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ITPETMCJIOBHE

Tocobue GazupyeTca Ha NEKIMAX ABTOPOB M0 TeOpHH QYHKIAR U NpHOGMIDKeHHI,
NPHKIATHOH TEOPHH NMpHOMDKeHHS, MATCMATHYECKOMY MOICIHPOBAHHIO M 1P. B paMKax
COOTBETCTBYIOIMX CMEUKYPCOB, YHTaeMbIX HMH B TeueHHe nocnennux 13 - 15 mer B
SApocnasckom rocynapcTsenHoM yrmBepcuTete. [lo cBoelt HAeONOrHH, paccMaTpHBaeMbIM
3afadaM H CTHITIO H3NOXeHHA 0HO G/H3Ko K yweOHbM nocobuaM no Teopun npHO mAKEHHS
Gynxunf, HammcadHeiM HayuHas ¢ 1981 r. Ba kadenpe Teopum OQyHKuEE W
tyuxunonanssoro apamssa AplY ([2 - 5] B cnmcke mmTeparypsi). AstopoMm (Wwm
COABTOPOM) YNoMSHYTHIX KHHI aenserca [0, A Bpynusii, ocHoBaTens B PyKOBOIHTENS (B
1974 - 1991 rr.) spocnaBckoit mwKons no Teopun ¢ynxumii. Hacrosmee nocobue
HamMcano Gnaronaphsivy ydenukamu Opus AGpamosuda bpyasoro.

[locofue unenMKOM NOCBAIIEHO NOIHHOMHANGHOH H KYCOYHO-TIONHHOMHAMBHOH
aNMpOKCHMAIHH (QYHKIHA ONHOTO H [BYX NEPEMEHHLIX B DAaBHOMEPHOH METpHKE H
GmHIKEM BOTIpocaM (MOXYJIH HENPEPBBHOCTH QYHKIMHA, Teopema YHTHH, HETEPIOMAINA,
ATOPHTMBI KYCOYHO-TIO/IMHOMHANLHOMH arMPOKCHMAIHNH ).

Kax mpasio, paccMaTpHBaeMEIe BOIPOCK! COBCEM HE OTPAKEHE! HIH HE/I0CTATOYHO
OTpaxkeHs! B yaeOHOM muTeparype. PAs pesynsTaTos H3NONKeH B COCLMANBHONH THTEpaTYpe,
HeJOCTYNHOM CTYeHTaM.

ABTOpSl CTPEMHIHCh CHAETATh H3NOKECHHE MaTepHAId MAKCHMAIBHO MOHATHBIM
CTY[CHTaM CTapMHX KypCcoB; ¢ 3ToH HeNbio B nocoGHW Takke pasobpaH psi MPHAMEPOR A
npaBeEn Gompmoit Habop 3a1a9 W yNpaxkHeHWH M0 BceM pasfenaM KHHrH. JTO Jenaer
BOSMOKHBIM, N0 MBICJIH ABTOPOB, MCHONL3OBAHME MOCOOMA WA AKTHBHOM
CaMOCTOATENEHOM paboThl crylZeHToB. B KOHUE KHAIH JalOTCA KOMMCHTADHH W
GrGmorpaduyeckue 3aMEYaHHEA [UIA 3AMHTEPECOBAHHBIX YHTATENeH.

Becs marepnan nocobus pa3bHT Ha [gBe YacTH W JBeHaAlUaTh naparpados.
Hymepauns yrsepxaenuit 1 GOpPMYN OCYIECTRISETCS HE3ABHCHMO B Mpeeax Kawaoro
naparpaga; 3T0 yIHTHIBA€TCH [PH CCHUTKAX HA HHX.



YacTh 1. MOAY/M HENMPEpPHBHOCTH H MOJMHOMHAJbHAA
annpoKCHMALWA QYHKUMA OFHOTO MepPeMEHHOTro

a2

B nepBoff YacTU MOCOGHA & 0003Ha4yaeT COBOKYNMHOCTL anarefpa-
MNECKHX MHOTOWIEHOB OT OJHOTO MepeMeHHoro cTemeny € K, K=0,1,...
yepes C(a,€), xax o6wuHO, 0603HAYAETCH COBOKYNHOCTb HEMpepHBHBX

oyaxmn £: [a,8]— R ¢ nopwoit ﬂf!{:@"):il:u:ﬁfﬂx)f-

§1. Moaym HenmpepsBHOCTH MEpBOTrO NMOPAAKA H WX CBOACTBA

Moy, HeNmpepsBHOCTH MOpAAka K  ABJANTCA TaK HasHBaEMbMH
PA3HOCTHHEMMA XapaKTepUCTHKaMH TOBeJeHMA (QYHKUMH. STH XapaKTEpUCTHKH
YaCTO WCMOMBb3YDTCH B aHa/M3e ¥ ero MpUJIOKeHMSX. B Teopud NpuOIMEe-
HASA, BHYMCJHTEJBbHOM MaTeMaTHKe MOLYJAM HeNDepHBHOCTH NPHMEHSNTCA, B
YACTHOCTH, MPH OLEHKE TOYHOCTH MJM CKOPOCTU NPUOIMXEHHA. BamHO, 4YTO
3TH XapaKTEepPUCTUKM HEeNPepHBHOCTH (MM TJAIKOCTH) QYHKIME He MCIOJb-
3yOT uX IMddepeHimMpyeMocTd. OIHAKO pAJ CBOACTB MOAyJed HeNpepHBHOC-
TY aHAJOTWYEH CBORCTBAM NPOM3BOLHHX COOTBETCTBYRUEro MOpPAIKA.

M HAuYHEM ¢ BBENEHMA MOZLYJER HenpepHBHOCTHM NEPBOrQ MOPAIKa He-
NpepHBHLHX Ha OTpe3ke (QYHKIMM.

Onpezenenre. MozyneM HenpepHBHOCTH NEPBOT0 NOPAIKA (MJM NPOCTO
Moaynem senpepueHocTH) dyukmm £e€ C(a,6) nasmpastes dyEkmA
w(f;t)=w(t) aprywesra t€[0,6-a] , onpenesenras paBerCTEOM

wfit):= Sup 4 1{(=) - flp1 )
lﬂ:-glft
WJM, 4YTO TO Xe camoe,

w(f;t)= Sup Sap ilf(xfk)—f(x)/_ (2)

0ch et Qex<é-

TakuM 06pa3oM, 3HAYeHHe W(f ;t)  paBHO MakcuanbHOMY KOJE-
Gamuo Qyuxuuu £ Ha OTpeake MLummH € &
MoXHO IaTh SKEMBAJEHTHOE ONpefiefeEMe MOAY/A HeNpepHBHOCTH 4Yepe3a



-6 -

onepatop &4 - Tak HasHBaeMHil onepaTop B3ATHA PASHOCTH C WaroM A
WMeHHO, MycTb Ty - omepartop cisura Ha A : T, f(x)= f (z+4)

- TOKNECTBEHHHH onepatop; Torma Ay = T, - J . 370 osHaua-
er, 4To 1A Beex f

Dy dle) = Pz k) - flz)

HeTpymHC MOKAa3aTb, 4TO T[,_ " A;, IIpH BCex ﬁ = [ O,g‘a—.] - Jd-
HefiHHe HenpepHBHHE ONEpPaTOpH , AHCTBYRUME U3 C (a, ¢ ) B C{a,g—i);
NpM 3TOM MX HOPMH paBHH COOTBETCTBEHHO

Tt
T4 Cla,8)—=Cla,é-

C(a.8)=C(a,8-4) "

B cooTBeTCTBMH ¢ (QopMyNoRt (2) Ajs f e C(ab)

. = ¥ (
“ft)s sor abloa iy o

B npaBoft YacTH (3) BMECTO PABHOMEDHOR HOPMH MOXHO MCHOMB30BATH
HEKOTODYD APYTy® B-llx : 310 naeT BO3MOXHOCT BBECTH MOAYJM Hempe-
PHBHOCTH LA QYHKIMA K2 APYrUX QYHKUMOHAJbHBX MPOCTPAHCTE
HANpPUMED, MPOCTPAHCTB Lf’ , {¢peo= . My OrpaHMUMMCH JMUb CJY-
yaeMm =C a,

MoZlyNb HeNpepHBHOCTH DYHKUMKA }0 ‘R —~R , pasromepro senpe-
DHBHOM Ha Bcelt MpSMOM, ONpejesiseTcs pPaBEeHCTBOM

w(fit): = sup /{(x)-f(g”: sup [ A&y £Cel

lx-y1 £t O<hst
x el

OT™MeTdM, 4TO M3 ompenenerus (W(¥) crenyer HepaBeHCTBO
1{(=) - $(y)] = w (1z-Y1).

[IpUMEDH.
1. Ecm f(x}=Ax+B ,.!:GR , TO

Cu(f;-f): SQP /A(IJ-‘)-J-B-A-T.-BI= SQP /A{tl'IAI{'
oskéé zh et
Xe€

2. Ecm f(x): sin x, xeR | 4



=

w(f-,-t): SKp | Sinfx+h)-sinzx)=2 Sup /Cos{z»s.f_).sgn; [ =

oehet 02k <t
xeR xeR
v o y
= 2 sup l\smg‘!: 25”‘3 p,
O4h ¢4 2 i tEX
3. Myete #(X) wmeer rpaduk, wsoOpamexEuit Ha puc. 1. Torza
w(ft) = w(¢) wumeer rpaduk, NOKasaHHHA Ea pHC. 2.
{(=) 4 w(t)
3 3
2 z
1 i
b1 2z 3 # «x O N T
Puc. 1. Puc. 2.

CBOACTBA MOAYNS HENMPEPHBHOCTH (NMEpBOro Nopamxa)
w(0)=0.

2. CO({) He y6uBaeT mo t .

(7]

w(¢) menpepusHa .

1. w(t) cybaummusra (mosyanmiTuma) mo € . To ecTs
w(-(:_‘_wl:z)sw({t) + wi(t,). _
5. ma nelN, 6 nteloé-al wrt)cnwlt),

6. ma A»0, (A+1)te [Q,g—a.] w2 t)<[A+1] wit).
w(f;t) =0 & Te

-3
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8. wit)rct. mpusem ps £E R ¢ >0.
o. tem feCi(a,8) 1 w(fit)c £1£1 kit
MoaToMy AnS {e C’(a,g) c,tew(t)=Ct
10. w(fit) € 2 ﬂfﬂc(a,”
NokasaTesbCTBO. CBOACTBA 1,2,7 ¥ 10 OYeBMIHN. CBOfCTBA 3,5 u 6

crellypT #3 cybanmaTHsHOCTH A (t). MoaTOMy HOKaxeM cHayaja CBORCT-
BO 4.

= ”A = <
trte)s sup Moo= 184 000 04 1)
€ 's“P ﬂ)’(“"‘ vhy) - flx )l +Sup N fxik)-fe)ll <
0ek Clabhh) pef ot - - Clobh
: & Su_ ﬂA Il St na = + .
och ét, L"f C(Q;"AI’ +oqcf h, Fl C@ ‘ w(,) +a(t)
Uz cysammrussoctn w(t) crenyer, uro mpn ¢, > &
_ wts) - wlt) « w(t,-1,).
MosTomy mpu ymwoux T, , £
lwlt) ~wE) | € w (it -t1). "

Kak W3BecTHO, (YHKIMS, HeNpepHBHAR Ha OTpe3Ke, ABJNAETCS PABHOMEDHO
HenpepHBHOR HAa HeM. 3TO B TOYHOCTM 03HAYAET, YTO AMA JHGOR -feC(Q,G)

w(f,{‘)-—’o = 1 —+0.

0TCOJA W W3 HEPABEHCTSE (4) CHEAYET HEUpepHBHOCTH w(t) mpu scex t
(cBOfiCTBO 3).

HepaBeHcTBa CBOMCTE 5 M 6 JIEFKO CAEAYDT W3 CYGALAMTHBHOCTH U
HeyOnBakusi ) (4ns ceoficTBa 6). lanee, mpu € >0
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s . = £-a l-a
w(6-a)=w(t 22)s (T2ig)ot) <2 Fuwlt),
TO eCTb
w(t) 2 w(é-a) "
2(é-a)
- HepaBeHCTBO CBOMCTBa 8 C KOHCTaHTOR C:= ;)(é’-aa)) . OTIAYHOR o1

HYAS 0]A HEMOCTORHHOM :
Hakowel, ecau f € C‘(a,é’ ). TO mo dopmyNe KOHEWHHX MpUpALEHUHA
ms Xx € §< x+h

[, dx)] <« 14°(s)IR < lf’ﬂc(a‘“ R

BasTHe BepXHe#! I'paH¥ o Re [o,t] IaeT HepaBeHCTBO cBojicTBa 9.
JameygHue. CBORCTBA 1-4 MOMHOCTED XAapaKTEDU3YRT MOAYJB Helpe-
purocTd. Mmenso, Qymxuma £:[0,T1-R,  ynosnersopsowas csodcteau
1-4, dBJAEeTCA MOAYJeM HeNpePHBHOCTH HEKOTOPOW HenpepuHBHOW PYHKLMA,
a uMeHHO caModt cefa, To ecTb w(f;t)=F£(¢) (noxamure!). B cBs3u c
3TUM JOOYL QYHKUMD () , YIOBJETBOPSDILYO CBOACTBaM 1-4, KOpPOTKO
TAKXE Ha3HBAWT MOAYNeM HenmpephBHOCTH. 00paTuM ocofoe SHUMaHWE Ha
NPOBEPKY CYCaMTHBHOCTH. YacTo OHBAeT MOJIE3HHM Takoil mpuaHak cyl-
anmrsrocTd Qyikm £ : ecom £ - Bormyras, £0)=0, 10 £ cy6-
ajuMTHBHa. JleACTBHTEJIBHO, M3 3THX YCJOBHH CJedyeT, 4TO f{dS):}o(ﬂ:S)

mu 0<ol<d |, um
{s)

—

oS y K
£s)
B CBA3H C 3THM S yGuBaeT, ¥ NO3TOMY IpH f, : iz >0

2 et {_f’_f_ 1(4,4%) + J‘_?za 2,44 <

&4, %J & "!2 %2- = {(ﬁ)#(*a)

(puMep. DyHKIMA -f(r)=-‘11°( ,x€[0,1] , 0<x<{ spasercs,
KaK HeTPYAHO MOXA3aTh, MOLYJeM HenpepHBHOCTH. MoaTomy cw(#;t)= Tl

OTMETHM, YTO MONYJb HENDEepHBHOCTH 4YacTO GHBAET BOrHYTOM QYHK-
e, OOHAKO 9TO He Bcerja Tak (cM. mpuMmep 3). OKka3uBaeTcd, H4TO
CymwecTBYeT BorsyTas Qymkims o (£), Takas, uro
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W) € H(E) < 2wlt) ;

w(t) - TaK Ha3wBaeMad HauMeHbllasd BOIHYTad MamopaHTa w(t).
(cM. [91).

Monym HenmpepuBHOCTH NEpPBOTO MOPAAKA JIEXAT B OCHOBE OMpelesieHHs
BaXHHX (QYHKIMOHAJBLHHX KNaccOB, BCTPeYabUMXCs B aHaad3e. MH 0CTaHo-
BUMCA Ha Kjaccax Jummipga W JuHM-J/Inumia (R. Lipschitz, U. Dini).Ye-
JoBHMe JIMNUKIA pPacCMATDHMBAJIOCH BIlepBHe B 1864 r'ofy B XauyecTBe HOCTa-
TOYHOI'0 YCJOBMA O/ CXOIMMOCTH pAna ®ypbe QYHKLKH f :

Onpenenenue. Hnaccw QyHKUMA JMmuMia ¥ IUHA-JIMNMIALE HA OTPE3Ke
[a,8] ects coorsercTBeHHO

Lipa:={feCla)f) - w(f;t) «ct* ] ,et>0;
DL ={2eClaf): wit)lat =0, t=40].

HeTpymHo mokasaTh, uro mpn of > 1 Lipea CONEPRUT JIAWD
KOHCTAHTH. Kpome Toro, and « > p  Lipt c Lip B B 4acT-
HOCTH, LiPiCL(pd,d< { . B cuiy cpoiicTBa 9 MOAYJEl HENMPEpHBHOCTH
C'la,®) c Lipdi . Kpome Toro, mpu Boex « >0 Lipz ¢ DL :
3TO CBSI3GHO C TEM, YTO

b t“8t =0 , ot>0.
+-+0
TMMOW%W,@KO<P‘¢<1 MMENT MECTO BKJKYEHHS

c' ¢ lLipl clipe c Lipp ¢ DL .

Bce 3TH BRJDYEHHS ABJANTCA CTDOI'MMH.
HauboJsilee Ba¥HEM SABJRETCH KJAacC (QYHKIMHA Ltpi . llo onpenenexruw,
{ (3 LEP I (um f YIOBJNETBOPAET YCNOBHI JIHMIMLA), eCJM

1f(z) -4y | sclx-é‘l , asx,ye b. (5

B KYpCaX M0 TeopWM QVHKIN OKA3HBADT TEQDEMY: OVHKUMS # YHOBJeT-
BOpSET YCJAOBMD (5) TOTAA M TONbKO Torja, korza f aGCOJOTHO Hempe-
psiBHA ¥ MouTH Bewny Ha (@8] npomssomsas £’ ymoenmersopser Hepa-
senctBy /{(x)[¢ ¢ , rme C -xoHcTauTa us (5). JloKasaTeNbCTBO 3TO-
O YTBEDRACHHS WMEETCH, HANpUMEp, B MOHOrpaduu [9).

YTOOH YCTAHOBMTS NDUHALMEXHOCTb BAHHOM GyHKIMM § ToMy Wi
WHOMY KJAcCy JMMIMUA, LOCTATOMHO MOJAYYMTH MOAXOARUYD OLEHKY MOAYJA

t
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HETNPEPHBHOCTH w(f; 3
Opumep. IycThb f(ﬂtl:-xsm% man O0<x<i | flo):=0
QyHkiMs £ HeNpepHBHA Ha [0,1] , npuuem 4 mMpPepeHLKpYENa IPH
X >0 . no f/(0) me cymectByer (moemy?). loxakem, 4TO fel.ilai :
Mycte X > VYA >0 . Tak Kak .
/

RO Rl
{(\r)—\gfﬁ.—x— ‘ICD-S‘I:,

w0 [{)<1 *'j._i. Mo OpMy/ne KOHEUHHX OpUpAlleHWt (TEopeEMe 0 cpei-
Hew) 413 §e [x, x+A]

| flaek) -flx)l = 1)1k < (1 +3Z-)ﬁ?(i+@$)ﬁ=
'k SV ik 2 VE

goms 0<x <VR . WcmosmayeM oleHKy [£(t)] ¢ ¢ :
V{(x+h) - 4(x)| ¢ | fx+h)] + [f(x)] < 2z+h «3Vh .
#rak, mpu Bcex O<h<{ , Ofx <{-4
1{(x+h) - $(x) | ¢ 3 Vk .
3To o3HauaeT, uTo (F;t)<3VE n fe[ip{-. 3ameriy, wro £€ L ipt

(nna nmoGo¥ KoHCTaHTH C >0 HEepaBeHCTED //'I bl BHIIOJIHEHC HA
MHOXECTBE TIOJIOXHUTEJILHON MEpH) .

3ajlauM ¥ ynpaxHeHus K §1.
1. lokasaTb, 4To HopMu Tj A, xax omepaTopos u3 C(Q,g) B
C(ar8-#)paeus cooTseTcTBeHHO 1 U 2.
2. BHYMMCJUTE MOLYJM HeNpepHBHOCTH (QYHKLAN:
-3
@ g = e | asxed
m {fl&)= 12-1] ;
i
(c) f(a:}=1' ,0sx¢f{  wkelN.

3. BHMHCJMTBH MOJYJM HeNpepHBHOCTH QYHKIME, Cpa@ukl KOTOPHX HNaHH
Ha puc. 3-6.
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A
2 2
1 —\ {
0 1 2 B 1 a8 i
Puc. 3. Puc. 4.
i
3 2
2 4
] s
-1
o B A N \7 -
Puc. 5. Prc. 6.

4. MoKaszaTb, YTO eC/d QYHKIMS f o6nazaeT cBoicTBaMd 1-4, TO

w(f;t)=f£(¢). )
5. Nokasats, uto f € Lipsd & !.{(x}-f{y}]s cix-zf ,

6. MokasaTh, YTO LiPd = C.Q, mu £ >4 .

7. Toyemy Lif:o( c LiP P mi o >p ?

8. MMoxazaTb, 4YTO QYHKUMM U3 OPUMEPOB 2,3 MpUHAAJNEXAT KAaccy
Lipt.

9. Mokasate, uro srmuenwe Lipl € DL ssasercs crpormw.
FacCMOTPETh AN O« X < 4 oyakmmo  f(x) = x* , o<L< !l
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§2. MomynM HempepuBHOCTH nopagka K

B 3TOM Naparpade M DACCMOTDUM DA3HOCTHHE XEDAKTEDUCTHEM (YyHK-
Mt Go/lee BHCOKOTO MOPSAKA, YeM MepBhl; 3TH XaPAKTEPUCTHKM HA3hBa-
UTCH MONYJSMM HenpepuBHOCTH mopsgka K , k€ N | ym (8 cayuae

k > 1 ) monynamu TRasKocTH QYHKIMA.
MycTs Ay =Ty -J - ONepaTop B3ATHA KOHEuHOM PA3HOCTH C WATOM

., BBeNeHHb B §1. HATOOMHMM, YTO AN JeHCTBUTENbHON QYHKINM {
Dy f(x) = f(x+h)-f(x). inis ke N  rnonoxau

b= (A)= (7 - T)7, (@

W, 4TO TO Xe camoe ,

AZ.—.A,L(A:" AS =]

s (2)
dopMyna (1) 3ajaeT onepaTop B3ATMA K -A Pa3sHOCTH C WATOM R .
fpuMesss QopMyny ANA OMHOMA K CTeNeHM pasHocTH onepaTopos Ty -J
¥ MOJB3YACH TEM, YTO AJIS OMepaTopa CHBMUra (Th. M= 'L'J L. ToNyuaem

3KBHBaJIEeHTHOE ONpeliejieHHe:
L3

AV A Bl e A

i
Takum ofpasoM, And OYHKIMH “-f .. TG o_npeneneﬂnn,
ASP(x) =L (1) ¢ p(x+jh)
h j= i 2 3 (3)

Hanpumep, Ai {(a:):. f(x+2ﬁ) - 21?(’5*’.‘) % .f’(ac)_ WTak, 3Ha-
YeHue A;:j (x) ecte /MEEMHAR KOMOMHALMA 3HAuCHU f B(k+1)-ut
Touke BMma X +jh, j=0,...,K ; BCE 3TU TOYKH, ECTECTBEHHO, LOJMGHH
NpUHALIERATh 00JACTH ompegenekms £ . 3ameTuM, 4To mar # B (1)-
-(3) MomeT OHTb M OTpHLATENbHHM. EciM f ONpelefieHa Ha 0Tpe3Ke
[a.8], 1o AR 4 «xek Qysxmmus X ompezesena mpu R#0O  Ha MekblieM
otpeake, a mmerno Ha [, 8-kh] mpu A>0 wm [a-kR, 8] mu k<o,
HyKHO OpaTh [ ]< ‘?“3. Kak npaBmio, Mi OyZeM paccMaTpWBaTH CAyuyal
O<hs 5.'_;3- :
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Pefimora (P. Du Bols Reymond, 1879).
5. Ecim f obnanaer K - @ cymMMdpyeMofl MpoM3BOIHO®, TO

L
B1s {1 (s vu) duy du @
0 0

[OKA3aTeNBCTEO OCYUECTBASETCA WHIVKIMef mo K . Mpm k=1
HUMEEM: x+h h

8, 1(w) = Hleh)-fa)= | $0dt = § §laru)du
x 0

EcqM aHajor paBeHCTBa (4) chOpaBeflyME Lf (" -1 ) -p passoctn, TO
3TO DABEeHCTBO BepHO ¥ Ijd K - pPa3HOCTH.
ki ok

= f(x) Ah. ( A #”) =4, ( S S ;‘K-“(I*“r’---’ux-x)J"x--- du ()=

8:.@

k-{)
S ( (x+lt,_+...f“,¢_,_)dfq... du’K-i =
< o]

= j j f""(;:mﬁ._,a-u,‘)Ju,_...du.t.

] o

B nocjiefHeM Nepexofie MCHOMb3YEeTCA WHTErpajbHOe TOXIeCTBC IJA
A fﬂr 1)
K
6. ECJ'M f‘- c (0-,5) , TO LnA 33&["-. e-m{] HafmeTcs

rouxa [e€ [x,x+kh ] Takaa, €To

&% {(=) =ﬂ"f""({). (5)
MosTomy [ Az {(x) | < ‘K”fmllc@tj g
_f(ﬂ(zj S S A; f.’(x}/ﬂx : )
h=o :

PaBEHCTBO (5) moJydaeTcs M3 (4) nocie K -KpPaTHOI'O NPHMEHEHHA
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CeoiictBa K -x pasHocTed

1. liyete O0€ h< 6_’;_(_2 . Torma A:_ - JMHeAHN! omepaTop U3 C@.g)
g C(a, 8-kh) : npu stom

K = D
Pk Mefag)=cla. 6-<h)
JloKaXuTe CaMOCTOSTENBHO MO aHaNoruM co caydaem k=1 .
K+ K )
2. By = By AL
CnenyeT M3 onpenefieHus no gopmyae (1)

X

K -
3 A;., AHHY/MpYeT MHOTO4YJIEHH CTENeHH < k<1
lleficTBUTE/bHO, ecl PE 9?,l . T0 Oy P E 92,4 :

n ne
Ay (ex™) = cf(x+h)* -x"f D, -
Tenepb OTMEYeHHOE CBOMCTBO MOJAYHAeTCs MHAOYKLMER M3 (2).

4. tom £€C@,8) u npu scex Osh < %'2‘3‘ . xelab-<h]
D)0, 10 e R,

oo
lokasaTesbcTso. lna_ Y GCO @,U c Hocurenem E C.[a,‘]
Ipd JOCTATOYHO MAMEX K

.
= JE pex) &) f(=) dx =£ =) a”, ) dx

K
(38MeH2 TIepeMeHHHX). PAsfle/M TO DABEHCTEO Ha A ¥ mepefiieM K
npeneny mp R~ 0 . Torza

tbm Af‘ 'f(ac) :
h=0 a"

= lf”” (:X'.J

o
( cM. mHume (6)). Hoa’rouy‘m Bcex 4 € Co (“'g)

éfwmdx=a

3To 0sHAYAeT, 4To K -f 000OueHHAR MPOWsBOJHas £ paBHa HYJM.
MoaToMy f eﬂ, (- Ina k=1 3T0 peaynbTaT M3BeCTHORA JeMMH JGya-
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TEOpeMH O CpelHeM.
7. HWMeeT MecTO TOMECTBO

H.‘ f[ﬂ:) Z: Z A& f(-t-\‘l‘-f- fl. ‘,) (7

:.'10

(MHAOYKIMA Mo K ).

[ycTb Tenepb -f eC,€), ke N

Onpenesiene. MoAyJieM HENPepHBHOCTH (QYEKLMM f "IOpﬂﬂ.Ka K Ha-
auBaeTcq QyHkmmA &) (f;t) = W, (4) aprywenta telo, ""j onpe-
feNiseMas DaBeHCTBOM

y$):- na: 2 :
Wb r) oeh b4 o f C(a,b-ck)
Yacto momarant W, (%) : = w, ( %_.. et 25 € - 38
Opumveps. 1. Nyers {(x) = 20 . Torma £“= Ic."' i

B cootsetcTamM ¢ (5) Ay $(x)= K.’ﬁ . ToatoMy e tfst) =ke/".
. JIns QyHKUMM f(ac)- e™, aczel

AL f(x) = A
noatomy mpu + € [ O, €_:_f§ ]
wx(f;+}= Swp Sup (e"-x)"e‘ =

O<het asxef-ch

€
- _s _-{g
N Dbl -

CBOACTBA MONYJNEA HeNpepHBHOCTH MOpAAKA K .

w, (0)=(0).

—

2. w“(f) He yOuBaeT mo t .

3. W, (t) menpepssna mo + .
4 Ecm helN , nt < ‘;‘;—“-' , TO wk(nt)sn“w‘(i).
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5. em AeR 1o wk(lf)s(iﬂ)kw,_(f).
6. W, (¥, +t) ¢ 2‘:(("‘).:('\’:1.)“'“):((62))‘
7. W (ft)=0  mpu ecex te[o,‘?-f_l}@ 1R

8. Ins ie[o "-] w () {-"; mpE 3ToM C #O . eCHH
feg %,

K ]
o. o feClal) v w (Ft) st 1o p, o)
10. wWe (<f+pg;t) ¢ (Llw (fi¢) sIplwe(git) o« pek.
1, We(ufit) =l W Cfit)  t€R.

4) < 25 1 :
12. W lfit) &2 'f"C'(a,g)

HexoTopHe ApPYTHe CBOWCTBA MOLYJER HENpepHBEOCTH OTMedanTcd B §3.

0CTAaHOBMMCA KODOTKO Ha JoKaszaTesbcTBaX CBOMCTB 1-12 (&KKypaTEOE
ofocHOBaHWe NpeloCTaBAfeTCs 4uTaTesw). [lepBHe IBa& CBOHCTBE OYEBHIEH.
TpeTbe CBOWCTBO YCTAHABJMBAETCA C MOMOMBK OLEHKH

Welty)- w () s yekjw (-t ), t,21¢,, (8)
M cBoficTe Cwy(t). CBoficTBO 4 JNerko MOMy4aeTca K3 TokAecTBa (7); W3

MOHOTOHHOCTH (J, (£) Teneps clelyeT cBOACTBO 5.
YoTaHoBMM cBofieTBO 6. Myets t 2 4 , Torza

W, (3+t) € wW,e(24;) e 25w, ($3) 2" (w (1) +wi(ts)).

15 I0Ka3aTeNbCTBA BAKHO! 3KBMBAJSHTHOCTH CBOMCTBA 7 HYKHO
UCTIOJb30BATH CBOMCTBA 3-4 K -X pasHocTed.
Janee, ecou te(0, %-(‘—‘7- , TO

we € éi_ﬂ) e ( &&f)s(ﬁﬁu)‘%(tm

2("“) ) W (B
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i
4T0 JaeT OUeHKy @ (¢)> ¢t ¢ KoHCTamTOM

K
) wec %)

; =(‘2(€-a)

(cBoficTBO 8).
OueHKa cBoficTBa § cpasy MoJyyaeTCH M2 HepaBeHCTBa

IS {OTEN S F A PR

HakoHen, cBofcTBa 10-12 cJedydT M3 OnpelefeHHs Gl .
3aMeTUM, YTO npH JwGoM QUKCHPOBAHHOM te(o, 5,;'_—"'] BeMYMHA

11, := we(fit), §e Clab),

3aJaeT, KaK oBOpAT, HOpPMY Ha (QaKTOpIpocTpaHCTBE C/:-i' [locnen-
Hee B TOYHOCTH O3HA4YaeT, 4YTO BHIOJHEEH cJjelywlle YCJOBHA:

ety e VRl 40 e e R,

[ g1, = 1ol L1, .t &K

lf+gl£ < "Ht- + 12[{_

[lof0GHEM YCJIOBHAM YHOBJETBOPAET M BeJHMYMHA HaWlydwero (JOKadbHOro)
NpUOMMKEHUS ¢ MOMOWbD MHOU'OYJIEHOB CTeNeHH < k-1

e, .(f), =i af-pl :

_ Lt Q pe ., c(r)
Q - mpoussossHm JAKCHPOBHHHI_0TPE3OK, Qcla,b] . Kax wa no-
kaxem B §4, am £=82% u Q=[2,6] oru Hopws skBUBaseHTH:.

MOZyJW HENpepHBHOCTH NOPAAKA K JEXAT B OCHOBE OMpEJeJeHHs

MHOTMX BAXHHX QYHKIMOHAJHHX KJACCOB, W3Y4aeMbX B TEODHH QYHKUMA,
OYHKIMOHANLHOM AHANM3e W WX NDWIOKEHWSX; MH He OYIeM KacaTbes 5Toi
OGUMPHOA TEMaTHKH.

™

w

3ajayd M ynpaxHeHHs K §2

1. JIokasaTb MepBoe CBOMCTBO K -X pasHocTef.
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K K_J‘ .
2. JokasaTh TORNECTEO ?(") Cy. =0 . ucnomsays csomcrse
K -X pasHocTed. 4

3. [oxasaTh TomzecTBO (7) AN K -X pasHocTed.
4. Hattw W ({;t) mmm  f(x)=Sinx, X€ R.

5. Bu4MCIMTDH wz_(f,f) s )e(x)=l:r.[ et = L“i,f-.].

i ' ct-
€. YCTAHOBMTbL HepaBeHCTBO (8) ¢ J(“F oy bt T8
L=
7. DlokasaTb CBOMCTBO 4 K- X MOZyjed.

fycTs LLPWO( ={¥e Cla,é): W, (Ft)s ci“}. flokasaTh, 4TC
(k) &)

@ Lipatclipp mpu «2p,

[ 5]

(b) Li/omi =R, ma <>k

§3. COOTHOWEHHS Mex]y MONYNSAMH HenpephBHOCTH
Pa3JHYHOrO MOPSAAKA H BHAA

Kak cBA3aHH Mexgy coGofi MOAYJM HeNpepHBHOCTH ONHOA ¥ TOA Xe
DYHKLHY { pa3/MyHEX NOpAAKoB? [IpocTOe HepaBeHCTBO OLEHHBAeT
"CTApiMA" MOOYJb HEMPEepHBHOCTH 4Yepe3 "MJamudi".

YTBepiuenue 1. MycTs K>/'ai . fe C(a,$). Torm
: .

W tit) €2 wi fit), ost« ek 0
JoxazaTenbeTBe. M3 cBoficTBa 2 K -X pasHocTed (cM. §2) crexayer,

uTo mpu QA s X <b-kR (A s ﬁi_‘.‘ )
g (] =187 4] (=)=
K- BT <5 ': o )
= I':;o(-") 4 ij Ai‘((;\:rt‘.)ls
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“"J

( Z: C ) ﬂAJ ;'C(a,C—J'AJ .

3nech MCNOJb3yeTcs To, YTo aaa ¢ = 0, ..., “‘J'
sup / Ai f-(x"’"bl < Sup IA}: f(g’/-
ag xsf-xf aéy;&‘yl
Hrak,

K K."'J. J. s
HAA. f,IC(a-;“&L) €2 £ A"" ;,C("-g'j“

4TO HaeT OUEeHKY (1).

HepaBeHCTBO (1) 03HAYAET, B YACTHOCTH, YTO MOAY/M HENDEpHEHOCTH
2. 3 ¥ T.1. NOPAIKOB OLUGHMBADTCA CBEPXY 4Yepe3 MOAYJb HENpEpHBEOCTH
11epBOT0 MOpAIKa.

OueHka “M2fWero" MOAYJS HENPEPHBHOCTH YEpes "CTApUMi® BHIIAIMT
(# NoJy4aeTcd) CYWecTBEHHO cJlomHee. CmpaBelsMBa CJEAyDWAA Teopema,
loka3aHHasd B 1927 rony Mapumc (A.Marchaud).

Teopewa 1. Jns fe C(@,¢). keN J'-i,... v K FMEeT MecTo

HEPaBEHCTBO

J Wy i )

qu

w({é)_.A {((‘ )J

3mech A,‘ - MOCTOSIHHAA, 3aBHCHANAA TONBKO OT K .

My TpuseneM 37ech JOKA3aTesbCTEO HepaBeHCTBa Mapuwo (2) AJs
cay4as J k=1 ; B ofmeM cayyae MCTOJB3YLTCH 60jee CIOKHHE paa-
HOCTHHE TOXLecTBa ( CM.,Hanpumep, [9]). .

[lpexne BCero 3aMeTHM, 4TO

a, A(x) = B f(=) + A f (k).

3T0 paBEHCTBO BepHo mpu Bcex T € [a, -—] helo 2],
TloaToMy

oy 2(x) =24, fx)] = 1A {=+4) - 8] §(=)] =
=I5 f(=x1] < @ CFik)



- 21 -

iMeeM OLIEHKY

1o fx) < 4 1Dy f@] + 4w, (fi k)

3TY OLEHKY MOXHO NPOXOJIMTB, eCJM Y4YecTb, YTO

[ AL F ) s £ 1Dy FE] +F o, (F24).

TaxuM ofpa3oM, And Juboro HaTypaJbHOrQ .

g "
{ ‘ { w,(f;2°4)
oL peot a1 foor - £ 3 LT

Fé
=0 2

-m+d
fMlepsoe cnaraemoe ouemmm semuamnont 2 #fMpga,¢); wrodu ouemats

BTOpOE cJaraemoe, BOCHOAb3YeMcs peayjbTaToM 3aiaud 3 §3, B cmay Xo-
'ropor'o OT CYMMH MOXHO nepeﬁ’m K MHTerpaiy. Ilenc'raurenbuo

il

2™
'2'.2 ({2& AZE wiflu’d“=‘J w,r;uidu

" a
iTak, eciW m BHOpaTh Tak, HTO 4—3' < 2™k < {_—_ . T0
164 %‘E (f
w, (fix)
IAh{(x)[sg = ﬂf’c{“) 2R j bk du

3T0 HepaBeHCTBO coxpa}mrcﬂ Takxe mpu Bcex 2 €[5 A €] . s
aToro nysso a [-€ -aJ PacCMOTPETh (JYHKIMO f(-!') HepasekCcTBo
(2) ana j=k={ W fobo "’ caenyer u3 uo.nyqemmﬂ Bhlle OUEHKA IS

18, £, ocranocs RoKazaTh HEPaBEHCTBO TpH 5= > »‘4 £ . ¥a ms-
TOTO CBOACTBA MOMLYJS HEMpEpHBHOCTH CAEAYeT, Lrro

w;(fiUGZw;(f;éi),

No3TOMy BCe CBOJMTCA K CJy4an, KOTODHM MH y®e paccMOTpesH. TaKeM
o0pa3oM, HepaBeHCTBO Mapuwo (2) and J'=K =4 moNHOCTBD MOK&3AHO.
Jipyroe RoKazaTeNbCTBO HepaBeHcTBa Mapmwo B ofueM chay4ae Npenna-
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raetca B §6.

Hau6osee MpocTo HEpaBeKCTBO Mapuo BHIARIAT AN fello.1L).
Cuntad, 9T0 W(fit)=w (£ %) npu 4> . sammew Hepasencrso
(2) B BHIe

aj.-(f;f}.‘_ f’(f;’ll(l j"”("‘“' u)_ (3

Jrd

OTMETHM 3JleCb OJHO CJIeACTBHE HepaBeHCTBA (3), Ha OCHOBE KOTOpOIo
MH{HDJIY‘-{HM ucrnonbayeMut B §4 kpUTepHA MpPEIKOMIAKTHOCTH MOAMHOXECTB
Clo, 1)
JrBepxnenne 2. IlycTb k€ N ,./f - MOJIMHOMECTBO C(O,I), s
KoToporo Sup f£4 =M <oce . Torna IBa YCJOBHS
feﬁ f Clo,1)

a.)‘_(-ﬁ;t)-‘;:fe’ W, (§it) — 0 "

wx(i;z‘)m;:;w‘(,f;t)—* 0 i

(£=+0 ] 3KBUBAJEHTHE.
JokasaTenscTBo. ficHO, 4TO U3 (4) chemyeT (5) B CHIy HepaBeHCT-
Ba W (f;t)e2" 'w (f:t), O0<t < —;}- (cM. yTBepmuenue 1). [ycTb
Tenepb MMeeT MecTo (5). lemeﬂﬂa HepaBE'HCTIO (3) nng /si K OyHK-
waam € £ |, nonyumm

w (dit) e A t(M+ jw(.ﬁ!u)

Ju) (6)

[paBas $acTh NOCJEOHEro COOTHOWEHMS CTPEMMTCA K HYM® mpK & — +0.
JleficTBUTeNBEO, ecaH €20 - MPOM3BOJBHO, TO ANA ZOCTATOYHO MAJOTO
d=d(€) u 0<u<d oymer w, (L;u)<é . cunras ¢<d,
MMEEM:

d
tjii:gi—a—]a/u=£(‘[+j) Li)i‘—i——f;—"—@ du <

-



§ 1
d 3
i el i
t §
K 40 < .,.2.‘!‘1
+2.M£(5 1)~£ ek
[loaTomy p
g {j‘:‘.’f_f—i—‘ﬂau.se.
t—=+0 u?

&

B CANY TIPOM3BOJBHOCTH & OTCHAa cJelyeT, YTO NOCJAEJHMRA Tpenen
paBeE Hy/o. Torga B cuny (6)

ﬁl.m. u)lfﬁ,'f:)= 0,
+ —=+0
YTO U TPEOOBAJOCH NOKa3aTh.
Pe3y/bTaT YTBEpRISHWA 2 CNpaBelyMB W A4d QyHKILMA U3 C(ﬁg ¥
nomoxectso A<C(a,€) nasupaercs npemxomnakTHeM, ecii ero
3aMHKaHKe A xounaxrio & C(2,8). Nocnensee sxemBaneHTHO ToMY,
YTO MPOU3BOJbEAS GECKOHEHHAR M0CJeNOBATENbHOCTh aneMentoB A me-
eT [pejejbHYD TO4YKY, BO3MOXHO, He INpHHAAJExallyn i (HHa4Ye: OAd Jo-
Goit mocnefoBaTeNbHOCTH QYHKIMA 7, €A cymecTsyeT noAmocnefoBaTelb-
Hoets { £, } . cxonsmasca pasuomepro wa [2,4] k mexoropont peClag)).
KaK W3BECTHO, KPUTepWil MpelKOMNAKTHOCTY mommoxectsa £ maercs cre-
Iyoue# TeopemoRt Apuena (C. Arzela, 1893; cm., Hzampumep, [10],
erp. 110). & npemxommaktao 8 ((@,6) rorma u Tosmbko Torme, korna
PABHOMEDHO OTPaHUYeH0 (To ecTh JUP 1flle(a g < ©= ) U DEBHOCTENEHHO
HEnpepHBHO. [loc/iefHee YCJOBUE B TEPMUHAX MOAYJS HENPEepHBHOCTH Nep-
BOI'C NoOpAAKa 03HA4aeT, 4To

f[u Sap Wy ({af) = 0.
t—0 fed
Ect £ pasHoMepHO OrpaEMueHo, TO ero paBHOCTEINIEHHAS HENpPepHB-
HOCTh XapaKTepU3yeTcd aHAJOTWYHHM YCJOBMEM NS K - I'o MOZYJs Hempe-
DHBHOCTH, CM. yTBepxaerue 2 ( Tam [a,6]= [0.11 ) Taxum obpasom,
CHpaBelJMBO cAefybuee 060GWEHUe TeopeM ApLeNna.
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Teopema 2. [loAMHOXECTBO JE MpeIKOMNaKTHO B C(a, U TOrga U TOJBKO
TOrZa, KOTN& ONHOBPEMEHHO BHIMOJHEHS YCJ0BHMA :

1. Sup 4{H <

2. I sexoroporo k€ N i Sup w, (fit) = 0.

t—+0 fei

OIHO M3 NpPUIOKEHUA 3TOCO0 KPUTEPUA NPEAKOMIAKTHOCTH MH OTMETHM B
caedyniieM maparpage.

06paTUM BHMMAHHME HA ADYTYD BO3MOKHOCTb LA ONpefefeHHs Monyneh
HenpepHBHOCTH QyHKumMi £ € C{a,8). onepammw B3siTHA Bepxeell I'PaHH N0

B onpegeneHud & (f;¢) MOXHO 3aMEHMTL MHTEIrpPHpPOBAHHMEM (T0Y-
Hee ycpenmHesueM) no £ ; TAK BOSHMKAET CJEAYOUMA MHTErpaibHbi MO-
ayms wenpepsBhocTn OyEkumn F€ C(@,6) nopanka k€M

{

(7)

OueBumso, mpu Bcex £ € [0, ‘7;—"5 ]

"
T (4;t) « sup 1 A /]
i 1(’ ) O‘Lf{ th f (’{a‘g—xéﬁ.)
w g Ay £E = e (Ert)
ofjft- J f Cla., e"fj) s
OKasHBaeTcd, CNpaBelMBO ¥ MPOTUBOMOJOKHOE HEPABEHCTBO: CYWECTBYeT
se sapucauas or 7€ C(a,6) u tefo, 2] xoucranTa f(kj TaKas,
4T0 -

wx({;f)sd'(ic) jt_(f,'t)_ ()

HepaBeHCTBO (8) BMecTe C OLEHKAMH I/ KOHCTAHTH J(A'J MOXHO no-
JYYUTh, HCNOJb3ys HEKOTOpoe pasHOCTHOE TOKOECTBO. JOKA3aTedbCTEO
ABJIAETCH TEXHHYECKMM M 3Jecb He NPUBOJMTCA.

B 3axkJmpyeHWe naparpaga oTMETHM, YTO NpHBEAEHHHE B HEM YTBepx-
JIeHUA TIEpPeHOCATCH HA cJy4adl (QYHKUHMOHAJBHHX NPOCTDAHCTB, OTAMYHEX
or ((e,€), w Ba ciyuad QyHKUMR MHOTHX NEepEMEHHHX.
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3apayM .M ynpaxHeHMs Kk §3

1. JlokasaTh, 4TO 2£otll
evi (Fi2hy et | Cenht
2‘

2. llokasaTb HepaBeHCTBO Mapuwo ans J'clc . YraszaHpe. Bocnonbao-
BaBWNCH CBOACTBOM 7 §2 AN pasHocTel, NOKa3aTh, 4TO
K

Ay f(x)= 2 C; o fx-ih).

3aTeM OLEHUTH BEeJUYMHY fA;hf(-I)-.?xAz $(x) | vepes (k+1) -a
MOIY/> HENpepHBHOCTH.

3. Nyets A (K) - pauMeHbWAs KOHCTAHTA, C KOTOPOf (8) BHIOJHS-
eTCH I BCex {EC(O,U " {6[0:,—5’] . NoxkasaTb, 4TO J(KJ-""’
M K —= o= .

4. Ins f s (0,1 ) HOJTYUUTE ﬁone!e cnaboe, 4eM (8), HEpaBeHCTEC

W, (fit) c(x)ju,c (f; th) ol
o
Hcmoab308aTh CBOACTBA wx(f-,é ) ( B uacTHOCTH, g (2€) 25w, ({) .

§4. Teopema YWTHH. KOHCTaHTH YHTHH

llycTs (QYHKIMA f onpefefieEa W HempepuBra Ha orpeske I '=[0,1].
Ecnu MMeeT OrpaHMYeHHY® NMpPOM3BOJHYD Nopaika K , TO L]A ee

TEeAJOPOBCKOI'0 MHOT'OYJIEeHa ;.}_,e Je -1 BRIIOJIHEHO
1

(k)
1H{(x)-p,_ (x)] o Sup rft
anst scex X€ ] . Amanor atoro cso#cTBa AR OyHKUMA, He MMEenWUX Npo-
M3BOIHHX, YCTaHaBJMBaeT 3aMevaTe/bHad TEOpeMa aMepHKaHCKOr'o MaTe-
MaTHka Xaccaepa YuTHM ( H.Whitney, 1907-1989 ). X.YMTHM oCTaBUs Ap-
KA cNel B pAfe paszyMyHeX obJjacTedl mMaTemaTku. TeopeMa, © KOTOpo#
noftneT peuyb, omyGJmMKoBaHa B 1957 romy. cM. [54]; oHa cTaja KAACCH-
YEeCKHM pe3yJibTaTOM TeopHH NpUOIMKeHus QYHKIMIA.
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Teopema 1. i mo6oro HaTypasBHOI'O K CYWeCcTBYeT MONOXH-
temuoe uneno Wx  Taxoe, uro ecom £€ C() . To Hammercs Heko-
TOPHIA MHOTOUJEH P =pg CTeneHM < K-{ , IJA KOTOpOIC IpH
Bcex L€ [ 6ymer BumosHeHo

[{(x) - pxs| < W, ;czp 18 £(y)l. (1)

BepxHAA rpaHb B mMpasBoft 4acTH (1) B3ATa [0 MHOXECTBY BCeX 56[0.%1
n yel  rammx, wro y+kke I ,10ecms yelo, {-xk].

Hammenbwee wcno Wy , yIOBIEeTBOpARmEE YCHOBHMD TEODEMH, HA3H-
BagTcsd K -# KOHCTaHTOR YUTHM. Bompoc 0 3HAYESHUSX Wx ofcyxnaeT-
CA B KOHLe naparpada.

K HacTosilleMy BpeMeHM M3BECTHH pa3JMYHHe NOKa3aTesibCTBa Teope-
MH 1, HCMOJb3yHIHe, HANpUMep, DPeryiApH2aLmn f W METEepnosaALm-
OHHHE MHOro4neHH. Mb NpuUBeleM KOpOTKOe [0Kas3aTeNbCTBO TECpeMb YUT-
HH, WCTIOJNb3yLUee KpHTepuit MpeakomnakTsocTH moamkoxeers C(I)
(GopMy/MpyeMblt B TepMMHaxX K -I'0 MOZLYJA HeNpepHBHOCTH. Mes ucmosb-
30BaHMA cooOpaxeHH/i KOMIIAKTHOCTHM B JOKA3aTEJbCTBE TEOpeMH YUTHH #
pana ee adaloroB NpHHALJexuT K. A. BpyaHoMy.

lpenBapuTenbHo nepeopMysmpyeM TeopeMy 1 B TepMMHAX HAHJy4uero
NpUOMKEeHNs. [0J0KUM

eb (f)-= e (f) g',)c)c(l)'—:i‘;é 'f'?”ca-)

Kak m3BecTHO, ek_(f ) Ha2HBAETCH BEJHYMHOM HAWMYHWEro MpPHGIMXEeHHs
(MM KODOTKO HAMJIYHWMM MPHGTMKEHHEM) f ¢ TOMOWbR ?i. B MeT-
pHKe NpOCTpaHCTBa C( '] ) ,CM. [2] mo noBonmy cBO#CTB. HAmOMHMM, YTO
195 TIPOUIBOJBHOM f €C(I) w k=0,d,.. cymecTyeT eIMHCTBEHH:H
MHOT'OYJIEH HaWyumero npubmxedns (M.H.m.) f“‘e x . TO BCTb TakoW,
4TO

ﬂ{-p”/[caJ w S lf)

3TOT MHOT'OWIEH XapaKTepusyeTcsd TeopeMod YeOvweBa 00 albTEpHaHCeE.
[lpaKTHYECKOe HaxXoxIeHue /’* no 3ajaHHOA f OCylecTBJAETCA C
NOMOUL aNropHTMa PeMesa W ero MoZW@MKAUMA, noapofHo pasolpaHHHX

B [4]. C BHYMC/MTEJbHOA TOUKM 3PEHMA 3ajaya HAXOXIeHMs P sBaseT-
CA BEecbMa. TPYAOEMKOM.
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YTBEDKIEHHE TEODEMH VHTHY B TEMAHAX HAWIVYWEro TPUOTAKEHUS
€,.,({) u monyna HenpepsBHOCTH ) (f;*) BSrasmAT Tak:
CywecTayeT KOHCTanTa W, Takas, 9ro mns scex f€ C(I)

€,y () = W, we(f) (2)

3nech u ganee G (f )= () - waxcumamsuoe 3naverwe NomyAs Her-
PEPHBHOCTH (3TY BeJMYMEY TAKEe HA3HBADT KONEGAHHEM NOPAAKA K
oyrkmm £ ). :
OTMETMM CHAauasia, YTO HEPABEHCTBO, NMPOTKBOMOJOKHOE (2), YCTAHAB-
JUBAETCA NOCTATOYHO MPOCTO. JeACTBHTENbHO, MycTb P - M.H.I. u3
-y ana £ . Tax Kak A;fp*=0 mpu Bcex £ , 10

W f) = f-p*)« 2714 -p" 0 =2%, (f) (3)

Ang Jo6oit fe C(1). coemunernse BMecTe, HepaseHcTBa (2) U (3) 03-
nasapr, uro Bemrumsy €, () u ) (f) SKBUBANEHTHN C KOHCTaHTaMH,
HE 33BHCAUMMK OT{ ;

e, CF) = WBXE): (4)

samice AxB s A=A(t) u B=B() zneck u nanee o3nauaer,
4To ¢ HesasucsmaMi o7 t mocTosEmmMM C,, C,

c,A(t) = B(t) <« ¢, A(¢).

SKEUBANEHTHOCTH TUNA (4) NO3BOJSNT NEPEXOMUTH B PA3/MHHHX
COOTHOWEHMSX OT MOAYJef HENPEepHBHOCTH K HAWIYHUWMM NPAGIIKEHAAM
(MMM, WMpe, OT DA3KOCTHHX K &NTPOKCHMALWOHEEM XapaKTepuCTHKaM)
QYHKIAA, ¥ HAOGOPOT. 3ITOT MMOZOTBOPHHM MOAXOA SBJAETCS ONHWM M3
OCHOBHSX METONOB COSDEMEHHOM TEeopWM NPUOJMEEHHA OQYHKLMA.

MepeilleM X JOKS3aTeJbCTBY TeopeMs VHTHH B QopMe HepaseHCTBa
(2). NpeANOJONAM, YTO He CYWECTBYeT He 3apcsuedt ot £  KoHCTaHTH
Wi . c kotopon (2) swmosseno ins scex fe€ C(I). Torza cyumect-

Byer mocsenoeatensiocts {fy,f € C(I) takas, uro

8, ., (#) 2 QI ()

NycThb f’n - M.H.I. AJA -fn, u3 ?}-, . MOJIOXKM ',P,,j" f;;%-”.
l-n::ﬂ-lc(”.
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Torpa no CBORCTBAM HAMAYHIMX NMpHOJMXEHMA W MOLyJell HenpepeHBHOCTH

€., ¥y €eoy () . p =1 (5)
ll-fu—p, il
wx(fw) = wh’.(f'l._) £ i.

In-pu € () s
flycTs Jq'-'-{%,,f Nokamem, uro A mpemxomnaxrio 8 C(I) | 1.
CONSPRUT MOC/ELOBATENLHOCTD, CXoAAuywcs k anementy us C([) . ¥c-
noNbayeM XpUTepHR npeaxomnakTHocT# mommHoxects C(I) |, momyuesmm
B §3, oM. TeopeMy 2 Ha cTp. 24. LA MDUMEHEHWA ITOrO KPUTEPUS Mpo-
BEpUM, 4TO

CU.((‘]‘/H-) =

Sup W (P t) — 0, t =0, (7

Nycts €70 .Bubepem A=A(e) Tak, urobs 6wmo -
Sup @y ( ¥n)< €
n>N

3T0 BO3MOXHO B CHJIY (6). Tak Kak qc(ﬁt)»o npy ¢ -0 anA Kaxno#

feC(I) ,TO H

w t —_— —_—
el b et L

lo3TOMy CywecTBYeT 4% . Takoe, 4TO

. A%
maz W, (Y, t) <&
fenehN

Torge mi £ < min (t*; &)
Sup i, (fne s £) 1 < &5

neiN

3TO0 M 03HAYAET, YTO BHMNOJHAeTca (7).
Tak Kak
S:fp v} )D,‘, =41 3

ro A mpemxownaxtio 8 C(I) . nyers ¥ - mpenemHas Touka A
Y, =y (= C(I) ). nepexoas B cooTHoweruax (5), (6) k npeaeny
M (= o , NOJYYEEM, YTO A48 3TOf HenpepHBHOR QYHKIMM }& 0R-
HOBDEMEHHO
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eic—f(‘f"):i ' ek ) w0,
Bropoe ¥3 paBeHCTB O3HAYaeT, HTO )#69?_1 (csorcTBO 7 §2). 3TO Npo-
THBOPEUMT [EPBOMY paBeHCTBY. [loJy4YeHHOE NPOTHEOPEdMe NOKa3HBaeT
TEOpeMy.

damevaune. B cliiyvae K=.{ (MpuOMKeHWe XOHCTAHTAMU) SKBUBA-
JIEHTHOCTL (4) coBlNagaeT C PaBEHCTBOM

€o ()= F w, (£);

YATaTe W MpepnaraeTcd yOeIMTbCcAs B TOM, 4YTO OHO HMEET fACHLH IeoMeT-
pUueckuil cMHcS. A K=2 (Npub/mEeHde IMHeRHEMH OVHKIMAMA) TOY-
#oe Ha knacce C(I) HepaseHCTBO YUTHM MMeeT BUI

e (f) < Z{‘ w, (£). (8)

MoKakeM, Kak (8) MOXHO JIETKO TOMYYMTH C MOMOWS® TeopeMH Yebhuesa

06 ambrephance. Nyets P(x)=ax+8 - wun mmm £ . Torma cy-
WECTBYeT aibTepHAHC PasHoCTH £ -2 , COCTOSWMR X3 TPeX Touexk Ly ,

X,, %, €[0,1] . HenowsmM, u¥To X; 06JafapT CB0HCTBAMA:

ﬁf—PiC(” =e(f)=1(f-p)(x)],
(f"f’)(r, = "(f"f’){xz.}‘ (){"P)("J)-

BuGepem M3 X, , L, , X3 gse touxu £, ¢7 . uroon £, £=t4R,
t+28€[0,1{] . Torma

B, R ()= 87 (F-pUE) = (F-p)lE'+2k) - 2 (2-p)(t "+h) +
+(f-p)(£) = ({-p)(¢'+2R) =3 (£ -p)({'+ % )=
= (f-p)(+'+2k ) 3, (f).

Tak Kak I(f—,o)(fi?ﬂ)/glf-)nllc(v= e,(f) . To mna aTuX i/. u A
I A7 ()] =1 (2-p)(H's2R) = 3e,cp)[> 2 e, ().

Ecim A <O . To TOuKM, TO KOTODHM GEpeTCH BTOpast PasHOCTb, HYEHO
B3STh B OOPATHOM MOpAZke. MOKHO CuMTAaTh MOSTOMY, 4TO # >0 . Torza
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nocseZHee HepPaBeHCTBO apaHTUpyeT (8).

KorcTaHTa 2’- B HepaBeHCTBe (8) He MOXeT OWTb YMeHblleHa (CM.
ynp. 1 B KoHle naparpada). i

Ina TmpunoXeHV BAXHHM SBJAETCA BOMDPOC O TOYHOM 3HAYEHMM MM XO-
pomMx oleEkax xohctadT Vurum Wi , K€ N . Takme ouemkn 3aBUCAT 0T
crocofa nokasaTesNbCTBa TeopeMu 1. B cBoelt padoTe [54] X.YATHM uc-
MoJb30BaJ MHOIOUYJEHH, WHTEpPNOJMpYDIe f HA DABHOMEpDHOM CeTKe, UM
b monydexs ouerky Wy  and HeGosbumMX K :

7

A . :
W;'—"WL‘:—E;E.‘S\\G.‘_;B, Zﬁ%éS.Z(fZSJ -‘-V/S' <1{0. 4.

[
2
[lepBHe OLIEHKH WK mpv Bcex K OwiM mosydeEH D. A. BpyneeM. Jlyduas
%3 OMyG/MKOBAHHHX K 1983 roay ouexox mmena sui Wi < ( k+1) K"
KoHCTaHTaM YUTHM MOCBAWlieH WAKN padoT B.CeHIoBa X ApYTHX MaTeMaTH-
KOB GONTapcKofl WKOJMH [0 TeopuM QYHKIMRE - MocjiefoBaTeJibHHE OLESHKH "k
g suge O(k €nk ) (& Vsanos, W.Takes), O(k) (Il.Bumes). Bawu

war snepefn chesad B. CenmoBuM (52], Aoka3aBuMM OTPAHHYEHHOCTb KOH-
CTEHT YHTHM 4MCJioM 6 ( CM. Takwe MoHOrpadmm [15] ). 3arem ara rpa-
HULA MOHMXANAach pAAOM aBTopoB. B 1993 roay K.B.HpakuH mokasas [31],

uro aa% mHorowiera PEHK (|, warepnompyouero £€C(I) s
CpemHeM", TO ecTb TAKOro, YTO :
L/k
J (f(=) -p(x))dx =0 , ind,. . Kk, (9)
o
BHIIOJHEHO

1{(x) - pxr] ¢ 2 we C£), xel
3T0, B 4HaCTHOCTH, 03HA4aeT, 4TO

W, £ 2 ' keNy (10)

- HAWNYMUAR OUEHKA KOHCTAHT YWTHM HA HACTORIMA MOMEHT. 3aMETHM, yTO
B 1982 rony B.CeHnos ony6mixosan rumotesy o To, uro Wi <{ . Bon-
poc 0 TouHOM 3HauemmM Wi cam X.VATHM CHUMTAN OYEHb TPYIHHM.

OTMETHM B 3TOM Naparpade ofHO U3 TPUMEHEHUA TeopeMs VHTHM -
ouerky Bemmmnn mpuommenns £ € C(I) ¢ momomo Tak HaSHBEEMHX
[POEKUMOHHAX ONEpaTOPOB HA MPOCTDAHCTBA MHOrOHIEHOB.
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iﬂuﬂeﬂﬂbm HelpepHEHHHA 0epaTop o C( I ) =) gi Ha3uBaeTCcd Mpo-
SKIMOEHHM ONeparopoM Ha . (MM KOPOTKO NMPOEKTOPOM), eciM p; o |
Ans BCeX g €7, . BaxHHl NPUMEp NMPOEKTOPOB A&DT MHTEPHOJALMCHHHE
ONepaTopH (MX OUSHKM OaHH B §6). Ecum — NPOSKRTOp HA F5 . 'TO
A UKCHPOBaHHOR ,f MHOTOYeH p = f YacTo MCHOJB3YDT Kax
NpUGIEA IR oﬁbe}c'r.l Ins OpHNoXeHUR BawHO, YTO B OTJAHMME OT onepa-
TOpa MeTpHYecKo# NpoeKIHu f il P* , CorocTapasouero QyHEKINA
£€C(I) eemun us P . oneparop ABNSETCA JHHEAHEM W
00HYHO NPOCTO peajM3yeMbM. ECTECTBEHHO, [pU 3aMeHe )D" Ha P{ M,
Bo00ie I'OBOpsA, TDOMIPHBAEM B TOYHOCTH Npubiumerus.TeM He MeHee, ec-
m P:C1)~ % - npoexrop, To s f€C(I) cnpasenmzo softzce e
PABEHCTBO

€c(f) < ﬂf-P,é’llcm

fpaBoe HepaeescTBO B (11) HAsuBaeTcss HepaBeHcTBoM JlleGera. 3ech APf
- wopua P xax onepatopa w3 C(J) B C(I). fiero, w10 anst moGore
npoextopa # P21 ; mpoextop P ¢ fPli=1 6ysem nasseate Hammys-
miM. HepaBeHCTBO JleGera HETpYNHO NOKa3aTh HENOCPEICTEEHHO W3 ONpe—
IeJleHns MPOeKTopa. .

s OUEeHKH Cx(f ) B mpaBoft YacTH (11) MH MOXEM MDUMEHUTH Hepa-
BeHCTBa (2), (10) 3Toro maparpada. 3TO JaeT BO3MOXEOCTb OUEHHT: TOY-
HOCTb TIpUO/MINEHKS QyHKwM £ ¢ MOMOWbK P{ wepes ) ()

/f,l’—PfI/C(U < 2(1+IPﬁ)w,<'({)_ (12)

OTMETHM, 4TO C TOMOWBD 3aMEHH MEeDEeMeHHHX De3YJbTATH 3TOTO. Na-
parpaga mepesocstcs Ha caysat C(@,€) ¢ rewu xe mocroaHHEME; B
aToit cutyatmn wWelf)=w. —‘:%"J # T.4. KpoMe TOro, aHA/Or Teope-
i 1 copasenmB u Las oy £ € C(R) wm feClo,+o=) ; coor-
BeTcTEYDUMe KoHCTaHTH Yutan WS u W /¥ YHOBJETBOPANT HEpaBeHCT-
BaM

<(1+MPh)e,. (). (11)

L &
Wt e W e W ;L ewtad

W alel™ ) . oAAEE

»



3ajjayn M ynpaxHeHus K {4

4

1. MoxasaTb, 4TO KOHCTAHTAZ 5 B HepaBeHCTBe (8) He MomeT OHTB
yMeHblleHa. 8 3TOr0 paccMOTpeThb NMpd &€ — O  [0CJe0BaTeNbHOCTh
hyHKUAR

1€ - A B W
3

{, (x):=
f-2 |, t<xed,

2. [lpoBepdTh, HYTC U3 CHPaBEIJHBOCTH TEODEMH 1 ANA OTpe3Ka [0.”
crelyeT ee CIpaBelMBOCTb LJiA OTpPe3Ka [a, 6] u coormeTcrEyLUME
KorcTaHTH Wy coBmanant.

3. Mokasars, uro N PN>1{ zne moboro mpoexropa P
Ha /MHeMHOe moampocTpaHcTEo X € C(Q,

4. JlokasaTh HepaBeHcTEO Jle6era (cMm. (11)).

5. JlokasaTh, YTO CYWECTBYET eIMHCTBEHHHH MHOTOH4JEH Pf@x-x A
HHTEPHoJMpYOUMA QYHKLMD f "B cpemHeM", H, Tak@M o0pa3oM, paBeH-
CTBO (9) 3alaeT MpOEKTOp b,;_,: C(I)-%_, ( nonaraex E_‘ F=p 58

6. Mokasars, uto P = 2

§5. KycOYHO-MOJMHOMHAJIbHAR W CIUIAAH-ANNPOKCHMAUMA QYHKUHA

TeopeMa YUTHH YTBEDKNAeT, YTO CKOPOCTh MpUGMMKEHHS HenpepHBHO#
DYHKUMM MHOPOYNEHAMY 3aBUCHT OT ee MOZLYJA HelpepHBHOCTH:

{-a
€~ (“C(a,e) € c e T)C(a,e)'

CyuecTByeT MHOTO QYHKIMA, KOTOpHE XOpouwo MpHOJMKANTCS MHOIOWe-
HaMil, HanpuMep QYHKIMM 6e3 ocoGeHHOCTel. EC/M HYNHO YMEHBUATH [10-
IPeuHOCTh ANMMPOKCHMAIMM, TO (NpM 3ajaHHOM oTpeske [@,8]) moSuThbes
3TOT0 MOXHO YBEJMYEHWEM CTENeHW MHorouneHa K . OOHAKO B HEKOTO-
DHX C/y4asX MpUG/MMKEHME MHOPOWIeHaMM GyleT HeaddeKTMBHO. Kiaccuyec-
KM TIpHMepoM sBaseTcA Oyskuma £(x)=V/x/ , KoTopas mIOXo MpHGIHA-
eTcs MHOrowleHamu Ha oTpeake [-1,1]. TeM He MeHee, B3AB JCCTATOYHO
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fonbllyp CTeMeHb ANNpOKCHMALMOHHOrO0 MHOrOWIeHa ( K > 20 ) M HCMOJb-
3yA pasnokeHde [0 MHOro4YjeHaM YeOHmeBa AJF YMEHbUSHHA BHUMC/MTENE-
HOA morpewsocTH ( CM., Hampumep, (8] ), M B 3TOM Cjy4ae MOXHO [10Jy-
YATb HEmoXol peaysbTaT. BoJjee ySemuTe bHull IpuMep — ciydall, Koria

" cKJIeeHa" U3 KYCKOB MHOTOYJEHOB. CaMufl pasyMHHM criocol mpub/m-
KSHUA COCTOMT B C/eLyoueM: paaduth oTpesok [&, 8] Ha oTpeskn MeEb-
et QLMHE (B COOTBETCTBHMM C Y3JaMid CHJEAKHd) M HAa KaKOOM U3 HUX OpH-
6JU3HTD f MHOTO4YJieHOM. TakuM o6pa3cM, HHOTZA ,P yooGHO NpHOJM-
¥aTh He MHOIOYNEHOM, a OyHKUMeft, COCTABJEHHOR U3 "KYCKOB" MHOI'OYJEe-
HOB. EcMM 9TH KYCKM CKJEeHH A0CTATOYHO I'Jiafxo, To (QYHKUMA Ha3HBaEeT-
Csl CNNAAHOM.

[lepelileM K CTPOrMM MaTeMaTH4eCKUM ONpeleNeHuaM W DOpMYy/MpOoBXaM
Pe3yNbTATOB O CKOPOCTH KYCOYHO-TOJMHOMUANBHOR AMMDOKCHMALMHE.

Pa3oGbeM 0TpesoK [a,fi] Toukamu X; (¢=0,...,n ) Ha N Hac-
Tell: A =TLo<Ly<,,, < x,L=8. 0603HauMM ToMNy4yeHHOe pazfuskne
yepes L . ByneM micaThb ﬂ}b B TOM cJyuae, Korza oTpesok [&, 8]
pa20uT Ha /1 paBHHX YacTeil.

OnpejlesieHye. 99 (7) ects npocTpaHCTSO KYCOYHO~T10IMHOMHATBHEX
OYHKIMN CTeNMeHu € K , MNONUMHEHHHX pa3fuemp A , TO ecTb TaHWX
DYHKIWR j . KOTOpHE Ha OM MHTepBaJe [ I;,CL‘;,.,_] COBNAJanT C
HEKOTOPHM MHOT'OYJIEHOM M3 ‘&:ﬂ

Haunyumee npubixeHue f C TIOMOWBD 3JEMEHTOR MpPOCTPAHCTBA 92(1)
onpelieNdeTcs paBeHCTROM

Cx ki) o *'ﬁ; 1f-31n. ¢
f Je ‘(.I) C(n'l ),
3aMeuane. OYHKUMS f -Q  SBJAETCS KYCOMHO-HENpepHBHOM, M03-
TOMy N BHUMCJEHMs ee HopMH B npoctpasctee ((@,f) nymmo Bue-
MTH OTpeskd [T ,X;.,) U HAWTH HaMOOMBUYD U3 BeswwH 4f ¥ ffc(z. ).
)
HHade rosops,

: = n -2 -
e (£T) —Je;;(z; T If 3’6(,:‘.',.“,‘)

[

- =
) Beconoy HUEe A8 f - A—=R GyneM CYMTATb, 4TO

ey = 1l
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Teopema 1. Juis JmGo#i HenpepsBHo# aa | ., 6 ] dyrxmm ,e # J06oro
pa3buerms L UMeeT MECTO HEpaBEHCTBO

ek_i(,eii)écw‘(f;/l!);

ageck yepes [T | ofoz3xaueHa AmMHA HauGoJBWEro HHTepeasa B pasfue-
o~
HUM o

JoKa3aTeJbCTBO. M2 MOHOTOHHOCTH MOAYAs HENpepHBHOCTH Cpa3sy cJhe-
AOyeT. 4TO
wt(‘fi’ff)=m?:r, (A)K'(f;/[‘-u, (1)
c

rie 4epes I =™ [-Ig.it';,l] 0603HaYeHH OTPe3KH, M3 KOTOPHX COCTOMT pas-
(-r
uesme X ; [I/=x;, -X; . KpoMe Toro,

€y (£i ) = o R cf)c(r;) - (2)

llefiCTBUTENBHO, 1A JROOr0 MHOTOYJEHa g,; crenenu He Gonee K-
BHITOJIEAETCS HEPABeHCTEO

ex-i(f)c(rz) % ”f'f" ”C(I;J
B3AB MaKCHMYM [0 BCEM OTpEe3KaM IL W YyYMTHBas 3aMe4vaHue, II0JYy4YrM
mez Cug (Flogyy < 17 HECS

ANS KYCOUHO-TIOMMHOMUANBHOR QyHKIMK § w3 ?x-, (%) . Tak kax nocsen-
Hee HepaBeHCTBO BHIMOJHASTCA A8 JOG0A QYHKUMH 5692_, (%), o

% G5 (f,‘l').

g% % (o,

NIpOTHBOTIOJNIORKOE HEPABEHCTBO CNEAyeT W3 ONpelefeHus 8‘_,()(;1} .
TaK KaK

€4 (fi%) < 1{f —ch(%‘j
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Ans JoGoit 36 @x‘t(x) . Ecm 3 COCTOMT M3 MHOT'OM/IEHOB HaUAy4llero
NpUOIMXEeHHsA, TO ecTb

';’ -?'C(LJ — et.-j()e)c(rl) »
TO

ey (Fit) < max e (fly -
Lt

TaxuM 00pa30M, paBeHCTEO (2) OOKAa3aHo.
Bocnosib3yeMcss Telepe TeopeMoll YUTHM (cM. §4), corjacHo KoTopoft

By (f)c(m € ¢ We (f5 15 )1,

O4yeBMIHO, HTO

wi (5 1101y € @x c{;rI‘-:)C@,” :

CrepoBaTenibHO,

€alh (;)C(I‘} & o weld :I;t)c(a)“

B3AB MakcMMyM IO BCeM OTpe3kaM M YUMTHBas pageHcTBa (1) # (2), no-
Jy4uM yTBEpRIEHWE TeopeMy 1. Teopema AoKasaHa.

B oT/mM4ve OT MpUOMMEEHMS MHOTOUY/NeHamy, 0OpaTHOE HepaBeHCTBO He-
tpuBMasbHo. 0. A.BpynHeM B [25] fokazaHo yTBepkieHue 00 “aTOMHOM"
pasfickeHUM MOZYJ]A HeNpepHBHOCTH (CM. Takke OuOiMorpaduueckue 3ame-
YaHUA) .

Teopema-2. Ina JoGoR fe C(a,g ) MMEET MECTO COOTHOWEeHAe

w, (L;t) x supsupe, (F) :
Jc)(, IPI;E’%K‘;CH"J) (3)

3[ech BepxXHAA I'PaHb B3ATa [0 BCeM pa3bHeHnsM X . cocrosumM uz
otpeskos I; , Amma xotopux He npesocxomut £ .

dopMyna (3) MMEeT YMCTO TEOpeTHYECKOe 3HAYeHHe, OJHAKO e MOKHO
YTOYHHTH, 3aMEHME NMPOU3BOJBHOE pa3fuUeHHe p % pa30UeHHAMH ChelMab~
Horo Buna. Ina QOPMYJMPOBKM COOTBETCTBYDUWEr0 pe3y/ibTara 0G03HAMMM

4
yepes L, CHABUHYTHE Ha 5. OTpeskH paatuerus X, ., To ecTb
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1’5 75,: . ecim
= [(irg)* (#3007 ].

Q]QAQ_'L&E_L IIJIH noboR 78@ C(a-,g) VMeeT MeCTO COOTHOolWleHHe
{
G (fi=—) = sup €. .{Ff) s
g Pig) re% k-1 fc'(n *1 i‘,’},& (Fleery - @

(py nokazaTeJbCTEE 3TOr0 YTBEPRAEHHS UCMNOJb3YRTCH HEKOTOpHE
(GaxTH TeopUH JIOKAJbHBX NpUOJMKEHHHA (CM. 3ajady 2 aToro maparpada).

®opmyna (4) MoxeT OHTL MCIOJb30BaHA AN MPUOIHKEHHOI'0 BHYMC/E-
HUS MOLYNS  HENDepHBEOCTH. Lns 3TOTO HYKHO Ha KAKJAOM OTpE3Ke Ie I
¥ ER, NOCTPOMTL MHTEPHONALMOHKKA MHOTOUIEH CTerneHd € & -/
[logpoGHee 00 METepNOJALMH MHOTO4YJIeHaMu cM. §6.

llepeiiieM OT NPUGJIMEKEHUS KYCOYHO-ITOJMHOMUANBHEMA (QYHKLMSMU K
NpUCIMEEHUD CNNafHaMi, TO ecTh QYHKUMAMH, KOTOpHE COCTOAT M3 “"IrNaj-
KO CKJEeHHHX KYCKOB" MHOIOWIEHOB.

BeEeleM [pOCTPaHCTBO «5"' ( L) . Eumy NMpHHAANeRaT QYHKIMH, KOTODHE
¥MelT NPOM3BOIHHE IO MOpSIKA { BrmOwWTENBHO X, KpOME TOro, SBJSOT-
cA 3JIeMeHTaMu npoc'rpaﬁc:'raa 99( %) . To ecTh

st(z) =R N C¥(a.8)

3lech W panee I - paatuerme otpeska [@,6] . Monomum 5 (T}@(IJ
2aMeTHM, 410 J ()=FR . B nanvuefiuem mu Gyem padotars ¢ npocr—
PaHCTBOM .5 (JE} mpi £ = k-1 (Tax HasWBaeMoe MPOCTPAHCTBO
criaftHoB nemex'ra 1), MO3TOMY I/is ymo6cTBa 0G03HAYUM ‘5&' (T): 5"'&).
Mo avajormu c BemrmuoR €, (£X) seenem semmamny S (f; T) pa-
BEHCTEOM

S Cfixj:= ind 1 HES
.sE_.S (&}~ C(a £
Tak Kak SK(JU ABJIAETCA MOAMPOCTPAHCTBOM NPOCTPAHCTBA g‘?(") , TO

SRR L €8 (£ 7).

lloxaxeM oGoO0lieHWe TeopeMh YHTHH 1A CINARHOB.

Teopema 3. Jnsi iwGoR HempepuBHoR OyHKuAW £ # JGOro pasOueHus
Ji BEepHO HepaBeHCTBO
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S KT R) e Wedd 184)
o
3nech yepes & 0603HAYSHO pa3OMeHMe, KOTODOE [0O/yY4aeTcs U3 Z e
JEHMEeM Kaxaoro otpezka Ha K-{ paBHHX yacTefl.

IokasatenbcTBo. Nyets I: = [x;%,]¥ salasy [Ba MHOTOWIEHa P, U
Pi+4. Pazobbem oTpesok . Ha k-{ paBHHX uacTedl. [0CTpouM
crifiafiH S cremenu K-{ gedexTa 1, NMOIYMHEHHHHA 3TOMY DPaBHOMEPHOMY
pa36ieryp U YIOBJETBOPADUMA TDAHUYHHM YCJOBHAM

S(Jl,(x;)"—' P‘(I, (‘rl.) g J.z 9,.., K-z;‘

S ‘jJ<x;4! ) . P(-(;f; rxl‘#i) ,_d'ﬂo,- L G K-a'

CymecTsyeT eAMHCTBEHHHH CIVaiH, YAOBJETBODARUMA STHUM YCJAOBHAM (CM.
3ana4y 4). Kpome Toro, Ias HekoTopo#t nocTosHHo# C =C(K) BHMOJHEHC
HEPABEHCTBO

s < : .

JlokazaTeJbCTBO HepaBeHcTBa (5) B cuy coolpaxeHMit moao6us noc-
TATOYHO 0poBecTH AnA otpeska | =[ 0,1]. B atom cayyae u3 (HopMysH
Kpamepa cienyeT, H4To

-2
sup [ s(x)l € c(Kk) Z, (Ipt(”(o)n ;/::j'(: (nt)
x €[0,1] J'so

YToOH MPOJOJIKUTL OLUEHKY, MCMOJb3YEM CJelymliee HepaBeHCTBO Map-
KOBa Uil MHOTOYJEHOB CTENEeHH < k~1

(/)
hp ”C(O,IJ < c(k) I’f”’c(o,x)‘

B CWIy 3TOTO HepaBeHCTBO (5) BHNOJHSeTcs Anf oTpeska [0,1), a 3ka-
YMT, ¥ AN NPOU3BOJBHOrO oTpeska [

CKOHCTPYMDYEM Temepb CIiaflH, KOTODHMA YIOBJETBOPAET YCJOBHD TS0-
pems 3. [lis aToro Ha kasmom ortpeske [X;,T:.a] mocTpoum MHOroune
Haunyumero npumumenns P, €%, ina oy £ . To ecTs Ta-
KOH#, 4TO
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I f % P(lff ”c(xi'x‘-'z): ek-l (f)c (2, Tirp)

TakuM 00pasoM Kamnol Touke X;,s COOTBETCTBYET CBOM MHOTOYNEH £, ¢ .
HcKiYeHre COCTABJANT TOYKH & o é , MM OyIYT COOTBETCTEOBATH
Té ¥€ MHOT'OWJIEeHH, YTO M COCEHNHHM C HMMH TO4YKaM. [lycTb I; e . pa-
3060eM [ i . 'HA k-1 paBHYD Y4aCTb M MO0 MHOPOUYJIEHaM P; U Piel
MOCTPOMM CIUIaiH S Tak, Kak 3T0 OwJ0 NMpoJesiaHo BHWE. 3aMeTHM,

YTO Ha MEpBOM M OOC/jelHeM 0Tpe3Ke ClJiafii coBMajaeT C MHOTOWIEHOM.
MoAyuMM CrailH, MOLYMHEHHEH pa3buenmp AL . 0OcTaeTcd AOKA3aTh, YTO
OH YAOBJIETBOpAET YCJOBUD TeOpeMH. OLEeHUM paccTOofHKe 0T f Do S Ha
0Tpe3Ke [ . - [lo HepaBeHCTBY TpeyroJibHUKa

I "”C(I;) < 1f-p ”C(I;) + Up=Sheer )
[IpumMeHUM K cnnafiny 5"P£ HepaBeHCTEO (5). B cuiy KOTOpOro
1 S-Pilhoery ¢ ¢ hpi-Peslega)
3aMeTVM, uTO MO ONpeJeNeHHD MHOTOWMEHOB Py U Piy
l,f = ”C(I,‘) " T ({}C(I(—z;ri.;) i
Hf - Pieslor) € €y ””C(’x;,ra.a) :
O0peMHAsS BCe 3TH OLEHKM, MHMeeM :
itf-s!lcm) % £ e"'i(f)C(xt--,,x,-.;) " eK-i(;)(‘(x,-,x;.z) .
Ecau Ii - MepBHA WM IOCJEIHU OTPEe30K, ;ro
1f-steery = if-pileer,)

Hrak,

if -S”C(a,l; £cC ;‘Z[e‘d(ﬁcﬁgq,x;“) e fan (fjc{:r‘.-l;-,z)]'
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otpesku [X;.;, %, ] obpasyor pasémenne otpesxa [@,€] . mosToMy no
TeopeMe 1 INIA KYCOYHO-TIOJMHOMMAJbHEX QYEKLMA

LYo TH) < ¢ w, (£ 1x).

L C(xi-.[ "rt'*l) 3

ARasoruaHo Ins otpeskos [ X; . i,z 1
Z' €t (f)c(x X:e3) £ C Wy (Z; IIJ') )
L &2 TEF

TakuM oGpasoM,
¥ < cwe (f:1%1).
ﬂf .SJC(Q‘” 3 f

OctaeTcs 3aMETHThb, 4yTo S € SK_,(E). M TeopeMa 3 MMOJHOCTBH JAOKa38Ha.
Caenctede 2. Ina JoGod OYyHKUMH .f € C(a,g ) BepHO HepaBeHCTEO

sx_tffsf,,_).(. cwk(f,‘,—i—). (6)

__ LnA [OKA3ATENLCTBA 3TOTO YTBEPKAEHUR NOCTATONHO 3aMETUTH, HTO
Z=Tp(-1) .  BOCIOMB3IOBATHCA CBORCTBAMM MOLYJA HENDEDHEHOCTH.
B 3aK/i0YEHMe 3TOr0 Naparpaga emle pas NOKAaXeM HEepaBeHCTBO Mapuo
(cM.§3). ucnoMb3ys 060CieHHOe HEDaBeHCTBO YMTHH A%M CIMEAHOB. 3TO
N0KA3aTeNbCTBO MOYTH 063 M3MEHeHWA MEPEHOCHTCA Ha Cayyad mpocT-
parcTs Lp , p>0, 1 MHOTOMEDEYD CHTYALWD.
yraepxpenye. Aaa moson £e C(0,4) wmeer MecTo HepaBeHCTEO (J'sx)

: J e
wift) ¢ cx) t (;;pc(% | -“-’;r’:rs“l ds ).
t

JoxazaTespcTBO. Corjacko (6) AAA JWGOR QYHKIMH fe’: C(o,1)
CYWECTRYET MOCJENOBATENbHOCTS CIUIARHOB ?ne 5‘ (Iz.) TaKas, 470

1F = Gnlloor) <C@res (F27%). (M)

06o3HauuM NMpaByb 4acTb HepapeHcTBa (7) yepes W, . [pelcTasuM f
B BHJle paja :



_40_

M
F3 (£-34) *+ 75 *‘_:L: (ja' -fial-

YWicno M Gyzer BuOpaHo Mo3IHee. YUMTHBAdA CBOACTBO 10 MOAYJAA Hempe-
PHBHOCTH, HMeeM:

M
w; (fit)e« “; (f-gm “*“j'(jv-'“ JL% W O:JisE)., 8

OueHMM Kammoe U3 TPEX CJaraeMHx B mpaBoft 4acTH (8). [as OleHKM nep-
BOI'0 CJIaraeMoroe MCHosb3yeM CBoiCcTBO 12 §2:

Wi (f-gust) €2 Hf -Gyl ) & ClIy . O

s Toro, 4ToOH OLEHMTH cJellybuMe charaeMmHe B (8), HaM noTpe-
Gyerca
llemMa. Ecau gejx(f,,,), T0

i
Wi(g;t)«cix (tn) 19 0t01)

Iins NoKas3aTenbCcTBA CM. 3ajayy 9.
EC/M MpHMEHHTH JIEMMY K MHOTOYIEHY i, , TO TIOJYYATCH HEDABEHCTBO

wj(;.;t) < c(k) t? ”g.‘c(a,u .

lponosxUM OLEHKY, BOCHOJIb30BABUWNCH HepaBeHCTBOM

1§ boto) 2 V-G pior) * M hepo) -

Kpome Toro, kak ciaegyet u3 (7),

V-Gl << Moo -
UTak,

w‘j(g,;t)sc(x:i‘ﬂ“c(o,u : (10)

OLUeHUM TpeTbe cjaraeMoe B (7). [lpexge BCero 3aMeTHM, YTO MpOCT-
parcTBo O (Zpi-1) BoReHO B MPOCTPAHCTBO \5,‘( Zyi) . rak kax pas-
Guerue IZ; SBAAETCA U3MesbueHHeM pasouenus Xpi-1 . [loaTomy
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CILnaiH }‘- =§.-1 TPUMHALNERUT NPOCTPAHCTBY 5, (12.') M K HEMY MOXHO
NMPUMEEXT: YTBEDKACHHE JIeMMH. HMeeM:

) (9:-gi-15t) % c(e)(t2') 13: -Fi-sefo,5)

Janee U3 (7) ¥ MOHOTOHHOCTH MOILYNS HEMPEepHBHOCTH CJeNyeT HeDaBeHCT-
BO

#9‘ -?‘.—L”C(D.t) 3 C((J‘ fw.‘_ij £ C(K)“)I
Wrax, aaa ¢ ‘f,...,M MOJIy4YaeM OUSHKY
. Nipal ()l
Wilgi-Fi-git) € cCR)(E2) ;. (1)

-M ~M ]
Ecia Bubpate M w3 yenosus € <t£<2 ., To u3 (8), (9). (10),
(11) noJy4YuM COOTHOUEeHHe

. M
(2. J i
wd(f,HsC(x)f (IINC(Q“ +§I 21@-,‘.)‘ (123

OcTaeTcs NMepediTH OT CYMMMpOBAHMS B NpaBofl YacTd (12) K MHTErpAposa-

HHMD. LI 9TOr0 MCMOJNb3yeM HepaBeHCTBO (cM. 3anavy 1 §3)
ey

. . 5
2l w. € c(x) Weet Fi8) 4o
L 51‘0-(
& '
[POCYMMHDOBAB MO0 ¢ , MOJYSHM:

J w S) ds
@, ({;) « c(K) {-'(y,fgc(%” J _'fﬂ_L—- ) _

—Mfl

OLEEKY MOXHO MPOJOMEHTL, YBEJNMUMB OTPe30K MHTEIDADOBARNS, TaK Kak
B cuny esbopa M  BemosmseTca Hepaseserso 27> + . Hepa-
BEHCTBO Mapmo noKazaHo.

3mwuymemx§5

1. Joka3aTb, 4TO MHOXECTBO @k(?g'-) ABNIAETCA JMHEHHHM NMDOCTPaHCT-
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BOM, HaWTH ero 6a3WC M pa3MEPHOCTD.
2. llokazaTh cooTHoweHHe (4). Henonb3oBaThk TOT PAKT, 4YTO

e, (f)c

eCcJiu

(1,ul,) £c(e) (e, (‘“ca,) + e,(f)c(ra)),

T, 11
;1
4
3. Ha#lT Gasuc ¥ pasMepHOCTb MPOCTpaHCTBa 5, (1) .

4. TlycTb CIlafiH Se '3:- y ( %, ) W BHIOJHADTCS CAELyWWhe rpa-
HWYHHE YCJIOBHSA:

srj;(a)= S(J'J(£)=0 'J.= R

s N R (13)

2

JlokazaTe, yTo S =0. 1

5. JlokasaThb, YTO eC/i HepaBeHCTBO (4) BHIOJHAETCA ANA OTpe3kKa
[0,1], 10 ono ssmomiseTca ana yw6oro otpeaka J

6. [onb3ysch mpoleAypodl CKNERKH, OMACAHHOR B TeopeMe 3, MOCT-
pOUTH Napabosuyeckul CrjgdH S, , ANA QYHKUMM f Ha oTpezke [0,4].

@ fx)=Vx ;
) #(x)=e*
() £(x)=sin 10x.

7. OUEHMTH KOHCTAHTYy C B HepaBeHcTBe (5).

8. HamMcaTb NpPOrpaMMy BHYMC/IEEMS MOAYJA HENpepeBHOCTH Ha 3BM mo
dopMyne (4). CpaBHMTb C TOYHHMM 3HAYEHHSMH. i

9. JokazaTh, 4TO ec/H ge SK(W-,;J ., TO ANA BCeX dék-i UMEeT
MECTO HEpABEHCTEO

J‘.
wl-(g;é)é c(k)(tn) 1900 00,1)

YKazaHue. BocnoNb30BaBUMCH NEBATHM CBOMCTBOM MOAYJS HENpepHB-
HOCTH, MepedTH 0T QYHKLMH 3 K QYHKIMH 3(1 ! | 3aTem mcnonb3oBaTh
HepaBeHCTBO Mapkoea

1qYy <[ 25V wqu
3 C(I;,l"-,,;) = S ? C(:t‘- Ry

erd
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§6. OJHOMEpHHE HHTEPNONALMOHHHE NPOEKTOPH H HX OLISHKH

MHTepnosIMS NpeAcTaBifeT cofoift 0AMH M3 MPOCTHX crnoco6os "Bec-
CTaHOBJEHUA" HeMaBeCTHOH QYHKRUMM f Ha HeKOTODOM MHoXecTBe £ 10
Ha60py M3BECTHHX 3HAYEHMHA B OTAEJNbHHX TOYKAX 3TOr0 MHOXeCTBa. Bonee
TOYHO, HeM3BecTHas QyEKiMA £ npubimxaeTcs Ha £ c nomoupo WHTepno-
M9HTa P U3 HEKOTOPOro KJacca X P ompejenseTcs YCROBMAMY
plx))={ (x;) Bysnax X, e E . Ecm B HexkoTOpHX XL, craBATes
DOMOJHMTE/bHHE YCJOBHA HA PaBEHCTEO MPOM3BOMHEX, TO TakMe Y3/H Ha-
3HBANTCA KPaTHHMH. B KayecTBe X o6umo BHOMPanT COBOKYNHOCTE aJjref-
pauyecKHx UM TPUIOHOMETPUYECKMX MHOIOYNEHOB, DaUMOHANBHHX DyHKIAR
WM CTNafHOB (mpocTefilme BapHaHTH — KYCOYHO-MOCTOSHHHE DYHKUMM WK
HHTEPIOMpYBUME JioMaHse). COOTBeTCTBYWIME BONPOCH HNOZPOGHO OMMCAHH
B JUTEpaType, B ToM uMcie y4yeOHo# ( cM., Hampusep, [4] - (8] ). B
3TOM Maparpade MH OCTAHOBHMCS HA HEKOTODHX OLEHKAaX AJA WHTepnoJsIl-
OHHBX aJrefpaliyecKuxX MHOI'OYIEHOB M CMERHHX BONPOCEX, KaK [PaBHJIO, He
H3JOXEHHHX B y4eOHWKaX.

EIMHCTBEHHOe pelieHde MHTEPHNOJALMOHHOR 3anadvd

/D('rojzf(x'):io FELY Ptxn)";(ru)’)(m , Pe @L

ONs TONapHO pasyMyHHX yajoB £,  HaeT u3BecTHas QopMyra JlarpaBxa
CRF: k. Lagrange;b 1795 }):

X -X;
p(x) = ;Z[, /i fl(:tz)’- el-(x):r.Jg ;‘—:“; . (1)

MEOTOYJIEHH f i (IJ 06pa3YNT CHeLMasibHbl (3aBHCAUMA 0T y3J0B) 6a-
3ic ', . OHM BHOpaHH TaK, 9TO

i, 6 sk
f‘-(l“)=<st-‘;={o ‘_#K

ByleM cumTath, wTo Lo, Xy € [Q,4] 1 fe C (e, £).

B aToM chaydae gopmyna (1) 3afaeT MHTEPHCJAUMOHHEM MpOEKTOop
P:C [G,J?J-' % ., ecJH NOJOKUTb ?B (t)-/)(-ll nyets # PIl - sopua
P xax oneparopa us (f@,€) s C(a,6).
ecpema 1. I Pl = max/. /ft-(:t}[.
: a=xsfd
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loxazarensctso. Monoxum A(XT):=ZIL:(x). nycrs #%e [,€] Tako-
Ba, YTO }I{.r*)-l-uc PACCMOTPUM JIOGYD HENPEPHEHYD QVHKIMD Y Ta-
Kyo, 4TO lf(:t):g:gnl(z“) A“fﬂ ={ . Jna Hee

1Pyl < " Mn | Pyl 2 Py(x*1=2rrn)f.' (=*) =
=2, 1€:(x*) = 121, 1o, .
3710 osmauaer, uro NP3 #A ”0' B TO ®e BpeMms ANs JnGOR fe- Cla,€)
'R’NC < 1Pl pam Z 1€, Cerl = 030 40

yTo rapanTupyeT ouenxy JPH< I ”C . B ceaau ¢ atum 2PI-= IMIIC,M
TeopeMa JIOKA3aHa.

ficio, utof P’ 3aBUCUT OT PacloJioXeHMs yanoB X; . Tak kak 4 P4

He MeHAeTCSs NPU CIBHI'e K PACTAXEHWM OTpe3Ka, MOXHO CYMTATh, 4TO

[a,¢]=00,1] um [-1,1]. B cootBeTcTBMM CO CKasaHHEM B §4
(CM. TaM HepaBeHCTBO ({1)) BO3HHKaeT 3ajava MHUHUMH3aIMH 1Pl za cuer
Bufopa y3JoB. [poekTop P , COOTBETCTBYDUMA MAHUMANLHOMY 3Ha4YeHHD
RPI npn namHom A, nassBaeTcA MUHMMAJBHBM. OTMETHM. $TO BOMPOC 06
ONTUMAJIEHOM BHOOpE Y3J0B MOJHOCTBD HE pelleH.

HauGonee ec:'rec'raemmn ABAAeTCA DAaBHOMEDHHA BHOOD Y3J0B MHTEpIO-
NAMA : x/ aq 1d= 0, ; n; Ri=(€-a)/ A .lpu HeGOBIMX R
TaKoil BHOCD BROJHE ;zonyc'mm OTMETHM, YTO PaBHOMEpHHE Y3JIH NOpORAAKT
MMHMMAJbEHE MpoexToph Ans /L =1 ,2 (MX HOpMH D&BHH COOTBETCTEEHHO 1
# 1.25). OOHaGKO C YyBeJHYEHHEM n MHOT'O4JIEH Wxaf MOXET OKa-
3aTbCH MOJHOCTHE HENMPUIOAHHM AN TPHOIMKSHHS o TOR NpHuMHE, YTO
'p-fl HeorpaHWYeHHO BoapacTaeT. MMeHHo, IJA paBHOMEPHO pacnpeje-
JIEHHHX Y3JI0B MHTEPNONALMI /

IP 1l > const e

(cM., HampuMep, [8]). ACHMIITOTHKA / al MoxeT OHTH YAYHlleHA IpH
UCIIONB30BAHUM B KAaYecTBEe Y3JI0B MHTepHoJSUUH HyJed MHorowuwileHa YelOu-
wesa crenewu A +1 | aCCOUMMPOBAHHOI'0 C OTPE3KOM [a.,‘ 3,

T.e. TOYEeK Bula

g g.;.a ¥ .. I(Zl.'l'f)
¢ 2 2(n.+t.)

;6%0,..,n. (2
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TOYKM (2) MOJY4alTCsl MOCTPOEHMEM HA OTpes3Ke [a,8 ] nonyoxpymsocTs,
nenienneM ee Ha M+{ DaBHHX YT ¥ NPOSKTUPOBAHUEM CEPEIHH KARIOR M3
ayr #a [a,€] . B aToM cnyuae, Kak MokasaHo B [14],

18 4= 7 to X

h+l ki ?4('»*1) : e

®opMyna (3) MO3BOMIAET BHYHCIUTL HODMY a IS J8HHOTO A ; HEeKOTOpHe
BHUYMCNEHHS NaHH B cJjelybmed Tabmue.

0 1 2 3 4 e L RER 19 20

n |
f

lalii 1.414 1.667 1.848 1.989 ... 2.837 2.870 2.901
|

Takum ofpasoM, [pM MCNOJb30BAHMM YeOHMEBCKHX Y3J0B B COOTBETCT-
BUM C HepaBeHCTBOM JleGera (cM. §4)

H-Pfi«(1+0R 1) e(£: D) <3elfiR),
M -Rft1c4bef;R), o -

C nomombn QopMyJH (3) MNOJNyYaeTCs acHMOTOTHYECKasd OLEHKAa

NP1 = ffz- bnn + coust, )

KOTOpas SBJSETCN HAWAYHWed 10 MOPAIKY npu k-ee (3amics A=R mpu
h—+o2 (3HauaeT, 4To 4/5 -1).

lloscHuM TMocsieaHee (OPMYJMPOBKOR TOYHOIO peayibTaTa. HJas 3Toro
-BBelleM B DacCMOTDEHWe NOHATHE MHTEepHoJAiMOHHOr0 MaccuBa

z@
3 ) 3)
LT 5 ‘ 1‘, > xy ] I&
s 8 &8 s 3 - (“)
™, :r,_“""' x

P A MR T
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/Tl -8 CTpoKa Gecxonet{noﬂ Bima 'rpeyrom:.ﬁoﬂ MATPHLH fl" conep-
¥UT A DasIMuHEX wncen LSt .If": x,.; €la, 51 : TI0 HUM
CTPOUTCS HMHTEDNOJALMOHHER npoexmp - 3 (a 6} -t .llocaepo-
BaTE/HOCTb MHOTOUJIEHOB p), = f w (UKCHpPOBaHHOR 3aznaer,
KaK TOBOPAT, HHTEPNOAALMOHHE rrpouecc. OxasuBaeTcd (CM., HalpMMep,
[19]), dYTo InA /mOOro MHTEPHOJALMOHHOTO MAcCHBa L ¢ He3aBucsleh
or J KoHcTaHToR C BHMOJHAETCS

gDh'[{ >-I-2_-€m._ o

TaK §TO MOPANOK ACHMITOTHKI (4) YMEHBUMTL HEJb3d.
ona £ L™ - -{,{) TOYHOCTL MHTEDHOJALMM C [OMOWBD ?; IaeTcs
W3BECTHOA OLEHKOH

f (h.f!}

C(—I )
A PP, 7:31)_:_‘! gt TS

W(x): = (X-Lo)(T-%)... (X-Tn)-

Hopma FWl, sBaserca maHuMANBHOM, ecnd B kayecTse yanos I
BHODATD xopl-m MHOTOU/IeHa YeOumeBa Iy ,q(®)=cos[(n+L)arecos 2 ] (a0
TapaHTHpYeTcs 3KCTPEeMaJbHHM CBOMCTBOM MHOrOY/MeHoB YeGHueBa - Hai-
MEHBIVM YKJIOHEHWEeM OT Hyns, cM. [2]). Crapum@t Ko3®duImeHT 7,:, ( ba-
pes 2 , moaTomy ans qeoumescm Y3JI0B

4’
' Wigiay; - = 1T e 2%

TakuM 00pa3oM, AnA y3joB YeOmmesa X, ,...,Xp

‘ L p(ntd)
g - PLI B it W Il (6)
; { C('!;I) ‘-2"'(540,’ f C(-1,1)

- Jlydmad OLEeHKa, MoJy4abgasca H3 (5).

KOpOTKO OCTAHOBMMCS Ha BOMPOCAX 0 MPUHIMIMANLHOA OTPAHHYEHHOCTH
MO/MHOMYATLHOR MHTEPNONALAK [P BospacTamuy /L . Ecm JoF -
M0CJeJOBATENBHOCTh MHOTOWIEHOB HAMJYHWEro NpUG/KeHHs LAA f(-C(d £),
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/’; € @, , TO 10 TeopeMe BeftepmTpacca
”{'P»:”c >0, Ketes, (7)

YTO J@ET, eCTeCTBEHHO, PSn (m)—-jf’(x) 80 Beex rowxax 2€[a, 6]
Ec/d y3Jb nmepnommm allanTHpPOoBaTh K -,( ¥ BHOMDATE Kak TOYKH
coenafenns £ W p. , To OyIeT, eCTECTBEHHO, Rf= e
1{-Rfbs - O . ynodro, koHewHo, MCTIONL3OBATH OJMH ¥ TOT ¥ HAGOD
y3JoB .11.!!5-! BCEX -f . B aToM ciyyae HM pPaBHOMEpHOW, HW MOTOYSYHOMA
CXOAUMOCTH I?,f K f rapaHTHpOBAT: HeJb3d. [lpusefieM Ge3 fokasa-
TeJIbCTBA CJelybilee yTBepmlIeHHe, M3BeCcTHOe Kak Teopema dabepa '
(G.Faber, 1914).
18t 6Or0 METEPNOASLMOEHOrD MaccuBa oI,  HaigeTcs

QyBKLMA jefﬁ €) takas, uro Pny’ He CXOIMTCA PABHOMEPHO K .

CywecTBYOT HelpepHBHHE QYHKUMH, AAS KOTOPHX HHTEPIOJALAOHHHNA
NpoUecc ¢ PaBHOMEPHHMM Y3JiaMi He CXONMTCS HM B OfHOR Touke! Omac-
HOCTH, CBfi2aHHHE C MOJMHOMHAJNBHOR MHTEpPHoJAuMedl, BIEPBHE 3aMeTHA
K.PyEre (C.Runge, 1901).Ip# METepmosupoBami fymxum f(x)= (1 +25.z")
NONMHOMOM F, C DPaBHOMEDHHMH y3/laMM BHACHHJIOCH, YTO {gl(IJ _f pac-
XOOMTCS TMpH Bcex XL Takux, uyro O0.726.<ixf¢ 4 ( (o, &]1=[-1,1]1).

Mlpy McrosL30BaHMM y310B UYelumesa paBHOMEpHAS (3HAYMT, ¥ TOTOYEY-
Had) CXOOUMOCTE fn —* f MMEET MecTo IJA BeeX Qymkmak £ w3
Knacca JIWHM - JImoMua (cM. Hume ymp. 168). TakuMm o6pasoM, WHTepnoAsiys
[0 4eOHWEeBCKUM y3JaM rapaHTHpyeT Jydllyh OUeHKY TOYHOCTH AJIA IJIaZKHX
OYHKIMA (6), HAUAY4Wyw acUMITOTHYECKYD OLEHKY HODMH MpoeKTopa (4) ¥
NIOTOYEYHYH (Iaxe pPaBHOMEPHYD) CXOJMMOCTH NOCJEN0BaTeNbEHOCTH MHTep-
TOJIAHTOB K f IS WMPOKOTO Kjacca HeNpepHBHHX QyHKUMRA 1( (AJst
{e DL ). caenyer noMsuth, ofHako, uTO NP HeGOJBIMX M. HODMA
NPOEKTOPOB 10 DABHOMEDHHM y3JaM HeCKOJbKO MeHbIe.

HecMOTps Ha TO, 4YTO HHTephnoJdlMoHHas gopMa JlarpaHia, OCHOBaHHAA
Ha WUCHNOJb30BaHMM Tovyek YeluuweBa, ABJSETCA MOYTH Haunydmwed, oHa ob-
JajaeT U pANOM HeNOCTATKOB. Hiuke MM paccMOTDPHMM HHTEpNOJALAOHHHE
MHOrouneHH HeoToHa. Kak cuuTaeTr K.Jle Bop (8], 3Ta dopMa HHTepmoJiA-
UMH "NpefcTaBAfeT COGOM HAWIYYIMA KOMIPOMACC MEXIY MPOCTOTOR CTPYR-
TYpPH ¥ YAoGCTBOM BHUMCJIEHWA. KpoMe TOro, OHa MO3BOJAET JIETKO Ole-
HUTb TMOTPENHOCTh MHTEPNOJALMH ¥ PeaM30BATh KPATHYD UHTEPNOJSIMD
6e3 NpuBJEYEHHS NONOJHMTENbHHX CPeAcTB".

WTak, MycTh, KAK W paHee, Qymkms f mpuGmxaercAa ma E
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MOMOUB MHOTO4IEHa P & gg_ . P HAXOMATCH U3 YCJIOBHH f(-;ﬁ/@);
xje E, 420, m . Ecom pakblle B kavuecTBe 6asuca MPOCTPAHCTBA
9,’,, M BHOMpaJM MHOTOYJEHH JlarpaHsa, TO Tenepb BHOEPEM MHOrouJe-
HH f); . KOTOpHE 3amanTcsd QopMmysiamu
Pe®)=1 ; pi(x)=(T-Zeo)(Xx-2y)... (X=X;y),i=L,. 1.

Torpa pemeHre MHTEPNONALMOHHOA 3ajauM naeT dopMysa HeoroHa (I.New-
ton, omy6/sHKOBaHO B 1736 r.):

n
pee) = £ £ JPi(RI
(=0

3nech f(.‘te,..-,l‘;) - [ -a pa3fleNieHHAs Pa3HOCTb, KOTOPYD YHOGHee
BCEro (YYMTHBAA BHUMCJEHMS C ToMowbo 9BM) CUMTATH MO MopMynam:

(<) .
]

Py, Ty g TengsosXi) f(ores Ty Lpog s %)

{(-1'01 g xi.}

Anst JOOHX ABYX Das/MyHHX TOYEK L, Ts MNOCNEHOBATENBHOCTH o)., Ty .
3aMeTHM, YTO ecJM BCe TOWKH MOCJeNOoBATEeNbHOCTH [5} coBnazant,
TO MHTEPNOMSALMOHHHA MHOTOWIEH MMeeT BHI

plxi= i ﬂi)_,el—) (z-r,)l‘-l.

i=o

TakuM 06pa3oM, MHTEpNOJNALMOHHHA MHOTOYNEH - 3To cymma A +1
4ieHOB pasfoxeHus QyHkmam f B paa Teisopa B T.XL, .

Ins OLUEHKH MOrPelHOCTH BHYMCJ/ICHHA MOXHO BOCMOJB30BATHCHA CJielyi-
WM Pe3yJbTATOM.

yreepxpesue. Ecim fe C"(a,f) n Tp¢.<Tn - mocrenosa-
TEeJBHOCTb Todek u3 orpeska [@,€] , o mna Bcex Xé€[@,8] umeer
MeCT0 pPaBeHCTBO

Q) - p(x) = (R-Xe) .. (T-Tn ) £ (o)) X 1)

3ajayM H ynpaxHeHusa K §6

. lokasats, uro oyukmm &:(%®) w3 Qopuyms (1) obpasyer Sasuc
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' MPOCTPaHCTBA ?i

2. HaflTM MUHHMMAJbHHE MHTEpNOJALMOHHHE NMPOEKTOPH Ha G‘g i ‘3?

3. yete Pr, x, : Cl0,4)=9P, - mpoekrop, HoCTpOSHHHA TIO
ToYKaM X,, Xy € [0,1] . Hawitu 4 P r N u o6cymath pesysbTart.

4. HafiTw HOpMy MpoeKTopa Ha < N0 TOYKAM pPaBHOMEPHOrO pasbie-
HUA. (3aMEeTHM, YTO COOTBETCTBYDUMA NPOEKTOp ABAAETCS MUHMMAJBHBM).

5. Haittu mputmaxenso #PI ¢ momomsp 3BM.

6. Ioxasatb, uyto APl He menseTcs mpu casure u pacTaxeruu [@,6]

7. Ina OyHKUAM PyHre f(:z)=(1+25x2f‘ Ha otpeake [-4,1] noctpo-
UTh UHTEPNOJALMOHHEE MHOTOYAEHH
a) 1no 4eOHUEBCKUM y3Jiam;

6) mo paBHOMEDHHM Y3JaM.
CpaBHMTb MAKCUMAJIbHHE NOT'DEelHOCTH.

8. MoCTPOUTD MHTEPNONALMOHHKA MHOTOWIEH P AMf QYHKUUA ;ﬁkﬂl?—
mo yanam 1, 2, 3, 4. JloKasaTb, 4TO f(xW&J: ma L<x< 3.

9. [oCTpPOUTE MHTEPNOJIALMOHHEA MHOI'OYJEH ANA QYHKIMM f@#wx no
NocAeA0BaTEbHOCTAH  y3J0B .t,=0.xz.”%- 2 Lo =T, Ty = it‘ 2T =2K. Ote-
HUTb TOTPEUHOCTb BHYMCJEHMA M CPABHUTH € C MAKCHMAJIBEOM MOrpemHo-
CThD B TOYKAX '

10. llokazaTb, 4TO MHOrowieHs HeoToHa A; 006pa3ybT 0asuc B Mpo-
CTPAHCTBE MHOIOWIEHOB.

11. CpaBHUTb TPYLOEMKOCTb BHUMCJ]EHWRt No (popMyiaM HbOTOHA U Jlar-
paHxa.

12. TMOCTPOMTE MHTEPNOJALUMOHHHA MHOro4MeH HbOTOHZ AAd EYHKUMU

X)=Cos T 10 NOCNEAOBATENBHOCTH Y3/0B X, =2=0, Ta=Xy =1,
X =T =27%. CpaBHMTL Pe3yJbTATH BHUMCJEHMA C 3ajaueir 9.

13. OGospawM yepes P(X) MOMMHOM CTENeHM A TaKo#t, 4TO
Plk)=k[lk+t), K=0,4,.., h . Haru  P(n+L) .

Ykaszarpe. PaccMOTDHTE OTHEJBHO CNYYaM YETHOrO M HeveTHOTo A .

14. B Xone eKCMEPMMEHTA MOJIYYeHH CJeAYDIMe CeMb NAp JAHHEX:

t -1.000 | -0.960 | -0.860 | -0.790 | 0.220 | 0.500 | 0.930
il 1 1

I
] ke i M
Ll T 1
I

I 1 I I
-1.000 | -0.151 | 0.894 | 0.986 | 0.895 | 0.500 | -0.306

¥

Ouenurs suaverme J(f) pna -{<¢<{ ., NOCTpOMB WHTEDIOMNALMOHHEMH
MEOrOWIeH 6 - H cTememn. [IpelnoJiaraeTcd, §TO ) - OueHb [MafKas
OYHKIAS. XODOWO JM OTDAXAET NOJMHOM XapaKTep M3MeHEHHs NAHHHX?
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15. Hcnosbays MHTepHONALMOHHYD (QopMyJy Jlarpaika, AOK23aTh, HTO
ecii BC® KOPHM X; (i=[,.., )  MHOorouiesa p, ( R22 ) pas-

JIHYHH, TO
o i{
3 e = 0 .

(=a Pn (%)

16. [lokasaThk, 4YTO MOCJAENOBATEJLHOCTh MHTEPMNOJALHOHHEX MHOTOYJe-
HOB Pa 00 4eOHNEBCKMM Y3JiaM DABHOMEPHO CXOJUTCA K MHTEPNOJMpYeMod
ovakwn . ecom feDL

yxazaHue. BocCIoJb30BATbCH HepaBeHCTBOM JleGera, Jjorapudmideckoin
OUEHKO# (4) IJjd HOPMH COOTBETCTBYRWEro NpOeKTopa M CJAelynliMM Hepa-
BeHCTBOM Jixexcoma (D.Jackson, 1911): ecum fe(’(a €). 1o

6(3{ @)C[( -_.le(f;n, Cﬂ?() )

A’ - abcoNmnTHAS TOCTOAHHASA.



YacTe 2. HexoTopse MeTOMs MOJHHOMHANbHOH M KYCOYHO-
MOJMHOMHAJIBHOR annpoKcHMalMH QYHKUHA OBYX MepeMeHHbIX

§7. PasHOCTHHE OMEpaTOph H MOLYJHM HeNpephBHOCTH QYHKLMHA
OBYX NEpeMEeHHbIX

fyeTs 1{ - JefcTBUTENbHAA QYHKIMA OBYX LelCTBUTEJIEHHX Nepe-
MEHHREX X H y' . Yame Bcero Mu_GyneM CUMTATb, 4YTO f onpelne-
JleHa B TOYKaX KealparTa Q = [O,i] . Bo BTopo#t uacTH nocobuA pac-
CMaTpMBanTCA HEKOTOPHE BONPOCH, CBA3aHHHE C MpHUOJIORSHHEM ,{' c no-
MOHBH MHOTOYJIEHOB H KYCOYHO-TOJMHOMHMZJLHHEX QYHKUMH. [0 CpaBHEHMD C
annpokcuMaiMedl QyHKUMA ONHOIO MEDEMEHHOI'0 3aJayd NpUOIMEEeHAs QyHE-
UM IByX (4, BooOme, MHOTMX) INEpeMeHHHX He TOJbKO YCAOEKHAKTCH, HO
1 4a8cTO npuofpeTranT chrelu@uyecKue HepTH; MHOTMe BOMNDPOCH B OJHOMEp-
HOM CUTyalUM{ fIpOCTO He BO3HMKAWLT. [IBYMEpHHE 3ajaydl MDHKJAJHOTO aHa—
32 YacTo UMEeNT SCHOE eCTeCTBeHHOEe MNpOUCXOXRIEHWe - OHM BCTABT, Ha-
npuMep, [pu o6pafoTke M3oOpaxeHud.

lipexne Bcero M BBEIEM B DACCMOTDEHHE DA3HOCTHHE XapaKTepUCTHEH
OYHKUME ABYX TNMEPEMEHHHX; 3TH XapaKTepHCTHKY (MOLYJM HEINpepHBHOCTH).
KaKk ¥ B OLHOMEDHO! CHTYallHM, YacTO HCHOJL3YWTCH B OLISHKEX TOYHOCTH
NpUGMKEHUA QYHKIMIA. B OCHOBE MX OMpENENEHHA JEKUT MOHATHS Pa3HocT-
Horo omepatopa A . h=(k,h)e R wu camraem, uro

A,”f(x,yj = 'f(.x+£1 ,J+ﬁ,_) - f(x,y).

flycTs KGZ+ . NoJiokMM, KaK M paHee (CM. 52)-4;:"(‘5);)‘-

3TO 03HAYEeT, YTO K

A H(zg) JZ; (O CL plmojheyejfe).

Oco6yl POJb UCPADT OMEPATOPH B3FTHS PASHOCTH M0 KOOPIMHATHHM Hampa-
BJGHUAM A;e“" .¢=14,2 _ 3nech u mume Ge R ; %(1,0),e%(0,1)
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2 2
- xasouyecku#t basuc £ ;€ t=(4,1). MonosuM Ans d=@(i,°1¢)6?+
R oy o~ ol o
Ah" =A e Ai,_e“' P ZL c= &)1 (1 +4°

h, ke h,e®
of
OnepaTtop A j, ~HA3HBaNT OMEpaTOPOM BIATHSA CMEeWlaHHOA PasHOCTH NopsAm-
Ka o
B panmbHeiweM My GyIeM MMeTb HeJio ¢ IOBYMS JIMHEHHHMH [pOCTpaHCcT-
BaMil ajrefpauyecKMX MHOT'OYJEHOB OT gx [IEpeMeEHHHX - ,  (oOmeR
cTeneny mo XL , He BuWe M ) U Jp n (CTENEHd He Bhme m 100 XL
mue sime A N0 Y ). Eem of=(m,n) . 10 B:=P . Taxmm
- 006pazoM, ? COCTOMT W3 QYHKUMA BHIa
- J.
3(2;)—2 a;x'y' , a; ek,
= d d
o= cyt n
a 2} n — H3 OYHKIMA BUOa
J
j(x',;) = 7. Qx'd ., a; € R
0% ¢€hc J 0(
(74 9.7'5 n
Tak, HaIlpHMep,
? {&I"'gz*cj {QIJ+€I+CJ dj
5 TR : (1)
B{%?neu B DacCMOTpEHHE TaKke KJAcCH  KBasHMHOI'OYJIEHOB g,).;
n . OHHM COCTOAT M3 MHOTOWIEHOB M0 OJHOMY NEpeMeHHOMY, KOoa(gu-

uueﬂm KOTOPHX ABJANTCS (HENpepHBHEMA) OQYHKIMAMYA IPYTOTO NEpEMeRHO-
?jw [Z a-(;ix"j ; m (JZ (r);’j

()
Bynem cYHTATH @ / o f HeTpyaHo BUIETb, YTO

(1) (2)
@ * 92 N e . (2)

1 «

(2)
Hakomenw, mycts /1y 9’ . 970 o3Hauaer, yTo F€ n,,
ecm g Prifespi€ @"’ i={1, 2 OTMETHM, 4TO KJACCH KBA3MMHOTOYJE-
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HOB ABJANTCS OECKOHEYHOMEpHHMYM MHeiHsMu noanpoctpancrBamu C (Q),
lipuBedeM pRA CBOACTE PA3HOCTHHX ONMEPATOPOB, BBEJeHHHX Bhile.

l-A:_ ; 0".‘1}'-;5 'é" - mmednsit onepatop u3 C(Q) s C(1),
N:=[o,1-xk Ix[0,1-kh,] ; TPH 3ITOM

bape K
185 1oy —cen) =2 (3)

loka3aTea>CTBO MCHONb3YET dopMyny (1).
2. Ecm pe€E @K_i,xeﬂ TO AZ/)(::;‘J-'O IpH BCex A

5 Ecmﬂé.?,z_l . 10 Ao,e”,/)(x.yl&‘o mpu Beex G.
4. Ecom Pe%’_e,déﬂz, TO EZP(I.J)EO mpu scex A .
5. Ecom p€ /L,,. T0 A:P(I-ﬂ-'-o mp Bcex A

OT™MeTHM (Takge Ge3 NOKA3ATENbCTBA) HEKOTOpHE PA3HOCTHHE TOH-
IecTBa JNs QYHKUMA ABYX NepeMeHHHX; UMTaTesJb Npeijaraercs pasofpaTe
MX HEKOTOpHE YacTHHE cJy4ad (CM. ymp. 5-7).

MycTs fetf=ol, o, -~ MOPANOK MyibTHMHEEKCE o ; o /:= o oyl
Torza

LF f(ey) = vt AA’. f(x reihy) (4)

l«l=K

B cayuae k=4 TommecTBO (4) MMeeT caelymuMi TIpOCTCH BHI:

By, f(xg) = A f(=gehe) + APV f (24)

¥ JOCTATOYHO HAP/IAMHHA FeOMETPHYECKMH CMBCH (KAKo#?).
[lpencTaBNeHde CMEWAHHOR DA3HOCTH Yepe3 MOJHHE AaeT chelybilee
ToknecTBo (J.H.Kemperman):

K~(D/ K f(z+2£(,,‘,)

mgD

A‘_(n Aer: f{:‘!);‘ 32('-1)
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(G ..ok -
szecy A9 R WAL AW Y S =2 o/ Y, o - HENyCTOE MOMMHO-
xectBo {1, .., Kk} ; z (r 3 4 ToueC'rBO gepo u g AY! i‘él?

flcHo, 4yTo (5) MOXHO MCMOJIL30BATL WA NMpeACTaBJEHMS Pas3HOC!

MeHee ABHHM, HO 4acTo 0oJee YNOOHHM AN MOJNYUEHHA HY3
fiBfeTCcs MpeiCTaBJIeHHe CMelaHHOA pasHOCTH, MoJy4eHHoe 60J
MaTemMaTukami [1. BuHeBuM ¥ K. MBaHOBEM (1985):

z
AL(U-- Ak(m 7(('Z>=Z, 4’ Azf f('z +‘-”) J
s=1{

/ (3] p(d) (5) p(K) Vi (1 p (1) (<)
i —M[ }l’ *..."'ﬁt £ ,i =V; ‘ +”_+2);("£ .

5)
HarypanbHoe ¢ ., uMcaa g_,.((- A 1:"-‘ u3 (6), (7) 3as;
oT K , MpUueMm d
) 5) (s) .
aéfj ’25- +KI(J‘ ﬁi,/=1,. N A

CyuecTBOBaHME 3THX WICeJs rapaHTHpyeTcd. [loclelHee YCJIOBH¢
eTcd Haubosee CYWMECTBEHHHM A NMPUJIOKEHHMA (CM., HAMDHUMeEDp,
C nomombo BBENEHHHX Pa3HOCTHHX OMEepaTOpPOB MOXHO OMfpe)
Iy M HEenpepuHBHOCTH (yHKuMR IBYX NEpeMeHHHX. ByneMm cui
fe C(Q), 1flee) = iy 8 1€ (x50 .
BBeneM B pacCMOTpeHMe clelyolie MOAYJH HenpepHBHOCTH
- momuwR ropsgka kK € N

el T) « = Su-p #A:flf, T 24q
s kT

- YacTHHE [0 X HI‘IDJ HODH.&K&K:

(:} K : .51’2
(fit):= Sop Nlgewr {1,

CyMMa 4YacTHHX MoAayJsied:

Q) =, (s b))+ ol Cfitadgtn (

cMemaH ! TopA KA an
ey (F;¢): = su_,o lAh¥li 4 =(4,1%)
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B mpaBHX 4acTAX 9THX DABEHCTB HOpPMa aCCOLMMPOBAHA C 00/aCThD
onpelenieus QYHKIMM, CTOsWefl MO 3HAKOM PA3HOCTHOTO OfepaTopa; Ham-
puMep,

k24 HAS M=[o,1-kk]x [0,1-x#,].

3TV DA2HOCTHHE XAPAKTepHCTHKH MMEDT P CBOACTB, KOTOpHE aHaJ0-
IW4HE CBORCTBAM OJEOMEPHHX MOAYJeR HenpepuBHOCTA (cM. §1-3). [pu-
BelleM ANs NpUMepa cJeAybuMit aHajor HepaBeHcTEa Mapwo (M £ K )
l

Wy (f;T)¢cT™( J mf/ﬁifff(’("ds T (m)

HoBo#t TeMaTHKOR (M0 CpaBHEHHMH® C OIHOMEPHOR CHTyalMe#) sBJseTcs
CBfiI2b MEKIY MONYJAMM HENpEepHBHOCTH Pa3/MYHOr'0 BHAa. MH IpHBeleM ABa
COOTHOWLEHWA Takoro THma.

Teopewa 1. I € C(@), ceZ, , t=(T,T)

max W, (fit) 2 we (f:7T), (9)
Il =K |
WetT) « cQ(fit), k > i-1. (10)

Jloxa3aTeJbCTBO 3KBHBAJEHTHOCTH (9) MCNoJb3yeT TOKAECTBO (4) H
npefjocTaBnseTcs vyuTaTe/Mmo. OueHka (10) MoxeT OHTh noJsyvexa Gonee
CNOXHEM NYTEM ¢ HCIOJb30BAHHEM TEODPEM O CKODOCTH KYCOHYHC-IIO0JMHOMH-
ANBHON ANNPOKCHMALMH.

MoZym¥ HenpepHBHOCTH OYHKLUMM LBYX (M MHOTHX) IEpeMeHHBX #CMOJb-
3yOTCA B OUEHKAX ANA CKOpPOCTH NpubimxeHus OQYHKUME. AHANOT'OM Teo-
peMs YuTHu (cM. §4) and QyHKUMRA fz&;y‘) fIBJIAETCA CJelyKllee YTBepX-
JleHHne.

Teopema 2. Nyets ke N, nceN, ; -(d_( ¥ ). s feC(R)

HMEDT MECTO HepaBeHCTBa:

e(t: )

ef; %

< Jﬁ_(‘u Q)x:(;ﬁ ;%') .
Jz(«)QJ iz );

§%¢tal

ke C(Q)
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A
e(f; ﬁd-e)cmﬁis("“’d &gk

[lepBHe JBA COOTHOMEHHS MOXHO YCTAHOBUTH C IOMOWBK MOAXO0ASAUMX
KDHTEpHEB MpEeIKOMNAKTHOCTH MNOIMHOXECTB 'dl ( QJ (cM. §4 ans OyHKUMRA
OOHOTO MepeMeHHoro). TpeTbe HepaBEHCTBO (KaK YacTHHM cayuaft GoJiee
ofuero pe3yabTaTa) MoJydeHo B 1970 roay . A. BpyIHEM.

Bce ompefesieHHsi ¥ OCHOBHBE De3yNbTaTH 3TOr0 naparpada nepeHo-
CATCA HA QYHKIMM f(t,,...,I',LJ MHOTHX TEepeMeHHHX M HEeKOTOpHe DYHKIMO-
HaJIbHHE [POCTPaHCTBA, OTJMYHHE OT

3ajaud M ynpaxHeHus K §7.

1. MoayunuTh sIBHYR QopMyny IJsi CMelaHHO® Pas3HOoCTH Aif (1': )
aHAJIOTMYHYD (1). PACCMOTDETb YACTHHe ciydaW o =(1,L),a=(2,1).
2. 06ochosats mpencrasmemte B = BN B 3
3. Jlokasats, 4ro fl Aﬁ /= 2% . yemy paBua mopMa omepatopa & ?

4. loxasaTb CBOMCTSA 2-5 DASHOCTHHX OMEPATOPOB.

5. NoKaszaTh TOXIECTBO A?.f@j)"z,o%" If{x,yf-d;‘g) mna k=1
uK=2, ket /=K

6. BHMMCATh M IOKA3aTh TOXNECTBO KeMmepmaHa (5) ang £=2 # 3a-
Tem Las pasHocredr A%y £, l)=2. : :

7. lNoJyuMTb BapHaHT NpeNCTaBJeHHs (6) ¢ OrpaHMYeHdeM (8) and k=2.

8. BHUMCIUTbL MO/ HempeprBHOCTH (J, (£5T). wf”(f,- 1), W, t)
¢ ol=({,4) nns QyHKUMHA

a) f(xg)=xf; f s e
B) {(‘T,y)-'-'x g ’ ‘JJ € + 2
c) {(7-:3)‘= V.‘I.‘g )

Bo Bcex cJyuasx 0« Xy Y%L

9. VCTAHOBMTH OKBMBANEHTHOCTb (9) TeopeMs 1. MCmoab3oBaTh NS
aToro ToxmecTBa (4) M (6).

10. JoKkazaTh ANA QYHKUMA { e¢(C(Q) nepasencTso

wy (f3t) < c(auja ml‘,h Pl dh, txh:=(th taba).

Ykazague. McrnoJb3oBaTh HepaBeHcTBO (8) §3.




5] -

(1)
11. Jokaszats, uro @ (f;T) x &) (f;‘t)*-a)fz'(ﬁ T
12. OLEHHTb KOHCTEHTH B HepaBEHCTBAX TeopeMH 2 AR K=14,2; k=]

§8. 3amayM NBYMEPHOH MHTEPNONALMH. HHTEpnoOJALMs
C MOMOUbI MHOTOYJIEHOB H3 Jj

OCHOBHOJ BOMPOC, pPACCMATPMBAEMHH BO BTOPOA 4acTH MOCOOHMA - MpH-
Gmmerve Qyexve § IBYX UepeMeHHSX X W Y ¢ NOMOUBD asreGpan-
YECKHX MHOPOWJIEHOB M KYCOUHO - TOJMHOMMAMbHBX —(YHKUMA. ByoeM cum-
mars, w0 e C(Q). Q=[0.1]= {(=,5): 0Ocx,y<4}.

Nycts X 0f03HA¥aeT OJHO M3 NMPOCTPAHCTE ArefpautyecKaX MHOTOLJEHOB

D wm ﬁ.» OT IBYX MepeMeHHHX, BBeleHHHX B §7; 4 € X - MHo-
roufeH Hawnyulero npuGmmesms £ o romomsn X 8 merpuke C(Q)
T. €. TAaKod MHOTOWNeH, ANR KOTOPOIO

e(st)C(Q)f=;:§ L -Plogy= 1 -F M eqar -

CyllecTBOBaHUe p* LIS Kagnow fe C(Q) chenyeT U3 ofUMX peaymbTa-
TOB TEOpHM NMpUOMKeHWs (cM., HampuMep, [2], crTp. 8). OzHaxo AnS
OyHKRUMA OBYX NepeMeHHBX 3(@eKTHBHHE METOIH MOUCKA /0’ (THna cl‘m{o—
MEPHOT'O aJiropT™a PeMe3a) HeW3BEeCTHH. B CBA3HM C 3TMM BMECTO O Ea
MpakTUKe uacTo Mcnonbaywr wiorounen P=Pf . rme P:C@QI-X -
HeKoTOpu /uHeNHHM mpoektop Ha X . T. e. %zj ans fe)( . Tak KaK

e(;,)()cm) < !/{—P{llcm,é(1+/:Pi/)e(f;)(c(a)' (1)

(npaBoe HepaBEHCTBO B (1) ecTs HepaBencTBo fetera), To #f- PPil Tex
meHble otimuaetcs ot Af-p*l=e(f;X) . uem wesbue IPf . Wrak, rak u
B Clyuae OJHOrO TepeMeHHoro, NPeANoYTHTEJNHO UMEeTh NeJO C MPOeKTO-
pOM HamMeHbueft HopMs. B § 8-11 mu paccMoTpuM azady wuHumpsawm JPH
ANS TPOCTEAMX NPOEKTOPOB - UHTEPHOALUMONHEX.

PACCMOTDUM CHaYaJa 3ajady uuTepnosAuuy £ c MOMOLBD MHOTOUJEHOB
u3 q,)L,fL(- +- Tak kax d’mgi-—-é(mt)(m@:/v (mouemy?), TO ANA
0IHOSHAYHOX PA3PEUMMOCTH WUHTEPTONALMOHHOA 3alaui TpeGyeTcs, KaKk M-
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aumym, N yenosuit 8 (mpocTHX) yanax. [loaTomy ofuas MOCTSHOBKA 3alayd
cleaywuas.

Mycts Ag=(2g,4.), - » Ay =(Xw.fv) - GuKcHpOB2HHEA HaGop
(pazmunsx) Tovex kBajpata @ . Lus fe C(Q) Tpebyercs HaiTi TakoR
MHOTOYJIEH Peg,’b , LN KOTOpOTo

P(A‘l):‘fi ,"';P(AN)-'-'fﬁr (2)

{( A f ( AJ’ ) . PaBeHCTBO (2) 3KBHBAJIEHTHO CHCTEME N JIMHEeAHRHX
ypaHeHH#! ¢ N HeU3BECTHEMY - KO3QPULMEHTAMH 0‘-‘ MHOI'O4JIeHa P !

2 Qi ‘r.; 3: "'7{.5 o g, (3)

O=(tken

e
WM B MaTpPUYHOM BMAE (MOHOMH X y yrnopAanounBapTes no ybOuBaHup 06-
ey cTeneHd)

x; r:-131"'3:"' X, Yy { \ a.,,o\ {1
5

X -"-'z“ya. 3: T, e 1 q'n-l, {s
200 o T (4)
: .‘ : C'Lw
" n-| Qa
Ty Xy v Ty hu l am
00 £N

0Go3Ha4MM uepes Al MATPHILY CHCTEMH (4), a ee ompele/uTesb uepe3 A .
Yonose A=0 osKBMBaneHTHO ToMy, uTo ToukH A,,..., A,, JIeRaT Ha
ONHOR anrebpanMyeckodl JUHMM Mopsfka A ; B 3TOM clydae 3azaya HeKop-
pexTHa. [l03TOMy NpH BHOOpE Y3JI0B MHTEPNOJALMM HYXHO MpOCJEIUTh,
YTOON OHM HE NONAJM Ha OJHY JMHMK MOpAAKa A . B cayuae n=1 N=3
(MHTEeprno/siilMsa C MoMoupl Jy ) HEepaBeHCTBO
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Xy Yo
A=ixg ' L1 ¥ 0
Xs §s i

osnauaer, uro A, A,,A, He jexar Ha ozHOR mpaMOR. 3aMermM, 4TO 8
3TOM cayuae A=2S . 5 - miowan> TPEYroJbEAKA C BepliHAMMA AJ-

Ecm A# 0 . TO HeHsBecTHe Kos(duumeHTH Q¢ eIMHCTBSHEEMOO-
pa3oM HaxolsTcs U3 (4) ¢ noMombo MeTona laycca. MX MOXH0 Takxe Mo-
JIYUUTL nochie oOpalleHHs MATPHLEH A

an,o ‘fi

Qg m_l :fa

-' = ; (5)
%40

o1
Qoo {N

0GosHauum yepes ; MHOrOHJeEH i}3 C},-,), K0a0@UUMEeHTH KOTOoporo oSpa-
3ypT L -# cronbel MATPHLUH Al . PaBeHcTBO (5) 03HayaeT, 4TO
: P;(J:,y! ABNAETCA DelleHHeM METEepPNOJAUMOHHON 3ajayM, COOTBeTCTEYD-

uek cayean f;=4,4=0,j#¢ : i-# cromsen A™ nosysaerc
rnocie ee yMHONEHWA Ha BEKTOp iy T
R e R R

WTax, MHOTOYJIEHH P; poveg P, YIAOBJETBOPART YCJOBHAM:
@ (A 4{ 'J. =
pilzgred, ; Pe J) —‘é'gs 0 j*i (6)

[03TOMY WHTEPNONALMOHHHN MHorouwner £ . YAOBJETBOpAoWAA (2). uMeeT
BHA

N
p(%;ﬁz ,ﬁ-p‘-(a:,g). (7)
() |

dopMyna (6) ABNAETCH aHAJNOIOM MHTEproAsLMoHHOR GOPMYJIH JlarpaHEa.
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Wrak, uHTepnoasuonnsit npoextop P:((Q)— 9P, . mocTpoerHsA Mo cc-
Teme yanos Ay, ..., Ay . HMeeT Bug

N
Pl(x,g) = Z; FA) p: (x4 ; ®)

MHOTOUJIEHH P; YAOBJIETBOPANT YCJIOBUAM (6); WX KO3QQUUMEHTH COCTaBAS-
oT { -A cronben maTpuus A :
MoXHO ZaTh ApYroe ONMCAHHe GA3MCHHX MHOrOuleHoB P (X.4) .
0Soanauum yepes A;(X, %) onpememutens mopsaka N . noayydapumicsa
us A nmyTeM 3aMmeHn L- CTpOKM (OHa 3aBHCHT OT I;, ¥) Ha cTpoxy

YIOPALOUYEHHHX MOHOMOB I’yé. 0<S+t<n . Torma ana Bcex i=1., N

ﬂ-(r,g):—é— A, (x.4). (9)

lleficTBUTENBHO, /D;(z, g)ecf?b (Hamo pasnoXUTh A:’ o ¢ -#t cTpo-
ke); p; (Aj)=d,  (T.k. A;(A;)=4 . a omperemirens 4;(4)
COJNEpXHT IBE OJWHAKOBHE CTPOKH W paBeH 0). [loaToMy

Pf(:c,g)=i—-.% f(A,-)A.'(I.g). (10)

#3 QopMyJH (8) TodydaeM, Kax W B OQHOMEPHOR CHTYAlWH, BHpaXe-
kie ans Hopud P kak omepatopa 2 ((@) 8 C(Q):
N

Pl o exinil
Q) (@) (':;faé lp; (.l (11)

WM ¢ y4yeToM (9)

N
1P 5 max Z IA;(:t,ng. (12)

C@@) —C@) =Ml (xpeQ i=1

3ajayd W ynpaxHeHHs K §8

1. MokasaTh, 4TO C{im@t = %(’L*Llfn*'z).
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2. MonyuyuTb HepaBeHCTBO (1).

3. Jloxas3aTh chnpaBednuBOCTb GopMyn (11)-(12) ans HOpMH MPOEKTO-
pa P

4. CoCTaBWUTh NMporpaMMy, peayH3ybUyl BHYHCJEHHE JPIl na 2EM.

§9. JluHediHas M KBaJpaTHYyHAs MHTEPNOJSALMA HA KBaJpaTe

B 3TOM naparpade Me DACCMOTDHM MPOCTHE, HO BakHHE OAf NPUJIoMe-
HAH CJy4YaM JHHEAHOM M KBaJpPaTHUHOM WHTEDNONALMM HAa <B3a]paTe, T. €.
MHTEDNONALKRM C TOMONBD MHOTOYJEHOB U3 95 " 93 . OCHOBHOE BHHMAaHME
MH YIEJMM NDHMEpaM.

§9.1. JlvHedHas MHTEPNOJALMA Ha KBajgpaTe

327448 UHTeDNONALMM COCTOMT B TOM, YTOOH AAA LSHHOTO Habopa To-
ek Ay, Ay, Ay usnavemit = £(A) . fa=7(A2) | fa=f(As)
yKasaTh MHOTOWNEH P(X.§)= ax «éy+c rakont, uyro P(A; )=
=p(z-,y;J=‘f; . Mu cumtaewm, uro yams A, , A, As Ee zemar Ha on-
Hoit mpAMoi, T. e. (cM. §8)

Xy Y 4
A = x, yL i ?E 0.
Xy s i

B 3TOM ciy4ae ABHOE pelleHHe 3&Ja4il 3alMCHBAeTCs B BHIAE

a i 'ﬁi :rq HL 1
6 = M- {2 ‘ A= X, HI— i
B {1 X3 }js 1 i

W B Ipyro# gopme
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LJs HeKOTODHX eCTECTBEHHHX PACMOJIOKEHHE y3J0B MHTEeproJALMA.

(frfd + & Chosche(s-02, )y +
+ 4

(0,0) 14,0

=
=

}A:AIAH plx.g0= Pl (zy) HM:
0.0(10 |©0 | h-t)z+B-fly+f |3 |
:(0,0):(i,O)l(% P -fx bRyl 130
|(O 0) (i O) (f 1): fa'ft)x'+(‘f3".%‘ﬂ '%f:.)i +£1 : 2 :
¢ R R TS =
006, picg.p1 SICHfiB)z « 5

f+(-%_ L-theblyrnfl 7

i i

| I

o !

[ — e — —— —

I l

! !

T AR

! | (ot
'

1(4,0) |

! I

L L]

[[9Tas CTPOKA TaG/MLK ofofiaeT TPU NEpBHX CAyyad (IBe TOHUKM (QHK-
CHpOBaHH B CMEXHHX BepUMHAX, TPeTbs MeHseTcd 1o Keajpaty). Hopma
UHTEPTONAUMOKKOrO MPOEKTOpa B 3TOM CAYHae 3aBUCHT 0T of, B i
BHIJIAAMT CRELyDmMM 06pazoM:

; 2_+_EP_2°: G R T
P(J.P)"—-'- < 2¢+E T (M'P\ & T_[ (1)
f

a-p , wpel
S
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ﬁ(r.y)= _Ai ( £, Ay (1‘.3) + f,_Az(&t‘.gJ wJu by ()

MHOTOYNIEH A;(-l‘,g) momyyaeTcs 3 A 3aMeHod ¢ -# CTDOKM Ha
crpoky (X £ . HopMa COOTEETCTBYDLErO MPOEKTOpa

pP:C(Q) — sz (cmraen Pf=p ) pasua
3

1Pl = —— mez A (=g
; (Al Ocxyed L

HopMy P Moms0 B KamIOM KOHKpETHOM Cliyuae HaiTH HHAYe - HAO AC-
MOJb30BATE TO. HTO MAKCHMYM H MAHUMYM NMeRHOR QYEKIM p = P£ na
xsagpate (3 ZIocTMraeTcs B OMHOM M3 €ro BeDIMH.

Opmmep 1. Nycts A, = (0,0),A,=(L,0), As=(0,1) . Torma

o0 4 -1 10
ol & o A==ty %
il 2

04 4 i B 0

n PEYI=(frb)x e (e f)y v £ o osmece plEg)=-xoyHd,
Pa(®:4)=2 F; (X)) = ¥ (KO3QUUMEHTH STUX MHOPOWIEHOB CTO-
AT no crontuam A"). B mamHoM ciydae A = JA) =1,

= cx+y i
i |Pc(-’k§11= ™ d
f 2(.'.t+a)-*i . 151*352

MoaTomy ﬂpﬂ = max IP;\ =3 . C Hpyro#l CTOpCHH,
ﬂ.} i

NP =mex wmaz |plxy)=maz mar{[ (0,0)(, [ p({,0/,
-1efiey (x.y)eQ P( / ~fef. €4 P F

Ip(0.4)], 1p(L,1)] f = max naz{1fl,1fa!, 1l fefofilf =3,

—l< (Si

MpuBefeM 31ech TaGumly, B KoTopod mpexcTasiexs suadenns I P
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ol
=1
1=1

an—

Il

v 3 o
Puc. 7

OTMETHMM, YTO DACIOJIOKEHHA Y3/I0B B IIEPBOM M TDETHEM CJIyYasxX HauT
MAKCHMAJIbHOE 3Hauesue miomamm TpeyrosbHmka A, AAs -

Wrak, cayuait swbopa A,=(0,0), Ap=(4,0),A =(% %) naer
Il PA=2 u rapaHTUpyeT OUEHKY AN® TOMHOCTA NPHOJMEEHUS

1 =Phlya < 3e(h: R,

BIOJHE MPUT'OOHYD LJA [MPaKTHYECKHX BHYHCJEHHMH.

OTMETMM, YTO 3a CHeT BHOOpA Y3J0B MHTEPHOJALMY TOC/EIHOD OUEHKY
MOXHO HecKoabko yayumts. Nyers A,=(0,0),A,=(t,1),A=(4,t), 4L,
3Haverus t=0 u ¢= ﬁ- naot [IPI=3 n IPI|=%=2.33,,, COOTBETCT-
BEHHO. OKA3HBAGTCA (BEChMA HEORWNAHHO), YTO AR HEKOTOPOrD MPOMexy-
TouHoro 3navemns t'€[0,7]1 WPI<2 1 B obmem cnyuae

% 2
ﬂP;:Lf(f)‘max(?-——é S,_*_?:f..'_t-)

{*__‘: L} i_‘t?. (2)

®opMysia (2) ToMyuaeTCH Mo obmedt cxeme. [POCTOR aHAM3 MOKAIHBEET,
yto QyHKmas ()= 13-*;:: youBaeT, a QyHKUAA \(H)= 33T
BOSpacTaeT; chejoBaTesbHo, min, \P(t)  pocturaetca B Touke
$¥e[0,1] . KoTopas SBARETCA PelleHHEM yDAaBHEHHs

3= R LeE -t

—

1++ ety -
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~5
wm +5-3t+4 =0 370 saer suavemme t'= ?-—Z—Y-T: 0.351%...
Tak xak
¥ ) -
H,)zs-f _3+\F _ (3+V5 )(S-VE) _ s ANGF
f {+4*  s-v3 20 1. s

TO MiHMMaibHOe 3Hauemne N PN=PH")=1+/0.8 = 1.894423L ...
MHTEpecHO 3aMeTHTb, YTO WMCA0 +% ABJFETCA "MACMUECKAN" HMCIOM
"30J0TOr0 ceYyeHuA": NEACTBHUTENbHO, YpaBHEHHe

il e &5
ek N (3
. .
skBUBanenTHO t - 3F+1{=0 . PaBeHCTBO0 (3) kax pa3 u Ccojep-

KUT onpefesieHue "30J0TOTC CeYyeHHs": OTHOWEHAe MeHEWeH HacTH K O60Nb-
wed paBHO OTHOWEHMW Gojbleff 4acTH k UejoMy. I'eomeTpHuyeckH (3) 03-
HayaeT, 4YTO NpH COOTBETCTBYbIUEM BHOOpE TOYEK A1 ,A .A3 omaau
TpeX TPEeYTOJNbHUKOB, NDUMHKADUMX K BeplMHaM XBanpaTda, paBHH.

'E’.
53

S

Puc. 8. 94=5,=35;:

§9.2. KBampaTHYHasi MHTEPNOJALUMA HA 'ua.npa-re

3agava uETepHOMAE f v P = PL  cocrour 3 Tom, wrodH A7A
fMKcApoBaHHOro HaGopa Tovek Ay, ..., Ao € @=10,41% A =(x.4:),
HE JesAIX HA JMHWM BTOporo mopAzxa, W amasemnit §; = §(A;)  yka-
saTh MHorownen P(z,§)= azﬂ@x; +C31+ d:t:+cg+£ TaKO#l, 4YTO
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/O(Ai)='fi »¢=1,.., € . Ycioswe, maksamuBaemoe Ha Toukn A; . sB-
JRETCS BEChMA OTPAHHYMTENBHHM; B YACTHOCTH HE [OAXOLAT MHOTHE CHM-
METDUYHHE DACMOJOKEHUS Y3J0B, HAIDUMED TaKue:

Puc. 9

Ec/m Al He Je¥aT HE Ha KakKofl JMHMM BTOPOTO MOpsAKa, TO 6X6 -
MaTpuua

N
xf oY g X Yot
ST R e A
X Xefo Yo o do 1
ABAAETCH HEBHDOI.HEI'H'IOH. H pelleHde 3ala4y¥ JaeTcA DaBEHCTBOM
Q
. i 7

b -4
W [

peryy =2 fip ()

rze P; - HOroAenH, KOI(OUUMEHTH KOTOPHX COCTABJANT CTONGUH MaTpH-

m A
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Opuwep 2. Myers A,=(0,0),A,=(1,0), As=(0,1), A=(1,1),A.=(3,3)
Ac=(3,0) . Touxn Ay, .-, Ac pacnonoxeHs cuMMeTDHYHO, BHOOp A
CBA3AH C yxazaHHMM orpammuenmeM (A .. A; sexar ma nape npammx).

Ay A,
-As‘
Ay - A,
Puc. 10
B atoM cayuae
B 22000 -4
1006 404 A s g D
Rlhii v vl Asl s oo
4 | o o
ARt i 0 1 0-L4 -4
%OolacL 1 Do 800

p(x.y) = Ph(xy)=(2fs 2y -hfe)x® + (fi-fo-farfs) xy +
+(-frfa_*¥5e{r4f:*4fc)yz+(—3h-fz+44?c)x ¥
"'( 'F,_-#,, 485 '44?5)3' +’fi,'

= P (X .
ggro‘meﬁ P(x,ai MOKHO 3aIMCaTb TaKEe B Buie P(%j) ?ﬂl’.( .

/J'.{(I.J)=2:c"+ry—f—3=c 45 Pz(x,yh.?x’--xz‘z’--:: #45
Pa(Tap)=-xg+y®  p(xyg) =24 42 -4
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P_g'(‘rgj= "47?'* IIJ 3 Pé (va7 ="4.'X.z'+ 4Jlf 41'4J-

HeTpymso mokasaTb, yto and Bcex i=4,..,€ # BCEX (xg)i—G

1 pi (R & g -,

lo3aToMy ANs NMpOEKTOopa P no yaaaMm A_( 5 v A

6
Pl = maex 2 [ p. (=gl € < . (4)
(xye@ !

OneHKy (4) MOXHO YAyYmUTH, HanpuMep, C moMmompbb 3BM. Bo BecsKoM ciay-
Yae, AAA TOMHOCTH NpUOJMEEHUS apaHTUPOBAHO HEpaBeHCTBO

A= Pl € P e(f: )

ce) (5)

3anayd W ynpaxHeHus K (9

1. MoueMy QYHKIMA /Dég,) NPUHUMAET MAKCHMAJBLHOE (MHHMMALHOE)
3HayeHWe B OHOW M3 BEDUMH KBAApaTa?

2. ToKa3aTh, YTO MAKCHMANBHOE 3HAYEHWE IUIOWANM TPEyTOJbHUKA,
conepxauerocs B ksampate [0,11%, paswo —;: .

3. ToMyuHThb pesy’bTaTh, CofepkaupMecs B 2-4 CTpokax Tabn. i.

4. Monywts ans Qyexum Fle, p)  dopuyay (1).

5. JOKA3aTH, 9TO IS -HODMH MHTEDNOJSIMOHHOrO MpoekTopa A,
nocTpoerkoro no Toukam A,=(0,0), A,=(¢.1), As=(11), crpasesmea
GopMysa (2).

6. PaccMOTpHM HM3BeCTHYD MocJieoBaTesbHOCTh PHGOHaYYM:

i!i-213lsl 8,13.2‘..34’,55’,..

*
loxasars, uro ans Hee Cime Q. / Qn=1-t = 0.¢180...
h —=os
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7. Yemy paeea fl Bl ¢(1)~c{r7) TP¥ MHTEPMOJZLMH MO TDEN BepLHHAM
npsMoyrosbEnka [1=[ 0,10]x f0,1] 7 JImGoro NpAMOYroJibHHKA
1=la,¢1xfec.d] =

8. AxKypaTHO 0OGOCHOB2Tb HENPUI'OAHOCTH BHOOpa TOWEK pHUc. 9 B Ka-
YECTEE Y3J0B L/ KBAAPATUYHOM MHTEpHONALMK.

9. Yayuymute oueHk# (4), (5) c nomousi 3BM.

10. PaccMoTpeT: Bonpoc 06 3@0eKTUBHOA MMHEAHOA WHTEPIIoJsLHY
OYHKIMA Tpex NEpPeMEHHHX HA eIMHUYHOM Kybe [ 0, iP. OnpelenuTs HODMY
MPOEXTOpa Mo YeTHpeM BepUMHaM Kyfa, Kamgne IBe K3 KOTOPHX NpHHAe-
®ET OOWed I'pasu.

|

|

E §10. OueHKM INs HOPMb HHTEDMOJALMOHHOIO MPOEKTOpa.
Croco6sl BHOOpa Y3J0B WHTEDNOJALMM HAa MOAMHOXECTBE XBajpaTa

I

2
lycts G - 3amksyToe mogmHoxecTso kBagpata Q=[0,41" , omio-
aHAuHO ompefejsnmee MoGod Mporowrer us % (ecna PEYI=3@y) s
P9 €P u zcex (x,y)eG, 10 p=¢ Bepdy). B mpocTelimeR CHTYaIMH
- pech KBagpaT (7 . [lycTs, Kak M pamee, /V--Jim?,i-i-(mﬂ(m-i’).
gom Toukn A, =(xi.4¢) e ,i=4,.., N, Takosu, uTo ompemem-
Temb

2 2y . 3: oy 4

Xy Xy e Y Ty L
oT/mueR oT 0, TO dopmysa :
v N
1
Py = Pllg)= Zi fipiey) =2 _Z;fz L(xg), W
L= . L=

'7((- = f( A;) . samaer msrepnosuonmsit mpoexrop P: C(G)— % .



= mhes

TaKOR YTO P(At‘)= £ . 3mecs A; - onpejemuTens, noAyyamuMics
#3 A 3aMmesoR [ - @ CTpOKM Ha CTpoky ( X" X % ... & y 1 ).
Hopua P kax oneparopa n3 C(G)e C(§) pasua

N

ﬂpn-_-._i_ a e Z: lA;(:r.,ng,

A (‘x.y)éG (=1 "

lloka3aTesbCTBa QopMya (1) # (2) amasormuns caydan G=Q (cm. §8) n
NPefoCTABARNTCS HUTATEJD.

BufepeM TOYKH A4 y--. My cnendajeHbM o6pa3oM, a MMEHHO Tak, |
yTo6y Bemmumna | A| uMena  MaKcuMaNbHOe BO3MOKHOE 3HAYEHME MM
cex BapuanTax A.€§ . Torma, ovesummo, nns Beex i=L, .., N u
(1,3)66 6YNeT ‘BHNOJEATHCS HEPaBEHCTBO ‘

]Ai(x.,j” £ &% -

B CBA3M C 3THM IIDH TaKOM BHOOpe Aj

WPlagy—cy = V- 3

Wrak, MH o6QCHOBAJM TaKo# crocob Bubopa Y3JI0B HHTepnoJifAlWA.
Oepsui cnocol. Yam wutepmosmm A,=(xT. o), , Ay=(Ty.4u) Bu-

6MpanTCA KaK pelleHHe 3afauil MAKCHMA3AIMHA
[ Al = max TpH YCJIOBHH (I;,g;) cq. (4)

" TouHoe ¥ 3(Q@EKTHBHOE peleHne 3ajayd (4) N8 NPOU3BOJBHOTO G
yKa3aTh TPYAHO. B peanbHORA CHUTYyalMH G - KOHe4yHOe (MHOrOTO4YeyHOe)
MHOReCTBO; ecym (3 cocromT M3 M Touek, TO MOSHHA mepeSop TpeGyer
BHYHC/IEHHS CM onpene/mrese 4 i BceBO3MOXHHX Habopos uz A
To4eK. B pale cay4aesB (npd HeOOJMbUMX A ; AJNA CHMMETPUYHHX WJM Clle-
LMAJIBHBEX G) peweHHe ynpomaeTcs. MoxHo Takxe noTpefoBaTh, 4ToOH Be-
mranka [A[ Ghna "mourn makchMamra': ecmt [A;(x,$)< ylAl, (x,5)€d,
£=i,.,,,/V,, ¢ Hekotopoh Y =4 , TO 3TO JAeT OLEHKY HOPMH COOT-
BeTcTBYOUgro mpoextopa B Buie IPl<yN . OtveruM Takme, uTo Xopoume
pPe3yMbTATH JalT HEKOTODHE 93BPHCTHYECKHE AJFODUTMH pelleHHs 3aIaud
(4).
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lpuBeneM JpYro# MeToh BHGOpa TO4YEK A . BaxHEM NOCTOHHCTBOM
3TOT'0 MeToJa S#BJAETCH To, YTO Habop ToOYeK Al,...,A, CTPOMTCH MMOC-
JenosatessHo. CrlenyeT, OIHaKO, OTMETHTE, YTO KM3BECTHas TeopeTHYeC-
kaa oueska / Pl B 3TOM ciy4dae 1O MOpAOKy L Xyke, 4em (3). IToT
crioco6 ommMcan A. forHccoHoM (A.Jonsson, 1986).
| BTODOR cmocof. OGo3HawMM yepe3s |  B3aMMHO-OQHO3HAYEOE CToOpa-
nel-me MHOXECTEA G Ha MOAMHOXECTBO R , OCYWeCTBJAEMoe [0 [IpaBrjy

(x.4) '——"‘}('-(x 2y, . s X80 < RY

nyere T(G) - oopas G . Towkw Xj,., X, (4 ux nmpooSpasu (.5

N
MIyTCs TaK. lepsse NBe TOUKH ! X2 BHOMPADTCH K&K DelSHUE 3HC-
r‘reuanbﬂoﬂ 3a1a4K

[X =Y | pn — max X XeT(G)

L

:mecb 7 \ﬂ - eBkmNOB0 paccrosmue B R° . ‘Tawmy obpazon, X,
X, - zee Maxcmla.m:uo VIATEHHNE OZHa OT Ipyrot Tosxu ¥3 1(§). Ha
3TOM 3Tame B JMCKDETHOM cAyyae Hajlo nepeGpaTh BCE TapH TOYeX; BOpO-
4yeM, pelieHWe MOXEeT GHTh OYeBHIHHM.

Ianee, X BHOMpaeM Kak HamGoJjiee YAAJEHHYD TOUXY NPSMOM, HPOX0-
asmed vepes X, . X, . Touka X, IomKHa OWTH MBKCAMAJBHO yAGjeHa
OT TJIOCKOCTH )(‘(}(2)(3 R T L. ek, X €T(§) - touxe, Hambosee
yaasnessas oT (k-2) - MEPHOrO JHHEJHOTO MHOTQOGPA3UA, NPOXOLSWETO He-
pes Xy, Xy

Baccrommme d o RN X 2o mmemsoro muorootpasus (= L+X
rae L - noanpoctpasctso ¢ Gasucom | ,.. V5 . paeso

* £
Gt(vi-nv"',,--.,v_s,X"XJ -

d= .
Gz(VI,Vz,...,VSl) _ ‘

G 7 ( ) ofo3Hauaer onpefe/MTe ]t 'paMa CHCTEMH BEKTOPOB ( )
CBA3M C 3TUM (T.K. 3HaMeHaTeJb QMKCHDOBaH) Ha K - M Ware MH pac-
CMATpHBaEM 3ahavy

G"(Xz 'xj. ) ' Xg-l -XL ',X —Xi) — M@ ,
X e T(6),
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peleHe KOTopo# maeT XK . Ecom G cocTouT u3 M Touek, To aTa
cxeMa TpebyeT éM/V BHYMCJIEHHMII ONMpefieMTesed 'pama HapacTawuero
nopazka. IpH BHYKCJESHMH CHMMETPUYHOA MAaTpUUH ['pama cliedyeT y4ecTb
ee NpPeeMCTBEHHOCTEL MPH Mepexole K clefyoimeMy MOpAIKY (oKa#MieHHe
CTPOYKOA M CTOJOGLIOM).

B 3axkioyeHHe OTMETHM, YTO HHTEDNOJALMOHHHN MHOI'OYMNEH Pf , noc-
TpOeHHHA Mo ToukaM (X, ¥i)& G . MOXeT CNYKMTb pacrpoCTpaHeHMeM
(TIponOMIkEHAEM) f Ha Bechb KBajpar.

3ajaun ¥ ynpaxHeHus K §10

1. K KaxkuM pe3yibTaTaM NPUBONAT NEHCTBUA ONMMCAHHHX METOLOB IJf
H=3 (re.n={) ecm § -

a) Bechb KBaJparT;

B) BIMCaHHHR KpYyT;

C) BIMCaHHHHA TpPEYroJbHHUK ?
PazofpaTb Apyrue MpoCTHE CJyYau.

2. [lpuoymMaTh DBPUCTUYECKHR aJlOPUTM pelleHus 3anauu (4).

3. Peami3oBaThb BHOOpD y3Ji0B mo crnocobam 1 u 2 Ha 3BM.

§11. HHTepnONAUMA QYHKUMA NBYX MEPEMEHHHX C MOMOWbI
MHOTOYJIEHOB M3 )y

B §8-10 MH paccMOTpeJ BOMpOCH, CBA3AHHHE C_MHTeproJsudeR QyH-
KIMil OBYX MEepeMeHHHX C- IOMOWbD MHOT'OYJIEHOB U3 95.:[ , T. €. MHOrO-
YJNIEHOB OT JIBYX MepeMeHHHX oOuWe#l cTereHM He BHle A . [pyrod ecrecT-
BEHHHH KJacC HMHTEepNoJMPYDUMX MHOI'OYJIEHOB - COBOKYNHOCTH Jm,n MHO-
I'OYJIEHOB OT X' H } CTEleHY He BHWle M 110 £ H He BHWEe A 10 i
Mpo Takue MHOT'OYJIeHH I'OBOPAT MHOrJa, 4TO OHM HMeBRT "pacnajapuyocsa"
WM "BEKTOpPHYR" cTeneHb. MW MokakeM, 4TO NP ONpelesieHHOM Molxole
HHTEpIoJIALIMA MHOT'O4YNIeHAMd BEKTODHOH cTeleHM GasupyeTcs HAa OLHOMEp-
HOMl MHTepnoJauMd. QaKTHYeCKH, OMICHBAEMHN METOJ MHTEeploJaUMy [oJay-
yaeTcd KoMOMHaUMed MHTEepHoJALMM [0 ABYM HalpaBieHuaM (1mox ¥ noz 3.
flo ompeneJsieHun, fég,?m , ecJm P("'# ) HMeeT BUl



=

= . ‘. J
OSJ's)L

fcuo, w0 D =diu D)  =(riffnst) . WMHUMATHHOS SHCAO YINOB WH-
TEPNOJALMM, IapaHTHpYyWllee eIMHCTBEHHOCTh pDENeHMs 3ajau¥. paeHo D .
npoc'roﬁ I €CTECTBEHHHA BapuaHT BuGopa L  ya/oB Ha kBaIpate Q =
=F[0£J nojyiaeTcs Tak. MYCTe Lo,uopy Tne : Yo, ., Yn - IBa
Halopa (pa3/MyHBX) Touex oTpeska [O,{ J . Nonoxwm

:=(I;.JJ) 6= 0, M ;d':oJ.,rL.
{ A ~ y3JH CEeTKH, mojydanuelica mp paaaaem KOOPIVHETHHX CTODOH
xsampara). NycTs feC@), §;=f(Aj)={(x.g; ) . 3azava mirepnoss-

M 32K/0YAETCA B HAXORNSHHM TAKOTO MHOTOUNEHA PE€, , . AIR KOTO-
poro

P(ZL'VJ)= ﬁ,{ 7 B, N ] J:o,.__’n_,_ (1)

B cayuae m=n=1 wmorounexn P(x,ﬂm:taf-gmcjﬂi SENSETCA
JMHEAHEM 00 X NP (QUKCHDOBaHHOM } , W HaoGopoT. TaruM ofpa3aoM,
MHTEPNOJAIMD ¢ NOMOWbR ¥ ; MOKHO HasBaTb GHIMHeHOR (477 Hee D=
=4). HH’I‘eplIOJ'IHLEHH C momompk % ,  HA3HB2ETCA GMKBAJPaTHOR (31eCh
D=9 ). Peuwenne 3ameum (1) ZaeTcs CAELYOUMM aHaJoTOM DopMy.H Jlar-
parxa. [IoJIoKUM

x-X
Li(m)-‘= /1 ——5’ y RELD .
Eho T

M, ( o= I g———-—-'_g‘ ) R
d ]) k?‘ &« J

Torna MHOTOYJEH

plx. )= ZZ fd ()M (g/ (2)

t’OJ'O
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[IpUHALLIEMUT gjm’h': Kpome TOrI'O,

ptrege)= L L £ L) M) = Fat @

L=0 J'=o
CJefoBaTesbHO, (QopMysna (2) naeT pewende 3ajaud (1). [pyras samuch
HHTepNOJIALIHOHHOTO0 MHOI'O4JIeHa

Pllxyg):= 2. L {t= i )L (=) H(q) (4)

i‘oJ’O

onpezensier mpoextrop 2 ((Q)~P, . . Hetpymo mokasare, uTo omepa-
Top P npencrapasercs B Buae cynepnoaummu onepatopos AV u P,
KOTOpHE 3Ieck 0603HaYaOT OXHOMEDHHE MHTEpNOJALMOHHHE NPOEKTOPH M0
CHCTEMAM TOYeK Xo,..., Ln. (HampaB/eHWe O0CH L ) H for ’cy"' (Han-
pasiese ocit Y ), T. e.

p ol PUJ‘ p(ZJ ) (5)

3amick pf{x.; )= P“'P(z’{('z, §) osHauaeT, uTo CHavaia (TpH QUK-
cuposasiiom T ) £ mmTepnompyetcs mo Y & TOMOI P sarem pe-
3y/bTAT HHTEPNOJMPYETCA N0 X C TOMOMbI

Tax ®e, KAK B OLHOMEDHOM CJyuae, [ONYYAETCS PABEHCTEO

= max Z, /L;(D:)/’L;(,)/. (6)

1P
c(@)—c(@) (x.gjéQ ,_"d'

Eciu mpeo6pa3oBaTh NpaByw 4acTb (6), TO oKaweTcs, YTO

- () y. 2y
IIPII(.(O,F_C(Q) P N-k P (1)

anecs £ PN - HOPMa OJHOMEPHOI'0 MHTEpNOJALMOHHOTO MPOEKTOpa P10
CcooTBETCTBYWUER CHCTeMe Touek Kak omepatopa u3 ((0,1) 8 C(0,1) .
TaxuM 00pasoM, ONTHMMAJbLHOCTEL ABYMEPHOH MHTEMJALMM 00YyCJOBJMBAETCA
ONTHMANBHOCTBE BHOOpA Y3/0B MO KOOPAMHATHHM HanmpaBJeHusM. B sacT-
HOCTH, HANpuMep, WHTepMoAAUMOHHER mpoektop P: C(Q)— 9?_1 no ys-
faM, COBNAZADUMM C BepUMHaMM KBAJpaTa, SBJAETCS HAWNYWUMM - LIA He-
ro JPi=4PI=1  i=4,2 (cm. ymp. 2-3 mocae §6). fpoexTop
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P:Cc(Q) 9;)2. NOCTPOEHHKA M0 CHMMETPUYHOMY HAG0pY Y3Nno3: BEepEMEH -
., 2z P
CepelMHN CTOPOH - UEHTP KBampaTa, uveer HopMy /f Pi=(1.25)=1.5¢25

3ajjayd M ynpaxHenus x (11

1. [loyemy P(I'.s.yfj={;t , CM. paBeHCTBO (3)%?

2. Toyemy ¥MeeT MecTO MpexcTaBnieHue (5)%

3. ToKa3aTh, WCMONB3YS (5), uTo A SBIAETCA NMDOEKTOPOM Ha ?2,::'
4. Jloka3aThb PaBeHCTBO (6) 4JA HOPMH NMpoexTopa. [IpoBEpATB, 4TO
1P =PV 1 PPy
5. Onpene/MTb ABHHM BHJ OMJMHENHOI0 M OMKBEApATHO'D HDOEKTODOB

No TOYKaM DaBHOMEDHOI'0 pa3fueHHs CTOPOH KBajpaTa.

6. MMokazaTh, He MCNOJb3YA paBeHeTBA (7)., YTO WHTEPHOOALMOHHER

TIPOEKTOD Ha 9;, ¢ [0 BepuMHaM KBajpaTa ABNAETCA HAWIYAM.

7. CpaBHUTL IKCMEPUMEHTANBHHM [TyTeM TOYHOCTH MPACIMEESHNA QYHK-

UMk ¢ NOMOUbH HHTEDMOJALMOHHHX [POEKTODOB aa@z [0 paBEOMEDHBM y3-

JaM ¥ yanam YeGhmesa. :

§12. TMpubimxeHue KyCOYHO-TIOJHHOMHANBHEMH GYHKLIHAMH

lycTb QyHKIMA ]f(z,g)aa,uana HA EIMHHYHOM KBajpaTe 0,=f0.ilz. Io
aHANOTHM C ONHOMEpHHM cJyuaeM 060o3HaumM uyepez X  pasfuerMe 3TOro
KBajpaTa Ha NPAMOYTOJBHHKM, CTOPOHH KOTODHX MapafulellbHH CTOPOHAM
KBalpaTa. Kpome TOT0, eci¥ Bce MPAMOYTOJBHMKA DAEHH Mexny coCol M
JUMHH MX CTOPOH B HanpaBJeHWsiX ocedl paBHH = ¥ 7~ ., TO TakKoe
pasOuenne GymeM 00osHauaTh N .p . Hakowen, B caysae K=£€ (pasbue-
HHe Ha Kk’ paBHHX KBaJpaTOB) GyleM MPOCTO MACATH IK . B nancHed-
geM, TOBOPS O NMpAMOYTOJbHMKAX #3 pasOuesms T , My GyZeM MCKIDYATH
WX BEpXHME W NpaBHe [PaHULE, eCJM OHM He COBNANANT C paHHled emu-
HUYHOTO KBazpaTa. TakWM 06pas3oM, NPSMOYTOJBHUKH W3 DPa3OHeEns T
He nepecexanTcs M UX ofbelMHeHWe NAeT eINHWYHBI KBajpaT.

BBefeM Tenepb MHOXECTBO gfj;(?l’ ) (CoOTBETCTBEHHOD 5;;,,; (7)) &y-
COYHO-TTOMHOMUAJIBHEX (QYHKIMA CTeNeHu € /L (COOTBETCTBEHHO £ (M, 1)),
MONUMHEHHHX pasbuenmp J{ . Kamnaa QyHKUMA M3 3TOrO MHOXECTBA Ha



= MG =

NpAMOYTOJbHUKe M3 pastuenns J  COBNAJAET C HEKOTODHM MHOTOHJIEHOM
P u3 mpoctparctea % (wm P . ). Ouesumdo, uro R (%)
u @..J,L(Ji) ABJNANTCS JMHEAHEMU MPOCTDPAHCTBAMM.
PaCCMOTPMM BONDOC 0 HAXORAEHUM KYCOYHO-TIOJMHOMUANBHOR DYHKIMA
j* HAWJIYYUero NpUOMMKeHAs. Takas QYHKUMS ONpelefeTcs COOTHOWEHHEM

”)P _j* C(@.) 5!‘::%’&(7;) ’/ —2”0(0.) -

TeopeTHYECKH BONPOC peliaeTcA 04YeHb NPOCTO. HyXHO HA KakIoM NpAMOy-
FOJLHAKE W3 pa3bueHus £  TNOCTPOMTH AR (GYHKIMH .f MHOTO4YJIeH Ha-
UIydilero NpUOAMKEHNs M3 MDOCTPaHCTBA Jpy,p - OOHAKO [PAKTHYECKH
MOCTPOUTE TAKOR MHOrOWIEeH 4acTo OHBaeT HEeBO3MOXHO. M3 8TOro 3aTpyl-
HUTEbHOrO MOJIOKEHUS MOMHO BHUTH, eC/ MCHOJb30BATE HHTEPNOJALMOH-
HYD TeXHHMKY, PacCMOTpeHHYD B § 8-11 4YacTW 2, T. ©. Ha Ka®IOM IpdA-
MOYTOJIbEMKE M3 pasfuenns JL  MOCTPOMTh MHTEPNOJALMOHHEN MEOIOY-
nex. TakuM 06pa3oM, ec/M paslMerMe 7c 3apaHee 3afaHo, TO HETDYIHO
NOCTPOUTL KYCOUHO-TIO/MHOMUAJNBHYD (QYHKUMD, KOTOpas naeT npubimxeHde
TIOYTH KaK HaWIyqmas.

lMlepefineM k Gosee CJOKHOR CHTyalMu, Korja pa3CueHHe 3apaHee He
3aJlaH0; NP 3TOM HYKHO HAATH KYCOYHO-TIOJMHOMMAJBHYD (QYHKUMD, npub-
JUUKaDUYD 3aNaHHyD QYHKIUD .f C TOYHOCTbE € . PasfueHue, KOTODOMY
OyneT NOAuYMHEHa KYCOYHO-NOJMHOMMaJbHasd (QYHKLUMA, 3aBUCHT U OT QYHK-
MU -f , ¥ OT ToyHocTH & . Taxoi npouecc NpUOJUXEHHS HA3HBAETCHA
ajianTHBHHM, TaKk Kak pastWeHue NOJACTpaMBAeTCA IOJ XapaKTeD 0coGeH-
HocTe# OQyHKIMM. B YacTHOCTH, €csiM y QYHKIMH HeT ocofeHHOcTedl, TO
pa3tueHue OyZeT cOCTOATb W3 MOYTH PaBHHX NPAMOYTOJBHHKOB. HUXe M
OIMIIeM TP TAKMX AJANTUBHHX aJrOpUTMA. 2

YTOURMM MoCTaHOBKY 3ajauM. Ha kBampate (),=[0,1]" 3zanana mempe-
DHBHAA QYHKUKA f; , Kpome TOro, 3ajaHH 4Hcha /N eZ+ BE 2P
Hy®HO NOCTPOMTHL TaKoe pazfueHHe eNMHWYHOro keajparta X=X (f,f) ;. 4Te

l:n ; ”{ 'j II A (1)
; = @" (%) C(&.)
MMM. Ha KBajgpaTe Qa MOCTPOHM HHTEDHOJIHLIHOHI’M

MHOTOUNEH P, #3 MPOCTPAHCTBA Jp , W HaflleM MOrpeuHoCTb MpuG/mMKe-
uud. EcJM morpewsocTb MeHbwe £ , TO ﬂ, ~ McKoMas QYHKIMA. B 3TOM
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cyuae pasbuesde /L COCTOMT M3 ©IMHCTBEHHOT'O KBaIpaTa @ . Nycms
norpelHocTs mpubaukerus (r.e. #f£ ~Poll p¢q.) ) Oonewe € . Paznemmw
xeagpaT &, Ha ueTHpe paBHHX KBaJpaTa Qo=[0.5] EQus
:[i"j_])‘[o,i'_‘) > legfos.z!-]x[%,i], Qu_:'[iaijz.
Ha xaxnoM M3 3THX KBS&IDaTOR MOCTPOMM HHTEDNOJAUMCHEHE MHOTOYJIEH
P ( { y‘so,i ) . BHYMC/MM TIOTPENHOCTH

Et'/' . ”F‘P‘J”C(Qy’) s tJJ"O,i'
BO3MOXHE JBe CHTYalLlH: 8;"< E # &J'P;E . B nepeoM cay4ae cooT-
peTcTsyouMii ksagpaT (J;; ° He noaBepraeTcs nanbHedeNy AeJeH¥D, a
BXOOWT B HCKOMOe pa30ueHWe. Bo BTOpOM cliyyae Ksanpat 09 JesmTed
Ha YeTHpE DABHHX KBaIpaTa, X Bechb OMHCAHHEA NpoLecc NoBTOpHAeTCH.
0nHa M3 BO3MONHHX CUTyaly# M3ofpakeHa Ha puc. 11.

Pruc. 11

MaMenbyeHHe KBaIpATOB MPOJOJKAETCH 10 TeX Mop, MO0Ka MOrpemHoCcTb
NPUG/IMEEHUS He CTAHOBATCH MeEble & . HCKOMoe paz€MeHuHe COCTOMT U3
TaK HA3HBAeMHX AMAJMYECKHX KBapaTOB DasHWX DasMepcs. Keampar @
6YLEM Ha3KEATb IWAIMYECKMM, €CIM HAWAYTCA LejHe uucia ¢, J',K , Ta-

wie wro Q= [127,(+ )2 Ix[j 2%, (j+1)27" 1.

BTODO/ ajropuTy. [lepehe ABa Wara TakWe ¥e, Kak U B NEPBOM airc-
DUTME, A UMEHHO: CTPOWM MHOTOWIeH Po€ Pun W, €CIH MOTPEmHOCTH
npubixenus Gokbile 2‘2 , TO CTPOMM MHOTOUYJIEHH Pé,-”e@,'n (¢ /=0.1)
KycouHO-TIOMMHOMAABHYD QYHKIMK, COCTOSILYD 43 ﬁff’ , ofo3HaUM G-

O4eBMAHO, YTO f’e Q,H(Il). BHYMCJMM TNIOTPEIHOCTS TPHOJAREHHS

4 : A .'(-U
g, =1{-9, logay = f;'fff,; 1f - Py ”c(og)'



=g

Ecou &,:;% , TO MPOAOJXMM MpolLiecC NeJieHWsi: BCe KBaApaTH Qq’ (;.,J:
=0,1) pasne/uM Ha 4eTHpe paBHHE KBalIpaTa M Ha KamoM u3 16 GoJjee

MEJKKX KBaJpaTos MOCTPOHM MHOIOYJIEHH p.;-“ (a( i,j=0,4,2,3 ). Kycou=
HO-TIOJMHOMUANBHYD OYHKIMD, COCTOAMmYD U3 /.7‘-" , 0003HauuM ,?2 .

Hetpyaso euzets, uto %€ % o (M), Bumcaine €, . Eom &2 §,
TO MOCTPOMM (YHKIMD jg. . [lponoskuM npoliecc AefeEMs 10 Tex mop, Io-
Ka He HallleM KYCOYHO-MOJHHOMHAJBHOR GYHKIMH [?”692‘,‘ ( Iz”) Taxo#,

YTO
2
ﬂf-?” ”C(o.) 5

Mel MorsM OH CKasaTb, 4TO GYHKLMA g” SIBJIABTCA MCKOMOR (CM. mocTa-
HOBKY 3afaud (1) ). OgHako B8TOT crnocof NOCTDPOEHUS Xyie DaccMOTpeH-
HOIO HaMy B [IEpBOM aiaropdTMe. M NOCTPOMIM DABHOMEpHOE pasfHeHne
1'2#. KOTODOE COCTOMT H3 GOJBIEro KOJMYeCTBa KBAApaTOB, 4eM B IMep-
BOM aNropATMe. JeRcTSUTENbHO, Ha 3TOM NYTH ME JeJM/M BCe KBaAPATH,
Ia¥e Te, Ha KOTOPHX TOYHOCTEH Npubjuxends Obna ZOCTUTHYTa. [03TOMY
nocTpoesne QYHKUMM ¢, MOXHO CUMTaTb NMPOMEXYTOYHHM WAaroM.Ms mnepei-
JM 0T QYHKLMH f K OyHKIMHA ‘9‘,. HUTak, HYXHO YTOYHHTE [NOCTAHOBKY 3a-
Jnaud. HaM He TOJBKO HYXHO NOCTPOUTL KYCOUHO-IIOJHHOMMAIBLHYD (QYHKLHD,
KoTopas yIOBJeTBOpPAET (1), HO M [0 BO3MOXRHOCTH MHHUMHU3KpOBATH KOJM-
YeCTBO KBAIDATOB, COCTABJADIMX Z .
llpeiCTABHM cbynxmn ‘?” }3 BUJiE pAna
9,x)= L ( g:(x)= 200 (%)
. £=0
ajech ga(xl'-‘Po(x), 5.,(@ =0 | yuutHBas creuM(MKy pasCueHus
2¢ , 3aMETHM, YTO pazlueHue Iz "BMMCcaHo" B paafieHue 1"2"-:, a
370 3HAWMT (M. 3azayy 3 §12), 910 P, (Lpi-r)C @11,4(7{2")-
OTcoza cpasy craeayer, 4To (QyHKLMA g‘- ~4;-4 HABNAETCA 3JEMEHTOM Mpo-
CTpaHCcTBa g,?(,,, 73') BufepeM B 3TOM NpocTpaHcTBe 6as3uc, COCTOAWMMA
u3 B -crnaftEoB, W paznoM f, jﬁ‘-x Mo Gasucy (cM. samauy 4 §12):

e
(3; " 5;-,)(x} = L:,; /\/ BJ {x) ;

ageck K; :=dim g,),,Jn(Ig") =12£(Mr1)'2;(ﬂ+1)-
HiMeeM paBEHCTEO



= 9.~

9”(1')‘2 Z ) B (x). 2)

=1 J"i

0603HAYMM 7:‘-'= j; g(-i . JlocTpouM fBe NOCAENOBATEJBEOCTY CIUIAF-
HOB 55 (e20,...,N ) H i’ (¢=4, .,N ), Hcnoab3ys nocnepoBa-
TEJBHOCTb T .I'IonomS T, n T Ti#...eTa=Sp=md,
ycTs cn.uaﬂHu 5,,, oy O vT' yie NOCTPOeHH. chaxeu Kak CTpOHTE

cmmafi S . Lna sToro pasiomM J; N0 Gasucy NpOCTpAHCTSA

95 (T ) yers K,
T/(x) =] ef 8 (=) .
/'-_-i J

BhIe/uM caMue GoJibliMe KO3DJULMEHTH B 3TOM pasJiomeHmy. [lyoThb

; Ry L&
={J=i,...,l’,‘ : /CJ-I>2”
TOr A4 Z ) i
x):= el B (x).
Si=Z. G5
Kak fgokaszaHo B [43 ],
5 £
ﬂg” 5 ﬂc(.o’) </
roe S = 5 + .t 5” . TaxuM 0Cpa3oM, My HaWM QYHKIMD S TakKye,
4TO

Jf—él{c(@') & &l

TpeTul ANrQDATM BEMAY €r0 CJOKHOCTH OIAWEN TOABKO MR CRYsas
DHOMEEHNS KYCOYHO-TIOCTOAHHEMY QYHKIMSAMA.
HauHeM ¢ MOCTPOEHHS (YHKUMH 3”69’ (Zyw)  raxod. umo

| £
-3t 2

I 3Toro noBTOPMM TO, 4TO MH JeJaji B MpeJHIyUeM alropuTve. HMveeM
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fpeAcTaBietne N
[ o o L (gi-gie)
L=

YureM, 4TO 6a3uC MPOCTPaHCTBA Q(izé) 06pasynT XapaKTepucTAYec-
Kie QYHKUMM KBAIPATOB, COCTABAADWMX Z,i. InA QEX 3T QyHKIMM
ONpeneNsnTCA DABEHCTBOM

](Q(:t)= PR

0. =»¢@

Torfa pasJiokesne QYHKUMM fi '?t- ( 7o Gasucy umeeT BuA

(?i ';i-t)(x)zz )Qfa(x)‘

Qe Ty
Ec/ 0G03HAYMTh MHOKECTBO BCeX MMANM4YecKHX KBaapaTos yepes B : =
= uA/ Iztl s 10O

=

o L dafaler

3T0 PaBeHCTBO SAEJfAETCA YaCTHHM ciayvyaeM (2). Bcogy Huge An8 QYHKLIMH
f , MMebmel pasJioxeHue M0 XapaKTepHCTHYEeCKHM QYHKIMAM

pley's [T, £y e
Qe

i Jo6oro AMaiM4YecKoro KBaJpaTa I noJiaraeM

- Vo)
)
Ay, 1) ==( v ARV, ) |
Qacl

3amerim, uto ect [, €I, . o Ay, I,)< M, 1,) . o6oznaumm
A=X9y,Q.). Teneps My MHIYKTMBHO ONpese/MM MOCASNOBATEJBHOCTH (BYHK-
Wi fj W MoCAeNoBaTENBHOCT JMaIMdeckiux keampatos [, j=0, .,mtL;
Im: =@ Myews [ =g, Yo u )‘cf 2@ . TIpennonoxuM,
uTO f{ yXe onpelefieHa:
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i J
L/ @) ’Gé’,, )Q fo ™)
Bei6EpeM MUHMMAJbHMA KBAZpAT L., . LA KOTOPOTO ﬁ((f; RE e’ u
M%‘.Iju)%'. 3mech yepes ‘[’ of03HayeH "MpejWECTBeHHMK" KBapaTa

I . 70 ecte ToT IMamMuecku# KBampaT, NpH AENEHMH KOTOPOrc NOJMy-

smics KBampaT | . Kpome Toro, £':=€(2A)” Ecmn takoro MuMMamHOrO
KBAIPATA He CYWECTBYeT. To MojomiM Ljsg = Q. . u Hywsas mocaesosa-
TeJBHOCTh KBAIpATOB MOCTpoeHa. focle TOTO, Kak KsagpaTr [, Halled,
nonowIM d

)J'.” T 0 ) Q..C_ Id'”_
Q :)j
Q B NpOTHBHOM CJy4ae .

TaxuMm 00pa3oM,
J#i
Yjes 1= Z g Jfe-
Re

OTMETHM BakHOe CBOMCTBO MOCTPOEHHHX KBAAPATOB Ij' 1 450505 moed
ecom j<K , TO WM Ij He mepecekaercd ¢ L . WM I; <T, . vauma-
Bas 3T0, MOCTPOMM MHOXECTBA

AJ i = IJ ~ ( };ﬂ Ik) ,J-o,...,M*i-

3TV MHORECTBa He [IePECEKaNTCs, ¥ MX OObeIMHeHNe JasT BeCh KBaIpaT
Q, - 060sHawmu wepes (Q; KOHCTEHTY HARMYHNErO MDUOMMEEHWS QVHKLAU
i ma Ij*‘ , TO €CTb NpEMNOJOKUM, UTO

' tPJ T i’C'(Ipl) 5 iaf ﬂ\f:,' -QHC({PLJ

ae R
Torna ucxoMas QyHKUMA S  3a7a€TCS DABEHCTEOM :
s(x):= A ad- ; ecJm X & AJ'M ) ‘j’-o;---;""-

3aMeuanue. XOTA MHOKECTBA Al‘”_ He fBJADTCH KBAIDATAMH, MOXHO
NOKA3aThb, YTO



sxy= 7. & fr (=),

[lonpo6Hee o koafdULIMEHTAX '5 CM. 3axavy 5.

3ajiayd M ympaxHeHus kK §12

1. JoKa3aTb, YTO gz.,, (Zxe) sABNeTCA JMHEAHHM MPOCTDAHCTEOM.
HafiTi ero 06azuc M pa3MepHOCTb.

2. Moxasath, uTo Oasuc {¥,;} mpocTpaHcTEA ﬂﬂ(fxt) MOXET OHTb
NOJY4eH M3 Ga3MCOB OJHOMEDHHX "KOOPIMHATHHX" mpocTpaHcTs %, (Zk)
n @),

3. Hanmom#uM, uTo pasduemue X "BmMcaHo" B paaGuenne Z’ , ecm
AnA Kaxnoro ksagpata Qe X cymectsyer ksampar Q€ T’ rakom, uTo

QcQ’ . HoxasaTs, uTo B 3TOM caysae P (A7) € P o (%).

4. 18 TOro, 4TOOH MOCTPOMTh Gasuc u3 B -cnsafiHoB B NMpocTpaHCT-
BE 9?,,,,‘ (Xxz ) ., MOCTATOYHO MOCTPOMTH GA3HC B OOHOMEPHOM CAyHae M
BOCMO/Mb30BAThCH Pe3yJbTATOM 3ajaud 2. KpoMe TOr0, TaK Kak MPOCTpaH-
CTBO G,D,,(Ix) (1 9,’,,( Zpy) ) COCTOMT U3 KYCOMHO-NOJMEOMUANBHHX GyH-
KA, TO JAOCTATOYHO NOCTPOHTH (A3MC W3 MHOTOWIEHOB HA KAXAOM H3 MH-
TEpBaJIOB, COCTaABAADIMX I,( (cooTBeTcTBeHHO Jg ). TakuM oOpas3oM, 3a-
fa¥ya CBejach K MOCTPOEHHD CHeLMafbHOre 0az;ca B NMPOCTDAHCTEE MHOIO-
uieHos %5, . MocTpouM artoT Gasuc ama ~=0,1,2 . Mpp n=0 Gasuc
COCTOMT M3 QYHKLMM TORIECTBEHHO paBHoRt 1. Ecsm m=1, To Ha OTpe3ke
[@, 6] casuchse gyuxumm mveor sun € (x)=(x-a)/(€-a) . B, (x)=
=(6-2/(6-a). Nas MIOCTPOEHHS 3THX QYHKUMA MH BOCHOJB30BAJMCh DPEKYD-
PEHTHHM COOTHOWEHHEM IJS B - cnnamsos ([8], cM. Takxe [5])

8 = 4 )4 Litkes - %
B (=)= = B, (%)« S &)
N vkl T Fleg §

1 {‘-&I<f;*
B0 (%) o 7

O B APYrHX cJy4adx.

Beom B (3) Baath k=4 4,=@,t =t ,=€ . To moaywm Gymxmm






