peJlaKTHPOBAHUHM TEKCTOB, MOXKeT OBITh 3 deK-
THBHO BBIIIOJTHEHO aJITOPUTMOM, OCHOBAHHOM HA TEOPUHM KOHEYHBIX aBTOMATOB.

Y KOHEYHOTO aBTOMAaTa UMEeTCs 8L00HaAA AEHMA, PAa30UTasd Ha TUeiiKi, B KaK-
JIOIl M3 KOTOPBIX MOYKHO 3aIlMCBIBATH MO OJTHOMY CHMBOJIY U3 BXOJIHOTO ajihaBHUTA.
CiioBa BO BxOHOM ajihaBUTE aBTOMATA 3AMUCHLIBAIOTCS MOOYKBEHHO B STI€HKU JICH-
Tbl. OCHOBHASI 9aCTh KOHEYHOTO ABTOMATA — CYUMBIBAOULAA 204068Ka. OHA TTpe/I-
CTaBJISIET CODOW HEYTO BPOJIE YEPHOI'O SAIIMKA U B KaXK/bIil KOHKPETHBI MOMEHT
BpPEMEHHU MOXKeT HAXOJMUThCS B OJTHOM M3 KOHEYHOT'O UUCIA PA3JTHUIHBIX 8HYMPEH-
HUT cocmosrut apromarta. CUUTHIBAIONIAS T'OJIOBKA MOXKET PACIO3HATDH, KaKOi
CHMBOJI 3allCaH B 0003peBaeMoil sueiiKe BXOIHON JeHTHl. [lepBoHAYAILHO CUUTHI-
BaIOIIasi TOJOBKA PA3MEIIAeTCs Ha KpalHeM JIEBOM KPalo JIEHTHI U HPUBOJIUTCS B
CHEIUAJIbHOE BBIJEJICHHOE HAYAAbHOE cocmoaHrue. Pabora aBromara OCyIIECTB-
ngercs mo TaktaMm. Ha odepegrom TakTe paboThl aBTOMATa CUUTHIBAIOIIAS T'OJIOB-
Ka YATAaeT CHMBOJ U3 0003peBaeMOil SUelKU BXOMHOI JIGHTHI, IMePeXOIduT B HOBOE
COCTOSIHUE, 3aBHUCAINEe JUIIb OT TEKYIIEero COCTOSHUS U TOJbKO YTO IMPOYHTAHHO-
ro CHMBOJIA, U CABUTAETCS B COCEIHIOID CIpaBa sueiiky. Tak Kak HOBOE COCTOSTHWE
aBTOMATa OHO3HATHO OIPEJIEJIEHO, TO OH HA3BIBACTCS JEMEPMUHUPOSAHHBLM KO-
HEYHBIM aBTOMaTOM. [l03:2Ke Oy/IyT BBEeIeHBI 1 HEAEMEPMUHUPOBAHHBLE KOHEUTHDBIE
aBroMaThl. [Ipomnecc moBTopsieTcs, MoKa He OYAET HPOUUTAHO BCE CJIOBO.

C MOMOIIBIO COCTOAHMS CBOEH MOJIOBKH aBTOMAT COODIIAET, IPHHUMAETCS JTH TTPO-
YUTAHHOE CJI0BO. [[71s1 9TOTO BBIIe/I€TCs HEKOTOPOE MHOXKECTBO JONYCKANOULUL CO-
cmoarut. Eciu mocjie mpouTenus cJI0Ba CYUTHIBAIONIAS TOJIOBKA IPUILIA B OJHO
U3 JIONYCKAIOIINX COCTOSIHUM, TO BXOJHOE CJIOBO CUUTALTCS NPUHAMBIM, UAU PAC-
NO3HAHHBM. H3b1K, pacno3rasaemuviti a8MoOMamMoM, — ITO MHOKECTBO BCEX
HPUHUMAEMBIX UM CJIOB.

[Tepexoaum K hopMaJIbLHOMY OIIPEIeICHUIO JIeTEPMUHUPOBAHHOIO KOHEYHOI'O aB-
TOMaTa.

Onpenenenne 3.1. JlemepmMurupo8arHbili KOHEYHBLT ABMOMAIM — MO NA-
mepKa

M = (X, Qur, Onrs Sus Far ),
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§3. Koneunble aBTOMAaTHI

2de
Yy — 6xodnot (enewnuli) aagpasum asmomama M,
Qrv — eHympenHnul aagasum asmomama M, ez20 ssemenmov, HA3VLEAIOMCA

BHYMPEHHUMU COCTNOAHUAMU,
sy € Qu — navaavroe cocmoarnue asmomama M,

Fr € Qu — MHootcecmeo KOHEYHBLT (3aKAN0OHUMEABHBLT, JonycKaowux) co-
cmosanut asmomama M,

Oy — Ppynruyus nepexoda asmomama M, smo dynrxuyus us Qu X Xpr 6 Q.

B saueiiku jeHTs aBTOMaTa M 3aIMCHIBAIOTCS [IOCTIEI0BATETLHO OYKBBI BHEIITHE-
ro amdaBuTa X);, TAKEM 00pa30M Ha JIEHTE OKA3bIBAETCS 3aINCAHHBIM HEKOTOPOEe
CJIOBO w BO BHerHeM aJjidpasute Xy, aromarta M. Koneunsiit aromar M paboraer
(byHKIHOHUPYET) B JUCKPETHOM perKMMe BPeMeHH, MOTAKTHO. B Hadase KayKio-
ro0 TAKTa CYATHLIBAIOIIAS TOJOBKA HAXOAUTCS B HEKOTOPOM BHYTPEHHEM COCTOSHUN
q € Q) 1 0b03peBaeT HEKOTOPYIO dUeiiky JeHThl. Eciu B 3Toil g4eiike HaXOIUTCS
(IPOYUTHIBAETCSI) CHMBOT G € Y )7, TO CIUTHIBAIOMIAS TOJOBKA (ABTOMAT) MEPEXOTHT
B cocrostaue dyy(q,a) € Qp ¥ CABUTAETCS B COCEIOI0 CIIPABA sI9€iiKy JIEHTHI.

Bbraucienue, mpou3BoMMOe aBTOMATOM IPU JIAHHOM BXOJ€, — 3TO MOC/IeI0Ba-
TeJbHOCTh KOH@u2ypauuli, KOTOpble OTPAaKAOT COCTOSHHE aBTOMATa B IIOCJEI0-
BaTeIbHBIE MOMEHTHI BpeMeHH. /leTepMIHIPOBaHHbI KOHEUHBI aBTOMAT HE MOXKET
CABUT'aTh CBOIO I'OJIOBKY Ha3a/J Ha yzKe IMPOYHUTAHHYIO YaCThb BXOJHOI'O CJIOBa. HO-
9TOMY YaCTh CJIOBA CJE€BAa OT CYUTHIBAMONIEH TOJOBKM HE BJIMSIET Ha JajibHeiilee
GYHKIMOHUPOBAHWE aBTOMAaTa. SHAUUT, KOHPU2YPAUUA ABMOMAMA 6 KAHCOBLT MO-
MEHM, BPEMEHY ONPEIEAACMCA MEKYULUM COCTIOAHUEM U HENPOYUTMAHHOT YACTBHIO
06pabamvLeaeMo20 cA06a. ITO OMPABILIBAET CJEIYIOIIEe OIpPeIeTeHIe.

Omnpenenenne 3.2. Konduzypauyus 0emepmuHuUPo8aHH020 KOHEYHO20 A6-
momama M — smo arboe caroso euda qu, 20e ¢ € Qyr, a w € X*.

Bameuanune. Horga Mbl 6yjeM KOHMUIYpAIUIO PEICTABAsATh B BUjge (¢, w ), T.e.
KaK 9JIEMEHT MHOXKecTBa (Jpy X X%,

Ha muoxkecTBe Bcex KoHbUryparuii BBejieM OMHAPHOE OTHOIIEHHE )7, KOTOPOe
OyIeT BBIMOTHATHCS IS JIBYX KOH(MUTYpaIyii TOra U TOJIbKO TOTJIA, KOT/Ia a8mo-
Mmam mooaHcem nepetumu u3 o0nol u3d Hux 6 dpyeyro 3a odun wae. Boiee
TOYHO, ecyu qw u ¢'w’ — aBe KoHdurypanuu apromara M, To

qw Fy ¢'w'  Torma m TOJBLKO TOrUIA, KOTJIa

w = aw' 1J1sk HEKOTOPOTO cuMBoOIaa € X, ud(q,a) = ¢'.

B sTom ciiydae OyjemM rOBOpUTH, 9TO a8momam nepexrodum 3a o0ur waz om
kondueypayuu (u3 xKondueypauuu) qu % xonduzypayuu (6 Kondueypa-
yuro) ¢'w'. Tak Kak s Kazkji0i KoHurypamun (KpoMe 3aKTI0IHTeNbHOI, uMe-
omeit hopmy (g, €)) cylecTByeT eJIUHCTBEHHAS MOCIEAYOMAast KOHMDUIYpalus, TO
dakTrueckn 3 — 310 Gyrkmma n3 Qu X LT B Qp X X*.
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Obosznauum uepe3 3, pedaexcusroe, mpanzumueHoe 3amvlkaGHUE OTHOIIEHUSI
Fu, T qu 3, ¢'w’ Torma m TOMBKO TOrA, KOTJA 0m KOHPU2YPAUUYL qU MOHCHO
nepetimu k konguaypayuy ¢w' 3a Konewnoe wucso wa206. B 4aCTHOCTH BBHIIOJIHEHO
qw F}; qw, 9TO O3HAaYaeT BO3MOYKHOCTH IepeiiTH OT KOH(MUrypanun quw K KoHdUu-
rypanau qu 3a HyJb I1aros.

Onpenenenne 3.3. Caoso w € ¥ npunumaemces (donyckaemcs, pacno3na-
emes) asmomamom M mozda u moavko moeda, Kozda cyuecmeyem makoe cocmo-
anue q € Fy, wmo syyw iy qe.

A3wr L(M), npunumaemniii (donycraemvit, pacnosnasaemsviti) asmo-
mamom M, — 5mo MHOICECMBO 6CEX CAOG, UM PACTLOZHABAEMDLL.

OyHKIUO §)y mepexoaoB aBroMara M, onpeneneHHyo Ha )y X X, MOXKHO ITPO-
JIOJIZKUTB J10 DyHKIUY 0}3,, OUPeJIesIeHHOM Ha Q) X ¥, mosiarast

on(q,€) = ¢, Oy(q,aw) = 63,(0n (g, a),w), rae a € X, w € X7
Torpa 361k L(M), npunuMaeMbiii aBromaTom M, 3a1aeTCsi pABEHCTBOM
L(M) ={w|w € ¥ & oy (s, w) € Fu }.

OyukIuo 0y, mepexogoB aBromara M MOXKHO 3a1aTh TabJIHIEH, CTPOKH KOTO-
poif MoMedeHbl BHYTPEHHUME COCTOSTHUSIMHA aBTOMAaTa, a CTOJIOIBI — CHMBOJIAMHI €0
BHemHero ajdasura. Ha nepecedennn crpoku, MOMEYEHHON COCTOSTHUEM ¢, H CTOJI0-
113, TOMEYEHHOTO CUMBOJIOM @, CTOUT cOcTostHue (g, a).

OpHako I 3aJaHusT aBTOMAaTa yI00Hee MCIOJIb30BaTh 0OJiee HATJISIHOE I'Da-
dugeckoe mpeacTaBaeHne, IMEHyeMoe dua2pammoti cocmoaruti nin duazpam-
MOl nepexodos. ITO pa3MeueHHbI OPUEHTHPOBAHHBINH Ipad, BEepIIHHBI KOTOPOIO
COOTBETCTBYIOT COCTOSIHHSIM aBTOMAaTa W UMM HOMeYeHbI, a JyI'u rpada cooTBert-
CTBYIOT IIepexojiaM MezK/Iy COCTOIHHAMHU. Bojee TOUHO, u3 sepuiunsl, nomewerHot
cocmosanuem q, bepem Hawaro 0yza, NOMEYEHHAA CUMBOLOM O U 3AKAHYUBAIOULLACS
6 sepwune 0y (g, a). Konedanbie cocrostHust n300parkatoTCst IBORHBIMU KPYZKKaMH, a
HaYaJIbHOE — 3HAYKOM ~ >,

Jlnst obsrerdennst n3yvdeHnsl aBTOMATHBIX SI3BIKOB PACCMOTPHM HEKOTOpPOe 0000-
IIeHne TOHATHS aBTOMAaTa — HOHATHE HedemMePMUHUPOB8aHH020 aBToMara. lerep-
MUHHPOBAHHBIE ABTOMATHI PEAJTU3YIOT T€ UM WHBIE aJTOPUTMBI, MPEICTaBJISIONIIE
coboit "Habopu, npurasos na ucnosnenue’. HegerepMuHIPOBAHHBIE aBTOMATHI OYIYT
BKJIIOYATL B ceda " Habopv, paszpeuieruvir deticmeutl’, 9T0 POTHUT UX ¢ Oojee 00-
UM TOHATHEM UCHUCAEHUA. 3AMETUM, 9TO ¢ HAeeil HeIeTepMUHUPOBAHHOCTH ITPH
BBITIOJIHEHNH AJITOPUTMOB CBSI3aH Psi/i HEPEITeHHBIX Ha CErOJHeNTHH 1eHb MpobJIeM,
caMasi 3HAMEHUTasi U3 KOTOPBIX — 3TO npobJieMa paBeHcTBa KiaccoB NP u P,
oTKpbIBatomas cuucok ’lTIpobaemsr Toicauenerns’. HedemepmurnuposanHrocms
bydem cocmoams 68 CnoCObHOCU GABMOMAMA NEPETodUMb 8 00HO U3 HECKONDKUL
BO3MONCHBIL COCNOAHUL, M.€. HOBOE COCMOAHUE YACTNUYHO 3GBUCUM 0M MEKYULE20
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COCMOAHUA U HYUMAEMO20 CUMBOAG — OONYCKAEMCHA HAAUYUE 68 NPOZPAMME AEMOMG-
ma 0as darHol KOMOUHAUUY MEKYUE20 COCMOAHUA U BTO0H020 CUMBONL HECKOAb-
KUT BO3MONCHBIL caedytowus cocmoanut. I[ToaToMy aBToMar, dnTas IOOYKBEHHO
BXOJHOE CJIOBO, MOXKET Ha KayKJOM Iare "BBRIOMpaTh’, B KaKOe M3 pa3pelleHHBIX
COCTOSIHU TepeiiTr. DTOT BHIOOP HUYEM He IIPEJIONpEe/Ie/IeH, MOITOMY HA3bIBAETCS
nedemepmuruposarHviMm. OTHAKO BEIOOP MOZXKET OCYIIECTBIATHCS TOJIBKO CPeIn
TeX CJIeAYIONUIX COCTOAHMIA, B KOTOPBIE BO3MOXKHO MEPEeiTH U3 JAHHOI'O COCTOSHIS
IpU JAHHOM BXOJHOM CHMBOJIE.

Hackobko moa00HbBIe HeeTepMUHIPOBAHHBIE YCTPOMCTBA (DU3NIECKU pPeasn3y-
eMBbI, CerOIHSA TPYIHO CKa3aTh. Bo3MOKHO, 9TO OyAeT BBISCHEHO B XO/1€ HHTEHCHBHO
BeAyIIuXCd B HaCTOAIIee BpeMd HCCﬂeﬂOBaHHﬁ, CBA3aHHBIX C KBAHTOBBIMU KOMIIBIO-
TepaMu, JIjIsi KOTOPBIX Hjiesi HeJeTePMUHUPOBAHHOCTHU siBJIsieTcsi 0a30Boit. Ho Moxk-
HO YTBEPXK/IATh, YTO HEJICTEPMUHUPOBAHHBIE aBTOMATHI MPEJICTABIAIOT COOOi BeCh-
Ma II0JIe3HbIe 0DOOOIIEHNs KOHETHBIX aBTOMATOB, TAK KaK B 3HAYNTE/IHHON CTEeleHn
YIIPOIIAIOT H3yYeHHe TeTepMUHIPOBAHHBIX aBTOMATOB. Kpome Toro, Oymer mokasa-
HO, 4TO B CJ/Iy4Ya€ KOHCEYHbLIX aBTOMaATOB HEACTECPMHUHUPOBAHHOCTL HE ABJIACTCA Cy-
MIECTBEHHON: Kaotcovili HedemepMuHuposartvil KOHEYHbT a8MoMaIm IKGUBGAEHMEN,
0EMEPMUHUPOBAHHOMY KOHEYHOMY ABIMOMAMY.

Onpenenenne 3.4. HedemepmuHupo8aHHbili KOHEUHBLTL ABMOMAIM — MO
NAMEPKA

M = <ZM7 QMa AM: Sm7F>7

2de
Yy — 6xodnot (enewnuli) aagpasum asmomama M,
Qrv — eHympenHnul aagasum asmomama M, ez20 ssemenmov, HA3VIEAIOMCA

BHYMPEHHUMU COCTNOAHUAMU,
sy € Qu — Hawaavroe cocmoanue asmomama M,

Fr € Qu — MHootcecmeo KOHEYHBLT (3aKAN0OHUMEABHBT, JOnYycKaowux) co-
cmoanut asmomama M,

Ay — omrowenue nepexodos asmomama M, 9mo nodmmorcecmso MHONCECMEA

Qu x (XU{e}) x Q-

Jlrobast Tpoiika (g, w,p) U3 Aj; HA3BIBACTCT BO3MOHCHBIM NEPETO0OM s
aBromaTa M. Eciaum B Tekymmuii MOMeHT BpeMenn aBToMaT M HaXOIUTCA B COCTOSTHUN
(¢, CANTBIBAIOIIAS [OJIOBKA 0003peBaeT CUMBOJI @, TO aBTOMAT M MOXKeT BBIIOJTHUTD
Jr060# epexo Bujia (¢, a, p) wiu (g, €, p) Upu yeaoBuu, 9ro {(q, a, p) € Ay, (q,€,p) €
Ayy. Ecou Beimostasiercst nepexozt Bua (¢, €, p), TO CAUTHIBAIONIAS [OJIOBKA OCTALTCS
Ha MecTe, T.e. (i)aKTquCKH CUUTbIBaHUA CUMBOJIa HE IMTPOUCXO/IUT.

OHpe,Z[eI[eHI/Ie BbIYHCJ/IEHUA, BBIIIOJIHAEMOT'O HEACTEPMUHUDPOBAHHBIM KOHEYHBIM
ABTOMATOM, HE3HAYUTEIbHO OTAMYACTCS OT COOTBETCTBYIOIIETO OIPEIe/IeHUs JIJId
JIeTEPMUHAPOBAHHBIX KOHEUHBIX aBTOMAToB. Kongueypauus asromara M — 310,
KaK U paHee, CJIOBO BIJIA qw, The ¢ € Qyr, a w € X* wim sement (g, w) u3 Qpy X 3*.
OrHomrenne )y, Mexkay KoHduUrypamnusamu “nepexod 3a o0um wae’ omnpeneseTcs
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AHAJIOTUYIHO JeTePMHUHUPOBAHHOMY CJIYYalO:

qw Fp pu  TOTIA M TOJBKO TOT/A, KOT/IA

cymecrByer v € Yy U {e} rakoit, uto w = vuu{q,v,p) € Ay

B ornmgne or meTepMHHHPOBAHHOIO CJIyYas I HEIeTePMUHAPOBAHHOIO aBTO-
Mama M oTHOIIeHHEe F-j); MOKeT He OBIThb (hYHKIHei: JjId HeKOTOPBIX KOH(Urypa-
Uil qw MOXKeT OBITh HEeCKOJBKO Map pu WA He ObITh HH OXHOW TAaKOW HapbI, ITO
qw Fr pu.

Kax n B merepMumHHpOBaHHOM ciyd4ae, depe3 =}, 00603HaUUM pedIeKCHBHOE H
TpaH3UTUBHOE 3aMbikanue ). CioBo w € ¥}, npunumaemces (pacnosdnaemcas,
donycraemes) apromaroM M TOraa U TOJBKO TOTJIA, KOTJAA CYIIECTBYET COCTOSHUE
p € Fy takoe, uro syw i, pe. d3pik L(M), npunumaemnti (pacnosnasae-
Moil, donyckaemwili) asmomamom M), — 5T0 MHOKECTBO CJIOB, PaCHO3HABAE-
MbIX aBTomMaToMm M.

Kak n B JeTepMHHIPOBAHHOM CJIydae, OTHOIIeHHe Aj; mepexoaos apromara M
MOKHO 33J1aTh TaO/uIeil, CTPOKH KOTOPOH MOMeYeHbI BHYTPEHHUMHI COCTOSHUSIMI
aBTOMATa, a CTOJIOIBI — CHMBOJIAMH €r0 BHeIIHero ajidasuTa. Ha mepecedennn cTpo-
KM, TIOMEYEHHOIl COCTOsTHHEM ¢, U CTOJIOIA, MOMEeYeHHOro CUMBOJIOM v u3 % U {e},
CTOAT BCE T€ COCTOAHUA (eCJII/I TAaKOBBIE I/IMeIOTCH), B KOTOPbI€ BO3MO2KEH IIEepexo1 13
KOH(UTypaIyu qu.

OHaKO W B 3TOM CJaydae JJIs 3aJaHus aBTOMAaTa yA00Hee HCIOJb30BaTh 00-
Jiee HATJIgIHOe rpadudeckoe mmpejcTaBaeHne — dua2pammy COCmoaHus Nin oua-
epammy nepexodos. Kak u B leTepMUHIPOBAHHOM CJIy9ae, TO Pa3MedeHHbIH Opu-
eHTUPOBAHHBINA T'pad, BEPIIUHBI KOTOPOTO COOTBETCTBYIOT COCTOSIHUSIM aBTOMAaTa U
UMH TIOMEYeHbI, a Jyru rpada cOOTBETCTBYIOT BO3MOXKHBIM MEPEXOJaM MEXKJy CO-
CTOSHUSAMHI. Bojiee TOUHO, U3 6epwuHbL, NOMEYEHHOT COCMOAHUEM ¢, DEPEM HAY%AAO
dyea, nomevernas cumsorom v uz XU {e} u saxanuusarowasca 6 eepuune p mo-
2da u moavko moeda, xozda (q,v,p) € Ay. KoHeunbie cocTosHus H300paZKaAOTCSI
JIBOMHBIMU KPY’KKaMU, a HadaJIbHOE — 3HAYKOM ~>".

Jlemepmunuposartoil KOHEUHbLT GEMOMAM MOHCHO PACCMAMPUBLMb KAK CNEUU-
AALHYIO PA3HOBUIHOCY HEJeMEPMUHUPOSAHHO020 ABTMOMAMA, ¥ KOTOPOr0 OTHOIIIE-
Hue mepexoaoB Ay, apiagercs dyakmuei u3 Qy; X X B Q). HemerepmunupoBanHblii
KoHeuHbll aBromar (X, Qur, Anr, Sar, Fr) ABISETCS JeTEPMUHUPOBAHHBIM TOTJIA
U TOJBKO TOIa, KOIJA €ro OTHOIIEHHEe MepexogoB Aj; He COIEPKHUT TPOeK BHJIA,
(q,e,p) ¢ p# q, w 1yisi 1O6OTO ¢ € Qpy M a € Xpy CYNIECTBYET eIMHCTBEHHOE D € (QQpf
Takoe, 9T0 (¢, a,p) € Apr. SHAUUT, KAGCC A3LIKOS, PACTOSHABAEMbLT OCMEPMUHUPO-
BAHHBLMU ABTOMATNAMU, ABAACTMCA NOOKAACCOM KAGCCH A3DIKOS, PACNO3HABAEMDBLT
HEDEMEPMUHUPOBAHHULMY asmomamamu. Ha camom dese, smu dea kaacca cosna-
darom. C mouru 3peHus 803MOHCHOCTIU PACNOZHABAHUA A3bIKOE HEJEMEPMUHUPO-
BAHHBLE ABMOMAMYL HE ABAANOMCA DOAEE MOUHLLM ANNAPATMOM, YEM 0eMePMUHU-
posarHbvie, — KaHCObT HedemepMUHUPOSAHHbIT KOHEUHVLT a8MOMAM MONHCEM OBIMD
npeobpasosar 6 IKEUBANEHMHBLT emy demepmunuposannoiti. Odnaro nedemepmu-
HUPOBAHHBLE ABTOMATGL CYULLCMBEHHO 00AL2%a0Mm 30044y NOCMPOEHUA OTEPMU-
HUPOBAHHBIT ABMOMAMOS, PACNOZHAOUUT MOM UAU UHOT A3bLK: HEPEIKO OBIBAET
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J0CTATOYHO CJIO?KHO HEIOCPeACTBEHHO IMOCTPOUTH JETEPMUHUPOBAHHBIN KOHEUYHBII
aBTOMAT, PACIIO3HAIONINN HEKOTOPHIN BAayKHBIN ¢ TOW WX WHOU TOYKHW 3pEHUA I3BIK.
OTO HMOCTPOEHHE MOXKHO BBIIOJHUTH B J[Ba dTala: CHadaJja IIOCTPOUTH pPaCIO3HA-
IONIUNA 3TOT S3bIK HEJeTePMUHUPOBAHHBIN KOHEYHBIN aBTOMAT, UTO YacTO OBIBAET
cleaTh 3HAYUTEIHLHO MPOIIE, a 3aTeM ero mpeodpa3oBaTh B JIeTEPMUHUPOBAHHBIN.

Onpenenenne 3.5. Koneunve asmomamove My u My nasviearomces akeusaseHm-
HBLMU, eCAU pacnosnasaemvie umu asviky L(My) uw L(Msy) cosnadarom.

Teopema 3.1. /Jlaa 4106020 HEIEMEPMUHUPOBAHHO20 KOHEUHO20 GEMOMAIMA CYULE-
CMBYEM IKBUBANEHMHBLT eMY DEMEPMUHUPOBAHH BT KOHEUHLT ABTMOMAM.

Joxaszameanvcmso lyere M = (Xy, Qur, Anr, S, Fur) — Heperepyu-
HUPOBAHHBIM KOHeUHBI aBTOMAaT. [locTponM meTepMHUHHPOBAHHBIN KOHEYHBIN aBTO-
matr M' = (X, Qurry Opgry Saars Fapr), sxBuBastentustit M. Hdes nocmpoenus makozo
aA8MOMGMA 3GKAIOUAETMNCA 6 TOM, YMOoObL PACCMAMPUBLMY HEICTNEPMUHUPOBAHH LT
KOHEUHBLT a8MoMam 6 daHHVLT MOMEHM BPEMEHU HE KaK HATOOAUULCA 68 HEKOMO-
POM ONPEIENEHHOM COCTNOAHUY, G KAK HATOOAUWUTLCH 00HOBPEMEHHO 80 MHONCECNEE
COCMOAHUT — 80 6CEL MET COCMOAHUAL, KOMOPbLE MO2YM ObMYb JOCTUZHYMbL 0N
HAYAALHO20 NPU NPOMUMAHHOT K MEKYUWEMY MOMEHY YaACMU 8L00H020 CA0GA.

Buewmnuti (6xodnot) aagasum asemomama M’ cosnadaem ¢ snewnum asdasu-
mom asmomama M, 1.e. Xy = Y. Mrooicecmeom sHympennux cocmoanuti asmo-
mama M’ asasemesn muoorcecmeo Q= P(Qar) 6cex nodmmoocecms muoscecmsa
Qn snympennuz cocmoanut asmomama M. Mwuooswcecmeo Fyp 3aKA104UMEALHOIET
cocmoanuti aemomama M’ onpedessemes Kkakx MHONHCECMBO, COCMOAULLE U3 BCET
mex nodmrostcecme mmoscecmsa Qyr, Komopwie codepotcam roms bvl 00HO 3GKAI0-
wumenavroe cocmosnue M, T.e.

Fy ={U|UCQu&UNEy # 0},

s onpenenenus (DyHKIUH HePeX0OI0B Iy 1t aBromaTa M’ morpeGyeTcs 01HO
BeromoraresibHoe nongrue. s moboro cocrosinud ¢ € () HeJleTePMIHIPOBAHHOTO
asromara M 4epe3 E(q) 0603HATACTCS MHOKECTBO BCEX COCTOSIHUI 9TOTO ABTOMATA
M, koTopble MOXKHO JOCTHYb W3 COCTOSTHUS ¢, 9UTast JIUIIH [IyCTOE CJI0BO (6e3 dTeHust
BBOJIA), T.€.

E(q) = {plpe€ Qu&q b}, pe.

Jlerko ykaszaTh aJropuT™ Jjisl TOCTPOeHUs MHO)KecTBa F(q).

OmpeeiuM HauadbHOE cocTosinue apromarta M’ paBerctsoMm sy = FE(s). s
HPOU3BOJLHOrO cocrosguusg () € @y aBromara M’, r.e. mogmuoxkecTBa (Q C Q)
MHOYKECTBa, COCTOsIHMIT aBromara M’', n KaxKI0ro CUMBOJIA G € Yj; €ro BHEIIHero
asipaBuTa MmoJsraraem

o (Q,a) = qg@ E(p).

(g,a,p)
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ComepkaresbHO dyy/((Q), @) — 9TO MHOXKECTBO BCeX TeX COCTOsiHW aBTromara M, Ko-
TOpBIE OH MOXKeT JIOCTHYb, MPOYNTAB CUMBOJ @ (M CIETaB HECKOJIBKO IEePEXOI0B 10
IIyCTOMY CJIOBY).

[TokazkeMm, 9TO JeTepMUHHPOBAHHLI aBromMar )M’ SKBHBAJICHTEH HeJIeTePMUHH-
poBanHomy aBromary M.

OcHOBY J0Ka3aTeIbCTBa COCTAB/IACT CJeLyIOIIee yTBepPZK IeHue:

04 NPOU3EOALHO20 CA0Ba W 6 aadasume Yy asmomamos M u M' u aobvix
deyx cocmoanuti p u g asmomama M cnpasediusa sK6USAAEHIMHOCTIL:

qw F3; pe TOrJA W TOJIHKO TOT/IA, KOT/IA

(3P € Qum)E(qQw bk Pe&pe P.

Tak kak P, 0 KOTOPOM HJIET Peub B ITOIl SKBUBAJEHTHOCTHU, YJIOBJETBOPSIET DABEH-
crBy P = 8%, (E(q),w), T0 10oKa3biBacMasi IKBUBAJICHTHOCTH HIPUHAMACT BILJL

quw b}, pe  Torma m TOJBKO Torya, Korma  p € Sy (E(q), w).

JIoKa3aTeIbCTBO 3TOTO YTBEPZKICHHA MPOBEIeM HHIYKIMel 110 JJIIHe CI0Ba wW.
Basza undyryuu. Ecmu |w| = 0, To w = £ — mycroe cioBo. [Toatomy m0Ka3bi-
BaeMasl SKBUBAJICHTHOCTD CJICAYeT U3 CJAeAyIONINX SKBUBAJCHTHOCTH U PABEHCTBA

ge by pe TOrma m TOJNBKO TOrIa, Korga  p € E(q),
w(E(g),e) = E(q).

Hnoyrxmusnviti nepexod. Ilycts cioBo w umeer BHI va, Iae v € Xy, H
a € Y.

Honyctnm, aro qw = qua =3, pe. Torpa maiiayrcs ABa TaKUX COCTOSIHUSA Pp U
p aBTOoMarta M, ato

qw = qua 7y, pra Far pee o pe.

[Iepexon pia Fp; pae — 9TO MOMEHT UTeHHSA OYKBHI @.
Tak kak
qua Fy pra <= qu By pie,

TO IIO UHAYKTHUBHOMY IIPEIIIOJIOZKEHHIO

E(q)v Fyy Pie &pr € P =03,(E(q),v).

Kpowme Toro
pia Far pe = (p1,a,p2) € App.

[Tosromy
, — ») ,
on (Pr; @) tEL]JDl 2 E(p2)
(t,a,t’YEA N
Tak xak

pee iy pe <= p € E(p),
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§4. KoneuHble aBTOMATBI B PEryJIgpHbIE BbIPAKEHHS

TO

p € o (Pr,a) = opr (03 (E(q),v),a) =
w(E(g),va) = 03 (E(q), w),

T.e. p € 03, (E(q), w).
J1jis IOKA3aTe bCTBA OOPATHOrO YTBEPZKICHUS MPE/IIIOI0KAM, ITO

D € 57\4/(E(Q>7@&>'

[Tosaraem
P = 6/ (E(q),va), P = 03y,(E(q),v),

torna p € P = 03},(P1,a) 1 BHIIOJHEHBI TI€PEXOIbI
E(q)va Fy Pia bpp Pe.

Tak kak
P = 5M/(P1,CL) == U E(pg),
p1EP]
(p1,a,p2)EA )1
TO HAWYTCsS TaKWe COCTOSIHUST P1 U Py aBroMarta M, aro py € Py, (p1,a,p2) € Ay
up € E(pg). Buaunur pee 3, pe. U3 E(q)v F}; Pie u pp € Py 0 HHIYKTUBHOMY

IPeIOIOKEHHUIO CIeyeT, 9To qu 3, p1€. B nrore momydaem memovky mepexoioB

qua )y pa Far pee By pe.

Buauur qua Fj,; pe.

Jokazkem skBuBaseHTHOCTH aBromatoB M u M', r.e. coBnanenue si3pikoB L(M)
u L(M').

Ecan w — cioBo Bo BHermHeM ajidaBuTe 3THX aBTOMaToOB, To w € L(M) Torma
U TOJIBKO TOTJa, KoTJa Haigerca f € Fjy Takoe, uto syw F3, fe. B cmmy yxke
JOKA3aHHOTO TOCIeHee PABHOCHIBHO f € 03 (E(Sy), w).

B wurore mosydaem skBuBaseHTHOCTh W € L(M) Torma m TOJIBKO TOTA, KOIJIA
tr(E(sar), w) N Fy # 0. A nocaieqaee sxkBuBasienTHo 04, (syr, w) € Fyp, me. w €
L(M'"), nosromy L(M) = L(M’). O

3ameuvarue. JloKazaTeabCTBO TpEAbIAyINeil TeopeMbl dBasgeTcd (haKTHIeCKn
KOHCTPYKMUBHBLM — U3 HETO MOXKHO U3BJIEYb AA20PUMM TIOCTPOCHUS 110 JTI000-
My HEJIeTePMUHUPOBAHHOMY KOHEYHOMY aBromary M 3SKBHUBAJEHTHOIO €My JeTep-
MUHUPOBAHHOTO aBToMaTa M.

§4. KoHeuynnle aBTOMATHI 1 peryjasapHbie BbIPaXKeH’s

B srom maparpade 6yaeT ycTraHOBIEHO, YTO paCCMOTPEHHBIE BBIIIE JBa BapHaH-
Ta KOHEYHBIX 33/IaHUI S3BIKOB IIyTeM WX OIMUCAHUS PEryAsipHBIMU BbIDAKEHUSIMHA 1
3aJlaHeM pean3yeMblX KOHEYHBIMU aBTOMATaMH aJITOPUTMOB, PACIO3HAIONINX ITHU
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SI3BIKH, HA CAMOM Jlejle S9KBUBAJEHTHBI. DTO yTBEPK/IEHNEe HOCUT HA3BAHUE TEOPEMbI
C. Knuuu. Ilpu sToM peryasgpHble BbIpaykKeHUs BBICTYIAOT B Ka4eCTBE OMUCAHUIM
(omucaresieit) s3bIKOB, a KOHEYHbIE aBTOMATBHI — B KAYECTBE UX DPACIO3HABATENENl.
OTH ABa MOAXOJA K 33JAHUI0 SI3BIKOB B OMPEIEJEHHOM CMBIC/IE JIOMNOJHSIOT JPYT
Japyra. UTobbl u3/uiHe He yIMHATE A0Ka3aTetbeTBo Teopembl C. Kymmau, mpegsa-
PUTETIHHO JIOKazKeM yTBEPIK/IeHne, KOTOPOe COCTABUT OCHOBHYIO 9aCTh ITOTO JTOKa-
3aTeJIbCTBA M BayKHOE CaMo TI0 cebe.

Teopema 4.1. Kaacc aswkos 6 asdasume X, pacnosHa6aemuls KOHEYHOLMU 6O
MAMAMU, 3GMEHYM. OMHOCUMENLHO MEOPEMUKO-MHOHCECTNEEHHVT 0ONEPAUUT

(1) obsedunenue,

(2) nepeceuenue,

(3) pasnocmo,

(4) xonwkamenayus;

(5) nasewusarue 36e3douru Kaunu.

Howxasameanvcms o JlokazareJlbCcTBO TeOPeMbI MPOBEIEM IO CJIeAYIONeH
cxeme:

B KaKJIOM M3 IEPBLIX YeTHhIPeX CIydaeB MOKaxKeM, KaK IO JBYM KOHEYHBIM aB-
tomatam My u My, pacnosnamonum 36K Ly 1 Lo, TOCTPONTH KOHEUHBI aBTOMAT
M, pacnosuatomuii 36K L, mojydatoniuiics u3 Ly u Lo ¢ MOMOIIBIO paccMaTpu-
BaeMoil ollepaliun; B MATOM C/Iydae — HaBellMBaHUe 3Be309Ku KnHun — mokazkew,
KaK 0 KOHeYHOMY aBToMmary M, pacmo3Haionemy s3blK L, TOCTPOUTh KOHEIHBII
aBromMaT M*, pacno3HaONUil I3bIK L*, moydatonuiicsa n3 ga3blKa [ HaBenmnBaHueM
3Be310uKN Kinau.

(1) O6sedunenue.

[To nmpou3BOILHBIM JIBYM HeJIeTePMUHUPOBAHHBIM KOHEYHBIM aBTOMaTaM

Ml = <E:QM17AM178M17FM1>7

M2 = <E:QM27AM27$M27FM2>

MIOCTPOUM HeJIeTePMUHUPOBAHHBIN KOHEYHBITT aBroMar M, pacro3Haiomuil A3bIK
L(M;) U L(M,). Unest mocrpoenust aBromara M mpocra: HCHONb3YsS HEIETEPMIU-
HU3M, aBTOMAT M, MOJIYYHB BXOIHOE CJIOBO W, PEIIaeT, "KaKym W3 JABYX THIOTe3
nposepars': "w € L(M;)?"umu "w € L(M;)?", t.e. "onpeenser, KAKOMy U3 JBYX
apromaroB M; u M, mepegars ero Ha oOpadboTKy', 3aTeM oOpabaThIBaeT CJIOBO TaK,
KaK 3TO OBbI C/1e/1aJI BBIOPAHHBIN UM aBTOMAT.

[Toctpoum apromar M, peanusymoimuii 3ToT npoekT. CanraeM, 9TO MHOKECTBA
Qun, 1 Qp, BHYTpPeHHHX coctosinuii aBromaroB M; m My e nepecekatorcs. Ko-
HEYHBIN HeJleTepMUHIPOBaHHbI aromar M, pacnosnatonmii s36ik L( M) U L(M,),
MOKHO 33JIaTh CJIEIYIOIMHIM 00pa30M:

M = <27QM7AM7$M7FM>7
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§4. KoneuHble aBTOMATBI B PEryJIgpHbIE BbIPAKEHHS

rjie Sy — HOBOE cocTosinme, He Bxomsdiiee B @y, U Qs

Qm = Qu, UQa, U{sm},
EFy = Fy, U Fyy,,

Ay = Apsy, Uy, U{(Sa,6,80,), (505 €5 50,0 }-

Apromar M, nmosyumB B KadecTBe BXO[a CJOBO w, HadWHAET paboOTy ¢ Hemerep-
MUHUPOBAHHOIO BBHIOOpA: TepeiiTn B HaYaIbLHOE COCTOsSIHUE Spy, aBroMara M wim
B HavaJbHOE COCTOSHUE Sp;, aBToMara Ms. 3aTem oH paboraer Kak Mp mam M.
3Haunt, syw i, pe mA1da HEKOTOPOro p m3 Fjy TOrga W TOTBKO TOIJIA, KOTJA WA
Syw 1y, pe AMA HeKoToporo p m3 Iy, wiam sypw i pe i HEKOTOPOTo p
u3 Fyy,. Takum obpasom, apromar M npuHuMaer (pacrno3HaeT) CJOBO W TOTAA W
TOJIBKO TOT/Ia, KOIAa 9TO CJI0BO NpuHUMaeT aromar M wan aBromar Ms. 3HAUHT,
L(M) = L(M;) U L(M,).

(2) Iepeceuenue.

Jlna mokasaTenbcTBa 3aMKHYTOCTH KJIacCa aBTOMATHBIX SI3bIKOB OTHOCHUTE/IHHO
onepanuii mepecevyeHnd W Pa3HOCTHU BOCHOJb3yeMCd CACAYIONed CXeMOW: HOKarKeM
3aMKHYTOCTbH 39TOTO KJIACCA OTHOCUTEJBHO OINepaluu  B3ATUS  JIONOJTHEHUS
L = ¥* \ L u BOCHOIB3YeMCsT XOPOTIO H3BECTHBIME PAaBEHCTBAMI

Ll\LQZleL_Q, leLQ—(LlLJLQ)

[Tycrs demepmunuposarnoiti xoneunniit asromar M = (X, Qur, Oar, Sur, For)
pacrosnaer 36K L. Torma ponosnnenue storo s3bika L = ¥\ L(M) pacnosnaercs
JeTEPMUHUPOBAHHBIM KOHEUHBIM aBTOMATOM

M = (Z,Qu Anr. sar, Qe \ Far ).

(4) Konkamenayus.

[To HeeTepMuHUPOBAHHBIM KOHEYHbIM aBTOoMaTam Mi u My nocTpoum Hejgerep-
MUHUDOBaHHbIN KOoHeuHbIl aBromar M rakoit, uro L(M) = L(M;) o L(M;). Unes
KOHCTPYKITUU 3TOTO aBTOMAaTa MpocTa: BHadase aBroMaT M paboTaeT Kak aBTOMAT
M; (nmurupyer pabory Mi), JOCTHIHYB OJHOTO W3 3aKIIOUUTENBHBIX COCTOSHUM
aromata M, aBromar M MOxKeT TPOJIOJIKUTH padboTy Kak aBroMar M, a MOxKeT
HeJleTePMUHUPOBAHHO "mepeckounTh''B HadabHOE cocTosiHme aBromara Moy, moce
5TOro OH paforaer Kak apromar My (umurupyer padbory Ms).

[Toctpoum aBromar M, peanusyomuii 3TOT npoekT. CUnTaeM, YTO MHOXKECTBA
Qnry, 1 Qp, BHYTPEHHUX cocTogHmit aBromMaroB Mp, m M, me mepecekarorcd. Ko-
HEYHBIN HeJeTepMUHUPOBaHHBI aBromar M, pacnosuawommii s36ik L(M;) - L(Ms),
MOZKHO 33/1aTh CJIEIYIOIINM 00pa30M:

M = <27QM7AM73M7FM>7
rae sy = Sy, Qv = Qun U Qw, i = Fuuy,
Ay = Ay U Ay, U{(q,e,8m,) ]9 € Fag, }.
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(5) Hasewusanue 3sezdouru Kaunu.

[To HemeTepMUHUPOBAHHOMY KOHEYHOMY aBTOMaTy Mj, pacmo3HAONEeMy S3bIK
L(M,), moctpoum HeJeTepMHUHUPOBAaHHBI KOHedHBII aBromar M Takoii, 49ro
L(M) = L(M;)*. Asromar M Bkmiodaer B cebst Bce cocrostHust aBTroMara M u
BCe ero mepexoypl. Bee Koneunbsie cocTosduus aBroMata M gBASIOTCS U KOHEYHBIMA
cocrogauamu aBromarta M. lomonuurenbno y M ecTh HOBOe HadaIbHOE COCTOSHUE
— Sp- OHo gBisieTcd W OJHUM U3 KOHEUYHBIX, YTOOBI JOMYCTUTH IIyCTOe CJI0BO. 3
HAYAJIHbHOTO COCTOSTHUSI S); MMEETCSI £-TIePeX0/l B HadaJbHOE COCTOSHHE Sp;, aBTO-
mata M. HayaB paborarh B cBOEM HadaJIbHOM COCTOSHUU Spy, aBToMaT M MozKer
JIn0O JIONYCTUTH MyCTOE CJIOBO, JUOO HAavYaTh UMHUTUPOBATH paboTy aBromara M.
W3 KaxK10ro KOHEYHOTO cocTosgHud aBToMara M nobaBisgercs e-mepexol 0OpaTHO
B HavaJIbHOE COCTOSHHE Sp;, aBToMaTa M. [losromy, mpuHAB HEKOTOpOE HAYAIO
BXOJIHOTO CJIOBA W Kak NpHHaJexaiee 36Ky L(M), aBromar Moxer nepeiitu
B HaYaJbHOE COCTOSIHUE Sy, aBToMara M W MPOJOIKNTH MPONECC PACITO3HABAHUS
OCTaBIIEICA HENPOYUTAHHONH 9aCTH CJIOBA.

[Toctpoum aBromar M, peajusyomiuil STOT TPOEKT.

M = (3, Qun, Awry suy Fur),

rJe sy — HOBOe cocTosiume, He Bxojsiee B Qur, Qu = Quy U {su}, Fu =
Fay U {su },

Ay = AMI U {<SM7578M1> U {<q75>sM1>|q € Fu, }

,HOKa}KeM OAHY M3 OCHOBHBIX T€OPEM TE€OPHUU KOHEYHLIX aBTOMAaTOB.

Teopema 4.2 (C. Kaunn). f3vik A6AAEMCA PELYAAPHOIM MO20A U MOALKO MO2-
da, £020a OH PACNOZHAEMCA HEKOMOPLIM KOHEYHDILM GBMOMATMOM.

oxaszameanovcmeo Tak Kak KaacC aBTOMATHBIX S3bIKOB 3aMKHYT OTHOCH-
TEeJILbHO OO'beMHEHNsI, KOHKATeHAIMN W 3Be3109Ku KJIMHU, TO /I T0Ka3aTeIbCTBa,
aBTOMATHOCTHU JII0OOTO PEry/IspHOIO SI3bIKa B COOTBETCTBUU C OIpejeIeHueM KIacca
PEryasipHBIX A3bIKOB JOCTATOYHO YCTAHOBHTH aBTOMATHOCTH IYCTOTO SA3bIKA, SI3BIKA,
COCTOSIIIETO JIMIIb U3 MyCTOrO CJI0BA M OJHOOYKBEHHBIX SI3BIKOB. IlocTpoenue coot-
BETCTBYIOIIMX aBTOMATOB TPUBHAJIBHO. [[09TOMY MOXKHO CYUTATH JOKA3aHHBIM, UTO
KaHcOull pe2yraproili A3oiK PACNO3HAEMCA HEKOMOPHIM KOHEYHBIM ABMOMGIMOM.

JLns moKazaTerbeTBa 0OPATHOTO JOKAXKeM, ITO 110 JTI0OOMY KOHETHOMY aBTOMATY
M = (3, Qu, A, Sar, Far) MOXKHO HOCTPOUTH TAKOE PETyJIsiPHOE BhIPAZKEHHE (v, 9TO
L(M) = L(«).

[TpencraBum L(M) B Buge 00beIMHEHNS KOHETHOIO THCIIA GOJIee TPOCTHIX S3bI-
KOB.

[Iycts Qn = {q1,---qn} u Sy = qi. Jjish IPOU3BOJIBHBIX uucen i, j u k, Tie
i,j=1,...,nu k =0,...,n onperenum a3k L(i, j, k) KAK MHOXKECTBO BCEX CJIOB
u3 X, KOTOpble MOTYT Iepesectu asroMar M u3 cOCTOsIHUS @; B cOCTOsiHUE ¢; Oe3
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MIPOXO0K/IEHUST Yepe3 MPOMeKyTOUHOe COCTOsTHIE ¢ HOMepoM k + 1 win Oosibiiie npu
3TOM KOHEYHBIe TOUKHU ¢; U ¢; MOTYT UMeTb Jjiobsle HoMepa. IIpu k = n mosydnm

L(i,j,n) = {wjwe X &qw ), ¢el.

Tak Kak

LMy = |J La,jn),

q;€EF

TO ecJii OyJIeT yCTaAHOBJIEHA PEryJIsiPHOCTh BeeX si3biKOB L(i, j, k), peryasipabivM Oyaer
u sa3uik L(M).

Perynsipaocts s13bik0B L(i, 7, k) nmoka3piBaeTcs uHyKiuei mo k.

Ecmm k = 0, To Bo3MOxKHBI aBa ciydas. Ilpm ¢ # j L(i,7,0) = {a | a €
YU {e}&(¢;,a,q;) € Ay} Ecm xe @ = 7, 10 L(3,5,0) = {e} U {o|loc € Xy U
{e}@i,0,q;) € Ay} Kaxkmoe n3 stux MHOXKeCTB, Oyaydd KOHEUHBIM, SIBJISETCS
peryaspHbBIM.

Eciu g Beex 4, j yzKe yCTaHOBJIEHa DPEeryJispHOCTh si3bikoB L(i, 7,k — 1), To
peryaspHocThb s3bika L(i, j, k) cieayer u3 paBeHCTBa

L(i,j.k) = L(i,j,k — 1)U L(i, k,k — 1) - L(k, k,k — 1)* - L(k, j, k — 1).

OTO paBeHCTBO IIPOCTO O3HaYaeT, YTO IIPHU JBUKEHHU U3 ¢; B ¢; 0e3 IIPOXOKIeHUs
Yepe3 COCTOSHUS ¢ HOMepamu, Gobmumu 4eM k, y aBromata M ecTb 1Be BO3MOK-
HOCTH:

(1) maTu u3 ¢; B g; 6€3 HPOXOKIEHUS Yepe3 COCTOSHUS ¢ HOMEePAMH, GOJIbIINMM
geM k — 1,

(2) uaru w3 ¢; B g, 3aveM u3 q; B ¢ 0 wim Gosee pas, 3aTeM WATH U3 () B
¢j, IPH 9TOM KazKJblil pa3 6e3 MpOXOoxKJIeHUs uepe3 IPOMeKyTOUHble COCTOAHHUSA C
HOMepaMu, OobIuMa yeM k — 1.

Buauut, npu Jg00bIX i, j, k a3bik L(i, j, k) peryasipen. [Tostomy perysisipHbiM
sBJisiercst U 136K L(M). D10 3aBeprraer 10Ka3aTeJbCTBO TEOPEMBbI. O

3ameuwarue. V13 10Kka3aTeIbCTBa TEOPEMBI MOXKHO U3BJIEUb aJITOPUTM MOCTPOE-
HUS 10 KOHETYHOMY aBTOMATY, 3a/IaI0IeMy HEKOTOPBIi SI3bIK, PETyJISPHOTO BbhIparKe-
HUS, ONMUACBHIBAIOIIETO TOT YK€ SI3bIK.

Nmeercst HEMAJIO CPEJICTB JIJIT YCTAHOBJIEHUsI PErYJISIPHOCTH SI3BIKOB — 3TO U pe-
IyJIsIpHBbIE BhIPayKeHUsl, U KOHEYHbIE JeTePMUHUPOBAHHBIE W HEeAeTePMUHUPOBAHHDBIE
aBTOMATHI.

3 TeopeTHKO-MHOZKECTBEHHBIX COOOPAYKEHUN C/IE/IYET, UTO HEPE2YAAPHBLE AZDIKU
cyulecmsyrom, Tak KaK MHOZKECTBO Pery/IspHBIX BbIpakKeHuil HaJ (DUKCHPOBAHHBIM
KOHEYHBIM WJIM CYETHHIM aadaBUTOM CUETHO, a MHOYKECTBO BCEX S3BIKOB HECUYETHO.
Ho mis nokasaresbcTBa HEPeryJsipHOCTH KOHKPETHOTO SI3bIKA TPEOYIOTCS JIOTOJI-
HUTEJIbHBIE 3HAHWS CBOHCTB PEry/IspPHBIX A3bIKOB. CUTyallst OTIAJIEHHO HATIOMUHA-
eT BO3HHUKINYIO B KoHIle XIX Beka cUTyanuio B 00JJACTH TPAHCIEH/JIEHTHBIX YHCET:
n3 Teopembl . KanTopa 0 HECYETHOCTH MHOXKECTBa BCEX JEHCTBUTETHLHBIX UHCET
U CYETHOCTH MHOXKECTBa ajredbpamvecKux Uuces CJejayeT HeCUYeTHOCTh MHOYKECTBA
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BCEX TPAHCIEHIEHTHBIX YHUCEJI, OJHAKO YCTaHOBJIEHUE TPAHCIEHAEHTHOCTH KOHKPET-
HBIX YHCEeI, KaK MPaBHJIO, OBLIO CBA3aHO C PeIIeHHeM KPYITHOW MaTeMaTHYeCcKOil
npobsieMbl. HamomuuMm jtuimrb o jgoka3arenberse 1. DpmuToM TpaHCIEHIEHTHOCTH
qucJIa € U 0 BeiaromneMced yernexe @, JImaaemana, JOKa3aBIIero TPAHCIEH/IEHTHOCTD
qucIa .

Crenyromast BaykKHast TeOpeMa MO3BOJISIET YCTAHABINBATH HEPETYISPHOCTH HEKO-
TOPBIX KOHKPETHBIX $I3BIKOB, a TAKKe IM0JIe3Ha IIPY PEIIeHN N PsIa aTOPATMAIECKITX
pobJieM, CBSI3aHHBIX C PErYJISIPHBIMU SI3bIKAMH.

Teopema 4.3 (Teopema o makauke (o Hacoce)). i 4106020  pe2ysaprozo
asvka L cywecmeyem maxoe wucao n, wmo kascdoe 060 w ud L daunw |[w| > n
mootcem boumsd npedemasaeno 6 eude w = xyz, npuuem y # g, |zy| < n u das
kaotcdozo k > 0 xy*z € L.

JTokxasameunncmeo. Byaydu peryJIsapHbIM, 36K L PACIO3HAETCS HEKOTOPBIM
JeTePMUHAPOBAHHLIM KOHEUHBIM aBToMaroM M. IlycTh n — 9UCI0 COCTOAHMIA 3TOr0
aproMara M, a ¢y — ero Ha4YaJIbHOE COCTOSHHUE.

[Iycts cioBo w gymebl |w| = m > n upuHAJIERAT 36Ky L. Paccmorpum
pabory aBromara M Ha BXOIHOM CJIOBE wW:

qo W1W3 . .. W |_M q1 Wy ... W I_M I_M qm €,

rjie wi, ..., Wy, — 3T0 OYKBBI CJIOBa wW. 3aMETHM, UTO ¢, € F).

Tak kaxk y aBromaTa M JHIIb N COCTOAHMI, 8 B YKA3aHHOM BBIUYHCJICHHH BO3HH-
KaeT m + 1 Koudurypanus BUJAA ¢ Wiy ... Wy 1M+ 1 > n, TO CYHIECTBYIOT TaKue
yncia ¢ u j, uro 0 < i < j < nu ¢ = g;. [llosromy cj10B0 y = wjy1 ... w; IEPEBOJUT
aproMaT M U3 cOCTOSHUS ¢; HA3aJ B 9TO K€ COCTOdHME ¢;. TaK Kak ¢ < j, TO 3TO
CJIOBO HelycTo. BBesem 0003HaueHHS T = Wi...W; U 2 = Wj4q - .. Wy,. fICHO, 4TO
CJIOBO T2 = W ... W;Wjt] - .. Wy, NEPEBOIUT aBTOMAT M U3 COCTOAHHA Gy B TO Ke
caMoe MPUHUMAIOIIEe COCTOSTHUE (,, ITO U CJIOBO W = XTYZ. JHAYUT xz € L.

[Tpu ar060Mm k > 1 ciioBo

k
TYy 2 =wW1... W5 Wig1...-Wj Wi41.. . Wj... Wig1...Wj Wjyg1...Wn

mepeBouT aBTOMAT M U3 COCTOSHUS ¢y B TO K€ CaMoe MPUHUMAIOIIEEe COCTOSTHIEe
@m, 9TO U CIOBO W = xyz. 3naunut xy~z € L. 0

B kauecTBa mpuMepoB HpHMEHEHHS TEOPEMBI O HAKAYKe YCTAHOBUM HEPEryssp-
HOCTHh HEKOTOPBIX 110 PA3HBIM MPHYMHAM BaKHBIX U HHTEPECHBIX S3LIKOB.

IIpumep 1. dsbix Ly = {a*b*|k > 0} me apngerca peryaspubiM. B camom
JieJie, MpPeJIONOJIOKUM, 9TO OH sABJIsieTCs peryiaspubiM. [Iycrs n — duciio, o koropom
UJeT pedb B TeopeMe 0 Hakadke. PaccMOTpPUM IPUHA/IIEKAIIEE ITOMY SI3BIKY CJIOBO
w = a"b". ITo Teopeme 0 HaKa4YKe €ro MOYKHO IMPEJICTABUTH B BHJIE W = XYZ TaK, 4TO
y # € n upu mobom k > 0 ay¥z € L.

Ecmu y = a* ang sekoroporo i > 0, To 2z = a" *b" &€ L, 4T0 IPOTHBOPEUUT
TeopeMe O HaKadKe.
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Ecim y = b ana mexoroporo i > 0, T0 1z = a™b"* ¢ L, 9T0 HPOTHBOPEYHT
TeopeMe O HAKAYUKe.

Ecm y = 't ans mexoroporo i, 7, o xy*z = a" H(a'))*b"I ¢ L, uro Takke
IPOTUBOPEUUT TEOPeMe O HAKauKe.

IIpumep 2. PaccMoTpuM g3BIK
Ly = {w]|w € {a, b} & ciioBo w nmeer pasroe KosmuecTBo GyKBaub }.

Ecan 661 536K Lo OB PEryJsipHbIM, TO TAKOBBIM Obl OblI1 u si3bIK Lo N L(a*b*).
OHako HeperyasapHOCTb 3TOTO d3bIKa YKe yCTaHOBJIeHa B mpumepe 1.

§5. Hekoropnle aaropurmMmieckKne mpoodieMbl
I A3bIKOB

JIns sa3bIKOB B ajipaBUTe Y. eCTECTBEHHBIM 00pa3oM (hOpMYTUPYIOTCS aarOpHT-
MHUYECKHe MpOoOJIeMbl:

IIpobaema exoostcderus: no npoussosvhomy aAsvky L 6 asgasume X u npo-
UBBOALHOMY CAOBY W 6 IMOM asdasume mpedyemcs onpedesums, NPUHAIAEHCUN
AU CA0B0 W A3bLKY L.

B Takoii upe3BbIuaiiHO 00IIeil TOCTAHOBKE IpobJeMa BXOXKIEHHSA, KOHEYHO, He
MOXKeT OBITH pereHa. HeoOXOmMMMo Mperkae BCero yTOYHUTH, KaK 3aJaH I3bIK L.
EcTecTBeHHO OrpaHUInTHCS PACCMOTPEHUEM JIUIN sI3IKOB C ""KOHeTHBIM 3a1aHuem"
JTAIOIIMM B OTIPEJIeJIEHHOM CMBIC/Ie OCHOBHYIO MHMOpMANUIO O si3bike. [Ipumepamn
TAKUX KOHEYHBIX 3aJaHHil MOTYT CJYKHTh PEryJspHble BbIPasKeHHs U KOHEJIHBIE
aBTOMATHI. B 3TOM ciiydae mosrydaeM CIeayromyo mIpobaemy.

ITpobaema 6xootcdenus 0as KOHEUWHO-GBTMOMATHHL (PE2YAAPHBIT)
A3BUKOB: N0 NPOUZBONLHOMY ABTMOMAMHOMY (pe2ysapromy) asvky L e aspasume
Y1 U MPOUZBONBHOMY CAOBY W 6 IMOM GAPasume mpebyemcsa onpedeiums, npuHao-
AEHCUM, AU CAOB0 W A3bKY L.

Crestaem HEKOTOpBIE TOsiCHEeHWsT. IKOHETHO, BBU/Iy COBIIAIEHUS KJIACCOB KOHETHO-
aBTOMATHBIX M PErYIsPHBIX SI3BIKOB MOXKHO OBLTO OBl B (hOPMYIUPOBKE MPOOIEMBI
BXOKJIEHHUSI OTPAHMIHUTLCS JIUIIb OMHUM U3 STUX ABYX HmoHATHil. V1 3TO ompaBmamo
B CHUTyallud, MOKAa HAC WHTEPecyer JIUMIb caM (PaKT CyIIEeCTBOBAHUS COOTBETCTBY-
forero ajgroputma. OIHAKO MO3Ke HAC OYJIeT WHTEPeCOBAThH HE TOJHKO BOIPOC O
CYIIECTBOBAHUY AJITOPUTMA, HO M XaPAKTEPUCTUKHU €r0 CJOKHOCTH — BpeMsi pabOThI,
06beM HCIOJIB3YeMOil TTaMsITH, CJIO0KHOCTH 3ajaHus (OMUCAHWS) AJrOPATMA U T.II.
Bpems paboTnl anropurMa u 00beM HCIOIbB3YeMOl MaMATH SBISIOTCI (DYHKIAIMA
OT paamepa 8To0HBT danHbx. Ul ecin pazmepom BXOTHOTO CJIOBA W eCTECTBEH-
HO CYHTATh ero JUINHY |w|, To pasmepom si3bika L ecTeCTBEHHO cunTaTh 0AUHY
ero 3adanus. B Takom ciydae BeIOOD criocoba 3a1aHust si3bIKa L MOYKET OKa3aThCst
CYIIECTBEHHBIM.

[Ipu dbukcupoBanuu g3bika L MBI HOJyYaeM YaCTHYIO ITPOOJIEMY BXOXKICHUS B
TOT SI3BIK.
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Yacmuas npobaema 8xoscdenus 0as asvika L: oia purcuposaninozo aAsvi-
ka L 6 aadasume X no npoussosvHomy caoey w 6 smom asdasume mpebyemcs
ONPECAUMD, NPUHAONENHCUM AU CA0BO W A3bIKY L.

Bes npokaszarenbcrBa 3aMeTHM, YTO MOYKHO IIPUBECTH BasKHBIE IIPUMEPBI S3bI-
KOB C PAa3/IMYHbIMU KOHECYHbLIMU 3aJaHUAMU, JIJIAd KOTOPBIX JazKe YaCTHaAd Hp06ﬂeMa
BXOZKJIEHUST aJIFOPUTMUYECKH HepaspermMa. OHaKO HoApoOHOe 00CYKIEHUE STOr0
BOIIPOCA YBEJIO ObI HAC CJUIIKOM JAJEKO OT OCHOBHOI TE€MBI.

JlokazaTebCTBO CaeAyIoeil TeopeMbl OYeBHIHO, HO MbI BCE K€ OTMETHM 3Ty
TeopeMy.

Teopema 5.1. [Ipobaema 6xostcoerus 0aa KAGCCH KOHEUHO-ABMOMAMHOLT (Pe2yrap-
HOLE) A3BIKOS GAZOPUMMUYECKY, PA3PEUUMA.

Jlokxasameanvcme o Ecaum KOHEUHO-aBTOMATHBIH (perysIsipHbiil) si3biK L
paCIIO3HAETCSI KOHEYHBIM JeTEPMUHNUPOBAHHBIM aBTOMATOM

M = (X, Qus Our, Sars For),

TO J7IsI OTBETA Ha, BOIPOC, MPUHAIEIKHUT JIU CJIOBO W A3BIKY L, TOCTATOYHO BBIUMC-
JATh 3HadeHne GyHKIun 04, (Sps, W) U MPOBEPUTD, TIPHHAJIEIKUT JIH OHO MHOKECTBY
Fyy nonyckarorux cocrosiuuit apromara M. O

B kadecTBe Jipyroit aJaropuTMudeckoil mpoo/IeMbl JIJIs I3bIKOB TPAJIMITHOHHO Pac-
CMATPUBAETCd TPOOIeMa MYCTOTHI ST3BIKA.

IIpobaema nycmomvt A3vLKA: NO NPOU3COAbHOMY A3bikYy L 6 anpasume X
mpebyemcs onpedesums, nycm AU A3tk L.

Teopema 5.2. [Ipobaema nycmomovr 044 KAGCCE KOHEHHO-GEMOMAMHBLT (pe2yrip-
HOLE) ASBIKOS AA2OPUMMUMECKY, PA3PEUUMA.

Jokxasameanvcmse o Ecaum KOHEUHO-aBTOMATHBIH (peryssipHbiil) si3biK L
pacCIO3HAETCSI KOHEYHBIM JeTEPMUHUPOBAHHBIM aBTOMATOM

M = (X, Qu, Oy Sus Far ),

TO JIJIT OTBETa Ha BOIPOC, IIYCT JIM 3TOT S3bIK, MOYKHO IPEIJIOKUThH, HAIPHMED,
CJIe/IyIONIUe JIBA AJITOPUTMA.

[TepBolit ajropuT™M OCHOBAH Ha TeOpeMe O HaKadKe, U3 KOTOPOii CJIe/lyer, 9To ec-
AU A3vk L, pacnosunasaemvili Koneunvim asmomamom M ¢ n cocmoanuamu, Henycm
(codeporcum nexomopoe ¢a060), Mo 01 codepHcUM CA080 OAUNHDL, He NPeGocTodauLel
n. JlJiss IpOBEPKH IyCTOTHI SI3BIKA OCTAETCS TepedpaTh CJA0BA JJIMHBI, HE TPEBOCXO-
JIAIIeR 1, U I KaykI0r0 W3 HUX PENIuTh MPodaeMy BXOXKIeHus. Ecanm mpu takom
nepebope Mbl OOHAPYKUM CJI0OBO, BXOSINEE B SI3bIK L, TO [ — HEImycToii si3bIK, a ecJin
He OOHAPYZKHUM, TO S3BIK L IYCT.

Bropoii aaropur™ ncmoib3yeT auarpamMmy mepexonos apromara M. Bonpoc o ny-
cmome asvka L(M) sxeusasenmen 60onpocy o cyuecmeo8aHul, nymu u3 6epuLHbl
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Sy 8 00HY U3 BEPWIUH MHOHCECMEA Fiyy. A 9TOT BOIPOC aIrOPUTMHUIECKH PASPEIITUM.

O

Eie oanoit TpaaunnoHHO paccMaTpuBaeMoOil aJaropuTMUYECKOl 1podIeMoit J1ist
SI3BIKOB ABJISIETCS TTPOOJIEeMa IIYCTOTHI IepecevdeHns JIBYX sI3bIKOB.

IIpobaema nycmoms. nepecevweHus: no NpPou3sosvHuM J6YM A3vikam Ly u
Ly 6 aagpasume 3 mpebyemces onpedesums, nYycmo Al UL nepecevweHue.

Teopema 5.3. IIpobaema nycmomo, nepecewenus 0af KAGCCE KOHEUHO-GEMOMANM-
HOLE (PERYAAPHOLE) AZVKOS GA20PUMMUMECKU PA3PEULUMA.

Hoxaszamensvcmaeo. Eciin KoHEUHO-aBTOMATHBIE I3bIKH L4 U Lo PAcIo3HAIOTCI
KOHEYHBIMU JIeTePMUHUPOBAHHBIMIA aBTOMaTaMu M, u My, TO MOCTPOUM KOHEUHBIH
asromar M, pacnosnatomuii s36ik L(M) = Ly N Ly u permmm st sisbika L(M)
npobJIeMy MyCTOTHI. O

ITpobaema 8xA0OUEHUSA: NO NPOU3BONLHVIM 08YM A3bikam Ly u Ly 6 andasume
Y mpebyemca onpedeaums, eepro Au, 4wmo L C Ls.

Teopema 5.4. IIpobaema 6KA0NEHUA ONA KAGCCA KOHEUHO-ABTMOMAMHOLET (PE2YNAD-
HOLE) A3BIKOS GAOPUMMUNECKY, PA3PEUUMA.

Hoxas3ameancmae o Paspemumocth npobeMbl BKJIIOUEHHST CJAeIyeT n3
caeayomneil SKBUBATeHTHOCTH

Ll g LQ <~ le(E*\Lg) - @

O

ITpobaema cosenaderHus A3vbiKOB: N0 NPOU3GOALHBIM 06YM Asvikam L1 u Lo 6
asgasume Y mpebyemcs onpedesums, cosnadarom AU OHU.

Teopema 5.5. IIpobaema cosnaderus 0ai KAGCCE KOHEUHO-AEMOMATHYLE (PE2YAAD-
HOLE) A3BIKOS AA2OPUMMUNECKY, PA3PEUUMA.

Hoxas3ameanncmae o Paspemumocth npobeMbl BKJIIOUEHHS CJAeIyeT n3
CJAEYIONMEe SKBUBAJIEHTHOCTH

Ll == L2 <~ (Ll g LQ)&(LQ g Ll)

O

Crerududeckoil aaropuTMHIECKOi mpod.aeMoil /1 A3bIKOB ABJSIETCS MpobIeMa
nx OECKOHEYHOCTH.

IIpobaema beckonewnocmu A3viKA: NO NPOU3BOALHOMY A30iKY L 6 arpasume
Y mpebyemcea onpedeaums, AGAAECMCA AU A3k L OECKOHEUHDIM.

Teopema 5.6. IIpobaema Geckoneunocmu OAf KAGCCE KOHEYHO-AEMOMAMHBLLL (pe-
PYAAPHILT) A3VKOE AN20PUMMUNECKY DA3PEULUMA.
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Hoxaszameanncmae o crnoub3ys TeopeMy 0 HaKadKe YCTAHOBUM CJI€/LyIOTIIH i
KpUTepuii OECKOHEUYHOCTH S3bIKa L, PacIo3HABAEMOIO KOHEYHBIM aBTOMATOM C N
COCTOSTHUSIMU:

asvik L beckoneuwen mozda u moavko mozda, Ko2da on codepaicum makoe CA080
w, ymo n < |w| < 2n.

Eciu si3pik L GecKOHEYeH, TO OH COIEPKUT CJOBO U JyuHbl |u| > 2n. ITo Teopeme
0 HAKAYKe CJOBO U MOYKHO MpPEJCTABUTH B Buje u = xyz, rjae 0 < |y| < nwu xz € L.
Tak Kak |zz| > n, TO MOBTOPsisS IPOIECC, MOJIYUUM CJIOBO w Takoe, 410 n < |w| < 2n
nw € L.

OG6paTHO, ec/iu CYIIeCTBYeT CJIOBO w Takoe, uro n < |w| < 2n u w € L, 1o 1o
TeopeMe 0 HaKavKe CJIOBO U MOYKHO MPeJCTAaBUTH B Buje u = xyz, rie 0 < |y| u npu
moboM k > 0 xy*z € L, 3ga4anT L — GeCKOHEYHBIH A3bIK.

Jlpyroii Kpurepuii 6ECKOHEYHOCTH S3bIKa JAETCS SKBHBAJIEHTHOCTHIO

a3vik L asasemces 6eckoHeuHvMm mo20a U moavko mozda, k0206 6 e20 Jua2pamme
neperodos ecmv UUKA. 0

§6. MuHuMM3alusg aBTOMATOB

Koneunsle aBTOMATHl — BeCbMa IOJIE3HBIN ammapar /s OMUCAHAS W H3YIeHHs
A3BIKOB, KOMIIBIOTEPOB M AJTOPUTMOB. Tak Kak OJWH U TOT K€ aBTOMATHBIA A3bIK
MOZKeT OBITh 3aJaH Pa3JINIHbIMA KOHEYHBIMH aBTOMATaMM, TO HPEICTABISAET HH-
TePeC BOMPOC O MUHUMAALHOM YUCAE COCMOAHUT TeTePMUHIPOBAHHOIO KOHEYHOTO
aBTOMaTa, 3a/Ia0MIEr0 TOT Ke J3bIK, T.e. SKBHBAJIEHTHOI'O JAHHOMY KOHEYHOMY aB-
TOMATY.

[Ipocreiinmast onTUMHU3aIUs COCTOUT B YAAJEHHH BCEX COCTOSHUIN, HEIOCTUZKH-
MBIX U3 HAYaJIbHOIO COCTOSTHUSI, M BCEX BEAYIINX K HUM U U3 HUX IepexoaoB. Bee mo-
CTUZKHUMBIE COCTOAHNS KOHEYHOIO aBTOMATa MOYKHO HANTH 32 HOJMHOMHAJILHOE Bpe-
Mg aJTOPUTMOM THUIIA "HOWCK B IMHUPHHY : MHONCECMBO 6CET QOCMUNCUMDBLL COCMOA-
HUl KoHeuHoz20 asmomama M — 2mo mpan3umueHoe 3aMuKaGHUE 00HOINEMEHNHOZ0
MHOHCECNBG {S)r} omHoCUMEALHO OMHOWLEHUSA

{{p. 6(p,a))a € X}.

[Tocne ymamenus BceX HETOCTUXKUMBIX COCTOAHHII B IMOJyYeHHOM aBTOMAaTe BCe
ere MOT'YT OBITH JIHIIHKAE  cOCTOAHMS. Hampumep, cocTosgHus, 00/1a1a101ue CJIe/1y-
IOIuM CBOMCTBOM: UCXoad u3 I[IO6OFO U3 HUX IpU ABUXKEHUU B 3aKJ/JIIOYUTE/JIbHbIE
COCTOAHUA MO2KHO IPpOYECThb OJHU MU Te 2Ke CJIOBa. TaKPIe COCTOAHNA HA3BIBAIOTCA
IKBUBANEHMHHLMY. IKBUBAJICHTHBIE COCTOSIHUSI MOYKHO ~CKJIEMTBH’, W TOJIy IeHHBIN
KOHEUYHBIH aBTOMAT Oy/IeT Paclo3HaBaTh TOT Ke CAMBbIil SI3bIK, UYTO U UCXOIHBINA aB-
TOMAT.

Onpeaenenne 6.1. Buympenrue cocmoanua q u p asmomama M ¢ exodnvim an-
dasumom Xy Ha3bL8AI0OMCA IKBUBAAECHMHBLMU, ECAU OAL A0D020 CA0BG W 8 IMOM,
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asgasume uMeem MeCmo IKGUSAACHIMHOCTID:
* *
vulg,w) € Fyy <= 0y(p,w) € Fu.

Benennoe oTnomenne Ha MHOYXKecTBe () )y BCeX BHYTPEHHUX COCTOSTHUIT aBTOMATA,
M gBasgercs OTHOIIEHUEM SKBUBAJIEHTHOCTHU, T.€. OHO PedIeKCUBHO, CHMMETPUIHO
U TpaH3UTHBHO. Bymem ero Bpemenuo obosnavarh depe3 =. O6o3naunm depe3 [¢|
KJIACC 9KBUBAJIEHTHOCTH, ONpE/IeJsieMblii BHYTPDEHHUM COCTOsTHHEM ¢, a 4depe3 [(Q)/]
— MHOZKECTBO BCeX KJIACCOB YKBUBAJIEHTHOCTH, T.€. (DAKTOPMHOZKECTBO MHOYKECTBA
(2 TIO paccMaTpUBaeMOMY OTHOIIEHHIO KBUBAJIEHTHOCTH.

[Toctpoum HoBbI aBromar [M| — dakropaBromar apromara M 110 OTHOIIEHHIO
9KBUBAJEHTHOCTU =, MOJIarast

(M] = (X, Quay, Oy, Spays Flan ),

rme

S =2m, Qo =1{ld|lqeeQun},
oun (gl a) = [0am(q, @)], s = [suml, quadFiag ={lq]|q € Fu }-

HeTpyzano nposeputs, 9To onpejesnenusa GyHKIUE d[y;) T MHOKeCTBa, [y KOppekT-
HBI, T.€. He 3aBUCAT OT BBIOODA MPEICTABUTEEH B KIACCAX SKBUBAJEHTHOCTH, SI3bIKH,
npuanMaembie apromaramu M u [M], conagator. Asromarst M u [M] skBUBaIeHT-
HBI.

g a3pika L B andasure Y, T.e. moaMHoxKecTBa L C X*, cpeJcTBaMU CaMOI0O
9TOTO S3bIKA ONpeae UM Ha HeM OTHOIIeHHe SKBUBAJEHTHOCTH =j, HOJarad s
IpPOU3BOIBHBIX ABYX caoB W n U u3 X*

%74 = U <~
i oboro ciosa V m3 X (WV € L <« UV € L).

Ornomenre =; JeHCTBUTENHHO SBJISETCS OTHONIEHHEM SKBHBAJIEHTHOCTHU, T.e. OHO
pediekcuBHO, CHMMETPUYHO U TPAH3UTHBHO. OTHOIIEHNEe = HA3bIBAETCId IK6UBA-
AEHMHOCTMBIO CA08 OMHOCUMEADHO A3bKa L.

Bamernm, 9To ecjim L — aBTOMATHBIH SI3bIK, IPUHIMAEMbIi JI€TePMUHIPOBAHHBIM
aromaToM M, TO ajid mpou3BOIbLHBIX JABYX c10oB W u U B ero Bxoanom ajdasure
Y cupaBeTiBa Y9KBUBAJTEHTHOCTD:

W u U axsusasenmus, omuocumenvro asvka L mozda u moavko mozda, koz2da
cocmosnus Oy (S, W) u 63 (sar, U) axsusasermioL.

It sa3bIKa, L, TpUHAMAeMOro KOHEUHBIM JIeTepMUIHUPOBAHHLIM aBTOMaTOM M =
(31, Qury Onry Sar, Far), BBEJIEM ellie OJTHO OTHOIIEHNE SKBUBAJIEHTHOCTH A7)y, HOJIA-
ras Jijis mpou3BosibHBIX cJ10B W n U B ajipaBute X 3TOTO aBTOMATA:

Wy U — 5?\/[(8M,W) = (SX/I(SM,U)
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Kiaccy sksuBanenrnoctu [W]y,, MOXKHO eCTECTBEHHBIM 00PAa30M COMOCTABUTDL J0-
cTUKUMOe u3 Sy cocrostaue 04, (Sy, W), KOTOpoe OIpejieieHO KOPPEKTHO, T.e. He
3aBHCHUT OTIHﬂ60pa,HpeﬂCTaBHTeﬂﬂ:B Kaacce. Tak KaKk 9TO COOTBETCTBHE SIBIAETCS
B3aMHOOJHO3HAYHBIM, TO YHCJIO KJaCCOB 3KBHUBAJEHTHOCTH IIO OTHOIIECHUIO 3KBHU-
BaJIECHTHOCTH ~); PaBHO qHCﬂy HOCTHHﬂHﬂHX:H3SA[COCTOHHHﬁ.

Cﬂeﬂymlﬂaﬂ TeopeMa YCTaHaBJIHUBACT CBA3b MEXKAY JABYMIA OTHOINICHUAMHN SKBHU-
BaJIEGHTHOCTU =opy U =[,(M)-

Teopema 6.1. /laa npouseosvhozo demepmunuposarmozo asmomama M u a6
cnoe W u U 6 ezo sxodruom aagasume Xy uz mozo, umo W =y, U caedyem, umo

EL(M)-

Adokaszameanncmeo Ecim W xp U, 1o 63(spr, W) = 83,(sar, U). Tlosromy
JiIst J1r00oro ciaoBa V' Bo BxogHOM aJichaBuTe apromarta M BBITIOJIHSIOTCS PaBEHCTBA,

(s, WV) = 0y (O (s, W), V) = 03 (03 (500, U), V) = O(s0a, UV).

Buauwnt, /s J000r0 cioBa Vo Bo BxomHOM asihaBuTe aBromara M cipaBeinBa
KBHUBAJIECHTHOCTDb:

WV € L(M) mozda u moavko moeda, kozda UV € L(M).

[Tosromy W =r) U. O

B cuny mokazaHHON TeopeMbl MOJTyYaeM, UTO KazKIbIil KJIacC 9KBUBAJEHTHOCTH
OTHOCHTEJIbHO OTHOIIEHUS RZ); COAEPXKUTCS B HEKOTOPOM KJAacCe SKBUBATEHTHOCTH
OTHOCHUTEIHHO OTHOHICHUS =r,37). 1109TOMY €mC/IO KIACCOB 3KBHBAJEHTHOCTH OT-
HOCHTE/ILHO OTHOHICHUS =r,)7) HE MPEBOCXOTUT UHC/Ia K/IACCOB 3KBHBAJIEHTHOCTH
OTHOCHTEJIbHO OTHOIIEHUA ~Z);.

DTa TeopeMa IaeT BaykKHYI0 HH(OPMAIUI0 OTHOCUTEIHLHO JIF0O0ro aBromara M,
PACIO3HAOIIETO A3bIK L

YUCNO €20 BHYMPEHHUT COCTNOARUL HE MEHDULE, YeM YUCAO KAAGCCO8 IKBUBANEHM-
HOCMU OMHOCUMENDHO =],.

Takum 06pa3oM, IUCJIO KJIACCOB SKBUBAJIEHTHOCTH OTHOIIEHUS =, CJIYKUT eCime-
cmeenHot HudtcHel eparuYed Ui 9UCaa BHYTPEHHUX COCTOSTHUI JIF0OOro aBTOMaTa
M, pacrno3Haiomero g3uiK L.

Citenyromasi TeopeMa yTBEPZKIAET, 9TO 3Ta, HUKHSIS TPAHUIA JIOCTUKUAMA..

Teopema 6.2. /[aa a106020 peeyaraprozo asvka L cywecmsyem demepmuHuposat-
MO KOHeuHbLT G8MOMAM C YUCAOM BHYMPEHHUT COCMOARU, PABHLM YUCAY KAGC-
€08 IKBUBAAEHMHOCNU OMHOUEHUS =], PACNO3HAOWUT Imom A3k L.

Jdokxaszameancmeo Obo3HaunM Yepes [w] KIaCC SKBUBATIEHTHOCTH OTHOIIIE-
Husg =, ¢ npejcTapuTeneM w. [lo a3uiky L B andaBure ¥ MOCTPOUM JIeTEPMUHUAPO-
BaHHBINH KOHEUHBIH aBromar M = (X, Qur, Oar, Sur, Fiy), pactosnatomuii B TOTHOCTH
A3bIK L.
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[Tonaraewm:

Qu = {[w]|w € ¥*} — MHOXKECTBO KJIACCOB SKBUBATEHTHOCTH
OTHOIIIEHUST = ;

Sy = [€] — Kitacc 9KBUBAJEHTHOCTH, ONPeEISeMbIii TyCTHIM CJIOBOM;

For={[u]|ue L)}

Jst mpou3BosibHBIX [w] € Qpr u a € 3 nonaraem 0y ([w], a) = [wal.

Tak Kak sI3bIK L SIBJISIETCS PETYJISIPHBIM, TO OH PACIIO3HAETCS] HEKOTOPBIM JIe-
TePMUHUPOBAHHBIM KOHEYHBIM aBTomMaroM M'. UHca0 K1accoB SKBHBAJIEHTHOCTH
OTHOCHTEJIbHO OTHOIIEHNST =p,(jy7) HE IIPEBOCXOJNT UNC/IA KIACCOB IKBUBAIEHTHOCTH
OTHOCHTEJILHO OTHONIEHUS AZ)p. B CBOIO OYepe/b YUCJI0 KJIACCOB SKBUBAJIEHTHOCTH
II0 OTHOIIIEHUIO 3KBUBAJIEHTHOCTH )/, PABHOE€ YUCJIY JOCTUZKUMBIX U3 Spsr COCTOA-
HUii, HE TPEBOCXOIUT THCJIO BHYTPEHHUX COCTOSIHUI KOHEeYHOro aBromaTa M.

3Ha“II/IT M — KOHEYHBIT aBTOMAaT.

JIsi 1oKa3aTeIbCTBA KOPPEKTHOCTH OmpejeneHus (bYyHKIUH 0y PABEHCTBOM
on([w], @) = [wa] 3amernm, dro ecam w = u, TO Wa = ua.

[Tokazxkem, uro L = L(M).

Nnayknpeit mo juee |u| coBa u mokazkeMm, 9TO JJIs JIIOOBIX CJIOB W U U U3 L
[wju B3, [wule. Ecam u — mycToe ¢I0BO, TO yTBepzKJeHHe BepHO. VIHIyKTHBHBII
IIePEeXO0J| MPOUCXOUT 1O CXeMe

(w]au by [walu By [(wa)ule = [w(au)]e.

Taxkum obpazom 07, ([w], u) = [wul.
J1jist 3aBepIIeHHs! JOKA3aTebCTBA BOCIOJIBb3YeMCsl PABEHCTBOM:
drr(e], u) = [eu] = [u] u sxBUBamEHTHOCTSIME

u € LIM) <<= 6&y(el,u) € Fy <= [ul € Fy <= wu € L.

[Tostomy L(M) = L. O

3amenwarue. IlocTpoeHHBIH B X0/1€ TOKA3aTEIbCTBA TEOPEMBI 110 SI3BIKY L aBTO-

Mar M HOCHT Ha3BaHue cmardapmubt asmomam 0as L n 0603HaATaeTCsT depe3
M;y.

Teopema 6.3 (Maiixunan — Hepoyn). fswk L asasemces peeyaaprvim mozda u
MOALKO M020a, K0200 KOHEYHO “UCAO KAGCCO8 IKBUBAAECHMHOCTNY OMHOULEHUA =],

Hoxaszameunscmeo. Eciu a3bIK L ABIIETCS PETYISIPHBIM, TO OH PACIIO3HAETCS
HEKOTOPBIM JIeTeEPMUHAPOBAHHBIM KOHEYHBIM aBTOMATOM N C YHCJIOM COCTOSHHUIA
HE MEeHBIINM, YeM UYHCI0 KJIACCOB 3KBHBAJEHTHOCTH OTHOIMeHns =y . [lostomy y
OTHOITEHNST =;, KOHEYHOe YNCJI0 KJIACCOB YKBUBAJIEHTHOCTH.

O6paTHO, ecu y OTHOIIEHUS =; KOHEYHOEe YHUCI0 KJIACCOB YKBUBAJIEHTHOCTH, TO
CTAaHJAPTHBIN JIeTEPMUHUPOBAHBIBIN KOHEeUHbIH aBTroMar M pacrno3naer si3bik L. [J
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B kadectBe npumepa npumenenusi reopeMbl Maitxuiia — Hepoyia pacemorpum
ele OJTHO JOKA3ATeTbCTBO HEPETYISIPHOCTU SI3BIKA

[Ipu i # j cnoBa @' u @/ He ABAAIOTCA IKBHUBATCHTHBIMA OTHOCHTETBHO =7, TAK
KaK cI0BO b, Oyayum 3amiCcaHHBIM HOcae a', JaeT caoBo m3 Ly, a Oymydnm 3amm-
CaAHHBIM MOCJIe a7 JaeT CJI0BO, He BXojsiiee B Li. 3HAUUT cylIecTByer GecKOHeYHO
MHOTO KJIaccoB 3KBHBasenTHocTH [a], [a?], [a®], ...IlosTomy a3bik L, He aBigercs
PEryIISIPHBIM.

BepHeMCH €IIe pa3 K BOIIPOCY 00 5KBHBAJIEHTHOCTH COCTOSHUI KOHEYHOI'O aBTO-
MaTta M = <E,QM,(SM,SM,FM>.

J_—L.HH IIPpOU3BOJILHOI'O €ro BHYTPEHHEr'o COCTOAHHUA ¢ PaCCMOTPUM CJIG,Z[yIOH_U/Iﬁ
A3BIK

Ly = {w|6}(q.w) € Fu ).

Torma Bompoc 00 IKBUBAJIEHTHOCTH COCTOSHUIT ¢ U P PABHOCHJIEH BOIPOCY O COBIIA-
Jennn a3ulKoB Ly, n L,. Kak y»ke oTMedasioch BBIIIE, 3TOT BOIPOC aarOPUTMUAYECKH
pas3perntum.

PaccmoTpuM HEKOTOpOE TOCTATOYHO €CTEeCTBEHHOe O0ODOIEHUe 3TOU CUTYaIlUu.
[Iycte L — nexomopuiii Asvik 6 aagasume 2.

Onpeaenenne 6.2. Buympennue cocmoanus p u ¢ kouewHnozo asmomama M =
(3, Qur, Onrs Sar, Far) maswsaromes aK6UBAAEHTMHBIMU OMHOCUMEALHO A3bIKA
L 6 anpasume Y, ecau dan 21100020 crosa w asvika L umeem mecmo oK6UBANEHM-
HOCTb:

Sr(p,w) € Fypr moeda u moavko mozda, kozda 04, (q, w) € Fuy.

HeTrpyano mongaTh, 9TO BHYTpEHHHWE COCTOSHUSA P W ¢ KOHETHOTo aBToMara M =
(3, Qur, 001, Sar, Fay) ABIAAIOTCS  9K6UBAAEHMHBLMU OMHOCUMEALHO A3bKA L
B asibaBuTe X TOT/IA U TOJIBKO TOT/1a, KOTJa BHINOIHAETCA paBencTso L,NL = L,NL.

Teopema 6.4. Cywecmeyem arzopumm, no3eoraowut 04 A1000T 06YT 6HYMpPeEH-
HUL COCMOAHULT P U § NPOU3BOALHOR0 KOHEUHO20 ABMOMAMG

M - <E7 QM? 6M7 SM, FM>

U A100020 KOHEUHO-a6MoMammo20 Asvka L omeemums wa 60NPOC, IKBUBAAECHITIHDL
AU COCTMOAHUA P U ¢ OMHOCUTMEANBHO A3bIKA L.

oxasameannvcme o Tak Kak npu caeaHHBIX B YCJIOBUU TEOPEMbI MPEI-
NOJIOKeHUAX A3BIKH Ly, L, u L aBIdioTcd KOHeYHO-aBTOMATHLIMU, TO TaKOBBI Ke
u a3piku L, N L u Ly N L. [TosTomy Bompoc 06 HX COBHaJEHHN aJIrOPUTMHUYECKH
pa3peninmM. U
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Eciin Hecko/1bKO 0000IIUTH CUTYAIINIO W BBINTH M3 KJIACCa KOHEYHO-aBTOMATHBIX
SI3BIKOB L, B HECKOJIBKO 00JIee MUPOKUiA, HO He CJUIIKOM, KJIACC A3bIKOB C KOHEUHBI-
MH 33JaHUSIMHU, TO MpobIeMa SKBHBAJIEHTHOCTH BHYTPEHHUX COCTOSHUN aBTOMATOB
OTHOCHTEJIHLHO SI3BIKOB [ 3TOTO KJIacca OKa3bIBACTCA AJTOPUTMUYECKH Hepa3peliu-
MOWA.

He npererays Ha MOJTHOTY W3JI0KEHUsI, HAMETHM OCHOBHBIE 3TAllbl J0KA3ATEIb-
CTBa TOT'0 YTBEPKJICHUSI.

Ob6o3naunm depe3 Ny MHOKECTBO HEOTPHIATETbHBIX IEIbIX YHUCET, T.e. HATY-
PAJIBHBIX UUCETT BMECTe C HYJIeM.

MoxkHO mokazarh (310 OyJer cIeqaHo MO3:Ke), 9TO JJisi HATYPAIBHOIO YHCJIA
n CymecTByer BbraucauMasi MyHKIyst ¢(xq, ..., T,) OT N IMepeMeHHbIX, IPUHIMAO-
nux 3Havenust u3 Ny, U 1 BBIYUCAUMBIX (DYHKIHI OT OJHOI mepeMeHHOi cl,n(t),
.oy Cpp(t), mpEdeM Bee 3Ti DYHKIUK "HMEIOT KOHEYHbIE 3a1aHNS” U BBIOIHAIOTCS
paBeHCTBA

clein(t), .- can(t)) = t,
cn(c(r, . ,xn) = 21, ..oy epnlc(Tr, .o, Tn)) = Ty
Oynknus c(xq,. .., T,) OCYMECTBISET HYMePAIH n-0K dnces u3 Nj.
Chaenyromas pyHIaMeHTAJIbHAS TeopeMa, JT0Ka3aHHAs POCCHACKAM MaTeMaTH-
koM FO.B. Marusiceuuem [48] B konne 60-x romos XX Beka, 3aBepIInIa UCCJIEI0BA~
uug o 10-oit mpobaeme 1. 'unbbepra, HadaTsie B 50-e roapl XX BeKa 3apyOe:KHBIMI

maremarukamMu M. /I3sucom, X. [Tyrnamom u /Ixx. Pobuncon, u gBjisiercss oHuM u3
CaMbIX BBIJAIOIIMXCA MATEeMATUIECKUX PE3Yy/IbTaToB TpeTheil yerBepTu XX BeKa.

Teopema 6.5 (FO.B. Maruscesud). Hegozmoocno cozdamv aszopumm, no3eo-
AAOUUGT N0 NPoudsosvromy nosunomy F(xy, ... x,) ¢ yeavmu kosdduyuenmamu
OMBEMUMD HA BONPOC, UMEEM, AU YPAEHEHUE

F(xl,...,xn) =0
peweHue 8 Ueavlr HeompuuamesbHulL YUCAAT.

Samevarnue. Peun HIEeT O pelleHuH YpaBHEHHA B HEJbIX HEOTpUIAaTEJIbHbIX
YUCJJaaXx II0 YUCTO TEeXHUYECKUM IIpHYNHaAM. Anasiornunsrit pe3yjabTaT CIIpaBed/JIUB U
JJIA peH_[eHI/Iﬁ B IEJIbIX MJIX B HaTyPaJIbHbIX YHCJ/IaX.

Pacemorpum dyukmuo sg(x), paayio 0 mpu £ = 0 u 1 npu = > 0. [Tonaraem

p(t) = sg([F(cin(t), - .- can(t)])-
Onpemennm sI3bIK

Ly = {p(0)p(1)...0n)[n>0}

B andasure {0,1}.
BBejieM B paccMOTpeHHe KOHEYHbIH aBTOMAT

M = ({0,1},{q1, 92, @3}, @1, 6, {a3}),
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byHKIHS mepexoa0B § KOTOPOro 3aJaHa IMpaBuJIaMn

@l — q1, 10 — g3, @21 — g2, @20 — g2, 31 — g3, @30 — gz.

HeTpyHo MOHSTH, ITO /1t IPOM3BOIBLHOTO si3bika L B asdasure {0, 1} nmeer mecto
JKBUBAJICHTHOCTDb:

COCMOANUA @1 U o asmomama M sxsusasermuv, omuocumenvro asvika L mozda
u moavko moeda, koeda L C L(1%).

[TosTomy

ypasuenue F(x1,...,z,) = 0 ne umeem pewenuil 8 UesvT HEOMPUUAMENLLHHLT
NUCAAT 0200 U MOALKO M020a, K020a COCMOAHUA 1 U ¢2 asmomama M sxeusa-
AEHMHBL OMHOCUMEALHO A3VKG L.

Tak kak 1mepBbIit BOIPOC aJITOPUTMUYECKHA HEPA3PEITUM, TO TEeM CAMBIM YCTAHOB-
JIeHa CIPABETHBOCTD CJIEYIONIEil TeOPeMbI.

Teopema 6.6. Hesosmoorcro cozdams as2opumm, no3eosa0uuts Oad 6HYMpeHHUT
COCMOARUT ¢ U Go KOHEUHO20 GBTMOMAMA

M = ({0,1},{q1, 92, 3}, 01, 6, {g3})

¢ pynryued neperodos 0, 360410t NPLEUALMU

@l — q1, 10 — g3, @21 — g2, 20 — @2, @31 — g3, @30 — gz,

U npou3eoavHozo Asvika L, omeemumo na 60npoc, IKEUEANEHMHYL AU COCTNOAHUA
¢ u q2 asmomama M ommnocumenvno asvika L.

st npousBoJIibHOTO si3bika L B ajipasute X, T.e. nojamuoxkectra L C X*, cpel-
CTBaAMH CaMOI'0 TOI'O SI3bIKa OIPEJIe MM HA HEeM ellle OJHO OTHOIEHUE SKBUBAJICHT-
HOCTH ~p,, TIOJIaras /I MPOU3BOJIBHBIX ABYX ciaoB W un U u3 X*

W~ U —
1t mo0bIX mByx ctoB X n Y m3 X (XWY € L <« XUY € L).

OTHOH.[GHI/IG ~I, ,Z[eﬁCTBHTe.HbHO ABJIAETCA OTHOIIIEHUEM IKBUBAJICHTHOCTHU, T.€. OHO
pedIeKCUBHO, CHMMETPUYHO ¥ TPAH3UTUBHO. BoJjiee TOro, oTHOIIEHNE ~ | SBJISETCS
KOHTPYSHTHOCTBIO Ha CBOOOIHOM MoHOmje X*, T.e. eciu Wi ~p Wy u Uy ~p Us, TO
WlU 1~ WQUQ.

DTO MO3BOJIAET HA MHOMKECTBE K/IACCOB dKBHBajgeHTHOCTH [IV].
00pa30M BBECTH OIEePaINi0 YMHOXKEHHS *, MoJiaras

, €CTECTBEHHBIM

(Wl #[Ul, = WU,

JIerko mpoBepsieTcs KOPPEKTHOCTD OIPE/IeTeHHs, T.e. er0 He3aBHCHMOCTD OT BHIGOPA
IpeJCTaBUTE/ell B KJIACCaX SKBUBATEHTHOCTH. 3HAYNT, MHOYKECTBO KJIACCOB SKBUBA~
aeHTHOCTH W], OTHOCHTEIBHO ONEpAIiy YMHOKEHUST * SIBJISIETCST MOHOWMJIOM.
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§7. Koneunble aBTOMATHI C BBIXOJOM

BamernM, 4To ecyiu L — aBTOMATHDBIH A3bIK, IPUHUMAEMbIi JIeTePMUHIPOBAHHBIM
apromaToM M, TO 171 TPOW3BOIBHBIX JABYX c1oB W u U B ero BxoanoMm ajgabute
Y cupaBeInBa SKBUBAJEHTHOCTD:

W ~p U mozda u moavko mozda, koz2da 0as 1100020 A0OCMUNCUMOZ0 U3 Sy CO-
cmoanua q aksusasermuo, cocmoanus 0y (q, W) u 04,(q, U).

MozkHO 6BLJIO OBI MORTH HECKOJIBKO HHBIM IyTeM. KazkaoMmy cioBy w B andaBute
Y conocraBuM wmHoocecmeo Cp(w) ecex e2o Konmexecmos omuocumensvho A3vka L,
OJ1arast

Cr(w) = {{z,y) |rwy € L}.

MuozxkecrBo { Cp(w) |w € ¥* } MOXKHO HaJeIUTh CTPYKTYPOil MOHOH /I, OLpejie-
JIMB Ha, HeM ONepaIyIo *« PABEHCTBOM

Cr(w) * Cr(u) = Cp(wu).

Herpyznno mpoBeputsb, uro orobpaxkenue [W]., — Cp (W) 3amaer uzomopdusm
9TUX JIBYX MOHOH/IOB, HA3LIBAEMBIX CHHTAKCHUCCKHMHI MOHOHIAMHE SA3bIKa L.

§7. KoHeuHbIe aBTOMATHI C BBIXOIOM

Mpb1 paccmarpuBa/d aBTOMATHl B KadecTBe paciio3HaBaTeseil sI3bIKOB, OJHAKO
OHH MOT'YT BBIIOJHATH U Jpyrue (pyHKIHUH, HAIPUMED, BBICTYIIATh B KA4eCTBE Ma-
TeMaTHIECKUX MOJIe/ieil TUCKPEeTHBIX IIpeodpa3oBaTeeil.

B srom nmaparpade peub mnoiiger 00 aBromMarax ¢ BbIXOJIO0M, Ha3bIBAEMBIX aBTO-
MaTamu Munin.

Y aBromara Mwujn, KOTOpbIit Mbl Oy/ileM Ha3bIBATh MPOCTO aBTOMATOM, UMEIOT-
cs1 8ro0HasA U 8bLXOOHAA JIEHTHI, pa30UThie Ha AUeiiKi, B KarKJI0W M3 KOTOPBLIX
MOXKHO 3aIIUCHIBATH 110 OJTHOMY CHMBOJIY U3 BXOJHOI'O U COOTBETCTBEHHO BBIXOIHO-
ro ajscdasura. CoBa BO BXOIHOM ajdaBHTe aBTOMATa 3aIUCHLIBAIOTCI MOOYKBEHHO
B g4eilKu BXOJHOMN JjieHThl. OCHOBHas 4YacTh KOHEYHOIO aBTOMATA — CHUMDBLEAI0-
wasn 2oa06ka. Ona mpepcras/isier cob0it HEITO BPOJIE YePHOTO SAMNKA U B KAYK/IBIi
KOHKPETHBIf MOMEHT BpeMeHH MOYKeT HaXOJIUThCS B OJHOM U3 KOHEYHOIO YHC/IA,
PA3IMIHBIX BHYMPEHHUT COCMOAHUU aBToOMaTa. CIUTHIBAIONAS [OJIOBKA MOYKET
pacIo3HaTh, KAKOil CUMBOJI 3aliCaH B 0003peBaeMoii sdeiike BXOMHOM JeHTwl. [lep-
BOHAYaJIbHO CYUTBIBaIOIIaAd I'OJIOBKA pa3MellaeTCd Ha KpaﬁHeM JIEBOM KpalO JIEHThI U
HPUBOJIUTCS B HEKOTOPOE BHYTPeHHE cocTosinue. Pabora aBromMaTa OCYIIECTBIISETCS
mo TaktamM. Ha odepesnom TakTe pabOThI aBTOMATa CUNTHIBAIOIIAS [OJIOBKA IUTAET
CHMBOJT 13 0003peBaeMoil d9eifiKi BXOIHOI JIEHTHI, MEPEXOJIUT B HOBOE COCTOSHHE,
3aBUCAINEE JINIIh OT TEKYIIEro COCTOAHHS U TOJbKO UTO HPOYUTAHHOIO CHUMBOJIA,
IIegaTaeT Ha BBIXOILHOP'I JIEHT€ CHMBOJI U CABHUT'a€TCA B COCEIHIOIO CIIpaBa quﬁKy.
TaK KaK HOBO€ COCTOAHUE aBTOMATa U HOMeHIaeMbe/'I Ha BbIXO,Z[HOfI JICHTE CHUMBOJI
OJTHO3HAYHO OIPEJIEJIeHbI, TO OH HA3BIBACTCS 0eMePMUHUPOSAHHBLM ABTOMATOM.
[Ipornecc moBTopsercs, moka He OyAeT IPOIUTAHO BCE BXOJIHOE CJIOBO.

[Iepexoaum K ¢opMaJIbHOMY OIpPEJIEIeHUIO0 JTeTePMUHUPOBAHHOIO aBTOMAaTa C
BBIXO/IOM.
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OHpe,D;e.TIeHI/Ie 7.1. ,ZIemepMUHupoeaHHuﬁ, asmomam ¢ 8blrodoM — IMo Ni-
mepka
M = <ZM7 QMy QMy 5M7 pM>7

2de
Yv — 8xodnot aagdasum asmomama M,
Qv — sHympenHnut aagasum asmomama M, ez2o sasemenmovl HA3BLBAIOMCA

BHYMPEHHUMU COCTMOAHUAMU,
Qu — evtxodnot aagasum asmomama M,

oy — pynruusa nepexodos asmomama M, smo pyruruyus usz Qur X X 6 Qur,
v — Pynryusa svixrodos asmomama M, amo dpyrruus us Qur X Xy 6 2.

ABromar M Ha3bIBAETCS KOHEYHBIM, €CJIM KOHEUHBI ero aadaButs Xy, Qu 1 Q.

B sdeiiku Bxoanoit jenTsl aromara M 3anuchiBaloTCs OYKBBI BXOJIHOTO aJjihaBu-
Ta Y7, TAKAM 00pAa30M Ha JIEHTE OKA3bIBAETCS 3AMUCAHHBIM CJIOBO. ABTOMAT (DYHK-
IIUOHUPYET B JINCKPETHbIE MOMEHTHI BpeMeHU (TakThl). Ecium B {-M TakTe CYATHI-
BalOMIas TOJOBKA HAXOAUTCS B HEKOTOPOM BHYTDEHHEM COCTOSHWH ¢; € (Jps, a B
0603peBaeMoii e sUeiike HAXOANUTCS (MPOYUTHIBACTCS TOJOBKON) CHMBOJ ap € Y,
TO aBTOMAT [edYaTaeT Ha BBIXOJIHOMN JIeHTe BBIXOAHOW cuMBos by = par(qr, ar) € Qyr,
POJIOBKA MEPEXOUT B COCTOSTHUE (i1 = Oprr(qr, ;) € (Qu W CABHTAETCS BIPABO.
Crenyroniye paBeHCTBA 33/1aI0T 3aKOH (DYHKIIMOHIPOBAHUS aBTOMATa BO BDEMEHU U
HA3LIBAIOTCS KAHOHUYECKUMU YDABHEHUSIMHU aBTOMATA

by = pM(Qt:at)a qi+1 = 5M(C]t,at)'

Ecan B HavaJ bHBIN MOMEHT Ha BXOAHON JieHTe aBroMmara M 3ammcaHo CJI0BO W =
WyWs . . . Wy, CIUTHIBAIOMIASI TOJOBKA 0003peBaeT CaMy0 JIeBYIO s4YeliKy JIeHTH (B
KOTOpOii 3amucana mepBasi GYKBa CJI0Ba W) U HPUBEIEHA B HEKOTOPOE HAYAIBHOE
COCTOSTHUE (1, TO, IIPOU3BO/IsI BHIUUCJIEHHS ITPH JaHHOM BXOJE, aBTOMAT HalledaTaeT
Ha BBIXOIHOM JIEHTE CJIOBO U = UqUs . ..U, TOH »Ke JJIUHBI 1, 9TO U BXOIHOE CJIOBO,
HPOIi/IsT TIOCIE0BATE/IHHOCTh BHYTPEHHUX COCTOSTHUI (1(2q3 - - - Qni1-

[Tpu sToM roBopsT, uto aBromar M npeobpa3osas BXOIHOE CJIOBO (BXOIHYIO
IOCTIEJIOBATETLHOCTD) W = W1Ws . . . W, B BBIXOAHOE CJIOBO (BBIXOJHYIO MOC/IEI0BA-
TEJILHOCTD) U = UiUs - . . Uy. B HEKOTOPBIX CJIyUasiX MbI OY1€M TOBOPUTh, UTO BXOJHOE
CJI0BO (BXOZIHAST MOCJIEIOBATEIbHOCTD) W = WiW3 . . . Wy, TEPEeBOIUT COCTOSIHHE ¢| B
COCTOSTHUE (g4 1-

EcrecTBenHBIM 006pa30M TPOIOIKEM (DYHKIUHE Py U Oy 10 DYHKIIHHR

Py s Qu x Xy — Dy, Oy 0 Qu x Xy — Qs
noJiarag Jijis Jlo60ro BHYTPEHHEro CoCToaHud ¢ € Q
P?w(%@ =&, 57\/[(6175) = q,

1 11 1I000r0 CUMBOJIA G BXOIHOIO ajipaBUTa Y); U J0OOr0 CJIOBa 1 B 3TOM aJida-
BHTE

(5;‘\4((17“@) = (SM((S}k\/[(Q:u%a)v pj\/](%ua) = p}‘\/[(Q:u%a)pM((s;ﬂ\/[(qau)v@)'
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§7. Koneunble aBTOMATHI C BBIXOJOM

WNuayknueit 1o JJiMHe CJIOB HETPY/IHO JI0KA3aTh, YTO JJIsI JIOOBIX ABYX CJIOB W H U BO
BXOJIHOM aJipaBUTE X); U JIFOOOIO0 BHYTPEHHETO COCTOSHUS ¢ € ()p; BBIIOJTHSIOTCS
paBeHCTBA

Sy (g, wu) = 03 (03 (g w), w),  par(g wu) = pi(q w), a)pas (03, (q; w), u).
[Ipu Kazkj0M (PUKCUPOBAHHOM BHYTPEHHEM COCTOSTHUHU ¢ TOJIydaeM OTOOparKeHue
Mq 27\4 - 97\47

3amaBaeMoe paserncTBoM M, (w) = p};(¢, w), KOTOpOe HA3BIBACTCI ABMOMAMHBIM
0mobparHceHuem, COOMBEMCMEYOULUM BHYMPEHHEMY COCTNOAHUIO (.
ZLT[H 3aJaHud JETEPMUHHUPOBAHHOI'O KOHEYHOI'O aBTOMaTa C BBIXOJ0OM

M = <2M; QM: QM: 6M7 pM>7

HEeoOXOIUMO 33aTh

8xodHotll aagasum X,
sHympenHul aagasum Q),;,
evtrodHol aagasum (),
dynxyuro nepexrodos 0y u
dynruuro evtxrodos p,;.

DTO MOXKHO CJIeJIaTh, HAPUMED, ¢ TTOMOIIBIO JBYX TaOJIUI], CTPOKH KOTOPBIX M0-
MeUYeHBI dJIeMeHTaMu BHyTpeHHero ajidabuta (), a CTOIOIBI — JIEMEHTAMH BXOJI-
HOro ajdaBuTa Xijy.

Ha mepecedennn cTpoKH, HOMEYEHHOI COCTOSHHEM ¢, U CTOJONA, MOMEYEHHOI'O
CHMBOJIOM a, B 1epBoii tabuie cTrout 0y (g, a), a Bo Bropoit — py(q, a). Herpyauo
OEHUTDH YUCJIO TaKUX I1ap Ta6ﬂHL[, a 3HAYUT, 1 YUCJIO PA3JIMIYHBIX aBTOMaTOB MI/IHI/I,
oHo paBuo (mn)™, vae r = | Xy, n = |Qun| um = |Qp].

OnHako Ui 3a/JaHASI aBTOMATa C BBIXOIOM YI00HEe UCII0TH30BaTh 00JIee HATJIA -
Hoe rpaduyueckoe IMpeacTaBIeHre, aHAJOIMYHOE JuarpaMMe COCTOSHUN WM Tha-
rpaMMe Tepexo0B, YzKe MCI0JIb30BaBINeiics HaMu JJIs 3aaHusl aBTOMATOB 0e3 BbI-
X0/a. DTOit 1mesin OyIeT CIyKUTh pa3MedeHHbI OPUEeHTUPOBAHHBIN Irpadd, BEPITHHBI
KOTOPOT'O COOTBETCTBYIOT COCTOAHUAM aBTOMATa U UMHU IIOMEYEHbI, a Ay Fpacba CO-
OTBETCTBYIOT IIEPEXOJaM MeXKIY COCTOSHUSIMU M HecyT HHMOPMAINIO O BBIXOIHBIX
cuMBoJiax. bosiee TOUHO, u3 epuLuHbl, NOMEUEHHOT COCTNOAHUEM (¢, DEpem Ha¥ano
dyea, 306KAHYUBAIOWAACA 6 BEPULUHE, NOMEUYEHHOT, COCTNOAHUEM P, U CAMG NOMEYEH-
nas crosom a/b npu yeaosuu, wmo dp(q,a) = p u pr(q,a) =b.

O,ZLHI/IM 13 BarKHENINMNX IOHATUN TEeOpUu aBTOMATOB ABJIAETCA MMOHATHE IK8UBA-
AEHMHOCTU COCTNOAHUT ABTOMATa C BBIXOIOM.

Omnpexnenenne 7.2. Cocmoanus p u q aémomama M wasweatomesn axeusasernm-
HOLMU, ECAU COOMEBEMCMBYOULUE UM asmomammsie omobpascenua M, u M, cos-
nadarom, m.e. ecau 0aa 106020 cA06a W 60 8LOOHOM andasume Xy asmomama M
suinoanaemes pasencmeo pi(p,w) = pis(q, w).
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I'JIABA I. KOHEYHBIE ABTOMATHI U $13BIKN1

Bamnuch p ~ ¢ OyAeT BhIpaykaTh SKBUBAJIEHTHOCTH COCTOSIHUN P 1 (.

Yepes Qyy/ ~ obo3HaIUM (HAKTOPMHOKECTBO MHOXKeCTBA ()); BHYTPEHHUX CO-
cTostHUil aBToMaTa M 10 OTHONIEHUIO SKBUBAJIEHTHOCTH ~, T.e. MHOXKECTBO COOTBET-
CTBYIOIIUX KJIACCOB SKBUBAJIEHTHOCTH [p]..

Paccmorpum HOBBIIT aBTOMAT

M/ ~= (S, Qu/ ~, Qs S/ ~, pu/ ~),

rie

Yu — 8xodnoti aagasum aromara M, ABIMIOMMICT BXOAHBIM aa(haBUTOM W aB-
romara M/ ~,

Qr/ ~ — enympennuti aagasum asromara M/ ~, spistomuiics hakTOPMHO-
JKEeCTBOM MHOXKECTBa, ()); BHYTPEHHHUX COCTOsIHUIT aBToMaTa M 1O OTHOIIEHUIO K-
BUBAJICHTHOCTHU ~~,

Qu — evtrodnoti angpasum apromara M, ABISIOMANACS BBIXOIHBIM aa(daBUTOM U
aromara M/ ~,

v/ ~ — Pynryus nepexrodos asromara M/ ~ u

pu/ ~ — Pynrkyus evixodos apromara M/ ~, 3aaHHbIE DABEHCTBAMHU

pu/ ~ (lal,a) = pulq,a), on/ ~ ([q],a) = [6m(q, a)].

KoppekrHocth onpejieiennii, T.e. He3aBUCUMOCTD OT BbIOOpA IPeJICTaBUTE e, JIET'KO
MPOBEPSIETCS.

Paccmorpum Boripoc 06 aJiIroOpuTMUYecKOil pacio3HaBaeMOCTH IKBUBAJIEHTHOCTH
COCTOSTHUIT KOHEYHOTI'0 aBTOMATa, C BHIXOJIOM.

Teopema 7.1 (Xadbdman — Mumn). Ecau f u g — snympennue cocmosnus as-
momama Muau M ¢ n 8HYMPEHHUMU COCMOAHUAMY U OAA A106020 CAO6G W OAUHDL
|lw| = n — 1 ewnoansemes pasencmso piy(f,w) = phy(g,w), mo cocmosnua f u g
IKEUBANEHINHL.

Jokaszameancmeo. 11 IpOU3BOIBLHOTO [EJOT0 HEOTPHIATEIHHOTO YHCIa k
BBe/IeM TOHATHE K-IKBUBATEHTHOCTH BHYTPEHHUX COCTOSHHUN aBTOMATA: BHYTDEHHIE
cocTosiuus p U ¢ apromMaTta Muan M Ha3bIBAIOTCA k — SKBUBAJEHTHBIMH, €CJIU /IS
M060r0 CI0Ba W JIHHBL |w| = k BBINOJHIETCS paBeHCTBO ph,(p,w) = pi,(q, w).
k-3KBUBaJICHTHOCTH BHYTPEHHUX COCTOSIHUN p u ¢ OyjeM 0003HA4YATh depe3 p ~j (.

3amernM, 910 JTI0ObIe B BHYTPEHHUX COCTOSIHUS P U ¢ (-9KBHBAJCHTHBI.

Ornormenne k-3KBUBAJEHTHOCTH $IBJISIETCS OTHOIIEHHEM SKBUBATEHTHOCTH, T.e.
OHO pedIeKCHBHO, CHMMETPHIHO U TPAH3UTUBHO.

Kpome Toro, ecmu p ~pi1 ¢, T0 p ~ q. [Hosromy [p] C [p|~,, 3uaunr,

~Et1
Qe /~rs1] 2 [Qar )~
Ecmn |Qpr/~k+1| = |@nr/~k|, TO KaxK 0 BKIOUYEHHE SIBISIETCS] HA CAMOM JIeJie
pasercTBoN [pl. ,, = [p]-,.
[ToxazkeM, 4TO ecIu g JTI060r0 COCTOAHUS 5 BBIIOTHACTCS PABEHCTBO [s]., ., =
[8]~,, TO Mg JMOOOrO COCTOSHUS P BBINOIHACTCH PABEHCTBO [plo, ., = [Pl~y, s &

3HAYUT U PABEHCTBO [P]o,,, = [P~ -
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§7. Koneunble aBTOMATHI C BBIXOJOM

Bamernm, a0 [pl., ., € [Pley,,-
it mokazaTeabcTBa 00PATHOTO BKJIIOUEHHS, MPEIIOI0KIM, 9TO P ~kiq ¢. To-
ra Jyist JII0OOTOo CI0Ba w JUIMHBL [w| = k u J11060ro cMMBOJIA @ BXOTHOTO asidaBuTa

BBITIOJIHSIETCST PABEHCTBO ph,(p, aw) = pi,(g, aw), T.e. paBeHCTBO

P (p, a)prs(6ar(p, a),w) = par(q, a)py (9 (g, a), w).

3HaqyuT

pu(psa) = pu(g,a), w1 py(dm(p,a),w) = pi(0m(g,a),w).

[Tosromy cocrosiaust Oy (p,a) u dp(q, a) k-skBUBamenTHBI, 3Ha4UT OHU U (k + 1)-
SKBHBaJIeHTHBI. CJleI0BaTeIbHO, I J000r0 cuMBOJa b BXOTHOTO andaBUTa BbI-
MOJTHSIETCST PABEHCTBO

p}ﬁ\/l((;M (pv CL), wb) = p*M((SM((L a)v wb)

3HAYUT, BEPHO PaBEHCTBO

P (P, @) pas (Oar (P @), wb) = par(q, a)py,(da(gq, a), wh),

T.€. PABEHCTBO
pr(p, awb) = piy(q, awb).
Tak kak 1pu cJieJIaHHBIX [IPEJIIIOJIOKEHUAX awb — NPOU3BOJIBHOE CJIOBO JIUHDBI k2,
10 p ~py2 q. [losromy [ple, ., C [pley,,- A 3uauur [plo, | = [ple,,,-
Otciona cpa3sy Caeayer, 9To ec/d JJIs BCeX COCTOSHUIT p BBIIOJHEHO PABEHCTBO
[Pl~yiy = [Pl~y, TO mpE MOGOM ¢ > K 171 BCEX COCTOSHMUI P BHIIOTHACTCS PABEHCTBO

[Pl = [Pl
Paccmorpum Takoe k, 910

1= 1Qnm/~o| <|Qum/~1] < ... <|Qm/~k-1] <|Qum/~k| = [Qrr/~p11l-

Torma k41 < |Qp/~k| < n, mosromy k < n — 1. 3uaunt (n — 1)-9KBEBAIEHTHOCTD
BHYTDEHHHUX COCTOSIHUH P U ¢ BjedeT UX k-5KBUBAJEHTHOCTb, a 3HAYUT, U MPOCTO
9KBUBAJIEHTHOCTb.

Tak Kak II0 YCJIOBUIO TeOpeMbl cocTosHus [ U ¢ (n — 1)-35KBHBAJICHTHBI, TO OHH
k-35KBHBAJICHTHBI, & 3HAYHUT, M MPOCTO SKBUBAJCHTHEI. O

U3 noxka3aHHOil TEOPEMBI TOIyUIAeM aA20PUMM, NO3BOAANUUT N0 A100DM 08YM
BHYMPEHHUM COCTNOANUAM q U P asmomama Muau M ¢ n enympennumu cocmoani-
AMU OMBEMUMDb HA BONPOC, IKEUBAACHMHDL AU MU COCMOAHUA. AJTTOPUTM 3aKTIO-
qaeTcsi B MPOBEPKe JJIsi BCEX CJIOB W JUIMHBI |w| = n — 1 BBIMOJIHAMOCTH PaBeHCTBA

P (psw) = pi(q,w).

,HJIH AaBTOMATOB C BBIXOJOM IIpe€JCTaBJ/IdeT HHTEPEC s0npoc O pasdAUutYUMOCIU 6100-
HBT CAO6.
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I'JIABA I. KOHEYHBIE ABTOMATHI U $13BIKN1

Onpenenenne 7.3. Caosa u u v 60 8rodnwom aagasume Y asmomama M nasovi-
BANMCA HEPABAUNUMBMY asmomamom M 6 HauasbHOM SHYMPEHHEM COCTMOAHUL
q, ecau Oas n106020 cA066 W 60 8XodHom aspasume asmomama M evnosnsemcsa
PABEHCMEBO

(g u-w) = pi(g,v-w).

Ecau crosa u u v 60 exodiom aspasume Y asmomama M wepasiuuumv, a8mo-
mamom M 6 41000M HAUANOHOM BHYMPEHHEM COCMOAHUU, MO OHU HA3BLEANOMCA
HEPAZAULUMBLMY Ga8MoMmamom M.

Teopema 7.2. Crosa u u v 680 6x0dHoMm arpasume X asmomama M nepazsuvumo
asmomamom M 6 HauarbHOM BHYMPEHHEM COCMOAHUY ¢ 0204 U MOALKO M020a,
k020G BLINOAHACNCA PABEHCINEO

Py (g, u) = py(q,v)

u aKeusasermmv, cocmoanus 04, (q,u) u 03,(q,v) aemomama M.

ﬂ oras3ameasvCcimeo JIETKO CJIeAYeT U3 PaBEHCTB

Par(q, uw) = pa(q, ), a)py (03 (q, u), w),
P (g, vw) = piar(q,v),a)par(63,(q, v), w).

O

Caedcmeue. Cyuecmeem ar2opumm, no360AA0UULT N0 NPOU3EONBHOMY KOHE -

Homy asmomamy M u no a0bvm d6ym crosam 6 e20 8xodHom andasume onpede-
AUMD, PABAUMUMbL AU OHU asmomamom M.

He BmaBasich B MOJPOOHOCTH, PACCMOTPUM BOIPOC, CBSI3AHHBIA C ITEPHOIMIHO-
CTHIO B KOHEUHBIX aBTOMAaTaX.

Ecu Ha BXOJ| KOHEYHOTO aBroMara ¢ BeIxogoM M = (X, Qar, Qar, Oar, par) Iipu
HAYAJTHHOM COCTOSIHUH (¢ MOJABATDH MOCHMBOJIHLHO OECKOHEUHYIO ITOC/IeI0BATETbHOCTD

W = {wl,wg,...,wn,...}

OYKB ero BXOAHOTO aydaButa Yy, (Takue Mmoc/e10BaTeIbHOCTH HA3BIBAIOTCS CYnep-
caosamu B andasure X)), TO Ha BBIXOJE OYIET BHIPAOATHIBATHCS TIOCHMBOJILHO OeC-
KOHEJHAsl TOCIeI0BATETbHOCTD

U = {ul,u2,...,un,...}

OykB ero BbixoaHOro asdasuta {1y (cymepcsoBo B BeIXoAHOM asdasute). DTy M0~
CJIeJI0BATeILHOCTD MBI OyzeM obo3Havarh depe3 M, (w). 3akon ee ob6pa3oBaHUs 3a-
JTaeTcsl PaBEHCTBAMU

u = pa(gwr),  Uppr = par(Oy(qwe .. wy), Whyr).
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§7. Koneunble aBTOMATHI C BBIXOJOM

Takum obpaszom, asmomam M cynepcrosa 6o 6xodnom arpasume Xy nepepabamoi-
8GEM 6 CYNEPCA0BaG 6 BLLLOOHOM andasume ()yy.

B srom caydae OymeM roBOpHTH, YTO KOHEUHBI aBTomMar M 1o BO3deiicTBHEM
BXOJIHOIT MOCJIeI0BATEIBHOCTH W W3 HAYAIBHOIO COCTOSTHUS ¢ TIPOXOAUT (BhIpabaThI-
BAET) BBIXOAHYIO HOCIIEI0BATEIBHOCTE M, ().

Teopema 7.3. Koneunnti asmomam M nod eosdeticmeuem nepuodurueckoti 6x00-
1O NOCACIOBAMEALHOCTNY W, cOCMoAuLel u3 0yke e20 86001020 aspasuma, ¢ npeo-
nepuodom N u nepuodom T u3 HG4AADHO20 COCMOAHUA § NPOTOOUM NEPUOIUYECKYIO
nocaedosamensvrocmo cocmosnul q ¢ npednepuodom N'(q) u nepuodom T'(q) u 6vi-
pabamuieaem nePuoOUMECKYI0 GHLTOOHYN NOCALIOBAMEALHOCND U € NPeInepuodom
N"(q) u nepuodom T"(q), 0rs KOMOPLLT BLNOAHAIOMCA HEPABEHCMEA

N'(g),N"(q) < N+ (dy — 1T,
T/(q) — k/t/7 T//(q) — k”t”,

ede d, — wucao cocmoanut asmomama M, docmusicumunr us cocmoanus ¢, t,
t" <dy, k' u k" — deaumeau T.

Hoxasameannvcm e o. [lonaraem

w = {wy,we, ..., Wp,...},

U = {ul,ug,...,un,...},

q = {QhQQw-me~~}7

riae ¢1q. Mbl orpaHuaIuMCst 0Ka3aTe/IbCTBOM JIUIIh TIEPUOJUIHOCTH [T0C/Ie/I0BATE /b
HOCTEell u 1 q.
PaccMoTpum CIeyIony o MoAIoC/1e10BaTeIbHOCT § TOCIEA0BATEILHOCTH

—/
q = {QN+1, GN+1+T5 AN +142T AN+1+43T - - - s YN+14nT> - - - }

Tak kKax B TOCJIEAOBATEIBLHOCTH ¢ He DoJsiee 4eM d, PA3JIMYHBIX YIEHOB, TO B TOJ-
HOCJIEI0BATEJBHOCTH ¢ MMEIOTCS TToBTOpeHus. [IlycTh [ — HauMenbIee HATypaabHOe
YHCJI0, JIJIsT KOTOPOTO CYIIECTBYET TaKOe HeOTpHUIATeTbHOe Temoe m, 910 0 < m < [
U GNi1+mT = (N+147- 1aK Kak MO YCJOBHIO BXOIHAS MOCJIEI0BATENBHOCTD W0 SIB-
JIeTcd Iepuoaudeckoil ¢ upeamepuogom N u mepuomoMm 1', TO, B YaCTHOCTH, JJIsI
JH000TO j BBIIOIHSIETCH PABEHCTBO WNA14mT+j = WN41+iT+j, & 3HAUAT, I PABEHCTBA
AN+14mT+j = N+1+-1T+j M UN414mT+j = UN4+141T+;j- LLOSTOMY G M U — TIepUOIECKIe
nocsretoBareabrocTd ¢ nepuogom (I —m)T.

I[Ipu stom (I —m) < d,. 3naunr (I — m) He MPEBOCXOAUT THUC/IA BHYTPEHHHX
cocrostauit aromara M. 0

g mpousBosbHOro andasura A depe3z A* Gymem 0603HAYATH MHOYKECTBO BCEX
cymepcaoB B andaBure A, T.e. MHOKECTBO BCeX DECKOHEUHBIX MOCIEI0BATETHHOCTEH
cumBOJIOB asdasura A.
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Ecim 3adukcupoBarh BHyTpeHHee cocTosiHne ¢ € ()); KOHEYHOIO aBTOMAaTa

M = <ZM7QM79M75M7PM>7

TO MBI IIOJIyYUM I/IHI/IL[I/I&JIBHBIfI KOHEYHbIA aBTOMAT

Mq: <ZM7QM79M7Q7 6M7PM>,

2 * * *kk kk
KOTODBIi CrIOCOOeH BBIYUCIATH OTOOpazKeHus u3 Xy, B (0}, m u3 X3 B Q).
Yr106bI UMETh BO3MOYKHOCTH 'OBOPHTH O BBIYHUCJIMMOCTH N-MECTHBIX OTOOparke-
Huit u3 X35 B {137, JOCTATOYHO BBECTH B PACCMOTPEHUE aBTOMAThI C BXOJHBIM ajida-
BUTOM BHa XY4,. [Ipm 3TOM MBI OTOXKTI€CTBIEM TIOCIE0BATETLHOCTD

({wl,h W12y -+« Wim, - - ‘}7 {w2,1, W22y .-, W2m, - - '}7 cee
{wn,l, U}mg, e ,wn,m, .. })
C I10CJIe 10BaTEeJIbHOCTBIO
{(wl,l, wg,l, P 7wn,1): (wl’g, wg’g, e ,wn,g), ceey (wl,m, U}Zm, P 7wn,m)7 .. }

Torma aBroMart, BEIYUC/ISIONINI n-MeCTHOe 0TOOpazkeHne u3 X} B {137, — 9T0 aBTOMAT
BUJA
n
M= <(EM) 7QM7QM76M7PM>'
[ia peasm3anym BHIYUCICHNS CYyTIePHO3UINT aBTOMATHBIX (DYHKIMI HaM HOTpe-

6yeTC${ II0 ABYM aBTOMaTaM IIOCTPOUTHL HUX CYNEPIIO3UIUIO.

Onpexnenenne 7.4. Cynepnosuyuet (nocaedosamesvnoim coedureruem) asmoma-
moe

Ml = <27Q1797517P1>

M2 = <Q7 Q27 A? 527 p2>

Ha3vleaemca ascmomar

M = <E7Q7A757p>7
05 Komopozo (Q = Q1 X Qo u
d(q.a) = 6((q1,q2),a) = (61(q1, ), d2(q2, p1(q1,a))),
p(q,a) = p((q1,42),a) = p2(qa, pr(qr, a)).

Cynepnosunuio apromaros My u My 6ymem obosnaqgars gepes Mo Ms. [Ipu srom
Oyzaem cuurtarh, 94to eciau My u My — uHUIUAIBHBIE aBTOMATHI C HAYaJIbHBIMU COCTO-
SHUSIMU §1 M S COOTBETCTBEHHO, TO M7 0 My — MHUIMAJILHBIN aBTOMAT C HAYaIbHBIM
cocrosiaueM (S1, $2). HETpyIHO MOHATD, YTO €CJIM WHUIUATBHbIH aBTOMAT

Ml = <Za Qlaga 517517p1>
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§7. Koneunble aBTOMATHI C BBIXOJOM

Beranc/sier pyuknuio f n3 X* B (0, a unHunma bHbI aBTOMAT
My = (Q,Q2, A, 53,02, p2)
BLIUUCAgeT PYHKIUIO ¢ u3 0* A*, TO HHUIUAIBLHBI aBTOMAT
Mo My =(X,Q,A,(s1,$2),9,p),

BBEIUHCAgeT GyHKIHO g o f u3 X* B A*, apagomyioca cynepno3unueii dyakmumii f

ug.
AHATOrNYIHO, eC/IM WHAIHAJIBHBIN aBTOMAT

My = (3,Q1,€, 81,01, p1)
Berauc/sier pyuknuio f u3z X B (1, a nHUNMUAJBHBIT aBTOMAT
My = (€, Qa, A, 89,02, p2)
Borauc/sier pyuknuio g u3 2 A* 10 uHUIMAIBHBIA aBTOMAT
Mo My =(%2,Q,A,(s1,$2),9,p),
BBEIUHCAgET PYyHKIHIO g o f u3 X B A™ | gpngrontyrocsa cynepro3unueii pyakmmii f
ug.
O6061uM curyanuio. [lycrs npu mob6om ¢ (1 < i < m) UHUNUATIBHBIE aBTOMAT
M; = (X", Q4,9 54,04, pi)
BBIYHCIISIET N-MeCTHYIO0 ByHKImo f; u3 (X")™ B O, a nHUNMATHHbINA aBTOMAT

MO - <Qm7 Q07 A? S0, 607 p0>

BBIYHCIIsIET m-MecTHYIO dbyHkimio fo u3z (Q™)* A*. TlocTpouM MHUIMATIBHBIA aB-
TOMAT

M = <Zn7Q7 A? ((817 52,4, Sm)7 80)757 p>7

BBIYUCTSIONII N-MECTHYIO (DYHKITHIO

fo(fl(l'l, e ,l‘n), .. .,fm(l'l, Ce ,ZL’n))

u3 (X")* B A™, spistontytocst cyneprosunueii dynkuuii fo u fi,..., fi.
Jlist 3TOrO, TIpEXK e BCEero, MOCTPOUM mpsiMoe nipousBejenne My X ... x M, aB-
tomaroB My, ..., M,,, nonaraga
n m
Ml X ... X Mm = <E,Q1 X ... X Qm:Q ,(81782,...,Sm),(5,p>,
re

I(q1y - s qm), (a1, ... an)) = (61(qr, (a1, .- an)), -y 0m(@m, (a1, ..., an)),
p((Qla"'7Qm)7(a17~‘7an)) = (pl(QIv(alv"'7an))7‘”7pm(va(a17"'7an))‘
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A zarem Bo3bMeMm cymeprosunmio (M X ... x My,) o M.

Ecnn 3acdukcupoBaTh BX0aHOI amdaBUT > U pacCMATPUBATH JIUIIH ABTOMATHBIE
dbyHKIEK (0T TPOU3BOJIBHOIO YUCIA APTYMEHTOB) U3 L B X**| TO W3 IpeJIbl Iy IIuX
pPaCCyzKJIeHUii CJIemyeT, 9TO CYNepHO3UIUs aBTOMATHLIX (DYHKIUN ecTh (DYHKIHS
aromatHas. [loaromy, Kak u st OyJieBbIX (PYHKIHIT, MOKHO TIOCTABUTH BOIIPOC O
CYIIECTBOBAHUY KOHEYHBIX MOJTHBIX CHCTEM aBTOMATHBIX (byHKIuil. OmHako curya-
IUsl, B OTJINYNE OT caydas OyieBbIX (DyHKIIMI, OKa3bIBaeTCs H60Jee CJI0KHOI.

Teopema 7.4. Ecau aagpasum X codepotcum ne menee 08ys byke, mo a4 MHoAHCE-
CMBaG BCET ABMOMAMHHE HYHKUUT (0N NPOU3BOALHO20 YUCAG GPLYMEHMOS) U3 X
6 X ne cywecmsyem KoHeuHol CuCmembv, a8MOMAMHHT PYHKUUT, U3 KOMOPHLT C
NOMOULLIO ONEPAYUUL CYNEPNOZULUYL MOAHCHO OBLAO OBl NOAYUUMDL A00YI0 ABTMOMAT-
HY0 GyYHKULUIO.

HpeﬂBapHTeano JA0KazKeM BCIIOMOTaTEeJIbHYIO JIEMMY.

JIemma 1. Mycms asmomammuvie @gynxyuu  fo(xi, ..., xm), fi(zy,...,2), ...,
(1, . my) us X 6 I uluucauMb KOHEUHLMYU A8MOMAMAMY € Ng, N1, - . .,
Ny COCMOARUAMU, MaX(Ng, N, ..., M) < N u

flz, .o xn) = folfilzr, .o osxn), oy f(n, ooy 20)).

Ecau w - nepuodumeckasn nocaedosamenrvrnocms ¢ nepuodom T, ece npocmuie de-
aumean kKomopozo ne npesocxodsm N, mo f(w) — nepuoduneckan nocaedosamens-
HOCMb ¢ NEPUOIOM, BCE NPOCTBIE JEAUMENY, KOMOPo20 makce He npesocrodsm N .

doxasameanncme o Ilycth W — mepuogudeckast MOCIEIOBATETLHOCTD C
nepuosioM 1, Bce IPOCThIe JAeJTUTEIH KOTOPOro He MPeBocxXomdar V.
Torna nociie0BaTeILHOCTH

U = fl(u_})a ceeyUm = fm(u_})
ABJIAIOTCA IIEePpUOAUYICCKUMHU C IepHuOJaMu
T = kT,.... T, = kT,

npudeM ki, ..., k, < N.Ilostomy KazxKmprii mpocToii mesuTesb 11000ro u3 uucen 17,
..., T, TakxXKe He IpeBoCcXoauT N.

[Toce0BaTENLHOCTD (U1, - . . , Uy, ) SBJISIETCST HEPHOIUIECKOI ¢ epuogom Ty, pas-
HBIM HauMeHbIeMy oo01iemMy kpatuomy uucen 11, ..., T,,. [Tosromy jiro6oit npocToit
JleuTesb duciaa 1o takzke He mpesocxogaut N.

[TocaenoBaTebHOCTD Uy = fo(U1, . - ., Uy,) SBISIETCS] MEPUOITIECKON C TIEPUOTOM
T = koT(), raoe ]{30 S N.

[Tosromy s1000it ipocToit jesmTesh unciaa 1™ Takxke He mpeBocxoanT [NV, U

oxaszameanncm e oreopeMbl. llpenmnonoxum mporusnoe. Ilycrs fi, ...,
fm — KOHeUYHasI cUcTeMa aBTOMATHBIX (MYHKIHUH u3 X** B X, u3 KOTOpOil ¢ momMo-
IO ONEPAINN CYIEePIO3UIUNA MOYKHO MOJIYIUTh JIOOYI0 aBTOMATHYIO (OYHKIIWIO U3
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Y B Y. Ecom My, ..., M,, — KOHeYHbIe aBTOMATBHI C Ni, ..., N, BHYTPEHHU-
MH COCTOSTHUSIME, BBIUUCONIAE DYHKIUA f1, ..., fm, TO BEIOEPEM NPOCMOE YUCAO
p> N =max(ng,...,ny).

llycts a u b — dsa paszauunuz sremernma asrpasuma . Ob6O3HATUM depe3
MP = (%,Q,%,5,0,p)

KOHEYHBI aBTOMAT, BBIJIAIOIIUI 110 JIIOOOMY BXOJIHOMY CYIIEPCJIOBY IEPUOIUIECKOe

CYIIepCJIOBO
atba? o a0

a depe3 f,(r) — COOTBETCTBYIONIYIO OAHOMECTHYIO ABTOMATHYIO (DYHKITHIO.
[TokazkeMm, uro GyHKImO f,(7) HEIb3s HOMYIATH C MOMOIIBIO CYIEPIIO3UINH 13
byuruui fi, ..., fp. D10 ciemyer u3z caemyworero 3amedanust: ecau dbyukus f(z)
siBjIsieTcst cynepnosunueit pyuknmit fi, ..., f,,, To oHa mpeobpasyer mepuoIUIe-
CKYIO TOCTEI0BATEILHOCTD (@, ..., @, ...) TMepuoja 1 B MEePUOAUIECKYIO MOCIEI0BA~
TeJBHOCTD C IMepuogoM 1, Bce IMPOCThIe IEJUTEJH KOTOPOro He mpeBocxoadar N, a

[IOCJIe TOBATEIBHOCTD
a YbaP . a7

nMeer poctoit nepuoa p > N. [loaydenHoe mporuBoOpedne 3aBepiraeT J0Ka3aTeIb-
CTBO T€OPEMBI. O

B kauecTBe npumepa npuMeHeHHUs BBEJIEHHBIX MOHATUNR PACCMOTPUM TEOPETUKO-
aBTOMAaTHYIO Mojeb Iudparopa. [logo0HbIe MOAETN MO3BOISIOT aHAIU3UPOBATH
COBPEMEHHbIE CHMMeTPUYecKue mudpbl, peaju3yeMbie annapaTHo — 3JIeKTPOHHBIMI
CcXeMaM# U MPOrPAMMHO — KOMITBIOTepHbIME mporpammamu. CyImecTByIOT pa3/ind-
HbIe BapHaHTHl TEOPETUKO-aBTOMATHBIX Mojeseil mudparopos. [Ipuseaem oany n3
HUX, paccMoTpennyio B jekiusax B.A. [Toropemosa. Hamomanm HeKoTOpbIe HEOOXO-
JIUMBIEe TIOHATHSI, CBA3aHHBIE C MOHATHeM Imudpa win mudpcucrteMbl. IpeaBapu-
TeJIbHO 3aMeTUM, 4TO IirmdpoBanue B 00IIEM BHUJE COCTOUT B IPeoOPA30BAHUU OT-
KPBITBIX TEKCTOB B mudpoBanubie TekcThl. [lycrs X — andaBut OTKpHITHIX TEKCTOB,
a Y — andapur mudpoBaHHBIX TEKCTOB, a X * 1 Y* — COOTBETCTBYOIINE MHOKECTBA
BCEX CJIOB B 9TUX aJi(paBUTAX.

[IycTn X* C X*uY* C Y* — KOHEUHBI® MOIMHOKECTBA COOTBETCTBEHHO BO3-
MOYKHBIX OTKPBITHIX U 3aMi(PPOBAHHBIX TEKCTOB.

Onpenenenne 7.5. IMTugppom uiru wudpcucmemoti Hadvieaemcs A100aa namep-
KaG MHOHCECTNE 6UOIG

Y = (X", K, Y, E, D),

2de

K — mnooticecmeo xarouetl,

E = (Eg)kex — cemeticmseo npasua 3awu@posanus: oia kaxncdozo k € K: Ey —
omobpasicerue MHocecmea X* OMEPLIMLLE MEKCMos 60 MHodcecmeo Y * wudpo-

BAHHBLT MEKCMO8,
D = (Dy)rex — cemeticmeo npasua pacwugdposarus: dia xascdozo k € K Dy,
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— omobpastcenue mrosicecmea Y * WuGpoaHnuT MeKCmos 60 MHodcecmeo X * om-
KPOUMBLT MEKCMOS.

IIpu smom doastcnv, 6BNOAHAMBCA CAEOYIOULUE YCAOBUA:

1) 0asa mobozo crosa w us X* u 06020 xarowa k uz K evinoansemes pasencmeo

weX*

Yeaosue 1) o3Ha9aeT, 9TO PACCMATPUBAETCS CHMMETPHYIHAS CHCTeMa MNMPOBAHUS —
KJII0Y pacimudpoBaHus COBIAIAET C KJA0UOM 3arudpobanus. Kpome Toro u3 ycio-
Bus 1) ciemyer, uto jig Jo6oro kioda k uz K orobpaxkenne Ej X* — Y~
ABJALETCI NHbEKINE.

YeaoBre 2) HOCHT BO MHOIOM TEXHHYECKHH XapakTep W HECYNIeCTBEHHO st
JaJIbHEHIIero.

[IpunnunuaabHOe 3HAYEHUE TEOPETUKO-aBTOMATHBIX METOJOB JIjIsi ONUCAHUS Pa-
60ThI MG PATOPOB COCTOUT B BO3MOYKHOCTH MOJIEJMPOBaHUSA UX (DYHKIIMOHHPOBa-
HUS B JUCKPETHOM pPerKuMe.

Tak kax GyHKIHUK py; 1 0y aBToMara M, paccMaTpUBaeMOTO B KQUeCTBE MOJIEN
mu@PCUCTEMbI, 3aBUCAT OT KJI04Ya k U3 MHOXKeCTBa Kjtoueit K, To ¢ mudpcucreMoit
eCTeCTBEHHO CBsI3aTh 1esioe ceMeiicTBO (M )gex aBTOMATOB, KOTOPOE MOYKET ObITh
3aMEHEHO OJIHUM aBTOMATOM:

ecJn

Mk = <27 Q7 Q? 5/437 pk>7

TO 1oOJIaraem

M:<E7QXK7Q767P>7

rje

(g k), ae) = (Ow(qra) k) = (@141, k), p((g, k), ae) = pe(ae, ar) = beya.

WNuorna B Mojes b MuGPYOINEro aBToMaTa BKIIOYAIOT JIBE JTOMOJTHUTE/IbHbIE (DYHK-
JRRZ011

a: K — @Q — byskuus nannuainsanny (BeI60pa HAYAIBLHOTO COCTOSTHUS),

B:Q x KxYX— K — GyHknug oOHOBJIEHHS KJTIOYA.

B srom ciaydae, ecim BBIOpaHO HadabHOE 3HaUeHue ki K04, TO B Ka4eCcTBe Ha-
9aJIbHOTO COCTOsIHUSI aBToMaTa Beioupaercst ¢ = a(ky).

Ecan paccmarpuBaercss Mojesib ¢ pyHKIuer (3 0OHOB/IeHUsT KJII0O9a, TO K Pac-
CMOTPEHHBIM BBITIIE KAHOHUYIECKUM YPABHEHHSIM AaBTOMATa, 3a/AI0IIMM 3aKOH €ro
byHKIIMOHNpPOBaHUS BO BpEMeHHU, J00aB/IsIeTCsl YPDABHEHNE CMEHBI KII0Ua

k’t+1 = ﬁM(Qta Ky, at)-

[Ipu sTOoM ecytit DYHKITUS CMEHBI KJII0Ua He SIBJISeTCI TOXKIECTBEHHOM, TO mMudpyio-
Myl aBTOMAT HA3bIBAETCS MYJIbTUKIIOYEBHIM.
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Nuayknueit mo qumHe |w| cioBa w onpeaeasiorcest GyHKIuI

ilg k,w),  pylg, k,w) u Bylg, k,w)

1 JOKa3bIBa€TCd CIIpaBEIJINBOCTL PaBEHCTB

57\4(q7k7uw> = 57\4(6;;/[(Q7 k? U),B}\'}(q,k,U),UJ),
P,k uw) = py(q, k,u)py (03, (q, B u), Ba(q, by u), w),
Bar(q, k,uw) = By (03,(q, k,u), Byy(q, ku), w).

C omenkoit Kpunrorpaduueckoir CTORKOCTH MIH(POB TECHO CBA3aHA MPobIeMa
MHUHHUMU3AIUN OJIA H_[I/I(I)pyIOH_[I/IX aBTOMATOB.

Kamovwu ki n ke aBromara M ¢ dpyHKIMEH WHANMAJIW3AMAN (¢ HA3BIBAIOTCS 9K6U-
6ANEHIMHBLMU, €CITH COBOANAIOT PeaKmMhl Moy k) B Mia(ky)ks) aBTOMaTa M, T.C.
JIJISI TI00O0TO CJIOBA W BO BXOAHOM aJichaBuTe Y aBroMara M BBIIOJIHIETCS PABEHCTBO

p}ﬁ\/l(a(kjl)v ki, w) = p}ﬁ\/l(a(kﬁ)v ks, w)‘

B kaugecrBe caencrBust Teopembl Xaddmana — Muan mosydaem, 910 0aa 9K6UGA-
Aewmuocmu kaoued ki u ko Koneunozo wudpyrowe2o a8momama

M= (X QxK,Q,0,p)
HEOOLOdUMO U AOCMAMOYUHO, YIMOObL GLINOAHALOCH PABEHCIEO

p}k\/[(a(k1)7 ki, w) = p}k\/[(a(kQ)v ks, w)

oas 06020 caoéa w daunss |w| < Q|- | K| —1 60 6xodnom aadasume ¥ asmomama
M. Tlosromy npobaema 9K6UBGAEHMHOCTU KANWOYUET OAA KOHEUH020 WUPPYOULe20
a8MOMAMA AN20PUMMUYECKY DA3PEULUMG.

OueBHIHO, YTO He KayKIblii KOHEUHBI aBTOMAT MOXKET PAaCCMATPUBATLCSA B Kade-
cTBe Mojen mudparopa. DTO CBI3aHO, B YaCTHOCTH, C TeM OOCTOSITEHLCTBOM, UTO
tst moboro Kiao4da k n3 K orobpaxenne Ey, 1 X* — Y* 06paTHMO ciesa (sBIIsTET-
cst uabeknmeit). [Tosromy MBI IPUXOAUM K HEOOXOIMMOCTH PACCMOTPEHHsI BOIIPOCA
006 obpamumocmu cae6a KOHETHBIX aBTOMATOB.

HamomunM mongarue asmomammozo omobpascerus. Ecin

M:<E7Q7Q757p>

IIPOM3BOJILHBII aBTOMAT, & ¢ — ero BHyTpeHnHee COCTOsHue, TO oTobpazkenune M, MHO-
JKeCTBa 2° BCEX CJIOB BO BXOJIHOM aJihbaBHTE 3TOr0 aBTOMaTa BO MHOXKECTBO {2* Bcex
CJIOB B €0 BBIXOJHOM aJjihaBuTe, 3aJJAaHHOE PABEHCTBOM

M,y(w) = 6"(q, w),

HA3BIBACTCA GBMOMAGMHbM OMOOPAHCEHUEM, COOMBEMCMBYOULUM COCNOAHUIO (],
WA peakyueti cOCmoAHUA .
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Onpenenenne 7.6. Asmomam

~

M=(Q,Q,%,0,p)
HaA3blBAEMCA JLEBBLM 06pa,mHu.M K aemomamy
M = <Z7 Q? Q? 57p>7

ecal o 1100020 erympennezo cocmoarus q asmomama M natidemcs makoe 6Hym-
pernee cocmoanue §¢ asmomama M, wmo das 1100020 cr066 W 680 8LOOHOM anrpasume
Y. aemomama M ewvinoanaemca pasencmaeo

My;(My(w)) = w.
AHAJIOrIIHBIM 00pa30M ONMpEIesIeTCs MOHATHE MIPABOr0 0OPATHOTO aBTOMATA.

Onpenenenne 7.7. Asmomam

~

M =(Q,Q,%,0,p)
HA3BLBAETICA npasuM 06pamHu,M K aemomamy
M = <Z7 Q? Q? 57p>7

ecau 0a8 A100020 BHYMPEHHE20 cOCMoaHUA ¢ asmomama M watidemes maxoe eHym-
pernee cocmoanue § asmomama M, umo das 4106020 caosa u 60 8L00HOM anrpasume
Q asmomama M ewvinosnsemcs paseHcmso

M, (Mg(u)) = u.

Apromar M Ha3BIBAETCA UHBEKMUBHbIM, €CJIA JIJI JTI0OOTO €ro BHYTPEHHEro CO-
CTOSIHUS ¢ WHHEKTUBHO aBTOMaTHOe oToOpazkenue M.

Teopema 7.5. /[aa npoussosvrozo asmomama M caedyrousue mpu ycrosua aKkeu-
BANEHIMH DL

1) dasn asmomama M cywecmeyem aeeviii obpammvii agmomam,

2) M — unsexkmushul asmomam,

3) 0as a100020 GHYMPENHE20 COCMOANUA ¢ UNBEKMUEHA Pyrkyua py(x) = p(q, T)
us 2 6 ).

oxaszameanncmeo Tak Kak, 0O4eBHIHO, CHPABEIINBbI UMILIUKAIUN
1) = 2) = 3), To JUIst JI0OKA3ATENBLCTBA TEOPEMBI JIOCTATOYHO, HAIPUMED, TOKa-
3aTh BEPHOCTb HMILTHKAIMA 3) = 1).

[IpeamoaoKum, 9To s JII000r0 BHYTPEHHErO COCTOSHUS ¢ WHHEKTHBHA (DYHK-
nust p,(z) = p(g, ) m3 ¥ B Q. Torma mas moboro cumsoa b BHIXOAHOTO andaBuTa
Q asromara M nomsiii npoo6pas p, ' (b) comepxuT He Goslee OIHONO SIEMEHTA.
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B caydae, korja moJiHblii mpoodpas p;l(b) 3J1eMeHTa b COCTOUT U3 OJIHOTO JJie-
menTa a (p(q,a) = b), noraraem

~

6(q,0) = d0(q,a), p(g,b) = a.

Ecam »xe mosmslii mpoobpas p;l(b) ssementa b mycr, To 3amaem 0(q,b) u p(q,b)
IIPOU3BOJILHBIM 00Pa30M.
HenocpencTBennas npoBepKa MOKA3BIBAET, ITO aBTOMAT

~

M =(20,% 56 p)
ABJISCTCA JIeBBIM OOPATHBIM K aBTOMATY
M= (%,Q,99 p).
0

JlokazaHnHas TeopeMa 000CHOBLIBAET BO3MOXKHOCTH IOHUMATD IO/ IHMPYIONNIM
aBTOMATOM JTI000 aBTOMAaT BHA

M:<Z7QXK7Q757P>7

rme

5((%,@,%) = (5k(Qt,@t),k) = (thrlak)? P((Qt:k):at) = Pk(%,@t) = by,

npudem npu 66X GukcnpoBanubix ¢ u k dynknun p((g, k), ) NHbEKTHBHBI.

B zakjiodenue paccMOTPUM BOIPOC O PA3/JUYMMOCTH BXOJIOB IMHUMPYIONIEro aB-
TOMaTa — ero CrocoOHOCTH IpH JIFOOOM KJjloue 3amudpoBarh JBa Pa3JIMIHLIX OT-
KPBITHIX TEKCTa HAYMHASI C HEKOTOPOH JJIMHBI B Pa3/IMdHbIe MHMPOBAHHBIE TEKCTHI.
OTO MPHUBOJUT K CJAEAYIONIEMY OIpe/Ie/IeHHIO.

Omnpenenenne 7.8. Caosa (mexecmo) w u v 60 6xodnom asdasume X wudpyro-
uLe20 ABMOMAMA
M= (30QxK,Q79p a)

¢ PynKYUel UHUYUGAUSGUUY O HA3DLBAIOMCHA HEPA3AUNUMBLMU HA Katoue k, ec-
AU 0nf 1100020 CAOBG W 60 BTOOHOM GAPABUME IMO20 ABMOMAMAE BHINOAHAECTNCH
pasencmeo

p (k) k,u-w) = p*(alk), k,v-w).

Teopema 7.6. Caosa u u v 60 6xodHom aspasume X wWUPPYOWE20 ABMOMAMG
M: <Z7QXK7Q757P7&>

¢ Pynryuel UHUYUAAUSAUUL O HEPASAUNUMBLMUY Ha KAt0ue k mozda u moabKko moe-
da, Ko020a BVINOAHAECNCA PABEHCMEBO

p*(a(k), k, u) = p*(a(k), k, U)

u axeusasenmuv, cocmoanus 0*(a(k), k,u) u 0*(a(k), k,v) asmomama M.
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ﬂ oxvaa3ameandvCcmeo JIEKO CJIeAyeT U3 PaBEHCTB

6?\/[((]7 kyuw) = 6}‘(\/[(5&(Q7k7u)7ﬁ}k\/[(q, kyu)yw)u
p*]V[((L kauw) = p*]V[((L k,u)p}‘w(ﬁw(q,k,u),ﬂ}&(q,k,u),w),
Br(a, k,uw) = By (03(q, k, u), By (g, K, u), w).

O
Caedcmeue. IIpobaema pacnodHasarus pasAudUMOCM 6L00068 WUdPYOUUM
aABMOMAMOM AALOPUMMUYECKU PA3PEULUMA.
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['JTABA 11

JACTUYHO PEKYPCHUBHBIE
OYHKINNA

§1. IIpuMuUTUBHO peKypCUBHBIE U YACTUIHO
peKkypcuBHbIe (DYyHKITIN

O6o3naunm yepe3 N muoxkecto {0, 1,2, ..., ...} HATYpATbHBIX YACE]. 3aMETHM,
YTO IO YUCTO TEXHUYECKHM MPHIMHAM B 3TO MHOXKECTBO BKJIIOUeH HYJb 0. MoxKHO
OBLJIO OBl HTOTO HE JeJIaTh, HO TOTJA HECKOJIBKO YCJIOKHUINCH ObI HEKOTOPHIE JT0Ka-
3aTe/IbCTBA.

OCHOBHBIM ITOHATHEM /I HAC OYIeT MOHATHE N-MECMHOUT “YacmuyHotl YUcA0801
Pyrryuy f, KOTOPYIO MBI OyIeM Ha3bIBATH MPOCTO PyHKUUEL.

n-mecmmot 4acmuuHoll 4ucao8ol ymruuet f Ha3veaemcs npou3sons-
noe omobpasicerue Hekomopozo nodmmoscecnea D(f) mmoocecmea N™ 6o muoorce-
cmeo N. IIpu srom muozxkectBo D(f) HazpiBaercs: obaacmovro onpedenenus GyHK-
mun f.

n-mMectHag (hpyHknusa f HasbiBaeTcs 6ctody onpedeaeHHoU, eciu ee 001acTb
onpenenennst D(f) coBnagaer ¢ mHOKecTBOM N™.

Ecan HaM mo KakuM-1mO0 NMpHYMHAM OyIeT HeOOXOIMMO YKa3aTh apryMeHTHI
n-MecTHO#l YHKIHUH f, TO MBI 9acTO OyJeM HCIOJb30BATL /IS 9TOIO BhIPAYKEHHe
f(z1,...,2,). lpu srom ipu n = 1 Bmecro f(z1) 6yaem mucars f(x), mpu n = 2
Bymecto f(x1,12) — f(z,y), a upu n = 3 Bymecro f(x1, 72, 73) — f(2,9, 2).

[TosicHUM OJTHO M3 OCHOBHBIX JJIsS HAC MOHATHUI — MOHITHE 8bIYUCAUMOU PYHK-
UU.

N-MECMHAA HACNMUYHAA HUCA08GA PYHKUUSA [ HA3D6aEMCA BBLYUCAU-
MO, ecau cyuecmsyem anzopumm A, KOmopuili no npoussosbHOMY HAOOPY
(a1, ...,a,) HAMYPAALHOLT wucer, npunadiesicauemy obaacmu onpedeserus D(f)
dynryuu f, swuucasem snavenue f(ay, ..., a,) dynkyuu f na amom nabope.

Tak kak mousrue ”anzopumm 2A”, 0 KOTOPOM HJET pedb B HPEeIbIAYIINeM II0sIC-
HEeHUN, TIOHUMAETCs. B UHTYUTUBHOM CMBICJIE (€My MbI MOKA He JaJd TOYHOIO Ma-
TEMATHYECKOrO ONpeesiennst), T0 u byHKIus [ Ha3bIBACTCS B8LIYUCAUMOT 8 UH-
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MYumueHom cmoicae. OIHAKO MBI OyIeM TOBOPUTH MPOCTO, 9T0 PyHKuus f
8bLYUCAUMA, ONIYCKAsI CJIOBA B HHTYUTUBHOM CMBICTIE”.

YTOUYHUTH UHTYUTUBHOE TOHATUE BBIYUCIUMON (DYHKIUN, 3aMEHUTDH €TI0 TOUYHBIM
MaTeMaTHIeCKHM MOHATHEM, B OIPeJIeTHHOM CMBICTE eMy S5KBHBAJEHTHBIM, MOXKHO,
B IIPUHIIKAIIE, JIBYMsI CIocobamu: Jinbo 046 MouHoe MAMEMAMUYECKOE ONpedeseHue
duypupyrouemy 6 NOACHEHUY NOHAMUSL BLIYUCAUMOT GYHKUUY UHMYUMUBHOMY
NOHAMUIO AA20PUMMG, JTAOO 6 MOUHLLT MAMEMAMUNECKUT MEPMUHALT ONPedesus
KAGCC BCET BuMUCIUMBLE PyHnryud. B aToM pasmene OymeT pacCMOTpeH BTOPOIl MOJI-
XOJI — OIIpeIe/IeHne TOHATHS BEITHCIUMON (DYHKINN Yepe3 MOHATHE YACMUYHO Pe-
KypcusHol pynruuu.

IIpocmetiwumy win UCTOOHBIMYU GYHKUUAMU HASBIBAIOTCS CJEIYIONNe
dyHKIHIH:

HYyaesas PyHryus — 310 oxHOMecTHas (yHKIuUsA, obo3HadaeMast depe3 0(x)
u npu JI0O00M 3HAYEHNN apPryMeHTa & MPUHUMAOIIAsl B KA4eCTBEe 3HAYEHUS TUCJIO
Hys1b 0,

Pynryua caedosarus— 1o ogHOMecTHas ByHKIHUs, 0bo3HAUaeMas depes3 §(x)
U [pu JIOO0M 3HAYEHUU apryMeHTa @ TNPUHUMAIONIAs B KadecTBe 3HAYeHWT a + 1,
npudeM a + 1 — 9ucio, cieayiomiee 3a a, a He YHCJIO0, TOJIYIaeMoe CIOKEHUeM @ C
euHUIEl (omepanus caoKeHust OyIeT onpe/eseHa Mo3xKe),

dynryuu npoexmuposarus — 31o npu gaobsx 1 < m < n n-mectHas QyHK-
nust U'| 3HaUeHne KOTOPOW Ha MPOM3BOJIBHOM Habope (aj,...,a,) HATYPAJIbHBIX
YUCes PABHO Gy, T.€. M-0if KOMIIOHEHTE 3TOr0 Habopa,

nocmoarnsie Gynryuu — 310 aodasd 0-mectaasd GYHKIU, paBHAS HEKOTOPOil
KOHCTaHTe ¢ W 00O3HAYaeMasi depe3 da.

Takum obOpa3zoM B KadyecTBe MCXOJHBIX (DYHKIUN HCHOIB3YeTCsl CYETHOE MHO-
JKECTBO BecbMa NpocThiX (pyukmuit. Pojib GyHKIM NpoeKTUpOBaHUs CTAHET SCHA
HECKOJIBKO TO37Ke.

J11g mosrydeHus n3 MCXOMHBIX (DYHKITUIT HOBBIX (DYHKITHT OYIYT UCIOTb30BATHCS
TPH CHENUAIbHBIX 0Nepamopa.

Onepamop cynepnosuuyuu. Fciu fi, ..., [, — n-mecmuwve dynxyuu, g —
m-mecmuas Gyrkyua, a n-mecmuas Gyuruyus f 3adaemes paserHcmeom

flzr, .o xn) = g(fi(zr, o yxn), oy fm(2n, o0 20)),

mo bydem 2060pumo, wmo dynkyus [ nosyvwena us dyuxuyui g, fi, ..., fm npume-
HeHueM ONEPAMOoPa CYNEPNO3UUUU (¢ NOMOUHIO ONEPAMOPE CYNEPNOSULUL).

Bynem wucnonb3oBars obosmawanume f = S(g;fi,...,fn) JIg yTBepXKIeHUST
"ynkuua fonosyuwena ud dynkuud g, fi, ..., fm npumenenuem onepamopa cy-
nepno3uyu’.

Bamerum, 4TO OMepaTop CyHeprno3Uuluid MPUMEHUM He K JIFOObIM (DYHKIUSIM —
JIOJIZKHBI OBITH BBIIIOJTHEHBI COOTBETCTBYIOMIE TpeGoBaHus (OrpaHWYEeHNsT) Ha YHCII0
aprymenToB. OHako 1o jrobomy Habopy dyHKIUM g, f1, ... , fin JEIKO ONPEIETHTD,
IPUMEHUM JTH K HUM OI€PATOP CYTEePIO3UIIH, T.€. BLIIIOIHEHBI JTH COOTBETCTBYIOTIHE
orpaunndenus. [Ipu srom, ecau yrxuun g, fi, ..., fm 66UUCAUMDL 6 UHMYUMUEHOM
cmuicae aubo 6ciody onpedesenvl, mo maxosa stce u Pyuryua S(g; fi, ..., fn)-
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BimmskuMm K omepaTopy Cymepro3uiinn siBjIsieTcsi Onepamop nodcmarosKku.

Onepamop nodcmano8ku. n-mecmnas ynryus f noayvena us pynrxyuid g,
fi, -5 fm Npumenenuem onepamopa nodcmaro8KU (¢ nOMOULIO ONEPAMOPa Nood-
CMAHOBKL), eCAU GUINOAHEHO PAGEHCTNEO

f(xla"'axn) :g(tla"'atm>7

ede Kaoicdoe t; aubo ydosaemeopaem pasencmey euda t; = fi(xj,, ..., x;, ), ede ne-
PEMEHHDLE Tj, ..., Tj, CO0EPAHCAMCA CPEOU NEPEMENHBT T1, . . ., Tp, AUOO t; — 00Nna
U3 NEPEMEHHBIT T1, ..., Tp.

Cremyrorias jjeMMa 9acTo OyIeT UCHOJIb30BAThCs IBHO M HESIBHO B JTAJIbHEHIIIEM.

Jlemma 1.1. Ecau n-mecmuaa pynxyua f nosyvwena ud dynwkuud g, fi, ... , fm
NPUMEHEHUEM OTEPATNOPG TOOCTNAHOBKU, MO OHA MOHCEM, ObIMb NOAYYEHA U3 PYHK-
wut g, f1, -, fm U PYHKUUT NPOEKMUPOBAHUA € NOMOULHIO KOHEUHOZ0 YUCAG NPU-

MeHEeHUT oNnepamopa Cynepno3uLtul.

doxaszameanvcme o cpasy CleIyeT U3 CAAYIONEr0 3aMeTAHN: KarkKIas

IepeMeHHasl T; MOYKeT PACCMATPHBATHCS KaK Nn-MecTHast (DYHKIHS TPOEKTHPOBAHUS
n

Ul(zy, ..., xy). O

Eme ogHuM BaKHBIM OMEPATOPOM JIJTsl MOJIYU€HUsI HOBBIX (DYHKIIHI SBJISIETCS
onepamop nNPpuMumueHol pexypcuu.

Onepamop npumumusrol pexypcuu. [lycmov g — n-mecmnas pyrnxyua, a h
- n+2-mecmuaa GyrnKyuy, nociedrnue déa apzymenma Komopot mpaduyuonno 060-
3navaomes wepes y u 2. n+ l-mecmuas pynkyusa f noaywaemes ud pynwkyud g u h
NPUMEHEHUEM ONEPAMOPA NPUMUMUBHOT PEKYPCUU, ECAU OHA YIOBAELNBOPALT,
caedyrouseti cucmeme Pasencms, KoOmopas Ha3beaemcs CIremolt NPUMUmMuUueHot
pexypcuu

f('rly“‘axnao) - g(‘rla"wxn)7
flzy, . xn,y+1) = bz, 20, y, [T, T, y)).

Pagencrso f = PR(g,h) 6yJer CayKUTh COKPAIIEHHON 3aMUChIO YTBEPIK ICHUST
"hynkuua fonosywaemesn us Gynkuuld g u h npumenernuem onepamopa npuMU-
muerot pexypcu’.
Bamernm, aro mpu n = () cxemMa NPUMHUTUBHON PEKYPCUU TTPUHIUMAET BH]

f(0) = ¢,
fly+1) = hy, f(y))

rje ¢ — 0-mMectHasi PYHKIUS, paBHAS YUCIY C.

[Tocneaaum oneparopom OyIeT onepamop MuUHUMUIAUUU.

Onepamop munumudayuu. [lycmo g uh —n+1-mecmuve dyrxyuu, nocieo-
HUtl apeyMerImn KOmopulr mpadutyuoHHo 0003HAUAEMCA YePe3 Y. N-MECMHAA PYHK-
uua f noaywaemces uz pyrurxuud g u h npumernenuem onepamopa MuHUMU3IAUUU,
eCAU BVINOAHEHO CACOYIOULEE YCAOBUE:
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0NA NPOUZBONLHBLT HAMYPANOHOIL YUCEA A1, ..., Ay U b GUINOAHAEMCA PAGEH-
cmeo f(ay,...,a,) = b moeda u moavko mozda, Kozda npu awbom t < b snauenus
glay, ... an,t) uh(ay,...,a,,t) onpedeaenv u ne pasuol, a snaverus g(a, ..., a,,b)
u h(ay,...,a,,b) onpedeserv, u pasroi.

Pasencrso f(x1,...,2,) = py(g(z1,...,20,y) = h(z1,...,2,,y)) Oyzer ciy-
JKUTH COKPAIICHHON 3alMChI0 Yy TBEPKICHUS

"hynruua f nosywaemes uz Gynryul g u h npumeneruem onepamopa MuUHUMU-
sauuu’.

OnepaTop MEUHUMHA3AIME TPAIUIMOHHO HAZBIBAIOT [L-0NEPAMOPOM, ITOOLI OTIIH-
9UTH €ro  OT Ooneparopa, /JalONIero HaWMeHbIee pPelieHne  ypaBHEeHUs
g(x1, ..., xn,y) = h(zy,...,2,,y). Hanpumep, nanmeHnbinee perenne ypaBHEHUsI
y—1 = x — 310 ero exmucrBennoe pemenne xr + 1. Ognako pasencrBo f(z) =
py(y — 1 = x) 3amaer HUrge He OMpe/eIeHHyI0 BYHKIUIO.

OmnepegeuM IBa BaXKHBIX KIacca (DYHKIUN — KIACC NPUMUMUSHO PEKYPCUG-
HOT PYHKUUT 1 KIACC YACTMUYHO PEKYPCUBHBLLL PYHKUUT.

Onpenenenue 1.1. Qynkyua HaA3v6GEMCA NPUMUMUBHO PEKYPCUBHOU, €CAU
OHA MOdHCEM OBIMb NOAYHEHE U3 UCTOONWE (npocmeldwus) ynkyul nocpedcmeom
KOHEYHO020 YUCAA NPUMEHEHUT ONEPAMOPO8 CYNEPNOZULUUL U NPUMUMUSHOT DeKYp-
cu.

3aMeTuM, UTO KaHcoas NPUMUMUBHO PEKYPCUBHAA PYHKUUA ABAAECMCA 6CI00Y
onpedesennots U uUUCAUMOT 8 UHMYUMUBHOM CMBLCAE. DTO CJIACIYET U3 CJIETYIONNX
JIBYX (haKTOB:

1) Bce ucxomubie DYHKIUH SIBISIIOTCS BCIOLY ONPE/EeTeHHBIMI M BbIYUCIUMBIMU
B UHTYUTHUBHOM CMBICJIE;

2) omepaTopbl CyNeprHo3UIUuN i IPUMATHBHON PEKypPCHH, OY/IyIH MPUMEHEHBI KO
BCIOJIYy OIIPEJIeJIEHHBIM U BBIYUCIUMBIM B WHTYUTUBHOM CMBIC/IE (DYHKIHSIM, JTAI0T
BCIOJIY OTIPeJie/IeHHbIE W BBIYHUC/IUMBIE B HHTYUTUBHOM CMBbIC/IE (DYHKIIUH.

Hameit 6ymmkaiieit nejibio OyeT moka3aTb, HACKOJIBKO IMHPOK KJIACC TPUMHU-
THBHO PEKYPCUBHBIX (DYHKINIT — OH BKJIIOUAeT B cebs MHOTHE U3BECTHLIE TEOPETHKO-
qucaoBble byHKIUU. V13 cueTHOCTH Kiacca MPUMUTUBHO PEKYPCUBHBIX (DYHKIIHI W
HECYETHOCTHU KJIACCA BCEX BCIOLY ONPEIEJeHHBIX (DYHKIUI, KOHEYHO, CIe/yeT CyIe-
CTBOBaHUE BCIO/Y OTPeJIe/IeHHO (DYHKITNH, He SBJISIIOIIENHCs TPUMUTHBHO PEKYPCHB-
Hoit. OIHAKO TPUBECTU MPUMED BCIOIY OMPEIeIeHHOI BBIYUCINMOil, HO HE TPUMU-
THBHO PEKYPCHUBHON (DYHKIUH He CTOIH TpocTo. Ho Takme mpuMepsl XOpOIIo U3BECT-
HBI U Oy/IyT YKa3aHbBI TO3Ke.

[IpuBesem cxeMbl TPUMUTHBHON PEKYPCUU ISl MTOCJIEIOBATETLHOTO TOKA3ATE b=
CTBa, MPUMUTUBHON PEKYPCUBHOCTH BAYKHBIX TEOPETHUKO-YHCJIOBBIX (DYHKITHI.

DYHKYUUA CAOHCEHUA T + Y 33/IAeTCs CJACIYIONeH CXeMOoil TPUMHUTHBHON pe-
Kypcuu

Ty + 0= ry = Ull(l'l),

v+ (y+1) = (o +y)+1 = s(Us(a1,y, 21 + 7).
[Tosromy + = PR(UT, S(s; U3)).
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PYHKUUA YMHOHCEHUA T - Y 3aJIALTCs CJYIONIe CXeMOil TPUMUTUBHON pe-
Kypcun

zy -0 =0 = 0U](x)),
Iy - (y+1) = - y+‘r1 = S(—i_aUg(Il?y?xl 'y)leg(xlayaxl y))

[Tostomy - = PR(S(0;U}), S(+; U3, UD)).

QOyuknusa x |y = x¥ 3ajaercs cieyioneil cxeMoit TPUMUTUBHON PeKypCuu

x(f =1,
I‘ZIH_1 = 1 - xgl! = S(-;Uf’(xl,y,le’),Ug’(xl,y,le/)).

[ostomy = PR(1,S(; U3, U3)).

Oyukius x! 3amaercs caeayromei cxeMoii IPUMATHBHON PEKypPCHr

{ o = 1,
(z+1)! = s(x) - 2! = S(;8(Ui(z, ), Us(x, 21)).

[Mosromy ! = PR(1,S(+;S(s; U?),U2)).
Nunayknueit o k st 0600 1 OMpeaeinM MOCTOSTHHYIO N-MeCTHYIO (DYHKITHIO
k(xi,...,,), PABHYIO TOXKJIECTBEHHO k.

0(z1, ... xn) = 0(U (21, ..., 1))
(k4 1)(x1,...,20) = s(k(zy,...,2,)).

B nanpreiinmeM BaKHYIO POJIb UTPAIOT Caeyomue aBe MYHKIWH Sg U S§ — HATY-
paJIbHbIe AHAJIOTH XOPOIIO U3BECTHOI N3 MAaTeMaTHIeCKOro aHaIn3a GYHKIUA Sign T
CULHYM T — 3HAK YUCAG T.

0, ectm z = 0,
sgx =
1, ecim xz > 0;

_ 1, ecim z = 0,
Sgl‘ =
0, ecmm z > 0.

OTu GYHKIUT 3a1aI0TC CASAYIONUMA CXeMaM# IIPUMUATHBHON PEKYpPCHUU:

sg0 = 0,
sg(z +1) =1,
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JI1st mostydenust Mo HATYPAJIBHOMY YUCTY K Npedwecmseyoweeo eMy HamypaivHo20
YUCAQ CTYKAT (DYHKITAA

5(z) = {O, ecsim x = 0,

r—1, ecm xz > 0.

OTa GYHKIMS 3aaeTCA CJIeAYIONeil cXeMoii TPUMHUTUBHON PEKYPCUM:

§(0) =0,
d(x+1) ==

[IpuMUTHBHO PeKypPCUBHBIM aHAJOTOM He BCIOLY OIpejeaeHHOil (hpyHKIuN T — y

CAYKUT DYHKIUA T — Y — YCEUEHHAA PAZHOCTID

: 0, ecim x <y,
r—y =
r — Yy, ecam xT > Y.

OTa DYHKIHS 3aaeTCA CJIeAYIONeil cXeMoii TPUMHUTUBHON PEKYpPCUM:
z—0 = T,
r—(y+1) =d(x—y)

13 crieyomux paBencTB CIeLyeT IPUMATHBHAS PEKYPCHBHOCTH (DyHKIHi |x — y,
max (z,y) u min (z,y)

o~y = (z—y) + (y —2),
max (z,y) = = + (y—=), min(z,y) =z — (z—y).

Nunyknweit mo n ¢ HCIOIb30BAaHUEM PAaBEHCTB

max,1 (1, ..., Ty, Tua1) = max (mazy, (T1,. .., Tn), Tni1),
MiNgy1 (T1, ..oy Ty Tpyr) = min (ming, (T1,. .., 2,), Tni1)
YCTAHABIMBACTCA IIPUMUTUBHAsL PEKYPCUBHOCTH dyukumit mazx, (rq,...,7,) #
ming, (1, ..., 2,).

Onpenenenue 1.2. Qynkyua HA3DIBAEMCA YACMUYHO PEKYPCUBHOU, €CAU OHA
Modtcem Ovms NoAYueHa u3 uctoonur (npocmetiwur) dynrkyul nocpedcmseom Ko-
HEUHO020 YUCAG NPUMEHEHUT, ONEPAMOPO6 CYNEPNO3ULUUL, NPUMUMUBHOT PDEKYPCUL U
MUHUMUS GUU.
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3ameTnM, 9TO CJI0BA YACMUYHO PEKYPCUBHAA PYHKUUA HECKOJIBKO HE TOUHO
OTParKaIOT CMBIC/T OIPEIEISIEMOTO MOHITHSI — PeUb HJET He O 4acmuyHOl PEKYPCUS-
HOCMU, & O YACMUYHOU onpedeserrocmu, He 00S3aTeIbHO BCIOAY OMpeIeTeHHOCTH
onpezenseMbrx dyukiuit. [foaromy, Bo3MoKHO, HoJIee TOAXOAANIAM HA3BAHUEM T
9TuX (QYHKIHUH ObLIO OBl peKypcusHas wacmuvHas GYHKUUA Wi 4acmud-
Haa pekypcusHas Gynryua. Takue npeioyKeHust 110 N3MEHEeHUIO TePMUHOIOTHH
HEOTHOKPATHO BBICKA3BIBAINCH, HO MBI OyJIeT MCIOIb30BATH YK€ YCTOSIBIIIEeCsS Ha-
3BAHIE YACMUYHO PEKYPCUBHAA PYHKUUA.

Ompenennm ere oauH Kiaace OYHKIHNA — KJIACC PERYPCUBHBIL HYHKUUU.

Omnpepenenne 1.3. Yacmuuno pexypcusnaa Gynkuua Ha3u6aemca peKypcus-
HOU, ecau oHa Asaiemca 6ctody onpedesernod.

KazaJsioch ObI, IpH MOUCKE MATEMATHIECKOTO SKBUBAJIEHTA HHTYHUTUBHOTO TOHS-
THS BBIYUCJIUMON (DYHKIMH CJeT0BAIO OBl OTPAHUYHUTLCS JIMIIH BCIOJLY OIPE/Ie/IeH-
HbIMH (DYHKITUSIMH, HO TOTJIA JlayKe TaKas npocTtas PYHKKIUs, KaK Pa3HOCTh T — ¥,
He ObL1a ObI BBIYUC/INMA, C 9eM TPYIHO COTJIACUThCA. O IPYruX IPUINHAX BBEJICHUS
B pacCMOTPEHHEe HEBCIOLY OIIpejIeIeHHBIX (DYHKIUNA OYIeT CKa3aHOo MO37Ke.

Beesiem psij onepanuii, KOTOpbIe 110 TPUMATHBHO PEKYPCHBHBIM (DEKYPCHBHBIM,
YACTHYHO PEKYPCHBHBIM) (DYHKIMSM JIAIOT TPHMUTHBHO DEKYDCHUBHBIE (DEKYpPCHB-
Hble, YACTHIHO PEKYPCUBHBIE) (DYHKIIUH.

Teopema 1.1. Ecau n+1-mecmuan pynxyus f nosywena ud n+ 1-mecmmot ymx-
UUL g NOCPEICBOM PABEHCMEE

y
fx1, ..., xn,y) = Zg(xl,...,xn,i)
i=0

U g — NPUMUMUBHO DEKYPCUBHAA (PEKYPCUBHAA, YACTNUYHO PEKYDCUSHAA) PYHKYUA,
mo u f — npumMumueno pekypcueHas (PeKypcusHas, Yacmuuro peKypcusHas) dymr-
YUA.

[Ipo dyuKnHiO f roBOPAT, YTO OHA MOJIy4YeHA U3 DYHKIUH § CYMMUPOBAIHUEM.
doxaszameanncms o [loKkazaTeabCTBO caeyeT U3 PABEHCTB

f(x1, ..., 2,,0) = g(z1,...,2,,0) = g(U(Z),...,UNZ),0,(U](Z))),
flzy, .. y+1) = f(o,... 20, y) + gz, 20,y + 1) =
U3 (Z,y, f(2,9)) +
g(UI(@,y, f(@,9)), - Uy (3w, f(2,9)), (U (3, y, f(7,9))))-
O

CaencrBue 1. FEcau n + 2-mecmuas pynwkyua [ nosyuena ud n + l-mecmnoti
pyHryuy g nocpedcmseom paseHcme

z
f(l‘ T 2) Zg(‘rlw“)xnai)? ecau y S <,
1y---54ny Y, = =y

0, ecau Yy > 2

73



I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

U g — NPUMUMUBHO DEKYPCUBHAA (PEKYPCUBHAA, YACTNUNHO PEKYDPCUSHAA) PYHKUUA,
mo u f — NPUMUMUEHO PEKYPCUBHAA (DERYPCUBHAA, HACTIUYHO PEKYPCUBHAR) PyHk-
YUA.

Joxazameannvcmeo cIeyeT U3 paBeHCTBA

z Yy
flz, . xn,y,2) = (Zg(ml,...,xn,i) — Zg(xl,...,xn,i))+
i=0 i=0

g(xla tee 7xnay)@(y _ Z)'
O

CaencrBue 2. Ecau n-mecmuaa gynkyua [ nosyyvena us n-mecmuox Gyrryul
g, a u 3 nocpedcmeom pasencmsa

B(z1,..yn)

flzy,... x,) = Z g(x1, ...,y 1,1)

1=a(T1,..yTn)

U g, @ uf — NPUMUMUBHO PEKYPCUBHBIE (DEKYPCUBHBLE, “ACTNUYHO PEKYPCUBHDLE)
Pynryuu, mo u f — npuMUMuUEHo PeKyYpcusHai (PEKYPCUBHad, YaCmuuHo PeKypCue-

Has) PyHKYUA.

JlokazaTeTbCTBO cpa3y CAeayeT U3 MPeablAyIIero CaeCTBUL.

AHaJloruuHbBIe TEOPEMbI CHPABETUBBI, €CIU B UX (POPMYIUPOBKAX 3HAK CYMMBI
>~ 3amenuTh 3HaKOM mpoussedenus |[. Mbl copmyampyem moka Juib OJHY U3
rakux TeopeM. OcragbHble OyIyT BBOAUTHCS MO0 MePe HEOOXOIMMOCTH.

Teopema 1.2. Ecau n—+1-mecmuan pynuruyus f noayuena ud n+ 1-mecmmot dymx-
YUU § NOCPEICMBOM PABEHCMEA

Y

f(xla"'axnay) = Hg(xla"'axnai)

1=0

U g — NPUMUMUBHO DEKYPCUBHAA (PEKYPCUBHAA, YACTNUNHO PEKYDCUBHAA) PYHKUUA,
mo u f — NPuUMUMUEHO PEKYPCUBHAA (DERYPCUBHAA, HACTMUYHO PEKYPCUBHAR) PYyHk-
YuA.

[Ipo dyuKnuo f TOBOPAT, UTO OHA MOTyYeHA U3 DYHKIUH § MYALMUNAULUUDOBAHU-
eM.

J111 mambHERIIero HaM MOTPeOYIOTCI NPUMUMUCHO PEKYPCUSHBLE T PEKYPCUSHLE
npeduramo, @ OMHOWEHUS.

Hamomunm, ato n-mecmuvit npeduxam P na muoocecmsee N — amo aroboe omob-
pasrcenue muoocecmea N™ 6o mmootcecmeo {, }, a n-mecmmuoe ommowenue R Ha
muoocecmee N — amo aroboe nodmmoscecmso muootcecmea N™. 3amerum, 9to 1-
MECTHOE OMHOWEHUE — MO NPOCTO A0O0E NOOMHOHCECTNBO MHONHCECMEA HANY-
pasvHLLE wuces N.
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C KaKJIpIM N-MECTHBIM HpeankaToM P Ha MHOXKecTBe N CBSIZKEM €ro Tapaxme-
PUCTIUMECKYI PYHKUUIO

1, ecmu P(z1,...,T,) UCTHHHO,
Xp(T1, ..., z) =
0, ecim P(xq,...,2,) JOXKHO.

AHamoruaHBIM 00pa30M C KaKIbIM 7-MECTHBIM OTHomeHneM R Ha muoxkecTBe N
CBAZKEM €TI0 Tapakmepucmudeckyto GyHKYUI0

1, ecmu (z1,...,7,) € R,
Xr(T1, ..., 2,) =
0, ecmn (z1,...,2,) € R.

Omnpenenenne 1.4. [Ipedukam uisu omHoweHue HA3VLBACNCA NPUMUMUBHO PEKYD-
CUBHBIM UAU PEKYDCUBHDILM, ECAU €20 TAPAGKMEPUCTNUYECKAA PYHKUUA NPUMUMUCHO
PEKYPCUBHA UAU PEKYPCUBHA.

B gacraocru, nodmmnoosicecmeo U mmootcecmea namyparorvx wucea N na3vieaems-
CA NPUMUMUBHO DEKYPCUBHBIM UAU PEKYPCUBHHIM, ECAU €20 TAPAKMEPUCTIUYECKAA
Pynryua xu(r) npumMuUmMueno peKYPCusHa Uil PeKyYpcusHa.

[Tokazkem, 9TO MPUMHUTHBHO PEKYPCUBHBI MPOCTEHIIINE MTPEeIUKATH =, #, < U <.
DTO caemyeT U3 paBeHCTB

x=(z,y) = 59(lz —yl), xz(z,y) = sg(|lz —y|),
Xﬁ(xuy) - @(l‘ _y)7 X<(l',y) - Sg(y —ZE)
Teopema 1.3. Kaaccol npumumusHo pexypcusHuly U PeKypCusHuT npeduramos

3AMEHYMBL OMHOCUMEABHO NPONOZUUUOHAAOHULT C84A30K &, V U — U 0MHOCUMEALHO
HABEUUBAHUA 02DAHUNEHHHLT K6aHMOPos V<, V., 3« u 3.

Joxaszameanncmeo. Ig HEKOTOPOrO COKpaIeHud OyIeM UCIOIb30BATh T B
KavyecTBe 0003HAUEHUsT HADOPA T1, . . ., Ty. Llycrs P(Z) u Q(Z) — n-MecTHBIE TP~
KaTel, a X p(ZT) 1 x¢(Z) — ux xapakrepucrudeckue (yuxmun. Torna JoKa3aTe16CTBO
1epBOil 9acTH TEOPEeMbl CJIeIyeT U3 PABEHCTR

X-p(Z) = 53(xp(T)), xpPe(®) = xp(Z) - x0(T),
Xrva(®) = (xp(Z) + xq(@)) — xp(T) - xq().

J171s1 toKa3aTesIbcTBa BTOPOH YaCTH TEOPeMbI MPENOI0KIM, 910 P(xy,. .., Ty) —
N-MECTHBII IIpeJIuKaT.
O6oznaunm vepes ((V)<P)(xy,...,T,) Nn-MECTHBII MpeIuKaT

(vy)ygxnp(xla ey Tp—1, y)
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TOF,Z[& BBIIIOJIHAETCA PaBEHCTBO

X((V)SP)(ZED Cey X)) = pr(xl, e T 1, Y)-
i=0

[TosTOMy W3 OPUMATHBHONW DEKYPCHBHOCTH WM PEKYPCHBHOCTH —IIPETHKATA
P(zy,...,x,) clienyer IpUMATHBHASI DEKYDPCUBHOCTD HJIH PEKYDPCHBHOCTD PEJINKATA
(vy)ygxnp(xla <oy Tn—1, y)

JIst ycraHOBJIEHHST IPUMUTHBHON PEKYPCHBHOCTH HJIM PEKYPCUBHOCTH HPeJInKa-
ta (Vy)y<zn, P(21, ..., Tp_1,y) JOCTATOTHO 3aMETUTH, ITO OH PABHOCIJIEH [IPETUKATY
(VY)y<an(y =20 V P(x1,..., Tp_1,Y)).

JIst yeraHOBJIEHHST TIPUMUTHBHON PEKYPCHBHOCTH HJIM PEKYPCHBHOCTH HPEJInKa-
ta (3Y)y<w, P(21, ..., Ty_1,Yy) JOCTATOTHO BOCIOJIB30BATHCS PABEHCTBOM

Tn
X(@)<p)(T1, - Tn) = @(H sg(xp(1, s 1, y)))-
i=0

JI71s1 yeTaHOBIeHNS IPUMATHBHON PEKYPCUBHOCTH UJIN PEKYPCHBHOCTH TPEIHKA-
ta (3y)y<z, P(21, ..., Zp_1,y) JOCTATOTHO 3aMETUTH, YTO OH PABHOCHJIEH IPEIHKATY

(Ely)ygxn(y #* xn&P(xla"-axnflay))' O

Paccmorpum o JI0CTATOYHO MMPOKO PACHPOCTPAHEHHBIH CIIOCOO TMOJIyYeHUst
HOBBIX (DYHKIIMIT U3 UMEIOIHUXCA — 3adanue GyHukuyutl xycounot cremod.

[IycTb 3amaHbl m N-MeCTHBIX IpeaukaToB P, ..., P, Takux, 4To Hu Ha 00HOM
Habope Hamyparvrox wucea (ay, ..., a,) He Mo2ym 0vimb 00HOBPEMEHHO UCTRUHHDL
HuKaKue déa u3 IMuUT Npeduramos, T.e. MOHCOECMBEHHO UCTUHEH NPEIUKAM

& (P&P).
1<i<j<n

Wcnmonb3ys 3Tu npeIuKaThl 1 MPOU3BOJIbHBIE M+ 1 n-MecTHYO (byHKIHIO f1, ...,
fm ¥ fie1 OTPEIEINM HOBYIO N-MECTHYIO (DYHKIUIO [ paBeHCTBaMU

;

filze, .. xn), eciu Py(zq,...,%,) UCTHHHO,
fol@1, ... xp), ecin Py(x4,...,2,) MCTHHHO,
flre, . oxz,) = < ... o
fm(x1, ... x,), ecim Pp(xy,...,T,) UCTHHHO,
( fmt1(®1,. .., @) B OCTATBHBIX CTyTAsX.

[Ipo pyukmuo f roBopsit, 9T0 OHA 340aHA KYCOUHOU CTEMOU.

Teopema 1.4. Ilycmv n-mecmuas pyruxuyus f 3adana xycounot cremod

(fl (1, ..., Tp), ecau Pi(xq,...,2,) ucmunno,
fo(zr, ... xy), ecau Po(xq,...,2,) ucmunno,
flz,. . x,) = < ... o
fm(1, .o @), ecau Py(xy,...,x,) ucmumnmo,
| fmt1(21, ..., 20) 6 ocmanvnuz cayuaar.
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Ecau dpynruuy f1, ..., fon U fne1 u npeduxamo, Py, ..., P, npumumuero pexyp-
CUBHDL, PEKYPCUBHDL AUOO YACTNUMHO PEKYPCUBHDL, MO MAK0sa dce U PyrKyui f.

doxaszameanncmaeo. cleayeT U3 PaBeHCTBA
f(@) = [i(@)-xp(2) + £2(2) xp(T) + ..+ fnl®) - Xxp, () +

fms1(Z) '@(ZXPWL@))‘

O

Ecan Kk IpUMUTHBHO PEeKyPCUBHOI (DYHKIUHU TPUMEHUTDH [i-OHEePATOP, TO /1arKe
ecJIM TOJTydeHHass (DYHKIUsT OKAZKETCS BCIOLY OIPEIeJIeHHON, OHA MOXKeT He OBbIThb
OPUMHUTUBHO peKypcuBHON. COOTBETCTBYIONIHE MPUMEPEI OY/IYyT MPUBEICHDI TTO3ZKe.

Pacemorpum ozpanuventvit p-otmepatop. Ilpeamonoxum, 910 g — 6ctody onpe-
deaennaa n + 1-mectnag dbynnuda. OmupeaenuM HOBYIO n + 1-MecTHYIO (DyHKITHIO
f(z1, ..., x,, 2), nonaras

flor,. o, 2) = {“y (9(z,y) = 0), ecmu (3y)y<:(9(7,y) = 0,

z+1, B ITPOTHUBHOM CJIyYae.

[Tpo dyuKIHIO f TOBOPST, UYTO OHA MOJIY4YeHA TPUMEHEHUEM 02PAHUNEHHO20 [4-0NePa-
mopa K (DyHKIIAH ¢.

Teopema 1.5. Ecau ynxuyusa [ noaywena npumernenuem 02panusennozo [L-onepa-

Mopa K NPUMUMUBHO PEKYPCUBHOT UAU PEKYPCUBHOT YHKUUL g, TO CaMb PYHKUUA
f npumumuero pexypcusHa Uil PeKYPCUBHA.

oxaszameanncmaeo. YTBEpK/IEHHE TEOPEMbI CJIe/lyeT U3 PABEHCTBA

flzy,.. 2, 2) = ZHsg(g(xl, ey Ty 1),

t=0 =0

O

CaencrBue 1. Ecau gynkyuu g(z1,...,2,,y) v m(xy, ..., T,) npuMumuero pe-
KYpPCUSHDL, NPUEM

(V) ... (Vo) 3y) (g(x1, . . o 20, y) = 0&y <m(xq,...,2,))

flxr, .. zn) = py(g(z,... 20, y) = 0),

mo Pynkyus f NpuMuUmMuUeHo pPeKypPCusHa.
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Jdokxaszameanncmseo. llycrs dyuxius h(zy, ..., x,, 2) noaydena u3 GyHKIHR
g(x1, ..., Ty, y) IPUMEHEHHEM OTPAHUYEHHOTO fi-OlepATOpa, TOT/IA OHA MTPUMUTHBHO
pekypcuBHa. 719 3aBepIieHns 10Ka3aTeTbCTBA OCTACTCS 3aMETUTh, UTO

flzy, . xn) = h(xy, .. xp,m(z, ... xy)).

[Iycte P(z1,...,%n,y) — 1+ l-mecrHbiit npeaukar. Torma BeipazKkeHne

flxr, ... 2) = py(Px1, ... 20, y))

6y,ILeT HUMEeTb TOT K€ CMBLICJI, YTO U BbIpazKeHue

f(xla s 7xn) = ,Uy(XP(xla ceey Iy, y) = 1)
YVcraHOBUM HPUMUTUBHYIO PEKYPCUBHOCTH HEKOTOPBIX TEOPETUKO-UNCIOBBIX (DYHK-
M.
XOpoIIo M3BECTHO, UTO 0A4A AOBLL HAMYPAALHLLT wucens a u b cyuecmeyem,
eOUHCMBEHHAA NAPA HEOMPUUGTMEADHLL UEABLT YUCEA ¢ U T MAKUT, 4MO

a=0bg+r&0<r<hb

[Ipu 3TOM ¢ HA3BIBAETCS HENOAHIM YGCMHBLM OT JejeHus a Ha b m obo3nadaercs
la/b] wam qt(a,b), a r HA3BIBaETCS OCcmMamKom OT JejeHusl a Ha b u 0bO3HAYAETCS
rest(a,b) i rm(a,b).
Hoomnpegenum dyukiuu npu b = 0, manpumep, pasencrBamu ¢t(a,0) = 0 u
rest(a,0) = a, 9T00BI Beerga OBLIO CIPABEIHBO PABEHCTBO
a =b- qt(a,b) + rest(a,b).

[Tokazkem, aro gynryuu qt(x,y) u rest(z,y) npumumueno pexypcusnst. as sroro
JIOCTATOYIHO BOCIIOJIB30BATHCSA PABEHCTBAME

qgt(x,y) = pu((32)<e(((y = 0&z = 2&u=0) V (y > 0&z < z)) &z = yu + 2),

rest(z,y) = = —y - qt(x,y).
MoOZKHO yCTAHOBHTH HPUMHTHBHYIO PEKYpPCHBHOCTH byHKuuii qt(x,y) u rest(z,y) u
0€e3 UCIOIb30BaHUs OIIepaTOPa OrpaHrnIeHHON MuHUME3ann. OIHAKO PACCyKACHNE
B 9TOM CJIydae HECKOJIbKO YCIOKHHUTCA. JTO cpasy CAeLyeT U3 PaBeHCTB
rest(0,y) = 0,
rest(z +1,y) = (rest(z,y) + 1)x<(rest(z,y) + 1, y).

),

Ompenenus bynknuio h(z,y, z) pasencrsoMm h(z,y,z) = (2 + 1)sg(|[(z+1) —y
T.e. paBeHcTBoM h(z,y,z) = s(2)sg(|s(z) —y|), Mt 3amamnm dyuaknuio rest’(z, y)
rest(y, r) cxeMoii IPUMUTHBHON PEKYpCUH
rest'(z,0) = 0(x),
rest'(z,y + 1) = h(z,y,rest' (z,y)).
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U ocraercs 3aMeTuTh, 4TO
rest(z,y) = rest'(Us(z,y), Ui (z,y)).

Pacemorpum omuowenue | deaumocmu Ha MHOKECTBe HATYPAJIbHBIX dnces. Tak
KaK Z|y TOrMa M TOJBKO TOTAA, KOraa (3z2).<,y = x -z, TO ommowenue | de-
AUMOCTIU, ABAACTNCA NPUMUMUGHO PEKYPCUSHBIM. XaPAKTEPUCTHIECKYIO (DYHKIIUIO
oTHOMIeHusI | geaumocTn oboznaduMm depes div(z,y). Ormernm, qro div(z,y) =
sg(rest(x,y)). I3 npumurusHOii pexypcuBHocTn byukuun div(z,y) ciaeayer mpu-
MHUTHBHAsT PEKYPCUBHOCTH DYHKIWMU nd(x) — 9ucyio genureneil T, Tak Kak

nd(z) = Zdiv(i,x).

Pacemorpum npegukar Pr(x) — "z — npocmoe wucao’. Tak Kak XapakTepucTHYe-
ckag dbyukuus X p.(r) nupeaukara Pr(z) —sto sg(|nd(x) — 2|), To npeduxam Pr(x)
NPUMUMUGHO pexypcuseH. BIpodeM, 3T0 MOXKHO OBLTO OBl YCTAHOBHUTH M BOCIIOJb-
30BaBIINCH SKBHBATEHTHOCTHIO

Pr(z) <= (x> 1) & ~((Fy)y<z(32)scar = y - 2).

B reopun umces BaxKHYIO posib urpaer GyHKIWs w(T), 3HaveHue KOmopol pasHo
WUCAY NPOCTBLT YUCEA, HE NPEEOCTo0AWUT T. e NPUMUTHBHAA PEKYPCUBHOCTH CJIe-

JlyeT U3 paBeHCTBa
x

7T($) = Z XPr(i)‘

=0
BamymMepyem HaTypaJbHbIe YHCJI3 B MOPSAIKe BO3PACTAHUS
p0:27p1:37p2:57 vy Doy o-eny

rae p, — 9TO N-0e IMPOCTOe YUCIO B 9TOM nepecdere. [10CTporM IPUMHTHBHO PEKyp-
cuBHYI0 QYHKIMIO p(n) Takyo, 910 npu JboM n p(n) = p,.

PaccyzKaeHns, aHAJTOTHYHBIE TOKA3AaTeIbCTBY TeOpeMbl EBKINIA 0 GeCKOHETHO-
CTH MHOZKECTBA IIPOCTBIX HCEJI, MOKA3BIBAIOT, 9TO Pyi1 < (p,)! + 1. TTosTomy

pn+1) = (1) aspmy+y) (p(n) <& Pr(t)).

Buaunr, 3a1aB GyHKIUO h(y, z) paBeHCTBOM

h(y,z) = () p<aa1) (2 < & Pr(t)),

MOJTYIUM, UTO OHA MMPUMHUTHBHO PEKYypCHBHA. Toraa cxeMa NPUMUTUBHON PEKypCHH

p(0) = 2,
p(y+1) = h(y,p(y))
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zasaer pyaknuio p. [loaromy mHoocecmseo npocmur wuces cosnadaem ¢ MHOMCE-
cmeom 6cex snauenull npumumueho pexypcusnol dynkyuu p(n). Takne MHOZKe-
CTBa HA3BIBAIOTCA PEKYPCUGHO NEPEUUCAUMDBLMU, HO OHA OYIYT pacCMOTPEHBI DoJee
IOIPOOHO TIO32Ke.

B nanbHeiinem Ham Oyaer BecbMa mosie3na GyHKIwys ex(x, y) — sKenonenma npo-
CMO20 “UCAL Dy 8 HUCAE Y — IMO HAUOOALWULT NOKG3AMEAL CMENEHU, 8 KOmopol
NPOCMOE YUCAO Dy CAUM “HUCAO Y.

[To ompegenenuto mosaraem, uro ex(z,0) = 0. Kpome Toro 3amernm, aro ecin
a OTJTUYHO OT HyJs u plla, 1o u < a. IToaromy

cx(w,y+1) = (pe)e<yrr((p(2) | (y + 1))

Buauut, GYHKIE ez (T, Yy) NPUMUMUEHo PeKypcueHa.

JI1st IpOM3BOIBLHONO OTJIMYHOTO OT HyJIs YHcja & 0603HaYnM depe3 [h(x) wucao
HEHYAEBVIT NOKA3AMENET 6 KAHOHUNECKOM PAAOACEHUL HUCAG T HA NPOCTNOLE MHO-
otcumenu. 1o ompenenennio moaraem [h(0) = 0. Iag qoka3arebcTBa IPEMUTHBHOI
pekypcuBaocTu Gyuknuu [h(x) paccMOTpUM NIPUMATUBHO PEKYDPCUBHBII TIpeuKaT

P(z,y) <= (Pr(y) &ylz).

Torna npuMuTHBHAS PEKYPCUBHOCTH (DYHKIIUH lh(x) creayeT U3 paBeHCTBa
xX
Ih(z) =Y xp(z,i).
1=0

J1s1 HpOU3BOJILHOTO OTJIMYHOTO OT HYJIsl YiCIa & 0003HaduM depe3 long(x) nau-
boavuiee HamypasvHoe wucao t maxoe, wmo npocmoe wucao p; deaum . I1o ompeme-
neruto mosaraem long(0) = 0. g goka3areabcTBa HPUMHTUBHON DEKYPCHBHOCTH
dbyuxiyn long(z) Bocnoab3yemcest npu z > (0 paBeHCTBOM

long(x) = x — () e<a) (p(2 - t)]z).

[Ipu apudmernsanuun Teopun MamuH ThOpHHIa BO3SHHKHET HEOOXOJTUMOCTb B HY-
MepaIiu CJIOB B HEKOTOPOM asipaBHUTe, a /IS STOI'0 MOXKHO BOCIIOJIB30BATHCS HYMe-
payuets l'edess xoHeuHur nocaedosamesbrocmets NOAOHCUMENLHOLL HAMYPANDHOLL
wucen. ledeaesvim Homepom nocaedosamesvrnocmu a = (ag, Gy, ..., ax) NOAOAHCU-
MEALHBT HAMYPAAOHBLT YUCEA HA3DBAEMNCA YUCAO

n(a) = pg° pi* ... pir.

HazoseMm konkxamenauyueti, Wim TPOCTO IPOU3BEIEHUEM IOCICI0BATEIHLHOCTE
a = (ag,ay,...,ax) mb = (b, by, ...,by), HOCIETOBATEILHOCTD

a-b = (ap,ai,...,a, bo,bi,...,bn).
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[TocTponM NMPUMUTUBHO PEKYPCUBHYIO (DYHKIIMIO X * Y, KOTOPas 110 HOMepaM JIByX
IIOCJIEJOBATEIBHOCTEN MOJIOKUTEIbHBIX HATYPAJbHBIX YHCEJ BBIYHCIAET HOMED HX
KOHKaTeHAInH, T.e.

n(a) xn(b) = p°pi .. i PR DR - Diman

SHavuT,
lh(y)

TRy =T- H p(lh(x) + i)y,

1=0

[lycts f — n 4 1-mectnag dynknusa. PaccMoTpum HOBYIO (DYHKITHIO

Yy
f*(l'l, -y Tn, y) = Hp{(xl""’x"vz)'
i=0

Jlemma 2. Ecau gpynkuus f npumumusto pekypcusha, peKypcusHa Uit $acmusHo
PeEKYPCUBHa, Mo U GYHKuuA f* NnpumMumuero pekypcusHa, PEKYPCUSHE UAU 4ACTUY-
no pexypcuena. Bepro u obpammoe: ecau Gynkyus & npumumueno pekypcusna, pe-
KYPCUBHA UAU YACNUNHO PEKYPCUSHA, MO U GYHKUUA [ NPUMUMUEHO PEKYPCUCHA,
PERYPCUBHA UM YACTNUYHO DEKYPCUBHA.

ﬂonaa’ame.ﬂbcmeo cjaeayeT n3 paBeHCTB

f*(xla ey Ty, O) = 2f($1,...,xn,0),

f*(x17"'7xnay+1) = f*(xla"'axnay) ' p£f117~~@n7y+1)

fz1, .. xn,y) = ex(y, [* (21, .., 20, Y)).
OJ

[Ipu peKypCcUBHOM OINpeIe/IeHUH TeX WJIM WHBIX MOHSTHIl, 3aBUCSIIINX OT HEKOTO-
PBIX IapaMeTPoOB, B YaCTHOCTH MPH PEKYPCHBHOM 3aJaHun (DYHKIUHA, STH MOHATHUS
BBOJSATCS I/ JAHHBIX 3HAYEHMII MapaMeTpOB depes3 yiKe OIpeeseHHbIe IS MeHb-
X 3HAYEHUI mapamMeTpoB. [IpuMuTHBHAS PEKYPCHSA — 3TO MPOCTEHINNIl BT PEKYP-
cun. PaccMoTpuM HECKOTBKO GoJtee 0OIIMil BU pEKYPCHHE — BO3BPATHYIO PEKYPCHIO.

[IpeanosnoxkuMm, uto sq(t), ..., Sg(t) — Takue BCIOIY Ompe/ejeHHble (DYHKINH,
4TO IpH JI000M ¢ BBIMOIHAIOTCS HepaBeHcTBa s;(t + 1) <t (j = 1,...,k). Ilycrs
g — n-mectHas, h — n + k + l-mectras dyukoun. Cremoti 60368pamHotl pexypcul
HA3LIBAETCH CHCTEMa PABEHCTB BHJIA

f(xly‘”axnao) = g(‘rla"wxn)7
f(xla"'axnay—i_l):
:h(xla"'7xn7y7f(x17"'7xnasl(y+1))7 ey f(xla"'axnask(y_'_l))'
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Teopema 1.6. Ecau ¢ynxuyus f noaywaemes cremoti 60368pammoti peKypcu

f(xla"'axnao) :g(xla"'axn)a
f(xla"'axnay_'_l) =
=h(xy, ..., 2n,y, f(T1, .. 2, s1(y+ 1)), ooy f@1, o 2, sk(y + 1))

u Ppynkyuu s1(t), ..., sp(t), g u h —npumumueno pexkypcuenvl, PeKYPCUBHbBL UAU
YACTNUMHO PEKYPCUGHDL, O MaK06a dice U Pynryua f.

doxaszameanncmse o Paccmorpum yHKIUIO

Y

f*(aj'l, ey Ty, y) — Hp{(éh,...,xn,i)'

1=0

Tak kax f(z1,...,2n,y) = ex(y, f*(z1,...,%n,Yy)), TO JOCTATOIHO JOKA3ATH, 9TO f*
MOZKeT OBITh nostydena u3 dbyHkuuii s1(t), ..., si(t), g, h ¥ HEKOTOPHIX TPUMUTHBHO
PEKYPCUBHBIX (DYHKIWIA € IIOMOIIBIO OMEPATOPOB CYMEPIO3UINE W MUHUMUA3BAIHH.
Ho aTo crenyer 3 paBeHcTs

f*(xla cooy I, O) — 29(11,...@”)’

f*('r17“‘7xn7y+1) = f*('rlw“)xnay) : piflhm’xmerl) =

f*(xl, L 7:1,/,”7 y) . pzfll7"'733”7y7f(x17"'7$7l751(y+1))7 ...,f(iEl 7777 LUn,Sk(y-‘rl)) —

* h(x1,...,xn,y,ex(s S (@1, 020,Y)), - ex(s S(f*(z1,..sn,
. 2, y) - py-(i—ll y.ex(s1(y+1),f* (21 y)) (s (y+1),(f* (21 )

§2. Hywmepanuonublie pyHKIUA

B srom maparpade paccMoTpuM BOIPOC O HyMepanuu HAOOPOB HATYPATbHBIX
quces. Haunem c¢ mpocreiiniero ciaydast — ¢ Hymepanuu mnap. Tak Kak MHOXKECTBO
IIap HaTypPaJbHbIX YUCE€/JI CHETHO, TO BCE Iapbl MOXKHO 3aHYyMEpPOBaTh HATYPaJIbHbI-
mu guciaamu. Crerarh 3TO MOXKHO, KOHEYHO, MHOruMu crocobamu. Ho wac OymyT
MHTEPeCOBATD JIUIIb TAKWe HYMEDAIUHU, /IS KOTOPBIX BOIMPOCHI HAXOXKICHUST HOMeE-
pa mapbl U BOCCTAHOBJIEHUSI KOMIIOHEHT MAPHI 110 €€ HOMEPY PemIaloTcs ¢ MOMOIIHIO
IPUMHUTHBHO PEKYPCUBHBIX (hyHKIMIA. B KadecTBe Takoit HyMepamun 9acTo pacCMaT-
PUBAIOT KAHTOPOBCKYIO HYMepaInIO: Mapbl HATYPAJBHBIX YHCes PACIOJaraloTcs B
TabJIMILy U HyMEpYIOTCs IO JUaroHaJisiM ¢ CeBEPO-BOCTOKA Ha foro-zamaj’. B urore
Oy daeM

(0,0), (0,1), (1,0), (0,2), (1,1), (2,0), ...
O, z4+y), (Lz+y—1), ..., (z,y), ..., (x+y—1), (x+y,0), ....
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§2. Hywmepamnuonnsle pyHKIIUN

Howmep mapser (a,b) npu Takoii Hymepannu Ha3bBAeTCs KAHTOPOBCKHM HOMEDOM H
obosHavaercst gepes c(a, b).
HerpyaHo npoBepuTh, 4T0

cle,y) = (z+y)(lz+y+1)/2 + 2 =
(x+y)?+3z+y)/2 = [(x+y)>+ 3z +y)/2].

[Tosromy c(x,y) — npumMumuero pekypcusHai GyHKuUuA.
Tak kak = < c(x,y) u y < ¢(z,y), TO MOKHO BECbMa MPOCTO OMPEJIETUTD MPHU-
MHUTHBHO peKypcuBHble dbyrkiuuu [(z) u r(z) Takue, 910

(e, y) =z, r(elz,y) =y, cl(z),7(2) = 2
g aToro moJiaraem
1(2) = (Ho)oz=(Fy)y<:(22 = (x +y)* + 3z + y),
r(2) = (py)y==(30)02(22 = (z+y)* + 32 + y).

Tpoiika dpyuknmii ¢, [ 1 r HOCUT Ha3BaAHUE HYMEPGUUOHHOT Cucmembv, GYHKUUT 0N
nap Hamypaavrols wucen. KonedHo, cymecrByeT u MHOTO JPYTUX TPOEK HyMepallu-
ounbix yukiuit C'; L u R, 1ist KOTOPBIX BBITOJTHEHBI PABEHCTBA

L(C(x,y)) = z, R(C(z,y)) =y, C(L(2), R(2)) = =.
(M (n)

Wuaykmnueit mo n MOCTPOUM HYMepalHoOHHbIe (DYHKIHIO Cp, Cp 'y ..., Cp  JJIS N-0K
HATYPaJbHBIX YHCEJ, VAOBJETBOPAIOIIAEC PABEHCTBAM
1 n _
(W (2),...,cd"(2)) = z,
1 n
Cg)(c(xlu 7*rn)) = I, 7C£1 )(C(l‘l) ,l‘n)) = Tn
[Tosnaraem
1 2
cg) =1, 0(2) =,
Cn—l—l(-rly 7xn7xn+l) - C(Cn(xla 7xn)7xn+1)7

[TocTpoennbie mymepanuoHuble (DyHKITUN MO3BOJISIOT CBOJUTDH U3YUEHUE N-MeCT-
ubix byakuuii f(xq,...,2,) K H3y9eHUI0 OJHOMECTHBIX (QyHKIH

g(x) = f(cg)(x), R ngn) (l‘)),
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I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

TaK Kak
flz, .o xn) = glen(x, .. 2)).

[TocTpoennbie HyMepamuoHHble (DYHKIWH Npu (HUKCHUPOBAHHOM 7 OCYIIECTBISIOT
B3aMMHO OJIHO3HAYHYIO HYMEPAIUIO N-OK HATYPAJbHBIX YUCE], T.€. y KazKJ0r0o Habo-
pa B TouHocTH ojuH HOMeD. [Ipu Hymeparuu Jpyrux oO0beKTOB OT TAKOTO TPeDOBa-
HUSI 9aCTO MOYKHO OTKA3aThCs, JIOCTATOYHO JIUIIb NOTPEOOBATH, 4TOOBI Y KazKJI0T0
13 HyMepyeMbIX O0beKTOB OBLT HOMED, He 00d3aTeIbHO €TMHCTBEHHBIH, HO BLIYUC-
JngeMblil o 00bekTy. 2KenraTesbHO CYyIMIeCTBOBAHUE AJTOPUTMA, MPOBEPSIONIETO M0
IPOU3BOJIBHOMY HATYPAJIHHOMY YHUCTY, ABJISIETCSI JU OHO HOMEPOM HEKOTOPOTO W3
HyMepyeMbIX O0bEKTOB M B CJIy4ae IMOJOKHUTETHHOTO OTBETa BOCCTAHAB/IUBAIOIIETO
COOTBETCTBYIONUI 00bekT. Bo3zaepkuMest oT laIbHEeHIIX yTOUHEeHUI.

B kadecTBe BaxKHOrO 1 HAC TPUMEPA PACCMOTPHUM 2€0eAe8Y HYMEPAUUI0 8CET
KOHEUHBLT NnocaedosamenvbHocmet HaAMYpPasbHuLT “ucen. Bymer mocTpoeHa npumu-
mueho pexypcuenai Pynryua I(x,y) makas, wmo ot 4000l koneurnoti nocaedosa-
MEALHOCTU HAMYPAALHBLE YUCEA Ay, A1, - . . , Gp (NPOU3BOALHOT dAUHBL 1) Hatdemca
MaKoe Yucao m, 4mo

8}0 L(m,i) = a;.

[Tocrpoenne dyukuuu I'(x, y) MOXKHO BBIIIOJHUTD, HAIIPUMED, TIPH TTOMOIIH KUMadi-
ckoll meopemu, 00 0CMAMKALT.

Pacemorpum dyukimio ot tpex mepemenubix rest(u, 1 + (y + 1)z). st mpons-
BOJILHOT'O HaOOpa HATYpPaJbHBIX YUCEI Ao, A1, - .., G, HAHIEM TaKoe 9ucja0 b, 9TOOBI
OBLIH B3AMMHO IPOCTHL gucaa my, = 1+ (y + 1)b npu y = 0,1, ..., n. Jocrarouno B
KauecTse b B34Th (1 +n+ay+a+...+ an)!. Torma no xumatickoti meopeme 06
0CMAMKAT CUCTNEMA CPASHEHUT

,gcox = a;( mod m;)

umeem Hamypasvroe pewenue A. A Tak Kak a; < m;, To rest(A,m;) = a;.
[Tosromy B KadecTBe dbyHKIMU (2, y) MOKHO B3AThH

rest(l(xz), 1+ (y + 1)r(x)).

§3. PekypcuBHO mepedncanmMbie MHOXKECTBA 1
NMpeanKaThl

B srom maparpade 6ymer oOCyKIaThCSI OTHO U3 BarKHEHIINX MOHSTHH TeOpuu
AJITOPUTMOB — HMOHATHE PEKYPCUBHO NEPEHUCAUMO20 MHOHCECTEA U Npedu-

xama. V13 pa3IuIHBIX PABHOCHJIBHBIX OIpPeIe/IeHHN ITOr0 MOHSATHS MbI BHIOMpPaEM
TO, KOTOpPOE, Ha HAIll B3IJISI, 'Cpa3y’ KaK-TO O0bsICHsSIET CJOBO epednucjimmoe’.

Onpe,ue.neHne 3.1. Henycmoe MHONHCECTNEBO HAMYPANDBHOLL YUCEA HA3BLBAEINCA PE-
KYpCuBHO NepeHUCAUMDBIM, €CAU OHO coenadaem ¢ MHOANCECNBOM GCEX 3HAMEHUL
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§3. PexkypcuBHO nepedncJIMMble MHOXKECTBA M MPEIUKATHI

HEKOMOPOt NPUMUMUBHO pekypcusnots hynkuuy. Ilycmoe mroscecmeo no onpede-
AEHUN CHUMAEMCA MAKHCE PEKYDCUBHO NEPEUUCAUMDBLM.

Teopema 3.1. Mnoocecmseo U HAMYPANDHOIT YUCEN PEKYPCUBHO NEPEYUCAUMO MO~
20a u moavko moeada, Ko2da natidemcs makas 2-MECMHAA NPUMUMUBHO PEKYPCUGB-
nas gynrkyus F(x,y), wmo dii npouseosvrozo Hamypaivhozo wucia a cnpasediusa
IKEUBAAECHMHOCTVD

aclU < (Jy)F(a,y) = 0.

Hoxaszameanovcmse o Illycrb U — Henmycroe peKypCUBHO MEPEUUCTHIMOE
MHOKecTBO. Haiiercss Takast oJfHOMEeCTHasI MPUMUTUBHO peKypcuBHAsg GyHKIHA f,
9TO

U={f(t)|te N}

Torma
a€U < (Fy)la — f(y) = 0.

U1 B kauecTBE NPUMHUTUBHO PeKypcuBHOil dbyukuuu F'(x,y) MOoXKHO B3aTh | — f(y)].

s nokazare/ibcTBA OOPATHOTO YTBEPZKJICHUST TTPEINOJIOKUM, YTO JIJIsd MHOZKE-
crBa U n npuMuTuBHO pekypcuBHON dynkunu F(z,y) 1 mpou3BOIBHOIO HATY-
PaJIbHOIO YHUC/Ia @ CHPABE/JINBA IKBUBAJIEHTHOCTH

a €U < (Fy)F(a,y) = 0.

Ecin muozkecTBO U 1yCTO, TO OHO PEKYPCUBHO MEPEUUCIUMO 10 OIPEJIEIEHUIO.
[Iycts U — Hemycroe muO)kecTBO. Bozbmem a € U. Obo3uadnm 1epes f(t) byHk-
IO
[(t) - sg(F(U(t),r(t) + a- sg(F(I(t), r(t)).
Herpyano nmousts, 4to

U={ft)[teN}.
0

Kiracc peKypCHBHO IEPEYNCTUMBIX MHOXKECTB 3aMKHYT OTHOCHTETHHO OIMepaIinii
obbeauHenns u nepecedenusa. C JTOMOTHEHHEM CUTYaIls OoJiee CIOXKHAL.

Teopema 3.2. Ob6sedunenue u nepecevenue 08YT PEKYPCUSHO NEPEYUCAUMBLE MHO-
2HCECTNE PEKYPCUBHO NEPEUUCAUMDL.

Hdokxaszameanncmso. Ilycrs nias muoxects U; (i = 1,2) 1 IPUMATHBHO PEKyP-
cuBHBIX DYHKIWI F (2, y); 17151 TPOM3BOJIBHOIO HATYPAIBHOIO YHC/IA ¢ CIPABE/IHBbI
9KBUBAJIEHTHOCTH

a€U; < (Jy)Fi(a,y) = 0.

Torma
a & (U1 U UQ) < (Ely)Fl(CL,y) : FQ(@ay> = O:

a€ (UyNU;) < (Fy)Fi(a,l(y)) + Fa(a,r(y)) = 0.
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I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

Teopema 3.3 (3. Iloct). Ecau mmuoocecmeo U u ezo donoanenue U pekypcusho
nepevuciumse mrootcecmea, mo U — pekypcusroe mHoscecmso.

doxasameanvcmeo. llycrs ajist muoxkectBa U M IPUMUTHBHO PEKYPCUBHBIX
byuxiuit F(x,y) u H(x,y) 1ag 01pou3BOJIbHOIO HATYPATBHOTO YHCIIA ¢ CIPABEI-
BbI 9KBUBAJIEHTHOCTH

aclU < (Jy)F(

) =0,
a ¢ U <= (Fy)H( = 0.

a,y
a,y)
Paccemorpum dyHKIHIO

f(x) = py (Flz,y) - H(z,y) = 0).

Torna f — pekypcuBHas (pYHKIHSI W

xv(z) = 5g9(F(z, f(z))).

[Tosromy U — peKypCcUBHOE MHOYKECTBO. U

[Tozzke GyeT moKa3aHo, 9TO BepHA U oOpaTHAas TeopeMa, T.e. 41000e PexypcusHoe
MHONCECTNBO ABAALMCA PEKYPCUBHO nepeduciumoim. Ho 1s ee 1oka3aTebcTBa HAM
HeoOX01MMO H0J1ee MOJPOOHO TTO3HAKOMUTHCS C PEKYPCUBHO MEPEYUCTUMBIMU MHO-
KEeCTBaMHU.

Paccvorpum 1moHsiTe peKypCHBHOW MEPEYUCAUMOCTH JIJIS N-0K HATYPaJbHBIX
qucesn. Ilycrs A — HemycToe moaMHOKeCTBO MHOXKeCTBa, [N, BO3MOXKHBI, HAIIpHMED,
CIeIYIONIIe B OIPEIeTeHNs PEKYPCUBHOM IMePeUNCTUMOCTH MHOXKeCTBa, A.

Ounpenenenune (I). Henycmoe mmooicecmeo A n-ok HAMYParbHOLL HUCEN HA3bIGA-
eMCA PERYPCUGHO NEPEMUCAUMDLM, €CAU CYULLCMEYIOM MAKUE NPUMUMUESHO PERYD-
cushoie pynkyuu oy (t), ..., a,(t), wmo

A= {(aat), .., an) |t €N Y.
Hycmoe MHONCECTNBO PERKYPCUBHO NEPEUYUCAUMO.

Teopema 3.4. Henycmoe mmoosicecmeo A n-ok HAMYPAAOHOLT HUCEA DEKYPCUBHO
nepevucaumo (6 cmuicae onpedeserus I) mozda u moavko mozda, Kozda pexypcusHo
NePeNUCAUMO MHOHCECTLEO

c(A) = {culay,...,a,) | (a1,...,a,) € A}
HOMEDPOB €20 INEMEHMOE.
Hoxasameanncmaeso. Ecin
A= {(a(t), ..., on(t)) [t € N},

TO

c(A) = {cular(t),...,an(t)) |t € N }.
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§3. PexkypcuBHO nepedncJIMMble MHOXKECTBA M MPEIUKATHI

ObparHo, ecan

o
—~
b
~—
I

{J®)te N},
A= (VW) ... D (f0) |t e N,
O

Ounpenenenune (II). Mnosicecmso A n-ok HAMYPANLHOLT “UCEA HA3BIGACTNCA Pe-
KYPCUBHO NEPEYUCAUMBIM, ECAU CYULLCMBYEM MAKAA NPUMUMUCHO PEKYPCUBHAA

(ﬁyHmWﬂ f(xla <oy Tny y): wmo

(a1,...,a,) € A <= (Fy)f(ar,...,an,y) = 0.

Teopema 3.5. Mnoocecmeo A n-ox HAMYPaNOHOLT YUCEA PEKYPCUBHO NEPEUUCAUMO
(6 cmuicae onpedenerus I1) mozda u moavko mozda, K020a PEKYPCUBHO NEPEHUCAUMO
mroocecmeo c(A) Homepos e2o anemenmos.

Hoxaszameanncmseo. Ecim
(a1,...,an,y) € A <= (Fy)f(as,...,a,,y) = 0,

TO
m € A <= Ff(c)(m),....c (m),y) = 0.
Ob6patHo, eciu
m € ¢(A) <= (y)f(m,y) =0,

TO
(a1,...,an,y) € A <= (Fy)f(cnlar,...,a,),y) = 0.

CaencrBue. Onpedeserus I u II pasrocusvHbL.

13 BbIle JIOKA3AHHBIX TEOPEM CJIEJLYET, 9TO 005edUHEHUE U NEPECEHEHUE 08YL
PERYDCUBHO NEPEUUCAUMBLL MHONCECTNG N-0%K HAMYPAAOHOLL YUCEA DEKYPCUBHO Ne-
PEUUCAUMDL.

Kpowme toro, cienaeM ciiejyoliee mojie3Hoe B JaibHelIeM 3aMedaHue.

[TpeanoaokumM, 910 It MHOXKECTBa, A N-0K HATYpPaJbHBIX YUCE]T CYMEeCTBYET
Takasi IPUMATHBHO peKypcuBHast GyHKIust f(T1, ..., Tn, Y1, .., Ym), 9TO

(a1,...,a,) € A <= (Fy1)...Gym) fla1,- -, @Y1, -, Ym) = 0.

[Tokarkem, 910 MHOZKECTBO A pexypcusHo nepenuciumo. ITo CaegayeT n3 SKBUBA-
JIEHTHOCTHU

(a1,...,a,) € A <= (Elt)f(czl,...,an,c(l)(t),...,c(m)(t)) = 0.

m
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I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

JL71st MHOZKECTB N-0K HATYypaJIbHBIX UHCET OIPEIeseHbl ele ABe CHelnMuIeCKue
OIepall — ~Npoexmuposanue, WIH HAGCWUSAHUEC KEAHMOPG CYULLCTMEO8GHUL
" HABEUWUBAHUE 02PAHUMEHHO020 KEAHMOPA 00usHocm Y, He BBIBOISIIHE 32 IMPEeIe/Tbl
KJIaCCa PEKYPCUBHO MEPEeUnCIUMBIX MHOYKECTB.

Teopema 3.6. Ecau A — pexypcusHo nepesuciumoe MHOHCECMEBO N-0K HAMYPAND-
HOLT “UCes, MO caedyroujue 084 MHONACECTNBG PEKYPCUBHO NEPEUUCAUMDbL

{(a1, ..., an—1) | Fy)(ay,...,a,_1,y) € A},
{(a1, ..., an-1,a,) | (VY)y<an(a1,...,an_1,y) € A}.
oxaszameancmse o Beerem oboznauenus
pr(A) = {(a1,....an—1) | (Fy)(as, ..., an1,y) € A},

V(A) = {(a1,. .., an—1,an) | (VY)y<an (@1, ..., an_1,y) € A}.

Ecan muOX)KecTBO A n-0K HaTypaJbHBIX YHCE/] PEKYPCUBHO MEPEIUCTUMO, TO CY-
MIECTBYET Takasi IPUMHTUBHO peKypcuBHast hyHKus f(z1, ..., Ty, Y), 9TO

(a1,...,a,) € A <= (Fy)f(a,...,an,y) = 0.

Torma

(a1,...,an—1) € pr(4) <= (Jy)f(ar,...,an_1,(y),r(y)) = 0
1 a

(ai,...,a,) € V(A) <= (Ely)z flar,...,an-1,t,T(y,t)) = 0,

t=0
rie I'(y, t) — dyuxmus Tegens. d
HamomuuMm, uto 2pagurom n-mecruoit dpyuknuu f(zq,. .., 2,) HA3BIBAETCS MHO-

JKECTBO

Iy ={(a1,...,an, flar,...,a,))|(a1,...,a,) € D(f)}.

Nmeer MecTo ciieiyiolnas JIOCTATOYHO BazKHAsS TEOpeMa, KOTOpas CYIIECTBEHHO pac-
mupsieT Kpyr HAIUX 3HAHUI O PEKYPCUBHO IePEYUCIUMbIX MHOYKECTBaX.

Teopema 3.7 (O rpaduke yactuyHo pekypcuBHoii dyHkuuu). s mozo
wmobv, pyrryus f oviaa wacmuuno pexypcushoti Heobxodumo, u d0CmamowHo, 4mo-
Ovi ee epaduk ObiL PEKYPCUBHO NEPEUUCAUMBLM MHOHCECTTLEOM.

Hoxaszameawvcmeo Ecmu dyuxknust f aurae He onpejesiena, To ee rpaduk
[’y mycr, a 3HAUUT, yTBEpZK/EHUE TEOPEMbl JJld HUIJe He oupe/e/eHHbIX (pyHKuIil
TPUBHUAJIBHO CIIPABE/IJIUBO.

[Iycts f — dbyukuus ¢ Hemycroii obaactbio onpesenenust D(f), a 3HaYuT, U C
HenycTbiM rpacduxkom 'y,
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§3. PexkypcuBHO nepedncJIMMble MHOXKECTBA M MPEIUKATHI

Ecmm rpaduk I'y dynknnn f pexypcuBHO mepeducinm, TO HallyTcs TaKue TpU-
MHUTUBHO PeKypcuBHble byHKIUU o (t), ..., a,(t) u §(t), aro

Iy = {(aa(t),....an(t). B) [t € N }.

Paccmorpum ¢dyHKIHIIO

Torma
flzy, .. xn) = Bg(x, ... x,)).

[Tosromy dymxyus f wacmuuno pexypcusna. OTMETHM eIlle OJHO BarKHOE 00CTOsI-
TEJbCTBO: OAA NOAYYEHUA PYHKUUU [ [L-ONEPAMOP UCNOALIYEMCA AUWD 00UH Pa3.

g nmokazaTeabcTBa 0OPATHOTO YTBEDKIAEHUS 2padhuk 410000 4acmusHo pexyp-
CuBHOT PYHKUUL PEKYPCUBHO NEPEHUCAUM TPUMEHUM yIKe UCTIOTb30BABIILYIOCS HEO/l-
HOKPATHO BBITIIE CXEMY:

1) mokazkeM PEKYPCHBHYIO HEPEIHCINMOCTh TpaduKoB npocteinux byHKIunii,

2) yCTAaHOBMM 3aMKHYTOCTHh KJacca (DYHKIHU ¢ PEKYPCHBHO IEPEYHCTUMBIMU
rpaduKaMu OTHOCUTETBHO OMEepPATOPOB CYIEePIO3UINH, TPUMUTHBHONW DEKYPCHH U
MUHAMU3AIIH.

CrpaBeI/IMBOCTD MEPBOTO YTBEPKIEHUS CAeIyeT U3 CJeAYIONIX COOTHOIICHUIA:

Lo, = {(UY(21), 00U (1)) |21 € N},
Ty = {(U(21), (U (21)) |21 € N},
g = {(ED(@), ., V), () [t € N Y.

Jlokakem 3aMKHYTOCTH KJjacca (DYHKIUNA ¢ PEKYPCUBHO MEPEYHCTUMbIMUA TPa-
bUKaMU OTHOCUTETHHO OTEePATOPOB CYMEPHO3UIUN, IPUMUTUBHON DEKYPCHU W MU-
HUMUAZATAH.

[Tycrs dyukuus f = S(g; f1,- - -, fm) HOTyUeHA TIPAMEHEHHEM OTIEPATOPA CYIeP-
nosunuu K GyuKknusaM g, fi, ... u f,, ¢ pekypcusno nepeducinmbivu rpadgpukamu Iy,
Ff17 ... Ffm'

[Toxazkem, uto rpaduk ['y dynknnm f peKypcnBHO HepeducInMm.

Ecan xorg 6wl onun u3 rpadukos I'y, Iy, ... 1 'y, myct, To mycr u rpaduk ['f
dyukmun f. [loaToMy OH PeKYpPCHBHO MEPEUHCIUM IO OTPeIeIeHUIO.

[TycTh

Dy = { (st unl) ai®) |t € N},

= {(Bult)s- . Bult) BE) | £ € N},

Bamernm, 910

(T1,...,2n,y) €Ty <=
(Fz1) ... Fzm) (21, .y, 21) € T &0 &
(X1, Tnyzm) € Tp & (21,00 2myy) € Ty).
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OTO JaeT SKBUBAJCHTHOCTD

(l‘l,...,l’n,y) Grf <~ (Elto)(EItl)(Eltm)
(ZEl == 06171(151) & &l‘n == al,n(tl)&

r = @271(152) & .. &.ﬁlfn = Ckgm(tg)&

T = pa(tn) & ... &2, = Qmn(tm) &
Bl(tO) = C(l(tl) & .. .& ﬂm(to) = C(m(tm) &
Blto) = y).

[Tycrs dyuknus f = PR(g;h) nojaydeHa nmpuMeHeHHEeM OlepaTopa HIPUMHTHB-
HO# pekypcuu K (PYHKIUAM ¢ U h ¢ PeKypCHBHO IiepeducauMbiMu rpaduxkamu Iy
u Fh.

ITokazkeM, uro rpaduk I'y byHKIUE f peKypCHBHO HepednucIuM.

Ecimn xora 6b1 oqun us rpaduxos I'y winm I'y mycr, To nycr u rpacdux I'y dynk-
mun f. [losToMy OH PeKypCUBHO TepedncInM.

[TycTh

Iy = {(al(t)v"'7an(t)7an+1(t)7an+2(t)7a(t))|t S N}v

Py = {(Bu(),-, Bu(t), B(1)) [t € N}

Hamomuum, aro f(zq,...,%,,y) = 2z TOLJA W TOJHKO TOTJA, KOTJA CYIIECTBYET MO~
CJIeJI0BaTe/IbHOCTh HATypaJbHBIX uncen by, by, ..., b, Takas, 410

bo = g(x1,...,2n) & (V) icybiyr = M(x1,...,20,t,0) & by, = 2.

[Tocienee paBHOCHIBHO CYIIECTBOBAHUIO TIOC/IE/I0BATE/ILHOCTU HATYPAJIBHBIX YUCET
to, t1, ..., ty TAKOIi, 9TO

(1 = Bilto) & ... &xy = Bulto) &bo = Blto) &B(Ly) = 2 &

(l‘l = O[l(tl) & e &I'n = Oén(tl) &

0= O[n+1(t1) &bo == Oén+2(t1) &bl == Oé(tl) &

rT = Oél(tg) & ... &Z'n = C(n(tg) &

1= O[n+1(t2) &bl == Oén+2(t2) &bg = Oé(tg) &

1 = ai(ty) & .. &, = ay(ty) &

y—1 = anulty) &by1 = ania(ty) &b, = alty) ).

Tak Kak mocaen0BaTeJIbHOCTh HATYPaJbHBIX 4Hceln tg, ti, ..., t, MOXKeT UMeTb

IPOM3BOJILHYIO JITHHY, TO Bocnosb3yemcst (yukiueit lemenst ['(x, y): natidem maxoe
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§3. PexkypcuBHO nepedncJIMMble MHOXKECTBA M MPEIUKATHI

u, wmo npu a0bom 0 < s <y ['(u,s) = ts. [loaygaem 5KBUBATEHTHOCTH

(1,...,20,9,2) €'y <=
@)1 = AT (,0) & .. &an = oD, 0))) &
((y = 0&z = B(I'(u,0)) Vv
((y > 0)& (Vt)1<tay(z1 = arn(T(u, 1) & ... &z = (T, 1)) &
t = an1(T(u,t)) & &a(l(u,t) = apa(T(u, t+ 1)) &
Al (u,0)) = ana(T(u, 1) &2 = a(l(u,y)).

U3 sroit sxBuBajaenTHOCTH CcieayeT, uro rpaduk 'y dynknnm f pexypcusno mepe-
YUCTAM.

[Tycrs dyuknusa f(xy,...,2,) = py(g(z1,...,2,,y) = 0 moxydena mpuMeneHn-
eM p-ornepaTopa K (GyHKIHU ¢ ¢ PeKyPCHBHO HepeducJuMbIM rpacduxom I'y.

[TokazkeMm, uto rpaduk I'y dbyHKIUN f peKypCHBHO HepeunCIUM.

Ecan rpadux I'y mycr, To nycr u rpaduk I'y dynknun f. Ilosromy oH pekyp-
CHUBHO HEPEYUCTIUM.

[IycTn
Ly = {(a1(t),...,an(t), cnsi(t), a(t)) |t € N}
Hamomuum, uro f(xq,...,2,) = y TOrAa U TOJIBKO TOIJA, KOTJA CYIECTBYET MOCJIe-
JIOBATEIbHOCTh HAaTypaJ/bHbIX uuces by, by, ..., b, Takas, uro

(Vt)i<y(br = g1, @0, 1)) & (V)scybe # 0 & by = 0.

[Toctemaee paBHOCUIBHO CYTIECTBOBAHUIO ITOCIETOBATETHHOCTH HATYPATLHBIX THCE T
to, t1, ..., ty TAKOi, 9TO

(33'1 = Oél(to) & ... &Z‘n = Oén(to) &
0= O[n+1(t0) &bo == Oé(t()) &bo 7é 0&
Iy = g tl) & &Z‘n = Oén(tl)&
1 = Oén+1(t1) &bl = C((tl) &bl 7é 0&
r = Odl(tyfl) & ... & Tn = Odn(tyfl) &
Yy — 1 = OdnJrl(ty,l) &by,1 = C((tyfl) &by,1 7é 0&
T = ai(ty) & ... &z, = an(ty) &
y = ans(ty) &by, = alty) &b, = 0)
Tak Kak mocaemoBaTeTbHOCTL HATYPAJbHBIX 4ucenT to, tq, ..., t, MOXKeT HMeTb

[IPOU3BOJILHYIO JJIMHY, TO BHOBB Bocnosib3yeMmcst dyuknuneit lenens I'(x, y): natidem
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I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

maxoe u, wmo npu awbom 0 < s <y '(u,s) = t,. [Nomyuaem sKBHBaIEHTHOCTD

(x1,...,2n,9,2) €y =
(Fu)((Vt)i<y((x1 = a1 (D(u,t) & ... &z, = o (D(u, 1)) &
t = ann(D(w,1) &
(Vt)tcy((I'(u, 1)) # 0) & a(I'(u,y)) = 0).

U3 sroit skpuBajgenTHOCTH caeayeT, uro rpaduk I'y dynknnm f pekypcusno mepe-
YUCTIUM. 0
B kadectBe cieacTBus J0Ka3aHHON TEOpPEeMbI HOJIYIaeM CAEAYIONIYI0 TeopeMy.

Teopema 3.8. O6aacmo onpedeaenua D(f) u muoocecmeo snavenud R(f) w060t
YaACMUYNHO pekypcusholl Pynryuy f ABAAOMCA PERYPCUBHO NEPEUUCAUMBMY MHO-
AHCECMBAMU.

doxaszameavcme o Ecamm gyactuuno pekypcuBHasg (PYyHKIus [ HUDJIE He
ompe/jiesiena, To ee obsacts onpeenenust D(f) u muoxecrso 3nadenuii R(f) mycrsr.
3HAYUT OHU PEKYPCHBHO MEPEYUCINUMDI.

[Tycrs obacts onpenenenus D(f) gactuano pekypceuBHOi dyHKmn f — Hemy-
croe MHoKecTBO. Torma rpaduk I'y sToit dpynknun f umeer Buf

Ly = {(at),...,on(t),at)) [t € N},

rae aq(t), ..., a,(t) mw a(t) — HeKoTOpble IPUMHTHBHO peKypcuBHbIe dbyHKmu. Torma

D(f) = {(a(®),...,on(t)) |t € N}

R(f) = {a)[t € N}.

[Tosromy obaacmo onpedenenus D(f) u mmoorcecmeo snavenuds R(f) aw0bol wa-
CMuMHO perypeueHots Pynkyuy f ABAAIOMECA PEKYPCUBHO NEPEUUCIUMBLMU MHOHCE-
CMBAMU. 0

BepHo u obparHoe yTBep:KIeHHE: Kasicdoe PEKYPCUSHO NEPEUUCAUMOE MHONCE-
cmeo ecmov 064aCMb onpedeeHus HEKOMOPOT 4acCmuUuYHO PEKYPCUSHOT BYHKUUU.
HamomuuM, 9T0 10 Onpeje/ieHuio Jitoboe PEeKYPCHBHO MEPEYUCTUMOE MHOXKECTBO
€CTb MHOYKECTBO 3HAUYEeHHI HEKOTOPOH MPUMUTHBHO PEKYPCHUBHON (DYHKITHH.

Pacemorpum wacmuunyio rapaxmepucmuseckyo Gyrkuuio MHOXKeCTBa 1 — oK U
HATYPAJbHBIX YUCET

1

He OompeseseHo, ecau (ry,...,x,) € U

, ecin (xq,...,2,) € U,

Xg))(xl,...,xn) = {

Teopema 3.9. Mnoocecmeo n-ox U HamypasbHbx 4uces pexypcusho nepesuciu-
MO Mo020a, U MOALKO M020a, k0206 €20 YACTMUYHAA TAPAGKMEPUCTIUYECKAA DYHKUUA
YACMUYHO PEKYPCUBHA.
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§3. PexkypcuBHO nepedncJIMMble MHOXKECTBA M MPEIUKATHI

oxaszameanwvcme o Eciu muoxkectso U n-ok HaTypaJbHBIX YUCET MYCTO,
ero JacTU9IHasg XapaKTepucTudeckas (pyHKIMs, OyIyun HATJE HEe OIPEIeJTeHHOMN, IB-
JIIETCS YACTUYHO PEKYPCUBHOI.

Ecnu ke mHO)KecTBO U Nn-0K HATYPAJbHBIX YHCET HE MYCTO, TO HAfiyTCs TaKue
IPUMUTHBHO PeKypcuBHbIe GyHKINH a1 (t), ..., a,(t), aro

U= {(a1(t),...,a,(t)) |t € N}

Ho Torna
Fxga) = {(Oél(t), .. .,Ozn(t), 1) | t e N}

[Tosromy rpacux Fx(p) YACTUYHON XapaKTepUCTUIECKONH (DYHKIIMU X(Up) MHOZKECTBa,
U

U pekypCHBHO MEPEYUC/INM, a 3HAYUT CaMa, YaCTUYHAs XapaKTepucTuieckas (yHK-

U0 Xg?) MHOKecTBa U 9acTuaHO pPEeKypCHuBHa..

O6paTHo, ec/ii YacTUUIHAS XapaKTepucTuueckasd (PyHKITHIO Xg) MHOXKecTBa U ga-

CTHYHO PEKYPCUBHA, TO PEKYPCUBHO IEPEUNCIUMA ee 001aCTh OIPeIeTeHIS D(Xg))),
KOTOpas COBIaJaeT ¢ MHOXKecTBOM U. 0

Jlokazannasi TeopemMa JaeT eme OHY XapaKTePUCTHKY PEKYPCHUBHO IE€PevnC-
JIMMBIX MHOXKECTB, KaK MHOXKECTB, [OJId KOTOPBIX HaﬁﬂeTCH aJITOPUTM, 3aBepIlalo-
it ¢BOI paboTy TOJBKO HA 3J€MEHTAaX 9TOr0 MHOYKECTBA (IPUMEHHMBIH TOJBKO K
9JIEMEHTAM 3TOTO MHOYKeCTBA). VICXOHOE OMpejieieHne PEeKYyPCUBHO MepedHCIuMO-
o0 MHOYKECTBA JTABAJIO AJTOPUTM, JAIOIIMIA 3TeMEHTH 9TOT0 MHOYKECTBA B KAUeCTBe
pe3yIbTaToOB CBOEit pabOTHI.

B meJIOM JOKa3aHHbIE TeOpeMbl MOI'YyT PaCCMAaTPUBATHCA KaK CBUAETE/JILCTBO J10-
CTATOYHON €CTECTBEHHOCTU TOHATUS PEKYPCUBHO MEPEUYUCIUMOr0 MHOXKecTBa. Eie
OJHAM TAaKHM CBHJIETEJIHCTBOM MOYKET CJIYZKHTDH CJIEIYIONas TeopeMa.

Teopema 3.10. /[aa 210000 wacmuuno pexypcusHot Gyrkuuy
flz1, o Ty Y1y o Um)
MHOHCECTNBO
Urp = {(a1,...,a,) = 1) ... Qyw)(flar,...,an,y1,...,ym) = 0) }
PEKYPCUBHO NEPEUUCAUMO.

dowxasameannvcme o Jjua moboit 4acTUIHO PEKYpPCUBHON (pyHKIMM
f(x1, .. T, Y1, ..., Ym) ee Tpaduk ['; saBISIETCA PEKYPCUBHO MEPEINCAUMBIM MHO-
»kectBoM. Ecimm on myct, To mycro u muoxectso Usy.

B mporuBHOM ciydae HaiiayTcsd Takue NPUMHTUBHO DEKYPCHBHBIE (DYHKIIUU

ay(t), ..., ay(t), Bi(t), ..., Bm(t) u B(t), aro
Oy = (D) 0n(t), D), Bt), B )

Ho Torna
Urp = {(a1,...,a,) |(3t)(a1 = av(t) &a, = a,(t)&F(t) = 0) }.
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I'VZIABA II. YHACTHUYHO PEKYPCUBHBIE ®YHKIIII

Tak kak dysKIWH v (t), ..., a,(t) u G(t) IPUMETHBHO PEKYPCHBHBI, TO MHOYKECTBO
U; pekypCHBHO HePedUCIHMO. O
[Tpu m = 0 mosy4daem CaencTBuUe.

CaencrBue 1. Jlaa ao6otl wacmuuno pexypcusnol gynkyuu (1, ..., 2,) MHO-
HCECNBO

Ur = {(a1,...,a,) ]| fla1,...,a,) =0}

perYpcuHo nNepeHYUCAUMO.

CaencrBue 2. Jloboe pexypcusroe MHONHCECTNBO ABAACMCA PEKYPCUBHO NEPEUUC-
AUMDBLM.

oxaszameanncme o Ecmm muoxkectBo U peKypCHBHO, TO €ro XapakKTe-
pucrudeckas GyHkuusa xy(xy,...,T,) PeKypCuBHA. PeKypCUBHAS TEPETUCTUMOCTD
MuozkectBa U cjejyer 3 paBeHCTBa,

U=A{(a,...,a,) = 3g(xv(ai,...,a,)) = 0}.
U

B kauecrBe ciegcTtBusi TeopemMbl 0 rpaduke (pyHKINUNA MOJLYIUM TEOPEMY O HOP-
vaabaoit popme C. Kaunu. 3amernm, 910 mosxke Oyger gokas3aH 0oJjiee CHIbHBII
BapuanT Teopembl C. Kiman. A moka goKazkKeM CJIeIYIONIYI0 TeOpeMy.

Teopema 3.11 (Hopmanbuaa dopma C. Kaunaun). /[aa 410607 n-mecmmot wa-
cmusho pekypcusHotl pyrnruyuy f natidemes maxas n+1-mecmuana dynkuus F, wmo

flxe, .. ) = pe(F(x1, ... xn,t) = 0).

Hoxaszameanwvcmeo Ecim f — n-mecrtHas 9acTuaHO peKypcuBHas (DYyHKIHSI,
To ee rpadguk I'y pexypcusno nepeuncanm. [Tosromy naiinercs Taxas IPUMHTHBHO
pekypcuBHast byHKusa h(xy, ... Z,, Yy, 2), 9TO

ai,...,an,b) € I'y <= (d2)h(ay,...a,,b,z) = 0.
!

Suauwr,
fxe, ..oy xn) = Wpe(g(x, .. a0, U(t),r(t) = 0).

,HJIH 3aBeplIIeHnuda JOKa3aTeJbCTBa TEeOpeMbl JOCTATOYHO IIOJIOZKHUTDH

F(zy,...,20,t) = g(x1,... 20, U(t),r(2)).
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['JTABA III
MAIINMHBI TBEOPUHTA

§1. Mamunsabl Thopunra

Cy1mecTBYIOT pasjmIHble BAPUAHTHI MaIiuH ThIOPHUHTA — C OXHON| WU C HECKOJIb-
KHMH JIBHTaMH, C JIOMOJHUTE/IHLHON BXOIHOI JIBHTOM, ¢ BXOMHOIl, BBIXOTHOI 1 pabo-
Jeil JJeHTaMu, ¢ MHOTOMEPHBIMHE JIeHTaMu U T.7. C TOYKU 3peHus] BBIYUCIUTETHHBIX
BO3MOYKHOCTel 3T BapwaHThl Mamui ThlopuHra 3KBUBaJIeHTHBI. VX ocobenHOCTH
Ha4YMHAIOT UT'PATh CYLIECTBEHHYIO POJIb, JIAIIb KOrJa HAC HHTEpecyeT He TOJIbKO
IMpUHOUIINAJIbHAA BO3MO2KHOCTD peaJin3dalu TOro Ui HHOI'O aJIr0OpuTMa, HO U CJIOZK-
HOCTHBIE XapaKTePUCTUKH ero BBITOJHEHHS Ha paccMaTpuBaeMoil Mojgenu. Mbl pac-
CMOTPHUM B HEKOTOPOM CMBICJIe TPOCTEUIINiI BapuaHT — mawuny Tvropunea ¢ 00notl
KOHEewHOT AeHmoti nomeHyuarbHo beckonewrot 6 obe cmoporv,. CMBICT CKa3aHHOTO
CTaHeT fACeH U3 JaJIbHEeHIINX olpeeseHui.

Mawura Tvropurnea T umveer sHewHut aagdasum, win aagasum aeH-
MOYHHBLL CUME0A08,

AT - {CLO: ag, “‘7an}7

snympernHuli aagasum, nin arPasum 6HYMPEHHUT COCTNOAHUL,

QT - {q07 q1, "'uqm}7

npozpammy Pr, aenmy u pabouyro 20408KYy. DJIEMEHTHl BHEITHErO aJihaBuTa
HA3BIBAIOTCS MPOCTO CUMBOAGMU, & JJIEMEHTbI BHYTPEHHEro ajadaBUTa — 8HYMpeH-
HUMYU COCNOAHUAMU.

Jlenma mamasl Thiopunra T pa3duTa HA KOHEYHOE UYUCTO S9eeK, B KOTOPbIe
MOZKHO 3alUCHIBATH CHMBOJIBI M3 BHEITHEro andasura {ag, ai, . . ., ay, }, TOITOMY OH U
HA3BIBACTCA AAPABUMOM NEHMOYHBLT CUME0A06. 110 INCTO TEXHUIECKUM TPHITHAM
YJIOOHO CUMTATH, YTO CPEJIU JIEHTOYHBIX CHMBOJIOB UMEETCS TaK Ha3bIBAEMbIH nycmot
CUMBOA, KOTOPBIl TPAINIMOHHO 0003HATAIOT Yepes dg. Yl9eiiku JIeHTh yITOPsIA0YeHbI
caeBa HampaBo. MBI paccMarpuBaeM BapHAHT OIPeeseHusT MaliuHbl ThIOpUHTa, B
KOTOPOM IIPE/INOIATAeTCS, UTO JEHTA NOMEHUUAALHO OECKOHEeUHa 6 00e CMOPOHDL.
9TO0 03HAYAET, UYTO B IIporecce paboThl MAIIUHBI T hIOPUHTA pa3pelaeTcsd J00aBIsITh
HOBbBIC IIYCTbIC JUYeKI KaK K IIpaBOMYy, TaK U K JIEBOMY KOHIaM JICHTbI (C“II/IT&GTCH,
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

9TO B MOMEHT JI0OABJIEHNsT B HUX 3allMCAH [IYCTONH CHMBOJI Gg). B mpuHImIe MOKHO
OBLIIO OBl CUMTATH JIEHTY OECKOHEUHOI, HO MOTPeboBaTh, YTOOBI B KAaXKJIbIi MOMEHT
BpEMeHH JIUIIbL KOHEYHOEe YUCTIO ee STIeeK COMepzKasao HEIyCThbie CHMBOJIBI.

Mawuna Toropunza evinoansem Odelicmeus 6 UCKPEMHBIE MOMEHMbBL GPEMEHU
WU, KaK TOBOPAT, NOMAKMOBO.

B kaxkaprit MOMEHT BpeMeHH 20.4068%Ka Maliuabl Thopunra 1 0003peBaeT HEKO-
TOPYIO S4YeiiKy U caMa HAXOJAUTCS B OJIHOM U3 6HYMPEHHUL COCMOAHUL o, (1, - - -
Gm- CocTosiaue ¢y TPAJIUIUOHHO HA3BIBAETC 3AKAIOYUMEALHOIM COCTNOAHUEM.

Pabora mammust ThiopuHTa COCTOUT U3 OT/AE/JIBHBIX TAKTOB, BBIMTOJTHSIEMBIX CO-
rJIacHO ee tporpamme Pr.

IIpoepamma Pr vamunbl Thiopunra T — 310 KOHEYHBbI HAOOP KOMaH/| BUJIA!

qit; — qsar D,

rne D € {L, S, R}. Ilpu srom Kax10il mape cuMBOJIOB (g;, a;) upu ¢ > 0 cooTBeT-
CTByeT POBHO OJHA KOMAHJa, B KOTODOIl epes; — CTOHUT CJIOBO ¢;d;. DTy KOMAHILY
MBI OyieM 0603HavYaTh Yepe3 Pr(i, j).

Ecau 6 pacemampusaemuili Mmomenm epement, 20406ka mauwiunv, Toropureza nazo-
dumesa 6 cocmoanuu ¢; npu i > 0, a 6 obozpesaemoti el avelike HATOOUMCA CUMBON
aj, Mo Mawura eunoarsem xomandy Pr(i, j) caedyuum obpasom:

1) ecsin KOMaHa UMeeT BH

Qiaj — QS@tsa

TO B 0603peBaeMOoii SUeiiKe CHMBOJI (; 3AMEHSIETCS] HA CHMBOJT (4, TOJIOBKA IEPEXOJIAT
B COCTOAHHE (, M OCTaeTCd Ha MecTe;
2) ecim KOMaH/Ia UMeEeT BUJL

qia; — qsaR mma - gia; — qsaiL,

TO B 0003peBaeMoil fueiike CHMBOJI @; 3aMeHseTcd Ha CUMBOJ @, TOJIOBKa Iepe-
XOJIUT B COCTOSIHUE (s U CJIBUTAETCS B COCEJIHION CHpaBa (COOTBETCTBEHHO CJIEBA)
staefiky. [Ipn 9ToM, ecm cauThIBaIONas TOJOBKA HAXOIMJIACH B caMoil mpaBoii (J1e-
BOI‘/’I) siqeiike, TO K JieHTe J00aBjsieTcsi HOBasi MycTas sideiika, B KOTOPYIO 3alliCaH
IIyCTOIl CUMBOJI ay.

Ecmm B pe3ynbraTe BBITOTHEHUS HEKOTOPO KOMAHIBI 204068K04 MAULUHBL TPUTO-
dum 6 3aKA0UUMENDHOE COCMOAHUE (o, TO MAITAHA OCMAHABAUBAEMNCSA, TAK KaK
IO ONPEJIETIEHNIO HU OJTHA KOMAaHJa MPOrpaMMBlI HE HAUUHAETCA C (q.

[TotHOE OmMHMCcaHWe COCTOSHUSA MAITUHLI TBIOPUHTA B JAHHBIH MOMEHT BPeMeHH
3aj1aeTcs caoBoM Bua Aga; B, e ¢; — cocTogHme TOJOBKY B JIAHHBIH MOMEHT, @ —
CHMBOJI, 3aIMCaHHBI B 0003peBaemoii siueiike, a A uw B — cji0Ba, 3annucannbie jieBee
1 paBee 3ol aueiiku. Taxoe caoBo Ag;a; B naspiBaeTcsa noanot xongpuaypayu-
eli WIH MPOCTO KOHPuU2ypayuet, ONUCHIBAIONE coCTosSHIe MaIIuHbl ThlopuHTa B
JIaHHBIH MOMeHT. [Ipu aTom GyeM roBopuThb, 9TO Mmawura 1T Hwaxrodumea 6 woHugu-
eypavyuu Ag;a;B.
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§1. Marmuub Trropunra

[Tycte koudurypamust K, B Koropoit mainna Thioputra T’ HaXoauTcs B JaAHHBIH
MOMEHT BpeMeHH, uMeeT Bug Kp = Aga;B,tne 1 <i<m, 0<j <n.

Omupenennm kondurypannio K7., B KOTOPYIO MaWuha nepetioem 6 pe3yivbmame
npumenenus coomsememsyrowet komandv, Pr(i, j) w3 nporpammer Pr.

1) Ecim xomanza umeer Buj ¢;a; — ¢sa.S, 10 Kip = Agsa,B.

2) Ilycrs BoImosTHsAEMAas KOMAHIA UMEeT BUJ ¢;a; — (satRR.

Eciu cioBo B menycro, t.e. B = a,B’ upu Hekoropom a,, TO

K. = Aaqsa,B'.

Ecnu ke cioso B mycro, to K = Aasq,aq.
3) Ilycre Beimosasiemast komanna Pr(i, j) nveer Bug ¢;a; — qsa L.
Ecn cioso A memycro, T.e. A = A'a, upn HEKOTOPOM @), TO

/ / /
7= Aqsapa, B

Ecan xe cioBo A mycro, to K. = qsapaB.

Cpean BHYTPEHHUX COCTOSTHWiIT MammuHbl ThiopuHra 1 9acTO BBIAEJSAIOT eIle u
HAYAADBHOE COCTOSTHUE (.

C kaorcdoti mawunot Toropunea T ceasan arzopumm Ar, npeobpasyrouui (nepe-
pabamuieatousutl) croea 6 ee snewnem aapasume Ar 6 caosa 6 mom sice ardasume.

[Iycts E — cioBo Bo BHemHeM andasute Ap mamuus Toiopunra 1, t.e. £ € A¥.
BanumnreM c0Bo F moceoBaTeIbHO HA JIEHTY MAITUHbI, HAUUHAs CO BTOPOil A9eiKH,
a B MEPBYIO sTU€iiKy MOMECTHM IyCTOH CHMBOJ dg. [loMecTuM ToJIOBKY Ha IEpPBYIO
sI9eiiKy U IPUBEJIEM ee B Had9aIbHOe COCTOSIHUE (1, T.€. IpUBeaeM MarnHy ThropuHra
T B xoudurypanu ¢, ag F.

Eciu mammuna Triopunra 1, Hadap paboTtarh B KOHGUTrypauu q;agkF, depe3 Ko-
HEYHOE YMCJIOB TAKTOB padOTHI mepeiijger B Koudurypamumo Buga DgyB, To caoBo
D B Ha3bIBaeTCI pe3yibmamom npumenenus x ciosy K arzopumma U, onpenens-
emoro mamuuoit Teiopuara 7T'. B mpoTuBHOM cjiydae Mbl TOBOPHM, UTO G.A20DUMM
Ar k crosy E ne npumenum. Ipyrumu cioBamMu, Mbl CIATAaeM, UTO MaIIuHa 1’ BbI-
YHCJIsIeT HEKOTOPYIO cJioBapHyto dyHKuuioo fr(x), 3HadeHunemM KoTopoii npu r = E
siBsiercs cjioBo DB, npudem, sta QyHKIUs ONpeaeaeHa TOJAbKO JJIsi TeX CcJaoB
IpPU KOTOPBIX MAITHHA OCTAHOBHUTCS.

Bregem HekoTOphie 0003HAUEHUS:

samuch Aga;B = A'q,qB’ byner obosmauars, uro mawuna Tviopunea T u3

T

kongueypayuu Aga;B 3a Koneunoe wucao wazos (maxmos pabomo,) nepexodum 6
kongueypayuro A'q,a) B, u npu amom ne npouccodum npucoedunenue nycmois aeek
K AC60MY KOHUY Aermo, (He TIPOUCXOJUT CJBUT 33 JIeBBIl Kpail JeHTH),

samch Aga;B ? A'qyai B’ 6yner oboznauars, uro mawuna Tvropunea T u3

kongueypayuu Aga;B 3a Koneunoe wucao wazos (maxmos pabomo,) nepexodum 6
kongueypayuro A'q,a; B, u npu amom 1e npoucrodum npucoedunenue nYcmoulr aveex
HU K AEBOMY, HU K NPABOMY KOHUAM Aekmb. (He TPOUCXOJUT CABUT HU 3a JIEBBI, HI
3a TPABBIA Kpasi JIEHTHI ).
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Mammnsr ThoprHra MOYXKHO HUCIHOJIB30BATH JIJIsi BbIYUC/IEHUsS (DYyHKIMI, apry-
MEHTBHI U 3HAYEHHsI KOTOPHIX MPOOEraroT CJI0BA B JaHHOM al(aBHTe, COMePKAIIEMCS
B ayi(paBUTe JIEHTOYHBIX CHMBOJIOB. B 9aCTHOCTH, pedb MOXKET UATH O BBITHC/ICHHN
PynKUut om HAMYPAALHO20 AP2YMEHMG.

Omnpeneum JBa MOHSTHST BBIYUCIAMOCTH (hyHKInN Marmmuaoil Trhiopunra — bi-
YUCAUMOCTND U NPABUALHAA BBLUYUCAUMOCTD.

JToroBopuMCsi 0 HEKOTOPBIX ODIIENPUHSATHIX COIVIAIEHUIX: CUMBOJI a4 Oy1eM 000-
3nadarTh depe3 0, cumBoJI aq — depe3 1, juist Jiroboit OyKBbI a depe3 a™ Oygem 000-
3HAYATH CJIOBO JIJIMHBI M, BCE OYKBBI KOTOPOTO — 9TO @, T.e. CJIOBO BUJA G . ..a. Ilpn
9TOM HATYPAJIbHOE UUCIO 7 IPeJICTABISIETCS CJIOBOM 7. JJIMHBI 17 B OJHOOYKBEHHOM
andasure {1}, r.e. cioBom 1™.

[Iycre f — mn-mectHas (gactuunast) DYHKIEsT ¢ OOJACTHIO ONpPe/IeJeHHsT
D(f) C N™.

Mammuna Teiopunra T estuucasem GyHKIuoO f, ecIu BHIIOJTHEHBI IBa YCJIOBUSI:

ycth (by,...,b,) — MPOU3BOIBHBIN HAGOD HATYPAJIBHBIX THCE

1) ecau {by,...,b,) & D(f), mo, nauas pabomams 6 konduypayuu

@010 ...01™0,

mawuna Toropunea T nukozda ne npudem 6 saxatouumesvhoe cocmoanue qo (Ma-
WUHG He 0CMAR0BUMCA, pabomaem beckonewno doazo, 6e4HO),
2) ecau (by,...,b,) € D(f), mo, nauwae pabomamov 6 konguzypayuu

010 ...01™0,

mawuna Toropunea T uepe3 Komewnoe wucao wazo6 (maxmos pabomov,) npudem 6
3AKNOUUMENDHOE COCMOAHUE Gy (OCMAHOBUMCA), NOAYUEHHAA NPU IMOM KOHPULY-
payus umeem eud CqoD, u 6 caoeo CD cumeon 1 sxodum f(by,. .., b,) pas.

Mammuna Treiopunra 7' npasuavHo 8viuucasem GYHKIUIO [, eCTi BHIITOTHEHbI
JIBa YCJIOBUS:

ycth (by,...,b,) — MPOU3BOIBHBIN HAGOD HATYDAJIBHBIX THCE

1) ecau (by,...,b,) & D(f), mo, nauas pabomamsv 6 konduypayuu

@010 ...01™0,

mawuna Toropunea T nukozda ne npudem 6 saxatouumesvhoe cocmoanue qo (Ma-
WUHG He 0CMAR0BUMCA, pabomaem beckonewno doazo, 6e4HO),
2) ecau (by,...,b,) € D(f), mo, nauwae pabomamov 6 konguzypayuu

@010 ...01™0,

mawuna Toropunea T uepe3 Komewnoe wucao wazo6 (maxmos pabomov,) npudem 6
BAKNOUYUMENDHOE COCMOANRUE (o (OCMAHOBUMCA), NPUUEM

0170 ...01%0 = ¢017/Cb)g 0.
T
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§1. Marmuub Trropunra

Yucaosasi (pyHKIMS Ha3bIBAETCA BbUUCAUMOU No TbvbropuHay, eciu cyuie-
cmeyem mawuna Toropurnea, 8ul4ucCAANOULGS IMY PYHKUUIO.

[To3zke OymeT jgoKa3zaHO, UTO CJeAyollee YTBep:KjeHHe paBHOCUIbHO Te3ucy
Yepua.

Tesuc Twvropumea. Ecau nexomopas PyHKuuA BLINUCAIUMA 6 UHMYUMUBHOM
cMBLCAE, O OHG BBYUCAUME 1o Toropun2y.

Te3zuc Tvropuraa ceA3bEaEM UHMYUMUSHOE NOHANUE GBYUCAUMOT HYHKUUL
¢ MOUHDLM MAMEMAMULECKUM TOHAMUEM 8BLUUCAUMOT no Toropurey dyrryuu, mo-
9TOMY He MOXKET CTaBUTBHCS BOIIPOC O €r0 MaTeMaTHIeCKOM JoKazareabcTBe. C 3Toit
touku 3penusi Teauc Tvropurea 110100eH HU3NIECKOMY 3aKOHY M JIIO0OH ecTecT-
BeHHO-Hay49HOI runore3e. /[lokazars Teauc TwvbropuHza Heb3sl, OJHAKO HEOOXO/IH-
MO ero Kak-To 000CHOBATh.

Harmmreit 6/mmkaiinieit nesibio OyaeT IpuBeIeHHE J0CTATOYHO yOeIuTeTbHBIX, Ha
HAIIl B3TVI/I, JOBOJIOB B MOJb3y HpuHaATus Te3uca Tvropumea, a 3HAYUT, U paB-
nocuwabHOro emy Tesuca Yepwa. C 370l 1meab0 MBI pa30BbeM HEKOTOPYIO TE€XHU-
Ky 7 Totopurzo6a npozpammuposarus’, co3aamum ~ oubiuomexy cmandapmuvix Toro-
PUHR0BHLT npozpamm’, pa3dpaboTaeM HEKOTOPbIE MeTOJbl MOJaydeHus HOBBIX ~ Tbio-
PUH20BHLT NPOPAMM’ T3 UMEIOIIUXCI, JTOKAXKEM NPASUNOHYI) BBLYUCAUMOCTIL N0
Toropuney 10000 wacmuuro pexypcushoti Gynkyuy 1 IJACTUIHYIO PEKYPCUBHOCTH
KaxK10# BeraucauMoit 1mo Tboiopunry dyukiuu. Bee 310 BMecTe ¢ ycraHOB/IEHHOIT
paHee YaCTUIHON PEKYpPCHBHOCTHIO BarKHBIX TEOPETHKO-IUCIOBBIX (DYHKIIHI MOYKET
CIIy’KUTHh BECOMBIM apryMeHTOM B 1oJib3y npuaartus Tesduca Tovropumea, a 3HAUNUT,
n paBHOCHILHOTO emy Te3uca Yepua.

Onpenenm 1Be omepanuy HaJ MamuHaMu ThIOpHHTa, KOTOPBIE CYIIECTBEHHO
obJ1ervaT HaM IOCTPOEHNEe HOBLIX MAaIlWH ThIOpUHTA IO paHee MOCTPOCHHBIM.

[lepBast onepanust — 370 KOMNO3UYUUA MAIIHH ThIOpUHTA.

[Iycre T} u Ty — mamunabl ThlopuHIra ¢ OJHUM W TeM YK€ BHEITHUM aJihaBUTOM
A n Buyrpennumu andasutamu Q1 = {qo, ¢1,.--,q¢m} 1 Q2 = {qo, q1,.-.,qp} COOT-
BETCBEHHO.

Torma xomno3uyuet w~amuma Toiopuara 77 w T, Ha3bIBaeTcd MaIluHA
Teiopuara T ¢ mem ke BHemHuM aJjdasurom A, BHyTpeHHUM ajihaBuTOM

Q={qo,q1,---qms Gm+1,---+qm+p} B MpOrpammoit Pp, rie

pT = (PTI)(IO [qurl] U (pTz)QLW,pr [Qerl, ceey Qerp]'

Yepes (Pr,)g,...qp[@m+15 - - - » Gmtp| 0003HATEH PE3Y/ILTAT OJHOBPEMEHHOI 3aMEHBI BO
BCeX KOMaHJaX IPOrpaMMbl Pr, ¢i Ha Gm41, ¢2 HA Gmi2, - - -5 Gp HA Grmip, & d€pe3
(Pry)qo[@m+1] 0b03HAUEH pe3ynbTaT 3aMeHbl BO BCEX KOMAHIAX MporpaMMsl P qo
Ha Gm+1-

[Tocrpoennyio mamuny Tbhioputra T', siBAsONLyOCcs kKomnoduuyued Mamun 1) u
Ty, Oynem obosnaudaTh depe3 17 - Ty, a unorga u mpocto 1175.

Ecin mamuna Teiopunra 1" naunnaer padborars B koudurypamuu Zq;W, rne Z u
W — cnosa B ee Bxoanom andasure A, a 1 < ¢ < m, To oHa "cHadasa paboTaeT Kak
Mamunnaa Troiopunra 1" — econ mamuna Teopunra 1), HauaB padoTarh B KOHQU-
rypanun Zq; W, He 0OCTaHOBUTCs, TO HE OCTAHOBUTCH W MariuHa Thiopunra 1, eciu
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ke Mmamuna Treiopunra T, HadaB padborath B KoHpuryparmun Zq;W, octanoBurcs
B Koudurypanuu UqyV, To nanpme mamuaa Thiopunra T “paboTaeT Kak MalluHa
Trropunra T, HadaB padborath B Koudurypamuu Ug, V. Boaee ToaHo, ec/in MalnHa
Trropunra Ts, Hagap paborarsh B Koudurypamuu Ug, V', He 0CTaHOBUTCS, TO HE OCTa-
HoBUTCH U Maimuua Tbiopunra 1, eciin ke maimuna T'riopunra 15, HadaB padboTaTh B
koudurypanuu Ug, V', ocranosurcs B Kouduryparnuun X qpY , To mammna ThopuHra
T octanoBuTca B 3T0i ke KoHdurypanuu. Ecan xxe m+1 < ¢ < m+ p, To Mamuna
Toropunra 1" "paboraer kak mamuna Teiopunara 15"

[Ipuctynaem K mocTpoeHwio MamuH ThIOpUHTA, BRIYHCISIONIAX HEOOXOIUMbBIE
JUIsE JaJibHeiiero (yHkinuu. Y BCeX pacCcMaTPUBAEMbIX HUKe MaliuH TbiopuHra
T 6yner oqun u Tor ke BHenuuii andasur Ar = {0, 1}, a ux BayTpennuii aadasur
OyZeT BUJIEH U3 CUCTEMbI KOMAH].

ITeperoc nyasn. [loctpoum mammay Thiopunra T(, BEITOJHAONIYIO Tpeodbpas3o-
BaHUe

¢:001°0 | = ¢o01“00.
T

710 — ¢20R, 20 — ¢35,
@3l — g3lR, 30 — q40L,
q1l — ¢s0L, g1 — gs1L,
50 — qo0S.

ITpaswiti cdsue. TTocrponm mamuny Twiopunra Rs (right — shift), Bermosas-
IOIIY IO TIpeoOpa3oBaHue
¢101°0 | = 01%g,0.
Rs

10 — ¢0R, @l — @lR,
720 — qo0S.

Jeewiti cdsue. [loctponm mamuny Teiopunra Ls (left—shift), BBITOJHAIONY IO
npeodpa3oBanue
Ol“ql() ’ = q001a0'
Ls

@0 — 0L, @l — @lL,
QQO — qOOS
Tpancnozuyus. Tocrpoum mamuny Teiopunra Tr (transposition), BBIIOTHS-

0Ny IO TIpeodpa3oBaHue
01%¢,01°0 | = 01°¢o01°0.
Tr

Koneuno, nporpammy mammuabl Tbhiopunra 1'r MOKHO OBLIO OBl BBINHCATH HEIO-
CpPe/ICTBEHHO KOMAaHJa 3a KOMAaHON, W 3TO XOpolllee yIpayKHeHWe JIjIsi IUTaTesd,
O/THAKO Mbl Ha 3TOM HECJIO?KHOM IIPUMEPE PO/IEMOHCTPUPYEM HEKOTODblIe BarKHbIE
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§1. Marmuub Trropunra

JUTST TAJIBHEHTIIero NpueMbl TIOCTPOEHNST NCKOMBIX MaliuH ThIOPUHTA IO HWMEIOIIM-
¢ B COOTBETCTBHH C 3apaHee COCTABICHHBIM ITaHoOM. [Ipu peasu3amnuu 3Toro miaHa
OyIeT moJie3Ha elne OJHa Ollepallud HaJ MallnHaMKi ThIOpUHTA — pa3eemeneHrue.

Passemeaenue mawun Tovropunea Ty, Ty u Ty no nape cocrostuuii (qs, ;).

[Iycts Tpy, T} u 15 — mamuael ThOpuHTa ¢ OJHUM U T€M YK€ BHEITHUM ajigaBH-
tom A u BayTpennnvu andasutamu Qo = {qo, ¢1,---, Gk}, Q1 = {q0,q1,---,qn} 1
Q> = {q,q1,---,qp} COOTBETCTBEHHO, & s ¥ ¢; — JABA BbLIIECJCHHBIX COCTOSHHS Ma-
munbl Teopunra 7.

Tpebdyercs nocrpontsh mamuny Twlopunra T ¢ Tem »Ke BHENTHUM aJi(DaBUTOM
A, ¢ BHyTpeHHUM asiPaBUTOM, COJEpPIKAIIMM BHYTPeHHHUN ajidaBuT Manmabl Ty u
paboTAOIILYIO CJIEIYIONIUM 00Pa30M:

HadaB paborarb B KoHdurypanun Uq; W, rine U, W — ciioBa B ee BxogHoM aJjida-
ButTe A, a ¢; — BHyTpeHHee cocTosgsHne Mammuubl Thiopunra Ty, ona "cHada a paboTaer
Kak MammuHa Twhopuara 1", Ipu 3TOM, €CJIH B XOJe BBIYUCIEHUN OHA MPHUXOIUT B
COCTOSIHUE (s U HAXOJUTCS B 3TOT MOMEHT B KoHpurypamun X ¢sY , TO Jajbiie OHa
paboraer Tak, "Kak paborajia Obl Mamuna Twiopunra T}, Hauas padoraTb B KOH-
durypanuun XqY”, ecjiu ke B X0Jie BBIUYUC/ICHUI OHA HMPUXOJIUT B COCTOSIHUE @y U
HAXOJIUTCA B 9TOT MOMEHT B KoHdpurypamun X ¢, Y, To gajiblne oHa padoTaeT Tak,
"kak paborasa 6b1 Mamuna Teopunra 75, HauaB paborath B KoHdurypamun X ¢, Y”.

B xagectBe mMamuubl T MOXKHO B34Th MaIMUHY TBHIOPUHTa ¢ TeM Ke BHEITHUM
andaBuToM A, BHYyTpeHHIM aJI(haBHTOM

Q - {QO: q1s - - 59k Qk+15 - -+ y Qk+m—15 Qk+ms - - - 7Qk+m+pf2}

1 nmporpammoit Pr, rioe

Pr = (Pr,)ii Y (Pr) g am s Gty - -+ Qerm—1] U

(PTg)ql,qg,...,qp [qta Qk+ms - - - 7Qk+m+p72]-

Yepes (Pr,) s 0OO3HAYEH De3y/bTaT yAajeHus u3 mporpamMmMbl Mammabl Thio-
punra Pr, Bcex koMmaug Pr (s, ) u Pr,(t, ), T.e. KOMaH] C JIeBOil 9aCTHIO BUAA 50
i g;aj. CMBICT OCTAJIBHBIX 0DO3HAYEHUil TaKoil JKe, KAK H IIPH HOCTPOEHUH KOM-
mo3unuu Manui ThropHHra.

Passemeaenue mawun Toropunea Ty, T1 u Ty no nape cocrosuuii (qs, g;)

OyaeMm 0DO3HAYATH Yepe3 T,
ds
T
qt
T
Puc. TI1.
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[Tnan nocrpoenus: mammubl Tohopunra 1 (transposition), BbITOJHSIONME Tpe-

obpazoBaHue
01%¢,01°0 | = 01°¢o01°0.
Tr

1) Crpoum marmuuy 77, BBIIOJHSIONIYIO IIPEOOPa30BaHUe

¢101%0 | = o100
Ty

710 — ¢0R, @l — ¢15,
@l — @lR, 20 — ¢30L,
g3l — qi0L, 730 — o055,
@l — qlL, 740 — qol5.

2) Crpoum mammuuy 7', KOTOpast BBIIOJIHSIET MPeoOpa3oBaHue

0g11°01°0 | = 01°¢,01%0,
T

a npu a —t > 0 — npeobpazoBanue

01°'q,1°01°0 | = 01 g 1°01%0.
T

@0 — 0L, @l — @lL,
20 — ¢30R, g3l — ¢3lR,
730 — qo05, @21 — qi0R,
1l — qlR, 40 — g51L,
750 — ¢:105, g1 — q60L,
g6l — qslL, g0 — q115.

B kauectBe mamunbl Twhiopunra 1'r, BBIIOJHAONIEH TPAHCIO3UIUIO, MOXKHO B3STh
komnosunuio T - T mamwun Treropunra 1) u T

Hauas pa6orars B Kondurypamumu 01%¢;01°0, mamuna Teropunra Tr, paboTasd
Kak MamuHa Thiopunara 717, BBIIOJHAT HEpexoJl BUIa

01%¢,01°0 | = 01%¢,1°00.
Tr

Tak kak 01%¢;1°00 = 01%¢;1°01°0, To mamuna Triopunra T} “6yaeT nepeHocuts 1,
CTOAINME CJIeBa OT TOJIOBKH, B BBIJEJIEHHOE MECTO MeXKJIy HYyJIAMH’ MOKa He BO3-
rukHer Kondurypammsa 0g;1°01%0, KoTopas GyneT mepeBesieHa B 3aKTIOUATETHHYIO
kordurypanuio 01°¢,010.

Yoeoenue. [Tocrpoum mamuny Thiopunra [, BHITIOJHSIONYIO Mpeodpa30BaHme

q101a0 = q001a01a0'
D
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§1. Marmuub Trropunra

[Toctpoum mamuny Twriopunra D, Beinosnsiontyio npu a > 0 npeobpazoBanue

¢:01901°01°0 = ¢,01¢to1%to1et10,
T

a npu a = 0 — mpeobpazoBaHue

¢:001%01°0 = ¢,01°01°0.
T

710 — ¢0R, 20 — ¢315,
3l — @3lR, 30 — qi0R,
@l — @lR, 40 — ¢50L,
g1 — ¢s0L, 40 — ¢70L,
g6l — qslL, 760 — ¢71L,
g1 — ¢s0L, gsl — ¢s1L,
gs0 — qo05, g2l — gol5,
g9l — qlR, 790 — q100L,
g0l — ¢qu10R, q110 — q1215,
@12l — q2l R, 7120 — q130R,
@131 — q31R, 7130 — qu415,
qal — qulL, @140 — qi50L,
@151 — qi51L, 150 — q160L,
@16l — quelL, 7160 — q,0S.

Ecn npumernts mamuny 1’ K HadaabHoi Kordurypammm ¢;01%0 = ¢;01¢01°01°0, o
yepe3 KOHETHOEe YUC/I0 MIAT0B MOy UM 3aKJII0IATE/TbHY 0 KoHpurypanuo ¢o01¢0140.

Huxauveckuti cdsue. /11 mpou3BOJIHLHOIO HATYPAJIBHOIO YHCIA 1 TOCTPOUM
MamuHy ThlopuHra .S, BEIIOJTHSIONIYIO IIpeodpa3oBaHme

¢:01°101%0... 01" | = ¢01%0...01"01".
Sn

B kagecrBe mamuubl Thiopunra S, MOKHO B3SITh
(Rs-Tr)" ' (Ls)™ 1.

Konuposanue. [1jsi mpon3BOIBHOTO HATYPAJIHLHOIO YNCJIA 1 TOCTPOUM MAITAHY
Teropunra C,,, BHIIOJHAIONLYIO IPEOOPA30BAHNE

¢:01°201%20 ... 015" ? q001201%20 ... 01°0101%20 . . . 01°".

[Tocrpoenne mammabl Thiopuara ), BHIIOJHAM UHIYKIIAEH 1O 7.
[Tomraraem C) = D. Eciim mammuna Triopunra C), yKe mocTpoeHa, moJjaraem

Csr = (RS)™ - D - (Ls)™ - (Snsa)" - (RS)? - Cpy - (L8)? - Somss - S
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JIemma 1.1. Uczxoonwe (npocmetwue) Gynkyuu npasuivho svuucaumvr no Toro-
puH2y.

Hoxaszameanncmeo Mamuna Thiopunra ¢ mporpammoi

10 — ¢0R, @l — @lR,
0 — g3185, @3l — gs31L,
30 — qo0S

HPABUJILHO BBIYHC/ISIET (DYHKIUIO CJICOBAHUS 5(:1:), a marmuaa Teiopuara O ¢ npo-
rpaMMOoi

10 — ¢0R, @l — @lR,
320 — ¢30L, 31 — ¢30L,
30 — qo0S

IPABUJIBHO BBIUUC/sIET HYJIeBYIo dyaknuo 0(z).
®ynknuro npoektuposanust Ul (xy, ..., T,) = T, TPABUIBHO BBHIYUC/ISET MAIIU-
Ha Tbiopunra

()™ - (Rs)"™1 - (O - Ls)" .
O

Jlemma 1.2. Ecau n-mecmuas Gynkuus [ nosyuena npumeHenuem onepamopa cly-
NEPNOSULUUY K NPAEUNALHO BBUUCAUMDLM M -MECMHOT GYHKUUL § U T T-MECTHBLM
bynuruyuam f1, ..., fm, mo u Gyuryus f npasusbHO BLLNUCAUMA.

doxaszameanvcmeo. llyers mamuna Triopunra G paBUILHO BBIYUCTISIET
m-MecTHyI0 (pyHKIUIO ¢, a Mamuabl F, ..., Fj, NIpaBUJIbHO BBIYUCSIOT N-MECTHbBIE
dbyukmun fi, ..., f,,. Torma mammmaa

Ch - (Rs)" - Fy - (Ls)" - (Spg1)" - Rs - Cp - (RS)" - Fo - (LS)" - (Sps1)" - Rs - ...
Cp - (Rs)" - Fpy - (L8)" - (Spy1)" - Rs - (Ls)™ -G

npaBuiibHO Bbraucaser Gyukuuio f = S(g; fi, ..., fm)- O

Jlemma 1.3. Ecau n+ 1-mecmuasn dynsyua f nosyuena npumernenuem onepamopa
NPUMUMUBHOT PEKYPCUL K NPABUALHO SBLUUCAUMBLM N-MECTHOT PYHKUUY § U n—+2-
mecmuoti pynkyuu h, mo u pynkuus f npasusvbHO 8bLUUCAUMA.

oxasameanncme o Ilycrb mamuna Teopuara G IpaBUJIbHO BBIYUC-
JIIeT N-MeCTHYI0 (DYHKIWIO ¢, a MammHa H HOpaBUIbHO BbIYUCTASAET (DYHKIHIO h.
[Toctpoum mammuny Tweiopunra 1', KoTopasi OyJIeT NPaBUIHLHO BBIYUCISITH (DYHKIIUIO

f=PR(g; h).
Oboznaunm depe3 T ciaemyrornryo Mamuny ThopuHra

(Sn1)" + (Rs) + (Crgr) - (Rs)™ - G+ (Ls)™** - (Spa) - (Rs)™ .
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§1. Marmuub Trropunra

Hemnocpencreennas npoBepKa ¢ BBIMACBIBAHUEM Y3JI0OBBIX TMPOMEXKYTOYHBIX KOH(U-
il y y
rypalmii moKa3bIBaeT, ITO

¢101°10...01%01°0 = 01%0...01%01°015ge01/1bn0)
T

Koneuno,
0170...01%701°01° 0,017 10000 — 1010, .. 01°001°go019b1bn)

HO MBI BBIOpAJIN yKa3aHHOEe MpeJCTaBIeHHe, YTOOBI JIydIle OBbLT sICeH XOJ BBIYUCTIE-
HUH.
[Toctpoum marmuny Tweiopunra T, BEITOJTHSIONLYIO TEPEXOT,

0170...01°01°01°7°g; 01/ Prbnb) = g1/ bty
Ts

Mammuny Troiopunara 75 cTpouM KakK KOMIIO3HUIUIO paHee MOCTPOSHHBIX MAIluH W
MOIYTHO BBIMUCHIBAEM ~KJIIOYEBbIe” KOH(MUTYpaIn

0170...01°01°01°7°g; 01/ Pr--bnb)
(Ls)™*: ¢01"0...01°01°01°~Pp1/ r-0n0)
(Sugs)™ 21 q01/rbo1P10. . 017701%0
(Rs)™™ 01/ Crbn)p1brg . 01°7¢01°0
(O1-Ls)" = o017 000,

[Toctpoum maruny Tweiopunra T3, BEIIOJTHSIONYIO Tpu b — ¢ > 0 mepexos

01°0...01°701°01" /¢, 017/ Crbrt) =
Ts

0170...0100177 101~ (H 1 gy 01/ (Brbmit 1),

Marmmuny Triopunra T3 cTporM KakK KOMITO3UIIMIO PaHee MOCTPOEHHBIX MAIUH U 0-
IyTHO BBIITACHIBAEM KJIHOUeBbie” KOH(MUTYpAIUH

01%10...01%01°01% ¢, 01/ rbn)
(Ls)"*2 . ¢q01%0...01%01°01°~'01f 1t
(Spys)"t s q01P—001 bl 1or 0150170
(Rs)?- Cppy - Ls: 01270017 Orndl100 - 01%01°01%20.. .. 01201°0
Sones - (Rs)"H - H = 01°7701%0. .. 01%01°0g01/ br-bri+D)
(Ls)"2 - Sppo - (Rs)™ L. 01%0...01%01701b7¢0 1 Grobmsitd)
T': 01%0...01%0171010= 4D g1/ CrobaitD)

rie depes T obo3HaveHa MallnHa, BHIIOIHSAOMAs 1pu b — i > 0 mepexo/y

01'¢;01°7°0 | = 0171015+ ge0
T/
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

0 — 1R, @l — ¢0R,
g3l — g¢31R, 30 — ¢308S.

Jlns mocTpoennst pa3BeTBiaeHus MaluH 1o u T3 mocTpouM "yIpaB/IdIONLYI0 MAIIIH-
uy” Ty, Koropas u3 KOHMUrypamun

0170...01701°01° 017 1-bn-)
HEPexXo/IUT B COCTOsiHME @y 1ipu b — 1 = 0 u B cocTosinue gs ipu b — i > 0:

@10 — q,0L, @l — ¢31R,
910 — @ 0R.

[Toctpoum mamuny Twiopunra T, sBJASIONYIOCH pa3semeaeHuem mauwur Tovio-
purea Ty, Ty u T3 no nape cocmoanud (qz,q3) ¢ sayuxausanuem T3 na Ty. Dro
O3HAYaeT, YTO CHadasaa MamunHa 15 paboraer kak 1. Eciau T mpuxoauT B cOCTOSI-
HUE (9, TO JaJjbiie Ty padboraer Kak Th U 1mocJe npuxoga 1Th B COCTOSTHUE (o MAITHHA
Ty ocranapiuBaercs. Ecian Ty npuxoauT B COCTOsSTHHE (3, TO jaJbiine Ty pabortaer
Kak T3 u rocjie npuxoja 13 B COCTOsIHWE ¢y BHOBbH HaunHaeT paborarh Marinaa 1}.

g nomydenns mamuabl 15 CHadama CTPOMM MArmuHy 1i, SBISIONIYIOCT pas-
semeneruem mawun Toropunea Ty, To u Ty no nape cocmosanud (g2, q3), KOTOPYIO

MBI 0D03HAYAEM Yepe3 T,
q2
T,
qs
13
Puc. T2.

B nporpammve mammabl 17 BXOXKJIEHUST COCTOSHUSI (o, TOSIBUBIINECS] W3 BXOZK 1€~
HUIT 9TOr0 COCTOAHMA (o B MPOTPAMMY MAIIUHLI 13 OPHU IOCTPOCHUH PAa3BETBICHHA
T! mammn Teiopunra Ty, Ty u T3 o mape cocrosinuit (o, g3), 3AMEHUM Ha HaYaTbHOE
COCTOSIHHE (1 MAITUHBI 1}.

Jlig ydimero moHUMAaHMA CKA3aHHOINO MOXKHO 00paTUTLCS K pUCYHKY T'3.

T
q2
Ty
q3
4o
T3
Puc. T3.
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§1. Marmuub Trropunra

B kawectBe wmamunbl Thiopunra 7', npaBUIbHO BBIYUCILAONEH (DYHKIUIO
f = PR(g; h) moxuo B3sath mamuny 17 - Tk.
s jrydiiero MOHUMaHUsT CKa3aHHOTO MOXKHO 00OpaTUThCS K PUCYHKY 14.

T
q2
T, - T.
q3
q0
T3
Puc. T4.

CueslaeM 0JIHO 3aMevaHue 10 MOBOJLY fi-oteparopa. PaBeHcTBO
flxr, .o oon) = py(g(zr, ..o 20, y) = My, 20, Y))
MOYKHO 3aMEHUTH PABEHCTBOM
flxr, ..o zn) = py(lg(z, .. 20, y) — Rz, ..., 20,y)| = 0),
[I03TOMY BCErJia MOYKHO CYMTATh, 9TO 3aaHue (DYHKIUH [i~-OIEPATOPOM UMEET BUJ
f(xr, .. zn) = py(g(z,...,20,y) = 0).

Jlemma 1.4. Ecau n-mecmuan ynwkyua [ nosyvena npumernenuem (L-onepamopa x
NPABUNLHO BLLYUCAUMOT 1 + 1-mecmuol dynkyuu g, mo u ynryus f npasusoHo
BHLUUCAUMG,.

Hoxaszameanvcme o Ilycrb mammuaa Tropuara G mpaBUILHO BBIYUCIIS-
er n + l-mecruyo dynknuio g. [locrpoum mamuny Toiopunra 7T', koropas Oyjer
IPAaBUJIBHO BBIYUCIATE (DYHKIUIO f = [1,.

O6ozuaunm depes T caeaytontyio mamuny Trropunra C, . - (Rs)" ™. Toraa

¢;01%0...01%0 = 010...01%01%,01%0...01%01°.
T

Torna mamuna Teopuara G BBIIOJTHAET IIEPEX0/T

Crpoum Mmaruny Twiopunra 15, BEIIOJIHAONLYIO Tpu ¢ = () mepexo/n

01%0...01°01%¢,01°0 = ¢,01°0.
Ts
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

B kauectBe Th MOXKHO B34Th CJIeyIONyI0 Maniuuy ThOpuHTa
(L) (Spar)" - (Ls)™" - (Oy - Ls)™1,
Crpoum mammmay Trhiopuara T3, BRIIOJHAONYO mpu ¢ > 0 mepexo
01%0...01%"01%¢,01°0 ?
b
01%0...015017,01%0 ... 01°»01°"10.
B xagectBe T3 MOXKHO B34TH CJeAYIONY0 Mamuny ThiopuHra
O1-Ls-T,- (Ls)" - Cpyy - (Rs)",

e T — Mamuaa ThIOpHHTA, MPABUIBLHO BEIYUCIAIONAA (DYHKIUIO CIeI0BaHus S(1T).
Jlns moctpoenusi pa3sersiaenns mamun Ty u T3 1m0 mape cocrostauii (gs, g3) 10-
cTpouM "yrpaBJsiontyo Mamuny” Ty, Koropas u3 KOH(Urypanuu

01%0...01°"01%¢;,01°0
MEPEXO/INT B COCTOsIHME o Tipu ¢ = (0 B cocTosiHuE @3 ipu ¢ > 0:

10 — q.0R, qsl — @ 1L,
Q4O — q;g()L

[Toctpoum mamuny Tbeiopunra 15, aBisioniyioca Kommosuiueit G u pazseme.ie-
nus mawur Toropunea Ty, Ty u Ty no nape cocmoanuti (Ga,qs) ¢ 3GUUKAUBGHUEM
T3 na G. D10 o3Havaer, 9To cHava/ a MamuHa 15 paboraer kak (G, a 3arem Kak T}.
Ecin T npuxomaut B cocTosinue (o, TO aaJjblie Ty padboraer Kak 1 u 1mOCje MPUX0/1a
T5 B cocTogiHUE (o MalllmHa, 15 ocTaHaBauBaeTcd. Eciau Ty IpUXOIUT B COCTOIHUE (3,
TO fajblre Ty paboraeT Kak 15 1 mocse Mpuxoaa 13 B COCTOSHUE ¢y BHOBb HAUMHAET
paborars marmmHa G.

Js nosmyvenusi mamuuabl 15 cHadama CTPOMM Mammuy 1j, sSBISIONIYIOCST pa3-
semenernuem mawun Toropunea Ty, Ty u T3 no nape cocmoanud (g2, q3), KOTOPYIO
MBI 0D03HAYAEM Yepe3

15
q2
Ty
q3
T3
Puc. T5.

3areMm crponm kommosuimio G - Ty mamuua G u T}, mocjie 3Toro B IporpaMme Ma-
muHbl G- T% BXOXKIEHWsI COCTOSTHUS (o, MOSIBUBIIHECST U3 BXOXKJICHUIT TOTO COCTOSTHUST
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§1. Marmuub Trropunra

¢o B mporpammy Mammuesl 13 mpn moctpoennu passersienus 1 mamun Thiopunra
Ty, Ty u T3 1o mape coctosHuil (o, q3), a 3arem xKommosunuu G - TS, 3aMeHuM Ha
HA4YAJIbHOE COCTOsIHUE ¢ MAIuHbl G.

Jlst jtydnrero moHUMaHWST CKa3aHHOTO MOYKHO 0DPATHThCS K pUCYHKY T6.

T
q2
G-Ty
q3
qo
T3
Puc. T6.

B kagecrse mammunnl Triopunra T', mpaBmiibao BeAuCIdAmeil ynkmmo f = p,
MOKHO B34Th Marmuny 17 - T5.
Jlag mydmiero moHUMAHHUS CKA3aHHOTO MOYKHO OOpaTUThbCd K pucynky 17

T
q2
T -G - Ty
qs3
qo0
T3
Puc. T7.

O
M3 nmokazaHHBIX JIEMM Cpa3y CJeayeT caeayiomas (pyHIaMeHTaIbHas TeopeMa.

Teopema 1.1. Jlwbaa wacmuuno pekypcusHaa GYHKUUA NPABUNOHO BOLYUCAUMG TLO
Toropumey.

CupaseuBa u obOpaTHast TeopeMa.
Teopema 1.2. Jlwbasa svivuciumas no Tvropuney GyHKUUA YACTUYHO PEKYPCUBHA.
BamMerum, 94TO B TEOPEMe pedb HAET IMPOCTO O BBIYUCIUMOCTH, & HE 00s13aTeIbHO
(6] HpaBI/IﬂbHOﬁ BbIYUCJIUMOCTHA. HeHOCpe,Z[CTBeHHbIM CJIeJICTBUEM 9THUX JIBYX TeOpeM
OyIeT caemayromas TeopeMa.

Teopema 1.3. Jlwb6as eviuuciumasn no Totopuney GyrKuus NPAsULLHO BUNUCAUMA.

JIna mokazare/bCcTBa JBYX MOCTETHUX TEOpEeM HaM MOTpeOYeTCsl BBIIOJTHUTDH He-
KOTOPYIO paboTy 1o apudmemusauyuu, meoput, mawur Toropurea.
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

§2. Apudmernsanma Teopun MamuH ThiopuHTaA

[less sToro maparpada — apupmemusuposams meoputo mawur Toropurea, 3a-
MEHUB KaK/IyI0 M3 HUX COOTBETCTBYIONIMM HOMEpPOM. B KauecTse ciaeactBust OyyT
IHOJLY YE€HBI MEOPEMbL 00 AAOPUMMUNECKOT, HEPAZPEWUMOCTIU NPOOAEM NPUMEHUMO-
CMU U CAMONPUMERUMOCTIY OAs Mawur Toropunea, a 3T0, B CBOIO 0YEPE/h, CTAHET
OTHPABHOI TOYKON HA IMyTH YCTAHOBICHUS (A20PUMMUNECKOT HEPASDEUWUMOCTIU D~
da npobaem 6 anzebpe, MAMEMAMUUECKOT AO2UKE, MEOPUL YUCEA T T.]I.

Bynewm canrars, uro saemaunii andasur Ar = {ao, . . ., a, } 11060it mamuabr Thio-
punra T  gBJISIeTCS MOAMHOXKECTBOM MHOYKECTBA

A={ag,ay,...,a,,...},
a ee Buyrpenunit andasur Qr = {qo, q1, - -, ¢m} — MOJIMHOKECTBOM MHOMKECTBA

Q:{QO,ql,...,qm,...}.

Tak Kak cocrosguue 110001 MamuHbl Thiopunra 1 B KaK/Iblii MOMEHT BPEMEHHU OIIH-
coiBaeTca KoHdmurypanueit suna Ag;a;B, tne A u B — cioBa B andasure Q, TO C
KazKIpIM cioBoM W B aToMm asndasute cBasbiBatorcs aa nomepa 1y (W) u n,.(W):

. ) ) itait—1 i1 o
nl(aloall e 'altflalt) = PoP1 ---DPi_1DP:
Tt—1 it

Ny (@i, - - @i, a;,) = peplt ... pllpl.
B kauectse nomepa kondurypannun K = Ag;a; B Bozbmem amncio
a(K) = 2m@ .30 50 qne(B)]
B KauecTBe HOMepa KomaHsl Pr(i, j) Buga
qia; = qsa; D
BO3bMEM YHCJIO )
.. 25,3t,5nD

5(PT(Z7.])) = pc(z,]) )

rae n(S) =0, n(L) =1wun(R) = 2.

Homepom n(T) wmawuno, Toropunea T HazoBeM npoussedenue HOMEPOS
B(Pr(i,j)) scex ee Komano.

[Tokazkem, uro npeaukar T'm(z) — "z — nomep nexomopot mawuno, Toropunza’
IPUMHUTHBHO PEKYPCHBEH.

Paccmorpum e dyuxmuun [(n) n J(n), maomue mo HoMepy n Mammabl Tbio-
punra 7' 9ucjI0 3JIEMEHTOB B €€ BHYTPEHHEM U BHEITHeM aJi(DaBUTaX.

I(n) = max (37);<n((p(c(i, 7)) [ 7) V exp(0, exp(j, n)) = 1),

[

J(n) = max (3)i<n((p(c(i, 7)) [1) V exp(L, exp(i,n)) = j).

Jj<n
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62.  Apudwmerusamus Teopun MamuH ThIOPHHTA

st yeranoBienust npumumuenol pexypcuserocmu byukuuii 1(n) n J(n) nocrarod-
HO 3aMETHUTD, 9TO Jist JT000ro mpeaukata P(z1, . .., T,, Y, ) BHIIOJHIETCA PABEHCTBO

maXP(xl,...,xn,y,t) =Y — minP(xl,...,xn,y,y - t)
t<y <y

[IpuMuTHBHAST PEKYPCUBHOCTD tpeaukara Tm(z) — "z — nomep wexomopot ma-
wunvt Thropumea’ ciaeayer 3 SKBUBAJIEHTHOCTH

Tm(z) <= (Vj)j<am(p(c(0,4))]z) &
(Vi)1<i<i(a)(V)i<a@ (p(c(i, §)) | z) &
(Vy)y<e(exp(y,2) = 0V (Fi)1<i<i(e) () icawy = c(i,j)) &
(Vi)1<i<i(@) (V)i<s() (exp(2, exp(c(i, 1), v)) < 2&
(Vy)y<z exp(y + 3, exp(c(i, j), z)) = 0).
Haueit 6yinzkajineii mejibio 6y1er nocmpoenue npumMumueHo pexypcueHls ik
uuﬁ, ONUCHIBANOUWUT NPOYECC G'bL"iUC./LeHU’[Z, BHNOAHAECMBLILT MAULUHOT T’bTOpUHZ(l.
Ha‘{HeM MBI C HOCTPpOEHU A JJId MPOU3BOJIBHOT'O HATYPAJIBHOT'O YUCJia 7 n-MeCTHOI

byukmun 6, (21, ..., x,), KOTOPas sl Tpou3BoJbHOTO Habopa (ai,...,a,) HATY-
PAbHBIX TUCET JACT HOMED HA4AAbHOT KOHPUypayuy

@010 ...01%0,
T.€¢ JOJIZKHO 6bITb BBIIIOJTHEHO PAaBEHCTBO
Sp(ar, ... ay) = (@010 ... 01%0).

O6o3raunm gepe3 B ciaoso 110 ... 01 0. Torma

a1—1 a1+az ai1+az+az+1
wim) =l I o I o
=0 i=a1+1 i=ai1+as+2
ay+taz+as+...+ap—1+ap+n—2
11 pi
i=ai1+as+...4an—_1+n—1
0—1
[Tpu sTom cumraem, uro [[ p; = 1. Pacemorpum dynknunio
1=0
r1—1 T1+x2 z1+x2+r3+1
PYr(xla"'axn):Hpi' H i - H i
=0 i=x1+1 i=x1+x2+2

T1+T2+T3+... +Tp—1+Tn+n—2

H Di-

it=xr14+x2+...4+xpn—_1+n—1
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

dcno, uro 7, (x1,...,T,) — IPUIMATHBHO PeKypCHBHAs (DYHKIHS.
Tak Kak
a(@1010...010) = 2031 50 7m(B)7

TO
5n($1,...,l'n) - 3‘7%“(331 """ x")

[ToctpouM npuMHTHBHO pekypcuBHYIO byHKIuO S1(i, j,u, v, s, t, £) Takyko, 9T0
ecau komanda Pr(i, j) mawunwn, Toropunea T umeem eud

gia; = qsa; D,

a (Agia;B)} — kongueypayua, noaywernnas us konduzypayuu Aga; B 6 pesysvmame
BUNOAHEHUA IMOT KOMAHIVL, O

Sl(i,j, nl(A)vnr(B)7S7tvn(D)) = a((AqiajB),T)‘
Ecmun n(D) = 0, o D - S. [Tosromy (Ag;a;B) = Agsa;B 1 MBI Os1araem
Sy (i, j,u,v,8,t,0) = 2% 3°.5". 7",

Ecmu n(D) = 1, o D — L. osromy (Agia;B)y = A'qsaqayB ipu A = A'a,
(Agia;B); = gsapa, B npu mycrom A.
[Tomaraem

“ . Y exp(i,v)
Sy (i, j,u,v,8,t,1) = ZiEOPpr(iH’u) g+ pexnloa) 0 L
Ecmu n(D) = 2, ro D — R. Ilosromy (Ag;a;B)p = AaygsaoB' npu B = a,B' n
(Agia;B) = Aawgsap mpu mycrom B.
[Tonaraem
o t. o (i ﬁ ZBXP(H-I,U)
S (Z,j, u,v,s,t, 2) = PO pirli( u) 35 . 5exp(0,0) | 7i:op

ITomaraem

S1(i, 4, u,v,8,t,e) = S1(4, 4, u,v,s,t,0) - 5g(e) +
S1(i, 7, u,v,8,t,1) - 5g(le — 1]) + S1(4, 4, u, v, 8,t,2) - 5g(|e — 2|).
[TocTporM HPUMHTHBHO PEKYPCUBHYIO (DYHKIUIO So(n, i, J, U, V) TAKYIO, UTO ECAU
n=n(T) — nomep mawunv. Toropunea T, 6 npoepammy komopoti 6xodum komanoa

Pr(i,j), umerowan 6ud
qia; - qsatDa

a (Ag;a; B} — kondueypayus, noayuennas us xongpueypayuu Ag;a; B 6 pesyavmame
BUNONHEHUA IMOT KOMAHOBL, MO

Sa(n, i, j,m(A), n(B)) = a((Agia; B)r).
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62.  Apudwmerusamus Teopun MamuH ThIOPHHTA

Bamernm, 910

exp(e(i, j),n(T)) = 2° -3 5",

[Tosromy mpu i > 0 dyuknuio Sy(n, i, j, u,v) MOKHO 33/IaTh PABEHCTBOM

S2(na i:j: u, U) =
S1(4, 7, u, v, exp(0, exp(c(i, 7),n)), exp(1, exp(c(i, j),n)), exp(2, exp(c(, j), n)))-
OCTaeTCH JOIIOJTHUTDB 9TO OHpe,ZLeJIeHI/Ie paBeHCTBOM
Sy(n, 0,4, u,v) = 2%-3%. 5. 7%,

[TocTporM HPUMHTHBHO DPEKYPCHBHYIO GyHKIu S3(n,m) Takymo, 9TO ecAu
n = n(T) - nomep mawuns Toropunea T, m = a(Kr) — nomep konduzypayuu
Kr, a (Kr)y — kondueypayua, noaywernnas usd kondueypayuu Kr 6 pesyavmame
BVINOAHEHUA 00HOT KOMAHIVL, TMO

Ss(n,m) = a((Kr)7).
3 BBIMIE cKa3aHHOTO caemyer, (bYHKIH/IIO Sg (n, m) MOZKHO OIPEIEeJIUTL PaBEHCTBOM
S?)(”? m) = SQ(”) GXp(]., m)u exp(2, m)u eXp(07 m)7 eXp(37 m))

[TocTpouM TPUMHTUBHO peKypcuBHyoo byHKIu S(n,m,k) Takywo, 4To eciu
n=n(T) — nomep mawunv. Toropunea T, m = a(Kr) — nomep xondueypayuu K,
a (KT)gC) — Konduaypayus, nosyuennas us Konpuaypayuu K 3a k maxmos pabomot
mawunv, Toropurea T, mo

S(n,m, k) = a((Kpr)P).

Oynknuio S(n, m, k) MOXKHO ONpPeJETHTh CXeMOil IPUMUTHBHON PEKypPCHH

S(n,m,0) = m,
S(n,m,k+1) = Ss3(n,S(n,m,k))

[TocTpouM NPUMUTHBHO PEKYPCUBHYIO (DYHKIHIO pri, KOTOpas no HOMePY
m = «o(Kr) xonpueypayuu K daem wucao exoscdenutd cumeora ay 6 KoHpuzy-
payuro Kp. OYHKOUIO pr; MOXKHO 33/IaTh PABEHCTBOM

pri(m) = Z@(IeXp(i,exp(O,w)) 1)+

5g(| exp(2,2) = 1)) + Z@(\exp(i,exp(?»,x)) —1)).

13 onpenenenunii noCTpOeHHBIX (DYHKIMIA Cpa3y CJIEAYT, 9TO €CJIH N-MeCTHAS
dbyukmus f(xq,...,x,) Beraucanma ua Mamusae Toiopusra T’ ¢ Homepom ng = n(T),
TO
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

dynryua f(z1,...,x,) onpedeaena na nabope (x1,...,T,) HEMYPAALHOLT YUCEA
mozda u moavko mozda, Kozda cyuecmeyem makoe k, 4mo

exp(1, S(ng, on(z1, ..., 2n), k) = 0.
Paccmorpum gacTuuHo pekypcuBHYIO (DYHKIIUIO

Mt 1, .., xn) = py(exp(L, S(t, 0 (z1,. .., 20),y)) = 0).
Teopema 2.1. Jhobas svinucaumas no Teropunzy GynkyuA YacmuwHo peKypcucHa.

Joxasameanncms o Ecmu n-mectaas dbyuxmust f(z1, ..., T,) BEIYECIAMA
ua marmmae Trhiopuara T ¢ Homepom ng = n(71"), TO BHIIOIHSIETCS PABEHCTBO

fz, .. xn) = pri(S(no, dn(z1, ..., 20), n(no, T1, - ., X))
]

CaencrBue. Fcau pynruyus svuucauma no Teropumney, mo oHG NpasusbHO 6bl-
YUCAUMG Ha Hexomopot mawune Toropunza ¢ 6HewHUM AAPABUMOM, COCTOAULUM
AUULD U3 08YT CUMBONOS.

Hoxaszameansvcmeo Ecim dyHkius BorducinMa 1m0 ThIOPUHTY, TO OHA
JACTUYIHO PEKypPCUBHA. A Karkaast YaCTUIHO PeKypcuBHAsH (DYHKIUS TPABUILHO BbI-
YUCAUMa Ha HEKOTOpoi#l mamubae ThIOpUHTra ¢ BHENTHUM ajihaBUTOM, COCTOSIIHM
JIMTITh U3 JIByX CHMBOJIOB. U

Paccmorpum Bompoc o cyinecTBOBAaHUU YHUBEPCAJIbHBIX (DYHKIMI I pa3/imd-
HBIX KJIACCOB YaCTUYHO PEKYPCUBHBIX (DYHKIIHI.

Ounpepenenne 2.1. n+1-mecmnas gynryua U(t, z1, ..., x,) Hasvieaemes yrusep-
canvroli 0as kaacca K n-mecmuvix Gyrnkyud, eciu

1) npu mobom Ppurcuposarnnom ty n-mecmuas Gynkyus Ulty, x1,...,T,) npu-
nadaeorcum xaaccy K,

2) das 060G Ppynkyuu f(xq, ..., 2,) us kaacca K natidemes maxoe wucao to,
umo n-mecmuan Pynryua U(to, T1, ..., x,) cosnadaem ¢ gynryued f(xy, ..., T,).

Teopema 2.2. Ilpu at0bom n cyuecmeyem n + l-mecmuas 4acmuumno pexypcus-
HAA PYHKUUA, YHUBEPCANOHAA ONA KAACCEH BCET N-MECMHLET YGCMUYHO PEKYPCUBHBIL

Pyrryu.

doxasameanvcms o Paccmorpum n + 1-MecTHYI0 YaCTUYHO PEKYPCHBHYIO
dyHKIHIIO

U(”+1)(t,x1, ooy Ty) = pri(S(t 0 (T, -y xn), ma(t, 21, o 2)).

W3 BoIITe cKa3aHHOTO CIAEYeT, 9YTO N + 1-MecTHAsd YaCTUIHO PEKYpCUBHAs (DYHKITHS
UrHD(t, 2y, ..., x,) apigeTca YHEBEPCATBLHOI /TS KIACCA BCEX N-MECTHLIX 4aCTHU-
HO PEKYPCUBHBIX (DYHKIIHIA. U
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62.  Apudwmerusamus Teopun MamuH ThIOPHHTA

Teopema 2.3. He cywecmsyem 0symecmmuots npumMumueho pekypcusnoti dymx-
YU, YHUBEPCANALHOT ONA KAACCE BCEL OOHOMECTVHOLL NPUMUMUBHO DPEKYPCUBHBLL

PpyHry .

Teopema 2.4. He cyuecmeyem dsymecmuoti pexypcuehoti GyHKUUY YHUBEPCAND-
HOT ONA KAGCCH BCEX OOHOMECHOLL PEKYPCUSHBLT PYHKUUL.

oxaszameansbcme o. [lokazare/jbCTBO ITUX JIBYX TEOPEM ITPOBOIMTCS MO
eJINHON cxeMe.

O6o3HaanM epe3 K Kaace BCeX OJHOMECTHBIX IIPUMUTUBHO PEKYPCUBHBIX (DYHK-
muit. TIpemomoKuM, 9To JI/is Hero CyInecTBYeT YHUBEPCAIbHAS JBYMECTHAS IIPUMHU-
tuBHO pekypcuBHa dyuknus U(t, x). Pacemorpum dyukuuio D(z) = U(x,z) + 1.
Torna D(x) € K. [Tosromy Haiigercst Takoe 9uCIO Ng, 9TO MPH JHOOOM T BBITIOJIHS-
eTcst PaBeHCTBO

D(z) = U(ng,x).

DT0 paBeHCTBO IIPU T = N JaeT IPOTHBOpedne
U(ng,ng) + 1 = U(ng,ng).

Jlng pekypcuBHBIX (DYHKIHI JTOKA3aTEIbCTBO MPOBOJIUTCS MPOCTON 3aMeHOil CJI0B
"HPUMUTUBHO peKypcuBHas (PyHKIUs Ha "peKypcuBHas (DyHKIMs . 0

Oxka3zbIBaeTCst, 9TO O0AA KAGCCA BCET OOHOMECTNHOLEL NPUMUMUEBHO DEKYDCUBHBLEL
Pynryul cywecmeyem YHUBEPCANLHAA J8YMECTIHAGA pekypcushas Gynkyus. Tak
KaK HaM 3TOT (pakT B JaJjbHeiineM He MoTpedyeTcs, TO Mbl He OyaeM MPUBOIUTD
COOTBETCTBYIOIIEE JTOCTATOYHO CJIOYKHOE JTOKA3ATeTHCTBO.

PaccMmorpuM mcTopuyeckn BazKHbIE MPEIUKATHI, CBA3AHHBIE C BBIYUCIAMOCTHIO
Ha MamuHaX ThIOpPUHTA.

[TepBbIM U3 HUX OyJIeT MpeIuKaT, KOTOPbIi Mbl 0603HawuM depe3 T'(z, x,y,t).

[Tostaraem

T(z,x,y,t) <=
2z — nomep mawunvt Toropurea T,
Komopas nepesodum kougpuzyparuro q;01°0

6 konguzypayuro euda qy01Y0...0 ne boaree wem 3a t wazo86.

Beime Gblaa MOCTpOeHa TMPUMUTHBHO peKypcuBHas dbyukuus S(n,m, k) Takasd,

aro ecan n = n(1T") — vomep mammubl Treiopuara T, m = a(Kr) — HoMep KoHbH-

rypanun K, a (KT)gC ) KoH(UTypalys, nojydeHntas u3 Koudurypanuu Kr 3a k

TakTOB paborsl Mamuubl Thiopunra 1', To
S(n,m, k) = a((Kr)y).

[IpuMuTHBHAS PEKYPCUBHOCTD mpeaukarta 1'(z,x,y,t) cleayer W3 SKBUBATEHT-
HOCTHU

T(Z7x7 Y, t) <~ Tm(Z) &S(Z, (51(3}')’ t) = 2030 . 50711;[1171';1'
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O6o3naunm uepes T)(z, x,y) npemukar T(z,x,(y),r(y)). Torma wacmuuno pe-
KYpCusHaa GyHKyUA

U(z,x) = lpy(T1(z,7,y)))
ABNAACITICA yHUGGpC(l./LbHO’[Z ONA KAGCCA 6CET OOHOMECTNHBLEL YACTNUYHO peERYpPCUBHHLL

Pyrryu.
AnanmorunvaHo jist JI000T0 N N-MECMHAA HYACTNUYHO DEKYDCUBHAA HYHKUUA

Ulz,x1,...,2,) = Wpy(Th (2, cn(z1, ..., 20),Y)))

ABAACMNCA YHUBEPCANDHOT ONA KAGCCH BCET M-MECTMHLLET YACMUYHO DPEKYPCUCHDLL
Pyrryud.

O6o3uaunm 1epe3 T, (z, x1,. .., Ty, y) npequkar T1(z, ¢, (21, ..., x,),y), a depe3
X1, (2, T1, ..., Ty, y) — ero xapakrepuctuieckyio dyukiuo. Toraa gobas n-MecTHas
qacTHIHO pekypcusHas dbyukuus f(xq,...,2,) OpeJCTaBUMA B BHJIE

flxr, o mn) = Wpy(3g(XT, (20, 71, - -+ T, y)) = 0))

npu HEKOTOpOM (BUKCHUPOBAHHOM 2. [locseanee mnpejcraB/ienne HOCUT Ha3BaHUE
Hopmasvras Gopma Kaiuru.

Paccmorpum nekoTopblie aaropuTMudecKue mpodsieMbl st MaliuH T hlopuHTa.

IIpobaema npumenumocmu. Paspabomamnv anzopumm, nossoaarousut no
npou3eosvHoti mawure Toropunza T u no npoudsosvrotl Kondueypayuu K onpede-
AUMD, ocmarosumcs au mawuna 1, nawas pabomamov 6 amoti konpuzypayuu Kr.

IIpobaema camonpumerumocmu. Pazpabomamsv anzopumm, no3eoss0uLul
no npouseoavhol mawure Toropunea T onpedesumo, ocmanosumes au moawuna T
nawas pabomams 6 kondueypayuu 0110,

IIpobaema npumerHumocmu k¥ nycmou aewme. Pazpabomamo anzopumm,
Nn0360AANOULUT N0 NPOU3BOALHOT Mawure Toropunea T onpedesumn, ocmarnosumcsa
a1 mawunae T, navwas pabomamsv 6 xouguypayuu ¢,0.

Teopema 2.5. [Ipobiembv, NPUMEHUMOCNU, CAMONPUMERUMOCTNY U NPUMEHUMOC-
mu K nycmot AeHMe aA20PUMMUYECKY, HEPA3PEULUMDL.

doxasameanncme o [loKaKeM air20pummuyveckyro Hepaspeuumocms
nPodAEMBL CAMONDUMEHUMOCTV.

Obozuaunm depe3s My MHOHCECMBO HOMEPOS BCET CAMONPUMEHUMBLET MAULUH
Tvropunea, a depes Xp, — €ro xapakmepucmuyeckyro gynkyuro. B cuny mesuca
Yepwa HeOOXOINMO TOKA3ATh HEPEKYPCUBHOCTH (DYHKIUU X i/, -

IIpeamosnozkum npoTUBHOE, T.e. 9TO (DYHKIUS Xy, PeKypcuBHa. Torma oHa mpa-
BIJIBHO BBIYUCINMa Ha HEKOTOpoit mammue Thiopunra 1 ¢ BHemHIM aihaBUTOM
Ar, ={0,1}.

Paccmorpum Beriomorareibuyio Manuiy Thiopunra V' ¢ BHeNIHUM aJji(paBUTOM
Ay = {0, 1}, ¢ Bayrpennnm asndasurom Qv = {qo, q1,¢2} ¥ ¢ mporpamMmmoii, cocTosi-
el u3 Tpex KOMaH]I

10 — ©OR, 0 - 7005, g1 — ¢215.
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Ob6o3naanm gepe3 17 kommosunuio 1y - V' mamua Teiopunra Ty u V', a gepes
ny = n(Ty) — ee HOMED.

Ecnu ny € My, t.e. mammmaa Trwiopunra 1) camonpumeruma, TO, HadaB pabdo-
TaTh B KoHpurypamuun ¢;01™0, oHa OCTAHOBHUTCS, T.e. HepeiieT B KOH(MUTYPAIIHIO
Buya C'qoD. C apyroit cToponbl, ecin Manmnaa 1) HaunHaeT paboOTaTh B KOHGUrY-
pamun ¢;01™0, To cHavaJsia paboTaer MamuHa 1j U MEPEBOJAUT 3Ty KOH(MUTYPAIUIO
B kouburypamuio suga ¢o010...0 (mamuua Teopunra T camonpumeruma). 3a-
TeM HadHeT paboTarh MammHa V', KoTopasg KoHduryparuio ¢;010...0 mepeBeger B
koudurypamnuio 0g,10...0 u Oymer ocraBaThCsa B Heilt "BeUHO”, B YACTHOCTH, HE IIe-
peitazer B koudurypamuio suga C'qoD. IToaydernroe npoTuBopeune J0Ka3bIBAET, YTO
ny € My, 1.e. mamuna Teopunra T Hecamonpumeruma. 3HATUT, HAYAB PadOTATDH
B KoHdurypanuu ¢;01"'0, ona He OCTAHOBHUTCS, T.e. He IepeiieT B KOH(MUTrYpPAIUIO
Buga C'qoD. C apyroit cTopoHbl, ecim MalrnHa 1) HauuHaeT padOTaTh B KOHGUIY-
parun ¢;01™0, To cHavya a padboraeT MaminHa 1j U MepeBOIUT Ty KOHMUTYPAIUIO B
koHdwurypanuio suga ¢o00...0 (mamuna Teiopunra 17 necamonpumenuma). 3arem
HagHer paborarh marmuHa V', Koropasi Kondwurypamnuio ¢,00...0 nepeeger mnocJe-
jnoBaresibHo B KoHdurypamuio 0g:0...0, 0go0...0, T.e. ocTtanoBUTCS.

[TonydyeHHOE TPOTUBOpEUNE JIOKA3BIBAET, UTO HAIIIE IPEINOI0KEHNE O PEKYPCUB-
HOCTU (DYHKIUHU X )/, BeJAeT K MPOTHBOPEUHIO, 3HAYHT PYHKUUA X p, HE ABAAETMNCA
HePEKYPCUBHOTU.

HepazpenmmocTs 1mpod/ieMbl TPUMEHUMOCTH JIjisi Mamui ThiopuHra, KOHEYHO,
CJIe/IyeT W3 Hepas3penuMOCTH I HUX MTPoOJIeMbl CAMOTTPUMEHNMOCTH. 0

B 3akJjiiouenue mocTpouM pexypcusHo nepeducAuUMoe, Ho HEPEKYPCUBHOE MHOMHCE-
cmeo u mawuny Toropurea, daa KOmMopol Hepaspeusuma npobAeMa NPUMEHUMOCT.
Beitire Obljia ycTaHOB/IEHA IIPUMUTHUBHAS PEKYPCUBHOCTH IPEINKATA,

T(z,z,y,t) <=
2z — nomep mawunvt Toropurea T,
Komopaa nepesodum kongpuzypayuro 30170

6 xonguzypayuto euda qo01Y0...0 ne boaee wem 3a t waz06.

Yepes T1(z,x,y) 6u11 obo3uaven npemukar 1(z,x,l(y),r(y)) u nokazano, 410 wa-
CIMUYHO PERYPCUSHAA PYHKUUA

U(Zv I) - Z(My(Tl(zv z, y)))

ABAACINCA yHUG@pCd./I,’bHO’lj O0NA KAACCA BCEXT OOHOMECTIHBLL YACTUYHO PERYPCUBHBLT

Ppyrryu.
PaceMoTpuM peKypCHBHO IMEPEIHCIAMOE MHOXKECTBO

C = {z|@y)h(z,2,y)}

Herpyano mousarh, uro C' — MH0MHCECMBO HOMEPOS GCET CAMONPUMEHUMBLE MAUUH
Tovropunea. [Tokazxkem, 9To C' — peKypcusHo nepevtucaumMoe, Ho HePEKYPCUBHOE
MHOHCECNBO.
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Ipednonoorcum, wmo muoocecmso C' pexypcusho. Torma ero JomoHeHNE PEKYP-
CHUBHO, ITOTOMY YACTUYHO PEKYPCUBHA M YACTUIHAS XapaKTePUCTHIeCKasT (DYHKITUS

() i
X N\C(x). Haiinerca Takoe 4ucso n, 4To

Xe(@) = Un,z) = Uy (Ti(n, z,y)))-

[Ipeamonoxum, aro n € C'. Torna 3nadeHune

Xac(m) = Uln,n) = 1y (Ti(n,m,y)))

He onpejesieno. Tak kak npegukar 11 (n, n,y) IPUMATHBHO PEKYPCUBEH, TO 3TO BO3-
MOZKHO JIIIE B caydae, korpa —(3Jy) 11 (n, n, y), asnaunt, n ¢ C. [Toayvennoe nporn-
Bopeune noka3piBaet, 410 1 & C. Suadnt —~(3y)11(n, n,y), mosromy I(p, (Ti(n,n,y)))
He ompejeseno. Ho Torna me onpesesneHo u XE\C,)\C(n), saaqnrt, n € C.

[Tosyuennoe mpoTHBOpPEUNe MOKA3BIBAET, UTO CACIAHHOE IPEIIOI0KEHNE O Pe-
KypCUBHOCTH MHOKecTBa, C' HEBEPHO.

Tak kak MHO)kKecTBO C' PEKyPCUBHO MEPEUUCTUMO, TO IO YaCTUIHAS XapaKTepH-
cTuieckasd (PyHKIU X(CS) () YACTUYIHO PEKYPCHUBHA, & 3HAYUT, CYIIECTBYET MAIIUHA
Triopunra T, ¢ Baenmanm asdasurom {0, 1}, npaBuibHO ee Beraucsionas. T.e. eciu
n € C, ro mamuua Teiopunra T, Hauas padorarb B koudurypamun ¢,01"0, gepes
KOHEYHOe JHCJIO TAaKTOB paboThl octanoBuTCs (B KoHMurypamuu Buga ¢o010...0);
ecau ke n ¢ C, To mammnaa Teiopunra T,., HauaB pabotarh B KoHdurypamun q;01"0,
HUKOT/IA He OCTAHOBHUTCH.

[Tostomy mawuna Toropunea T, npumenuma x wougueypoyuu q;01"0 moada u
moavko moeda, kozda n € C.

Tak kak mHOMkKecTBO (' He sBJISIETCSI PEKYPCUBHBIM, TO B CHJIy Te3uca epda
npobaema npumeHumocmu 0asi mawurs, Tvropurea T, aszopummuyvecku
Hepa3peuwuUMa.

Boite mamum Oblia ucrosib30BaHa 4YacTUYHAs XapaKTepucTudeckas (QyHKIns
X(CS) (x) muO)KecTBa ', ABIAIOMASCA YACTHIHO PEKYPCUBHOI. [ToKazKkeM, 4To HATHYIIe
OJO0HBIX He BCIOAY OINpEeIeTeHHBIX YaCTHIHO PeKYPCHUBHBIX (DYHKIWT 00yCcIoBIE-
HO JOCTATOYHO IVIyOOKHMH NMPHYMHAMHU. BoJsiee TOTHO, MOKAXKeM, UTO CYU,ECTNEYEN
YACMUYHO PEKYPCUBHAA PYHKUUA, KOMOPYI0 HeAb3A doonpedesumsb do ectody onpe-
denennotl pekypcusHoti GyHKrYUL.

[Iycts U(n,z) — AByMecTHash YaCTUIHO DEKYpPCUBHAs (DYHKIUSA, YHUBEPCATb-
Has [T KJIacCa BCEX OJHOMECTHBIX YACTHIHO PeKYypPCHBHBIX (byHKIWmil. PaccmoTpum
dbyukmuo V(x) = 3gU(z, x). TIpeanosokuM, 9To OHa UMeeT PeKYPCHBHOE JI00Mpe-
JleJIeHNe, T.e. CyIecTByeT pekypcuBHas (yHknus f(x) Takas, 9T0 €CJd B TOYKE N
snavenne dynkinun V(z) onpeneneno, to f(n) = V(n).

Tak Kak JBYMeCTHasl YaCTHYHO pekypcuBHas dbyukuus U(n,r) SBIgeTCS yHU-
BEpCAJILHON JJIA KJIaCCa BCEX OJHOMECTHBIX YACTHYHO PEKYPCHBHBIX (OYHKIIHH, TO
HAiTeTCS TaKOe THCJIO 7, ITO /IS BCeX X BBIIOJHEHO PaBEHCTBO

U(n,x) = f(x).
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[Ipu x = n noJiydaem poTUBOpEUNE

U(n,n) = f(n) = V(n) = sgU(n,n).

CesizkeM ¢ dynkimeit V (x) qBa MHOKeCTBA
Vo = {z|V(z,2) = 0}, Vi =A{a|V(z,2) = 1}.

MuoxkectBa Vjy u V) pexypcusro nepevuciumst U ne nepecekaromca.

[Tokaxkem, aTo MHOXKecTBa V u V| pexypcusto neomdeaumol, T.€. He Cyu,ecmey-
em 08YT HENEPECeKaOUUTCA PERYPCUBHHLL MHocecms A u B makux, wmo Vo C A
u Vi C B. Jlomyctum, 9T0 TaKue PeKypCHUBHBIE MHOXKeCTBa A m B CyImecTBYIOT.
Torma Vi € N\ A u xapaxrepucrudeckas ynxuus Xy a(x) maoxecrsa N \ A sb-
JIIeTC PEKYPCUBHBIM JjioonpejienenueM dbyHKun V (x), 94To, KaK MOKA3AHO BHBIIIE,
HEBO3MOYKHO.

§3. Hywmeparusa pyHKIUA 1 MHOXKECTB

Yacruuno pekypcusaas dbyukuus U(z, ), yHUBepCcaIbHAS ISl KJIaCCa BCEX OJI-
HOMECTHBIX YaCTUIHO PEKYPCUBHBIX (DYHKIIUH, MO3BOJIAET Kaotcdol odHomecmmol
wacmuuho pexypcusholi gynkyuu f(x) conocmasums 6 Kavecmee ee HOMEPG HAMY-
PAALHOE YUCAO N TAKOE, ITO /IS JTIOOOTO T BHITIOJTHIETCS PABEHCTBO

f(z) = U(n,z).

Tor dakrt, aro y dyHKIEN MOXKeT ObITH HE OJWH HOMEp, HE WTPAeT CYIIeCTBEHHON
POJIH.

AHamoruaHBIM 00pa30M, WCIOJB3Yss N + 1-MECTHYI0 YaCTHYHO PEKYPCHBHYIO
dbyukmuo U(z, x1, ..., 2T,), ABISIONYIOCI YHUBEPCATLHON JJIsl KIACCA BCEX N-MeCT-
HBIX JaCTHYIHO PEKYPCUBHBIX (DYHKIMIT, MOKHO kaotcdoti N-MeCcmHol 4acmuHo pe-
KYpcusHoli GynKuuL conocmasums ee Homep.

Tak kak J000€e peKypCUBHO IEPeIUCIUMOe MHOYKECTBO €CTh MHOZXKECTBO 3HaUe-
HUI HEKOTOPOI OJHOMECTHON YaCTUYHO PEKYPCUBHOW (DYHKINNA, MOKHO 3GHYMEPO-
8aMb U PEKYPCUBHO NEPEYUCAUMDLE MHONHCECTNEE.

PaccMvorpum Tak HasbiBaeMyio Hymepauuro Kaunu wacmuuno pexypcusHuLr
byrruut u nymepayuto Ilocma pexypcusHo NepesucAsuUMuLL MHOACECTNE.

Bynem ucnosb3oBaTh cTaH apTHBIE B 3TOI Teopun 0O603HAYEHUS

[z, y] = c(l(),c(r(x),y)),
[@]ar = c(l(z),l(r(z)), [2]e2 = r(r(2)).

JIerko npoBepuTh, 9TO BBIOJIHSIOTCS PaBEHCTBA,
Hfﬂay]]m =7, [[%y]]m =Y, [[x]Qla[x]QQ] = .
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Buaqur [z, y], [x]o1 1 [x]ae — HyMepayuornse GyHKYUY 11 TTAD HATYPATBHBIX YHCEUL.
IIx ompejeaeHHbIe TPEAMYIIECTBA Iepe] KAHTOPOBCKUMH HYMepAIMOHHBIMA (DY HK-
nusmu c(z,y), [(x) u r(x) 6yayT BUIHBL TO3XKeE.

Jasee cTaHIapTHBIM IPUEMOM HHAYKIUEH 110 7 ONPEIeITIOTCA HYMEPAUUOHHDLE
Pynryuy 11a HaDOPOB JUIMHBI 7 HATYPAJLHBIX YUCeJT

(11, T2, T3, ..., x,] = [[11, 22, T3, ... Tp_1], 2p)],
[l = [[Zla1]n-1,1, []n2 = [[¥]a1]n-12,
[lnn1 = [[90]21]n—1,n—17 [I]n,n = [2]2.

NnpyKnueii mo n yCTaHABINBACTCH CHPABEIIHBOCTL PABCHCTB
(1,0, 23, .. s xplne = iy [[2]n1, [Tlnoy - - -, [2]0n] =
B manbHeiinieM 4acTo 0yIeT HCHOIL30BATLCA PABEHCTBO
[T1, T2, T3, ooy Ty T 1y - - > Tn) = [[T1, %2, T3, -+ o Tin]s Tt 1y - -+ 5 Ty
CIIpaBeI/IMBOCTL KOTOPOTO Cpas3y ClAelyeT W3 omnpeeneHns (pyHKIUT
(1, X9, 23, ..., xy].
Kpowme Toro, umeer MecTo cBoeoOpa3Has ~accouuamuehocms’
c(xy, (g, x3)) = [c(x1,x2), 3]

Hcnosib3yst HOCTPOEHHYTO BhIIIE YACTHYHO peKypcuBHYIO dbyukmuo U(z, x), yHI-
BepCaJbHYIO JIJIsl KJIACCA BCEX OJJHOMECTHBIX YaCTUYHO PEKYPCUBHBIX (DYHKIUI, st
Jo6oro n crpoutcs n + l-mecrnas dbyuxkuus K" (xg, vy, ..., x,), yHueepcasvnan
ONA KAGCCA BCET N-MECTIHBLET YACTIUMHO PEKYPCUSHOLT HyHKyul

K*(z0,21) = U(l(x0), c(r(x), 21)),

K" Y wg, 21,20, ..., 2,) = K"([x0,21], T2, .. ., Tn).

n + l-mecruast bynxkuus K" (xg, z1,. .., z,) HA3BIBACTCH KAUHUEECKOL HYMEPAUU-
onnoti ynryueti IIa KIacca BCeX N-MECTHBIX YACTHIHO PEKYPCHBHBIX (DyHKITHIA.
Cpa3sy u3 onpeiesenuii CIeayioT paBeHCTBa

K"H(xo,xl,m, Cey Ty) = KQ([. Ao, 1], 2], - ], )

K2([.ZIZ‘0, T1,T2,y..., znfl]a xn)
[TosToMmy, ncnosib3ysi paBeHCTBO
[3717 L2y X35 -+« sy Ty Tn1s - - - 71;71] = Hxlax%xSa s 7xm]7 Tmt1y- -, zn]:
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ImoJjtydaemM, 4TO AJid JIIOOBIX L U M ClIpaBeIJINBO PaBEHCTBO

n+m+1 =
K ($0,l‘1,$2,$37~~7$mal'm+1a~-,$m+n] =

KnJrl([l'o,LIfl,xQ,l'g, Ce ,xm],me, e ,.CL’ern].

[TokazkeM, 9TO J1jist JIIOOOTO 7 BBHIIOJHAETCA PABEHCTBO
U2, 21, T, .. ., 2n) = K"(c(w0,71), 22, .., 7).
Hanomuunm, uro
Ut (xg, 21, 29, ..., 2n) = Ulxo, cal1, T, ..., 1)),
[Ipu n = 2 monyvyaem
K?(c(x0,21), 22) = Ulzo, c(x1,22)) = U(0, 21, T2).

Hpe,ZLHOI[O}KI/IB BBIIIOJITHEHHBIM PaBEHCTBO

Uz, 21, T2, ..., 1) = K"(c(20,21), 22, ..., 7,),
HOJTY IUM
K" (c(xo, 1), 29,23, -+, Tnp1) = K"([e(x0, 21), 2], T3, - -+, Tpi1) =
K™(c(xo, c(21,22)), @3, ., Tngr) = U™ (o, e(r, 22), 23, .., ) =
Un+2(x07 Ty, T2, T3, ... 7xn)7
TaK Kak Cp_1(c(T1,%2), 23, ..., &n) = Cp(T1, T2, X3, ..., Ty).

[Tokaxkem, d4TO Jijist JIIOOON N-MECTHOW YAaCTUYHO PEKYPCUBHON (DyHKIUU
f(zq,...,x,) HaliZeTCA TAKOE YHCIO Tg, YTO JJIsl BCEX X1, ..., Tp BBIIOJHIETCS
PABEHCTBO

flxy,... 2,) = K" wg, 21, 20, . .., 7).
Ecmu dyukuuio f(xq,...,r,) paccMaTpuBaTh Kak (DYHKIUIO OT MEePeMeHHbIX U, T1,

..., T, TO HafimeTCA TAKOE YUCJIO b, UTO
_ n+2 _ n+1
flze, ... xy) = U™ (b,u, 1, ..., x,) = K" (e(byu), z1, ..., xy).
Ec/ii y 9acTuIHO peKypCUBHON m + n-MecTHOH (DyHKIUI

f(yla"wym)xl)‘”ul‘n)

3aUKCHPOBATH MEPBBIE 171 APTYMEHTOB, MOJYYHM YACTUIHO PEKYPCHBHYIO N-MeCT-
uyo Gy f,, . (x1,...,,). PaBencrso

Kn+m+1(x07y17y27y37 vy Ymy L1y - - 7‘rn] - Kn+1(['r07y17y27y37 s 7ym]7x17 e 7‘rn]
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

MOKA3bIBALT, UTO NPUMUMUCHO PEKYPCUBHAA DYHKUUA

[l‘o, Y1,Y2,Y3, - - - 7ym]

10 HOMEDPY Ty HACTUYHO PEKYPCUSHOT M + n-mecmnol GyHKyuy

FW1, e Ymy Ty ooy X))

U NO GUKCUPOBAHHBIM ZHAYEHUAM Y1, Y2, - - -, Ym €€ NEPBLIT M aAP2YMEHMOSE daem
HOMED HACTNUYHO PERKYPCUBHOT N-MecHol GYHKUUL

fyl,---,ym(xla v 7xn)‘

AHAJTOrIIHBIM 00pa30M JOKA3BIBAETCSA, UTO CYULLCMBYION, NPUMUMUCHO DEKYP-
CUBHBLE PYHKUUL, KOMOPBIE NO HOMEPAM PyHKUUt datom Homepa PyHKuut, nosy-
YUOWUTCA U3 HUT CYNEPRO3UYUEL, NPUMUMUBHOT PEKYPCUet U MUHUMUSAUU-
eti. Pajgn nekoroporo cokpaiienusi OyaeM HCI0Ib30BaTh 0003HaUeHWe T I Habopa
T1yeooyTp.

[Iycts n-mectHas GyHKIUS [ MOJIyUeHA CYNEpPIO3UNHUENd U3 1mM-MeCTHOR JaCTHYI-
HO PEeKYPCHUBHON (DYHKINK ¢ U N-MECTHBIX YaCTHIHO PEKYPCUBHBIX (DYHKIMIA fi, ...,
fm- TlocTpoum npumumuero pexypcusHyro GyHKuU0, KOMopas no HOMEPAM HYHK-

uyut g, f1, ..., fm daem womep dynxyuu f.
Pacecmorpum n 4+ m + 1-MecTHYIO (DYHKIHIO

Km+1(z, K”J’l(yl,i), .. .,K”H(ym,f)).

HaiineTca takoe 9uCI0 S, 9TO BBIMOJTHAIOTCA PaBEHCTBA

Km+1(z, K”“(yl,f), . K”H(ym,i)) =

n+m-+2 =\ n+1 =
K (Sazayla"'aymax) =K ([Sazayla"'aym]ax)'
B kadecrtBe mCKOMOIT (DYyHKIME MOXKHO B3STh [S,2,Y1, ..., Yn], TAK KaK €CIH Z —
Homep (yHKIUUA ¢, y; — HOMep byHKIuu fi, ..., ¥, — HOMep DYHKIUA f,,, TO

[, 2,91, -+ -, Ym| — HOMep yuxmmn f = S(g; fi,. .., fm).

ITyemv n + 1-mecmuasn dyruxyua [ noayvuena npumumuenot pexypcuetd u3d n-
MECMHOT YACTNUYHO PERYPCUBHOT PYHKUUYL § U N + 2-MecmHol YacmuuHo pexyp-
cuenoti pyrxyuy h. IHocmpoum npumumuero pekypcushyo GyHEyuI0, Komopaa no
nomepam Gynkuut g u h daem nomep pyrnryuu f. 3a7aTUM CXeMO TPUMUTABHO
peKypcuu n + 3-MecTHYIO (DYHKITIIO

F(u,v,7,0) = K" (u,7),
F(u,v,2,y+1) = K" (v,y,z, F(u,v,z,y)).

Tak kak n + 3-mectHas dbyuxnust F(u, v, ZT,y) JACTUIHO PEKYPCUBHA, TO HaiijeTcs
TaKOe HATypaJbHOE YHUCJO Pr, 9TO BHIMOJHEHBI PABEHCTBA

F(/U/,/U,.i‘,y) = Kn+4(p/r7u’v7‘i'7y> = Kn+2(|:pr7u7/0]7‘i'7y>'
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§3. Hywmepamusa ¢byHknuit 1 MHOXKECTB

IIpumumusno pexypcuenan dynwryus [pr,u, v] no womepy u Gynkyud g u Homepy v
Pynryuu h daem nomep pynruyuu f = PR(g;h).

[lycts n-mectnasg dbyHrnus f mosydeHa omepaTopoM MHUHUMH3AINWU U3 1 + 1-
MECTHOI YaCTUIHO PeKypcuBHOil dpyukiun g. [loctponM npuMUTHBHO PEKYPCUBHYIO
dyHuKIMIO, KOTOpast Mo HOMepy (hyHKIWH ¢ gaeT HOMep (dyHKIuu f.

BagauM 01epaTopoM MUHUMUBAIMMK 1 + 1-MeCTHYIO (DYHKITHIO

Fu,z) = (K" (u, 7,y) = 0).

Tax kak n+ l-mecrHast Gynknus F(u, T) 9acTHYIHO PEKyPCHBHA, TO HAHIETCs TaKoe
HATYpPaJbHOE YHUCJIO [, YTO BBHITIOJIHEHBI PABEHCTBA,

F(uw/f) = Kn+2(/"t7u7i‘) = K”+1([M,u]7i‘).

[IpumuTuBHO pekypcuBHasi GyHKIus (4, u| 1o HOMepy u DYHKIWA g JaeT HOMEp
ymcm f = p1,(g).

PaccMmorpum HEKOTOpBIE BOIIPOCHI, CBA3aHHBIE ¢ HyMepalueil OqHOMECTHBIX (DyHK-
U U PEKYPCUBHO MEPEUNCIUMBIX MHOYKECTB.

Ecmu st ompomectHoit dbyukuun f(z) u uuciaa n npu JOOOM X BBIIOJHEHO
pasenctBo f(z) = K?(n,x), TO YACIO N HA3BIBACTCA KAUHUEBCKUM HOMEPOM
Ppynryuu f(z). Camy dynknuo f(z) B 3roM ciaydae OyaeM 0003HAYATH Yepes K.

OboznaunM 4epe3 w Huzde ne onpedesennyro GyrKuuo.

[Tokazkem, 9To Jyisi J060# YacTHaHO pekypcuBHOW byukuuu f(xq,...,x,) cy-
IECTBYET Takas HPUMHTHBHO peKypcuBHast GyHKuust ¢(zi,...,T,), 9T0 eCIn Ha
Habope (ai, ..., a,) HATYPATIBHBIX 4duces GYHKIUs f onpesesaeHa, TO

ﬁg(alw,an) = K;f(alv---van)'

B nporusnoMm ciydae Kga,,...a,) = W-
Jlns nokazaresbersa pacemorpum dynknuio K2(f(zy, ..., x,),y). Haiigerca ta-
KOe JIHCJIO @, 9TO

K2(f(£17"'7£7’b)7y) - Kn+2(aul‘17‘”7$n7y) = K2([aal‘17“‘ul‘n]7y)
[IpumMuTHBHO peKypcuBHYIO (DYHKIHUIO [a,Z1,...,T,] MOKHO B3AThb B KadecTBe
g(x1, ..., xp).

Teopema 3.1 (Teopema o HemOABUKHOMN TOUKE). /J[4A NPOU3BOALHOT YACTIUY-
no pekypcuenoll Gynryuu g(xy, ..., Tn,Y) CYWECMeyem makai NPUMUMUEHO pe-
kypcueraa ynkuyus f(xy,...,T,), wmo ecau na wabope (ay, ..., a,) HAMYPAALHOLT
wucen 3navenue GYHKyUL

g(xla"'7xn7f(x17"'7xn))

onpedesero, mo
K‘/g(alv"'yanvf(al7"~7an)) = ,{/f(al,...,an)‘

B npomuerom cayuae Ky, a,) — Hu20e ne onpedesennas GynKuua w.
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I'VZIABA III. MAIINMHBI TBFOPUHT'A

oxaszameanncmse o Paccmorpum yHKIUIO

K”+3(f(x1, e ), (U u T ).

HaiineTcsa takoe 9muCI0 €, 9TO BBITIOTHEHB PAaBEHCTBA

KQ(f(xl,...,xn),[u,u,xl,...,xn],y) =
K" (e u, w1, ... 00,y) = K2([e,u, 21,...,7,],9).

B kauectse nckomoit pyukmuu f (1, ..., x,) MOXKHO B34Th [€, €, L1, ..., Ty]. O
[Ipu n = 0 morydaem

Cuaencrsue. /[aa npouseoivroll wacmuuno pexypcushot dynrkyuu g(y) cywecmsy-
em MaKoe “ucao e, wmo ecau snaswenue Pynryuy g(e) onpedeseno, mo

/-ig(e) = Re-

B npomuenom cayuae k. — nuede ne onpedesennas GyrnKuua w.

Jlokarkem ojiHy U3 (DyHJIAMEHTAJIBHBIX TEOPEM B TEOPUHU YACTUYHO PEKYPCUBHBIX
dyurmuit — Teopemy Paiica, B COOTBETCTBUU C KOTOPO#l HUKGKOE HEMPUBUGNOHOE
CBOTCMBO YACTNUYHO PEKYPCUSHBLL GYHKUUT HEPACNOZHABAEMO NO UL KAUHUCCCKUM
HOMEPAM.

Teopema 3.2 (Teopema Paiica). /laa w6020 nenycmozo kaacca K odwomecms-
HOLL YACTMUYHO PEKYPCUSHOLLT HYHKUUT, OMAUYHO20 0T KAGCCA BCEX 0OHOMECTVHBIL
YACTNUYHO PERYPCUBHBLL GYHKUUT, MHOACECTNEO

U={nlk, € K}
He ABAAEMCA PEKYDCUBHBLM.

oxaszameanncmeo. llpeqnonoxkum, aro MaOKecTBO U pekypcuBHO. Torma
pekypcuBHO u ero gonosHenue. [lycrs a € U, b € N\ U. PaccMoTpuM pekypCcHBHY O
dyHKIHIIO

fx) = a - xnu(x) + b-xu(z).

ITo mpeapIaymeMy CIeJICTBUIO HAllIeTCa TaKoe 9HC/IO €, 9TO § = K¢ = Kf(c)-

Ecmu e € U, 10 g = k. € K. Onnako B 3tom cayuae f(e) =b ¢ U. Buaunr, g =
Kie) € K. Iomyuennoe mporusopeune nokasbisaet, uto ¢ ¢ U. Torma g = k. ¢ K.
Oanaxo B 3Tom ciayuae f(e) = a € U. Buaunr g = k() € K.

Takum 06pa30M MpeanoIoKeHHe 0 PeKYPCUBHOCTH MHOXKecTBa U Bejer K Ipo-
TUBOPEYHIO. U

Hywmepanug yacTuaHO peKypCUBHBIX (DYHKIHIT JTaeT HYMEPAUUIO PEKYPCUBHO Ne-
DENUCAUMBLT MHOHCECTNE.
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§3. Hywmepamusa ¢byHknuit 1 MHOXKECTB

Ecan quc/io n TakoBO, 9TO PEKYPCUBHO TepedncanmMoe MHOZKeCTBO U coBmagaer
C MHOXKeCTBOM 3HadeHHil 4acTHYHO peKypcubHOil dbyukuun K2%(n,z), To umcao n
HA3BIBACTCA NOCMOBCKUM HOMEPOM MHoHcecmea U, KOTOpoe B 3TOM CIydae
0003HATAETCS Tepes3 T,.

J11s1 peKypCUBHO NEPEYUC/IUMbIX MHOZKECTB TaKzKe ClipaBe i jinBa Teopema Paiica,
B COOTBETCTBUU C KOTOPOIl HUKAKOE HEMPUBUANDHOE CEOTICMEBO PEKYPCUBHO NEPEUUC-
AUMBLT MHONCECTNE HEPACTLOSHABAEMO N0 UL MOCTMOECKUM HOMEPLM.

Teopema 3.3 (Teopema Paiica). /[aa w6020 nenycmozo kaacca K pexypcusro
NEPEUUCAUMDBLT MHOHCECTNE, OMAUYHO20 OM KAGCCH BCET PEKYPCUBHO NEPEUUCAUMDBLET
MHOIACECTNE, MHOHCECTILEO

U=A{n|m, €K}
HE ABAAEMCA PEKYDCUBHDLM.

oxaszameanncm e o lpenmnonoxum, aro maoxkectso U pekypcusno. Tora
PEKYPCHUBHO U ero jonosnenue. [lycrs a € U, b € N\ U. PaccMOTpuM peKkypCHBHY O
GYHKIHIO

flx) = a-xmu(z) + b xu(z).
[To mpepraymeMy CIeACTBHIO HafileTcda TaKoe THCIO €, 9TO § = K¢ = Ky(e). Lorma
T =Te = Tf()-

Ecm e € U, ro 1 =, € K. Onuako B stom ciaydae f(e) =b ¢ U. Suauur m =
Tre) € K. Tomyuennoe mporusopeune nokasbisaet, uto ¢ ¢ U. Torma m = 7, € K.
Onanaxo B s1oMm ciaydae f(e) =a € U. Bnaunt, T = 7y € K.

Taxum 06pa3oM, IpeaImoIoKeHne 0 PeKypPCUBHOCTH MHOXKecTBa U Beler K mpo-
THBOPEYHIO. O

B kaugecTBe caeacTBug TeOpeMbl O HETOABUZKHON TOUKe 3.1 /1T 9JACTUIHO PeKyp-
CUBHBIX MHOYKECTB TMOJIydaeM CJIeTYIONLYI0 TeOPeMY.

Teopema 3.4 (Teopema o HemOABUKHON TOUKE). /J[4A NPOU3BOALHOT YACTIUY-
Ho pexypcuenoll gynryuu g(x1, ..., Tn,Y) CYWECmeyem makai NPUMUMUEHO Pe-
kypcueran ynkuus f(xy, ..., T,), wmo ecau na wabope (ay, ..., a,) HAMYPAALHOLT
wucen 3navenue GyHKUUL

g(xy, ., f(T, . 2))

onpedeneno, mo
71-g(a’l7"'704’r1,7f(a’17"~7a’"«)) = Wf(alv"wan)'

B npomusHom CAYMae Ty, a,) — NYCmoe mruoscecmeo .
[Ipu n = 0 noxyuaem

CaencrBue. /[aa npoussoasvrol wacmuuno pexypcushol gynryuu g(y) cyuwecmesy-
em Makoe “ucao €, Ymo ecau naverue Pynryuu g(e) onpedesero, mo

Tgle) = Te-

125



I'VZIABA III. MAIINMHBI TBFOPUHT'A

B npomusnom cayuae T, — nycmoe muoxcecmso (.

BaBepmumM naparpad o0CYKIAeHHEM IPe3BbIYATHO BayKHOIO MOHITHS — MOHATUS
m-ceodumocmu. Paccmorpenne 0oJiee 00IIEr0 MOHSTHS CBOAUMOCTH — CBOIMMOCTH
1m0 ThropuHTy — BBIXOJAUT 3a 3a/[yMaHHBbIE pAaMKHU 10co0us. OTHAKO MO37Ke MbI Pac-
cMOTpHM OoJiee y3KOe TMOHATHE CBOJAMMOCTH — HOJHHOMHUAILHYIO CBOIUMOCTD.

Onpenenenne 3.1. [lodmHoscecmso A MHOMCECMBA HAMYPANDHULT YUCEA M-CE0-
duMo % nodmmoocecmsy B, ecau cyuecmseyem makas pexypcusHas 00HOMECMHAA
dynryusa f, wmo das 2100020 HAMYPANOHO20 YUCAA A CNPABEIAUBE IKEUBANCHIM-
HOCMb

a €A < f(a) € B.

[Ipo pyHKIMIO f rOBOPST, 9TO OHA CBOAMT IOAMHOYKECTBO A K IMOIMHOKECTBY B.

Bamuce A <,, B CIyXKHUT COKpaIeHHeM JIJI yTBEePK ICHIS

"NOOMHOHCECTNBO A MHONCECNBA HAMYPAALHHLET YUCEA TT-CE00UMO K NOOMHOHCE-
cmey B”.

Ha camowm gene ciieoBajio 661 TOBOPHTH O CE800UMOCTIU NPOOAEMDL BLOHCICHUS
60 MHodCECMB0 A K npobaeme erodcdenus 60 muoxcecmeo B. B aTom ciydae mpo
dbyHKIHIO f TOBOPAT, YTO OHA CBOIMUT HPOOJEMY BXOXKJIEHHS BO MHOXKeCTBO A K
npobJiemMe BXOKIeHUsI BO MHOKecTBO B. OaHaKo MbI Oy/1eM MPUIeP:KUBATHCSA YCTO-
sIBIITEIiCsT B 9TO# 00/1aCTH TEOPHUH AJTOPUTMOB TEPMHUHOJIOTUU. A HaMedeHHAs Tep-
MUHOJIOTHUA 6y,£[eT HUCITIOJIB30BATHCA B Haparpa(bax, MHOCBAIIECHHBIX CJIOXKHOCTHU aJIT'O-
PUTMOB.

DyHdamMeHMALLHBLM HAKMOM MEOPUL PEKYPCUCHO NEPEUUCAUMBLL MHOHCECNE
ABAALMCA MEOPEMA 0 CYULLCTMBOBAHUL M-YHUBEPCAALHO20 DEKYPCUBHO NEPEUUCAU-
MO20 MHONACECTNBA, M.E. MAKO20 PEKYPCUBHO NEPENUCAUMOR0 MHodxcecmead H , ¥ xo-
MOPOMY M-CE00UMO A0O0E PEKYPCUBHO NEPEUUCAUMOE MHONMCECMB0 A.

[IpuBesem mpuMep mM-yHUBEPCATHLHOTO PEKYPCHBHO HEPEUHCINMOI0 MHOXKECTBA.
[Toraraem

H = {c(z,y) |z em,}

PekypcuBHast 1I€PEUUCIMMOCTL MHOKECTBA, H Cjiejlyer u3 S5KBUBAJIEHTHOCTH
u€ H <= (3r,y,t)(z = c(z,y) &r = K*(y,1)).

YCcTaHOBUM M-YHUBEPCATHHOCTH MHOYXKeCTBa H .
[Iycteb A — npon3BOJIbHOE PEKYPCUBHO MEPEUHUCINMOE MHOYKECTBO, & € — ero Io-
croBckmit HOMep, T.e. A = m,. Torna BepHa SKBHBAJIEHTHOCTD

ueA=mn, < c(u,e) € H.

[Tostomy B KadecTBe (DYHKIMU f, M-CBOAMAINEH PEKYPCUBHO MEPEIUCTUMOE MHOZKe-
crBo A = 7, K MHO)KecTBY H, MOKHO B3sTh dyHKImO f(2) = ¢(z,€).

HamomuuMm, uro mo Teopeme . Ilocta pekypcusro nepevuciumoe mHorcecmso
A HAMYPAALHBIT YUCEN ABAALTNCA PEKYPCUSHBIM M020a U MOALKO Mo20a, Koz2da e20
donoanernue N \ A pexypcusho nepevuciumo.
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§3. Hywmepamusa ¢byHknuit 1 MHOXKECTB

[TosTOMy PeKypCusHo NEPEUUCAUMOE MHOHCECTEO A HAMYPALALHVT HUCES HE AG-
AAEMCA PERYPCUBHLM M020a U Moavko moeda, koeda ezo donoanenue N \ A ne
ABAAECMCA PEKYPCUBHO nepevucaumovim. [locenrnee o3Hadaer, 9To Jis JHOGOTO pe-
KYPCHBHO TIePEUUCIUMOro nmojMuozkecrsa B muoxkectsa N\ A (B C N\ A) naiiiercs
taxoif sement b, uro b € N\ A, vo b ¢ B. [Ipo snemenT b MOKHO ObLIO GBI CKA3aTh,
4TO OH YCMAHABAUBLEM HECOBNAEHUE DERYPCUBHO NEPERUCAUMO0 MHONACECTEA B
¢ N\ A.

DTO HPUBOJUT K CJIEAYIONEMY OIMPEICTCHHUIO.

Onpenenenune 3.2. [Hoommnoorcecmeo P mmosicecmea HamypaivHolr 4uces Ha3bi-
saemca NPOOYKIMUBHBLM, €CAU CYWECMEYEm Mmakas pekypcuenas Gynruyus f(x),
YUMo 0AA 06020 HAMYPAALHOZO HUCAG T2

ecau m, € P, mo f(n) € P u f(n) ¢ m,.

Takum obpazom, gynkyus f(n) "sfdexmusno” yemanasiusaem necosnadenue
npodykmusHo20 MHoxcecmea P ¢ e20 pekypcusno nepeduciumvim nodMHOACECTNEOM
Tp. OTMETHM, 9TO JJIS TPOJTYKTUBHOIO MHOXKECTBa P BepHA MMILTUKAIIHAS

T C P = f(n) € P\,

HpO,ILYKTI/IBHbIe MHOZKeCTBa, €CJIM OHH CYIIECTBYIOT, HE€ ABJIAIOTCA PEKYPCHUBHO
nepevucCJInMbIMA.

Omnpexnenenne 3.3. Pexypcusno nepeuucaumoe nodmmoscecmeo K mmoorcecmsa
HAMYPAAOLHOLE YUCEN HAZWEAEMCA KPEAMUBHBM, ecau e20 donoanenue N \ K npo-
dYyKMuUsHO.

MoKHO T0Ka3aTh, ITO nodmHoxtcecmeo K mmoscecmea namypasonos wuces N
ABNAEMCA KPEAMUBHULM Mmo2da U moabko moezda, kozda ono m-ynusepcarvro. O-
HAaKO B HalllW IIJIaHBI HE€ BXOJAUT CTOJIb beH,Z[aMeHTaJ[bHOG nsyvdenue peKypCHuBHO
MEePEYNCINMBIX MHOYKECTB. 3a JajbHeinmmMu 0o/iee TIyOOKUMEU CBEIECHUSIME O Pe-
KYPCHBHO IIePEUNCIUMBIX MHOXKECTBAX MBI OTCHLIAEM 3aMHTEPECOBAHHOIO UNTATE I
K OOIIMPHOI JIUTEpaType MO ITOi TeMaTHKe.
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I'JTABA IV

AJITOPUTMUYECKUE
ITPOBJIEMBbBI

§1. ApudmMmerndeckue MHOXKeECTBa U TeopeMa
A. Tapckoro

Kak u panee, Gynem obo3uadars uepe3 N muoxkectso {0, 1,2, ..., ...} HATYpaTh-
HBIX YHCEN, BKJIIOYAIoIee B cebd 0 YUCTO TeXHHYIeCKHMM npuunHam Hyab 0. Ha
MHO)KecTBe N Ollpejie/IeHbl Ollepaluu CJIOXKEeHUsT + W yMHOXKeHus -. PaccMoTpum
CUTHATYPY

TArithm — <{(_)7 1}7 {_T_vT}v {;}>7

rae 0 m 1 — Koncmanmmwie cuME0Abl, + U - — 2-MeCTHBIE (ByYHKUUOHANDHDLE CUMBONbL,
a = — 2-MeCTHBII TpeanKaTHBIH CHMBO.JI.

A3bIK L;,, ., T€PBOTO MOPAIKa CATHATYPBL TArithm HA3bIBACTCH A3bIKOM apug-
MEMUKU, a (POPMYJIBI 3TOTO A3bIKa — apuPmemuveckumu Gopmyaamu.

VHIYKTUBHO I KaKJI0TO HATYPAJbHOIO UHC/IA 1 ONPEIETUM TepM 7. d3bIKa
sy ToMarasg n+ 1 = (n+1).

OrpaHuvuuMcs pacCMOTPEHUEM JIHIhL cmandapmHot urmepnpemauyuy I g3bIKa
L;, .. s JJIsl KOTOPO# OCHOBHBIM MHOYKECTBOM CJIY’KHT MHOKeCTBO N HaTypa/JbHBIX
aucest, 1(0) —sro 0, I(1) — 1, I(+) — + (cnoxenue marypaabubix uncedn), I(7) — -
(YMHOXKeHHe HATYPaJIbHBIX ducen), a [(=) — 0ObIYHOEe OTHOIIEHHEe DABEHCTBA HATY-
paabHBIX dnces. OOBIYHBIM 00PA30M OIPEETISIETCS 3HAYEHUE 3AMKEHYMO20 MePMa 1
UCTNUHHOCTHOE 3HAYEHUE 3AMKHYMOT POPMYALL 8 CMAHIAPMHOT UHMEPNPEMAUUL.
YT06BI HEe YCIOKHATH 0003HAUEHNs B AajbHeiimeM BMecto 0, 1, +, -, = n 7 6yaewM,
KaK mpaBujo, npocro nucark 0, 1, +, -, = u n, 970 He NPUBEIET K JBYCMBICJIEHHO-
CTH, TaK KaK U3 KOHTEKCTa OyJeT, SICHO HJET JIn pedb O HATYPAJbHBIX UHUCIAX TN
0 COOTBETCTBYIONIUX TepMaX si3bIKa L

L

TArithm*
BBe,H‘eM TPpU OCHOBHBIX IIOHATHLA 3TOT'O Haparpa(ba — NOHATHNA apugﬁ.M,emu%e-

cK020 npedukama, apuPBMEMuUecro20 MHoHcecmsa n  apuPmemuveckoti
dynruyuuy.
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Onpenenenne 1.1. n-mecmuut npedukam P(xy, ..., x,) na muoocecmee N Ha-
MYPAALHBLL YUCEA HABLBAELTCA APUPMEMULECKUM, €CAU CYULLCMEYEN MaKas
apugpmemuvecrad popmyaa Pp co c60600HbIMU NEPEMEHHBIMU T1, . .., Ty, YN0 OAA
NPOU3BONOHVLT HATNYPAALHBIL YUCEN O, .. ., Up UMEET MECTO IKEUBAACHTHOCTD!
anauenue npeduxama P(aq, ..., a,) ecmv "ucmuna” mozda u moavko moada, xo-
eda dopmyra (Pp)ey.. (@1, .., Gy) ucmurna 6 cmandapmmuotd uHMEPNPEMALUL.

Omnpenenenne 1.2. Muoocecmeo U n-ok HGMYPANOHBIL HUCEA, M.E. NOOMHONCE-
cmeo muootcecmea N, HaA3b6GEMCA APUPBMEMUUECKUM, ECAU CYULLCTNEYEM Ma-
Kasa apupmemuueckas gopmyara Py co c60600HBLMU NEPEMEHHVMU L1, . . ., Ty, 4MO
ONA NPOUSBONOHBIL HAMYPANOHULL HUCENA (1, ..., U, UMEEM MECMO IKGUBAACHT-
HOCMb:

(a1,...,a,) € U mozda u moavko moeda, koeda 6 cmandapmmuotl unmepnpema-
yuu ucmunna Gopmysa (Pu)z, .z (@1, .., Gn)-

Ounpenenenne 1.3. n-mecmnas gynxyus y = f(r1,...,%,) Haswsaemes apug-
memuneckoli, ecau cyujecmeyem maxas apupmemuneckas gopmyara @ co c60600-
HOLMU NEPEMEHHBLMU Y, T1, - .., Tp, YN0 OAA NPOUSCONOHUT HAMYPGADHULT “UCEN
b, ay, ..., a, umeem Mecmo IKGUBGAEHMHOCT:

b= flay,...,a,) moeda u moavko mozada, koeda 6 cmandapmmuoll uHmMepnpPema-
yuu ucmurna Gopmyat (Pr)y o,z (0,01, ..., @)

Teopema 1.1. Kaostcdas wacmuuno pekypcusHas GYHKUUL ABAACMCA ApUPGBMemu-
Yeckotl.

Kaotcdoe pexypcusho nepeuuciumoe MHoHcecmeo n-ok HamypaibHbls YUCEN A6-
AAEMCA APUPGMEMUNECKUM.

doxasameannvcme o Jlng mokazareabcrBa apu(pMeTHIHOCTH OO0 da-
CTUYIHO PEKYPCUBHON (DYHKIUIHU TOCTATOYHO YCTAHOBUTE apU(PMETHIHOCTD UCXOTHBIX
(IPOCTERTIIX ) YACTHIHO PEKYPCUBHBIX (DYHKIMI U 3aMKHYTOCTH KJacca apudMeTn-
yecknX (PYHKIUIT OTHOCUTEIHLHO ONEpaluii CyHeprno3uliuu, IPUMUTHBHON PEKypCun
1 MUHUMU3ALUN.

Apupmemuurocms UCTOOHBLT YACMUYHO PEKYPCUSHBLT PYHKUUL: HYAeB80T yHK-
yuuy = 0(x1), Pynkyuu caedosanua y = s(xy) = x1+1, dynryud npoexkmuposanus
y=U"(z1,...,2,) = Ty, u nocmosnuoz 0-mecmuos GyHKyul a, pasHvT KOCMaH-
me a 04esudHa.

Jlokazkem, 9TO onepayus cynepnosuyul, 6yoywu npumeHenHot K apupmemuse-
ckuM GyrKyuam, daem apudmemuieckyro GyrKyuo.

[ycre g(x1,...,Tm), filz1,.. . xn)y ooy fol@1,...,2,) — apudmernveckue
dbynkuun, 4, Pp, ..., Op — coorBercTByIOmMUE apudmernyeckue (GopMyJIbl, a
dbyukus f(xy, ..., r,) noaydeHa u3 srux HYHKIUA onepamnue Cyneprno3uium, T.e.

3aJaeTCAd PpaBEHCTBOM

f(@b"'aan> = g(fl(ala'"7@n)7"'7fm(a17"'7an>)-
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Torna apudmernanocts Gyuxiwn f(xy, ..., T,) caeayerT U3 SKBUBATEHTHOCTH

b= flay,...,a,) <=
(Fy1) ... (Elym)((@fl)y,th,xn [Y1,a1,...,a6,) & ... & i
(q)fm)y,xh--.,xn [ymu ap, ... 7m] & (q)g)ym,--.,:vm [b, Y1, - - vym])‘

[Tokazkem, 9TO Onepamop MUHUMUIAUUY, OYOYUU NPUMEHEHHLLM K aAPUPMEMU-
weckum Pyrkuuam, daem apupmemuveckyro GyrHKUu.

[Iyctb n-mecrHas yHKus f moaydaercsd w3 apuMeTHIECKUX 7 + 1-MeCTHBIX
byHKIMiA g 1 h npuMeHeHreM OllepaTopa MUHUMU3AIUHI, T.€. BHIIIOJTHEHO CJIeLyIoIee
yCJIOBHE:

ONA NPOUSBONLHBLL HAMYPANOHULL YUCEA G1, ..., Ap U b 6UINOAHAECMCA PABEH-
ecmeo f(ay,...,a,) = b moeda u moavko mozda, Kozda npu awbom t < b snauenus
glay, ... an,t) uh(ay,...,a,,t) onpedesenv, u ne pasrol, a snauenu g(ay, ..., a,,b)
u h(ay,...,an,b) onpedesenvl u pasHwL.

IIycrs apudmernueckue dhopmyasr @, u @), obecneunsaioT apudMeTHIHOCTDH
byukmuit y = g(x1, ..., x,,t) uy = h(xy, ..., z,,t). Torna apudmernanocts HyHK-
mn y = f(xq,...,2,) clenyer u3 SKBUBAJIEHTHOCTH

b= flar,...,a,) <=
G Py yo1, o t[Ys T+ Ty D & (Ph)y iy, ity T - T, B]) &
(V2)(z < b — (3y1)(3)(Pg)y,ar,mntlyr, @ - Ty 2] &
(Pr)y,erant (Y2, Q1 - - Oy 2] &1 7 12).

Jlng mokazaTesbcTBa 3aMKHYMOCU KAGCCE GPUPMEMUNECKUT PYHKUUT 0MHO-
CUMEADHO NPUMEHEHUA ONEPAMOPG NPUMUMUBHOT pekypcuu HaM TOTpedyeTcs
dynryus I'edess, oCyecTBIAIONAS HYMEPAIUIO BCEX KOHETHBIX MTOCJIEI0BATEIHHO-
cTeil HATYPAJIbHBIX HCEI.

Hanomuum, uto panee Obljaa MOCTpOEHA HPUMHUTHBHO PEKypCUBHAs (DYHKIUs
D(x,t) = rest(l(x),1 + (t + 1)r(x)) rakas, 910 das 410601 KoneuHOU nocaedosa-
MEALHOCIU HAMYPAALHOLIT YUCEA Ay, A1, - . . , Ay (NPOUBBOALHOT AUuHL 1) Halidemca
maKoe wucao m, 4mo

écol“(m,i) = a;.
Buvecro dynkiun I'(z,t) Mbl BosbMeM (DYHKIHIO OT TpeX MepeMeHHBIX
rest(z,1 4 (t+1)z),

3 Koropoit u nosydanack dynkuus ['(z,t). Kak O6but0 ycranoBieHo panee, 044
210000 K0HEUHOT NOCAEI0BAMENDHOCTNU HAMYPANOHOLT YUCEA g, A1, - - ., Oy (NPOUS-
604bHOT daunbl 1) Halidymes makue wucaa ¢ u d, wmo

8}0 rest(c,1+ (i + 1)d) = a;.
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®yuxuuio rest(x, 1 + (t + 1)z) 6yaem obosnauars yepes ['o(z, z,t). Ee apudmerny-
HOCTD CJIeJIyeT U3 3KBHBAJIeHTHOCTH

b = rest(a,1+ (c+1)d) <=
(Fu)(@a =1+ (c+1)dutb&b < 1+ (c+1)d.

Yepes Or, obo3HAUNM CiIeayIONYI0 (DOpMYITy
(Fu)(x = (I+(t+1)2) “uty &y < 1+(t+1) - 2.

3amMeTum, 4To CBOOOJHBIMU MepeMeHHbIME hopMyJibl Pr, aBIAIOTCS T, 2, t, Y U IMEeT
MECTO 3KBHBAJEHTHOCTD:

b = I'g(a,d,c) mozda u moavko moeda, ko2da 6 cmandapmmol uHMEPNPEMAUUL
UCMUHHA GopMYyaa

(Q)Fo)y,x,z,t[l_)v C_Lu CZ, E] .

[Tosromy dbyukmust y = To(z, z,t) apagerca apugpmemuieckod.

[Tokarkem, 9TO onepamop NPUMUMUSHOT pexypcul, O0YdyuU NPUMEHEHHBIM K
apupmemuneckum PyYHKUUAM, daem apuPmemuieckyro GYHKUULO.

[Tycts n + 1-mectHast dpyuknust f mogydaercs w3 apudMeTHIeCKuX N-MeCTHONR
dbyukIII ¢ U N + 2-MecTHON (GYHKIUN h IpHMEHeHHeM OIIepaTopa IPUMUTHBHON
PEKYDPCHHU, T.e. OHA Y/JOBJIETBODSIET CJIEJYIOMIEeH CuCTeMe PaBeHCTB (CXeMa MpPUMHU-
TUBHON DEKYPCHUH)

f(xla"'axnao) = g(xla"'axn)a
flz1,. ey + 1) = bz, .. 20y, f(21, .., 0, y).

[Tpenmosnoxkum, uro apudmerndeckue opmyint ®, u @), obecneunsaror apud-

MeTnaHOCTh byHkuuit y = g(xq1,...,2,) 1y = h(zy,...,2,,u,v). Torna apudme-
THYHOCTD DYHKIWMA y = f(Z1, ..., Ty, 2) CIEIAYET U3 IKBUBATEHTHOCTH
c = flay,...,an,b) <—

(b = 0& (Py)yay....cnl AL, - .., Tm]) V
(b + D& (32)32)30) (B )yarr o 9,71, - Tr] & (P )yralys 2, 0]) &
(Pry)yazilC, T, 2,0]) &
(V) (t < b — (38)(Fw)(Pry)yuztls, T, 2, 1)) & (Pry )y woaw, T, 2, t+1]) &

(q)h)y,acl,...,:vn,u,v[wy a_h s 7@7 S, t])

Ciyuaii, korga n = 0, T.e. cxeMa TPUMHUTHBHOW PEKYPCHH WMEeT BH]L

fly+1) = h(y, f(y)),

rjie ¢ — 0-mMecTHag (pYHKIHS, paBHAS YHUCIY ¢, TOJYIAETCS ITPOCTBIM VIAJeHHEeM B
paccMarpuBaeMbIx (popMysIax MEePeMEHHbIX X1,. .., Tp.
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Ocraercst 0Ka3aTh aPUPMEMUUHOCTID NPOUSBOABHOZ0 PEKYPCUBHO NEPEUUCAU-
M020 MHodcecmea U n-ok HamypasoHoLr Yucen.

Kak 6bL10 yCcTaHOBJIEHO paHee, HaiieTcs NPUMUTUBHO PEKYDPCUBHASA (DyHKIHI
y = f(x1,..., Ty, u) TAKAS, 9TO UMEET MECTO SKBUBAJTCHTHOCTH:

(a,...,a,) € U mozda u moavko mozda,

koeda (Ju)f(ay, ..., an,u) = 0.

Buaunr (ai,...,a,) € U mozda u moavko mozda, xozda dopmyra

(Elu)(q)f)y,xh...xn,u[ﬁa ayy ..., Qp, u]

UCTNUHHA 8 CAHIAGPMHOT UHMEPNPEmMatUll.
[Tosromy U — apugpmemumecroe mHoxHcecmso. 0

Paccmorpum Bompoc 0 Hymepauuu apugpmemuveckuxr ggopmya, T.€. Hop-
MyJ 93bIKa Ly, . 11€pBOr0 MOPAAKA CHTHATYDBL TArithm-

Hanomuuwm, andasut X 9TOT'O si3bIKa BKJIIOYAET B ceOsl CYeTHOE MHOZKECTBO

TArithm
V = {x1,29,...,Tpn,...}

WH/UBU/IHBIX [IEPEMEHHBIX; YeThIPe MPOMO3UIMOHATbHBIE (JIOPHYeCKUe) CBA3KU: OT-
puIanue -, KOHbIOHKIHA &, TUIBIOHKIN V U IMILTHKAIUS —; KBAHTOPBI OOIIHOCTH
V u cymecTBoBaHus J, HHIUBUIAHBIE KOHCTAHTHI 0 M 1, KOTOpBIE MBI PaId KPaTKO-
ctu Oyzem obosnadarh Kak 0 u 1 COOTBETCTBEHHO; JABYMeCTHBIE (DYHKIIMOHAJIHHBIE
CHMBOJIBI + U -, KOTOPBIE Mbl PaJIi KPATKOCTH Oy1eM 0003HAaYaTh KaK + U - COOTBET-
CTBEHHO; JIBYMECTHBIN MTPEJIMKATHBII CUMBOJI =, KOTOPbI 06bIYHO OyjieM 0003HaYaTh
qepes =.

3amyMepyeM CHMBOJIBI ajdaBuTa Y,, ., HeIeTHBIMI HATYPaJbHBIMU YHCIaMH,
HAIPUMeD, CJIeAYIONUM 00pa3oM ¢ MOMOMbI0 (DYHKINN 7y, COTMOCTABISIONIENR KarK-
JIOMY CHMBOJIY 0 9TOr0 ajdaBhTa HEYeTHOe HATYPAJIbHOE YHCIIO (o)

7 _T_) = 25, P)/(T) = 27,
(=) =29, y(x,) =29 4 2n(n = 1,2,...).

Hywmepanuio cumBosioB ajihbaBuTa, KOHEYHO, MOXKHO BBITIOJIHUTH BEChbMa Pa3/IUYIHbI-
MHu criocobamu. Tpedyercs TOJBKO, 9TOOBI y Pa3HBIX CHMBOJIOB OBLIN pPa3IUIHbBIE
Homepa. Kpome Toro kenareabHO, ITOOBI IO HOMEPY COOTBETCTBYIONIMNA CHMBOJI
”BOCCTAHABIUBAJICS JTIOCTATOYHO TPOCTO’. CMBICT 3TOTO MOXKeJTaHHA OYIeT sCeH U3
JaJIbHEUIIero.

st nymepatun c1oB B ajichbaBute X MPeJITOJIOKUM, YTO

TArithm

Po, P1y -3 Pny -+ —
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HyMepalys BCeX MPOCTBIX YUCEs B MOPsiKe Bo3pacTanus. Takum odpaszoMm py = 2,
p1 = 3,p2 = dUTL

I'edenesvim nomepom crosa 0yo .. .0 B andasure X, . Ha3bIBACTCA TUC-

h
JI0

(00), v(o1) (Uk)'

Py
ITo ocHOBHOIT TEOpeMe apudMETHKE KazK/10e HATY PATBHOE THUCJI0, GOJIBIIEe €JINHUIIBI,
OJIHO3HAQYHO IpeaCTaBUMO B BUIE IIPOU3BEACHUA CTelleHel IIPOCTBHIX YUCEJI. HO3TOMY
HOMepa PasInIHbIX CJI0B pa3audHbl. Kpome Toro, 110 mpon3BoIbHOMY HATYPAJIbLHOMY
YUCITy JIETKO OIPEJIeUTh, SBISETCS JTU OHO HOMEPOM HEKOTOPOIO CJIOBA W BOCCTA-
HOBHUTBH COOTBETCTBYIOIEE CJIOBO (ecji OHO cymiecrByer). TejieieBbl HOMepa CJIOB —
YeTHbIE HATYPaJIbHbIE YHCJIA, [IO9TOMY OHU OTJIMYHBI OT HOMEPOB CHMBOJIOB aJi(ha-
BUTa, ABJAIOIMUXCA HEYCTHBIMU HATYPaJIbHbBIMU YHUC/IaMHU (BHpO‘{eM, 9TO HE OYCHDb
cymiecTBeHHO). Y cuMBosia o asdasura aBa HoMepa y(o) u g(o).

TI'edenesbim HOMEPOM NOCACOOBAMEALHOCTIU CAOE Wy, W1, . . . , W, HASBIBAETCS
qUCII0

g(0'00'1 .. .O'k) = pg

G(w07 Wiy« .- 7wq) = pg(WO)pi(wl) . .pg(wq).

[ejiesieBbl HOMEpa MOCJIEA0BATEILHOCTEH CI0B, OYAy4Hd YeTHBIMU, OTJAUYHbBI OT Iejle-
JIEBBIX HOMEpPOB CHMBOJIOB asidaBuTa. OHH OTJIMYHBI OT T'e/Ie€BBIX HOMEPOB CJIOB,
TaK KaK MOCJeIHIEe COMep:KaT MHOKUTEIb 2 B HEUETHON CTEeIleHH, a y Teje/ieBa HO-
Mepa IOCIeJI0BaTEeILHOCTH CJIOB MOKa3aTelb CTeIeHH y 2 — YeTHOe HATypaIbHOe
9UCIIO.

Koneuno, HoMepa, pa3/iMuHbIX OCIeA0BaATE/ILHOCTER ¢/10B pa3andnbl. Kpome To-
ro, 10 IPOU3BOJIBLHOMY HATYPAJIBLHOMY YHCIY JIETKO OIpPeNe/INTh, ABISeTCS JIH OHO
HOMEpPOM HEKOTOPOii IOC/IeI0BATEILHOCTH CJIOB U BOCCTAHOBUTH COOTBETCTBYIOIILYIO
0CTIEJIOBATETLHOCTD CJIOB (€CJIM OHA CYIIECTBYET).

Y cumBosia o andasura renepb Tpu HOMepa Y(0), g(o) u G(0), a y KamKI0ro
ciaoBa w — apa Homepa g(w) u G(w).

Bamena cuMBOJIOB ajipaBUTa, CJIOB B 3TOM ajipaBUTE U TOCJIEI0BATEILHOCTEH
CJIOB BEJIET K aPUPMEMU3auUUU A3bLKA — 3aMEHE BUPANHCEHUT MO0 A3WKG (Mep-
M08, dopmya u m.0d.) uz nwomepamu. Kaocdaa gopmyara asvra L., ., nepeozo no-
PAOKG CULHAMYDPYL TArithm, KK U A1000€ CA080, NOAYwaem CBOW 2edened HOMED.
Ob6oznaunm gepe3 Truth., ., —MHOIHCECTNBO 6CET HOMEPOS 3AMEHYMBLT apUPMemU-
weckux opmya, T.e. GOPMYT A3BIKA Ly, ., UCTMUHKOLT 6 candapmrot unmepnpe-
mayuu. Hamreit 6inzkaiinmeii meibo 6y1er 10Ka3aTeIbCTBO 3HAMEHUTON meopembt A.
Tapckozo o " Heapudmemuurocmu ucmurdv,”’, YTBEPKIAIOIEH, I9TO MHOHCECTNEO

Truth.,, .,  ne A6asemcea apudmemuieckum.

6CEL HOMEPOB 3AMKHY-
UCTMUHHDLL 68 CIMAH-

Teopema 1.2 (A. Tapckuit). Mwuosicecmeo Truth., ..
mux apupmemuieckur gopmya, m.e. dopmya asvka L, ..
dapmmoti UHMEPNPEMAYUUL, HE ABAACMCA APUPGMETNULECKUM.

[IpeaBapuTebHO JOKaKeM P BCIOMOTATETbHBIX YTBEPXKICHHIT, MO3BOJISIONIIX
npeobpa3oBaHug (popMyJsT 3aMEeHHTDh ITpeodpa3oBaHugAMEI UX HOMepoB. [Ipek e Bcero
YCTAHOBUM MPUMHUTHBHYIO PEKYPCHUBHOCTH WJIM PEKYPCUBHOCTH Psijia, HEOOXOUMbBIX
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JTst lasibHedintero orHotmenuii (npeankato) u GyHknuii. O IHOMECTHBIE OTHOIICHNUST
Oy/eM Ha3blBaTh CBOWCTBaMU. HAIIOMHIM, UTO KJIACCHI IPUMHTHBHO DEKYDPCUBHBIX
M PEKYPCHBHBIX OTHONICHUH U MPEIUKATOB 3aMKHYTBHI OTHOCHUTENBHO JIOTHIECKHUX
omepanuii 1 HABENINBAHUS OTPAHUIEHHBIX KBAHTOPOB.

(1) WIC(x) — "x — 2edenes nomep ca06a, ABAANOUE20CH UHIUBUIHOT KOHCTAH-

)

mot’. 1o CBOICTBO 3a1aeTcss HOPMYJIOit
(x =2 vz =2%).

[TosTOMYy OHO IPUMUTHUBHO PEKYPCHBHO.
(2) WFL(x) —"x — 2edenes nomep ca08a, ABAAOULL0CH HYHKUUOHANDHOLM CUM-
6040M’. DTO CBOMCTBO 3a7aeTcss hpOPMYIOii

(@ =25 v 1 = 270).

[To35TOMY OHO MPUMHTHBHO PEKYDPCHBHO.
(3) WPL(x) — "x — 2edeses nomep CA08aG, ABAAIOUL20CA NPEOUKAMHBLM CUMEBO-
AO0M’. DTO CBOICTBO 3aaeTcst HOPMYJIOit

xr = 2%,

[TosTOMYy OHO IPUMUTHUBHO PEKYPCHBHO.
(4) WVbl(x) = 7x — 2edeses nomep cao6a, A6az0We20cA UHOUSUOHOT NEepemeH-
HOT’. DTO CBOMCTBO 3a7aeTcsa hOPMYIOii

(Fu)uer(l < u &z = 2212,

[TosTOMY OHO IPUMUTHUBHO PEKYypPCUBHO.

YunrsiBas cruenuduky sS3bka L,, .. IepBOr0 MOPSIKA CHTHATYPDL TApithm (BCE
BXOJISIIIIAE B 3Ty CUTHATYPY (PYHKIMOHAIBHBIE U ITPEINKATHBIE CUMBOJIBI SIBJISIFOTCSI
2-MECTHBIMH ), HECKOJIBKO W3MEHUM OIpeJiesieHne TOHTHIT TepMa u GOPMYJIBI 9TOTO
A3BIKA.

Onpenenenne 1.4. 1. Kascdan undusudnas neEPEMEeHHas T, ABAACMCA MEPMOM.
2. Kaocdasa undusudnas xoncmanma 0 u 1 asasemes mepmom.
. Eeau ty u ty — mepmor, mo caedyrousue caosa ABAAIOMCA MEPMAMIU
3. Ecau ty ut ) 0

(L Ft2), (tty).

Omnpenenenne 1.5. 1. Ecau t1 u ty — mepmovl, Mo cAedyousee Ca080 ABAAEMCA
popmy.noti

(t1 =ts).
Dopmysvl YKA3GHH020 6UAA HAZBIBANOMCA INEMEHMAPHBMU UAU 0A308bLMU HOPMY-
AAMU.

2. Ecau A u B — dopmyan,, mo caedyrousue caosa A6AA0MCR HOPMYAGMU

(-A), (A&B), (AvV DB), (A— B),
(Vzn)A,  (z,)A,

2de T, — NPou3BoALHAA UHOUBUIHAA NEPEMEHHA.
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Harmeit 6simzkaiinieit neibio Oyaer ycTaHOBJIEHWE NMPUMUTHBHON PEKYpPCHBHOCTH
CIeIYIONUX JIBYX CBOMCTB:

Trm(x) ="z — 2edenes nomep CA06a, ABAAOUE20CA MEPMOM’ U

Fml(z) ="z — 2edenes nomep crosa, asasowezoca Gopmyrold’.

Panee Oblsta ycTaHOB/IeHA IPUMATHBHAS PEKYPCUBHOCTH (DYHKIW ex(z, y) — oKC-
NOHEHMA NPOCMO20 YUCAL Dy 68 HUCAE Y, PABHAA HAUOOALULEMY NOKAZGMENO CIMe-
newu, 6 Komopot npocmoe wucao Py deaum wucao y; Lh(x) — wucao nenysesvs
nokazamenetl 8 8 KAHOHUMECKOM DA3AOHCEHUY YUCAL T HG NPOCTIBLE MHOHCUMENU
(mo ompenenenuio (h(0) = 0); long(x) — naubosvwee namypasvroe wucio t makoe,
umo npocmoe wucao py deaum x (o onpenenaenuto long(0) = 0) u GyHkIUS T * Y,
KOTOpasi M0 HOMEpaM JBYX MOCJeI0BATETLHOCTE MOJOKUTEILHBIX HATYPAJIbHBIX
qHCesT BBIYUCISET HOMED WX KOHKATeHAIWW, T.e. ecan a = (ag,ai,...,ap) u b =
(bo, b1, ..., by) — MOCTETOBATENIBHOCTH HATYPAJBHLIX dncerd, n(a) = po°pl’...pe~,
n(b) = ppt ... .ptm m

a-b= (ao,al,...,ak, bo,bl,...,bm),

TO
n(a) xn(b) = n(a-b) = pi°pi" ... 0F* - P Dilve - Db
Jpyrumu cioBamu, s aobox deyx caoe W u U das ux 2edesesus HOMEPOS 8biN0A-
naemes pasencmeo g(WU) = g(W) % g(U), 2de WU — npoussederue (coedunenue,
xonkamenayus) caoe W ou U.
Kpowme Toro, HaMm moTpedyeTcs CaeayIoNuii yCTAHOBIEHHBIN BbIITe (DAKT.
[To mpousBosibHOI N + 1-MecTHO dyHKIUE [ ObLIa OnpeseseHa (PyHKITHS

)
f*(xla ey T, y) — szf(:tl,...,xn,z)'
=0

¥ YCTAHOBJIEHO, 9TO PYHKUUA [ NPUMUMUBHO PEKYPCUBHA, PEKYPCUBHE UAU 4ACTNUY-
HO PeKYpCcuUHa mo2da u moavko moz0a, K0204 NPUMUMUGHO PEKYPCUBHG, PEKYPCUG-
HA WY YACTNUYHO PERYPCUSHa dyHryua f.

Paccmorpum 6sm3kyro K gynknun f* GyHKIUO [y, 33JaHHYI0 paBeHCTBAMU

Y

f#(xla ceey T,y 0) = ]-7 f#(‘rh sy Ty Y + 1) = Hp{(th’xnﬂ).
=0
Jlerko IIOHATDH, 9TO ¢yH7€uU.ﬂ f NPUMUMUBHO PEKYPCUBHA, PEKYPCUBHA UAU A~

CMUYHO PEKYPCUBHA M020a U MOoAbKO M020a, K0204 NPUMUMUBHO PEKYPCUCHE, Pe-
KYPCUBHA UAU HACTNUYHO PEKYPCUSHE PYNKUUA fyu.

Teopema 1.3. Ecau n + 2-mecmuan dynryus h(xi, ..., Ty, Yy, 2) npumumueno pe-
KYPCUBHA, DPEKYPCUBHA UM YACNMUYHO PEKYPCUSHA, & N + l-mecmuad dyrkuus
f(z1, ..., 20, y) ydosaemseopaem pasencmsy

f(xla"'axnay) = h(xla"'axnaya f#(xla"'axnay))a

mo Ppynkyua f(T1,...,Tp,Y) COOMEEMEMBEEHHO NPUMUMUBHO PEKYPCUBHA, DEKYP-
CUBHA UAU YACTNUYHO DEKYDCUBHA.
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Hoxaszameanncms o U3 paBencrs

fu(zy,...,2,,0) = 1,
f#(‘rh e Ty Y + 1) = f#('xl? ey Ty y) : pg(xl"'"x"vy) =
f#(.Tl RN 7% y) . pZ(xl""’x”7yvf#(xlv---v$nvy))

cJIeTyerT:
pyrwyua fu(x1, ..., Tn,Y) NPUMUMUBHO PEKYPCUCHE, PEKYPCUBHA UAL YACTIUY-
HO PEKYPCUBHG 6 3ABUCUMOCMU O MO20, KAKOBL PYHKUUL

Ry, ... xn,y,2) 1 f(xg, ..., 20, 9).

lns nokazareibcTBa NTPUMHUTUBHOW PEKYPCHUBHOCTU, PEKYPCUBHOCTU WJIM Ya-
cTuuHOl pexypceusHocTH byHKIMU f(X1, ..., Ty, y) IPH YCJIOBUH, 9TO TAKOBBI (DYHK-
wnn h(zy, ..., Zn, Y, 2) 1 fu(x1, ..., Tn, Y), ZJOCTATOUHO BOCIOIB30BATHCS PABEHCTBOM

f(xla"'axnay) = ex(yaf#(xla"'axnay—i_ 1))
O

[To mpou3BOJIBLHOMY OTHOMIEHUIO S(Z1, . . ., Ty, Y, 2) OMPEIETUM HOBOE OTHOIIEHIEe
R(x1,...,T,,y) ¢ MOMOIILIO SKBUBAJIEHTHOCTH

R(xla s 7xnay) — S(xla vy Ty Y, (XR)#(xla .. '7xnay))'

CaencrBue 1. Ecau ommnowenue S(xy, ..., Ty, Y, 2) NPUMUMUBHO PEKYPCUBHO, Pe-
KYPCUBHO UAU YACTNUYHO PEKYPCUBHO, O MAK0B0 sHce U ommowenue R(xy, ..., Ty, y).

dJoxasameanannvcmeo cpasy CJeayeT ’3 NpeIblIylieil TeopeMbl, ec-
JIM 3aMeTUTh, 4TO Xapakrepucruueckas byukuus (xg)(r1,...,%,,Y) OTHOIICHUS
R(z1,...,T,,y) YIOBIETBOPSIET PABEHCTBY

(Xr) (@1, s, y) = (Xs)(@1, ooy Tny Yy (XR) 2 (21, -0 T, Y)).
OJ

3aMeTuM, YTO BBIIOJHUMOCTH R(%1,...,T SKBUBAJIEHTHA PaBEHCTB
) Y ) noy
Xr(Z1,...,Tn,y) = 1. Ilocnenuee paBeHCTBO TpU JTIOO0M z > Y SKBHBAJIEHTHO Pa-

BEHCTBY ex(y, (XR)#(IIh, ceey T, Z)) = L

(5) Jlist ycraHOBJIEHNsI MPUMHUTUBHOl pekypcuBHOCTH cBoiicTBa Trm(x) — "x —
2edenes HOMED CA0BA, ABAANOULE20CA MEPMOM’ BOCIOIL3YEMCS TeM, YTO OHO IKBH-
BaJIEHTHO CBOWCTBY

WIC(z) V WVbl(z)V
(Ft)u < 2(F0)p < 2(F) s < o (Trm(u) & Trm(v) & WFL(t) &

v =2 xuxt*xuvx 2.
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PaccMoTpuM IpEMATHBHO peKypCHBHOe OTHOIIeHue S(x, ), 3a1annoe hopMyIoii

WIC(x) vV WVbi(z)V
(Fu)y < 2(FV)p<o(Ft)i < (ex(u, 2) = 1&ex(v,2) = 1&EWFL(t) &

=2 % u xt xvx2°).

Torma csoiictBo Trm(x) paBHOCHIBHO S(T, (X1rm)# (X))

7

(6) st ycraHOBJIEHHST IPUMUTHBHOI pekypcuBHocTh cBoiictBa Atmfl(x) — "x
— 2edenes Homep amomapnol apupmemuveckots Gopmyasl’ BOCIIOIHIYEMCST TE€M, UTO
aromapuble apudmernueckue Gopmyibl uMeror Bug (ty =ty), rae t; u ty — Mpous-
BOJIbHBIE TepMBI. [ToaTomy cBoiictBo Atm fl(x) S5KBUBAJIEHTHO CBOHCTBY

(F)y < 2(30)y <o (Trm(u) & Trm(v) &z = 2% % u * 2% % v x 2°).

(7) Jns ycraHOBJIeHUsI IPUMUTHBHON pekypcuBHOCTH cBoficTBa Fmfl(x) — "z —
eedenes Homep apupmemuveckoti Gopmyasl’ BOCIOIB3YEMCS TE€M, YTO OHO SKBHBa-
JIGHTHO CBOICTBY

(Atmfl(z) V )y co(Fmfllu) &z = 2% % 27 % u x 2°)V
(Fu)y < 2(FV)y <o (Frml(u) & Frml(v) &
(=22 xux2"x0x2° Ve =2"%ux2"x0vx2°V
v =28 % ux*2P xvx2%))V
(Fu)y < 2(FV)y < . (WVDl(u) & Frml(v) &
(=222 xux2 50V (v =22 xux2° %0)).

(8) B aroM myHKTE Oy/MeT yCTaAHOBJIEHA MPUMHUTHBHAS PEKYPCHBHOCTH HECKOJIb-
KUX npedukamos, C8A3GHHLLT ¢ NOOCMaH08K0T MePMOE 8 MePMbL U HOPMYAvL BMe-
cmo c80600nbx 6xoscdenutl nepemernvix. Mpl OyaeM ycTaHABINBATH 3TO B COOTBET-
CTBUM C WHJYKTUBHBIMU OINpeJeIeHusIMI TepMOB u ¢opmys. Kornedno, HeKoToOpbIe
dopMyIbl MOXKHO OBLJIO OBl COKPATUTH, HO IPH ITOM, HA HAIl B3IVISL, HECKOJIHKO
YCJIOYXKHIJIOCH ObI MMOHUMAaHUe UX "CMBICJIA” I HAYMHAIOIIEr0 U3ydaThb 3Ty TeXHU-
Ky, HCIOJB3yeMyio B JoKasarenbcTBe TeopeM [. 'emens m A. Tapckoro. Beibupas
MEXKy KPATKOCTHIO U3JI0KEHUsI U JIETKOCTHIO MOHWMAHUsI MbI CO3HATE/IHHO MPeJI-
HOYJIM TIOCJIe/IHee, ODJIErdUB TeM CaMbIM, KaK HAM KarKeTCsl, MOHMMAHUE CMBIC/IA
opMaIbHBIX KOHCTPYKIUI JJIs1 HAYWHAIOMIET0 W3y9YaTh MATEMATHIECKYIO JIOTUKY.

(8.1) TIpUMHUTHBHO PEKYDPCUBEH IIPEIHKAT Substg;d(%u,v) — ex(0,7) — 2ede-
NE6 HOMED PE3YALIMAMa nodcmanosry 6 gopmyay ¢ zedeaesuim romepom ex(1,y)
mepma ¢ 2€0eAe8bM HOMEPOM U BMECMO 6CET C80000HBIT GLodcOeHUll nepemennot
c 2edenesvim HOMEPOM V.”

YT00Bl HECKOJIBKO YMEHBIIUTDL Pa3Mephl pacCMATPHBAEMBIX (DOPMYJI IpeIBapHu-
TeJIbHO YCTAHOBUM NPUMHUTHBHYIO PEKYPCHBHOCTH JBYX BCIOMOTATEIbHBIX IPEId-
KaToB Substr,m (v, u,v) — "ex(l,7y) — 2edeaes nomep mepma, a ex(0,7y) — 2edenes

138



81. Apudmerndyeckne MHOXKecTBa u Teopema A. Tapckoro

HOMED PE3YALMAMNG NOOCMAHOBKY 6 IMOM MEPM MEPMA C 2e0eNLEbIM HOMEPOM U
BMECTO BCET BTOHCOCHUT NepemMerHnoti ¢ 2e0eAEE8BLM HOMEPOM V.”

Trm(u) & WVbl(v) & Trm(ex(1,7)) &
((Elz)z<eac(1,'y) (61‘(1,'7) =2°&
(ex(l,7) = v&ex(0,7) = u) V (ex(l,y) # v&ex(0,y) = ex(1,7)))V
(E|Oz)a<ex(17,y)(35)5<€x(177) (36)5<6x(1’7)(WFL(5) & Trm(oz) & Trm(ﬁ) &
ex(l,7) = P xaxdxBx2°&
(F0) ag<ex(0,7)(360) go<ex(0,4) (ex(0,y) = Vxag*xd*fyx2°&
Substpym (27 - 3%, u, v) & Subst (2% - 3%, u,v)))).
Subst atmpi (7, u,v) — Yex(l,7y) — eedeses nomep anemenmaprot Gopmysvi,

ex(0,v) — 2edeaes nomep pesyavmama nodemanosku 6 amy Gopmyay mepma ¢ 2ede-
AEBBLM HOMEPOM U BMECMO BCET BL0AHCIEHUT Nepementol ¢ 2e0ene8bM HOMEPOM V.

Trm(u) & WVbl(v) & Atm fl(ex(1,7)) &
(F) acer(1,7)(IB) <enr, (Trm(a) & Trm(B) &
ex(l,7) = 2 xax2¥ %3+ 2°&
(30) ap<ex(0) (350) go<ex(0.) (€x(0,7) = 2% x a2 % By 2° &
SUbStpy (270 - 3%, 1, v) & Subst (2% - 3%, u,v)))

1
Subst%)nl(%u,v) — "ex(1,7v) — 2edeaes womep dopmyan, a ex(0,7y) — zedeaes
HOMED PE3YALIMAMA NOICMAHOEKU 6 IMY POPMYAY MEPMA C 2E0EALEBLM HOMEPOM U
BMECTNO 6CET C800600MBT 6ToNHCIeHUT nepemennoti ¢ 2edenesbim HOMEPOM V.”

Fml(ex(1,7)) & (Atmfl(ex(1,7)) & Subst atmpi (7, u,v)) V
((304)a<ex(1,7) (3040)040<eac(0,'y) (le(a) &
ex(1,7) = 2 %22 x ax 22 &ex(0,7) = 22520 xqp*2° &
Subst pm(27° - 3%, u,v)) V
(3 a<er(1,7)(3%0) ag<ex(0,7) (38) s<ex(1,7)(350) go<ex(0,7) (30) s<ex (1)
(0 =2" v =2%Vv3§=2")&(Fml(a)& Fml(B) &
ex(l,7) = 22 xa*x0xB+2°&ex(0,7) = 22 xap*x % B x2°&
Subst py (270 - 3% u, v) & Subst py (2% - 37, u,v)) Vv
((3) a<ex(1,7) (F0) ag<ex(0,7) (38) p<ex(1.4) (360) po<ex(0.4) (30) s<ea(1,)
(0 =2 v =2 & (Fml(a) & WVb(B) &
ex(l,y) = 22 % 6% Bx 2 xader(0,7) = 22 x5x Brapx2°&
(B =v&ay = a)V (B # v&Substpp (2°° - 3%, u,v)).
(8.2) ITpumuTnBHO pekypcuBen npeaukar Substp,(x,y,u,v) - "x — 2edeses Ho-
MED PE3YALMAMA NOICTNAHOBKY 6 POPMYAY € 2€0ENCEBM HOMEDOM Y MEPMA ¢ 2ede-

AEBBIM HOMEPOM U BMECTMO BCET C80000HBIT 8TONHCICHUT Nepementots ¢ 2edenebim
HOMEPOM V.”
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dcno, aro Substpp(,y, u,v) SKBUBATEHTHO Subst%ﬁd(? - 3Y u,v)

(8.3) IlpumuruBHAs pekypcuBHOCTH DyHKIHH Sub(y, u,v) — "2edeses nomep pe-
3YALIMAMA NOOCMAHOBKY, 6 BPANCEHUE C 2C0CAEGHLM HOMEPOM Y MEPMA C 2E0EAEEHLM
HOMEDOM U BMECTNO 6CET CE0000MLT BToHCOeHUTl nepemennoli ¢ 2e0ene6bM HOMEPOM
v” creyeT U3 paBeHCTBA

SUb(yv u, U) = M x:v<p$55ubst(ac,y,u,v) .

(9) YeraHoBUM HPUMHTHBHYIO PEKYPCHBHOCTH mpeaukara Fr(u,v) "u — zedenes
Homep hopmyavi, codeporcaweti c60000HE BTONHCIEHUA NEPEMEHHOT € 2edese8bLM
HOMEPOM U U HE COOEPAHCAULUT c80000HLLT 6Xodclenutl Ipy2ur nepemerHus’”.

DTO CJIeyeT U3 ero SKBUBAJEHTHOCTH MPEINKATY

(Fml(u) & WVbl(v) & (=Subst gy (u, u, 221, v) &
(V1) peu(r # v — Substpm(u, u, 22", 7)))

BameruM, 4TO ec/Iu MepeMeHHast ¢ TeJIeJIeBbIM HOMEPOM T BXOJHUT B CJIOBO C HO-
MepoM U, TO T < U.

CosepzKaTesIbHbII CMBIC/T TTOCIEIHEH HOPMYJIbI

Tecau 6 popmyay ¢ 2edenesuiM HOMEPOM U BMECTO 6CET CE80O0OHBLT BL0MHCIE-
nuti nepemennoti ¢ 2edenesvim Homepom v nodemasumo wonemanmy 0, mo noay-
wenHaa popmyara 6ydem omaunHa om ucrodnotl, a ecau 6 2my POPMYAY BMECMO
8cer c80000HBLT BTOHCIEHUT NepemerHots ¢ 20eAE8bM HOMEPOM T, OMAUNHBLM O
v, nodemasums koncmarnmy 0, mo nosyuennas gopmysa cosnadem ¢ ucrodnotd .

(10) IIpuMuTHBHO pekypcuBHA (DYHKIHS @, KOTOPasi [0 HATYPAJILHOMY YHCITY 1
JaeT rejieieB HOMep TepMa 7, T.e. ¢(n) = g(ni). DTo caeayeT U3 paBeHCTB

p(0) = 27,
on + 1) = 2% % o(n) * 2% % 2% x 2°.

Hoxasameanawvcmeo teopembl A. Tapckoro mpoBegeM MeTOIOM OT MPOTHB-
Horo. [IpeamooxkuM, 9T0 MHOKECTBO BCeX HOMEPOB 3aMKHYTBHIX apupMeTHIECKUX
dbopmyu, 1.e. bopmyn a3bika L, ., HCTUHHBIX B CTaHIaPTHOI HHTepIpeTaIn, 5B-
ngercd apudmerndeckuM. 3HAUUT cywecmeyem dopmysa Truth ¢ odnot ceob0droi
nepemennot Ty Mmakas, 4mo 0as NPoU3BOALHO20 HAMYPAALHOR0 YUCAL T CNPABEINU-
80 IKBUBANEHMHOCITIY:

dpopmyaa Truth,, 7] ucmunna 6 cmandapmmot urwmepnpemayuu mo20a u Moab-
K0 moz2da, K020a HAMYPANLHOE YUCAO N ABAAEMCA 2€0EAECEBHLM HOMEPOM 3AMKEHYMOU
apugpmemuneckolti Gopmyavl, UCMUHHOT 8 CMaAHIaPMHOT UHMEPNPEMAUUL.

[Toctpoum dopmyity P ¢ AByMsi CBOOOJHBIMU TEPEMEHHBIMU L1 U To TAKYIO, 9TO
JIUTsT TIPOU3BOJIbHBIX HATYPAJIBHBIX UUCE 1 W 1M CHPABEINBA SKBUBAJIEHTHOCTD:

popmyaa Py, 1, [0, m] uemunna 6 cmandapmmot urwmepnpemayuu mozda u moso-
K0 mozda, Kozda n — zedenes Homep Hexomopot apudmemuyeckol dopmyave F ¢
00101 c60000H01 nepemenot 1 u dopmyaa Fy, [m| aoocna 6 cmandapmmot urnme-
NPeMAUUL.
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B kadectBe nckoMoit popmysibl P MOXKHO B34Tb CJIEYIONLY IO

(Fr(z,2°") &
(3w3)(3wg) (24 = @(12) & Subst (23, 71, 24, 2%) & (= Truth,, [v3]))).

Jlna 3aBepireHus goKa3arenbcTBa TeopeMmbl A. Tapckoro obo3HaYNM 4Yepe3 p
eedenes nomep dopmysvt Py, ,[T1, 1] ¢ 00motl c60600n0G nepementot 1. dty dop-
MYJIy paju HeKOTOpOil KpaTkocTu OyaeMm oboznadaTh depe3 [. Torma

dopmysa Dy, [p] = Dayy 2, (D, P| ucmunma 6 cmandapmiots urmepnpemayut, mo-
2da u moavko mozda, ko2da popmyaa D, [D] aoscna 6 emandapmuoti unmenpema-
YU,

[Torygennoe mpoTuBOpedne 3aBeplIaer I0Ka3aTeabcTBO TeopeMbl A. Tapckoro.

D

Caencrsue 2. Mnoowcecmso Truth,, ., — 6cex HOMEPOS 3AMKHYMOLT apudmemu-
rithm

YeCKUT HOPMYN, UCTVUHHOLT 6 CMardapMHOT UHMEPNPEMAYUUL, HE ACAAEMCA PEKYD-

CUBHO MEPEMUCAUMBIM, G 3HAYUM, OHO U HEPEKYPCUBHO.

CaencrBue 3. Hesosmoorcer arzopumm, no3sosmowsuti no npouseosoHot 36 MKHY-
mot apupmemureckol dopmyase onpedesumsv, UCMUHHAG AU OHG 6 CMAHOGPMHOU
UHMEPNPEMAUUL.

§2. IIpobGaema BBIBOAMMOCTH JJI mojrycucteM Ty3 u
KoMOumHaropuasa npobjema Ilocrta

B stom pasnene paccMaTpuBaIOTCS HEKOTOPHIE AJTOPUTMHUYECKHe MPOOJIEMBI,
CBA3AHHBIE C noaycucmemamy u cucmemamu Tys, cucmemamu Ilocma u dopmans-
Houmu 2pammamuramu. OyHIaMEeHTATBHYIO POJTb IPU 3TOM OYIeT UIpaTh YCTAHOB-
JIEHHAsI BBITIE GA20PUMMUYECKAA HEPASPEULUMOCTD NPOOAEMBL OCTNAHOEKY, IS Ma-
muH Thopunra — st I0Ka3aTe/1IbCTBa HEPA3PEITMMOCTH HEKOTOPOl aJIrOpUTMuYe-
CKOIl TpobJIeMbl MbI Oy/IeM CBOJUTH K Heil mpod/ieMy OCTaHOBKHU.

[Io mawure Tovropumnea M c sHewHum aagasumom, Wi aaPasumom
AEHMOUHBLL CUMBONOS,

AM = {CLO: A1y ooy an}7
BHYMPEHHUM AAPABUMOM, NN AAPABUMOM BHYMPEHHUT COCTOAHUT,

QM = {q07 qi1, 7qm}

1 npozpammoti Py ecrecrBeHHBIM 00pazom moctpoum nosaycucremy Tys SST (M)
Ha1 aaghaBATOM

A= {a07a17"'7an7q07q17‘“7Q7’n7h}

C MHOZKeCTBOM IIPOIYKIIUA H, KOTOpoOe CcIeayImuM 06pa30M CTPOUTCA IO IIporpaM-
Me PM
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Jns xkaxmoit komangpt Py (i, 7) n3 Py mbl BRtodaem B 11 npoxykimio omnpe/ie-
JIEHHOTO HUZKe BHU/IA.

I. Ecnmu Pr(i,j) umeer Bufg ¢;a; — ¢-apS, T0 BKIoIaeM B I ogny mpoaykimio
qia; — qrQg.

II. Ecom komanzga Pr(i, j) nmeer Bug ¢;a; — ¢,a,L, TO BKIIO9aeM BCe IPOLY KUK
BUJIA A4Q;0; — (pQs0y 1pH s = 0,...,n u eme oJHy npoayKuuio hg;a; — hg.apa;.

III. Ecin komanna Pr(i, j) umeer Buf ¢;a; — ¢r-a:R, TO BKIIOYaeM Bce Ipo-
JIYKIUN BUJA ;045 — GiGrQs Ipu s = 0,...,n U eme oAHy OPOAYKIHUIO ¢a;h —
aiqragh.

IV. Kpome Toro, nobasum B II eme npoayknuio hqgoh — o 1 Bce MPOIyKIUU
BUa goar — qo, Atgo — qo-

Kaxnoit kondurypannu X = F;q;Fy mamunabl T’ ctaBUM B COOTBETCTBHE CJI0BO
hFE.q; Esh, koTopoe OyaemM Ha3bIBaTh cao06om Ilocma.

3aMeTuM, 4TO dJeMeHTapHble MPeodpPa30BAHMSI, COOTBETCTBYIOIIHE MPOILYKITHIM
turnios [, 11, ITI, xr060e ciaoso [ocra mepeBogst B cioso [locra. Cremyromast emma
OYeBHIHA.

Jlemma 2.1. Mawuna Toropunza T nepesodum za odun maxm pabomuv, xongpuay-
payuto X 6 kongueypauuro Y 6 mom u moavko mom cayuae, ecau caoeo Ilocma
hXh nepesodumcsa 6 caoso Ilocma hY h odnum saemenmaprvim npeobpasosaruem,
COOMBEMCMBYIOWUM KOMAHIE, NpumeHsemolts mawunot T .

Jlemma 2.2. Mawuna Toropuneza T, nauas pabomams 6 wonduaypayuu X, wepes
KOHEUHOE “UCAO MAKMOS8 Pabomb, 0CMAHOBUMCA Mo20a U MOoAbKo mo2da, k0204 6
noaycucmeme Tys SST(M) us caosa hXh evieodumo cao6o gy, m.e.

owxaszameanvcmse o Ilyctb mamuua Teiopuara 71, HadaB padoTaTh B
KoHpurypamnuu X, 4epe3 KOHeIHOe IHCI0 TAKTOB PaDOThI OCTAHOBUTCS, T.€. HMEETCS
KOHEeYHasl IeM0YKa MMOC/Ie/I0BaTe/IbHBIX KOH(MUTYPAIUil

X7 Xla X27 RS Xk—la Xk7

OKaHYMBAIOIAsICA 3aKTI0UNTeTbHOI KoHdurypamnueit X;. Torma mo temme 2.1 umeem
IOC/IETOBATELHOCTD IEMEHTAPHBIX peobpa3oBanuii moaycucrembr Tys ST(M)

hXh — hX1h — hXsh — -+ — hXi_1h — hXih,

riie h X h umeer Buj hZ,qyZoh. icnonn3ys npoaykiuu w3 [V-oit rpyribt, moydaem,
aro B moaycucreme Tys SST(M)

[Ipeanosnozkum rernepb, uro B nosycucreme Tys SST (M)
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DTO 3HAYUT, YTO CYMECTBYET MEIOYKA JIEMEHTAPHBIX Peo0pa30BaHM
hXh=Yy =Y =Y, = - = Yiy = Yi = g, (1)

OueBngno, B KaxKI0€e CJI0BO Y, U3 HOC/IeI0BaTeNbHOCTH (1) BXOAMT TOIBKO OIHA
¢-0ykBa. PaccmMoTpum Kpardaifinyio 1nernodky 3JeMeHTapHbIX Mpeodpa30BaHuil BUIa
(1), 3aKAHYIUBAIOIILYIOCS CJIOBOM, COAEPKAIIIM (o:

hXh=Yy =Y, =Y, ==Y, =Y, = ZigoZs. (2)

B npeobpasosanusix (2) npogykmun nosycucrembr Tys SST(M) uz IV-oit rpynmst
He ucnosb3yorcs. [losromy B (2) Bee cioBa siBisiiores ciaoBamu [locra.

Torna mo jnemme 2.1 mammmna 7' u3 koudurypamuun X depe3 KOHEYHOE YHUCJIO
IAroOB TepeiijieT B 3aK/TI0YATEIbHOE COCTOSHEE (g, T.€. OCTAHOBUTCA. JlemMma 2.2 10-
Ka3aHa. 0J

[Iyctb Ty — mammHa ThiopuHTa ¢ Hepa3pemuMoii mpobieMoit octanoBKH. Tormaa
n3 jgemm 2.1 n 2.2 ciemyer

Teopema 2.1. Hesosmootcen anzopumm, onpedesaowsuts 044 npoussosvHo20 CA06a
X 6 aagasume noaycucmemv, Tys SST (M), eepro au

B zakirouenue maparpada paccMoTpuM HEKOTOPBIE aJITOPUTMHYECKNE BOIIPOCHI,
cBsi3aHHbIe C cucmemamu [locma u opmasbHbLMU 2PEMMEMUKAMU.

Co Bpemen /Ipesueit I'perun OCHOBHBIM METOIOM H3/I0KEHUST MATEMATHIECKUX
TEOPHil CIYKUT aKCUOMAMUYECKUT Memod, 3HAKOMBII KaxKIOMY, H3yUYaBIIEMY B
CBOe BpeMs IIKOJIbHBI Kypc reomerpun EBkanga. KopoTKo cyTh aKCHOMATHIECKOTO
METO/Ia MOYKHO BBIPA3UTDH CAEAYIOMHUM 0OPA30M: BBIIEISIIOTCS 0CHOBHBIE, HEonpede-
AAEMDBLE NOHAMUSA, B TEOMETPUH — 3TO ~mouka’, "npamas’ 1~ niockocms’, BBOAATCS
HEKOTOPbIE HEOIpejie/isieMble OTHOINEHUS, B T€OMETPUU — TO, HAIPUMED, ~MOYKa
A npunadaescum npamot L’ "moura A npunadaescum naockocmu L7, " mouka C
naxodumesa wa npamoti L meoscdy moukamu B u C” u (wmm) psii ApYrux, B 3a-
BHCHMOCTH OT peain3yeMoil KOHIeNmuu. 3aTeM (hbopMyTupyeTcs: psii yTBepZK IeHu i
OTHOCHTEJILHO 3TUX HOHSATUN M OTHOIIEHUN, KOTOPbIE HA3BIBAIOTCH ~ AKCUOMAGMU , B
reOMEeTPUU — ITO, HAPUMED, YTBEPKIEHUE O TOM, UTO JJIsI JIFOOBIX JIBYX TOYEK CY-
IeCTBYeT €IMHCTBEHHAs MpsMasi, KOTOPOil HPUHAIIEKAT KaxKaas U3 dTUX TOUYEK,
OOBITHO TOBOPAT, UTO IpAMas MPOXOIUT Uepe3 STU JABe TOUKH; U3 JIIOOBIX Tpex pas-
JIMYHBIX TOYEK MPSIMOii OTHA HAXOIUTCA MEXKIY IBYMS JIPYTUMH; IS JTIOOBIX TPExX
PA3JIMYHBIX TOYEK, HE JIeYKAIINX HA OJIHON MPSAMOil, CYyIeCTBYeT e NHCTBEHHAST TLI0C-
KOCTh, KOTOPO# IPWHAIEYKUT KAZK[asi U3 ITUX TPEX TOUYEK; AKCHOMA, MapasljieIbHO-
ctu u T.;1. Hepeako akcrmoma o CymecTBOBaHUHU € MHCTBEHHOTO 00'bEKTa, C HEKOTOPbI-
MH CBOWCTBaAMH pa30MBaeTCs Ha JBE aKCHOMBI, B OJHOIl U3 KOTOPHIX YTBEPXKIAETCH,
YTO OOBEKT CYIIEeCTBYET, a BO BTOPOil — UTO CYIIECTBYeT He D0Jiee OTHOIO TaKOTO 00b-
ekTa. Zlpkue mpuMepsl NCUYEePIBIBAIOIINX aKCHOMATH3ANNN W3/I02K€HBI B 3HAMEHUTOM
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monorpadun 1. I'miapbepra "OcnoBanusi reomerpun”. 3areM U3 akcuom mytem (c
IIOMOIIBIO) A02UNECKUT paccystcoerudl BHIBOASTCA (JOKA3BIBAIOTCsI) Teopembl. [1pu
3TOM Ha MPOTsKeHun Oojee YeM JBYX THICAY JeT He BO3ZHUKAIO HEeOOXOIMMOCTH
TOYHO OIPEJIETUTh CMBICI CJIOB /A02U%ecKoe paccysicdenue — co BpeMeH EBKanma m
J10 KoHia XIX Beka 0CHOBHOe BHUMAaHWE yJIe/Is1J10Ch (P)OPMUPOBAHUIO CIIUCKA AKCHOM
JIUTST TeX WJIU WHBIX TEOPUil, MPEerK e BCero TaK WM WHAYe CBI3AHHBIX C TeOMEeTpHei.
[IpaBusa g0Ka3aTeabCTBA TEOPEeM, HX BLIBOA W3 AKCHOM ObLIN HedOpMATbHBIMH,
OCHOBAHHBIMH Ha, "31paBoM cMmbicie”’. Kpome Toro, mo/roe Bpems Ha aKCHOMBI CMOT-
pesn Kak Ha TOYHbIe (DOPMYJIUPOBKH "HHTYUTUBHO OYEBHIHBIX yTBepzKenuii”. JIuib
nocsie oTkpeiTust (co3mannst) B XIX Beke HEEBKJIHIOBBIX I€OMETDUil, TOUHee MOC/Ie
MOCTEIIEHHOTO OCO3HAHUS 'TIpaBa Ha CYIIECTBOBaHUE B KadeCTBE aKCUOM ~HECKOJIb-
KO HEOOBIYHBIX JIJIs HAC yTBEPXKJIEHUil” 0, Ka3ajoCh Obl, "XOPOIIO HAM HM3BECTHBIX
HOHATUAX , OBEJICHNE KOTOPBIX HAM "MHTYUTHBHO sICHO”, XOTS U HE MOIJIO OBITH BbI-
BeJIEHO U3 yiKe C(hOPMYTUPOBAHHBIX AKCHOM, CTAJT BBIKPUCTAJLIH30BBIBATHCS BOIPOC
0 TOM, YTO K€ TaKOoe aKCHoMa u ele 6oJiee CJA0XKHBIH U BazKHBII BOIPOC, YTO TaKOe
aozuseckoe paccyscdenue. C Hagasma XX Beka HAYAINCh WHTEHCHBHBIE HCCJIEI0BaA-
HUs B 00J1aCTH OCHOBAHUIT MaTeMATHKHU. B 3HAYWTE/ILHOW CTEIeHn 3TO CTUMYJIHPO-
BAJIOCH OTKPBITHEM MapaJIOKCOB (IPOTHBOPEYHil) B Psijie Pa3/e/ OB MATeMATUKH W
HedopMaIbHOM JTOTUKH. B0 0CO3HAHO, UTO "3/IpaBhlil CMBICT HE MOYKET CJIYKUTh
HAJIE’KHBIM CPEJICTBOM MCC/IE0BAHMUS JOCTATOYHO TOHKUX BOIPOCOB, OTHOCSIITUXCS K
OCHOBAHUSAM MaTeMaTHKU. BO3HUK/Ia HEOOXOAMMOCTh B THIATETHHOM HCC/ICIOBAHUN
CAMUX MOHATHN MAMEMAMUYECKOE J0KA3AMEALCMEO U A02UYECKOE PACCYHCOEHUE C
MeTbio (bOPMATH3AIIT BCEX ITAMOB JIe[YKTUBHOTO BBIBOJA. B 3THX mcciaemoBanu-
SIX BCe OOJIBIIYIO POJIb UTPAJIO MOHATHE apherxmusnoti npouedypu. [locTenerHo 3o
IPUBEIO K HOHATHIO A02UYECKOT CUCTEMbL.

Jloeucmuueckas uau popmasvras cucmema L BKIIOIaeT B KAIECTBE CBO-
X OCHOBHBIX 9aCTeil MHOMCECTBO GKCUOM U MHOHCECMBO NPABUA 8VLEOJG.

Axcuoma — 3T0 TPOCTO CJIOBO CIENUATHLHOTO BUIA B andaBuTe cUCTEeMbI L.
Ocobyro poJb UrpaloT CHCTEMBI C aPHermueHuLM NOHAMUEM GKCUOMDL, T.€. B ITOM
caydae npednoaazaemcs HAAUMUE GAZOPUMMGE, NO3GOAAIOUE20 NO NPOU3EBOALHOMY
CAOBY 6 GAPABUME CUCTNEMDL OMBEMUMD HA BONPOC, ABAALMCHA AU OHO AKCUOMOU.

ITpasuao evieoda — 310 n + 1-mecrHoe orHomenne (IpeuKar)

R(wy, ..., Wy, Wpy1)
Ha MHOYKECTBe Bcex CJI0B B aJjibaBute cucrembl. [Ipu atom ecin,
R(wy, ..., w,,w) =U,

TO IOBOPAT, 4TO

CA060 W noayuwaemca (caedyem) usd cros wi, ..., Wy, no npasusy R, v mumryr
wy w, — W
) ) n R
njian w w
1y - n
R.
w
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[Tpu 3TOM citoBa wy, . . ., W, HA3BIBAIOTCSI NOCHIAKAMU TPpaBUIa R, c10BO w — ero
3AKNIOUEHUEM.

U1 BHOBB OOBIYHO NPednoaa2aemca HAAUYNUE AA20PUMMG, NO3BOAANOULE20 NLO NPO-
UBBONDHOLM CAOBAM W1, ..., W, U W 6 GAPAsUME CUCmemMv, OMEemums Ha 60NpPOC,
NOAYUAEMCA AU CAOBO W U3 CAOE W1, . . ., W, No npasuay R. Mbr 6yaem paccmarpu-
BaTh JIUIIb CHCTEMBI ¢ KOHEUHBLMU MHOACECMEBAMYU NPABUL BBLE00A.

Bwuieodom unu dokaszamenbecmaeom B cucTeMe L Ha3bIBAeTCS JII00ask KOHETHA S
MOCIEIOBATEIBHOCTD CJIOB U1, - .., Uy, B aadaBuaTe 3TOi CHCTEMbI TaKas, ITO I
JII000TO0 1

b0 U; — AKCUOMG CUCTEMBI L,

OO CJIOBO U; NOAYHAEMCA U3 HEKOMOPHLT NPEeOUECMBYOUWUT eMY 6 IMOoT Nno-
cAe006AMENBHOCTNU CAOS Uj, , . . ., Uj, NO Hexkomopomy n + 1-mecmuomy npasusy R
T.e. jla Ce 7jn < 4.

CyioBO u Ha3bIBaeTCsI 68b800uMbLM B cucTeMe L wim meopemoti dTOil CH-
CTeMBbI, eCJIH CYIIECTBYET BBIBOJ (J0KA3ATEIbCTBO) B CHCTeMe L, OKaHYNBAIOIIHICS
(OKAHYMBAIOIIEECsT) CITIOBOM U.

Banuck 7 u Oymer CIyKUTh COKPAIEHUeM JJIsi Y TBEPKICHUST
dumo 6 cucmeme L.

JIerko MoHATH, 9TO cyuecmeyem as20pumm, no3eoraouul no A0bot Koreurnot
NoCcALIO8aAMEALHOCTIU CA08 cucmemb, L ¢ afderxmusrvimu noHAMUAMY GKCUOMbL U
NPAsUAG 666004 OMEEMUMD HA GONPOC, ABAACMCA AU IMA NOCALIOSAMEALHOCTILL
616000M (doKasamerbemeom,).

BecbMa BazKHBIMH MpPUMEPAMHI JIOTUCTUYIECKUX CUCTEM SIBJISIIOTCA HCUUCTEHUE
BBICKA3BIBAHWI U MCUYUC/IEHUE MPEIUKATOB KOHETHON CUTHATYPHI.

s moructudeckoii cucrembl L ¢ 3pdEKTUBHBIMU TOHITUSIMI AKCHOMBI U ITpa-
BIJIA BBIBOJIA €CTECTBEHHO BO3HUKAET 60NPOC 00 IPhekmusHocmiu noHAmuUL 6bl60-
dumocmu (dokaszyemocmu) c0OBa B JAHHON JIOTHCTHIECKOi cucTeme L, T.e. BOIPOC
O CYIIECTBOBAHUU AJTOPUTMA, MO3BOJISIIOIIETO 110 MPOU3BOJILHOMY CJIOBY W B aJida-
BUTE CUCTEMBI [ OTBETHTH Ha BOIPOC, BBIBOAMMO JIM CJIOBO w B cucreme L. Jlerko

Y

"CA0B0 U 6BLEO-

nocmMpoums as20pumm, sppermuero 2enepupyrousuti ece dokasamenvemsa. I1odTo-
MY €CJI CJOBO W BBIBOJMMO B cucTeMe L, TO MBI 9TO YCTAHOBUM, a €CJIH HET, TO
HaIlla TpoIeaypa He JacT oTBeTa. /s gorucrudeckoit cucrembl L ¢ 3pdeKTHBHDI-
MH TIOHSATUSIMU aKCUOMbBI U IIPABUJIA BIBOA MHOYKECTBO BBIBOJIUMBIX CJIOB SIBJISIETCS
PEKYPCUBHO MEPEUUCTUMBIM, OJIHAKO MOYKET He ObITh PEKYPCUBHBIM.

Eciu gisg norucrudeckoit cucrembl L CymecTByeT ajropuTM, MO3BOJISIONIAA 110
MPOU3BOJILHOMY CJIOBY W B aji(paBUTE CUCTEMbI [, OTBETHTH HA BOIIPOC, BHIBOIUMO
JIM CJIOBO W B cucreme L, TO TOBOPAT, 9T0 L — jiorucrudeckast cucrema ¢ 3pdeKkTrB-
HBIM TIOHATHEM TeopeMbl. BazKHBIMHU MpUMepaMi TAKUX CHCTEM CJIyKaT UCUUCTCHUE
BBICKA3BIBAHUI, UCUUCTEHUE OJHOMECTHBIX HMPEIUKATOB, d€MEHTapHas e€BKJIUI0BA
reomerpus, apudgmeruka [Ipecbyprepa u psiji apyrux.

JI71s1 TIPOU3BOJLHOTO KOHEYHOTO MHOXKECTBa CJIOB {wy, ..., w,} B andasure Jo-
rUCTHYeCKOi cucteMbl L 0603HadnM depes L(wy, ..., w,) cUCTeMy, MOJYyYeHHYIO U3
L nobaBieHuem CJaoB Wi, ..., W, K €e aKCHOMaM.

CoBO u Ha3bBIBaeTCd 6u600UMBIM 6 cucmeme L u3 mmoscecmea cao8

145



I'VZIABA IV. AJI'OPUTMHWYECKHUE 1IPOBJIEMBI

{wy, ..., wy,}, ecim ca0BO u BBIBOAMMO B cucreme L(wy,. .., wy).
3anuch wy, . .., w, Fr wOyIeT CIYKATH COKpAIIEHHEeM /i1 YTBEPKICHUALA ~ CA0B0
u 661600uM0 6 cucmeme L us mmuoncecmesa cros {wy, ..., wy}" .

[nybokwmit aHa M3 BBIYUCIUTE/IBHON JIESITETHHOCTH B IMHPOKOM CMBICIE ITOTO
cioBa, npogenanubiii A. Teriopuarom, 9. [TocTtom u psiom Apyrux mcc/ieaoBaTelie,
IpuBesI K BeCbMa NHTEPECHBIM U JOCTATOYHO HEOKUIAHHBIM BBIBOJAM — 3HAUUMEAD-
HAA YACTD MAMEMAMUYECKol 0eAMEALHOCU NPEINONG2AEM BECOMA 02PAHUMEHH LT
HabOp cnocobrocmets Yy uUccaedo8amens:

1) ¢noco6HOCTH MPOCMATPHUBATH MOOYKBEHHO CJIOBO, BHIJIEJISTH B HEM HEKOTODBIE
(pukcupoBaHHBIE TTOC/IOBA, (DUKCHPOBAHHBIE MTO/IITOC/IEI0BATEIHHOCTH UYIIHAX IPYT
3a JIpyrom OYKB,

2) CHOCOBGHOCTH M3BJIEKATD U3 CJIOBA MOJCTOBA (DUKCHPOBAHHOTO BUJIA, COXPAHSIS
OCTAaBIIIMECS YaCTU CJIOBA,

3) CIOCOGHOCTD TIepecTpanBaTh YacTH CJIOBA — 3aMEHsITh MOJCJ0BA Ha JPYyTrHe
CJIOBa, BCTABJISATH MOJCI0BA (DUKCHPOBAHHOTO BUJA, YIAJIATH TOICIOBA.

OHuM W3 OCHOBHBIX MOHATHII JI/Isi HAC Oy/erT MmoHATHE NPOdYKUUU, KOTOPOe
MBI IOHUMaeM KaK movHoe npasu.no, Yka3veatouee, Kax pa3dusams cA080 Ha HaACMUu
U NEPECMPAUBEMs IMU YGCMU.

[Ton mpodyxuyueti Ilocma MbI OyaeM MOHUMATH JTI0O0€ MPABUIO IIPeoOpa3oBa-
HUSI CJIOB, 33/[aBa€MOe CXeMOW BHJIA,

uoWiu Wy .. . Wou, — voVioiVa ... Vv,

TIE Ug, ULy « -y Up, Vgy Uty « .y Uy — PUKCUPOBAHHBIE OAA GHHOT NPOOYKUULU CAOBA,
HpUIeM Uy WIN U, MOYKeT ObITh IYCTHIM CJI0OBOM, HEKOTOPbIE U3 CJIOB Vg, U1, - . ., Un
MOT'YT ObIThH IIyCTBIMU;

Wy, ..., W, — npousseosvhrvie cA06a, NX 9aCTO HA3BIBAIOT IEPEMEHHBIMHU CJTIOBAMU,

Vi, - .., Vi — bukcupoBanubie ciosa B andasure {Wy, ..., W, }.

Cucmemoti ITocma Ha3bIBaeTCs JOTHCTHYECKAsT CUCTeMa L B HEKOTOPOM aJl-
dasure A, 3amaBaemas HaDOPOM aKCHOM, ABJISIOIINXCH CaoBaMu B ajdasure A, u
HAOOPOM TIPOJLYKIHii, TOCTOSIHHBIE CJIOBA KOTOPBIX — CJIoBa B ajdabure A.

JIErko MOHATH, YTO MOJTYCUCTEMBI U cHCTeMbl Ty3 (II0JCTAHOBOYHBIE CHCTEMBI) —
JacTHBII caydait cucrem [locTa.

MozkHO moKa3aTh, 4TO cucTeMbl [locTa JaloT JOCTATOIHO aeKBATHBIM ammapaT
JiIst onucanust padborsl Marmui Thropunra.

Mpb1 He OyaeM 3aHUMATHCS MOAPOOHBIM H3YyUYEHHEeM TOr0 BOIPOCA, OT/IAB ITPe/l-
nouTeHue noaycucreMaMm u cucremam Tys. Pacemorpum jnimb  kaHoHUMECKue cu-
cmemwvt ITocma — cuctembr Ilocta ¢ 0HON aKCHOMOIT I HOPMAALHBMU NPOOYKUU-
AMU — TPOIYKIUAMHA BUJIA

uW — Wo.

YcranoBUM HEKOTOPYIO CBA3b MEXK /1y nojycucremMamu 1y U KAHOHUYECKUMU CH-
cremamu [locra.
Jlng npousBosibHON TosrycucTeMbr 1y SST

SST = <a1,...,&n‘A1 — Bl:---aAm — Bm>
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obozraunm depe3 C'SP(SST) crenyroniyo kaHoHHIecKyto cucremy Ilocra

CSP(SST) = (ay,...,an,ay,...,a, |
AW = WB., ..., AW — W8
ayW — Way, ..., a,W — Wa,,
aW — Way, ..., a W — Wa,),

r7ie 718 IpOou3BOIbHOrO caosa U = a;, ... a;, depe3 U’ 0603HAYEHO CTOBO aj . . .a;p.
CrpaseinBa ClIeAyiomas TeopeMa.

Teopema 2.2. Jlasa mobwz deyx caos U u 'V 6 aadasume nosycucmemwv, Tys SST
CNPABEIAUBA IKGUBAAEHINHOCTILD

Ubtssr V. <= U tcspssry V.

Hoxaszameasvcme o. llpeanonoxum, uro U Fggr V. Torna cymecrsyer
[IEIIOYKA, JeMEHTAPHBIX IIPeoOpa30BaHuil

U=Uy - U — ... 5 U, - U1 =V
nosrycucrembl Tys SST. Tokazxkem, uro mpu jwobom t (0 <t < k)
Uy Fespsst) Ugr-
Ecnn nepexon U; — Uiyq B momycucteme Tys SST umen Bug
U = XAY — XB)Y = Uq,
10 B KaHOHHIecKoil cucreme [locra C'SP(SST) nomydaem

Uy = XAY Feospssty AY X' Fespssty YX'B; Fospsst)
X'B)Y' Feospssty BiY'X Fespsst)
Y'XB; Fespssty XBiY = Uppa.

Tenepn npeanosoxum, uro U Feogpssry V. Torma cymecrsyer nenouxa siie-
MEHTapPHBIX Peodpa3soBaHMit

U:Uo—>U1—>...—>Uk—>Uk+1:V

kanonm4eckoii cucremsr [Tocta C'SP(SST).

Nuayknueit o ¢ (0 < t < k) sterko JoKaszarh, 9T0 KaxKa0e cjaoBo U; nmeer Buj
nu6o CD’', mubo D'C.

Onpeeiim mpeobpa3oBaHue * paBeHCTBAMHE
(DC" = (D'C)" = OD.
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PaccmarpuBasi Bce BO3MOXKHBIE Cilydad npuMeHeHusi K cjoBam Buga CD' u D'C
NPOAYKIHA KaHOHUIecKoii cucrembl [Tocta C'SP(SST), nerko y6eauThest, 4TO MpH
mobom ¢t (0 < t < k) mmbo (Uppr)* = (Up)*, mubo (Upyq)* momywaerca uz (Uy)*
HpUMEHEHHEeM OJIHOTO 3JeMEeHTApPHOro Ipeobpa3oBanusd moaycucreMel Ty SST.

Tak xak U u V — ciaosBa B andasure noaycucrembl Tys> SST, to U* = U nu
V* =1V, nosromy U Fggr V. O

Bzas B kauectBe S ST Takyio nmoxycucremy Ty3, 94To 11 Hekotoporo ciosa Wy B
ee a;ipaBUTE MHOYKECTBO BCEX BBIBOJIUMBIX U3 HET'O CJIOB HE SIBJISETCS PEKYPCHBHBIM,
HOJIYUHM CJIe/IyIOIee CJIe/ICTBUE.

CaencrBue. Cywecmeyem kanonuueckas cucmema Ilocma CSP(SST) makas,
umo dasa wexomopozo caoea Wy 6 ee aadasume muoscecmso 6cer 6u800UMBLL U3
HE20 CAO8 HE ABAALMCHA PEKYPCUBHBIM.

B reopuu ajropurMuydecku HepaspermmuMbiX MpodJieM BaXKHYIO POJib UTDAET CJie-
JIVIOIIas 1mpoodJiema.

ITpobaema coomeememeus Ilocma. 1o npou3sosbHOMY KOHEYHOMY MHOMCE-
cmey nap cA08

{(Ai,Bi)liel}

6 nexomopom angasume A = {aq,...,a,} mpebyemca onpedesumn, cyuecmeyem
AU MAKAA NOCACOOBAMEALHOCTD UHOIEKCOB 11, . . . , by, MO 2PaPuMecky pasHblL CA0BA
A A u B B,

iy - 4y, i1 -+ Diy,-

Bynem roBopuTh, 9TO MHOXKECTBO Map CJIOB
{(4;,By)|iel}

obpazyer cucmemy coomseemcmeus. Ecan cymecTByer TpedyeMasi 1MOC/I€/10BaTE b
HOCTb WHJIEKCOB 1, ..., Iy, TO COOTBETCTBYIOIIEE CJIOBO

Ail Aim = Bil Bim
HA3BIBACTCSH PEWEHUEM CUCTLEMDL COOMBEMCMEBUA.

Eme B 1946 roxy [125] D. IMoct mokaszan ajropuTMHYECKYH0 HEPA3PEINMOCTh
9TOil YMCTO KOMOMHATOPHO# MpOOIeMbI, MOy YUBIIEl BIIOCIEICTBUN HA3BAHUE NPO-
baema coomsemcemeus Ilocma. IlepBonadanbHoe noka3aTeabcTBo . [locTa ObI-
JIO TOCTATOYHO CJIOKHBIM. [1037ke 0HO OBLIIO 3HAYUTEIHHO yHpoiieHo. Mbl npuBegem
npejiozkennoe PJIoiI0M JTIOCTATOYHO MPOCTOE JIOKA3ATETHCTBO ITOTO BEChbMa, BayK-
HOTO pe3yJibTaTa, TaK KaK OH IIHPOKO HCIIOJIb3YeTCs, HAIIPUMED, B JIOKA3aTeIbCTBAX
HEPa3PENIUMOCTH PA/Ia aJTOPUTMUAUIECKUX TpobIeM i (hOpMaJIbHBIX TPaMMATHK.

[Iycts SST' — npousBosibHag moaycucteMa Ty3 ¢ anxdaBurom

A=A{a,...,a,}
U C CACTeMOU NMPOIYKIUi

g1 — hi, oo, g — Iy
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Paccmorpum HOBbII asichbaBuT
/ / /
B={ay,...,an ay, ..., a,, [, ], * % }.

g npoussosbaoro ciaosa U B andasure A obosnaunm dyepes U’ ciaoBo, mory-

JeHHoe U3 ca0Ba U OTHOBPEMEHHOIl 3aMeHON OYKB a1, ..., A, HA A}, ..., a.

Cuuraem, 910 cucrema MpoayKnuii mogycucrembr Tys SST' BkIo4Uaer Bee "TOXK-
JIECTBEHHBIE” TTPOJLYKITUU

ay — A1y «..y Ap — Qp.

[To mpouzBobHBIM ABYM cioBaMm U u V' B andaBure A mOCTPOUM CHCTEMY COOT-

serctus [locra SC(U, V)

<h17 gi>7 7<hk7 g;€>7
< llvgl>7 7< ;€7gk>7
(U, s (5, ), %), (1 # VD).

Teopema 2.3. /asa npouseosvuvz caoe U u'V 6 angasume A = {ay,...,a,} no-
aycucmemvr Tys SST cnpasediusa sK6UBAAEHMHOCTND

U Figr V <= cucmema coomsemcmeua SC(U,V )umeem pewenue.

Hoxaszameansvcmaeso. [Ipennonokum, 9To
*
U Fgep V.

Torma cymecrByer IeHOYKa 3J€MEHTAPHBIX IIPpeodpa3oBaHuii MOJyCHCTeMBl 1y?
SST, seaymas or caosa U k ciaoBy V,

U:U1—>U2—>...—> m_1—>Um:V

Tak Kak 1Mo ImpearnooKeHnuI0 B YUCI0 NpoayKmuil moaycucreMbl Tys SST Bxomar
Bce "TOXKIeCTBeHHbIE” mpoayKun a; — a; (i = 1,...,n), TO MOXKHO CIUTATH, YTO
m — HeYeTHOe YHCJIO.

[Tokaxkem, 9TO CJIOBO

(U « Uy« Uz x ... x U |« Up,]

m

SIBJISIETCsI perenneM cucreMbl coorBercrsust [Tocra SC(U, V).
PaccMoTpuM cregyromue aBa pa3OneHns Ha MOACTIOBA STOTO CIOBA

Uy * |Uy & |Us % | ...« |U,,_; " |[Un]] =
(U * |Uy «" |Us x| ... |U | ¥ Uyl

Coorsercrue cioB [Uy * u [, cio | u ' Uy, |, ciioB " u % u cjioB * u %" 09eBUIHO.
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OcraeTcst yCTaHOBHTH COOTBeTCTBHE HpH deTHOM ¢ cioB U] u Uy, a pn neder-
HoM t — cioB Uy u U/_;.

Taxk kak mepexon U; 1y — U, gaBigercs s1eMeHTapHbIM Ipeobpa30BaHUEeM, TO 1T
noxosuux cioB L u R B andasure A npu nekoropoM j (1 < j < k) BBIIOJHAOTCSA
paBeHCTBA

Ut,1 = ngR, Ut = Lh]R

3HauuT BEPHBI PABEHCTBA,
U = L’h; R, U, = Lg;R
U = LhR, U_, = Lg;R.

"Tox qecTBeHHbIE” TPOAYKIMN a; — a; (i = 1,...,n) JAIOT COOTBETCTBHUS CJIOB «;
u a;, a na;, a3sadr, u cioB L u L', Ru R, L'’ u L, R u R. 910 BMecTe ¢
coorsercTeuem cjios h; u g5, b u g; naer coorserceue cios Uy u Uy, U n Up_y.

3HAYNT YKA3aHHOE CJOBO JEHCTBUTEIHLHO SIBJISIETCS PEIIeHNeM CHCTeMbI COOTBET-
creust [Tocra SC(U, V).

Jl1s mokasarenbcTBa 0OPATHOIO MPEIIOTOKNIM, YTO CHCTeMa, cOOTBeTCTBHA [lo-
cra SC(U, V) nmeer pemtenne u ci060 W asasaemes camvim KOpOMKUM PEULEHUEM.

Anasmms cucremsl coorBercrsusi [Tocra SC(U, V') nokaswbiBaer, uto ecan S u R —
caosa B andasure A u cioBy S’ coorBercrByer ¢jioBo R, TO ¢0Bo S MOXkKeT ObIThH
MOJIYYIeHO U3 CJI0Ba [ KOHEYHBIM 9uCI0M Mpeobpa3oBanmii mogxycucrembr 1y SST,
a eCJIH CJIOBY S COOTBETCTBYET CJI0BO R/, TO ¢JI0BO S MOXKET OBITH IOy YeHO U3 CJI0BA
R xomeunsIM uncioMm mpeobpazoBanwmii moxycucteMor Tys SST.

Herpyaso nousith, 910 €10B0 W I0JIKHO HAYMHATHCS CHMBOJIOM [, & OKAH4YH-
BATHCsI CHMBOJIOM |.

Tak Kak 10 IPeIoI0KeHIIO CJIOBO W SB/IsIeTCS CAMBbIM KOPOTKHUM PEIIeHHeM, TO
HETPY/THO MOHATH, CUMBOJIBI | U | BXOAAT B ¢10BO W JTHIIb 1O OJHOMY pa3y. SHATMT,
cioBo W uMmeer BHJ,

(U % ... %" V],

1 perrerne [1yis cucteMbl cooterctsust [locta SC(U, V') maercs cieyomuM IByMst
pa3bMeHusIMU STOTO CJI0OBA

W = [U=x|.. V]| W = [|Ux...| V]

BamMerum, camasi JieBas * BTOPOTro pas3OWeHus: J0J:KHA COOTBETCTBOBATH HEKOTOPOI
«' mepBoro pazbuenuest, a camoii mpaBoii *' MepBoro pa3dHeHusi COOTBETCTBYET HEKO-
TOpas * BTOPOTO pa30ueHus.

3HaAuUNT, B IEPBOM Pa30MEeHHUH IIOCJe IepBOoil * HJeT HEeKOTOpoe CI0BO S’, KOTo-
POMY COOTBETCTBYeT CJIOBO U, MO3TOMY

U Fser S.

Pacemorpum BxoxKaenue caoBa S’ Bo Bropoe pasbuenue. OHO COOTBETCTBYET HEKO-
TOPOMY CJIOBY R W3 MepBOro pa3dueHus H

S Feer R.
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[Toaromy
U Fsor R.

[Iponosizkast paccykeHne aHaJJOrMIHbIM 00pa30M, MOy YUM
*
U Fssr V-

0J

Tak kak mpobsieMa BBIBOJUMOCTH I moJrycucTeM Ty3 alropuTMudeckn Hepas-

penmmMa, TO MoJyvaeM B KadeCTBe HEMOCPEJICTBEHHOTO CJIeJICTBUS JTOKA3aHHOI Teo-
pPeMBI cleyIoniee YTBepKIeHue

CaencrBue. [Ipobaema coomeememeus [locma anzopummuvecky HepaspeuLuma,
M.€. HEBO3MONCEH AA20PUMM, NO3BOAAOUUT TO NPOUSEONLHOMY KOHEUHOMY MHO-
2HCECTNBY NAP CA0B

{(A;,By)|iel}

6 NPouU3coAbHOM a/@aeume A= {CLl, N an} onpede/tumb, cyuwecmeyem AU makaa
noCAEIOBAMENDHOCMD UHIEKCO8 il, ceey im, wmo 2pa¢u%ec7€u paeHbvl CA06a4
Ail Azm u Bil Bzm

[Ipobsiema coorBercTBusi [locta jrommyckaer ciaeayiomyo ajiredpandecky Gop-
MYJIHPOBKY.

Ob6oznaunm 4gepe3 [I; cBoboaHYIO MOJYrpymIy co cBOOOJHBIMU OOPA3YIONIUMUI
ai, ..., ap. JIrodoit romomopdusm ¢ nomyrpynmst I, B noayrpymmy II, 3amaercs
CBOMMHU 3HaYeHUAME (1), ..., ©(ay,) HA CBOOOIHBIX 0OPA3YIONINX A1, . .., Q. s
JIByX roMomMopdusMoB ¢ u ¢ nojyrpynnst 11, B monyrpynny II, onpenessiercss ux
MHOHCECMBO COBNAdeHUA

E(p, ) = {w|w e In & p(w) = ¢(w) }.

MuozkectBo E(p, 1)) CONEPKUT MyCTOE CIOBO.

IIpobaema coomsememeus Ilocma — amo eonpoc 0 mom, codeparcum Au MHONHCE-
cmeo E(p, 1)) nenycmoe caoso.

JIr0boit romomopdusm ¢ noayrpynmst 11, B monyrpynmy II,, 3amaer mekoropoe
koduposanue (ardasumnoe koduposarue) cios B andasure I1,, cioBamu B andapure
IT,,.

B Takoit mocrarnoBke npobsema coorBercTBusi [locta — 9T0 BOIpPOC 0 TOM, MOdHC-
HO AU MO deym koduposarusm @ u Y cro6 6 aspasume 11, crosamu 6 aspasume
IT,, onpedeaumn, watidemcs su makoe caoso W e aspasume 1l,,, xomopoe ¢ u
Kodupyrom 0duHaK060, T.e. OTHAUM U TeM ke ci1oBoM (Komom) p(W) = (W),

PaccMorpuM HEKOTOpbIE aaropuTMHYECKHe MpOOJIeMbl, BOSHUKAIOIINE MPU H3Y-
yeHuu Teopun (POpMaJIbHBIX S3BIKOB U (POPMAJIbHBIX I'PAMMATHK.
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Hamomuum, uro dpopmasibaas rpammaruka [ 3amaercs ajadasurom A = N UT,
pa3dUTLIM B 00beINHEHNE JIBYX HelepeceKaomuxces moaMuoxkects N u 1', Ha3bIBa-
€MBbIX COOTBETCTBEHHO MHOYKECTBOM HEMEPMUHAAOHOLT T MHOZKECTBOM MeEPMUHAAL-
HbLT CAMBOJIOB, cucTeMoit mpoayknuii [1 u Havaapasiv cumBosiom S € N. [loryaaem
nosycucremy Tya

SST(I) = (A|II).

Cremudura (popMaabHBIX IPAMMATHK MPOSIBJISAETCSA B 3aJaHUH UMHU SI3BIKOB.
Dopmanvrasn epammamura I onpedeasem aswr L(T), cocmosauud us ecex croe
6 aagasume T MeEPMUHANDHOLT CUMBOAO8, BVLBOOUMBLT U3 CAOBA S, Mm.e.

Knaccudukanus (popMaabHbIX rpaMMaTHK BeJAETCS MO BUJY MX MPOAyKiumii. Bax-
HBIH KJIACC COCTABJISIOT KOHMEKCMHO c80000HbIE 2PAMMAMUKY, BCE TPOAYKIIUU KO-
TOPBIX UMEIOT BUJ, &« — h, IJle o« — HeTepMUHAJbHBIH CHMBO.I.

s bopMaIbHBIX T'PAMMATUK €CTECTBEHHO (DOPMYJIMPYIOTCS aJIrOPUTMUYECKHE
npobJieMbl, Hanpumep, pobiaema BxoxkaeHus B si3bik L(IY). B obmem ciaygae ona
AJITOPUTMIYECKH Hepa3penmMa, HO /I KOHTEKCTHO CBOOOIHBIX TPAMMATHK pa3pe-
TITIMA.

Paccvorpum st popmMasibHBIX TpaMMaTHK NPoOAEMY NYCMOMbL NEPECeUEHUSA
30006GEMHLT UMY A3BIKOG.

ITpobaema nycmomu, nepeceverus a3vkos. Ilo npoussosvrvim dsym dop-
MasvHuM 2pammamuraem 'y u Ty mpebyemea onpedeaums, nycmo au nepeceuerue
L(I'y) N L(Ty) sadasaemvir smumu 2pammamukamu A3u0K06.

Teopema 2.4. Hegoszmootcer ar2opumm, no3eoisowsuti no npouseosvHbM 08YM
KoHmexcmuo c60600nuMm epammamuram Ty u Ty onpedesums, nycmo au nepece-
wenue L(I'1) N L(Ty) 3adasaemvir smumu epammamukamu A3uK06.

oxasameanncmes o PaccMOTPEM HPOU3BOILHYIO CHCTEMY COOTBETCTBUS
[Tocra B andasure A = {ay,...,a,}, 3a1aHHyYI0 KOHEYHBIM MHOKECTBOM Iap CJIOB

{(A,B)|1<i<m}.

[TocTpouMm mapy KOHTEKCTHO CBOOOJHBIX rpaMmaTuk ['; u ['s, y KOTOPBIX OHO U TO
ke muokectBo T = AU {cy, ..., ¢} TEPMUHATBHBIX CUMBOJIOB. Y rpaMMarTuki [’y
MHOKECTBO HeTEePMUHAJIbHBIX CUMBOJIOB COCTOHUT JIUIIb U3 S, a y ['y — ummb u3 Ss.

MmuoxkectBo II; npoxayknmit rpamvaruku [’y cocTouT m3 Bcex MPOAYKIMI BHIA
Sl — Az‘Sch‘ n Sl — Aici (Z = ]_,. .. ,m).

MmuoxkectBo Il npomayknmit rpamvaruku [’y cocTouT m3 BCeX MPOAYKIMI BHIA
Sl — Bilei u Sl — Bici (Z = 1,. .. ,m).

Torma

L(Fl) = {AilAig ce AitCit .. Gy Gy },

L(Fg) = {leBJQ e BJkCJk e Cjzcj1 }
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[TosTomy ucxomuast cucrema coomsememeus [locma umeem pewenue mozda u moas-
KO Mo20a, k0206 048 NOCMPOEHHBLT N0 Hel KoHmexcmmo c60600nur epammamur 1
u Ty L(T'y) N L(Ty) # 0. Jnga 3aBepiieHns J0Ka3aTeJbCTBA TEOPEMBI JOCTATOUHO
COCJIAThCA Ha YCTAHOBJIEHHYIO aJTOPUTMUYECKYIO HEPA3PEIIUMOCTh MIPOOIeMbI COOT-
BercrBus [locra. 0

B kagecTBe erme ogHOrO mpuMepa aJrOpUTMHUYECKH HEPas3pemruMoil mpodIeMbl
i (popMaIbHBIX TPAMMATHUK U SI3BIKOB PACCMOTPUM NPOOAEMY 06YCMBLCAEHHOCTU.

Omnpepnenenne 2.1. Qopmanrvran epammamurae I' ¢ navasvroim cumeosom S Ha-
3060€MCHA 08YCMBLCAECHHOY, ecau 0z Hekomopozo caoea W us ee aswra L(T') cy-
wecmsyom 064 Pa3AUMHLLT 6616004, M.e. MaKue 06€ UenouKy INEMEHMAPHLT NpPe-
0bpa306aHull

S=U; - Uy — ... - U1 - U, =W

SI‘/l—>xf2_>_>Vk71_>VkIV’

umo

<U17 U27"'7Um> 7& <‘/17 ‘/27 7Vk>

IIpobaema dsycmuvicaennocmu epammamury [lo npouszsosvrot epamma-
muxe mpebyemca onpedesumn, ABAACMCA AU OHA J6YCMBLCAECHHOU.

Teopema 2.5. Hesoamootcen arzopumm, no3eoaa0uUul no npoudsosvHotl KoHmek-
cmmo c80600H0T epammamure I onpedesumn, ABAAEMCA AU OHAG 08YCMBIAEHHOU.

Hoxasameanvcmaeo Kak B okazarebCTBe MPeJIblLyINeil TeOPEeMbI 10 ITPO-
U3BOJIbHOM cucreme coorBercTBust [locta SC' crponM mapy KOHTEKCTHO CBOOOIHBIX
rpammaTuk 'y u ['s.

[To rpammarukam 'y u I'y crpoum rpammaruky ', asdasut koropoit nosydaercs
obbeuHeHneM uX aagaBUTOB U 100aBJIeHIEM HOBOI'O HETEPMUHAIBHOIO CHUMBOJIA S.
MHuozkecTBO mpoayKnuii rpamMMaTuku [' monmydaerca jgobaB/ieHreM K 00beIMHEHHIO
MHOKeCTB HIpoayKnuit rpamvaTuk [y u ['s AByX mpoaykinmii

S—>Sl, S—>SQ

Herpynno nousts, uro L(I'y) = L(T'y) U L(Ty).

dcno, aro rpammaruku 'y u 'y He aBagioTca aABycMbIcIeHHBIMEA. [[oaToMy

epammamura ' asasemea deycmuiciennotc mozda u moavko mozda, kKoz20a
L(Ty) N L(Ty) # 0.

V1 nns 3aBeplieHunst TOKA3aTeIbCTBA TEOPEMbBI JTOCTATOYHO JIMOO COCTATHLCS HA
IpeIBIIYIYI0 TeopeMy, JTHO0 3aMeTUTh, ITO

ucroduas cucmema coomsememsus locma SC umeem pewenue mozda u mosb-
ko mozada, epammamura ' aeasemes 08ycmvlcaertor. OJ
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Pasnoobpa3ubie mpuMepbl aJropuTMHYECKH HEPA3PENUMbIX Tpod/eM Jijist (hop-
MaJILHBIX TPAMMATHK U sI3BIKOB CO/IEPZKATCS B U3BeCTHBIX MOHOrpadusax A.B. [mas-
koro [13| C. 'uus6ypra [12].

B szakmrouenne npuseseM gokaszareabcTBo TeopeMbl A.A. Mapkosa — 9. Ilocra
0 HEepa3permuMoCTi MPOOIeMbl PABEHCTBA, /IS MOJIYTPYIII.

Kax yzke ormedasioch Boiiie, B 1914 roxy B pabore [130] HOpBezkckuii MaTeMaTHk
Axkcenp Ty? mpeIoKua yHEBEPCAJIbHBIN CIIOCOD 3aJaHUSA MOJYTPYIIL ¢ MOMOIIHIO
HOPOZKTAOIINX JIEMEHTOB W ONPEE/ISIONNAX COOTHOIIeHn. Tam ke OH BIiepBbIe
cchopmyIMpOBaJT AJITOPUTMUIECKYIO NPOOAEMY PACNO3HABAHUSA PABEHCINGA CAO8 OAf
KOHEUHO onpedeseHHbir NoAY2pYynn, T.e. TAKUX 3aJaHUI, TIe TUCIO0 MOPOKTATOIIIX
U YHCJIO ONPEIETANNX COOTHOIIEHN KoHeduHo. VIHTepecHO OTMEeTUTh, UTO eIe B
18821883 rr. Banbrep don UK BBeT aHAJIOTHYHBINA CIIOCO0 3aaHUs TPYII — 3a0a-
HUe 2pynn 00pa3yoUUMU IAEMEHMAMU U ONpedesstowumy coommoweruamu. 11o-
HSITHE TPYIIbI, B HEKOTOPOM CMBIC/IE, SIBJISIETCsT 00JIee KIACCHIECKUM, 9eM TOHSITHE
MOJIyI'PYIIIBI, a TeMm OoJiee, 4eM HOHSITHEe cucTeMbl Ty3.

HamomunM HEeKoTOpBIe HEOOXOommMbie ompefenenns. MuoxkecTtBo A* Bcex cJioB
B andasure A obpasyer CBOOOJHYIO MOJIYIPYIIY OTHOCHTETHHO OMHADHON omepa-
[[UU PUTTHCHIBAHUS OTHOTO CJIOBA K jpyromy. Ilpu aToM mycroe cj10BO urpaer poJib
eJIMHUIBI 1 0O03HavaeTcst depe3 1.

Paccvorpum mpousBosbubIE andasur A 1 HEKOTOpPOe MHOKECTBO S yIOPSIO-
YeHHBIX map ca10B B 3ToM ajidasure A. Ilo ciroxupmeiics Tpa umun ynopsaodeH-
Hyto mapy cjaoB (A, B) npu 3aJaHud HOJIYyTPYIIbL OyIeM 3aluchiBATh B BUJE pa-
BencTtBa A = B. DTu paBeHCTBa, HA3bIBAEMbBIE ONPEICAANOUUMY COOMHOUEHUAMU,
OIIPEJIL/ISTIOT Ha, MHOYKECTBE BCEX CJIOB HEKOTOPOE OMHOWEHUE IKBUBAAEHMHOCTU,
axTopusaiys M0 KOTOPOMY MEPEBOIUT CBOOOAHYIO noayrpyniny A* B mosyrpyiy,
3a/IAHHYIO OIPEJESIONIUME COOTHOIEHUAMI MHOXKecTBa S U 0003HAYAEMYIO Uepe3

M(A,S) = (A] S).

OrHollleHne paBeHCTBaA CJI0B B TaKuM 00pas3oM 3agannoil nosyrpymme [1(A,S)
OIIPEIESIETCS CAeAYIOMUM 0OpPa30OM.

Jlesvim anemenmaprovim npeodpasosaruem, OTBEIAIOIIIM OIPEIETI0INEMY COOT-
Homennio A = B, Ha3bIBaeTCs JTI000i TIepexo Buaa

UAV — UBV,

rie U u V — npousBo/bHBIE CI0Ba B amdasure A.
Ipasvimu anemenmaproimy npeobpa3o6aHUAMY HA3BIBAIOTCS TEPEXObl BUIA

UBV — UAV.

B nanpmeitimem 3anucy P — () OyaerT 00603HAYaTh, UTO CA060 () noaywaemcs us
caosa P c nomowbto 00H020 anemenmaprozo npeobpasosarus pacCMaTPUBAEMOI 1I0-
JIYTPYIIIHI.
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HBa ciaosa P u @ B andasure A Ha3bIBAIOTCH IKGUBAACHMHLLMU 6 NOAY2PYNNE
I1(S), ecin tubo P = (), 1u6o CymecTByeT IMenouKa 3JIeMeHTapHBIX Peodpa3oBaHuii
BH/JIA,

P=Py—Pi— = P=Q

(3ammceiBaercss P = @ B I1(S)).

OueBnHO, OPE/IEJIEHHOE TAKUM 00Pa30M OTHOIIEHUE SKBUBAJIEHTHOCTH CO2AACO-
6aHO C Olepalneil YMHOKEHHUsI CJIOB, T.e. ecii P} = Q1 u Py = (09, 10 PPy = (Q10Q)s.

Dnementamu noayrpymmsl 11(A, ) gaBasgorces Kaaccsl SKBuBaTeHTHOCTH [X |, cO-
CTOMAIIME W3 BCEX CJIOB, SKBUBAJEHTHBIX CJOBY X B ONPEIETEHHOM BBIIIE CMBICTIE.
[Tonyrpynmna II(A,S) npeacraBisier coboit MHOKECTBO BCEX KJIACCOB YKBUBAIEHT-
HOCTH C aCCOIMATHBHOII omepanueii, onpenenentoit pasencrsom [X] - [Y] = [XY].
Herpyano noHsaTh, 9T0 3T0 ONPEAEJeHHE KOPPEKTHO, T.€. PE3yJbTaT HE 3aBHCUT OT
BbIOOpa TpejcraBuTeneii X u Y KIaccOB 9KBUBAJTEHTHOCTH.

OueBnHO, ecau J00aBUTH K MHOXKECTBY A HOBYIO 0Opa3yiomyio b, a K COOT-
HollleHusiM paBeHcTBo Bujga b = W, rie W — cioo B andasure A, 10 mosydnres
HOBOE 3a/IaHKe TOM Ke MOJIYTPYIIbl. TaKkyKe O4eBUIHO, YTO /IBa 3aJaHUs IOy PYIII
I1,(A,S81) u 115(A, Sp) onpezpessiior ofHy U Ty Ke HOJIYTPYIIY, €CIi OHH Y/IOBJIe-
TBOPSIIOT YCJIOBHIO:

a0boe pasencmeo us Sy vinoaneno (eweodumo) 6 Il u atoboe pasercmeso us Sy
soinoaneno (ewsodumo) 6 Ils.

Ecan maoxkectBa A u S KoHeunbl, T0 3aganue noayrpyisl [[(A, S) Mmoxker 6bITh
3aIMCAHO B BUJIE

<CL1,...,CLn | A1 = Bl, ,Am = Bm>

O4eBUHO, UTO, JJII TOrO ITOOBI MOJYTPYIIA C eUHUTeH OblIa IPYIIOii, 10cTa-
TOYHO 9TOOBI B HEll MMEINCh OOpATHBIE SJIEMEHTHI /IS BCEX MOPOYK TAOMINX. 33, 1aHue
IPYII C MOMOIIBIO 00Pa3YOIMKUX U ONPEIEJAONINX COOTHOIEHUH OCYIIECTBIISIETCS
CJIEIYIOIIUM 00Pa30M.

K mannomy mcxommoMmy ashaBury

A={ay,as,...,a,,...} (3)

JiobaBiisiercs aJiaBuT “IBONHUKOB”, HA3BIBAEMbBIX OOPATHBIMHU CTEHEHIMU 00Pa3yIo-
i,

A7t ={art eyt a7t )
[Tonydyennoe oObeauHeHnE HA3BIBAETCS 2pynnosvim aadauToM. g obecredenus
TOTO, YTOOBI OYKBBI @; ! 6111 o6paTHBIME 1T OYKB @; IPH 3a1aHIH J000{ TPYIIIEL
¢ obpazyonMu (3) UCIOIB3YIOTCS TAK HA3BIBAEMbIE MPUBUGALHBLE ONPEOCAANOULUE
COOMHOULEHUA, UMETOTIIHE BU/I

a;ta; =1, aa;' =1 (4)

JIist 3aJjaHust TPYIIBL K TPUBHAJBHBIM COOTHOUIeHUsIM (4) 100aBJIsIIOTCS Ompe/ie-
JISIOIIE COOTHOIIEHUSI B IPYIIIOBOM aJjipaBuTe, KOTOPhIE B JaHHOM CJIydae BCer/a
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MOZKHO 3aIInuCaTb B BHJIE paBeHCTB
A=1(G=1,2,....,m). (5)

Tak kak jo0aBjienue 0OpaATHBIX CTeNeHell 0OPa3yIoNuX U TPUBUAJIBHBIX COOTHOIIIE-
HUIT OJIHO3HAYHO ONPEJIEIAeTCs 33 JaHIeM MHOKECTBA MOPOZK IAIOIIHNX (3), TO 0OBITHO
roBopsT o rpymmne G, 3aJaHHON TTOPOXK JAIOMIME (3) ¥ ONPeIe/ISIONIMI COOTHOIIIe-
ausMu (5), KoTopasi 0603HaYAeTCS Yepe3

<<a1,a2,...,@n ‘ A1:1,A2:1,...,Am:1>>.

CooTBeTCTBYIOIIIE TPUBUATBHBIM COOTHOIIEHUSIM (4) 3/1eMeHTapHbIe TIPeodpPa30-
BaHUA

Ua;'a;V — UV u Uaa;'V — UV (6)

HA3BIBAIOTCS COKPAUEHUAMU OYKB a; W a; ', a obpaTHbie WM MpeobpasoBaHms —
68CMABKAMU ITUX OYKB.

CnoBo X HaA3BIBAETCI HECOKPAMUMbBLM, €CJTH OHO HE COJAEPXKUT BXOXKICHUI MOJI-
OB BUJA a;a; © Wim BUAA a; ;. O9eBHAHO, B T06O0I IPYIIITe TPOM3BOIBLHOE CIOBO
MOXKHO IIpeoOpa3oBaTh B paBHOE eMy HECOKPATHUMOE CJOBO, UCIOJIb3Ys TOJTHKO IIpe-
obpaszosanus (6).

HaHOMHHM, 9TO dJIEMEHTaMU1 I'PDYIIIIbI G ABJIAIOTCA KJIACCBI 9KBUBAJIEHTHBIX CJIOB
B I'PYIIIOBOM aJi(paBUTEe, KOTOPHIE OJHO3ZHATHO OIPEIEISIIOTCS JTIOOBIM CBOUM PEJI-
CTaBUTEJIEM.

Ecmm

Ok—1 Ok

o1 02
X =a;la;? .. a; a4k,

e o; =+1(j=1,2,...,k), T0 cr060
Xt =a; "% " . aa;"
k k—1 22 11
Ha3pIBaeTCS 0bpammsim K caoey X . Odesnano, ciosa X n X ! onpeesnsior B3anMuO
oOpaTHbIe 3JIeMEHTHI I'PYIIIIHI.

Ec/iiu MHOZKECTBO ONMPEIEIAIONUX COOTHOIIEHHH (5) MyCTO, TO MBI OJIyYaeM C60-
6odnyro 2pynny ¢ nopoxkaaomumvu (3). Ona obosuavaercs depes F,. Yucao n Ha-
3BIBAETCS €€ PAH20M.

IIpobaema pacnosnasarus paseHcmead cao8 0ai noayepynn, cOPMyITHPOBAHHAS
A. Ty» B 1914 roay [130], cocrout B ciemyomem.

Hocmpoumv arzopumm, no360AA0UUT OA% NPOU3EOALHOT noayzpynns, 1T u a0-
owz deyx caoe U u 'V 6 ee aagpasume onpedesums, npedcmasaiarom iu onu 00uH U
MOM, HCE INEMEHM, IMOT NOAYZPYNNBL, M.€. IKEUBANCHMHDL AU 0HY 6 11

[TpobGiiema paBeHCTBa, JIJIst KOHETHO OTPE/IJIEHHBIX IPYII OblLi1a chopMyInpoBaHa
M. Isnom aByms rogavu panee B pabore [104]. Ee nnorna erme vHaspiBaor npobaemod
mootcdecmasa.

[IpoGieMy paBeHCTBA MOXKHO CTaBHUTH U IS KaXKIOH MOJYTPYIIIBI WX TPYIIIHI
B OTAENbHOCTH. [Ipr 3TOM MBI MOTYYIUM wacmuyio npobiemy pasencmea Iyt HPUK-
CHPOBAHOMN MOJIYTPYIIIbI (TPYIIIIbI).
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§2. IIpoGiema BBIBOAUMOCTH i mosycucreMm Ty»

Koneuno, M. JIsu u A. Ty> He npemoaarajim, 970 HCKOMBIH aJITOPUTM MOYKET HE
cymecTBoBaTh. OHU IPOCTO CTABHJIHM 3a/1a9y IMOCTPOEHUS aJTOPUTMA JI/Isd PEIeHus
BayKHOI MPOOJIEMBbI, CBSI3aHHOW C YHHBEPCAJbHBIM CIOCOOOM 3aJIaHUs IOJTYTPYIIT
u Tpyni. bosee Toro, mogBuBIIMecsd TOJBKO B cepeanne XX BeKa JTOKa3aTeTbCTBA
HEPA3PENIUMOCTH ITUX ITPOOJIEM OKA3a/JMCh HEOKUJAHHBIMU JIJIsi TIIUPOKOTO KPyTa,
MaTeMaTHKOB.

B 1947 rony A.A. Mapkos [39] u 9. IToct [125] He3aBucHMO J0KA3AIA CYULECNEO-
BAHUE KOHEUHO ONPEOEAEHHLLT NOAY2PYNN € HEPA3PEWUMOT NPodAeMOt PaBEHCMEA
€A06. DTO OBLT NMEPBBLIl B MCTOPUM MaTeMAaTHKH IMPHMEp Hepa3permumMoil mpobd.ie-
MBI, KOTOpag ObLia chopMyTupoBaHa 3aJ0JIT0 J0 HOSIBJIEHUS B MaTeMaTHKE TOY-
HOTO OTpeJieJieHus TIOHsTHsT ajaropur™a. [lpuBenem m3ioxkenHoe B pabore [3| mo-
Ka3aTe/JIbCTBO ITOTO Pe3ysbTaTa, CyIeCTBEHHO Oojiee MpOCToe, YeM OPUTIMHAJILHbIE
JIOKa3aTeIbCTBA caMux aBTOPoB. OHO OCHOBAHO HA JIOKA3AHHOI BHIIIE HEPA3PEIU-
MOCTH HPOOJIEMbI OCTAHOBKH J/IsI MAIIuHbl T hiopunara 1j.

Paccmorpum npon3Bobuayto Mamuny Tetopunra 1 ¢ BHemHAM aidapurom Ap =
{ag,a1,...,a,}, andasurom BHyTpenuux cocrosuuit Qr = {qo,q1,- .-, qm } 1 Opo-
rpammoit Pr. Ilo sroit mporpamme Pr ecTecTBEHHBIM 00pa30M IIOCTPOUM KOHEYHO
onpesesennyio noxyrpynmny S(77), 3alaHHYI0 MHOXKECTBOM 0OPA3YIOIIHX JIEMEHTOB

{aoaala'"7@n7QO7QI7"'7qmah}

I HEKOTOPBIM MHOZKECTBOM ompeessiontux coornomenuii R(S(7')), koTopas crpo-
HTCS 10 mporpamme Py,

st kaxknoit komauasl Pr(i, j) u3 Pr BrmodaeM B R(S(T)) cooTHOMmeHNs Ompe-
JIEJIEHHOTO HUZKE BUJIA.

I. Ecn Pr(i, j) umeer Buzx g;a; — ¢a;, To BkaodaeMm B R(S(T")) oamo coorHo-
MEeHne q;a; = qrag.

II. Ecom xomanga Pr(i,j) umeer Buzg ¢;a; — ¢,L, TO BKIIO9aeM BCe COOTHOIIe-

HUA BUJIQ 4¢q;a; = ¢paia; ipu t = 0, ..., n u eme oJHO cooTHolenue hg;a; = hq,apa;.
II1. Ecoin komanga Pr(i, j) umeer Bux ¢;a; — ¢-R, TO BKJIIOYaeM BCe COOTHOIIe-
HUA BUJI @005 = ayGra; 1pu t = 0, ..., n ¥ ele 0JHO COOTHOIeHUe ¢;a; = a;qraoh.

IV. Kpome toro, nobasum B R(S(T")) eme hgoh = go u Bce COOTHONICHHS BHIA
goat = qo M a¢qo = qo-

Kaxnoit kondurypanun X = Eq;Fy mamunabl T’ ctaBUM B COOTBETCTBUE CJIOBO
hFE,q; Esh, xoTopoe OyaeM Ha3bIBaTh cao06om Ilocma.

BamMerum, 4TO 31eMeHTapHbIe mpeoopa3oBanus Tumos I, II, III mroboe cioBo Ilo-
cta nepeBoagar B coBo [locta. Cremyromas JeMMa odYeBUIHA.

Jlemma 2.3. Mawuna Toropunea T nepesodum sa odun maxm pabomol xKoHguypa-
yuto X 6 konwpuypauuro Y 6 mom u moavko mom cayuae, ecau croso Ilocma hXh
nepesodumcs 6 cao6o Ilocma hY h o0num aesvim anemenmaprvim npeobpasosaHuem,
COOMBEMCMBYIOWUM KOMaHIe, npumenaemot: mauunot T .

OCHOBHO SIBJISIETCS CJIEAYIONMIAsT JIeMMa.
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I'VZIABA IV. AJI'OPUTMHWYECKHUE 1IPOBJIEMBI

Jlemma 2.4. Mawuna Teropuneza T, nauas pabomams 6 wonduaypayuu X, wepes
KOHEUHOE “UCAO MAKMOS Pabomb, 0CMAHOBUMCA Mo20a U MOoAbKko mozda, k0206 6
noayepynne S(T) evnoansemes pasencmso hX h = qp.

oxaszameanvcmse o Ilyctb mamuua Teiopuara 7', HadaB padboTaTh B
KoHpurypamnuu X, depe3 KOHeUYHOe THCJI0 TAKTOB pabOThl OCTAHOBUTCH, T.e. HMEeT-
cg KoHeuHas renouka koudurypamuit X, X1, Xo, ...., Xi_1, Xi, OKaHIHBAIOIIAACI
3ak/ounTebHol KoHdurypamueit X;. Toraa o jgemme 2.3 umeeMm 1ocJie10BaTe b
HOCTB 3JIeMEeHTapHbBIX TTpeobpaszoBauuii nosyrpymmsr S(71)

hXh — hX1h — hXsh — ... — hXj_1h — hX;h,

e hXph umeer Bux hZiqoZoh. Vcnonb3yst onpejensione cooTHomenns u3 [V-it
IPYIIIbL, TToaydaeM, uro B noayrpyimne S(7T') Boimosasercs paBeHcTBO hXh = qo.

[IpeamnonozkuM Ternepb, uro B noayrpymie S(T') BeinosHseTcst paBeHcTBO hX h =
Go. DTO 3HAYUT, YTO CYIIECTBYET IEIMOYKa dJIeMeHTapHBIX Mpeodpa3oBaHuUit

hXh=Yy—Y =Yy —...=Y, 1 =Y, =q. (1)

OdeBngHO, B KazKkaoe CJI0BO Y; u3 mocienoBaresbHocTH (1) BXOAUT TOIBKO OZHA
g-0ykBa. PaccmoTpuM Kpardafiiiyio 1mernovuky sjeMeHTapHbIX [peo0dpa30BaHuili BHIA
(1), 3aKAHYMBAIOIILYIOCS CJOBOM, COJEPKAIIIM (o:

WXh=Yy = Y1 =Yy — ... =Y =Y, = ZigZo. (2)

B npeoGpasoBanusx (2) ompezessitomniue cooTHommenus noayrpymnsr S(7T') u3 IV-ii
rpymnibl He ucnosb3yoresa. [losromy B (2) Bee cioBa apistiiores cioamu [locta.
[TokazkeM, uTo B menouke (2) Bce mpeobpasoBaHus JjeBbie. JomycTum, 9T0 3T0

He Tak. [Iycrn
Y, = Yin (3)

eCTh CaMoe MOCIeHee TIPaBoe dIeMeaTapHoe npeobpasosanue B (2). Torma t +1 < r
u 3a mpeobpaszoBaHueM (3) J0JKHO CIeJ0BATH JIEBOE MPeobpa3oBaHme

Tak kak cpeau JieBbIX dacreil onpejessomux coornomennit Tunos I, I, ITI ectn
TOJIBKO OJHO CJI0BO F, cozmeprkalnee naHHOe IBYOYKBEHHOE HOICIOBO ¢;aj, TO B (4)
MOZKET HCIOJIH30BAThCs JIIH TO YKe caMoe cooTHolenue, 9ro u B (3). Bosee Toro,
OJTHO3HAYHO ONpEeJIeTIeHO TaKKe W BXOZK/IEHUEe BCEro OMpe e Isdoniero caosa £ B ciio-
BO Y;11. [loaromy momyvaem Yiy o = Y;, 9TO IPOTUBOPEUUT YCJIOBUIO MUHUMAJIHHOCTH
nocsae0BaTebHOCTH (2). 3Ha4duT, (2) COCTOUT TOIBKO W3 JIEBBIX 3JeMEHTAPHBIX Mpe-
obpasoBanuii. Toraa o jemmve 2.3 mamuna 1T’ u3 koudurypamyun X depe3 KOHEUHOE
YHUCJIO TTATOB Tepeif/ieT B 3aKII0INTETbHOE COCTOSTHAE ¢y U OcTaHoBUTCA. Jlemma 2.4
JOKa3aHa. ]

[Iycts Ty — mammHa ThiopuHTa ¢ Hepa3pelmmnMoii mpobeMoit octanoBku. Torma
u3 jJeMmbl 2.4 ciaeayer
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§2. IIpoGiema BBIBOAUMOCTH i mosycucreMm Ty»

Teopema 2.6 (Mapkos — ITocr). Hesozmoorco cozdamv arzopumm, no3eoamio-
wuti s npouseoavrozo caosea X 6 asgasume obpasyrouwsur nosyepynno, S(Ty) om-
semums Ha 80NPOC, PasHo Au oho qy 6 noayepynne S(Tp).

BamMerum, 4TO0 JH00ast KOHEIHO OIPeIeIeHHAS Oy TPYIINa BKJIAIBIBAETCI B MOJLY-
TpYIILY, 33JJAHHYIO JABYM4 IMOPOXKAAIONUMHA 3JIEMEHTAMU W KOHEYHBIM YNCJIOM OITpe-
nensonux coornonrenuii. st npoussosbroro caosa W B andasure {ay,...,a,}
obozrauuM yepe3 W* cioBo B iByOyKBeHHOM asdasute {a, b}, mOJyIeHHOE U3 CIOBA
W 3aMemnoit KazK10il GYKBBI a; Ha c10Bo aba’™1b*!. Jlerko mposepuThb, 4T0 0TOGpA-
JKeHIe

o W =W

ABJIdeTCA I/IBOMOp(beIM BJIO2KEHHUEM IIOJIYI'DYIIIIBI
II = <@1,...,an ’ Al = Bl: 7Am = Bm>

B HOJIyIPYHITY
" = (a,b | Al = B}, ... A% = B,

T.e. JIg JIIOOBIX BYX cioB W B andasure {aq, ..., a,} BepHA IKBUBAJIEHTHOCTD

U=V «— U =V~
I I
[Tostomy ecom ajist mostyrpytist 11 mpobsiema paBeHCTBa CJIOB HEPA3PEIINMa, TO OHA
Hepa3pemmuMa u i noyrpymmsl [I*. 3naqnt cywecmeyem noayepynna ¢ Hepas-
pewumoti npobaemoti paseHcmsa, 3a40aHHaAA 08YMA NOPOAHCOGOUUMY U KOHEUHLM
YUCAOM ONPEJEAANOULUL COOMHOWEHUT].

HawuGouiee ipoctbie (1o obeil jiiHe 33 aHnst) TPUMePhl TTOJYIPYII ¢ Hepa3pe-
MUMOit 1po0JIeMoil pacro3HaBaHusi PABEHCTBA CJIOB ObLIW MOCTpoeHbl B 1956 rojy
uezasucumo [.C. Heitrumsiv [91] u 1. Crorrom [136]. Oba stu 3aganus coaeprraiu
7 onpenendiomux cooTHomennii. [IpuBoanm mpumep [eiituna.

Teopema 2.7 (I.C.Letitun [91]). Ioayepynna 11, sadannas obpasyrousumu a, b,
¢, d, e u onpedesAouUMYU COOMHOUEHUAMU

ac = ca, ad = da, bc = cb, bd = db, ce = eca, de = edb, cca = ccae,
UMEET, HEPASPEULUMYIO NPOOAEMY PABEHCMEA CAOB.

[Tonyrpymmna [.C. llefitura HEOJHOKPATHO HCIOJIb30BAIACH MPH MOCTPOEHUN
JIDYTUX TPOCTBIX IPUMEPOB ajireOpanvdeckux CHCTEM C Hepa3permuMoil nmpobJieMoii
paBeHCTBA.

B 1966 romxy I'.C. Makanun noctpows Bioxkenue moayrpymnnsl 1.C. Ileiitnuna B
MOJTYTPYIIILY, 33JaHHYIO CJIeIYIOMUMHI TATHIO OIPeIe/ISIONIMA COOTHONTEHU MU

99ff = ffag, fagaff=9fffag, ffaaffffag= ffagffrfrfage,
eggff = frfe efgggff=gffe,
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I'VZIABA IV. AJI'OPUTMHWYECKHUE 1IPOBJIEMBI

KOTOpas MOITOMY TaKyKe MMEEeT HEePa3penuMyio Ipod/eMy paBeHCTBaA CJIOB.

B tom xe rogy FO.B. MarusiceBud moctponsi o0IILyI0 KOHCTPYKIUIO BJIOYKEHUST
POU3BOJIBHON KOHEYHO ONPEJEJeHHOI MOJYyrPYIIbl B MOJYTPYHIYy C HSTHIO OIpe-
JIEJISIONIAMI  COOTHOIIEHUIME. BCKOpe OH yCHIWI 3TOT pesyibrar [47|, mocrpous
HpUMEPBI TOJYTPYII C TPeM ONPEIeAI0IUMA COOTHOMEHUAMI U Hepa3penrnMoit
Ipo0IeMOil paBEHCTBA.

B kadecTBe mpocTOro CIeACTBHS JOKA3aHHBIX TEOPEM IOJYUUM JI0KA3aTeTbCTBO
AA20PUMMUYECKOT, HEPASPEULUMOCTNU NPOOAEMBL USOMOPPUIME ONA KOHEUHO ONpe-
0ENEHHBLT NOAY2PYNN.

Onpenenenne 2.2. [loayepynna 11 nasweaemca xongosot, ecau waxncoui ee
COPBEXRMUBHBLT 20MOMOPPHUIM Ha cebA AsaAeMCA OUEKUUET, M.e. ABMOMOPHUIMOM.

JIemMma 2.5. Ecau 6 sadanuu
<CL1,...,CLn ’ Al = Bl: 7Am = Bm>

noayepynno, I1 dauna kasrcdozo uz caoe A; u B; (i = 1,...,m) ne menvwe deyz,
mo Il — zongdosa noayepynna.

Hoxaszameanvcmso. lycrb ¢ — CIOPbEKTUBHBIIT TOMOMOP(MU3M TOJYTPYIIIIHI
II na cebs. st obpasyromero sjiemenrta a; Haiizercs taxkoe ciaoBo Vi(ay,...,an),
ITO

0 = e(Vilar,.-.a) = Vilp(ar), ... plan))

Tak xak mmua Kaxkzgoro u3 cioB A; u B; (i = 1,...,m) #e Menbmre aByx, 1o V;
— 910 OykBa. [loaromy oTobOpazkenme ¢ WHIAYIUPYET HA MHOXKECTBe OOPA3YIONIUX
{a1,...,a,} moxcranosky o,. 3naqur, og’ = id. ITosTomy m @™ = id, 3HaunT, @ —
OMeKIud. ]

BaMeHNM B KazkJOM OINpPEIeIAONeM COOTHOIIEHHH W3 MHOYKECTBA OIPeIeIsaio-
mux coorromennii R(S(T)) mOCTPOEHHOI BhIIIe MO MPOM3BOIBHON MarmnHe Thio-
punra T noxyrpynnst S(T') Bctopy OYKBY ¢ Ha gogo COXpaHUB Bee ocrtasbhoe. [To-
JIyY9eHHYO moJIyrpyiy obo3uadum vepes ST (T).

JlanHoe BbINIE JOKA3aTEJIHCTBO JIeMMbl 2.4, KaK JIEIKO MOHSTH, JIOKa3bIBaeT U
CTIEJIYIOILYIO JIEMMY.

Jlemma 2.6. Mawuna Toropunza T', nauas pabomams 6 xonduzypayuu X, wepes
KOHEUHOE “UCAO MAKMOS8 Pabomb, 0CMAHOBUMCA Mo20a U MOoAbKo mo2da, k0200 6
noayepynne ST(T) swnoansemes pasencmso hXh = qoqo.

[Tosromy ecau das mawunve Toropunea T nepaspewuma npobiema 0Cmanosku,
mo das noayepynne ST(T) nepaspewuma npobaema pasercmsa cA06.

JIng npon3BobHBIX ABYX caoB U u V B andasure 00pasyoIuX IIOJIYTPYIIIILI
ST(T) obozuaunm uepes ST(T)yy mosyrpyliy, 3ajaHue KOTOPOH IHOJLYYaeTcs U3
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§3. HemerepMuHHpOBaHHBIE MHOTOJIEHTOUHBIE MaIIuHbI ThIOpUHTa

3aJaHud Hoayrpynnel S+ (T") nobaieHreM K ee OIpeIeJIsIFOIINM COOTHOITEHUSIM HO-
Boro coorHotenud U = V. Jlemma 2.6 maeT 3KBUBAJEHTHOCTD

U s V<= noayrpymnet ST(T)yy u S™(T) usomopdusr.
~(T

9TO JaeT JI0Ka3aTeIbCTBO CJAEAYIONIeil TeOpeMbI

Teopema 2.8. Heco3mooicho co30amb ai20pumm, no3eoaaouwut 0ai npouseoss-
noti noayepynno, ST(T)yy onpedeaumo, uzomoppua su ona noayepynne S*(T').

HerpynHo moHATH, 9TO J1s TPOM3BOILHON KoH(buUryparmun X, T.e. CJIOBa BHIA
Aq;B, tne A u B — caosa B andasure obpasyomux noayrpymmnst ST(T), npuuem
ciaoBo B memnycroe, B cjioBo AB He BxoauT ¢-cuMBOJI U ¢ # (), ClIIpaBe/I/InBa SKBUBA~
JIEBHTHOCTH

anemenm [hUR] exodum e nodnoayepynny, noposcdennyio ssemenmom [qoqo),

mozda u moavko moezda, koeda hUh =  quqo.
SH(T)

[Tosromy das noayepynno, ST(T) aseopummuuecku nepazpewsuma npobaema
BLOAHCIEHUA 8 UUKAUYECKUE NOONONYZDYNILbL.

§3. HemerepMumHHIpOBaHHBIE MHOTOJIEHTOUYHBIE
ManinHbl ThIOpUHTa

B npeapiaymux maparpadax paccMaTpruBaJICs B ONPeaeIeHHOM CMbIC/IE TPOCTeii-
Uit BapuaHT MaImuHbl ThIOpUHTa — demepmutuposarmvie mauwunv, Totopurea ¢ 00-
HOT KOHEUHOT AeHMOT NOMEHUUAAILHO beckoneunoti 6 obe cmopons. Kax yke orme-
JaJI0Ch BBIIIE, CYIIECTBYIOT Pa3/JIMIHbIe BAPUAHTHI MAIIWH ThIOPUHTA — ¢ OJTHON WU
C HECKOJBKAMHA JICHTAMU, C JOTMOJHUTEJIbHON BXOIHON JIEHTOMH, C BXOTHOM, BBIXO/I-
HOIT ¥ pabodueiil JieHTaMH, C MHOTOMEDHBIMH JIEHTAMU U T.J., J€TEePMUHUPOBAHHDIE
u HemgeTepMHHUPOBAHHBIE. C' MOUKU 3PEHUA NPUHUUNUGADHOLL SbLUUCAUMENDHDLT
B03MOACHOCTNEL PA3AUYHBLE GAPUGHMLL Mawur Tvropurea skeusasrermms,. OaHaA-
KO OCOOEHHOCTH BBIYHCJTHTENILHOW MOJIE/TN HTPAIOT CYIIECTBEHHYIO POJib, KOIJa HAC
HHTepecyeT He TOJBKO IMPUHIUIHAIbHAA BO3MOKHOCTD PeATU3AIMH TOTO WA HHOTO
AJITOpUTMa, HO U CJIO2KHOCTHBIE XapaKTEPUCTUKU €TI0 BBIIIOJIHEHUA Ha paCcCMaTpUuBa-
€MOW MOIeJIn.

PaccmarpuBaBiinecs BbIIle OTHOJEHTOUYHBbIE MAIIWHBI ThIOpPUHTa SIBISIOTCS de-
MEPMUHUPOBAHHBLMY, BHIUUCIUTETHHBIME YCTPOUCTBAMU — MG KAACIOM Marxme
pabomuvl mawura Toropurza MOHCEM BHINOAHUMD AUWD 00HY KOMAHIY U3 C80EL Npo-
2PAMMDL, NOIMOMY U3 MEKYULE20 HE3AKAIOUWUMENDHO20 COCTOAHUA Mawuna Tvio-
puH2a nepexodum 6 00HO3HAYHO OnpedescHHoe caedyruLee CoOCMOAHUE.

loctaTouno ecrecTBeHHBIM 00OOIIEHUEM TMOHITHS JIETePMUHUPOBAHHON Malllu-
bl ThIOpHUHTa SABISETCS MOHATHE HEJemePMUHUPOBAHHOT MAIINHL THIOPUHTA,
KOTOpas Ha KaxKJIOM TaKTe PabOThl MOHCEM BbLNOAHUMD OIHY U3 HECKOJbKUX
KOMAaH/I, YTO MO3BOJIAET eil U3 TeKyIIero He3aK/JII0UYUTe/ILHOIO0 COCTOSTHUS TepeiiTn B
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OJTHO W3 HECKOJIbKUX BO3MOYKHBIX CJIEAYIOIIUX COCTOSIHUI, T.e. caedyrouiee cocmos-
HUe He ONPedesaemcs 00HO3HAYHO MEKYULUM COCTNOAHUEM.

B magase paccMoTpuM ecTecTBeHHOE 0DODIEHHE OTHOIEHTOUHON Mamuabl T'ho-
punra — k-meHTouHyi0 Mamuny ThopuHra.

k-aenmounas mawuna Toropurea T nveer snewHul aagasum, win a-
dasum AeHMOYHBLT CUMB0A08,

AT - {CL(), a, "'7an}7

sHymperHul aagasum, uin arPasum SHYMPEHHUT COCMOAHU,

QT = {QOa q1, “‘7Q77’L}7

npozpammy Pr.

DJIEMEHTHI BHENTHEro aJi(paBUTa HA3BIBAIOTCS MPOCTO CUMBOAGMU, & JJIEMEHTHI
BHYTPEHHEro ajdaBuTa — SHYMPEHHUMY COCNOAHUAMU.

Y k-nenrounoit Mamunbl ThlOpUHTA UMeeTcsd k AeHm, KayKIasd U3 KOTOPBIX pa3-
OuTa Ha KOHEYHOE YHCITIO sd49eeK, B KOTOPbIe MOYKHO 3alUCBIBATH CAMBOJIBI U3 BHEIII-
uero andasura {ag, ay, . .., a,}, TOITOMY OH U HA3BIBACTCS AAPAGUMOM NEHMOUHVLL
cum80406. 110 94UCTO TeXHUYECKUM NpUYMHAM YJI00OHO CYUTATH, YTO CPEJIU JIEHTOU-
HBIX CUMBOJIOB UMEETCS TaK Ha3bIBAEMbBINl nycmot cume0a, KOTOPBII TPaJUIIHOHHO
0003HAYAIOT Yepe3 ag. SlUeiiKu JIeHTHl YIOPsI09YeHbl caeBa HampaBo. Mbl paccmat-
puBaeM BapHaHT ONpe/ie/leHns MaluHbl ['bIOpHHTa, B KOTOPOM IIPE/IIOIaraeTcs, ITo
JIEHTBI NOMEHUUAALHO DECKOHEUHb, 8 00€ CMOPOHLL. DTO O3HATAELT, UTO B MPOIECCe
paboTbl MarnHbl ThIOpUHTa pa3peniaercs J00aB/IsITh HOBbIE IIYCThIE sTYeHKH KaK K
IPABOMY, TaK M K JIEBOMY KOHIAM JIFO0Oii JIEHTHI (CYnTaeTcsi, 9T0 B MOMEHT J100aB-
JIeHWsI B HUX 3alUCaH MyCTOH CUMBOJ dg). B mpuHImme MOKHO GbLIO ObI CYHTATH
JIEHTHI OECKOHEYHBIMU, HO MOTPeHOBATH, YTOOBI B KarKJIblii MOMEHT BPEMeHHU JIHIID
KOHEYHOe YHCJI0 UX d9eeK COMepzKasIo HelmyCTble CHUMBOJIBI.

C xaotcdoti nenmoti c8A3aHA C80A 20408KA, KOTOPAS B KAZKIbIii MOMEHT BPEMEH!
0003peBaeT OJIHY s4€ilKy COOTBETCTBYIOIIEH JIBHTHI, MOYKET CUYUTHIBATH 0003peBae-
MBIl CHMBOJI U 3aIIMCBIBATH B 0003pEBAEMYIO IU€iKYy HOBBIN CHMBOJI.

MokHO cauTaTh, YTO Yy MaIuHbl T HIOPUHTA NMeeTCsl YIIPaBJSIONee YCTPOCTBO,
KOTOpOe B KayKJblii MOMEHT BpeMeHU HAXOJUTCHI B OJHOM U3 BHYMPEHHUL COCMO-
anut qo, q1, -- -, Qm- COCTOSTHUE (¢ TPAJUIMOHHO HABBIBACTCS 3GKAOYUMEALHBIM
cocmoaruem. Paji HEKOTOPOit KpaTKOCTU MbI 4acTO OyJIeM NOBOPUTH, YTO B TEKY-
Uil MOMEHT BpeMeHH caMa MalllnHa ThIOpUHTA HAXOAUTCS B OJTHOM M3 BHYTPEHHUX
COCTOSHUI, 9TO He MpUBeJeT K My TAHUIIE.

Mammuna TeopuHra BIIOTHIET JeiCTBUS B IUCKPEeTHbIE MOMEHTH BpeMeH! WJIH,
KaK IOBOPAT, IIOTAKTOBO.

Pa60Ta MaIlIMHbI TbIOpI/IHI‘a COCTOUT U3 OTJAEJIbHBIX TaKTOB, BbIIIOJHAEMbBIX CO-
rJIacHO ee tporpamme Pr.

ITpozpamma Pr nis k-nenrounoii (1erepMUHHPOBAHHOM) MammuHbl ThIOpUHTA
T — 370 KOHEYHbBIT HAOOP KOMAaH BUIA:

4i <&J'17 e '7ajk> — gs <<at17D1>7 R <atkaDk>>:
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rne Dy,...,Dy € {L, S, R}.

[Ipr sToM KakI0OMy HAOOPY @i (aj,,...,aj) mpu i > 0 COOTBETCTBYeT POBHO
OJIHa KOMAaH/a, B KOTOPOil Iepej — CTOUT 3TOT HAOOP. DTy KOMAHIY MBI OyIeM
0b03HAYATH Yepe3

PT(iajla s 7]k)

Ecau 6 mexyuwuii momenm epemenu demepmunuposarnas mawura Toropunea T
Harodumcs 6 cocmoanuy ¢; npu i > 0, a 6 0003peBaEMBLT AYEUKAT AEHIT, HATOOAM-
CA CUMBOAVL Qjy, ..., Qj,, Mo mawuna T doascHa 8vinoaAHuUMb (8uinoAHsem)
komandy Pr(i, j1,. .., Jk)-

[Ipu 3TOM, ec/iu 3Ta KOMaH/Ia UMeeT BU/L

qi <aj17 e 7a/jk> — (s <<a/t17D1>7 ey <atk7Dk‘>>7

TO
1) mMammHa MepexoJuT B COCTOSIHUE (s,
2) ma [-oit (1 <1 < k) JeHTe BBIIOJIHAETCS KOMAH/IA

¢ aj, — qsay Dy,

T.e. B 0003peBaeMoil suelike CUMBOJI G, 3aMEHseTCd Ha CUMBOJI Oy, U BbLIIOJIHSETCS
neiictBue D) KaK /It OJHOJIEHTOYHOM MarmuHbl T bIOpHHTA.

Ecnn B pe3ysibraTe BBINOTHEHHS HEKOTOPOW KOMAHIBI MAWUHG NPUTOOUM 6 3G~
KAOYUMEABHOE COCMOAHUE (o, TO TOBOPAT, YTO OHA OCMAHABAUBGEMCHA, TAK KAK
1O OIPEJICJICHUIO HU OJIHA KOMAaH/Ia ITPOrpaMMbl He HAYMHAETCS C (.

B HekoTopbIxX ciydasx nporpammy Ppr yao0HO paccMaTpuBaTh KaK 0TOOpazKeHue
o7 muoxkectBa (Qr \ {qo}) x A% Bo MmoxKecTBO Q7 X (A X {L, S, R})*

o+ (Qr\ {qo}) x Ah — Qr x (Ar x {L, S, R})*.

[Tonnoe ommucanme coctogHus k-TeHTOUYHON MamuHbl ThlOpUHTa B JAHHBIH MO-
MEHT BpeMeHH MOKHO, KaK U OJTHOJIEHTOYHON MAaIlUHBI, 33aTh CJIOBOM CIIeIHAIbHO-
r'0 BIJIA, KOTOPOE HA3BIBAETCI M2HOBEHHBLM ONUCAHUEM , MAUUHHBLM CAOBOM,,
noarotli Kon@duaypayued nim npocto Konduaypayuedi.

MeznosernHoe onucaHue — 3TO CJIOBO BUJIA

<U1Qiaj1U17 L 7U/kq’iajkvk‘>7

rjie ¢; — COCTOsiHUe MalluHbl T'hbIopUHra B JaHHbI MOMEHT, @j, — CUMBOJI, 3al1ICAHHbIII
B 0003peBaemoii stueiike [-oit ientol (1 <1 < k), a u; u v; — cJI0Ba, 3aIUCAHHBIE JIeBee
U IpaBee 3TOil A9eiKH, T.e. HA ITOH JIeHTe 3AaIUCAHO CIOBO Uidj, ;.

MrHoBeHHOE ONHCAHUE ITOJHOCTHIO OMUCBHIBAET COCTOSHME MAIIUHB ThIOpUHra B
JaHHbIE MOMeHT. [Ipu 3TOM Oymem roBOpuTh, 910 Mawura 1T Haxodumes 6 KoHgu-
eypayu <u1%’aj1vla o 7quiajkvk>-

CoBepIieHHo aHAJOTHYHO TOMY, KaK 3T0 ObLIO CALJIAHO B CJIYYae OJHOJEHTOUHBIX
mamna Treiopunra, omnpenenserca Koudburypamus K., B KOTOPYIO MawuHa nepeti-
dem us xongdueypayuu K7 B pe3yabraTe BBHIIOJTHEHUsS COOTBETCTBYIONMIEH KOMAHIbI
Pr(i,j1,. .., ji) u3 nuporpammbr Pr.
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Banuch K Fr Ly Oyaer cay:KuTh COKPAIIEHueM s YTBEPXKIEHUST ~ MAwWUHa
Toropunea T u3 wonpuzypayuu K nepexodum 6 wondueypauyuro L 3a odun waz
(3a 0dun maxm pabomui, 6 pezysbmame 6onoAHEHUA 00HOT Komarovl)'.

Yepes 7, dymem ob60o3HaIaTh pedIeKCUBHOE, TPAH3UTHBHOE 3aMbIKAHHE OTHOIIe-
Hus Fp, Te. 3amuck Kp 7} Lp Oyaer cay:KuThb COKpAaIlleHHeM JJIsI YTBePKIeHHs
"mawuna Toropunza T us kondueypayuu K nepexodum 6 konwpueypayuro L 3a
KOHEUHOE YUCAO WAR06 (3G KOHEYHOE YUCAO MaKrmos pabomu) .

Kak u B ciydyae oJHOJIEHTOYHBIX MalluH ThIOpHHTA, OyIEM CUYUTaTh COCTOSIHUE
(1 HAYAABHBLM COCTOIHHEM MAIIHHBI ThIOpHUHTA.

Yrobw! ¢ k-nenrounoit mamuuoit Thiopuara 1’ cBs3aTh agroput™ 2Ar, mpeodpa-
syromuii (mepepabarbiBaromiuii) cioBa B ee BHemHeM ajdasure Ar B CJI0Ba B TOM
ke andanuTe, HeOOXOAUMO OMPEJETNTh, KAK PA3MEIAlOTCs HCXOAHbIe TaHHbIe (ap-
IYMEHTbI) U KaK CIUTBIBACTCS pe3yabTar. Hanpumep, MOXKHO CYUTATD, 4TO UCXOTHbIE
JIAHHBIE PAa3MeEIIAIOTCs Ha MepBOil JIeHTe, a Pe3yabTaT CUUTHIBAETCS C k-Oif JIEHTHI.
[Tpu 5TOM MOXKHO MPEIYCMOTPETH, ITODBI COJEPZKAHIE MEePBOil JIEHTHI HE MEHSLIOCH,
nHOpMaIKs ¢ Hee JIUIb CINTHIBAIACH. B 9TOM CiIydae mepByIO JIEHTY MOZXKHO BbI-
JIeJINTh W HA3BATH 8X00HOU Aermot. O HAKO JIs HAIMUX OJMKANIINX 1esIeil 9T0 He
HOTpedyeTCs, TaK KaK Mbl PACCMOTPHM JIMIIH BOIPOCHI, CBA3aHHbBIE C PACIO3HABAHU-
eM SI3BIKOB.

[Iycts L — npousBo/ibHbBIHN 36K B ajidasure X, T.e. L C X*.

k-nenrouynas Maruna ThlopuHra

T = <AT7 QT: PT? qo0, q1>

pacno3naem 3blK L B andasure X, ecan
1) ¥ € Ar\ {ao},
2) auist 06010 catoBa w B andanuTe X:
a) ecim w € L, To, HauaB paborarh B KOHGUTY AN

<CJoaowao, qo ao, - - '7(]0@0%

mamuHa Twiopunra 1" 4epe3 KOHEYHOe YHCJIO IMATrOB MepeiiieT B 3aKTIYATETbHYIO
KOH(UTYPAIMIO BUJIA

<C]o Ap@1ag - - - Gg, U2qo Aj,V2, - - - s Ugdo Qg Vk >:
T.C.
<Q1 apwagp, g1 Ao, - - -, q1 CL0> "*T <QO apai1ag - . . Ao, U2qo Aj,V2, . . ., Uqo Aj, Uk >7
6) ecm w ¢ L, To, HauaB paborarh B KOHGUTYpAIUN
{ qo agwao, qo ao, - - -, qoao ),

mamunHaa Teiopunra T 4epe3 KOHEUHOE YHC/IO IIAaroB MepeiieT B 3aKTI0YATETbHYIO
KOH(UTYpaIMIO BUJIA

<C]0 ApApQop - - . Ag, U2qo AjyV2, - . ., Urfo Qj, Vk >7
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T.C.

*
(q1 apwag, quao, ..., qag) F1 (qoaoaoay - . - ag, UaGo ajpvs, - . ., UkGo Aj, Vg ).

HerpymaHo moHsSITH, 9TO MHOYXKECTBO BCEX SI3bIKOB HaJI KOHEYHBIM a/ipaBUTOM X,
pacio3HaBaeMbIX MOAXOAAIIMMA JeTePMUHUPOBAHHBIMUA MallinHaMu T blOpWHTa, 3a-
MKHYTO OTHOCUTE/IbHO TEOPETUKO MHOXKECTBEHHBIX OIlepaliuii o0beuHeHus U, mepe-
cedeHus (N U B3ATUA JAOMOJTHEHUS —. ZI3bIKH, pacrno3HaBaeMble MaIIHHAMI T bIOpUH-
ra, IMeIoT pa3pelnMble Tpo0IeMbl BXOXK/IeHAA U B CITy Te3uca Yepua — Trropunra
— 3TO B TOYHOCTU PEKYPCUBHBIE SI3bIKH.

Beesiem Gostee obiiiee noHsiTHe — MOHSATHE $13bIKA, donyckaemozo (npuHumae-
M020) k-nenrounoii mammunaoit ThopuHra

T = <~'4T7 QT: PT: qo, Q1>

[Iyctb L — npousBo/ibHbBIN s3bIK B ajdasure Y, T.e. L C X*.
k-nenrouynas Mamuna ThlopuHTa

T = <~'4T7 QTa PT: qo, Q1>

donycraem (npunumaem) si3pik L B andasure X, ecn
)Y C Ar\ {aoh,
2) agist r060ro cioBa w B andasure X
a) ecin w € L, To, HAYaB paboTaTh B KOHMUrYpaIun

(quowam o g, - - -, 4o a0>7

ManmHa Teopunra 7' depe3 KOHEYHOE YUC/IO MAroB OCTAHOBUTCH, T.€. Iepeijier B
3aKJTIOYATETHHYI0 KOHMDUTYPAIAIO BUIA

(u1qo aj, V1, U2qo AjyV2, - - -, UkGo Ay, Uk ),

T.C.

*
(q1 apwag, q1 ag, .., q1ao) Fp (wigo aj,v1, Usqo ajyva, - . ., Ukdo 4, Vk ),

6) ecim w ¢ L, To, HauaB paborarh B KOHGUTY AN

( qo apwag, qo ag, - - -, qo ao ),

MamuHa Thiopuara 1" HUKOTIAa He OCTAHOBUTCS.

Kuace si3pikoB B asdabute X, donyckaemu (NPUHUMAEMBLT) PASTHIHBIMA
MaruHaMu ThIopuHTa, — 9TO KJIACC BCEX PEKYPCUBHO NEPEUUCTUMBIX SI3BIKOB B 3TOM
asipaBuTe.

BakubiMu XxapaKTepucTHKaMU paclo3HaBaHus S3bIKa L B ajndaBuTe Y MAITHHON
Triopunra T gBasiorcs aBe GYHKINE — 6PeMENHAA CAOACHOCL trx(n) B emkocm-
HaA CAOACHOCTD ST x(N).
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Bpemennasa caostcrhocms trx(n) pacnosnasannst s3vika L B asndasure X k-
neHTouHON MamuHOil Teiopuara 7' — 3T0 MaKCHMaIbHOE YHCIO TAKTOB ee PadOTHI
Ha BCEBO3MOZKHBIX HAYAIbHBIX KOH(MDUTYPAIUIX BHIA

<CJoaowao, qo ao, - - '7(]0@0%

rjie w — IMPOM3BOJILHOE CJI0BO B ajdaBure Y JJUHB He 0oJjiee n, JO NPHUXOJA B
3aKJIIOYATETHHOE COCTOSTHUE (.

Emxocmuas caoscnocmsd syx(n) pacnosnasannst si3sika L B andasure X k-
JIeHTOYHON Mamuubl Thiopuara T’ — 3T0 MaKCUMAaJIbLHOE YUC/I0 STYeeK Ha ee JIHTaX,
KOTOPBIe OBLTH PACCMOTPEHBI COOTBETCTBYIOITUMHI TOJIOBKAME B XOJe ee PAabOTHI HA
BCEBO3MOYKHBIX HAYATHHBIX KOH(MUTYDPAIUIX BHIA

{ qo apwag, qo ag, - - -, qo Ao ),

rjie W — IMPOM3BOJILHOE CJI0BO B ajdaBure Y JJUHB He 0oJjiee n, JO NPHUXOJA B
3aKJII0YUTEIHHOE COCTOSTHUE (.
ﬂeFKO MMOHATbH, YTO JJIsA .HIO6OI'O T BBIIIOJIHACTCA HEPABEHCTBO

stx(n) < trx(n).

CJIG,ZLYIOHI&H TeopeMa yCTaHaBJJIHUBaET CBA3b MEXK/Y PaCIIO3HaABAEMOCTBIO A3BIKOB
MHOTOJIEHTOYHBIMH 1 OJHOJIEHTOYHBIMU J€TEPMUHUPOBAHHBIMU MalllHHaMU TbIOpI/IH—
ra.

Teopema 3.1. Ecau aswk L 6 argpasume X pacnosdnaemcea nwexkomopot k-isenmou-
not demepmuruposarnot mawurol Teropunea T ¢ epemernoti caoorcnocmovio trx(n),
Mo oK Pacno3Haemcs noodxrodsuLets 00HoAeHMOYHOT JeMePMUHUPOBAHHOT MAWUHOT
Toropunea Ty ¢ epemennot croocrnocmoto O(th s (n)).

JloKa3aTeTbCTBO TEOpeMbl OCHOBAHO HA MOIETHPOBAHUN k-TEHTOYHONH MAITHHBL
Toiopunra 1" oxHoJeHTOYHOU ¢ 2k "mopoxkkamu’, mpuueMm k “mopoxkek”’ coaepzKar
3aMUCH, UMEONNecss Ha, k JIEHTaX MojejupyemMoit mamuibl ThlopuHTa, a 0CTAIhb-
Hbie k "M0poxKeK” CJIyKaT I YKa3aHus MOJOKEHUs I'OJIOBOK HA COOTBETCTBYIOIIUX
JeHTax ucxoaHoi marmuael 1. C gerajsiMu 10Ka3aTe/IbCTBA MOYKHO O3HAKOMHUTHCS,
HampuMmep, 1o [4].

Ocobyto posib UTPAIOT A3bLKU, PACNO3HABAEMBLE JEMEPMUHUPOBAHHBLMU MAULUHA-
mu Toropurea 36 nosunomuasvhoe spems. Kiacc Bcex Takux si3bIKOB 0003HAYAETCS
gepe3 P —TIME.

Hzww L 6 andasume Y npunadaestcum waaccy asvkos P — TIME mozda u
moavko moada, xo2da cywecmeyem makasa k-aenmounan mawunae Toropumnea T u
makot nosurnom p(n) ¢ namypasoromu Kodpduyuenmamu, wmo T pacnosdnaem
azvk L 6 anrgasume X u s 1100020 HAMYPANLHOZ0 YUCAL T BLINOAHAETCA HEPa-
senemeo trx(n) < p(n).
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HerpymaHo 1moHsSITH, 9TO MHOXKECTBO BCEX SI3BIKOB HAJI KOHEYHBIM aJi(DaBUTOM X,
pacIo3HaBaeMbIX JeTePMUHAPOBAHHBIME MaIlIUHAMU THIOPUHTA 3a MOJTUHOMHUATb-
HOE BpeMs, 3aMKHYTO OTHOCHTETIHLHO TEOPETUKO MHOYKECTBEHHBIX OIepaIdii 00be/11-
Henundg U, nepecedeHnud () U B3ATAA TOIMOJTHEHAA —.

Amnanornuno onpegensiercs kiacce P — SPACE a3wikos, pacnoznasaemus de-
MEPMUHUPOBAHHBMU Mawuramu Toropurza ¢ nOAUHOMUAALHOT EMKEOCMHOT CAONHC-
HOCMbIO.

Tak kak B gajbHeiilieM He peamnoaaraeTcs paceMmarpubarh kiaace P — SPACE,
To Kjnacc P — TIMFE 6ynem obo3HadaTh MpocTo Kak P.

MozkHO OBLITIO OBl MPUBECTH MHOTO MHTEPECHBIX U COJEPKATETbHBIX IIPHMEPOB
SI3bIKOB U3 Kiiacca P. Hanpumep, jjis j1i060it KOHEYHON cUrHATYphl T Kjaccy P
NPUHAJIEKAT sI3bIKH, COCTOSIIIIAE W3 BCEX TEPMOB U BceX (pOpMyJI si3bIKa MEPBOTO
nopsigka L. OJHAKO aHAJOTHIHOE HEJIb3sT YTBEPKIATH O SI3BIKE, COCTOSIIEM U3 BCEX
dopmy, BeiBoauMbIX B Vcuucienun [IpegukaToB cUrHATypHI T.

HermnocpescrBennbim cjieicTBUEM TeopeMbl 3.1 sBJIsieTcs CJie/lyloniast Teopema

Teopema 3.2. FEcau sasvk L 6 aspasume X pacnosnaemes wexomopoti k-senmou-
Hotl demepmunuposarnoti mawunotl Toropurea T 36 nosuHOMUGALHOE BPEMA, MO
OH PACTLOZHAEMCA 3G NONUHOMUAALHOE BPEMA NOOT0OAWET 00HOAEHMOUHOT demep-
MUHUPOBaHHOT Mawurot Tvropunea T .

PaccMoTpuM J0CTATOYHO MPOCTOI M eCTeCTBeHHBIN npuMep u3 mocobus [54] pas-
PEIIuMOro si3blKa, He TPUHAJJIeKAIIero Kiaccy P.

Panee c kaxkmoit meTepMHHHPOBAHHOI OHOJIeHTOUYHOI MammuHOo#l Thlopunra 1’
JOCTATOYHO eCTECTBEHHBIM 00pa30M OBLIO CBsi3aHO HaTypasabHoe unciao n(1T) — no-
mep mammabl Thiopunra 1. 113 onpenenenns n(1") Jerko mosyduTh ajaropuT, mos3-
BOJISIIOINIUI 110 IPOU3BOJILHOMY HATYPaJIbHOMY YHUCIY 7 ONPEJE/IUTh, SB/IAETCS JIU
OHO HOMEpPOM HeKOTOpoit mamuubl Thiopunra 7T, u B ciiydae IOJIOKUTE/JIHHOTO OT-
BeTa BOCCTAHOBHUTH camy Mamuuy Teiopuara T’ T.e. ee BHemHuii A u BHyTpeHHU
Or andaBuThl U mporpammy FPr.

[To ciioxkusiiteiicss Tpajaunuu Oyjem obo3HadaTh ag depe3 0, a a; — yepes 1.

PaccmoTpum ciiemyioree MHOYXKECTBO HATYPATBHBIX THCET

E = {n(T) | us songueypayuu ¢,01"10,
cdenas ne Goaee wem 2" waeos, mawuna Toropunea T

nepetidem 6 aaxawumervuyo Konduzypayuto euda ¢p010...0 }.

[IpeanosiozKmM, 9T0 MHOZKECTBO F MpuHAATEKUT Kaaccy P, T.e. IpodeMa BXOK-
JIEHUSI B HEr0 pa3peninMa HeKOTOPO# JierepMuHUpOBaHHOi MarnHoit Twhiopunra M
B MMOJITHOMUAJIBHOE BPEMSI.

Torna u gomonuenne F = N \ F muOoxkecTBa E mpuHAIEKAT Kiaaccy P, T.e.
npoOeMa BXOXK/IeHUS B HETO TaKzKe pa3perrmMa HeKOTOPO JIeTepMHUHUPOBAHHOM
MannHoit Thiopunra 1T’ B MOJMHOMUAIBHOE BPEMSI.
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B kadectBe nocJejineit MOXKHO B3Th KOMIIO3UINIO Mamuabl Thiopuara M u cie-
Jytorneit Mamuubl My, BBIIOTHSIONEH Tpeodpa30oBaHus

q10100 |3 qOOOOO,
T
¢:000...0 | = qo010...0.
T
10 — @0R, g1 — qo0L,
q20 — qolL.

[Tycts nosmuOoM p(n) ¢ HaTypagbHbIME KO3 dHUIHEHTAMI OrpaHHYUBAET BpPe-
MsI PACIIO3BAHUS SI3bIKA F neTepMunupoBannoii Mamuuoit Toiopunra 7. Torma s
JII000TO HATYPaJbHOTO Yucaa m MamuHa Tbiopunra 1T u3 kondurypamuu ¢;0170
He GoJiee vueMm 3a p(m) mAroB mepelerT B 3aKTIOYHTENIbHYI0 KOH(DUTYDAIHMIO BUJIA
q00...0,tmee =1, ecrun € B, re.n¢ E,me=0,ecmn ¢ E, r.e. n € E.

CyrecTByeT Takoe 9ucJIo S, 9TO IIPU 1 > S BBINOJHSACTCS HePaBeHCTBO p(s) < 2°.

BBong, B ciiydae HEOOXOAUMOCTH, HOGbLE BHYMPEHHUE COCTNOAHUA (; T TOOABIISS

K IIporpamMme MalluHbl ThiopuHra 1 HOBbIe KOMAHIbLI BHIA,
qia; — Qiaj57

MBI TIOJIyInM Maluny 17, Koropas Ha KoHdurypamuugax suaa ¢;01™0 paboraer Kak
mammuia Teiopunra T u npu stom n(Th) > s. UToObI HE YCIOKHIATH 00O3HAUCHUS,
oyaem mammmuy Tweiopunra T obosnadars depe3 1. [ToaTomy cuumraem, 4TO BBITIOJI-
nenn nepasenctsa n(T) > s u p(n(T)) < 27D,

[Tosaraem ng = n(T).

I[Ipeamonozknm, 4ato ng € E (re. ng ¢ FE). Torna mammuma Teopuara T u3
kordurypamuu ¢;017°0, T.e. u3 kondurypamun ¢;01™"7)0, ne 6omee wem 3a p(ng) =
p(n(T')) maros nepeiizer B 3akmouYnTebHYI0 KOHMUTYpamuio Buga ¢p010...0. Tax
kak p(n(T)) < 21, 1o ng = n(T) € E. Toaydennoe npoTuBopedre 03HAIALT, YTO
no ¢ E (1.e. ng € E).

Torna, ¢ ogHoit croponbl, MamuHa Thiopunara 1" u3 koudurypamun ¢;01™°0, 1.e. u3
kordurypamuu ¢;01"7)0, me Gomee gem 3a p(ng) = p(n(T)) < 2" maros nepeiizer
B 3aK/II0OUUTEIbHYI0 KOH(purypamnuio suga ¢o000 . ..0. A ¢ apyroit CTOpOHBI, MAITHHA
Teiopuara T w3 koudurypamnn ¢;01700, T.e. u3 xkoudurypammn ¢;017)0, we Goee
aem 3a 27) maros nepeiijierT B 3aKJII0UATENbHYI0 KOoHMurypamnnio suga ¢o010...0.

[Tonyuennoe npoTuBOpedne MOKA3BIBAET, UYTO MHOHCECME0 E ne npunadiestcum
Kaaccy P, m.e. npobiema 8xosclenus 6 Hezo He Pa3peusuma Hukakot demepmuri-
posannoli mawurnot Teropurea M 6 nosuromuasbHoe 6pema.

B konme XX Beka ocoboe BHUMaHUe HCCjeg0oBaTe el ObLI0 MPUKOBAHO K U3YUe-
o Kiaacca N P a3bIKOB, OlpeiesieHre KOTOPOTro aHAJOMMYHO ONPeIeIeHII0 KIacca
‘P, HO OCHOBAHO Ha HEKOTOPOM OOOOIIEHNN PACCMOTPEHHOTO BBIIIIE MOHSITHS MAITHHbBI
Troiopunra — Ha MOHATHH k-JIEHTOYHOU HedemepMuHUPo8aHHoU MamuHbl Thio-
puUHTa, K BBeJEHUIO KOTOPOTO MBI B MEPEXOIUM.
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k-aenmounas nedemepmunuposarmas mawura Tvropurea T, kKax u e-
TepMUHUPOBAaHHASI, UMeeT B8HewHul aagasum, Win aadasum aAeHMOUYHBLT
CUMBO0N08,

AT = {@07 ag, "'7an}7

snympernHuli aagasum, nin arPasum 8HYMPEHHUL COCTNOAHUL,

QT = {C]o: qi1, "'7Qm}7

npozpammy Pr.

DJIEMEHTHI BHEITHEro aji(paBUTa HA3BIBAIOTCS MPOCTO CUMGOAGMU, & SJIEMEHTHI
BHYTPEHHETO ajidaBUTa — SHYMPEHHUMY COCMOAHUAMU.

Y k-leHTOYHOI HeJeTepMUHUPOBAHHON MaIMUHbl T hIOPUHTA, KAK U Y TeTePMITHI-
POBaHHOI1, nMeeTcd k aeHm, KazK1asd U3 KOTOPBIX pa3buTa Ha KOHEYHOE YUCJIO sdve-
€K, B KOTOPbIe MOXKHO 3aIlChIBATH CUMBOJIBI U3 BHEITHero asidasuta {ag, @y, . .., Gy }.
Cpe/in JIBHTOYHBIX CHMBOJIOB UMEETCSI TaK HA3BIBAEMBIN NYycmot CumMe0A, KOTOPHIi
TPAJIUIMOHHO 0003HAYAIOT Yepe3 ag. Zl9eiiKu JeHThl YyIopsaI0YeHbl CJIeBa HAIIPABO.
Mpr paccmaTpuBaeM BapuUaHT OIIpejie/eHUs MalumHbl ThIOpUHTa, B KOTOPOM MpeI-
MOJIATAETCs, YTO JIEHTBI NOMEHYUUAALHO DECKOHew b, 8 00€ CMOPOHbL. ITO O3HAYAET,
4YTO B IIporiecce padboThl MaluHbl ThIOpUHTA pa3peniaeTcs J00aB/IsTh HOBbIE MTyCThIe
s9eiiKi KaK K MPaBOMY, TaK W K JIEBOMY KOHIAM JIIO0OI JIEHTBI (CYnTaeTcs, 4To B
MOMEHT J00aBJIeHNsT B HUX 3alUCAH MyCTOH CHMBOJI Q).

C KazK 101t JIEHTOi CBA3aHA CBOS 20.408KaG, KOTOPas B KazKJIbIii MOMEHT BpeMeHU
0003peBaeT OJIHY siUeiiKy COOTBETCTBYIOIIEH JIEHThI, MOKET CYUTHIBATH 0003peBae-
MBIl CHMBOJI ¥ 3aIlMCHIBATH B 0003peBaeMyI0 sT9eiiKy HOBBIII CUMBO.I.

Y HemeTepMUHUPOBAHHONW MarmmHbl ThIOpUHTA UMeeTcs YIpPaBJISIONIee YCTPOii-
CTBO, KOTOPOE B KazKJblii MOMEHT BPEMEHU HAXOJUTCHA B OJTHOM U3 6HYMPEHHUL CO-
cmoanut qo, q1, - - -, G- COCTOSIHAE Gy TPATUITNOHHO HAZBIBAETCS 3AKAOUUMENDHHLM
COCMOAHUEM.

HeerepmunupoBannas marnmiia ThlopuHra, Kak U JJeTepMUHUPOBAHHAS, BBITIOJI-
HSeT JeiiCTBUS MOTAKTOBO, T.e. B TUCKPETHbIE MOMEHTHI BPEMEHH.

Pabora mamunbl ThlopuHTa COCTOUT U3 OT/EJBHBIX TAKTOB, BBIMOJTHIEMBIX CO-
IJIaCHO ee nporpamme Pr.

IIpozpamma Pr jjisi k-1enTovdHoi HejgeTepMUHUPOBAHHONW MaruHbl T'hlopuHra
T — sro orobpazkenue o7 muoxkectsa (Qr \ {qo}) x A% Bo MHOKECTBO

p(QT X (AT X {La Sa R}>k)
Beex moaMHOKecTB MEOKecTBa Qr X (Ar x {L,S, R})
o+ (Qr\{a}) x Az — (Qr x (Ar x {L, S, R})").

Kak u B JlerTepMUHUPOBAHHOM CJIydae, MOXKHO CYUTATH, 4YTO Nporpamma Pp neje-
TepMUHUPOBAHHOIT MamuHbl ThbiopuHra 7' — 9TO KOHEYHBIH HAOOP KOMaH/ BHJIA:

4qi <aj17 s 7&jk> — (s <<&t17D1>7 SR <&tk7Dk>>a
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rae Dy,...,Dy € {L, S, R}.

I[Ipu aToM npoussosvromy nabopy q; (aj,,...,a;) npu i > 0 6 omauwue om de-
MEPMUHUPOBAHHOZ0 CAYYUAA MONCEM COOMBEMCMBOBAMD HECKOALKO KOMAHO, 6 KO-
mopouix neped — cmoum smom Habop. Bech 3TOT HaAbOpP KOMaHI MbI OyjaeMm 060-
sHavarh yepe3 Pr(i, ji, ..., jk)-

Ecau 8 mexkyuwuts Momenm spemenu HedemepMuHuposartas mauwuna Toropurea
naxodumes 6 cocmoanuu ¢; npu i > 0, a 6 0603pesaemvlr AUETKAT AEHM HATLOOAMCA
CUMBOADL Ay, ..., Gj,, MO MOUUHG MOHCEM BBINOAHUMD A100Y10 KOMAHOY U3
nabopa Pr(i, j1, ..., jk)-

Hamomumm, 910 B ciiydae JeTepMUHUPOBAHHONW MaNIMHBI | hIOpUHTA B CUTYAIINH,
AHAJIOTMYHOW paccMaTpUBaeMoil, MalinHa JOAHCHA BBIMOAHUMDb €INHCTBEHHYIO
komauny Pr(i,ji,...,Jk), T.e. TY €IMHCTBEHHYIO KOMaHJy, B KOTODOW mHepes —
crout HAOOD ¢; (aj,, ..., a;).

IIpu sToM, ecin BeIOpaHHAS MAIIUHON I UCIIOJTHEHUST KOMAHIA UMEET BU/I

4i <&J'17 e '7ajk> — 4s <<at17D1>7 R <atkaDk>>:

TO
1) MamHa MepexouT B COCTOSIHUE (s,
2) ma l-oii (1 <1 < k) JieHTe BBIIOJHSETCS KOMAHIA

qi a/jl qs a/tl Dl?

T.e. B 0003peBaeMoil gueiike CHMBOJI @, 3aMeHdeTCs Ha CUMBOJ Gy, W BBLIIOJHIETCH
jeficrue D) Kak Jjisi OJTHOJIEHTOYHONW MaIWHbI [ bIOpUHTA.

Eciim B pesysbrare BBIOJHEHHST HEKOTOPOW KOMAHIBI MAUIUHG NPUTOOUM 6 3a-
KAOYUMEABHOE COCMOAHUE (o, TO TOBOPAT, 9TO OHA OCMAHABAUBAENCS, TAK KaK
10 OIpeaeIeHNI0 HI OJHA KOMAaH/1a IpOrpaMMbl He HAUMHAETCS C (.

B HekoTOpPBIX cuTyamusax yao0HO nporpamMmy Pr paccMaTpuBaTh KaK 0MmHOUEHUE
A7 Ha MHOXKECTBE

(Q@r \{a0}) x A7 x Qr x (Ar x {L,S,R})",

N Ar € (Qr\{w}) x A5 x Qr x (Ar x {L,S, R}

Kak u B jeTepMUHEPOBAHHOM CJIydae, IOJTHOE OIIUCAHUe COCTOAHUA k-JIEeHTOTHON
HeJIeTEPMUHAPOBAHHOM MamuHbl ThIOPUHTa B JJAHHBI MOMEHT BpeMEHH MOXKHO 3a-
JIaTh CJIOBOM CIIEIMAJILHOTO BUJIa, KOTOPOE HA3bIBAETCS M2HOBEHHBIM ONUCAHU-
eM, MAWUHHBM CA0B0M, NOAHOU Konduzypayueli nim npocro Kordueypa-
uyuet.

MenosenHoe onucaHrue — 3TO CJIOBO BHJIA

<UIQiaj1U17 cee aquiaijk>:

I7Ie ¢; — COCTOsTHIe MAaIuHbl ThIOPHHTa B JAHHBI MOMEHT, @, — CHMBOJI, 3AIHCAHHbIIH
B 0003peBaemoii sueiike [-oit jientol (1 <1 < k), a u; u v; — CJI0Ba, 3aMUCAHHBIE JIEBEE
U IpaBee 3TOoi si9eiiKu, T.e. Ha ITOM JIeHTe 3aIMCAHO CJIOBO Ui j, V.
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MruoBeHHOE OnucCaHue MOJHOCTHIO OMUCHIBAET COCTOSHUE MalIMHbl ThlOpUHTa B
JaHHbIE MOMeHT. [Ipu 3TOM OyjieM TOBOPUTH, 9TO Mmawuna 1T naxrodumcea 6 KoHgu-
2ypayuy <U1qiaj11)1, PN ,ukqiajkvk>.

[TomobHO TOMY, KaK 3TO OBLIO CAEeJTaHO B CAydae JeTePMUHHPOBAHHBIX MAIIUH
Treiopunra, onpesessercs kKondurypamus K., B KOTOPYIO MallliHA MOMNCEM Ne-
pelimu u3 koudurypanun Kp B pesyjbraTe BBIIOJHEHHS OJHOW KOMAaHJIbl U3
Pr(i,j1,. .., jk) WIK OJHOIN W3 KOMAHJ IIPOrPAMMBI Pr.

Banucy K Fp Ly Oyaer cly:KUTb COKpAIeHueM sl YTBePKACHUS =~ MawuHa
Toropunea T u3 xougueypauyuu Kr mootcem nepelimu 6 kondueypayuro L1 3a
odun waz (3a 0dur maxm pabomol, 6 PE3YALMAME ELNOAHEHUA 00HOT KOMAHOVL) .

Yepes 7} Oyaem obo3Ha4ATh pedileKCUBHOE, TPAH3UTHBHOE 3aMbIKaHIe OTHOIIe-
Hud Fp, T.e. 3anuck Ky . Lp Oyaer cayKATh COKpAIleHHeM I yTBePKIeHHs
" mawuna Toropurnea T us xongueypayuu K mootcem nepetimu 6 Konduzypauuo
Ly 3a Koneunoe wucao waz206 (3a KomeuHoe wucao makmos pabomuo.)’.

Kak u B ciiyuae JieTepMUHUPOBAHHBIX MAIWH T hIOPUHTA, OYJ€M CYUTATH COCTO-
SHUE (] HAYAABHBLM COCTOSTHHEM.

Kak u B jeTepMHUHUPOBAHHOM CJIy4ae, pAaCCMOTPUM BOIPOC O PACNO3HABAHUU
SI3LIKOB HEJIeTePMUHUPOBAHHBIMEU MaIInHaMu ThIOpHHTa.

[Iyctb L — nmpou3Bo/IbHBIH 93bIK B ajdapute Y, T.e. L C X*.

k-7eHTovYHas HeJleTepMUHUPOBaHHAs MaliHa T blopuHTra

T = <~'4T7 QTa PT: qo, Q1>

pacno3naem s3biK L B andaBure X, ecian
1) ¥ € Ar\{ao},
2) agist m060ro cioBa w B andasure X
a) ar0boe sulMUCAEHUE, HATTHAIOIEECsST B KOH(MUTY AN

( go apwag, qo ag, - - -, qo ao ),

3aBeplIaeTcs HeleTepMUHUPOBAHHON Mamuuoit Triopunra T depe3 KOHEYHOE YUC-
JIO TIIaroB, T.€. B 3TOM CJIydae JII0OO! MyTh BBIYUCTIEHUI BeJIET B 3aKIIOUUTETHHYIO
KOH(UTYPAIMIO BUJIA

<U1¢I0 a5, V1, U2qo Qjy V2, - . ., Ukqo Qj, Uk >7
61) ecmu w € L, To, HawaB paboTarh B KOHMUTY AU

(quowam o g, - - -, 4o a0>7

HeJIeTepMUHUPOBaHHAsT MarninHa ThlopuHra 1’ depe3 KOHEYHOE HYHCJIO MaroB MoO-
arcem nepedimu B 3aK/JIOYUTETIHHYIO KOH(MUTYPAIMIO BUJIA

<QO apa1ag - . . Ay, U2qo AjyV2, - . ., Upgo Aj, Uk >,

62) ecmu w ¢ L, To, HauaB paboTarh B KOHMUTYpAIUN

( qo apwag, qo ag, - - -, qo ao ),
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HeJIeTepMUHUPOBaHHAs MalnHa Tbiopunra 1’ we Mootcem nepetimu depe3 KoHed-
HO€ YHCJIO TaroB B 3aKJIIOYHTETHHYIO KOH(MDUTYPAINO BUIA

<QO apa1ag - . - Ag, U2qo AjyV2, - . ., Upfo Qj, Vg >

Herpyano moHsiTh, 9TO MHOY»KECTBO BCEX SI3bIKOB HaJl KOHEYHBIM ajidaBUTOM
Y., pacro3HaBaeMbIX MOJIXOJANNMEI HeIeTePMUHUPOBAHHBIME MalunHaMu TbIOpHH-
ra, 3aMKHYTO OTHOCHUTE/IbHO TEOPETUKO MHOYKECTBEHHBIX Ollepalinii o0be uHeHns U,
nepecedenus (\ U B3ATUs JONOJHEHUsT —. ZI3bIKM, paciio3HaBaeMbie HeJleTepMUHN-
POBaHHBIMU MalllnHAMU THIOPHUHTA, UMEIOT Pa3perruMbie MPo0IeMbl BXOXK/IEHUS U B
cuity tesuca Uepda — ThOpuHTa — 3TO B TOYHOCTU PEKYPCUBHBIE SI3BIKH.

Kak u B merepMrUHUPOBAHHOM CJIydae BaykKHBIMU XapaKTePUCTHKAMH PaCIO3Ha-
BaHus s3blKa L B ajdasute Y HeJeTepMUHUPOBAHHONW Mamuuoit Thiopunra T sB-
JSAI0TCS JBe DYHKIUN — 8PEMENHAA CAOHCHOCMY T x(N) T eMKEOCMNAA CAOAHCHOCTID
s7x(n). OIHAKO IPHU UX OIpejeeHuH TPeOyeTcss HeKOTOpas aKKypPaTHOCTh. TaK Kak
Halrei O/mKaimieil mepio OyaeT o0CyKIeHrne BOIPOCa O CJOKHOCTH PACIO3HABa-
HUST SI3BIKOB (O CJIOKHOCTH PellleHust MpoOIeMbl BXOKICHUST IS A3BIKOB), TO MOYKHO
JIATh CJIeJIYIOIIHe ONpPEe/Ie/IeHUs.

Bpemennas caosrcnocms tryx(n) pacnosnaBanus s3bika L B andasure X k-
JIEHTOYHOII HeJeTepMUHUPOBAHHOI MaIuHoi Thiopuara 1 — 370 MaKCUMAaJILHOe JUC-
JIO TAKTOB ee pabOThl HA BCEBO3MOXKHBIX HAYAJIbHBIX KOH(MUTIYPAIUIX BHIA

{ qo apwag, qo ag, - - -, qo Ao ),

rjie w — IPOM3BOJILHOE CI0BO B ajdaBuTe Y JIUHBI He Oojiee n, JO NPHUXOJIA B
3aK/TIOYUTETHHOE COCTOSTHUE (.

Citeyroniasi TeopemMa yCTAHABINBALT CBSI3b MEXK/y PACIIO3HABAEMOCTHIO SI3BIKOB
MHOTOJIEHTOYHBIMHU U OJTHOJIEHTOYHBIMA HeJIeTePMUHUPOBAHHBIMA MarmuHaMu 1'bio-
pUHTA.

Teopema 3.3. Ecau sasvk L 6 argpasume ¥ pacnosdnaemces wexkomopoti k-ienmou-
HOT Hedemepmunuposartot mawunot Teropurnza T ¢ 6pemennotls CAOHCHOCMBIO
trx(n), mo on pacnoznaemes nodrodswet 00HOAEHMOYHOT HedeMePMUHUPOSAHHOT
mawunot Toropunza Ty ¢ spemennoti caomcrnocmuvro O(t75(n)).

JlokazaTeTbcTBO TeOpeMbl OCHOBAHO Ha MOJEINPOBAHUU k-JIEHTOUYHOU HegeTep-
MHUHUPOBaHHOW Maruubl Thiopuara 1’ 01HOMIEHTOYHOH ¢ 2k "10poKKamMu’, MpuIeM
k "nmopoxkek”’ cojeprKaTr 3alliuch, UMEIIecs Ha k JeHTax MOJeJUpyeMOoil MaliuHbI
Trropunra, a ocrajibubie k "I0pozkKeK’ CJyKaT JJIsi YKa3aHUs MOJIOXKEHUS TOJIOBOK
HA COOTBETCTBYIONIUX JI€HTAX MCXOmaHOi Mammuubl 1. C jgeTaasamMu JoKa3aTeTbCTBA
MOKHO O3HAKOMHTbHCS, HAIPUMED, 110 [4].

CymectByer ompejie/ieHHAsST CBI3b MKy PACIO3HABAEMOCTHIO SI3IKOB HEJIETEP-
MUHHPOBAHHBIMHU U JIETEPMUHUPOBAHHBIMU MalmnHaMu TwhiopuHra. Mbl He mpemmno-
JlaraeM JieTajabHO PacCMOTPETh 3TOT BOIPOC, a JIUIIb OrPAHTINMCS (DOPMYTHPOBKOI
TEOPEMBI.
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Oyuxrus f(n) HABBIBACTCS KOHCMPYUPYEMOT, N0 6PEMENU, €CH CYIIECTBYET Ta-
Kas JleTepMUHEpOBaHHAs Mammua Thiopuara T, KoTopas Ha JIOOGOM BXOJE JJTHHBI
n mesaer poBHO f(n) MAroB 10 OCTAHOBKH.

Teopema 3.4. Ecau asvk L 6 aagasume X pacnoznaemcs Hexomopot Hedemepmu-
nuposantol mawunots Toropunea T ¢ epemennots caosicnocmoio trx(n) u dynkyua
trx(n) Koncmpyupyema no 6pemeny, Mo oK PAcno3HaAemcs nodrodawel Jemepmu-
nuposarnot mawunoti Toropunea Ty ¢ epemennoti caoocnocmoro T2 2de ¢ —
HEKOMOPGA KOHCIAHIMA.

Bo BTopoii momoBune XX BeKa MHTEHCHUBHO U3YYATHCH A3bIKU, PACTOZHABGEMDLE
HEDEMEPMUHUPOBAHHULMU MaUUuHamy Toropurea 3a nosurnomuarvroe epema. Knace
BCEX TaKUX A3bIKOB 00o3Hadaerca uepes NP — TIME.

Sswk L o6 aagasume X npunadaescum waaccy asvkos NP — TIME mozda
U MOALKO Mo20da, K020 cYwecmeyem makas k-AeHmouras HEOEMePMUHUPOBAHHAA
mawuna Toropurea T u makot noaurom p(n) ¢ namypaivromu Koapduyuernmamu,
ymo T pacnodnaem asvik L 6 ardasume X u 0aa 1106020 HAMYPAADHOZO YUCAA T
sunoanaemes nepasencmeso trs(n) < p(n).

Beuay ocoboit Baxxnoctu kiaacca a36ikoB NP — TIME caenaem HEKOTOPBIE TTO-
ACHEHUA.

[Iyctb L — npou3Bo/ibHBIN 93bIK B aadasute X, T.e. L C ¥*. OH npuHAIJIEKHAT
kiaccy a36ikoB NP — TIME Torna u TOJILKO TOIJA, KOLJA CYIIECTBYeT Takas k-
JIGHTOYHAs HeJeTepMUHUPOBAHHAA MallnHa ThiopuHTa

T = <~'4T7 QTa PT: qo, Q1>

1 Takoii mosmHOM p(n) ¢ HATypaIbHBIMU KO3bDMUIMEHTAMHI, 9TO
'S C Ar\ {ao},
2) agist r060ro coBa w B andasure X
a) ar000e suvucIeHUe, HATTHAIONIEEC B KOH(DUTYpamumn

(quowam o g, - - -, 4o a0>7

3aBepIIaeTcs HeJeTepMUHHpPOBaHHOI Mammuoil Tooopunra T depes He Gosee deMm
p(Jw|) maros, T.e. B 3TOM ciydae Jir00O MyTh BBHIYUCJIEHHUI BeJeT depe3 He DoJiee
1eM p(|w|) maroB B 3aKJIIOYHTENBHYIO KOH(MUIYPALKIO BAIA

<U1¢I0 aj,V1, U2qo Qjy V2, - . ., URGo Qj, U >7
61) ecmu w € L, To, HawaB paboTarh B KOHMUTY AU

(quowam o g, - - -, 4o a0>7

HejleTepMUHUpOBaHHas Matntua Treiopunra T uepes He 6osee yem p(|w|) maros mo-
stcem nepetimu B 3aKTIOUATENLHYI0 KOH(DUTYPAIUIO BAIA

<(10 apa1Go - - . Ay, U2Go AjyV2, - . ., UkGo Aj, Uk >7
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T.. B 9TOM CJiy4yae N0 KpaiiHeil mepe ojHa U3 3aK/JIIOYUTEIbHBIX KOHMUryparmit
nMeeT YKa3aHHBII BU]I,
62) ecmu w ¢ L, To, HauaB paboTarh B KOH(MUTYpAIHHT

{ qo apwag, qo ag, - - -, qo Ao ),

HeJeTepMUHUPOBaHHAS MallluHa Thiopuara 1’ He Mmootcem nepetimu depe3 KoHed-
HO€ YHUCJIO IIAaroB B 3aK/JIIOYATETHHYI0 KOH(DUTYPAIIHIO BHIA

<C]0 apa1Go - - . Ag, U2qo AjyV2, - . ., Urfo Qj, Vk >7

T.e. B 9TOM CJIy4ae HU OJ(HA W3 3aK/IUNTE/TbHBIX KOH(MUTYDAIWl He UMEeT yKa3aH-
HBI BHJ.

Amnanornuno onpegensierca kiaacc NP — SPACE a3bIKoB, paclo3HaBaeMbIX He-
JIeTEDPMUHUPOBAHHBIMYU MalmuHaMu ThIOPUHTA C MOJTMHOMUAATBHO e MKOCTHON CJIOZK-
HOCTBIO.

Tak Kak B JajdbHEiflIeM He TPEINOJAraeTCsd pPacCMAaTPUBATH — KJIace
NP — SPACE, to knacc NP — TIME 6ynem o6o3nadaTh mpocto Kak N P.

HenocpeicTBeHHBIM CJIEJICTBHEM TEOPEMBI 3.3 SIBJISIETCS CJIEYIONasi TeopeMa.

Teopema 3.5. Ecau aswk L 6 asgpasume X pacnosdnaemcea nwexkomopoti k-iseHmon-
Hot nedemepmunuposarrot mawurot Toropurnea T 3a nosuromuasvbHOE BPEMA, MO
OH PACNOZHAEMCA 304 NOAUHOMUGALHOE BPEMA NOOLOOAWET 00HOAEHMOwHOT Hede-
mepmunuposarnot mawurot Toropunea T;.

CymecTByer MHOIO HHTEPECHBIX B COAEPKATENbHBIX IIPUMEPOB A3bIKOB U3 KJIac-
ca N'P. JI;1a 3HAKOMCTBa ¢ HEMH MOYKHO HOPEKOMEHJI0BATH 3aMedaTeJbHYI0 KHUTY
M. I'spu u . Txkoucona [15].

Tak Kak KazK/Jasg JeTepMHHHpPOBAaHHAsS MaNInHa TBHIOPHHTA MOMKET PaCCMaTpH-
BaThCd KaK YaCTHBIX Cﬂy‘{aﬁ He,ZLeTepMI/IHI/IpOBaHHOI?'I, TO

P C NP.

Bomnpoc o tom, Beimoangercs au pasencrso NP = P, cran Bo BTOPOi moJio-
BuHe XX BeKa OJIHON U3 CAMbIX 3HAMEHUTHIX MIPOOJIEM MaTEMATUKH U HH(POPMATUKH.
menno 3ToT BOIPOC OTKPHIBAET U3BECTHBIN CHIUCOK U3 cemu 1podsem “IIpobaemoi
mpemuve2o muicavesemus’.

[Ipn m3ydenun Kmacca a3ulkoB NP, B 9aCTHOCTH, ¢ IEIbIO MOJYyYEHUS OTBe-
Ta Ha BOIIPOC, BBIIOJHACTCA U paBeHCTBO NP = P, ObLIO BBEJICHO OKA3aBIIEeCS B
JaJIbHETIIeM OYeHb BayKHBIM W MTOJIE3HBIM, TOHATHE TLOAUHOMUAADHOT CE800UMO-
cmu OJHOTO s3bIKa, K Apyromy. [lomnHOMIaIbHAST CBOIUMOCTD SI3BIKOB — 9TO BECHMA,
YACTHBIN CJIydail TOHSITUST M-CBOJMMOCTD, XOPOIIO HAM H3BECTHOTO W3 TEOPUU Pe-
KYPCUBHO IEPEIUCTUMBIX MHOXKeCTB. BBL10 OB 60JIe€ TOYHO TOBOPUTH O C800UMOCM
npobaemvl 8TodcIeHUA 6 00UH A3VLK K npobreme 8ToxHclenus 6 Ipy20l A3vLK, OTHAKO
MBI Oy/IeM TIPUAEPKUBATHCS CJIOKUBIIEICST TEPMUHOJIOTUH.
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Hzwok L 6 anaasume X NOAUHOMUAGADHO cB800UM K A3bKY S 6 asdasume
g, ecau cywecmsyem 00HOACHMOYHAA demepMunuposartas mawuna Teopunea T
¢ enewnum anagasumom Ar 2 X U Xg u noaurnom p(n), makxue, wmo das 106020
cao6a w 6 andasume Yy mawuna T, nawae pabomamos 6 konpuypayuu ¢agwag,
ocmanosumcs 6 Konguzypayuy 6uda ¢iapudy . .. ag, 20e u € ¥, cdeaas ne boaee
uem p(|w]) wazos, u umeem mecmo IKEUBAALHMHOCTY

w e L < uesb.

3ameTnm, 94TO TP TOM BbINOJIHAETC HepaBeHCTBO |u| < p(|w]).

3syuenne xaacca NP npuseno, B 9aCTHOCTH, K BBEJCHHIO OKA3ABIICTOCA Upe3-
BLIYANHO BazKHBIM U IIOJIE3HBIM IOHATHA N P-noanozo0 asvika.

Ssvik L uz kaacca NP nasweaemes N P-noanvim, eciu k Hemy nosuHoMud -
Ho ceodum Moboti asvik S us samozo kaacca NP.

O6mmupHusblii cnucok N P-noanbix a35IKOB 9HTATEb HARIET B y2Ke MUTHPOBAB-
meiicst Bbime 3amedaresnbHoiit kaure M. [spu u 1. /Ixoucona [15]. Psn BakubIx
NP-noanvix sa3bIK0B, OTHOCANIMXCA K PA3JIMIHBIM Pa3eJaM MaTeMaTUKH, Oyaer
PACCMOTDEH HUKE.

Bamerum, uto obosHadenue NP Cay:KUT COKpalleHHeM I~ HedemepmMunupo-
sanHbLll nosuromuasvrod’ (nondeterministic polynomial), 9To CBsI3aHO ¢ HEPBOHA-
JaIHHBIM OIIPEIEIEHIEM 3TOTO KJIACCa S3bIKOB Yepe3 BLIUNCJICHNsT Ha HeJIeTePMIHNA-
poBaHHBIX MamuHax Trpiopunra. Hamomunw, 910 moHsATHE HeeTePMHHUPOBAHHOTO
KOHETHOTO aBTOMATa OKA3aJ10Ch BEChMa IOJIE3HBIM DU H3YIEeHHH KIACCa aBTOMAT-
HBIX SI3BIKOB, B 9aCTHOCTH, HpH jJoKazareabcTse Teopembl C. Kimun o coBmagennn
KJIACCOB ABTOMATHBIX M PErYJISIPHBIX SI3BIKOB.

B 10 ke Bpems CYIIECTBYET B ONpPeETeHHOM CMBICIE Oosiee YIOOHBIN MOAX0 K
ompeJesennio Kiacca a3b6ikos N P.

Szwk L 6 angasume X npunadaescum xaaccy asvikos NP — TIME mozda u
MOALKO mo2da, K020a cywecmsyem makas demepmunuposannas mawuna Toropunea
T u maxue noauromov. g(n) u p(n) ¢ HamyparvruMu Koappuyuenmamu, wmo

1)3C A\ {ao},

2) 0aa mobur cros w 6 aagasume L u u 6 aagacume Ar \ {ag} demepmu-
nuposarnas mawuna Toropunea T, navwas pabomamsv 6 KoHPuypayuy ¢ apWaguay,
ocmanosumca, coeaas ne boaee wem p(|w| + |ul + 1) wazos,

3) 0as 4106020 cao6a W 6 aadasume X cnpasedsusa IKEUBAAEHTHOCTID:

€060 W npunadaestcum asviky L mozda u moavko moada, koz2da cyusecmeyem
makoe cro60 v 6 argacume Ar \ {ao}, wmo |v| < q(lw|) u, navas pabomamov 6 Kon-
Puypayuu qagwagvay, demepmuruposarnas mawiura Toropurea T ocmarosumcesa
6 Konuypauul goapaiag - - . ag (caenas mpu stom He Gomee wem p(|lw| + |v| + 1)
IIArOB).

CrestaeM HEKOTOPBIE TTOSICHEHUSI.

C0BO v, 0 KOTOPOM HJIET pedb B IYHKTE 3) HA3BIBAIOT CEPMUPBUKAMOM I
ydocmoseperuem.
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[TyskT 3) yTBEPK AT, 4TO €CJHU CJIOBO W TIPHHAJIEIKUT SI3bIKY L, TO CyIIecTByeT
"kopomxud’ cepmugpuram v (|v| < q(Jw|)), mogTBEepK AAIOIIHIIE ITO.

[Tyukr 2) yrBep:xaaer, uro Mamuaa Toiopunra T ”6viempo nposepsem” cepru-
dbuKaTHL.

Takum odbpasom,

ecAl CA080 W npuHadresncum asvky L, mo natidemes maxot "kopomxud” cepmu-
Ppuram v, wmo 3a ne boaee wem p(|w|+|v|+1) marxmos pabome mawuna Toropurea
T u3 mavarorotl KoHpuzypauuy qagway nepetidem 6 3aKAWUMENDHYN KOHPU2Y-
payuro qoapa1Qg - . . ag.

Tak kak |v| < ¢(Jw|), TO

ecau ca060 w npunadaescum azvky L, mo sa ne 6oaee wem p(|w| + q(Jw|) +
1) maxmos pabomu mawuna Teropunea T u3 Hauasvnol KonPuypayuy ¢ agwag
nepetidem 6 3aKA0NUMENLHYIO KOHPUYPAUUIO GoGoG1ag - - . Ag-

3ameTnM, 9TO JIst JTOOBIX JIBYX HOJUHOMOB p(n) u ¢(n) ¢ HATYpATbHBIMU KO-
dbunpenramu p(n + ¢(n) + 1) — noamHOM ¢ HaTypaJIbHBIME KO3bDMUIMEHTAMY.

[Tosicaum, moueMy 9Tu JBa ONPee/eHNs 33/1al0T OJUH M TOT JKe KJIACC sI3BIKOB.

[TpeammosnozkuM, 9To 36K L B andgabure Y NPUHAIICKHT Kaaccy a3biKos NP —
TIME B cOOTBETCTBUH CO BTOPBIM OIIpejieIeHIeM 3TOTO Kjaacca. 1orma cymiecTBy-
er takasg MamuHa Thropunra T u Takue HOJIUHOMBL ¢(n) u p(n) ¢ HATYPAJbHBIME
ko3 duierTamu, 4T

1) X C A\ {ao},

2) st mobbix cioB w B andasure X u u B andasure Ar \ {ag} merepmu-
HUpOBaHHAs MamuHa Tbopunra T, HadaB pabOTATh B KOHMUTYDAIUU §1AoWagUdg,
OCTAHOBHTC, clesaB He Gosee yeM p(|w| + |v| + 1) maros,

3) ayist r06OTO cIoBa w B ajdaBuTe Y CIpaBeInBa SKBUBAJIEHTHOCTD:

CA060 W npuHadiedtcum A3viky L mozada u moavko moada, k0206 cyusecmaeyem
maxoe cro60 v 6 ardasume Ar \ {ao}, wmo |v| < q(jw|) u, navas pabomamo 6 Kon-
dueypayuu qragwagvag, demepmunuposantas mawuna Toropunza T ocmanosumes
6 KoHnpuypayuu Joagaiag - . . ag (caemas mpu srom He Gosee wuem p(|w| + |v] + 1)
IIArOB).

Herpyano nocrpouts HejieTepMUHUPOBAHHYIO Maluny Thiopunra 1j ¢ BHENTHUM
andasurom Ar, KOTOpasi u3 KOH(MUTYDAIUH ¢1aoWay MOXKET 3a KOHEYHOE UHUCJIO
aroB mepeiTn B J00yI0 KOHMUTYPAIUIO BUIAA (oGoWangVUag, Te v — JI000e CJIOBO B
andasure Ar \ {ap}.

Torma cymepnosunua TyT mammwn Twiopunra Ty n T’ aagercda HeaeTepMUHU-
posamuoit mammuoit Teiopuura ¢ mosunomoM 2(n + 1 + ¢q(n)) + p(n + g(n) + 1),
OrpaHUIMBAIOIINM BpeMs ee pabOThl, U PACHO3HAIONIEHT HCXOMHBI s3bIK L (HEKOTO-
pble JIeTAJi OCTABJIEHBl YUTATEII0 B KAYECTBE IMOJIE3HOTO YIPAYKHEHNUS).

ObpatHo, mycTh i 93bIKa L B aadasute Y cymecTByeT Takas OTHOJEHTOTHAS
He/leTepMUHIPOBaHHAS MamuHa ThIOpUHTa

T = <./4T7 QT? PT7 q0, q1>

1 TAKO# mOJIMHOM p(n) ¢ HATYpaJbHBIME KoM dunuentamu, Iro

1) ¥ € Ar\ {ao},
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2) agist r060ro caoBa w B andasure X

a) a0bo0e euuucierue, HAYMHAIONEECS B KOHMUIYPAIIUH (o AgWag, 3aBEPIIALTCS
HeJleTepMUHUPOBaHHON Marmmuol Thiopunra T vepes e Gosee dem p(|w|) maros,
T.e. B 9TOM CJIydae JI000M IyTh BHIYUCIEHNI BejieT depes He Gosee veMm p(|w|) maros
B 3aKJIIOUATEIbHYI0 KOHDHUIYPALNIO BUIA Uigo Aj, V1,

61) eciim w € L, 1o, HauaB paboraTh B KOHMUTYDAIMI Gy oW, HEJeTePMUHNI-
poBannas Mamunaa Thiopunra T uepes He Gosiee uem p(|w|) maros moacem nepeti-
Mu B 3aKTIOYATEIbHYI0 KOH(MDUIYPALIMIO BUIA (o Agd1dy - . . dg, T.€. B 3TOM CIydae 0
KpaiiHeii Mepe ojiHa M3 3aK/TIOUUTETHbHBIX KOH(MUIYpaIuii nMeeT yKa3aHHbIN BHI,

62) ecim w ¢ L, 1o, HauaB paborarh B KOH(MDUTYDALUH (o AgWag, HEIETEPMU-
HupoBaHHas Maiuna Teiopunra T e Mmootcem nepetimu depe3 KOHEYHOE YUCI0
IIAaroB B 3aK/II0YATENLHYI0 KOH(MDHUIYPAIMIO BUIA (o Agd1dg . . . (g, T.€. B TOM CJIydae
HU OJHA U3 3aKTIOUATEIbHBIX KOH(UTypanuii He UMeeT YKa3aHHBI BHI.

Bribepem HOBBI CHMBOJ *, He BXoadamuil B andgasur Az, 1 pa3aeJeHusa CJIOB
B 3TOM aJihaBuTe.

Ha muoxectse Beex ciioB B andasure Ar U {*} onpenennm aBymecTHBI pein-
kar T'(x,y) ciaeayomnieil SKBUBAJEHTHOCTHIO:

ona ca06 w u v 6 aapasume Ar U {x} svnoaneno T(w,v) mozda u morvko
mozda, Koz0a

1) w — cao6o 6 argasume X,

2) ca060 v NpedcMasUMO 6 Bude Vg * V1 *. .. *x Vs, 20e kascdoe caoso vy (0 <t < s)
ABAAECMCA MEZHOBEHHOLM onucanuem (kKonduaypayued) oaa mawuns T, npuwem vg
— MO HANANBHAA KOHPULYPAUUA ¢ AyWay, G Vg — IMO 3AKAIOUUMENbHAA KOHPU2Y-
PaAyUA ooaiag - - . ag u npu aobom t (0 <t <s—1) v Fprvgg.

Toraa c10BO w HPHHAMIEKNT S3BIKY, PACIO3HABACMOMY HeEJIeTepMUHIPOBAHHOIL
mMamnaoi Twrropunra T', Tor/ia U TOJBKO TOTJA, KOI/A CYHIECTBYET "KOPOTKUil~ cep-
THUKAT U yKa3aHHOTO BUJIA

(tak kax s < p(Jw|) mwnpu modom t (0 < t < s) |vy| < |w|+1+s < |w|+1+p(|w]),
TO

[ < s+ (s+ D(jw|+1+s) < p(lw]) + (p(Jw]) + D)(Jw| + 1+ p(|w]) < q(jw]),
re ¢(n) — TOAXOMSIIHA TTOTHHOM).

Herpyano mouars, 4To BpeMs "HpoBepkH cepTuduxara’ v OrpaHUYEHO CBEPXY
MOIXOISIIIINM ITOJIAHOMOM.
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I'JTABA V

NP-TPYIHBIE 1 N'P-ITIOJIHBIE
ITPOBJIEMBbBI

§1. N'P-moJsHora npobJieMbl BHIIIOJTHUMOCTH ISt
dopMysT JOTUKN BHICKA3HIBAHIA

Sror naparpad nocsamen gpyngamentaabaoil Teopeme C. Kyka 06 N P-noanore
Ipo0IeMbl BBIIOJTHUMOCTH 11 (DOPMYJT JIOTHKH BBICKa3bIBaHUil. B m3noxkenun mo-
Ka3aTeabCTBa Mbl MPHIEPKHUBAEMCS TTOAX01a 13 MoHOTpadun [4].

Teopema 1.1 (C. Kyk). IIpobaema svinoanumocmu 0as Bopmys A02UKY GblCKa-
soeanuti asasemes N P-noanot.

Hoxaszameanncm e o ObosHaunm depes X aadabut JIOrmku BhICKa3bIBAaHUM
Y=V U X U,

e V = {A;, As, ..., A,,...} — CdeTHOE MHOYKECTBO IIPOMO3UIIUOHATBHBIX [IEPEMEH-
HBIX, Y1 = {—,V,&} — MHOXKeCTBO NPOMO3UIUOHAIBHBIX (JIOPHYECKUX) CBSI30K, a
MHOKeCTBO Yo = { (, )} cocTour u3 yieBoii u nmpaBoii cCKOGOK.

Yepe3 L 0603HaUUM MHOZXKECTBO BCEX BBIOJTHUMBIX (hopmyst JIoruku BhICKA3bI-
Baumii. Torna L C X* um HeTPYAHO MOHSITH, YTO A3bik L npunadiescum kiaccy
NP (ecmu @ — omosnumag dbopmya JIOrukn BHICKA3BIBAHUIA, TO "KOPOTKHM Cep-
ThUKATOM”, TOATBEPKIAIONUM ITPUHAIIEKHOCTD (hopMmyibl @ 93bIKy L, MOKeT
CIYKHUTD 000 HAOOP MCTHHHOCTHBIX 3HAYEHUI BXOMANINX B 3Ty (DOPMYJIY IPOIO-
3UIMOHAJBHBIX [EPEMEeHHbBIX, Ha KOTOpoM (dbopmysna ¢ ncrnuna).

[TokazkeM, 9TO NPobAEMA GTOHCOCHUA OAA NPOU3BOALHO20 A3bKA U3 Kaacca NP
NONUHOMUAALHO CBOOUMG K NPOOAEME BLINOAHUMOCTU OAA HOPMYA NO2UKU BOLCKG-
3ul8aHUT, M.e. K npobaeme sronclenus 6 A3vik L.

[Iycrs L — mpoM3BOJBHBIN SI3BIK, MPOOJeMa BXOXKIEHHS B KOTOPBI PEIIaeTcs
3a MOJTMHOMHAJIBLHOE BpeMst p(n) HEKOTOPOii HeJeTePMUHUPOBAHHON OJHOJIEHTOYHOI
Manuuoit Thiopunra T', umeronieit BHenHuit ajadasur

AT = {&07 &17"'7am}7
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BHYTpeHHU ajipaBuT
QT = {QO7 q17"'7QS}

u (yHKIIHIO TTepexo/IoB
5:QT\{QO} XAt — P(QTXAT X {L, S, R})

[To 9ucTO TEXHUIECKUM HPUYMHAM UCTHHHOCTHBIE 3HaYeHHd OyaeM 0003HAYATD
ne vepe3s U u JI, a wepe3 1 u 0.
J171st mpon3BoOIBHOIO HATYpaIbHOro ducia p depes U(Ay, ..., A,) obosuatnm cie-

JyIo1Ly1o (popmy.y
(Ay v...VA)& & (-4, VvV -4)).

1<i<j<p
¢lcuno, aro
044 MPOU3EOALHOZ0 HAOOPA (E1, .. .,Ep) UCTMUNHOCTVHOLT 3HAMEHUT DPAGEHCTNEO
Uler, ... ep) = 1 6wnoaneno mozda u moavko moeda, kozda naiidemes eduncmeen-

HOE YUCAO Ty MaKoe, 4mo €;, = 1.

Cuuraem, 9T0 sTYeiiKu JIEHTHI MaluHbl biopuHra 1’ 3aHyMepOBaHBI CJIeBA Ha-
IIpaBO HEOTPUILATECJIbHBIMUA HEJILIMA YHUCJIaMHU. J_—L.HH OIMNCaHUuA pa6OTbI MaAIIIUHBI TBIO—
punra T Mbl OyeM UCIIOIB30BATH MPOTO3UIINOHAIBHBIE TiepeMenHbie. O1HaKo Oy1em
X 0003HAYATH TAKHM 00pa30M, 9TOOBI 00JIErIUTh MOHUMAHKIE CMBICJIA, IPOBOIAMBIX
IOCTPOEHHT — BMECTO HECKOJIBKO ~0be3amdeHHoro” obo3nadenns A, MbI OymaeMm uc-
nosib3oBaTh obosHavenust H(i,t), C(i,j,t) w S(j,t), cMbICH KOTOPHIX Oymer sicex
O37Ke.

1) [ocrponm dbopmyiy A, comepKaTesbHO YTBEPK ALY IO, YTO 6 KaHcIvl Mo-
menm epemenu 0 < t < p(n) mawuna Toropuneza T obospesaem 6 mounocmu o0-
HYy Avetiky aenmol. st moctpoerns ¢popMyabl A paccMOTpUM CIETHOE MHOZKECTBO
IIPpONO3NIUOHAJIbHBIX TEPEMEHHbIX

{H(it) | i,t=0,1,2,...}.

CosiepKaTeIbHO HCTHHHOCTD MepeMenHoit H (i, t) 03HAYAeT, 9TO 6 MOMEHM, BPEMEHU
t mawuna Toropunea T obospesaem auetixy ¢ HOMEPOM i.
ITomaraem

Ay =U(H(0,t), H(1,t),...,H(p(n),t)), A=A&A & ... & Aym).

Ecsin Mbl cumraeM, 4To KaK/Ias MPONO3UIUOHAIbHAS TIEPEMEeHHAS UMeeT JIJTH-
uy 1, To mmuma dopmynst A ects O(p*(n)).

Ecsin e cuutarh, 4T0O KazKjas MpoHo3uiuoHa buas nepementast H(k, t) nmeer
aay 1+ 1+ logk + 1+ logt + 1, 1.e. O(logp(n)), To ammua dopmyas A ectb
O(p*(n)). B srom ciyuae uucia k u t 3ajaiorcs B jBoudHoii cucreme. Hakowert,
ecin uncsa k u t 3a1aTh B YHAPHOI cuCTeMe, T.e. KaK CJOBA COOTBETCTBEHHO JIIMH K
u t B oqHOOyKBeHHOM asidapure {|}, To KaxKjaas MPOMO3UIUOHAIbHAS MEpeMeHHAs
H{(k,t) 6yner umers mmuny 1+1+k+1+t+1, m.e. O(p(n)), u BHOBD mymuHA HOPMYIIBL
A ects O(pt(n)).
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Tak kak Hac UHTEpPECyeT MOJMHOMHUAJbHAS CBOJUMOCTb, TO B JaJIbHEHIIEM JIIst
VIPOIIEHUS CINTAEM, ITO KarK1asl MPONO3UINOHAIbHAS TIepeMeHHast nMeeT JIuHy 1.
B mporuBHOM ciiydae HAIO JUMIb J00ABIATH MHOKUTETb P(N).

2) IMocrpoum dopmyiny B, coaepkaTeabHO yTBEPKIAILYO, 9TO 6 KaHcOull MO~
menm epemenu 0 < t < p(n) kaosrcdaa auelixa seHmvL cOOEPAHCUM 8 MOUHOCTIU 00UH
cumson. JIns nmocrpoerus opmysnibl B paccMOTPUM CYETHOE MHOYKECTBO IIPOITO3H-
IMOHAJBHBIX IMEePEMEHHBIX

{CG,j,t) | i,j,t=0,1,2,...}.

CoziepKareibHO HCTHHHOCTD nepeMentoit C' (i, j, 1) 03HAYAeT, 9TO0 6 MOMEHM Gpeme-
nu t 6 AuetiKe ¢ HOMEPOM & COJEPIHCUMCA CUMBOA G EHEWNE20 AAPAGUMA MAULUHDL
Toropurea T'.

[Tostaraem

B =U(C(i,0,t),C(i,1,t),...,C(i,m,t)).

Conepxkarenbuo dopmyna B;; yIBepKIaer, 9To

"i-5 KACMKG NEHMDBL 8 MOMEHM, BPEMEHY t COOEPAHCUM 8 MOUHOCTIU 00UH CUMBOA
sHeuwnez0 anpasuma mawurv, 1.

Hanomuum, uro

AT = {CLO: al?“‘7am}7

rae Ar — BHemHuit andasut Mamuab 1.
fcuo, aro guna dopmymst B, ects O(1).
[Tonaraem
B = & B@t.

0<i<p(n)
0<t<p(n)

HanmomunwMm, 49To
QT = {q07 qla"'aQS}7

rjie () — BHyTpennwuii ajadasur mammab 1.

Ecin Mpl cunTaeM, 9To Kayk/aas MPONO3UIMOHAJbHASA IIepeMeHHast UMeeT JIJIv-
ny 1, To piuna dopmynst B ecrb O(p?(n)). Ilpu Apyrux npeamnoiokeHusx JjIuHa
dbopmymer B ects O(p*(n)).

3) IMocrpoum dopmyity C, comeprKaTesbHO Y TBEPKAAIOINLYIO, UTO 6 KaHcIvll MO~
menm epemeny 0 < t < p(n) mawuna Toropunea T naxodumes 6 mounocmu 6
00Hom enympennem cocmoanuu. Jns nocrpoerust ¢popmynbl C pacCMOTPUM CUET-
HOE MHOYKECTBO TIPONO3UIHOHATHHBIX MEePEMEHHBIX

(SWk,t) | k,t=0,1,2,...}.

CoiepKareibHO HCTHHHOCTD nepeMernoit S(k, t) 03HAYAeT, YTO 6 MOMEHM BPEMEHU
t mawuna Toropurea T naxodumes 6 cocmoianuu .
[Toraraem

Co = U(S(0,t),S(1,8),...,8(s,1)), C=Co&Ci&e ...&Cppn.
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Ecim mMbI canraem, 910 KaykKjaas MPOMO3UIMOHAIBHAS TepeMeHHas uMeeT JInHY 1,
to pmuHa dhopmyast C ectb O(p(n)). [lpu Apyrux mpeanoaoKeHusX JIHHA (DOPMYIIbI
C ects O(p?(n)).

4) TToctpoum dopmysty D, comepKaTebHO yTBEPKAAIONLYIO, 9TO 6 KaHcIvill MO~
menm epemeny, 0 < t < p(n) moorcem usmenumues codeporcumoe we bosee wem
00HOT KAemKu.

[Tosaraem

D — ) & Di,j,t:
0<i,t<p(n)
0<j<m
rae

Di,j,t - (H<Za t> \ (C<iaj:t+ 1> = C<iaja t>)),

rie X =Y — 310 (X VY)&(X VY).

®opwmyna D; ;¢ coaepKaTeJbHO yTBEPXKIAeT, 9TO

AU60

a) 6 momenm epemenu t 20406Ka 0003pesaem AUEUKY ¢ HOMEPOM 1,

AU60

6) 6 auetike ¢ nomepom i 8 momenm epemenu t + 1 zanucan j-i cumeon mozada
U MoAbKO Mo2da, Ko20a 68 Auelike ¢ HOMEPOM & 8 MOMEHM epemenu t 3anucar j-1
CUMBON.

Tak kak dopmyna A yTBepKIaer, YTO B KarKIbIii MOMEHT BpPEMEHH TI'OJIOBKA
0003peBaeT B TOYHOCTH OJIHY sS9eiiKy, a ¢dopmysa B yTBepkKIaer, 9TO B KarKIbIil
MOMEHT BPEMEHU KarKJas siaeiika COEePKUT €IMHCTBEHHBINH CUMBOJI, TO (hopmyia D
YTBEPK/IAET, YTO B KaKJbIiI MOMEHT BPEeMEeHH MOYKET M3MEHUTHCS COMEP:KUMOe He
bostee 1em ofiHOI sueliku (0603peBaemMoii).

Ecan mbr canraem, 910 Kakasi MPOMO3UIUOHAIBHAS [TePEMEHHAsT UMEeeT [T~
uy 1, ro ayuna dopmysst D ects O(p?(n)). Ilpu ApyruX NpenoozKeHusx J1juHa
dbopmyast D ects O(p?(n)).

5) IToctponm dopmyiny £, comeprKaTesbHO YTBEPK ALY, 9TO 8 KaHcoull Mo-
menm spemenu t caedyrowan konpuaypeyus K mawuno Totopunea T nosyuaemcs
u3 mexywet neperodom, paspewertvim Pynryuet neperodos § mawuns, Toropur-
ea T

Ob6oznaunm gepes Fjjiy TM3BIOHKINIO CIICLYIOMNX YTBePK JeHHit:

a) B MOMEHT BPEMEHHU t MOJIOBKA He 0603peBaeT KJIeTKY ¢ HOMEpPOM i,

0) B MOMEHT BpeMeHH t KJIeTKa C HOMEPOM i He COJIEPIKUT CHMBOJI ¢ HOMEPOM j,

B) B MOMEHT BpeMeHH t mammuHa Thiopunra T He HAXOAUTCSI B COCTOSHUM C HO-
mepowm k,

r) cieyrommas KouduUryparus Mamuabl Thiopunara T mMoJydaercs u3 TeKyIei
ePexXoI0M, pa3peleHHbIM (DyHKIel mepexonoB 0 Mamuubl Thopunra 1.

Torna

& = 1§<%3§S Eijkt,

0<j<m
1<i,t<p(n)
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rie

Eijie = ~H(i,t) Vv =C(i, j,t) Vv =Sk, t)V
v (CGi, Bt + 1) &S{a, t+ 1) & H(i +v,t+ 1)),
<qa7aﬁ7D’Y>€5(qk7aj)
rie
D,=0L Dy=3S, Dy =R

Tak xax T — HejeTepMUHHPOBAHHAS MAIIMHA THIOPUHTA, TO MHOKECTBO 0(gj,a;)
MOKET COIePKaTh HECKOJIBKO HAOOPOB (¢a, a3, D), OMHAKO HX HUHCIIO OIPAHUYIEHHO
3aBUCAINEH UL OT MaIuHbl 1’ KoHcTaHToil. [losTOMY HETpYIHO HPOBEPUTH, UTO
€CJIM MBI CIATaeM, 9TO KarKJas IPOIO3UITHOHAIbHAS IepeMeHHasd UMeeT JJTHHY 1, TO
amana gopmyiisl € ecth O(p?(n)). Tlpu Apyrux npeanoaoKenusx Jjuna hopMyJibl
& ectb O(p*(n)).

6) Ilo npomssosbrOMY cioBy W = aj, ...a;, BO BHemHeM ajidaBHTe MAITHHbI
T nocrpoum dopmyny F, coaep:KaTeJbHO YTBEPXKIAIONLYI0, UTO 8 HGYAAbHLT MO-
menm epement, 0 Mawure HaTodumces 6 Hauasvhol Kouduaypauuu — 6 nepeus n
Avetrax senmor pacnoaazaemcs caoso W, a ocmaavhvie p(n) — n auveex nycmos (6
HUL PACNOAG2AEMCA NYCMOT CUMBOA Gg), 20A406K4 HATOOUMCHA 6 HAYAABHOM COCMO-
AHUY @1 U 0603pesaem camyro nepeyro Auelry’

F= & Cliji0)& & Ci,0,0)&S(1,0)& H(1,0).

n<i<p(n)
1 BHOBb HETPYIHO IIPOBEPUTDH, YTO €CAH MBI CYHTAEM, 9TO KarKIad IIPOINO3UIHO-
HaJbHAs HepeMeHHas uMeeT jyuHy 1, 1o jgmuna dbopmynst € ectb O(p(n)). Tpu
JPYTHX Tpe/nojioxenusx jauna gopmyist £ ecth O(p?(n)).
7) Toctpoum dhopmyiny G, coep:KaTeTbHO YTBEPXKIAWILY0, ITO 68 HeKomopoiil
momenm epemeny, t < p(n) mawuna Toropunza T npuwaa 6 3aKANOUMENLHYIO
Konpu2yparuto.

g = S(O,p(n))

O6o3naunm vepe3 V(W) KOHBIOHKIMIO TOCTPOEHHBIX (HhOPMY.IT
A&B&C&D&E&L F&QG.

Tmana gopmysst ¥ (W) ecrs O(pt(n)). To ucxomuomy ciosy W dopmyaa ¥ (W)
CMPOUMCA 304 NONUHOMULADHOE BPEMA.

Caenannbie B xoze nocrpoenus: dbopmysabl W (W) nosicHeHnst mMOKa3bIBaIOT, YTO
CIIpaBe I JINBa SKBUBAJTEHTHOCTD

croso W npunadaesrcum aswry L(T), npurnumaemomy nedemepmunuposarnnot
mawunot Toropunza T mozda u moavko moeda, kozda gopmyara W(W) ewnosnuma.

Takum 00pa3oM, npolaema 6LOAHCOEHUA 6 NPOU3COALHBLT A3bK U3 Kaacca NP
NONUHOMUAALHO CE0OUMA K NPOOAEME GUINOAHUMOCTIU 048 Bopmys Jlozuku evicka-
suearud (st 6yneBbIx QyHKITHIL). O
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Hanomunm, aro dopmysia F' HAXOMUTCS B KOHBIOHKMUESHOT HOPMAAbHOU dopme
(KH®), eciu oHa nMeer BH/L

(A& ... & Ay,
rie Kaxkjaasa gpopmyina A; gaBasercs 1eMeHTapHOl JIU3bIOHKIUe, T.e. uMeeT BUL
(A* V...V A%,

mpuieM o; € {—1,0,1} (j=1,...,n)u A;l — 510 oTpunanue A; nepeMeHHoi Aj,
Ajl- — 9TO HPOCTO caMa IepeMeHHas A;, a AS-’ — 9TO MyCTOE CIOBO, T.€. B 9TOM CJIyUae
nepeMennas A; IPOCTO OTCYTCTBYeT.
Kazk1as nepeMennas A; u ee oTpunanne A; HA3BIBAIOTCS AUMEPAAOM.
Dopwmysia BUIA
(A" vV ..oV A,

T.€. U3 BIOHKIAST JTUTEPAJIOB, HA3BIBACTCS aAeMeHmapholi dusstonkyuet, a hopmyia
BHJIA

(AP & ... & A%,

T.e. KOHBIOHKITHS JTUTEPATIOB, HA3BIBACTCA AAEMEHMAPHOT KOHBIOHKUUE.

Takum 0b6pa3oMm, KOHBIOHKTUBHAS HOpMaJibHas (pOpMa — KOHBIOHKIUS 3/IEMEH-
TAPHBIX U3 BHIOHKITHIA.

JIBOCTBEHHBIM TOHSITHEM SIBJISIETCS IIOHATHE QU3BH0OHKMUSHOT HOPMAALHOT POop-
movr (JH®D) — Au3bIOHKIUE 3JeMEHTAPHBIX KOHBIOHKITHI.

Ecau mpu 3roM Kakaast sjeMeHTapHas InbIOHKITHST

(AT Vv ...V AT

coJiepKuT He Oosiee k yimTepasioB, To (opmyna F HaxomuTcs B k-KoHBI0OHKMUGHOT
nopmarvrot gopme (k-KHD).

ITpobaema k-ewvinoanumocmu. Ilo npouszsosvhot dopmyase, naxodauietica 6
k-KH®, mpebyemca onpedesumsv, 6binoAHUME AU OHA.

Teopema 1.2. IIpobaema 3-evinoarumocmu asasemea N P-noanot.

doxaszameawvcmeo. [Ipexie Bcero nmokazxkem, 4To Kax/Jast U3 MOCTPOCHHBIX
B XOJIe JOKa3aTeIbCcTBa npeapiyneii reopemnol dopmyn A, B, C, D, £, F u G mmbo
yxke Haxomautrcs B KH®, mubo moxker ObITH mpeodbpazoBana B KH®, npudewm ee qinna
yBesmmauTcs He Oosiee ueM B C' pa3, rje C' — HeKOTOpast KOHCTAHTA.

@opwmyna U waxomurcs B KH®, mosromy B KH® naxogsarcs u dopmynst A, B
uC.

®opwmyast F u G Haxoasrces B KHO.

JLns mpeobpazoBanug dpopmyasl D B KH® Bocmosib3yeMcest SKBUBAJIEHTHOCTHIO

ZV(X=Y)~(ZVXVY)&((ZVXVY)).
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Bamernm, 910
(ZVXVY)&(ZVXVY))<2:/(ZV (X =Y))

[Toaromy mocie mpeodbpazoBanus popmysinl D B KHO ee jynna ysenuuaurcs ue 6o/1ee
JeM B JIBa pa3a.

Jmuna Kazxaoit popmynbl Fjji: 3aBUCHT JHIIbL OT pacCMaTpPHBaeMON MAaIlHHbI
Trropunra, Tounee oT ee (pyHKIHHE HEPeXo0B. SHAUUT, MOKHO ITpeodpa3oBaTh hop-
myay € B KH® Ttak, 4To ee niumHA YBEJIMYHUTCS B IMOCTOSHHOE, He 3aBUCAIIEE OT
n = |W| uucmno pa3s.

BeinostnuB ykasaHubie mpeobpa3oBanus, Mbl mpeobpasyem dopmyry W(W) B
KH® V(W) u npu sToMm ee jjiuHa yBEJIXIATCS B MOCTOSHHOE, HE 3aBHCSIINEE OT
N 9HUCJIO Pas.

[Tokazkem, uto mpobsiema BoinoHuMocTH hopmyt B KH® momnnomuaabHO cBO-
JIIMa, K podiemMe 3-8btnoAHUMOCTD.

[TokazkeMm, 9TO Ipu p > 4 anemenmapran JU3BIOHKUUA

(X1 VXaV ...V X,),

ede X1, ..., Xp —Aumepasvl, 6oiNOANUMG MO204 U MOALKO M020a, K0204 6HINOAHUMA
KOHBIOHKUUA

(X1 VXo V)& (X3 VYL VYY) & (X, VY, VYs)& ...
&(Xp2 VYpuVY,s)&(Xp VA VY, )

rae Yi, ..., Y,_3 — HOBBIC IepEMEHHBIE.
JlokazkeM, 910 Habop (1, ...,&p) 3uauenul aumeparos Ay, ..., A, swnoinaem
INEMEHMAPHYIO QU3BIOHKUUIO

(A1 vV Ay V...V A

mozda u Mmoavko mozda, Ko20a HAUIYMcA Mmaxue 3HAYEHUA O, ..., Op_3 HOBHLT
nepemennox Y, ..., Yp_3, umo nabop
<€1, vy Epy Oy e ,Oép_3>

BUINOAHAEM, HOPMYAY

(X1 VXo V& (X3 VY VYY) & (X, VY, VY& ...
&(Xp2 VYpu VYy3)&(Xp VX, VY, )
Ecim wabop (e, ...,€p) 3uadennit surepasoB Xi, ..., X, BBIIOTHSET JIEMEH-
TAPHYIO JIU3bIOHKITHIO

(X1 VXaV ...V X,),
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To Haiigerca takoe 7, uro X; = 1. [losaraem Y; = lupu j <i¢—-2uY; =07 >
1—2. HeTpyiHO MOHATDH, UTO MOCTPOEHHBIN HAOOP 3HAYUEHUI TEPEMEHHBIX BBITIOTHIET
bopmyy

(X1 VX V& (X3 VY VYY) &(Xy VY, VY& ...
&(Xpa VYpu VY, 35)&(Xpm VX, VY s)

(HCTHHHOCTD BCeX 3JeMeHTApHBIX Mu3bIoHKIH Kpome (X; V Yy V Y;_;) obecme-
YUBaETCI BBIOOPOM 3HAUYEHUII MepeMeHHBIX Y7, ..., Y;_ 3, & HCTHHHOCTb 3TOH IH3b-
IOHKIINK CJIeJlyeT u3 paBencrBa X; = 1).

Jlist 1okasarebcTBa 0OPATHOIO YTBEPIXKAECHUST TTPE/IITOJI0KNAM, YTO HADOP

(€1, Epy Oy vy pg)

BBITTOJTHSAET (DOPMYITY

(X1 VX V& (X3 VY, VYY) & (X, VY, VY& ...
&(Xpa VY, u VY, 3)&(Xpm1 VX, VY, ).

Ecmun o =0, T0 €1 = 1 6o g9 = 1.
Ecm ap_3 =1, T0 €,y = 1 smmbo €, = 1.
Ecm a; = 1w a3 = 0, 1o naiigercs rakoe ¢ (1 < i <p—4), aro oy = 1 u
a;iy1 = 0.
V3 paBencrBa
(Cig2 V@ V i) = 1

CJIJIYeT, UTO £;49 = 1. [TosToMy HabGOp (€1, ..., €,) 3HAUenHHi turepatos Xy, ..., X,
BBITIOJTHAET 3JIEMEHTAPHYIO JTH3BIOHKITHIO

(X1 Va2 V...VX,).

Brinosinus ykaszanuble npeobpasoBanusi, Mbl 1peodbpasyem dbopmyay V(W) a 3na-
auT 1 ucxonuyo dopmyry W(W), B 3-KH® ®3(W), u npu 910M ee JIUHA YBeJIU-
YIUTCA B IOCTOSTHHOE, He 3aBucsdiiee ot n = |W| qucio pas.

Creranabie B X0/e TIOCTPOeHUsT (DOPMYJT MOSICHEHUST TTOKA3bIBAIOT, 9TO CIIPABE/I-
JINBA, SKBUBAJIEHTHOCTD

caoso W npunadaesrcum asvky L(T), npunumaemomy nedemepmunuposarnot
mawunot Toropunea T, mozda u moavko mozda, kozda dopmyaa V(W) evinosmu-
M.

Takum 00pa3oM, npobaema 6LONHCOEHUA 6 NPOU3COALHBT A3bK U3 Kaacca NP
NOAUHOMUAALHO c800uMa K npobaeme 3-KHDP Bormoaumoctn mist popmyn Jlornkn
BBHICKA3bIBAHUIA. U

Baxkubim jonosinenneM K JIOKA3aHHONW TeopeMe CJIYyKUT CJIeLYIoNias TeopeMa.

Teopema 1.3. IIpobaema 2-8vinoAHUMOCTIU NOAUHOMUGADHO PA3PEUUMG.
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[TocTpoenne MOIMHOMHATIBHOTO AJTOPUTMA MOZKET OBITh OCHOBAHO HA CJIEIYI0-
IUX JIBYX (bakTax:

1) U3 MEPEeMEHHBIX T, . . ., T, MOXKHO IOCTPOUTD JHUIIb 412 3/IeMEeHTAPHBIX T3 b-
IOHKITHI Buga (8 V xjﬁ),

2) ecam HU X, HU T, He BXOaAT B dhopmynst A u B, 1o dopmyia

(xn V A) & (T, V B)

BBIIIOJIHUMa TOT'Ja U TOJIBKO TOI'la, KOT'/Ja BBIITOJIHUMA CI)OpMYJ'[a

(A V B).
DTO MO3BOJISIET BOIMPOC O BBITIOJHEMOCTH HAOOPa 3JIEMEHTAPHBIX JN3BIOHKINI BUIa
(x$ Vv x]ﬁ) OT TIepeMeHHbIX 1, ..., L, TOJTUHOMHAAJIBLHO CBECTH C BOIPOCY O BBIMOJI-

HAMOCTH HaOOpa 3JeMEHTAPHBIX JU3IBIOHKINI TaKOTO Ke BHJIA, HO OT IepeMeHHbIX
X1, ..., Tp_1. IIpogoazkast aHAJIOrUIHBIM 00pPA30M, MbI JIOW/IEM 0 BOIPOCA O BbI-
MOJIHUMOCTH HabOpa JIeMEeHTAPHBIX MU3bIOHKIUiT Buga (z§ V xf ) OT MepeMeHHBIX
T1 U To, U BCE 3TO MO2KHO BBIIOJIHUTH 33 IMOJUHOMUAJJIBHOE BpeMsl.

§2. C0KHOCTH pemnieHns CUCTeM JNHETHbIX
YpPaBHEHU’

B srom naparpade Oyaer ycranosiaena N P-0JIHOTa HEKOTOPHIX MPOBIEM aare6-
pel. Haumem MBI ¢ 10CTATOYHO TPOCTHIX (baKkToB — yeranoBuMm N P-noanomy npobaem
pazpewumocmu cucmem aunelinos ypastwernud 6 wucaazr 0, 1 (HOJIC-npobaemovs) u
6 ueavir Heompuyamervhor wucaar (HI[JIC-npobaemu). TIpuHAIIEKHOCTD MEPBOii
3agaun kjaaccy NP oueBujHa, a IPUHAIEKHOCTL BTOPOil Oy1eT YCHAHOBJICHA, 1103~
Ke.

[Tokaxkem, 9TO ¥ KaxrcAol us MUT NPOOAEM NOAUHOMUAALHO CE00UMA NPOOAEMA
3-BBITTOJITHUMOCTD.

[Ipono3uiimonaibHbBIe TepeMeHHbIe OyneM 0obo3HadaTh depe3 Xy, ..., X, 1 T.1.

Paccmorpum npoussobayio KHO Buga

m e
& p; ;= vV X"
i P i jeA; Y
e €;; € {—1,1}, kaxkm0e MHOKeCTBO A; COCTOUT U3 TPeX 3JeMeHTOB, X ]1 — 310 X},
a Xj’1 —3T0 —.X;.
JImrepary X; comocraBuM IepeMeHHYIO T, & JaTepaay —.X; — IepeMeHHyIo xj_l.
Herpyano mousars, aro gopmyira
& p; = vV X
Pt N jeA; Y
BHINONHUMG MO020G U MOALKO M020a, K0204 UMEEM PEWEHUE 6 HEOMPUUAMENOHBLL
UEADLT YUCAAT CACIYIOWAA CUCTNEME NUHETHBLT YPASHEHUT

m Ei,5 _ & —1 _
iézljeEAixj Ty =1 &j&zzlxj + ;7 = 1.
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Tak kax 1pu JIFOOOM ¢ BBITIOJTHAETCS HEPABEHCTBO

El,j
je%\i Tt s

TO MOYKHO CUYHUTATh, 9TO BHINOJHSIOTC HepaBeHcTBa 0 < y; < 2. [Tosromy dhopmy.aa

m
& ¢ = VvV X
i P P jeA; Y
BUNOAHUMG M0200 U MOALKO Mo20a, Ko2da umeem peusenue 8 vucaax 0 u 1 credy-
0UGA CUCTNEME NUHETUHDLT YPaSHEHUT
m

€ij ‘ N n | o
igl j§4i xj (yO,z + yl,z) 1& j&zgl oy + x] 1.

JlocTaTouHO HEOKUJAHHBIM SIBJISIETCS CJIEAYIONUI (haKT: Paccmompermvie npo-
baemol ocmaromes NP -noanvimu, 0asice ecat 6MECTO CUCTIEMDL NMUHETHLIT YpasHe-
HUT PacCmMampueams 00HO AUHETHOE Ypasherue. 3a STUMH HMpobJIeMaMu 3aKperi-
nuch HazBaHug “llemounciaennbiit piok3ak” u "0-1-prok3akx”.

Ieaouwucaennuiti proxsax. Ilo npoussosvromy ypasHenuro suda

ary + ... + a,x, = b,

ede ay, ..., a, ub — yeavie yucaa, onpedesumsb, UMEEM AU OHO HEOMPUUAMEALHOE
UEAOUUCNEHHOE PEULEHUE.
0-1-prox3ax. Ilo npouzsosvHomy ypasHeruro 6uda

ary + ... + a,x, = b,

2de ai, ..., a, u b — uyeavie wucaa, onpedesums, UMEEM AU OHO PEUEHUE 8 YUCAAL
0, 1.
OTMmeTHM, 9TO BOIIPOC O PA3PEHIUMOCTH B MEJBIX YHUCJIaX HPOU3BOJIBHOIO YpaB-
HEHUd BUJIA
ary + ... + a,x, = b,

rie aj, ..., a4, U b — meable YmcIa, KaK XOPOIIO M3BECTHO M3 Kypca ’Anredbpa’,
perrraeTcsi 3a MOJIMHOMHUAIBLHOE BPEMSI.

Teopema 2.1. IIpobaema 0-1-proxsax aeasemcs N P-noanof.

oxasameanncm e o. [lokakem, 9T0 6onpoc 0 pazpeusumocmu 6 “wuciar 0,
1 npouseoavhol cucmemv, Ax = b AUHETHOLE YPABHEHUT NOAUHOMUGNOHO CEOOUM
K gonpocy o padpewumocmu 8 wucaar 0, 1 00no20 Aunetino20 ypasHeHus suda

ary + ... + a,x, = ¢

e a, ..., G, U ¢ — IeJIble YUCIA.
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Paccmorpum cucremy Axr = b imHelHBIX ypaBHEHUIT ¢ MaTpUIEit pa3Mepa m X n.
Ob6o3uaunm gepe3 Ay, ..., A,, cTpoKd MaTpuinl A, a uepes by, ..., b,, — KOMIOHEHTHI
BeKTopa b.

[Iycte E — 310 Hambosblmee abCOMIOTHOE 3HAYEHHE JIEMEHTOB MATpHUIL A n
BeKTopa b.

g BekTopa x ¢ kommoneaTamu 0 u 1 copapenBa SKBUBAJEHTHOCTD

(Ay + (2nE)Ay + (2nE)?Az + ... + (2nE)™'A,) -2 =
by + (2nE)by + (2nE)%bs + ... + (2nE)™ by,

DTO 3aBepiiaeT J0Ka3aTeIbCTBO TEOPEMBI. OJ
Paccmarpusaemast 3a1aua ocraercss N P-NOJHOM, eciin JazKe CY4UTaTh, YTO BCE
KO3 pUIMeHTH ypaBHEHU S

a1y + ... + a,x, = b

IOJIOZKUATEJIbHBI.
Paccmorpum ypaBHeHune ¢ 1eibiMu Koddgdumnpenramu Buia

ary + ... + a, T, = b,
rae b > 0. Bes orpannyenus oOITHOCTH MOXKHO CUHTATh, 4TO a; > 0, ..., ap, > 0,
ap+1 <0, ..., a, < 0. Paccmarpusaemoe ypasHenne paBHOCHIBHO yPaBHEHUIO

a1ty + ... apTy + (—api1)(—Tpr1 +1) + .o+ (—an)(—z, + 1) =
b+ (—apt1) + ... + (—ayn).

[Tocnennee ypaBHeHune mmeeT perierne B 4duciaax 0, 1 Torma @ TOJTBKO TOIJA,
Korja mMmeeT pemieHune B uuciaax 0, 1 cieayioniee ypaBHEHHE € MOJOKHTETbHBIMI
ko3 dunuenramu

aryr + oYy + (—api1)Ypi1 + oo+ (—an)yn = b+ (—apr1) + + ... (—ay).

[Ipobsiema paspemmumoctn B guciaax 0, 1 mpou3BOJILHOIO JIMHEITHOTO YpaBHEHUS
BH/JIA,
ary + ... + a, T, = b,

rjie ay, ..., 4, 1 b — HATYpaJbHBIE YHC/IA, HOCUT Ha3BaHue 3adayua 06 yraadxe
panua wim 3adava 06 ykaadxe proxsaxa. N P-TpyaHoCTh 3TOH 3amadu ObLIa
ucnosb3oBana P. Mepkyiom u M. Xejimanom nipu paspaboTke OJIHOIO U3 HEePBBIX
aJTOPUTMOB MU(MPOBAHUS C OTKPBITBIM KJTIOYOM.

[Ipexk e Bcero oTMeTuM, 9TO B OJJHOM YACTHOM CJIydYae BOIMPOC O Pa3PenTnMOCTH
B unciaax 0, 1 paccMaTpuBaeMOro JIMHEHHOTO ypaBHEHHS TPUBUATHLHO DAa3PEIInM.
Peun wjer o Tak Ha3bIBaeMOM c8epxrBo3pacmarouem proxsakxe. Takoe Ha3BaHme

189



I'JIABA V. NP-TPVJIHBIE U N'P-IIOJIHBIE IIPOBJIEMBI

3aKPENIoch 3a 3aaadeil o paspemumoct B uncaax 0, 1 Tpou3BOIBLHOIO JTUHEHHOTO
ypaBHEHHS BHIA
ary + ... + a,x, = b,

rjie ay, ..., G, U b — HATypaJIbHbIE YUCJIA, YAOBIECTBOPSIONINAE YCJIOBUIO

7
E a; < Qjy1, 1=1,...,n—1
J=1

JIerko nmousTh, 4TO 1pu N > 1 BLIOOP 3HAYEHUS X, OUPEIEIAeTCS YCJIOBUSIMU: €CJN
a, < b, tox, =1, aecmma, >0b 10 v, = 0. A mpu n = 1 Bompoc perraercs
TPUBHUATBHO.

B anropurme Mepkiaa — XeaniMaHa 3akputmoiti KA104 BKJIIOYAET B CBOH CO-
CTaB: CBEPXBO3PACTAIONLYIO IOCJIE/I0BATE/IbHOCTD @1, ..., O, HATYPAJbHBIX YHUCE,
HaTypasbubie unciaa M, t u ! Taxue, aro

Zaj < M, t-t7' = 1(modM).
j=1

Omxpomuiti KA10% — ITO MOCJIETOBATETHLHOCTD 71, ..., I', OCTATKOB OT JIeJIEHUS
gyucen t - ay, ..., t-a, Ha gncao M.
[MTudppom cioBa €1 .. .e,, Tae Kaxgoe £; — 310 0 wian 1, CayKuT 9UCyao r

T =111 + ... + TpEn.

JLnsa pacmmmdpoBanusg 001a/1aTe/i0 3aKPHITOTO KJII0Ya JOCTATOYHO PEIIUTh CJIeIYI0-
Y0 33/71a9y O CBEPXBO3PACTAIONIEM PIOK3aKe

axry + ... + a,x, = b,

rae b — 9T0 0CTATOK OT jejeHus 4amcsa r -t~ 1 wa anciao M.

Anropurm mudposanus Mepkia — XejuivMana Haimel TPAKTHYECKHE TPUMEHe-
Husl, OBLJI 3allaTeHTOBAH B PsiJie CTPaH, OJHAKO TPOJEPKAJICA MeHee JIeCATH JIeT
— B KoHIe 1980-x 1070B OH OBLT B3/ 0MaH. Ta Ke y4acTb MOCTHUTIA U P JPYTHX
AJITOPUTMOB MU(POBAHNS, OCHOBAHHBIX Ha 3a7a4de 00 yKIajke panma. He BraBasch
B [OJIPOOHOCTH, MOSICHUM, YTO XOTS 3a/ia4a 00 yKJIaJIKe MPOU3BOJILHOIO PIOK3aKa U
apagerca N P-TpyaHOi, TaKOBOiT MOKeT He OBITh MOA3aJa4a, HCIOAb3yeMasd B alro-
purme mudposanus Mepkia — Xe/imana, Tak Kak B Hell paccMaTpuBaercs: 0oJiee
Y3KHUI KJIacC YpaBHEHUN — JIMHEHHbIe YpaBHEHUS BUIA

mMTry + ... + rpX, =T,

rjie MOC/Ie/IOBATEIbHOCTD 11, ..., T, KOI(PMOUIHUEHTOB — 3TO IMOC/IEI0BATEIbHOCTH
OCTaTKOB OT JIeJIeHus Iucen t-ay, . . ., t-a, Ha Yucgao M, npuaem mocae10BaTe TbHOCTD
ai, ..., G SIBJAIETCI CBepXBo3pacTatorieil. MoXKHO 3TO BHIpA3UTD U TMO-JIPYTOMY, 7.0-
cAedo6aAMENLHOCIL Ay, . .., Gy OCTNAMEKOS oM deaenus wuced t—L-ry, ..., t71 -1,
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na wucno M asasemea ceeprsospacmarowet. Ilpu Takoit popmynpoBke yxke Tpy/i-
HO HAJIeAThCs, ITO UCHOJb3yeMas OrpaHUYeHHAs M033/1a49a SABIAETCA JTOCTATOTHO

TPYHOIA.

Veranosum N P-nosinory npobsembl Ifeaovucaenuviti prox3ax.

Teopema 2.2. N'P-noanoti asisemea 3a0a4a 0npedeicHUs N0 NPOU3EONLHOMY
ypasHenuro suda
ary + ... + a, T, = b,

2de ai, ..., anp U b - UEABLE YUCAA, UMEETTL AU OHO HEOTNPUUATIIEABHOE UEAOUYUCNEHHOE
pewerue.

Joxaszameancmso. To, aTo paccMaTpuBaeMasd 331a9a HAXOAUTCS B KIacce
NP, 6yzner ycTaHOBIEHO MO3IKe.
[ToKazKeM, 9TO % Heli NOAUHOMUAALHO CE00UMA NPOBAEMA PA3PEUUMOCTIU 6 YUC-
a0z 0, 1 npoussossHozo ypasHenua ¢ HamypasbHuLMU KoIGHUUUEHMaAMU.
Paccmorpum ypaBHeHne

a1xy + ... + a,x, = b

¢ HATYPAJbHBIMU KOI(DDUITUECHTAMU.

Eciu b > ay + ... + a,, TO paccMarpuBaeMoe ypaBHEHUE HE UMeeT pelieHus: B
gncaax 0, 1.

[Ipu b = ay + ...+ a, Takoe pelleHne eCThb.

Ocraercsa pacMoTpeThb ciaydaiil, korna b < ay + ... + a,.

Obo3HaunM Yepe3 s HANMEHbIee HATYPAJIHHOE YUCJIO TAKOE, UTO

a1+ ...+ a, <2°

re. s = [logy(ay +...+ay,)] + 1.
Paccmorpum ypahenune

(20 + 2%7%ay) uy + (2% + 2%"%ag) up + ...
4 (230D 93y 4
(230=Ds | 93nsg YLy
(20 4 26nFDsg Y 4 (235 4 230 Dsg,) gy 4
o (280708 oW sy Ly
(23=Vs y oBntlsy vy
20 2% 4 2307 ls g 93nmDs y gdnspy 4 oBntls(A _p),

e A =a; + ... + a,.
[Tokazkem, 4TO YypasHerue

agry + ... + apx, = b
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umeem pewenue 8 yucaax 0, 1 moada u mosvko mozda, Ko2da nocmpoeHHoe Ypac-
HEHUE UMEEM HEOMPUUAMENOHOE PEUWEHUE.

Ecmu vabop (au, .. ., a,) qucen 0, 1 gBJIsgeTCsS peleHneM mepBoro ypaBHEHHsI
ary + ... + a,x, = b,
Habop
(o, aml—ag, ..., 1 —ay,)

ABJIAETCA HEOTPUIATEJIbHBIM HEJIOYUCJICHHBIM pEIlleHrueM BTOPOTI'O YpaBHEHUA (;[&)Ke
ero 0, 1-perenuem).

s jokazare/ibcTBa 0OPATHOW MMILIUKAIMKA TPEIITOJI0KUM, 9TO HADOP HEOTPH-
[ATETbHDBIX METBIX THCET

(0517"'7an7517"'7ﬁn)

ABJIAETCAd pelleHueM BTOPOI'O YpaBHEHH, T.€ BBIIIOJIHEHO PaBEHCTBO

(20 + 2%"%ay) caq + (2% 4+ 2%™ay) - an + ...
o (23070 9%y Ly
(28n=Ds  93nsg ) L, +
(20 4 2BnHtsg ) g 4 (235 4 2304 Dsg ) gy
Lo+ (28078 9B ls L g
(23=Ds 4 9Gn+lsy ). g
20 4 2% 44230 s oy 93nls y odnspy L 9Bndls( 4 ),

Obo3uaunM Yepe3 L JIeBYIO 9aCTh MPeIbIIYIIEero paBeHcTBa, a depe3 R — ero mpaByio
9aCTh.

Nuaykmueit mo ¢ gokazxkem, 91o «; + (3; = 1.

Jlna mokazarenbcTBa paBeHCTBA oy + (1 = 1, mepeiiisg K CpPaBHEHHIO IIO

mod 23%, mosyunm
ay + B =1( mod 2%).

Ecm oy + 31 # 1, 10 a + 51 > 23, 910 maeT HepaBeHCTBO

L 2 (20 + 23n8a1)a1 4 (20 4 2(37’L+1)8a1)ﬁ1 >
(2° + 27a1) (o0 + B1) > 2% + 2°%°.2% > R,

4YTO NPOTUBOpeUuT paBeHcTsy L = R.
[IpejimoiozKuM, 4TO yKe JIOKa3aHbl PABEHCTBA,

a1+ﬁ1:1&...&ai_1+ﬁi_1:1.
[lepeiins x cpasennio 1o mod 2%, mosyunm
23(i—1)s(ai + Bz) = 23(i—1)s( mod 231‘5)'
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Suauwr,
a; + B = 1( mod 2%).

Ecm o + 3; # 1, 10 o + 3; > 235, uro mo Toit ke cxeMe JaeT TpOTHBOPEUHBOe
nepasenctso L > R.
SHaYWT, BHIIOJHEHBI PABEHCTBA

Oél—f-ﬁl:l&...&an—f-ﬁn:l,

MO3TOMY HADOP HEOTPUIATE/IHHBIX TEbIX THCEeI

(aly”‘aanaﬁl?“‘)ﬁn)

apasercsa (,1-permrerneM BTOPOro ypaBHEHUS W BHITTOJTHEHO PABEHCTBO

23ns(&1&1 + ot apay) 2(3n+1)s(alﬁ1 + ot anfy) =
23nsb + 2(3n+1)s(A _ b)

BamenuB ; Ha 1 — @, TTOJyYIUM

2575(1 — 2%)(ayaq + ... + apay,) = 2°75(1 — 2%)b,

aoq + ...+ apo,, = b

Takum 06pazom HAOOD (v, ..., q,) dncen 0, 1 gBJISETCS pelleHHeM MTepBOro
yPaBHEHUS. 0

Banxaiinmeit Hameil mesipbo ABIAeTCS TOKa3aTeTbCTBO MTPUHA/TEXKHOCTH KJIACCY
NP paccMOTpeHHBIX BBIIIE NPOG/IeM /IS HeJOYNCAeHHBIX CHCTeM JTUHeHHBIX ypaB-
HEHWN.

[IpenBapuTebHO MPHUBEIEM HEKOTOPHIE HEOOXOMMMBIE I JTAJIbHEHIIero mu3Jo-
JKeHust (PAKThI, OTHOCSIIHECS K CHCTeMaM JIMHeHHBIX HepaBeHCTB. V3ydeHune cucrem
JIMHEHHBIX HEPaBEeHCTB OJHUM U3 MEePBBIX BBLIMOIHII HEMEIKHH MaTeMaTHK l'epman
Munkosckuit (1864 — 1909) B konne XIX Beka. VM 6bu1 mostyuen psizi, byHIaMeH-
TAJIbHBIX PE3Y/JIbTATOB B 3TOI 00JIACTH.

[TepBoe yTBep:KIeHNE, KOTOPOE HAM HOTPEOYETCS — 9TO Meopema 0 CAeICMEUAL
COBMECTIHBLL CUCTEM AUHETHOLT YPasHeHUT.

[Tycts A = ||a;;|| — maTpuma pasmepa m x n, b = [b, ..., b,] — BekTOp-cTOIOCI
BBICOTBI M, ¢ = (€1, .. ., C,) — BEKTOP-CTPOKA JJIUHBL 1 ¢ SJIEMEHTAMH U3 TPOU3BOJIb-
HOro mnoJisg F', a d — 3JileMeHT 3TOro IoJIs.

Teopema 2.3. Ecau xastcdoe peureHue coemecmmoti Cucmemvt SUHETHDE YpasHe-
nut Ax = b 6 noae F asasemca pewenuem ypashenus cx = d, mo eexmop (c,d)
npedcmasum 6 sude auretnol Kombunayuy cmpox mampuyos (A, D).

oxaszameanncmeso. Obosnaunm depes r paur marpunbl A. VI3 paBHOCHIB-

HOCTHU CUCTEeM
Ar = b n (A)~x: (b)
c d
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cJe/lyeT COBIAJIEHHEe WX MHOrOOOpaswii pelieHuii, a 3HA4YUT, U COBIAJIEHUE MPOCT-
pauctB V u U perennit cOOTBETCTBYIONIUX OTHOPOIHBIX CHCTEM

v (Y (0).

[Tocremnee BIeYeT paBeHCTBO PAHTOB

r = rank A = rank <f) .

worw (Yo ()

o Teopeme Kponekepa — Kamesnn rnosiygaem paBeHcTBa,

W3 coBMecTHOCTH CHCTEM

r = rank A = rank (A,b),
r = rank (A) = rank (A b) .
c c d

r = rank (A,b) = rank (A b) :

Suauwr,

c d

[Tosromy crpoka (c,d) siBasercs nuneiinoil Kombunaueii crpok marpuist (A, b). O
Oboznaunm dyepe3 K 1moje pamuoHaabHBIX () WIn AeficTBUTETbHBIX ducesn K.
Ha muoxkecTBe K, BEKTOPOB-CTOJIOIOB BHICOTHI 7 BBEJEM OTHOIIIEHUE YACTUIHOTO

MOpSAJKA =, ToJIarad:

b = [b1,....0,] > ¢ = [e1,...,¢0] <= by > ¢ &... &b, > cp.

AHa.HOFI/ILIHbIM O6paBOM BBOAUTCA OTHOIIEHHUE YaCTUYIHOT'O IMOPAJKA 2 1 Ha MHOZKE-
crBe K™ BEKTOPOB-CTPOK JIJIMHBI N.

Bekrop d masbiBaercs neompuuyamesvuoim, ecan d > 0, tne 0 — nyaesot Bek-
Top. dpyrumu cioBamu, BeKTOp d Heompuyamener TOTJA U TOJTHKO TOLJA, KOL/aA
HEOMPUYAMENLHYL 6CE €20 KOMNOHEHITbL.

[Tycrs A = ||a,j|| — marpuma pasmepa m xn, a b= [by, ..., by,| — BekTOp-cTOIOEL
BBICOTBI M C dJIEMEHTaMU U3 1mojda K.

Pacemorpum 6onpoc o paspewumocmu cucmemo, ypasuenut Ax = b 6 neompu-
UYAMEALHOLT “UCAAT U3 noad K, T.e. BOIPOC O pasperruMOCTH CHCTEMbl ypPaBHEHHI
1 HEPABEHCTB

aj1ry + ... + a1n,T, = b1
1Ty + ... + AT = b,
v >0& ... &z, > 0.
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Bynaem cunrars, uTo paccmarpuBaeMasi CHCTEMa COBMECTHA, T.€. BBITTOJIHSIETCSI YCJI0-
Bue Kponekepa — Kaneyiu paBeHCTBa paHIOB

rank A = rank (AD).

JlokaxkeMm BcHoOMOTraTeIbHBIE JIEMMBI, KOTOPbIE IO3BOJIAT HAM OIEHHTH BEJTUUUHY
HANMEHBIIIEro pelieHns paccMaTpuBaeMoii cucreMbl. MOXKHO CUATATh, 9TO CMPOKU
MAMPUYLL A AUHETHO HE3ABUCUMbL, TTOITOMY M < N U paH2 MAMPuyb, A pager m.
B ciyuae, korga m = n, pemenne cucreMbl Ax = b e ITMHCTBEHHO W MOYKET OBITH Haji-
siero Jimbo merogom [aycca, 6o o dpopmysiam Kpamepa. aTepec npejcraBisier
cJIydvaii, korga m < n.

Tt mpoussosbhoii 6azet B = {AUVD . AU} cucrempr croa6uos Marpuib A,
T.e. JUIg JIOOBIX ee m = rank A JTHHEHHO HE3aBUCUMBIX CTOJIOIOB, OIPEIEISIETCS
6a3UCHOE UAYU ONOPHOE PEULLHUE, KOTOPOE CTPOUTCS CJIEIYIONIIM 00pa30M:

cucrema Axr = b 3aMeHsieTcsl PAaBHOCUJIBHOI €eif cucreMoit

AW, 4 AU = — % AUy
JFI15e-00m

KOTOPYIO 3alldIIEM B BHUIE

j;éjlv"'vj’m

Ee permrenne nmeer Bua

_ p-1 ()
(@5, =B (0 — X AY).
JFI e nsdm
[Toaromy
T, =c o+ N ey
JFTL5dm
Tjpy = Cm T+ X Cmjly
JFTL5dm
Ilepemennnie x; mpu j # Jji,...,Jm Ha3BIBAIOTCA CE60000HbLIMU TIEPEMEHHBIMH, 2

ocTajibubie — 6a3ucHbimu. [losarast paBHBIME HYJIIO CBOOOJIHBIE TIEPEeMEHHbIE W Bbl-
YUCJIsAs C WCIOJB30BAHUEM IPEIbIAYIINX PABEHCTB 3HAUEHUsI OA3UCHBIX MepeMeH-
HBIX, TOJYIUM 0a3UCHOE UAU ONOPHOE PEULEHUE.

Jlemma 3. Ecau cucmema AumHetHbT YpasHEHUT

apxry + ... +ainT, = b1

1Tl + ...+ QunTn = by

Had nosem K paspewsuma 6 HEOMPUUGMEADHOLT YUCAAT, O Y HEE UMEEMCA HEOM -
puyamervroe bazucnoe (onoproe) peuwenue.
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Jloxasameanncmeo Obo3HaunM depe3 (v, . .., Q) PEUEHUE PACCMAMPUBLE-
MOTL CUCTEMDBL 8 HEOMPUUGTNEALHBLET YUCAAT U3 NOAA K ¢ HAUOOADULUM BO3MONACHBIM
wucaom nysesor kKomnonenm. Ecmu Bee o; (i = 1,...,n) paBusl Hy10, T0 b = 0 1

paccMaTpuBaeMoe HyJIeBOe pellleHrne OJHOPOJIHON CHCTeMbl — OTIOPHOe.

YT100bI HECKOJIBKO YHPOCTUTH 0O603HaUeHUsi Oe3 OrpaHuvdeHusi OOIIHOCTUH MOYKHO
CYUTATH, 9TO B PENTEHUU OTJUIHBI OT HYJIsI IePBbIe k KOMIIOHEHT, a OCTA/JIbHBIE PABHBI
Hy0. 3Haaut o > 0, ..., oy > k. Torma BeInostHSETCS paBEeHCTBO

ar- AY + 4+ AW = p

Hoxascem, wmo cmonbuyv, AY .. A®) mampuyw A aunetino nesasucumon. IIpes-
MOJIOKUM HPOTHUBHOE, MyCTb (31, ..., [(x — OTJUYHBINA OT HYJEBOI0 HAOOP JeiiCTBU-
TeJLHBIX YUCeJT TaKOif, 9To

By AW 4 4 G- AW = .

Bes orpanndennst 0OIMHOCTH MOYKHO CUUTATh, 9TO B # 0 m maxe 31 > 0.
Bes orpannuenusi oBIMIHOCTH MOXKHO CuMTaTh, uTo [ - (o)™ — maubosvwul
INEMENIN CPEJIA TUCET

B (o)™ o, B (ar)™h
Tak kak
0 < By (a1)™" < B ()™,

10 B (a)~' > 0. Ho oy, > 0, nosromy u 3, > 0.
Paccmorpum pasencrsa

k . k .
Agl Qi A(Z) - (?1 ﬁz ' A(Z)) ) (519)_1 C O =
400 -1
Z AT (i = Bi- (Br)™ - )
[Tonaraem v; = a; — B; - (Be) ™' - a.
Bamerum, 4to v, = g — B (Bp) ' ap = 0, 103TOMY BBINOJIHSETCH PABEHCTBO
k=1
b= % AD .4,

=1

Kpowme Toro

= = B (B) T ar = i (1= ()7 B (Br) 7 ag) > 0.

Torma nadop (1, ..., Yk—1,0,0,...,0) — pernenne paccMarpuBaeMoii CHCTEMbBI B HEOT-
pUIATEIBLHBIX JIEHCTBATEBHBIX YHCIAaX € OOJIBIIAM YUCJIOM HYJIEBBIX KOMIIOHEHT,
dem perrerne (v, ..., Q). UT0 MPOTHBOPEUYUT NPEIIOJOKEHUIO (Qy, ..., ) — pe-

WEHUE PACCMAMPUBAEMOTE CUCTEMDL 8 HEOMPUUGTEALHBIL 0eTCMEUMENDHLT YUC-
AGT € HAUOOADULUM BO3ZMOHCHBIM YUCAOM HYAEBVLT KomnoHenm. TToaroMy cmoabuybl
AW AR yampuyse A aunetino ne3asucumbL.
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Jononrum cmoabuyse AV, ... A®) 9o 6ase. cucmemv, cmoayos. Urobsr me
YCJIOKHSATH 0003HAUEHHUsI, MOXKHO CUUTATh, UTO HMOJYUYEHHYIO 6a3y oOpa3yioT Iep-
BBIEe M CTOJIOOB. PaBeHCTBO

ar- AY + 4 AW 0 ARD 40 A =

b—0-AmY — —0.4A™
noKasbiBaet, 9410 (ayq, . ..,y ) — 6a3ucHoe (ONOPHOE) pelleHne paccMaTPUBAEMON CH-
CTeMbl B HEOTPHIATEILHBIX YHCIAX 3 moad K. O
PaccMmorpum cucreMy JIMHEHHBIX HEPABEHCTB
a;1ry + ... —I—alnxn S b1
(1)
11 + oo T AppTy S bm

Ha1 osieM K, KoTopyto Oyzem 3amuceiBarth B Buge Axr < b.

BrejieM HOBBIE ITEDEMEHHBIE Yy, . . ., Yy ¥ PACCMOTPUM CUCTEMY JIMHEHHDBIX YpaB-
HeHnit
anry + ... —|—a1nxn + Y1 = b1
(2)
Am1T1 + .. FOmpTn + Ym = bm

HaJ mojeM K, KOTopyio OyeM 3alliChbiBAThH B BUJIE

AE)-(F) =0
(A Bn)- (]

JIerKo TOHATBH, UTO BEKMOP-CMOADEY, C GHLCOMDBL N ABAACNCA PEULCHUEM CUCTE-
Mo, Hepasenems (1) mozda u moavko mozda, koz20a Halidemces HEOMPULAMEALHBLT

. Cc
ee%mop—cm0/z6eu d evicomo, m mawou, 4Imo ee%mop—cm0/z6eu (d) ABAACINCA PE-

wenuem cucmemsvt ypasherud (2). DTo TO3BOJIACT C8ECTNU BONPOC 0 PA3PEUUMOCTIU
QaHHOT CUCMEMDL HEPABEHCME K BONPOCY 0 CYULECTNBOBAGHUU HEOMPUUAMENLHO20 Pe-
WEHUA Y HEKOMOPOT CUCTNEMDL NUHETHLT YPAEHEHUT.

Eciu  kaxjgoe perienwe Haj 1mojieM K cUCTEMBbl JIMHEWHBIX HEPABEHCTB
Ar < b gBigercsa pelieHnmeM HepaBeHCTBa cr < d, TO HepaBeHCTBO cr < d Ha-
3BIBACTCS CAJCMEUEM CUCTeMbI JTUHeHHbIX HepaBeHCTB Ax < b.

JIerko MoHATH, YTO eC/Ih BEKTOP C SABJISETCs JIMHEHHOW KOMOWHAIMel ¢ HeOTpH-
naTeIbHBIMU KO UImenTaMu cucTeMbl CTPOK MaTpuilsl A, To HepasercTso cr < ()
sByIsieTcs caencrBueM cucreMbl HepaBeHcTB Ax < 0. CupaegiuBo m obpaTHOE
YTBepKIeHNe, KOTOPOe Ha3bIBaeTCs TeopeMoii MUHKOBCKOTO.

Teopema 2.4 (Munkosckuii). Ecau nepasencmso cx < 0 A6aAemcA cAedcmeuem
cucmemv, nepasencms Axr < 0, mo eekmop ¢ asasemca sunelnot Kombunayued c
HEOMPUUYAMENLHUMY KOIPPUYUEHMAMU cuUCmeMbl CmpPoK mampuyse A.
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Jlokakem BCIIOMOTATEILHYIO JIEMMY.

JlemMma 4. Ecau HEPABEHCIMBO CT S 0 asasemesa caedcmeuem cucmemsbl HEPABGEHCINEB

Cc = /\1A1 + +AmAm7

npudem A, . .., Am—1 > 0 u Ay, < 0, mo nepasencmeo cx < 0 asaaemcs ciedcmeuem
CUCMEMBL HEPABEHCNG
Ay

o -x < 0.

Am—l
Hoxaszameanncmseo. [lycrb a — pernienne nocie/iHeii CucTreMbl HEPABEHCTB.
Ecmun A,,a <0, To o — perrenne UCXOMHON CHCTEMBI HEPABEHCTB, modToMy o < 0.

Ecan xe A,,a > 0, T0o BHOBB

cao = MAa + ..o+ Mc1Apoia + A Ana < 0.
O

Jokxasameanvcmao Teopembl MunakoBckoro. [lokaxkeMm, 9T0 ypaBHeHTe
cr = 0 gaBgeTcs CIeICTBHEM CHCTeMbl ypaBHenunii Ar = 0.

Ecmn Ad = 0, 1o uw A(—d) = 0, nosromy Ad < 0 u A(—d) < 0, a 3na4uT,
cd <0 wuc(—d) <0, caegosarenbio, cd = 0. 3HAYUT, BEKTOD ¢ SIBJISIETCsI JTHHEHHO
KOMOWHAIEel CUCTeMBbl CTPOK MaTpuIlbl A

c= MAL + ...+ N\ AL

OcraeTcsa moka3aTh, YTO BEKTOP ¢ ABJSIETCS JTHHEIHO KOMOMHAIMEH ¢ Heompu-
YAMENDHBMY KOIPHUUUEHMAMU CACTEMBI CTPOK MATPHUILL A.

Ecnu A — myneBas marpura, To ¢ = 0, 1 yTBep:K/IeHIe OUYEBH/IHO.

[Tycts A — HenyseBas marpuna. /JlokazareibCTBO TPOBEIeM WHIYKIUEHT 10 THCITY
™M HEPaBEeHCTB B CHUCTEME.

[Ipu m = 1 cucrema Ar < (0 npunuMaeT Bus

1121 + ... + A1pTy < 0.
Bes OrpaHUMYeHUA O6HIHOCTI/I MO2KHO CYHTAaTDL, 9YTO G711 7é 0.
Cc = )\1141 = )\1(&11, ceey aln).

Ecmu a;; > 0, To Bektop (—1,0,...,0), gABISOMUIICS peleHHeM CHCTEMbI Hepa-
BerctB Axr < 0, Oyzmer pemennem u ee ciaeiactBusg cr < 0, moatomy Aja;; > 0,
3HauuT A\ > 0.
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Ecan ay; < 0, To Bekrop (1,0, ...,0), sSABIASIONMIACS PeIlleHHeM CHCTeMbI Hepa-
BerncTB Az < 0, Oyzer permenneM u ee caeacTBug cx < 0, mosromy Ajaq; < 0, 3HAYHUT,
A > 0.

[IpeamomoKuM, 9TO yTBep:KIAeHNE TOKA3aHO s MPOU3BOJHLHBIX OJTHOPOIHBIX
cucTeM JIMHEHHBIX HepaBeHCTB ¢ He DoJiee deM m — 1 HepaBeHCTBAMU.

Pacemorpum cucremy smmHeitabix HepaBencts Ax < 0, rme A — marpuna pasmepa
m X n.

Ecnau mHepaBencTBo cx < 0 gBigeTcsd CJIEICTBHEM 3TOH CHCTEMEBI, TO

Cc = )\1141 + ...+ )\mAm = (Al,,)\m)A

Cpe/ir Bcex paBeHCTB YKa3aHHOIO BH/JIA, PACCMOTPUM PABEHCTBO ¢ HAUOOIBITNM UHC-
JIoM t HeoTpunarTeabHbIX Ko3ddunneHTos \;. be3 orpannydenust oOIHOCTH MOYKHO
CYUTATh, YTO HEOTPHUIATEIbHBI MepBbie { KOIDDUIUEHTOB \;, T.€.

A >0& .. &N >0.

Ecnu t = m, To yTBepKaeHne TOKA3AHO.
[Ipeamoiozxkum, uro t < m. [losaraem

9= MAL+ o+ MA + AnAp.

[Tokaxkem, uTo HepaBeHCTBO gr < () gBJsieTcs CJIEJACTBHEM CHCTEMbl HEPaBEHCTB
Az <0.
Ecmun Ay <0, to ¢y < 0. Kpome Toro
(c—g)-v= % XN(An) >0,

t<i<m

mostomy g -y = ¢y + (g—c¢)-y < 0.
Ho
g=MAL 4+ ...+ NA A+ 0A + o+ 0Ant + AnAn,
3HAYUT, 110 NPEAbIIyIIeii JeMMe, HepaBeHCTBO gr < () ABJISAeTCS CIeACTBAEM CHCTEMbI
HepPaBEHCTB
Ay

o -x < 0.

Am—1
[To WHIYKTUBHOMY MPEIIIOJOKEHHIO JIJIsi HEKOTOPBIX HEOTPUIATETBHBIX YUCET J1,

., Op—1 BBITIOJTHSAETCS PABEHCTBO

m—1
g = ;1 0;A;.

[Tonyyaem paBeHCTBa,

m—1
c=(c—g)+tg= X N(An) + ;1 0iA; =

t<i<m
WAL + ...+ A+
(/\t—l—l + 5t+l)At+1 + ...+ ()‘m—l + 5m—1)Am—1 + OArm
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KOTOPBIE JIAIOT IPe/ICTaBIeHNe BEKTOPA ¢ B BU/IE JIMHEHHOW KOMOWHAINN CTPOK MaT-
putpl A ¢ 6ostee dem t HeoTpuUnIATETHHBIME KO3 duimentamu. 4To mpoTHBOPEInT
BBIOODY umcaa t. 3HAUUT ¢t = m. U

Crteyroriast TeopeMa JaeT KpUTePHil HECOBMECTHOCTU CUCTEMbI JTNHEITHBIX HePa-
BEHCTB.

Teopema 2.5 (Kpurepuii HECOBMECTHOCTH CHUCTEM JIUHEHHBIX HEPABEHCTB ).
Cucmema sunetinne nepasencme Ax < b necosemecmna mozda u moavko moezda, Ko-
2da caedyrowan cucmema AUHETHLLT YPasHEeHUT

0
Al
()|

UMEET, HEOMPUUATNEADBHOE DEULEHUE.

oxasameunncm e o. llpeanonoxum, 9To A — HEOTPUIIATEIHLHOE PEIIeHne
nocseaneit cucremsl. Torga AP\ = 0, b\ = —1. Eciiu ¢ — pelrenue cucreMbl JTUHeii-
ubix HepasencTs Ax < b, to A < b, At < b, AN < BN, uTo JaeT nporusopedne
0< —1.
[IpeamomoKum, 9TO CUCTeMa JTHHEHHBIX HepaBeHCTB Ax < b HecOBMeCTHA.
Bsemem B paccMoTpeHne BCIIOMOTaTeIbHYI OJHOPOIHYIO CHCTEMY HEPABEHCTB

B-y:(A,—)~(x)§O.

-rn—i—l

[Iyctb ¢ = [¢1, . .., Cp, Cpy1] — IPOU3BOJIBHOE PEIEHHUE TOM CHUCTEMBI HEDABEHCTB.
Ecan Ob1 BBITOJHATIOCH HEPABEHCTBO Cp1q > 0, TO BEKTOD

[Cl/cn—l—ly s 7Cn/cn+1]

OBLII ObI pereHneM HeCOBMECTHOI cucTeMbl JTuHeHHbIX HepaBencTB Az < b. [Tostomy
Cnt1 < 0, T.e. HEpaBEHCTBO

Oxzy + ... +0x, + 2,41 <0

ABJIdeTCA CJIeJCTBUEM CHUCTEMbl HEPpaBEHCTB

(A, —b) - (x;) < 0.

[To Teopeme MUHKOBCKOrO HaMJIyTCd TaKue HEOTPUNATENBbHBIE UHUCIA Ai, ..., Ap,
JIJIST KOTOPBIX BBITTOJIHSIETCS PaBEHCTBO



§2.  CJIOXKHOCTH peleHus CUCTeM JUHEHHBIX ypaBHEHM

riae Dy, ..., Dy, — 910 crpoku marpunst D = (A, —b), T.e. paBeHCTBO
0
Al o
)\ =
—t 0]’
1
a 3HAYWT, U PABEHCTBO
0
Al o
¢ A=
b 0
—1
CnenoBaTenbio, Ai, ..., Ay — HEOMPUUGMEADLHOE PEULEHUE CUCTNEMDL NUHETIHDLT
ypasHerul
At 0
bt Yy = -1 .
[
[Iycrs A = ||a;j|| — memounciennas marpuma pasmepa m X n, a b = [by, ..., by
— IEeJIOYUCICHHBI BeKTOP-CTOI0EI BLICOTEL M. BBemem 0603HadeHTs
C = max |ay|, D = max ||, C; = (mC)™.
1<i<m 1<i<m
1<j<n
JIemma 5. Ecau x = (x1,...,2T,) — 6a3uchoe pewienue cucmemos AUHETHOE Ypas-
nenuti Ax = b, mo npu abom j=1,...,1, 66NOAHAECMCA HEPAGEHCTNGO

lz;] < m!C™'D.

loxasameunvcme o CBOOOAHBIE IepeMeHHbIE B OA3UCHOM PEIIeHUH PABHBI
HYJII0, TTIOTOMY I/ HUX HEPABEHCTBO OYEBUIHO.
Basucubie nepemMeHHbie ONPEIEISIIOTCS PABEHCTBOM

[.le, . ,.I'jm] = Bilb.

Pacemorpum marpuiy B = ||by||. Hanomanm, uro B~! = 1/det(B) - || By||. Tak xax
B,i — 3o MmunOp mopsgaka m — 1 marpunsl B, To

|By| < (m—1)!-C™
Ho det(B) > 1, mo3ToMy U3 paBeHCTBA
z;, = 1/det(B) - gl By - b
II0JTy 4aeM
23 < 1/det(B) - X |Bul -] <
m-(m-—1)-C™*.-D =m!-C™'.D.
0
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JIemMma 6. /[asa sexmopos-cmoabyos ui, ..., U, 6bICOMBL M C YCAOUUCAEHHBLMU
KOMNOHEHMAMU, HE NPEBOCTOOAULUMU 1O MOoJymo wucsa E, caedyroujue yciosus
IKBUBANEHMH DL

1) cywecmeyrom neompuyamenvrvie 0etcmeumenb e YUCAG O, . . ., Oty, HE 6CE
PABHBLE HYANW, OAA KOMOPHLT BLINONHEHO PGBEHCMEO

arup + ...+ opu, = 0;

2) cywecmeyiom HEOMPUYAMEALHBIE YEADE YUCAL (1, . .., O, HE NPEBOCTO0A-
wue wucaa (ME)™ u ne 6ce pasnvie Hya10, 044 KOMOPHIT GHNOAHENO PAGEHCINEO

arup + ...+ opu, = 0;

3) ne cywecmeyem sexmopa-cmoabya h evicomo, m ¢ delicmeumensb oMU KoM-
noHeRmamu makozo, wmo npu awbom j (j=1,...,p) pj = h' - u; >0,
4) me cywecmsyem 6ekmopa-cmoabua h 6bcomov. m ¢ YeAbMU KOMNOHEHMAMU,
ne npesocrodausumu no modyao wucaa (mE)™ maxoeo, wumo npu mobom j (j =
__ Kt
1,...,p)pj=h"-u; > 1.

Jokxaszameanncmeo. Koneuano, u3 2) ciaeayer 1).

[Tokazkem, uro u3 1) ciemyer 2).

[Tycrh i HEOTPUIATENILHBIX JIEHCTBUTEIBHBIX YHCEJ (1, ..., (fp, U3 KOTOPHIX
HE BCE PABHBI HYJIIO, BBIIIOJHEHO PDABEHCTBO

arup + ...+ opu, = 0.

Bes orpanmuennsa obmHOCTH MOXKHO CUUTATh, 9TO vy > 0.
Pagencrno

(/o) -ur + ..o+ (p_1/ay) - up—1 = —u,
O3HAYaeT, 9TO NeJIOUNCIeHHas JUHeiiHasd cucreMa

Ty U+ oo+ Tp1 Uyl = —Up

uMeeT pelnieHue B HEOTPUIaTEJIbHBIX ﬂeﬁCTBHTeﬂbeIX YUucCJIax. TOFIL& B CUJIYy ABYX
npeabraymux JIeMM Yy 9TOHN CUCTEMBI UMEeTCd 6aBI/ICHOG penieHnrne B HeOTpullaTeIbHbIX
PAIMOHAIBHBIX YUCTAX V1, - .., Vp—1-

B 6a3zucHom pemnrennn cBoOOTHBIE EpeMeHHbIE PaBHBI HYJIO, a Oa3HUCHBIE TIepe-
MEHHBIE OIIPEIE/ISIIOTCS PABEHCTBOM

i Vi) = BT (—p).
Pacemorpum Matpuny B = ||by||. Hanomunwm, uto B~ = 1/det(B) - || Bsl|.

m
’}/jt = _igl Btzupz/det(B)
Tak xak By — 3T0 MEUHOp mopgaaka m — 1 marpunsl B, To

|By| < (m—1)!-E™ .
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[Tosromy
\;1 Biuy| < ml-E™ < (mE)™.

Kpowme Toro
|det(B)| < m!-E™ < (mE)™.

[Tonaraem v;, = a;,/|det(B)|. Tax kak vy;, > 0, To u a;, > 0. IIpudem a;,, |det(B)| <
(mE)™. L1 cBOOOAHBIX HMEpeMeHHBIX z; HomaraeM v; = a;/|det(B)|, rme a; = 0.

PasencTso

YUt Y1 U1 = Yy
JaeT TpebyeMoe paBeHCTBO
ap-uy + ... + ap_1 - up_1 + |det(B)|-u, = 0.
[Tokazkem, uro u3 2) (uam u3 1) ciaeayer 3).
[IycTb cymiecTBYIOT TaKue HEOTPUIATEIbHBIE THCIA (Y, . . ., (Y, ITO BHIIOTHEHO

PaBEHCTBO
oaup + ..o+ apu, = 0.

[TpeanoaoKumM, 9T0 CyHIeCTBYeT BEKTOP-CTOJ0EH, /i BBICOTHI 1M ¢ AeHCTBATEIHHbI-
MI KOMIOHEHTaMH TaKoii, 14to npu jobom j (j = 1,...,k): p; = h' - v; > 0. Torga
[OJIyYaeM HepaBeHCTBA

k k
0=h-3% QU = X ozz(htuz) > 0.
i=1 i=1
[TosygerHoe TpoTHBOpedne TMOKa3biBaeT, 4ro u3 2) (uam u3 1) ciemyer 3).
To ke camoe paccykKieHne nokasbiBaer, 4to u3 2) cieayer 4). Koneuno, u3 3)
cremnyer 4).
Ocraerca moka3arh, uto u3 4) ciaegyer 1) wm 2).
[IpemoIozKiM, 9TO BBIMOTHEHO 4), T.e. He CYNIECTBYeT BEKTOPA-CTOI0MA /i BHICO-
THI M C IEJBIMA KOMIOHEHTAMU, He IPEBOCXOAIIUME 0 MOLyt0 uuciaa (mE)™
TaKOro, 4ro npu jaobom j (j=1,...,p) p; = h' -u; > 1.
[TokazkeM, 9TO HECOBMECTHA CHCTEMA JIMHEHHBIX HEPABEHCTB

OTa cucreMa, UMeroInas BH/I,

p

&

j:1(h1,...,hm) . [ulj,...,umj] Z 1’

COBMECTMHA 0204 U MOALKO M020a, K0204 UMeem HEOMPUUGTMEADHOE PEWEHUE CU-
cmema AUHEUHBT YPasHeHU T

Roms

j=1
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B CHJIy BbllIEe JOKa3aHHBIX JIEMM Y HOCI[e,Z[HeIL/‘I CUCTEMBbI UMeeTCd HeoTpulaTe/JIbHOE
peIleHne TOrJa U TOJBKO TOTJA, KOTJA y Hee MMEeTCa HeOTpHIATeNbHOe GA3HCHOe
(omopuoe) pemenue. Bazucuoe permenne MozkKeT ObITh HARIEHO CJIELYIONEM 00pA30M:

BBLIEISEM HOIXOAAIIE GA3UCHBIE CTOJNONBI M COOTBETCTBYIOMIHE UM OA3HCHDIC
IepeMeHHbIe,

Hebas3ucHble (CBOOOHBIE) TIepeMeHHbIe OOHYJISIeM,

U3 IOJYYeHHONH CHCTEMBI 110 mpaBmay Kpamepa HaXOIUM 3HAYCHHS OA3MCHBIX
IIePEMEHHBIX.

[TosTomy y mocaeaueii CHCTEMBI HMEETCS HeOTPHIATETLHOE PAIIMOHATLHOE PerIe-
HUe

hf =af/d, hy = ay/d,....ht = a' /dh, = a, /d,
Y1 = bl_/daayp = b;/d,
B KOTOPOM UHCIHTEIN HEOTPHIATEIbHB U HEe IIPeBOCXOAAT umciaa m!E™, a obmuil

3HaMeHare b d yaoaerBopsier HepapernctBam 1 < d < m!E™. Torma npu gobom
Jj (j=1,...,m) BbIIONHSETCS HEPABEHCTBO

la] —aj| < mlE™.

KpOMe TOI'O BBIIIOJIHEHBI U BCE€ HEpaBEHCTBa

p
& (&f_gfa"'aa;_a;n)'[ulja--'aumj] 2 d 2 1,

9TO MPOTHBOPEYUT MPE/ITOJOKEHHIO O BBITOJTHEHHOCTH 4).

p
3HAYNT, HECOBMECTHA W CHCTeMa JIMHEHHBIX HepaBeHCTB & “E -h < —1.

j=1
B cooTBeTcTBHEM ¢ KpuUTepWeM HECOBMECTHOCTH CHCTEM JNHEHHLIX HepaBeHCTB

CHCTeMa JIMHENHBIX ypaBHEHUN

Uiy ... Uip 0

Upt - Ump 0

-1 ... -1 —1
uMeeT Heompuuamesdbroe pewerHue (041, ceey Oép).

3HAYAT, BBIIOJIHSAIOTCS DABEHCTBA
arcup + oo+ oyu, =0, o + .0+ o = 1L
[Tosromy 1) BeITOIHEHO. O
Teopema 2.6. Ecau cucmema AunelHols YpasHenus

a1xry + ... —I—alnxn = b1

Am1T1 + ... FamnTn = by,
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C UEABMU KOIPPUUUEHMAMU UMEET HEOMPUUAMENDHOE UEAOUUCIEHHOE PEULEHUE,
Mo OHa UMeEemM U HEOMPUUAMENOHOE UELAOYUCIEHHOE DEUWEHUE, 6CE KOMMOHEHMDL
KOMOopo20 He NPesocrooAm Yuciq

M = n-(mC)*™ . (D + 1),

2de
C = max |a;;|, D = max [b].

1<i<m 1<i<m

1<j<n

0 (0) 0y
Hdoxasameavcmso Iycrs (x) ,..., Ty ) — HEOMPUUATNEADHOE YLAOHUC-
AEHHOE PeWeHUe IMOT Cucmemvl ¢ HAUMERLWET CYMMOT KOMNOHEHM.

Ec/iu Bce KOMIOHEHTHI 3TOr0 pemnienust He npesocxoaar C; = (mC)™ o no-

Ka3bIBAEMOE YTBEPXKICHHE CIIPABE/IJINBO.

[IpeamoioKmM, 94TO HEKOTOpPBIe KOMIIOHEHTHI 3TOro peimrenus oomabme C;. Bes
OorpaHUYeHHs OOITHOCTH MOXKEM CUYUTATh, UYTO IepBbie p KoMmmoHeHT Oosbmre Ch, a
OCTATbHBIE HE IIPEeBOCXOAAT 3Toro umcaa. Obo3HadumM cToa0mbpl MaTpuibl A depes
Uty + ooy Up.-

BosMmoxkubl jiBa cirydas.

1) CymecTByI0T HEOTPHIATEILHBIE IEJIBIE TUCTA O, - . ., O, HE IPEBOCXOIAIIHE
ancyia C; = (mC)™ ! u He Bece paBHbIE HYJIIO, JIJIst KOTOPBIX BBITIOJTHEHO PABEHCTBO

oauy + ...+ apu, = 0.
Torna ( 0 _ 0 _ (0) (0)) _
na (g a1y .y Tp Qps Tpi1y s Tn HEOMPUUATENLHOE UEAOUUCAEH-
Hoe pewenue Mot Cucmemv, ¢ MenvuLel CYMMOT KOMNOHEeHM, €M Y PelleHus
0 0
(:1;§ ), o ,:11:7(z )), 9YTO HPOTUBOPEYUT CJEJTAHHOMY HPEJINOJIOKEHHIO.
2) He cymiecTByioT HEOTPHIIATEIBHBIX IEJIBIX THCET (U, - . ., (Vp, HE IPEBOCXO-

MAX YUCIIa (mC )m+1 A He BCeX PaBHBIX HYJIO, NJd KOTOPBHIX BBIITOJIHEHO PABEHCTBO
oaup + ...+ apu, = 0.

Torna B CHIy IIpeabLIyIneil JeMMBl CyIIeCTBYeT BEeKTOP-CTOIGeI] i BBICOTHI 1M C Iie-
JIBIMA KOMIIOHEHTaMH, He TPEBOCXOJANIMMA 110 Moy Tio uucaa (mC)™ | rakoit, aro
npu mobom j (j=1,...,p) bt -u; > 1.

13 paBencrBa Az(®) = b momydaem paBeHCTBO

p n
Sl = ntb— B Rbuy 2l

j=1 j=p+1
113 mepasencrs h' - u; > 1 1 HEOTPHUATENILHOCTH x;o) (j =1,...,p) caenyer Hepa-
BEHCTBO
20 < gt O
z;) < X uj -z,

j=1 7 j
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a 3HAYUT, U HEPpABEHCTBaA

S0 <ntb— B peyoa® <

j=1 7 i=pt1 !
mC1D + (n—p)mCC; < M.
Buaunr, xaocdan wommonenma pewenua (23, ... ) ne npesoczodum wucaa M.

0
C.TIe,[[CTBI/Ie. Ecau cucmema aunetinvx HEPABEHCIME

ajry + ... + a1,Ty S bl

Am1ZT1 + ... T+ QmnTp S bm

C UEABIMU, 7€O3¢¢UQU6HTTLG/MU UMEET, HEOTMPUUATIEANDHOE UEAOYUCNEHHOE DEULEHUE,
mo oxra uMeem u HeompuyamesbrHoe UEAOHYUCAEHHOE DEeUEHUE, 6CE KOMTOHEHTIbL
Komopozo He npeeocmodﬂm HYuUcaa

M, = (n+m)-(mC)** . (D + 1).

MdToxaszameanvcmse o JokazareabCTBO HNOIyYaeTCsa CBeJICHHEM BOIPOCA O
Pa3peIIUMOCTH B 1Ie/JIbIX HEOTPUIATEILHBIX YUCIAX T, ..., Ly CUCTEMbI JTHHEIHbIX
HepapeHCTB Az < b K BOIPOCY 0 Pa3peNImMOCTH B IEIBIX HEOTPUIATEILHBIX THCIAX
X1y -y Ty Y1y - -+, Yp CHCTEMBI JIHHEHHBIX ypaBHenuit (A, F,,)[z,y] = b. O

B kauectBe pasmepa 6roda L B 3a1a1e 0 pa3peIliuMOCTH B MEJIBIX HEOTPUIATE b-
HBIX YUCJIAX CHCTEeMbl JInHEHHbIX ypaBHeHuit Ar = b wan mepasencts Axr < b mo
PsAJly eCTeCTBEHHBIX MPUYUH 9AaCTO OEPEeTcss TnC/Io

L = mn + log |P|,

rje P — npousBesienne Beex HeHYJIEBHIX djeMeHToB Marpuilbl A u Bekropa b (log | P
daem 00wy OAUHY 3ANUCY HEHYALEHIT INEMEHTOE Mampuyb, A u eexmopa b, a mn
02PAHUMUBAET, CEEPTY HUCAO HYALEHLT INCMENNO0E MATPHUIBL A).

[Torygaem paBencTBa

log M = logn + (2m+3) - (log m + log C) + log(D + 1) = O(L?),

KOTOPBIE MOKA3LIBAIOT, UTO 340444 0 PA3PEULUMOCIY 6 UEABLL HEOMPUUAMENDHDLL
YUCAGT cucmemvl AuHeTHuT ypashenut Ax < b uau cucmemv. AUHETHLLT HEpa-
sencme Ax < b aesrcum 6 xaacce NP.

BamMerum, 9T0 3a7a49a O PA3PENIMMOCTH B HEIbIX HEOTPUIATEIbHBIX YHUCIAX CH-
CTeMBbl JIMHEHHBIX ypaBHeHnih Ar = b U 3a7a4a 0 pa3pemnMOCTH B MEJIbIX HEOTPH-
ATeJTbHBIX YHCIaX CHCTEMBI JTHHEHHBIX HepaBeHCTB Ar < b noAuHOMUAADHO IKEU-
BAAEHMMDL, T.€. KarXKIasl U3 HUX MOJUHOMUAJIBHO CBOJIMMA K JIPYTOil.
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Bonpoc 0 paspeusumocmu 6 4eabs HeOMPUUAMEsoHuT YUCAAGT L1, ..., Tpn CU-
cmemuvl, Aunetnur nepasencme Az < b noaunoMuaivro c600uUMceA K 60Npocy 0 pas-
PEWUMOCTIU 6 YEAYLT HEOMPUUATIENLHOLEL YUCAAT T1,y -« -y Ty Y1y - -« 5 Ym CUCTIEMDL
aunetnor ypaswenud (A, Ey,)|x, y] = b.

B cBo0 0uepesn 60npoc 0 pa3petiuMocmu 8 YeAbT HEOMPUUAMENLHBIT YUCAAL
T, oo, Ty CUCTIEMbL AUNHETHBT YpasHenul Ax = b nosunomMuaibio c600UMCA K
BONPOCY 0 PASPEWUMOCTIVY, 6 UEADLT HEOMPUUATMEADHUT YUCAAL T1, - . ., Ty CUCTIEMD
aunetnos nepasenems Ax < b & (—Az) < (=b).

[TokazkeM, 9TO 60NPOC 0 PAZPEWUMOCTNY 6 UEADLT HEOMPUUGMEADHLLT YUCAAT
cucmem AUHEGHDLT YPABHEHUT NONUHOMUANDHO IKBUBANEHMEH BONPOCY O PA3PEULU-
MOCTU CUCMEM AUHETHLT Ypasherut 6 wucaax 0, 1.

Cucmema aunetnus ypasuenuld Ar = b ¢ Heu3BECMHLMU T1, ..., T, UMEEM
pewerue 6 wucaax 0, 1 moada u moavko moezda, Ko20a UMEEM HEOMPUUAMENOHOE
peuterue cucmema AUHEUHT YpasHeHul

Ar =b&ko1+yp=1& ... &z, +y, = 1

C HEM3BECTHBIMU X1, ..., Ty, Y1, - - -, Y. LAKIM 00PA30OM, 8ONPOC O PA3PLULUMOCTIUY 6
wucaax 0, 1 cucmem AUHETHBT YPaBHEHUT NOAUHOMUAADHO CBOOUMCA K 80NPOCY O
PA3PEWUMOCTIY, CUCTIEM AUHETUHDLT YPASHEHUT 6 HEOMPUUATEALHLT UCADIT YUCAGT.
[TokazkeM, 9TO 60NPOC 0 PA3PEULUMOCTIY 6 HEOMPUUGTLEADHLT ULADLT YUCAAT CU-
cmem AUHETHBLT YPaBHEHUT NOAUHOMUGALHO CEOOUMCA K BONPOCY O PA3PEUUMOCTIU
cucmem Auretdrns ypasrhernud 6 wucaax 0, 1.
PaccMorpum npou3BOJIbHYIO CUCTEMY JIMHEHHBIX ypaBHEHU

a1y + ... +ainT, = b1

Q11 + ...+ QunTn = by

¢ neabiMu Koaddurnuentamu. [lo Teopeme 2.6, oHa mMeeT HEOTPHUIATETbHOE IIEI0-
YHUC/IEHHOE PeNieHne TOT/Ia W TOJIBKO TOT/Ia, KOT/Ia OHA MMeeT HEOTPHIATeTbHOe Iie-
JIOYUCJIEHHOE pellieHne, BCe KOMIIOHEHTHhI KOTOPOTO He ITPEBOCXOJIAT YUCIa

M = n-(mC)*™ . (D + 1),

e
C = max |a;|, D = max |b].
1<i<m 1<i<m
1<j<n

[Iycts s = [logy M| + 1, rue [a] — nenast wacts yncia a. Kaxoe nemoe 9ucyio u3
S .

orpe3ka [a, M| MOXKHO IPEeJICTABUTD B BH/IE Z]O o; 2", e o; — 1o 0 wian 1. D10 maer
1=

BO3MOXKHOCTh 3aMEHHTh KayK/lylo HMepeMeHHYI0 T; HaOOpOM HepeMeHHbIX Tjo, Tj1,
..., Tj ¢, BOCHOJIb30BABIINCH PABCHCTBOM

S .

P .. . 1

;g = X wxj,; -2
1=0
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[Mostomy cucmema auneltnur ypashwenuli Ax = b umeem pewenue 8 HeOMPUYa-
MEADHLL YEADLT YUCAAL M0200 U MoAbKo Mo2da, k0206 uMeem PEeWEHUE 8 YUCAAL
0, 1 caedyrowan cucmema AUHETGHDLT YPAEHEHUT

A[E T4 - 2i,..., Exn,i : 21] =b.
i=0 i=0

§3. NP-mosHOTa IPOO6IEMBbI PA3PEUINMOCTI JIJIst
YPaBHEHUI C HETPUBUAJILHOM IIPAaBOl YaCThIO
B CBODOIHOIT MOJIyTrpyIIIIe

Obozuaunm gepes Iy cBOOOIHYIO MOTYTPYHIY € MYCTHIM CJIOBOM B KauecTBe Heli-
TPAJILHOTO 3j1eMeHTa (CBOOOIHBI MOHOM) paHra 2 O CBOOOIHBIME 00PA3YIOMUME
a u b, T.e. 5TO MHOXKECTBO BCeX CJIOB B 1ByOyKBeHHOM asidasure {a,b} ¢ onpeparueii
YMHOXKeHHsI (KOHKATEeHAIN) CJIOB.

Cucmemoti ypasrenuli ¢ HEM3BECTHBIMUA X1,. .., L, B CBODOAHON mosyrpytie Ils
HA3bIBAETCS BBIDAKEeHUEe BUIA

k

izlwi(xl,...,xn,a,b) = wi(r1,...,%n,a,b), (1)
vae w;(Ty, ..., Ty, a,b) 1 ui(xq, ..., T,,a,b) — cioa B andasure
{z1, 9, ..., Tp, a, b}.
Ha6op (g1, - - -, gn) 37IEMEHTOB MOJTYTpyHIbl 11y HA3BIBaETCS pewenuem cucTeMbl (1),
ecyim ipu Jiobom i (i = 1,..., k) B moayrpymie Iy BBIIONHAETCS PABEHCTBO

wi(gla <vs9n, @, b) = ui(gla <vs9n, @, b)

JIBe cucreMbl ypaBHEHU ¢ OJIHUMU W TEMU K€ HEM3BECTHBIMH HA3bIBAIOTCS IKGUBA-
AEHMHOLMU, €CITH MHOYKECTBA UX PeIeHuil COBMAIA0T.
Cucrema ypaBHeHuit
b=
PaBHOCHJIBHA OJIHOMY YPaBHEHUIO

W1aA1Waa1 . .. A1 WE W1A2W2029 . . . AW — U1A1U2AT1 ... A1UEL U1A2U2A2 . . . AU

B kowute 50-x rogos mpornioro Beka A.A. MapkoB npeioKu/1 ucnob30BaTh CU-
cTeMbl ypaBHeHU B cBODOIHOM nostyrpymie Iy B KadecTBe 1mo/ixo/1a K OTpHUIIATE b
Homy pentenuio 10-oit mpodaemsr . ['mnbbepra. CucremMbl ypaBHEHU B CBOOOIHBIX
HOJIYIPYIIIaX TaKzKe HA3BIBAIOTCS CHCTEMaMU ypaBHeHMii B cioBax. /s ypaBHeHmi
B CBO6OZLHBIX ImoJIyrpynmnax TpaauluoOHHO PpaCCMAaTPpUBAIOTCA JABE OCHOBHBIE 3a/a41U:
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npobJiemMa CyIIeCTBOBAHUSI PEIIeHnsT W MPOD/IeMa OMUCAHUST MHOZKECTBA, BCEX pere-
HUI.

[lepBble pe3yabTATHI B MCCIEJOBAHUN CHCTEM YPaBHEHUN B CJI0BAX OBLIN MOTY-
wqenbl A.A. Mapkoseim u FO.U. Xwmenesckum [86] B korme 1960-x r0710B.

B 1976 romy I'.C. Makauwn moJiyau B TeOpWH ypaBHEHUN B CJa0Bax (yHIa-
MEHTAJBHBIl Pe3y/Ibrat, KOTopbiii Ob1 omybaukoBan B 1977 roay B pabore [33], —
OH MOCTPOUJI AJITOPUTM, TO3BOJISIIONINIT 110 JTF000# cucTemMe ypaBHEHUit B ¢BOOOIHOI
nosryrpymie [I; ompenennTs, nMeeT U OHA pereHue.

B macrosiee BpeMs He W3BECTHO HETPUBHATBHBIX HUZKHHUX OINEHOK CJIOXKHOCTU
339N PA3pENIMMOCTH YpaBHEHUI B CBOOOMHBIX Moyrpynmnax. [losromy mpeacras-
JISIeT OlpeeeHHbI WHTEePeC HAXOXKIEeHHWE ~JOCTATOYHO MPOCTHIX W eCTeCTBEHHBIX
NP-noaupix mpobyem i ypaBHeHHH B CBOOOIHBIX MOJIYTPYIIIax.

B y:xe muruposasiieiics panne mouorpacdun M. ['spu u 1. /Ixoncona "Beryauc-
JUTeIbHBIE MAIIUHLL M TpyJIHOpemaeMble 3a1adn’ B ciucoK N P-moaHBIX Tpobiiem
BKJIIOYEHA CJIeJyIoNas mpobieMa:

ITodcmanoska pezyaaprozo 8uipaiHceHUs.

YCJIOBHE. 3adanv, dsa koneuwnwzr aagasuma > = {ay,...,a,} u
X = {x1,...,2n}, peeyasapnoe swvpascenue E 6 aapasume ¥ U X, peeyraproie
svpascenus By, ..., E, 6 ardasume X u caoso g 6 amom oice angasume.

BOIIPOC. Cywecmsyiom au 6 aswkar L(E), L(E), ..., L(E,) maxue ciosa
W, V1, « .., Up, YWMO ECAU 8 CAOBE W 3AMEHUMD T1 HA V1, . .., Tp HE Uy, MO NOAYSUM
€060 g7

[TokazkeM, 4To 3Ta, mpodaeMa octaercsa N P-NOJIHOI, eCJIn B KA9eCTBe BhIParKeHust
E B3s7h BBIparKenue, onpesessioniee si3bik L(FE), cocrosiiuii u3 0HOrO CJI0Ba W,
a B KauecTBe BbIpakeHwii Iy, ..., E, B34Tb Takue BHIPDAXKEHUs, YTO ONpeIesgeMble
nvu 36k L(E)), ..., L(E,) 9BIslfOTCS YHUBEPCATBHBIM SI3BIKOM X%, T.€. HA CJIOBA
U1, ..., Uy He HAKJAJIBIBAETCI HUKAKWX OTDAHUICHMUII.

DTO NPUBOJUT HAC K CAEAYIOMEi 3a1a4e:

7 no ypasHeruo 6uda

w(zy,...,x,) = g(a,b) (%)

onpedesumo, umeem au ono pewerue 6 1157,

Cnoo w(xy,...,T,) ABAAETCS CJIOBOM B ajihaBUTE HEU3BECTHBIX, T.e. OHO HE
collep:KuT obpasyromux a u b, a cioBo g(a,b) sBiasiercst ciaoBoM B asidasute 0bpa-
3YIOIIUX, T.€. OHO HE COJIEPKUT HEU3BECTHBIX T1, ..., Ly.

Bonpoc o pazpemuvoct B ¢cBOOOIHOM TpyIe ypaBHenuii Buga (*) paccmarpu-
Basca B paborax P. Jlummona u II. lllynna w monyumn nassanme the substitution
problem for free groups.

EcTecTBEHHO CUUTATH PA3MEPHOCTDIO 3G0G4YU PA3PEUUMOCTY YPasHEHUl 6uda
(*) aucio

L = ’w(xla s 7xn)’ + ’g(&, b)‘a

rie |A| — dauna caosa A.
[Iesbio sToro naparpada apiagercd dokasamenvcmeo N P-noanomo, 3a0a4u pas-
pewumocmu ypasherud suda (*) 6 c60600not noayepynne ;.
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[TpeaBapuTe/ibHO JJOKazKeM OJHY HPOCTYIO, HO BaXKHYIO /IS JaJIbHERIIero jeMmmy.

Jlemma 3.1. Ecau w, y, g — caosa noayepynnos s, npuvem g — nenycmoe caogo u
b? ne ABAAEMCA NOOCAOGOM CAOBA G2, TO UMEE MECTNO IKEUCAACHIHOCTIY

w?y? = ¢ = w=g&ky =0
oxaszameansvcmeo Ecmw=guy=>~, 1o
Wyt = g2

O6patno mycts w?y? = ¢2b°.

C10BO i He MOKeT OBITh MyCThIM, TaK KakK B MPOTUBHOM CJIy4ae Mbl UMEJN Obl
w? = ¢?b?, |w| = |g| + |b] > 2, no3TOMY /11 HEKOTOPOTO CJIOBA U BBIIOIHAIOCH Obl
paBeHcTBO W = ub?, W3 KOTOPOTro MBI MOTJIH ObI MOTYYUTh PaBeHCTBO g2 = ub®u, 9To
IPOTHBOPEYUT YCJIOBHUIO JIEMMBI.

[Tpenmo/iozKeHne 0 TOM, 94TO JTHHA § He MEHbIIE 2 TAKKe BeJIeT K IIPOTHBOPEUHIO,
TaK Kak HepaBeHCTBO |y| > 2 BjedeT CylIeCTBOBaHHE TAKOrO CJIOBA U, 4TO Y = ub?,
a 3TO B CBOIO O¥ePeIb MPUBOANT K PaBeHCTBY ¢ = w ub*u, KOTOpoe IPOTHBOPEINT
YCJIOBHIO JIEMMBI.

Buauur, |y| = 1, mosromy y = b, w = g. O

Teopema 3.1. IIpobaema paspewumocmu ypashenut suda (*) das ceobodnoti no-
ayepynnw Iy asasemes NP-noanod.

Hdoxaszameancmeo Ecm2l. .. 20— pewenue ypasnenus (*), o

w(ah, ..., an)| = lg(a,b)| < L

n

u ipu Jobom ¢ (1 < ¢ < n)
|27 < lg(a,b)| < L,

poJiee TOro
n
Z 0
|l‘z| S Lv
i=1

MO9TOMY 32 NOAUHOMUGALHOE 0m L épems Mbl MOKeM yOeJIUThCsl B CIPABE/INBOCTH
PaBEHCTBA
0 0
w(xl,...,x,) = g(a,b),

3HAYUT, pacCMaTpuBaeMasd 3aJada Je:KuT B Kiaacce N P.

s nokaszareancrsa N P-TpyIHOCTH 3TOM 3a0a91 MOKaXKeM, 9TO K Hell noAuHo-
MUaALHo c6oduma 3amada 3-soinoaHuMoctu (3-BbIII-3amaua), ssisomasics,
KakK Mmoka3aHo Bbinre, N P-no/Hoil 3a1a49eii.

Hamomuuwm, uro ”3-BbIII-3amadua” cocTout 6 onpedeserun, no gopmyae so2uru
BHLCKA3BBAHUT, HATOOAULETCA 8 KOHBIOKMUBHOT HOPMAAbHOT (hopme, codeporcauet] 6
Kaotcdom Qu3sroHKme POBHO 3 AUMEPAL, ABAAEMCA AU IMA POPMYAL BLINOAHUMOTU.
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[Tycts dopmyna P joruku BbICKA3bIBAHWIT MMeeT BH]L

n €in

ij

i(i(:l \/ X] )

JEA;
rae €;; € {1, —1}, npudem

1 - x. O T
X;=X; X7 =X,

Kpowme toro mpu Jirobom i (1 < i < m ) MHOXKecTBO A; COCTOUT W3 Tpex
5JIEMEHTOB.
[To bopmysie @ nocrpoum cucremy ®* ypaBHenuii u HepaBEeHCTB

m n
€ij ) -1 _
Zizlg T; Zl&j&zzlx]—l—xj =1
JEA;

-1

C 2N HEeW3BECTHBIMU I1, xfl, N S

BamMernmM, 9TO KayKaas CyMMma
87.]
Z Tj
JEA;
COZEPXKUT POBHO TPH CJIaraeMbIX.
Herpyano mousars, uro gopmyara ® evnosnuma mozda u mosvko mozda, x020a
cucmema * umeem pewenue 6 wucrax 0, 1 (3nadeHno "MCTUHHO  nepeMeHHON X

COOTBETCTBYeT 3HadeHme 1 mepeMeHHOIT ;, a 3HadeHn0 "JI0KHO  — 3Havenue ().
Hepapencrso

PaBHOCHJIBHO HEPABEHCTBY

B cBolo ouepesp mocseHee HepaBeHCTBO PABHOCUIBLHO HEPABEHCTBY
E (1-2;7) <2
JEA;

[Tosromy cucmema D* umeem pewenue 6 wucaax 0, 1 mozda u moavko moada,
koz2da umeem pewenue 6 wucaax 0, 1 caedyrowas cucmema P**:

[Io cucteme ®@** mocTponMm cucteMmy ypaBuenuit W B moxyrpymie [l

m n
& L, _ 2 e S
i(icl | | T, Yi = a &j&zclx]xj = a.

JEA;
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Herpyano mousth, aro gopmyara ® swnosnuma mozda u moavko moezda, xozda
cucmema V¥ umeem pewenue 6 1.
BameruMm, uto cucrema V¥ paBHOocuabHa B [l ypaBHEeHHIO

T bagxsth L bx,rth H xflj yib...b H xf’"j Ym = (ab)™ (a*b)" ' a?,

j€A1 ]eAm
rjie cjeBa u cupaBa OykBa b mmeer 1o n + m — 1 BXOXK1eHMil.
Obo3HAYNM JIEBYIO YaCTbh MOCJIEIHEr0 YPABHEHHS depes

w(zy, ..., Ty, b),

a mpaByio — 1epe3 ¢(a, b).
Ypasnerue
w(zy, ..., o, b) = g(a,b)

umeem pewenue 6 Iy moada u moavko moada, xoeda 6 Iy paspewuma cucmema
ypasHerul
w(zy, ..., on,y) = gla,b) &y = b,

a TOCJIeIHSAA CHCTEMa, B CBOIO 0Yepe/ib, B CHJY JIeMMbI 3.1 paBHOCHIbHA YPABHEHUIO
2 2 _ 2 2
w1, .. 20, y)yT = g-(a,b) b7

Nrak, mpobiaema 3-BBIMOJHUMOCTHU JIJIsi JIOTUKN BBICKA3BIBAHUM N0AUHOMU-
anvho ceedena k npobaeme paspewumocmu 6 Iy ypasnenud suda (*).
DTO 3aBeplIaeT J0Ka3aTeTbCTBO TEOPEMBI. O

3ameuanue 1. Teopema crpasejiuBa u Jijist JiI000# cBoOOAHOI moyrpynmnst 11, ¢
n 0Opa3yIONUMHU TIPH 1. > 2.

Bameuanne 2. EcrecrBenno paccmorpers u jyist nosyrpynnst 1I; = (a) Bompoc
0 pa3pennMoCT ypaBHeHUN BUiA

w(zy,...,z,) = g(a).
JIerko moHAThH, 4TO BOHPOC 0O paspemmmoctu B I} ypaBHenus Bujia
w(zy, ..., xn,a) = g(a)

NOAUHOMUAALHO CE00UMCSA K PEITeHUI0 B HEOTPHUIATEILHBIX IEIbIX YHCIaX yPaBHe-
HUS BUJIA,
ary + ...+ ¢z, = b,

rJie Ci,..., Cp, b — HEOTPHUIATEIbHBIE TIEJIbIe YUCIA, HO Pa3MEPOM TIOCTEHENR 3a1aun

caeayer CIuTaTb IHCJI0
n
L = E c; + b,
1=1
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a He 9hCJI0
n
Ly = § (lOgCZ—‘—i_“?—‘,
i=1
KaK 9T0 OOBIYHO JeJIaeTCs MMPH MCCJIeT0OBAHUN BOIIPOCA O PA3PEITUMOCTH B HATYPAJIb-
HBIX WJIH IEIbIX JHC/IaX JUHEHHbIX YpaBHeHH u ux cucteM. [Ipu aTom ecTecTBEHHO
cuuTarh, uro mnpu Jbom i: 0 < ¢ < b. B [64] nokazano, 4To mpu STHX TPEINO-
JIO?KEHHSX BOIPOC O PA3pPEHIIMOCTH B HEOTPHIATETBHBIX MEIbIX YUCIAX yPaBHEHUS
BHUIA,
cxy + ... +cpx, =0
MOZKHO pentuTh 3a BpeMst O(nb). 3HauuT BOmpoc o cyiecrBoBannu B 1y pemenust y
ypaBHEHU
w(zy, ..., xn,a) = gla)

penraeTcd 3a NoAUHOMUAGABHOE GPEMA O

lw(zy, ..., zo,a)| + |g(a)l.
B ¢BA3K ¢ 3THM MHTEPECHO OTMETUThL, YTO 3a/ada paspemuMmocTd B II; cucrem
BHJIA

&1 wi(x1, ..., 2,) = gi(a)

1=

TakzKe apijsgerca N P-1mojHoit 331a4eii.
JlokazaTeabeTBO 3Toro (aKTa cpa3y CleiyeT W3 J0Ka3aTelbCTBa IpeIblIyTieit
TEOpeMBI, eCJIN BCIIOMHHATD, 9TO (BopMyAa

n
Ve
i=1 J
JEA;
BLINONHUMEA 0204 U MOALKO Mo2da, Koz2da cucmema
m —eis 2 n 1
o, . = . N —
iicl H T Yi a* & 8_51 ;T a
JEA;
umeem peuwenue 6 I1;.

3ameuanne 3. [lpu j1060M dukcupoBanHoM n 3aja4da pazpentumoctu B Iy ypas-
HEeHHUl BUIa

U}(Jfl,---,ﬂfn,@,b) = g(aa b) (**)
JexuT B Kiacce P. B actHoCTH, 9T0 BepHO it ypaBHeHust Bujga ().
B camom gene, ecm 2V,..., 20 - pemenme ypasmenmsa (**), To mpm moGom i
(1 <i<mn) )~ nodcaoso caosa g(a,b).

Ecan
L = |w(xy,...,zn,a,0)] + |g(a,b)],
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t0 |g(a,b)] < L, nosromy uucsio nojcios ciosa g(a,b) menbie L2 snauut, cyrie-

cTByeT Menee deM L™ HabOpOB CIOB ¢1,. .., §n TAKAX, ITO TIPH JIOOOM 7 (1<i<n)
g; — mozicyioBoO caoBa g(a,b).
Tak kak

w(@l, ..., 2%) = g(a,b),

TO
n

lw(@?,...,2°) < L n Z |29 < L,

n
i=1

II09TOMY B Ka4deCTBe MPETeHIeHTOB Ha pelleHne ypaBHenus (**) ciexyer nposepsarhb
JIMIIL TaKue HAOGOPHI §1,. . ., §p TOACTOB c10Ba g(a,b), Ayst KOTOPBIX

n

gl <L n wlgr,....g0)] < L.

i=1

DTH pacCykKIeHus W JAI0T MOJUHOMUATBHBINA TP (DHKCUPOBAHHOM 7o AJITOPHTM
JIsl BBISICHeHUsI, uMeeT jin ypasHenue (**) pemenue B Iy, Gosee Toro, sror ke
aJITOPUTM TO3BOJIsIET W HafiTH Bce perienuss ypasHenusi (**) 3a mosmHOMHAIBHOE
Bpems (rmpu (bUKCHPOBAHHOM n).

§4. N P-noanbie pobJieMbl B Teopun rpados

[Taparpad mocBsieH pacCMOTPeHHI0 HEeKOTOPLIX N P-IIOJHBIX IPobJieM U3 Teo-
puu rpacdos. [Ipu orbope Mmarepuasa Mbl pyKOBOJICTBOBAJIUCH IPUHIIUIIOM — ITPO/Ie-
MOHCTPHPOBaTh, KaK MyTeM HOJIMHOMHUAIBHON CBOIMMOCTH, OTIpaBagach or N P-
TPYAHON NPOBIEMBI, MOKHO ycTaHaBaubBaTh N P-TPyIHOCTH BCe HOBBIX M HOBBIX
npobJieM aHAJTOTHIHO TOMY, KaK B KJIACCHIECKON TEOPHH aJrOPUTMOB, OTHPABIAACH
OT 3aJa4Hd, aJTOPUTMHUUIECKAasT HEPa3peIInMOCTh KOTOPOi yKe yCTaHOB/IEHA, IIyTeM
M-CBeJIHNsT MOYKHO YCTaHAB/JIHBATH AJTOPUTMHYECKYIO HEPa3perrmMOCTh BCEe HO-
BBIX M HOBBIX 33ja4. KOHEYHO, MbI HU B KO€il Mepe He MPeTeH/IyeM Ha KaKyko-JT100
MOJTHOTY OXBaTa MaTepuaJia u3 3Toi obmupreiinteit odsactu. [Ipu usnoxenun m1oka-
3aTeJIbCTB MBI OMUPAJIUCh HA HCTOYHUKHU, YKA3aHHBIE B CIIHCKE JIUTEPATYPHI B KOHIIE
OCOOHSI.

Yepes G = (V, E) Gynem 0603HAYATH HEOPUEHTHPOBAHHBI Tpad ¢ MHOKECTBOM

BepiuH V' u MHO)KecTBOM pebep E, a uepes G = (V| E') — opueHTupoBaHHBI rpad

— —

C MHOKECTBOM BepIuH V' ¥ MHOXKECTBOM JiyT F/.
Kauxa. Tpebyemcsa no npoussosvromy epady G u namypasvhomy wucay k
onpedeaums, codepotcum au epadp G noanwild nodepad na k sepuuna.

Ounpenenenune 4.1. Ilodmmoocecmso Vi mnoocecmea eepwun V- epaga G = (V, E)
HA3BLEAECMCA HE3ABUCUMDBLM, €CAU HUKAIKUE 08€ GEPUIUHBL IMO20 NOOMHONCECTEA
V1 ne ceasarv, pebpom.
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Heszasucumoe mroatcecmos sepwun. Tpebyemcs no npoudsorvromy epady
G u namypanrvromy wucay k onpedesums, umeem au epagh G nezagucumoe Mrodice-
cmeo u3 k sepuu.

Uszomopgprocms nodepagy. Tpebyemca no deym sadarmnvm epagam G u Gy
onpedeaumo, usomoppen au epad G nexomopomy nodepagdy epapa G.

Ounpenenenune 4.2. IToomnoscecmeo Vi muoorcecmea sepuwun V- zpaga G = (V, E)
0bpasyem S8EPULUHHOE NOKPBLMUE IM020 2pada, ecal 04 Karcdozo e20 pebpa e €
E odna us unyudenmmoix emy sepuwiut npuradaescum nodmmoscecmasy Vi.

Bepwunnoe noxpumue. Tpebyemca no npoussosvromy 2pady G u namy-
pasvromy wucay k onpedesumo, umeem au epap G sepuurmoe nokpumue ¢ k eep-
WUHAMU.

I'amuavmonos uyuka. Tpebyemcs no npoussosvromy epady G onpedesums,
codeporcum au 2pad G yura, nporodswsut wepes Kanicoy e20 8ePUUHY POBHO 00UH
pas.

Omnpenenenne 4.3. ['pagp G Hasveaemces k-packpausuaemvim, ecal e20 6EPUIU-
HoL Mo2Ym Goims nomeuenv wucaamu om 1 do k (packpawenov 6 k yeemos) maxum
00pazom, 4mobvl CMEHCHBM BEPULUHAM ObLAL NPUNUCAHYL PASAUNHBLE YUCAE (CMEIHC-
HbE BEPUUHDLL PAcKpatens, 6 pasuove ueema). Haumenvwee wucro k makoe, wmo
epah G asasemes k-packpauiusaemvim, HA3V6AEMCH TPOMAMUYECKUM HYUCAOM
amozo epadha.

Pacxpawusaemocms. Tpebyemca no npoussorvromy epady G u namypasv-
Homy wucay k onpedeaums, aeasemca au epa G k-packpawusaemoim.

Teopema 4.1. IIpobarema Kauxa seasemea N P-noanofi.

JToxasameancme o [punamiexxkuocrs npobiaems Kauka xiaaccy NP
oueBuiHa. [lokaxkem, aTo mpobaeMa Butnoanumocms TOJTHHOMHAAIBLHO CBOIUMA K
npodaeme Kauxka.

Paccmorpum npoussosbuayio dopmyny F' B KHO

F=A4&.. . &A,.

[Tocrpoum 1o F' rpad G(F'), Beprimmaamu KOToporo 6yayT napsl (5, j), rie aumepan
x5 exodum 6 anemenmapnyro dussionkyuro A; (r; — sro mepemennas, ¢ € {—1,1},
x;t — 9T0 ).

Bepwunw, {(x5,7) u (22, 8) coedunaomes pebpom mozda u moavko mozda, xo0z20a
J # s u aumepan T ne A6AACMCA oOmpuuaHuem aumepana x0, T.e. x; ¢ # .

[Tokaxem, uro 6 epage G(F) ecmv m-kauxa mozda u moavko mozda, kozda
popmyaa F evinosruma.

[Ipeamooxkmm, aro dpopmyna F BeIIOTHAMA. PaccMOTpUM IPOU3BOILHBINA BBI-
HMOJHAIONNHR HAOOD 1, ..., 0. B xaoicdoti anemenmapnot dussronkyuu A; wat-

€45 .
demcea aumepan x;”, npunumarowul snavenue 1. Torma €;; = ;. Bosbmem 1o
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OJTHOMY TaKOMY JINTEPaJIy B KazKJIOH deMeHTapHO# KOHBIOHKIuHU. VI3 mocTpoenust
rpaca cpasy ciejyer, 9To cOOTBETCTBYIOIIME m Bepiinh B rpade G(F') obpasyoor
M-KJIAKY.
[Ipeamonoxnm, uto B rpade G(F) nveerca m-xmuka (5, 1), - -, (T57, jm)-
[Tonaras oy, = €1, ..., @, = €, W NPOU3BOJHHBIM 00PA30M BHIOWPAs 3HAUEHUS
OCTAJILHBIX MMEPEMEHHBIX, MOIYIuM st (hopMyJibl F' BeITOTHSIOMME HAOOD (v, - . .,
Q. OJ

Teopema 4.2. IIpobaema H3omopdrocms nodepady ssasemes N P-noanoti.

Hoxasameanvcmso Kupobaeme Uzomopgprocmsd nodzpagdy momHOME-
aJIbHO cBOJMMA 1podieMa Kauka, KoTopasi MOxKeT ObIThH 1epepopMy/IMpOBaHa, Kak

npobJiema uzomopdaocTr moaHoro rpada C), Ha k BepInHax HEKOTOPOMY MoArpady
rpada G. O

OTMeTnM, 94TO BOIPOC O CAOXKHOCTHU CJAEAYIOMel 10CcTaTouHo OJIM3KOH 3a1aun B
HACTOSAIIEE BPEMsl OCTAETCHA OTKPBITHIM.

H3zomopdpusm zpagos.

IIo dsym epagpam G = (V1, Ey) u Gy = (Va, Es) mpebyemea onpedeaumsv, uso-
MOPHHBL AU OHU.

Teopema 4.3. IIpobarema Bepwunroe noxkpwmue ssasemea N P-noanoti.

oxaszameanncmso. Ipunamgiexxuocts mpodiembl Bepwuntoe nokpuimue
kiaaccy NP oueBuana.

[Tokazkem, aro npobaema Kauxa nosunomuarvro ceoduma  npobareme Bep-
wunnoe nokpwvmue. [To npousBosbHoMy HeopuenTuposanromy rpady G = (V) E)
nocTponm HeopuenTupoanubiii rpad G = (V, E), apisaomuiica donoanenuem rpa-
dba G = (V, E) no monnoro rpada Ha MHOKECTBE BEpIIHH V| T.e. eCIu v U U — JIBe
pasIMIHbIe BepmmmHbl, To omn B rpade G = (V, E) coequmsiorca peGpoM TOTIa I
TOJBKO Torna, Koryma ouu B rpade G = (V) E) He 6bL1n coeuHEHB peOPOM.

[Tokazkem, 9T0 nodmmoscecmeo Vi muootcecmsa eepwun Vo obpasyem KAuKy 6
epage G = (V, E) mozda u moavko mozda, xozda nodmmoscecneo V\Vy muoorcecmea
sepwun V obpasyem 6 epage G = (V, E) sepwumnnoe noxpvimue.

Ecnu mommuoxkecTBO V) MHOXKecTBa BepimuH V' obpasyer Kauky B rpacde G =
(V,E), To HIKaKHe aBe pa3imdHble BepIINHBI 9TOTO HOAMHOXKecTBa B rpade G =
(V, E) ne coeamnensr pe6poM, 3Ha9uT, A1 106oro pebpa rpada G = (V, E) onna n3
€r'0 KOHIIEBBIX BE€PHINH HE IMMPUHALJIC2KHUT IMIOAMHO?KECTBY ‘/1, T.€. IPUHAJJICZKUT I1O/-
muoxkectBy V' \ Vi. ITosromy mogvuozxkecrBo V' \ V) MHOZKecTBa Bepiun V' obpa3yer
B rpade G = (V, E) BepImmEHOe TOKPBITHE.

st nokazare/ibCTBa 00PATHOIO YTBEPIKIEHUS, ITPEINOI0KIM, UTO TOJIMHOKEe-
crso V' \ Vi muoxkectsa Beprmun V. obpasyer B rpade G = (V, E) BepmmHHOe 1M0-
kpbiTre. [lokazkeMm, 9T0 moaMHOXKeCTBO V| MHOXKecTBa BepmnH V' obpasyer KIUKy
B rpade G = (V, E). IIpeamnosokuM OpOTUBHOE, yCTh BEPIIHHBI U M U STOTO MOJI-
muo)kecTBa V) B rpade G = (V) E) ve coenuuens pedbpom. Torma BepiuHbl v 1 u B
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rpade G = (V, E) coeannensr HekoTophiM pebpom e. Tax kak moamuozkectso V \ V;
MHOZKecTBa Bepimaa V obpasyeT B rpade G = (V, E) BepIImHHOe HOKPHITHE, TO Of-
Ha 13 KOHIEBLIX BEpIINH v WJIH U pedpa € JOMZKHA MPHHAIIEKATH IIOIMHOKECTBY
V'\ V1, 9T0 POTHUBOPEUUT MPEIIOIOKEHUIO v, u € V. O

Teopema 4.4. [Ipobrema IamMusbmMoOHO8 UUKA 0AA OPUEHMUPOBAHHO020 2Papa A6-
aaemes NP-noanod.

Hoxaszamenncm e o. llokaxem, aro npobaema Bepuwurroe noxkpwvimue no-
AUHOMUGADHO CB00UMG K npobieme Tamusbmornos yura ora opueHmuposarHo2o
epada.

[To mpoussosbHOMY HeopuentupoBanHomy rpady G = (V) E) u marypajbHO-
MYy YHCJIY k TOCTPOUM 3a MOJTHHOMHUAJIHHOE BpeMsl TaKOi OpHeHTHPOBAaHHBIN rpad
= RGN

G = (V,E), aro 6 epage G umeemcsa sepuunnoe nokpwmue ¢ k sepuunamu mozda

= N
u moavko mozda, kozda 6 opuenmuposanrom epage G = (V| E) umeemes eamunv-
MoOHO8 UUKA.

[Ipeamomnoxum, ato V' = {vy,...,v,}. Pebpo, coeaunsiomniee BepimHbl v; U vj,
obo3HavaeM uepes e;;. Tak Kak paccMaTpuBaeTcs HeOPHEHTHPOBAaHHBIN Tpad, To
eij = ¢;;. BoibepeM k 1o6vixr cume0n06 ay, .. ., aj.

— —

s mocrpoenust muoxkectsa V' BepiuH rpada G cOMOCTaBUM KayKIOMY HOBO-

My CHMBOJIy @; OJHY BEpIINHY, KOTOPYIO OyJZeM 0003HA4YaTh TeM Ke CHMBOJIOM ;.

Kazk oMy pedpy e;; rpacda G ¢ KOHIEBBIMU BePIIHHAMUI U; U Uj COIOCTABHM UYeThbIpe
—

Bepimuabl rpada G
[U'iy eijy 0]7 [Uia e’ija 1]7 [Uj7 6ij7 0]7 [Uj7 eij7 1]

U IIeCTh OPUEHTHPOBAHHBIX pedep

[Uiaeijao] - [Uiaeijal]a [vjaeijao] - [vj7eij71]7
[Uiaeijao] - [Ujueijuo]u [Ujveij70] - [Ui?eij70]7
[Uiaeijal] - [Ujaeijal]a [vjaeiJ'?l] - [Ui?eij71]'

[TpeacraBum rpacd G B Buzie n COUCKOB — 110 OJTHOMY CITHCKY JIJIsT KaK0W BEPITHHBI
sTtoro rpada. CHHCOK I BEPHIMHBI vU; COJEP:KHT B HEKOTOPOM (DUKCHPOBAHHOM
mopg/ike Bce pedbpa rpada G, KOTOpbIM HHIMIEHTHA 3Ta BEepIIUHA.

-
[IpucTynaem K MOCTPOEHUIO OPHEHTHPOBAHHBIX pedep rpada G.

U3 xaocdol sepwuno, a; (t = 1,...,k) nposedem pebpo 6 kascdyro eepuiuny
suda [v;, e, 0], 20e e;s — nepeoe pebpo 6 cnucke 0L GEPULLHBL V.
B xascdyro eepwuny a; (t = 1,...,k) nposedem pebpo us kasrcdol eepusurivl

suda [v;, e, 1], 20e e;5 — nocaednee pebpo 6 cnucke Oad BEPUUHDL V;.
13 Bepimunsbl [v;, €, 1] B Bepmuny [v;, €5, 0] mpoBogmm pebpo, ecin e;5 Hermocpe/i-
CTBEHHO CJIeJlyeT 3a pedpoM e;; B CuCKe pedep JI/isi BePIIUHBI V.

-
O1u pebpa BMecTe ¢ paHee MOCTPOEHHBIME pedpaMu 0O6pa3yioT MOTHBIT Habop F

pebdep rpada G.
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Ocraercst moka3arh, 910 6 epage G umeemcs sepuunHoe nokpumue ¢ k eep-
g

— =
wuramy mozda u moavko mozda, kozda 6 opuenmuposarnom epage G = (V E)
UMECTNCA 2AMUNDMOHOE UUKA.

[IpenmosioKuM, 9TO BEPIIUHBI V1, ..., Uy 00pa3yioT B rpade (G BepUIMHHOE IO-
KpPBITHE.
Jnst kazxzaoro @ (i = 1,...,k) obosnavum wepes e;1, ..., €y, CNUCOK pebep, Ko-

MOPLLM UHUUIEHMHA BEPUUHEG V;.
Paccmorpum muki

ay — [/01761170]7 [Ulaellao] - [/01761171]7

[01761171] — [U1761270]7 [Ul,elg,O] — [01761271]7

[Ulyelt170] - [Ul7elt171]7 [Ulaeltlal] — A2,
ag — [02762170]7 [02762170] - [U2762171]7

[U27€2171] - [/02762270]7 [/02762270] - [U27€2271]7
[0276215270] - [0276275271]7 [U2762t271] — as,

ar — [Uk76k170]7 [Ukneklyo] - [Ukaekhl]?

[vkaeklal] - [vk7€k270]7 [/Ukaek%o] - [/Ukaek%l]a
[Ukyektkyo] - [Uk7€ktk7]-]7 [Ukaektkyl] — Q.

-
[TocTpoennsbiit UK HE TPOXOAUT Yepe3 BepunHbl rpada G, MOCTPOEHHBIE 110 CINC-
KaM pebep Jjis BepUIMH v; 1Ipu j > k.

Paccmorpum Bepiiuny v; Ipu j > k u eii uHIIeHTHOE pedpo e.

_

B rpade G nmerorcs ase Bepimunst [vj, €, 0] u [vj, €, 1], He BXozsIIMe B IIOCTPOEH-
HBli muKI. Tak KaK BepIIUHEL Vg, . . ., V) 00pa3yiorT B rpadge G BepIIIHHOE IIOKPLITHE,
To Haiiyjerca Takoe i (1 < i < k), 9T0 BepIINHA v; MHIUICHTHA PEOPY €. 3aMeHuM B
paccMaTpuBaeMoM IHKIIe pebpo [v;, e, 0] — [v;, e, 1] Ha myTh

[vi,e,0] — [v;,€,0], [vj,e,0] — [v;,e,1], [v,e,1] — [v1,e,1].

-
[Tocsie ykazanubix npeobpasoBanuii noayswum 6 2pape G 2aMUALBMOHOE UUKA.

-
Jl1st mokazare/IbcTBAa OOPATHOTO MPEIOI0KNM, 9TO B rpade G nMeeTcst TaMuTh-
TOHOB IIUKJI.
DTOT MyTh MOXKHO Pa30UTHh HA k MOANyTel, HAYAJIbHbIE U KOHEYHBIE BEPITHHBI
KOTOPBIX IIpUHaAJ/JIe2KaT MHO2KECTBY

{&1,@2, e ,&k}.
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O6o03HaYMM NyTh YKa3aHHOTO BHJIA, BEAyLIWil U3 BepUIMHLI @; B BEpUIMHY (g depes3
L.

Ilonygqaem k myreit Lg sy, Lsysy, ---5 Ls, ysp, DA€ S1, ..., Sp — I€peCTaHOBKA
amcen 1, ..., k. Anamus nytu L, ,, BEAYIIEro U3 BEPIIHHLL (g, B BEPIIHHY G, .,
M HE COJEPIKAIero B KavdecTBe MPOMEXKYTOUYHBIX BEDIIUH a,, HOKA3bIBAET, UTO W3
BEPIIMHbBI dg, MBI NONIAJAeM B BepummHy Buia [v, e, 0], rae e — mepsoe pebpo B crmcke
pebep MHIUJIEHTHBIX BEPIIMHE v, 3aTeM MOYKEeM ITOCeIarh BepimuHbl Bujaa [v, f,0] u
[v, f, 1], tme pebpo f uanMmenTHO Bepiuue v U BUAa [u, f,0] u [u, f, 1], rae pebpo
[ MHIUIEHTHO BepIIMHAM v U u. B BepuimHy a,,,, MOXKeM IONACTD JHIIb IO pebpy
Buza [v, g, 1], tae g — mocsesnee pebpo B CiicKe pebep WHIMIEHTHBIX BEPITHHE 0.
[Iyrn, L,s,,,, BeAyIIeMy U3 BEDIINHBI s, B BEPIINHY U, ,,, COMOCTABAM yKa3aHHYIO
BEPIIHY ¥, KOTOPYIO 0003HAYNM Uepe3 Vs, .

[TokazkeM, 4TO GePULUHYL Vs, , - .., Vs, 00pasytom 6 epage G eepuiurnoe nokpoi-
maue.

k

Paccemorpum npounsBosibHOE pebpo e rpada (G ¢ KOHIEBBIMU BEPIIMHAMEA U U U.
Eciu [v,e,0] € Ly,s,,,, TO 1160 v, OO U COAEPAHUTCS B CIHCKE BEPIIHH Vs, ...,
Vg, . OJ

k

Teopema 4.5. [Ipobiema I'amuasbmornos uura 0ra HEOPUEHMUPOBIHHLT 2Pados
aeaaemes N P-noanod.

Hoxaszameanvcm s o [lokaxem, ato npobnema I'amuasvmornos yura 0ia
OPUEHUPOBAHH020 2PaPa NOAUHOMUAALHO c60duma K npobreme Iamusbmoros
YUUKA ONA HEOPUEHTNUPOBAHH020 2Paa.

ITo npoussosvromy opuenmuposarnnomy epady G = (V| E) nocmpoum neopuer-

N
muposannoid epap G = (V, E) maxoti, umo e opuenmuposarnom 2page G = (V, E)
UMEEMCA 20MUNDIMOHOE YUKA M0200 U MOAbKO M020a, %0204 20MUNTMOHOE UUKA
ecmo 6 neopuenmuposanmom epage G = (V) E).
=

[Tosmaraem V =V x {0, 1,2}.

MuozkecrBo E pebep rpada G cocrout u3 pebep, coenHsIONMX BepiuHbl (v, 0)
u (v,1), (v,1) u (v,2). Kpome Toro, BO MHOKeCTBO E BXOAUT PeOPO, COEJUHSIONIEE
Bepmuabl (v,2) u (u,0) TOrIAa U TOJBKO TOTJA, KOTJa B OPHEHTUPOBAHHOM Tpade
N
G = (V, E) 6110 pebpo v — u.

[Ipenmosioxum, 9To B mocrpoeHHOM rpade (G nMeeTcst TaMUIbTOHOB UK. MozK-
HO CYUTATh, YTO OH HAYWHAETCsI ¢ BepIuHbI Bua (v, 0), Toraa Bropble KOMIIOHEHTHI
BEPITUH 3TOr0 MUK JIAI0T nmocaeaoBareabrocts 0, 1,2, 0,1, 2, ..., 0, 1, 2, 0.

Torma mocremoBaTenbHOCTE MepexomnoB 2, 0, 2, ..., 0, 2, 0 maeT raMHJIBTOHOB

UK B opuenTupoBanHom rpade G = (V, E).

— - —

B ¢BOI0 0Yepesib 0 raMUJIBTOHOBY TIHKJIY B opreHTHpoBarHOM rpade G = (V, E)
MOXKHO MOCTPOUTH NMUKJI B HEOPHEHTHPOBaHHOM rpade (G, 3aMEHUB B HEM KazKJi0e
pedbpo v — u Ha MyTh

(v,0), (v,1), (v,2), (u,0).

219



I'JIABA V. NP-TPVJIHBIE U N'P-IIOJIHBIE IIPOBJIEMBI

Teopema 4.6. IIpobaema Packpawusaemocms oas epados seasemcs NP-noa-
10U,

oxasameanncm e o. [lokaxkem, aro npodiema F-8bINOAHUMOCTMD T10JIH-
HOMHAJIBHO CBOAMMA K mpobieme Packpawusaemocmss.

[To npousBosbHOit popmyre F' B 3-KH® ot n mepeMeHHBIX X1, ..., T, U ¢ k 37e-
MEHTAPHBIMU JU3bIOHKIHsAME F, ..., Fy 3a nosimHoMuasbHOe BpeMst oT max (n, k)
noctpouM Heopuentuposanubiii rpad G = (V) E) ¢ 3n + k BepmuaaMu Takoii, 4ro
popmyaa F eunosnuma mozda u moavko moeda, xozda epadh G = (V, E) moocho
packpacums 6 n + 1 ysemos.

Beegem n HOBBIX IIEPEMEHHBIX U1, ..., U,. Cuuraem, 9ro n > 4.

Omupenensiem muOXKecTBO V' Bepmmna rpada G = (V) F)

Vi=A{x, ..., Tp, T1, ooy Tpyy U1y oovy Uny F1, oo i}

MuozxkectBo pedbep E rpada G cocTout u3 pedep deTbipex THUIOB:

1) BceBO3MOXKHBIE pebpa Buna {v;, v;} npn i # j,

2) BceBo3MOKHBIE pebpa Buma {v;, x;} u {v;,T;} npu i # j,

3) BceBo3MOKHBIe pebpa Bua {x;, T;} npu 1 <i <n,

4) BceBo3MOXKHDIE pebpa Buaa {x;, F;} Ipu ycaoBum, 9TO TUTEPAT T; HE BXOTUT B
S7eMeHTApHYI0 Au3bionknuio F; u {7;, F;} npu ycioBuu, 9T0 IUTEPAT T; He BXOTUT
B 3/IEMEHTapHYyI0 JU3bIOHKIUIO [,

[Tokaxkem, aro hopmysra F evinosnuma mozda u moavko mozda, ko206 2pagh
G = (V, E) mooicro packpacumsb 6 n+ 1 yeemos.

[Tpeanonoxkum, aro rpad G = (V) E) moxHO packpacuTh B n + 1 nseros. Tak
KaK GEPUUHLL V1, ..., Uy 00pasytom noiwwil nodepad K, na n eepwumnar, To 1s
UX PacKpacKu HeoOXOIUMO N IBeToB. TaK Kak BepHIMHBI T; U T; CMEXKHbI U KazK/1ad
U3 HOX CMeKHA C JII0OOIl U3 BepIINH v; P ¢ # j, TO OIHA U3 BEPIINH T; U T; TOTO
JKe I[BeTa, 9TO U BEepIINHA V;, & APyras — HOBOTO IIBEeTa, KOTOPHIl YacTO HA3LIBAIOT
CNEYUUANLHDLM TIBETOM.

Toit u3 nepeMeHHbIX T; U T;, KOTOpas PacKpallleHa B ClIeNUaJbHbIi BT, npu-
ceouM 3Hauenue 0, a apyroii — 1. [TokazkeMm, 94T0 3TOT HAOOP 3HAYEHUI MEePEMEHHbBIX
Boinostaster opmyny F. ITokaxewm, ato nu odua us eepwun F; ne packpawena 6
cneyuarvholl yeem. Bepmmna F; cvexxHa ¢ 2n — 3 U3 2n BepuIuH

L1y euvy Ty Ty o ovy Tpye

Tak kax 1o npe/mooxkenuto n > 4, 1o 2n—3 > n, modTomy JijIs 0000 J Haliaercs
TaKoe ¢, YTO BepIluHa [; cMexKHa KaK ¢ BepIInHoil ;, Tak u ¢ BepimuHoii 7,. Ho onna
U3 HUX CIIEIHAJbHOIO IBeTa, I03ToMy eepwuna Fj ne packpawena 6 cneyuarvroli
usem.

Ecimn B F; BXOAUT JATepa/I v TaKO|, 4TO jinTepaJl U pacKpalleH B CHernuabHbIi
IBeT, TO BepIIHa [ He cMeXKHa HU ¢ KaKOil BepIIMHOM OJHOrO IBeTa ¢ U, HO3TOMY
BepmInHy [} MOXKHO pacKpacUTb B TOT ’Ke IIBeT, 4To u v. lHaue meobxomum Ho-
BBIIl IBET. SHAYNT, dasa packpacku ecex FY, ..., Fy ne nompebyemcea nosoz0 usema
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mozda u Mmoavko mozda, k0206 AUMEPAAAGM MONHCHO MAK NPUNUCEML CNEUUGNDHBLT
yeem, wmo kascdasa dussronkyua F; codeporcum maroti aumepan v, wmo aumepan v
packpawer 6 cneyuarviol ysem. Ipyrumu cioBamvu, 2pagh G = (V, E) mooicho pac-
Kpacumd 6 n + 1 ysemos mozda u moavko moz2da, £0206 NEPEMEHHBLM MOACHO TAK
npuceoums 3navenus 0 u 1, wmobw. 6 xasicdot dussronryuu F; codeporcanrca marot
AUMEPAA V, WMO AUMEPAAY U NPuceoeno anavernue 0 (O packpawen 6 cneyuaibHvil
yeem,). TlocieIHee PABHOCHJIBLHO BBITOJTHUMOCTH (hopMyIbl F. 0

Heckobko Gosiee c/ioKHOE paccyzKJIeHne IOKa3bIBaeT, UTO JdazKe IpobeMa
Packpawusaemocms 2paga 6 3 usema apngerca N P-1monHoil.

Amnanormuno npobiaema Packpawusaemocms niag rpados asnsgerca N P-1mo-
HOiTI pu JTI060M buKCHpoBaHOM k > 3.

B To xe Bpemsa nmpobiaema Packpawusaemocms 2paga 6 2 usema moJTUHO-
MHAJIbHO pa3pennma;

BBIOMpAaEeM IIPOM3BOILHYIO BEPIIMHY U IoMedaeM ee ducjoMm 0, Bce CMeKHBIE C
Heil BepIIMHBI MOMeYaeM YUCIOM 1, Bce cMexKHBbIe ¢ HUMH noMedaeM 0 u 1.7, Ecian
B XOJIe PACKpacKu "BO3HUKHET KOH(MJIMKT’, T.e. HEKOTOPYIO BEPIIUHY MOTPeOyeTCs
noMeTuThb 1 0, 1 1, TO 2-pacKkpacKka HEBO3MOXKHA, €C/IN OKAXKYTCS 2-pacKpalieHHbIMA
BCEe BEPIIUHBI OHONH KOMIIOHEHTBI CBSI3HOCTHU, TO TEPEXOIUM K JAPYroil KOMIOHEHTe
1 T.JI.

B 3ak/ouenne orMeTuM MOJTHHOMHUAJIBHYIO Pa3PeIimMOCTh OHOI TPOOJIeMbl, B
oIrpeeIeHHOM CMBICIe OJTU3KOU 10 (hOPMYIUPOBKE MpobhIeMaM, pacCMOTPEHHBIM B
5ToM maparpade.

dlaepos yura. Tpebyemcea no npoussosvromy epagy G onpedesums, codep-
otcum au epad G 20Aep0O8 YuKA, M.e. YUK, NPOTOdAwul no Karcdomy ez2o pebpy
POBHO 00UH pas3.

CymrecTBoBaHUE MOJTUHOMUATIBHOIO AJTOPUTMA CJIEIYeT U3 CJAEIYIONEro yTBep-
JKJTCHUS:

c8A3HBLT 2pagh codeporcum IUAEPOS UuKA MO020a U MOALKO Mmozda, Ko2da cmeneHy
BCEX €20 GEPULUH HETHDL.

§5. AaropmrMmyeckmu Hepa3pelnnMble IPoOJIeMbl
B obJiacTH 3amuThl THPOPMAIN

B sTom maparpade ycraHaBIuBaeTcs aJropuTMUYECKass HEPa3pelnMOCTh OTHOM
pOOJIEMBI, CBSA3AHHON C 3aIuTOil MH(MOPMAIMH TOCPEJICTBOM pPeaTn3alii IUCKPe-
[IUOHHON MOJUTUKHA OE30ITaCHOCTH.

JluckpeuyuonHsili KOHMPoas u ynpasaerue 0CMYNoM.

[Ipu onrcanuu MOJUTUK OE30MACHOCTH B HACTOSIIEEe BpeMsT HanOOIbIIee pacipo-
cTpaHeHne TMOJIYyIIn cybsexmmo-obsexmhovie modeau. [Ipu Takom moaxose

6ce 8oNPochH, He30NACHOCNU UHPOPMAUUY 6 ABMOMAMUIUPOCAHHBLL CUCTEMAT
ONUCHIBAIOMCA 8 MEPMUHGT docmynos cybsexmos Kk obsexmanm.
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DTO yTBep:K/IeHNEe PACCMATPUBAETCS B KAUY€CTBE OCHOBHOU GKCUOMDBL NOAU-
muxu be3zonacrocmu.

Obsexm 10cTyna PacCCMATPUBACTCS KaK NACCUBHAA UMEHOBAHHAA CYUHOCTND —
COCTABJISAIONIAS KOMIBIOTEPHON CUCTEMBI, UCIOIb3yeMas I XpaHeHus, 00pabOTKH
WU TOJTyueHus nH(OPMAIu, K KOTOPOil MOXKHO 00paTuThcsd no uMmenu. Hampumep,
B Windows 2000 B 4nc/io 06beKTOB BXOAAT (hailjibl, yCTPORCTBA, KAHAJIBI, TOITOBLIE
SIIIUK A, TTporecchl u T.;1. OObeKT JT0CTya BHICTYIIAET B KA9eCTBe HeAeTUMOI eInHN-
1bl UH(OPMAIMOHHOI'O Pecypca aBTOMaTH3UPOBaHHON cucrembl. [Topsiiok mocryna
CcyObEeKTOB K 00bEKTaM ONpeesseTcs MPaBUIaMU Pa3TPAHUYEHUs TOCTYIA.

Cybsexm mocTyia — 3T0 aKMUBHAA UMEHOBAHHAA CYUHOCMD, KOTOPAsT MOYXKeT
3alpaIuBATh PECYPCHI, UCIOJIb30BATH UX /ISl BBIMOTHEHNS TeX WM WHBIX OTeDATHil
u T

Bszaumodeticmeue cybsexmos ¢ obsexmamu, TpU KOTOPOM MPOUCXOMUT MEPEHOC
nHGOpMAIME MeKJy HEMHU, HOCHUT Ha3BaHHe docmyn.

JlocTyn paccMaTrpuBaeTcs Kak omeparus 0O3HAKOMJIeHUs ¢ WHMOopManueil win ee
00paboTKa — KONMUPOBaHWe, W3MeHeHne, YHUITOXKEeHNe U T.JI. Beiaendiorcs, B dacT-
HOCTH, JIBE OCHOBHBIE OTIEPAINH, TPU BLIMOJHEHUU KOTOPLIX ITPOUCXOIUT TEePEeHOC
nndopMalu MexKIy CyObeKTamMu U 0ObeKTaMu, — ITO Olepalus YTeHWs U Olle-
parus 3anucu. Bujipl ocTyna pa3jndHbl JJjis Pa3HbIX TUIIOB 00beKTOB. Hanpuwmep,
Jtst baiisioB B KadecTBe THIIMYHBIX IPAB JOCTYIA BhICTyHaloT npasa urenns (Read),
samucu (Write), sommosaenus (Execute) u Bnagenns (Own).

JleficTBytoliasi B cucTeMe MOJUTHKA PAa3rPAHUYEHUs] JOCTYIIAME Pa3peniaeT win
3alpernaeT Te WJIH WHbIe JOCTYIbl 0OBLeKTOB K cybbekTaM. Ha cerommsmuuit menn
IITIPOKOE PACTIPOCTPAHEHNe MOTYIHT MeXaHIU3M KOHTPOJIS U YIIPaBIeHHUI JOCTYIIOM B
KOMIIBIOTEPHbIX CUCTeMaX, OCHOBAHHBIN HA ILI/ICerHI/IOHHOﬁ INOJIUTUKE 6630HaCHOCTH.

luckpeyuonroe ynpasaenue 0ocmynom ecTb pasrpaHndeHue TO0CTYIIA
MeEXK/1Yy NOMMEHOBaHHBIMUA Cy6'beKTaMH 1 MOMMEHOBAHHBIMHA O6'beKTaMI/I. IL.HH 3a/1a-
HUSI TPABUJI PA3TPAHUYEHUS JOCTYIA UCIOIb3YETCs Mampuua docmyna, CTPOKA
KOTOPOI moMedeHbl cyObeKTaMu, a cToJI0nbl — obbekramu. Ha nepecedennu crpoku,
HoMedYeHHO# cybsexmom S u crosbia, moMedeHHOTO obsexkmom O, HaXOIATCS
npasa docmyna cybsexma S k obszexmy O.

Xappucon, Py3o u ¥Yabman B 1976 roay omnyod/ukoBain (popMaabHOE OMUCAHHE
MaTeMaTHIeCKOl MOJETN I UCCTeIOBAHNS JTUCKPEIMOHHOM MOJTUTUKI Oe30MacHO-
cru, nojy4dusiineil nazsanne HRU-mozenn.

HRU-monens BkIo4aeT B ceds

1) cuernoe muo)kectBo O 063€KMO8,

2) cyeTHOE MHOXKECTBO S cYO8eKmOo8, IPU STOM CIUTALTCS, YTO KaKIbIi CyOb-
eKT ABJIeTCSI U 00bEKTOM, T.e. MHOXKECTBO S CyObEeKTOB eCTh IOJIMHOKECTBO MHO-
kectBa, O 00BLEKTOB,

3) koneunoe muoxkectso R= {ry,...,r,} npas docmyna,

4) mampuuy docmyna M, cTpoku KOTOPOii MOMEYEHBbI 3JeMEHTAMH HEKOTO-
poro kKoHewdHoro mnojmuoxkectsa S(M) mMHO)KecTBa S CyGbEKTOB, a CTOJOIBI — e~
MEHTAMHU HEKOTOPOro kKouednoro mojMuozkecrBa O(M) muOkecrBa O 06bEKTOB,
dJIEMEHTaMMW MaTpulbl JOCTYIIQ M ABJIAIOTCA ITOAMHOZXKECTBa MHOZKECTBa R IIpaB
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nocryna. epes M[s, o] Gyzer obo3HadaThCsi HOIMHOKECTBO MHOXkKecTBa R mpas
JIOCTYTIA, CTosdMee B MaTpuie M Ha IepecedeHUH CTPOKH, TOMEYEHHOU CyOBHEKTOM
S U CTOJI0OIA, IIOMEYEHHOIO 00BEKTOM O.

MuoxkectBa O u S MOXKHO CIUTATH MOTEHITMAIBHO CIETHBIMU, T.€ B KayK/IbII MO-
MEHT KOHEYHBIMHU, HO C BO3MOYKHOCTHIO HEOTDAHUYIEHHOTO YBEIUUEHUS UHUC/IA dJ1e-
MeHTOB. CojiepKaTe/ibHO 3TO MOYKHO MOHUMATh, HAIIPUMEDP, KaK BO3MOYKHOCTH He-
OTPAHUYEHHOTO PACIIUPEHHS YUCIA MOJTb30BaTe el W CO3JaHus BCe HOBBIX W HO-
BBIX (ailoB, mporpamMm u T.J. Tak Kak cCyObeKTh U OOBEKTHl — 3TO MMEHOBAHHBIE
CYIIHOCTH, TO MOXKHO ObLI0 Obl (puKCHpOBATH KOHEUYHBIH a/1haBUT X U CUUTATH, YTO
cyObeKThl U 00bEKTBHI — 3TO HPOCTO cJioBa B ajdasure X, T.e. O=S=X*. Ho Takoit
IO/IXO0JT, BO3MOZKHO, CJIUIITKOM aDCTPAKTEH.

Mampuua docmyna — OCHOBHOII 37IeMEHT JTUCKPEIUOHHON MOTUTUKI Oe30mac-
HOCTH. YTIpaBJIeHUE OCYIIECTBISIETCS MyTeM U3MEHEHiI MATPUIIBI TOCTYIIa, KOTOPbIe
OTIPEIEISIIOTCS CJIeIYIONUMU TITeCTHI0 MPUMUTHBHBIMU OlieparopaMu, e depe3 M
u M’ OyayT o603HAYATHCSI COOTBETCBEHHO TEKYIasl MaTPHUIA A0CTyHa W MaTPHUIA
JIOCTyTIA, MoaydenHas u3 VM BBITOTHEHHEM TPUMUTUBHOTO OIepaTopa,

1) enter r into (s,0) — enecenue npasa docmyna T 6 Aueliky mampuuyv, (8,0);
B pe3yJibTaTe BHIMOJHEHUs 3TOro oneparopa marpurna M mpeobpasyercss B MaTpuiry
M, cTpoku u ¢TOJIOIBI KOTOPOI IIOMEYEHbl TaK YKe, KAK CTPOKHU U CTOJIONBI MATPHILbI
M, re. S(M’) = S(M) u O(M’) = O(M), M’[s, o] = M]s, o] U{r} u (VYu €
S(M))(Vv € O(M'))((u, v) # (s,0) — M'[u,v] = Mfu, v];

2) delete r from (s,0) — ydasenue npasa docmyna r uz avelry mampuyvt ($,0);
B pe3yJibTaTe BHINOJHEHUs 3TOro oneparopa marpurna M mpeobpasyercss B MaTpuiry
M, cTpoku 1 cTOJIOIBI KOTOPOIi IIOMEYEHbl TaK YKe, KAK CTPOKHU U CTOJIOIBI MATPHILbI
M, re. S(M’) = S(M) u O(M’) = O(M), M’[s, o] = M]s, o] \{r} u (Yu €
S(M))(Vv € O(M'))((u,v) # (s,0) — M'[u,v] = Mfu, v];

3) create subject s — cosdanue no6o20 cybsekma S; B Pe3yJbTaTe BBHIIOJIHEHHs
sroro oreparopa marpuna M npeobpasyercss B marpuily IM’, yCTPOEHHYIO CJey-
formum obpasom: S(M?) = S(M) U{s} u O(M’) = O(M) U{s}, (Vv € O(M'))
(M'[s,v] = 0; (Vu € S(M"))(Vv € O(M'))(u # s — M'[u,v] = M|u,v];

4) create object 0 — cozdanue H06020 06BeKMA 0; B pe3yJIbTATe BBHIIIOJIHEHHS ITOTO
oneparopa Marpuna M nupeobpasyercs B marpuily M’, yCTPOEHHYIO CJIe/LYIOIIUM
obpazom: S(M’) = S(M) u O(M’) = O(M) U{o}, (Yu € S(M"))(M'[u, 0] = 0,
(Vu e S(M')) (Vv € O(M"))(v # 0 — M'[u,v] = Mlu,vl;

5) destroy subject 8 — ydanenue cybsexma S; B PE3yIbTATE BBHIIOJHEHUS ITOTO
oneparopa Marpuna M nupeobpasyercs B marpuiy M’, yCTPOEHHYIO CJIe/LyIOIIUM
obpazom: S(M’) = S(M) \{s} u O(M’) = O(M) \{s}, (Vu € S(M"))(Vv €
O(M'))M'[u,v] = M[u, v];

6) destroy object o — ydasenue obsexma 0; B Pe3yabTaTe BBIMOJHEHUS ITO-
ro omneparopa marpuiia M upeobpasyercss B marpuiy M’, ycTpoeHHYIO CJie/Iyio-
mum obpasom: S(M’) = S(M) u O(M’) = O(M) \{o}, (Vu € S(M"))(Vv €
O(M")M'[u,v] = Mlu,v].

VI3 npuMUTUBHBIX OEePaTOPOB (DOPMUPYIOTC KOMAHOIBL, KOTOPBIE IMEIOT CTPYK-
TYpY:
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1) ycsioBue BBITIOJHEHUST KOMAH/IBI,
2) HabOp IPUMUTHUBHBIX OIIEPATOPOB,
T.e. KOMaH/bl HMCIOT BIJ
command C(z1,...,1,)
of
r € Mz, ,x;]&
ry € Mz, x5, &

T € Mz, x;j,]

then
op1,
0op2,
OPk
end
e ri, ..., ',y — IpaBa I0CTyHa, a opi, ..., OPr — HPUMHUTHBHBIE OIIEPATOPHI.

yC.HOBI/IH B TeJie KOMaHAbl MOI'YT OTCYTCTBOBATD. B KadeCTBe NOACHEeHUd paCCMOTPUM
HECKOJILKO IPHMEpOB.
1) Komanda coszdanus gatina. Tlonp3oBarens s cozmaer daiia f, moaydaer npaBo
BJIQJIEHUS W, HAIPUMED, MMpaBa YTEHUS W 3alUCH
command create fail (s, f)
create object f;
enter own into M[s, fl;
enter r into M|s, fl;
enter w into M|s, f|;
end
2) Komanda cozdanus npoyecca. ITponecc p cozmaer mporecce ¢, moydaer npasa
BJIQJICHNUS, YTEHUs M 3allUCU U [epeJaeT IIPOIeCCy ¢ IPaBO Ha 3alUCh U YTEHHE IO
OTHOIIIEHHUIO K caMOMy cebe
command exec process (p, q)
create subject q;
enter own into M|p, q|;
enter r into M|p, q|;
enter w into M|p, q;
enter r into M|q, p|;
enter w into M|q, p|;
end
3) Komanda nepedawu npasa wmenus gatiaa. Baagenen p daiina f mepemaer
cyObeKTy ¢ TpaBo dTeHus 3Toro ghaitia
command grant read (p, q, f)
tf own € Mp, f]
then
enter r into M]q, f];
end
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4) Komanda nepedawu npasa zanucu 6 ¢patia. Bramemen p daitna f nepegaer
cyObeKTy ¢ IpaBoO 3aIUCH B 3TOT (a1
command qrant read (p, q, f)
if own € Mip, f]
then
enter w into M|q, f];
end

Cucmema ynpasaenus docmynom ONPENEIACTC NPO2PpamMmot Ynpasienus Jo-
cmynom P, cocToseit 3 KoHeIHOTO HAOOpa KomaHO.

Cocmoanuem cucmemo, HasbiBaercs nabop Q = (S(M),O0(M), M).

[Tocsie BBINOJIHEHHST IPUMHTHBHOIO OlEpaTopa Op CHCTeMa W3 COCTOSIHMUSI
Q = (S(M),O(M), M) mepexogur B cocrostune Q' = (S(M'),O(M'), M’). Kax

MPUHSTO B MaTeMaTHYIECKO#l JIOTMKe 3TOT IepexoJ Bbiparkaercss (popMyJioil BuIa

/
Q Fop Q.
B pesysibrare BBINOJTHEHNS KOMAHIbI
command C(zy,...,2,)
of
r € M[xilale] &
Ty € Mz, x5, &
Tm € Mz, xj,]
then
op1,
op2,
OPk
end
cucremMa u3 cocrosuust ) = (S(M),0O(M),M) nepexomur B COCTOSIHHE
Q* = (S(M*),O(M*),M*). Dror mepexon Bbipaxkaercs (OPMyIOHi BHIA
Q Fe@,..en) @F. IIpu 3TOM cunTaercs, 4To
1) 6o xorst 61 O1HO U3 yeaoBuit Komauapl C(21, . . ., x,) He BBIIOJIHEHO U TOTIA
* __
Q - Qa
2) nbO BBHIMIOJIHEHBI BCE YCJIOBHsST KOMAH/IBI U CYIIECTBYET TaKasl MOCIeI0BATE b
HOCTH cocrostauit (Qp = @, Q1, Qs, ..., @, = QF, aro upu gwdom 1 < i < n
Qi—l I_opi Qz

Ecnu cucrema u3 cocrosguus () MoxKeT OLITH IepeBeieHa B cocTosgHne (J* ¢ moMo-
L0 KOHEYHOT'O UHC/a BBIIOJHEHHH KOMAH/I IIPOrpaMMbl P, TO FOBOPST, 9TO IIPO-
rpamMva P MOXKeT mepeBecTu CHCTeMy U3 coCTOostHuS () B cocTosinme (Q*, m 0603HAIAI0T
310 popmyioit Buga () Fp Q.

Cocrostaue () HeOE30NaCHO N0 OMHOWEHUIO K OAHHOMY NPABYy 0CMYNG T W IPO-
rpaMMe P yOpaBleHHsS JIOCTYIIOM, €CJIH CYIIeCTBYeT TaKoe COCTOSHIHE
Q* = (S(M*),O(M*), M*), aro Q Fp Q*, nupuuem B HEKOTOPOIl sivueiike M*[s*, 0¥
MaTpuiibl M™ cojepKuTces 1mpaBo T 1 JInOO 3TO HOBas 10 OTHONIEHUIO K MaTpuie M
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staefika, T.e 6o s* & S(M), mubo o* ¢ O(M), mubo r ¢ M[s*,0*], T.e. coorBer-
CTByIOIAs sveiika MaTpuipl M He cozepkasia IpaBo T.

Teopema 5.1. Hesoszmooicro cozdamo anrzopumm, Komopwiii no npouseosvHoMy co-
cmoanuto Q@ = (S(M),O(M), M) cucmemuvl, npozpamme P ynpasaerus docmynom
u npasy T onpedeasem, DE30NACHA AU CUCTIEMA N0 OMHOULEHUN K OGHHOMY NpPASY
docmyna r u npozpamme P.

Hoxaszameanvcmso. 11 10Ka3arebCTBA TEOPEMbI BOCIOIb3YEMCSA YCTAHOB-
JIEHHOM BBIIIE GA20PUMMUYECKOT HEPA3PEWUMOCTNBIO NPOOAEMDL 0cmano6ky (OcTa~
HOBA) JiJist MaliH ThIOPHHTA.

[To wnpoussosbuoil  Mamune Thiopunra 1° ¢ BHemHUM  aJi(paBUTOM
Ar = {ag, a1, ..., a,}, Bayrpeaanm andasuroMm Qr = {qo,q1, . - -, Gm} ¥ TPOrpaM-
MOit Pr u 1o Ipou3BOJIbHOI ee HadaIbHOIT KOH(UTYpaIun

Aty - Qg4 q] ag, - .. G,tp

caemayrommm obpasom nocrpouM cucremy AC ¢ IHCKPEIMOHHON MOJUTHKON yIpaB-
JIEHUA JOCTYIIOM:

MHOKECTBO cyObekToB S cucrtembl AC' COBIAQAeT ¢ MHOXKECTBOM €€ O0bEeKTOB
O u HaxXOJUTCS BO B3aUMHO OJTHO3HAYHOM COOTBETCTBUM C MHOXKECTBOM MEJIbIX YH-
cest (KazkJplii CyObEKT COMOCTABISIETCSI ¢ sT9efiKoil JieHTsl Manmubl Thiopunra T,
KOTOPYIO Mbl CYATAEM MOTEHIUAJILHO OECKOHEYHOH B 00e CTOpOHbI), T.€.

S = {"'78—278—17807817827"'}7
MHOZKEeCTBO IIpaB JOCTyIa R 3aaeTCd PpaBEHCTBOM
R = {CLO: a1,...,0n,40,41, - - -, dm, OWN, begzn, end}a

OJIPa3yMeBaeMblil CMBICT YKA3aHHBIX MpaB OyJeT sCeH U3 JaTbHERInero.
[To mavanbHO#l KOHMUTYpaUN

K = ay...a4_, qjag, ... ay,

nocTpouM mMarpuny Mr g yOpaBIeHHA JTO0CTYIOM:

CTPOKM 1 CTOJIOIBI MaTpumpl My i moMedaeM CyObeKTaMu Sq, ..., Si—1, Siy - - -,
Sp, (OHH COOTBETCTBYIOT y2Ke 3aIOJHEHHBIM (BBEICHHBIM B PACCMOTDEHHE) sdeiKam
JIEHTHI MaIIuHbl Tbiopunra 1,

CIIOBO Gy, . .. A4, Ay, . . . Ay, 3AIHCAHHOE Ha JeHTe Mamuubl Thiopunra T, pasme-
IAEM IO TJTABHOIT TuaroHa i MaTpuipl My k, T.e. B AuaroHasbubie saeiiku M sy, s1],
M{sa, Sa], ...y M[Si—1,8i-1], M[s;, Si], - .., M[sp, sp] MmaTpuner My x momermiaem mpa-
BA Ay, Qpyy vy Qy_yy Aty oy Qg

9TOOBI OTPA3UTh JIMHEHHBI XapakKTep PacHOIOKEeHUs S9IeeK JIEHTHl MallluHbI
Trioputra T Bo Bce suellku BepxHeii 1000UHOIl quaronasu, T.e B sueiiku M|[sq, Sol,
M(sa, s3], ..., M[si_1, 8], M[si,sis1], .., M[sp_1,5,]|, mOMeIIaeM npaBo BIaIeHUS
(Hacae0BaHUST) own,
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9TOOBI TOKA3aTh, 9TO i-asl A9eifKa JEeHThl MaIlnHbI 0003PEBAETCS CUNTHIBAIOIIEH
TOJIOBKOIl, HaXOJAINeiica B COCTOAHUN ¢;, TIoMelaeM B g4deiiky M i, 8;] IpaBo qj,
9TOOBI MOKa3aTh, 9TO CyO'bEKT S| COOTBETCTBYET CaAMOM JIeBOI siueiiKe JIeHThI Ma-
munbl Thiopunra T', moMernaemM B cOOTBETCTBYIOINLYIO stueiiky M sy, s1] mpaso begin,
9TOOBI MOKA3aTh, 9TO CyOBEKT S, COOTBETCTBYET CaMoOil mpaBoil d4eiiKe JeHTHI
mammuasl Teopunra 7' moMenaem B COOTBETCTBYIONLYIO staeiiky M(s,, s,] mpaso end.
Ilo npozpamme Pr mawunve Toropunea T cmpoum npoepammy P ynpasaenus
docmynom cucmemor AC':
KOMaHje BUIa ¢ja; — QS 3 nporpammMbsl Pr mamunsr Treiopunra 1" conocra-
BHUM CJIEIYIOILYI0O KOMAHIY IIPOrpaMMbl P yrpaBjeHus T0CTYIIOM
command CS(s)
of
g € Mis,s]&
a; € Ms, s
then
delete q; from (s,s);
delete a; from (s,s);
enter qy, into (s,8);
enter a; into (s,s),
end
KOMaH/le BUJIa ¢ja; — (a2 u3 nporpammbl Pp mamunbr Teiopunra 1’ conocra-
BHM J[B€ KOMAaH/Ibl IPOrPaMMbl PP yIpaB/IeHHsT TOCTYIIOM
command CRI1(s, s)

of
own € M|s,s'| &
g € Mls,s]&
a; € M|s,s]
then
delete q; from (s,s);
delete a; from (s,s);
enter a; into (s,s),
enter qy into (s’, s’);
end
command CR2(s)
of
end € Mls,s|&
g € Mis,s]&
a; € M|s,s]
then

delete q; from (s,s);
delete a; from (s,8);
delete end from (s,s);
enter a; into (s,s),
create subject s’ ;
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enter own into (s,s’);
enter end into (s’,8’);
enter ag into (s, s’);
enter gy into (s’, 8’);
end
KOMaH/Ie BUJIa ¢ja; — (ra;L u3 nporpammbl Pr mamunbl Twiopunra 1" conocra-
BUM JIB€ KOMAH/bI IPOrPAMMBI P yIIpaBICHUS JOCTYIOM
command CL1(s, s)
of
own € M[s s|&
q; € Mls,s|&
a; € Ms, s
then
delete q; from (s,s);
delete a; from (s,s);
enter a; into (s,s),
enter gy into (s’, s’);
end
command CL2(s)
of
begin € M|s,s| &
q; € Mls,s|&
a; € M]s,s]
then
delete q; from (s,s);
delete a; from (s,s);
delete begin from (s,s);
enter a; into (s,s),
create subject s’ ;
enter own into (s’, s),
enter begin into (s’,s’);
enter ag into (s’, s’);
enter gy into (s’, s’);
end
Herpynno nouars, uro mawuna Toropunea T, nawae pabomamsv 6 Konpuaypayu

Aty - Qg q] ag, - .. atp,

0CMAHOBUMCA, M.e. npudem 6 COCMOAHUE (o, Mo20a U MoAbKo mozda, Kozda 0as
nocmpoennoti cucmemv, AC' u npoepammo. P ynpasaernus docmynom 6 net ee na-
wanvnoe cocmoanue Qi = (S(Mr k), O(Mr k), Mr k) nebesonacro no ommnoweruio
K npasy docmyna qo u npozpamme P. O

Orpanu4eHnHblii BapHaHT pPacCMOTPEHHON IpoOseMbl BKJIIOUeH B cuucok N P-
TpyaEbIX mpobsem Monorpaduu M. Ispu u [1. Ixkoncona [15], Tam ke ormeuaerc,
4TO BONPOC O MPUHAIIEKHOCTH 3TOM 3a1aum Kaaccy NP OTKPBIT.
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Hadesicnocms cucmem 3awumot.

YCJIOBUE. 3adanv. mroscecmso R "noarnomouuts” uaru "npas docmyna”, mro-
aotcecmeo O “obsexmos”, muootcecmeo S C O “cybsexmos”, das waxncdot ynopado-
wennot napos (s,0) us S x O 3adano muoscecmso P(s,0) C R "noanomouut” usu
"npas docmyna” cybsexma s k 006eKMY 0, KOHEYHOE MHOHCECTNEO KOMAHO, KaAHCIaA

U3 Komopuvltr umeem, 6U0:

ecau 11 € P(s1,01) & ry € P(s9,09) & ... &1y € P(5p,0p), mo
Ch, Coy ... Cp,

2de kaoscdoe C; — npumumusHuil onepamop 6uoda

“seecmu npaso r 6 P(s,0)”,

"ydasumo r uz P(s,0)”.

BOITPOC. Jirsa npoussorvrozo evdesertozo npasa 1 € R mpebyemea onpede-
AUMD, CYWELCMBYEM AU MAKAL NOCAed08ameEALHOCY Komand us C, 6 peaysvmame
suinoanerus Komopotl 6 nexkomopoe P(s,0), ne codepotcausee svideaenrozo npasa r,
amo npaso esodumcea (npoucrodum “ymeuxa npasa r”)?

Ecan B 91CJI0 IPUMUTUBHBIX OLEPATOPOB J00ABUTH OIIEPATOPHI BHJIA

"cozdamsv cybsexm s”,

”cozdamsv obsexm o7,

"ydarume cybsexm S”,

"ydarumo obsexm o', TO, KaK MOKA3aHO BHIIIE, 3aa9a CTAHOBUTCS AJITOPUTMHU-
4eCKU Hepa3pelnuMo.

B ykazannoii monorpaduu ormMedaercs, 4TO JJId MOHOOHEPAIMOHHBIX CUCTEM,
T.e. JIJIS CHCTeM, KOMaHIbl KOTOPBLIX COAEPXKAT JIMIIL 110 OJHOMY HPUMUTHBHOMY
oneparopy, paccMarpupaeMad 3a1a49a N P-1o/IHa 1 pa3pemmma, 3a TOJIHHOMHUATIBHOe
BpeMs LI KaxKA0i (DUKCHUPOBAHHON CHUCTEMHBI.

§6. Heckoibko N P-II0JIHBIX ITPOGJIEeM

B nacrosmiee Bpema cimcok N P-monnbix u NP-TpyAHBIX NpoGaeM BKIOYAeT
THICAYHN PA3HOOOPA3HBIX 33724 M3 PA3JUIHBIX PA3/IE/J0B MATEMATUKNA U €€ MPUJIO-
»xenwnii. [IpuBegeM HECKOJIBKO OJIM3KUX 110 (DOPMYJIUPOBKE K PACCMOTPEHHBIM B I10-
cobun npodaemam N P-noanbix npobsaem u3 monorpadun M. T'spu u . Txxoncona
"BuraucanTe/ibHbIe MAITAHBI U TPYIHO peIaeMble 33a9n’, OTHOCAIIUXCA K TEOPUU
SI3BIKOB M aBTOMATOB, TEOpHH I'padoB, aaredpe U TEOPUU UUCET.

Panee ObL1a ycTaHOB/IeHA aJrOpUTMHUYECKAs HEPA3PENINMOCTh HW3BECTHOH IIPO-
onembl — IIpobaema coomeemcemseusn 3. Ilocma. Ee orpannydeHHbll BapHaHT
apygerca N P-moanoit npobiemoii.

Ozparuvenrnoe coomsemcmeue 3. Ilocma

YCJ/IOBUE. 3adanv. xoneunviti ardasum Y3, dee nocaedosamenvhocmu Ay, As,
ey Ay u By, B, ..., By u HGMYpasvHoe 4ucio n.
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BOITPOC. Cywecmsyem au k < n u maxas nociedosamesvHocms uHleKcos
Uy +vn, bk, YMO

Ay A

K

— B,

i1 ¢ -

B, 7

1k

[Ipu cagrum orpanndenns k < n mOJydaeM yzKe pacCMaTpPUBABIIYIOCI PaHee XO-
poio u3BecTHyio npobiemy — IIpobaema coomeememsus . Ilocma, Kotopas,
KaK OBIJIO TIOKA3aHO BBIIIE, SIBJISETCH aJITOPUTMUYECKU HEPAZPEITMOI.

[IpuBeneM HECKOMLKO mpuMepoB N P-IOMHBIX Tpo6eM, OTHOCAINXCA K peay-
AAPHBM U GBMOMAMHBLM A3bIKAM U CBI3AHHBIX C PACCMATPUBABIIIMUCS BBIIITE
BOIIPOCAMI.

ITodcmanoska pe2yasapHo20 8bLPaHCEHUS,

YCJIOBHUE. 3adanv. 0dsa koneuwnwzr angasuma > = {ay,...,a,} u
X = {x1,...,xn}, peeyaspnoe swvpascenue E 6 angasume ¥ U X, peeysaproie
swpasicenus F, ..., E, 6 arpasume X u croso g 6 amom oce aagasume.

BOIIPOC. Cywecmsytom au 6 azvwkar L(E), L(E1), ..., L(E,) maxue ciosa
W, V1, - ..y Up, MO ECAU 8 CAOBE W BAMEHUMD T1 HA V1, ..., Ty HE Uy, MO NOAYUUM
€060 g7

[Ipo6iema octaerca N P-IOJIHOI, eciM B KauecTBe BLIpasKeHUd [ B3AThb BbIpa-
JKeHne, omnpegessioniee s3ik L(E), cocrosmuii w3 ofHOrO CJI0Ba W, a B KadecTBe
Bhipaxkenuit Fy, ..., E, B34Tb Takue BbIPayKEHUsI, YTO OIPeJe/isseMble UMH SI3bIKU
L(Ey), ..., L(E,) SBISIOTCS yHUBEPCATBHBIM SI3bIKOM %, T.e. HA CJOBA V1, ..., Up
He HaKJIaIbIBAeTCA HUKAKHX OrPaHUYEHHUI.

Bonpoc 0 npunaIe;kHOCTH caeayromeii npobuembl Kiaaccy NP B Hacrosimee
BpeMd OCTaeTCA OTKPbLITHIM.

HesxsusaieHmHocms pe2ysipHblr 8blPaHCeHUll

YCJIOBUE. 3adanv dea peeyrapuux svipasrcerus B u Ey 6 koneunom anda-
sume X ¢ onepamopamu U, - u *.

BOITIPOC. Bepno au, wmo aswku L(Ey) u L(E,), onpedeasemvie amumu 6vi-
PANHCEHUAMU, PA3AUYHBLT

Ora 3aa4a apaserca P — SPACE-1omHoi.

HeynusepcaabHocmd pe2yaapHo20 S8blpaAHCEHUS

Lo pezyarapromy evipasicenuro B mpebyemces onpedesumo, 3adaem au 0HO A3BIK,
OMAUNHVLT OM YHUBEPCANLHO20 21F.

Ora 3aja4a gapiaserca P — SPACE-momHoi.

He comep:xkainue 3Be3jiouek peryJisipible BbIpazkKeHus HaJl ajgdasurom X u 3a-
JaBaceMbI€ (OHI/ICBIB&GMBIG) UMHU Ad3bIKH OIIPDEAC/TIAI0OTCA aHAJOTUYIHO TOMY, KaK 6bI.HI/I
OIIpeIeIeHbl PEry/IsSpHbIe BHIDAKEHUs U 3a1aBaeMble IMHU A3bIKH. ZI3BIK, Ompees-
eMBbIil peryJaspHbIM BbIpazKeHueM «, Oyiem obo3Hauarh depe3 L(«). [Ipu sToMm, eciu
peryasgpHoe Bbipazkenue « umeer Buj (3), To BMecro L(((3)) Gymem mucaTh mpocTo
L(B).

1) 0, & m a nag moboro cumBosTa a andasuTa X ABIAIOTCA HE COACPKAIIIMA 3BE3-
JIOYEK PeryIgpHBIME BBIPAXKEHUSIMH HAJ aa(aBATOM Y. M 33Jaf0T COOTBETCTBEHHO

s3bikn L(0) =0, L(e) = {e} u L(a) = {a}.
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2) Ecam o m 3 — He cojepzkaliie 3Be3/1049€K PeryJisipHble BbIpazkKeHusl Ha [ aada-
BuToM X, 10 (- 3) u (wU B) — He cojiepzKallue 3Be3/[09€K PeryJsipHble BhIPAYKEHUST
ua andasurom L u L(a - 3) = L(a) - L(B) u L(aU ) = L(a) U L(f).

Heasxsusaasenmnocms He codeprcawux 36€3004eK PE2YAAPHBIL BbLPG-
acerHul

Ilo dsym ne codeporcawjum 36ezdouer pezysaprvm svipaxrcenusm Fy u Ey mpe-
byemcs onpedeaumsv, 3a0a10M AU OHU PA3AUNHDLE A3BLKU.

Munumaavroe pasdeasrowee pPeYaapHoe S8blPaHceHUe

YCJ/JIOBUE. 3adanv dsa koHewnvix muostcecmsa cros U u'V 6 konewrnom an-
Pasume X U HAMYPAALHOE YUCAO 1.

BOITPOC. Cywecmesyem Au pe2ysapHoe Suparcenue dAuHs, He boaee n Had
angasumom X makoe, wmo U C L(E) u'V C ¥*\ L(E)?

Munumaarvbrvili pa3ddeasrousuti KOHeYHbLU asmomam

YCJIOBUE. 3adanv. dsa konewnvxr muoxncecmea caros U u'V 6 konewnom an-
Pasume X U HAMYPAALHOE HUCAO 1.

BOITPOC. Cywecmeyem Aiu maxoti 0emepmunHuposanHbill KoHeuwHvl a8mo-
mam M ¢ n cocmoanuamu u ¢ 6xodnum aspasumom X, umo U C L(M) u 'V C
X\ L(M)?

Ilepecewenue 0 KOHEYHBLT ABMOMAMOSB

YCJIOBUE. 3adanv, n KOHEUHDLT 0eMEPMUHUPOBAHHBLL asmomamos My, ...,
M, ¢ odnum u mem otce 8LOOHLLM AAPABUMOM 2.

BOIIPOC. Cywecmsyem au ca060, npunadaescausee scem azvkam L(My), .. .,
L(M,), m.e. bydem au Henycmo.m nepeceswenue A3k ,61L(Mi)?

[Ipu kakj0M (bUKCHPOBAHHOM N 3a/la4a MOJUHOMHUAIHLHO pa3perniuMa.

Bwinoarumocmdsd

YCJIOBUE. 3adarv, mroorcecmso nepemenunis X u koneunnti nabop K duss-
WOHKUUT OM IMULT NEPEMEHHVLT U UT OMPUUAGHUT.

BOITPOC. Cywecmsyem au HabOP UCNMUHHOCMHBIL 3HAYEHUT NEPEMEHHBLL U3
X, na xomopom sce duasronkuyuy ud K ucmumnmno,?

3- Boinoanumocmss

YCJIOBUE. 3adarv. mHooscecmso nepemernoxr X u koneunnti Habop K ma-
KUz QU3sOHKYUT OM IMULT NEPEMEHHBLT U UL OMPUUAHUT, 40 68 KAHCOYI U3 HUL
8LO0UM 8 MOYHOCTIU 3 AUMEPANG (AUMEPAN — IMNO NEPEMEHHAA UAU €€ OMPUUAHUE,).

BOITPOC. Cywecmsyem au HabOP UCMUHHOCMHBIL 3HAYEHUT NEPEMEHHBIL U3
X, na xomopom sce dussronkuyuy u3 K ucmumnno,?

3- BolnoaHuMOCMd NPU PadAuYHbLT AUMEPAAAL

YCJIOBUE. 3adarv, mHoncecmso nepemernoir X u konewnnts Habop K ma-
KUz QU3sI0OHKYUT OM IMULT NEPEMEHHBLT U UL OMPUUAHUT, 4O 68 KAHCOYIO U3 HUL
8x00um 68 MOYHOCTIU 3 AUMEPAAG.

BOIIPOC. Cyuwecmsyem au HabOP UCTUHHOCTIHBLY 3HAYEHUT NEPEMEHHBLT U3
X, na xomopom ece dusstonkuuy us K ucmunmnsl u npu 9mom 6 kantcdoti Ju3soHk-
yuu natddemes xoms 6vl 00UH NOHCHVLT NUMEPAAT
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3-Buinoanumocmsb npu 00HOM UCTMUHHOM Aumepane

YCJIOBHUE. 3adarv. mroncecmso nepemernoir X u xonewnnts Habop K ma-
KUz QU3sOHKYUT 0M IMUL NEPEMEHHBIT U UL OMPUYAHUT, 4INO 6 KaAHCIY0 U3 HUL
8x0dUmM 8 MOYHOCMU 3 AUMEPAAG.

BOITPOC. Cywecmsyem au Habop UCMUHHOCMHBLL 3HAYEHUT NEPEMEHHBLL U3
X, na komopom ece duasronkuuy us K ucmunno, u npu amom 6 kanHcdoli du3sronk-
YUY UCTNUHEH AUWD 00UH AUMEPANT

Maxcumaavraa 2-8bNOAHUMOCTNS

YCJIOBHUE. 3adarv. mroncecmso nepemennoir X u xonewnuts Habop K ma-
KUT JU3BOHKUUT 0M IMULT NEPEMEHHBIT U UL OMPUYAHUT, MO 8 KaAHcIY U3 HUL
srodum 6 mounocmu 2 aumepara u wucao n < |K|.

BOITPOC. Cywecmsyem au Habop UCTMUHHOCMHBLL 3HAYEHUT NEPEMEHHBLL U3
X, Ha Komopom ucmurnst no Kpatinet mepe n dudsionkyul us K7

[Tpu n = | K| 3a1a9a TOTHHOMHIAIBHO PA3PENTHMA.
Munumanrvras OU3BIOHKMUBHAA HOPMAALHAA POPMa

YCJIOBUE. 3adanv. mHoscecmso nepemeruns X , Koneunoill nabop K ucmun-
HOCMHBLT 3HAYEHUT IMUT NEPEMEHHBLT U HAMYPANDHOE YUCAO M.

BOIIPOC. Cywecmsyem au dussloHKMuHas HOPMAALHAA HOPMA 0OM IMUL
NEPEMEHHDBLE, COOEPIAHCAULAA He bonree N QUSBIOHKMUBHLT YAEHOE U UCTNUHHGA AUULD
Ha Habopax uz mHoxcecmea K7

Bonpoc o npunaIe;kHOCTH caeayromeii npobaembl Kiaaccy NP B Hacrosimee
BpPEMSI OCTAETCSl OTKPBITHIM.

Teopus nepsozo nopadka ¢ paseHcMEoMm

YCJIOBHUE. 3adara samknymas popmysra F meopuu nepsozo nopadka ¢ pa-
BEHCIMBOM.

BOITPOC. Bepto au, wmo ¢opmysra F ucmunna 60 6cex mMo0esisxr meopui
nepeo2o NopaAdka ¢ PaseHcmseom?

JToka3areabLCTBO IpUHaIexkHoCcTH Kiaaccy NP cieayomnieil 3a/1a41 JOCTATOYHO
CJIOZKHO.

ITosumushas aoz2uka npeduxamos

YCJ/TIOBHUE. 3adana nozumuehnas 3amrrnyman popmyaa F aozukxu npedura-
MO6 ¢ PaBEHCMEBOM.

BOITPOC. Bepno au, wmo dopmysra F moocdecmseenno ucmunna?

MunumaabHoe MHOHCECTBO AKCUOM

YCJIOBHUE. 3adarv, nekomopvili KoHeunvil arpasum X, KOHEUHOE MHOHCE-
cmeo U cao6 6 amom aagasume, KOHEUYHOMECMHOE NPABUAO 666006 ) HA MHO-
orcecmee U (n-mecmmuoe npasuro ewsoda Q na muoocecmee U — amo npocmo n-
mecmmoe omuowenue wa muoocecmse U, m.e. R C U™), koneurnoe mHosHcecmeo
S C U caos 6 arasume X u HAMYPAALHOE YUCAO M.

BOIIPOC. Cywecmsyem au nodmuosicecmso Sy MHoxHcecmea S makoe, 4mo
|So| < n u sce caosa mmoscecmea S 6vi600UMBL U3 Sy € NOMOULHIO NPABUAL EBLE00G

Q7
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Cotcamue u npedcmasaenue urH@opmayuu

Kpamuatiwasa obuas nadnocaedosamenbHocms

YCJ/TIOBUE. 3adarn, konewnwitl anrgasum X, Koneunoe muoosicecmso S ci08 6
ardasume X U HAMYPANLHOE YUCAO N.

BOITPOC. Cywecmsyem Au ca080 w 0aunb, He boaee, wem n 6 aagasume X
maxoe, wmo A000e CA0B0 U U3 MHOHCECMBA CA08 S ABAAEMCA NOONOCAEIOBAMEND-
HOCTBIO CAOBG W, M.€. ECAU U — MO CA0B0 A1 . . . Gt, MO HATUIYMCA MAKUE CA06A Uy,
Uy, ..., U 8 aagasume X, 4Mo W = UG U1A2U3 - . . Ayl !

Kpamuatiwee obwee "nadcaoso”

YCJIOBUE. 3adanv. koneunwil arpasum X, KoOHEUHOE MHOHCECMBO S CA06 6
aspasume X U HAMYPAADLHOE YUCAO M.

BOITPOC. Cywecmsyem Au ca080 w 0aunb, He boaee, wem n 6 aagasume X
makoe, 4mo A1000e CA0B0 U U3 MHOHCECTNEA CA08 S ABAAELMCA NOJCAOBOM CA06A W,
m.e. Haldymcea maxue cr066 Wy U Wy 6 aspasume X, wmo w = wovw;?

Obwas nodnocaedosamesvHocmsd Hauboavweti dauHbl

YCJIOBUE. 3adanv. koneunwil arpasum X, KoOHEUHOE MHOHCECMBO S CA06 6
aspasume X U HAMYPAADLHOE YUCAO M.

BOIIPOC. Cyuwecmsyem au cA060 W 0AUHDL He MeHee Yem N 6 aspasume X
MaKoe, “¥Imo cA060 W ABAAEMCA NOICAOBOM 100020 CAOBA UV U3 MHONACECTNEA CA0E S

IIpedcmasasrouee cao8o

YCJIOBHE. Badaro konewnoe mnostcecmso S caos daunv n 6 aspasume {0, 1}.

BOITIPOC. Cywecmsyem au cro60 w daunwvt n 6 aapasume {0, 1} maroe, wmo
0aa 106020 cA06a U U3 MHodcecmsa croe S natdemea makoe i (1 < i < n), umo
i-ble CUMBOADL CAOB W U V co6nadatom?

Pedaxmuposarue caosa

YCJIOBUE. 3adanv. xoreunnti arpasum X, dsa ciro6a w u v 68 ImMom arpa-
suUME U HAMYPANOHOE YUCAO N.

BOIIPOC. Mooicro au u3 cA06a W NOAYHUMD CAOBO U € NOMOUWLbIO He boaee
ONEPAUUTl BHIMEPKUBAHUA CUMBOAA U NEPECTAHOBKY, COCCOHUL CUMBON0E!

[TpuBegem HeckoabKO npuMepos N P-noanbix u N P-Tpyaubix mpob/ieM, 0THOC-
IIIIXCS K pas3jeny A.azebpa u meopus wucea.

Ksadpamuyunvie cpasHeHus

YCJIOBHUE. 3adanvr HamMyparoHve 4ucia a, b u c.

BOITPOC. Cyuwecmesyem Au HAMYpPasbHOe 4ucso d makxoe, 4mo

d>=a( mod b)ud< c?

CJI02KHOCTD TOM 3aa4U UCIIOAb3YeTCs B HEKOTOPBIX KPUITOIPOTOKO/IAX.

Cureyromast mpobJieMa TeCHO CBsi3aHa € XOPOIIO u3BecTHOWH Kumatickol meope-
Mot 06 ocmamKal.

Cucmema cpasHerutl

YCJIOBHE. 3adan nabop (a1, my), ..., (Gn, my) nap Hamyparsohox wucea.

BOITPOC. Cywecmesyem au uesoe wucro d maroe, 4mo

& d = a;( mod m;)?
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Bonpoc o npunaexnocrn knaccy NP caemyiomeit 3anaun oTkpoit. V3BecTna
ee N'P-TpyIHOCTDL M IIpUHAIIEKHOCTL Kaaccy NP npu m060M (pUKCHPOBAHHOM 7.

[Ipu mo6oM dbuxrcupoBagHoM 1 > 5 3a1a4da N P-1mosHa.

O06obmenne 3Toit 3a7a9M Ha KOJIbIIA BUIA Z [\/3] IpH HEKOTOPHIX d JIaeT ajro-
PUTMUYECKH HEPA3PEInMyIo TpobJieMy.

CosmecmHuas deaumocmsd AUHETUHBLT NOAUHOMOS

YCJIOBHUE. 3adan nabop (ay,b1), ..., (an,b,) nap eexmopos

a; = (a;[0], a;[1],. .., a;[m])

(1 <i<n)cHamyparbHOMU KOMNOKEHMAMU.
BOITPOC. Cywecmsytom At MmaKue HaAMYParvoHole YUCAGL L1, .. ., LTy, YO

n
Zéz:l (@;[0] + a;[1]z1 + ... + a;[m]z,) | (b:[0] + bs[1]zq + ... + bi[m]z,)?
DTa 3aja4a — YACTHBIN CJIydail BOMPOCa O Pa3penImMOCTH yHUBEPCAJBHON Teopun
MHOKECTBa HATYPAJIbHBIX UHCET B CHTHATYPe, comep:Kaiieil (byHKIMOHAILHBIA CIM-
BOJI + JIJIsI CJIOYKEHUS U TIPEIUKATHBI CAMBOJI | JJIsl OTHOIIEHUS JIeJIUMOCTH. Pa3pe-
MIUMOCTE 9T0i pobJiembl yerarosiena A.I1. BenbriokoBeiM B crarbe [5).

Cpasnumeavras deaumocmdo

YCJIOBHE. 3adan nabop (ay,b1), ..., (an,b,) nap namypasvhoux wucea.

BOIIPOC. Cyuwecmsyem au makoe HAMYPAALHOE YUCAO d, MO YUCAO “UCEN
a;, deasawuzca na d, borvwe wucaa wucen bj, deasuwuzca na d?

Zleaumocmd NoKa3amMeAbH020 8bLPAHCEHUSA

YCJIOBHE. 3adan wabop (ay,b1), ..., (an,b,) nap namyparvhus wuces u ye-
A0€ 4ucao d.

BOITPOC. Jeaumesa au wucao [] (d¥ — 1) na wucao ] (d% — 1) ?
=1

n
i=1
eaumocmsb MHO204AEHO8
YCJIOBHE. 3adan nabop (ay,b1), ..., (an,b,) nap namypasvhoux wucea.
n n
BOIIPOC. Jleaumcea au mrozouaen [ (2% — 1) na mmozounen [] (2% —1) 7
JIoKa3aTeILCTBO IIPUHAIIeKHOCTH CIeLytomei 3a1aun kiaaccy NP HeTpuBHAIb-
HO.
Hedeaumocmsd npoussedenus MHO204AEHOE

YCJIOBHE. 3adarv. nocaedosamenvprocmu

(1], bs[1]), - .., ailm], bi[m]))

(1 <i<n) nap yeavz wucear, npudem npu A06ux i u j: b;[j] > 0, u namypasvroe
yucno N.

BOITPOC. Bepno au, wmo muozouaen || (
i=1

I3

a;[7] %) ne dearumea na mmnozo-
j=1
waen ¥ — 17
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Bonpoc 0 npuHaIe;KHOCTH Caeaytomeii 3agaan Kiaaccy NP OTKpPBIT.
HempusuaavbHviti Hauboavwutli obuuti deaumenb MHO204NAEHOB
YCJIOBHUE. 3adanv. nociedo8amesvbHocmu

(a1}, bs[1]), - . asm], bi[m]))

(1 <i < n) nap yeawx wucea, npuvem npu aobux i u j: b;[j] > 0.
BOITPOC. Bepno au, wmo Haubosvwul obuut desumenst MHO204AEH08

m
¥ a;[j] 2% umeem nososrcumenvhyio cmenenn, m.e. IMU MHOLOUAECHBL HE ACAANNCA
J=1

63aAUMHO npocmmmu?

PaceMoTpuM HecKOTbKO N P-IOTHBIX IIPOG/IeM, CBA3AHHLIX ¢ PA3PewUMOCTIbIO
ypasHeHul.

Keadpamnovie duoparnmoss, ypasHeHUus

YCJIOBUE. 3adanv. Hamypasohvle wucia a, b u c.

BOITPOC. Cywecmesyiom au HAMYypasdbHole Yucsa d u N MmakKue, 4mo
ad? + bn = ¢?

[IpoGreMa pa3permMoCTH B IEJIBIX WM HATYPAIbHBIX YHCTAX YPaBHEHUI BHIA

F(.flfl, ,l’n) = O,

rae F(xy, ..., x,) — OPOU3BOJIBHBII MOJHHOM C THEABIMI KO3GbDMUIHEHTAME, ATITrO0-
pUTMHYECKH Hepa3permnMa [48].
Anzebpauueckue YpaHEHUS 8 NOAE Lo
YCJIOBHE. 3adanve noaunomv, Py(x1, ..., x,) (1 <i < m) nad nosem Zs.
BOITPOC. Paspewuma au 6 noae Zo cucmema YpasHeHUut

é&lpi(xl, cexy) = 07

MozkHO cumuTaTh, YTO BCE MOJUHOMBI UMEIOT CTeleHb He 0oJjiee JIBYX.

[Ipu m = 1 3ama4a MOJIMHOMHUATIBLHO Pa3peninMa.

Meton ['aycca maeT mouHOMUAIBHBIN AJITOPUTM JIJISI CHCTEM JIMHEHHBIX YpaBHe-
HUI.

Kopru Ha edunuuHolt OKPYHCHOCTMU MHO204AEHOB

YCJIOBUE. 3adarna nocacdo6amenvHocms

nap yeaunx wucen, npuvem npu aobom j: blj] > 0, u namypasvroe wucao N.

m
BOIIPOC. Bepro au, wmo mrozouien Y a;[j] 2% umeem xopens na edunuunoti
Jj=1
okpyatcHocmu?
Bonpoc 0 npuHAIe;KHOCTH CIeAYIOIUX Tpex 3agad Kaaccy NP OTKPHIT.

YQucao xopreli npoudsedeHus MHO204AEHO8
YCJIOBHE. 3adarv nocaedosamenvHocmuy

(a1}, bs[1]), - . asm], bi[m]))



I'JIABA V. NP-TPVJIHBIE U N'P-IIOJIHBIE IIPOBJIEMBI

(1 <i<n) nap yeavz wucear, npudem npu A06ux i w j: b;[j] > 0, u namypasvroe
yucno N.

n m
BOIIPOC. Bepno au, wmo mmozousen [| ( X a;j] 2% ) umeem menee N pas-
i=1 J=1
AULHOLT KOMNAEKCHOLT KOPHET!
ITepuoduueckoe pewenue pexyppenmHoz0 ypasHeHUus

YCJIOBUE. 3adara nocaedosamenvrocmsb

(1 < i< n)nap yeavz wucen, npuvem npu awbom j: blj| > 0.
BOITPOC. Cywecmsyem au makas nocaedosamesbHoCmd UeAbLT YUCEA Cy, C1,

.y Cne1 (n > max{by,...,by}), wmo beckoneunan nocaedosamesbHOCMb UYEAVT
YUCEN Cy Cly « vy Culy + - -5 ONPEOCAACMAA DEKYPPEHMHBIM YPAGHEHUEM
m
¢; = X alj] - e

J=1

npu 6cexr i > n, YooGACMEOPAET PAGEHCMEY C; = Ci( mod n), TM-€. ACAACMCA NEPU-
oduneckol?

Buiwucaenue nepmaHenma

YCJIOBUE. 3adanv. mampuya M nopadka ¢ sremenmamu 0, 1 u namypasvhoe
yucao N < nl.

BOITIPOC. Bepno au, wmo nepmanenm mampuuv, M pasern N7

Yuugpurayus ¢ KOMMYMamusHbLMU ONEPATMOPAMU

YCJIOBUE. 3adanv. mrostcecmeo nepemernvix V, muootcecmeo kowcmanm C

u muootcecmeo (Ev, Fy), ..., (En, F,) ynopadouennoz nap mepmos. (Kazxkmast nepe-
MeHHast v u3 V u Kaxkgas koucranta ¢ u3 C' — epwm, ecau t u s — TepMbl, 1O (¢ + $)
— TepM).

BOIIPOC. Mooicro au kascdoli nepemennotl v cOROCMABUMb 3AMKEHYMBLL
mepm I(v), m.e. mepm 6e3 nepemennvir, mak, ¥mobvl GLNOAHANUCL MOHCOECTNEA
I(Ey) = I(F), ..., I(E,) = I(F,) ? (dns repma t gepe3 I(t) obosnauaercs
TepM, MOJYYEHHBIA U3 TepMa ¢ 3aMeHOI KaKA0i BXOIAIeil B Hero nepeMenHon v Ha
3aMKHYTHI TepM [ (v), & OTHOIIEHHE TOXKIECTBA = I 3AMKHYTBIX T€PMOB OIpe/Ie-
JIIeTC MHJIYKIHedi 10 UX MOCTPOeHuIo: t = §, ecym ubo ¢ ecthb s, mubo t = («a + f3),
s=(y+d)nmboa =yuf =06, mboa =dupf =7.)

[TpuBegeHHbBI 10CTATOYHO KpaTKuii crmcok N P-HOIHBIX TpobieM HU B Koeii
Mepe He MpeTeH/AyeT Ha KaKyio-ambo nojHory. [Ipu ero dpopmupoBanuu mpeceo-
BaJIACh JIUIIb OIHA IeJb — I0Ka3aTh CKOJb pasHooOpasHbl N P-mosHble IpodeMbl
1 KaK OHHM T€CHO CBSI3aHBI C BOIPOCAMHU, PACCMATPUBABIINMUCS B PA3JTUIHBIX MaTe-
MaTHYEeCKHUX JTUCIHUILTAHAX.
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[TOCJIECJIOBUE

B mramax aBTOpa HammcaHume TPOJOJIZKEHUS TTOCOOWS, B KOTOPOM MpeIIo/ara-
eTcs Oosee TIIyOOKO PAacCMOTPeTh HEKOTOpPble (hyHIaMeHTaTIbHbIE aJIrOPUTMUAYECKHe
mpobJieMbl aareOpbl 1 Teopun ducen — pynaamentaabubie TeopeMbl C.I1. HoBukosa
0 HepazpermuMocTu npodsembr pasercTsa st rpymm, C.U. Anxgnra o mepacrno3naBa-
€MOCTU HeTPUBHUAJLHBIX CBOWCTB rpymi 1o ux 3ajanusam, M. JIssuca, X. [Iyrnam,
k. Pobuncon n KO.B. MarusiceBuda, 0 Hepa3pemuMocT n1podIeMbl COBMECTHOCTH
Tt TIO(AHTOBBIX YPABHEHUN W s/l MPUIOXKEHUN STUX Pe3yJIbTaTOB IS YCTAHOB-
JIEHUs aJITOPUTMUYECKON HEePa3pPeNTMMOCTH HEKOTOPBIX MPOOJeM TOMOJIOTUU, MaTe-
MaTHYEeCKOTO aHA/IU3a U TeOpUr OOBIKHOBEHHBIX Jiu(depeHInaJbHbIX YPaBHEHUI.
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