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BBenenue

MonenupoBanue IMHaMHUKH H3MEHEHHS 3/71€KTPHUECKOro MoTeHlHana HepB-
HBIX KJIETOK CBfI3aHO, B MepByl odepenb, ¢ padoramu A.JI. XomxKKHHA U
A.®. Xakcau [1,2]. dtum aBTOopam B craThe [2] BhepBble yAagoch Mpei-
CTaBUTb (DEHOMEHOJIOTMUECKYI0 MOJe/b, MONYyUeHHYIO Ha OCHOBE COOTHOLIEHHUH
6asaHCHOro THMa, Tak, UTO ee AMHAMMKA NIPU HajJlexkalleM BblGope mapaMeT-
poB 00/1aaeT OCHOBHBIMHM KaueCTBEHHBbIMH CBOWCTBaMH, XapaKTE€PHBIMH MIJIS
Ha0J/110]aeMbIX B SKCIIEDUMEHTe HEPBHBIX KJIETOK.

Mopenbs XomKkuHa—Xakcad OOBOJBHO CJIOXKHA M CONEPKHUT GOJbIIOE KO-
JIMYeCTBO NapaMeTpPOB, 3aBUCHMOCTb OT KOTOPBIX BeCbMa 3HauUTeJbHa. BmecTe
C TeM cJiefyeT OTMETHTb, UTO BO MHOTHX CJyyasix ypaBHeHHe XOM’KKHHA—
Xakcsau JaeT BIIOJIHE YIOBJETBOPUTEJNbHOE KOJHYECTBEHHOE COOTBETCTBHE
9KCIepPUMeHTaNbHbIM JaHHbBIM.

C MoMeHTa TOsIBJeHUS MOAedH XOAXKKHHa—XaKcaM MpelNpUHHMAIUCh
MHOTOYMC/IEHHbIE MONBITKM €e YNPOLIEeHHUs] ¢ COXPaHEHHEeM OCHOBHBIX 3(dek-
TOB, XapaKTepHbIX I/ JMHAMHUKH HeHpPOHOB. B cymMmupylomux craTtesx [3,4]
NpUBeJeH sl KPUTepUeB, KOTOPbIM HOJKHA YAOBJIETBOPSITh MOJENb UMIYJbC-
HOT'0 HellpoHa, U Nepeurc/eHo O0JbLIOe YUC/I0 MOAEJIbHBIX cUcTeM. EcTecTBen-
HO, 4TO HauboJ/lee NMPOCTble U3 HUX YAOBJIETBOPSIOT Jasneko He BceM Tpebo-
BaHusAM. Cpeau 3THX Tpe6oBaHWU HauboJee BaXKHBIM SBJSETCH YCJIOBHE CY-
L[eCTBOBAHHUS y MO YCTOHUMBOrO MEPHOLUUECKOro pexkKMMa HUMIYJbCHOIO
THna. TaKUM YCJIOBHSIM YAOBJIETBOpPSIET, B YaCTHOCTH, MpejJjoxeHHas B [14]
MOJeJb C 3anasjblBaHHeM

= A[=1 = frxa(u) + fr(u(t = 1)) u. (0.1)

3mech u(t) > 0 — MeMOpaHHBIH MoTeHUHA HeiipoHa, mapameTp A > 0 xapak-
TEPU3YET CKOPOCTH MPOTEKaHUA JIEKTPUUECKHUX IPOLECCOB B CUCTEME U Mpen-
nosiaraetcst GOJBIIMM, QYHKUHUH fNa(u) U fk(u) XapaKTepHU3yIOT MPOBOAUMOCTH
VOHHBIX KaHasoB. [laHHas 3ajadya Jierko o6obiiaercss B CTOPOHY A0GaBJIEHHS
c/laraeMblX, OTBEYAIOMIMX 32 POBOAUMOCTDb IPYTHX MOHHBEIX KaHAJOB U J06aB-
JIeHHs1 B MOZeJiMpyeMble TOKM 100aBOYHBIX 3anasjabiBaHui. Haubolsee miono-

6

3aKJUYeHue

B noco6un pasBrBaeTcsl NOAXOM K MOAEIHPOBAHUIO 3JIEKTPHUECKOH aKTHB-
HOCTH HEHPOHOB M MX MPOCTEHIIMX accoluauril (Leno4ykH, KoJjbla) ¢ Mo-
MOLLBIO CUCTEM C 3anasjiblBaHdeM. [IpensioxKeH aJropuTM acUMITOTHUECKOIO
UHTEIDUPOBAHHUS CHHIYJSPHO BO3MYLIEHHBIX YPaBHEHMH M CHCTeM C 3amas-
AblBaHHEM. DTOT aJrOPUTM OCHOBAH Ha CBeJeHHH YPaBHEHHH K MpelesbHOMY
pesieiHOMY YPaBHEHHMIO, 8 CMCTeM CBA3aHHBIX YPaBHEHMH — K CHCTeMe C HM-
MYJbCHBIM BO3JIEHCTBHEM.

OCHOBHBIM MOJIyYeHHBIM pPe3yJabTaTOM SIBJSETCS J0Ka3aTelbCTBO yTBep-
KIEHHH O COOTBETCTBUM YCTOHUMBBHIX NMEPUOIUYECKHUX PEKHUMOB IpeleJsbHbIX
CUCTEM YCTOHYMBBIM pelIeHHSIM MCXOAHBIX 3a/au.

Ha ocHoBe nccneoBaHusl NMpefie/IbHBIX YPaBHEHUH M CHCTEM YAaJoCh IO-
KasaTb, UTO aCCOLHMALMKU CBSI3AHHBIX PENAKCALHOHHBIX OCLHJ/IIATOPOB MOTYT
UMeTb 0O0JIbllIOe, HEOIPAHHWUEHHO pacTylllee C POCTOM UHCJ/Ia OCLUUJ/IATOPOB
KOJIMYeCTBO COCYLIeCTBYIOLIUX YCTOHYMBLIX PeLICHHUH.

Oco60 OTMETHM PACCMOTPEHHYIO B MOCJENHEH YacTH MOCOOHS MOAeNb CH-
HalTHUYeCKOH CBSI3M MeXAy HeHpOHHBIMH 3jeMeHTaMHU. B 3ToMm cayuae yna-
JIOCh TI0Ka3aTh, UTO B HCCJeLyeMOH cucTeme HabJiofaeTcs pacTyliee C po-
CTOM KOJIH4eCTBA B3aMMOJAEHCTBYIOLIMX OCLHMJLIATOPOB UUC/IO peslaKCalHOH-
HBIX bursting-1uKJoB.
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Jo6aBum eute, uto coortHotenus (4.101)—(4.106) BbiBemeHbl pU aHaJjo0-
ruuHom (4.36) ampropHOM TpeanonokeHnu x.(t) < 0Vt € [A, A + nTy + tyl.
[Tocsienree ke 3KBUBAJEHTHO YCJIOBHSIM

0, <0, (6, —b—1/c)exp(=bty) +b+1/c <. (4.107)

O6paTtuM BHHMMaHHe, 4To B cjaydae (4.106) cooTBeTcTBylollee ypaBHe-
Hue (4.84) okasbiBaeTcs JMHEHHBIM N0 A W NpH HaTypasibHBIX m, k, yHOBJe-
TBOpSIIOIIMX TpeGoBaHusM (4.29), uMeeT eIMHCTBEHHOe pellleHHe A = ﬁ(k).
Jajee, NpennosoxKuM, YTO NPHU BbIOpPAHHBIX 3HAUYEHUSIX MapaMeTpoB a, b, c,
m, k, n 1 npu A = ﬁ(k) BhIOJIHsIIOTCST HepaBencTBa (4.100), (4.107). To-
raa ucxomHast cuctema (4.12) mpu BcexX HOCTATOUHO MasbiX € > ( IOTMycKaeT
YCTOHYMBYIO Oeryuryto BoJHY Buaa (4.92) ¢ acCHMITOTHKOH

max  [Fgy(t,e) — z.(t) = Oc), Ap(e) = Ay +0(e),  (4.108)
OgtgmA(k)//c

roe z.(t) — nepuomudeckoe peuterne (4.101)-(4.106) peseittoro ypasHe-
uus (4.30) mpu A = ﬁ(k).

JeficTBUTe/IBHO, (paKT CyllecTBOBaHUS TpeOyeMoi Oerylield BOJHBI BbiTe-
Kaet u3 teopeM 4.1, 4.2, aHaJOTH KOTOPBIX, KaK y»Ke OblJIO CKa3aHO BHILLE,
3leCch COXPaHSIIOTCS. YCTOHUMBOCTD ke uukaa (4.92), (4.108) ompenensietcs
no KopHsiM ypaBHenusi (4.82) mpu 8 = 1 — exp(—(n + 1)bty). Takum oGpa-
30M, B NAaHHOM CJydae Mbl 3aBEIOMO HaxXOIMMCS B paMKaX NPHMEHHMOCTH
JneMMbl 4.4, a 3HauUuT, U Teopembl 4.3.

B 3akJ/ioueHue OTMETHM, 4YTO, TMOMHMO LHKIOB Bupa (4.15), B cucre-
Me (4.12) mMoryT cyliecTBOBaTb W APyTHe aTTPakTopbl. Kak mokasaj yucieH-
HBIH 3KCIEepPUMEHT, TIPU m = 3 U NPU HEKOTOPBIX Habopax MapaMeTpoB a, b,
¢ COOTBETCTByIOIast el mpenesbHas cucrema (4.14) momyckaer yCcTOHYUBBIE
UUKJIbI, OTJIUUHBIE OT OerylMX BOJIH, & TAKXKe XaOTHUECKHe aTTPaKTOPHI.

TBOPHBIM, C Halleld TOUYKH 3pPEeHHUs, 0OKas3aJ/cCsl yueT ellle OfHOIrO 3aNa3iblBaHHUs
B ypaBHenuu (0.1).

Jl1s MmonMGHKaLKKY MOLEIH OIMHOYHOrO UMMysbcHoro Hetipona (0.1) Boc-
MpOU3BeNeM XOJ paccyxaeHud u3 [14], npuBoAsIKE K TaHHOMY YpaBHEHHUIO.
B nepByw ouepenb oTMeTHM, uTO B [14] BO BHHUMaHHe NPUHUMAIOTCS TOJb-
KO KaJlMeBble M HaTpPHeBble TOKM, B KaueCTBe Hauaja OTCUeTa NpPHHUMAaeTcs
ypOBeHb HauOoJbllel Mosspu3aluy MeMOpaHbl U OTKJIOHEHHe MOTeHLHala OT
3TOr0 YypoBHSI oOo3Hauaercsl u(t). YpaBHeHHe 0GajaHca TOKOB IIPH YCJIOBHH
npeHeOpexKeHUsl TOKAMH YTeUKH 3allUCblBaeTCsl B BULE!

ct = Ina + Ix. (0.2)

Hanee npennosaraercsi, 4To TOKH In, U g MOXKHO NPEACTaBUTh CJENYIOLIHUM
00pasoMm:

INa = XNa(u) - u, Ix = xk(u) - u, (0.3)
rae xNa(uw) xx(u) — rnagkue QyHKUHH, ONpefesiiollie HATPUEBYIO U KaJjre-
BYIO MPOBOAMMOCTH.

O6paTtumMcsi K aHalu3y 3aBHCHMOCTU XNa(u). B cocTosiHUM cHbHOE mMO-
asipusaunu (v < 1) Ha BHYTpeHHeH MOBEPXHOCTH MeMOpaHbl HabJiogaeTcs
130BITOK HOHOB HaTpusl. PaboTa HOHHBIX HACOCOB COCTOMT B MX OTKauHUBaHHU
u3 kaeTku (cm. [2]). B cusy MOJOXKHTENbHOCTH 3apsiia HOHOB HaTpHsl AaH-
HBIH TIpollecC YMeHblaeT MeMOpaHHbIH MOTeHIHal, M03TOMY XNa(u) < 0 npu
u < 1. C gpyrodl CTOpOHBI, CMAKK CBfI3aH C TOKOM MOJIOXKHTEJbHBIX HOHOB
HaTpHsl BHYTPb KJETKH, YTO MPUBOAUT K POCTY BEJIUYHHBI u. TakuM 00paszom,
MpH 3HAUEHHH w BbIllE HEKOTOPOrO YPOBHSI MPOBOAHMOCTb XNa(u) > 0. [a-
Jlee CJIelyeT COCTOSIHHE 3JIEKTPOXUMHUYECKOr0 PABHOBECHUS UN, > 1 1/ MOHOB
HaTpus: XNa(una) = 0. B pesysbrare monyuaem Bua 3aBucuMocTH (cM. [14])
MPOBOAUMOCTH YNa(u), KOTOpBIH H300paxeH Ha puc. 0.1 a.

[lepefinem K 06CYXKAEHHIO 3aBUCUMOCTH KaJHEBOM MPOBOAMMOCTH OT MeM-
OpaHHOro moreHuuasna. B xuure [14] npuHsiTa rumnoresa o TOM, YTO OHa 3a-
Ma3fblBaeT M0 OTHOIIEHUIO K TEKYIIEMY 3HAYeHHI0 MeMOPaHHOTO MOTEHIHa-
na. [lpuMeM 3TO 3amasibiBaHHe 3a €IHHUIY BpeMeHH W OyloeM CUHTaThb, 4TO
Xk = xk(u(t —1)).

B cocrosiHHM CHJIbHOH MONSPU3alMH TOTOK WOHOB KaJjusi HarpasjieH
BHYTpPb KJIETKH, YTO CIIOCOGCTBYET POCTY MeMOPAHHOTO MOTEHIHAJA, & M03TO-
My xk(u) > 0 npu u < 1. [Tocsie mpoxoxKaeHHsT MakCHMyMa MHKa MOTeHHaJa
NEHCTBUSI MOTOK HOHOB KaJiusi MEHsIeT CBOe HampaBJjeHue. Takum o6pasom,
CYILIECTBYET TAKOH ypOBeHb, YTO MpPH 3HAYeHHH u(t — 1) BbIllle HErO MPOBOIHU-
mMocTb Yk (u(t — 1)) < 0. CymMmHpysl naHHble pacCyXAeHHs!, MPUXOAUM K BHIY
3aBUcUMOCTH Yk (u), u306paxeHHomy Ha puc. 0.1 6.
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XNa Xx

B E
/ \ u u
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) )

Puc. 0.1. Bun kpuBbix HaTpueBo# (a) U kasueBod (6) mpoBomumocTed (Boc-
MPOU3BOAUTCS 10 KHure [14])

[Ipenckasatb GoJsiee feTalbHO BHJ KPUBBIX XNa(u) U Yk () 3aTpyqHHTENb-
HO, OTMETHM JIMIIb, YTO B COCTOSTHUM CHJIbHOH MOJIIPU3aLlMK MeMOpaHHbIH
MOTEHI[HaJ MeJJIEHHO PacTeT, 03TOMY

XNa(0) + xk(0) > 0. (0.4)

Mertonpl, ncrosbayeMble nasee, MO3BOMSIOT UCCAENOBATh MOJIENH AJIS IHPOKO-
o KJacca HelMHeHHOCTeH, U OMHCAHHBIX CBOHCTB 3aBHCHMOCTEH OKa3bIBaeTCsl
BIIOJIHE JOCTATOYHO AJIS aCHMIITOTHYECKOTO aHaJ/IM3a.

JList yrpoleHHsT 3aBUCUMOCTH XNa(u) B kHure [14] ykaseiBaercs Ha TO,
YTO YYaCTKH OTHOCHTEJbHOH CTAGHJIM3AlMK MPOBOAMMOCTEH XNa(u) U Yk (u)
(yuactkn CD rpa¢ukoB) 10CTaTOUHO BEJIUKH, © Ha 3TOM OCHOBAHHH MPEMIIo-
JlaraeTcsi, YTo B Tpouecce (PyHKIHOHUPOBAHUS HeHpoHa 3a1eHCTBOBAH JHIIb
yuactok AD KpuBoé yna(u). B cBa3u ¢ atuMm Hucnapawoumii ydactok DE
urHopupyercs. BBenenne 0603HaueHU#H

XNa(u) = a—(b—a)fna(u),  xx(u) = (b—a)fk(u) =0,

A=h(b—a)>0, 05

rae @ > 0 u b > 0 — KOHCTaHTbl, XapaKTepU3YIOllHe YCTAHOBUBLIMECS 3Ha-
ueHns1 xNa(u) ¥ xk(u) Ha mpomexyTtke CD, a fna(u) u fx(u) — mocratouHo
raagkue (yHKIHH, UMEIOLIHe HYJeBbie MPENesbl PU u — 00, MO3BOJSET Me-
petiti k Mozesu (0.1), KoTopasi U U3yuaeTcsi B I€PBOK YaCTH HALIEro MOCOGHS.

CymiectBeHHoe 06061eHnne momeau (0.1) MoxkeT ObITb MOJYYEHO 3a CUET
ydera 3amas/iblBaHUsi M HUCMAAMOLIEr0 ydacTka B (DYHKUHUH [POBOAMMOCTH
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NN A

Puc. 4.3.

[TonpoGHbIi aHaKM3 Bcex ocTaBlumuxcs cutyauui (4.99) xots u npexncras-
JIleT HeCOMHeHHBIH HHTepec, HO BBIXOAUT 3a paMKH Hacrosimied padotsl. [lo-
3TOMY OrPaHUUHUMCS PacCMOTPEHHUEM JIHIIb Caydasi

to+1+nTy <A< (n+ 1T, (4.100)

o6obiaLero yxe pasodpaHHblil BapuaHT (4.31).

HenocpenctBenHast mpoBepka MoKasbiBaeT, 4yTo nmpu yciaoBusax (4.100) pe-
seiiHoe ypasHenue (4.30) momyckaeT UMK/ x,(t) nepuoma T, 3anatouiuics
paBeHCTBAMHU:

x.(t) = zo(t) mpu 0 <t < A; (4.101)

x.(t) = (0, —b—1/c)exp(=b(t — A —1rTy)) + b+ 1/c npu (4.102)
rTo+ A<t<rTy+A+ty, r=0,1,...,n; ’

z.(t) = (6, —b—1/c)exp(—=bty) + b+ 1/c+t —rTy — A —ty npu (4.103)
o+ A+ty<t<(r+1D)Ti+4, r=01,...,n—1; '

z(t) =t =T, mpu nTy+A+ty<t<T, (4.104)

rue

5, = (A — (n+ 1)Tp) exp(—rbtg)+

Ty — 1o - .
+ (b+1/c+]_—e}q)(—l)t‘:))> (l—eXp(—Tth))7 T—O,l,...,n, (4105)
T.=A+ty+nTy+ (b+1/c—0,) exp(—=bty) —b—1/c. (4.106)

Ipaduk dyHkuuu z.(t) nmpu n = 2 na =3, b =11, c = =15, A = 149
npencTaBieH Ha puc. 4.3.
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JKEM YTBEp:KIaTh, UTO TpH m — 00, € — 0 W 1npu ycaoBusx (4.96) B cucre-
Me (4.12) mpouCXOAUT HeOoTrpaHHUEHHOe HaKallJHBaHHE YCTOHUHBBIX LIMKJIOB,
T. €. peaqu3yeTcsl U3BECTHOE sBJeHHe Oy(pepHOCTH.

Heo6x0Q1MMO OTMETHTb, UTO, TIOMHMO HaHJeHHBLIX Bhille, B cucTteMe (4.12)
CYLIECTBYIOT W IPYTHe MepUOJHUECKHe pelleHHs Tuna Oeryumux BosH. Kx
OTBICKAHHE MPOBOAUTCS MO CJAEAYIOLIEH CXeMe.

O6o3HauuM uepes3 z,(t) pelenne peseiiHoro ypasHenust (4.30) ¢ mpous-
BOJIbHOH HauyasJbHOH (pyHKIHUeH

o(t) € C[—max (1,A),0], p(t) <0Vt e [—max(1,A),0), ¢(0)=0. (4.98)

Herpynno ysupers, uto nmpu 0 < t < A OHO coBmajaeT C TEPUOAHYECKUM
peitenneM (4.8) peneiitoro ypaBHenus (4.34). lanee, npu t = A MPOUCXOTUT
"cpeIB” € 9TOTO pelleHus U IpH ¢ > A 17151 z,(t) OyLyT MOIy4aThCs pasHIHBIE
(bOopMysEl B 3aBUCHMOCTH OT NPHUHAMJIEKHOCTH TOUKH ¢ = A ONHOH M3 UeThl-
pex das uuxaa (4.8). A UMeHHO, 3[eCb eCTeCTBEHHBIM 00pa3oM BbIIEJSIOTCS
yeThIpe cJaydas

A€ (TLT(), 1+ nT()), (1 +nTy, to + nTg), (to +nly, to+ 1+ nT())7

(to+1+nTy,(n+1)Ty), neNU{0}. (4.99)

MozkHo MokaszaTh, UTO TpU HaAJeXalleM BblOope MapameTpoB a, b, ¢
BO Bcex BapuaHTax (4.99) Hailimercss Tako#l mepBblif MOMeHT BpeMeHH T, =
= T.(A) > A, npu kotopom ¢yHKuHA Z,(t + T,), —max(1,A) <t <0
nonaznetT B Kaacc (4.98), a 3HauuT, OyneT MOCTPOEHO MEePHOAHUYECKOe pelleHHe
x.(t) ypaBHenus (4.30) mepuopa T. Ilasi 3TOro pelieHusi 0CTaeTcs B CHJle
Teopema 4.1, a ecau ypaBHeHHe (4.84) npH HEKOTOPBIX HATYpaJbHBIX M U k
IOMYCKaeT NMPOCTOH KopeHb A = ﬁ(k) > 0, TO CIpaBelJIUB U aHAJOT TeO-
peMbl 4.2 0 cyllecTBOBaHMH LMKaAa Buaa (4.92). YcroilunBocTh ke Geryuiei
BOJIHBI (4.92) ompemeJisieTcsi MO PaCIONOKEHHMIO KOpHeH aHajoruuHoro (4.82)
anareOpanuecKkoro MOJKHHOMA, KOTOPbIH BO Bcex caydasx (4.99) moxeT ObiTh
BBIUCAH B SIBHOM BHIIE.

HMasoxeHHasi cxema HCCJIEI0BAHUS IEPUOTMUECKHUX IBHKEHHUE Oblia peasu-
30BaHa HaMH B mpocTeiiiiem BapuanTe (4.31), Korna unka z,(t) Bcromoraresib-
Horo peJeiiHoro ypasHenust (4.30) ycrpoen Haubosiee mpocTo (B 3TOM ciaydae
OH MMeeT BCEro OJMH KCIOHEHLHAaNbHBIH y4acToK, T.€. OTPE30K BpPeMeHH, Ha
KOTOPOM ., (t) = ¢y exp(—bt) + ca, ¢1,¢o € R). Bribop naHHOro BapuaHTa mos-
BOJISIET HaM, U30€KaB TPOMO3AKHMX BBIKJAIOK, HATVISAHO MPOHJIIOCTPUPOBATE
HCIO0/Ib3yeMble B TJlaBe OPUTHMHAaJbHBIE TMOAXOABl K aHaqu3y Oeryliux BOJH B
KOJIbLIEBBIX LIEMI0YKAX OJHOHAIMPABJIEHHO CBSI3aHHBIX OCLHJIJISTOPOB.

HaTPHUeBOTO KaHasia. BepHemcsi K BHAY (YHKUHH XNa(u), NpHBEIEHHOH Ha
pI/IC. 01 a, u Hpe,[[l'IOJ'IO)KI/IM, YTO OHa HpeﬂCTaBI/IMa B CJIe[Ly}OLL[eM BUAE:
1 2
XNa (1) = Yl () + X (w), (0.6)
rane
0y <0, x20) =0, 0.7)

(W) =ar +0(1/u), x&(u) = —ay+O(1/u) npu u— +oo.  (0.8)

OTtHocuTeNbHO (DYHKLHH Xﬁ;(u) OyneM npearnoJsaratb, YTO OHa JAOCTaTOYHO
Masa mno moaynato Ha ydactke AD rpaduka 0.1 a, Kpome TOro, cuMTaeM, 4To
ay,as > 0 ay — as < 0. [lpennonoxkum, HaKOHel, UTO B HATPHUEBOM KaHaJe
TaK)Ke YYHUTBIBAeTCS 3anasjblBaHue, WHaye roBOps, HaTpUeBas NMPOBOAMMOCTh
3amucbiBaeTcs B BUe xNa(u(t — h)), rne 0 < h < 1.

B stom cayuae B coorBerctBuH ¢ (0.2), (0.3) npuxomum K ypaBHEHHUIO

civ = [y (u(t — b)) + xia(u(t — h)) + xk(u(t — 1))]u. (0.9)

Hertpynno Buzets, uto Mopenb (0.9) cBomutes kK ypaBHenuto (0.1) mpu A =0
¥ OTOPOILUEHHOM CJlaraeMOM X@(u) (cooTBeTcTBYeT OTOpACHIBAHUIO ydacTKa
DE 3aBucuMocTH XNa(u)). C APYroit CTOPOHBI, NPH YCJOBHH, UYTO Yy (DYHKLHH
Xl(\}z(u) pasHULa MeXJy 3HAuUeHUSAMHU B HYJle U Ha 6€CKOHEUHOCTH OTHOCHTEJb-
HO MaJjia U COOTBETCTBYIOLIMH €l TOK He Y4YUTbIBaeTCsl, MOJNydaeTcsi MOLEJb,
obnanatoiiasi 6onee Goratoit mauHamuikod, dyem (0.1). Kpome Toro, uto oco-
GeHHO Ba)KHO, 3Ta MOJEJb MOXKET HUMeTb MUMIYJbCHbIE PEXXHUMBI, B TOM YHCJIE
U NaxkeTbl UMIYJ/bcOB. [l (popMHPOBaHUS MOJENBHOIO ypaBHeHUSsl He OyneM

yuutbiBaTh B (0.9) ciaraemoe xl(\}g(u) 1 0603HAYMM

() = xk(0)(f(u) = 1), xx(w) = xx(0)(1—g(u)), A= xx(0)/ec, (0.10)

torga oT ypaBHenus (0.9) mpuxonum K
= Alf(u(t = h)) = g(u(t = 1))ju. (0.11)

3mech u(t) > 0 — mo-mpexHeMy MeMOpaHHBIE MOTeHUHaN HeHpoHa, mapaMeTp
A > 0 XapaKTepH3yeT CKOPOCTb MPOTEKAHHS 3/JE€KTPUIECKHX TPOLECCOB B CH-
cTeMe M Tpenrnosaraercss GOJbIIMM, a napamerp h (UKCHPOBaH M TNpHHAN-
nexut uHtepaay (0,1). OrHocutesbHo durypupytomux B (0.11) dyHkuui
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f(u), gu) € CYR,), Ry = {u € R:u > 0}, npearnosaraem, uto oHu 06Jaja-
I0T CBOHCTBaMHU:

FO) =1 9(0) =0 f(u) = —a+ OU/u), uf (w)=OQfu), o\

g(u) = by + O(1/u), ug'(u) =O(1/u) npu u — +oo, '
rae ap = 14as/xk(0), by = 1+b/xk(0) — NOI0KUTENbHBIE KOHCTAHTHI, @ YHUCIIO
—b npencrasJsier co60i MpenebHOe 3HaueHHe QYyHKUUH Yk (u) TpH u — +00.
TunoseiMM NpHMepaMu TaKUX (PYHKLUHH SBJASIOTCA

flu)=010—-u)/(1+cau), gu)=cou/(l+u), c1,co =const>0. (0.13)

OcHOBHBIE pesy/bTaThl, MPEICTaBJIeHHbIE B TIpeasaraeMoi padoTe, KacamoT-
csi pesakcaluuoHHbX cBoicTB ypaBHenuit (0.1), (0.11) u cucrem cBsi3aHHBIX
ypaBHEHUI TAKOro THUIA.

OnuuieM CTPyKTypy noco6usi. B nepsoi riiaBe hopmysupyeTcst oOIIMH Mo -
XOI K aCHMIITOTHYeCKOMY HHTerpupoBanuio ypaBHeHus (0.1) u 060CHOBBIBa-
eTCsl CYLIECTBOBAHWE M YCTOMYMBOCTb €r0 PeJaKCAUHOHHBIX IHUKJOB. 3aTeM
BO BTOPOH YacTH IJIaBbl PACCMaTPUBAETCS LeM0YKa CBS3AHHBIX OCLHUJISATOPOB
Buna (0.1). Cesi3b B 3TOM c/aydae npeanosaraercs auddysuonnoi. [Ipu noaxo-
ISIIAX 3HAYeHHUSsIX MapaMeTpoB B LENOUKe M3 /m 3JeMeHTOB yHaeTcs N0Kas3aTh
COCYILIECTBOBaHHE He MeHee 1 PeJaKCalHOHHBIX [HKJOB.

HmnynbcHBle HelpOHBI, HAGJIOIaeMble B 9KCIIEPUMEHTE, B HEKOTOPBIX CJIY-
yassX TeHepUpylOT UMIYJbCHbIE MaKeThl, 3TO siBJeHHe OOBIUHO Ha3blBAeTCsl
bursting. ¥YpaBuenue (0.1) He obsamaeT TakMM CBOHCTBOM, OIHAKO yueT 3a-
Mas3fbplBaHUs B 00€UX (PYHKUHUSIX MPOBOIHUMOCTH MO3BOJISIET TePeHTH K MOJeH
(0.11), nmeroueil pesnakcaunoHHbld bursting unksa. Bropasi riaBa mnocBssiieHa
aHaJ M3y ypaBHEHHs C JIBYMs 3ama3/blBAHHUSMH, B HeH H3jaraetcs MeXaHHU3M
BO3HUKHOBeHHUs bursting nuknaa. Hapsiny ¢ aTUM ynaetcsi mokasaTb, 4TO B CH-
CTeMe M3 m CBSI3aHHBIX TeHepaTOpOB IPH MOAXOASIIEM BbIGOpe MapaMeTpoB
COCYIIECTBYET CKOJIb YTOAHO GOJIBbIIOE YUCIO YCTOHYMBHIX bursting nukios.

B tpetbeil rmaBe mertonsl, paspaboranusie ajst monesed (0.1), (0.11), mpu-
MeHsII0TCS K ceTsiM Xonduiaa ¢ 3anasibiBaHueM. [y TakuxX ceTed moJyde-
Hbl pe3y/abTaThbl, aHaJOTMYHble HAaUAeHHBIM B NaBax 1, 2 aas mozpened (0.1),
(0.11).

HakoHell, B mocsieHe, 4eTBepTO#, YacTh paboThl MpHBeLEeHA MOIENb CH-
HANTUYeCKOH CBSI3U MexX1y HeHpOHaMH.
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[Ipn € > 0 ypaBHenue (4.95) TaxkxkKe HONYCKaeT pelleHHe > = 1, MOCKOJb-
Ky mpu » = 1, A = ﬁ(k)(s) ypaBHeHue (4.70) 3aBefoMO HMMeeT eIMHHYHBIN
MYJBTUIIMKATOP (B 3TOM CJydae OHO MpelCTaBjseT COOOH JHHeapH3alHio
ypaeHenus (4.16) Ha uukne x = 7 (t,€)). obaBum eule, 4To B CHJy aHaJ/H-
TUYHOCTH (DYHKLMHU (3¢, €) 110 TIEPEMEHHON 3¢ U aHasoruyHoro (4.73) paBHoO-
MepHoOro 1o » € B(r) paBeHctBa vy /0 = [ + O(\/€) KOJINUeCTBO KOpHEH
ypaBHeHust (4.95) B Kpyre » € B(r) paBHO m, TMpHYeM KOpeHb » = 1 siBJsi-
eTcst mpocTbiM. YTO XKe KacaeTcst OCTaJbHBIX m — 1 KOpHEH 3TOro ypaBHeHHS,
TO OHHM HpHU € — 0 cTpeMsATCS K KOPHAM 3¢ : || < 1, j =1,....m—1
ypaBuenus (4.82).

[TonBenem uror. M3 nponesaHHOro aHa/n3a CJELyeT, YTO 33 HCKJIIOYEHHEM
NPOCTOrO eIMHHUYHOTO Bce MyJbTHIIHMKaTOpH! v € C unkiaa (4.92) no monyJio
MeHbllle eInHULb. JleAcTBUTeNbHO, UMeeTCsl m — | TaK Ha3blBaeMbIX KPUTHUe-
CKMX MYJBTHUIIMKATOPOB v;(e), j = 1,...,m — 1, cTpemsmuxcs npu ¢ — 0 K
BeJIMYWHAM V = %jm/k, re »j, j=1,...,m—1 - yxe ynoMHUHABLIKECS BhILIE
KOpHHU ypaBHeHHs (4.82). OcranbHble Ke MyJbTHIIMKATOPL ¥/ paccMaTpHBae-
Moro nukJa Jjexar B kpyre (4.94). Teopema 4.3 nokasaHa.

OTzeIbHOro pacCMOTPEHHS 3aCyKHUBAET BOMPOC O COCYLIECTBOBAHHUH LIMK-
J0B (4.92) ¢ pasnuuyHBIMH HOMepaMu k. [last Toro utoGbl pasobpaTbesi ¢ HUM,
MPeInoOKUM, UTO Ha HEKOTOPOM OTpe3Ke [z1, z2] C (0, 1) BBIMOMHSAIOTCS yCJ10-
BUS

a> max m(z), max mz) <c+1/b< min (), (4.96)
rae v;(2), j = 1,2,3 — dynxuunn (4.88). B atom ciyuae umeer MecTo ciey-
[ollee YTBEPKIEHHUE.

Teopema 4.4. [lycmo napamempor a, b, ¢ pukcuposarol u yoosremsopsarom
mpeb6osanusm (4.96). Toeda npu ecex docmamouno marvix € > 0 8 cu-
cmeme (4.12) cocyuecmseyrom 3KCNOHEHUUANLHO OpOUMAALHO Ycmotitusoie
yukaol (4.92) ¢ Homepamu

k: z2zm<k<zm. (4.97)

Jliisi mokasaTesibCTBa JOCTAaTOYHO 3aMETHTb, 4TO B caydae (4.96) HaGop
napameTpoB (a, b, ¢) MPUHALJIEKHUT OTHOBPEMEHHO BceM MHOxKecTBaM (4.89) ¢
HomepaMH (4.97). A 3To 3HAUMUT, UTO NMPH KaKJIOM TaKOM &k Mbl HaXOAHMMCS B
paMKax npumeHuMocTu Teopem 4.2,4.3.

Jlo6aBuM ellle, 4TO TPH yBEJUYEHHH 1M KOJTHYECTBO HATypasbHBIX k, MPH-
HaaJexalux MHoxkecTBy (4.97), HeorpaHHueHHO pacTeT. TeM caMbIM Mbl MO-
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ede Ty(te) = :L‘*(t,s,A)|A:£(k)(), a &k)(s) - koperv (4.91) ypasHe-

Hus (4.90).

B nomnosiHeHYe K YCTAHOBJIEHHOH TeOpeMe OTMETHM, UTO Hpu k > m ycJo-
Bus (4.86) u TpeGoBaHUe ﬁ(k) > () HecoBMecTHbI. TeM cambiM cucTema (4.12)
3aBeloMO He uMeeT Oeryuiux BoJH Buaa (4.92) ¢ Homepamu k > m.

[lepefinem Tenepb K Bonpocy o6 ycroitunBocTtH Lukaa (4.92). CnpaBennnsa
caepyolas

£

Teopema 4.3. B ycarosusax npedoidyujeil meopemol npu 6cex 0oCcmamouHo
manoix € > 0 yuxa (4.92) skcnonenyuarvHo opobumarvHO Ycmouuus.

HokasareabcTBo. HanomuuM, 4To BCce MynbTUILIMKATOPH! v Lukaa (4.92)
3anatTcsi paBeHctBamu (4.21), (4.22), toe vs(s¢,e), s > 1 — MyJabTHIIH-
KaTOpbl BCIIOMOTaTeJbHOrO JuHeHHoro ypaBHeHusi (4.70) mpu A = ﬁ(k)(e).
B cBsiau ¢ aTUM 0oOpaTHM BHHMaHHe, UTO 1Js omepatopa MoHompomuu (4.19)
cucrembl (4.17), otBeuarouiedt uukay (4.92), umeer Mecto oleHKa

V() le-1.0rm—c-10mm < M, M = const >0, (4.93)

CMpaBeJIMBOCTb KOTOPOH BbITekaeT M3 CBOUCTB Buma (4.57)-(4.62) koaddu-
uneHToB (4.18). Takum o6pasoM, Npu pacCMOTPeHHH ypaBHeHHH (4.22) B cu-
Jy oueBHaHoro HepaseHctsa |v| < ||V (¢)|| u cooTHowenus (4.21) Mbl Brpase
OrpaHuMuuThCs 3HaueHusMH »x € C : |s| < r, tne r = (M + 1)F/™, M -
KoHcTaHTa u3 (4.93). R
Wrak, npu ycnosuu s € B(r) noncrasuM B ypasHenue (4.70) A = Ay, (e)
¥ BocroJsib3yeMcsi ieMMoi 4.3. B pesysnbrate y6exaaemcs, 4To BCe BO3MOXKHBIE
pemenusi » € C ypaBHenu#t (4.22) npu s > 2, a 3HaUUT, U OTBeyalollde UM
MYJIbTHILTHKATOPH v = 2"/* nukna (4.92) monyckamT OLeHKY BHAA

|v] < Mexp(—d/e) (4.94)

C HEKOTOPLIMH YHHBepCa/JbHBIMH MocTOSHHBIMH M, 0 > 0. Takum o6pasom,
npoG/aeMa ycroiunBocTH Lukaa (4.92) cBOIMTCS K aHa/IM3y PACIOJIOKEHHs
KopHe# ypaBHeHus (4.22) npu s = 1.

Onupasice Ha aCUMITOTHYECKOe NpefcTaBieHHe (4.73), NPUXOAUM K BBIBO-
Ly, 4TO HHTepecylolllee HAC ypaBHeHHe 3alHChIBAETCS B BUIE

14 80— 1)]F =™+ 0(Ve). (4.95)
3ametum, najee, 4to npu € = (0 B cusy JieMMbl 4.4 OHO UMeeT NPOCTOH KOpPeHb
2 = 1, a ocTa/bHble ero KopHH (0603Ha4MM HX uepe3 s, j = 1,....,m — 1)

nexar B kpyre {sx € C: |»x| < 1}.

I'naBa 1.

PenakcanuoHHble
aBTOKOJie0aHUS

B HEMPOHHBIX CHUCTeMaXx
C OOHUM 3arna3iblBaHUEM

1.1. AcuMnTOTHUYECKHUH aHAJU3
OHOT0 YpaBHEHUS

B mepByio odepenb pacCMOTPHM CKaJISIpHOE CHHTYJSPHO BO3MYILIEHHOE
HesJlHeHHoe nu(pdepeHlINaNibHO-PA3HOCTHOE YypaBHEHHE C 3arasjiblBaHHeM
(0.1), siBasitoleecsi MOEJbIO OTAENBHOTO HedpoHa. B naHHo# rsaBe usyua-
FOTCST BOIIPOCHI CYIIEeCTBOBAHMSI, ACHMITOTHKH W YCTOHYMBOCTH €ro peJakca-
[IMOHHOTO LIUKJIA.

1.1.1. IlocraHoBKa 3agayu

OCHOBOH H3JiaraeMbiX HUXKe MOCTPOEHHH CJYXKHT TEOPUS peslaKCallHOH-
HBIX KOosileOaHHW{ B MHOrOMEPHBIX CHCTeMaX OObIKHOBEHHBIX AH(QepeHIHalb-
HBIX ypaBHeHHH, Oepyiias Havdaso ¢ paborsl JI. C. Ilontpsirnna u E. ®. Mu-
uerko [5]. Tlocnenytoliee pasBuTre 3TOi Teopun oTpakeHo B padorax [6-9],
a JI0CTaTOUHO 3aKOHYEHHBIE XapakTep OHa MpHHs/a B MoHorpadusx [10, 11].
YmecTHO Takke oTMeTHTb MoHOrpaduio [12] u paGory [13], B KOTOPBIX OCHOB-
Hble uaer U Metopsl U3 [10,11] nepeHeceHbl Ha HEKOTOPBIE KJIACCHI CHHTYJISIPHO
BO3MYIIEHHBIX TH((EpeHIHaNbHO-PA3HOCTHBIX YPABHEHUE C 3aMas/biBAHUEM.

11
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Puc. 1.1.

PesynbTaThl HacTosled pabGoOThl MPEACTABAAIOT COOOH eCTeCTBEHHOE MPOIOJ-
eHue HauyaThix B [12, 13] uccienoBaHuil.

[Tpuctynum K onucaHuio 00bekTa AajbHeillero aHaau3a. DygeM cuuTath,
4TO 3JIEKTPHUYECKAsi aKTHBHOCTb OTAEJbHOTO HEHPOHA MOJENHPYeTCs ypaBHe-
aueM (0.1) (cm. [14], c. 32), BbIIHIIEM €ro U MPEANOJIOKEHHS, €ro Kacaolly-
ecsi, 3aHOBO

= AN—-1+af(ut—1)) — Bg(u)]u. (1.1)

3mech u(t) > 0 — MeMOpaHHBIE MOTEHLHas HeipoHa, mapamerp A > 0, xa-
PaKTepU3YIOIHH CKOPOCTh NIPOTEKAHHUS 3/eKTPUYECKUX [IPOLLECCOB B CUCTEME,
npexnosaraetcs 60JbILIKNM, a TapaMeTpsl «, 3 > 0, UMelollxe TOPsIOK eTHHH-
IIbl, TAKOBbI, YTO

a>14+p. (1.2)

[pennonaraem, uto ¢urypupytoure B (1.1) dynkuun f(u), g(u) npuHamsexar
knaccy CH(R,), Ry = {u € R: u >0}, u o6anaoT cBoHCTBaMH

f(0)=9(0)=1, 0<pfglu)+1<a YuecRy 1.9)
fu), g(u),uf (v),ug'(u) = O(1/u) npu u— +oo. '

Kak Gyzner nokasaHo HHKe, IPH c(HOPMYJIHPOBAHHBIX OrPaHHUUEHHSX H [PH
BCEX 0CTAaTOuHO GosiblinxX A ypaBHeHue (1.1) nMeeT 3KcMOHEHUHATBHO OPOH-
TalbHO YCTOMUMBBIE LUK u = uy(t, \) nepuona Ti(N\), rue

lim T,(\) =Ty, Th=a+1+(B+1)/(a—p—-1) (1.4)

(MOJIOKUTENBHOCTD BeJTMUYUHBI 1) BbITeKaeT U3 HepaBeHCTBa (1.2)). dyHkuus
u(t, \) Ha OTpe3Ke BpPeMeHH [JIUHBI [IEPHOAA HMEET aCHMIITOTHUECKH BBICOKHH
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O6Go3HauuM uepe3 U, ; MHOXKeCTBO HaGOpoB mapametpos (a,b,c) : a,b >
> 0, ¢ € R, ynoaetBopsiioux ycaosusm (4.86), (4.87). as 6osee yno6HOro
€ro npeacTaBJeHHs] BBeleM B PACCMOTpeHHe (QYHKIHH

z— — (7t -
— min (2’71 — 1)Tg - t()
e = min (=
(To — 1 —to) exp(=bto) +to — (27" = 1)(1 + ty)
1 —exp(—btp)

) (4.88)

nepemenHolt z € (0,1). HeTpyaHo 3aMeTHTb, YTO € MOMOLIbIO ITHX (DYHKLHME
MHTepecyolllee HaC MHOXKEeCTBO 3allHUCbIBAETCS B BUJE

Ui = {(a,b,c) 1 a>y1(k/m), b>0, yo(k/m)<c+1/b<ys(k/m)}.  (4.89)

Hrak, mbl y6enunuch, uto npu (a,b,c) € Uy 1 npu A = ﬁ(k) TMepHOMH-
ueckoe perienue (4.41) ypasHenus (4.30) umeeT HyxHbIH mepuon mA ) /k.
OGparumcst Tenepb K MePHOIUYECKOMY pelleHHio x.(t, e, A) ypaBHenus (4.16)
M PacCMOTPHM COOTBETCTBYIOIlee eMy ypaBHEHHe

T.(e,A) = mA/k. (4.90)

Hanomuum, nasnee, yro B cuay (4.50) nmepuon Ti(e, A) momyckaeT acHMIITO-
tHueckoe mnpencrasienne T.(e,A) = T.(A) + O(g), paBHOMepHOe MO A U3
no6oro KomnakTa K, fJsi KOTOpOro BeIMoJHsOTCS TpeboBanus (4.31), (4.38).
A orcrona ¥ U3 MPOCTOTHI KOPHS A = ﬁ(@ ypaBHeHuUst (4.84) ouyeBHaHBIM 00pa-
30M csenyet, uto ypaBHeHue (4.90) nmeer xoTs Obl ONMH KOpeHb A = £<k)(5),
TakoH 4To

Apy(e) = Bpy + O(e). (4.91)
CyMMupysi TIpOfieJlaHHBIE MOCTPOEHHUs], MPUXOAUM K CJeAYIOIIeMy yTBep-
KJEHHUIO.

Teopema 4.2. [Tycmo namyparvisie m, k yoosaiemsopsrom yciosusam (4.29),
a napamempo. a, b, ¢ gurcuposarer u (a,b,c) € U,y Toeda Haiidemcs
makoe docmamouno maroe £y > 0, umo npu scex 0 < ¢ < gqg cucmema (4.12)
donyckaem yuks (6ecyuiyro 80AHY)

Cr: xj=Twt+ (G —1)AwE),e), j=1,...,m, (4.92)
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o6osHauaTh uepes x4(t,e, A) u T,(g,A) COOTBETCTBEHHO, MOAUEPKHBAs SBHO
3aBUCHMOCTb 3THX (PYHKUHH 0T A. AHanoruunbim o6pasom, dyepes T.(A) o6o-
3HauuM Tnepuon (GyHkuuu (4.41) u 3amertum, uto B cuay (4.37), (4.39) nna
Hero cripaBenJiuBa hopmyna

T.(A)=A+ty+ (To+c+1/b— A)exp(—bty) —c—1/b. (4.83)

M3yuyuM cHayaja BONPOC O CYIIECTBOBAHUHM MEPHOAUYECKOTO peEIIeHHs C
nepuiogom T = mA/k y peneittoro ypasuenusi (4.30). C 3Toél uesbo obpa-
TUMCSI K YPaBHEHHIO

T.(A) = mA/k (4.84)

LIS HaXoXAeHus (asoBoro casura A > 0, cuuTas, 4To HaTypajbHBle m U k
ynoBJeTBopsitoT yeaoBusiM (4.29). M3 cootHoueHus (4.83) oueBuaHbiM 06pa-
30M CJI[yeT, YTO JaHHOe ypaBHEHHe HMeeT elMHCTBEHHOe pellleHne A = ﬁ(k),
rae

3 - ﬁ0+T()CXp(—bt0) — (1 —CXp(—bto))(C+1/b)

. 4.
® m/k — 1+ exp(—bio) (4.85)

HanomuumMm, nasnee, yto peiieHue (4.85) HOMKHO YIOBJETBOPSITH YCJIOBU-
am (4.31), (4.38), npu KOTOPBIX, COOCTBEHHO, W ObLI MocTpoeH LUK (4.41)
peneiinoro ypaBHenus (4.30). B cBsizu ¢ 3tuM moactaBum dopmyay (4.85) B
YIOMSIHYThI€ YCJIOBHs. B pesysbraTe MONydyUM CEPUI0 OrpaHHYEHUH

(m/k — 1)(c+1/5) < TE= DT~

exp(bty) — 1 (4.86)
t()—(m/k}—l)T() <C+1/b< (Tg—l—to) eXp(—bt0)+t0—(m/k—1)(l—|—t0) '
1—exp(—bty) 1 —exp(—btp)

Ha mapameTpsl a, b, c. Jlo6aBuM elie, 4TO NaHHBIE OTPAHHYEHHUS] COBMECTHBI B
TOM U TOJIBKO B TOM Cﬂyqae, KOorga BbITIOJIHAETCS HepaBEHCTBO
to — (m/k —1)Ty (m/k —1)Ty —to
1 —exp(—bto) (m/k —1)(exp(bty) — 1)’

KOTOpO€, B CBOIO O4epelb, SKBUBAJIEHTHO OLEHKE

2k —m
m—k

a > (4.87)

Ha napameTp a.

1.1. ACHMNTOTHYECKHF aHAJIH3 ONHOIO ypaBHEHHS 13

BCIJIECK MJIMHBI (v, @ B OCTa/JbHOE BPeMsl aCHMOTOTHYeCKH Masa. HarisaHoe
npelcTaBleHHe O pelakCallMOHHBIX CBOMCTBAX 3TOrO LHKJA AaeT ero rpaduk
Ha MI0CKOCTH (t,u) B caydae a =3, f=1,A=35, f=¢g= (u+1)/(uv*+1),
u3o0pakeHHblH Ha puc. 1.1.

1.1.2. OcHoBHO#1 pe3yabTaT

[Ipu uccenoBaHUK BONPOCA O CYLIECTBOBAHHH M YCTOHYHBOCTH y ypaBHe-
Husi (1.1) pesakcaunoHHOTO UMKJA Uy (t, A) ¢ TpeGyeMbIMH CBOHCTBAMH yI00HO
cnenatb B (1.1) 3ameny u = exp(A\x). YKaszaHHas 3aMeHa mpeoOpasyeT ypas-
nenue (1.1) x BULY

t=—-14+aF(z(t—1),¢) — BG(x,¢e), (1.5)
rie F(z,e) = f(exp(z/e)), G(x,e) = g(exp(z/e)), ¢ = 1/A < 1. Hanee,

3aMeTHM, YTO B CHJy CBOHCTB (1.3) BHIMOJIHSIOTCS TpeesibHbIe COOTHOIIEHHUS

1
lim F(z,2) = lim G(x,2) = R(z), R(x)=4. ™% “<% (15
50 0 0 mpu x>0,

MO3BOJISIONIHe TMepedTH OT ypaBHeHHs (1.5) K paccMOTpeHHIO MpelnesbHOro
peJsieliHOrO ypaBHEHUS C 3anasiblBaHUeM

t=—-1+aR(z(t—1)) — BR(x). (1.7)

Kak u B paGore [13], mamumM moiiaroBoe KOHCTPYKTHBHOE OIpefesieHune
MOHSATHS pelieHusi ypaBHeHus (1.7). [ljst 3Toro 3aukcupyeM HEKOTOpoe

op: 0<op<(B+1)/(a—B—1), (1.8)

pPaccMOTPUM MHOXKECTBO (PYHKIHUH

o(t) € C[—-1 =09, —0o], @) <0 Vte[-1—o0y,—00,
¢(—00) = —oo(a — 5 —1) (1.9)

1 0603HauUMM 4epe3 w,(t), t > —oy, pelleHne ypaBHenus (1.7) ¢ HauasbpHOH
¢dbyukuued (1.9).

3ameTuM cpasy, 4ToO MOCKOJbKY ¢(t — 1) < 0 mpu t € [—og,1 — o], TO
no KpalHell Mepe NpU 3Ha4YeHHSX ¢, NOCTAaTOYHO OJMU3KHX K —0Op, B CHJIY
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(1.6), (1.7) dynxums wz, onpenenserca u3 3afaud Komwm & = o — § — 1,
x(—0g) = —op(w — B — 1) u, caenoBarenbHo,

z,(t) = (@ — = 1)t. (1.10)

fIcHO TakKe, 4TO O TeX MOp, MOKa Z,(t) MMM Z,(t — 1) He CMEHHT 3HaK,
npaBast yacTb ypasHenus (1.7) mMensiTbest He Gymer. A oTcioma B CBOIO oYepenb
3akqovaeM, uto (opmysaa (1.10) coxpaHsieTcss Ha npoMexKyTKe t € [—oy,0).

[lpu ¢t = 0 nepBbId pa3 NIPOUCXOIUT MEPEKIOUEHHE, 00YCJIOBIEHHOE CMEHOH
3HaKa y z,(t), u npu t > 0 pemenue z,(t) onpenensiercs y>ke u3 3agauu Komu
z=a—1,2(0) =0, T. e. IOCPEACTBOM paBEHCTBa

2,(t) = (a — 1)t. (1.11)

Tounee rosops, Gopmyna (1.11) ocraetes B cuite moka x,(t—1) < 0, z,(t) > 0,
T. €. JO MOMEHTa BpeMeHHU ¢ = 1.

[Ipu ¢ = 1 NpoUCXONUT ouepelHOe MepeK/IUeHHe, CBSI3aHHOE Terepb COo
CMeHOH 3HaKa w,(t — 1), m mpu ¢t > 1 119 HaXOXKIAEHHS T, HMeeM 3ajady
Kown & = —1, 2(1) = a— 1. Tem cambiM Ha npoMexyTke ¢ € [1, o) nosydaem
paBeHCTBO

z,(t) = a—t. (1.12)

B rtouke t = « pelnenue z,(t) cHOBa MeHfleT 3HaK, U MO3TOMY TIpH ¢ > «
pPaccCMOTPEHUIO MOAJEXHUT ypaBHEHHe & = —1 — [ ¢ HyJeBbIM HauyajbHbIM
yCJIOBHEM TpH ¢ = «. A OTCioma HETPYAHO BBIBECTH, YTO Ha MPOMEKYTKE
t € [, + 1) uHTepecyIollee HAC pelleHHe 3agaeTcss GOpMynoH

2,(t) = —(1+ B)(t — a). (1.13)

IIpu t > 41 cHoBa, Kak M Ha HauaJbHOM 3Tane, QYHKUMH (1) ¥ z,(t—1)
CTAHOBSITCS] OTPULIATE/IbHBIMU. [103TOMY Ha npomexyTke ¢ € [a+1,T}), roe Be-
anunna Tj) onpeneniena B (1.4), pemenue x,(t) umeer aHanoruynbii (1.10) Buxn

tot)=(a—B-1)(t—a—1)—1-§. (1.14)

3aBepliuas OMHCaHHe TOCTPOEHHS DeIleHHs] T, (t), OTMETHM, UTO B CHIY
ycsoBus (1.8) Ha moctostHuylo 0 QyHKUMA x,(t 4+ Tp), —1 — 09 < t < —oy,
MPUHAMJIEKUT UCXOAHOMY HauajibHOMY MHOXKecTBY (1.9). A 3T0 o3Hauaet, 4To
npu t > Ty — 0 Becb mpolecc nosropsiercs. bosee Toro, uz dopmya (1.10)—
(1.14) BBITEKaeT, UTO Kaxkaoe pelleHHe Z,(t) ¢ HadaabHbIM ycsoBHeM (1.9)
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acuMnToTHueckoe npencrasieHue (4.73). OcrajibHble e COOCTBEHHbIE 3HaUe-
Hus vg(s¢,¢), s > 2 oneparopa W (e) momyckawmoT oleHKy (4.72) ¢ HEKOTOPbIMU
YHUBEPCANbHBIMU (3aBUCAIIMMHU TOJBKO OT ) MOCTOSTHHBIMU M, § > 0. Jlem-
Ma 4.3 nokasaHa.

B cBssu ¢ paBeHCTBOM (4.73) M NPeACTOSILIMM B JAajbHeHIIEM aHaJM30M
ypaBHeHHUl (4.22) oka3blBaeTcsi M0JI€3HOU CJenyroLast

Jlemma 4.4. [Ipu aoboix € (0,1) u k € N, k < m 6ce kopru ypasrenus
14+ 80— 1)]F =™ (4.82)
3a ucKkaroueruem npocmoeo edunuuroeo aexcam 8 kpyee {»x € C: |»| < 1}.

HokasareabcTBo. [lycth cHavana 0 < § < 1. Torna uHTepecymwle Hac
KOPHHU » = 7,.(0), r =1,...,m — 1 ypaBHeHus (4.82) npu 5 = 0 obpaiiatrcs
B exp(27ri/m) W, KaK HETPYAHO YOEMUThCS, YAOBJETBOPSIOT HEPaBEHCTBAM

2k 2
:—(l—cosﬂ> <0, r=1,....m—1.
=0 m m

d 2

Takum o6paszom, npu Majbix 8 > 0 yTBepxKAeHHe JIeMMbl BepHO.
[Ipennonoxkum Tenepb, uto ypaBHeHue (4.82) mpu HEKOTOPOM 3HAUEHUH
B € (0,1) umeer KopeHb sy = exp(iwy), wo > 0. Torga ¢ He0GXOAUMOCTbIO

ol = 1= 1+ 8 (500 — D" = (1 +2(1 = B)B(coswn — 1)),
a, 3HAUUT, coswy = 1 U sy = 1. Jlemma 4.4 noxasana.

MHTepecHo oTMeTHTb, 4TO B cayvae 5 € (0,m/k), k > m ypaBHeHue (4.82)
IOMyCKaeT POBHO k — m KOpHeH, MOLYJNH KOTOPBIX OoJibllle eIWHHUIbL. [Ipu
8 — 0 3Tu KopHH "yxonsAT B G€CKOHEUHOCTb, a MpH JIIOOOM (PUKCUPOBAHHOM
B € (0,m/k) ocratorcsi B obmactu {» € C: |»| > 1}.

4.6. OcHOBHbBIE Pe3yJabTAThI

B nanHOM myHKTe npHMeHHM paspadoTaHHble B 1. 4.2 — 4.5 BcrioMoraresib-
Hble KOHCTPYKIHUU HEMOCPeACTBEHHO K ucXoaHO# cucteme (4.12). Hanmomuum,
4To mpobseMa CYLIeCTBOBaHUs ee Oerylux BoJH (4.15) cBOOUTCS K OThICKa-
HUIO TIepPHOIMYECKUX pelLleHHH BcroMoraresbHOro ypaBHeHus (4.16), umero-
uwx nepuoasl mA/k, k € N. B ¢BA3u ¢ 3THM B JHasbHeHIIeM MePHOAHYECKOE
pelueHue ypaBHeHus (4.16), nocrasisiemoe Teopemoii 4.1, u ero nepron Gynem
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rae [ — nocrosinHast us (4.73).

st oBocHoBanusi cooTHOLIEHUS! (4.77) HEOOXOMMMO 3HATh ACMMITOTHYE-
CKoe roBeeHHe peleHust h(t,<). B cBs3u ¢ aTum pononHuM ypaBHeHue (4.70)
Haua/JbHbIM ycaoBueM h = 1, —A — gy < t < —0( U NPOUHTETPUPYEM €ro Ha
otpeske BpeMeHH —o( < t < T, (&) — 0y METOAOM 1IaroB, YUHTHIBasi, 4TO KO3h-
¢duumenTsl B,(t, <), Ci(t,€) mensitorest J-o6pasto (cm. (4.57) — (4.62)), a nas
Koa(duurenta A.(t,e) crnpaBensnuBo BeiTeKamwluiee u3 (4.11), (4.18), (4.48)
paBHOMEpHOE M0 ¢ € Yo aCUMIITOTUYECKOE NPeACTaBleHHUE:

Au(t,e) = Ao(t) + Olexp(=0/V<)),

A (t)* 0 Inpu ¢ € [_UQ,A)U(A‘i_tO,T*_UO/Q},
T b mpute (A A+,

rie § = const > 0. B pe3ynbrate ybexmaemcsi, 4To, BO-TEPBBIX,

max |E(t,€)| <M, M = const > 0; (4.78)

—00<t<T\(e)~00

BO-BTOPBIX, PABHOMEpPHO 10 t € X1 N Xy, 3¢ € B(r)

h(t,e) = h(t) + O(y/e), (4.79)

rjie, HAMOMHKM, Y1, Yo — MHOXecTBa (4.58), a uepes h(t), t > —o( 0603HaueHO
peleHye UMIYJIbCHOM 3amaud Korn

h=Ao(t)h, hl——g, =1, (4.80)

h(1+0) = h(1 —0) — (a + 1)h(0),
h(to+ 14 0) = h(tg+ 1 — 0) — (1 + 1/a)h(ty),
h(A +0) = h(A —0) + sb(c — B1)h(0),

h(A +to+0) = h(A + 1ty — 0) + s (b/a)(c — f2)h(to).

Yro xe Kacaercsi cBoiictBa (4.77), TO OHO OUEBHAHBIM 00pa3oM CJENyeT
u3 (4.79) n us paserctBa h(T, — og) = 1+ [ (5 — 1), npoBepsiemoro nocpen-
crBoM uHTerpuposanus cucrembl (4.80), (4.81) (coorBeTcTByOLIME BIIOJHE
MOHSITHBIE BBIKJIAAKH OMYCTHM).

BepHemcst k onepatopy W (e). O6benunss oueHky (4.76) ¢ npopesaHHBIM
BbIllIe aCUMITOTHUECKHUM aHaauzoM (cm. (4.78), (4.79)), mpuxomuMm K BBIBO-
ny, uro W(e) umeer mpocToe coGCTBeHHOEe 3HaueHue vy(s,e) = v,(sx,¢e) +
+ O(exp(—d/e)), 6 = const > 0, nas koroporo B cuay (4.77) cnpaBennBo

(4.81)
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npu ¢t > —o(p CoBNajaeT C ORHOM M ToH XKe Tp-nepuonuuecKodl (QyHKUHUeH
(puc. 1.2)

(= 1)t npu 0<t<1,

a—t mpu 1 <t<a
zo(t) = ’ 1.15
wo(t) —(1+8)(t—a) npp a<t<a+1, ( )

(a—pf—-1)t—a—-1)—1—=F mpu a+1<t<T.
3nech xo(t + Tp) = wo(t).

a—1 A

—1—0’0 — J90

Puc. 1.2.

[TepeiieM K BOTPOCY O CBSI3U MEXIY MEPHOAMUYECKUMH PEIIeHUsMU ypPaB-
nenud (1.5) u (1.7). CnpaBemsiBO cjenyiolIee YTBEPKIEHHE.

Teopema 1.1. [Ipu scex docmamouro marvix € > 0 ypasnerue (1.5) umeem
COUHCMBEHHbLL OPOUMANLHO IKCNOHEHUUANLLHO YCMOUUUBbLL YUKA T.(t, €),

xi(—00,8) = —og(a—B—1), nepuoda T.(c), ydosremsopsroujuti npedesvHolm
pasexcmeam
lim max |z.(t,e) — zo(¢t)| =0, lmT.(e) = Tp. (1.16)
e—=0 e—0

HokasatenbCcTBO, ColepxKallieecss B CJAEAYIOLIMX [ABYX MYHKTax, OMHpa-
eTcsl Ha HEKOTOpble [OMOJHUTeNbHbE KOHCTPYKLHMH. [lJisi UX omucaHus Ha-
psny ¢ KoHcrauTod oy (cm. (1.8)) sadurcupyeM MpOH3BOJIBHO MOCTOSIHHbBIE
q > oola—F—1), ¢ € (0,00(c — 8 — 1)) u ob6osHaunm uepes S(og, q1, ) C
C C[—1 — 09, —0y] 3aMKHYyTO€, OrpaHHUEHHOE U BBIMYKJOEe MHOXKECTBO (DyHK-
UMl (t), yIOBJIETBOPSIOUIMX TPEeGOBAHUAM

—q < p(t) < —@,  p(—09) = —oo(a — B —1). (1.17)
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Hanee, nasi npousBosbHOH QyHKUMH ¢ € S(00,q1,¢2) PACCMOTPUM peLleHHe
x = x,(t,e), t > —0¢, ypaBHeHus (1.5) ¢ HauasbHBIM ycsoBHeM ¢(t), —1 —
— 09 <t < —0p, a yepes t = T, 0003HAYUM BTOPOH MOJOKHUTENbHBIH KOPEHb
ypaBHeHHA T, (t — 09, €) = —og(av— [ — 1) (ecan on cymectsyer). M HaxoHel,
Ha MHoXecTBe S(00,q1,¢2) 3ananum onepatop Il. ¢ nomolbio paBeHCTBA

() = 2y(t + Tp,e), —1—09 <t < 0. (1.18)

[Mocnenyomuil muan gedcTBuil TakoB. CHayaga Mbl YCTAHOBUM aCHMIITO-
THYeCKHe (OPMYJIBl M5 Z,(t,€) HA PA3MMUHBIX NMPOMEXYTKAX M3MeHeHHs I,
U3 KOTOpbIX OyjeT cJjeloBaTb, 4TO MPU MOAXOAsLleM BblOOpe NapaMeTpoB
00, q1, G2 onepatop (1.18) onpenenen Ha MHO)KecTBe S(0y, q1, ¢2) ¥ Ipeodpasy-
eT ero B cebsi. 3aTeM MPOBEEM aHAJIN3 YPaBHEHUS] B BapHALlMsIX HA PelLIeHHH
x,(t,€) n nokaxewm, uto II. sABIsETCA CKUMAIOLIHUM.

1.1.3. CymecTBoBaHue MEePHOTUYECKOT0 pelleHUs

[TocTpoeHne acMMNTOTHKH QYHKUMH Z,(t,c) Had4HeM ¢ oTpe3ka —o < ¢ <
< 0y, cUMTad, 4TO

o0 < 1/2. (1.19)

Tax xax B cuny (1.19) ero nsvHa He MPEBOCXOAUT €IMHHUIILI, TO B 3TOM CJydae
z,(t —1,e) = @(t — 1) u, clemoBaTesbHO, Ha yKa3aHHOM OTpe3Ke ,(t,¢)
ompenensietcs: U3 3agaur Koun

& =—-1-BG(z,e)+aF(o(t—1),¢), x|i=eee, = —0o(a—pF—1). (1.20)

[Ipu acumnroTHueckoM HccienoBaHuu 3amauu (1.20) cyliecTBeHHBIM siB-
JISIETCS1 TO OOCTOSITEBCTBO, UTO B CUJIY HepaBeHCTB U3 (1.17) u cBoiict (1.3)
paBHOMEpHO 10 t € [—ay, 0], ¢ € S(00,q1,¢2) EMeeM

F(p(t—1),e) =1+ O(exp(—¢q/¢)). (1.21)

[ToncraBum, nanee, cootrHowenue (1.20) B (1.20), oT6poCUM 3KCMOHEHIIHANBHO
MaJjoe mo ¢ (T. e. uMewllee Nopsiaok exp(—gq/e), ¢ = const > 0) ciaraemoe
¥ B MOJYYHBLIEMCS YPaBHEHHH Uil & BBIOJHUM 3aMeHbl x = ev(T), T = t/e.
B pesy/brare NPUXOAHM K HE 3aBHCAIIEMY OT £ MOIEJbHOMY CKajISiPHOMY
ypaBHEHHUIO

Z—U:a—l—ﬁg(expv), —00 < T < 00. (1.22)
-
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Jlemma 4.3. /las aw0boeo r > 0 waiidymcs makue gy = eo(r) > 0, § =
=0(r) >0, M=M(r) >0, umo npu scex 0 < ¢ < gy, » € B(r), ede
B(r) = {3 € C: |x| <r}, sonosusemcsa HepageHcmeo

sup |vg(, €)| < M exp(—d/e). (4.72)

s>2

Ymo ace kacaemces mysomuniukamopa vy(s,€), mo Ox S8A5eMCs NPOCHMbLM
u donyckaem pasromeproe no »x € B(r) acumnmomuueckoe npedcmasierue

vi(se,e) =1+ B (x—1)+0(e), B=1—exp(=bty). (4.73)

IokasatenbctBo. OUKCHPYEM MPOU3BOJIBHO MOJOXKUTEJIbHOE T U OyIeM
cuMTaTh, 4To mapametp s u3 (4.70) npuHapiexut MHOxKecTBY B(r). Hasee,
BBEJEM B PAaCCMOTPEHHe KOHEUHOMEPHBIH omepaTop

W (e)ho = ho(—o)h(t + T.(e),8), —A—o0y <t < —o, (4.74)

rae h(t,e) — peiienue ypaBHeHus (4.70) Ha orpeske —og < ¢ < Ty(e) —op ¢
HayaJbHOU (yHKLHeEH h= 1, —A — 09 <t < —oy.

OcTaHOBHMCST Ha BOMpOCe O CBs3M Mexnay omepatopamu (4.71) u (4.74).
C 3Toil LebI0 PaCCMOTPUM (PYHKIIHIO

h(t,€) — ho(—00)h(t, ) (4.75)

M 3aMeTHM, 4to NpH ¢t € [—oy, Ti(e) — 0¢] OHa TakKe sBJsETCS pelLIeHHeM
ypaBHenus (4.70), a npu t = —o( obpaiiaercss B Hy/Ib. TeM caMblM Mbl BIpaBe
npuMeHuTb K (4.75) ouenky Buna (4.67), xotopas mns ypasHenus (4.70),
€CTeCTBEHHO, coxpaHsiercs. V3 yrnoMsiHyTOH OLEHKH c/efyeT, YTo

HW(E) - W(E)||C[*A*UO-,70'0]‘>C[7A70'0770'0] <M eXp(—5/€), (476)

rjie yHUBepcasbHble KOHCTaHThl M, § > 0 3aBUCST JIMIb OT BbIGOpA 7.

Ha crenyrouiem sTame [10Kas3aTesqbCTBA H3YUHM CIEKTpajbHble CBOHCTBA
oneparopa (4.74). HerpynHo yBumeThb, 4TO CIEKTP ITOTO ONEpaTopa COCTOUT U3
IBYX TOUEK — MPOCTOr0 COOCTBEHHOrO 3HaUeHHsl U = v, (32, ¢€), The V(s €) =
= h(T.(g) — 09, €), 1 cobCTBEHHOr0 3HauUeHHs1 ¥ = () GECKOHEYHOH KPaTHOCTH.
Yro ke KacaeTcst COOCTBEHHOTO 3HAueHUsi v, (»,€), TO JJsi HEero, Kak Gymaer
MOKa3aHO HHXKE, UMEeT MeCTO PaBHOMEpHOe Mo » € B(r) acHMITOTHUECKOe
paBeHCTBO

vi(se,e) =1+ B(3x— 1)+ O0(Ve), (4.77)
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M M3 yXe MOJydeHHOH oueHKH Buna (4.68) Ha (r — 1)-M oTpesKe BbITeKaeT
TpeGyeMasi OLleHKa Ha 7-M OTpe3Ke U3MeHeHHS t.
Ha 3aBepuiatouem stane o6ocHoBaHusi TeopeMbl 4.1 mpuMeHHM HepaBeH-

cTBo (4.67) BMecTe c OueBMAHOH OLEHKOH — max  |i,(t,e)] < M, M =
—09<t<T,—09

= const > 0 U aCHMITOTHYECKHUM NpelcTaBaeHueM &, (1, — oo, c) = 1+0(y/2)
(cMm. (4.49), (4.50)) k onepatopy (4.54). B pesynbTare yoexmaemcs, 4To

sup 0,11 (p)l|coscy < M exp(=d/e). (4.69)

©€S(00,q1,92)

Ocraercst 106aBUTh, UTO oLeHKa (4.69) ofecreunBaeT KaK CXKHMaeMOCTb Olle-
patopa II. (a 3HAUMT, eAMHCTBEHHOCTb €r0 HEMOABHXKHOH TOUKH ¢ = @.(t, &)
B MHOXeCTBe S(0y, q1,¢2)), TaK H IKCIIOHEHLHAJNbHYIO OPOUTANbHYIO YCTOHUH-
BOCTb COOTBETCTBYIOLIErO LMKJIA Z,(t,€) B MeTpHKe (ha30BOr0 MPOCTPAHCTBA
Cl—A — 0y, —0p). Teopema 4.1 noxasana.

4.5. BcnomoraresbHOe JIMHENHOe ypaBHeHUe

B naHHOM myHKTe Hcc/efyeM BOMPOC 06 aCHMITOTHUECKOM MOBEIEHHU
MYJbTHIJIMKATOPOB aHasornyHoro (4.20) jrHe#HOro ypaBHEHHUS

h= A.(t,e)h + B,(t,e)h(t — 1) 4+ 2 C.(L,e)h(t — A), (4.70)

rae A.(t,e), Bi(t,e), Ci(t, &) — koapduuuents (4.18), BoiuHCIeHHBIE HA HaAl-
[€HHOM BbILIE MEPUONUUYECKOM pelleHuH x.(t,e) ypaBHenus (4.16), a » -
NPOU3BOJIBHBIM KOMIIJIEKCHBIH TapaMeTp.

Paccmorpum peruenue h(t,e) ypaBHenus (4.70) ¢ mpou3BOIBHOH Havalb-
HOH QyHKLUMed ho(t) u3 npoctpaHcTBa C[—A — ¢, —0y]. Hasee, o6o3Haunm
uepe3 W (e) onepaTop MOHOLPOMUH 3TOTO YPaBHEHHs, TEHUCTBYIOIIKH B Mpo-
crpanctee C[—A — 0y, —0p] 10 npaBuIy:

Wi(e)hg = h(t +Ti(e),e), —A—o0y<t<—0y, (4.71)

rae, HamoMHuM, T, (g) — nepuon Uukaa x.(t,e).

BBenem B paccMoTpeHHe cOOCTBEHHbIe 3HAUYeHHUs V(s €), s = 1,2,... ome-
patopa (4.71), 3aHymepoBaHHble B nopsiake yObiBaHUsi MonyJeit. CripaBenstBo
cjenypollee yTBepKIeHHe.
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B nanpHefiem Hac OyneT HHTepeCOBaTh CreLHabHOE pelleHue vy(T), T €
€ R, ypaBuenus (1.22), 3apaoiieecsi paBeHCTBOM

UU(T) = V_l(z)lz:(nzfﬂfl)fra T € R, (1.23)

rne V1(2) - dyukuus, o6patHas K

L B(1 — g(exps))
V() = o —1—fBg(exps)

—00

ds, zeR. (1.24)

[TonuepkHem, uto ompenesenue (1.23) KOppeKTHO, MOCKOJBKY ycsoBus (1.3)
rapaHTHPYIOT KaK BBIMOJHEHHe HepaBeHCTBA o — 1 — fg(exps) > 0 Vs € R
M CXONMMOCTb HecoOCTBEHHOTo MHTerpana u3 (1.24), Tak M crnpaBeIJHBOCTb
coiietB V'(z) = (e — 1 — ) /(e — 1 — Byglexpz)) > 0Vz € R, V(z2) = +o0
npu z — +oo. A oTciofa B CBOIO ouepellb BBITEKAET CYILeCTBOBaHHE 0OpaTHON
¢yukunn V1(z) npu Beex z € R.

OcTaHOBUMCST Ha acCHMNTOTHUECKOM MoBeleHMH ¢yHKuuu (1.23) mpu
T— £ o00. [las 9TOrO BBISICHUM CHayaJja xapakTep rnoBeneHus GyHKUUH V(z)
u V-Y(2) npu 2z — +oo. O6pammasics B ouepenHoi pas k coiicteam (1.3), u3
paBeHcTBa (1.24) mocsieoBaTEIbHO BBIBOAMM:

V() =2+ 0(expz), V 12)=z+0(expz), z— —o0. (1.25)

Jlnsi mosyueHus ke aHajorudusix (1.25) dopmysn npu z — +oo npeacTaBuM
V(z) B BUZE

_a—f-1 [ 80— glexps))
 a-—1 a—1—Pg(exps)

—00

- (s )

a—f-1 a—B-1 Bg(exp s)

z
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roe

Cy —

a=1 | AL —glexps) o 70 By(exp s)
a—ﬁ—lima—l—ﬁg(exps) a—1—fg(exps)

0
1 +0o0o

(a-1)p g, o

Taf-1) w1 Gt ¢ B/um—l—@w»d‘“ﬂn

Ocraercst 3aMeTnTh, uTo U3 cootHoieHui (1.26), (1.27) tpeGyembie acHMIITO-
THYECKHE MPEeCTaBIEHHUS]

a—f-1
 oa-—1
o —

B (1.28)
Vﬁl(Z) = a—7ﬁ1—12+60 + O(exp(—afﬂil Z))

TMPH z — +00 BBITEKAIOT YKe OUEBHUAHBIM 06PA3OM.

Cymmupysi TpopesaHHble TOCTPOeHUs H oObennHsis dopmyasl (1.23),
(1.25), (1.28), mpuxoaMMm K BbIBOAY, UTO HWHTEpECYyOLHe Hac acHMITOTHYe-
CKMe paBeHCTBAa s Uy(T) UMEIOT BUJ

V(z) (2 = co) + O(exp(=2)),

vo(t) =(a—B—=1)7+O(exp(a — 8 — 1)), T— —00,

vo(7) = (a — )7 + o + O(exp(—(a — 1)7)), T — +00. (1.29)

Kak okasbiBaercsi, (yHKuus (1.23) wurpaer cyliecTBeHHYIO poOJib MpH
acuMnToTHueckoM aHasuse 3agadu Komw (1.20). A umMeHHO yGenumcst B TOM,
UTO pelleHHe T, (t,e) 3Tol 3anauu JIomycKaeT NpeicTaBJIeHHe

Tyt e) = evo(T) 7=t/ + A1t e), —o9 <t <oy, (1.30)

rae yepes Ay, Ay, ..., 31ecb U HHXKe 0003HaUaIOTCA OCTATKH, HMelollue
9KCIOHEHIHaNbHbIH 110 £ MOPSLI0K MAajJOCTH PaBHOMEPHO MO ¢, t.

[Toncrasasis cootHomenue (1.30) B (1.20), nasa oTbickanus A; , noaydyaem
3anauy Kouu

A1, = —Blglexp(vo(t/e) + Ary/e)) — glexpug(t/e))]+
+a(F(pt—1),e) —1), Ay,

oy = 6(2), (1.31)

rie 0(e) = —og(a— B —1) —evy(7)|;——s,/c. [Tomumo paBenctsa (1.20), ee ana-
JIM3 OCHOBBIBAETCS Ha CJEAYIOLUX ABYX (akTax. Bo-mepBbiX, B CHJIY epPBOro
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4TO AJIsI 9TOrO0 pEeLIeHHs BBINOJHAETCH HEPABEHCTBO BUAaA

max  |A(te)| < Mexp(—6/<) ||hol| (4.67)

—00<t<T,—00

C HEKOTOPBIMH YHHBepCaJbHBIMU (He 3aBUCSIIUMHU OT &, ¢, hg) MOCTOSTHHBIMH
M, § > 0, roe, HanoMHHUM, || * || — HOpMa B mpocTpaHcTBe (4.55).

Paccmotpum cHauasa oTpe3ok —og < t < 1—0( U yuTeM COOTBETCTBYIOLIHE
oueHku 151 A, (t,€), By(t,e), Cu(t,€) us (4.57) B sBHOH hopmyJie

t t

h(t,e) = / exp /Aw(o, e)do {B¢(s,5)h,o(s — 1)+ Cy(s,e)ho(s — A)|ds,

—0 S

— 0y S t S 1-— ag.
B pesysbrare umeem

max [h(t, )| < M exp(—=5/¢) [[holl, (4.68)

rae M, 6 > 0 — HEKOTOpble YHUBEPCAJbHbBIE MOCTOSHHBIE.
Jlnst pacripocTpaHeHus oueHKH (4.68) Ha ocTaBmiics oTpesok [1—oy, T}, —
— 0] M3MeHeHHUs1 ¢ BOCMO/Ib3YeMCsl METOAOM 11aroB. A UMeHHO, pa3o0beM JaH-
HBIFI TPOMEXKYTOK Ha OTPe3KH BpeMeHH [1 — oo+ 1,2 —ag+7], r =0,1,...,79
M [2—o09+ry,T, — og], tne ro = [T, — 2], [*| — nenas uyactb. Onupascs,
Jajiee, Ha CBOHCTBO MHTErPAJbHONH OrPaHHUEHHOCTH
T,—0o0

/ (A, )] + |B,(t, )| + |Co(t, &))dt < M, M = const > 0,

o
crnpaBensuBoe B cuay (4.57) — (4.62), 3amedaem, 4TO U3 HEpaBEHCTBA
t

) <M -ontrelexp | [ Ay )lds | +

170’04’7’
t

+ /exp |Ay(0,€)|do [B¢(5,5)| “lh(s — 1)+

1—og+r

+|Cy(s,e)| - |h(s — A)@ds, t>1—og+r
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A orcrona tpefyemble HepaeHcTBa U3 (4.57) nasa By(t,e), Cy(t,e) BEITEKAOT
oueBUAHBIM 06pasomM. Uro ke Kacaercs Koa(b(pHuHeHTa Ay(t,€), T0 1A Hero
HMeeM
L, MAR OIS Dot < e

O6paTuMcs Tenepb K acCHMOTOTHYEeCKUM paBeHcTBaM (4.59)—(4.62) u no-
KaxkeM, K puMepy, cooTHouieHus (4.59) (ocTtasbHble 060CHOBBIBAIOTCS aHAJO-
ruuno). C 37Ol 1esbio nepeiinem Ha otpeske 1 +7 — /e <t <1+7 ++E K
nepeMeHHOH 7 = (t — 7 — 1)/c. B pesyabrate z,(t — 1,¢)/c 3anuceiBaercsa B
BUIe QYHKUMH (71 +€T,€)/€, NSt KOTOPOH C YyYeTOM paBeHCTBA Xy (71, €) = 0
noJiyyaeM MpecTaBjaeHie

1’@(7‘1 + €T, E)/E = ‘@@(Tl + 8?7 6)77 (464)

re 3HaueHhe T TakoBo, 4to [T| < |7|. YuwureiBas, nanee, B (4.64) acumn-
torudeckue opmynsl (4.48) u oueBuaHyi oueHky |T| < 1/\/c, mpuxogum K
BBIBOJLY, UTO

zo(m +e7,e)/e = (1+O0(We))T, (4.65)

TJle OCTATOK PaBHOMEpPEeH II0 T, .
Ha 3akniouuTesbHOM 3Tane MpuUBJAeUeM BTOpoe HepaBeHCTBO (4.63), u3
KOTOPOro B cuay (4.65) BeITEKaeT, 4To

|f'(exp(zy(t — 1,¢)/e)) exp(z,(t — 1,€)/e) — f'(expT)expT| <

< Myelrfexp(=[7]), —1/Ve<r<1/Ve

[Tpumenum 3atem oleHKY (4.66) HEMOCPENCTBEHHO K BHIYHUCJIEHHID HHTEPBAJIOB
13 (4.59). B pesysabrare ybexaaemcsi, 4To paBHOMepHO 1o ¢ € S(0y, q1, ¢2)

(4.66)

1+m+veE 1/
B,(t,e)dt = / f'lexpr)exprdr + O(e) = —a— 1+ O(Ve),
1+ —e —1/yE

1+7m1+v/e 1/v/e +00

|Bo(t,€)|dt = / | (exp )| exprdr+O(VE) = / | () dutO(VE).

147 —/E —1/E 0
Jlemma 4.2 nokasaHa.

BepHemcst K MHTepeCyoleMy Hac BOMPOCY 00 aCHMMITOTHYECKOM MOBeje-
Huu urypupytoitero B (4.54) perenusi h(t,e) ypaBuenus (4.56). [Tokaxewm,
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aCUMITOTHUECKOT0 Tpencranienus us (1.29) umeem
d(e) = O(exp(—(a — B — 1)oo/e)); (1.32)
BO-BTOpPHIX, U3 ycJjoBuit (1.3) BeITekaet, 4To

M,

m'“““ﬂ Vug, up € Ry, (1.33)
1> %2

l9(u1) — g(uz)| <

rae My = sup (1 + u?)|¢'(v)| < oo.

ucR
[Ipenmnosoxxum cHauasa, 4TO Ha HHTEPeCYIOLIeM Hac oTpe3ke —oy < t < 0y
BBITIOJIHAETCS allpUOpHAs OLleHKa

[Arp(t,e)] < Mae (1.34)

C HEKOTOPOU yHHBEpCaJbHOU (He 3aBUCSIIEH OT ¢, , £) KOHCTaHTOH My > 0.
Ortciona u u3 HepaBeHcTBa (1.33) HETPynHO yBHIETH, UTO

lg(exp(vo(t/e) + A1,/€)) — glexpug(t/e))| <
= %exp(—lvo(t/e)l)lAW(t,e)\, (1.35)

npu —og < t < 0, rae nocrosinHasg Mz > 0 3aBucut ot My u3 (1.34), Ho He
3aBUCUT OT ¢, ©, €

[Tocnenytrouii cnoco6 nerictBuil crannapred. CHauasa rnepexoiumM 0oObIU-
HbIM 06paszoM oT (1.31) K COOTBETCTBYIOIIEMY HHTErPAJbHOMY YPABHEHHUIO, U3
KOTOPOTrO B CBOIO 0Yepesb ¢ yueToM HepaBeHcTBa (1.35) mosyuyaem oleHKy

[A1o(te)] < [0(e)| + / |F(o(s —1),e) — 1| ds+

—0g

¢
/ —|vo(s/e)])|A1,(s,¢)|ds. (1.36)
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Hanee, npumensisi k (1.36) nemmy 'ponyonna—Besnmana v ucrnosb3ysi H3BeCT-
Hele cBoicTBa (1.20), (1.32), ybexnaemcss B TOM, 4TO

Arg(t,0)] < (|6<e>| fo [ 1Fe(s— 1.0~ 1] ds) x

<ep{ 2 / exp(—lu(s/2)) ds | < (IE) +a / Plo(s—1).2) -1l ) »
<exp{ ]mexp(_m(m i} = Ofexpl—/2)

(cXomMMOCTDb (PUT'YPUPYIOLIETO 31eCh HECOOCTBEHHOr0 MHTerpaga BEITEKAeT U3
ycTaHOBJIeHHBIX paHee cBoicTB (1.29) pyHKUMH vy(T) mpu T — +00). A 3TO
03HauaeT, YTO C/eJaHHOe Bbillie anpuopHoe mpexanosnoxenue (1.34) meiictBu-
TeJIbHO BHITIOJHSETCS M, CJIef0BaTeNbHO, 0cTaToK A ,(t, ) u3 (1.30) obnanaer
TpebyeMol 3KCMOHEeHIUANbHOH MaJOCThbIO.

Paccmotpum Terepp mpomexyTok BpemeHu op < t < 1 — op. Ha Hem
no-npexkHeMy z,(t—1,e) = ¢(t—1), a 3HaUUT, COXpaHseTCs aCUMITOTHUECKOe
pasenctBo (1.20). Bynem cunrars, uto A4 QYHKUHMHK 2, (t, <), onpenensiouie-
csi u3 3agaud Kouin

&t =—-1—-pBG(x,e)+ aF(p(t—1),¢),

(1.37)
x‘f/:(Io = EUU(T)lT:JQ/E + Al,:p(a()v 6)7
IpHU yYKa3aHHBIX t BBITIOJIHAETCSH arpyuopHasi OeHKa
IW(LE) Z q, (138)

rJie OHOH U TOH ke GYKBOH ¢ 31€Cb U B NOC/EAYIOLIEM 0003HAYAI0TCS Pas3iny-
Hble YHUBEpCaJbHbIE (He 3aBUCSIIHE OT ¢, ¢, €) MOJOXKHUTEIbHbIE TOCTOSTHHBIE,
TOUHbIE 3HAUEHHsI KOTOPBIX HECYIIECTBEHHBI.

[lpunumMas Bo BHHUMaHHe HepaBeHCTBO (1.38) M Hcmosb3ys B ouepenHOH
pa3 coiictBa (1.3), yGexxgaemcst B TOM, UTO B TaHHOM CJyuae

|G(z,¢)| = O(exp(—q/e)). (1.39)

Hanee, nis HayasbHoro ycjaoeus u3 (1.37) B cuay Broporo paseHnctBa (1.29)
U YCTAHOBJIEHHOH Bbillle oleHKH (1.34) umeem

00(7)|r=go/e + A1p(00,€) = (@ = 1)ap +eco + Ofexp(—ga/e)).  (1.40)
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A+7i+4/2
Cy(t,e)dt =b(c— 1) + O(Ve),
A+71—/2
Ad7ity/E 400
(Cut 2t =ble = 31| [ I wldu+ OWE), (@61)
Atz 0
Atraty/E
Colt, )it = 2 (e = o) + O(VE),
Atry—E
A+t

+00
b
Cutoldt = le =l [ Ig/Cu)ldu+O(v2). (462
Admy—y/e 0

ede B1 = A =Ty, Po=A+1ty—T,.

HoxkasareabcrBo. M3 ceoiicts (4.5), (4.11) dyukuuit f(u), g(u) nocaeno-
BaTeJIbHO BBIBOIAMM:

|f/(expx) expz| + |¢ (expx) exp x| + | f" (exp x) exp(2x)|+
+|g" (exp ) exp(2z)| < Mexp(—|z]) Vz €R,
|/ (expx1) exp 1 — f'(exp xa) exp z2|+ (4.63)
+|g' (exp 1) exp 1 — g/ (exp x3) exp z5| <
< M|xy — zo| exp(—min (|z1|, |z2])) V21,72 € R,

re 31eCb U HHXKe ONHOH M TOH e OykBOH N 0003HauyeHbl pa3iHuHble YHU-
BepcaJsibHble MOJIOKUTEJbHble TOCTOSIHHbIE, TOYHbIE 3HAYEHHsI KOTOPHIX Hecy-
uectBeHHbl. Jlanee, o6bennusisi oueHku Ha f'(expx)expx, ¢'(expx)expx
13 (4.63) ¢ yCTaHOBJEHHBIMH paHee ACHMIITOTHUECKUMHU [MPeACTABJIECHUIMU
nns x,(t,e) u Gopmynamu (4.58), sakmoyaem, uTo

M
|By(t,e)] < = [exp(—[t — 1|/g) + exp(—alt — ty — 1] /2)], t€ Ty

M

Colt o)) < =

[exp(—[t — Al/e) + exp(—alt — tg — Al /)], t€ .
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Jlemma 4.2. [Ipu scex docmamouro manvix € > () 8bLNOAHAIOMCSA OUEHKU
suda

max  |Ay(t,e)| < My, max |By(t,e)| < Myexp(—di/e),

—00<t<T,—0g —0p<t<l—o0g
o max |Cp(t, )| < Mzexp(—da/e), 457
rfnaX|B (t,e)] < Myexp(—d3/v/¢), '
€y
max |Cy(t, £)| < Msexp(—da/v/z),
€2
ede
2
Sy = [—00, T —oo) \ | JU+7 = Ve, 1+ 75+ V5),
~ (4.58)
o = [~00, Ty — oo] \ | J(A + 75 = V&, A+ 75+ V),
j=1
a nocmositmnvie M, > 0, k = 1,...,5, §, > 0, k = 1,...,4 He 3asucam

om g, p. Kpome amoeo, umerom mecmo pasmomeprole no ¢ € S(oo,q1,q2)
acumnmomuueckue npedcmasienis

I+ri+/eE
B,(t,e)dt = —a— 1+ O(ye),
1+m—/E
I4m+yE +00
[ Bateeld= [ I+ o(ve). (459
1+1—Ve 0
1+7m+/2
B,(t,e)dt = —1—1/a+ O(\/e),
1+m—/E
I4+m+y/E

IB,(t,)|dt = /|f )ldu+ O(VE), (4.60)
14+m—/e
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U nakonel, yuutbiBas coorHoienus (1.20), (1.39), (1.40) B (1.37), npuxonum
K aCHMIITOTHYECKOMY MpeCTaBIeHHIO

zy(te) = (= D)t +eco+ Doyt e), o9 <t <1—o0y. (1.41)

HanomHuuMm, onHako, uto dopmyna (1.41) nosyueHa HaMH TpH anpHOPHOM
npennodioxkeruu (1.38). Ho us (1.41) B cBo ouepenb CiaeLyeT, YTO YCJIOBHE
(1.38) Gymer BoimosHsATbCS Tpu Jo6om ¢ukcupoBanuom ¢ € (0, (a — 1)op)
M TpU BCeX NOCTAaTOUHO ManbeiXx € > (. TakuM o6pazoM, acHMIITOTHYECKOE
paBenctBo (1.41) mokasaHo.

[Tepefinem k paccmotpenuto otpeska 1 —og < ¢t < 1+ gg. OcobeHHOCTD
9TOTO CJIydasi COCTOMT B TOM, UTO YKA3aHHbBIH MPOMEXKYTOK BPEMEHH CONEPAKHT
TOUKY MNepekJioueHusi ¢ = 1 peseiiHoro ypasHenus (1.7). [TosTomy, cormacHo
npencrasyenuto (1.30), snech

To(t —1,8) = evo(7)lr=(t-1)/e + A1p(t — 1,€). (1.42)
s pyHKuEE ke T,(t,£), onpenessiomerics U3 3agaun Koun

&= —1+aF(z,(t — 1,€),€) — BG(x,¢), (1.43)
Tliciony = (@ = 1)(1 = 00) + 20 + A1~ 00, ),

MO-TPeKHEMY CUHTAeM BBIMIOJHEHHBIM anpuopHoe ycjosue (1.38).
[Tpu acumnToTHUYecKOM aHanause 3anauyu (1.43) HaMm moTpebyeTcs aHaJo-
ruyHas (1.35) ouenka

M
|flexpsi) — flexpso)| < —exp(—fuo((t = 1)/€))| At — 1,¢)],
rie 51 = Vo(7)|r—p-1)/e + A1t — 1,¢)/e, 52 = vo(T)|r=(4—1)/e» M > 0 —
YHUBepCaJbHas KOHCTaHTa, a ¢ U3MeHseTcsd Ha otpeske 1 — oy <t < 14 0.

O6mbenunsisi 370 HepaBeHCTBO ¢ popmysamu (1.39), (1.42), mocjie HECTOKHBIX
npeo6pasoBanuit u3 (1.43) BbiBOAKM, YTO

Ty(te) =a—1+¢e[(a—1)T+co+ aa(r)]lr=-1)/ + Asz,(t,€),
1—0’0 Sté 1+00, (144)

rae GyHkuus a(7), 7 € R, umeet Bux

a(t) = /(f(expv) — )] ymuo(s) ds- (1.45)



22 1. PesnakcanHoHHble aBTOKOJI€OaHHS B CHCTEMax C OIHHUM 3ana3/ibIBAHHEM

Kak u B npenbipyuiem ciayuae, qopmyna (1.44) HOCUT moKa YCJOBHBIN
XapakTep, TaK Kak oHa mnojydeHa B mpeanoJioxkeHuu (1.38). [Mostomy mas
ee 000CHOBaHUS JOCTATOYHO YOENHUTHCS B TOM, UTO IpaBasi 4acTb PaBeHCTBA
(1.44) neiictBuTensHo ynoBaeTBopsieT otenke (1.38) mpu Hamsexaiiem BoiGope
MOCTOSSHHOH ¢ > 0.

[Ipu peleHuH MOCTaBJEHHOH 3aqayy HeoOXOAMMa MH(OPMALHS O MOBele-
HUM TIpH T — +oo GyHKuuK (1.45). B cBA3H ¢ 3TUM NpPEACTAaBUM €€ B BUIE

+00

0 +00
a(t) = -7+ /(f(expvo(s))fl)der / fexpup(s))ds — / f(expu(s)) ds.
—00 0 T

Orciona u u3 (1.45) ¢ yuerom coictB pyHkuni f(u), vo(7) (em. (1.3), (1.29))
OYEBMIHBIM 06DA30M CJIeIyeT, YTO

a(t) =O0(expla— B —1)1), T— —00;

a(r) = =7+ ag + O(exp(—(a — 1)7)), 7 — +00 (1.46)

rue

+00

0
w= [ oo ~ 1y ds + / Flexpun(s)) ds =
v0(0)

:/ flexpv) — 1 du++/oo fexpo) 4 1a7)

a1 Bylepo) a1 Bglep o)
—00 vo(0)

Bosgpainasick K paBerctBy (1.44) u nomcras/isisi B €ro mpaByio 4acTb hop-
myJaibl (1.46), mpUXOAUM K BBIBOLY, YTO MPH AOMOJHHUTENbHOM OrpaHHUYEHHH

op<a-—1 (1.48)

Ha mapameTp oj (KOTOpOe BCIONY HHXKE CUMTAeM BBIMOJHEHHBIM) Tpedyemasi
ouenka (1.38) oxasbiBaercst cripaBeIMBOH Ha oTpeske ¢ € [1 — oy, 1 + o] npu
M060M (PUKCHPOBAHHOM ¢ U3 HHTepBada 0 < ¢ < min(a—1—oy, (a—1)(1—0y)).

[Ipexze ueM MepeiTH K paCCMOTPEHHIO OUEPEHOTO MPOMEXKYTKA BPEMEHH,
nomnbiTaeMcsl ynpoctuth hopmyay masi ag u3 (1.46). Henocratok mocsentero
paBeHcTBa (1.47) 3akJ/ouaercsi B TOM, 4TO B HeM (UrypupyeT Besnunta vg(0),
JUIST KOTOPO# HeT sIBHOrO BbipakeHusi. OfHAKO OT 3TOH TPYAHOCTH yoaeTcs
U30aBUTHCS.
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ce0st 3aMKHYTOE, OTPaHHUYEHHOE W BBHIMYKJOE MHOXKeCTBO S(og,q1,q2). A ot-
crola B COOTBETCTBHH C u3BecTHbIM mpuHuunom lllaynepa saxmiouaem, 4To
3TOT omeparop umeer B S(0y,qi,q2), N0 KpalHel Mepe, OfHY HEMOABHKHYIO
TOUKY © = @«(t,£). dcHo TakxkKe, uto peleHne x.(t,e) ypaBHeHus (4.16) c
HauaJbHOH (QYHKUHEH ¢.(t,e), —A — 0y < t < —0( 0Ka3blBaeTCs MepPHOAHYe-
ckuM ¢ nepuogoM Ti(e) = Ty |,—,. u B cuny (4.48), (4.50), (4.51) obnanaer
TpeOyeMbIMU cBOHCTBaMU (4.42).

[TepefineM Tenepb Ko BTOpOH u4acTH o0ocHOBaHMs TeopeMbl 4.1, T.e. K
JI0Ka3aTe/IbCTBY €MHCTBEHHOCTH W YCTOHUMBOCTH pPeJaKCallMOHHOTO LMK/
x4(t,e) ¢ HyneBbiM npubmkenuem (4.41). M3 siBuo#t dopmynsr (4.46) nas
oneparopa II. BEITeKaeT, 4TO OH HeNpepBIBHO AH((hepeHurnpyeM IO ¢, a ero
npoussonHas Ppere J,I1.(¢) 3anaercs paBeHCTBOM

O (p)hg = h(t + T, )—
h(TLp —0078) .
- — = 1,(t+ T —A—o0g<t<—0p. (4.54
mw(Tcp . 0'[)78) 'rﬁy( + p7€)a Op > 1> —0yp ( )

3nech GyHKUMS ho(t) npencraBasieT cOG0H MPOU3BOJIbHBIF 3JIEMEHT MPOCTPAH-
CTBa

Cy= {h()(t) € C[—A — 0y, —O'()] : hg(—O’g) = O} (455)
¢ HopMO# ||ho|| = o max |ho(t)|, a uepes h(t,e), —ogp < t < T, — oy

0003Ha4€HO pellleHKue JHHEeHHOro ypaBHeHUs
h = A,(t,e)h + Bu(t,e)h(t — 1) + C(t,e)h(t — A) (4.56)

¢ HauajbHOH (yHKuMed ho(t), —A — oy < t < —0p U ¢ Ko3pULHEHTAMH
Ay(t,e), By(t,e), Cy(t,e), nonyqatomumucs us (4.18) npu samene z(t,c) Ha
z,(t,€).

W3 siBHO# (opmyibl (4.54) caenyert, uTo npo6/ema OLEHKH HOPMbI JIHHEE-
Horo oneparopa J,Il.(¢), neiictytomero us Cy B Cp, CBOLUTCSA K aHAIM3Y
BBEJIEHHOTO Bbillle peleHust h(t,e) ypaBHeHus (4.56). B cBsizu ¢ 3TuM Ham
noTpeGyioTcsl HEKOTOpPble CBOHCTBA KOI(PPHULHUEHTOB JaHHOIO ypaBHEHHS.
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max Tp(t,e) —xu(t :Os,maxx t,¢e) = €), (4.48
e [rg() = (0] = 0(6). maxli(t.e) - i.(1)| = O(VE). (4.48)
rjie MHOXKECTBO Y MPeACTaBJsieT co60H 0Tpe3ok [—ay, Tk — /2] ¢ BBIOpOLIEH-
HBIMH MHTepBasaMu (1 +7; — /e, 1 + 7+ ), (A+ 71, —e,A+ 1, + /),
j=12.

[MonBenem mpomexxyToubiét utor. Onupasick Ha cBoicTBa (4.47), (4.48) u
yuutbiBast oueHky (4.40), Ha/oXeHHYIO Ha napamerp oy, NPUXOAUM K BBIBO-
Ly, 4TO MHTEPEeCYIOLIU Hac BTOPOK MOJIOXKHUTENbHBIH KopeHb ¢t = T, ypaBHe-
Hus (4.45) acumnroTHuecku 64u30K K T,. TouHee roBops, U3 COOTBETCTBYIO-
IIHX aCHMMTOTHYeCKUX paBeHCTB (cM. (4.41), (4.48))

zo(t,e) =t =T, 4+ 0(e), @,(t,e)=1+0(e),
A+7++e<t<T,—0p/2 (4.49)

OYeBHIHBIM O6p330M CJeAyeT, 4YTOo T<p onpeneadeTcd OOAHO3HAYHO U paBHOMED-

HO MO
T,=T.+ O(e). (4.50)

Dopmyasr (4.48), (4.50) cBumeTenbcTBYOT, 4TO oneparop (4.46) meiicTBu-
TeJIbHO ompefiesieH Ha MHOxecTBe (4.43) U paBHOMEPHO T10 ¢

S+ T, e)—x(t)] = O(e). 4.51
amax [t + T8 (1) = O() (4.51)
Yro xe Kacaercsi Tpedyemoro BkJawodeHus I1.(S(og, q1,¢2)) C S(o0,q1,q2), TO
B cusy (4.51) oHO GymeT 3aBeOMO BBIMOJNHSATHCS TPU BCEX JOCTATOYHO MaJsIbIX
€ > 0 npu yca0BHH

x*(t) S §(005 q1, q2)7 (452)

rie §(cro,q1,q2) — MHOXKeCTBO (DYHKUHME, mosydatouieecst u3 S(og, q1, g2) Tpu
3ameHe B (4.44) HecTpPOTHX HepPaBEHCTB CTPOrMMU. HamomuuMm, nasnee, uTo
cBolieTBa 7.(t) < 0 Vi € [-A — 09, —0y], T.(—0¢) = —0(¢ rapaHTHPYIOTCS Bbl-
6opom oq (cm. (4.40)). [Tostomy nsst mpoBepku BrJIOUeHus (4.52) mocraTtodHo
yOemuThest, 4To —q; < T4 (t) < —qa Vit € [-A — 0y, —0p]. CrpaBeLJUBOCTH XKe
3THX HepaBeHCTB H0OMBaeMCsl 3a CUeT BbIOOpa CBOOOAHBIX MapaMeTPoB ¢, (o,
npenroJaras, uro

¢ >—  min x(t), 0<g@p<-— max  z(t). (4.53)

—A—0p<t<—0g —A—0p<t<—0g

Wrak, oneparop II., sBASIIOLIKFACST OUeBUAHBIM 00pa3oM KOMMAKTHBIM, MPH
BhIOJIHEeHUH ycaoBui (4.40), (4.53) Ha mapametpsl og, ¢1, ¢2 npeobpasyer B
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CrnpaBennuBa
Jlemma 1.1. /as nocmosuroii ay ud (1.46) umeem mecmo ssnas gopmyra

1

B / 1—g(u) "
0/uoz—l—ﬁg( ))du a—ﬁ—lo/u(a—l—ﬁg(u))d *
T W
+1/u(a_1_ﬁg(u)) du. (1.49)

Joka3areabcTBO. BBeneM B paccMoTpeHre BCIIOMOraTe/bHY0 (PYHKLHIO

z +00
_ flexpv) —1 f(expv)
a0(2) = / a—1— Bg(expv) dvt / a—1— Bg(expv) dv (1.50)

—0Q z

M 3aMeTuM, 4To ap(z) = —1/(a — 1 — Bg(exp z)). CienoBateqbHO, MBI MOXKeM
nepeitd ot (1.50) K 3KBHUBaJeHTHOH (hopMe 3amucH

B flexpv) —1
a0(2) = a—1— Bg(expv) dv

—00

z

+00
f(expw) B dv
+/a—1—6g(expv)dv O/a—l—ﬂg(expv)' (1.51)

3ameTnM, fajee, 4YTO MHTEPECYHOIas HaC KOHCTaHTa G 3a[aeTCsl PaBEHCTBOM
ag = ao(2)|.=vy(0)- TakuM 06pa3oM, 3azada CBOAMTCA K BLIYMC/CHUIO TPETbero
uHTerpana us (1.51) mpu z = vy(0).

[lepefinem B ymoMsiHyTOM HHTerpasie K HOBOH MepeMeHHOH 7 Mo (opmyJie
v =wvy(7), roe vo(7) — pynkuus (1.23). B pesynbrare nmeem

v0(0) 0
dv

&= 1= Bglexp?) = —/dT:TO, (1.52)

To

rae Ty — KOpeHb ypaBHeHHsi vy(7) = 0, AJs KOTOPOro B CBOI OYepelb H3
npencrasienuid (1.23), (1.24) BeITekaeT siBHOE BbIpaXKeHHe

0
S U = g(expv) (1.53)

a—p—-1J) a—1-pFglexpv)

—00
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M nakonen, oObenuHsisi cootHotneruss (1.51)—(1.53) u BbIMmoJHSS BO BCEX
UHTerpajax 3aMeHy IMepeMeHHOH u = expv, MojydaeM TpebyeMoe paBeH-
ctBo (1.49). Jlemma 1.1 mokasaHa.

BepHemcst K acHMITOTHYECKOMY aHa/lM3y pelleHHs Z,(t,c). PaccmoTpum
O4YepeNHOH MPOMeXYTOK BpeMeHH 1+ og <t < a — 0 IPU yCIOBUHU

oo < (a—1)/2, (1.54)

rapaHrupympouem, 4to 1 4+ o9 < a — 0p. B 3TOM ciydyae npu BBIIONHEHHH
anpHOPHBIX OLIEHOK

zo(t—1,e) >q, wy(t,e) >q (1.55)
BONPOC HAXOXKAEHHS X, (t,€) CBOLMTCS K MHTErPUPOBAHUIO yPaBHEHHUsI BHJA
&= —14 O(exp(—q/e)) (1.56)

C Ha4aJIbHbBIM YyCJIOBHEM

Tli—140, = @ — 1+ €[( = 1)7 + o + aa(7)]|r=0 /e + Az0(1 4 09,€) =
=a—1—o09+¢e(co+ aap) + O(exp(—q/e)) (1.57)

(mpu BBIBOZE BTOpOrO paBeHCcTBa U3 (1.57) Mcmosb3oBaHA aCUMITOTHKA (YHK-
UMM a(T) Opu 7— +00).

M3 cootHowenuii (1.56), (1.57) oueBUAHBIM 00pa30M BBITEKAET aCHUMIITO-
THYECKOE TIPeCTaBIeHIe

ry(t e) = a—t+eci+Ay,(te), < =cotaay, 1+oy<t<a—oy, (1.58)

UMelolllee MOKa yCAOBHBIH XxapakTep. Ly MpoBepKH XKe CripaBelJuBOCTH (op-
myJibt (1.58) cienyer ybenutbes B cripaBennuBocTu oeHok (1.55). O6bennnsis
(1.58) ¢ yxke yCTaHOBJIEHHBIMHM DaHee aCHMIITOTHUECKUMHU MpPEICTABIEHUSIMHU
s z,(t,e) npu og <t < 140y (cm. (1.41), (1.44)), mpuxoauM K BEIBOLY,
4yT1o ycaoBusi (1.55) OynyT BBIMOMHATHCS TPH JHOOOM (UKCHPOBAHHOM ¢ H3
untepBasa (0, min|oy, (v — 1)oy)).

Clienyolmnil BpeMeHHOH TIPOMEXYTOK o — 09 < t < « + 0y XapaKTepeH
TeM, 4TO, BO-MEPBBIX, OH COMAEPKHUT TOUKY MEPEKJIOUEeHUs ¢ = < peJiedHOro
ypasHenus (1.7); Bo-BTOpBIX, MPH pacCMaTpUBaeMbIX ¢ B CHJy YKe M3BECTHBIX
aCHMIITOTHUECKHX (OpMYyI 1as Z,(t,e) mpu oy < t < o — og (em. (1.41),
(1.44), (1.58)) nmeem z,(t — 1,e) > ¢. Takum 06pa3oM, HCIOJB3YsI CBOHCTBA
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4.4. O6ocHoBaHMe TeopeMmbl 4.1

[TockosbKy oGocHOBaHHe C(HOPMYJHPOBAHHON BhILIE TEOPEMBI BO MHOTOM
aHaJIOTHYHO JI0Ka3aTeJbCTBY OJM3KHUX yTBepKaeHud u3 [18,20], To 3mech Mbl
OMYCTUM PSIl TEXHUUECKUX JleTased.

dukcupyeM MOCTOSIHHBIE ¢ > 0, 0 < g2 < 0y 1 0003HAUNM Uepe3

5(0—07 q1, q?) - C[iA — 00, 70‘0] (443)

3aMKHYTOE, OTPaHHUEHHOE W BBIMYKJIOE MHOXECTBO (GYHKUHH ¢(t), ymoBJe-
TBOPAIOLIUX TPeOOBAHUSAM

—q1 < p(t) < =g, (—00) = —00p. (4.44)

Hanee, nsst npousBosIbHON GYHKUMH ¢ € S(00,q1,¢2) PaCCMOTPUM pelleHHe
x = x,(t,e), t > —0oy ypaBHenus (4.16) ¢ HauambHBIM ycJoBHeM ¢(t), —A —
— 09 <t < —0p, a yepes t = T, 0003HAYUM BTOPOH MOJOKHTENbHBIH KOPEHb
ypaBHeHHsI

x,(t — 09, €) = —0y (4.45)

(ecnu oH cyuectByer). W HakoHew, s3agagum onepatop Il : S(oo,q1,q2) —
— C[—A — 0y, —0p] ¢ IOMOLIBIO paBeHCTBA

HE(SD) = x@(t + 1, E)a —A —ogg <t < —oy. (4.46)

[Mocnenytomuii nian pedcteuil crangapred [18,20]. Cravyana mbl yoemqum-
Ccs1, UTO MPHU MOAXOMSIIEM BEIGOpe MapaMeTpoB ¢, ¢o omepatop (4.46) ompene-
JieH Ha MHOXKecTBe (4.43) u mpeoGpasyer ero B cebsi. 3aTeM MPOBeIeM aHAJU3
YpaBHEHHSI B BapHaLMAX Ha MPOM3BONBHOM DeIIeHHH T, (f,€) C HadaJbHBIM
ycnoBueM u3 S(oq, q1, ¢a) ¥ MOKaxkeM, 4To I, SIBASETCS CKHUMAMOLIKM.

JList peasu3alny OMMCAHHOTO MJiaHA HEOOXOAMMO 3HAaTh PABHOMEPHYHO MO
( ¥ t aCHMNITOTHKY pelleHHs &, (¢, €) Ha NpoMexKyTKe BpeMeHH —og < t < T, —
— 00/2. Ho mocKo/IbKY COOTBETCTBYIOLME MOCTPOEHHS BIIOJNHE aHaJOrMYHBI
U3JI0KeHHBIM B pabdoTtax [18,20], To 3nech orpaHHYMMCS JIHIIb MUHUMAJIbHON
CBOIKOH WTOTOBBIX Pe3yJbTaTOB. A MMeHHO, HUKE HaM MOTPeOyIoTCs Clenyo-
mue (haKThl:

1) Ha paccmaTpuBaeMoM oTpeske —og < t < T, —0/2 ypaBHeHHe x,(t, &) =
= (0 MMeeT POBHO JIBA HPOCTBIX KOPHA T; = T;(€, ), j = 1,2;

2) crnpaBejinBbl paBHOMepHbIE 10 ¢ € S(0¢, q1,q2) ACUMITOTHUECKUE pa-
BEHCTBA

T = 0(8), To = tg + O(&‘), (447)
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Puc. 4.2.

Wrak, npu ycnouu (4.40) Ha napameTp oy MpOLECC MOCTPOEHHUS pelleHHs
x,(t) Ha oTpeskax BpeMeHH 11, — oy <t < (r+ 1)1, — oy, r = 1,2,... HuK-
JIMYeCKH TOBTOPAETCA. A 3TO 3HAYMT, YTO MPH t > —0y JI060e pellenue ,(t)
¢ HayaJbHBIM ycaoBueM (4.32) coBnanaet ¢ T,-NepHoandecKOr (yHKIMEH

zo(1) mpu 0 <t <A,
1 1
z.(t) = (A=Ty—c—3) exp(b (A — 1)) +ety mpu A<t <A+t (441
t—1T, npu A +ty <t <T,.

I'padux ¢pyukuun (4.41) npu a =4, b = 0.9, c = =5, A = 4 npencrasjeH Ha
puc. 4.2.

[TepeiimeM K BOMPOCY O CBSI3U MEXIY MEPHOTHMUYECKUMH PeIIeHUSIMH ypaB-
Henuil (4.16) u (4.30). CrnpaBemuBO C/enyiollee YTBEpPKIEHHE.

Teopema 4.1. [Tycmo svinoanerst ycrosus (31), (38), (4.40) na napamempot
a, b, ¢, A, 0g. Toeda natidemcs maxoe docmamouro maroe €y > 0, umo npu
scex € € (0,¢¢] ypasrnenue (16) donyckaem eduHcmeeH oLl IKCNOHEHUUANb-
HO 0pOUmanrvro yemotliuusolti yuka .(t,e), x.(—og, &) = —oy nepuoda T,(e),
ydosaemsopaouULl NpedesbHbIM PABEHCMBAM

lim max |z.(t,e) —2.(t)] =0,
e—0 0<I<T.(e) (4.42)

lim T,() = T..
e—=0
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(1.3) dynxunu f(u), ybexxnaeMcsi B CHpaBelHBOCTH aHasoruyHoro (1.20)
ACHMITOTHYECKOTO PaBeHCTBA

F(z,(t —1,¢),¢) = O(exp(—q/e)). (1.59)

[Mocnenytomire neficTBUs MOAOOHBI TeM, UTO OBLIH MPEANPHHSATHI MPH Bbl-
Bome Qopmysnbl (1.30). A umenHo Ha ocHoBaHuu cBoiictBa (1.59) oT6Gpocum
B NpaBoil yacTH ypaBHeHHs (1.5) sKCMOHEHLMANbHO MaJjloe cJjaraeMoe, Cofep-
XKalllee 3amMa3ibiBaHHe, W BBLIMIOJIHHM [0CJe 3TOTO B HeM 3aMeHbl & = cw(T),
T = (t — «)/e. B pesynbrare npuxomum K aHajorudHomy (1.22) momenbHomy

YPaBHEHHIO
d—w:—l—/jg(expw), TeR. (1.60)
dr
Kak u B ciyuae (1.22), Hac Gyner MHTepecoBaTb HEKOTOPOE CIElHAbHOE
peuerne w = wy(7), 7 € R, 9TOr0 ypaBHeHHs, objafaiwliee MpH 7 — —oO
HY?KHBIMH aCHMIITOTHYECKHMH CBOMCTBAMH. A MMeHHO HEOOXOIUMO HOOUTbCA,
4TOObl C HKCIOHEHIIMATbHON M0 & ToYHOCThIO0 (hopmyna (1.58) mpu t = a — og
COBMaja/a ¢ COOTBETCTBYIOLIUM BblpaxkeHHeM x = cw(T) npu 7 = —og/e. Co-
riacHo (1.58), Tpebyemoe peienue ypaBaenus (1.60) npu 7 — —oo DO/KHO
pacTd Kak —7 + ¢;. OcTaeTcsl 3aMeTHTb, YTO TaKoe pelleHHe NeHCTBHUTENBHO
CYILECTBYET M 33a[aeTCsl COOTHOLIEHHEM

wo(T) = W H2) e rie, TER, (1.61)

rone W~1(z) — ¢pynkuus, obparHas K

Byg(exp s)

W =2+ | 13 Bg(exp s)

z

[IpoBepky KoppekTHOCTH onpenenenus (1.61), a TakKe BbIBOL aCHMITOTH-
YeCKHMX PaBEHCTB M5 wy(T) Npu T — £00 U 1nsl z,(t,e) mpu a—op <t < a+
+ 0 OMyCTHUM, OTCBIJIasA K aHAJOTHUYHBIM [TOCTPOEHUAM B ciydae —og < ¢ < 0.
[TpuBeneM JMLIb UTOrOBbIE (POPMYJIBI

Tyt e) = ewo(T)r=(t—a)e + Ds(t€), a—o09 <t < a+ o, (1.62)

wo(T) = =7+ c1+ O(exp7), T— —00;

wo(T) = —(B+ 1)T + o + Oexp(—(B+ 1)7)), T — +00, (1.63)
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roe

PO P S ') BN () N
02_(’6H)[1+1+ﬁo/u(1+ﬁg(u))d 51/u(1+ﬁg<u))d].(l.64)

Paccmotpenue cienyiomiero orpeska BpeMeHH o+ o9 <t < a+ 1 — 0y
OCHOBAaHO Ha OlLeHKax Z,(t —1,e) > ¢, x,(t,e) < —q, neppas U3 KOTOPBIX —
CJIEICTBUE YCTAHOBJEHHBIX paHee aCUMIITOTHYECKHUX (OpMyJi, a BTOpasi MoKa
anpuopHa. lasee, o6bellHsIs YIIOMSHYTbIe OLEHKH CO CBOMCTBAMH (DYyHKIHMH
f, g (cm. (1.3)), mpUXOAMM K BBIBOLY, UTO 3/1€Ch UHTEIPUPOBAHHUIO MOAJEKHUT
ypaBHEHUE BHa

i =—1—p+ O(exp(—q/e)),

KoTopoe, corsacHo (1.62)—(1.64), cienyeT HOMONHUTL HaYaJbHBIM YCJIOBHEM
Tlimato, = —(B+ 1)og + eco + O(exp(—q/e)).
Otciona o4eBHAHBIM 00Pa30M HMEEM
ry(te) = —=(B+1)(t —a)+eco+ Dgu(te), atog <t <a+1—o0p (1.65)

B cuny (1.65) cmenaHHoe paHee amnpHOpPHOe MPENIONOXKEHHE BBITOJNHIETCS
¢ koHcrantoit ¢ € (0, (8 + 1)0y).

Crenyroumuyi nNpoMexKyToK HHTerpupoBanusi o + 1 — oy < t < a+ 1 +
+ 0¢ COIEpXKHUT TOYKY TNepeksiodeHus ¢ = « + 1 ypasHenus (1.7). Ilostomy
paccyKaeHus 3/1eCb MOA0OHBI TeM, YTO ObLIM MPOBeAeHbl B caydae 1 —oy <t <
< 14 0y. Onmyckasi COOTBETCTBYIOILHE BBIKIAAKH, OTPAHHUMMCS JIULIb CBOAKOH
HUTOTOBbLIX Pe3YJ/IbTATOB:

Ty(te) = =B —1+e[=(B+ 1)1+ 2+ ab(7)][——a-1)/c + A7,(t,e), (1.66)

rae a+1—o0y <t < a+1+o0y, a pyHkuus b(7), 7 € R, 3agaercs aHaJOrMUHBIM
(1.45) paBenctBoM

b(T) = / f(exp w)|w:wo(s) ds (167)

148 06J1a11aeT ACUMIMTOTHYECKMMH CBOHMCTBAMH

b(t) =O(expT), T — —00;

b(r) =7 + by + Oexp(— (B + 1)7)), T — +o0; (1.68)
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JanbHeliinit aHanu3 cBsi3aH ¢ oTpe3koM BpemeHu A < ¢ < A + 1y, rIe,
HarmoMHUM, f, — MOMEHT BpeMeHH, durypupyromuid B (4.8). M3 yxe ycra-
HOBJIEHHOH (opmynbl (4.35) u cBOHCTB (DYHKUMU xo(f) BbITEKAeT, UTO MpU
t € (A, A+ty) nmeer mecTo oleHKa z,(t—A) > 0, a 3Hauut, H(z,(t—A)) = 1.
Kpome Toro, mMbl a priori npeamnosaraem, uto

x,(t) <0 mpu A <t <A+t (4.36)

O6mbenunsis cootHotenust (4.8), (4.35), (4.36) ¢ ycaoBusmu (4.31), y6ex-
naemcs, 4to z,(t — 1) < 0 mpu A < t < A 4ty u, cl1efoBaTe/bHO, NpH
paccMaTpUBaeMbIX 3HauUeHMSX ¢ pelueHHe T, (t) ynoB/eTBopsieT 3anade Komu
&t =1+b(c—x), x|=an = A —Tj. HecsoxHbI# ee aHAaNU3 NPUBOAUT K OUepe]-
HOMY PaBEHCTBY

z,(t) = (A=Ty—c—1/b)exp(=b(t—A))+c+1/b, A<t <A+t (4.37)

CJienyet, onHaKo, HAaMOMHHTh, 4TO (opmysaa (4.37) mosyueHa HaMH MpH
anpuopHoM npennosnokenun (4.36). CrpaBensuBOCTb XKe MOCJEIHEr0 SKBUBA-
JIEHTHA YCJIOBHIO

Th— A
exp(btg) — 1’
KOTOPO€ BCIOAY HHXKE CUMTAEM BBINOJHEHHBIM.

[pu A+ty <t < A+to+1 B cuay (4.8), (4.35), (4.36) nmeem z,(t—1) <0,
x,(t — A) < 0. TlosToMy B HaHHOM ciyuyae pelleHHe Z,(t) ompesensercs U3
sagaun Ko & = 1, z|i=aqy, = T,(A +ty) 1 3a1aeTcst paBeHCTBOM

c+1/b< (4.38)

x,(t) =t =T, tne T, = A +ty—x,(A+19) > 0. (4.39)

Jlo6aBum ere, uto dopmyna (4.39) coxpansercs npu Tex t > A+ ty, 14
KOTOPBIX OJIHOBPEMEHHO z,(t—1) < 0, z,(t—A) < 0. Tem caMbIM OHa 3aBe1OMO
npuMeHuMa npu A +tg <t < T, + 1.

PacrniopsiniiMest Terepb BbIGOPOM CBOGOIHOTO Mapamerpa oy u3 (4.32).
B nanbHeiilieM OyneM CUMTaTh BbIIOJHEHHBIM YCJIOBHE

0p < min (T* —A— to, To — A), (440)

obecreynBaollee MNPUHAMEKHOCTh (QYHKUMH Zy(t + T%), —A — o9 < t <
< —oy mHoxecTBy (4.32). Kpome Toro, us (4.40) cienyer, uto ypaBHEeHHE
x,(t — 0g) = —op umeer Ha mpomexyTke (0,7, + 1] poBHO IBa KOpHS t =
=ty+oop/a, t =T, (nauubiii GakT HeoOXOAUM AJsi 06G0CHOBAHUS MPUBEAEHHON
HHKe TeopeMbl 4.1).
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Ero aHaJu3 6y,[LEM [IPOBOAXUTDL MNPHU AOMOJHUTEJNbHBIX YCJI0BUAX
to+1 <A<y, (4.31)

e BeJUYuHBL ty, Ty Te e, uto U B (4.7), (4.8). CMbIC/ HaHHBIX OrpaHUYEHHH
MPOSICHUTCST B TOCJIEAYOLIEM.

Kaxk u B paborax [13,18,20], nousitue pewenus ypasaenus (4.30) onpene-
JIUM KOHCTPYKTHBHO. C 3TOH 1eJbi0 (PUKCHPYEM HEKOTOPOE IOCTATOYHO MaJioe
oo > 0 (oueHka cBepxy Ha o B HajbHedleM OymeT yTOUHeHa), PACCMOTPHM
MHOKeCTBO (DYHKLHH

o(t) € C[—=A — 09, —0g], () <0
Vit e [-A 0y, —0g], @(—09)=—00 (4.32)

1 0003HaYNM 4epe3 z,(t), t > —oy peuenne ypasHenus (4.30) ¢ npou3Bosb-
HBIM HauaJbHBIM ycJOBHeM U3 Kjacca (4.32).

[Tpu unrerpupoBanuu ypasHenust (4.30) CylIeCTBEHHO TO 0GCTOATENBCTBO,
4TO (PUrypHpYIOLLIHe B ero npaso# yactd ¢yHkuuu R(x(t — 1)), H(z(t — A))
KYCOUHO-TIOCTOSIHHBI M MEHSIIOTCS JIMIIb Toraa, Korma x(t — 1) uau z(t — A)
MeHsieT 3Hak. B uwactaoctu, B cuay (4.31), (4.32) mpu —op < t < 1 — 09
MMeeM ofiHOBpeMeHHO ¢(t — 1) < 0 u ¢(t — A) < 0. [losTomy Ha ykasaH-
HOM TIDOMEXXYTKe (DYHKLHS T,(t) siBaAseTcs pelueHHeM 3amaun Komw & = 1,
Z|i=—p, = —00, @ 3HAUUT, 3aKaeTcs POpMyJIOH

z,(t) = t. (4.33)

JloGaBum elile, uTo paBeHCTBO (4.33) MOXKHO “MpoTAHYTb MO ¢ 10 TeX Mop,
TMOKa BBIMOJIHAKTCS yeaoBust x,(t — 1) < 0 1 x,(t — A) < 0. CrienoBaTenbHo,
OHO 3aBeJIOMO CIIPaBeNJIMBO Ha OTpe3Ke BpeMeHU —op < ¢ < 0.

I[Ipu 0 < t < A U3 yxe MNpPOLEJNAHHBIX MOCTPOEHUH BBITEKAeT, 4TO
z,(t —A) < 0 u B cuny sroro H(z,(t — A)) = 0. Takum ob6pasom, Ha naH-
HOM TNPOMEXXYTKe BPeMeHH HHTepecylolllee Hac pelleHHe Z,(t) yAoB/JeTBOpseT
ypaBHEHHUIO

&= R(z(t —1)). (4.34)
Yro ke KacaeTcsl ypaBHeHHUs (4.34), To ero cBOHCTBa OblIHM HM3yYeHBl B CTa-
the [18]. B ynomsinyToii paGoTe, B 4aCTHOCTH, YCTAHOBJIEHO, YTO Ji060€ pe-
weHue z(t) aToro ypaBHeHus, Takoe uto z(t) < 0 mpu —1 < ¢ < 0, x(0) = 0,
npu Bcex t > 0 coBmagaet ¢ dyHkuneit xo(t) (cm. (4.8)).

Bosgspaiasich K ucxonHomy ypaBHeHuto (4.30) ¥ mpuHHMasi BO BHUMaHHe
BCe BBIILIECKA3aHHOE, MPUXOIUM K PaBEHCTBY

x,(t) = xo(t), 0<t <A (4.35)
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+o0 wo(0)
f(expw) flexpw) — 1
by= | —F——dw+ [ ———————d
! / 1+ Bglexpw) " 1+ Bglexpw) "
wo(0) -0

O6patuM BHUMaHHUe, 4TO, KaK U B ciaydae (1.47), hopmyna mjsi nocTossHHON
bo us (1.68) conepxut BesuuuHy wo(0), AN KOTOPOH Mbl He HMeeM SIBHOrO
BeIpaxkeHHs1. OnHAKO, KaK ¥ BBIIIE, 3Ty TPYAHOCTb MOMKHO TPEONOJIETh.

Jlemma 1.2. /as nocmosinrnoti by usd (1.68) cnpasedrusa ssnas gpopmyra

1
flu flu +59
o/“ 1+5g / s du—a (1.69)

ede ¢; — nocmosannas u3 (1.58).

Jloka3aTeabcTBo. CHauana pacCMOTPUM (PYHKIHIO

bo(2) = flexpw) —1 dw+/ flexpw)

1+ Bg(expw) 14 Bg(expw)

—00

M 3aMeTHM, 4YTO, BO-MePBBLIX, by = by(2)|.—uw,(0); BO-BTOPBIX, B CHJIy OUYEBHIHOTO

paBeHctBa bjy(z) = —1/(1 + Sg(exp z)) ee MoxHO 3anucatb B hopme
[ fepw)-1 T fepw) [ d
exp w exp w dw
b ———dw+ [ —————d —/7. 1.70
&= | hgtepn) ™ | Tobgemw) ™) Tragtepn) 70
0

—00
Tem campiM 3a1aua cBeslach K BBIYMCJIEHHIO TpeThero uHterpana us (1.70) npu
z = wp(0).
CrenaeM B YIOMSIHYTOM HHTerpaje 3aMeHY NepeMeHHOH w = wy(T), rae
wo(T) — dynkuus (1.61). B urore nosyuaem

w(0) 0

dw
B 0/ 1+ Bg(expw) :/dT:_TO’ (470

o0

rie 7p — KOpeHb ypaBHeHMs wy(T) = 0, nas xkotoporo u3 (1.61) BbITeKkaer
paBeHCTBO

+00
_Bglexpw) (1.72)

nEas [y Bg(expw)
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Takum obpasom, asis moayueHus: Hckomod Qopmynsl (1.69) ocraercs 06b-
ennHUTh cootHomenus (1.70)—(1.72) u coenaTh BO BCeX MHTerpajax 3aMeHy
nepeMeHHOH u = exp w. JleMMa 10Ka3aHa.

Ha saxsounTe/bHOM 3Tare MOCTPOEHHS aCHMITOTHKH pelleHHs Z,(t,¢),
CUHTast BBITIOJIHEHHBIMH HEpaBEeHCTBA

vt —1,8) < —q, z,(t,e) < —q, (1.73)

paccMOTpHM OTPe30K BpeMeHH o+ 1+ 0y <t < T — 0(/2. Bropas u TpeTbs
oueHkH u3 (1.73) BmecTe co cBoiicTBamu (1.3) MPUBOASIT K BBIBOAY, UTO 31€Ch
UMeeM ypaBHeHHE BHUIA

t=a—L0—-1+0(exp(—q/e)), (1.74)
kotopoe B cuay (1.66)—(1.68) HeoOX0AMMO NOMOJIHUTE HaYaJbHBIM YCJOBHEM
Tlimatito, = = — 1+ (@ — B — 1)og + £(ca + aby) + O(exp(—q/e)). (1.75)

Pemast monyuuBmytocs 3agauy Komwu (1.74), (1.75), npuxonum K paBeHCTBY

ry(te)=—F—14+(a=F—1)(t—a—1)+ecs+ Agy(t,e),
a+1+o0p StSTg—Uo/Q, (1.76)

B KOTOPOM C3 = ¢ + aby.

HanomHuM, uTO, KakK M BO BCeX MPeNbIAYIIMX CJaydasX, H3Ha4aJbHO
acHMIITOTHUeCKOe mpencraBseHre (1.76) HocHT ycsoBHBIH XxapakTep. OpnHa-
KO YK€ yCTaHOBJIEHHbBIe DaHee aCHUMIITOTHUecKHe (OPMysbl MIs Z,(t,€) TpH
a+oy<t<a+1l+oy (cMm. (1.65), (1.66)) u camo pasenctBo (1.76) cBu-
JeTeNbCTBYIOT O TOM, UTO TpefyeMble OLEeHKH BeJHUHH x,(t — 1,€) n ,(t,€)
13 (1.73) BBIMOJIHSIOTCS MPH BCEX AOCTATOYHO MasblX € > 0 W mpu Jo60M
¢rkcupoBaHHOM ¢ U3 UHTepBaia 0 < ¢ < min{(8 + 1)oy, (« — 8 — 1)oy/2}.

[TonBenem HekoTopelit utor. IlepBoe HepaBencTBo u3 (1.73) rapanTupyer
MpUHAMJIEKHOCTh TOUKU ¢ = Ty — 0p otpesky o+ 1+ 09 < t < Ty — 0y/2.
IToT (haKT MO3BOJAET IJISl HaXOXKJAEHHs HHTepecylollero Hac KopHs t = T,
ypaBHeHHs z,(t — 0¢,€) = —0og(cv — 3 — 1) BOCIONB30BATbCS COOTHOIIEHHUSIMH
(1.74), (1.76). W3 yxasaHHBIX (opMysn o4eBHAHEIM 00pa3om caenyet, 4to 1,
onpenessieTcsl OAHO3HAYHO, MPHUUEM PaBHOMEPHO 10 ¢ € S(0p, ¢1,¢2):

C3

T¢=To—€m+0(exp(—q/5)). (1.77)

4.3. BcnomorartenbHOe HeJIMHEHHOe ypaBHEHHE 193

mpu » = A - exp(aA). Takum o6paszom, ¢ HeOOXOAUMOCTbIO Halercs HO-
Mep s, JJIsi KOTOPOro GYLyT BBIMOJHATECS paBeHcTBa (v (s, £)|%:,\.6XP(OA))]C =
= exp(mal) = vk = 2™ A 370 W 03HauaerT, uTo CrpaBeAJJUBbl COOTHOLIE-
aus (4.21), (4.22).

B ciyuae, Korma MyJbTHIIMKATOP U KPaTHBIH, pacCy»KIeHHUsl aHajornd-
Hbl. JledCTBUTENBHO, TYCTh JAHHOMY MYJbTHUILINKATOPY OTBEUaeT POBHO 7 JIH-
HeHHO He3aBHUCHMBIX perneHuid JlsnyHoBa-Dioke. Torma 3TH pelieHUsT MOXK-
HO 3amucartb B MaTpuuHOH Qopme exp(at)H (t,¢), roe cToabLaMH MaTpHLbl
H(t,e) paamepa m X r SIBASIOTCS JHHEHHO He3aBHCHMble T-TepHOAHUYECKHE
BekTOp-pyHKIMK. Jlasee, B cuIy MHBapHaHTHOCTH cucTeMbl (4.17) mom meit-
ctBueM 3aMeH (4.24) 3mecb BMecTo (4.25) GyneT BBHIMONHSATHCS PaBEHCTBO

AH(t+ Aye) = H(t,e)D (4.28)

C HEKOTOPOH MOCTOSSHHOW MaTpuued D pasmepa r X 7.

CaoiictBo  (4.28) mo3Bosisier cBecTH mnpobGsemy obocHOBaHUsi  hop-
mya (4.21), (4.22) x npenbinyuiemy caydawo. Iljs Toro 4tobbl cienaTbh 3TO,
(uKCcHpyeM HeKOTOpoe COOCTBEeHHOe 3HaueHHe A MaTpulel [, a depe3 e
0003HaYMM OTBeYAIOUINH eMy CcOOCTBeHHBIH BeKkTop. Torma, Kak HeTPYIHO
YBUAETD, 1Jisi BeKTOp-DYHKUMK ho(t,e) = H(t,c)e crnpaBeaJMBO COOTHOLIE-
nue (4.25). [Mocnenyioiye xe pacCykAeHHsI COBMANAIOT C H3JI0XKEHHBIMU Bbl-
we. Jlemma 4.1 nokasana.

Wrak, npobaema cyiiecTBoBaHusl y cucTeMbl (4.12) uukioB Bupa (4.15)
CBOIUTCS K TMOMCKY TePUOIMYECKUX pPeIleHHH BCIIOMOTATeNbHOT0 CKaJSIPHOTO
ypaBHeHus (4.16) nepuona T' = mA/k. Uro ke kacaeTcsi Borpoca 06 yCTOH-
YUBOCTH OeryliuX BOJIH, TO OH pelliaeTcs OTAeJbHO U B CHJIy JeMMbl 4.1
COCTOUT B aCHMIITOTHYECKOM BBIYHMCJEHHH KOpHed ypaBHeHu#t (4.22). Hinke
06a 3THU BoONpoca M3y4alOTCs I/ HATypadbHBIX m U k, yIOBJETBOPSIOIIHUX
TpeboBaHUIM

m>2 1<k<m-—1 (4.29)

4.3. BcriomorarejbHOe HeJIMHEMHOE ypaBHeHUE

B naHHOM MyHKTE MCCJeIyeM BOMPOC O CYIIECTBOBAHMH Y BCIOMOTaTe b-
HOTO ypaBHeHwus (4.16) pesakcaliOHHOTO MEPHONAHUYECKOTO IBUKeHHUS. B cBsisu
C 9THM B MEPBYIO 04Yepelb, Omupasich Ha cBoiicta (4.13), mepeiinem ot (4.16)
K COOTBETCTBYIOIIEMY PeJIeHHOMY YpaBHEHHUIO

& =R(x(t—1))+b(c—ax)H(z(t — A)). (4.30)
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Jlemma 4.1. Kascooul myromunaukamop v : v # 0 cucmemot (4.17) donyc-
Kaem npedcmasnerue

v ="k (4.21)
ede »x — KopeHb 00H0E0 U3 YpasHeHull
[Vs(5,6)F = %™, s €N. (4.22)

HokasareabctBo. Dukcupyem J0O0H MYJbTHIIHKATOP ¥ # (0 cHCTe-
Mbl (4.17) W mpenmoJIoKUM, UTO OH siBasieTcss mpocThiM. OG03HAuUUM, Halee,
yepes

h(t,e) = exp(at)hy(t,e), ho(t,e) = colon (ho1(t,e),. .., hom(t e)),
k (4.23)
ho(t + mA/k,e) = ho(t,e), o= — Inv
oTBeyatwllee eMy perienue JIsanyHoa-Pmoke. OTMeTHM, Hajee, UTO MOCKOJb-
Ky cucrema (4.17) uHBapHaHTHA OTHOCHUTEJbHO 3aMeH

t*A*}t, hj_lﬁhj, j:L...,’nL, (424)

a MyJIBTHIJIMKATOpP v MPOCTOH, To peruenue (4.23) mon meficTBHeM 3THX 3aMeH
nepeiinet B peruenue \-exp(a(t+A))ho(t,e), rie A — HeKOTopasi KOMIJIEKCHast
nocrosiHHasi. TakuM 06pa3oM, HMeeT MeCTO PaBeHCTBO

0 0 0 ... 0 1
1 0 0 ... 0 O

Ao(t+ Ae) = Aho(te), e A= | 0 1 0 - 00 g 95
0 0 0 10

U3 KOTOpPOro, B CBOIO o4Yepelb, BbIBOLUM:
hom—j(t,e) = M ho (t—(G+1)Ae), j=0,1,...,m—2, \"=1. (4.26)

Yro Ke KacaeTcs KOMIOHEHTH hg1(t,€), To B cuay (4.26) ona siBastercs 1-
MePUOIUYECKUM pelleHHeM ypaBHEHHUs

h=—ah+ A(t,e)h + exp(—a)B(t,e)h(t — 1) + AC(t,e)h(t — A).  (4.27)

[IponenanHble MOCTPOEHHs MOKa3bIBAWOT, YTO ypaBHeHue (4.27) 3aBeno-
MO HMMeeT eIMHHUYHbIH MysapTHniHKarop. Clesaem, fnajee, B 3TOM YypaBHe-
HUM 3aMeHY exp(at)h — h. B pesysbTaTe eIHHHUYHBIH MyJbTHIUIMKATOD Ie-
peiiner B exp(maA/k), a camo ypaBHenue (4.27) — B ypaBHenue (4.20)
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Ilanee, oObenuHsist BCE MOJYUYEHHBIE BbILIE ACHMIITOTHUECKUE [PEACTaBJIE-
HUS Ins pewlenus z,(t,e) (em. (1.30), (1.41), (1.44), (1.58), (1.62)-
(1.66), (1.76)), mpuxoauM K BBIBOAY, 4TO

max |z, (t, e) — xo(t)] = Ofe), (1.78)

—00<t<Ty—00/2

rae xo(t) — pyHkuus (1.15), a ocraTok paBHOMepeH 10 ¢ € S(0g, ¢1, ¢2).
Dopmyast (1.77), (1.78) cBumetenbcTByOT 0 ToM, uTo omepatop (1.18)
HEACTBUTENBHO ONpe/iesieH Ha MHOXeCTBe S(0y, ¢1,¢2) U PABHOMEPHO 10 ¢

|, max |z, (t+T,,e) — zo(t)] = O(e). (1.79)
B cuny pasencrBa (1.79) Bkawuenue II.(S) C S Oyner BBINONHATBCS MpH
YCJIOBUH

zo(t) € §(007Q17612), (1.80)

rue §(00,q1,qg) — MHOXeCTBO, moJyuawoieecs u3 S(og,qi,q2) 0pu 3ameHe
B (1.17) HecTporux HepaBeHCTB crpornmu. HarmomHum, nasee, 4yTo Ha napa-
MeTp 0y HaMH yxKe HajioxkeHo orpaHudenue (1.8), obecrneunBaroliee BHIIONHE-
Hue mJst GyHKuu x(t) ceoiicts (1.9). [ToaTomy crpaBeninBOCTH BKJIKYEHHUS
(1.80) moGuBaemcst 3a CueT UMEIOIIMXCS B 3amace MapaMeTPoB ¢y, (o, NPEAIO-
Jlarasi, 4yto

@ > — 717(5&1%7% zo(t), 0<q < — _, max xo(t). (1.81)
Wrak, oneparop Il., sBASIIOIIKACST OUeBUIHBIM 00pa30M KOMMAKTHBIM, MPU
BeimosiHenun yesaosuit (1.8), (1.19), (1.48), (1.54), (1.73), (1.81) Ha napa-
MeTpbl 0p, ¢i, g2 NpeobpasyeT B ce0s1 3aMKHYTO€, OTPaHUYEHHOE U BBIITYKJIOE
MHOXKeCTBO S(0¢,q1,¢2). OTCiODa B COOTBETCTBHH C H3BECTHBIM MPHHLUIOM
[laynepa 3ak/ouaem, 4To ITOT oneparop UMeet B S(0yg, ¢1, ¢2) N0 KpaHed Me-
pe OIHY HEMOIABHKHYI0 TOUKY ¢ = @.(t,¢). dcHo Takxke, uTO perieHue . (t, )
ypasHeHus (1.5) ¢ HauanpHOH (hyHKUMEH @i(t,e), —1 — ¢ <t < —0(, 0Kasbl-
BaeTcs nepuoauueckum c¢ nepuonoM Ti(e) = T,|,—,. u B cuny (1.77)-(1.79)
ynoBJieTBOpsieT TpebyeMmbiM ycaoBusaM (1.16).

1.1.4. AHanu3 CBOWCTB yCTOWYMBOCTHU

[lepefinem Temepb KO BTOpOH 4acTH oOOCHOBaHWS Teopembl [.1, T.e. K
JI0Ka3aTeNbCTBY €IMHCTBEHHOCTH M YCTOHUHMBOCTH peJaKCAIlMOHHOTO LIHKJa
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x4(t,e) ¢ HyneBbiM npubskenuem (1.15). M3 siBuo#t dopmynsr (1.18) nas
oneparopa II. BbiTeKaeT, 4YTO OH HEMPepbiBHO AU(QepeHIrpyeM Mo o, a ero
npousBonHas Ppere J,I1.(¢) 3anaercs paBeHCTBOM

agana((p)gﬂ = g(t + ng) - l(g())l"@(t + ng)a —1—09 <t < —0p. (1.82)

3mech QyHKIHS go(t) mpeacTaBsieT cO00H MPOU3BOJIbHBIE JEMEHT JUHEHHOTO
npoctpanctBa Cy = {go(t) € C[—1 — g9, —00] : go(—009) = 0}, uepes g(t,e),
—09 <t < T, — 0pg, 0003HaYEHO DelleHHe JMHEHHOr0 ypaBHEeHHsI

g :A(t7 5)9 + B(tv E)Q(t - 1):
A(tv E) = —(B/E)g'(exp l‘) exp x|m:a:¥,(t,€)/£a (1 83)
B(t7 E) = (a/e)f/(exp l) eXp fI:'w:LL‘W t—1,e)/e

¢ HauasnbHOU QyHKUHeH ¢o(t), —1 — 09 <t < —0y, a JTUHEHHBIH QYHKLHOHAT
l: Cy— R ompenenen dhopmyoi

l(g0) = 9(T;;, — 00,€)/24(T, — 00,€). (1.84)

M3 coornomennit (1.82), (1.84) crenmyeT, uTO BOMPOC OLEHKH HOP-
Mbl JMHeHHoro onepatopa OJ,ll.(p) B mpoctpanctBe Cj ¢ HOpMOH | gol| =

= | max lgo(t)| cBOOMTCS K aHAJM3y BBENEHHOrO BbIlle pelueHus ¢(t,¢)
—1—0p<t<—09

ypaBHeHus (1.83). [Tokaxkem, 4TO [JIs1 3TOTO PELIEHHS BBINOJHSAETCS HEpaBeH-
CTBO BHMA
max [g(t,¢)| < M exp(—q/e)l|goll (1.85)

—y<t<T,—ay
C HEKOTOPBIMH YHHUBEPCAJbHBIMU (HE 3aBHCSLIMMHU OT €, ¢, (o) MOCTOSHHBIMH
M, q > 0.
M3 ycTaHOB/IEHHBIX BbIlle aCUMITOTHUECKHUX MPeICTaB/AeHNH /s pelleHus
Z,(t, €) BBITEKAIOT OLEHKH

T,—00 T,—0o0
|A(t, )| dt < M,, / B(t,e)| dt < My,
—00 —0o

max |(t5)<]\/[3exp( ) (1.86)

—og<t<l—og
rne My, My, Ms, ¢ > 0 — HeKoTopble yHHBepca/bHble KOHCTaHTHL. [laiee,
ucnoJb3yst coiictBa (1.86) B dopmyse
t t
g(t,e) = / B(s,e)go(s — 1) exp{ /A(T, £) dT} ds, —o9<t<1-— oy,
o

S
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nepuopa I’ = mA/k, k € N.

[Ipennonoxum, 4To NPH HEKOTOPOM HaTypasbHOM k ypaBHeHHe (4.16) ume-
eT TpeGyeMoe nepropryeckoe petenue x(t,e) nepuoga T = mA/k. Torna Bo-
npoc 06 YyCTOHYMBOCTH COOTBETCTBYIOILEro LKKA (4.15) cBOLHTCS K Bompocy
0 PacIoJIOKEHHH MYJIbTHIIIMKATOPOB JIMHEHHOH CHCTEMBI

hj=A(t+ (j—1)A,e)hj + Bt + (j—1)A, e)hj(t — 1)+
+Ct+ (J-1DAe)hj1, j=1,...,m, (417)

rae ho = hy,, a Koapduunentsl A(t,e), B(t,e), C(t,€) 3anawoTes paBeHCTBaMH

A1) = bGlalt=A.e).e). B(t.e)=Flalt=1.2e) o
C(t,e) =b(c—a(t,e))G(x(t — A,¢e), ). '

[losicHuM cMBICTT TepMHHA ~MYJIbTUIJIHUKATOP” MPUMEHUTENBHO K CHCTe-
me (4.17). B cBsizu ¢ atum paccmorpum mpoctpanctBo F = C([—1,0];R™)
HenpepblBHBIX IpH —1 < ¢ < 0 Bektop-yHKUUH h(t) = (hi(t),..., hn(t)) ¢

Hopmo# ||h||lp = max  max |h;(t)|. Hanee, omepaTopoM MOHOAPOMHH CH-

creMbl (4.17) HasoBeM orpaHquHHbm JuHedHbIH onepatop V(e) : E — E,
HeHCTBYIOLMH Ha MPOU3BOJbHYI0 QyHKUMIO h(t) € E mo mpaBumy:

V(e)h = h(t+mA/k,e), —1<t<0, (4.19)

rae h(t,e) = (hi(t,e),..., hy(t,e)) — pewmenue cucremnbl (4.17) Ha orpeske
Bpemenu 0 < ¢t < mA/k ¢ HayanbHO#H ¢yHKumed h(t), —1 < ¢t < 0. Orme-
THM, UTO CIEKTpP 3TOrO OllepaTopa 3aBeIOMO AHCKpETEeH, TaK Kak HeKoTopas
ero creneHb KomnaktHa (B ciaydae mA/k > 1 xomnakteH u cam V(e)). Uro
’Ke KacaeTcsl MyJbTHIIHKATOPOB CHCTeMBbl (4.17), TO TaKoBBHIMM IO aHAJIOTHH
co c/ydaeM OObIKHOBEHHBIX AH((epeHLHaNbHbIX YpaBHEeHUH OylneM HasblBaTb
coGcTBeHHble 3HaueHus onepartopa (4.19).

Hapsiny ¢ (4.17) BBemeM B paccMOTpeHHe BCIIOMOTaTe/ibHOe CKaJjsipHOe
JIMHelHoe ypaBHeHHe

h = A(t,e)h + B(t,e)h(t — 1) + 3 C(t,)h(t — A) (4.20)

C KOMIUJIEKCHBIM MapaMeTpoM » u 0003HauuM uepe3 vy(s,e), s = 1,2,...
€ro MYJIbTHUIJIMKATOPBI, 3aHYMepOBaHHblE B TMOpsiaKe yObIBaHHS MOAYJeH (B
cjydyae CKaJ/IsIpHOTO YpaBHEHHS OIpefesieHHe MYJbTHIIMKATOPOB aHAJOTHYHO
naHHomy Bbiiie). CripaBeaJsiMBO CelyIollee yTBEPXKIEHHE.
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JleficTBUTe/IPHO, TOC/Ie Tepexofia K HOBBIM IepeMeHHBIM z; = (1/A)Inw;,
j=1, ..., m cucrema (4.10) s3anuceiBaeTcsl B BUJe

;= F(zj(t —1),e) + b(c — 2)G(zj-1,8), j=1...,m, (4.12)

rae € = 1/A < 1, g = ap, F(x,e) = flexp(z/e)), G(z,e) = g(exp(x/e)).
Jlanee, o6paTUM BHUMaHHe, YTO B CHJy CBOUCTB (4.5), (4.11) crnpaBen/uBbI
npefesibHbIE PAaBEHCTBA

o [1 0,
lim F(z,) = R(z) fpr & < limG(z,e) = H(z), (4.13)
e—0 —a 1npu x>0, e—0

rae H(x) — ¢yHkuus u3 (4.3). A orciona, B CBOIO o4epelib, CJEAYET, YTO MPH
e — 0 cucrema (4.12) nepexonut B pesiedHYIO CHCTEMY

tj=R(z;(t—1)) +b(c—x;)H(z;—1), j=1,....m, zo=u1a,. (4.14)

Hanuune npenmesnbHoro oobekra (4.14) cyuectBeHHo objerdaer npodsemy
OTBICKAHHUSI aTTPAKTOPOB cucTeMbl (4.12) W Mo3BoJIsIeT, B YaCTHOCTH, MPHUMe-
HUTb K Hell obuive pesysbraThl U3 [13] 0 COOTBETCTBUH MeXIy YCTOHUHBBIMU
LUUKJIaMH pesielHOH M peslakCallMOHHOH cucTeM. Huke yrnomsiHyTble pesyJib-
TaThl UCIOJb3YIOTCS B COBOKYIHOCTH C HEKOTOPOH CHelHa/JbHOW MeTOAMKON
UCC/IeIOBaHUSI BOTIPOCOB CYLIECTBOBAHUS M YCTOHUMBOCTH LIMKJOB B KOJIblle-
BBIX LIEMOUKAX OJHOHAINPABJIEHHO CBA3aHHBIX OCLUJIATOPOB. C OMOLILBIO 3TON
MEeTOAMKH yIaeTcs MoKasaTb, YTO MPH YBEJUUEHUH m W NPU TOAXOASLIEM Bbl-
6ope OCTaJbHBIX MapaMeTpoB B cucTeMe (4.12) MoXKeT cocylecTBOBaTh JMi060e
KOHEYHOEe YHCJIO0 YCTOHYMBBIX MEPUOANYECKHX [BHXKEHHH, T.e. peasn3yercs
U3BeCTHOe siBjieHUe Oy(hepHOCTH.

4.2. O0mag cxemMa UCCJIeI0BAHUY

B nasnbHeiilueM OyneM HHTepecoBaTbCsl NpoOJeMaMH CYLIeCTBOBAHHS H
YCTOHUMBOCTH Yy cHcTeMbl (4.12) crneunanbHbIX NMEPUOAHUYECKHX pelleHHH —
TaK HasblBaeMbIX Oeryuiux BoJsiH. TouHee roBopsi, peub MOUAET O MepHOAUUE-
CKHX pelleHHsX, JOMYCKAIOIUX MpeACcTaB/eHHe

rj=a(t+(G—-1)Ae), j=1,...,m, (4.15)

roe A > 0, a ¢pyHkuus z(t, &) — NepuoaHUecKOoe pelleHHe BCIOMOraTe/bHOro
ypaBHeHHs]
t=F(z(t—1),e)+b(c—2)G(z(t — A),¢) (4.16)
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NPUXOAUM K BBIBOAY, 4TO NIpU —og <t < 1 — 0y

max [g(t, )| < M exp(—g/e). (1.87)

s pacnpoctpanennsi oueHku (1.87) Ha ocraBiuuiicss mpoMexyTok [1 —
— 09,T, — 09] n3MeHeHHst ! BOCIOJb3yeMCs MeTOLOM ILIaroB. A MMeHHO
pasoObeM yKasaHHBI MPOMEXKYTOK Ha OTpe3kd [l — oy + k,2 — oo + k],
k=0,1,....k, u [2—00+ ko, T, — 00|, rne ko = [T, — 2], |-] - uenas
yactb. Mcnosbays nepsbie aBa cBoiictBa (1.86), 3ameuaem, 4ToO U3 paBeHCTBA

t

g(t,a)—g(l—aoJrk,s)exp{ / A(s,g)ds}+

1—09+k

¢ ¢
+ / B(s,s)g(sl,s)exp{/A(T,e) dT} ds, t>1—o09+k,
1—0o+k s

1 U3 yxke nosnydeHHoi oueHkH (1.87) na (k — 1)-M oTpe3ke BbiTekaer Tpelye-
Masi OlleHKa Ha k-M OTpe3Ke U3MeHEeHHs t.

Bosspauasics k onepartopy Il. u yuuteiBas HepaBeHcTBO (1.85) B (1.82),
(1.84), mpuxoouM K BBIBOLY, YTO

sup ”8991_[5(90)“00—’00 § Mexp(fq/e). (188)
0€8(00,q1,q2)

Ocraercst go6aBuTh, 4To oueHka (1.88) obecneunBaeT Kak CXKHMaeMOCTb
onepatopa II. (a 3HAuMT, €IMHCTBEHHOCTb €r0 HENOABUXKHOH TOUKH ¢ =
= .(t,e) Bo MHOXKecTBe S(00,q1,(¢2)), TAK U IKCIOHEHLHATbHYIO OpPOUTAJb-
HYI0 YCTOHUHBOCTb COOTBETCTBYHOLIEro UMKAA Z,(t,e). [lociaenHee ob6cerosi-
TeJNLCTBO 00YCJIOBJIEHO TeM, 4To, corsiacHo (1.88), crekTpasibHbIH paguyc ore-
paropa O,ll.(p.) sKCrOHeHIMaNBbHO Ma/l. A 3TO 3HAYMT, YTO BCE MYJbTHILIH-
KaTOPHl fi UMK Z4(t, ), sIBASAIOLIHECS (32 HCKJOUEHHEM MPOCTOr0 eIHHHY-
HOr0) COOCTBEHHBIMH 3HAUEHHSIMM YIIOMSIHYTOrO Olleparopa, JiekaT B Kpyre
{neC: |y < Mexp(—q/e)}. Teopema 1.1 nosHOCTbIO IOKa3aHa.

1.1.5. AcumMnToTHKa nepuoga peleHus.
®opmyJsia nonpaBKu

O6paTtumcsi K acHMIITOTHUECKOH ¢opmyse nns mnepuopa Ti(e) LMK
z.(t,e). CornacHo paBeHctBy (1.77), oHa uMeeT BHI

T.(e) = Ty + €Ty + O(exp(—q/e)), q = const > 0, (1.89)
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rae, HaMOMHUM, nocTosiHHasi Ty onpeneneHa B (1.4), a Ty = —c3/(av — f — 1).
HanomHuM pnanee, 4To #/1s BCeX MOCTOSIHHBIX ¢j, 0 < j < 3, HaMH mOJYy-
YyeHbl siBHble Bblpaxkenus (cm. (1.27), (1.49), (1.58), (1.64), (1.69), (1.76)).
Hcnosb3ysi coOOTBETCTBYIOIIME (POPMYJIBI, MOCJAEe HEKOTOPBIX MpeoOpa3oBaHUiM
MPUXOIUM K CJELYIOLIEMY YTBEPKIECHHIO.

Teopema 1.2. /{15 koagpdpuuuenma Ty us (1.89) cnpasediuso unmeeparvroe
npedcmasierue

__af [ (a=B)fweln) - fw) ~ (e = - Dglu)
ﬂ‘a—ﬁ—lf ula—1-Bot) L+ dgey 0

Heo6xonnmo 3aMeTuTh, uto anajoruuHas (1.90) ¢popmyna npu 6osee cHilb-
ubix, yem (1.3), orpanuuenusix Ha ¢hyHkuun f(u) U g(u) NpUBeieHA B MOHO-
rpapuu [14] (cm. c. 181). M3 Hamux e MOCTPOEHHH CJEIYET, YTO H YCJIO-
Busi (1.3) B CBOIO ouepelb MOXHO HECKOJBKO OCJMA0HTh. A HMEHHO Teope-
mbl 1.1, 1.2 ocTatoTcsi B cujie B caydae, Korjaa

f(u), g(u), uf (u),ug (u) = O(1/u’), u — 400, &= const € (0,1].
B 3aksioueHue OTMETHM, UTO LHUKJI
0n(t,3) = expla(62)/2) ooy (1.91)

ucxonHoro ypasenust (1.1) obianaer cjaenyOUMK peJakCalnOHHBIME CBOK-
CTBaMH MPU A — +00:

mtaxu*(t, A) = O(exp(a — 1)A), mtin us(t, \) = O(exp(—(S + 1)),
1.92
T.(\) =Ty + %TI + O(exp(—¢gA)), ¢ = const > 0. (192

PaBenctBa (1.92) 0OBSICHSIOT, B YaCTHOCTH, NPUUUHY HaJdudusi y rpaduka
¢yuxuuud (1.91) nocraTouHo BBICOKOrO BCIJIECKa Jaxe MPU He CJAULIKOM 60Jb-
IIKMX 3HayeHusx A (cM. puc. 1.1, orBevatowuii cayuaro A = 3.5).

1.2. JluHamuKka cuctembl ABYX AU(Py3UOHHO
CBSI3aHHBIX HEHPOHHBIX OCLUNISITOPOB
Bo BTopoM mnaparpade naHHOW TyiaBbl pacCMaTpPUBAETCS CHHTYJSPHO BO3-

MylLleHHasl cUCTeMa HeJHHeHHbIX Au((depeHLIUaNbHbIX ypPaBHEHHH C 3amas-
IblBaHUeM, Mozesaupyomas aAup(y3sMoHHOe B3aUMOAEHCTBHE IBYX HEHPOHOB.
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Puc. 4.1.

roe Uy = Upm, So = Sy, @ QYHKIUMH s; 3amaHel paBeHcTBaMM (4.3). Omnaxo,
Ha HAlll B3MJISI, B JAHHOH CHTyallMd CJIEyeT OTKA3aThCsl OT OOIIEMPUHSITHIX
MpenCcTaBJeHUH H B Ka4eCTBE MaTeMaTHYeCKOH MOJIEJIH paccMaTpHBaeMoi Hel-
POHHO# CeTH B35ITb HECKOJIbKO HHYIO CHCTEMY

;= [M(uj(t—=1))+bg(uj—1) In(uy/uj)u;, j=1,....m, uy=ty, (4.10)

B KOTOPO# b = const > 0, u, = exp(cA), ¢ = const € R, a pyHkuus g(u) €
€ C?(R,) TakoBa, 4To

glu)>0 VYu>0, g¢(0)=0;

o)~ 1, u/(w), 0" (w) = O(L/u) mpn w— oc.

MoTHBBI, 110 KOTOPBIM Mbl OCTAHOBHJIM CBOH BhIGOp Ha cucteMe (4.10), co-
CTOSIT B caenymolieM. Bo-nepsuix, npu nepexoze oT (4.9) k (4.10) o6uuii ka-
YeCTBEHHBIH XapaKTep CHHANTHYECKOH CBS3H COXPaHSETCs, NOCKOMbKY B 000-
MX CJ1y4asx COOTBETCTBYIOILIHE CBA3YIOIIHe caaraembie bs;_i(uj1)(u. — uj) 1
bg(uj—1)ujln(u,/uj) MeHsioT 3HaK ¢ "+” Ha "—" NpH yBeJUYeHHH MOTEeHLHa-
JIOB u; W NIPH NPOXOXKIEHHUH UX 4epe3 KPUTHUeCKoe 3HaudeHHe u.. Bo-BTOpBIX,
M 3TO caMoe ryaBHOe, AJst cucTeMbl (4.10) ynaercs KOppeKTHO ONpenesuTb
npenesbHbIH 00BEKT, KOTOPBIM OKa3blBaeTcs HEKOTOpasl pesiefiHas cHcTeMa C
3arnasjiblBaHHEM.
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audhepeHIHaNbHO-PA3HOCTHBIX ypaBHEHUH BOJBTEPPOBCKOro THUMA. B cBsizn
C 3TUM OyIeM CUUTaTh, UTO (PYHKLIHOHHPOBAHHE OTAEJNbHOTO HeHPOHA MOJEJH-
pyeTcsl ypaBHEHHEM BHAA

= Af(u(t—1))u (4.4)

nJsi MeMOpaHHOro mnoteHuuana u = wu(t) > 0. 3mecb nmapamerp A > 0, xa-
PaKTepU3YIOLLUE CKOPOCTb NPOTEKAHHUS 9/1eKTPUUECKHX TIPOLECCOB B CHCTEME,
npeamnosaraercs Gonbium, a pynkuus f(u) € C2(R.), R, = {u € R:u >0}
o0/1aflaeT CBOHCTBAMHU:

F0) =1 f(u)+a, uf'(u), v’f"(u) = O(1/u) mpu u— +o0,  (4.5)
rie a = const > 0. [Ipumepom Taxko#l PyHKLUUU CJOYKHUT

flu)y=010—-u)/(1+u/a). (4.6)

YpaBHenue (4.4), npencrassioiiee co60il HEKOTOPYH MOAHU(DHKALMIO H3-
BECTHOr0 ypaBHeHHst XaTuuHCOHa [43], OBIO NPeNJOXKEHO U HCC/IeOBAHO B
cratbe [18]. B ymomsiHyToll paGoTe mokasaHo, uTo NpH Bcex A >> 1 oHO jo-
MyCKaeT 9KCINOHEHLHaJNbHO OpPOUTANIBHO YCTOMYMBBLIN pesaKCalMOHHBIA LUK/
uy(t, A) > 0 neprona T,(\), yIOBJETBOPSIOWMH NPeNeJbHEIM COOTHOLIEHHSM

A11_1)1010 T.(\) = T, ogrfg%i(@) |z (t,N) —xo(t)] = O(1/A), A — o0, (4.7)

rie Ty = (14 a)ty, to = 1+ 1/a, x.(t,\) = (1/A)In(u.(t,N)), a Tp-
neproanyeckasi GpyHKUUs xo(t) 3a1aeTcs paBeHCTBAMH

t npu 0 <t <1,
zo(t) =< 1—alt—1) mpul <t <ty+1, zo(t + To) = xo(t). (4.8)
t—TO HpI/Ito—FIStSTg,

Harssinnoe npencrassieHde O peslakCallMOHHBIX CBOHCTBAxX 3TOr0 LMKJA Aa-
eT ero rpa@uK Ha TMJOCKOCTH (f,u), MOCTPOEHHBIH UHCJEHHO I/ CJy-
vast (4.4), (4.6) npu A =5, a =2 (cm. puc. 1).

[TpepnonoxkuM Ternepb, YTO UMeeT MeCTO ONHOHAIpPAaBJEHHOe CHHANTHue-
CKO€e B3aUMOJEHCTBUE B CETH U3 m, m > 2 HEHPOHOB, 00beIUHEHHBIX B KOJb-
o. B atom caydae, pyKoBOACTBYSICh OMHUCAHHOH Bblllle METOAUKOH, Mbl MOXKEM
nepeliTH oT ypaBHeHHs (4.4) K aHasoruuyHol (4.2) chucreme

Uj = Af(ui(t —1))uj +bsj1(uj—1)(ue — uy),
j=1...,m,

(4.9)

I/ICCJle[[y}OTCH BOMNPOCHI CyLIECTBOBAHUA U yCTOI;'ILII/IBOCTI/I pesMakCallMOHHBIX Tie-
puooUYEeCKUX JIBUXKEHHH 3TOH CHCTEMBI.

1.2.1. IlocraHoBKa 3amauyu

Msyuaemasi HUxKe cucTeMa, KoTopas corsacHo [l14] mopmenupyer cnaboe
3/1IeKTpUUecKoe B3aUMOfieHiCTBHe JBYX HEHPOHOB, UMeeT BUJ

iy = A1+ af(ui(t — 1)) — Bg(ur)]ur + d(ug — uy), (1.93)

Uy = A[=1+ af (ua(t — 1)) — Bg(uz)juz + d(ur — ua). '
31ech, Kak ¥ paHee, uj(t) >0, 7 =1,2 — memOpaHHbIe MTOTEHLHAJbl HEHPOHOB,
napamerp A > 0 mpenmoJsaraetcs 6osbminM, d = const > 0, a mapameTpsl
a, f > 0, UMelolIHe TIOPSIIOK €IUHHUIBI, YAOBJIETBOPSIOT YCAOBHSIM

a>1+p6, a<2(1+p). (1.94)

Heo6xomumMo OTMETHTB, UYTO CyllecTBeHHbIM B HepaBeHcTBax (1.94) siB-
JISieTcsl JIMIIb TepPBOe OrpaHHYeHHe, a BTOPOe HOCHT TeXHWYECKHH XapakTep.
[TpyunHEl ero BBefeHHsI U BO3MOXKHBIH croco6 0TKasa OT Hero MpOosICHATCS B
XOfle JaJibHEeHIIero HaJaoxKeHHs.

Hanee, Oynem cuutaTh, uto (GyHKUMK f(u) U g(u) NpUHAAIERKAT KJacCy
C*Ry), Ry ={u€R: u > 0} 1 061a1a0T CJEIYIOUHMH CBOXCTBAMH:

f(0)=9¢g0)=1, 0<pfglu)+1<a VYVueRy

Fu), gw), wf'(u), ug' (w), v f" (u), u?¢" () = O(1/u) npn u — +o0, (1.93)

OTNMYAIIUMHCS 0T yeaoBui (1.3) suinb 106aBOYHBIM TPeGOBaHHUEM CTPEMJIE-
Hust K Hymo Bemuunt u? f7(u), u?g” (u).

[Ipn chopmynnpoBaHHbBIX orpaHudueHusix cucrema (1.93) nomyckaer Ttak
Ha3bIBaEMbIH OIHOPOMHBIN LUK (Ui, us) @ w) = Us = u(t, \), rae QyHKUHS
u(t, \) ynosnerBopsier ypaBHen#o (1.1) u umeer nepuon Ti(A), A5 KOTOPOro
CrpaBel/IMBO [0Ka3aHHOE B MpeAbIAylleM naparpade mpeaesbHOe PaBeHCTBO

/\lim T.N) =T, To=a+1+B+1)/(a—pF-1). (1.96)
—00

HarnomHuM, 4TO CyliecTBOBaHHE M €IMHCTBEHHOCTb Y MapLHaJbHOrO OCLHJI-
asitopa (1.1) TpeGyemoro LHK/a yCTaHOBJIEHBI HAMH B MepPBOi 4acTH IaHHOH
TJIABBI.
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B nanbHeiimem GyneT mokasaHo, UTO, BO-NEPBBIX, OJHOPOAHBIH LIUKJ CH-
creMbl (1.93) 3KCrMOHeHIMANbHO OPOUTAJBHO YCTOHUMB TPH JHOOOM (DUKCH-
poBaHHOM d > 0 u mpu Bcex A > 1; BO-BTOpbIX, NPHU MOAXOASALLEM BblOOpe
napameTpoB «, 3, d HapsLy C YCTOMUYMBBIM OLHOPOAHBIM LIMKJOM paccMmaT-
prBaeMas CHCTeMa HMMeeT 110 KpahHed Mepe JBa YCTOMUMBLIX HEOJHOPOLHBIX
MepuoIMUeCKUX pexxuMa, Mepexofsilive APyr B Apyra NpH IepecTaHOBKe KO-
OpIUHAT

Uy — U2, Uy —> UJ.

1.2.2. OcHOBHbIE T€OpPEMBI

Jns ymo6cTBa MOCJEAYIOLIETO aHaju3a TMoJoXKUM B cucteme (1.93)
u; = exp(zj/e), j = 1,2, ¢ = 1/X\ < 1, a 3ateM mepeiiieM K HOBBIM Tepe-
MEeHHBIM = = z1, y = (9 — x1)/c. B pesysbraTe MHTepecywllas Hac CHCTeMa
MpUMeT BH[
t=¢ed(expy — 1)+ F(z,z(t — 1),¢),
y=—2dshy+ G(z,z(t —1),y,y(t — 1),¢),
e

F(x,u7e)=—1+af(exp<f:)> Bg(exp< >>
G, ,v,) — ‘;He( ))—f(exp<z>>]+
oo () ~o(en(244))] am

3auKcupyeM MOCTOSHHYIO 0, MOAYMHEHHYIO HEPABEHCTBAM

0<o0p < min(2(ﬁ+1)_a, 1> (1.99)
a—p—1

(Tako#i BBIGOp BO3MOXKEH B cHJy oueHoK (1.94)), u paccmorpum OGaHaxo-
BO NPOCTPAHCTBO JF HempepelBHBIX NMpu —1 — 0 < ¢t < —o0y Ha4Ya/JbHBIX
BekTOp-QyHKUKE ©(t) = (¢1(t), v2(t))" (3mech U pasnee onepauus (-,-)" o3Ha-
yaeT TPAHCIIOHHPOBAHHE) C HOPMOH

Il = mas (| maxe (1) (1.100)

1,2 1—09<t<—0y

(1.97)

[ORE
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LMAJbHBIH €cr0oco0 CBSI3M TUHAMMYECKHX cHcTeM. XapakTepHas 0COOEHHOCThb
3TOTO cnoco6a COCTOUT B TOM, YTO MpPaBble YACTH COOTBETCTBYIOLIUX AU(de-
peHIMAJIbHBIX YPpaBHEHUH MEeHSIOTCS CKauKooOpa3HO IIPH Tepexole HEKOTOPBIX
YNpaBJ/ISIIOIINX TEPEMEHHBIX Yepe3 CBOM KPUTHUECKHe 3HaueHUsl. B HelpOHHBIX
cuctemax uznes FTM peanusyercs, Kak MpaBuJo, CAeLYIOIIHM 00pa3oM.

[pennosnoxxum, uTo HanpsikeHue u = u(t) ¥ cuaa Toka v = v(t) B OTHENb-
HOU HelpOHHOH KJieTKe yIOBJETBOPSIOT cUCTeMe NU((epeHIIMalbHbIX YpaBHe-
HUH

et = f(u,v), v=g(u,v). (4.1)

3nech € > 0 — MaJjblil napameTp, a Ha mnpasble yactu f,g € C™ Hanoxe-
Hbl cTaHnapTHble orpanudenus (cm. [10], c. 45-55), oGecrneunBarorne cyiie-
CTBOBaHHE YCTOHUHBOrO PesIaKCAIlMOHHOrO MKJA. THIOBBIM MPUMEPOM MOJE-
au (4.1) cayxut usBectHast cuctrema @uruXesio — Harymo [41].

PaccmoTpuM, nasee, MPOCTEHIIYIO CeTh, COCTOSIIIYIO W3 JBYX CHHANTHYe-
CKHU CBsI3aHHBIX HeHpoHOB. B 3TOM ciyuae corsiacHoO BbIpaGOTaHHBIM K HACTO-
silleMy BpeMeHH MpeacTtaBjeHusM (cM., Hampumep, [42]) cooTBeTcTByIOLIHE
MM 3JeKTpPUYecKHe mepeMeHHble (uj, v;), j = 1, 2 yIOBJeTBOPSAIOT CHCTeMe
ypaBHEHHUH

ety = f(ur,v1) +bsa(ug)(ue —u1), o1 = g(ur,v1),

ety = f(ug,v2) + bsi(ur)(us —ug), 0o = gluz,va). (4.2)

31ech b — MOJIOXKUTENbHBIH apaMeTp, XapaKTepU3yIUH MaKCUMaJbHYO Mpo-
BOAMMOCTb CHHAIlCa, u, — MOTeHUHas] Mokos (uau moTeHuuans Hepuera), a
¢ynkunu s;(u;), j = 1, 2 — MocTCHHANTHYeCKHe NPOBOLUMOCTH, 3aBHCSIIHE
OT NPeCHHANTHYECKHX MOTEHLHAJOB ;.

CJienyeT OTMETHTb, UTO CYIIECTBYET HECKOJBKO PA3JHUYHBIX CIIOCOOOB BBI-
6opa (GyHKUMH s;(u;j), OMMCaHHe KOTOPBIX MOXKHO HaiTtH B [42]. Mbl xe, py-
KoBoacTBysich upeeil FTM, octaHOBUMCs Ha MpOCTeHIleM M3 HUX. A UMEHHO,
OyaeM CUHTaThb, 4TO

0 mpux <0,
si(wj) = H(uy =), Hz) =9 i > 0, (4.3)

TH€ U, — MOPOT, HAuKWHasi ¢ KOTOPOro OfHA KJeTKa BJusieT Ha npyryw. Ha-
NpUMep, €CJH U] < U, TO TEepPBBId HEHPOH He NeHCTBYeT Ha BTOPOH, a ec/au
U] > Uygg, TO NEACTBYET.

Hama ocHoBHas 3ajmaua 3akJioyaeTcss B TOM, UTOObl alanTHpOBaThb
MPUBELEHHBIH BbILIE CIOCOO MOJENHPOBAHHS XHWMHUYECKHX CHHAICOB sl



I'naBa 4.

00 omHOM cmocoOe
MaTeMaTH4eCKOro
MOJeJIMPOBaHMSA
XUMUYECKNX CUHAIICOB

[Tocnennss ryaBa mnocoOus NOCBsilleHA 3afade MOAEJUPOBAHUSl XHU-
MHUYeCKMX CHHancoB. BBoguTcs B paccMOTpeHHe HOBasi MaTeMaTHyecKas
MoOJesb KOJbLEBOH HEHPOHHOH CeTH ¢ ONHOHANpaBJEHHBIMM XUMHYECKU-
MM CBA35IMH, NpeACTaBJ/sollas COO0H CHHIY/ISPHO BO3MYILEHHYIO CHCTEMY
auddepeHLHalbHO-Pa3HOCTHBIX YPaBHEHUH ¢ 3anas3jbiBaHreM. Mayyatorcs Bo-
IPOCHl O CYLIeCTBOBAHUM W YCTOMYMBOCTH B 3TOH CHCTeMe peslaKCallMOHHBIX
MepUOANYECKUX ABHXKEHUH. YCTaHABJIMBAeTCs peasn3yeMoCTb B HEH H3BecT-
HOro (peHoMeHa Oy epHOCTH.

4.1. IlocraHoBKa 3amauu

B nauHoii riiaBe mpomo/kaeTcs HauaThii B pabotax [17,20,26,27] uuxa
UCCJIeIOBAaHUH, TIOCBSILIIEHHBIX peJaKCallMOHHBIM aBTOKOJeOaHHUSIM B HEHpPOH-
HBIX CHCTEeMax C 3anasibiBaHHeM. A UMEHHO, HUXKe MPeaJaraeTcsi HeKOTOPbIH
HOBBIH MOAXOA K MOJEJHPOBAHUIO XMMHUECKHUX CHHAICOB, B OCHOBE KOTOPOTO
JIEXKHUT TOAXOASILMM 00pa3oM MOAH(HULHPOBAaHHAs Haesl ObICTPOH MOPOroBOH
MOJYJISILINH.

®denomen OricTpolt moporoBoi Mopyasiuuu (fast threshold modulation niu
FTM), BnepBeie onucanHbii B pa6orax [39,40], mpencrasisier coboél crie-
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Bciony Huke Hac GyayT WHTepecoBaTb pelueHust cucteMbl (1.97) ¢ HayanbHbBI-
MU YCJOBUSIMH U3 MHOXKECTBa

S = {(p1(t), pa()": @i(t) € S1, wa(t) € Sa} C F. (1.101)

3mecs S1 = S1(00, q1, q2) — coBokynHocTh ¢yHKUMH U3 C[—1 — og, —0y], ynro-
BJIETBOPSIIOLIUX TPeOOBaHUAM

—q < oi(t) £ —qo, @i(—09) = —op(a — B — 1), (1.102)

rie 1 > (1 +o09)(a—B—1), ¢2 € (0,00(c — 8 — 1)) — HeKoTOpblE (UKCH-
pOBaHHble yHHBepcaJsbHble (He 3aBHCSLIHME OT (1) MOCTOSIHHble. B KadecTse
MHOKeCTBa Sy BO3bMEM MPOHM3BOJBLHOE 3aMKHYTOE W OrPaHUYEHHOE MOIMHO-
xecTBO npoctpaHeTBa C[—1 — oy, —oyg).

@DopmyanpoBKa CTPOTMX Pe3y/bTaTOB O MEPHOIMYECKHUX PELIeHHSIX CHCTe-
Mbl (1.97) TpeGyeT HEKOTOPBHIX MOATOTOBHTENbHBIX MOCTPOeHHH. B cBsizu ¢
3TUM 0603HauuM 4epes (z,(t,€), y,(t,€))", t > —op, pelieHHe yMOMSHYTOH
CHCTEMbI, OTBeyalolllee MPOU3BOJNBLHOMY HauaJbHOMY YCJOBHIO () U3 MHO-
xkecrBa S. [aree, BBeZeM B pPacCMOTPeHHE BTOPOH MOJOKHUTENbHBIH KOPEHb
t = T, ypaBHeHus z,(t — 0g,e) = —og(a —  — 1) (B cayuae, Korga oH
cymectByer) U Ha MHoxectBe (1.101) ompenmenum omepatop II. : S — F
paBeHCTBOM

HS(QO) = (Ltp(t + T¢7E)>y¢(t + Tkpv‘g))’ra -1- 2] <t< —00- (1103)

[Tomumo pasenctra (1.103), nam notpebyercs ewe oneparop 1l : S — F,
KOTOPBIM 3aganuM (popMyJaoi

Ho(gp) = (l‘o(t), yo(t + T(), Z))T‘Z:,pz(,go), -1 - N S t S —0y. (1104)

3mecy Ty — BennurHa u3 paBeHctBa (1.96), a Tp-mepronudeckas yHKLMsS
xo(t) 3anaercs paserctBamu (1.15). Kommonenra yy(t, 2), z € R, npu —og <
<t < Ty — op siBasiercs pemieHueM 3agaud Komu

y = _2dShy7 yltifo'o =z, (1105)
1 «
y(+0) = ————y(=0), y(1+0) = y(1 - 0) - ——=y(+0),
a=-p-1 a1l (1.106)
y(a+0) = (1+8)y(a—0), y(a+1+0) = y(a+1-0) — ?y(a—f—())‘

[TonuepkHem, uyto 3amada (1.105), (1.106) npexncraBasieT coGoil Tak Ha-
3bIBAEMYI0 CHCTEMY C MMITYJIbCHBIM BO3AEHCTBHEM. DTO 03HAYaeT, YTO B MO-
MeHTbl BpeMeHH t = 0, t = 1, t = o u t = a + 1 ee pewenue yo(t,2)
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TnpeTeprieBaeT KOHEUHble CKauykH, BblUMC/sAoLMecs no npasuaam (1.106). On-
Hako B CcHJy BToporo HepaBeHcTBa (1.94) u ycaosuit (1.99) Ha mapamerp
oo dyukuus yo(t + Tp,z) OKa3biBaeTCsi HEMPEPBIBHOH Ha HYXKHOM OTpe3Ke
—1 =09 <t < —0y. Tem cambim TpeGyemoe BkawdeHue Iyp(y) € F 3aBe-
JIOMO BBITOJIHSIETCS TIPH JIFOOHIX p € S.

3aBepliuasi onucaHue MOATOTOBUTENbHON YACTH, PACCMOTPUM MPOU3BOLHbIE
Ppewe I, I.(p), d,Iy(p) oneparopos (1.103), (1.104) mo nepemeHHOH .
[TpoBonsi COOTBETCTBYIOIINE BBIUHCJEHHS, yOeXKIAaeMCsI B TOM, UTO B JaHHOM
c/ydae 3THU TIPOM3BOAHBbIE TPEACTABJASAIOT COOOH JMHEHHBbIE OlepaTophl, AeH-
CTBYIOLIKE B NIPOCTPAHCTBE

Fo={g0(t) = (g1.0(t), 920(t))" € F : g10(—00) = 0} (1.107)

¢ Hopmo# (1.100), a pesysibTaThl UX MPUMEHEHHS] K IPOU3BOJIBHOMY 3JIEMEHTY
go(t) € Fy 3amaorcst COOTBETCTBEHHO PABEHCTBAMH

8¢HE(<)0)90 = (gl (t + Ttpv 6)a g?(t + Tt,ca 5))T_
gl(Tqﬂ — 90, 5)

— I e TV (G (4 Ty, ot + T )T, —1 =00 < ¢ < —oq, (1.108)

i.'s@(TW — 0y, 8)

a T
0,10 = (092004 To 2)emay ) mal—on),

—1- ag S t S —0)- (1109)
3nech g(t,e) = (9i(t,e), g2(t,€))", —o9 < t < T, — 0y, — pelleHHe JHHeHHOH
CHCTEMBI

g=A(t,e)g+ B(t,e)g(t — 1),
A(t,e) = (ai)ij=12, B(t,e) = (bij)ij=12 (1.110)
¢ HavyasbHOU (yHKUMeH go(t) ua npoctpancrea (1.107) u kospduumenTamu

oF oF
e b1 = g M2 = edexp(y,(t,e)), bia =0,

oG oG oG oG
91 = 07, bgl = %, 99 = aiy — QdCh(y\p(t,&')), bzg = %,

ajl =

(1.111)

r7e BCe NPOM3BOJHbBIE BBIYHCIAEHBI NPH & = T, (t,€), u = z,(t — 1,€), y =
= ygﬁ(tve)v U= yp(t - 175)'

CdhopmynupyeM yTBepxKIeHHe O CBSI3W Mexny omnepatopamu (1.103)
u (1.104).

3.4. 3akJjroueHue 185

[TpennosioxkuM Temnepb, YTO 3aMOMHUHAOIIAS CPefd, O KOTOPOH TOBOPUJIOCDH
BbILIE, OMHUChIBaeTcst cucteMot (3.191). Jlanee, 6yneM cuuTaTh, YTO MPH HEKO-
TOPOM HaTypasJbHOM 71y mapameTpsl a, b B (3.191) ynoBJIeTBOPSIOT YCJIOBUSIM
(3.174). Torma mpu Bcex MOCTATOYHO MaJjblx i > () 3Ta CUCTeMa IOMYyCKaeT
ycroduuBble HUKIbL (3.192) ¢ Homepamu n = 0,1,...,n9. Y HakoHel, mpen-
MOJIO?KUM, UTO C KaXKIbIM M3 3THX LHUKJOB CBsi3aH COOTBETCTBYIOLIMH OJIOK
uHpopMauuu R,.

PaGora omucaHHOH MaTeMaTHYeCKOH MOJENH acCOIMATHBHOH MNaMsTH
BIIOJIHE TIOHSITHA: JJIST TOTO UTOOBI NMOJY4HTh TpebyeMylo HH(popMauuio R,
HeoOXofMMO 3acTaBUTh cucteMy (3.191) GyHKUHMOHHPOBATH B MEPHOIUUYECKOM
pexxume (3.192) ¢ coorBeTcTBYIOIMM HOMepoM 7. JIoGHThCS KesaeMoro pe-
3yJbTaTa yIaeTcs 3a cueT BBeleHHUsl Kioua K, = n U NONOJHUTENbHOr0 KOH-
tekcra C),. B kauectBe (), B JaHHOM c/Iydae YMeCTHO B3Tb HauaJbHbIE yCJIO-
Bus urkaa (3.192) npu p = 0, KoTopble, MOAUEPKHEM, U3BECTHBI HAM B SIBHOM
BH/E.
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SYSTEM

K
LI NEURAL 5 R
Cn

Puc. 3.4.

npu scex ( < p < pg, 0 < e < gy 8 UCXOOHOU perakcayuorKol cucme-
me (3.88) uuray (3.192), (3.194) coomsemcmeyem 3KCHOHEHYUALLHO Op-
bumanvro ycmotiuusoiti uuxka suda (3.167), 0asa Komopoeo 8vlnosHsIOMCS
npedeavroie pasercmsa (3.200).

MurepecHo oTMeTHTh, uTo (urypupyioniie B (3.164), (3.198) muoxectsa
U,, ¥, He mnepecekalTCs. A 3TO 3HAYMUT, YTO MPH 3aZaHHOM 1 B CHCTEME
(3.191) He moryT omHOBpeMEHHO CYIlleCcTBOBaTb LMKJb Buaa (3.192) ¢ daso-
BoiMM caBuramu (3.193) u (3.194). JleficTBUTENIBHO, 3TH ILUKJB “XHUBYT B
pA3JMYHBIX [Hana3oHax M3MeHEeHHs napamerpa b W MepexofsT APYyr B Apyra
TNpU MPOXOXKIEHUH b 4yepe3 KpUTHUecKoe 3HaueHHe b = b, ;. UTo XKe KacaeT-
csl BOMPOCA O CYIIECTBOBAHUH M YCTOHUYMBOCTH LHUKJOB (3.192) ¢ dasoBbiMu
CIIBUTAMH

ﬁn € (1 + ’fLTb7 to + TLT()) U (TLT(), 1+ TLT()),

TO OH MNOIJIEXHUT OTHENbHOMY HCCJELOBAHUIO, BBIXOASLIEMY 3a PaMKH HacTo-
el padotel. J1o6aBUM TOJIBKO, UTO B OTJiMYKe OT caydaeB (3.193), (3.194)
LMKJbl C TAKMMH 3HaYeHHsMH A, 0OHapyKHUTb MPU YUCJIEHHOM aHa/u3e CH-
crembl (3.191) He ynanoce.

B 3akJ/toueHue 0CTAaHOBUMCS Ha MPUJIOKEHUH TOJNyUeHHBIX HAMHU pe3yJbTa-
TOB K TpobJieMe 0ObsCHEHUS MexaHu3Ma (PyHKLUHOHUPOBAHHUS aCCOLMATHUBHOM
naMsiT. B CBsSI3W ¢ 3THUM HAmoOMHHM, 4TO coryiacHO MoHorpaduu [38] B mpo-
cTelilleM cjydyae accollMaTUBHAs MaMsATb padoTaeT Mo cxeMe, NpeACTaB/IeHHOH
Ha puc. 4.1. A nmeHHO, HMeeTCsT HEKOTOpasi 3allOMHHAIOIIast Cpela, peannso-
BaHHasl B BUJe HEHPOHHOH cHUCTeMbl U XpaHslas B cebe OJOKH MH(POPMALUU
R,, n=0,1,...,n9. Hanee, njas u3BjJeueHUs U3 CUCTEMbl KOHKPETHOTO pe-
3ysnbTata R, HeOOXOAMMO Ha ee BXOA IMOAATb COOTBETCTBYIOLIMH CHMBOJIbHbIH
KJo4y K, 1 HEKOTOPYIO NONOJNHUTeNbHYI0 HHpopmauuio C),, Ha3blBaeMyl0 KOH-
TEKCTOM.

1.2. JluHaMuKa CHCTEeMBI IBYX OCLHJISTOPOB 37

Teopema 1.3 (o C'-cxopumoctn). [Tycme mrosxcecmso S 6vi6pano onucam-
Hoim solue obpazom. Toeda watidemcs maxoe docmamouHo maaoe £y =
= g9(S) > 0, umo npu scex 0 < ¢ < ey onepamop Il. onpedesen na S u
yodosaemsopaem npedesbHblM PABEHCMBAM

lim sup |[TL.(¢) — ()|l 7 = 0,
e—0 pes

| (1.112)
lim sug 1011 (¢) — 0 11o()|| 7= 7, = O.
€

e—0 ©

JloxasaTesbCTBO JaHHOH TeopeMBbl NIPHUBeNEM B MII. 3, 4. 31ech Ke 0CTaHO-
BHMCSl Ha OJHOM BaxKHOM cJiefcTBHH M3 Cl-cxomumocTH, Kacawliemcs cylie-
CTBOBaHMsl M YCTOHUMBOCTH MEPHOAHUECKUX pellleHHH cucteMbl (1.97).

3amerum, uto B cuay (1.105), (1.106) omeparop (1.104) siBasiercst Ham-
CTPOMKOH Hajl COOTBETCTBYIOLLHMM OJHOMEPHBIM OTOOpa’KeHHeM

2= () © yo(t, 2)|i—1,-00, (1.113)

rae z = po(—0p). JelcTBrUTeNbHO, 1000 HEMOABHAKHOHA TOUKE 2 = z, 3TOTO
0TOOpaKeHHsl COOTBETCTBYeT HEMNOABMKHas Touka ¢.(t) = (¢i(t), v5(t))"
©i(t) = zo(t), ©5(t) = yolt + To, z4), —1 — o9 < ¢t < —oy, oneparopa Il
(mpu YCJIOBHM, KOHEUYHO, UTO TOYKA . (f) MPUHALJNENKHUT BBEIEHHOMY BbILle
mHoxecTBY (1.101)). [TocnenHee e TpeGoBaHHe He SIBJSIETCS] OTPaHUYEHHEM,
MOCKOJIBKY B CHJy BbIOOpA MOCTOSIHHBIX ¢, ¢ ¥3 (1.102) BK/IoueHue x(t) €
€ S BBINOJIHSIETCS. aBTOMAaTHYeCKH, a CIPaBEJJIMBOCTH BKJIOUEHUs ©5(t) € Sy
MO2KHO TOOHTBCS 3a CUeT MOAXOISIIEr0 BbIGopa MHOXKECTBA So.

BepHo u o6patHoe yTBepxKAeHHE: ecn . (t) = (¢ (t), 3(t))" € S — Heno-
IBHXHasi Touka oneparopa 1y, To ¢ HEOOXOMUMOCTBIO ] (t) = x¢(t), a BemHuH-
Ha z, = 5(—0y) TakoBa, uto P(z,) = z.. Kpome toro, B cuay (1.109) crmextp
JuHeitHoro onepatopa J,Ij(¢.) COCTOMT M3 IBYX TOUeK: COOCTBEHHOrO 3Ha-
ueHusi 1 = 0 GeCKOHEYHOH KPaTHOCTH M COOCTBEHHOro 3HaueHHusi j = P’(z,)
(B 0buieM cayyae mpPOCTOro).

CyMMHpYs U3JI0KeHHble (DaKTbl, IPUXOAUM K BBIBOAY, UTO CIIPABEIIHB CJle-
LYIOLWNH pe3yJbTar.

Teopema 1.4 (o coorBerctBuu). Kancdoil HenodsunHol mouke z = 2z,
|D'(2,)| # 1, omobpascenus (1.113) coomsemcmasyem perakcaulonHbLLl 4UKA
cucmemot (1.97), cywecmsyrowuti npu ecex docmamouro marvix € > 0 u 18-
ASFOUUILCS IKCOHEHUUAALHO OPOUMANLHO YCmOoUuusoim (Heycmoiuusoin) 8
cayuae |9'(z,)] <1 (> 1).
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HoxkasarenscrBo. [lycth ,(t) € S — HemomBuKHAas TOYKA oOneparopa
(1.104), otBeuatomiasi HEMOABHKHOK TOUKe z = z, oToOpaxenus (1.113). Pac-
CMOTpPHUM, 1ajiee, ypaBHEHHE

I(p) —p=0, (pe) €FxR, (1.114)

¥ 3aMETHM, UTO B CHUJIY mpenesbHbiX paBeHCTB (1.112) u oTMedeHHBIX Bhille
CrieKTpa/bHEIX cBOHCTB onepatopa O,lly(¢.) K JaHHOMY ypaBHEHHIO B TOUKe
(p,) = (p«(t),0) mpoctpancTBa F X R mprMeHHMa TeopeMa O HESIBHOM OTOG-
pakeHHH 10 mepeMeHHOH . Takum o6pasom, u3 ypaBHenus (1.114) onHosHau-
HO OINpefeJIsieTCsl HeMoABHKHAs ToUKa ¢ = (1) € S, ll_r}l(l) |5 (t)—p.(t)]| 7 =0,

onepatopa (1.103), a orBeuaroiee e pemenue (x,(t,€), y,(t, €))"|o=p cucre-
mbl (1.97) Gyner, o4eBUAHO, MEPUOAUUECKUM C mepuopoM T, = Tw|w:wi-
[lepeiinem Temepb K Bompocy 06 YCTOHUHMBOCTH HAHAEHHOTO TepHOAUYe-
cKoro peteHusi. M3 npoBeneHHBIX BBIIIE TOCTPOEHHH CJIENYeT, UTO BCE €ro
MYJIbTHIIMKATOPBI (32 MCKJIOYEHHEM MPOCTOr0 €IMHHYHOrO) SIBJASIOTCS COO-
CTBEHHBIMH 3HaueHHsMHU onepatopa J, IL.(¢3). Tlocnennuit xe B cuay BhiTe-
Katoriero u3 (1.112) paBenctsa g% 1011 (95) — O.11o(¢) || 7ysr, = O nMeer

OIIHO COOCTBEHHOE 3HaUeHHe, aCHMITOTHUeCKH O/1n3Koe K D'(z,), a ocTasbHON
ero crnexTp JexutT B kpyre {p € C: |u| < rp} acHMOTOTHYECKH MaJoro Io
€ pamuyca ro = ro(e). Takum o6pasoM, CBOUCTBA YCTOHYMBOCTH paccMaTpUBa-
€MOro LHKJAa COBMNANAlT C aHAJOTMYHBIMHM CBOMCTBAMHU HENOABHUKHOH TOUKU
2z = z, oroOpaxenust (1.113). Teopema 1.4 mokasana.

YcraHoB/IeHHAs TeopeMa CBOAUT HHTEPECYIOLIMH HAC BOMPOC O MepUoaHye-
CKHUX IBHKeHUsX cucTeMbl (1.97) K MONCKY HENMOABHKHBIX TOUEK OIHOMEPHOTO
otobpaxenus (1.113). Bornpoc e 0 KonHuecTBe U YCTOHUHBOCTH MOCJEIHHX
OyneT u3yuyeH B TPeTbeH UacTH HACTOSIIEH T/aBhl.

1.2.3. O6ocHoBanue C'-CXOAMMOCTH

JloxasatenbcTBo paBeHCTB (1.112) ocHOBbIBaeTCs Ha MOCTPOEHHH DaBHO-
MEpHOH 10 ¢ € S aCUMITOTHKH BBEJEHHOrO BbIlle pelleHus (2, (t,€), yy(t,€))"
cuctembl (1.97). Kak 6yaeT nokasaHo HUKe, pu Beex —og < t < Ty — &7, rae
0 = const € (0, 1), cnpaBeaJHBO paBHOMEPHOE 110 v, ¢ aCUMITOTHYECKOE MpPeJ-
CTaBJIEHHE

(.’Ep(t, 5)7 yv(ta 5))T = (‘T(tv Z, 5)7 y(tv 2, 5))T‘Z=¥J2(—JO)+
+ O(exp(—q/e'™%). (1.115)

3.4. 3akJjroyenne 183

ede epanuunoe 3Hauenue b,y 3adaemcs gopmyroti (3.162), a b,y umeem
8uo

[exp(p (m — 1)(to + 1To)) — exp(p (To — to))](exp(pTo) — 1)

(1+1/a)(expp — 1)(exp(p(n+1)Ty) — 1) . (3.199)

bn,O =

Toeda, so-nepsvix, pesetinas cucmema (3.191) donyckaem akcnornenyuaro-
HO opbumanvio ycmotiuusoe nepuoduueckoe peuterue suda (3.192), (3.194);
80-8MOPLLX, 8 UCXOOHOU perakcauuonHoil cucmeme (3.88) npu ecex docma-
mouno maselx € > 0 amomy Uukiy omseeuaem IKCNOHEHUUANLbHO OpOUMALL-
HO ycmotiuusoe nepuoduueckoe dsuxcerue suda (3.167), ydosremsopsiowee
npedesbHbiM PABEHCMBAM

lim  max [Z(te) = Z.(t)] =0, lim An(e) = A, (3.200)
e—

€20 g<i<mA,(e)

Heobxonumo n06aButh, 4To B TeopeMme 3.9 U B ABYX MOCJEAYIONUX T€Ope-
Max peub WIeT o LukJe (3.192), B KoTopoM, Kak u panee, A, = (1/p)In(1/3,),
rjie Z, — €IMHCTBEHHbIH KopeHb ypaBHeHus (3.160) u3 nurepsasa (0,1). Uro
XKe KacaeTcss (PYHKUHUH T,(t), TO Ternepb OHA OMpeessieTcsi OCPEACTBOM pa-
Bercts (3.195), (3.196) mpu A = A,,.

OtnenbHO paccMOTpuM ciaydail manbix p. O6benunss dopmyinl (3.162),
(3.172), (3.199), y6exknaemcsi, uro mpu p = 0 ycaoBue (3.198) mepexomut B
HepaBeHCTBA

max(a+1, (m1)(a+1)rz7f1) <b<(m-1a+1)-

ma2

- IDETD (3.201)

Tem cambIM CpaBenJIMBBI CJAEeNYIOLIIHe ql)aKTbI.

Teopema 3.10. [Ipednoroxcum, umo napamempo. a,b > 0 npu Hexomopom
uerom n > 0 ydosaremsopsarom wnepagercmsam (3.201). Toeda naiidemcs
makoe docmamouro manroe (g > 0, umo npu ecex 0 < pu < po peietinas
cucmema (3.191) umeem axcnoreHUUALLHO OPOUMALLHO YCMOLUUUBLLIL YUKA
suda (3.192) ¢ ¢azosvim cosuzom A, us unmepsara (3.194).

Teopema 3.11. B pamkax npedoidywieti meopemol. no a10bvim 0ocmamoy-
HO maroim 0 < py < po MONMCHO ykasame makoe €9 = eo(p, u2) > 0, umo
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Puc. 3.3.

20(t) = yo(t — A) + [22(1 4+ to + nTy) — yo(1 + to + nTy — A)]x
xexp(—pu(t—1—1ty—nTy)) npu 1+ty+nTy <t <2A,
20(t) =0(t —T°) npu 2A <t < T°, (3.196)

a Tg 3aj1aeTcsi PABEHCTBOM

T = 2A+% In(1 — pa%(24)) (3.197)
(rpaduk pynxuuu 20(t) mpu a = 2, b = 8, A = 21.6, u = 0.2 nokasau
Ha puc. 3.3). Kpome Toro, 3mech CrpaBeiJiMBbl aHAJOTH TEOPeMbl 3.2 U JeM-
Mbl 3.5, MpHUeM, 4YTO He MeHee BaxkHO, dopmyabl (3.148), (3.149) ocratorcs
6e3 usmeHenu#. CoxpaHsitoTest B 1aHHOM caydae U dopmyisl (3.160), (3.161),
(3.172), (3.173), nockoabky dyHkuun T0(A), onpenesonecs npaBbIMHU 4a-
ctamu cootHomeHud (3.116) u (3.197), Ha camoMm fesie COBMAAAIOT ¥ HUMEIOT
BHL

1
TYA) = 2A + — In(a, exp(—2uA) + a9 exp(—puA)),
1
e a1, Q2 — Koadduuuentsl (3.161).
[Tepeuncrennble 6a3oBble (HakThl MO CYLIECTBY cBOAAT caydait (3.194) K

y>ke pasodpanHoii cutyauuu (3.193). B yactHocTH, aHasorom Teopem 3.3, 3.4
31eCh SIBJISIETCS CJEAYIOLINE Pe3yJbTar.

Teopema 3.9. [lycmo napamempot a, b, > 0 ¢ukcuposarovl u npu Hexomo-
pom yearom n > 0 ydosaemeoparom ycao8ut0

be ¥, Y beR: max((1+a)exppbuo) <b<bui}l,  (3.198)

1.2. JluHaMuKa CHCTEeMBI IBYX OCLHJISTOPOB 39

3meck ¢ = const > 0, a uepe3 (z(t,2,¢),y(t, 2z,£))" 0603HaYeHO peleHHe
cucrembl (1.97) co crenuanbHbIM HauabHbIM ycaoBHeM ¢(t) = (—og(a — § —
—1),2)", z = const € R.

Inst o6ocHoBanusi paBeHcTBa (1.115) mpexkne Bcero HeOGXOOUMO HUCCIENO-
BaTh aCUMNTOTUKY GYHKUMH x(t, 2, ¢), y(t,z,€) NpU YCJIOBHH, UTO MapameTp 2z
M3MeHseTCsl Ha HEKOTOPOM KOMITAKTHOM IMOAMHOKECTBe YHCI0BOH ocH. CooT-
BETCTBYIOLIMH aHA/M3 HAa4HeM C oTpe3ka —oy <t < —557 CUHTas BBINIOJIHEH-
HBIMH Ha HEM arlpUOpPHbIe OLEHKH

Z‘(t,2’78) < _]V[156> |y(t,z,€)| < M2 (1116)

(3mech u pasnee B aHasorndHbeix (1.115) acHMNOTOTHYECKUX TpenCTaBIEHUX
" B HepaBeHcTBax Buaa (1.116) uepes g, My, My v T.n. 0603HaYeHbl pas-
JIMUHBIE YHUBEpPCaJbHbIe, T.€. He 3aBUCSIIME OT t, ¢, z, £, TOJOXKHTENbHBIE
MOCTOSIHHbBIE, TOUHbIE 3HAYEHHS] KOTOPBIX HECYIIECTBEHHbI).

O6bennnsisi coiictsa (1.116) ¢ pasencrBamu x(t—1, z, &) = —og(a—F—1),
y(t — 1,z,) = z (CnpaBeaNUBOCTb KOTOPBIX BBITEKAET M3 OLEHKH op < 1) H
ucrnonb3ys siBHble Gopmydbl (1.98) mast pyukumit F' u G, NpUXOIUM K BBIBOLY,
4TO Ha paccMaTpUBaeMOM OTpesKe B cuiy ycnoBuil (1.95) paBHOMepHO Mo ¢, 2
CTpaBelJIUBbl aCHMIITOTHYECKUE TIPeCTaBAEHHUS

Fz,z(t—1),e) = a— f — 14+ O(exp(—q/e'™?)),
G(‘T7 ‘T(t - 1)7 Y, y(t - 1)5 5) = O(exp(7Q/5175))'

Orciopa 1 n3 (1.97) oyeBUaHBIM 00pPa30M BBIBOAKMM, YTO PaBHOMEPHO 10 ¢, 2
UMEIT MECTO COOTHOLIEHHS

(z(t, z,¢),y(t, z, )" = (F(t, z,€), Y(t, 2,€))" + O(exp(—q/e' %)),  (1.118)

(1.117)

B KOTOPBIX

¢
T=(a—=p—1t+ed / lexp(yo(s, 2)) — 1]ds, ¥ =wo(t, z), (1.119)

—0g

a yo(t, z) — pewenue 3agaun Kown (1.105), (1.106).

Hanomuum, nanee, yto dopmyna (1.118) HocHT noka yC/IOBHBIH XapakTep,
MOCKOJIbKY OHa TMOoJyueHa MpH anpHopHbIX npennosoxenusx (1.116). Ho, kak
HeTPYAHO YBHIETh, MPH MOAXOISIIEM BEIOOpe MOCTOSTHHEIX My, Moy TpeGyemble
ouenku (1.116) mis npaBbix yactedd paBercts (1.118), (1.119) meficTBUTEIBHO
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BBITMOJIHSIOTCS. A 9TO 3HAYMT, YTO aCUMMOTOTHUecKoe mpencTasienue (1.118)
obpeTaeT 3aKOHHYIO CHJY.

Ha caenytouiem stane ybenumcss B ToM, 4To paBeHcTBO (1.118) coxpansi-
eTcs npu auddeperurpoanun mo z. O6osHauum ¢ (¢, z,¢) = dx(t, z,£)/0z,
g2(t,z,e) = Oy(t,z,6)/0z u 3aMeTHM, UYTO KOMIIOHEHTHl ¢i, g2 YHOBJETBO-
psitoT siuHelHOH cucteMme (1.110), KO PULMEHTE KOTOPOH BBIYHUCISIOTCH N0
anagoruuynbiM (1.111) dopmynam npu = = z(t,z,¢), u = z(t — 1,z,¢),
y = y(t,z,e), v = y(t — 1,2,¢), a HauaJbHble (YHKLHH, 3a1aHHbIE Ha OT-
peske —1 — oy < t < —oyp, umeor Buf g1 = 0, go = 1. Ianee, npoBons
Te JKe pPacCyX[eHHus, 4To U mpu BbiBome paBeHcTB (1.117), yGexxmaemcs B
CMPaBeNJIUBOCTH 1Jis1 KOI(P(UIHEHTOB 3TOH CHCTEMBbl PABHOMEPHBIX MO ¢, 2
ACUMIITOTHUECKHX TMPEeACTaBIeHHH

at, asi, bir, bar, bae = O(exp(—q/e' ™)), ain = edexp(y(t, z,€)),
ag = —2d ch(y(t, z,€)) + O(exp(—q/e' ).

OTCIOlIa HECJIO?2KHO BBIBECTH ACUMIITOTHYECKOE PAaBEHCTBO

ox dy\" or oy ! —q
(505:) = (gm0 Geza) vo(en( ). wzn

KoTopoe, Kak u cooTHouieHus (1.120), BbIMoJIHsSETCS paBHOMEPHO MO ¢, Z.

IepefineM K paccmoTpeHHio oTpe3ka —e® < t < &9 TlockoabKy mpH
yKasaHHBIX { mo-npexkHemy uMmeeM z(t — 1,z,¢) = —ogla — 5 — 1) < 0,
y(t — 1,2z,6) = z, 10, cornacHo ceo#ictBam (1.95) dyukuuit f(u), g(u), B
JaHHOM CJIydae PAaBHOMEDHO MO ¢, z CIPABeNJHBBl ACHMIITOTHUECKHE (DopMmy-
JIbl

(1.120)

flexp(x(t —1,2,)/¢)) = 14+ Ofexp(—q/e)),
flexp(a(t —1,z,e)/e +y(t — 1,z,¢€))) = 1 + O(exp(—q/e)).
Hanee, yuntbiBasi cooTHoweHusi (1.122), oT6pocUM B MpaBbIX YaCTAX

cucrembl (1.97) noGaBku mnopsinka exp(—gq/c). B pesyabrare mocse 3amen
x =¢ev11(7), /e +y = v12(T), T = t/c OHA NPUMET BUL

(1.122)

dv
% = ed(exp(vi2 — v11) — 1) + a — 1= Bg(exp o),
-
o (1.123)
d;z =ed(exp(vig —v12) — 1)+ —1— Bg(expvy2).
[Monyuusiiytocsi cucremy (1.123) Gynem paccMaTpuBaTh Ha aCHMIITOTHUE-
cku Gosibuiom otpeske T € J(g) = [—e’~L %71 ¢ HauanbHBIMU yCa0BUAME

Vi) = U11(2,€),  Viplro_o1 = T12(2,6), (1.124)
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K03 uuneHTsl cucteMmbl (3.177) He 06/afal0T HUKAKOH crielu(UKOH, caenaTh
9TO BeCbMa 3aTPyIHUTENBHO.

B ciyyae KoJblieBOH CHMMeTPUUHOH cucTeMbl (3.88) omucaHHBle BbIlE
TPYAHOCTH MPEOAOJIEBAIOTCS KOCBEHHBIM 00pa3oM. A HMEHHO, He BBHIIHCBIBAs
siBHO oToOpaxkenue (3.187), HaMm ynasoch ¢ MOMOIIBIO CHelHaNbHbIX TPHEMOB
HalTH ero HeMoABMXKHBIE TOUKHM U MPOAHAIU3UPOBATH HUX YCTOHYMBOCTH. B
pesyJsibTaTe MpH KaxKIoM LesoM n > 0 U npu ycaoBusix (3.164) Ha mapameTpsl
a, b, pt > 0 Obl1 HalileH 3KCIIOHEHLHAIbHO OpPOMTAJNbHO YCTOHUMBBHIH LMK/
peJIeiHOH CUCTEeMBI

ij=—px;+1—(a+ )F(x;(t —1)) = bF(xj-1),
ji=1,....m, xo=x,, (3.191)
3aﬂa}0m1/1171c51 paBeI—ICTBaMI/I
=Tt + G —=1DA), j=1,....m, To(t+T,)=7u(t). (3.192)

3nech A, - KopeHb ypaBHenust (3.159) us unrepsana (1+to+nTy, (n+1)Tp),
a ¢GyHKUMs T, (t) 1 nepuon T, noayuatorcst us (3.118) u (3.116) mpu A = A,,.
3amMeTHM TakxKe, YTO MOCKOJbKY BCE TOUKH MepeksroueHds uukaa (3.192)
MPOCThle X HOPMaJsbHble, TO OH MOANAfaeT nof AelcTsue TeopeMsl 3.8. Cue-
[0BaTeJIbHO, OTBEUAMIIHI eMy LHUKJ pesjaKkcalHoHHOH cuctembl (3.88), misi
KOTOpOro umeroT mecto cpoiictBa (3.190), siBasieTcst eMMHCTBEHHBIM. TeM ca-
MBIM Terepb Mbl MOXKEM YTBEPXKIATh, UTO MPH KaxkaoMm n > 0 KopeHb (3.166)
ypaBuenusi (3.165) ompenessieTcss oqHO3HAYHO (paHee, HANIOMHHM, ObLI yCTa-
HOBJIEH TOJIBKO (DAKT ero CYIIeCTBOBaHMUS).

O6patiM BHUMaHHe ellle Ha ONHO 06CTOSITeNbCTBO. [IpH OTBHICKAHUM LIMK-
708 (3.192) MBI paccMaTpHBalM TOJMBKO Caydail, Korma (hasoBblil cABHT A,
NPUHALJIEXKUT UHTEPBAJY

1+to+nTy < A, < (n+ DT, (3.193)

OnHako pasButasi B pasjese 3.3 METOAMKA TO3BOJISET YCTAHOBUTb aHAJOrMY-
Hble TeopeMaM 3.3 — 3.6 yTBepxKAeHHUSs U [ cyuas

to+nly < ﬁn < 14ty+ nTy. (3.194)

HeiictButensio, npu A € (to + nTy, 1 + to + nTy) u npu b > (1 +
+ a) exp p1 BcromoratesibHoe peJieiiHoe ypaBHernue (3.103) momyckaer aHasio-

ruubbli (3.118) unka 20 (t) nepuona T, rue

n’

20(t) = wo(t) mpu 0 <t <A, 20(t) = 29(A) exp(—pu(t — A))+

n n

+ ot —A) = (a+ 10t — A) mpu A <t <1+4ty+nTy, (3.195)
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rae ¢(w) — Bekrop-pyHKuMs (3.181). JlelicTBUTEbHO, JI000H HEMOABHIKHON
TOYKE W = W, ITOr0 OTOOpPaKeHHsI COOTBETCTBYET HeNMOABHXKHAsI TOYKA

Px (t) = (‘P*,l(t)» LR @*,m(ﬂ);
W*J(t> = l’l<t + To(w*),w*), ] = 1, oo (3188)

oneparopa Ily, a B cucreme (3.177) — uuka
B(t) = (@1(t),.... Zu(t), Z(t+T)=3(), (3.189)

rae T = To(w.), Tj(t) = zj(t,wy), j=1,...,m, 0<t <T.

BepHo u oGpatHoe ytBepxkaeHHe: eci 0. (t) = (01.(t), ..., pm(t)) € S
ecThb HeMOABHXKHAsi Touka oreparopa Iy, TO ¢ HEOOXOAMMOCTbIO BEKTOP
we = (p2.4(—00), ..., om«(—0p)) Taxos, uro ®(w,) = w.. Kpome roro, xax
HETPYIHO YBHIETb, CTeKTp JuHelHoro onepatopa O,lly(¢.) cocTouT H3 co6-
CTBEHHBIX 3HaueHHH MaTpPullbl ¢ (w,) ¥ HYJIEBOrO COOCTBEHHOTO 3HAUYeHUs Oec-
KOHEUHOH KPATHOCTH.

Wrtak, npeanosoxum, 4to otobpaxkeHue (3.187) uMeeT HEMOABUKHYIO TOU-
KY W = Wy, IPHUEM CIIEKTPaJbHBIH PagHyC COOTBETCTBYIOLIEH MaTpHUilbl KoOU
®’(w,) cTporo MeHbllle earHUIBI. Torna U3 coortHoweHu# (3.186) u u3 onu-
CaHHBIX BBILIe CIIEKTPabHEIX CBOKMCTB onepatopa d,I1y(p.), BEIUKMCIEHHOrO Ha
HenoABHXKHOU Touke (3.188), BbITEKaeT CIAEAYIOLIUE pe3y/bTaT.

A

Teopema 3.8. [Ipu cihopmyruposarnvlx oeparuterusx Henoo8udMCHOU moy-
Ke w = w, omobpaxcerus (3.187) omseuaem edurHcmeeHHbili IKCNOHEH-
uuarvHo opbumanrvio ycmoiuuseil yuka T(t,e) = (T1(t,e), ..., Tm(t,€)),
Z1(—00,¢) = L0(—0g) cucmemot (3.176) nepuoda f(s), Imom uuka cyuwe-
cmayem npu cex docmamouno marvix € > 0 u ydosremsopsem npedesvHolm
pasercmsam

lim max max [Z;(t,e) —Z;(t) =0, limT(e) =T, (3.190)

e—=0 1<j<m 0<t<T(e) e—0

ede x;(t), T - komnonerme: u nepuod yuxaa (3.189).

Teopembl 3.7, 3.8 cBOISAT HHTepeCYOLLYIO Hac MPOOJEMY OTHICKAHHUS YCTOMU-
UHBBIX MEPHOAMUYECKUX pellleHHH cucteMmbl (3.176) K MOMCKY YCTOHUYMBBIX
HEeMOIBUXKHBIX TOUeK mpenenbHoro (m — 1)-mepHoro otoGpaxenus (3.187).
B npuHuune, uHTerpupys peseiHyio cucremy (3.177) MeTonOM I1aroB, B psiie
cyyaeB Mbl MOXKeM BBIMHCATb 3TO OTOOpaKeHWe B SIBHOM BHJE M MNpoaHa-
sau3upoBaTh. OnHaKo B OOIIeH CHUTyallMH, KOTJa m CKOJb YTOAHO BEJHKO, a
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rne 6171 = ?L"(fgd_/z’g)/g’ @172 = E(7€53276)/6 + :’J(i‘g{zug)y a EEa g - q:)yHK-

uuu (1.119). Pewenne xe sanauu Komw (1.123), (1.124) oGosHauuM uyepes
(v11(7, 2,€),v12(7, 2,€))".

Jlnsi OThICKAHMS [VIABHBIX 4JIEHOB aCHMNTOTHKH (PYHKUMH vy ;(T, z,€), ] =
= 1,2, nonoxum B (1.123) ¢ = 0. B utore npuxonum K CHCTeMe

dU1,1

dr

dULQ

=a—1-fglexpviy), =a—1—fglexpury).

Jlasee, HeTPyIHO 3aMeTUTb, 4YTO 3Ta CHCTeMa JOMycKaeT —pelleHHe
(09 1(7, 2),00 o(7, 2))" ¢ KOMIIOHeHTaMHU

Vi1 = Vﬁl(u)|u:(afﬂ71)‘r+%1.1a 'U(IJ.,Q = Vﬁl(u)|uz((»\7‘371>7—+%1,27 (1.125)

rae V~1(u) — Qpynkuus, obpatHas K

V(u) =u— B~ g(exps)) ds, ueR, (1.126)

a—1—pBg(exps)

—00
a QYHKUMH 321 ; = 221 4(2), j = 1,2, nMeloT BUL

0
1 =d / lexp(yo(s,2)) — 1] ds, se19 = se11 + yo(—0, 2) (1.127)

—0g

(cxonumocTb HecobeTBeHHOTo MHTerpata B (1.126) u cywecrBoBaHue obpar-
HOH (ynkuuu V ~'(u) npu m06bix u € R BhiTekaoT u3 cBoicTB (1.95) u, B
4aCTHOCTH, ycaoBus « > 1+ Bg(u) Vu € Ry). Kak okasbiBaeTcst, HMEHHO 3TO
peleHye U siBJsieTCsl UCKOMbIM. TouHee roBOpsi, ClpaBeiJMBa

Jlemma 1.3. Pasromepro no v € J(e) u no napamempy z umerom mecmo
acumnmomuyecKkue paseHcmsa

(7, 2,8) = v (7, 2) + O(),
0 (1.128)

) oy -
M (r,2,6) = 2t (r,2) 4 O(), j=1,2

0z

HokaszareabctBo. OcCTaHOBHMCS CHayaja Ha HEKOTOPBIX CBOHCTBaxX
hyHKIUH U?’j(ﬂz), U1,j(2,€), j = 1,2, HeOOXONMMBIX /15 060CHOBAHUS COOT-
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HowweHu# (1.128). OTMeTHM B mepByl0 ouepelb, YTO NPHU T — £00 BHINOMHSA-
I0TCS PaBHOMEpHbIE M0 z aCHMIITOTHUECKHE MPeaCTaBJIeH s

v?,j(T, z) =(a—= B —1)7 + 3, + O(exp(la — f — 1)7), T = —o0;
a—1
a-pf-1
+ O(exp(—(a—1)7)), T — 400,

o i(r,2) =(a = 1)1 + s+ cot (1.129)

rae j = 1,2, a NoCTOAHHAA ¢y UMeeT BHUI

1
- oz—lﬁ
co = 5 l/ua—l— 6/ ())du (1.130)
0

TokasatesbctBo paBencts (1.129), (1.130) omyctum, orchliasi K COOTBET-
CTBYIOLIEMY MeCTY Mpeablayliero nyHkra (cum., Takxke [20]). lo6aBuM TOJbKO,
uro (opmyabl (1.129) coxpansioTes npu AU PepeHLHPOBAHUH 110 2.

YKasaHHBle aCHMITOTHUeCKHe cBoicTBa dyHKUMi o) ;(7,2), j = 1,2, npu
T — —oo u dopmyasl (1.119), (1.127) npuBoasT K BBIBOAY, UTO

61,]’(2’ 5) - v?,j(Tv Z)|T:*66’1 = 0(65)5
%17‘7
0z

vl (1.131)

(z,8) — 82" (1,2) = 0(56), j=1,2.

T=—gf-1

Takum o6pasoM, Hy>kHBEIe cooTHowleHHs (1.128) 3aBenoMo BBIMOJHSIOTCS MPH
_ -1

T=—c"""

[Tocnemylomuil aHaau3 OCHOBaH Ha MeTofie AH(QepeHLHaNbHEIX Hepa-

BEHCTB. A MMEHHO TPH anpHOPHOM TIPEATION0KEHHH
|U111—UL’2| SM, TEJ(&), (1132)

u3 (1.123) umeem

a—Me—1-pg(exp v ;) < d;l_’j < a+Mye—1—pfg(expuvi;), j=1,2. (1.133)

Janee, yunteiBast nepsyto rpynmny paseHcTB (1.131) u yBesuuuBasi, eciu 310
HeoOXoauMo, moctosiHHbie My, My > 0 us (1.133), moOuBaemcst BBIIOJHEHHS
OLIEHOK

Uj,min(Ta Z, €)|T:7£’3*1 < @l,j('% 5) < Uj.max(7—7 Z, 5)|T:75‘5*17 .] = 1a 27 (l . 134)

3.4. 3akJjroyenne 179

1 0603HauuM uepe3 S C E — MOAMHOXKECTBO HauyajbHbIX (QYyHKUHH (3.178),
TaKHUX YTO

—q1; S @it) < =@y, J=1,....m (3.184)

W3 coorHomenu#t (3.182) — (3.184) oueBuaHbIM 06pa3oM CJedyeT, 4TO CIpa-
BelsIMBO BKJtoueHue IIy(S) C S.

Jlnst hopMyIMPOBKH OCHOBHOTO YTBEPXKIEHHSI O CBSI3H MEXKY pPelleHUsIMU
cucreM (3.176) u (3.177) nam moHango6utcs ornepatop nocjenoBanusi I1.(p),
p € S, mo TpaekTopusiM cucteMmsl (3.176). YnoMsHYyTHIH omeparop onpeness-
eTCst MoCpenCcTBOM aHajoruuubix (3.182) paBeHcTs

HS(QO) = (@1“75)7 s >¢m(ta E)) : @j(tg) = xjx@(t + TW’€)7
—sj—og<t<—op, j=1,...,m, (3.185)

rae z,(t,e) = (z1,(t,€),..., xm,(t€)), t > —0g — pemenne cuctemsl (3.176)
C TNIPOM3BOJILHBIM HayaslbHBIM ycjIoBHEM ¢ € S, a uepes 1, o6o3HauyeH
(2ng + 2)-i MO CcueTy MOJOKUTEJbHBIH KOopeHb aHasjoruyHoro (3.179) ypas-
HEHMS, B KOTOPOM KOMIIOHeHTa Z1(t — 0¢,w) 3aMeHeHa Ha 1 ,(t — 0g,¢). U3
00WKUX pe3ynbTaToB pabothl [13] o Cl-6M30cTH peleHUH peseidiHbIX U pe-
JIAKCAIIHOHHBIX CHCTEM C 3ala3[blBaHHEM BBITEKAET CJIEAYIoIas

Teopema 3.7 (o C'-cxomumocty). [Tpu scex docmamouro mavix € > 0 one-
pamop (3.185) onpedesen wa mrnoxcecmse S, npeobpasyem eco 8 cebs u
yoosaiemeopsem npedesvHbolM COOMHOULEHUSIM

lim sup 1L (¢) — Ho(p)||£ = 0,

=50

=0 ges (3.186)
lim sup |[0,11:(¢) — O,1o(¢)||Ey—r, = 0.

e—0 peS

30eco 0,I1.(p), 0,11(p) — coomsemcmeyrousue npoussodrsie Ppewe, a Ey -
nodnpocmparcmeso npocmparcmea E, svidensemoe pasencmeom pi(—og) =
=0.

OTne/bHO 0CTAHOBMMCS Ha OJHOM Bax<KHOM c/eACTBMHM M3 C'l-CXOAMMOCTH,
KacarlleMcsl CylIeCTBOBAHUS H YCTOHUHBOCTH MEPHOAMYECKUX DPEIeHHH CH-
crembl (3.176). B cBs3u ¢ aTuMm oOpaTuM BHUMaHue, uto onepartop (3.182)
sIBJIsIeTCS HAJICTPOHKOH Hal COOTBETCTBYIOLIMM (m — 1)-MepHBIM OTOOpaKe-
HUEeM

w— P(w), (3.187)
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rae int{) — COBOKYMHOCTb BHYTPEHHHX TOUEK MHOXkKecTBa () (mpenroJaraem,
€CTeCTBEeHHO, uTo int ) # &).

Crenyioliee orpaHuyeHHe CBSI3aHO C TOUKAMH MepeKJIOUeHHi peseidHoN
cuctembl (3.177). Tlpennonoum, 4To HalaeTCsl TaKoe He3aBHCsIIee OT w € €2
HaTypaJbHOe ko, YTO pelleHHe x(t,w) Ha HHTepBale t € (—oy, To(w) — op)
IOMYyCKaeT POBHO ky TOUEK MepeK/oueHus ¢ < ty < ... < t,, KOTOpbIe ABJIf-
FOTCS TIPOCTBIMM M HOPMaJIbHBIMH. [l TIOSICHEHUS 3TUX TEPMHUHOB 3aMETUM,
4TO B JI0OGOH TOUKe MepeKJIoYeHHst ¢ = tj MOJKHO BBINOJHATHCS XOTS Obl
OIHO PaBEHCTBO x,;(t — s,;j,w) = 0. lanee, npocTOd HAa30BeEM TOUKY ¢ = t;, B
KOTOPOH CIpaBelsUBO POBHO ONHO M3 YIMOMSHYTHIX COOTHOLIEHWH, a UMEHHO
@i, (tr — Siyj,w) = 0. Uro ke KacaeTcs CBOHCTBAa HOPMaJIbHOCTH TepeKJroue-
HHUSI, TO OHO O3HA4aeT, uTo &y, (ty — s, w) # 0.

OnucaHHble YCJOBUS TIO3BOJISIOT KOPPEKTHO OINpEeNeNUTh OMepaTop nocJe-
noanus IlyaHkape

Ho(p) = (@1(1), - (1) = 5(t) = a;j(t + To(w), w),
—S5; — 00 SfS —00, ]: 1,...,m, W = (@2(—0’0),...,(,07"(—0'0)) (3182)

MO0 TPaeKTOpUsIM peseiiHod cucTembl (3.177). [lelicTBUTENbHO, TpeGOBaHHS
(3.180), (3.181) cBUmeTeJbCTBYIOT O TOM, 4TO omepatop (3.182) mepeBomuT
KJIacC HayasbHBIX ycaoBHE (3.178) B cebsi, a U3 OrpaHUYeHHUH, HAJOKEHHBIX
Ha TOUKH MepeK/ioueHUs peleHus z(f,w), w € (), BbITEKaeT HeNpepbiBHAs
audhepeHLHpYeMOoCTb 3TOro oneparopa no Ppete.

Ha cnenytouiem srtane KOHKpeTH3HpyeM 00/1aCTb ONpe/iesieHHsi orepaTopa
(3.182). C a7oit Lesblo BBeleM B pacCMOTpeHHe GaHAXOBO MPOCTPAHCTBO

E = Cl-s1 — 00, ~0u] X .... X Cl s — 00, ~1]

BeKTOp-QYHKUHE ©(t) = (v1(t), ..., ©m(t)) ¢ HOpMOH

= A(T)].
llolle = max -~ max |g;(t)]
Dukcupyem 3aTeM MOCTOSHHbIE Q4> q2.; >0, 7 =1,...,m, yI0BIETBOPSIOLLHE
HepaBeHCTBaM
q1,j > = 7(9j7¥71[}i§12§7(70 ij(t + TO(W)7 W),
weN
(3.183)
G < — max z(t + Th(w),w),

—s8j—09<t<—00
weN
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roe

_ 1 — .
Ujmin = V;nin(u)|u:(a—]\115—;9—1)7—2]L1125+%1,j(z)7 J = 17 27

(1.135)

_ —1 M
Ujmax = ‘/InaX(u)|U:(LY‘FZ\/IQE*B*1)T+2AJQ€5+%1,](Z)7 J=12,

a GOyHKRUMH Vi, Viax moaydatores u3 (1.126) npu samene « Ha o — Mie
U « + Mse coorBerctBeHHO. M Hakonel, oObenuHsisi HepaBeHncTBa (1.133),
(1.134), npuxonum K BBIBOLY, 4TO

Uj?min(7—> 2 5) S V1,5 (7—7 Z, 5) S Uj,max(Tv Z, 5)7 .7 = 17 27 (1 . 136)

npu Beex 7 € J(e).
HanomuuMm, ogHako, uto HepaBeHcTBa (1.136) mosyueHBl HaMH TNpH anpH-
opHom ycqouu (1.132). Ho nockosbky u3 (1.135) npu V7 € J(c) umeem

|v1,min(7_7 Z, 5)_U2,Inax(7—7 Z, 5)' + |U2,min(7—a 2, 5)_U1,max(7—7 Z, €)| S M: (1 137)

|vj7min(7',z75)—v?‘j(7',z)| + |0) max (T, Z,E)—Ugj(T, 2)| < Me®, j=1,2,

TO 3TH HepaBeHCTBa obperaloT 3akoHHy cuiay. Ocraercss N06aBUTb, UTO
u3 HepaseHcTB (1.136), (1.137) nepBasi rpynmna acHMOTOTHUECKHX (OpMYJ
(1.128) BbiTeKaeT O0UEBHIHBIM 06Pa3OM.

[lepeitmem Temepb K O0OGOCHOBAHHIO AaCHMITOTHYECKHX IMpeACTaBIeHUN
(1.128) mas h; = 0v;/0z, j = 1,2. JduddepeHunpys npasble 4aCTH CH-
crembl (1.123) u HauasbHble yeaoBus (1.124) nmo z, nas hy, he mosaydaem
HEKOTOPYIO JINHEHHYI0 HEOMHOPOAHYIO CHCTEMY, M3 KOTOPOH B CBOKO Ouepelb
NpU alpUOPHBIX MPEANOJIOKEHHUSIX

il <M, j=12, 7€J(e) (1.138)

BeIBOAMM aHajoruunble (1.133) nuddepeHunaibHbie HepaBeHCTBa

—Me + a;(r, z,€)h; < % < Mse + aj(t,2,e)hj, j=1,2. (1.139)
T

3nechb, Kak o6b19HO, M7, My > 0 — HEKOTOpBIE YHUBepCaJsbHble MOCTOSIHHBIE, a
byHKUMK a;(T, 2, €) UMEIOT BHIL

aj(T7 Z>5) = _Bg,(exp U) eXpU|’U:’Ul<_7(T,Z,E>7 ] = 17 2> (1140)

1 B cuay cBodctB (1.95) u yxke ycraHoBsieHHbIX paBeHcTB (1.128) mast
v1j(T, 2,€) HOMYCKAIOT OLEHKH

laj(1,2,¢)| < Mexp(—|v%j(7, 2)), 7=12, T1€Je). (1.141)
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U3 nepasencts (1.139) oueBHaHBIM 00pa3oM HMeeM
hj,min(TaZ>5) S hj(T,Z,E) S h]ﬂ,max(Ta 276)7 ] = 1a23 (1142)

roe

hj,min:a;u(z75)exp{ / aj(s,z,a)ds}—
2

_gb1

— Mie / exp{/aj(a,z,a)da}ds,

_g0— S

i (1.143)
h]-,maxz%(z,g) exp{ / aj(s,z,¢) ds}—i—

—gd-1

+ Mae / exp{/aj(a,z,s)da}ds.

e0—

—€

Orciona ¥ 13 OUEHOK |Ajmin|, |jmax] < M, j = 1,2 (cnpaBeasMBBIX B CH-
ay (1.140), (1.141), (1.143)), BbiTeKaeT 3aKOHHOCTb ATNPUOPHBIX MPEANOJIONKE-
aui (1.138).

Ha 3akJiioudTesbHOM 3Tare H0Kas3aresbCTBa JIEMMbl YOEIUMCS B TOM, YTO
¢yuxunu (1.143) paBHOMepHO MO 7, z OTJAMYAKOTCS OT

-
av?;i _ ) d -
82 (772)_%1,]'(2)8}(1) Cl]‘(S,Z,O) Sy J _1727

—00
Ha BEJIMYHWHBI IOpAoKa 65. CHoBa O6paLLLaHCb K CBOHCTBaM (195) (byHKI_[I/II/I
g(u), rnoc/ienoBaTe/JIbHO BbIBOAMM HEPABEHCTBA

|9/ (u) + ug"(u)| < M/(1+u®) VueR,y,

M (1.144)

!
lurg'(u1) — uag' (u2)| < H—T(u%,u%) lur — ug|  Vur,up € Ry.

[TpumeHsist 3atem BTOpoe HepaBeHCTBO (1.144) k dopmysam (1.140), npuxonum
K BBIBOLY, 4TO

laj(7, 2,6)—a;(T, 2,0)| < Me° exp(—|v?,j(7, 2)), T€J(e), j=1,2. (1.145)

3.4. 3akJjroyenne 177

Hapsiny ¢ (3.176) BBemeM B pacCMOTpeHHE COOTBETCTBYIOLIYIO pesiedHYIo
CHCTEMY

m

:'Uj:—,ujxj—&-ZaijF(xi(t—sij))—F[j, 7=1,...,m, (3.177)
i=1

rae F(x) — dynkuus us (3.9). Ilpennonoxum, nanee, 4To Cpeid BeJHUHH I
UMeeTcsl XOTsi Obl OflHA MOJIOKHTe/bHAsI (6e3 orpaHHUUYeHHs1 OOLUIHOCTU OyaeM
cuuTath, 4to I; > 0). B aToM ciyuae MHOXeCTBO HauaJbHBIX (DYHKUHE AJIs1
cucteMbl (3.177) onpenenum tak. PUKCHpPyeM HEKOTOPOe KOMIMAKTHOE MHOXKe-
ctBo 2 C R™™!, BhiGepem A0CTaTOYHO MaJyl0 MOCTOSHHYIO 0o > ( U MOJOXKHUM

§j = max s, j = 1,....,m. PaccMoTpuM 3aTeM BCeBO3MOXKHbIEe (DYHKLHH
<k<m
pi(t) € Cl=sj — 09, —00|, j =1,...,m, TaKue 4T0

pi(t) <0 Vte[-sj—o9,—0oo], j=1,....,m
w = (p2(=00),.. ., om(—00)) €Q, @1(—00) = L10(—00), (3.178)

rae 0(t) — dynkuus (3.12).

O6o3Haunm uepes z(t,w) = (z1(t,w),...,Ty(t,w)) pelleHHe CHCTEMbI
(3.177) ¢ mpousBOJLHBIMK HadaJbHBLIMH YCJOBUSMH M3 KJjacca (3.178). O6-
paTHUM BHHMaHHe, YTO B CHJIy HepaBeHCTB ;(t) < (0 Ha caMoM jese 3TO
pellleHHe He 3aBUCHT OT KOHKPETHBIX 3Ha4eHHH ;(t) mpu —s; — oy < t < oy,
a ompejeJssieTcss TOJNBKO 3aflaHieM BeKTopa w U3 (3.178).

CoopmynupyeM psil DOTOJHUTENBHBIX MPEINON0KEHHH OTHOCUTEbHO CH-
crembl (3.177). B cBsi3u ¢ 3TUM QUKCHPYyeM HEKOTOpoe 1ejoe ng > 0 u Oymem
CUHTATb, YTO NpU YV w € () ypaBHeHUE

Il(t - 0'(),(4}) = 119(—00) (3179)

MMeeT Ha mosyocd t > O He MeHee (2ng + 2)-X NPOCTBIX KOpHeH, 3aHyMe-
pOBaHHBIX B MOpsiiKe BospacTaHus, a dyepe3 Ty = Tp(w) 00603HAUUM KOpEHb
JAHHOTO YPaBHEHHs ¢ HoMepoM 2n+ 2. Kpome Toro, cuuTaeM BbIMOJHEHHBIMU
HepaBeHCTBa

zi(t+Th(w),w) <0 Vt e [=s; —09,—0g], j=1,....,m (3.180)

K BKJIIOUEHHE

O(w) Y (ot + To(w),w), ., Tt + To(w),w))|i——oy € IntQ,  (3.181)
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Teopema 3.6. 1o 21066im docmamouro maroim iy > fiy > 0 MOKHCHO yKkasamo
makoe ey = eo(p1, o) > 0, umo npu scex 0 < e < &g, 1 < p < pg yuravt C,
n=0,1,...,n9, 0 komopoix eosopumcs 8 meopeme 3.5, IKCNOHEHUUANbHO
opbumanrvHo ycmoriuusoL.

B nmornosiHeHMe K yCTAHOBJIEHHBIM TeOpeMaM OTMETHM, YTO MHOXKeCTBa %,
u3 (3.164) 3aBemomo He mycThl MpH BceX n > 0. JledCTBUTENBHO, HECTOXKHAS
IpOBepKa NokasbiBaet, uTo (1+a)exppu < byo npu ¥ > 0, m > 2, a 3Hauwur,
IJIMHA KaXK[0Tr0 UHTepBaJja

max((a +1)expp, by1) <b<bpa, n>0 (3.175)

cTporo nosoxkuresbHa. Cjenyer Takke N00aBUTb, uTo Mmpu pu — 0 B caydae
m > 3 untepBassl (3.175) nepexonsat B uHtepBasbl (3.174), a B cayuae m =
= 2 IJIMHBI 3TUX MHTEPBAJIOB CTPeMSTCS K HYJ0. TakuMm o6pa3oMm, MpH m =
= 2 Teopembl 3.3, 3.4 coxpaHsIOTCS, a TeopeMbl 3.5, 3.6 He HMeEWT MecTa.
VImMeHHO 10 3TO# MPUUYKHE Mbl C CAMOr0 HayaJsa OrPaHHYHJIUCh PACCMOTPEHHEM
KoJsiblieBbIX ceTeit Xonduana (3.88) us tpex u Gosee ypaBHEHHH.

3.4. 3akauenue

[IpeasioxkeHHble HAMH MOAXOABI K aCUMIITOTHYECKOMY aHAJU3y peJiakcaly-
OHHBIX UHKJOB OOBITPHIBAIOT (haKT CHMMeTpuH cucteMbl (3.88) W BesencTBHe
9TOTO He TePEHOCATCS Ha TPOU3BOJIbHBIE ceTn Xonduina. OnHaKo CyliecTByer
aJIbTePHATHBHBIE MOAXO0/ K OTBICKAHUIO aTTPAKTOPOB cucTeMbl (3.3), KOTOpBIE
MOXHO Ha3BaTh METOJOM MpelesibHbIX oToOpaxeHud. CyTh 3TOro MeTona 3a-
KJIIOYAeTCs B CJAEAYIOIEM.

[Ipennonoxum, 4to Kos(pdULUHEHTHl a;;, [; u3 (3.3) MPOMOpLHOHATBHbI
HEeKOTOpoMy mapamerpy A > 1, a ¢yHkuuu fij(u) € C*(R) obnanaoT npu
u — Foo coiictBamu (3.5). Torma mocie 3ameH u; = Azj, j = 1,...,m
HHTepecyollasi Hac cucteMa (3.3) mpuUMeT BUI

m

= —piri+ Y aifilwilt —si)/e )+, j=1,...,m, (3.176)
i=1

e ¢ = 1/\ < 1, p; = const > 0, a5, I; = const € R, s;; = const >
> 0. UccnenoBanue 3Tol cucTeMbl GyneM MPOBOAWUTH TPU IOMOJHUTENbHBIX
YCOBUSIX peryaspHocT sj; > 0, j = 1,...,m, Kotopsle B caydae (3.88)
3aBeZIOMO BBIMOJIHSIOTCS.
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W nakonen, o0benunsisi cootroirenus (1.131), (1.141), (1.143), (1.145), mo-
JyyaeM TpeOyeMmble aCHMIITOTHYECKHE PABEHCTBA

20
hj,mim h/j,max = 8(;};7] (T, Z) + O<€6), T E J(E), ] = 1, 2,
KOTOpPBIE B COBOKYIHOCTH ¢ omeHKam# (1.142) nmpuBOASAT K HY>KHBIM aCHMIITO-
THYECKHUM TIpeNCcTaBJIeHUAM 1as hi(7, z,€), j = 1,2. Jlemma 1.3 nokasana.
3akaHuMBas paccCMOTpeHMe OTpeska BpeMeHH —c® <t < &% yuTem B mpa-
BbIX yacTsx cucreMbl (1.123) u B HauanbHbIX yenaoBusx (1.124) or6poineHHble
paHee ocTaTku mopsaka exp(—¢q/e'~°). B pesynbTare mocje NMpHMeHeHHs K
nosiyuuBIIekicss 3agade Koiru omucaHHOro Bellle MeTona AH(depeHrHanbHbIX
HepaBeHCTB MPUXOAMM K PaBHOMEepHBIM 10 ¢ € [—¢° &%] u 2z acuMnTOTHYECKUM
MPeICTaBJIEHUSAM

(l(ta Z, 6)7 y(t> Z, 6))T = (6U1,1(T7 Z, 6)7 ULQ(Ta Z, 6)71]1,1(7_7 Z, 6))T|T:t/6+

+ O(exp(—g/e'?)), (1.146)
or oy\" 63?)1,1 uig  Ovia +0(e —4
—_— — p— - X =5 °
02" 0z 0z 0z 0z r=t/e P\ers

13 dopmyn (1.146), B yacTHOCTH, CJeLyeT, YTO HA H3YYEHHOM BBILIE
aCUMITOTHUECKH MaJioM MPOMEXKYTKe H3MeHeHHsi ¢ KoMIoHeHTa y(t, z,&) Me-
HsieTest cyuectBeHHo. A umenHo us (1.106), (1.125)—(1.130) u (1.146) BhITE-
KaeT, uTo MpH € — 0 HMEIOT MeCTO aCUMITOTHYECKHE PaBEeHCTBa

y(tu Z, 8)|t:7£5 = yU(_Ov Z) + O(E(s)?

#31_1%(70’ 2) + O(€%) = yo(+0,2) + O(&).
Tem campiM, NpHaepKHBasChb MPUHSITON B TEOPHUH pesaKCaLHOHHBIX KoJjeba-
HUH TEepMHUHOJIOTHH, NAHHBIH OTpe3oK OyleM HasblBaTb yuacTKOM ObICTPbIX
IBUXKEHUH.

[Tpu paccMoTpeHHH cJiefyIOllero MNPOMeXKYyTKa BpeMeHH f<t<l—¢
CYMTaeM BBIIOJHEHHBIMH YCJIOBUSA

1.147
y(taz7€)|f,:55 == ( )

5

x(t—1,2z,6) < —Mlg‘s, ly(t —1,z,¢)| < My,
2(t,z,6) > Mye®,  y(t,2,)] < My, (1.148)

TmepBble Ba M3 KOTOPBIX — CJIENCTBHS yKe YCTaHOBJeHHBIX opmyn (1.118),
(1.146), a nBa npyrue moka ampHOpHbI. YuHTbiBas nasee oueHKd (1.148) B
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dopmynax (1.98), nonyuaem ananoruunsie (1.117) cooTHoweHus
F(z,2(t —1),e) = a — 1 + O(exp(—q/e' ™)),

Ortciona, MoOBTOPSiSl MPaKTHYECKHU NOCJOBHO PAacCyKAeHHs, MpelllecTBYIOLIHe
nosiBnenuto opmys (1.118), (1.121), BbIBOZUM aHAJOrMYHBIE ACHMIITOTHUE-
CKHe TIpeJicTaB/eHHs (CrpaBefuBble paBHOMepHO Mo €0 <t <1 — &% u 2)

(x(t7 2, E)a y(t; Z, 5))T = (i(t z, E), 17(1‘/, z, 5))T —+ O(exp(_q/gl—é))’

o 00\ _ (9% 07\, (o (0 (1150)
02’ 0z)  \9z 9z FP\T=5 ) )

Tle T, Y — KOMIIOHEHTBI pelleHUs 3agauu Komn

(1.149)

t=cedlexpy —1)+a—1, y = —2dshy,
Tljmes = ev11(T, 2, €)|es-1, (1.151)

Yliees = (V12(7, 2,8) —v11(T, 2,€))|r—co-1.
OTaesbHO OCTAHOBUMCSI HA aCHMMITOTHUECKHX CBOHCTBAX (BUI'yPUPYIOLIMX
B (1.150) dyukumit z, y. YuurbiBas B (1.151) acumnrotuueckue (hopMyJbl
(1.128), (1.147) u xapaxTep noeneHust yHkuui (1.125) npu 7 — 400 (cM.
(1.129), (1.130)), mocse HecJOXKHBIX MPeoOpa3oBaHUH NPUXOAUM K BBEIBOLY,

uTo paBHOMepHO 10 ¢ € [¢°,1 — £°] U 2z UMEIT MeCTO aCHMITOTHYECKHEe COOT-
HOLIeHHuA

= a—1t+6d/exp Yyo(s,2)) — 1] ds + eco(2) + O ('),
0

7 =1o(t,z) + O(e"),

oz _ 9 (1.152)
% - 8z<€d/[exp(y0(5’ z)) —1]ds + 560(2)> + 0(e'),
0
o7 o ~
aiz/ = %(t,z) +0(e%,
roe 0
= aii;l—ld /[eXp(y“(s’ 2)) —1)ds + o, (1.153)

—0g
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A orciona, B CBOIO ouepefb, CJAeAyeT, uTO IJjs KopHsi A = A, ypaBHeHHUs
(3.159) umeer MecTo paBeHCTBO

n+1

nlp=0 = (1+1/a)(a+b+1). (3.173)

[Tepeitnem x ycaoBuio (3.164). O6benunsisi cootHouenus (3.162), (3.163),
(3.172), (3.173), HeTpynHO YBUAETb, UTO MpPH i = 0 OHO MepexXOooUT B Hepa-
BEHCTBA

2

ma )> <b<(m-1)(a+1). (3.174)

max <a—|—1, (m—l)(a+1)—m

CrienyeT Takxke 100aBHUTb, UTO BCE aCHMITOTHUecKHe (hOpMyJabl M3 M. 3.3.3,
3.3.4 siBsAOTCA PAaBHOMEDPHO MPUTOIHBIMH T10 /L.

[lepeuniciienHble (DakTbl CBHUAETENBCTBYIOT O TOM, UYTO TP YCJOBHSX
(3.174) v npu 0 < p < 1 ypaBHenue (3.165) mo-mpexHeMy paspeLinMo, a
paBeHcTBO (3.166) BhIMOMHSIETCS PaBHOMEPHO MO . TakuUM 00pasoMm, HMeeT
MeCTO CJIefyIOllee YTBepKAEHHUE.

Teopema 3.5. [lycmo napamempot a,b > 0 ¢ukcuposarvl u npu Hexomopom
HamypasvHom n = ny yoosiemeopsrom ycrosusm (3.174). Toeda natidymes
maxkue docmamouro manvie €y, jig > 0, umo npu 6cex 0 < e < ey, 0 < 1 < pyp
cucmenma (3.88) donyckaem camocummempuyrole nepuodusecKue 08UNEHUS
(3.167) ¢ Homepamu n=0,1,...,n,

Bonpoc 06 ycrtoitunBocTH J060ro nukaa (3.167) npu He3aBUCHMBIX Ma-
JIBIX TIapaMeTpax €, [ 0CTaeTcsi OTKPBIThIM. CBSI3aHO 3TO ¢ TeM, YTO MpH 1t = 0
BBITIOJIHSIETCS PABEHCTBO Bn =0 (cm. (3.149)), a 3HauuT, KOpHH x; # 1, j =
=1,...,m—1 ypasrenus (3.171) Takospl, uto »" =1, j =1,...,m—1. Cre-
JI0BaTeJIbHO, KPUTHYECKHE MYJbTHIIMKATOPhI /) = 1{,(6, w,i=1,...,m—1,0
KOTOPBIX TOBOPUTCS B 0Ka3aTeJbCTBe TeopeMbl 3.4, mpu €, p — 0 cTpemsites
K enunuie. OcrajbHble Xe MyJbTHIJIUKATOPH LHKAa (3.167) (3a ucK/aIwOYe-
HHEM TIPOCTOrO eIUHUYHOr0) JexkaT B Kpyre Buaa (3.169), rme mocrtosiHHas
M > ( He 3aBHUCHUT OT €, U.

Tem He MeHee pe3ysnbraT 00 YCTOMUMBOCTH INPH MaJbIX ji BCE Ke ylaeT-
csi c(hOpPMYJNHPOBATL NPU YCJOBHH, UTO MapaMeTp j B ONpPeNeJeHHOM CMbIC/e
OTHeJeH OT HyJs. A MMeHHO, OMUPasiCh Ha MOCTPOEHHs, H3JO0KEHHbIE MPH
000CHOBaHHMHU TeopeMbl 3.4, HETPYMHO YBUIETb, YTO CIPaBEIJIUBO CJelyollee
yTBEpXKIEHHE.



174 3. PenakcannoHHble aBToKose6aHusT B ceTsix Xongumaaa

O6benunsisi acUMITOTUYeCKHe npenctaBienus (3.148), (3.166), npuxonum
K BBIBOLY, YTO HHTEpECYyIolllee HaC ypaBHeHHe 3allHChIBAeTCsl B BHIE

14 By (e —1) = %™+ O(VZ), (3.170)

rie Bn — ko3 dunueHT u3 (3.148) mpu A = A,. [Tepeiinem, nanee, ot (3.170)
K COOTBETCTBYIOILIEMY MPENETbHOMY YPaBHEHHIO

1+ B, (e —1) = =™ (3.171)

3aMeTHM, 4YTO OHO HMeeT NpPOCTOH KOpeHb s = 1, a oCTasbHble €ro KOpHU
(o603HauMM UX uepes s, j =1,...,m — 1) B cuiy BrITeKatwowlero us (3.149)
HepaBeHCTBa 3, < 1 W JeMMbl 3.6 JeXaT B Kpyre {xeC:|x» <1}
BosBspaiuasich K ypaBHeHuto (3.170), OTMETHM, UYTO OHO TaK»Ke NOMYyCKaeT
pemeHne s = 1, MOCKOJBKY Tpu 2 = 1, A = ﬁ”(s) ypaBHeHue (3.145)
npencrtap/ser cobOd JMHeapusalHMI0 Ha UMKJIe x = T,(t,¢). JobaBum ele,
4TO B CHJIY aHAJMTHYHOCTU (DYHKUMH 1) (3¢, &) MO > W aHajornuHoro (3.148)

paBeHCTBa

oy
D (,¢) = -+ O(VE)

KOJIMUECTBO KOpHel ypasHeHusi (3.170) B kpyre s € B(r) paBHO m, npuuem
KOpeHb s = 1 sBsisieTcst MPOCTBIM. UTO Ke KacaeTcsi OCTaNbHBIX m — 1 KOpHel
3TOTO ypaBHEHHs, TO OHM NpH € — 0 CTpeMATCH K KOPHAM s : || < 1,
j=1,...,m—1 ypaBuenus (3.171).

[TonBenem utor. M3 mponesnaHHoro aHasiu3a CJenyeT, 9TO 338 UCKJIIOYeHHEM
MPOCTOr0 eIUHUYHOTO Bce MyJsbTHIIHKaTOphl v € C mukaa (3.167) mo mo-
IyJ10 MeHblle eIMHHULBI. [leHcTBUTENIbHO, HMeeTcss m — 1 Tak Ha3blBaeMbIX
KPUTHUYECKUX MYJbTHIUIMKATOPOB Vj(¢), j = 1,...,m — 1, cTpeMsILUXCcs IPU
& — 0 K BeJUUUHaAM vV = %jm, roe »;, j = 1,...,m — 1 — yXe yInoMHHaB-
mivecst Boilie KOpHH ypaBHeHusi (3.171). OcrasibHble 2Ke MYJbTHIIUKATOPBI I/
paccMaTprBaemMoro uukiaa jgexar B kpyre (3.169). Teopema 3.4 mokasana.

O6patum BHUMaHHe, UTO B YCJOBUSX TeopeM 3.3, 3.4 mapaMmeTp jp cUUTas-
csl (PUKCHPOBAHHBIM U CTPOTO TOJIOKUTEJBHEIM. PaccMOTpPUM Temepb caydad,
KOrJia /i — He3aBUCALMHA oT € MaJsblil napamerp. [IpuBnekas dopmyast (3.17),
(3.20), (3.116), mpuxomUM K BBIBOLY, YTO

tolu=o =1+ 1/a, Tolu=o=2+a+1/a,
o= (n+1)(1+1/a)(a+b+1). (3.172)
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¢y — nocrosinnas (1.130), a yo(t, z) — pewenue 3anaun (1.105), (1.106).

Jlnsi mpunaHds M3JM0XKEHHBIM IOCTPOEHUSIM 3aKOHHOH CHJIBI CJefyeT
BCIIOMHHUTb O TOM, YTO TpeTbe W ueTBepToe HepaBeHcTBa 13 (1.148) moka
ycnoBHbel. Ho, Kak MoKasblBaeT HeNocpencTBeHHasi MpPOBepKa, MpaBble 4acTH
13 (1.152) ynoB/eTBOPSIOT STHM HEPaBEHCTBAM IPH COOTBETCTBYIOLLEM BbIOO-
pe nocTosiHHBIX M3, M.

O6paTumcs, nanee, K ouepefHoMy oTpesky Bpemenu 1 — % <t < 1+&%u
GyLeM CUHTaTh, YTO NPH YKa3aHHBIX ¢ BHIMOJHSIOTCS allpUOPHBIE OLeHKH

.Z'(t, Z7€) ZMla ‘y(t,Z7E)| SMQ (1154)
M3 3THX HepaBeHCTB B cHJy cBo#cTB (1.95) oueBHAHBIM 06pa3oM HUMeeM

glexp(z/e)) = O(exp(—q/e)), glexp(z/e+y)) = O(exp(—q/e)). (1.155)

Oyukuuu x(t—1) u y(t—1) Teneps, cornacho (1.146), 3apaoTcs paBeHCTBAME

x(t —1) = evi (7, 2, €) [r=(t—1)/c + O(exp(—q/sl_‘s)),

s (1.156)
y(t —1) = (vi2(7, 2,8) = v1.1(7, 2, €)) |r=(4—1)/c + Olexp(—q/e ).

Ha cnenyioiem stane noactaBum cooTHotieHus (1.155), (1.156) B cucre-
My (1.97), oT6poCHM B ee MpaBhIX YacTAX ciaraemele nopsaka exp(—q/c' %) u
BBIIIOJIHUM 3aMeHBl & = a— 1+¢cva 1, Y = Voo —v21, T = (t—1)/c. B pesyabrare
MPUMIEM K CHCTEME

dv271

dr
dvg,z

dr

KOTOPYI0, KaK W aHajoruuynywo cucremy (1.123), Gymem paccmaTpuBaTh Ha
otpeske 7 € J(g), rne J(g) = [—e%7!,e%71], ¢ HauaLHBIMH yCJIOBHAMHU

= ed(exp(vaz — v21) — 1) = L+ af (exp 1 (7, 2, €)),
(1.157)

= ed(exp(ve, — v22) — 1) — 1 + af(expvio(T, 2,€)),

112,1|T:756—1 = 52,1(2,5)7 V21 = @2,2(275) (1.158)

3nech Doy = (F(1 — &, 2,6) —a+1)/e, Voo = Vo1 +G(1 — €%, 2,6), 2 7, § -
¢yukuuu us (1.152).

[pu uccnenosanuu 3anauu (1.157), (1.158) cyliecTBEeHHYIO POJb UIPAIOT
aHajioruunble (1.125) crnenuanbHble QyHKIHH

T

vg’j(r, z) = (a=1)T+50 ;(2)+a /[f(expvgj(s,z))—l] ds, j=1,2, (1.159)

—00
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roe
1

21(2) = d/[exp(yo(s, z)) — 1] ds + co(2),

%272(2) = %2_1(2’) + yg(l — 0, 2)7

(1.160)

co(z) — dpyukuus (1.153), a uepes yo(t, z) no-npexkHeMy 0603HaUEHO pellieHHe
3anaud (1.105), (1.106).

HMcrnonb3ysi aHa/orMuHble MOCTPOEHHS, H3J0KEHHble B IEPBOM pasfese
naHHO# ryaBbl (cM., Takxke [20]), HeTpyaHO MOKas3aTb, 4TO [IJst (PYyHKIHH
(1.159) nmpu 7 — £00 HUMEOT MeCTO paBHOMEpHBIE MO z (M JOMyCKalollye
nnddepeHLHpOBAHHE 110 2) aCUMITOTHYECKHE PABEHCTBA

vgj(T, z) =(a = 1)T + 200 + O(exp(av — B — 1)7), T — —00;

J(T2) = =T+, — 5+ (1.161)

o
a—pg-—1
+a+O0(exp(—(a—1)7)), 7400, j=12,

rue

ey L aB [ g
Clo/u(alﬁgw»d“ 1 T A

0

T ()
+1/u(oz—1—,6’g(u)) du. (1.162)

[Tepeuncrennsbie cBoiicTBa GyHKIHE (1.159) MO3BOJSAIOT YCTAaHOBUTDL CJe-
LyIollee yTBEPXKIEHHE.

Jlemma 1.4. [las pewenus (vo1(7,2,€),v09(7, 2,€))T 3adauu Kowu (1.157),
(1.158) pasromepro no T € J(e) u no napamempy z cnpasediUsvl acumn-
momuuecKkue Qopmyiot

vo(T, 2,€) = vg’j(T, z) + 0(55),
vy j g ; (1.163)

£) = 0 =12
9% (7,2,¢€) ER (1,2) +0(e%), j=1,

Ha nokasaTtenbcTBe c(OPMYJHUPOBAHHOTO YTBEPXKJEHHS He OCTaHABJMBA-
eMcsl, TTOCKOJIbKY OHO OCHOBaHO Ha MeTofie nu(depeHIHalbHEIX HEPABEHCTB U
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Teopema 3.3. [lycmov napamemper a,b > 0, p > 0 8 cucmeme (3.88)
purcuposarsl u npu Hexomopom uesom n > 0 yoosiemeopaom Yci08uio
(3.164). Toeda Hatidemcs makoe docmamouno maroe €y > 0, umo npu 8cex
0 < e < gy ama cucmema umeem CamOCUMMEMPUUHBIL UUKA

Co: xj=Tu(t+ (= DANE),e), j=1,...,m, (3.167)

ede T,(t,e) = x;(t,s,A)u:An(E), a A,(c) - kopenv (3.166) ypasnerus
(3.165).

[lepeiineM Temepb K Bompocy 06 ycToduyuBocTH HuKaa (3.167). Cnpasen-
JIMBa Cllefyolas

Teopema 3.4. B ycaosusax npedoidyujeil meopemol npu ecex 0ocmamouHo
manvrx £ > 0 yuxa (3.167) akcnoneHyuasoro opoUmMarbHO YCmoLvus.

JIOKASATEJIbCTBO. HamoMHHM, UYTO BCe MYJbTHIIMKATOPEl V LHKJA
(3.167) sanatorcs paseHctBamu (3.95), (3.96), tme v(5¢,€), k > 1 — myabTu-
TUIMKATOPBI BCIIOMOTaTeJIbHOTO JIMHeHHoro ypaBHeHus (3.145) mpu A = ﬁn(s)
B cBsi3u ¢ aTUM 06paTHM BHHMaHWe, UTO IJis1 orepaTtopa MoHompomuu (3.93)
cucremsl (3.91), orBeuarotueit uukay (3.167), uMmeet MeCTo OlLeHKa

IV (ENle(-1.0rm)—c(-10mm) < M, M = const > 0, (3.168)

CIPaBeJIMBOCTL KOTOPOH BhiTeKaeT W3 cBOHCTB (3.142), (3.143) xoadduiu-
entoB (3.92). Takum obpa3om, Mpu paccMoTpeHuH ypaBHeHud (3.96) B cuay
oueBungHoro HepaBeHcTBa |v| < ||V (¢)|| n cootHowenus (3.95) mbl Bhpase
OrpaHHUMTbCS 3HaueHUsAMH napamerpa » € C : |s| < r, rme r = (M + 1)/™,
M - koncranTa u3 (3.168). R

Wrak, npu ycaoBuu s € B(r) noactaBuM B ypaBHeHHe (3.145) A = A, (e)
M BocroJsbdyemcst jeMMoil 3.5. B pesysnbrarte yGekaaemcsi, uTo, COIJIACHO
(3.147), Bce BoamoxHbIe peruenust » € C ypaBHenuit (3.96) npu k > 2 sexar
B Kpyre pajuyca mopsaaka £/, a oTBeuaiolye UM MyIbTHILIHKATOPb 1 = ™"
nukaa (3.167) momyckawoT OlLEHKY BHAA

lv] < Me (3.169)

C HEKOTOPOH yHHUBepcasbHOH noctosiHHoH M > 0. Takum o6Gpasom, npobse-
Ma YCTOMYUBOCTH 1MKJIA (3.167) CBOOMTCSA K aHAJIHM3y PACMOJIOXKEHHS KOpHeH
ypaBuenus (3.96) npu k = 1.
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Ananus ypasHeHusi (3.160) He BbI3bIBaeT 3aTpyaHeHHH. [leficTBUTEJbHO,
u3 ouyeBHIHbIX cBoiictB P(0) = 0, P(1) > 1, P'(z) > 0Vz € [0,1] caenyer,
4TO OHO HMeeT eIMHCTBEHHOe pelieHue z = z, € (0,1). OngHako, ajsi TOro
qTOOBl 3TO pelleHHe TpHHALIeXaI0 TpeGyeMoMy HHTepBay

(z21,22), z1=exp(—p(n+ 1)Tp), 22 =exp(—p(nTo+ 1+ toy)),

HeoOXOIMMO M NOCTATOYHO BHINOJNHEHHe HepaBeHCTB P(z1) < 1, P(z) > 1,
KOTOpbIE, B CBOIO Ouepe/lb, SKBMBAJIEHTHbI YCJIOBUAM BHAA b, < b < b, 2 Ha
napametp b. UTo e KacaeTcsi IpaHUUHBIX 3Ha4eHHUH b, 1, b, o 3TOro Napamerpa,
TO OHM OJHO3HAYHO OTPEIEJSIIOTCS M3 COOTBETCTBYIOLINX paBeHCTB P(zy) = 1,
P(z1) =1 u 3anatorcsi popmysaMu

lexp(p (m—1)(nTy+1+ty))— exp(p (To—1—to))] (exp(p Tp)—1)
(1+1/a)(exp p — 1)(exp(p (n +1)Tp) — 1)
~ (exp(p(m —1)(n+1)Ty) — 1)(exp(uTy) — 1)
b2 = T3 1 a) (e i — D(expla (n ¥ DTy) —1) (568
Hrak, Mbl BUIUM, YTO TIPH

bn,1: ) (3162)

be U, UL {beR: max((1+a)expu,buy) <b<bus}  (3.164)

wopn A = A, tae A, = (1/p)In(1/3,), nepuonnueckoe pewerne (3.118)
ypaBHeHus (3.103) viMeeT HYXKHBIH MepUON mA,,. O6paTumcs Tenepb K Mepu-
ofMuecKkomy perueHuto x(t, e, A) ypaBHeHus (3.90) U paccMOTPUM COOTBeT-
CTBYIOLIlEE €My ypaBHeHHe

Tr(e,A) = mA. (3.165)

Hanomuum, nanee, uro B cuay (3.138) mas 7)'(e, A) nMeeT MeCTo acHMIITO-
THYECKOE MPe/CTaB/IeH e

Ti(e,A) = TX(A) + O In(1/2)),

KOTOpOe, KaK yKe OblJIO CKa3aHO BbIlle, BLIIOJHSETCS PABHOMEPHO Mo A U3
moboro xomnakra K C (1+to+nTp, (n+1)T). A otciona 1 U3 MPOCTOTHI KOPHS
A=A, ypaBHeHus (3.159) oueBHAHBIM 00pa3oM cClefyeT, YTO ypaBHEHHe
(3.165) momyckaeT x0Tsi Obl OOUH KOpeHb A = ﬁn(s), TaKoH 4To

An(e) = A, + O(en(1/e)). (3.166)

CyMMHUpy$sl TIpOfie/IaHHBIe MOCTPOEHHS, TPUXOAUM K CJeNyIOlleMy yTBep-
XKIEHHUIO.
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C HeCYIeCTBEHHBIMH M3MEeHEHHSMH [OBTOPSieT BCe 3Talbl 0OOCHOBAHUS JleM-
mbl 1.3.

Bosspatiasics Kk cucreme (1.157) 1 yunTbiBasi B ee MpaBbiX 4acTsX U B Ha-
ya/bHBIX yeaoBusix (1.158) orT6pouienHsle caaraembie nopsiaka exp(—q/e'~?),
MPUXOAMM K BBIBOALY, UTO IJIsl HHTepeCyolnX Hac GpyHKUul (¢, z,¢), y(t, z,€)
paBHoMepHO 1o t € [1 — &’ 1+ &°] u z BuimosHstoTcs ananorudnbie (1.146)
ACHMIITOTHYECKHE PaBEHCTBA

(x(t,2,€),y(t, 2,€))" = (= 1+ v (7, 2,), v90(7, 2,8) —
= 21(7,2,€)) lr—-1)/= + Olexp(—q/='™)),

9z dy\' _ Ova1 vz Duy ! ol e =L
0z 0z 0z 0z 0z ) |1y Pla))

3apepiasi paccmMoTpenue npomexkyTka 1 —e® <t < 1+ ¢ oTmetum nBa
MomeHTa. Bo-mepBeix, ucnosb3ys cBoiictea (1.161), (1.162) dyukuui (1.159)
1 paBeHctBa (1.163), ybexpmaemcsi B ToM, 4To mpaBble yacTu u3 (1.164) meit-
CTBUTENbHO YIOBJAETBOPsIOT olleHKaM (1.154) npu noaxoasiineM BeIGOpe MOCTO-
sHHBIX My, My > 0 u, cnenoBartesbHO, Gopmydbl (1.164) ob6peraloT 3aKOHHYIO
cuay. Bo-Bropsix, u3 (1.106), (1.160)-(1.164) 3ax/ouaem, uTo

(1.164)

y(ta 2, 6)|t:17£‘5 = y()(l -0, Z) + 0(56)7
«
y(t, Z,€)|t:1+56 = yo(l — O, Z) — m yo(—(), Z) + 0(56) = (1165)

= y()(l _072) -

- 10(+0,2) + O("),

a 3HauuT, oTpe3ok 1 —&’ <t < 1+4&% npencrasaser co6oil ouepeHOl yuacToK
OBICTPBIX BHKEHHH.

Tocnenytolye NATh MAroB aCMMITOTHYECKOT0 aHanu3a GyHKIMiH x(t, 2, €),
y(t, z,€), cBA3aHHBIE C PACCMOTPEHHEM OTPe3KoB BpeMeHH 1 4+&% <t < o — &,
a—d<t<a+e,a+e<t<a+l-¢e a+l—-e<t<a+1+4+eu
a+14€% <t < T)—¢e’, BonHe aHAJOTHUHBI YeThIPeM MpefblLyIUM. [103ToMy
3/lech TIPHMBeJIeM JIHIIb CBOJAKY MTOTOBLIX Pe3yJabTaToB.

Mpu 1+° < t < a—e’ umeroT MecTo acuMnToTHUecKHe paseHcTsa (1.150),

B KOTOpPBIX Ternepb (T,y)" — peuenue 3agaun Korun
& =edlexpy —1)—1, 9= —2dshy,

Tli=14e0 = (14—1—|—€1)271(7', 2 €)|T:e“*1> y|t:1+s‘5 = (U2,2(T7 Z, g)_UQ.l(Ta 2 5))‘7':5‘5’1'
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Hdas camux ke ¢yHKuud Z(t,z,¢), y(t,z,€) crpaBedsMBbl aHAJOTMUHbIE
(1.152), (1.153) dbopmynsl

T=a—t+ Ed/[exp(yg(s, 2)) = 1]ds + eci(2) + O(e'1?),

_ ¢
% = % <5d/[exp(y0(37 z)) —1]ds+ 8cl(z)> + O(e), (1.166)
0
T= () +0E), 2L =Mz 1 o)
Y=tttz 5T * &
rie
0
c1(z) = ¢op(2) — %ﬁ_ld/[exp(yo(s,z)) —1]ds + ¢4, (1.167)

o
a ¢; — nocrosinnas (1.162).
Mpu o — % < t < o+ <° uHTepecyoOLIee HAC PelleHHe 3a1aeTcs aHaJOrHd-
ubimMu (1.146) paBeHcTBaMU
(z(t,z,€),y(t,z,€))" = (ewi (T, 2,€), w1 2(7, 2,6)—
_wl.l(T7 2, E))T|T:(t—a)/5+0(exp(_q/51_6))7

(1.168)
dx Jy\" [ Owiy dwiy dwin)’ L0 —q
00:) \" oz 0z o= r=(t—a)/e P e ) )
3nech (wy1(7,2,¢€), w1 2(7,2,€))" — pelreHue 3anauun Komwu
dw
d;_’l = ed(exp(wi2 —wi1) — 1) = 1= Bglexpwi), wiilr——o = W11(2,€),
dw
dTm =ed(exp(wig —wi2) — 1) —1—Bglexpwia), wiglr— o1 =W12(2,€),

1 1

rae Wiy = z(a — €% z,¢)/e, Wio = Wig + yla — %, z,¢), a T, ¥ — QyHK-
unu (1.166). danee, njis KOMIOHEHT wi1(T, z,€), wy2(T, z,€) B CBOIO 04Yepelb
MMeIoT MecTo paBHOMepHble Mo 7 € J(g) = [~ 97 !] u » acumnToTHYECKHe
npecTaBIeHHUs

wlﬁj(Tv 2 5) = w?.j(Tv Z) + 0(56)7

| 0 (1.169)
8w21”(77z,s): g;'](mHO(sé)a 7=12
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Takum o6pasom, npu Majiblx [ > 0 yTBepKaeHHe JeMMbl 3.6 BepHO.
[pennonoxum Terneps, uto ypasHeHue (3.158) mpu nekotopom [ € (0,1)
MMeeT KOpeHb 3¢ = exp(iwp), wy > 0. Torna ¢ HeoOX0AUMOCTbIO

B250)? = B2 = |s¢" — 1+ BI* = (cos(muwp) — 1 + B)* + sin®(muwy) =
= 2+ 2(1 — B)(1 — cos(muwy)),

a 3HauuT, cos(mwy) =1 u 5] = 1. A orciopa u u3 (3.158), B cBOW0 Ouepenb,
3aKJiroyaeM, uto >y = 1. Jlemma 3.6 moxasana.

3.3.5. HroroBbie pe3yJabTaThl

B nanHOM myHKTe NmpUMeHHM paspaboTaHHble B 1. 3.3.2 — 3.3.4 BcroMora-
TeJIbHble KOHCTPYKIMH HEMOCPeACTBEHHO K ucxonHol cucreme (3.88). Hamom-
HHUM, 4TO MpoGseMa CYIIeCTBOBAHHS ee CaMOCHMMETPHUYHBIX LHKJIOB (3.89)
CBOIUTCSI K OTHICKAHHIO TT€PHOINYECKUX pelleHHH BCIIOMOTaTesNbHOr0 ypaBHe-
aus (3.90), umeromux nepuox mA. B cBsI3H ¢ 3THM B HasbHeHIIeM MepruogrUe-
ckoe perenue ypaBHenus (3.90), mocrasisieMoe TeopeMoit 3.2, U ero nepuon
Oynem ob6o3HauaTh 4yepes x)(t, £, A) u Tf(e, A) COOTBETCTBEHHO, MOAYEPKUBAsT
SIBHO 3aBMCHUMOCTb 3TUX DyHKLHE 0T A. AHajorudunbiM o6pasom, yepes TP (A)
0603HaYMM QYHKIHIO OT A, 3aHalollyiocs MpaBoi yacTbio paBeHcTsa (3.116).
OTMeTHM ellle, YTO Bce moJiydeHHble B 1. 3.3.3, 3.3.4 acumnroTudyeckue (op-
MyJIbl CTIpaBefuBbl paBHOMepHO Mo A € K, rae K — NMpOU3BOJbHBIH KOMIAKT
u3 untepsana (1 + to+ nTy, (n+ 1)1p).

M3yyuM cHayazsa BOMPOC O CYIIECTBOBAHUU mA-NepPUOIHUECKOr0 pelle-
HUs y pedieiiHoro ypaBHenus (3.103) npu ycnoBusix (3.104). C 3To# Lesbio
00paTUMCSl K yPaBHEHHUIO

T)(A) = mA (3.159)
nasi oteickadust A € (1 + tg + nTp, (n + 1)Tp). YuursiBas, narnee, B (3.159)
siBuble hopmynel (3.14), (3.17), (3.23), (3.108) — (3.110), (3.116), mocJge
HEKOTOPBIX MpeoOpa3oBaHUil MPUXOIUM K BBIBOLY, UTO 3TO ypaBHEHHe SKBHBa-
JIEHTHO ypaBHEHHIO 1151 z = exp(—pA), UMELIeMy B[

P(2) © ap1z" + app2” T =1, (3.160)

rae
ay1 = exp(p (n+ 1)Tp),

exp(p (n+ 1)Ty) —
exp(pnTp) — 1

an2=b(1+1/a)(exppu—1) 1. (3.161)
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BO-BTOPBIX, PABHOMEPHO 10 ¢ € X1 N X9, 3 € B(r)

h(t,2) = h(t) + O(VE), (3.155)

rae Yy, Yo — mHoxectBa u3 (3.142), a uepes h(t), t > —oy 0603HaueHO
pellleHHe UMMYAbCHOU 3anaun Komu

h=—ph, hl—o =1, (3.156)
R(1+ kTy +0) =h(1 + kTy — 0) — (1 + a)h(kTy),
h(1 +tg+ kTy + 0) =h(1 + to + KTy — 0) — (1 + 1/a)h(ty + kTp),
h(A 4 kTy + 0) =h(A + kT — 0) — b h(kTy), (3.157)
R(A 4ty + KTy + 0) =h(A +to + kTy — 0) — (seb/a)h(ty + kTp),
k=0,1,...,n.

Yro xe Kacaercsi cBoiictBa (3.153), To OHO OYEBHAHBIM 00PA30OM CJEAYeT M3
(3.155) u u3 pasencta h(T) — og) = 1 + B (3 — 1), npoBepsieMoro mocpes-
CTBOM HHTerpupoBanusi cuctembl (3.156), (3.157) (cooTBeTCTBYyIOLIHE BMOJHE
TIOHSITHBIE BBIK/JIAIKH OIMyCTHM).

BepHewmcsi k onepatopy W (e). O6benunss oueHky (3.152) ¢ npopesaHHbIM
BbIllle aCUMITOTHUECKUM aHau3oM (cM. (3.154), (3.155)), npuxonum K BHIBO-
1y, uto W (e) uMeeT mpocToe cOOCTBEHHOE 3HAYeHHUE 1) (¢, &) = 1, (5¢,£)+0(e),
11t KoToporo B cuay (3.153) crpaBemjiiBO acHMIITOTHYECKOE MPeacTaB/IeH e
(3.148). OcranbHbie ke coOCTBeHHble 3HaueHHs V(s e), k > 2 omeparopa
W (e) momyckator oueHky (3.147) ¢ HekoTopoil yHHBepca/bHOH (3aBHcslel
TOJIBKO OT 7) moctostHHodH M > 0. Jlemma 3.5 mokasaHa.

B cBssu ¢ paBeHcTBOM (3.148) W mpencTosilluM B HasbHeHIIEM aHAJH30M
ypaBHeHHH (3.96) oka3biBaeTCsl MOJIE3HOH CJenyolast

Jlemma 3.6. [Ipu arobom 5 € (0,1) sce xopru » € C ypasrenus
14+8(c—1)=3" (3.158)
3a uckaioweruem npocmozo eduruuroeo sexcam 8 kpyee {»x € C: |sx| < 1}.

JIOKA3ATEJBLCTBO. [lycth cHavana 0 < § < 1. Torna uHTepecyolire Hac
KOpHHU 7 = »(B), k = 1,...,m—1 ypasrenus (3.158) npu § = 0 o6paiuarcs
B exp(27ki/m) W, KaK HETPYAHO yOeIuThbCsl, YAOBJETBOPSIIOT HEPABEHCTBAM

% e (B)?

21k
=——1—-cos— | <0, k=1,...,m—1.
B=0 m
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roe

Wy (7,2) = W) lumeriayy, ) o(7,2) = W U)|umrioy,s (1.170)

bh1(z) = d/[exp(yo(s, z)) — 1]ds + ¢1(2),

/ (1.171)
0112(2’) = 9111(2’) + yo(Oé — 07 Z),
a W=(u) - dgyskuus, obpaTHas K
+00
W) =ut [ 2929 0 (1.172)

1+ Bg(exps)

u

OrtmetumM erie BhiTeKatoliue ua coorHoinerud (1.170)—(1.172) paBHOMepHbIE
MO z aCHMIITOTHUYECKHE PaBEHCTBa

wy j(7,2) = =7+ 01(2) + O(expT),

ag;j =01;(2) +O(expT), T— —00; 3
wyj(1,2) = =(B+ 1)1+ (B+1)01,(2) + c2 + O(exp(—(8 + 1)71)), (1.173)
% = (B+1)0,(2) + O(exp(=(B+1)7)), 7= +o0, j=1,2,

rae

+0o0

_ 11_79@) w— glw) y
cQﬂo/u(Hﬁg(u))d B(1+B) 1/ u(1+ﬁg(u))d : (1.174)

a Takxe aHasnoruunbsie (1.147), (1.165) cooTHoIIEHHS

y(tv z, 5)|t:o¢755 = y()(Oé - 07 Z) + O(E(s)?

5 5 (1.175)
Y(t, 2,8)limates = (B+1)yo(a—0,2) + O(e°) = yo(a+0, 2) + O(°).
Mpu a+¢° <t < a+1—¢° cHoBa CrpaBeIMBbl ACUMIITOTHYECKHE PaBeH-
crBa (1.150), B kKoTopeix (Z,%)" — pelienue 3agauu Kouu

t=cdlexpy—1) =B =1, z|j—que = cwr1(T,2,6)|r—ws-1,
( ) |t +e? 1,1( )‘ (1.176)

y =-2d Sh,% y‘t:aJrs‘s = (wl,Q(Ta Z, 6) - le(Tv z, 5))|‘r:£5’1'
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Hcnonbsys npexuectylomyio uHbopMauuo o GYHKUUAX wi (T, z,€), j =
= 1,2 (cm. (1.169)—(1.174)), HeTpyaHo yOeAHUTbCS B TOM, 4YTO [Jsl PelIeHHS
(Z,y)" 3anaun (1.176) umeroT MecTo paBHOMEpPHbIE M0 ¢, z ACUMITOTHYECKUE
(hopMYy.IBI

t

T =—(f+1)(t-a) + 6d/[exp(yo(87 2))—1]ds + eca(z) + O(e'™),

«

0F 0 (1.177)

t

5= 3 <all/[ezxp(y0(s7 2)) —1]ds + ECQ(Z)) +0(e),

«
% _ O
0z 0z
rage CQ(Z) = (ﬁ + 1)9171(2’) —+ Co.

Ha ovepenHom ydacTke GBICTPBIX NBUKEHHH «+ 1 —&f <t<a+l +&% un-
Tepecywlllee Hac pellleHHe AomycKaeT aHasorudynble (1.164) acumnToTHYeCcKHe
NpeACTaBJICHHUS

7 =1o(t,z) + O(e), (t,2) + O("),

(x(t,2,6),y(t, 2,6))" = (= B — 1+ cwan(7, 2, €), waa(7, 2,6) —
—w21(7,2,)) |r=(t-a-1)/e+O(exp(—g/e' ),

@ @ Ti 8w271 6w27276w211 T +O ;q
020:) \"0z 0z o0 r=(t—a1)/e P e ) )

(1.178)

3nech (wa(7,2,€),wea(T, 2,€))T, T € J(g) = [~} e%71] - pewenue sanaun
Komn
dwsa
dT’ = Z_:d(exp(’wZQ - w?,l) - ]-) - B -1+ af(exp wl,l(Ta 275))7
dw
d:Q = ed(exp(wey — wag) — 1) — B — 1+ af (expwr o(T, 2, €)),

Wa 1| o1 = Wa1(2,€), Waalr—_co-1 = Wao(z,€),

rie ey = (T(a+1—¢% 2,e)+B+1) /e, Was = Wa 1 +y(a+1—¢° 2,¢),a T, §J -
¢dynkunu (1.177). Jast KOMIOHEHT Xe ws (T, 2,€), j = 1,2, B CBOIO ouepelb
CrpaBel/IMBbl paBHOMepHbIE M0 T € J(£) U 2 aCUMITOTHYECKHE MPeCTaBJIeHH s

wzﬁj(Tv 2 5) = wg.j(Tv Z) + 0(56)7

5, (126) = 82 (r,2) +0(%), =12
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JIOKA3ATEJILCTBO. PUKCHUPYeM TPOU3BOJNBHO MOJOXKHUTEIbHOE 1 U OyneM
cuurtaTh, 4to mapamerp s B (3.145) npunamitexut mHoxkectBy B(r). Hazee,
BBeJIeM B pacCMOTpeHHe KOHeYHOMEPHBIH orepaTop

W(E)ho = ho(fao)h(t + 77;(5),6), —A— g <t< —00, (3150)

rne h(t,e) — pelenne ypasHenus (3.145) Ha oTpeske —oy < t < Ti()—op C
HauaJbHOH (hyHKIHeH h= 1, =A — 09 <t < —oy.

OcTaHOBUMCSI Ha BOMpPOCE O CBSI3U Mexay onepatopamu (3.146) u (3.150).
C 3TOH LeJIbl0 PACCMOTPUM (DYHKIIMIO

h(t,e) — ho(—00)h(t, ) (3.151)

M 3aMeTHUM, 4To mpu ¢ € [—oy, T,i(e) — 0p] OHa TakxKe sIBJsSETCS pelLIeHHeEM
ypaBHeHus1 (3.145), a npu t = —o( oOpallaerTcs B HyJb. TeM caMbiM Mbl
BrpaBe npuMeHuTb K (3.151) ouenky Bupa (3.144), xoTtopast A/st ypaBHeHHS
(3.145), ecrectBeHHO, coxpaHsieTcsi. VI3 yrOMsHYTOH OLEHKH CJEeyeT, 4To

W (€) = W (E)llcf-a-ap-ao)+Cl-Aoo—oa] < M, (3.152)

rJle yHUBepcaJsbHast KoHcTaHTa M > (0 3aBUCHT JIMLIb OT BeIGOpA 7.

Ha csenyromem srame JokasaresbCTBa H3Y4HM CIIEKTpajibHble CBOHCTBA
oneparopa (3.150). HeTpyaHo yBrIeTh, 4TO €ro CreKTp COCTOMT U3 ABYX TOYEK
— TPOCTOr0 COOCTBEHHOTO 3HaueHUsl v = v, (s, ¢€), tae v.(s,¢e) = h(Ti(e) —
— 00,€), U COOCTBEHHOro 3HadeHHsi v = () GeCcKOHeYHOH KpaTHOCTH. UTo Ke
KacaeTcsi COOCTBEHHOTO 3HAUeHHUs v, (s, €), TO /s Hero, Kak OyHeT I10Ka3aHo
HHXKe, UMeeT MEeCTO PaBHOMEPHOe M0 » € B(r) acCHMITOTHYECKOEe PaBEHCTBO

vi(se,e) =1+ B (x— 1)+ O(Ve), (3.153)

re nocrosinHas [ omnpenesena gopmysaamu (3.149).

Hnst oGocHoBaHus cooTHouweHus (3.153) HEOOXOMMMO 3HaTh ACHMITOTH-
yeckoe TOBeleHHe peiteHns h(t,e). B CBs3W ¢ THM [OTOJHUM ypaBHEHHeE
(3.145) nauasnpHbiM ycoBHeM h = 1, —A — 0y <t < —0p ¥ IPOUHTETPUPYEM
ero Ha orpeske BpeMeHH —oy < t < T7(¢) — 0y METOIOM LIATrOB, YUHTHI-

*

Basi 0-o0pasHoe moBeneHHe KoadduuneHtoB Aj(t,e), Bi(t,e) (em. (3.142),
(3.143)). B pesynbrarte y6expaemcsi, YTO, BO-TEPBHIX,

max  |h(t,e)| < M, M = const > 0; (3.154)

—00<t<T}(e)—00
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3.3.4. AHanu3 BCIIOMOTraTeJbHOr0 JUHEWHOTO ypaBHEHUS

B naHHOM nyHKTe HccienyeM BOMpPoc 00 aCHUMIITOTHUECKOM IOBENEHHH
MYJIbTHIIIKATOPOB aHAJOTrHUHOro (3.94) JMHelHHOTro ypaBHEHHUs

ho=—ph+ ALt e)h(t — 1) + 2B (t,e)h(t — A), (3.145)

roe Al(t,e), Bi(t,e) — koapduunentsr (3.92), BbIYHC/IEHHbIe HAa HaHAeHHOM
BbiLlIe M€PHOIUYECKOM pellueHUH ) (t,¢) ypaBHenus (3.90), a s — mpou3BoJib-
HBI KOMIIJIEKCHBIHA MapaMeTp.

Paccmorpum petenne h(t,e) ypaBHenus (3.145) ¢ nmpou3BosibHOM Havalb-
HOU ¢yHKuMe# ho(t) us nmpoctpaHctBa C[—A — 0g, —op]. Hanee, 0603HauUM
uepe3 W (e) omepatop mMoHoppomun ypaBHenus (3.145), neicTByrouuii B mpo-
crpanctee C[—A — 0y, —0p] 10 npaBuIy:

Wi(e)ho=h(t +T;(e),e), —A—o9<t<—oy, (3.146)

rae, HanoMHuM, 7, (¢) — nepuon uukna x(t,¢).

BBezneM B paccMoTpeHHe cOGCTBEeHHbIE 3HAUeHUs Vg (¢, €), k = 1,2, ... ome-
patopa (3.146), 3aHyMepoBaHHbIe B MOpsiiKe yYObiBaHUs MopyJeid. CrpaBeniu-
BO CJIedyIOlllee YTBEPXKAEHMUE.

Jlemma 3.5. [as aoboco r > 0 natdymces makue €y = €o(r) > 0, M =
= M(r) >0, umo npu scex 0 < e < gy, ¢ € B(r), ede B(r) = {xx € C: || <
<r}, svinoansemcs HepaseHcmeo

sup |vg(s2,€)| < Me. (3.147)

k>2

YUmo ace kacaemcs mysvmuniukamopa Vl(%, 6), mo OH ABAAEMCSA NPOCMbILM
u donycxaem pasHomeproe no »x € B(T) acumnmomudeckoe npedcmaeﬂenue

vi(s,e) =1+ B(x—1)+0(e), (3.148)
ede

Bo
exp(—p (A =Tp)) + B’

Bo=0b(1+1/a)(exppu—1)

8=

1 —exp(—p(n+ 1)T; )
1 —exp(—pTp)

(3.149)
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OCTaHOBI/IMCH Ha HEKOTOpBIX cBoHcTBax ¢urypupylomnx B (1.179) ¢pyHk-
LKA wgl, j = 1,2. OTMeTHM, BO-TIEpPBBHIX, YTO OHH 3aJAIOTCS aHAJOTHUHBIMH
(1.159), (1.160) cooTHOILIEHUSIMH

wg_j(T, z)=—(B+1)T+0s(2)+ / f(expw(l)yj(&z))ds., j=1,2, (1.180)
rue
a+1
0r1(2) =d /[exp(yo(s, z)) — 1]ds + ea(2),

92’2(2) = 09271(2) + y()(OZ + 1— 07 Z),

BO-BTOPBIX, IPU 7 — 00 AJI HUX CHPABEAJMBbl aCUMIITOTHYECKHE NPeaCTaB-
JieHust (paBHOMEpHBIE M0 z M AOMyCKawline AU(pdepeHLHpoBaHHE 10 z)

(1.181)

w(z),j(Ta z2)=—(B+1)T+6y,(2) +OlexpT), T — —00;
wg,j(Tv 2) = (a =B =17+ 0;(2) — aby(2)+ (1.182)
+c3+ O(exp(—(B+ 1)7)), 7— 400, j=1,2,

roe

1
[ el flu +59
05—0/ (1+Bg du+a/ (15 Bolu . (1.183)

M nakonel, oObeiMHSST COOTHOLIEHHS (1.178)—(1.183), MPUXOAHUM K aHaJo-
ruunbiM (1.147), (1.165), (1.175) popmynam

U(ta 2, 5)‘t:a+1755 = y()(a +1-0, Z) + 0(86)7
Yt 2. 8)limaries = gola+1-0,2) —agola = 0,2) +O() = (] 184)

=y +1-0,2)— yo(a+0,2)+0(66).

a
B+1

Ha nocnensem u3 y4acTkoB, a uMeHHO npu o + 1 + &% <t < Ty — &% nna
¢ynxuuit x(t, z,¢), y(t,z,€) B OvepeqHOH pa3 CIpaBelJMBbl PaBEHCTBA
(1.150), B koropeix (Z,y)" — peluenue 3agauu Koiin

t=edlexpy—1)+a—p—1, y=—2dshy,

x|t:a+1+s‘5 = _6 -1+ E7«‘]2,1(7—7 2 €)|T:e“*17
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y‘t:a+1+€5 = (wQﬁQ(Ta 2 6) - 1U2,1(T, 2 5))'7‘265*1'
OYHKUMH T, y B NaHHOM CJydyae JOMYCKAOT PAaBHOMEPHBIE IO ¢, z aCHUMIITO-
THYeCKHe MPeACTaBIEHHUS

T=(a—pF-1)t—a—-1)—p—1+

t

+ed / lexp(yo(s, 2)) — 1] ds + ec3(z) + O(e'+9),

a+1

0 o t (1.185)

or_ 9 _ 146

%~ 5s <<€d / [exp(yo(s, 2z)) — 1] ds + 503(2’)) +0( ),
a+1

- dy 0

i =w(t.2)+0(E). =77

0z 0z

rae c3(z) = 021(2) — abh1(z) + cs.

[TonBeneM HekoTOpbIH UTOT. B mepByio ouepenb oO6paTHM BHUMaHHe, YTO
BCe M3JI0XKEHHbIe Bblllle MOCTPOEHHsI OCTAIOTCS B CHJle NPH 3aMeHe ClielHaJb-
HOro Hada/JbHOro ycaoBus o(t) = (p1(t), pa(t)), ¢1(t) = —opla — f — 1),
pa(t) = z, z = const € R, Ha MPOU3BONBHYI HavajdbHY (QYHKLHIO
o(t) € S. JlelicTBUTENbHO, HETPYAHO 3aMETHUTb, YTO MPH ITOM COXPaHSIOT-
cs1 Bce cootHowenusi Buna (1.117), (1.122), (1.149) u t1.n. Tem cambiM aJs
(xy(t,€),yp(t,€))" ocratores B cuse 6a3oBble (HOPMYJIBI

(@p(t,€), ot €))" = (T(t, 2,€), §(t, 2,€))" + Ofexp(—q/"*))

B caydae, Korga (7,y)" 3amaercs paBeHctBamu u3 (1.119), (1.152), (1.166),
(1.177), (1.185), u ananoruuHble (HopMyJbl Ha ydacTKax ObICTPBIX ABHKEHHH
(em. (1.146), (1.164), (1.168), (1.178)). A orciopa TpeGyeMoe acCHMITOTHYE-
ckoe npenctasienue (1.115) BeITeKaeT oueBUAHBIM 0GPA3OM.

Cymmupysi mosydeHHyro wuHpopmauuio (cm. (1.115), (1.118), (1.119),
(1.146), (1.147), (1.149)-(1.153), (1.164)—(1.185)), npuxomum K BHIBOLY, YTO
PaBHOMEPHO M0 ¢ € S BBHIMOJHSIOTCS aCHMITOTHYECKHE PaBEHCTBa

(t.2) + O(),

max |z,(t,e) —zo(t)] = O(e), (1.186)
— 0o <t<Ty—5
tglza();) ‘yv(ta g) — yolt, Z)|z:¢2(foo)| = 0(56)7 (1.187)

rae xo(t) — pyukuus (1.15), yo(t, z) — pewenune 3agauu Kown (1.105), (1.106),
a MHOXKecTBO Y.(¢) mpejcTaBasieT co60il 0TPe3oK BpeMeHu [—ag, Ty — %] ¢ BbI-
OpOLIEHHBIMH MHTepBaJaMH ObICTpIX mBHxKeHui (—e %), (1 — &% 1 + £7%),
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rie M = const > 0. Uro e kacaercsi acuMntotTudeckux dopmya (3.143), to
OHH YCTaHABJMBAIOTCA 110 TOH K€ CXeMe, YTO U aHaJOTHYHble UM COOTHOLUEHHUS
(3.81), (3.82).

Bepuemcsi Kk ypaBHenuio (3.140) u oGosHaunum uepes h(t,e), —og < t
< T, — 0y ero pelleHHe C MPOM3BOJBHBIM HaualbHBIM ycJOBHEM h(t)
€ C[-A — gg,—0¢], ho(—0op) = 0. O6benunsis cpoiictBa (3.142), (3.143)
Ko3(h¢uunentoB (3.141) ¢ acCHMOTOTHUECKUMH MPEICTABIEHUSIMA

<
€

I4+mok—1+V/2 +00 1+7op++/E
[Ay(t,€)|dt = (a+1) / |f'(7)ldr + O(Ve), / |Ay(t,€)|dt =
1+7ok-1—/€ —00 1+Top—+/E
+00
—(+1a) [ 10ldr + OE)
Atmop_1+V/E +00 Atraty/e
/ |B¢(t,£)\dt:b/ lg' (T)|dT + O(V/¢e), / |By(t,e)|dt =
A+T2k,]7\/g —00 A‘H’Z}c*\ﬁ

— 2 [ @ar+ove)

U uHTerpupys ypabHenue (3.140) mMeTomom IIaroB, ToJyyaeM aHAJOTHUHOE
(3.85) HepaBeHCTBO

max  |h(t,e)| < Me  max  |ho(t)] (3.144)

—00<t<T,—09 —A—0p<t<—0oy

C He3aBHCSLIEH OT €, ¢, hy moctossHHOH M > 0. M HakoHell, yUHUTHIBasI OLEHKY
(3.144) B ananornuno#t (3.77) sasuo# dopmyne nas J,I.(y), mpuxomum K
BBIBOLY O C2KMMaeMocTu omepatopa (3.120).

M3 mpomesiaHHBIX MOCTPOEHHUEH ¥ MPHHIKIA CKHMAIOIIMX OTOOpaXKeHHui
caenyet, uto npu ycaosusix (3.117), (3.121), (3.139) na mapamerpsl oy, ¢,
qo onepatop II. umeer B S(00,q1,¢2) EIMHCTBEHHYIO HEMOABUKHYH TOUKY
© = py(t,e). Monaras, panee, x;(t,) = x,(t,€)|p=p:, Tri(e) = Tp|p—y:, MO-
JaydaeM TpeGyemoe nepuomuueckoe peliieHre ypaBHeHus (3.90), obnanmamouiee
cosictBamu (3.119). Teopema 3.2 nokasaHa.
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ede
In+2
S =[—00, T, — oo\ |J (1 4+ 7 —vE1+7+ VE),
j=1
2n+2

Sy = [—00,Tp — o]\ |J (A+7,— Ve, A+ 7, +VE),
j=1
a nocmosauuvle My > 0, k = 1,....,4 ne 3asucam om ¢, ¢. Kpome amo-
20, umeiom mecmo pasHomepuvie no o € S(0o,q1, ) acumnmomuiecKue
npedcmasienus

1+7ok_1+v€
Ayt e)dt = —a— 14+ O(Ve),
14+Tok_1—V/2
14+Tok++/€ A+Top_1+/E
/ Ayt e)dt = -1 —1/a+ O(Ve), / B,(t,e)dt = —b+ O(\/e),
1+7op—/E AtTa_1—+/E
AtTop /2
By,(t,e)dt = _2 +O0(Ve), (3.143)
A+1op—/E

edek=1,....n+ 1.

Jns obocHoBanust oueHoK (3.142) mocTaToYHO 3aMeTHTh, YTO B CHJY
coiictB (3.83) ¢yHkuuH f(u), aHAJIOTHUHBIX CBOHCTB ¢(u) WM MOJNYYEHHBIX
BBILIE ACHMIITOTHYECKHX TMPEACTaBJeHUH /s X, (t,£) ClpaBeNJMBbl HepaBeH-
cTBa

n+1
1
At < —
[Ap(t.2)] < = ;H(t,lf(kq)n)a/gw
1
te Xy
+1+(t—1—to—(k_1)T0)2/527 o
n+1 1
B (t < —
|By(t,e)| < B ;1+(t_A—(k:—1)To)2/52+
1
i t6227

T (—A—ty— (k—1)Tp)?2/e2
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(a—e% a+e), (a+1—¢ a+1+e%). Nanee, us pasencrsa (1.186) sakio-
yaeM, 4TO JJI1 OTBICKAHHSI BTOPOTO NOJIOKHTEJIBHOTO KOPHS ¢ = T, ypaBHeHHs
x,(t — 09,6) = —op(aw — B — 1) caemyer BOCIOJIB30BATbCS ACHMIITOTHUECKH-
mu npexacrasgaenusivu (1.150), (1.185). M3 atux dopMys ¥ U3 OYEBHIHOTO
CBOHCTBA dy(t,e) = a— B — 14 0(e), t € [a+ 1+ &°, Ty — £°], BbITeKaer,
410 TpeGyeMbl KOpeHb HAXOMUTCS OIHO3HAUHO M JOMYCKAaeT PaBHOMEPHYIO MO
© € .S aCUMNTOTHKY

T,=Ty+ O(e). (1.188)

U naxownert, oobenunsisi popmyinl (1.186)—(1.188), ybexxnaemest B cripaBemiu-
BOCTH TMepBOro mnpeaenbHoro paBeHctBa us (1.112).

1.2.4. JTokasateabctBo C'-cxomumocTu

O6ocHoBaHKe BTOpOro mpepesnbHoro coorHomenus (1.112) momumo yaxke
YCTAHOBJIEHHBIX aCHMITOTHUECKHX CBOHCTB perneHus (w,(t,e),y,(t,€))" Tpe-
OyeT 3HAaHHS aCMMITOTHKH npu —op < t < Ty — £° peluenus g(t,e) =
= (g1(t,€), g2(t, &))" nunedinost cucremsr (1.110) ¢ npou3sBosbHOH HauabHOH
dyukumed go(t) = (g1.0(t), g2,0(t))" u3 npocrpanctBa Fy. Kak Oyner nokasaHo
HUXKe, Ha oTpe3ke —og < ¢ < T — €9 YMeeT MecTo OLEeHKa

max [g(t. €) — §(t.e)l| < Mexp(—q/e")goll7. (1.189)

roe
g2.0(—00), (1.190)

z=¢pa(—00)

~ [0z Oy !
g(t,e) = ((%(t, 275)78z(t,z,5))

M,q > 0 — HeKOTOpBIE YHUBepCcaJbHble (He 3aBHUCALIUE OT &, ©, o) MOCTOSH-
Hble, a CHMBOJIOM || - || 31ech U najlee B 3aBUCHMOCTH OT KOHTeKcTa 0003Haua-
eTcsl KyGuueckas BeKTopHasi HopMa B R? M/IM MHAYUMPOBAaHHAs eil MaTpuuHas
HOpMa.

[ansi nokasaresnbctBa HepaBeHcTBa (1.189) Boimosnum B (1.110) 3ameny
g = g+ h. Hanee, o6paTum BHHMaHUe, 4TO BeKTOp-GYyHKUUS §(t,€) yHOBJe-
TBopsieT aHajoruyHo# (1.110) cucreme ¢ matpuuamu E(t,s), E(t,g), BBIUHC-
JIeHHbIMK Ha petuenun (z(t, 2,¢),y(t, 2,€))"|.=p,(~0y)- Kpome Toro, us acumn-
TOoTHUecKoro npenactabaenus (1.115) BeITeKkaert, 4To

A(t,e) = A(t,e) + Ay (t,e), DB(t,e) = B(t,e) + As(t, e),
max [|A;(t,e)| < Mexp(—q/e'™0), j=1,2.

—09<t<Tp—e’

(1.191)
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H09TOMy JJId HaXO0XOeHUsd h noJjayydyaem JlHHeﬁHon CHUCTEMY
h= A(t,e)h + B(t,e)h(t — 1) + F(t, ) (1.192)

¢ HeonHOporHOCTbIO F(t,e) = Ay(t,e)g(t,e) + Aa(t,)g(t — 1,¢) U HavaMbHOH
(hyHKLMEH
ho(t) = go(t) — (0,1)"g2,0(—00). (1.193)
Hccnenosanue cuctembl (1.192) Haunem ¢ oTpeska —op < t < 1 — gy. Kak
00OBIUHO, MEpeiiieM OT Hee K COOTBETCTBYIOLIEMY HHTErpaJbHOMY YPaBHEHHIO,
KoTopoe ¢ yueToMm BbiTekatrouiero u3 (1.193) paseHcrBa ho(—og) = 0 npumer
BUJL

h(t,e) = /K(t,s,a)B(&s)ho(s—1)ds+/K(t,s,a)F(&s) ds.

—0p —0o

rie K (t,7,¢) — marpuua Komwu cucremsl h = A(t,e)h. Otciona anst hyHKIHM
~(t,e) = ||h(t,€)|| monyuaem oueHKY

16 <) max Ko, (1.194)
roe
1-09 1-09
0@ = [ 1B (s~ Dllds+ [ [Fe.ellds. (1195

JlanbHeHIni aHalM3 OCHOBAH Ha CJeAYMOIIMX (PAKTaX, BBITEKAOUIUX H3
NPOBEJEHHbIX B IpeAblAylleM MYHKTe acUMNOTOTHYeCKHX IMOCTpoeHUH. Bo-
nepBbIX, B cuay oueHoK u3 (1.191) u M3BECTHBIX aCHMNTOTHYECKMX CBOHCTB
¢yHKUMH §(t,€) BBINOJHSETCS HEPABEHCTBO

max  ||F(t,e)|| < M exp(—q/e"")|lgoll7: (1.196)

—0o<t<Tp—e®
BO-BTOpBIX, 1Jis1 Matpull K (¢, 7,¢), B(t,c) crnpaBeinuBbl OLEHKH

T()*E(s

M M.
max  ||K(t,7,¢)| < =, /||B(t,5)|\dt§—2, (1.197)
—og<T<t<Ty—e? g €

o

max ||B(t,e)|| < Mzexp(—q/e).
0

—op<t<l—o
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[TonBeneMm mpoMexyTOYHBIH HTOr. M3 Bcell COBOKYMHOCTH aCHMIITOTHYE-
CKHX TpeAcTaBaeHu# mas x,(t,e) (em. (3.123) — (3.126), (3.129) - (3.133))
C/le[lyeT, 4TO PaBHOMEPHO M0 HauyajbHbIM QYHKUHIM @ € S(09, q1, ¢2)

ot e) —22(t)| = O(eIn(1/e)). 3.137

e (te) = ab(0)] = O(In(1/9)) (3137)

Hanee, us pasenctsa (3.137) u ycnoBust (3.117), HaJ0KEeHHOTO Ha 0y, 3aKJI0-

yaeM, yTo TpeGyeMbli (2n + 2)-0ff MO cueTy MONOKHTeNbHBIH KopeHb ¢ = T,

ypaBHenus (3.26) npunanyexut otpesky 2A — oy <t < TV —gy/2. A orciona

1 13 dopmya (3.135), (3.136) BeiTekaer, uto 1, onpefessieTcs OLHO3HAUHO U
JOMYCKaeT paBHOMEPHYIO 10 ¢ € S(0y, ¢1,¢2) aCUMITOTHKY

T, =T+ O(eln(1/e)). (3.138)

Ocraercst suib 1006aBUTh, 4To B cujay paserctB (3.137), (3.138) omepa-
top (3.120) mpu Bcex AOCTAaTOYHO MaJjbix € > () ompemesieH Ha MHOXKECTBE
S(00,q1,G2), @ IpA aHAIOTHYHBIX (3.76) NOMONHUTENBHBIX YCIOBHSX

_ : .0 . 0
@>=  min (), 0<qg< omax 20(t) (3.139)

Ha TMapaMeTphl ¢;, g2 NpeobpasyeT 3TO MHOXKECTBO B celsl.
JLnst MccsieioBaHUs Bompoca o CxkMMmaeMocTH onepatopa (3.120) BBenem B
paccMOTpeHHe ypaBHeHHe B BapHalMsX Ha PelleHHH Z,(t, ), uMetolee BUJ
h=—ph+ A(t,e)h(t — 1) + B,(t,e)h(t — A), (3.140)

rae kosdouurentsl Ay, B, 3anaiorcs aHanoruuHeiMu (3.92) paBeHCTBaMH
a+1
Ayt e) = —— [(zp(t—1,8)/e),

) (3.141)
By(t,2) = —2 (.t = 8,2) o).

OcTaHoBHUMCS 3aTeM Ha HeOOXOAMMBIX B JajbHeHIIeM CBOHCTBAX KO3((UINEH-
toB (3.141). CripaBen/iuBo cjenyiollee yTBepKAeHHUE, SIBASIOLIEeCs aHAIO0rOM
JeMMbl 3.2.

Jlemma 3.4. [Ipu scex docmamouro manvix € > () 8bLNOAHAIOMCSA OUEHKU
suda

max  |Ay(t,e)| < Me, max |By(t,e)| < Mae,

—op<t<l—og —09<t<A—oy

(3.142)
A (t,2)|dt < My, / |Bo(t,2)|dt < My,
Yo

Pt
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a di" - nocrosinuble U3 (3.7).
Mpu A4+ 79 — Ve <t < A+7mp++e k=1,...,n+1 umeor mMecro
aCHMIITOTHYECKHE TIPeNCTaBJIeHHUs

zo(t, ) = 2l (Atto+ (k—1)T0) +ew, o (T) lr=(t-A—ry) =+ O(e In(1/2)), (3.132)

rae
W, (7) =20 (A +to + (k — )Ty + 0)7 — b/OT g(—as)ds;
Wi (1) =2 (A +to + (h—1)Tp—0)T + S di In|7| + O(1), 7 — —oc; (3.133)
Wy i (T) =2 (A + tg + (k—1)TH+0)T + —l—g dy InT+ O(1), T — +o0.

Curenmyer, 0fHaKO, HAMIOMHHTb, YTO TOKa HAIIM MOCTPOEHHs, Kacaiolluecs
oTpeska BpeMeHH t € [A — g, 2A — 0y, HOCAT yCJOBHBIH XapakTep, MOCKOJb-
Ky OHW OBLIH BBITIOJHEHBI TIPHU anpropHoM mpennosoxenud (3.31). Ho nosy-
YeHHble HA TOM MyTHU acUMIToTudeckKue dopmysbl (3.129) — (3.133) u yxe
M3BeCTHBIe (POPMYJBl 115 Xy, (t,€) mpu t € [A — 1 — 09, A — 0¢] C (tg +nTp, A
CBUIETEJbCTBYIOT O TOM, UTO TPH MOAXOASIIEM BHIGOPE MOCTOSIHHOH ¢ > 0
TpebyeMoe HepaBeHCTBO (3.31) MelCTBUTENbHO BHIMOIHSIETCS. TakuM 00pasoMm,
BCe yCJI0BHble KOHCTPYKIHH (3.129) — (3.133) oOperaioT 3aKOHHYIO CHJIY.

Ha 3ak/iounTenbHOM 3Tame MOCTPOEHHS aCHMITOTHKH pelleHHs z,(t,e)
paccMOTpUM 0Tpe3ok BpeMeHd 2A — oy <t < TV — 0(/2 ¥ NPeanooKum, 4To
Ha HEM MMEIOT MEeCTO alnpHOPHbIE OLEHKH

zo(t—16) < —q, w,(t—A,e)<—q, ¢=const>0. (3.134)
B stom cayuae B cusy cBoiietB (3.5), (3.7) ypaBHenue (3.90) mpumeT BUI
t=—pxr+1+0(). (3.135)

JlonoIHAM €ro HaualbHBIM YCIOBHEM Z,(t,e), A —og <t < 2A — 0y, u3Bect-
HBIM U3 TPEJBIAYIIUX MOCTPOeHHH. MIHTErpUpYst 3aTeM MOJTyUHBIIYIOCS 3a1auy
Koru MeTooM 1aros, NPUXOAUM K aCHMITOTHYECKOMY TPECTaBJIEHUIO

z,(t,e) =00t —T2) + O(eln(1/e)), 2A —o0q <t <T)—0p/2. (3.136)

Jlnist npugaHus U3J/102KeHHBIM 10CTPOEHUAM HeoOXOIUMOH CTPOrOCTH 3aMe-
THM, UTO M3 caMoro paBeHcTBa (3.136) W M3 yCTAaHOBJIEHHBIX paHee aCHUMIITO-
THYeCKUX QopMys Ms z,(t,€) mpu A — og <t < 2A — g BEITeKaeT CIpaBej-
JIUBOCTb anpUOPHBIX TpennosoxeHui (3.134) mpu COOTBETCTBYIOIIEM BBIGOpE
KOHCTaHThl ¢ > 0.

1.2. JluHaMuKa CHCTEeMBI IBYX OCLHJISTOPOB 57

O6patum BHHMaHHUe, uTo U3 (1.197) B HEKOTOPHIX MOSICHEHHUSIX HYKIAETCs
TOJIKO TIePBO€ HEPABEHCTBO (BTOPOE U TPETbe — OUeBHIHbIE CJENCTBUS NPO-
BEJEHHOr0 HaMH aCHMITOTHYECKOro anannsa). Jlias 060CHOBaHHS ke MepBoi
M3 YMOMSIHYTBIX OLEHOK BBe/leM B paccMoTpeHue Mmartpuuy Kowwn K(t,T,¢)
CHCTEMBI

; < g -1 e 0

h=A(t,e)h, A(t,e)=C"At,e)C, C= (_1 1) . (1.198)
3amerum, najee, 9to B cusy paBeHcTB (1.111) 1 mosy4eHHBIX HAMH aCHMIITO-
THUeCKHX (opMys Aasi pemenuii cucremsl (1.97) matpuna A(f,e) us (1.198)
YIOBJIETBOPSIET OLlEHKe BHIA

Ty—e®
/ 1At <) dt < M. (1.199)

—0g

Janee, yuutsiBasi HepaBeHcTBo (1.199), 3akmouaem, 4To AJs [?(t,T, €) umeer
MEeCTO OlleHKa B
K (t, 7 e)| < M.

OTcrofa 1 U3 o4eBHAHOrO cooTHolleHust K (¢, 7,¢) = Cf?(t,ﬂ £)C~! monyuaem
HY2>KHOe HepaBeHCTBO misi K (t, T, ¢).

O6benunss cootHouenus (1.194)-(1.197), npuxoaum K BBIBOLY, UTO Tpe-
Gyemoe HepaBeHcTBO (1.189) BhImosHsIeTCst HA oTpe3ke —oy < t < 1 —og. Jas
pacmpoCcTpaHeHHs JKe ero Ha oCTaBLIMECS NPoMexyToK 1 — oy < t < T — &°
BOCIIOJIb3yeMCsl METOJIOM IaroB. A HMeHHO pa300beM yKa3aHHBIH MPOMEXKY-
TOK Ha oTpesku [1 —og+k,2— oo+ k|, k=0,1,... ko, u [2— 00+ ko, Ty — %),
rie ko = [Ty — 2 + 09 — €], |-] — uwenass yacTb. 3ameTuM, najee, 4TO M3
anasiornynoro (1.194) HepaBeHcTBa

v(t,e) < Ypya(e) NS .- S Kt o), 1—op+k<t<2—0y+k,
rne
2—00+k 2—o00+k
) =1-a+ ket [ IBEhG-Lads+ [ Fe)ds
1—-oo+k 1—0o+k

¥ yxke ycraHoBjeHHOH oueHku (1.189) Ha (k—1)-M oTpesKe BbiTEKaeT HyXKHasi
OlLleHKa Ha k-M OTpe3Ke W3MeHeHHSs t.
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[TonyueHHast ©H(pOPMALIKS TIO3BOJISIET yKe AOCTATOYHO MPOCTO 3aBEPLIUTh
IoKa3zaTesbcTBO TeopeMel 1.3. [elicturessHo, npu T, —1—0g <t <T,—0( B
cuny nepasenctBa T, —1—0y > a+1+¢° (biTexatowero us ycnopuii (1.94) u
(1.99)) nns x(t, z,€), y(t, z,£) cnpaBeaNUBbl ACHMIITOTHUECKHE MTPEICTABIEHHUS
(1.150), B xoTopeix (pyHKUMH T, y 3amaioTcs (opmysaamu (1.185). Orciopa u
u3 oueHku (1.189) oueBunHbIM 06pasoM UMeeM

max  |gi(t + T, ¢)| < Mgl gol| 7,
0

—1—0g<t<—0

max |ga(t + T, e)—

—1—0g<t<—0y

- gz,o(ﬂo)%(t +To, 2) < Mg goll 7, (1.200)
2=p2(—09)

rie nocrosiHHble M, My > 0 He 3aBUCAT OT €, ¢, go. Y HaxoHel, mpume-
Hss oueHku (1.200) nemocpenctBenHo k omepatopy J,I1.(¢) (cm. (1.108)),
ybexkaaeMcsi B CIpaBelJMBOCTH BTOPOTrO MpeiesabHOro paBeHcTBa M3 (1.112).
Teopema 1.3 mosHOCTBIO HOKa3aHa.

B 3akstoueHre o6CyiMM BOMPOC O CIPaBeNJIMBOCTH aHaJoroB Teopem 1.3,
1.4 npu orkase ot Broporo ycsosus U3 (1.94). Jlns Gopmy/nMpoBKH COOTBET-

CTBYIOLIEro pesyJibTrata, CUhTad BbIIIOJITHEHHBIMHA Tpe60BaHI/IH

oo < (B+1)/(a=B-1), q1 > — min - zo(t), 0 <@g <— max  xy(t),

—1—0p<t<—0y —1—0g<t<—0y

Ha MHOXKecTBe S 3a[afiiM ONepaTop

HE(SO) - (x(t+Tza275)7y(t+Tza275))‘2:992(70'0)7 _1_00 S t S —0y, (1201)

rae T, — BTOPOH MOJIOKHUTEJbHBIH KOPeHb ypaBHeHus x(t — o0y, z,€) = —op(a —
—p—1).

Omneparop (1.201), HecMOTpst HA €ro 3aBUCHMOCTD OT &, SIBJISIETCS HEKOTO-
pBIM aHaJsioroM mnpefesbHoro onepatopa (1.104). [IpoBeneHHbIH Bbillle acHMII-
TOTHYECKUU aHaJM3 U, B 4aCTHOCTH, cooTHOwweHus (1.115), (1.189) nmospoasiior
3aKJI0UYUTh, YTO

lim sug | () — II.(©)|| 7 = 0,

e—0 .,
el _ (1.202)
lim sup ||699H€(99) - awHE(SO)”Fo%fo =0.

e—0 eSS
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{ BHINOJIHSIETCsl ampuopHasi oueHka Buaa (3.31) ¢ HesaBucslled oT ¢, ¢, €
nocTosiHHOM ¢ > 0. B aToMm cayuae B cusy cBodcTB (3.5) paBHOMEPHO Mo ¢, ¢

flay,(t—1,e)/e) = O(e). (3.127)

Uro ke Kacaercss PyHKLUHH Z,(t — A, €), TO 115 Hee npH t € [A — 0g, 2A — 0]
CrpaBel/IMBa CepHst aCUMITOTHYECKUX paBeHCTB (3.124) — (3.126), B KoTOpBIX
HeoOXOIHUMO 3aMeHUTh ¢ Ha ¢ — A.

MTak, Ha HHTepecywlleM Hac TPOMeXYyTKe BpeMmeHH, corjacHo (3.90),
(3.127), nccnenoBaHuio noaiexxuT audpepeHHanbHOe ypaBHEHHe

t4+pr=1-bg(x,(t —Ae)/e) + O(e), (3.128)

mpaBasi 4acTb KOTOPOTO (paKTHUECKH yxKe M3BecTHa. TouHee roBopsi, no6aBKa
O(e) B (3.128), ecrecTBeHHO, OGHOBJISIETCS MO MPOLIECTBHH KaXKAOTO OTpe3-
Ka BpeMeHH miuHbl 1. Ho mockosbKy npu HHTerpupoBaHuu ypasHeHus (3.90)
METOOM ILIArOB MbI MOCJEI0BATENbHO PACCMATPHUBAEM HMEHHO Takue MpoMe-
KYTKH, TO IPH KaxkIoM t € [A — 09, 2A — 0p] neBast yacTb popmyinl (3.127)
y>Ke M3BEeCTHA W3 MpelblAyIIero mara. Bnpouewm, ee siBHbIH BUI HeCylleCTBe-
HeH. BaXKHO JiMIIb, YTO OHAa UMEET TOPSMIOK E.

TexHuueckue MOAPOOGHOCTH, CBsI3aHHLIE C WHTErPUPOBAHHUEM YpaBHe-
nus (3.128), omycrum. Kak u Bblllle, MpPUBEEM JIHIIbL CBOAKY HTOrOBBIX

pesyJIbTaToB.
242
[pu t € [A —09,2A — o]\ U (A+71; — e, A+ 7+ +/c) BblnoNHsAETCS
J=1
aHasiornuHoe (3.124) acuMOTOTHUECKOE PABEHCTBO

v (t,e) = 2%(t) + O(eIn(1/e)), (3.129)

rae 29 (t) — dynkuus (3.118).
Ha orpeskax t € (A + 7o 1 — Ve, A4+ 11 +VeE), k=1,....n+1
CIIpaBe/IMBbl ACUMIITOTHYECKHE (HOPMYJIbI

2ot ) = 20 (A + (k= )Tp) + 200 k(7 lr—(t-a—ra_ 1)/ + O(In(1/2)), (3.130)
roe

Vui(T) = 20(A + (b — )Ty — 0)7 — b/OT g(s)ds;

V(7)) = (A + (k — )Ty — 0)7 — bdy In|7|+O(1), T — —oc;
V(1) = 20(A + (k= )Ty + 0)7 — bd; In7+ O(1), 7 — 400,

(3.131)
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Dopmyna (3.122), B cBol ouepelb, NO3BOJNSET OTOPOCHTb COOTBETCTBYHOLEE
cnaraemoe B mpaBoil yactu u3 (3.90) u mepeliTH K HCC/IENOBAHHIO YpaBHEHHUS
(3.8), cBoiicTBa KOTOPOro y»Ke H3ydeHbl. [103TOMy 31eCh OrpaHHUHUMCS JHIIb
CBOJIKOH MTOTOBLIX PE3YJIbTATOB.

CootHoltienue (3.122) cBuaeTebCTBYET 0 TOM, 4TO NpH —oy < t < A — 0y
pemieHHe ,(t,€) ¢ TOYHOCTBIO IO BEJNHMYHH MOPSILKA € COBMAJaeT C ILHKJIOM
ypaBuenusi (3.8), mocraBisiembiM Teopemo#t 3.1. Jlanee, oOpaTvM BHHMaHHe,
uto B cuay yeqosu#t (3.104), (3.121) touka t = A — 0( NPUHALJIEKUT UHTEP-
Bany (to+1+nTy, (n+1)Tp). A oTciopa U U3 npoaesaHHoro B 1. 3.2.2 aHalu-
3a BbITEKaeT, YTO Ha PaccMaTPUBAeMOM IPOMEXKYTKe ypaBHeHHe Z,(t,e) = 0
MMeeT POBHO 21 + 2 MPOCTBIX KOPHA Ty < To < ... < Topta, THe T; = T;(€, ),
j=1,...,2n + 2 nonyckawT paBHOMepHbIe 10 ¢ € S(0y, q1,¢2) ACHMITOTHYE-
CKHe Npe/cTaB/eHus

7’120(8), TQk:t0+(k—1)T0+O(ElH(1/E))7 k=1,....n+1;
Tok-1 = (k— )Ty + O(eln(1/e)), k=2,...,n+1. (3.123)

O6benuHss 3ateM paBeHcTBa (3.123) ¢ moJiydyeHHBIMH B M. 3.2.2 aCUMITOTH-
4eCKMMH (OpMY/NaMH, MPUXOAHUM K CJIEAYIOLUM (haKkTaMm.
2n+2
Ha muoxectse t € [0, A —oo] \ UL "(1 + 7 — V&, 1 + 75 + /&) cnpa-
BEIJIMBO ACHMIITOTHYECKOE MPE/ICTABIEHHE

x,(t,e) = xo(t) + O(eIn(1/e)), (3.124)

rie xo(t) — dpyuxuus (3.23), a 0cTaToK 3/1eCh U BO BCEX OCTAJNbHBIX BCTpeda-
IOIUXCST HUKE CyYasix paBHOMEPEH M0 t, .

Ha npomexyTkax (1471 —+/€, 1+ 751+ ), k =1,...,n+1 peluenue
x,(t,€) nomycKaeT MpenCcTaBJeHHs

Tyt e) = wo(1) 4+ ev1(T) | r=(t=rp_1-1)/e + OeIn(1/e)), (3.125)

rae v1(7) — QyHkuus (3.44).
Ha orpeskax Bpemenu (1+7op — /2, 14+ 7 ++/€), k=1,...,n+1 umetor
MecTo (hopMyJIbl

2o(t,€) = wo(ty + 1) + g (lrep_my 1) + O ln(1/e)),  (3.126)

rae wi(7) — ¢pyHkuus (3.66).
Crnenmyronuii sTam NoCTPOeHHs aCUMITOTHKH Z,(t,€) CBSI3aH C paccMOTpe-
HueM otpeska A — oy < ¢t < 2A — ¢y. Bynem cuutath, 4TO Npy yKaszaHHBIX

1.3. /InHaMuKa 1eTOYKH OCIHJJISTOPOB 59

[Tonuepkuem, uto paserctsa (1.202) BbINOJHAIOTCS BHE 3aBUCHMOCTH OT
3Haka BeauuuHbl 2(1 + 8) — «. OnHako npu 2(1 + ) — o > 0 oneparop IL.(¢)
B CBOI0 ouepens cxonuresi mpu € — 0 K [p(p) (B Cl-meTprke), © Mbl MOXKeM
nepeiT K Gosiee mpocTeiM cooTHoweHusim (1.112).

B cayuae 2(1 + ) — a < 0 Tako# mepexon y:Ke HEBO3MOXKEH, MOCKOJIb-
Ky CTAHOBUTCSl pPa3pbiBHOH Ha oTpe3ke —1 — oy < t < —0( KOMIIOHEHTa
Yo(t +Tb, 2)|2=4s(~ay) onepatopa Ily(¢). Ho Tem He mMenee anasior Teopembl 1.4
3mech octaercs B cuje. [IpuudHa 3TOro B TOM, YTO “NpelesibHBIH’ OmepaTop
I1.(p) ABASETCS HALCTPOMKOM HAL COOTBETCTBYIOLIHM OLHOMEDHBIM OTOGparKe-
HHeM

Z— y(t7 Z, €)|t:T17507 z = ()02(_0-0)-

[ocnennee xe mpu ¢ — 0 ctpemutca (B C'-MeTpuke Ha J0GOM KOHEYHOM
OTpe3Ke U3MEeHEHHs z) K BBeIEHHOMY Bbillle oToOpaxkeHuwo (1.113).

1.3. IluHamuKka nenouku au(¢y3muoHHO
CBSI3aHHBIX HEHPOHHBIX OCLUNISITOPOB

B nocJ/ienHell yacTy ryiaBel paccMaTpUBaeTCsl MaTeMaTHueckasi Mojieslb Held-
POHHO} CHCTeMbl, NpeacTaB/Igiolas co00l LenouKy M3 MPOM3BOJBLHOTO YHC/A
m, m > 2, 1HP(Py3UOHHO CBSI3aHHBIX CUHIYJ/SAPHO BO3MYLIEHHBIX HeJIMHeMH-
HBIX JU((epeHlHaNbHbIX YPaBHEHUH C 3amas[blBaHUEM M C YCJIOBUSIMM THIA
Heiimana Ha xoHuax. MsyuaroTcs BONpOCHl CYLIeCTBOBAHMS, aCHMITOTHKH U
YCTOMUHUBOCTH PeJaKCALWOHHBIX MEePUOJUUECKUX PEIIeHHH Y 3TOH CHUCTEMBI.

1.3.1. Onucanve o0BbeKTa UCCIEIOBAHUA

Martemarnueckasi Momesb, KOTOpasi OyIeT HCCJAeI0BATbCSl HHXKE, HMEeT
By [14]

ﬂj = d(U]'+1 — Q’Ltj + Uj,1)+
+ A1+ af(u;(t —1)) — Bg(uj)]u;, j=1,m, (1.203)

Tae M > 2, Umgl = Up, Uy = Ui. 30LCh Uj = u]-(t) > ( — MeMOpaHHbIe TO-
TeHLHa bl HeHpoHOB, A > ( — GoJbILOH NapameTp, a napaMmeTpsl «, [ > 0,
UMEIOIIHe TOPSIOK eIHHHUIBI, YAOBJIETBOPSOT HepaBeHCTBY (1.2). DyHKIMH
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f(u), g(u), Kak ¥ B npenblAylieM maparpacde, OyaeM CUHTATh MPUHALJIEKA-
wumu kaacey C?(Ry), Ry = {u € R : u > 0}, u o61agawoiEMyi CBOHCTBAME
(1.95).

[Ipu chopmyanpoBaHHbIX ycaoBusx cucrema (1.203) momyckaer Tak Hasbl-
BaeMbIH OJHOPOAHBLIA HJH CUHXPOHHBIH LIUKJI

U= Up = .. = Uy, = Ui(L, N), (1.204)
rae us(t, \) — yCTOHUHBOE MEPHOAHUECKOE pellieHHe YpaBHEHHs
U= AN-1+af(u(t—1)) — Bg(u)u (1.205)

nepuosa
T.O): Im D) =T, Ty=a+1+(B+1)/(@=-F-1).  (1.206)

HanomHuM, 4To CcyliecTBOBaHHE U €IHHCTBEHHOCTb Y ypaBHeHus (1.205) Tpe-
6yeMOro LHKJA yxKe YCTaHOBJIEHbl HaMu B myHKTe 1.1.

B nanbHefileM Mbl TOKa)eM, YTO, BO-MEPBBIX, OMHOPOAHBIN UK (1.204)
cuctembl (1.203) 3KCMOHEHIMANAbHO OpPOMTANBHO YCTOHUUB TPHU JIEOOOM (PUK-
cUpoBaHHOM d > 0 U mpu Bcex A > 1; BO-BTOPbIX, NIPH MOAXOIsLIEM BblOOpe
napamMeTpoB «, [ W HaujexalleM yMeHbIleHUH Koddduuuenta nudpdysun d
Hapsily C YCTOMYMBBIM ONHOPOAHBIM LHKJIOM 3Ta CHCTeMa HMeeT He MeHee
m 3KCIOHEHLHAJIbHO OPOUTANBHO YCTONYNBEIX HEOLHOPOAHBIX TT€PHOINYECKUX
nBrkeHUH. [locsenHre Mo aHaJ/JOTHH C TIPOCTPAHCTBEHHO HEMPEPBIBHBIM CJTy-
yaeM OyleM HasblBaTb aBTOBOJHOBBIMU PEXHMaMHU.

1.3.2. ba3oBas Teopema

Kak 1 B cayuae m = 2, pacCMOTPEHHOM B NpejblAylleM naparpade, mo-
cnenyroini ananns cucremsl (1.203) GyneM MpoBOAUTL B HOBBIX MepeMeHHBIX
'/I’.7 y17 ce 7ym—17 rne

!
1
ul—oxp<:), u,v—cxp(i—t—Zyk)7 j=2,m, €:X<<1' (1.207)
k=1

[Toncrasasisi Boipaxkenust (1.207) B cucremy (1.203), npuxonum K pesakcaiu-
OHHOH cHucTeMe

& =ed(expy; — 1) + F(z,z(t — 1),¢),

g =dlexpy;1 + exp(—y;) — expy; — exp(—y;-1)] +
+ G](va(t - 1),1/1, cee 7yj7y1(t - 1)7 s 7yj(t - 1)75)7
j=T,m—1,

(1.208)
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Teopema 3.2. [lycmov npu Hexomopom uesom n > 0 B6INOAHEHLL YCAOBUA
(3.104). Toeda Hatidemcs makoe docmamouno maroe ey > 0, umo npu 8cex
0 < e < g ypasrenue (3.90) donyckaem eduncmsennbviii yuka x(t, <),
xi(—0p,e) = 0(—0p) nepuoda T!(e), yoosremsopsaroujull npedesvHoim pa-
8eHcmaam

lim max )\x;(t,a) —22(t)| =0, lgr(l)T;(s) =T (3.119)

e=0 0<t<Ty(e

3.3.3. [loka3areabcTBO Teopembl 3.2

[TockosibKy 000CHOBaHHE COPMYJHUPOBAHHOM BBIlIE TEOPEMbI BO MHOIOM
aHAJIOTHUHO H3JI0XKeHHOMY B M. 3.2.3, 3.2.3 noKasaTesbCTBY TeopeMbl 3.1, To
3[eCh OMYCTHM DSl TEXHHUECKHUX AeTasied.

Kak u panee, pukcnpyem ¢; € (—0(—0y), +0), ¢2 € (0,—6(—0y)) u 060-
3Hauum uepes S(oq,q1, q) C C[—A — 0y, —0p] 3aMKHYTO€, OrpaHHUeHHOE U
BBIMTYKJI0€ MHOXKeCTBO QYyHKUHE (t), yIOBAETBOPSIOLINX TpeboBaHusIM (3.25).
3aTem 1/l IPOM3BOJIbHON QYyHKUMH ¢ € S(00, q1,¢2) BBEEM B pPacCMOTPeHHe
pemenve = = x,(t,€), t > —oy ypaBHenus (3.90) ¢ HayalbHBIM YCJOBH-
eM ¢(t), —A —op <t < —oy, uepes t = T, 00603HAUMM I0JIOKUTEIbHBIHA
KopeHb ypaBHeHHs (3.26) ¢ HOMepoM 2n + 2 (B TPenNoJIOKeHHH, YTO 3TO
ypaBHeHHEe HMeeT Ha mojyocd t > 0 He MeHee (2n + 2)-X KopHe#, 3aHy-
MEPOBaHHbBIX B MOPSIKE BO3PACTAHHS) M OMPEdesUM OMepaTop MOC/AeI0BaHHUS
[Tyaukape I, : S(o9,q1,q2) — C[—A — 0y, —0(| MOCPEACTBOM aHANOTUYHOTO
(3.27) paBencrBa

.(p) =2,(t+ T, ), —A—09<t<—oy. (3.120)

Huke 6ynmer mokaszaHo, 4TO NPH MOAXOMsIIEM BbIOOpe MapamMeTpPoB gy, q1, (o
onepatop (3.120) neitctByer u3 S(00,q1,q2) B S(00,q1,¢2) 1 SIBASETCS B 3TOM
MHO>KECTBE CXKHMaIOLIHUM.

Jns peanusauuu OMUCAaHHOH MpOrpaMMbl NeHCTBUH HeOOXOOMMO 3HATb
PaBHOMEPHYIO 110 ¢ aCHMITOTHKY PeLIeHHs Z,(f,£) Ha MPOMEXKYTKe BPeMEeHH
—og <t< TS — 0¢p/2. COOTBETCTBYOIIMHA aCUMITOTHYECKHH aHaIu3 HauHeM
c orpeska —oy < t < A — 0y, npeanosaras, 4to B pomnojHenue K (3.117)
BBIIIOJIHEHO HEPaBEeHCTBO

00<A—t0—1—7”LT(). (3121)

Hanee, onupasice Ha oueHkd u3 (3.25) u coiictBa dyHkuuu g(u) (cm. (3.7)),
3aMeyaeM, 4TO PaBHOMEpHO Mo t € [—ag, A — ay], ¢ € S(00,q1, ¢2)

9(p(t — A)/e) = O(e). (3.122)
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VvV VvV

Puc. 3.2.

Ocraercs mo6aBuTh, uto coraacHo (3.111), (3.115) anpuopHble TpeGoBaHHs
(3.112), (3.114) 3aBenomo BBINOMHAKTCS Ha NpoMexyTKe 2A <t < TV,

Kak u B n. 3.2.1, pacropsiaumcs Tenepb BbIOOPOM CBOOOIHOIO MapameTrpa
oo 13 (3.105). B nanbHeiiiiem OynemM CYUTATh BBIMOJHEHHBIM YCJIOBHE

oy < min(—xU(A), 717? —A— ty — nTo), (3117)

obecrneurBarlllee MPUHALIEKHOCTb PYHKIHUH xw(t + T,?), —A—-o0yg<t< —oy
mHOKecTBY (3.105). Kpome Ttoro, us (3.117) cnenyer, uTo ypaBHeHHe ,(t —
— 09) = 0(—00) umeer na npomexytke (0,7°] poBHO 2n + 2 KOpHS (AaHHbIH
(akT He0OXOOUM JJIs1 0OOCHOBAHHUS TPUBEEHHOH HUXKE TeOopeMbl 3.2).

Hrak, npu ycaosuu (3.117) mpouecc noctpoeHus pelneHust z,(t) Ha OT-
peskax Bpemenu KT° —og < t < (k+ 1)TY — 09, k = 1,2,... UMKJIHYECKH
nosropsierca. Tem caMbiM Tpu t > —o Moboe pelleHHe T,(t) ¢ HadaJIbHBIM
yeqosueM (3.105) cosnanaer ¢ TV-nepuoaudeckoil GyHKuHUeN

zo(t) mpu 0 <t <A,
() = § wo(A) exp(—pu(t — A)) +yo(t —A) npn A<t <24, (3.118)
o(t —T?) mpu 2A <t < TP,

I'padux pynkuun (3.118) nmpu a =2, b =8, A = 23, u = 0.2 npencrasjeH Ha
puc. 3.2 (mpu BbIOpaHHBIX 3HAYEHHSIX MapameTpoB ycuoBus Ha A u3 (3.104)
BBIIIOJIHSIOTCS JJ1s1 1 = D).

[IponenaHHblil aHA/IM3 NOKAa3blBaeT, uTo peJjeiiHoe ypaBHeHue (3.103) 06-
JlalaeT TeMH Ke OOLIUMHU CBOMCTBAMH, UTO M PaCCMOTPeHHOe paHee ypaBHeHHe
(3.10). A 3T0 3HAYWT, YTO CMPaBENJNBO CJENyIOllee YTBEPKIEHHE, SBJSIONIE-
ecsi aHaJIoroM TeopeMsl 3.1.
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rae yo = ym = 0, a yHkuuu F, G; HMeT BUJ

Flr,ue) = —1+ af(exp@)) — Bg <exp<‘:)),

Gj(z,u, v, ...y, v1,...,05,&) =
i—1

£ (o(teg0)) o (oelE 20
(2 Eon))-s(on(z e )] s

3adukcupyem NOCTOSIHHY IO 00, NOJYHHEHHY IO Tpe6GoBaHHUAM
O<op<min((8+1)/(e—pS—1),1), u Ha oTpe3Ke —aggtho—ao, rze
Ty - Beauuuna us (1.206), oGosmaumm uepes y0(t,2),...,4° ( 2),
2= (21,...,%n_1) € R™"! KOMNOHEHTbI pelleH!s] UMITYIbCHON CHCTEMbI

y; = dlexp yjs1 + exp(—y;) — expy; — exp(—y;-1)],

y;(+0) = #;1_1 yi(=0),
3y (140) = 41 = 0) =~ ;(+0), (1.209)
yjlor+0) = (1+ B)y;(a —0),
yj(a+1+0)=yjla+1-0)— ﬁyj(oH—O).,
j=Lm—=1, yo=yn=0,
JIOTIOJIHEHHOH HaYa/bHbIM yCJIOBHEM
W15 Ym=1)|t=—0 = (21, -+ -, Zm—1)- (1.210)
Hanee, paccmotTpuM oTo6parkeHue
2= 0(2) L G 2), o 1 (12Dt (1211)

neiictBytomee us R™ ! p R™~!. Cnpasenausa

Teopema 1.5. Jlwoboii Henodsuxcroli mouke z = z, omobpaxcenus (1.211),
IKCNOHEHYUAALHO Ycmouugoll uiu duxomomuuroll, 8 cucmeme (1.208) npu
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scex docmamouno marvix € > 0 coomesemcmeyem pe/zafccauuormbzﬁ uurKa
(l’(t,é—:),yl(t?S).‘ cee 7ym71(t76)>7 x(_g(hg) = _UU(OL - B - 1) nepuoda T(&) ¢
memu dce ceoticmaamu ycmoﬁtmeocmu. KpOM@ moeo, cnpased/zuebt ﬂp€d€/lb-
Hble COOMHOULeHUSA

lim 7(e) = Ty, i t.e) — o(t)| = 0,
I T(e) =T, lim ~max |e(te) —z(t) =0,

li j — 0t 2.)| = i=T.m—1

lim max |y;(t€) = yj(t2)[ =0, j=Tm—1,
ede Ty-nepuoduueckan pynruus xo(t) sadana pasercmsamu (1.15), a mro-
secmeo Yi(e) npedcmasasem cobotl ompesok [—ag, T () — oo] ¢ sbL6powuen-
notnu unmepsananu (—e°,€%), (1—¢°,1+¢%), (a—e’, a+&%), (a+1—&’ a+
+1+¢%), d = const € (0,1).

JlokasatesnbCTBO NAaHHOH TeopeMbl ONYCTUM, MOCKOJbKY B c/lydyae m =
= 2 OHO MOAPOOHO H3JMOXKeHO B MyHKTe 1.2. ENWHCTBEHHBIH HOBBIH MOMEHT,
MOSBJAIOIWINIACA NIPU M > 2 U HYXAAIOWUHACA B JOMNOJHUTEJIbHOM aHaJu3e,
CBsI3aH C KOPPEKTHOCTBIO OmpenesieHusi oToopaxenus (1.211).

JlelicTBUTEIBHO, HAa MpPOMeXyTKax —og < t < 0, 0 <t < 1,1 <t < q,
a<t<a+lua+l<t<Ty— o pemenne 3anaun Komu (1.209), (1.210)
YIOBJIETBOPSIET HEJHUHEHHON CHCTeMe

y; =dlexp yj1 + exp(—y;) — expy; — exp(—y;-1)],

T 1.212
j:1>m_1a y(]:ym:(]' ( )

Takum 06pazoM, BOZHUKAET BOMPOC O TMPOAOKHUMOCTH DEIIeHUH moceN-
Hel Ha yKasaHHble TPOMEXYTKH BPEMEHH, IJIMHBI KOTOPBIX OTHIONb HE MaJsibl.

ITpu m = 2 mocraBjeHHBIH BONpPOC TPUBMAJEH, TaK KaK B 3TOM cjyyae
cucrema (1.212) nmepexonut B ckansipHoe ypaBHeHue y = —2dshy. B caydae
e m > 2 OTBeT Ha Hero Jaet

Jlemma 1.5. Pewenue (yi(t), ..., ym-1(t)) cucmemot (1.212) ¢ npousgosvroim
Hauarvroim yerosuem (Y, ... Ym-1)li=o = Uy, Y1) € R™ " onpedeserno
Ha noayocu t > 0 u cmpemumces K Hyaro npu t — +00.

Jlist IoKazaTesibCTBa JOCTATOYHO 3aMETHUTh, UTO J1I060€ PelleHHe CUCTEeMb
(1.212) samuceiBaeTcs B BHIE

yi(1) = (G (1)/&(1), j=Tom—1. (1.213)

rae (&1(t),...,&n(t)) — Mpou3BoJIbHOE pellleHHe JIMHEHHOH CHCTeMBI

§=d(&—25+E&1), j=1m, &=E&, &ni1=Em, (1.214)
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[Tepeitnem Tenepb K paccmoTpenuto otpeska A < ¢ < A+ 1 u 3ameTum,
uro ycqosust Ha A u3 (3.104) obecneunBaior Bkawouenne t = A € (1 4ty +
+ nTy, (n + 1)Tp). Tem campivm B cuay (3.23), (3.106) umeem z,(t — 1) < 0
npu t € [A, A+ 1] u, cienoBaresbHO, Ha yKa3aHHOM oTpe3ke (QYHKUHSA X, (1)
siBJisieTcst pernenneM aHasoruunod (3.107) sapaun Koiu

t=1—px—bF(xo(t —A)), z|=a =1z0(A).
A orcrona 3akJawouaem, uto npu A <t < A+ 1 crnpaBenausa popmyiia
wo(t) = xo(A) exp(—p(t = A)) +yo(t — A). (3.111)
Ha cnenylomem stane o6paTuM BHUMaHHe, 4TO IIPU allpUOPHOM YCJIOBHH
z,(t—1) <0 (3.112)

paBerctBO (3.111) coxpansiercsi Ha oTpeske A < ¢ < 2A. Ho 310 ycnoBue
JeHCTBUTENBHO BBHIMOJHSIETCS, MOCKOIBKY, cornacHo (3.23), (3.104), (3.108) —

(3.110),

ZEU(A) = xU(A — TLTQ) = Q(A — (n + 1)T()) <0,
yo(t —A) <0 nmpu Vit > A. (3.113)

Takum o6pasom, npu A <t < 2A coorHoueHue (3.111) obpeTaeT 3aKOHHYIO
CHJTY.

[Ipn paccMoTpeHuM 3HadeHWH ¢ > 2A GyneM NpeianosaraTb, 4To Hapsny C
(3.112) nmeer mecto ampuopHasi oLeHKa

vt — A) < 0. (3.114)

B sToM caydae mHTepecyoliee Hac pelleHHe I, (f) OmMpenessieTcs U3 3amaud
Komu
T=1—pz, xl=n = x0(A)exp(—pA)+yo(A),

a 3HauyuT, 3ajaeTcs BeiTekaoued (3.108) — (3.110), (3.113) dopmyJoi
z,(t) = 0(t — 1Y), (3.115)
rie

T = 2A + % In[1 — p(zo(A) exp(—pA) +yo(A))] > 2A. (3.116)
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rae 0(t) — dyukuna (3.12), u o6osHauum uyepes z,(t), t > —o( pelieHHe
ypaBHeHus1 (3.103) ¢ mpou3BOJIbHBIM HayaJbHBIM yCJI0BUEM U3 KJaacca (3.1095).

[Tpu uHTerpupoBaHuu ypaBHeHus (3.103) cienyer uWMeTb B BHIY, 4TO
¢urypupyioue B ero npaBod uactd ¢yHkuuu F(z(t — 1)), F(a(t — A))
KYCOUHO-TIOCTOSIHHBl U MeHSIIOTCSl JIMIIb Toraa, Korna x(t — 1) umm z(t — A)
MeHsieT 3HaK. B wactHoctH, npu —oyp < ¢t < 1 — 0y UMeeM OIHOBpPEMEHHO
et —1) <0u @(t—A)<0. [TosToMy Ha yKazaHHOM MPOMEKYTKe (DYHKIHUS
x(p(t) sBJsieTcsl pelieHdeM 3agaud Komwn (3.13), a 3HauuT, 3amaercsl paBeH-
ctBoM (3.14). JloGaBUM ellle, YTO 3TO PaBEHCTBO MOXKHO “TPOTSAHYTH  TO ¢
0 TeX TOp, TOoKa BBIMOJHAIOTCH yCaoBUs z,(t — 1) < 0 u x,(t — A) < 0.
CJlenoBaTesIbHO, OHO 3aBEJIOMO CIPAaBEIJIMBO Ha oTpeske —og < t < 0.

[Ipu 0 < ¢t < A M3 yxe NpoJeNaHHBIX NOCTPOEHUH BBITEKAeT, 4To T, (t —
—A) < 0wu F(x,(t —A)) = 0. Takum 06pa3oM, Ha JaHHOM NPOMENKYTKeE
BpeMeHH HHTepecylolllee HacC pellleHHe Z,(t) YIOBIeTBOPSET yKe M3y4eHHOMY
B 1. 3.2.1 ypasuenuio (3.10) u B cusay 3TOr0 OmpenessieTcst MOCPEACTBOM
paBeHCTBa

z,(t) = zo(t), 0<t <A, (3.106)

rae xo(t) — pyHkuus (3.23).
Jlnsi mocsienyiolero aHajin3a HaMm MoTpefyeTcsl CrelHasipHas (YHKIHS
yo(t), sBasiiolasics perieHreM 3anayn Koruu

t=1—px—bF(xp(t)), x|i=o=0. (3.107)

[TpuBsexkas dopmysnsl (3.23), HeTPyAHO YBHAETh, UTO NpH ¢ > 0 oHa 3amaeTcs
COOTHOLIEHHSIMH

=0 -1)6) npu 0 < ¢ < to,
bolt) = {—(b — 1)0(to) exp(—p(t—ty)) + O(t—ty) mnpu tg <t < Ty, (3.109)

Yo(t) = —0p—1exp(—pu(t — (k — 1)Tp)) + yo(t — (k — 1)T)

npu (IC — l)TO S t S kTo, ke N, k Z 2, (3109)
rne
1 — exp(—kpTp)
T T e u )
p——
PLmAto (3.110)

01+ 1/a)(bexp(—p) —a—1)
(1+a(1 —exp(=p)))(1 + (1 — exp(—p))/a)’
Jlo6aBuMm erne, uto oneHka u3 (3.104) Ha mapameTrp b rapaHTHpPYeT BBHIIOJHE-
HHe npu Bcex ¢ > 0 He0OXOAMMOro B jAajbHellleM HepaBeHCTBa o(t) < 0.

npUHaj/IexKallee UHBapHaHTHoMY KoHycy K = {(&1,...,&,) @ & > 0, j =
= 1,m}. YuurniBas, najee, B paBeHctBax (1.213) usBectHbie CBOHCTBA CHCTeE-
Mbl (1.214), kacarolinecsi NoBelieHUs ee pellleHHHd NpH t — 400, MoJaydaeM
TpeOyeMblil pe3yJsbTar.

1.3.3. AHanu3 npeneabHOT0 OTOOpaKeHUs

B nepBylo ouepenb 3amuiinem npasylo yacTe oToOpazkeHus (1.211) B uHBa-
puaHTHOH (hopMe, He 3aBHUCslIeld OT BbiGopa mapamerpa oy. Hss sToro o6o-
sHaunM uepes Pl(z), t € R, z € R™' PY%2z) = 2, oneparop casura mo
tpaekTopusM cuctembl (1.212) u nonoxkum zZ = ®(z). Torna orTobpakeHue
(1.211) moxkeT GbITH MpeaCTaBJEHO B BHIE

z= (Pl "o pio PloPyo P* o Pyo Plo PLo P)(2),  (1.215)

rae yepes P;, j = 1,4, 0603Ha4YeHbl ONepaTophl epecyeTa HadalbHEIX yCJIOBHH
BToykax t =0,t =1, t =a ut =+ 1 COOTBETCTBEHHO, NEUCTBYIOLIHE MO
npaBuJ/iam

a-p-1 a—1 (1.216)

Jlanee, mpUMeHUM K JIEBOH M IpaBOi dYacTAM IIOJYUYHBLIEroCs PaBEHCTBA
(1.215) omeparop P? u BblmosHUM 3aMeHy P7°(z) — z. B wurore ¢ yuerom
04YeBUAHOro cooTHomenus PTo—a—1=00 — p=o0 o pTo=e=l yyrepecyromee Hac
oroGpaxeHHe NMPUHUMaeT TpeGyeMylo HHBapHaHTHYIO (hopMy
lef . .
2= By(2) = (P 1o Pio PloPyo P to Pbo Plo P)(2).  (1.217)
[Touck arrtpaktopoB ortobpaxenus (1.217) HauHeM ¢ aHasu3a CBOHCTB
YCTOHUMBOCTH €r0 HENOABHXKHOH TOUKH z = 0.

Jlemma 1.6. Hynresasn menodsuxcnas mouxka omobpascenus (1.217) axcno-
HeHYUaAbHO ycmotuusa npu A0bblx 3HaveHusx napamempos o, 3 > 0, yoo-
saremeopsrouiux ycarosuro (1.2), u npu aobom d > 0.

HokasareabcTBo. HecsoxxHO nokasaTb, YTo oTBeyamolias Touke z = 0
Matpuua fdko6u P(0) ecTb omepatop CIOBHra MO PeLIEHUSIM HUMIYJbCHOH CH-
CTEMBbI
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hj = d(hj1 — 2h; + hj_1),
a—1

hj(+0) = mhj(—o)a
(6%
h]-(1+0)—hj(1—0)—mh]-(+0), (1.218)
hj(a+0) = (1 + B)hj(a —0),
«
j=T,m—1, hy=hmn=0,
3a Bpemst oT t = —0 no t = Ty —0. dasee, npumenum k cucteme (1.218) meton

CDypbe Mo COOCTBEHHBIM BEKTOpPaM PAa3HOCTHOI'O omepatopa Jlanﬂaca, TOUHEee
rOBOpPA, IMOJO2KHM

h; = ng(t) sin(ifj), j=1,m—1. (1.219)

B pesysbrare yGexiaaemcsi B TOM, 4TO KOMIOHeHTH gi(t), k = 1,m — 1, u3
paBeHcTBa (1.219) ABASAOTCS PEIIEHUSIMU UMIYJIbCHOH CHCTEMBbI

g = —5¢9,
a—1
g(+0) = mg(—o),
g(1+0)=g(1—0)— —2 g(+0), (1.220)

a—1
g(a+0) = (1+B)g(a —0),

g(a+1+0):ﬂaﬂ—@)—ﬁg(aw)

npu 0 <t < Ty, s = s, rae
. of Tk S
sp=4dsin“{ — ), k=1,m—1. (1.221)
2m

Ha 3aBepuiatoiiem stane pononHum cuctemy (1.220) HauaibHBIM yCJIOBU-
eM gli——o = 1, npouHTerpupyeMm mnoJyuduBlIyocs 3agady Koiiu u mosoxnm
e = gli=Ty—0, s=s,,» TH€ S, — HAUCKpeTHble 3HaueHus (1.221) mapamerpa s.
B utore nosmyuaem Ha6op uuces py, k = 1,m — 1, KOTOpBIH, KaK HeTPYAHO

3.3. PesrakcalioHHble aBTOKOJIEOAHHUS B KOJIbIIEBOH HEHPOHHOH CEeTH 157

C HEKOTOpPOH MOCTOSIHHOHN MaTpuueil C' pasmepa s X s.

CgoiictBo (3.102) mosBoJisieT CcBeCTH MpodaeMy 060CHOBaHHS (HOpPMYJ
(3.95), (3.96) k npeabiayuiemMy caydat. st TOro utToObl cienath 3T0, PUKCH-
pyeM HeKoTopoe coOCTBeHHOe 3HadeHHe ¢ MaTpulel C', a 4yepe3 ¢ 0003HAYUM
OTBevallUil eMy coOCTBEHHBIH BekTOp. Torna, Kak HeTpYAHO YBHAETb, HJs
BeKTOp-yHKUUU ho(t,e) = H(t,e)e cnpaBeminBo cooTHouleHue (3.99). Ilo-
CJIelyIOIIHe K& PACcCyKIeHHUs] COBMANAlOT C U3J0XKeHHBIMH Bbllle. JleMma 3.3
IoKasaHa.

HWrak, npoGsema cyiecTBoBaHust y cucteMbl (3.88) camMocuMMeTPHUHBIX
uukjaoB (3.89) cBomuTcs K MOMCKY mA-MepHoANYecKUX pelleHHH Bcromora-
TeJIbHOTO cKaJssipHoro ypaBHeHus (3.90). Uro ke Kacaercst Bonpoca 06 yCTOH-
YHUBOCTH 3THX LUKJOB, TO OH peIlaeTcsl OTHEJNbHO U B CHUJY JeMMBl 3.3 co-
CTOUT B aCUMIITOTHUECKOM BBIYUCJIEHHUH KOpHe# ypaBHeHHH (3.96). Huxe oba
3TH BOINPOCA MCCNENYIOTCS KaK B OOIIEM Caydyae, TaK H MPH TONOJHHUTENbHOM
NPeAToJIOKEHHH O MAJOCTH MapaMeTpa fi.

3.3.2. AHanau3 BCIIOMOTraTeJbHOr0 HeJIMHEHHOT0 YpaBHEHMS

B nannom nyHKTe chopMyJIHpyeM aHaJorMyHoe TeopeMe 3.1 yTBepxkaeHue
0 CyILIeCTBOBaHHM Yy BeroMmoraresabHoro ypasHenust (3.90) pesakcal@OHHOTO
IEPHOAHYECKOr0 JABHXKEHHUsI. B CBsI3K ¢ 3TUM B IEpPBYIO Ouepellb, ONUPAsCh Ha
cpoiictBa (3.5), (3.7) dynkuuit f(u), g(u), nepeiinem ot (3.90) k coorBer-
CTBYIOLIEMY peJIEHHOMY ypaBHEHHIO

i =—par+1—(a+1)F(a(t—1)) —bF(a(t— A)), (3.103)

rae F'(z) — ¢ynxuus us (3.9).

Kak u B 0. 3.2.1, nousitue pewenus ypasHenus (3.103) Gynem onpenenstsb
KOHCTPYKTHBHO. C 3TOH Lesblo (PUKCHPYeM MPOM3BOJIBHO I€J0€ HEeOoTpHIla-
TeJIbHOE M ¥ MPEANOJOXKHUM, YTO mapameTpsl a, b, u, A u3 (3.103) ymoaetBo-
PSIIOT YCJIOBHSIM

I1+to+nTy <A< (n+1)Ty, b>(a+1)expp, (3.104)

r7le, HAlIOMHUM, MOMEHTH BpeMeHH ¢y U T( ompeneseHbl paBeHCTBaMHU (3.17)
u (3.20). Hanee, dbukcupyeM HEKOTOpOe NOCTATOYHO Majoe oy > 0 (Kak u
B 1. 3.2.1, OUEHKY CBepXy Ha 3TOT MapaMeTp YTOUHHM B MOCJEAYIOLIEM),
paccMOTPUM MHOXKECTBO (PYHKLHH

gD(t) S C[—A—UU,—U()], gD(t) <0 Vte [—A—Uo,—ao],
o(—0p) = 0(—0p), (3.105)
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oTBeyatwllee emy peuieHue JlanyHosa-Pmoke. OTMeTUM, Hajee, UTO MOCKOJb-
Ky cucteMa (3.91) uHBapHaHTHA OTHOCHUTEJIbHO 3aMeH

t—A—)t, h]‘_l — h]‘, ] = 1,...,m, (398)

a MyJIBTHIJIMKATOpP v MPOCTOH, To peruenue (3.97) mox neficTBHeM THX 3aMeH
nepeitnet B petueHue cexp(a(t + A))ho(t,e), Toe ¢ — HeKoTOpast KOMIJIEKCHast
nocrosiHHasi. TakuM 06pa3oM, MeeT MeCTO PaBeHCTBO

0O o0 0 ... 0 1

1 0 0 ... 0 O
Mho(t+A,e) = cho(te), A=| 0 1 0 001399

0O 0 0 1 0

W3 KOTOpPOro, B CBOIO o4Yepenb, BBIBOIUM:
hom—j(t,e) = ho (t—(G+1)Ae), j=0,1,....,m—2, " =1. (3.100)

Uro xe Kacaetcss KOMIOHEHTH hgi(t,€), To B cuay (3.100) oHa sBnsercs
mA-TIepHOINYECKUM pellleHHeM YpaBHEHHS

h=—(u+ a)h+exp(—a)A(t,e)h(t — 1) + ¢B(t,e)h(t — A). (3.101)

[IpomenaHHble MOCTPOEHHsI MOKasbiBaloT, uTo ypaBHeHue (3.101) 3aBeno-
MO HMeeT eIMHWYHBIH MyJbTHIIHKaTOp. ChesnaeM, najee, B 3TOM YpaBHe-
HUU 3aMeHY exp(at)h — h. B pesynbraTe eiHHHUHBIH MYJbTHIJIMKATOD Ie-
peiiner B exp(maA), a camo ypaBHenue (3.101) — B ypaBuenue (3.94) npu
» = cexp(aA). Takum 06pasom, ¢ HEOOXOAUMOCTbIO Hakercst HoMep k, 1Jisi
KOTOPOro OyayT BHIIOJHATBHCS paBeHCTBA

I/k(%a €)|%:ccxp((yA) = exp(maA) ="

A 3T0 ¥ o3Hauaert, 4TO crpaBen KB cooTHoueHus (3.95), (3.96).

B cnyuae, Korma MyJbTHIIMKATOP v KPaTHBIH, pacCy:KIeHHs aHaJOoTHd-
Hbl. JleACTBUTENBHO, TYCTh JAHHOMY MYJIbTHILIMKATOPY OTBEYaeT POBHO § JIH-
HellHO HesaBUCHMbIX peleHuit JIsnynosa-®dsoke. Torma 3T pelueHuss MOXK-
HO 3amucatbh B MaTpuuHod Qopme exp(at)H (t,€), roe cToaOLaMH MaTpHLbI
H(t,e) pasmepa m X s SIBJASIIOTCS JIMHEHHO He3aBUCHMble mA-TepHOLHYECKHE
BeKTOp-(QyHKIUH. [lajee, B CHJy UHBapHaHTHOCTH cucTeMbl (3.91) mon nmed-
crBueM 3ameH (3.98) smech BMecTo (3.99) GymeT BHIMONHATHCS PaBEHCTBO

AH(t+ A,e) = H(t,e)C (3.102)
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YBHIETb, 00pa3yeT CHeKTp HHTepecyiouleit Hac matpuusl Pp(0). Bosee Toro,
CNpaBeJIUBbl COOTHOLIEHHUS

o= 1(8) s k=TT,
1
u(s) = ﬁ(a exps —a+ 1)(aexps —  — 1) exp(—sTp).
a_B_

Hanee, HecnoxHasi mpoBepka nokaseiBaet, 4to u(0) = 1, p/(s) < 0 Vs > 0,
u(s) = 0 mpu s — 4o00. OTciona OUeBHUAHBIM 00pPa30M CJIEAYIOT BKJIOUEHHS
up € (0,1), k=1,m — 1. Jlemma 1.6 nokasana.

B cucreme (1.208) HemomBukHOH Touke z = ( OTBeYaeT LMKJ, SIBJISA-
olMitcss aHajorom opHoponHoro uukiaa (1.204) W uMeLIUHA KOMIOHEHTH
x(t,e) = (1/X) Inu,(t, N)[r=1/e, yj(t.e) =0, j = 1,m — 1, rie u,(t, \) — dyHK-
uus u3 (1.204). Jlemma 1.6 u Teopema 1.5 mpUBOAST K BHIBOAY, 4YTO 3TOT
[MKJ SKCIOHEHLHANbHO OpPOUTANBHO YCTOMYMB IPH JI060M (PHUKCHPOBAHHOM
3HaueHuH d > 0 ¥ NpPH BCEX JOCTATOYHO MaJIbIX €.

OTblcKaHHe [pPYrUX YCTOMYMBBIX HEMOABHXKHBIX TOUYEK OTOOpaXKeHHsi
(1.217) 6ynem mpoBOAUTb B MPENINOJIOKEHUHM MAJOCTU MapameTpa d, 4To 103-
BOJISIET aCUMIITOTHUECKH NponHTerpupoBath cuctemy (1.209) mpu 0 < ¢ < Tj
¥ TIpH

(O@ﬁ) € U Uy, (1222)

roe

U ={(a,p): a>(B+1)(B+2), f>0},

U ={(a,B): 1<a<2 0<B<(a—1)(2—a)l}. (1.223)

Ha stom OYyTU NPUXOAUM K CJeAYIOLEMY YTBEP2KAEHHUIO.

Teopema 1.6. [Ipu 2110661x PuUKCUPOBAHHBLX 3HAUEHULX v, 3, YO0BAEMBOPS-
rowux exaouenuro (1.222), u npu scex docmamouro marvix d > 0 omo6-
paxcerue (1.211) umeem m 3KCNOHEHYUANLHO YCMOUUUBLIX HENOOBUNCHLLY
mouex

Oku(d) = (Zl,ku(d)a Zg,ko(d), ey Zm,1_k0(d)), k‘() = 0, m — 1, (1224)

Komnonermot Komopouix npu d — 0 8 cayuae (o, §) € Uy donyckarom acumn-
momuky

zjlko:lnfflnﬂ+ln(ko+lfj)+o(l), Jj =1, ko;
| " O‘*g;} (1.225)
Zig = —In—+1In —In(j — ko) +0(1), j=kotl,m—1,

d a—0F—1
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a 6 cayuae (o, ) € Uy — acumnmomury

Ziky = — (@ — 1)1115 —(a=1)In(ko +1—75)+
+aln(a—1)+o(1), j=1,k;
300 (o= 1)n 5+ (o= 1) ln(j — )~
—aln(a—=1)4+0(1), j=ko+1,m—1.

(1.226)

JlokaszaTesnbCTBY 3TOH TeOpeMbl MOCBATHM CJEAYIOIUH MyHKT. 31eCh Ke
OTMETHM, UTO B COBOKYMHOCTH C TeopeMod 1.5 oHa rapaHTHpyeT HaJudKe
y ucxonHoi cucrembl (1.203) (mpu ycmoBun (1.222) u npu COOTBETCTBYIO-
I[eM yMeHbIIeHWH Mapamerpa d) He MeHee 1 YCTOHUYMBBIX aBTOBOJIHOBBIX Ile-
PHOIMYECKUX PEXKHUMOB, COCYIIECTBYIOIIHX C YCTOHYMBBIM OIHODOAHBIM IIHMK-
gom (1.204).

1.3.4. O6ocHOBaHUe TeopeMbl 1.6

[pennonoxum cHadana, uto (a, ) € U;. Boibepem 3aTeM HEKOTOpPOE LieJ10€
ko, 0 < kg < m — 1, u B COOTBETCTBUHU C OXKHUIaeMbIMH paBeHcTBaMu (1.225)
porosiHuM cuctemy (1.209) HauaJ bHBIMH YCJOBUSIMU

1 .
yj|t:70:1ng+vj7 J = 1ak0;
1 o (1.227)
yj|t:70:_lna+vj, j=ko+1,m—1,

rae v; = const € R, j = 1,m — 1. [lanee, 3apukcupyeM NPOHU3BOJLHO KOM-
nakTHoe MHoxkecTBO £ C R™~! u o6o3Hauum 4epes

(yi(t,v,d)y . Ym1(t,0,d))", 0 <t < Ty, v=(v1,...,0m-1)" €8, (1.228)

pelieHde moJayuuBiiedcs 3anaud Komwu (1.209), (1.227).
Corytacto dopmynam (1.227) u npaBusiam mepecyeTa HayaJbHBIX YCJIOBHH
B Touke ¢t = 0 (cm. (1.209)), Ha oTpeske 0 < ¢ < 1 mocJjie 3ameH

a—1 1 .
yj—ml g Thi g =1k

a—1 1 P I Rse— ¥ 1.229
yj:_m d—|—h], J=ko+1,m—-1, ( )
T=d ™, & =p/(a—p-1)
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Bo usbexxaHue HenopasyMeHHH MOSCHUM CMBICJ TePMHHA ~MYJbTHUIIIUKA-
Top” mpUMeHHTeNbHO K cucTeMme (3.91). B cBssu ¢ 3THM pacCcMOTPHM Mpo-
crpancteo E = C([—1,0];R™) HempepbiBHbIX npu —1 < ¢t < (0 BekTOp-
dyuxuui h(t) = (hi(t),. .., hn(t)) ¢ HopMo#

hl||lzg = max max |h;(t)].
[12le = 1<j<m —1<t<0 [h; (0]
Jlasee, oneparopom MoHonpoMuM cucteMbl (3.91) Ha3oBeM orpaHUYEHHBIN JH-
HeliHbId oneparop V(e) : E — FE, neHdCTBYIOLIMEI Ha MPOU3BOJIBLHYIO (YHKIHIO
h(t) € E mo mpaBuy:

V(e)h =h(t+mAe), —1<t<0, (3.93)

rae h(t,e) = (hi(t,e),..., hy(t,€)) — pewenue cucremsl (3.91) Ha oTpeske
0 <t < mA c HavanpHO# (yHKuMed h(t), —1 < t < 0. OTMeTuM, uTO
CIIEKTP 3TOTO OIepaTopa 3aBeJOMO AHCKPeTeH, TaK KaK HEKOTopas ero cre-
MeHb KOMNaKTHa (B caydae mA > 1 komnakTeH u caMm V(¢)). Uro ke Kacaercs
MYJIbTUIIKKATOPOB cucTeMbl (3.91), TO TaKOBBIMH MO aHaJOTHH CO CaydyaeMm
OOBIKHOBEHHBIX JU((hepeHHaNbHbIX YpaBHeHUH OyneM HasblBaTb COOCTBEH-
Hble 3HauyeHus onepatopa (3.93).

Hapsny ¢ (3.91) BBemeM B paccMOTpeHHe BCIOMOraTe/jbHOe CKaJjsipHOe
JIMHEHHOE ypaBHEHHE

h=—ph+ A(t,e)h(t — 1) + %B(t,e)h(t — A) (3.94)

C KOMILJIEKCHBIM TapamMeTpoM 3¢ W 0003HauuM uepes vg(sc,e), k = 1,2,...
€ro MYJIbTHUIIMKATOPBI, 3aHYMepOBaHHblE B MOpsiaKe yObIBaHHS MOAYJeH (B
c/ydae CKaJ/ISIPHOTO YpaBHEHHS OIpelesieHHe MYJbTHUIIMKATOPOB aHAJOTHYHO
naHHomy Bbiiie). CripaBeaJsiMBO C/elyIOLlee yTBEPXKIEHHE.

Jlemma 3.3. Kaoscooul myrvmunaukamop v : v # 0 cucmemor (3.91) donyc-
Kaem npedcmasgienue
v=x" (3.95)

ede »x — KopeHb 00H0e0 U3 YpasHeHUL
vi(s,e) =", keN. (3.96)

JIOKA3ATEJILCTBO. PuKcupyem /10601 MYyJAbTHIIAKATOP v # () CHUCTEMBbI
(3.91) u mpennonoXKum, 4To OH siBAsieTcst mpocThiM. OG03HAUMM, fajiee, Uyepes

h(t,e) = exp(at)ho(t,e), ho(t,e) = colon (ho1(t,€),. .., hom(t, €)),

1 (3.97)
ho(t + mA,e) = ho(t,e), a= — Inv
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3.3. PenakcaunoHHble aBTOKOJIeOaHUH
B KOJIbLIEBOM HEMPOHHOM CeTHU

3.3.1. O0mas cxema uccjJeIOBaHUA

O6parumcsi Ternepb K KosbleBod momeau (3.6). Kak u Bblle, mpu acumi-
TOTHYECKOM aHa/JHu3e 9TOH CHCTeMbl yI00HO CAeNaTh B HEH 3aMeHbl Uu; = Axj,
j=1,...,m. B pe3ynbrate yKasaHHbIX 3aMeH paccMaTprBaeMasi CUCTeMa TIpe-
obpasyeTrcs K BULY

tj=—pxj+1—(a+1)f(zj(t—1)/e) —bg(xzj1/e), j=1,...,m, (3.88)

rae xo = Ty, € = 1/A < 1, a, b, p = const > 0.

B nanpHefimieM OyneM HHTepecoBaTbCsS BOIPOCOM O CYIIECTBOBAHHWH H
yCTOHYMBOCTH y cHcTeMbl (3.88) Tak HasblBaeMbIX CaMOCHMMETPHUHBIX IIe-
PHUOAMYECKUX NBHXKEHWH, HEe MEHSIOLIMXCH MPH LUKJIHUECKHUX MepecTaHOBKaX
KoopaMHAT zj, j = 1,...,m. TouHee rosops, peub MOHAET O MEePHOAUYECKHX
pelleHHusIX, TOMYyCKAaIOUINX MpeACTaBIeHHe BUIA

zi=alt+(G—1DAe), j=1...,m, (3.89)

rae A > 0, a pyHKuus 2(t,€) — nepuogryecKoe pelleHrne BCIOMOTaTebHOT0
ypaBHEHUS

b= —pr+1—(a+1)f(z(t —1)/e) —bg(z(t — A)/e) (3.90)

nepuona T = mA.

[Tpennosioxxum, 4to ypaBHeHue (3.90) nonyckaet Tpebyemoe mA-nepHoan-
yeckoe peueHue x(t,e). Torna Bormpoc 006 yCTOHUHBOCTH COOTBETCTBYIOLIETO
nukiaa (3.89) cBomuTCs K BOMPOCY O PACIOJIOXKEHWH MYJbTHIJIMKATOPOB JIH-
HEHHOU CHUCTEMBI

hj=—phj+ At + (j — DA, e)hi(t — 1)+
+B(t+ (G —DAe)hj1, j=1,...,m, (3.91)

rae hyg = hp, a Koapduuuentsl A(t,e), B(t, &) 3anaTcs paBeHCTBAMH

a+1

Alt,e) = f(x(t—1,e)/e), B(te)= —gg’(x(t —Ae)/e). (3.92)
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MPUXOAUM K 3anade Kouau

dh ; a—1

= — H(h d2+200H h ler%H‘ h r_g =

0r 1(h) + o(h) + 3, hlro 7a—6—lv’
rae h = (hi,...,hpm1)"s He = (Higy oo o, Hyoa )", k= 1,2,3, @ KOMIIOHEHTBI
Hj ;. 3apaloTcs paBeHCTBAMU

(1.230)

Hj,l = exp hj+1 — exp hj, ] = 1, ko — 1,
Hkml = —C&Xp hkm Hk0+1,1 = exp(_hkwl); (1231)
Hjy =exp(—h;j) —exp(—hj-1), j=ko+2,m—1

?

Hip=exp(—hi), Hjs=exp(—h;) —exp(=hj1), j=2k —1;

Hpy2 = exp hyg1 + exp(—hy,) — exp(—hiy—1), (1.232)

Hyyp12 = exp hygyo — exp by 11 — exp(—hy,),

Hj,2 = €exp hj+l — €xp hj7 ] = kO + 27 m — 27 Hmfl,Q = —€eXp hmfl; (1 233)

Hiz3=-1, Hj3=0, j=2m-2; Hp, 13=1 '
Jlo6aBum eiite, yto nepementast 7 B cucteme (1.230) uameHsieTcs HA acHMII-
TOTHYeCKH GoJblioM oTpeske J = [0, d~%].

Jlnsi BbISIBJIEHHS aCHMITOTHYECKHX CBOHCTB KOMIOHEHT h;(T,v,d), j =

= 1,m — 1, pewenus sagaun (1.230) mosoxxum B Hell d = 0. B pesysbrare
npuzeM K 3anade Komn

% =exphj —exphy, j=1k — 1
dgjo = —exp hy,; Qhi 1 = exp(—hg,41), (1.234)
Wi~ exp(—hy) —exp(—hy), j=F T Zm T
hilr—o=7;, j=Tm—1, (1.235)
e v; = 7aigi [ = 1,m — 1. Kak noxasbiBaeT Hec/oxKHas IpOBep-

Ka, JJIsi KOMIIOHEHT h?(’]’, v), j = 1,m — 1, pelueHus moJyuuBlIefics 3afauut
(1.234), (1.235) BBIMOJIHSIOTCS paBeHCTBA

s s s—=1 ¢ s—{
T T ~ —
Z hgo_,'_r(T, v) = ln{s' + Z i exp(z Uk0+j> }, s=1,m—1—ky;
r=1 =0 7 Jj=1
s—1 7 s—1 7_[ s—0 (1236)
z% hgrr(r, v) = — ln{sl + é 71 &P (— Zg’““ﬁl) }, s =1, k.
- -0 j=1
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CTpOI‘I/Iﬁ CMBICJT OTTMCAHHBIM BbIlIE NEHUCTBUSIM npuaaet

Jlemma 1.7. Pasrnomepro no T € J, v € §) umerom mecmo acumnmomuiecKue
npedcmasierus

hj(T,v,d) = h?(r, v) 4+ O(d),

Oh; 8h2 ) - (1.237)
Do (1,v,d) = o (r,v)+0(d), j,s=1,m—1.
HokasateabcTBo. Boinosnnum B cucteme (1.230) sameny h = h%(7,v) +7L,
rne h(r,v) = (h)(1,v),...,h%,_,(T,v))". B pesynbTare mpuxomum K 3ajaue
Kown nnist BekTop-QyHKUKHK h = (hy, ..., hyq)"
dh

- = AT h + Wo(r, h) + 20U (7, ) + d* Wy, hl,_g =0, (1.238)
=
rue
A(T) = H{(h)|h=no(r0):
7, h) = Hy(h°(7,v) + h) — Hy(h'(7,v)) — A(7)h, (1.239)
h) = Hy(h'(7,v) + h), W, = Hy,

a BekTop-pyHkuuu Hy, Hy, Hj 3amanbl paBeHcTBamu (1.231)-(1.233).

O6paTuM BHHMaHUe Ha TO, 4TO 3anada (1.238) cHHTyJsipHA B TOM CMBICJE,
4TO ee MPUXOAUTCS PacCMaTPUBATh HA ACUMITOTHUECKH OOJIBIIOM TPOMENKYT-
Ke BpeMeHHU T € J, T.e. He0OXOAUMO 3HATb [I0BEeJeHHe NIPU T — +00 MaTpHULbI
A(7) u Bektop-pyHkuui Wy, Uy. [Ipu pelueHnu aToil 3agauu HaMm notpedyroT-
csi BeITekawomune u3 (1.236) acuMnToTHUeCKHe MpeACTaBJaeHUs1 (paBHOMEpHbIE
no v € )

h?(T.,v) =—Iln7+In(ky+1—4)+01/7), T = 400, j=1,ko;

}L(;(T.,U) =Int—In(j — ko) + O(1/7), T — +00, j=kot+1l,m—1.

(1.240)

JleficTBHTEIBHO, yuMTHIBasi cooTHouieHus: (1.240) B sBHBIX (opmyaax
(1.231)—(1.233) u (1.239), npuxoauM K BBIBOAY O CYLIECTBOBAHHH MJisl JIH0GO-
rO TMOJIO?KUTENBHOTO r TaKUX YHHBEPCANbHBIX MOCTOSSHHBIX Mg = M (r) > 0,
s =1,2,3, uto ans awosix sektopos h(V), h® h € R™L, ynoBieTBopsiomux
nepaserctsam |[hV][, [|[R@ |, k] < r (3zech n nanee || - || — eBkaMIOBa HOpMa
B R~ uiu uHAyuMpOBaHHAs efi MaTpUUHAs HOPMa), U AJs Jwboro 7 € Ry
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NpHUXOAHWM K BbIBOAY, YTO

mtax|h(t7€)| < Me ||hol]. (3.86)

Jlnst pacripocTpaHeHus oueHKH (3.86) Ha ocTabiumiicst oTpesok [1—oq, T, —
— 00] ¥3MeHEHHs ¢ BOCIOJIb3yeMCsl METO/IOM I1aroB. A UMeHHO, pa3obbeM JaH-
HBIH TMPOMEXKYTOK Ha OTpe3kd [l — oy + k,2 —og + k], k = 0,1,....ky u
[2—00+ko, T, — 09], tae kg = [T, — 2], |*] — nenas yactb. Onupascs, nanee,
Ha CBOMCTBO HHTErPasbHON OrpaHUYEHHOCTH

T,—00
[ e <

—0g

umeroiee mMecto B cuay (3.80) — (3.82), sameuaeM, uTO U3 HepaBeHCTBa
|h(t,e)| < |h(1 —o¢+ k,e)|exp(—pu(t — 14+ 00 — k))+

¢
—|—/ exp(—u(t — s))|Ay(s,€)| - [h(s —1,e)|ds, t>1—00+k
1

—oo+k

¥ U3 yXKe MoJyueHHOH oueHkd Buaa (3.86) Ha (k — 1)-M oTpe3ke BhITEKaeT
TpefyeMasi OlleHKa Ha k-OM OTpe3Ke M3MeHeHHUs t.
Ha saBepmiatomiem sTarne npuMeHdUM HepaBeHCTBO (3.85) BMecTe ¢ 04eBHI-

HOM omeHKOH — max  |&,(t,e)] < M, M = const > 0 x oneparopy (3.77).
—00<t<T,—0g

B urore nosyyaem HepaBeHCTBO

sup |0 11 (9) |y, £ Me. (3.87)

»€5(00,q1,42)

Ocraercst 106aBUTh, 4TO oueHKa (3.87) oGecrneuynBaeT Kak CXKHUMaeMOCTh OIle-
patopa II. (a 3HAUMT, eAMHCTBEHHOCTb €ro HEMOABHXKHOH TOUKH ¢ = @.(t,€)
B MHOXeCTBe S(0¢, q1,¢2)), TaK H IKCIIOHEHLHAJNbHYIO OPOUTANbHYIO YCTOHUH-
BOCTb COOTBETCTBYIOIIErO LHKJIA Z(f,&) B MeTpuKe (pa3oBOr0 MPOCTPAHCTBA
C[l—1 — 0¢, —0y]. Teopema 3.1 nokasaHa.

3aBepiasi aHaJM3 MaTeMaTHYECKOH MOIEJNH OTHEJbHOrO HeHpoHa, OTMe-
THM, YTO HUCXOHOe ypaBHeHUe (3.4) mpu Bcex HOCTATOYHO OOJIBILIMX A HMEeT
YCTOMUUBBIHA LUK/

u*(tv /\) = )‘x*(tvg)‘c":l/)n

06/1aal0IIKMH BbIPaXKEeHHBIMH PeJIaKCallHOHHBIMM CBOUCTBAMHM: aMIIMTyIa 3TO-
ro LHKKJa aCUMOTOTHYECKH Besuka, a ero mepuop T.(A\) corsacHo (3.73) ctpe-
MHTCS TIPH A — 00 K KOHeuHomy mipeneny 1.
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O6patuMcsi Termepb K acCHMITOTHYeCKHM cooTHoueHusim (3.81), (3.82) u
NIOKaXKeM, K TIPUMepy, MepBble 1Ba W3 HUX (BTOpbIEe ABa 0GOCHOBBIBAIOTCS aHa-
soruyHo). C 3To# 1esblo nepeineM Ha oTpeske 1+ 73 — ﬁ <t<l+4+n+ \/E
K nepemMeHHOH T 1o ¢opmyse T = (t — 7 — 1)/e (em. (3.38)). B arom cayuae
x,(t — 1,€) /e 3anucbiBaeTcst B BUle T,(T1 +€7,€) /e, a 3Ha4uT, B culy (3.42),
(3.83) umeem

M]r|ve

P alt = 12)/2) = £ < T

—lVe<sT<1/Ve  (3.84)

[Tpumenum 3aTeM oneHKy (3.84) HemocpenCTBEHHO K BBIUMCJIEHHIO HHTErPaIoB
u3 (3.81). B pesysnbrare yGexxmaemcsi, 4TO PaBHOMEPHO 0

1+m++/E 1/\/z
Ayt e)dt = —(a+ 1) / P+ O(VE) = —a— 1+ 0(/7),
14m—/E “1/F
1+ +ve 1/\/e
[ adld =@y [ 1m0 -
1tm—E “1/F

~ G+ 1) [ 17l +O(2).

Jlemma 3.2 noxasaHa.

BepHeMcsi K MHTepecyIOlleMy Hac BOMPOCY 00 aCUMIITOTHUECKOM IOBefe-
Huu urypupyiomiero B (3.77) petenusi h(t,e) ypasuenuns (3.79). [Tokaxewm,
4TO /151 3TOr'O pelleHHs BBIIOJNHSETCS HepaBeHCTBO BUAA

max |h(t,e)| < Me |[[holl (3.85)
—09<t<T,—09
C HEKOTOPOH He 3aBHCsIIEH OT &, ¢, hg mocTosiHHOW M > 0, rne, HalOMHUM,
|| * || - Hopma B mpoctpancTe (3.78).

Pacemorpum cHavana orpesok —oy <t < 1— 0, Ha KOTOPOM JJist KO3hu-
ureHTa A, (t,e) crpaBesBa nepsas oleHka (3.80). YuuTEIBasi 3Ty OLEHKY B
SIBHOU (hopMmyJie

h(t,e) = /t exp(—u(t — s))Ay(s,e)ho(s — 1)ds, —og <t <1— 0y,

—0g
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CIIpaBeAJIUBbl OLIEHKH

~ ~ ]\4’1 - _
1o (r, AM) = Wo(r, A < LR - R
191 (r, AV) — W, (7, )| < (7 + 1) M|V — 7P, (1.241)

101 (r, B < (7 + 1)M;.

OGpaThMest Teneph K JHHelHOH crcteMe dh/dT = A(T)h 1 0603HaYUM de-
pes K(7,s), K(s,s) =1, 7> s >0, ee marpuny Kowu. M3 acumnToTHuecKux
pasenctB (1.240) u us sBubix dopmya (1.231), (1.239) Britekaer, 4To

Ay M
A(r) = Pl + A7), A < o TE€R,, (1.242)
. 1 2 1 1 2 2
rae Ag = dlag{Aé )a A(() )}7 A((J )= (ag,]?)i,j:m? Ag) = (azg,j))i,jzl,mflfkm

ag}j)zonpuj<i14j>i+2, ag}i):—(ko—l-l—i), ag,liilzko
o) =0npuj>inj<i-2 a=—i, a7 =i—1,

— i
(1.243)

a o6yksamu M, M; u T. 1. 31ech U HIKe 0603HauUaeM HEKOTOpble YHHBEpCaJ/b-
Hble (He 3aBHUCSAIINE OT T U v) MOJOXKHUTENbHbIE OCTOSTHHBIE, TOYHbIE 3HAUEHHUS
KOTOPBIX HeCyIeCTBEHHBI.

HUcnonbays npencrasaenue (1.242), nas K(7,s) mojydaem HHTerpajibHOe
ypaBHeHHe

T+1 [ T+1
K(r,s) —exp<A01nS+1) +/exp<A01nU+1>A(a)K(a,s) do. (1.244)

YuursiBasi, nanee, B (1.244) nepaBerctso ast A(7) us (1.242) u BhiTEKA0OULYIO
u3 (1.243) ouenky

T+1
s+1

exp <A0 In g

>H§M8+1 >8>0,

MPUXOAMM K HHTErpajbHOMY HepaBeHCTBY Iaisi  (QyHKuuu o(7,s) =
= ||K(7,s)|[(t+1)/(s+ 1) Buna

’U(T,S)SM1+M2/

S

v(o,s) do,
1+ 02
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U3 KOTOPOro B CBOIO o4depedb B CHUJY JIEMMbI rpOHYOJIHa—BeﬂﬂMaHa nmeeM

rM
v(r,s) < M eXp{ / : +2 . da} < Ms.
o

Orciona A/ UCXONHOH Matpulbl K (7, s) mosydaeM OLEHKY

STl s> (1.245)

K <M
Kl <M r2sz

Caenytomuit cnoco6 neictBuil crannapren. [lepeiinem ot (1.238) kK 3KBH-
BaJIEHTHOMY MHTErpajbHOMY yPaBHEHHIO

h(r) = / K (7, $){U(s, h(s)) + d>20W (s, h(s)) + d" Uy} ds  (1.246)
0

1 0003HaunM uepe3 I omeparop, MOpOKIEHHbIH €ro NpaBod YacTbiO B IPO-

crpanctee C'(J;R™™!) nenpepbiBHBIX BekTOp-DyHKUMH h(T), T € J, ¢ HOPMOI

Ihlle = max IIh(7)||. V3 ouenok (1.241), (1.245) BbITEKaeT, UTO ITOT ONEPATOP
TE

npeo6pasyer B ceGsi HEKOTOPBIH 3aMKHYThIA wap npoctpanctea C(J;R™71) ¢
LeHTPOM B HyJe paauyca r = Mjd W siBJseTCS B HeM CXKHUMAIOLIUM C KOH-
cTaHTo# cxatusi ¢ = Mod, rne My, My = const > 0. OTciofa ¥ U3 NpUHIMUNA
CXKUMAKIINX 0TOOpaXKeHUH 3akiovaeM, 4to ypaBHeHue (1.246) umeer B ymo-
MSHYTOM LIape eIMHCTBEHHOe pelleHHe. TakuM 06pa3om, yCcTaHOBJEHA TepBast
rpyImna acUMITOTHYECKUX paBeHCTB U3 (1.237).

Jlnst nokasaTesbCcTBa BTOPOM IPYMIBI aCUMOTOTHYeCKHX (opmyn (1.237)
3adukcupyeM HatypadbHoe s, 1 < s < m — 1, u nponuddepeHurpyeM 3agady
(1.230) mo kommonente vs. B pesyabrare mast g = (Ohy/Jvs, ..., Ohpy_1/0vs)"
nosnyuyum 3anady Koun

dg a—1
— = A(r,d 0= ————¢€;,
o= Amd)g, gl =~ 51¢

(1.247)
rje e; — eIMHHUYHBIH OpT ¢ HoMepoM s, a marpuua A(7,d) B cuay (1.231)-
(1.233) 1 yke ycTaHOBJIEHHBIX aCHMITOTHUECKHX (opmyn aast h;(7,v,d), j =
=1,m — 1, nomycKaeT aCHMITOTHYECKOe MpPEeNCTABJIeHHE

M

A(r,d) = A(T) + dB(7,d), ||B(r,d)| < =1 7 e J (1.248)
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2
ede ¥ = [—oy, T,—oo]\ U (1+7;—/, 1+7j++/€). Kpome moeo, cnpasedruso.
j=1

pasromeprvle no ¢ € S(og, q1, q2) acumnmomuueckue Gopmyivl

1+7m++/E '(1 O) '(1 O)
~2o(l +0) —ap(l —
Ay (t,e)dt = 00)
14+7m—/
LOWE) = —a—1+0(E), (3.81)
14+mi+ve +o0
[ 1adeait =@+ [ 170l + 016
1+m—/e —00
e r0(1 + to + 0) — (1 + £ — 0)
To(l +10+0) —zo(1 + 1o —
A(t,€)dt = i) +0(Ve) =
1+m—y/e
=-1-1/a+0We), (3.82)
1+7o4+/E +oo
[ 1Aueede =+ 1j0) [ 170ldr + 0(E),
14+7m—/e —00

JIOKA3ATEJIbCTBO. M3 cBoiicTB (3.5) dyHKuMHK f(u) mocsenoBaTebHO Bbl-
BOJIUM:

M
14+ u?’

(W) <
v (3.83)

1+ min(fur?, [ugl)

[/ (u1) = f'(ua)

< |U1—’U42‘ Vul,UQER,

rae 37echb U HUKe OOHOH U Tol e OykBoi N 0003HAYeHBl pasjHyHble YHU-
BepcaJsibHble MOJIOXKHUTEbHBIE MTOCTOSIHHBIE, TOUHbIE 3HAYEHHUs] KOTOPBIX HeCy-
uectBeHHbl. Jlasee, o0benuHsst oueHky Ha f'(u) u3 (3.83) ¢ ycraHOB/IE€HHbBI-
MH paHee aCUMITOTHUECKHMH NPeNCTaBIeHUAMH M1s X, (1, €), 3aKI0uaeM, 4yTo
nput X

M 1 1
\Av(t,a)\ < 6<1 +(t—1)2/e2 + 1+({t—to— 1)2/52).

A orciona Tpebyembie HepaBeHcTBa (3.80) BbITEKAOT OUEBHUAHBIM 0OPA30M.
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g2 mpeoGpasyer B cebsi 3aMKHYTO€, OTPAHHUEHHOE W BBIMYKJOE MHOXKECTBO
S(00,q1,q2). A orciona, B cOOTBETCTBUH ¢ M3BecTHbIM mpuHuunoM [laynepa
3aKJj04aeM, 4TO 3TOT omepatop umeer B S(0g,q1,g2) 1O KpaiiHe#d Mepe OmHY
HEMOABHXKHYI0 TOUKY ¢ = ¢, (t,£). SIcHO TakKe, uTO pelueHue x,(t,e) ypaBHe-
Hus (3.8) ¢ HauanbHOH (yHKUMEH @, (t,c), —1 — 0y < t < —0oy OKa3blBaeTCs
nepronndeckuM ¢ nepuopoM Ti(e) = Ty|,—p, u B cuay (3.72) — (3.74) obna-
naeT TpeOdyeMbIMU cBOMCTBamMHU (3.24).

3.2.3. AHanu3 CBONICTB yCTOWYHMBOCTHU

[lepeitinem Temepb KO BTOpPOE 4acTH 00OCHOBaHHsI TeopeMbl 3.1, T.e. K
JI0Ka3aTe/IbCTBY €IMHCTBEHHOCTH W YCTOHYHUBOCTH PEJAKCALMOHHOTO IHKJIA
24(t,e) ¢ HyneBbiM mpubauxkenuem (3.23). U3 ssHoU dopmynsr (3.27) mas
onepatopa II. BbITEKaeT, YTO OH HEMpPepbIBHO AU (hepeHunpyeM Mo o, a ero
npoussonHas Ppere J,I1.(¢) 3anaercs paBeHCTBOM

O I1(p)ho = h(t + T, €)—
h(T¢ — 0y, E) .
- t+ 1T —1—09<t< —0g (3.77
i'w(Tw — 0'0,5) xtp( + \p7€)7 0p >l > —0yp ( )
3nech GyHKUMS ho(t) npencraBasieT co60H NPOU3BOJIbHBIF 3/IEMEHT MPOCTPaH-
cTBa
Co = {ho(t) € C[-1 =09, —00] : ho(—09) = 0} (3.78)
¢ Hopmo# ||hg|| = | max |ho(t)|, a uepes h(t,e), —og <t < T, — 09
—1=00xt=—09p
0003HaU€HO pellleHKe JMHEHHOro ypaBHEeHHSs

b=+ Al it~ 1), Ag(te) =~ Lot —1,2)/2)  (3.79)
¢ HavyasMbHOU (yHKUMeH hy(t), —1 — og <t < —0ay.

W3 sBHoil hopmyabl (3.77) crenyeT, uTo nmpodiemMa OLEHKH HOPMbI JIHHEH-
Horo omnepatopa J,ll.(¢) : Cy — Cj cCBOAMTCS K aHA/NM3y BBEJEHHOTO BbILIe
pewenus h(t,e) ypaBHenus (3.79). B cBsisu ¢ aTuM Ham notpebyroTcs HEKO-
Topble cBoiicTBA Kosduuuenrta A, (L, ) us (3.79).

Jlemma 3.2. Hatidymca makue we 3asucsiuwjue om &, @ nocmosuHoie M,
My >0, umo

max  |A,(te)| < Mie, / ALt &)|dt < My, (3.80)
D)

—0p<t<l—og

IHanee, nonoxum B (1.247) g = go + g, tme go = (OhY/0vs, ..., 0h0 1 /0v)" -
pemenre 3anaun Komn, mosmyuaromeiics us (1.247) npu d = 0, u nepefimem
K aHasoruyHomy (1.246) JuHEeHHOMY HEONHOPOJIHOMY WUHTErpaJbHOMY ypaBHe-

HHUIO

g(1) = d/K(T, $)B(s,d)(go(s,v,d) +g(s)) ds. (1.249)

Ananus ypasrenus (1.249) ocuoBan Ha HepaBeHcTBe (1.245), ouenke u3
(1.248) u BeITekatomux u3 (1.236) acumnroTHUecKUX (HopMyJ (paBHOMEPHBIX
no v € §2)

8h9
v,

(T,U)—O(l)., T— 400, j,s=1,m—1. (1.250)

-
O6benuHsisi nepeyrc/eHHble (PaKThl ¥ MPOBOAS Te K& PACCYKAEHHS, UTO U
B HesuHelHOM cayuae (1.246), yOexxmaemcss B TOM, 4To ypaBHeHHe (1.249)
uMeeT equHCTBeHHOE pewtenue §(7,v,d) € C(J;R™ 1), [|g]lc < Md. Jlemma 1.7
MOJIHOCTBIO J0KA3aHa.

Boseparumcsi k perennio (1.228) zamaun Kowmrn (1.209), (1.227). Ilon-
craBasiss B paBeHcTBa (1.229) npencraBienust (1.237), mpuxomuM K BBIBOLY,
uto paBHomepHo Mo 0 < ¢ < 1, v € () UMEIOT MeCTO aCHMITOTHYECKHE PaBeH-
cTBa

a—1 1 .
yi(t,v,d) = a1 In =+ h(7,0) |y —g-0 + O(d), j =1, ko;
a—1 1
y"(t7v7d) = - —— In —4+
’ a—f-1"d (1.251)
+ h?(’nv)‘T:d’dOf, +0(d), j = ko+1,m—1;
tiv,d) = —2 o(d =1T,m— 1
6115( ,v,d) B0, (T,0) T:diéotJr (d), j,s=1,m

[Tonarast 3atem B (1.251) t = 1 1 yuuThIBasi aCHMIITOTHUECKHE TIPEACTABJIEHHUS
(1.240), (1.250), y6exxaaeMcsi B TOM, 4TO

1 ‘
yi(1—0,0,d) =In= +1In(ky + 1 — j) + O(d™™%)) 5 =T Ky;

d
1 i ko+1,m—1
yi(1 = 0,0,d) = —In— —In(j — ko) + O(d"™""V)), j = Ko+ L,m—T; (1.252)
g%(l —0,0,d) = O(@™™), j, s =Tm —T.
Us
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Paccmorpum Ttemepb orpesok 1 < ¢ < «. B cuay paseHctB (1.252) n
MpaBuJI TlepecyeTa HadyaJbHBIX YCJIOBHH B TouKke ¢ = 1 Ha 3TOM MPOMEKYTKE
BpeMeHH pemieHue (1.228) onpenensieTcss u3 cuctembl (1.212) ¢ HauaJbHBIMH
YCJIOBHSIMH

IR
y] =1 — O[_B_l
n O(dmill(1,5o>)7 7 =1, kg;
GRS NS SN 5
il o n- n(j — ko) a—ﬂ—lv-’
+ O(dmin(l,(so))’ ] B m

1
lnngln(koJrl—j)— v+

.
a—p-1

(1.253)
+

PasenctBa (1.253) ykasbiBaloT Ha 1e1eCO0OPA3HOCTh BBINOJHEHUS B
(1.212) 3ameHbl MepeMeHHBIX

+1 1 .
Yj = —% lng‘*‘hg‘: J =1 ko;

Oé 2 ) (1.254)
y/:mhlg+h7, j:k'()‘i‘l,?’n*l.
JleficTBUTE/IBHO, TOCJe YKa3aHHOH 3aMeHbl JJisg HaxoXkieHus h =

= (h1,...,hp_1)" nonyuaem 3anauy Kouin
h = d" O Hy(h) + d* = Hy(h) + dHs, (1.255)
hile=y =In(ko +1 - j) - %%’ + 0@, j =1 k;
aa P  (1.256)
Pilies = =W = ko) = =5 vy + O™, = FoF T =T,
a—B—

3mecb 01 = (B+1)/(a—pf —1) <1 (B culy NprHHANEKHOCTH TOUKH (v, )
muoxectBy U u3 (1.222), (1.223)), Bexrop-pyukuuu Hy, k = 1,2,3, Te xKe,
uyro u B (1.230), a ocratku B (1.256) coxpaHsOT CBOH MOpsoK NpH AUdde-
PEHLUPOBAHUH T10 Vg, S = 1,m — 1.

B oTanuue ot npeabiayLiero caydas uccaenoBanue 3anauu (1.255), (1.256)
TPUBHAJbHO, TTOCKOJIbKY ee MpaBble YacTH PETYJISIPHO 3aBUCAT OT Mapamerpa
d, a cama oHa paccMmarpuBaercsi Ha KoHeuHoM oTpeske 1 < t < «. [loatomy
115 KOMIOHeHT hj(t,v,d), j = 1,m — 1, ee pelleHus 3anuiieM cpady oKOHYa-
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[MonBemeM HekoTOPHIH uTOT. M3 MOJNYUYEHHBIX BbILIE ACHMITOTHUECKHX
NpeNCTaBJIeHUH 1151 peltenus z,(t, €) (em. (3.30), (3.37), (3.55), (3.58), (3.62)
- (3.71)) sakJsouaem, 4To

_ hax |z, (t, e) — zo(t)] = O(eIn(1/e)), (3.72)
rae xo(t) — ¢yHxuns (3.23), a ocraTok paBHoMepeH mno ¢ € S(oo,q1,q).
Hanee, onupasice Ha (3.72) u yuuTbiBas oueHKY (3.22), Ha/lOXeHHYIO Ha
napameTp oy, NPUXOAHUM K BBIBOAY, UTO HHTEPECYIOLIHE Hac BTOPOH MO-
JIOXKUTeNNbHBIH KOpeHb ¢ = T, ypaBHeHus (3.26) mNpHUHALNENKHUT OTPE3KY
to+ 14090 <t < Ty+op. A orciona u u3 pasencrsa (3.71) (coxpaHsio-
Ier0 CUJy Mpu nuddepeHInpoBaHHY 110 ¢) OUEBUIHBIM 00Pa30M CJIEAYET, UTO
T, ompesensieTcsl OJHO3HAUHO, NPHYeM pPaBHOMEPHO 1o ¢ € S(oo, q1, ¢2)

B X
1+a(l —exp(—p))

Dopmynbr (3.72), (3.73) CBUIETENLCTBYIOT O TOM, uTO omepaTop (3.27)
IEHCTBUTENBHO ONpe/iesieH Ha MHOXeCTBe S(0y, ¢1,¢2) U PABHOMEDPHO 10 ¢

max |z (t+ T,,¢) — xo(t)] = O(eln(1/e)). (3.74)

—1—09<t<—0y

T, =T, eln(1/) + O(e). (3.73)

Uro xe kacaercsi Tpedyemoro BkJtouenus I1.(S(og, q1,¢2)) C S(o0, q1,¢2), TO
B cusy (3.74) oHO GyHeT 3aBeOMO BBIMONHSTHCS MPU BCEX AOCTATOYHO MaJIbIX
€ > 0 npu yc/10BUH

xo(t) € §(U()7q17QQ)7 (375)

rie §(00,q1,q2) — MHOXKECTBO (YHKIUHE, mosydawuieecss U3 S(og, ¢, ¢2) TpH
3aMeHe B (3.25) HeCTPOTHX HepaBEHCTB CTPOrMMH. HamomHuM, nasee, uTo
cBoiicTBa xo(—0g) = O(—0y), xo(t) < 0 mpu —1 — 0y < t < —0( rapaHTu-
pytotcst BbiGopom o (cM. (3.22)). [lostomy ansi npoBepku BKJOYeHHs (3.75)
JOCTATOUHO YOEIUThCS, UTO

-1 < .’L'o(t) < —q Vte [*1 — 007*00].

CripaBelIMBOCTH 2Ke 3THX HEPABEHCTB 100MBAaeMCs 32 CUET BbIOOPa CBOOOMHBIX
napaMeTpoB ¢, G2, NpeAnonaras, 4To

¢ >—  min z(t), 0<@gp<— max  xzo(t). (3.76)

—1—0g<t<—0y —1—0p<t<—0y

Urak, oneparop II., SBASIOMIKFCS OUeBUIHBIM 00Pa3oM KOMMAKTHBIM, MPH
BhimosiHeHUH yeqoBui (3.22), (3.33), (3.59), (3.76) na mapameTpsl op, q1,
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Ha yuactke nepekswodenust o + 1 — /e <t < 719+ 1+ /¢ cnpaBensusa
aHasioruuHas (3.55) acuMnToTHueckas hopmyJsa

To(t,e) = wo(to + 1) +woen(l/e) + ewy(7)|r=(t—r,—1)/e + O(e).  (3.65)

3neck wy = —(a + 1)¢f /a, a pynxuus wy(7), 7 € R 3agaercsi paBeHCTBOM

wy (1) = Zo(to +14+0)7 — ( / f(=as) (3.66)

U 00J1aJlaeT CBOMCTBAMHU:

+
wi(r) = dolto+1 = 0)7 + (a+1)== In|r] + O(1),

duw (3.67)
Tl =Zo(to+1-0)+0O(1/7), T —= —o0;

=

wi(7) = dolto+ 1407 + (a+ D Inr 4+ 0(1),

duw a (3.68)
d—; = do(tg + 14+ 0) + O(1/7), T — +oo.

OrMmeTuM elle BeiTeKawolire U3 (3.65) — (3.68) ananoruunsie (3.56) cooTHO-
IIeHHUsI

x%(ta €)|t:1+7'27ﬁ = -jSO(tO +1-— O) + O(\ﬁ)y
Go(t,€)|i=11m vz = To(to + 1 +0) + O(Ve).

Ha orpeske 7 + 1+ e <t < tg+ 1+ 0y pewenne z,(t,e) nomyckaer
aHaJorHuHyio (3.58) acUMOTOTHKY

2yt e) = xo(t) + xexp(—p(t —tg — 1))eIn(1/e)+

et — 1)+ 0(), (3.69)
- (1 —a®)( (=)
_a+1 - 1—a%)(1—exp(—p
X = a (Cl Cf) a+1— exp(—u) . (370)

Ha npomexytke tg+ 1409 < t < Ty+ 00 BIIONHSIETCST aHaoru4HOE (3.62)
ACHMITTOTHUECKOE PABEHCTBO

z,(t,e) = xo(t) + xexp(—p(t —tg — 1))eln(1/e) + O(e). (3.71)
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TeJIbHBIH pe3yJabTar:

; o min(dy,1—d; . 7.
hj(t,v,d) =In(ko+1—j) — mvj FO(dmnGo=00Y 5 = T o
. o
h]‘(t,?}, d) = hl(] - k()) - m’l)]ﬁ- (1257)

+ O(dmin(thlfdl))7 j= m,

paBHomepHo mno ¢t € [l,a], v € Q. obaBum eie, uto paBencra (1.257)
COXpaHAITCs NpU JU(hepeHIIUPOBaHUM N0 Vs, s = 1,m — 1.

CoorHomuenus (1.254), (1.257) u npaBusia mepecueTa HadasbHbIX YCJIOBHH
B TOYKE ¢ = v IPUBOAAT K BBIBOAY, UTO Ha ouepeaHoOM oTpeske o <t < a+ 1
KOMMOHeHTHI peleHus (1.228) ynosnetsopsitoT cucteme (1.212), nonosHeHHOH
Ha4yaJbHbBIMH yCJIOBUSMH

1) 1 1
yj|ta:_a(ﬂ_;_)llﬂd+(ﬂ+l)ln(ko+l— ) — (_55 ) vt
+O(@m ) =T ky; (1.258)
)2 1
yj|t_aa(ﬁ—;)11nd(5+1)1n( — ko) — (5; )1 Vit

+O(dmm =) i =K+ 1,m — 1. (1.259)

Awnanus nonyuusiueiicst sagaun Komwu (1.212), (1.258), (1.259) uaentuuen
M3JI0)KeHHOMY BbIlIe HccaenoBanuio 3anauu (1.212), (1.253): kak u B mpenbl-
LyIIeM caydae, rocJie nepexoia K KoopauHatam h;, j = 1,m — 1, mocpeactsom
anasiornuHbix (1.254) paBencts (B KoTopbix MHOXHTENb (+1)/(a—[F—1) me-
pen In(1/d) samensiercs Ha (8+1)2/(a—B—1)) mast b = (hq, ..., hy_1)" uMeem
ypasHenue Buna (1.255), rae &) caenyer samenuts Ha 0y = (B+1)?/(a—B—1).
[TonuepkHeM, 4TO B CHMJIy HepaBeHCTBA Oy < 1, BBITEKAIOLIEr0 W3 YCJOBHS
(o, B) € Uy, ynomsiHyTOE ypaBHEeHHe perynasipHo 3aBucHT oT d. OTcioma oue-
BUIHBIM 00pa3oM CJelyeT, UTO PaBHOMEpPHO Mo t € [o, o + 1], v € Q umeror
mecto aHajoruynsie (1.254), (1.257) acumnroTdyeckue MpeaCTaBAeHHUs

B+1” 1
(x*ﬂfl d

(6;'_7)1 J_|_O(dnnn (60,1—81,1— (52)) ]: 1>k0§ (1260)

y;(t,v,d) = — +(B+1)In(kg+1—5)—




74 1. PenakcallHOHHbIe aBTOKOJIOAHHSI B CHCTEMAX C OIHHUM 3ana3/ibIBAHHEM

HCRA RN SRS Ch O
a—ﬁ—llnd (B+1)In(j — ko) a—ﬁ—lvj
+O(dmrOol o)) =k Tm — 1, (1.261)

y](tv v, d) =

coxpaHsoluecs npu uddepeHIMpoBaHUU 0 IePEMEHHBIM vy, § = 1,m — 1.

Ha ocraBuemcs otpeske a+ 1 < ¢t < Ty cTasKUBaeMcsi C TOH Ke CHTY-
auued, yto u B caydae 0 < ¢ < 1. CornacHo paBerctsaMm (1.260), (1.261) u
UMITYJbCHBIM COOTHOLUIEHUAM B To4Ke £ = o + 1, 31ecb pacCMOTPEHUIO MOzJIe-
XKUT cuctema (1.212) ¢ HayaJbHBIMH YCJIOBHSIMH

1 .
Yjlt=at1 = (B + l)lna —(a=p—=1)In(ko+1—j) +avj+
+O(@mm Ry = Tk (1.262)

1 .
Yjlt—ar1 = = (B + 1) lng +(a—=p—=1)In(j — ko) + avj+
+ O(@mnCol=0u1=02)y 5 — BT m — 1. (1.263)

Beinosiasist, ganee, B 3agade Komu (1.212), (1.262), (1.263) 3ameHbl

1
yj =B+ 1) In-+h;, j=1kp;

d1 _ (1.264)
y,:—(ﬁ+1)lng+h,, j:]{0+1,m—17 T:diozs(t—a—l).,
rie 03 = [3, mpeo6pasyeM ee K aHasornuHomy (1.230) Bunmy
dh 5 ~
EE:::}ﬁ(h)4—d2*%?EQ(h)4—dLMBE&, h|r—o = 7. (1.265)

3mecb h = (hy,..., hp-1)", BekTOp-pyHKUMKU Hy, k = 1,2,3, Te XKe, 4TO U B
(1.230), a KoMIOHEHTBI BeKTOpa U = (U1, ..., Unm—1)" 3aJAKOTCS PaBEHCTBAMU

Uj=—(a—F—1)In(ko+1—j) + av+
+ O(dmin(du,lfdl.lf&))’ ] _ m;
v =(a—pB—1)In(j — ko) + aw;+
+ O(dnlill(ﬁg.l—éhl—&g))’ 7 _ m

(1.266)

Jlo6aBum emre, 4to 3amada (1.265) paccMaTpuBaeTcss Ha aCUMITOTHYECKH
6oabuiom otpeske 7 € J = [0, (Ty — a — 1)d%].
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HECJIOXKHBIEl aHAMH3 KOTOPOH MPUBOIUT K PABEHCTBY
zy(t,e) = xo(t) + (a+ 1)(cf — ) exp(—u(t —1))eln(1/e) + O(e). (3.62)

Jlo6aBuM elile, 4To Ha caMoM fese dopmynaa (3.62) coxpaHsieTcss U Ha OT-
peske Bpemenu 2+ oy <t < tg+ 1 — oy (IIMHA KOTOPOro B CHJIy HepaBeHCTBa
(3.59) nonoxwuresbua). O60CHOBATH ITOT (PaKT MO3BOJSET TAaK HA3bIBAEMBIN
MeTOJ| IIAroB, CYyTh KOTOPOrO COCTOUT B cjenyiolieM. PazoObeM yKaszaHHbIN
OTPEe30K Ha YacTH JJMHBI He GoJiee eIHHHIBI U HA OYepeHOM IPOMEKYTKe,
OMHUpasich Ha paBeHCTBO (3.62) (y»Ke yCTaHOBJIEHHOE Ha TMPENbIAYIIEeM ydacTKe
U3MeHeHUs t), cHavyaJja mosydaeMm oleHky Buupa (3.60), a satrem pacnpoctpa-
HsieM cooTHoineHue (3.62) Ha mmar Bmepex. $ICHO, UTO OMHCAHHBIA MpPOLECC
MPONOJIZKAETCS 10 TeX Top, moka xo(t — 1) > 0. Tem cambiM paccyxjaas noaoo-
HBIM 00pa3oM, MBI 3aBeIOMO AoGupaeMcsi 10 TOUkH ¢ = ty + 1 — 0. OnHako
B cuy paBeHcTBa xo(tp) = 0 dopmyna (3.62) He MOXKeT ObITb MPUTOLHOH 0
3HayeHusd t = tg + 1.

Hrak, okpecTHOCTb TOUYKU ¢ = ty + 1 TpeOyeT OTAENBHOrO PaCCMOTpPEHHS.
Ilast 5TOr0 HaM MOHAZOOUTCS MOMEHT BPEMEHH © = To(g, ), SBJSIOUMHCS
KOpPHeM ypaBHeHHUs Z,(t,e) = 0 u3 orpeska ty — oy < t < ty+ 0p. 3amMeTum,
fajiee, 4To, MOCKOJNBKY 3TOT OTPE30K COAEP:KUTCS B mpoMmexyTke [1 + o, to +
+ 1 — 0g], TO s OTBICKaHUSI KOpPHSl t = Ty Mbl BIIPaBe BOCIOJb30BATHCS
aCUMITOTHUeCKUM TpeacTtaBieHrneM (3.62) u Beitekatomwum u3 (3.61), (3.62)
COOTHOLIEHHEM

ot ) = do(t) — pla+ 1)(c; —cf ) exp(—p(t —1))eln(1/e) + O(e) < 0,
l+o9g<t<ty+1-—o0y.

B pesysbrate mosyuaem paBHoMepHOe 10 ¢ € S(0g,q1,¢2) aCHMITOTHUECKOE
PaBEeHCTBO

a-+1 n

T =ty + (¢ — ) exp(—pu(to —1))eln(1/e) + O(e). (3.63)

[Tocnenytomue yeTrbIpe 1ara aCHMITOTHYECKOTO aHaIM3a pelleHus z,(t, )
aHaJIOTMYHBl y2Ke PacCMOTPEHHBIM caydasiMm. [103ToMY 3lech MPUBEIEM JHIIb
CBOILKy HUTOTOBBIX peSyJIbTaTOB.

Ha otpeske tg+1—o0y9 <t < 15+ 1— /¢ umeer mecro ananoruuroe (3.37)
ACHMITOTHYECKOE TPECTABJIEHHE

T(t,€) = 2o(t) + (a+ 1)(c7 — ¢f ) exp(—p(t — 1))z In(1/e)+
ciln(to+1—1t)+0(). (3.64)

a+1
+¢€
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siBJsiiolIMecs ciaeactsueM dopmyia (3.55), (3.45), (3.46). CootHotuenus (3.56)
CBUJIETEJIbCTBYIOT O TOM, YTO OTPE30K 1+ 7 — \ﬁ <t<l4+mn+ \E eHCTBH-
TEJIbHO MPEACTABJsET COG0H YU4aCTOK MePeKJI0YEHHs.

Coaienyiolinil aTan CBsi3aH ¢ pacCMOTpeHreM oTpeska 1+71++/e <t <1+
+ 0y, OJaMHa KOTOporo, corsacHo (3.33), MeHblie eAMHHLBL. TakuM 0Gpasom,
3ech QYHKUHSA Ty, (t—1,€) ABNSETCS H3BECTHO: /IS Hee CIpaBeNIMBO aCHMII-
ToTHdeckoe npencrasienne (3.30), B KoTopoM ¢ 3ameHeHo Ha ¢ — 1. A orcrona
¥ U3 cBOHCTB (3.5), B CBOIO 0Yepelb, 3aK/0UaeM, 4To B JaHHOM CJydyae HMeeT
MecTo aHajoruyHas (3.36) acuMmnroTndeckas Gpopmyiia

flz,(t—1,6)/e) =1+ce/(t—=1)+O0(e), 1+7+e<t<1+o0 (3.57)

JanbHeline paccyaeHHs MOBTOPSIIOT MPAKTHYECKU JOCJIOBHO COOTBET-
CTBYIOIIIEE MECTO, TIpelecTByollee paBeHCTBY (3.37). A MMeHHO, MOACTaBUM
cooTHoleHHe (3.57) B npaByto 4acTb ypaBHeHHs (3.8) ¥ HOMONHHM MOJNYYHB-
lIeecsl ypaBHEHHe HayasbHBIM ycaoBHeM (cM. (3.55))

Zlim1ir4ve = 20(1) + VEZo(1+0) + (vo — (a+ 1)¢f /2)eIn(1/e) + O(e).

B pesysnbraTe mocse HeCs0XKHBIX NPeoOpa3oBaHHWN MPHUXOAUM K OYepPenLHOMY
ACHMITOTHUECKOMY MpeICTaBJIEeHHIO

zo(t,e) = xo(t)—e(a+1)cf In(t—1)+(a+1)(c; —c¢f) exp(—p(t—1))eIn(1/e)+
+0(e), 1+n+vVe<t<1+0g (3.58)

Paccmorpum Tenepb otpe3ok BpeMeHH 1+ 0y < t < 2 4 0y, npeanoJaras,
4To

oo < (to—1)/2. (3.59)
Yenoue (3.59) u yKe yCTaHOBJIEHHblE aCUMNTOTHYECKHE (OPMYJbl /s
x,(t,e) Ha oTpeske oy < t < 1+ oy (em. (3.30), (3.37), (3.55), (3.58))
CBHIETENBbCTBYIOT O TOM, YTO 3/1€Ch BBIMONHSETCS] HEPaBEHCTBO

z,(t—1,€) >¢q (3.60)

C HEKOTOPOH yHHBepca/bHOH KoHcTaHTol ¢ > 0. Jlanee, cornacHo cBoHcTBaM
(3.5) ouenka (3.60) Bieuer 3a co6oil aHajsorudHoe (3.57) aCHMMITOTHYECKOE
MpeiCTaBIeHNE

flay(t—1,e)/e) =1+ O(e). (3.61)
Takum o6pasom, B cuay (3.58), (3.61) Ha naHHOM OTpe3Ke U3YUEHHIO MOMJe-
XKUT 3amada Ko Buga

t=—px—a+0(e),

Tlim14a, = 2o(1 4 00) + (a + 1)(cy = ) exp(—poy)eIn(1/e) + O(e),
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M3 Bcero ckasaHHOTO BbILIE CJEAYET, UTO B JAHHOM C/Iyuae Mbl HAXOOUMCS
B YCJIOBUSIX TPUMEHHUMOCTH JieMMbl 1.7. [TosToMy asst KoMmoHeHT h;(T,v,d),
j = 1,m—1, pewenus 3anauu (1.265) paBHOMepHO No 7 € J, v € ) oKa-
3bIBAIOTCSI CIIPABEJIMBBIMU aCHMITTOTHYECKHe Tpencrasienus (1.237), B koTo-
peix yHKIHH AY(T,v) mo-npexHeMy onpenessiotest 13 3agaun Ko (1.234),
(1.235), Ho ¢ yueTom HOBBIX paBeHCTB (1.266). OTciona u us (1.264), (1.240),
(1.250) 3ak/sr0yaem, 4TO paBHOMEPHO MO v € ) BHIMOJHSIOTCS PABEHCTBA

| B4l
nek =In-—In———
y;(To, v, d) n- na—[}—1+
+In(ko+1—7)+0(d?), j=1,kp;
1 B4l
yJ(To,U,d) :—lng‘Flnm— (1267)
—ln(j—k0)+0(d%), j:k0+1,m—1;
gyj (To,v,d) =0(d*), j,s = 1,m — 1, 2 = min(dy, 1 =01, 1 =09, d3).
Vs

[TonBenem mpomexxyTouHbld HUTOT. M3 acumntToTHyeckux pabeHCTB (1.267)
CJIelyeT, 4TO TOCJ/e BhIMoNHEHHs B oToOpaxkenun (1.217) samen

1 — 1 N
zi=ln-+v;, j=1L1ky; 2z =—In-4v;, j=k+1,m—-1, (1.268)

d d
OHO TIpeoOpasyeTcsi K BULY
v—= v +0(d¥), ve=(v],...,05_1)", (1.269)
« +1 N T +1 )
rae v; = —In afiHJrln(koJrlfj), J=1ko;v; =In afibqfltl(jfko),

Jj =ky+1,m—1, a ocTaTOK HMeET YKa3aHHbIH MOPSAAOK MAJOCTU B METDH-
ke C1(Q). Tenepb NpeanooKKUM, UTO BEKTOP ¥, ABJSETCS BHYTPEHHeH TOYKOH
MHoxecTBa (2. Torna, oueBuaHO, oToOpaxenue (1.269) mpu BceX NOCTATOUHO
Masblx d > 0 fonyckaeT 3KCIOHEHLHAJbHO YCTOHUYHMBYIO HEIOABUXKHYIO TOUKY

v(d) = v, +0(d”*), d—0. (1.270)

W nakonel, o6bennHss paBeHctBa (1.268), (1.270), npuxomuM K TpeGyeMbM
cootHotenusm (1.224), (1.225).

B cayuae (a, §) € Uy paccyaeHnsi BO MHOTOM aHAJOTHUHbBI TPUBEAEHHBIM
BhIllle. 37ech B cooTBeTcTBUU ¢ (1.226) momosnnum cuctemy (1.209) navasb-
HBIMH yCJIOBHSIMH
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1 )
yj|t:,0:—(oz—1)lng+vj7 j =1, ko
| | (1.271)
yj|,,:_0:(a71)lng+vj, j=ko+1,m—1,

rae v; = const € R, j =1,m — 1. Jlanee, us paseHcts (1.271) u u3 ummyibc-
HBIX COOTHOLIEHHH B Touyke t = 0 3akJwoyaeM, 4yTo Ha oTpeske 0 < ¢t < 1
paccMoTpeHuio momexut 3anada Komu misi cucremsl (1.212) ¢ HayasbHBIMU
YCJOBUSIMH

—1)2 1 —
Yjli=o = fM In-+ aivj, 7 =1,kg;
a—pF—1 d a-p-1 (1.272)
T k) M S ek S S PE S s R
yjtzo—a_ﬁ_l nd a_ﬁ_lv]-, J = ko , M .
Kak o6biuHO, BbimoiHUM B 3amgade (1.212), (1.272) samens
—1)? 1
Z/jz—(oiﬁ_)lhld‘*‘hj; J =1 k;
“=n (1.273)
S C k) S S Y RS Y Tl s
YiTa—p—1 gt TR '
B pesyabrare nas h = (hy, ..., hy,-1)" 0puxoaum K 3agade Korru
. -1
h=d" 0 H, (h) + d" 0 Hy(h) + d Hs,  hli—y = %v, (1.274)
a—fB—

rie v = (@ —1)?/(a — B —1) < 1 (8 cuny ycaosust (a,8) € Us), a
BeKTOp-PyHKUMKH Hy, k = 1,2, 3, Te xke, uto u B (1.230). OcraeTcst 3aMeTHTh,
4TO MOCKOJMBKY 3anaua (1.274) perynsipHo 3aBUCHT OT mapaMetpa d, TO AJs
KOMIoHeHT hj(t,v,d), j = 1,m — 1 ee pelieHnsi CripaBeNJMBbl PaBHOMEDHBIE
mo ¢t € [0,1], v €  acUMIITOTHYECKHE PaBEHCTBA

a—1

hith o) =S5y

v +0@d'"™), j=Tm-—1, (1.275)

coxpaHswoluecs npu JudpepeHIupoBaHuU 10 v, s = 1,m — 1.
[lpu 1 <t < a B cooTBeTcTBUHU ¢ paBeHcTBamu (1.273), (1.275) u oue-
PEIHBIMM HMIYJbCHBIMH COOTHOIIEHHSIMM paccMaTpuBaem cucremy (1.212),
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Jlyisi BBISIBJIEHHsST aCUMITOTHUECKUX CBOHCTB mpaBoit yactu u3 (3.49) Boc-
MoJIb3yeMcsl BhITEKatIed U3 ycaoBuit (3.5) oleHKo#H
M

_ < _
|f(u1) = flug)] < 1+ min(i, ) |up —ug| Vui,us €R, (3.51)

rue My = sup (1 + u?)|f'(u)| < co. O6benunss Hepaenctso (3.51) ¢ dopmy-
ucR
namu (3.42), (3.45), (3.46), npuxoAuM K BBIBOLY, UTO

max [ .| < Moz, (3.52)
TES (e

rae My > 0 — HeKOTOpasi yHUBepcaJsbHast (He 3aBUCSIAs OT €, () MOCTOSTHHAS.
Jlnsi OLeHKH Ha4a/JbHOTO YCJOBHS 1), noactaBuM B (3.50) siBHOe BbIpa-
xenue 1751 v,(e) (em. (3.40)) m Bocmosbayemcsi cBoiictBamu (3.37), (3.45)
bynkuni x,(t,€), vi(7). B pesynbrate mocse HecMOXKHBIX NpeoOpasoBaHHH

ybexaaemMcsi, 4To
|th,p| < Ms, (3.53)

rie, Kak ¥ B (3.52), M3 > 0 — HeKoTOpasi yHHBepcaabHasi MOCTOSTHHAS.
Jlnist 3aBepieHnsi 060CHOBAHHUS JIEMMbI 0OPaTHMCS K SIBHOMY BBIPAXKEHHIO

T

U =1y exp(—ep(rT +1/ye)) + /l/fexp(w(T —5))1,(s,€)ds  (3.54)

n7st peuienus 3agauu Kouu (3.48). Ilpumenss k (3.54) yxKe yCTaHOBJIEHHbIE
oueHkH (3.52), (3.53), mosydyaeM HepaBeHCTBO

max |v] < My
TeJ(e)

¢ yHHBepcasJbHOH MmocTosiHHOM My > 0. A 3T0, COGCTBEHHO, U O3HAYaeT, uTo
CTpaBeNJIMBO acCUMNTOTHYecKoe npenctabaenue (3.47). Jlemma 3.1 nokasana.

BosBpamasice K HCXOIHOMY pelIeHHIO X, (t,€), 3aMeTHM, 4TO 1JIsi HEero Ha
otpeske Bpemenu 1+ 7 — /e <t <1+ 7 + +/c u3 (3.38), (3.47) BeITeKaer
aCUMITOTHUECKOE PABEHCTBO

1,(t,€) = wo(1) + voe In(1/€) + ev1(7T)[r=(t—r,—1)c + O(e). (3.55)
[IpuBeneMm ele paBeHCTBa

Eolt, )1z = o1 = 0) + O(

. . ’ (3.56)
(2, 5)|t:1+n+ﬁ = d(1 +0) + O(

ko
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BBeneM B paccMOTpeHHe pelieHHe
vi(t) =20(1 —0)7 — (a + 1)/ f(s)ds, T€eR (3.44)
0

ypaBuenusi (3.43) u 3aMeTHM, YTO B CHJIy CBOHCTB (3.D) mJisi Hero mpu 7 —
— +o00 ClipaBeqJIMBbl ACUMIITOTHYECKHE TIPEeNCTaBJACHUSA

vi(1) = 2o(1 = 0)7 — (a+ 1)ey In|7] 4+ O(1),

3.45
%Ii’o(l—())—FO(l/T), T — —00; (3.45)

v1(7) = 29(1 4+ 0)7 — (a + 1)¢f In7 + O(1),

d 3.46
Tt =d0(1+0)+0(1/r), T +oc, (349
.

rie ¢y, ¢; — KOHCTaHTHl U3 passoxkeHui (3.5).

Kak okasbiBaercsi, (GyHKuus (3.44) WrpaeT CylleCTBEHHYIO pOJb MPH
acUMITOTHUeCKOM aHanuse 3amaud Komw (3.39), (3.40). A umenHo, cmpa-
BEIJINBO CJeYIOlee YTBEPKIACHHE.

Jlemma 3.1. /ins pewernus v = vy(1,¢) 3adauu Kowu (3.39), (3.40) ume-
em mecmo pasHomeproe no ¢ € S(oo, q1,q2), T € J(€) acumnmomuueckoe
npedcmasierue

v,(7,€) = voln(1/e) + vi(7) + O(1), (3.47)
ede vy = (a+ 1)cy.

JIOKA3ATEJILCTBO. [lonaras B (3.39), (3.40) v = vgIn(1/e) +v1(7)+0, nas
HaX0KIeHHUs v NpUXOAHWM K 3ajayde Kommu

LY T =1p(r,0), Trmosyye = Y20), (3.48)
rae
o = —en(ton(1/2) + 0i(r)) = (a + Dlf(wolm + e, £)/2) — F(7)], (3.49)

Vo = vy(e) —voIn(1/e) — vi(7)] =1/ 5 (3.50)

YCTaHOBUM 3aTeM HEKOTOpble CBOHCTBA HeonHoponHocTel (3.49), (3.50), Heob-
XONUMBble IJis aHasnu3a 3anadu (3.48).
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OOIOJTHEHHYIO HadaJIbHbIMHU YCJOBHUAMHU

a—1 1 1 ooy
yjh:l:a*/)’fl lngi(x*ﬁ*ﬁ%ﬂrO(dl "), 3 =1 ko;
—1 1 1
hln = =L . (1.276)

a—pF-—1 ng_a—ﬁ—l
+0(d™"), j=k+1L,m—1.

Cnenaem B 3amade (1.212), (1.276) ananoruunsie (1.229) samensl

a—1 1 .
Y= aTho1 hlg+h‘j: J =1, ko;
-1 1 -
yj:_#ﬁ_l hlg—&-hj, j=ko+1,m—1; (1.277)

T=d"t-1), m=0/(a—p-1),

npuBofsiue ee K aHajorndnomy (1.230) Buny

dh
=)+ d*P*1 Hy(h) + d' H,
T 1 (1.278)
hloeg= —— F7 el
‘70 0[—5—1U+O( )7
rie h = (hi,...,hpm-1)". Ocraercsi BOCHOJb30BaThCs JieMMOE1.7, U3 KOTO-

po#i crenyet, 4To AJA KOMIOHeHT h;(7,v,d), j = 1,m — 1, peulenus sanauu
(1.278) paBHomepHo 10 7 € [0, (v — 1)d™ ™|, v € ) BLINOJHSAITCS PaBEHCTBA

hi(r,v,d) = h?(ﬂ’l)) +O(d ),

Oh; onY . o (1.279)
om0 d) = 52T 0) +O(d), s =Tom =T,

rae GyHKIHH hg(T,U) onpepeasitoTes U3 3agaud Koww (1.234), (1.235) mpu

vj=—v;/(a=B—-1),j=1,m—1
O6benunss cootHouenus (1.277), (1.279), npuxomaum K BBIBOAY, UTO

yi(a —0,v,d) :lné —In(a—1)+In(kg+1—j)+
+ O =10y j =T Ry,

yjla—0,v,d) = — lné +In(a—1) —In(j — ko)+ (1.280)
+O(ammI=0m)y G = f - 1,m — 1

dy;
Ov,

(v —0,v,d) =O(d™(=00)y 56 =T m — 1.
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Ortcrofga ¥ M3 UMIYJbCHBIX COOTHOILIEHWH B TOYKE ¢ = < BBITEKAaeT, 4TO Ha
oyepenHoMm oTpeske a <t < a4+ 1 Hago paccmaTtpuBaTh cuctemy (1.212) ¢
HavaJbHbBIMH yCJOBUSMH

1 ko+1—7j
Yili=a =(8 + 1)hlg +(B+1)In %Jr

+ O(dmin(lf’)’oﬁl))’ ] = m,

i—k (1.281)

— Ko

Yjlt=a :*(/)’+1)lngf (B+1)In a71+

L O@@" =)y G = R F Tm = 1
3apaua Komu (1.212), (1.281) nmocse 3amen
1 .
yi = (B+ 1)lna+hj, 7 =1, ko;

(1.282)

1 N
Y = —(ﬁ—l—l)lng—i—hj, j=ko+1,m—-1;
T:d_’m(t_a)7 ’YQZﬁa
B CBOI Ouepelb NpeoOpasyercs K aHajsoruyHo# (1.278) 3anaue

dh )
T HLB) 2 Hh) + A2y, Bl = T+ O™ 00), - (1.283)
~ ~ ~ ~ ko+1—7
rie b= (hi,...,hpm1)", 0 = (01,...,0m1)", U5 = (B + 1)111%

— |~k .
J = Lk v, =—(8+ l)lnj 107 j = ko+1,m—1, a 7 u3MeHsieTcs1 Ha
o —
aCUMMTOTHUECKH OosblioM oTpeske 0 < 7 < d 2.
HertpynHo yBumets, uto k 3anade (1.283) npumenuma jsemma 1.7, a 3HaUwuT,
1151 KOMIOHEHT h;(7,v,d), j = 1,m — 1, ee pellleHHs BBINOJHAIOTCS aHAJIOTH
paBeHcTB (1.237). O6benunss ux c¢ (1.282), ybexnaeMcsi B CnpaBelJMBOCTH

anasornyHbix (1.280) acuMnToTHYECKUX MpeacTaBaeHHH

)

1
yila+1-0,0,d) =ln-+1In(ko +1-j)+
i O(dmin(l—’yo,“/lﬁ’)z))’ j=1,ko;

1
yjla+1—-0,v,d) :—lng—ln(jfko)+ (1.284)
O™y = T Tm = 1

O .
8% (a41—0,v,d) =0(d™370792)) - 56 =T m — 1.
Us
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[ToncraBuM 3ateMm paBeHCTBO (3.36) B mpaByio 4acTh ypaBHeHus (3.8) W 10-
MOJIHMM 3TO ypaBHEHHe HayajbHBIM YCJOBHEM

Tlim1—0y = Tp(1 — 00,€) = 20(1 — 09) + O(e).
HecioxHbiil aHamu3 mosyuuBiiedics 3agadd Kol npuBoAKT K BBIBOLY, YTO
zy(t,e) = xo(t)—e(a+1)e; In(1—t)+0(e), 1—0p <t <147—+/c (3.37)

[TocTpoum Temepb ACHMITOTHKY [0 £ HHTEPECYIOUIEr0 Hac pelleHus
x,(t,€) Ha ydacTKe mepekiiodeHusi 1 + 7 — /e <t < 14 7 + /€, uTo,
Kak ¥ B cJaydae oObIKHOBEHHBIX NH(pdepeHunanbHbiXx ypaBHenui [10], [11],
MpeACTaBJ/IsIeT OCHOBHYH TpyAHOCTb. [IpH paccmaTpuBaeMmbix ¢ GyneM HCKaTh
x,(t,€) B BUIE

x,(t,e) = xo(l) +ev(r,e), 7= (-1 —1)/e. (3.38)

[ToncraBnssi, nanee, cooTHouieHus (3.38) B ypaBHeHue (3.8) W mpuHHMas
BO BHHMaHHe y»Ke H3BeCTHylo MHpopmaumuio 06 z,(t,e) (em. (3.30), (3.35),
(3.37)), nast onpenenenust v(7,e) NpuxoAuM K 3anaue Kourn

d
%HW = ip(1 = 0) — (a + 1) f(zp(r1 +e7 ) e), (3.39)
Olreciyye = vp(e) (@14 71 = VB, ) — (1) /e, (3.40)
rJie 7 MEHSIeTCsl HAa aCUMIITOTHYeCKH GosibliioM otpeske J(e) = [—1/4/e,1//].

Jlnst BBISIBJEHHS CBOHCTB TNpaBoi 4acTW ypaBHeHHs (3.39) passiokum
GyHKUMIO Z,(T1 + £7,¢)/c no popmyne Tefisopa B Touke 7 = 0. B pesyip-
TaTe C y4eTOM PaBEHCTBA Zy,(71,€) = 0 MoJydaeM npeicTaBieHHe

z,(Ti +eT,€) /e = &, (T + €T, €)T, (3.41)

rfie 3HaueHue T TakoBo, uto |T| < |7|. YuursiBas, nanee, B (3.41) acumMnToTH-
ueckue dopmyibl (3.34), (3.35) u oueBuaHyw OUeHKY |T| < 1/4/e, yOexnaem-
¢, 4To

zy(m +eT,e)/e = (1+ O(WVe))r, (3.42)

TJle 0OCTaTOK paBHOMepeH Mo T, . M HakoHell, oACTaBUM coOTHOLIeHHe (3.42)
B (3.39) u nonoxuM £ = 0. B pesysbTaTe NpUXoAUM K MOEJBbHOMY YPaBHEHHIO

B o1 —0) — (a + 1)f(). (3.43)



142 3. PenakcannoHHble aBToKose6aHusT B ceTsix Xongumaaa
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C/lefyeT OTMETHTD, UTO 00JIACTh MPUMEHUMOCTH aCUMITOTHUECKOH (popMy-
qibl (3.30) MOXKHO pacuidpuTh. JledCTBUTENBHO, U3 TEPBOrO aCUMIITOTHUECKOTO
cBOUMCTBa (3.D) BBITEKAET, YTO MPH BBIMOJHEHHWH allPUOPHOTO YCJIOBHUS

z,(t—1e) < —q (3.31)

C HEKOTOPOH yHHMBepcaJbHOH (He 3aBHCsIIEH OT i, €, ¢) TMOCTOSHHOH g > 0
CIpaBe/JIUBO IIpeJcTaByeHHe

ec;

m +O(€2), (332)

F(op(t —1,6) /) =
rae ¢; — KoadduuneHnt us (3.5). IlopcraBnss, nanee, cooTHoueHue (3.32)
B mpaByw uacTh ypaBHeHusi (3.8), mosydaem Tpebyemoe acHMIITOTHUECKOE
paBeHcTBo (3.30). Ocraercst 106aBUTb, 4YTO MOCKOMBKY Zo(t) < 0 mpu ¢ €
€ [—0¢,0), To ouenka (3.31) u npencranenue (3.30) coxpaHSIIOT CHUIY Ha
mo6om otpeske Bupa [1 — oy, 1 — 7|, rie & — MPOU3BOJIBHO (DHUKCHPOBAHHAS
noctosiHHas M3 uHTepBasia (0,min(l,0y)). OnHako nockombky zo(0) = 0, TO
no 3Hauenusi ¢ = 1 paBerctBo (3.30) “n0oTsAHYTL” 3aBEIOMO HEBO3MOXHO.
JLJist peojioJieHusi OMUCAHHOM BhbIllle TPYAHOCTH, MPEroJaras, uTo

o0 < 1/2, (3.33)

IOTOJIHUM Ha oTpeske —oy < t < 1 — gy dopmyny (3.30) BBITEKAOUUM H3
(3.8), (3.32) acumnTOTHYECKUM PaBEHCTBOM

t,(t,e) = @o(t) + O(e) = exp(—put) + O(e) > 0. (3.34)

B pesynprate yGexknaemcsi, uTO Ha NaHHOM OTpe3Ke ypaBHeHHe Z,(t, &) = 0
MMeeT eIHHCTBEHHbIH KopeHb ¢ = Ti(g, ), IpHUYeM PABHOMEPHO IO

1 = O(e). (3.35)

O6patumcs Ternepb K 0uepefiHOMY O0Tpe3Ky BpeMeHH 1—oy < t < 1471—/c.
[Tockosibky B cuay (3.33) ero mJjvHa MeHblle eIMHHILBI, TO MPH YKa3aHHbIX ¢
bynkuns z,(t —1,¢) HaMm u3BecTHa. A UMeHHO, 1JIs1 Hee CrpaBeJMBO aCHMII-
ToTHueckoe paBeHcTBO (3.30), B KoTopoM ¢ cienyeT 3aMeHUTh Ha ¢ — 1. O6b-
eIMHSIS YIIOMSIHYTOe paBeHCTBO ¢ (opmynamu (3.9), (3.35), MpUXOAHM K BbI-
BOLY, UTO B JAHHOM cJjydae BMecTO (3.32) BBINOJHSIETCS aCHMIITOTHYECKOE
TNpeACTaB/eH e

flxp(t—18)/e) =cie/(t—=1)+O0(), 1—0p<t<1l+m—+e (3.36)

Ha sakaqouuntensiom otpeske a+1 < ¢ < Ty, cornacto (1.284) u ummnysbc-
HBIM COOTHOLIEHHUSIM TpU ¢ = «+ 1, nosydaem cucremy (1.212) ¢ HauanbHBIMU
YCJOBUSIMH

1 .
Yjli—ar1 = — (@ — 1) lna —(a—=1D)In(ko+1—j)+aln(a—1)+
+ O(drnill(lﬂo,vmz))’ j =1, ko;
1
liast =(a = D)=+ (@ = 1)n(j = ko) — alnfa — 1)+
+ O(dmin(lf’}’oﬁ/l -,7’2))7 j = m7

KOTOpasi B CHJIy HepaBeHCTBAa « — 1 < 1 (cM. ompenesneHHe MHOXKecCTBa Us)
nocJse 3aMeH

1 S 1 —
yj:—(a—l)lng—i—hj, Jj=1ko; yj:(a—l)lng—i—hj, j=ko+1,m—1,
npeobpasyercs K peryJsipHo 3aBucsiled ot d 3agade Kouu

h=d"H(h) +d " #Hy(h) +dHs, h=(hy,... , hp1)",
Bilicars = —(a — 1) In(ky + 1 — §) + aln(a — 1) + O(d™30m%2)) -5 = T T
hjlizart = (@ = 1) In(j — ko) — aln(a = 1) + O(@™ I 7707192)) | j = Fo1,m—1,

roe 73 = o — 1. OTC}OZ[a O4YeBHIHBIM O6paSOM cJenyeT, 4yTo

yi(To v, d) = — (@ — 1) h% (o= 1)k +1 - j)+
+al(a—1)+0d), j=TTF

(T v, d) =(a — 1)1n$+(a— 1) n(j — ko) (1.285)
—aln(a—1)+0(d), j=ko+1,m—1,;

dy;
v,

(T(),U,d) :O(dy)ﬂ j?s = 17m_17 n = mln(l — 70,71, 72, 1- 73)

Jns okoHuUaHUsi H0Kas3aTesnbCcTBa TeopeMbl 1.6 oOpaTumcsi K Qopmysnam
(1.285) u moBTOpUM BCe pacCyXKieHHs, uayliue nocje paBeHCTB (1.267) u
3aBeplawlye paccMoTpeHue ciaydas (a, ) € U;. B urore yGexnaemcs B
cyuiecTBoBaHUM TpH (v, ) € Uy y otobpaxenust (1.211) ycroiuuBbix Hero-
IBHXKHBIX Touek (1.224) ¢ acumnroruko# (1.226).
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1.3.5. 3akaouunresibHbIE 3aMeYaHUA

B nepByio ouepeinb MOCTABUM BOMPOC, MOXKHO JIM PACLIUPUTL 00/1aCTh
(1.222) wu3meHeHHs mapameTpoB «, (3, B KOTOPOH CYIIECTBYIOT YyCTOHYH-
Bble HeMmoABHKHble ToukH (1.224). B CBSI3W ¢ 3THM TNpeNcTaBUM MHOMXKECTBO
U={(a,p): a>pF+1, §>0} Bcex IONYCTUMbIX NapaMeTPOB B BUJE

U=UUU, UUsUU;UU; UT UT U T3 U Ty, (1286)
rane Uy, U, — obaactu (1.223),

Uy ={(a,8): 28+2<a<(B+1)(B+2), f>0},
Uy ={(a,p): max(2,1+ ) <a<28+2, >0},
Us ={(e,f): T<a<2, (a=1)2—a)<f<a-1},

D= {(@f): a=(B+1(5+2), §>0),
IFo={(a,8): a=26+2, §>0},
Iy={(a,B): B=(a—-1)(2—0a), 1 <a<2}

Fy={(e,B): a=2, 0<p<1}.

[IpuHuumn, mo KOTOpoMy ocyliecTBieHo pa3buenue (1.286) mHoxecTBa U,
coctout B caenytouieM. Pacemorpum cucremy (1.209) mpu m = 2, uMerouyio
BUJL

y = —2dshy,
a—1 Q@
y(+0) = my(—()% y(1+0) =y(1—-0)— po— y(+0),
(1.287)
yla+0) =1+ Byla—0),
a
140) = 1-0)- 2
yla+1+0)=yla+1-0) 1+5y(a+0)7
¥ JIOTIONIHUM €€ HAyaJibHbIM yCJIOBHEM
1
Yli=—o = min(a — 1, 1) lng +wv, v =const €R. (1.288)

Hanee, uepes y(t,v,d) o6o3HauMM pelleHne MosyuuBiiedcs 3agauu Kouru
(1.287), (88), a takxke mosoxuM t; = 0, to = 1, t3 = «a, ty = a + 1. [locJe-
LyIOllee acHMIITOTHYEeCKOe HHTerpupoBanue 3anadu (1.287), (88) mpuBomut K
(hopmyJsiaM BHAA

1
y(ty +0,v,d) :cklnEqLO(l.QOB), d—0, k=14,
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Hanee, nasi npousBosbHOH (QyHKUMH ¢ € S(00,q1,¢2) PACCMOTPUM pelLleHHe
x = x,(t,€), t > —oy ypaBHeHus (3.8) ¢ HauanbHBIM ycjaoBHeM ¢(t), —1 —
— 09 <t < —0p, a yepes t = T, 0003HAYUM BTOPOH MOJOKHMTENbHBIH KOPEHb
ypaBHEHUS

x,(t — 09, €) = 0(—09) (3.26)

(ecnu oH cyuectByet). W HakoHew, 3agagum onepatop Il : S(oo,q1,q2) —
— C[—1 — 0y, —0p] ¢ MOMOLIBIO PaBEHCTBA

I(p) =x,(t+ T, ), —1—09<t<—oy. (3.27)

[Tocnenyromuii nyan geficTBUH TakoB. CHauasa Mbl yCTAHOBUM aCHMIITOTH-
yeckue (QOPMYJbl A5 Ty, (t, €) HA Pa3NIMYHBIX NPOMEXKYTKaX M3MEeHeHHs t, U3
KOTOPBIX OyJeT CJef0BaTh, UTO MPH MOAXOASIIEM BbIOOpE MapaMeTpoB oy, i,
g onepatop (3.27) ompenesien Ha MHOXKecTBe S(0¢, ¢, ¢2) U MpeobpasyeT ero
B ce0s. 3aTeM INpOBeJEeM aHaJHM3 ypaBHEHHs B BapHalMAX Ha NPOU3BOJbHOM
pemeHuH x,(t,€) ¢ HayaJpHBIM ycaoBHeM U3 S(oo, qi, ¢2) ¥ TMoKaxkeM, 4yto II.
SIBJISIETCS COKMMAIOILHM.

3.2.2. Jloka3arejbCTBO CyLIeCTBOBAHMS
peJlaKCallMOHHOT0 LMKJa

[TocTpoeHre aCUMNTOTHKH 10 € QYHKLHH Zy,(t, €) HAYHEM C OTPe3Ka —opy <
<t <1—o0y. CornacHo (3.8) Ha 3TOM oTpe3Ke Z,(t,&) ABAAETCSA PelleHHeM
3agaun Ko

@ =—prt+l=(a+1)f(pt-1)/e), @l=o =0(=00). (3.28)

Janee, onupasicb Ha HepaBeHcTBa U3 (3.25) u cBoiicTBa (3.5), 3aMeuaeM, UTO
paBHOMepHO M0 t € [—oy, 1 — ayl, ¢ € S(00,q1, @)

flo(t —1)/e) = O(e). (3.29)
A orcropa 1 u3 (3.28) oueBUAHBIM 06pPa30M BBIBOAHM, UTO
z,(t,e) = xo(t) + O(e), —0p <t <1— oy, (3.30)

e, HamoMHuM, xo(t) — GyHkuus (3.23). JoGaBumM elile, 4TO 3[€Chb U BO BCEX
AHAJIOTUUHBIX BCTPEUAIOIINXCS HUXKEe aCUMIITOTUYECKHX DABEHCTBAaX OCTATKH
PaBHOMEPHHI 110 ¢, ¢.
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KOTOpOe BCIOJYy HHXKE CUMTaeM BBINOJHEHHBIM, GYHKUHA Z,(t + Tp), —1 —
— 09 <t < —0y, NIPUHAIJIEXKUT BBelleHHOMY paHee MHOxKecTBY (3.11). A 310
3HAYUT, 4TO Ha mpoMmexyTtkax kTy — o <t < (k+ )Ty —o0¢, k = 1,2,...
BeChb OINMCAHHBIH MpOlecC HaxOXKAeHHs Z,(l) TOBTOPSETCS CHOBA M CHOBA.
CrneoBaTenlbHO, TPH BCeX t > —og Kaxjoe pelleHHe ,(f) ¢ HaualbHbIM
ycaoBueM (3.11) coBnamaer ¢ onHOU U TO# ke Tj-TepUOIHYECKON (HYHKLHeH
x0(t), nas koropo# B cuay (3.14) — (3.21) crnpaBenJsiiBb paBeHCTBA

7\ \/\ i\ i\ !

Puc. 3.1.
0(t) mpu 0 <t <1,
xo(t) = ¢ O(1) exp(—p(t —1)) —ab(t —1) mpul <t <ty+1, (3.23)
e(f—To) npu fo-‘r—lStST()

['pacuk stoit pyHkuuu npu a = 2, = 0.8 nokasas Ha puc. 3.1.
[TepeiimeM K BOIpOCY O CBfI3U MeXKIY TePUOTMYECKUMH pelleHUsMH ypaB-
nenuit (3.8) u (3.10). CnpaBensiuBo ciaenyoliee yTBEPKACHUE.

Teopema 3.1. Haiidemca makoe docmamouno maroe €y > 0, umo npu ecex
0 < e < gy ypasnerue (3.8) umeem edurHcmseHrHbili OpOUMANLHO IKCNO-
HEeHYUANbHO yemouuusolli yuka .(t, ), x.(—oo,€) = 0(—0op) nepuoda T,(e),
ydosaemeoparOwULL NpedesbHbiM PABEHCMBAM
Cli_r)% oglg%{i(g) |z (t,€) — x0(t)| = 0, gijI%)T*(a) =Ty. (3.24)
JloxasaTesnbCTBO CHOPMYTHPOBAHHON TEOPEMbI, PUBOJsILIEECS HUXKE, ONHU-
paeTcst Ha HEKOTOpble NOIMOJHHUTeNbHble KOHCTPYKUUH. [/ UX omucaHUs Ha-
psiy ¢ KOHCTAHTOH 0, MOAYMHEHHOH ycaoBHIo (3.22), PUKCHPYeM MOCTOSTHHbBIE
q > —0(—09), 0 < ga < —0(—0¢) u o6o3uaunm uepes S(oo, q1,q2) C C[—1 —
— 09, —0(] 3aMKHYTO€, OrpaHMYEHHOE U BBINYKJ0€ MHOXeCTBO BDYHKLHH (1),
YIOBJIETBOPSIIOIIUX TPeOOBAHUSIM

—q < p(t) < —qo,  @(—00) = 0(—00). (3.25)
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TJe ¢, — HEKOTOpble KOHCTaHThl. Kak okasbiBaeTcs, HEpaBEHCTBA # 1 Bblze-
JAI0T B U NATb CBA3HBIX mofobJaactelt Uy, s = 1,5, pa3neseHHbIX IPaHUUHBIMU
MHOXkecTBaMH [y, s = 1, 4.

Pasouenwue (1.286), BbioNHEHHOE IJIsT Caydast m = 2, OCTaeTCsl aKTyaJb-
HbIM IpH J1060oM m > 2. Mcnonb3yst pasButyio B 1. 1.3.4 MeTOIHKY, MOKHO
10Ka3ath, uTo npH («, 5) € UsUUUU5 yTBepKaeHHe TeopeMbl 1.6 coxpaHseT-
cst, mpuueM npu (v, §) € UsUUy 1J1st yCTORUYMBBIX HEMOABHKHBIX Touek (1.224)
cripaBensiuBbl paBeHctBa (1.225), a npu (a, 3) € Us — pasenctsa (1.226).

Bonpoc o npomexyrounod nuHamuke cucteMbl (1.203) mpu mocremneHHOM
yMeHbILIEHHH TapameTpa d B 00lLIeM cjydae ocTaeTcsi OTKPBITHIM. OTBeT Ha
Hero yaaeTcs MOJNYUUTb TOJNBbKO MPU m = 2, T.e. JJs TaK Ha3blBaeMoH OHUJIO-
KaJIbHOH MoIeJsu

Ck

1%1 =d(uy —u1) + A[=1 4 af(ui(t — 1)) = Bg(ur)]us,

Ug = d(ul - UQ) + )\[71 —+ Oéf(’lLQ(t _ 1)) _ ﬁg(UQ)]Uz (1289)

CBsizaHO 3TO C TeM, 4TO NpU m = 2 Bce (urypupyoiine B (1.217) onepartopsl
MOTYT OBITb 3alMHCaHbl SIBHO, MOCKOJbKY 3I€Ch

1+ th(z/2) exp(—2dt)
T T th(2/2) exp(—2dt)’

Pl(z) =1 teR. (1.290)

Hcnoabsys dopmynsl (1.216), (1.217), (90), HeTpynHO yOenUThCs B TOM,
uto cKajsipHas QyHkuusi $g(z) obianaer cBoHCTBAMH

Dy(—2) = —Dp(2), Pp(z) >0 Vze (0,+00), liI+n Dp(z) = Do > 0.
Z—+00
OO6paTuM BHHMaHHe Ha TO, UTO HedeTHOCTb (PyHKUHU Py(z) oOyc/oB/IeHa HH-
BapHaHTHOCTbI0 MCXOAHOU cucTeMbl (89) MO OTHOLIEHHIO K MPe0OpPa3s0BaAHHIO
KOOpIHHAT
U —> Uy, Uy —> Uj. (1.291)

XapakTepHast 0co0eHHOCTb oToOpaxkeHusi (1.217) B omHOMepHOM ciydae
3aKJ/04aeTcs B TOM, YTO NPHU YMEeHbLIEHUM MapameTpa d Ha ero MHBapHaHT-
HOM MHOxecTBe IR, mnpoucxonuT OUdypKaLus pPOXKIEHHS Napbl HENOABHK-
HBIX TOYEK — YCTOHUMBOH W HeycToHuuMBOH. HarssipgHoe npexncraBieHue 00
3TOM mnpouecce pawT rpapuku (GyHkuun Po(z) npu a = 1.1, §=0.05 u
npu d=0.05, 0.0435, 0.03, mocTpoeHHble ¢ nomouibo Gopmya (1.216), (1.217),
(90) nHa oTpeske 0 < z < 0.6 (cm. puc. 1.3-1.5). 3ameTtum, nanee, 4TO B CH-
Jy cBoicTBa HeueTHOCTH Py(z) yCTOHUYMBOH M HeyCTOHUMBOH HENOABHMKHBEIM
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ToykaM K3 R, OTBeYaloT aHaJOTHYHblE CUMMETPHYHO PACIOJIOXKEHHbIE Hero-
ABIXKHBIE TOYKH M3 R_, a BCeM MM B HCXOIHOH peJiakcaluoHHo# cucteme (89)
COOTBETCTBYIOT [Be Mapbl LHKJIOB TOH Ke yCTOMYHUBOCTH, MEPeXOIsiliye ApyT
B Ipyra B pesysbrare 3amensl (91).

0.6 0.6 0.6
05 05 05
0.4 0.4 0.4
03 0.3 03
0.2 0.2 0.2
0.1 0.1 0.1
% 0z 04 o6 % oz oz o % oz oz 06
Puc. 1.3.d = 0.05 Puc. 1.4.d = 0.0435 Puc. 1.5.d =0.03

5
Wrak, npu ¢ukcupoBanubix (a, 5) € |J Uy ¥ mpu 10CTATOYHO MasbixX d > 0
k=1

cucrema (89) vMeeT TPH YCTOUYMBBLIX LMKJA — OJNHOPOMIHbIH M 1BA HEONHOPO-
Hoix. Hekoropoe mnpencraBjieHHe O pesaKCalMOHHBIX CBOHCTBAX MOCAEIHHX
naer puc. 1.6, Ha KOTOpOM H300pakeHbl rpaUKH Ha MJOCKOCTH (t,u) KOM-
noHeHT wu(t), ug(t) omHoro us mux mpu f = g = (u+1)/(u® + 1), A = 3,
a =3, =1,d=0.03 (cujowHo# uHHeHd n30o0paxkeHa GpyHKuUUs ui(t), a
LITPUXOBOH — us(t)).
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Puc. 1.6.

B saxksiouenue riaBbl oTMeTuM, uto B cucteMe (1.203) nabnromaercss us-
BecTHBIE (heHomeHn Oydeproctu [15, 16], mpencraBisiionidii co60d OTUH M3
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T. €. MOCPEACTBOM PaBEHCTBA
z,(t) = 0(1) exp(—p(t — 1)) —ab(t —1). (3.16)

B cBoio ouepenb, cootHouenus (3.15), (3.16) ocratorcs B cune, noka x,(t —
— 1) > (, T.e. 10 OUepeHOrO MOMEHTA MepekJ/roueHus t =ty + 1, roe ¢y > 1
— KOpeHb ypaBHEHHS

O(1) exp(—p(t —1)) —af(t = 1) =0,

3a/a0LKACS PaBEHCTBOM
1 1
to=1+—1In |1+ (1 —exp(—p))|. (3.17)
w a

[pu t >ty + 1 umeeM meJio ¢ aHajoruuHoi (3.13) sanaueit Komn
t=—-pr+1, x|zt =0(1)exp(—pty) — ab(ty), (3.18)
a 3HAUMT, CIpaBeNJIMBO aHajoruuHoe (3.14) paBeHCTBO
2,(t) = [0(1) exp(—puto) — ab(to)] exp(—pu(t —to — 1)) + 0(t —to — 1). (3.19)

Yro ke Kacaetcsi cooTHouleHu# (3.18), (3.19), To OHH COXpaHSIOT CHJY TPH
anpHOPHOM YCJIOBUH Z,(t — 1) < 0, T.e. 10 CJeLYIONIero MOMEeHTa MepeKJioye-
Hus t =Ty + 1, roe t =1 — KOpeHb ypaBHEHHs

[0(1) exp(—pto) — ab(to)] exp(—p(t —to — 1)) + 0(t —to — 1) = 0.
HecnokHBIH MOACYeT MoOKasblBaeT, UTO /IS STOTO KOPHS CIpaBelJsHBa sBHAs
hopmy.ia

1
To=to+ 1+ m In[1 4+ a (1 —exp(—u))]. (3.20)
OTMeTHM ellle, YTO MocJe HaxoxaeHus Ty paBeHcTBo (3.19) mpeoGpasyercs K
6osiee KOMITAKTHOMY BHLY

w(t) = 0(t — Ty). (3.21)

PacriopsinuMcsi Terepb MMEIOIIMMCS B 3arace CBOGOAHBIM [apaMeTpoM oy
(cm. (3.11)). V3 mpomesiaHHBIX Bbllle MOCTPOEHHH CJIEAYET, YTO MPH YCJIOBHU

oy <Ty—1ty—1, (322)
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u = Ar. YKazaHHasi 3aMeHa mpeoOpasyeT HHTepecylollee HAaC ypaBHeHHE K
BULY
t=—pr+1—(a+1)f(z(t—1)/e), (3.8)

rae € = 1/A < 1. danee, u3 cBoiict (3.5) dyHKuuK f(u) BbITEKAET, UTO

0 mpuzx <0,

lim f(z/e) = F(z), F(z)= (3.9)

1 mpuz>0.

PageHcTBa (3.9), B cBOW0 ouepelb, MO3BOJSIOT MepedTH OT (3.8) K HU3yueHHIO
MPeNesbHOr0 pesiefHOr0 ypaBHEHHUsI C 3ala3ibiBaHHUeM

t=—-pr+1—(a+1)F(z(t-1)). (3.10)

Kak u B pa6orax [13], [18], [20], mousitue pemenusi ypasuenusi (3.10)
orpelesiMM KOHCTPYKTHBHO. B cB3M ¢ 3TUM (UKCHpyeM HEKOTOpoe aoCTa-
TOUHO Majioe og > 0 (OLEHKa CBepxXy Ha 3TOT mapamerp OyHeT yTOUHEeHA B
MOCJIeAYIOIEM), PACCMOTPHUM MHOXKECTBO (DYHKIIHi

p(t) € C[—=1 =0y, —0o0], p(t) <0
Vi€ [-1—00,—00], w(—09)=0(—0y), (3.11)

rie
0(t) = (1 — exp(—pt))/n, (3.12)
1 0003HaUUM uepe3 z,(t), t > —oy, pelrenne ypaBHeHHs (3.10) ¢ npousBosb-
HOM HauaJbHOH (pyHKuMeH (3.11).
O6patumesi cHayana K OTpesky t € [—og,1 — og] U 3aMeTum, 4TO Mpu
yKa3aHHBIX t BbIMOJHseTCsE HepaBeHCTBO ¢(t — 1) < 0. [lostomy Ha maHHOM
pOMeXKyTKe BDeMEeHH pellleHHe T, (t) coBnajgaeT ¢ pelleHHeM 3aauu Koun

t=—-pr+1, z|ie—y, =0(—0p) (3.13)

|, CJIeI0BATEJbHO,
z,(t) = 6(1), (3.14)
rae 0(t) — dpynkuus (3.12). dcHo takxe, uto dopmyna (3.14) coxpaHsercs 10
TeX 1op, noka z,(t —1) < 0. Tem cambIM OHa crpaBeN/IMBa Ha MOJyHHTepBAJIE
—og <t <1
[Tpu ¢t = 1 mepBHIH pa3 MPOUCXOAUT TMepekJIoYeHHe U mpu ¢ > 1 peruenwe
x,(t) onpenensercs yxe u3 3anadu Komwu

T=—-pr—a, x| =0(1), (3.15)
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(byHIaMeHTaNbHbIX 3aKOHOB (PYHKIIMOHHUPOBaHUsI HeJnHelHoro Mupa. O6 3ToM
(beHOMEHE TPHUHSITO TOBOPHUTh, KOTAA B HEKOTOPOH CHCTEME IMPH MOAXOASIIEM
BbIOOpE MapaMeTpoB peasiu3yercs J000e Halepes 3aJaHHOe KOHEUHOe UYKCJIO0
ONHOTHITHBIX aTTPAaKTOPOB (I[MKJIOB, HMHBAPHAHTHBIX TOPOB H T.[.). B Hamiem
cayuae B cuay Teopem 1.5, 1.6 mpu corsiacoBaHHOM YBeJMUYEHHU KOJHUECTBA
ocuusaTopoB B Henouke (1.203) U yMeHbIlIeHHH apamMeTpa CBsi3d d MPOUCXO0-
JMT HeOrpaHHUeHHOE HAaKallJIMBaHHe YCTOMUMBBIX ABTOBOJIHOBBIX MepHOLMYE-
CKUX IBMKeHHH. C 6M0QU3HNUeCKOl TOUKH 3peHUs Haanuue B cucteme (1.203)
GOJIbLIOr0 YKC/A PA3JMUYHBIX ATTPAKTOPOB BIIOJHE 3aKOHOMEPHO, MOCKOJbKY
Gy(epHOCTb OTpaxkaeT peasbHYI CHTYAllMIO, KOTa B HEOKOPTEKCe yesioBeye-
CKOTO MO3Ta MHOXECTBO KOHLEMIUHUHA U el KOHKYPUPYIOT APYT C APYroM 3a
JIOMUHHPOBAHHE.



In1aBa 2.

UccaengoBanue
peJaKCalMOHHbIX
aBTOKOJIeOAHUH B cJy4dae
ABYX 3aras3ablBAHUU

2.1. MoneaupoBanue bursting-agpdekra
B HEHPOHHBIX CHUCTeMax

Bo BTOpo#l ryiaBe paccMaTpuBaeTCs CHHTYJASPHO BO3MYILEHHOE ypaBHEHHE
(0.11) ¢ mByMs 3ama3obIBaHHUSMH H CHTEMbl CBSI3aHHBIX ypaBHEHHH TaKOTo
tuna. Kak yxe oTMeuasoch BO BBeleHHH, BTOpOe 3alasfiblBaHHe BBOLUTCS B
ypasHeHue (0.1) ¢ Lesblo MOIEMPOBAHHKS HA €r0 OCHOBE H3BECTHOrO (heHOoMe-
Ha "bursting behavior”. B nepsom naparpade rsnaBbl yCTaHOBJIEHO CYIIECTBO-
BaHWe Yy 3TOr0 ypaBHEHHs NPHU MOAXOAsLIEeM BbIOOpe MapaMeTpPoB YCTOHYM-
BOTO [EPUOJMYECKOr0 IBHKEHHS C JIO0ObIM Hamepen 3afaHHBIM KOJIHYeCTBOM
BCILJIECKOB Ha OTpe3Ke BpeMeHU [JIMHBI Nepuona. Bo BTopom naparpade ycra-
HaBJIMBAETCS, YTO B OJHOMEPHOH Lienouke AHU((Y3UOHHO CBS3AHHBIX OCLUJIISA-
TOPOB TAaKOr'0 THMa HabG/I01aeTCsi U3BECTHOE siBJeHHe OydepHOCTH. A HMeHHO,
[pY COIVIACOBAHHOM YBEJMYEHHH UHCJA 3BEHbEB LENOYKH U yMEeHbLIEHHH KO-
s(ppunrenta 1UPPy3ud NPOUCXOAUT HEOTPAaHHUUEHHBIH POCT KOJUUecTBa ee
COCYLLECTBYIOUIUX YCTOMYMBBIX MMEPUOANYECKUX NBUKEHHUH.
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MpOLIeCCHl B HeFpoHe MPOUCXOASAT ObcTpo). UTo Ke KacaeTcs HeNMHEHHOCTH

f(u) € C*(R), T0 A1 Hee B COOTBETCTBUM ¢ TpeGoBaHUsIMH (3.2) Oymem
CUMTATH BBINOJNHEHHBIMH aCHMIITOTHYECKHE PAaBEHCTBA

(o] C_ 0 +

flu) = E JF TP U= —0o, flu)y=1+ E —- mpu u — +00. (3.9)

k=1 k=1

[Ipennosiaraem Tak»ke, UTo MpeacTaBjeHus (3.5) ocTaTcs B cUJje Mpu audde-
PEeHLUPOBAHMH N0 v JI000e Yucjo pas. [Ipumepamu Takod (YHKLUHH SBJSAIOTCS
f(u) = (arctgu+7/2) /7 u f(u) = (u/Vu?+1+1)/2.

[Tpu chopMynHUPOBAHHBIX YCJIOBHSIX HAMU HCCJENYIOTCS BOMPOCH O CYIle-
CTBOBaHUH, aCUMIITOTHKe U YCTOHUUBOCTH y ypaBHeHHs (3.4) pesakcalMoHHO-
TO MepPHUOTUYECKOTO JBHKEHHS.

2) Usyuaercs Takxe Lenouka U3 m, m > 3, ONHOHAMPABJEHHO CBSI3aHHbIX
B KOJIbLIO HeHpoHOB Xomn(u/aa, onuChIBAIOLIAACS CUCTEMOH ypaBHEHUH

;= —pu;+ A1 —(a+1)f(uj(t —1)) —bg(u;—1)], 7=1,...,m. (3.6)

3mech uy = uy,, napamerpsl i, a, A U QyHkuus f(u) Te xke, uto U B (3.4),
b = const > 0, a pia GyHkuun g(u) € C(R) crnpaBenUBbl aHAJOTHUHbIE
(3.5) acummnToTHYECKHE MPEACTABIEHHUS

9] — o] d+
g(u) = Z 17]2 npu u — —oo, g(u) =1+ Z u—’Z npu u — +oo, (3.7)
k=1 k=1

coxpaHsiiolIye cuay nociae nuddepeHIUpPoBaHUs 10 u J06oe yucyao pas. [lo-
Ka3bIBAeTCsl, YTO MPH MOAXOISIIEM BbIOOpE MapaMeTpoB fi, a, b W TPHU BCEX
A > 1 B cucreme (3.6) MOXKeT cocylIecTBOBaTh J060e Hamepesn 3afiaHHOE KO-
HEYHOEe YMCJIO YCTOHYMBBIX PeJaKCAlMOHHBIX LHUKI0B. IHBIMU CJI0BaMH, B Hel
peanusyeTcsi U3BeCTHBIE (heHoMeH OydepHoctu (cm. [15], [16]).

3.2. PenakcannoHHbIe aBTOKOJIeOaHUH
B MaTe€eMaTH4YeCKOHU MOIEJH
OTAEJbHOr0 HelpoHa

3.2.1. Onucanue pesynbrata

[Ipyn ucc/enoBaHUM BOMPOCA O CYIIECTBOBAHHHM M YCTOHYHBOCTH y YpaB-
Henust (3.4) pesakcalHOHHBIX aBTOKOJEOAHUE ymOOHO CHesaTbh B HEM 3aMeHy
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HeJII/IHteIHbIX 2JIEMEHTOB, TAKOBbI, UTO
Jim fi(u) =0, T fi(u) = 1. (3.2)

JloctaTouHo moppoOHOe omUcaHHe CBOUCTB 3TOH CHUCTEMBI, a TaKKe €€ BbIBOJ
MOXKHO HadTu B MoHorpaduu [30].

Agtop paboTsl [29] Hcxoana U3 NOMyLIEHHs, UTO BCe 3JEMEHTbl CETH OKa-
3bIBAIOT APYT Ha JApyra MrHoBeHHoe Bo3felicTBHe. OfHAKO B peasbHOCTH B3a-
UMOJIEHCTBHE HEHPOHOB MPOUCXOAUT C HEKOTOPBIMU 3aMa3fblBAHUAMHU IO Bpe-
MeHH, 00yCJIOBJI€HHBIMU, HalIpUMep, KOHEUHOH CKOPOCTbIO MepeKJIIoUeHHsl YCU-
JUTeNed B 3J1eKTPUUeCKOH HeHPOHHOH CeTH UJIM KOHEYHOH CKOPOCTBIO pacmlpo-
CTpaHeHHsl CUTHaJa B OUOJIOTMYECKHX ceTsiX. TakuM 06pa3oM, NpecTaBsieTcs
BIIOJIHE OCMBICJIEHHBIM MEePeXOof OT CHCTeMbl (3.1) K COOTBETCTBYIOLIEH CHCTe-
Me AuddepeHIHaNbHO-PA3HOCTHBIX YPaBHEHUH

’l'I,j = —H;U; + Zaijfi(uz-(t — sij)) + Ij, ] = ]., ey (33)

i=1

rae s;; = const > 0. BriepBble Taxoil nepexoyn GbL1 ocylecTBJeH B cTaTbe [31]
¥ B MocJenymioleM Kak cama cuctema (3.3), Tak U HEKOTOpble ee MOIU(H-
Kalli¥ H3ydajuChb MHOTHMH aBTopaMu (cM., Hampumep, padotsl [32-37] u
comepaaliyrocss B Hux Oubsauorpaduio). Kak mnpaBuso, BO BCeX 3THX CTa-
ThSIX PACCMATPUBAJIMCh BOMPOCH 00 YCTOHYMBOCTH COCTOSIHUSI PABHOBECHS U
0 BO3HMKHOBEHHMH He3aTyXalolMX aBTOKOJeOaHUH B pesyibTaTe GuypKaluu
Annponosa-Xornda.

B naHHO# ryiaBe B OTJMUYHE OT YMOMSIHYTBIX Bhillle paboT aHaJH3y MofJe-
JKaT He TapMOHHMYECKHe, a peJlaKCallMOHHble aBTOKOJe0aHus B ceTsix XonduJ-
na. TouHee roBopsi, pe3y/nbTaTbl NaHHOW IJIaBbl, KaK W ABYX MpPEeAbIIYLIHX,
SIBJISIIOTCSL TPOMOJIXKeHHeM Lukaa nybaukauui [12, 13, 17-20], cBa3aHHBIX ¢
MepeHOCOM Ha ypaBHEHHs C 3aMa3/blBaHHEM M3BECTHBIX aCHMITOTHUECKUX Me-
tonoB A.A. loponuuusina, JI. C. Ioutpsiruna u E. ®. Mumenko [10], [11].
B pamkax 3Toil nmporpaMmbl 15 ceteil Xonduana U3ydanTcs caelyollne 1Be
KOHKpETHbIe 3a/1auH.

1) PaccmaTpuBaeTcst MaTeMaTHueckasi MOIeJNb OTHOEJNbHOTO HeHpOoHa
Xonduana, noayvarasics w3 (3.3) npu m = 1. [locse COOTBETCTBYIOIIHX
HOPMUPOBOK TMEePEMEHHBIX ¢, u W MapaMeTPOB OHA 3aMUCHIBAETCS B BHIE

U=—pu+A1—(a+1)f(u(t—1))]. (3.4)

3nece p = const > 0, a = const > 0, a mapamerp A > 0 mpexnmnosaraercs
GosblinM (¢ OHO(U3HUeCKOH TOYKH 3PEHHSI 3TO 03HAYAaeT, YTO JIEKTPHUUECKHE
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2.1.1. BBenenue

K HacrosilieMy BpeMeHH MPOBeleHa LeJsasi CepHsi HCCJAeNOBaHHE (cM.
[12,17,18,20]), cBsizaHHBIX C MEPEHOCOM Ha ypaBHEHHMs C 3anasablBaHHEM
M3BECTHBIX acHMNTOTHUecKHX MeTonoB A. A. Jlopoxnuusiza, JI. C. [ToHTpsiru-
Ha u E. ®. Mumenko [10], [11]. K ykazaHHOH 06/JacT¥ OTHOCHTCS M JaHHas
rnaBa. O6BbEKTOM aHasn3a B Hell CIYXKHT CHHTYJSPHO BO3MYLIEHHOE CKaJsp-
Hoe HesuHedHOe muddeperunasbHo-pasHocTHoe ypashenue (0.11), momenu-
pyIolllee 3JeKTPUUECKYI0 aKTHBHOCTb OTHEJNBHOTO HelipoHa. PaccmarpuBatoTcs
BOMPOCHI O CYIIECTBOBAHUU U YCTOHUHMBOCTH Yy 3TOTO ypaBHEHHs pesiaKcalu-
OHHOTO LIHMKJIA CO CIlelUaJbHBIMU CBOMCTBAMH, O KOTOPBIX CKaXKeM HHKe.

Kak n3BecTHO, 17151 aBTOKOJIeGATEbHBIX TIPOLECCOB B HEHPOHHBIX CUCTEMAX
XapaKTepHO YepeloBaHHe MAKETOB UMIYJIbCOB (HAaGOPOB M3 HECKONBKUX TMOM-
Pl MAYLIIUX WHTEHCHBHBIX BCILJIECKOB) C OTHOCHUTEJBHO CHOKOMHBIMU y4YacT-
KaMH M3MeHeHHsI MeMOpaHHBIX MOTEHIMAaNOB. YKa3aHHBIH (JeHOMEH B aHTJIO-
SI3bIYHON JIMTepaType MOJYy4MJ HasBaHHe ~bursting behavior”, uro mocsoBHO
03HayaeT "B3pbiBHOe MoBeleHue”. HuxKe 3a HerMMeHHEM MOAXOASLIETO PYyCCKO-
ro 5KBUBajeHTa OyfeM HCIoNb30BaTh TepMUH “bursting-sddexr”.

Hccenenosanuto bursting-addexra mocssilleHa A0CTaTOYHO OOIIMPHAS JH-
Tepatypa (cM., Hampumep, paboThl [3,4,21-23] u uMeroILyI0CST B HUX GHOJIHO-
rpaduio). Kax npaBuso, misi MaTeMaTHUeCKOTO MOIEJNHPOBAHHUS 3TOTO dPdeK-
Ta TIPUBJIEKAIOTCS CUHTY/SPHO BO3MYILIEHHbIE CHCTEMBI OOBIKHOBEHHBIX TU((e-
pPeHUHAbHBIX YPaBHEHHH ¢ IBYMS ObBICTPHIMH ¥ OJHOH MeJJIeHHOH MepeMeHHbI-
MH, B KOTOPBIX MpPH OMNpeleseHHbIX YCAOBUSIX MOTYT CYLIECTBOBATh YCTOHUH-
Bble bursting-nuxJ/bl (mepronndeckue ABHKeHHUs ¢ bursting-adpdexkTom). Mel
JKe TpelJsiaraeM NPUHIHUITHANBHO HHON MOAXOM K pelleHHI0 NaHHOH NpobJeMbl,
CBSI3aHHBI C BBeJEHUEM 3ala3/blBaHUN M0 BPeMEHH.

B kayecTBe MaTeMaTHUeCKOH MOJENH OTHEJNbHOTO HeHpOoHAa BO3bMeM
i pepeHnnanpHo-pasHocTHoe ypaBHeHHe (0.11), cmoco6 mosydeHHsT KOTO-
poro MpUBEJIeH BO BeeHUH K NAHHOW KHUTe. BhiMuileM 3/ech 3TO ypaBHEHHe
U KacarollMecs ero npeanosoxeHns 3aHOBO.

i = ALf(ut = b)) = glu(t — 1))]u. @.1)

Kak u panee u(t) > 0 — MeMOpaHHbIH MOTeHLMa HelpoHa, napamerp A > 0,
XapaKTepPU3YOLUIMH CKOPOCTh MPOTEKAHHS IJEKTPUUECKUX MPOLECCOB B CH-
cTeMe, MpearnosaraeTcsi GOJBIIMM, a mapametp h (UKCUPOBAH W TpHHAJJe-
xut uHTepBany (0,1). OtHocurensHo Gurypupymonx B (2.1) dyukuui f(u),
g(u) € CYRy), Ry = {u € R : u > 0}, npeanosaraem, 4yto OHK 06/IAAAIOT



86 2. PestakcalimoHHble aBTOKOJIEOAHHUSI B CJy4dae JABYX 3ana3ibIBaHUH

u

Puc. 2.1.

CBOHCTBaMHU:

FO =1 0) =05 f(u) =~ O/, uf'w) = OC /). oo

g(u) = by + O(1/u), ug'(u) =O(1/u) npu u — +oo, '
rae ag, by — MOJNOKHUTE/IbHBIE KOHCTAHTH. TUIIOBBIMH TIPHMEPaMH TaKUX (yHK-
LHUH SABJSIOTCS

fluw)=010—-u)/(1+cu), gu)=cou/(1+u), c1,co =const>0. (2.3)

Haiu ocHoBHO# pesy/abTaT cOCTOMT B cieayioiieM. [lo moGomy (UKCHpo-
BaHHOMY HAaTypajJbHOMY n MOXHO Tak mnonobpartb (urypupywomme B (2.1),
(2.2) mapametpwl h, ag, by, 4TO TPH BCeX MOCTATOUHO OOJBIIHX A ypas-
HeHue (2.1) Oymer UMeTb IKCMOHEHLHANbHO OpPOMUTANBHO YCTOHUMBBIH LMKJ
u = u,(t, \) nepuona T.(A), rne Ti(\) IpH A — 0O CTPEMHUTCS K HEKOTOPOMY
KoHeyHoMy mpegeny T, > 0. Cama ke QyHKUHS u.(t, \) HAa OTpe3ke BpeMeHH
JUTHBL TI€PHOfia JOMYCKAeT POBHO n MOAPSA MAYLUIMX aCHMITOTHUECKH BBICO-
Kux (mopsinka exp(Ah)) BemseckoB mpomosmxutensHoctd At = (1 + 1/ap)h,
a BCe OCTajibHOe BpeMsi OHa aCHMIITOTHYECKH Masa. VHBIMH c/oBaMH, MpH
yKa3aHHOM BbiGope mapaMeTpoB h, ag, by peanusyercs bursting-addexr.

HarssinHoe npenctaBiieHye 0 pesiakCallMOHHBIX CBOHCTBax bursting-iux.ia
ux(t, \) naer ero rpadguk Ha maockoctd (t,u) (cum. puc. 2.1), MOCTpPOEHHBIE B
macuitade 25 : 1 pas caydas h = 1/26, A = 130 u aas ¢ysxunit (2.3) npu
Ccl = 05, Cy = 4.

I'naBa 3.

PenakcauvoHHbIE
ABTOKOJIe0aHUS B CeTaX
Xon¢gwuaga ¢ 3ana3gbiBaHUEM

B naHHO# rsaBe paccMaTpuBalOTCS Be MOIEJH, OfHA M3 KOTOPbIX Mpel-
CTaBJ/sieT COOOH CUHIYJ/ISPHO BO3MYLLEHHOe HesuHelHoe AuddepeHLHasbHO-
PasHOCTHOE YpaBHEHHWE C 3araslblBAHHEM, SIBJSIOIIEECS MaTeMaTHUECKOH MO-
JeJIbI0 OTHENbHOro HellpoHa Xonduiaa, a BTopasi COCTOMT U3 CBSI3aHHBIX YpaB-
HEeHUH NAHHOrO TUMA W MOAEeJHpYeT (PYHKIUOHHPOBAHME KOJIbLIEBOH CETH U3
Tpex U 0oJjiee ONHOHAMNPABJEHHO CBA3aHHBIX HeHpoHOB. OCHOBHAs yacTb IJa-
Bbl IOCBSILIEHA HCCJEOBAHUIO BOIPOCOB O CYLLeCTBOBAHHWH, aCUMITOTHKE U
YCTOHYHMBOCTH Y 9THX CUCTEM PeJAKCAIIMOHHBIX MEPUONHUECKHUX NBHKEHUH.

3.1. BBenenue

B 1984 r. Xonduan [29] npennoxusa mMateMaTHUeCKYl0 MOAEJb MPOCTEl-
el HepPOHHOH CeTH, MPeCTaBJSIOLLYI0 COO0OH CHCTEMY OOBIKHOBEHHbBIX AU(]-
(hepeHLMANbHBIX YPAaBHEHUH BUIA

m
U]:—M]UJ+ZQ7]f7(U7)+IJ ]:1,,m (31)

i=1
3nech u;(t) — MeMOpaHHble MOTEHLHA/Bl HEHPOHOB, f1; = const > 0 — Koa(-
(HMLHMEHTH 3aTyXaHHs 3a CUeT TOKOB YyTeukH, a;; = const € R - cunHanTu-
yeckue Beca, I; = const € R — BHelIHHe TOKH CMeLUEHHd, a Iafkue QyHK-
unn fj(u), v € R, npexacrapssouie co60i BOJBT-aMIePHBIE XapAKTEPHUCTHKH

135
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a MIpu OOMNOJHUTEJbHOM Tpe6OBaHI/II/I Yo > (1/2) max y,, OKa3blBaeTCd YCTOﬁ-
m>1

yuBbIM. J[06aBUM ellle, YTO TPU COTJIACOBAHHOM YBEJHUYEHHHU TapaMeTPOB fi
U 1y 00a 3TH YCJOBHS OYAYT BBINOJHATHCS JJs HOMEPOB Ny < n < ng, THE
pasHOCTb My — My MOXKET ObITh ClleslaHa CKOJIb YTOAHO OOJbLIOH. A oTciona u
U3 TeopeMbl 2.6 BBITEKAeT Cjefylollee yTBEpPXKAEHHE.

Teopema 2.7. [lo aw0bomy Hamyparvromy ny MO*CHO mak nodobpamov @u-
eypupyrowjue 8 (12) napamempot g, vy, umo npu ycaosusx (12) u npu ecex
docmamouro marvix £ > 0 ypasnenue (10) 6ydem umems He mernee ngy cocy-
Wecmayroujux dKCNOHEHUUANbHO OPOUMANbHO YCMOLU1UBLLX NePUOOULECKUX
Osudcenud.

2.3.3. YucaeHHbINl aHAJU3 OJHOTO NpUMepa

CchopmynupoBaHHasi TeopeMa CBUIETENbCTBYET O TOM, YTO IIPH YCJOBHAX
2.1 — 2.3 B ucxomHoM ypaBHeHuU (1) HaGaonaercss heHoMeH Oy(pepHOCTH.
PeannsyemocTb 3TOr0 (peHOMEHa MOATBEPXKAAET U UHUCJIEHHBIH IKCIIEPHUMEHT,
KOTOpBIH mpoBoauics aisi ypaBHeHus (1) ¢ dyHkuusMu (7) npu 3HaueHHUsX
napametpoB a = 2, b = 5.48, ¢ = 1/130, eh = 0.016. Tounee rosops, B (1)
MpefBapUTEbHO Oblia BHINOJNHEHA 3aMeHa u = exp(x/e), a 3aTeM MOJyUHB-
lieecsi ypaBHeHHUe /11 o HHTeTrpHpoBasioch yucjeHHo MetonoM Pyhre-Kyrra
YEeTBEPTOro MOPsNKA TOYHOCTH C MOCTOSHHBIM warom At = 2-107°. B pe-
3yJbTaTe ynajnoch OOHAapyKHUTb He MeHee 60 COCYILIECTBYHOIIMX YCTOHUHUBBIX
IUKJIOB.

B 3akusouenue no6aBuM, uto 6y(epHOCTb BIOJHE e€CTeCTBEHHA MJis HeH-
POHHBIX CHCTEM, IMOCKOJIbKY OHa OTpakaeT CHUTYyallMIo, KOTLa B HEOKOpTeKce
4e/I0BeYeCKOr0 MO3ra pas3jWuHBIE HJEH H KOHLENIHUHW COPEBHYIOTCS APYT C
APYTOM B LeJIX IOMUHHUPOBaHUs. BecbMa HeTpHUBHAIbHBIM 3]1eCh SIBJISETCS TO
00CTOSITEIBCTBO, YTO AOOUTHCS HAJMUUUS STOTO CBOHCTBA MOXKHO He TOJBbKO 3a
CUET YCJIOXKHEHUS] CHCTEMbl, T.€. PACCMOTPEHHUS Lerno4yeKk WM peLIeTOK CBS-
3aHHBIX ocuussTopoB Bupa (1). Kak okasasoch, GydepHOCTb CBOHCTBEHHA
Jaxe OTHeJbHOMY HEeHpOHY, YTO CBHAETEJbCTBYET O COepP2KaTe/bHOCTH Mpel-
JIO)KEHHOH HaMM MaTeMaTH4eCKOH MOJeJH.
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2.1.2. ®opmyanpoBKa pe3yJabTara

[Ipu uccemoBaHUM BOMPOCA O CYLIECTBOBAHHH M YCTOHYMBOCTH y ypaBHe-
Hus (2.1) penakcauuonnoro bursting-uuknaa yno6Ho cmenatbh B (2.1) 3ameny
u = exp(A\x). YkasaHHasi 3aMeHa npeoOpa3yeT UHTEPecyllee HaC ypaBHeHHe
K BULLY

=F(z(t—h),e) — Gz(t —1),¢), (2.4)

rne F(x,e) = f(exp(x/e)), Gz, e) = glexp(z/¢€)), ¢ = 1/\ <« 1. Hanee, us
cpoiict (2.2) dyukuui f(u), g(u) BeITEKAET, UTO

21_13(1) F(x,e) = R(z), gl_lzr(l) G(x,e) = H(x),

(2.5)
1 mpuax <0, H(z) = 0 mpuax <0,

R(z) =
(@) —ag mpu x > 0, by mpu x > 0.

PageHcTBa (2.5), B CBOWO 0Yepelb, MO3BOMSIOT MepeiiTu oT (2.4) K paccMoTpe-
HHIO TIPEIeNbHOr0 PeJIEHHOr0 YpaBHEHHUs C 3anasiblBaHUMU

& = R(z(t — h)) — H(x(t — 1)). (2.6)

Kak u B pa6orax [13], [18], [20], nousiTue peienus ypasHenus (2.6) onpe-
IeJUM KOHCTPYKTHBHO. C 3TOH Lesbl0 (PUKCHPYEM TPOU3BOJNBHO HATYpabHOE
n W MPeAnoNoXKUM, 4To mapameTpsl h, ag, by u3 (2.1), (2.2) ynoBaeTBOpsIOT
YCIOBUSIM

1 1
<h< ,
(n+1)(2+ag+ 1/ag) n(2+ap+ 1/ag) +2+ 1/aqg

(2.7)

by > 1+ ay. (28)

Tlanee, hUKCHpyeM HEKOTOpPOe NOCTATOYHO Masoe oy > 0 (oLeHKa CBepxy Ha
3TOT mapameTp OyHeT yTOYHeHa B MOCJEAYIOLIEM), PACCMOTPUM MHOXKECTBO
(hyHKUHUA

@(t) € C[—].—O'U, _00}7 L)O(t) <0Vite [_1_007 _00]7 90(_0-0) = —00 (29)

1 0003HaYNM Hepes z,(t), t > —oy, pelieHne ypaBHeHHs (2.6) ¢ NPOM3BOJIBHOM
HauaJbHOH (pyHKUHel (2.9).

[Ipu uHTerpupoBaHuu ypaBHeHHs (2.6) ciemyeT WMeTb B BHAY, 4YTO €ro
mpaBasi 4acTb MPEACTaBJseT COOO0H KYCOUHO-MOCTOSIHHYIO (YHKLHIO H MeHsi-
eTcsl JUlb Toraa, Koraa x(t — h) wian x(t — 1) MeHsieT 3Hak. B uacTHocTH,
npu —op < t < —op + h UMeeM ogHOBpeMeHHO ¢(t —h) < 0 u ¢(t —1) < 0.
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X

Puc. 2.2.

[TosToMy Ha yKazaHHOM MPOMeXYTKe BpeMeHHU coriacHo (2.6), (2.9) byHKuus
x,(t) sBasieTcs pemrenneM 3agaud Koww & = 1, x(—oy) = —op, a 3HA4MT,

3agaeTcsa paBeHCTBOM
zy(t) =t (2.10)

fcHo Takxe, yto opmyna (2.10) coxpaHsieTcs 10 TexX mop, NokKa z,(t—h) < 0
n z,(t —1) < 0. Tem cambIM OHa 3aBelOMO CIpaBelIHMBa Ha OTPe3Ke BPeMEeHH
—0) S t S 0.

[Tpu 0 < ¢ < 1 B custy y»Ke Npoje/aHHbIX MOCTPOEHUH HMeeM Z,(t —1) < 0
", caenoBartenbHo, H(z,(t—1)) = 0. Takum 06pasom, Ha JaHHOM NPOMEKYTKe
BPeMeHH HHTepecylolllee Hac pelleHHe x,(t) yIOBIeTBOPSeT BCIOMOraTesbHO-
MY ypaBHEHHIO

&= R(z(t — h)). (2.11)
Yro ke kacaetcst ypaBHenus (2.11), To ero cBo#icTBa OblJIM H3yUeHbl B CTATbe
[18]. B ynomsinyToil pa6oTe, B YaCTHOCTH, YCTAHOBJIEHO, UTO JII060E pelleHHe
x(t) aToro ypaBHeHHs1, Takoe 4to x(t) < 0 npu —h <t < 0, z(0) = 0, npu
Bcex ¢ > (0 coBmagaer ¢ MepuoaAUYecKOH (PyHKLIHeN

t npu 0 <t < h,
Jﬁo(t) = h—ao(t—h) npu hgt Sto—‘rh, $0(t+To) E.’Ifo(t), (212)
t—ty—aoh —h HpI/ItO—FhStSTo,

rae to = h(1+1/ag), To = h(2+ag+1/ap). Tpaduk byHxunu xo(t) npu ap = 2,
h = 1/26 npencraByeH Ha puc. 2.2.

BosBpauasicb K MCXOQHOMY ypaBHeHHI0 (2.6) W NpUHHMAs BO BHHMaHHe
BCE BBILIECKA3aHHOE, IPUXONMM K PABEHCTBY

x,(t) = xo(t), 0 <t <1 (2.13)
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NyTH AJs &, BBIXOAWUT CUeTHasl cUcTeMa OOBIKHOBEHHBIX AH((epeHIHa bHbIX
ypaBHEHUH

dé,
ds

= (’Yn + iwg)gn + d<3§n|2 +6 Z |£m|2> Eny n 2> 1, (2.184)
m=1

m#n
2 4
rae v, = 4uo + 2vpw; — w; /3.
Cucrema (22) u siBJIsieTCSl HHTEPECYIOLIed HAC KBa3MHOPMaJbHOH (hOpMOH
ucxonHoro ypasHeHusi (10). s (opMyJHPOBKH OCHOBHOIO pe3yJ/bTarta Ie-

pefimeM oT (22) K COOTBETCTBYIOIIEH aMIIUTYAHOH cUCTeMe IJs 1), = 3|§,,\2,
n > 1, KoTopas nocJje HOPMHUPOBKU BpeMeHHU 2t — ¢ MPUMET BUJ

dn

Bynem paccmatpuBath (23) Kak OTUHAMHYECKYIO CHCTeMY B (ha30BOM IIPO-
o0

crpanctBe [ = {n = (N1, ny---) = |Inll = > || < oo}. CnpaBeminso
n=1

cenylollee yTBepKIeHHe, aHaJOTH KOTOPOTo ycTaHOBJeHH B [15,16,28].

Teopema 2.6. Jlobomy ukcuposarHomy 9KCNOHEHYUANbHO YCMOULLUBOMY
ual OUXOMOMUUHOMY COCMOAHUIO pasHosecus cucmemol (23) ¢ KOHeuHbIM
UUCAOM HeHYyAesbLx Koopduram n,, >0, j =1,...,p, 6 ucxodnom ypasrenuu
(10) npu ycarosusx (12) u npu ecex docmamouno marvix € > 0 coomsem-
cmayem p-MepHblll UHBAPUAHMHBLL mop moll e ycmotiuusocmu. [rasnas
QCUMNMOMUKA A8MOKOAEOAHULL HA 3MOM mope 3a0aemcs COOMHOULEHUAMU
(13), (17), (19), 8 kKomopbix caedyem nosoH UMb

gn]-(s) =\ nnj/3 eXp(iw,SL]S), J=1,...,p; &(s)=0 npu n# nj.

[Tepeitnem k Bompocy 06 artpaktopax ypaBHenus (10), nocrapisieMbIX Teo-
pemoii 2.6. B ¢Bsi3u ¢ 3TMM 06paTUM BHHMaHHE, UTO JI0OOe COCTOSIHUE PaBHO-
Becusi cuctembl (23) u3 uHBapraHTHoro konyca K ={ne€l: n, >0V n € N}
C KOJMYEeCTBOM HEHYJIEBBIX KOOPAMHAT p > 2 OKa3blBaeTCs HEYCTOUUYHMBBIM.
YCTOUUMBBIMU K€ MOT'YT OBbITh JIMLIb €€ COCTOSIHHS PaBHOBECHS BUAA

O, = {77 €l: T = _’}/n/dy Nm = 0 npu m 7é n} (2186)

Tounee rosops, B cumy HepaBeHcTBa d < ( cocTosiHMe paBHOBecHs (24) c
(PUKCUPOBAHHBIM HOMEPOM 1 NPUHAIJIEXXUT KOHycy K mpu ycsaoBuu v, > 0,
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[lepBble Tpu 1Iara ONUCAHHOW MPOLEAYPHI PUBOIAAT K PABEHCTBAM
v = v(f(T,t?,s), Uy = vg(r,ﬁ,s), vy = —(c1 + dl)(v(f)2 + vg(T,G,s), (2.179)

rae ¢, di — K0oahPUIHEHTH TeHJOPOBCKUX pasJiokeHuit (6). [TonuepkHeM, 4To
npu k = 1 paspewmnmocTb ypaBHeHus (15) oyeBuaHa (B 3TOM ciydae ]—'11) =
= ]—”1(2) =0), a npu k = 2,3 crpaBedsuBoCTb ycjoBuil (16) oGecrneunBaercs
crelHa bHbIM BBIOOPOM MOCTOSIHHBIX 01, 09 (cM. (14)).

Ha verBeprom Miare ajropuTma C y4eToM H3BeCTHOH HH(popmauuu (14),
(17) npuxomnm K paenctsy F.2 = (9309073 — 3000/00) /6. A orciona u us
(16) 3aksrouaem, 4To (GyHKIMSA v NOMKHA YIOBJETBOPATH KPaeBOH 3amade

o) 1080

90 3093’ U(l](T + 17975) = —v?(776)75)7 (2.180)

rle T UrpaetT poJib NPOCTPAHCTBEHHOH NepeMeHHOH, § — BpeMsl, a mepeMeHHas!

S CHUTAETCHd IMapaMeTpoM. Tem cambiM JJ1d U(l) rnoJiydyaeTtcs InpencTtaBjaeHue

V) = Z €n(s) expliw,T — iw30/3] + k.c., (2.181)

n=1

rae &,(s), n > 1 — noka npou3BOJIbHbIE KOMIIEKCHbIE aMIJIUTY/BL.

3akJ/JI0UnuTebHBIA 3Tal CBSi3aH € paccMOTpeHHeM ypaBHeHuil (15), (16)
npu k = 5. CoOTBETCTBYIOLMH MOACYET MOKA3bIBAET, UTO B JAHHOM CJyuae U3
(16) mnst v monmyuaercst ananornunas (18) suHefinast HeogHOPONHAS KpaeBas
3anaya

o 9%

1 _ 0 —_ 0
50 355 = O(7,0,), vy(t+1,0,5) = —vy(1,0,5), (2.182)
rae .
oY 8211? 8311? 8211?

® = W)’ Ao = 5= 20— 5 g

a d — TMocTosiHHas M3 ycJoBus 2.3. 3ameTuM, naJjee, 4yto B cuay (19) neon-
HoponHocTh (21) mpencraBisieT co6oi hopMasbHbIH TPUTOHOMETPHUECKHE Psift
nepeMeHHBIX 7, #. B TakoM ke Buie GyneM HCKaTb U 1)8. Jlois 3TOrO, OJHAKO,
HEeOGXOIMMO U JI0CTATOYHO, 4TOGBl B psiae Ajst & OTCYyTCTBOBANH FapMOHUKU
Buna exp(+iy), y = w,7 — w30/3, n € N. JloGUTbCSA ke paBeHCTBA HYJIIO
K03((HULIHEHTOB TIPYU AaHHBIX TAPMOHHKAX yIAeTCsl 3a CUeT MOAXOASIIEro Bbl-
6opa HUMelOlIMXCsl B 3anace KOMILIEKCHBIX aMILIMTYL &,(s), n > 1. Ha stom

(2.183)
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Jlns nocsenyollero aHanMsa HaMm notpefyeTcs crelyasbHas (DYHKLHS
yo(t), ABAsAIOWLAsCS pelleHHeM 3afaun Kouu

i =1—- H(zo(t — 1)), x| =0. (2.14)

[TpuBsexas dopmysnsl (2.12), HeTpynHO YyBHAETh, UTO NpH ¢ > 0 oHa 3amaeTcs
COOTHOLLIEHHSIMH

—(bg— 1)t mpu 0 <t <t
t) = t) = (k—1)(To — boto)+
bo(t) { t—boty mputy<t<Tp, yo(t) = (k= 1)(To = boto) (2.15)
+yo(t — (k= 1)Ty) mpu (k— )Ty <t <kTp, keN, k>2.

[lepefinem K paccmoTpeHHIo odepenHoro orpeska BpemeHu 1 <t < 1+ h
¥ 3aMeTHM, uTO HepaBeHcTBa (2.7) 00ecleuynBaT NPUHALJIEKHOCTh MOMEHTa
BpeMeHH ¢t = 1 unrtepBany (nTy + to + h,(n + 1)Tp). Tem cambim, B cuny
(2.12), (2.13) nmeem z,(t —h) < 0 mpu t € [1,1 + h] u, crenoatenbHo, Ha
YKa3aHHOM OTpe3ke DYHKILHUS T, (t) sB/IeTCs pelleHHeM aHajoruuHoi (2.14)

3agaun Komu
T=1-— H(Io(t — 1)), J)|t:1 = Io(l)

A orciona 3aksouaeMm, yto npu 1 < ¢ < 14 h cnpaBennnBa (opmysa
x,(t) = xo(1) + yo(t — 1). (2.16)
Ha caenyomem stane o6paTuM BHUMaHHUe, YTO IIPH allpHOPHOM YCJIOBHH
r,(t—h) <0 (2.17)

paBeHCcTBO (2.16) coxpaHsietcss Ha oTpe3ke 1 < t < 2. Ho 3To ycJjoBue mneid-
CTBUTEJIbHO BBIMOJIHSETCS, MOCKOJBKY coriacHo (2.7), (2.8), (2.12), (2.15)

zo(1) =201 =nTp) =1—(n+1)T5 <0, yo(t —1) <0 mpu V¢ > 1. (2.18)

Takum obpaszom, npu 1 < t < 2 cooTHoleHHe (2.16) oOpeTaeT 3aKOHHYIO CHJY.
[Ipn paccMmoTpeHNH 3Ha4eHWH ¢ > 2 OymeM INpeAnoJaraTh, UTO Hapsmy C
(2.17) umeeT MecTO ampuOpHast OlLieHKa

z,(t—1) < 0. (2.19)

B sToM ciydae HHTepecylolllee Hac pelleHHe T,(l) ONpenessieTcss U3 3a1aud
Ko & = 1, z|;=0 = xo(1)+yo(1), a 3HauuT, 3anaercs BeITeKawouel U3 (2.15),
(2.18) dopmymnoit

v (t) =t —T., T. = (n+ 1)(Ty + boto)- (2.20)



90 2. PestakcalimoHHble aBTOKOJIEOAHHUSI B CJy4dae JABYX 3ana3ibIBaHUH

Ocraercst no6aBuTh, uTo coriacHo (2.16), (2.20) ampuopHble TpeGoOBaHHUS
(2.17), (2.19) 3aBemoMO BBHIMOJHSIOTCS Ha npoMexyTke 2 < t < T,, AJuHa
KOTOPOTO B CHUJy HepaBeHCTBa T — 2 > (0 (ABJSIOIIErOCs CJIEACTBHEM OLIEHOK
(2.7), (2.8)) nonoxuresbHA.

PacnopsiuMcsi Termepb MMEIOIIMMCSI B 3amace CBOOGOAHBIM MapaMeTpoM o
(cm. (2.9)). V3 nponenaHHbIX BhIlIe MOCTPOEHUH CJIeyeT, YTO MPH YCJIOBUH

o) <T0—t0+(n+1)boto—1, (221)

KOTOpOe BCIOJy HHKe CUMTaeM BBINOJHEHHBIM, OYHKIMA z,(t + T%), —1 —
— 09 <t < —0( NpPUHALJEXKHUT BBEIEHHOMY Bblllle MHOKecTBY (2.9). A 310
3HAUMT, YTO Ha npomexyTkax kT, —og <t < (k+1)T. — o, k =1,2,... Becb
ONHUCAHHBIHA BbIllle IMPOLECC MOCTPOEHHUs Z,(t) NMOBTOPSETCS CHOBA M CHOBA.
CrneoBaTeslbHO, TIPH BCeX t > —oy KaxIoe pelleHHe ,(f) ¢ HauaJbHBIM
ycnoBueM (2.9) coBnanaer ¢ ogHOM W TOH ke T-mepHOAHUECKOH (DYHKIHEH
x.(t), 3aparouieiicss paBeHCTBaMU

xo(t) mpu 0 <t <1,
z(t) =S xo(1) + ot —1) mpu1<t<2,  z(t+T) =a.(t). (2.22)
t—1T., npu 2 <t <T,,

['paduk 370l yHKUMH mpH ag = 2, by = 4, h = 1/26 nokaszaH Ha puc. 2.3
(ripu BbIOpaHHbBIX 3HAUEHHUAX NapaMeTPOB HepaBeHCTBA (2.7) BHIMOMHSAIOTCS A/
n =75).

[lepeiinemM K BOMPOCY O CBSI3H MeXKAy MePHOAMYECKHMH peLleHHsSMH ypaB-
nenu (2.4) u (2.6). CnpaBemJiMBO CJeNyIOLIEe YTBEPKIEHHE.

Teopema 2.1. [Ipu scex docmamouno marvix € > 0 ypasHenue (2.4) umeem
e0UHCMBEHHLL OPOUMANLHO IKCNOHEHUUAALHO YCmOoLuussll Yyuka . (t, <),

x.(—00,€) = —og nepuoda T.(e), yoosremsopsroujutl npedesbHbiM paBeH-
cmeanm
lim max|x*(t g) —x.(t)] =0, lim T.(e) = T.. (2.23)
e—0 e—=0

JlokasatenbcTBO CHOPMYJNMPOBAHHOH TeOpeMbl, COLep:Kalleecs B pasfe-
aax 2.1.3, 2.1.4, onupaercsi Ha HEKOTOpble JOMOJHUTE/bHBIE KOHCTPYK-
unu. [l MX ONHCaHUS Hapsily C KOHCTAHTOH 0y, MOAYMHEHHOH YCJOBHIO
(2.21), ¢ukcupyem mocrosiHHbIE ¢ > 0¢, ¢2 € (0,00) W 0003HaUUM uepe3
S(00,q1,¢2) C C|—1 — 09, —0(] 3aMKHYTO€, OrpaHHUUYEHHOE W BBIMYKJO€ MHO-
XecTBO (DYHKUMH (), YIOBIETBOPSIOIMX TPeGOBAHUSM

— < o(t) < —q, o(—00) = —00. (2.24)
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Ha3blBAEMbIH METOJ KBAa3WHOPMAJbHBIX (OPM. YMOMSHYTBIH MeTOA Obl1 pas-
pa6oran [O.C. KosecoBbiM B Hauase 80-X rofoB MPOILIOTO BeKa JJis HCCJe-
LOBaHUSA aBTOKoJe0aHUH B cjydae, GJU3KOM K O€CKOHEYHOMEPHOMY BbIPOXK-
neHuto. OOwas uaess 3TOro MeTola 3aKJUaeTcss B MOCTPOEHUH (DOpMaJbHOM
HopMmaJ/sibHOH opmbl [lyankape-[lo/1aKa B OKPECTHOCTH MOJIOXKEHHUS] PaBHO-
BeCUsl U B MOCJEAYyIOLIeM aHaJHU3€e MOJYYUBLIEHCH CYETHOH CHUCTEMBI OOBIK-
HOBEHHBIX JTH(GepeHINaNbHbIX ypaBHeHHH (KBa3uHOpMaJbHO# (opmbl). Uto
’Ke KacaeTcsl aJrOPUTMHYECKHUX acleKTOB MpoLefypbl HOpMalHU3alUH, TO OHH
BecbMa MHOroo6pasubl (cM. mMoHorpaguu [15, 16, 28], roe paccmoTpeHb pas-
JIMUHBIE TIPUMEPBI IPUMEHEHHs] MeTOoIa KBa3WHOPMaJbHBIX (POPM U MPUBEAEHO
ero 000CHOBaHHE B HEKOTOPBIX MOAEJbHBIX CUTYaLHUsIX).

B Halem cayyae aaropuTMuyeckas yacTb MeTONA KBa3UHOPMaJsbHBEIX (OpM
cocTouT B caenytouieM. [Ipu ycaoBusx (12) rnaBHY0 acHMITOTHKY BO3MOX-
HBIX aBTOKOJIeOaTeNbHBIX pPexXUMOB ypaBHeHus1 (10) Gynem HcKaTb B BHAE

5
= Mlu(r,0,s), 7= (1+Zg ak) (2.175)
k=1 k=1

rie 6 = 3, s = &', v(7, 0, s) - nonJEKALIHE ONPeNeeHUI0 2-TIePUOIHIECKHe
no v q)yHKLU/II/I, a MOCTOsSIHHBIE 0} 3adaHbl paB€HCTBaAMU

0'12—1, 0'221, UgZV()—L O'4=—2V()+1‘ (2176)

[Tocne moncranoBku cooTHouenu# (13), (14) B (10) u npupaBHUBaHUS
K03((HULHEHTOB MPH OJMHAKOBBIX CTEIEHSIX £ B JIEBOH U MPABOH YaCTSX MOJY-
YMBILETOCs PABEHCTBA, [JIsi HAXOXKIeHUST DYHKUUH vy MPUXOMUM K PEKYPPEHT-
HOU MOCJIeI0BATEIbHOCTH JIMHEHHBIX HEOJHOPOJAHBIX PA3HOCTHHIX yYpPaBHEHUH

% [vi(T,0,8) + vp(T — 1,0, 5)] = J:ISD(T, 0,s) + .7-",9(7, 0,s), (2.177)

e FO (41,0, 5) = (—1)-7“]-']‘(7]')(7'7 0,s), j =1,2. Ycnore e pazpeminMocTy
Kaxmoro ypasnenus (15) B TpeGyemMoM kJacce (DyHKUMH UMeeT BHI

FP(1,0,5) =0 (2.178)
¥ eCJIM OHO BBIMOJIHSIETCS, TO CaMO pellleHHe vy 3a1aeTcs (popMyJIoki
_ (1 0 2,0 ) = 0
v = F, (1,0, 5) +vp(1,0,5), vp(14+1,0,s5) = —v(7,0,5),

rie v) — HeKOTopast MPOU3BOJIbHAS (YHKIHS.
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BBenem B paccMOTpeHHe XapaKTepUCTHUECKOe ypaBHeHHe
eA+ (1/2 — p) exp(—ehA) + (1/2 4+ p) exp(—A) = 0, (2.173)

oTBeyarwlllee HYJEBOMY COCTOSIHUIO paBHOBecHsi ypaBHeHus (2.172), u 3ame-
THM, 4TO B cjydyae h < 7 BCe ero KOPHH pacrnanaioTcs Ha aBe rpynmbl. K
TepBO# rpylie OTHECEM HEKPUTHUYECKHE KOPHH JaHHOTO ypaBHEHHs, KOTOpble
HaXoIsTCsl B JIeBOH KOMIJIeKCHOH mogymaockoctd {A : Re A < 0} u He mpu-
6arXKaloTes K MHUMOH ocH npH &, u — 0. Bo BTopylo rpymnmny o6beiHHHM Bce
ocTaBlIMecs ero KopHH A, (g, 1), A\u(g, 1), n € N, sBASIOLIMECS KOMIIEKCHbI-
MU U pH € = p = 0 obpalaroliiecss B COOTBETCTBYIOILHE KOPHU A, = iw,,
wp, = m(2n—1), n € N ypaBHeHnus exp(—A) = —1. Kak nokasano B cratbe [25],
9TH KOPHH JOIMYCKAIOT PaBHOMEpPHbIE 110 7 aCHMIITOTHUECKHE MPeCTaBIeH s

Re Au(e, 1) = 6(z, ) |o=ew, + O(e), 6(2,p) =
=1In(1+2u) — % In[(1 — 2u)* — 42(1 — 2u) sin(hz) + 427

Jlo6aBuM elile, 4TO MpH yc/aoBUK h < 1 crpaBenuBL HepaBeHcTBa 0(z,0) <
<0V z>0,06%(0,0)=—4(1 —h) < 0. CnenoBaresbHO, B 9TOM cJydae MpH
g, — 0 1 n — oo KOPHU A, (g, ;) 3aBEIOMO HE MOTYT HMETb MOJIOXKHUTEJb-
HBIX JIEHCTBUTE/bHBIX YacTeH Topsifka eAnHUUbl. Ecau ke, Hanpotus, h > 1,
10 §(2,0) > 0 Ha HekoTOpoM mnpoMexkyTke Buaa 0 < z < zj, a 3HauWT, y
ypaBHenus (2.173) ¢ HeOOXOAUMOCTBIO CYLIECTBYIOT KOPHU B IMOJYIJIOCKOCTH
ReX > ¢, rne ¢ > 0 — He 3aBucsLlas OT €, i MOCTOsiHHas. B aToMm cayudae
nocTaBJIeHHas Bhillle OH(YpPKALHOHHAS TPobJieMa OUeBHIHBIM 00pa3oM TepsieT
CMBICJI.

M3 Bcero BbILIECKA3AaHHOTO CJeyeT, YTO MHTepecyiolllas Hac CUTyalus,
KOTJia B 3ajiaue 00 YCTOHYHBOCTH HYJIEBOTO pelleHus: ypaBHenus (2.172) umeer
MEeCTO MaKCHMaJslbHOe BBIPOXKIEHHe, peanusyercs npu h = 14+ v, |v| < 1.
Tounee roBopsi, Bompoc 0 GH(YPILHUPYIOLINX H3 HYJsT aBTOKOJEGaHHUSIX 3TOTO
ypaBHeHHUs1 OyeM H3y4aThb TPU AOMOJHUTEIbHBIX YCJIOBUSIX

= poet, h =14 e, o,y = const € R, (2.174)

CMBICJI KOTOPBIX TNPOACHUTCA B MOCJEAYIOLIEM.

2.3.2. MeToa KBa3MHOPMAJbHBIX (hopM

[IpoGiemy aTTpakTopoB ypaBHeHHs (2.172), pacrmo/oKeHHBIX B MaJoH
OKPEeCTHOCTH Hyssi (hasosoro mpoctpaHcTBa C[—1,0], M03BOJSIET pelIuTh TaK
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AAAAA AAANAA
VVVVY VVYVY

Puc. 2.3.

3artem [ Mpou3BoJbHON (QyHKUHU @ € S(00,q1,¢2) PaCCMOTPUM pellieHHe
x =x,(t,€), t > —0y ypaBHenus (2.4) ¢ HauaMbHBIM ycJOBHeM @(t), —1—0(p <
<t < —o0p, auepes t =T, 0003HAUUM TI0JIOKUTENbHBIH KOpEHb YpaBHEHUS
x,(t— 00, €) = —0p ¢ HOMepoM 2n + 2 (B IPEATNONOXKEHHH, YTO ITO ypaBHEHHe
M¥MeeT Ha noJsyocd t > 0 He MeHee (2n + 2)-X KOpHeH, 3aHYMePOBaHHBIX B M0-
psinke Bospactanusi). M HakoHell, 3amagiuM orepaTop nocjaenoBanus Ilyankape
IL. : S(o0, q1,q2) — C[—1 — 0y, —0p] ¢ MOMOLLbIO paBeHCTBA

[.(p) =2yt + Ty, €), —1—09 <t < —0y. (2.25)

JanbHednil mian geficTBUH craHgapTeH (CM. aHAJOTMYHBIE MeCTa B pa-
6orax [18], [20]). CHauasa MBI yCTaHOBUM AaCHMITOTHUYECKHE (OPMYJbl AJIsI
x,(t,€) Ha Pa3NMYHBIX POMEXKYTKaX M3MEHeHHs ¢, U3 KOTOPHIX OyjeT cieio-
BaTh, UTO MPU MOAXOMsIEM BbiGOpe MapaMeTpoB oy, qi, G2 omepatop (2.25)
onpenesieH Ha MHoxecTBe S(0y, q1,¢2) U npeobpasyer ero B cebsi. 3aTeM Mpo-
BeJleM aHa/lM3 ypaBHEHMs B BapHallMAX Ha PelleHHH X, (f,€) U TOKaxKeM, YTO
II, sBAseTCs CXKUMAIOLIKUM.

2.1.3. JJoka3aTeabCTBO CylecTBOBaHUA bursting-mukiaa

[TocTpoeHne acMMNTOTHKHM QYHKIHH &, (t,€) HauHeM ¢ oTpe3ka —op < ¢ <
< 1—0y. Onupasich Ha HepaBeHcTBa U3 (2.24) u cBoficTBa GyHKUUK g(u) (CM.
(2.2)), 3ameuaem, uTO paBHOMEpPHO MO t € [—0y, 1 — oy, ¢ € S(00,q1, @)

Glp(t — 1), ) = O(exp(—ga/e))- (2.26)
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Dopmyna (2.26), B cBO0 ouepelb, MO3BOJSET OTOPOCHTb COOTBETCTBYHOLEE
cjaraeMoe B NpaBoil 4acTy U3 (2.4) W mepelTH K UCC/IeL0BAaHUIO aHAJOTHYHOTO
(2.11) BcriomorartesibHOrO ypaBHEHHS

&= F(z(t —h),e), (2.27)

KOTOpOE K HaCTOsILIeMY BpeMeHH yxke udydeHo (cM. [18]).

JLnst Toro 4ToGBEl BOCIO/Ib30BAThC ACHMITOTHUECKHMH PaBEHCTBAMH, I10-
JNydyeHHbIMH B padote [18] mis peuieHnit ypasHenus (2.27), cHauasa yTOUHHUM
BbIOOp mapamerpa oy. Caemysi [18], Gymem cuurtaTh, 4TO OH YIOBJETBOPSIET
ycqoBuio (Gosee cuibHOMy, ueM (2.21))

200 < min(h, agh). (2.28)
Kpome Toro, mpeanosiaraeM IOMOJHUTEIBHO, YTO
20( < min (1 —nTy—to—h, 2((n+ 1)1 — 1)) (2.29)

Hrak, o6paTuMCsl HENOCPeICTBEHHO K aCHMIITOTHYECKOMY aHaJu3y HHTe-
pecylollero Hac pemeHusi x,(t,e) ypaBHeHus (2.4). OGbenHHSIsT paBEeHCTBO
(2.26) ¢ u3BeCTHBIMH acCHMITOTHUECKHMH (opmynamu u3 [18], mpuxonum K
clenyomuM hakTam.

1) Ha npomexytkax —og + kTyp < t < h — o9+ kTp, k = 0,1,....n
CTpaBeJIUBbl ACUMIITOTHUECKHE TIPelCTaBIeHH s

vyt e) =t — KTy + Ay(t,e), (2.30)

rje 3nech U najee yepes A, 0603HaYaOTCA Pas3jMUHble OCTaTKH, MOLYJIH KO-
TOPBIX UMEIOT KCIOHEHIMa/bHbIH NOPSI0K MaJoCTH (T. . MOPSIOK exp(—q/e),
q = const > 0) paBHOMepHO 110 ¢, t.

2) Ha otpeskax Bpemenut h — oy + kTy <t < h+og+ kTy, k=0,1,...,n
pemieHue ,(t,€) NOMyCKaeT MpejcTaBeH s

x,(t,e) =h+ EUU(T)|T:(t7h7kTO)/E + AL (te), (2.31)

rae ¢yHKuus vo(7), 7 € R 3agaeTcs paBeHCTBOM
vo(T) =7 +/ [f(exps) — 1]ds (2.32)

U obsagaeT cBoicTBamu [18]:
vo(T) =7+ O(expT), T — —00;
vo(T) = —agT + co + O(exp(—7)), T — 400,

1 _ +00
rue (30:/ Md@ﬂr Mdu.
0 u 1 U

(2.33)
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[Tpu chopMyTMpPOBaHHBIX OrPaHUYEHHUSAX MOCTABUM BOMPOC 06 aBTOKOJeba-
TeJbHBIX peXkUMax ypaBHeHHs (2.163), OUPYPUHUPYIOIIUX H3 COCTOSTHUS paB-
HoBecusi u = ug(a,b) Mpu M3MeHeHHH napameTpoB b, h. B cBsA3u ¢ aTUM pacro-
psaMMcs BbIOOPOM yKa3aHHbIX IapaMeTpoB TaKUM 06pa3oM, uToObl B 3ajgadye 06
YCTOMYMBOCTH HHTEPECYIOIIEro Hac MOJOXKEHHS] PaBHOBECHS pPeasM30BBIBAICS
cayda#, OMM3KMH K MakcHMaJjJbHOMY BbelpoxkiaeHHI0. [lonmuepkHeMm, UTO HMeH-
HO B OKPECTHOCTH MaKCHMaJbHOH 0COG€HHOCTH COOTBETCTBYIOIIUE JOKaMbHbIN
aHa/lu3 MOXKeT AaTh HauboJsee MOJHYI0 HH(POPMANMIO 06 aTTPAaKTOpax HCXOX-
HOT'O ypaBHeHHSI.

OcTtaHoBUMCS CHaya/la Ha BbiGope mapamerpa b. Bymem cuurtarh, 4To OH
MeHsieTCsl B MaJjiod OKPECTHOCTH KPUTHUECKOro 3HadyeHHst b = b., 0 KOTOPOM
roBoputcs B ycaoBuu 2.2. TouHee roBopsi, MOJOKUM

b=0b,+alp), |nl <1, (2.170)

rie p — BCIOMoOraresibHbIH Masblid mapamerp, a (yHkuus a(u), a(0) = 0,
OMpeessieTcss U3 ypaBHEHHs

def (]- + a’)f/(u) 1= 2,“/
Pla,p) = Z——3—% - -
(e, ) (bs +a)g’(u) umuo(apora) LT 2H

(2.171)

Ocraercs 3aMeTHTb, UTO B CUJy YCJOBHUS 2.2

$(0,0) =0, 4(0,0) = ¢'(bs)/[bsg " (uo(a, bs))] > 0

U, Clef0BaTesbHO, K ypaBHeHuio (2.171) B touke (o, u) = (0,0) npumeHUMa
TeopeMa O HesIBHOH (PyHKLHH 110 MepeMeHHOU «.

OnwuueM Tenepsb crnoco6 BeiGopa napamerpa h. B ¢B3u ¢ 3TUM moacTaBum
B ypaBHeHue (2.163) coorHouenue (2.170) u mepefigem K HOBOH MepeMeHHOH
v, nonarast u = wu,(p)(1 + v), roe u.(pn) = up(ag, bx + a(p)). B pesyabrate
nocJjie HOPMHPOBOK

def

e/s(p) = e, hoe(p) = hy se(p) = =21+ a) f'(w(p) /(1 = 2p) > 0

paccMartprBaeMoe ypaBHeHHUe rpeobpasyercs K 6osee ynoOHOMY [J1s1 TTOCJAENY-
IOIIEro aHa/nu3a BULY

eb = —[(1/2 = p)v(t —eh) + (1/2 4 pv(t — 1)+
A0t — eh). )+ Ao(olt — 1), )] (14 0),

rae A; = (1 —2p)Vj(v,b + a(p)), j = 1,2 (em. (2.166), (2.167)).

(2.172)
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eIMHCTBEHHOCTh pelleHust u = ug(a,b) > 0 ypaBHenus (a + 1)f(u) —a —
—bg(u) = 0. Hanee, cunras napametrp a > 0 (PUKCHPOBAHHBIM, BBEIEM B
pacemotpenue dyHkuuo ¥ (b), b € R, 3apawuryocs paBeHCTBOM

Y/J(b) - (a + 1)f/(u) |'11,:11,0((1,,b) + bq /(U) |u:uo(a‘b)' (2 164)

Ycaosue 2.2. Tlpennonaraem, 4yto ypaBHeHue ¢ (b) = 0 HMeeT Ha MOJyOCH
b € R, enuHcTBeHHOe peweHue b =b, > 0 u ¢'(b,) > 0.

OcraHoBuMCS Ha CBA3U MexXay ycjaoBusMu 2.1 u 2.2. HecnoxHbIN nogcuet
MOKa3blBaeT, 4To (GyHKUHS ug(a,b) Mo nepeMeHHOH b o6iafaeT CBOHCTBAMH

ug(a,0) = ugp >0, ug(a,b) =1/(g'(0)b) + O(1/b*) npu b — 400, (2.165)

rae oo — KopeHb ypaBHeHus f(u) = a/(a+ 1), KoTOpBIH B cujy ycaosus 2.1

omnpeJesisieTcst OAHO3HAUHO. YUUTbIBasi 3aTeM cooTHoleHus (2.165) B (2.164),

MPUXOAMM K BeIBOLY, 4TO 1(0) < 0, Ilim ¥(b) = +oo. Takum obpasom, ycJo-
h—r+00

Bue 2.1 rapaHTHpyeT cyllecTBoBaHue Yy GyHKUMU (2.164) X0oTs1 Gbl OZHOrO
KopHst b = b, > 0, ©'(b,) > 0, a ycjoBre 2.2 COLEPKHT BIIOTHE €CTECTBEHHbIE
TpeOOBaHUSI O €IHHCTBEHHOCTH 3TOTO KOPHS M O BBINOJHEHHWH HepaBeHCTBa
/(bs) > 0, XapaKTepU3YIOLIEr0 HEKOTOPYIO OOLIHOCTb MOJOKEHHS.

st popMyIMPOBKH MOCJIEIHEr0 YCJIOBUSI HaM MOTpebyloTest (GYHKUNH

V(o) = sl 0) = flu) = Flwl| (2166
b )
Vilo.) = gty e+ o) — o) = o'l @167

HetpynHo y6ennTbes, 4To X TeHJOPOBCKHE pa3JfoxkKeHHs B Touke v = () HaYu-
HalOTCS C KBaAPaTHUUHBIX c/araeMblX. B yacTHOCTH, cripaBen/iiBbl PaBEHCTBA

Vi(v,b,) = c10? + cov® + O(v?), Va(v,b,) = div? + dov® + O(v?).  (2.168)
Venosue 2.3. Cunraenm, uto d 2 4(c2 — d2) + 2(ds — ) < 0.
Bce nepeunciieHHble YCJIOBUS BBIIOJIHSIOTCS, HAPUMEp, JIsi (QYHKIHH
fluw)=1/14u), gu)=1-1/V1+u. (2.169)

B cummerpuuHoM ke caydae, korna g(u) = 1 — f(u), ¢ HEOOXOIMMOCTBIO
umeeM d = 0.
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3) Mpu h+ oo+ kTy <t <ty+h—oo+kTp, k=0,1,...,n UMEIOT MeCTO
(hopMyibl
xy(t,e) = h —ap(t — h — kTp) +eco + Ay(t, €). (2.34)

4) Ha orpeskax toy+h—op+ kTy <t <tgy+h+oo+kTp, k=0,1,....n
nosyyatoTcst aHajoruynsle (2.31) acHMNTOTHYECKHE paBEHCTBa

z,(t,e) = —aph + c wy + Ayt e), (2.35)

(1) |T:(t—t07h—kT0)/a

rue

wo(T) = —apT +co + /T [f (exp(—aos + ) + ao)ds,

wo(7) = —ap 7+ co + O(exp(ag 7)), T — —o0; (2.36)

wy(1) =7+ O(exp(—ag7)), T— +00.

5) Mpu tg+h+og+kTy <t < (k+1)Ty— o9, k=0,1,...,n—1 peluenue
x,(t,€) 3anaeTcs COOTHOIIEHUSIMH

wy(te) =t — (k+1)To+ Ay(t,e), (2.37)

a Ha otpeske to+ h + oy +nly <t <1— 0y (nauHa Kotoporo B cuay (2.29)
TIOJIOKUTEJIbHA) CIIPABENJIHBO PABEHCTBO

zy(t,e) =t — (n+ 1)Th + Ayt e). (2.38)

CJienyomuil sTan cBsi3aH ¢ paccCMOTpeHHeM oTpeska 1 — op <t < 2 — gy.
Bynem cuutath, UTO NpHU yKasaHHbBIX ¢ BBIIOJHSETCS alpyuopHasi oLeHKa

zy(t —hye) < —q, (2.39)

rae ¢ > 0 — HekoTopasi yHUBepcaJsbHas (He 3aBUCALLAs OT ¢, £, ) MOCTOSHHAS.
B aToM caydae B cusy cBOHCTB (2.2) paBHOMEpPHO MO t, ¢

F(zy(t —h,e),e) —1=O(exp(—q/e)), ¢ = const > 0. (2.40)

Uro xe Kacaercsi QyHKUHH z,(t — 1,€), To nas Hee mpu ¢ € [1 — 09, 2 — 0y
ClpaBe/iMBa Cepust aCUMNTOTHUeCKHX paBeHCTB (2.30) — (2.38), B KOTOPBIX
HeoOXOAUMO 3aMeHUTb ¢ Ha t — 1.

HMrak, Ha HHTepecyIOllleM Hac MPOMeXYyTKe BpeMeHH coracHo (2.4), (2.40)
HCCJIEIOBAHUIO TOMJIEXKHUT AU((EepeHIHalbHOE ypaBHEH HE

&t =1—G(x,(t —1,¢),e) + Oexp(—q/e)), ¢ = const >0, (2.41)
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npaBasi 4acTb KOTOPOTo (DaKTUYECKH Yy»Ke M3BeCTHa. TouHee roBopsi, n00aBKa
(2.40), ecTecTBeHHO, OOHOBJSIETCS 110 TIPOLIECTBHU KaXKAOT0 OTPe3Ka BpeMeHH
IavHbel h. Ho TOCKOJBbKY TMpH HWHTErpupoBaHHWM ypaBHeHus (2.41) meTomom
IaroB MBI MOCJEI0BATENbHO paccMaTpUBaeM MMEHHO TaKHe MPOMEXYTKH, TO
P KaXKI0M KOHKPEeTHOM ¢ € [1 — 0y, 2— 0| JeBast yacTb hopmyasr (2.40) yxke
M3BECTHA M3 MpeAbIAYyILIero iiara. BrpoueMm, ee sIBHBIH BUI HeCyIIECTBEHEH.
BaxxHo JMIIb, UTO OHA SKCIOHEHIHAJbHO MaJa.

AcuMnToTHueckoe uccienoBanue ypaBHeHus (2.41) mpoBeneM ¢ MOMOLIbIO
MeToa MaTeMaTHuecKoH HHAYKUHWH. [lJs 3TOro HaM MoHamoOsTCs OTPe3KH

A(]:[t()—‘rh-i-nT[]—FO'o,l—O'()];
Ak:[1+t0+(k71)T0+0'071+k?T070'0], k::l,...,n;
An+1: [1+t0+nT0+0'0,2—0'0],

a IIar HHAYKLUMU OyeT cOCTOATb B Mepexofe ¢ oTpe3ka Ay Ha Ajpyq.
duxcupyem Hekotopelil HoMep k, 0 < k < n ¥ TPenNoJOKHUM, YTO Ha
oTpe3ke Ay yKe MOJyd4eHO aCUMITOTHUECKOE MPEeCTaBIeHHe

wy(t,e) =t — (n+ 1)Ty — kboty + cou + Ay (t, €), (2.42)

rie oy — HekoTopasl KoHcTaHTa. [loguepkHeM, uTo npu k = 0 paBeHCTBO BUIA
(2.42) umeer mecto (cM. (2.38)) u B atom cayuae oy = 0. Takum o6pasom,
ocraercsi y6eIUTbCs B CIIPaBEMJMBOCTH aHajornuHoro (2.42) mpencraBjeHHst
npu t € Ak+1.

Paccmorpum chauana otpesok 1+ kTy —og < t < 1+ KTy + 09, nauHa
KOTOpPOro B cuJy (2.28) menbiiie h. A MoCKONbKY HjHHa oTpeska Ay Gosblie i
(4o Takxke cienyer u3 ycaosus (2.28)), To cornmacHo (2.42) QyHxumMa z,(t —
— h,e) mpH yKa3aHHbIX ¢ HaM H3BeCTHAa. VI3BecTHOH siBJsieTCs U (PYHKIUS
x,(t —1,€) (nns Hee BhIMOMHSIeTCS paBeHcTBO (2.30) mpyu 3ameHe ¢ Ha t — 1).
Takum o6pasoM, B JaHHOM cJjlydae pelleHHe z,(t,c) onpenensieTcs U3 3a1aud
Kouru

rT=1-— G(t —1- k’T() + wl(t,e),e) +w2(t75),

2.43
Tlim14wmy—0o = 1 — (n + 1)Th + k(T — boty) — 00 + ey, + ws(e), (2.43)

rae wj, j = 1,2,3 — U3BeCTHble KCIIOHEHLIHAAbHO MaJible 110 MOAYJII0 100aBKH.
Perienute 3anaun (2.43) Gynem ucKaTb B BUIE

zy(t,e) =1 — (n+ )Ty + k(T — boto) + cap+

2.44
+£v1(7)}7:(t717”0)/6 + Ay(te), 1+ kTy—o9 <t <1+ ETy+ o, ( )
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B 3akJ/ioueHue OCTaHOBHUMCS HA HEKOTOPBIX HepelleHHBIX MpobJemMax.
[IpencraBisier UHTEPEC PaCCMOTPEHHE LIEMOYKH OCHUIATOPoB (2.85) mpu apy-
THX TPAaHHAYHBIX YCJOBHsiX. Hampumep, MOXKHO CUMTATh, YTO Uy = Upyp = 0
(ycsoBust Tuna JUpuxJie) HIH Uy = Uy, Ups1 = Uy (YCIOBHS MEPUOTHUHOCTH).
MurepeceH Taxkxke BOMPOC 06 aBTOBOJHOBBIX PEXUMaxX ABYMEPHBIX PEIIETOK
nupQysHUOHHO CBA3aHHBIX OocuU/IsTOpoB Braa (2.1). M wHakoHer, ocraercs
OTKDPBITHIM BOMPOC O COXpaHeHHH (eHOMeHa Oy(epHOCTH MpU Mepexoie OT
IVCKpPEeTHBIX Ilenouek (2.85) K COOTBETCTBYIONIEH pacrpeieseHHOH MOmesH,
T.e. npu d = m?D, D = const > 0 u npu m — oc.

2.3. By¢depHOCTh B HEHPOHHBIX CUCTEMAX

B Tperbem pasnesie naHHOMH I/aBbl 4/151 CUHTYJISPHO BO3MYLLEHHOTO AU de-
peHIMAaTbHO-DA3HOCTHOTO YpaBHEHHUs] ¢ OByMs 3amasieiBaHusiMu (2.1) ycra-
HaBJIMBAETCS, UTO NPH MOAXOAsIIEM BbiGOpe NapaMeTpoB B ero (pasoBoM IMpo-
CTpPaHCTBE MOXKET COCYLIECTBOBATH JI0O0E Harepes 3aJJaHHOe KOHEYHOE YHCJIO
YCTOMUMBBIX NMEPUOANYECKHUX JBHUKEHHUH, T.e. HabJI0LaeTCcsl XOPOILIO U3BECTHOE
siBjieHue GydepHoctH (cm. [15,16]).

2.3.1. JlokajgbHasd nmocTaHOBKAa 3aJauM

Heckosbko momuduiupyem ypashenue (2.1) ¥ paccMOTPUM CJIEYIOLINNI
€ro BapHaHT:

e =[(a+1)f(ult —eh)) —a—bg(u(t — 1))]u. (2.163)

31ech, Kak U paHee, u(t) > 0 — MeMOpaHHbIEl MOTeHLHAN HefpoHa, mapameTp
A = 1/e > 0 xapaxkTepu3ayeT CKOPOCTb MPOTEKAHHS /EKTPUIECKHX TIPOLECCOB
B CHCTeMe M IpeJroJaraeTcst 60JbIINM, a MOJ0KHUTe/IbHbIE TapaMeTprl h, a, b
MMEIOT MOpsioK equHUNbl. Uto ke Kacaercs GyHKuui f(u), g(u) € C*(R.),
R, ={u € R:u >0}, T0O OHH BBLIGHPAIOTCS HECKOJBKO HHAaye, 4eM B IBYX
NMpefbIAYIIUX MYHKTaX U YIOBIETBOPSIOT CJAELYIOLMM TPEM yCJIOBUSIM.

Ycaosue 2.1. Cuuraem, uto f'(u) < 0, ¢'(u) > 0 Vu € R, #, Kpome TOroO,
BbINOJIHSAIOTCS paBeHceTBa f(0) = 1, g(0) = 0, lir+n flu) =0, 111+n g(u) = 1.
U—+00 U—>+00

[Tepen QopMyJHPOBKOH BTOPOrO YCJOBHS 0OOpaTHM BHUMaHHe, YTO Ie-
peunciieHHble orpaHunueHusi Ha f(u), g(u) obecrneudBalOT CylIeCTBOBaHHE H
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+1
(")) phruncasiores no PeKypPPEHTHBIM

3pmech, MoaYepKHEM, KOMIOHEHTBl w;
¢dopmynam (2.152), (2.158) u He 3aBUCAT OT v € §), a OCTAaTOK HMeeT yKa3aH-
HBIH nopsinok Masoctd B Metpuke C'(Q). [lasee, Mpeanosokum, 4T0 BEKTOP
w1 gpnsercs BHYTpeHHel TOUKOH MHoxkecTBa () (B CHJIy MPOM3BOJBLHO-
ctu ) naHHOoe TpeGoBaHWe He OrpaHHYHMBaeT OOLIHOCTH). Torma, OueBHIHO,
otobpaxkenue (2.161) mpu Bcex AOCTaTOYHO MajbiX d > 0 IOMyCKaeT IKCIO-

HeHIHaJbHO yCTOﬁqHBYK)HeHOABHX(HyK)TOqu
v(d) = w4 0(d*), d— 0. (2.162)

U naxownen, o6benunssi paserctBa (2.160), (2.162), npuxonum K TpeGyeMbM
cootHotienusm (2.103), (2.104). Teopema 2.4 nokasaHa.

2.2.4. 3akaroueHue

Teopema 2.2 0 COOTBETCTBHU U MPOJEJSAHHbBIH Bbillle aCUMITOTHIECKHH aHa-
nu3 orodpaxenust (2.94) (cm. Teopembl 2.3, 2.4) mPUBOAAT K CJELYIOLIEMY
YTBEPKIEHHIO, SIBJSIOUIEMYCSI OCHOBHBIM P€3yJIbTaTOM JAaHHOTO pasfedia.

Teopema 2.5. [lycmo napamempot h, ag, by ¢urcuposarsr u yoosremsops-
rom mpebosaruam (2.7), (2.102). Toeda oirs at0bbix 0OCMAMOUHO MANbLY
dy > di > 0 naiidemcs makoe docmamouno 6oavuioe Ny = No(dy,ds) > 0,
umo npu ecex dy < d < dy, N > Xy cucmenma (2.85) 6ydem umemo He meHee
m 9KCNOHEHYUANbHO OpOUMANLLHO YCMOULUBLLX NPOCMPAHCMBEHHO HEOOHO-
POOHBLLX UUKAOB, COCYULeCMBYIOULUX C YCcmoUtiuugoim OOHOPOOHBIM UUKAOM
(2.86).

W3 chopmyanpoBaHHOH TeOpeMBbl CEIYET, YTO MPU COJIACOBAHHOM YMeHb-
meHHH d ¥ yBeJMYEHHH MapaMeTpoB A, m B cucreme (2.85) nHabuonaer-
cs1 eHomeH Oy(epHOCTH, a TOUHEee, MPOUCXOAUT HEOrpPaHWYEHHOe HaKalJu-
BaHHe COCYILECTBYIOLIHX YCTOMYMBBIX LMKJOB. J[06aBUM ellle, YTO BCE 3TH
LUKJIBl IeMOHCTPHUPYIOT busting-sddexT. JeficTBUTENBHO, 1Js1 KOMIOHEHT uj,
j=1,...,m Kaxa0ro u3 yrnoMsHyTbIX LHKJOB B CUJy CBOUCTB (2.93) crpa-
BelJIMBbl paBHOMepHble o ¢t € [0,7(¢)] acMMNTOTHYECKHe IpeNCTaBJIEeHHs
uj = exp(Az,(t) +O(1)), A =00, j=1,...,m, rae z.(t) - pynxuusa (2.22).
A otcrona cienyer, 4ToO rpaUKH u; UMEIOT BHI, NOJOOHbII OKa3aHHOMY Ha
puc. 2.1, T.e. momyckamoT n + 1 MOAPSL MAYLUIMX aCUMITOTHYECKH BBICOKHX
BCr/IecKoB. UTO XKe KacaeTcs HaTypasibHOrO 1, TO OHO OIpe/essieTcsi BBIOOpOM
napameTpoB h, ag, by 1 MOXKeT OBbITh JIIOOBIM.
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rue .
v (r)=71— / glexp s)ds, (2.45)

o0
a A, — moaJiexalluil onpesiesieHHIo octaTok. [loncTasass, najee, BbpaxKeHHs
(2.44), (2.45) B (2.43), naa A, npuxoaum K 3agade Koun

A, =Gyt e), Agli=11k1-00 = 9p(€), (2.46)
rage
Gy(t,e) = g(w1) — g(a2) + wa(t,e) mpu ©.47)
= exp[(t — 1 —kTy)/e], xo=expl(t —1—kTy)/e +wi(t,e)/cl;
9pl(e) = —op —ev(r)| __, _+ws(e). (2.48)

TakuM 06pasoM, I0Ka3aTeJbCTBO DABHOMEDPHOH MO ¢, ¢ 3KCMOHEHLHAJbHOH
MaJocTH A, CBOIMUTCS K NPOBEPKE aHAJTOTMUHBIX CBOMCTB AJs1 (DyHKUHH (2.47)
¥ HayasbHOro ycsoBus (2.48).

O6patumcs cHavasa K aHanusy g,(e). Onupasick Ha cBoicTBa (2.2) QyHK-
unu g(u), U3 (2.45) BBIBOAUM, UTO

v () =7+ O(expT), T — —00, (2.49)
U, CJeIoBaTesbHO,

—0g — 51}1(7)‘ = O(exp(—0oy/e)).

T=—00/c

A oTcioma U U3 HU3BECTHBIX CBOHCTB ws(e) BhITEKaeT TpebyeMmasi SKCIOHEHIIH-
aJibHasi MaJIoCTh BeJuuyuHbl (2.48).

Hasi ouenku dyuxuun (2.47) cHoBa mpuBjedem cBodcTBa (2.2), U3 KOTO-
PBIX 3aKJII04YaeM, 4To

M, = sup (1 + 2%)|¢'(z)| < oo.

r€Ry
Ianee, HUCII0JIb3YS 3TOT (paKT, HEeTPYAHO YBHUIETHb, UTO
M,

< e — v R.. 2.50
| < 1+min(x%,x§) |1 — 2 Ty, T2 € Ry ( )

lg(z1) — g(x2)

[Tpumensist 3aTeM cBoiicTBo (2.50) K mpaBoil uacTH u3 (2.47), moaydyaeMm Hepa-
BEHCTBO

M
Gelt, ) < — exp(=[t = 1 = KTyl /2)|wn (t,€)| + [wa(t. €)1,
1+k‘T[)—O'0§t§ 1+]€T0+(T(),

(2.51)
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rae M, — HeKoTOpasi yHHBepcasibHasi MoJIOXKHUTeNbHas KoHctaHta. Ocraercs
3aMeTHThb, uTo W3 (2.51) paBHOMepHast Mo ¢, ¢ IKCIIOHEHIHaJbHast MaJoCTh
Gy (t,€) cnenyer yKe o4eBUIHBIM 06Pa3oOM.

[lepeiinem tenepb K otpesky 1+ kTy+ o9 <t <1+ kTy+ ty — 0p. 3mech
MMeeM Jesio ¢ ypaBHeHueM (2.41), B koTopoM z,(t — 1,) 3anaerca cooTBeT-
crBeHHo dopmynamu (2.30), (2.31) unu (2.34) (npu 3amene B HUX ¢ Ha t — 1).
Bo Bcex ciyuasix, ofiHaKo, ClpaBeI/MBa OLeHKa BHIa

r(t—1e) > q, (2.52)

rjie B KauecTBe ¢ MOXKHO B35Th J1000e uncio u3 uHtepBasa (0, min(oy, agoy)).
OtmeueHHoe Bhille HepaBeHCTBO (2.52) u cBoiictBa (2.2) mpUBOAAT K
ACHMITTOTHUECKOMY MPEICTABJIEHHIO

G(z,(t — 1,€),€) = by + O(exp(—q/e)), ¢q = const >0, (2.53)

KOTOpOe, KaK W aHaJoruuHoe emy cooTHoueHue (2.40), crnpaBeluBO paBHO-
MepHo 110 ¢, t. [Tocnenyrommi ke cnocod nelCcTBUH CTaHAAPTEH: MOACTABSEM
(2.53) B (2.41), nomoJHsieM MOJy4YUBIIEeCs YpaBHEHHE HauaJbHBIM YCJIOBHEM
wy(t,e), 1+ kTy+ 09— h <t < 14 kT + 0y 1 IpUMeHsieM yxKe YTOMHHaB-
IIUHACS BBILIE METOJ IIAroB (T.e. pacCMaTpUBaeM IM0CJeN0BaTebHblE OTPE3KU
BpeMeHH AJUHBI h). B pesynbrate ybexmaemcs, 4To

zy(t,e) =1— (n+ )Ty + k(Ty — boto) + ey + 5v1(7)|T:0_0/5_
— (bo = 1)(t = 1 = KTy — 00) + O(exp(—q/e)),
1+ kTo 409 <t <14 KTy+ty— op. (254)

Jnst naneHefiero ynpouieHusi Gopmynsl (2.54) HeoOXOIUMO 3HATBH IMOBe-
nenve ¢pyHKuud (2.45) npu 7 — +oo. HecsioxHBIN MoacueT nokasbiBaeT, 4To

v (1) = —(by — 1)7 — dy + O(exp(—7)), T — +o0, (2.55)
rae 1 +00 b
do = /O g (5) du + /1 %du. (2.56)

YuuThiBasi 3ateM cooTHolueHus (2.55), (2.56) B (2.54), okoHUATEJBHO MOJY-
yaem

zy(t,e) =1 — (n+ )Ty + k(Ty — boto) — (bo — 1)(t — 1 — kTp)+
—|—€(C¥k — do) + Aw(t,z’f% 1+ kTo 409 <t <14 KTy+ty— op. (257)
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[Tepeitmem x paccmoTpenuio oTpeska ¢ € ['y ;. B maHHOM ciyuae B cumy
paBeHCTB (2.145), (2.156) ¥ UMNYJbCHBIX COOTHOLIEHHH B Touke t = 1 + ¢y +
+ KTy vccaenoBaHuIo TMOANEKHUT cucTeMa (2.89) ¢ HauaJbHBIMH YCJOBUSMH

bo—a() 1 (

lng +wjk+1) +0(d™®), j=1,...,r0

Uil rimro = ~ ao
bo—a 1
=2 0y 7+w(.k+1)+0(d%2), j=ro+1,....,m—1,
agp d J

(2.157)

Yj ’t:1+to+k’TO+0

roe

wJ,(.kH) = wjo»(to.,w(’“)fbov(k))f%w?(tofh, faov(m), j=1,...,m—1. (2.158)
Uro xe Kacaercs 3agaud Komu (2.89), (2.157), To mocse 3amensl (2.108) ona
npuHumaet Bua (2.109), roe HauasbHBIA MOMEHT BpeMeHH t = () 3aMeHsieTcs
Ha t = 1+ 1y + KTy, a HayaJbHBIH BEKTOP ¥ — Ha BEKTOP C KOMIIOHEHTaMH
w](-k+1)+0(d”2), j=1,...,m—1. Tem caMbIM MBI B 0YepeIHOH pa3 HAXOIUMCS
B paMKaxX MPUMEHHUMOCTH JieMMbI 2.1, U3 KOTOPOH 3aKJ/i04aeM, UTO paBHOMEPHO
no t € T'jyq, v € Q copaBennuBbl aHasoruudbie (2.154) acumnrorHueckue
paBeHCTBa

by — 1 ,
yj(tvvvd) - anao lna +w§k+l) +O(d,{2)7 J=1..r
— 1
y(t,v,d) = boa a0 lng —l—w](-kH) +0(d™), j=rog+1,...,m—1; (2.159)
0
dy;

9 (t,v,d) =0(d™), j,s=1,....,m—1.
S

[Tonsenem utor. CootHotuenust (2.159) cBUAETENLCTBYIOT O TOM, UTO CHie-
JIaH IIar WHAYKIWH, a 3HAUUT, aCUMITOTHUecKHe (popmysbl (2.154) obpeTatoT
3aKOHHYIO CHJy npu Bcex k = 1,...,n + 1. B yacTHOCTH, npHBJeKas paBeH-

ctBa (2.154) npu k = n + 1, t = T., y6exxnaemcs, uTo NOCJe BBIIOJIHEHHS B
orobpaxenun (2.94) sameHb

by — 1

Zj:fo a01n7+1)7’7 j=1...,70
, 1d ' (2.160)
0 — ag .

Z]: . lng—i-vj, ]:To-f—l./..../m—l

OHO TipeoOpasyeTcsl K BULY

v — w4 0(d™), w™D) — (wgﬂﬁ-l)’ B w("‘*’l))T. (2.161)

0 Pm—1
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ACUMIITOTHYECKHE PaBEHCTBA BHAA

by — 1 : )
yi(t,v,d) = — 0 aolnf-i-w(-k)—FO(d‘?), j=1,... 10
ap d J
by — 1
yi(t, v, d) = 220 1n8+w§.’“>+0(d%2), j=ro+1,....m—1; (2.154)
ag
A; ‘
GZZ(t7v7d)=O(d”2)7 Gs=1,....m—1,
rne w(k) — HEKOTOpbIe IMOCTOAHHBLIE OTMeTI/IM qTo II ]{,‘ =1
> p . , pu k =1 3TU paBeHCTBa

3aBeoMo BheImosHsIIOTCS (M. (2.1562), (2.153)).

Jns Toro 4tobel coenaTh wWar UHAYKIUH, oOpaTuMcs K oTpe3ky 1+ kT <
<t < 1+ty+kTp, siBasoniemMycsi CBA3y oMM 3BeHOM Mexay [y u [y, O0b-
enuHsis Gopmyanl (2.140), (2.154) ¢ UMNYJbCHBIMH COOTHOILEHUSIMH B TOUKe
t = 1+ kT, npuxonum k 3amaue Komu ngs cucremsl (2.89) ¢ HauaJbHBIMH
YCJIOBUSMHU

1 k i R
yj|t:1+kTo+U :lng "HU;‘ - bUU; '+ O(d™), j=1,...,m;

1 ,
_ lna + wJ(ﬁ) _ b()'UJ(k) +0(d™), (2.155)

y]”t:1+kTo+o =
jg=ro+1,....m—1.

[Tocnennsisi ke mocse 3ameHbl (2.142) mpeoGpasyercsi k 3amaue (2.143), B
KOTOPOH HauaJibHbI MOMEHT BpeMeHH ¢ = h~+kT| clenyeT 3aMeHUTb Ha ¢ = 1+
+kTp, a HavanbHbil BekTop —agu'¥) +O(d*) na Bektop w) —byv®) +O(d*2),
rae w) = (wYC), e ,wf,’f)fl)? A oTciona, B CBOIO ouepelib, BBITEKAET, UTO MIJIsI
KOMIIOHEHT HcxonHo# 3anauu (2.89), (2.155) paBHomepro 1o ¢ € [1 + kTy, 1+
+ tg + kTpl, v € Q uMeoT MecTo aHajoruuHble (2.145) acumnroTHyeckHe

npencTaBieHus

y;(t,v,d) :h% +w)(t — 1 — kT, w® — bo™) + 0(d™),
j=1,...,70
y(t,v,d) = — 1n$ +wl(t—1—kTp, w® —bv™) + 0(d™),  (2.156)
j=ro+1,....m—1;
Wi (4 v,d) —O(d™), jis—1,....m—1.

2.1. MoxnennpoBarue bursting-3¢)¢pekTa B HEHPOHHBIX CHCTEMAax 97

Ha ouepennom otpeske 1+ kTy+ty —og <t < 1+ kT +tg+ o9 pyHKUMSA
x,(t — 1,¢) 3anaercs dopmysolt, noayvarouleiicss us (2.34) npu 3amene, Kak
o0bluHO, ¢ Ha t — 1. A orciona u u3 (2.41), (2.57) nas HaxoxneHUs w,(t, )
MPUXOAUM K aHajoruuyHoi (2.43) sanadye Kouru

T=1-— G( —ap(t —1—kTo —ty) +eco erl(t,a),e) + wa(t, €),
Tlim14wTtto—00 = 1 — (n 4+ 1) + k(Th — boto)+
+ E(Ckk — do) — (bo — 1)(&) — Uo) + (4)3(5)7
rle, KaK 4 paHee, 4epes wj, j = 1,2, 3 0003HaueHbl HEKOTOPhIE Y2Ke H3BECTHbIE

KCIOHEHIMAJbHO MaJible JOOABKH.
Pemenue HOJ’IY'{I/IBLUGI;'ICH 3ajadyun 6y,U,€M HCKAaTb B BHIE

zy(t,e) =1—(n+ )Ty + k(Ty — boto) + e(ou, — do)—
— (bo - 1)t0 + Ewl(T) ’T:(tflfkTQ*tg)/E + A;p(t, 6),
14+ kTy+tg— 09 <t <1+ kTy+1ty+ o9, (2.58)

rue

U)l(’l') = *(bo — 1)7’ — /T [g(exp(faos + Co)) — bo] ds. (259)

B pesynbrare nns ¢urypupymomero B (2.58) octatka A, BBHIXOIUT aHaJOrHy-
Hasi (2.46) 3amaua Koiu

AL,O = Gga(tyg)v Ag&|t:1+k7})+t()700 = gqa(g)a (260)
rae renepb Gy (t,e) = g(x1) — g(x2) + wa(t, ) mpn
T = exp[— ap(t — 1 — kTy —to)/5—|—co],
zg =exp [ — ag(t — 1 — kTy — tg) /e + co + wi(t, €) /e];
g¢(€) = (bo — 1)0’0 — €w1(7)|_r:700/5 + wg(f).

Ouenka mnpaBbix uactedl u3 (2.60) mpoBomuTCs MO TOH XKe CxeMme, 4TO U
B caydae (2.47), (2.48). JlelicTBUTeNbHO, MPUBJEKas BhiTekawllee U3 (2.59)
ACUMIITOTHUECKOE PaBEHCTBO

wi (1) = —=(by — 1)7 + O(exp(agT)), T — —00, (2.61)
MPUXOIMM K BBIBOIY, UTO

(b — 1)og — cwy (7)| = O(exp(—agoy/e)).

T=—00/e
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A orciona crenyeT SKCIOHEHLHMalbHAs MajoCTh HA4aJbHOrO YCJIOBHS gy, (€).
Uro ke kacaeTcst HeonHOpogHOCcTH G (t,€), TO NpOBepKa ee DPaBHOMEPHOH
no ¢, ¢ SKCIOHEHIMAJNbHOH MaJocTH Gasupyercss Ha HepaBeHcTBe (2.50) (cM.
aHaJIOTUYHOE MEeCTO BBHIILE).

[IponenanHbie MOCTPOEHHUS SIBJASIOTCS CBS3YIOLINM 3BEHOM MEXIY OTpe3Ka-
Ma A 1 Ay OBpatumMcs Tenepb HEMOCPEACTBEHHO K Ajy; U 3aMeTHUM, UTO
npu t € Apy1 GyHKUMSA x,(t — 1,¢) onpenensieTcs: paBeHcTBaMHu (2.34), (2.35),
(2.37) nnu (2.38), B KOTOPHIX, K&K U BO BCEX OCTaJbHBIX MOMOOHBIX CJyUasX,
cenyet 3aMeHHTb t Ha t — 1. VM3 ymoMsiHyTBIX paBeHCTB, B CBOIO OYEpPeb,
3aKJ/i04aeM, uTo MPU YKa3aHHbIX ¢ UMeeT MeCTO OLleHKa

2t —1,5) < —q, (2.62)

rae g = const € (0, min(agoq, (n + 1)Ty — 1)). A otciona u u3 cpoiicTs (2.2)
BEITEKAaeT CIPABeNIMBOCTb PABHOMEPHOTO MO f, ¢ ACHMITOTHUECKOrO Mpej-
CTaBJIeHUS

G(zy(t —1,e),2) = O(exp(—q/e)), ¢ = const > 0. (2.63)

Hrak, nopcraBuM cooTHoweHue (2.63) B (2.41) u NOMOJHUM TOJyYHBILIE-
ecsi muddepeHIHanbHO-Pa3HOCTHO® ypaBHEHHe HauanbHOH (QyHKLHeH w,(t, )
Ha npoMmexkyTke BpeMeHU 1+tg+kTy+og—h <t < 1+4+ty+kTy+ 0y, acumnro-
THKa KOTOPOH yxke moctpoeHa (cm. (2.57), (2.58), (2.59)). Hanee, pasobbem,
KaK 0ObIYHO, OTPe30K Ay, 1 Ha YacTH NJHHBI, He GoJiblled h, u OyneM mocJe-
JIOBaTeJbHO MHTErPUPOBATh YIIOMSIHYTOE ypaBHEHHE, UMelolllee BUJL

& =1+ O(exp(—q/¢e)), ¢ =const >0, (2.64)

Ha COOTBETCTBYIOLIUX MPOMEXKYTKaX. B pe3yabTaTe NpUuxXoauM K BbIBOAY, YTO

zy(t,e) =t — (n+ 1)Ty — (k + 1)boto — 0 + e — do)+
+ sw1(7)| + O(exp(—q/¢)), t € Apt1. (2.65)

T=00/c

Kak u B cayuae (2.54), dpopmyna (2.65) momyckaet pajbHefiinee ympolie-
uue. JJis 3TOro, OIHAKO, HEOGXOAMMO BBISICHUTH MMOBEJEHHE MPU T — +00
¢byukuuu (2.59). CoOTBETCTBYIOIIYI0 aCHMITOTUYECKYIO (DOPMYJY JIErKO BbI-
BECTH, MCXO/sl U3 MPeCTaBJIeH s

+00

wi (1) =7 — cobo/ag — / g(exp(—aos + co))ds—

co/ao

co/ao +00
- / [g(exp(faos + Co)) - bo] ds + / g(exp(faos + co))ds. (2.66)

—00
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O6parumcs tenepb K otpe3ky 14ty <t < 1+7Tj. YUuTbiBasi COOTHOIIEHHUSI
(2.135), (2.150) u npaBu/a mepecueTa HadyaJbHBIX YCJOBHE mpu ¢ = 1 4+ ¢,
3/ech UMeeM JeJio ¢ cucTeMol (2.89), momosiHeHHOH HayaJbHBIMH YCJIOBHSIMH

by — a 1 ) )
yj|t:1+to+0 — “In— +w§1) +0(d™), j=1,...,m;
@ 4 2.151
bp—ap, 1 oy (2.151)
yj|t:1+t0+(): a0 hlg—&—wj +0(d™), j=ro+1,....m—1,
e
b by —
wl ==ty + 2 In(ty — h) = 2~ In(rg +1 - j),
’ ag ap
) =1,...,70;
g ) 0 b (2.152)
wj(,l) =lInty) — —Oln(tgfh) + 2 0ln(j —T9),
agp ap

j=ro+1,...,m—1.

JHanee, cpaBuuBast opmyaibl (2.106) u (2.151), (2.152), npuxoauM K BBIBOAY,
yTo aHanau3 3amaud (2.89), (2.151) uneHTtHueHn cayyatro otpeska 0 < ¢ < A,
[TosTomy mpuBemeM Cpady OKOHYATEJbHBIH Pe3ysbTar:

by — 1
yj(tvvvd) - anao lna—’_w;’l)—"_O(d}Q)’ J=1...,10
by — 1
yi(t,v,d) = Oa aolna—i-wj(-l)—i—()(d%?), j=ro+1,....,m—1; (2.153)
0
gyj(t,v,d):O(d”z), js=1,...,m—1,
Vg

IJle OCTaTKH paBHOMepHBI N0 ¢ € [1 + g, 1 + Tp], v € €.

Ha saBepuiaroniem sTamne A0KasaTesbCTBA PaCCMOTPMM OTPE30K BpPEMEHH
1+ Ty <t <T.. Kak u B cayuae t € [Ty + h, 1], ananus 3nech 6asupyercsi Ha
METOJle MaTeMaTHYeCKOH MHAYKLUHMH. B CBA3H ¢ 3TUM MOJOXKUM

Fk: [1+t0+(k’—1)To,1+kT0], k:17...7n; F”+1 = [1+t0+nT0,T*}

Uro e KacaeTcs Iara MHAYKIHMH, TO OH OyIeT 3aKJuaThCsl B Tepexoie ¢
oTrpeska ['y, Ha I'p4q.

Kak u Bbimre, ¢ukcupyem Homep k, 1 < k < n, U TPeANosoXHM, UTO
Ha oTpe3ke [, HaMHM yKe yCTaHOBJEHbl paBHOMepHble Mo t € [y, v €
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UMITy/JbCHbIE COOTHOLIEHHUS B TOYKe ¢ = 1, HA NAHHOM OTpe3Ke MPUXOAHUM K
3anave Komu pasi cucremsl (2.89) ¢ HayaJbHBIMH YCJOBHSIMH

1 1 n »
y‘7'|t:1+0 :;O(bo(bo - (10) - 1) In g + 1)](» 1) - b(ﬂ)j + O(d 1),

j=1,...,70

J ) ) » 703 ) 1 (2149)
Yili=1r0 = - Zo(bO(bO —ag) = 1)In -+ o = by + O(d™),

j=ro+1,...,m—1.

Jasee, BbIMOJHMM B mnoJayduBliedcs 3anade (2.89), (2.149) ananoruynble
(2.115) 3amensl

1 1 .
yi=—(bo(bo—ap) — 1) In=+w;, j=1,...,1r0
ap d
1 1 .
yj:_Zo(bo(bo—ao)—l)lnfwjv j=ro+l....m-1L

r=d 1), 6= aio(bo(b0 Cag)—1) — 150,

B pesysnbrate mas w = (wq,. .., Wy,-1)" NogydaeM aHasoruunywo (2.116) 3a-
nauy Kok, B KOTOPOH BEJMUMHY O CJAENyeT 3aMEHUTb Ha 03, a BEKTODP U

— na sektop v — byw + O(d™), tae v = (" ") Kak u
(2.116), naHHas 3agaya paccMaTpPUBAeTCsl HA ACHMITOTHUECKH OOJBIIOM OT-
peske J = [0, tod~%].

M3 ckaszaHHOro 4yTh BbILle cjenyeT, 4To nmpu ¢t € [1,1 + &) Mbl HaxoauMcs
B paMKax NpUMeHHMOCTH JeMMbl 2.2. Takum o6pasom, MOBTOPSis MpPaKTHUe-
CKH JIOCJIOBHO COOTBETCTBYIOLLME pPacCyxJeHHs], IpelllecTByoLIHe (hopMyaaMm

(2.135), B maHHOM cjlydae UMeeM paBeHCTBa

1
yj(t,v,d) =In= —In(t — 1) +In(rg + 1 — j) + O(d™),

d
g=1...,70
y;(t,v,d) = — lné +In(t — 1) —In(j — 7o) + O(d*), (2.150)
jg=ro+1,...,m—1;
%(t,v,d) =0(d™), j,s=1,...,m —1, 3 =min(se,d3),

CIIpaBeJINBbIE PABHOMEPHO I0 ¥ &€ Q,te A, tne A - MIPOU3BOJIBHBIA KOMIAKT
U3 (17 1+ t()].
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Jlist 3TOro IOCTAaTOUHO 3aMeTHTb, UTO MOCJefHee cjaraemoe B (2.66) mpu
T — 400 UMeeT MOPSIIOK exp(—apT), a CyMMa ABYX OPYTHX HHTErPAJOB Mpe-
obpasyeTcst K BUILY

+00

co/ag
[ [g( exp(—aps + co)) - bg] ds + / g(exp(—ags + co))ds = dy/ay,

o0 co/ag

rie, HanmoMHuM, dy — mocrosinHas (2.56). Takum o6pa3oM, OKOHYATEJBHO M0-
Jnydaem

wi (1) = T — (cobo + do)/ao + O(exp(—ag7)), T — +00. (2.67)

BosBparumcsi kK paBeHCTBY (2.65) U yuTeM B HeM cooTHolieHue (2.67). B
pesyJibTaTe MPUXOAUM K aHaJorudHomy (2.42) acHMITOTHYECKOMY TMPEACTaB-
JIEHHIO

zy(t,e) =t — (n+ 1T — (k+ Dbotg + con1 + Ay(t,e), t € Appq, (2.68)

rae

1 = i, — cobo/ag — (1 + 1/ag)dp. (2.69)
A 3T0 03Hayaer, 4TO CHeJaH IIAr UHAYKLUHH, KOTOPBIH COCTOSIT B Mepexofe OT
orpe3ka Ay K Ay 1. Uro ke Kacaercst mocTosiHHBIX o, k= 0,1,...,n+ 1, T0

17 HUX U3 (2.69) u u3 Toro axta, 4To g = (0, BEITEKAIOT sIBHbIE (HDOPMYJIbI
A = —k(CUbo/ao + (1 + 1/a0)d0), k= 0, 1, Lo,n+ 1. (270)

OG60CHOBaHHBIH BbIllle UHAYKTUBHBIN MPOLECC MO3BOJISIET 38 KOHEUHOE UHC-
JIO 1IaroB no6paTbes OO0 MOCJAEOHEro OoTpe3ka A,.; U MOMYyTHO YCTAHOBHTb
TpebyeMble acUMNTOTHYeCKHe (QOPMYIbl 1/ PelleHns Z,(t, £) Ha BceM npoMme-
X)yTke 1 — 0y <t < 2—0(. Crenyer, ofHaKO, HalIOMHUTh, YTO TOKA HAIIH T10-
CTPOEHHSI, CBSI3aHHBIE C AaHHBIM OTPE3KOM BPEMEHH, HOCST YCJIOBHBIH Xapak-
Tep, MOCKOJIbKY OHH ObIJIM BbITOJHEHbI [IPH allPHOPHOM TIpeAnonoxkeHnH (2.39).
Ho mosyueHHble Ha 3TOM MYTH aCUMITOTUYECKHE (HOPMYJBI CBUAETENbCTBYIOT
0 TOM, YTO MpH JOOOM (PUKCHPOBAHHOM ¢ € (0, min(agog, (n+1)T) — 1)) Tpe-
O6yeMoe HepaBeHCTBO (2.39) meHCTBHUTEJBbHO BHIMOJHsETCA. TakuM 00pasoM,
BCe Hallli yCJIOBHblE KOHCTPYKIHK O0PETAI0T 3aKOHHYIO CHJIY.

Ha 3ak/i0unTenbHOM 3Tame MOCTPOEHHS aCHMMITOTHKH pelleHHs z,(t,e)
paccMOTpuUM 0Tpe3ok BpeMeHU 2 — o¢ < ¢ < T, — 0¢/2 W TPENNoJoKUM, UTO
Ha HeM HMeIT MecTo amnpuopHble oleHKH (2.39), (2.62). B atoMm ciyyae B
cuay yeqou# (2.2) ypaBHenue (2.4) npumet Bun (2.64). JlomosHHM ero Ha-
YaslbHBIM YC/I0BUHEM Ty, (t,€), 1 — oy <t < 2 — 0y, U3BECTHBIM M3 NPEIbIAYIIHX
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HOCTpOGHHﬁ. HHTeI‘ppr;l 3aTeM TOJYUYUBIIYIOCA 3agaydy Kowu METOAOM Mia-
roB, NPUXOOAHWM K ACHMIITOTHYECKOMY IIpeACTaBJJIEHHUIO

zp(te) =t — T+ o1 + Ay(t,e), 2—09 <t <Ti—09/2, (2.71)

rJle OCTOSIHHAS (v,,1 3amaercsi popmyJoi (2.70) npu k =n + 1.

L npunaHus U3J0KEeHHbIM TOCTPOEHUSAM HEOOXOOUMON CTPOrOCTH 3aMe-
THM, 4TO M3 caMoro paBeHCTBa (2.71) U U3 yCTAHOBJIEHHBIX paHee aCHMIITOTH-
deckux Gopmysn 1as z,(t, ) npu 1—oy < ¢t < 2—0( BbITEKaeT CpaBeIlHBOCTb
anpuopHbix npeanosoxenud (2.39), (2.62). A uMeHHO, HeCJI0XKHAsi POBEPKa
MOKAa3bIBAET, YTO 3TH HEPABEHCTBA NEHCTBUTEJNbHO BHIMIOJIHAIOTCS Ha OTpe3Ke
2—09 <t <T,—0¢/2, eci B KauecTBe KOHCTAHTHI ¢ B HUX B3sTb JIl000€
uhcs10 U3 uHTepBana (0,00/2).

[Tonenem HekoTOpbll HUTOr. K3 mnosydyeHHBIX BbIllE ACUMITOTHYECKHX
npencTaBJdeHHH 11 pelleHus z,(t,e) (em. (2.30) — (2.38), (2.42), (2.44),
(2.45), (2.49), (2.55) - (2.99), (2.61), (2.67) — (2.71)) 3aknouaem, 4TO

7003%15%380“/2 |z, (t, e) — z.(t)] = O(e), (2.72)
rae x.(t) — gyHkuus (2.22), a ocrarok paBHoMmepeH 1o ¢ € S(oy, q1,¢). Ha-
Jiee, onupasick Ha (2.72) u yuuteiBas ouenku (2.28), (2.29), HanoxeHHbie Ha
napameTp oy, MPUXOAHM K BBIBOLY, UTO HHTepecylolMH Hac (2n + 2)-oi 1o
CyeTy MOJIOXKHTeIbHBIH KopeHb t = T, ypaBHeHUs x,(t —0¢,€) = —0( NPUHAL-
JIEXKUT 0Tpe3Ky 2 — oy < t < T, — 0p/2. A orciona us dopmya (2.64), (2.71)
OueBHIHBIM 00pa3oM ciemyer, uTo T, ompesessieTcsl ONHO3HAUHO, NPHYEM paB-
HOMepHO 10 ¢ € S(09, q1, ¢2)

T, =T, —cans1 + O(exp(—q/e)), q = const > 0. (2.73)

Dopmyasl (2.72), (2.73) cBUAETENBCTBYIOT O TOM, uTo omepatop (2.25)
IEACTBUTENBHO ONpeiesieH Ha MHOXeCTBe S(0y, ¢1,¢2) U PABHOMEPHO 10 ¢

_, max |z, (t 4+ T, €) — 24(t)] = Ofe). (2.74)

Uro ke kacaetcs Tpebyemoro Briodenns 11.(S(00, g1, ¢2)) C S(00,q1,¢2), TO

B cusy (2.74) oHO GyneT 3aBe0MO BBIMOJNHSTHCS MPU BCEX JOCTATOYHO MaJsIbIX
€ > 0 npu yc/10BUH

.’L’*(t) € §(007q17QQ)7 (275)

rae S(oo,q1,q2) — MHOXKeCTBO (DyHKLHH, mosnydatoieecs: U3 S(og, q1,¢q2) 0pu
3ameHe B (2.24) HeCTpPOrWX HepaBEeHCTB CTPOrMMH. HamomuuM, nasee, 4To
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oJIy4aroTCsl paBHOMEpPHbIE 10 t, U AaCUMIITOTHYECKHE paBeHCTBa

1 , .
y;i(t, v, d) :lng —i—w?(t— h— kTy, —agv®) + O(d™), j=1,... ro;
1
yi(t,v,d) = — lna
j:7"0+1,...,m*1;

Ot — h — KTy, —age™®) + O(d™
i b —ag™) + O(d™), (2.145)

9y;
Oy
[lepefinemM Temepb K oTpe3ky ¢t € Ajii. YKe ycTaHOBJIEHHblE (HOPMYJIbI

(2.145) u umnyJabCHBIE COOTHOILIEHHST B TOUKe ¢ = o + h + kT OpUBOAAT K
BBIBOJY, 4TO

(t,v,d) =0(d™), j,s=1,....,m—1.

1.1 ke - .
yj|t:t0+h+kTo+0 = _;Olng +v; T+ 0@, j=1,...,10
AR _ (2.146)
yj|f,:t0+h,+kT0+0 - ;Olng+v,j +0(d™), j=ro+1,...,m—1,

rue
k1) w(to, —agu™) — (14 1/ag)w(ty — h, —agv'™),
=1,...,m—1. (2.147)

v

[anee, mocJe BeinosnHeHus B 3anade (2.89), (2.146) samenst (2.138) npuxonum
B ouepelHOH pa3 K aHajoruuHoi (2.109) peryssipHo 3aBHcsIel oT d 3amaue
Kourn, ananus xkoTopo#t TpuBHaieH. TakuM 00pa3oM, B 1aHHOM CJydae HMeeM
paBHOMepHbIe MO ¢ € Ajy1, v € ) aCHMITOTHUECKHE TIPENCTaBIEHHUS

1 1 S
yj(t,l),d) = —;O]ng+v;k+l)+0(dﬁl)7 J=1....109;
11
yj(t,v,d)za—lna—l—v](»kH)—FO(d’“),j:r0+17...7m—1; (2.148)
0

8yj
Qv

Hrak, cienaH war UHAYKLUHH, KOTOPBIHA COCTOSIT B IIEPeX0fie OT oTpe3Ka Ay
K Ag.1. B pesynbTare 060CHOBaHBl acUMMTOTHUeCKHe (opmynabl (2.148) mpu
k=0,...,n,a 1Js NOCTOSHHBIX vj(.kﬂ) MOJTyYeHbl PeKYPPEHTHbIE COOTHOLIEHHS
(2.137), (2.147).

Crrenyromui aTan J0Ka3aTeabCTBA CBSI3aH C PacCMOTpeHHeM oTpeska 1 <
<t <1+ t,. Onupasice Ha pasercta (2.106), (2.140) (npu k = n+ 1) u

(t,v,d) =0(d™), j,s=1,....,m—1.
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k
roe ’U](v ) _ HEKOTOpble KOHCTAHTHI. HOH,‘{epKHeM, 4TO IIPHU k = 1 cooTHOLIEHHs

Bupa (2.140) umetor mecto (cM. (2.139)) u B 3ToM cayuae e

dbopmynamu (2.137). !

Paccemotpum cHavana otpe3ok kT +h <t < ty+h+ kTj. CornacHo paBeH-
ctBaM (2.140) u npaBuiaM nepecueta HayaJ bHBIX JAaHHBIX B Touke t = kTy+h
(cm. (2.90)) 3nech usydeHuio nomiexut cucrema (2.89) ¢ HayaJbHBIMU YCJIO-
BUSIMHU

3aJarTcsa

1 .

yj|t:h+kTo+0:1ng_a0U +0d™), j=1,...,7;

1 o (2.141)
y]’|t:h+kT0+0 lng—aov +O(d ), j=ro+1,...,m—1

A otciona, B CBOW ouepelb, CJAEYeT, UTO MocJe BhMoJHeHus B (2.89) 3aMeHbl

1
yjzlng—l—wj, i=1,...,70;
! (2.142)
y7:—1n8+’w}7 j:7’0+1,...,m*1

st w = (wy, ..., wy_1)" Noaydaercs 3agada Kown Buna
w = Hl(w) + dQHg(U)) + dH3, w|t:h+kTo ao’l} -l— O(d’ﬁ) (2143)

rre v® = (P o™ Y14 sektop-Qynkuun H,, r = 1,2,3 no-npexuemy
3apatorcsi paBenctBamu (2.110) — (2.112).

Hccnenosanue 3anaun (2.143) He BbI3bIBaeT 3aTPyNHEHHH, TOCKOJbKY OHA
peryJsipHo 3aBUCHUT OT d W paccMaTpPUBAETCs Ha KOHEUHOM OTpe3Ke MU3MEeHeHHs
t. Iostomy nnst KommoHeHT wj(t,v,d), j = 1,...,m — 1 ee pelleHHs HMEIOT

MecTo paBHOMepHble 1o t € [kTy + h,tg + h + kT, v € Q acumnToTHyecKHe
(hopMyJIBl

w;i(t,v,d) = it — h— kT, —ago™) + O(d™), j=1,...,m—1;

2.144
g“’J(Md) 0d*), j,s=1,....,m—1, (2.144)

rie wo(t—h—kTO —apv™™) — dynkumm, nonyqa}oume(:f{ u3 (2.120) npu 3amene
T Ha t —h — kTy, v — Ha BeKTOp —aov . Uto ke KacaeTrcst UCXOILHOH 3aja-
un (2.89), (2.141), to B cuay (2.142), (2.144) IJIs1 KOMIIOHEHT ee pelleHUs
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Ha TapaMeTp o( HaMU yxkKe HaJoxeHO orpaHuuenue (2.21), obecnednBaroiiee
cBolcTBa x.(—0)) = —op U 2 (t) < 0 mpu —1 — 0y < t < —oy. [TosTomy
CIPaBeJIMBOCTH BKJIOUeHHs (2.75) 100HBaeMcsi 3a CUET MMEIOLIUXCs B 3amace
napameTpoB ¢, g2, NIpeAnosaras, 4ro

@ > — 7175?%%7% . (t), 0<q<-— _, max z,(t). (2.76)
Hrak, onepatop Il., aBasIOIKACSA OUEeBUAHBIM 06pa3oM KOMMAKTHBIM, MpH
BhIOJHEHUH ycqoBuil (2.21), (2.28), (2.29), (2.76) na mapameTpsl oy, ¢i,
¢o Tpeobpasyer B cebsi 3aMKHYTOe, OrpaHMYeHHOe M BBIMYKJOe MHOXECTBO
S(00,q1,¢2). A orciona B cOOTBETCTBHHM ¢ H3BecTHbIM mpuHuunom [llaynepa
3aKJ4aeM, 4TO ITOT orepaTtop hMmeeT B S(0y,q1,¢2) MO KpaiiHell Mepe OomHY
HETOABHXKHYIO TOUKY ¢ = ¢, (t,£). fIcHO TakKe, uTO pelueHue x,(t,c) ypaBHe-
Husi (2.4) ¢ HauanbHOH (yHKIMEH @, (t,c), —1 — oy < t < —0oy OKa3blBaeTCs
neprofrueckuM ¢ mepuopoM Ti(g) = T’*’|w:'¢* u B cuiy (2.72) — (2.74) yno-
BJIETBOPSieT TpeOyeMbIM cBOEcTBaM (2.23).

2.1.4. AHau3 CBOWICTB YCTOHYMBOCTH

[TepeiinemM Temepb KO BTOPOH 4acTH 0OOCHOBaHHS TeopeMbl 2.1, T.e. K
[I0KA3aTeJIbCTBY €IMHCTBEHHOCTH U YCTOHUMBOCTH PeJaKCALHMOHHOTO [UKJA
24(t,€) ¢ HyneBbiM mpubankenuem (2.22). U3 sisHod dopmynsr (2.25) nas
oneparopa II. BbiTeKaeT, YTO OH HeNpepblBHO NU((epeHIHpyeM MO , a ero
npoussonHas Ppere J,I1.(¢) 3anaercs paBeHCTBOM

9,11 (p)g0 = gt + T, €)—
g(T — 00, 5) .
-2, (t+ T, 1 -0y <t < —0g. (2.77
.TW(T 0, 8) Lp( + ©s E)? 0p>1 > —00 ( )

3nech QyHKUHSA go(t) mpeacTaBJsieT coOO0i NPOU3BOJIBbHBIH 3/€MEHT MPOCTPaH-
CTBa

= {go(t) € C[=1 — 00, =09, go(—00) = 0},

a uepes g(t,e), —og <t < T,—0( 0603HAUEHO pelleHHe TUHEAHOrO ypaBHEHH S
1

At _

( 6

/

glexpr)exp)|,_, .

f'(expx) exp m)b:%(tih,a)/@ (2.78)
B(t,e) = (4'(

(
!
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¢ HauaspHOH QyHKUHeH go(t), —1 — ¢ < ¢ < —0y.
W3 sBHOU dopmyabl (2.77) caenyer, uto mnpobjeMa OLUEHKH HOPMBbI
JuHeitHoro omepatopa J,Il.(p) B mpoctpaHcTBe C) ¢ HOPMOH |[|go|| =

= max |go(t)| cBOmMTCSA K aHAJM3y BBEJIEHHOrO Bbille pelueHUs g(t,e)
—1—-0p<t<—09

ypaBHeHus (2.78). [Tokakem, 4TO [JIs1 3TOTO PEIIEHHS BBIMOJHSAETCS HEPaBEH-
CTBO BHZA
max [g(t,e)| < M exp(—q/e)][goll (2.79)
—09<t<T,—0¢
C HEKOTOPBIMH YHHMBEpPCANbHBIMU (HE 3aBHCSIIUMH OT £, ©, g) MOCTOSHHBIMH
M,q > 0.
O6parumMcsi cHauasa K oTpe3Ky —og < t < h — 0y, Ha Kotopom u3 (2.78)
s g(t,€) umMeeM siBHYIO hopMyJTy

g(t,e) = /t A(s,e)go(s — h)ds+

a0

t

+/ B(s,e)go(s — 1)ds, —o¢9<t<h—o, (2.80)
oo

HanomHuuM, nasee, 4to npu paccMaTpuBaeMbixX ¢ GYHKIMSA Z,(t — h,€) coBma-
naet ¢ GyHKUMeH o(t—h), a naa x,(t —1,¢) paBeHCTBO z,(t—1,6) = p(t—1)
UMeeT MeCTO Jaxe Ha OoJjiee WIHUPOKOM oTpeske —og < t < 1 — gy. OObenu-
Hsisl 3TH COOTHOLUEHUs1 ¢ (UrypupyomuMu B (2.24) oueHkaMd U CBOHCTBAMU
dynkuni f(u), g(u) (cMm. (2.2)), IPUXOAUM K BBIBOLY, 4TO

Alt,e)| < M -
onax JA(t )l < Mexp(—q/e),

max |B(t,e)] < Mexp(—q/e).

—0p<t<l—og

(2.81)

W nakonen, yuutnoiBas (2.81) B (2.80), y6exxpaemest, uto npu —og < t < h—oy

max |g(t, €)[ < M exp(=g/e)][gol|- (2.82)

Jlnst pacripocTpanenus oueHkH (2.82) Ha ocraumiics orpe3ok [h—oy, T, —
— 0p] HM3MeHeHHs ¢ BOCMONb3yeMCs METOAOM IIaroB. A HMeHHO, pa3obbeM
YKa3aHHBIH TPOMEXKYTOK BpeMeHu Ha oTpesku [(k + 1)h — oq (k + 2)h — o¢),
]fzo,l,...,ko 148 [(l{?0+2)h—007 TW_UO], roe kg: L(T@—Qh)/hJ,
|*| — uesas yacte. Omnupasich, najee, Ha paBHOMepHBIE MO ¢ € S(0y, 1, ¢2)
ACUMIITOTHYECKHE (POPMYJIBI
max  |A(t,e)] = O(1/¢), max  |B(t,e)| = O(1/¢)

h—oo<t<T,—oq 1—0¢<t<T,—09
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PasenctBa (2.136), (2.137) HaBOmAT Ha MbICJb O LEe1eCOOOPA3HOCTH BHI-
nonHeHus B (2.89) 3aMeHBl TepeMeHHbIX

1 1 .
yJ:——h]g+wJ, ]:1,...,7’0;
0 (2.138)
y]:;OIIlg+wj’ j:ro—i—l,...,m—l.

JleficTBUTE/IBHO, TOCJE YKa3aHHOM 3aMeHBbl M/ BeKTOP-(QYHKUHH w =
= (w1,...,wy—1)" OPUXOAUM K peryJsipHo 3aBucsuled ot d 3amade Korwu
Buna (2.109), rme BequuMHY ) CleayeT 3aMeHUTb Ha d2 = 1/ap < 1, Ha-
YaslbHbI MOMeHT BpeMeHH ¢ = 0 — Ha t = ¢y + h, a Haya/JbHBIH BEKTOp v
— Ha BEKTOP C KOMIIOHEeHTaMM vj(-l) + O(d™n(=0000y 5 = 1 ... m—1 (cm.
(2.136), (2.137)). Takum oGpasom, 3mecCh CHpaBeluB aHaJjor jemmbl 2.1, a
TOYHee TroBOpsi, paBHOMepHO MO t € [ty + h,To + h|, v € ) BeIMOMHSIIOTCS
aCHMIITOTHYECKHE PABEHCTBA

L1 1 oy
yi(t,v,d) = —a—olng—kvﬁ)—i—()(d ), J=1,...,rp;

i(t,v,d) = —In=+v;" +0(d™), j=ro+1,...,m—1;
y]( v ) 0 / v{} ( ) J 0 m (2139)

9y,
dvs
| = Hlln(l — (S(], 51, 1-— 52)

(t,v,d) =0(d™) j,s=1,...,m—1,

Acumnrornyeckoe uccaenopanue pewenus (2.107) mpu To+h < t < 1
MPOBeleM C TOMOIIBI0 MEeTOda MaTeMaTHYeCKOH HHAyKUHH. s aToro Ham
NOHaJ005TCsl OTPE3KH

Ak: [t0+h+(k_1)T07kT0+h]v k=1,...,n; An+1: [t0+h+nT071]7

a Iar UHAYKUMH OYIeT COCTOATb B Mepexofe ¢ oTpe3ka Ay Ha Apyq.
Dukcupyem Homep k, 1 < k < n, U OPEANONOKUM, UTO HA OTpe3Ke Ay yke
MoJTyueHbl paBHOMEpHbIE M0 t € Ay, v € () aCHMNTOTHYECKUE TPENCTABIEHHUS

1 1 .

pilt0.d) = = +ol o), j=1,...,r
1 1 , .

y;(t,v,d) = a—lng + v](-k> +0d™), j=ro+1,...,m—1,; (2.140)
0

dy;

vy

(t,v,d) =0(d™), j,s=1,...,m—1,
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[IponenanHble MOCTPOEHHUS MO3BOJISIOT MONYYUTh HHTEPECYIOLIYI0 HAC HH-
¢opmauno 06 acUMNOTOTHYECKOM TOBEIEHHH KOMIIOHEHT BeKTOpP-(PYHKIHU
(2.107) na nosyuntepBane t € (h,ty + h]. JdelicTBUTeNbHO, B CHJy NPOHU3-
BOJIBHOCTH MHOXKeCTBa §) GyeM CUHTATh, 4TO HMEET MECTO BKJIOUeHHe U € (1,
rje ¥ — BeKTOp ¢ KoopauHatamu (2.117). danee, pukcupyeM NpPOM3BOJIBHO
t € (h,ty+h| u nogcraBum cootHouenust (2.117), (2.121) B (2.115). B pesynb-
TaTe MOCJe HEKOTOPbIX MpeoOpasoBaHHil ¢ yueToM cBOHCTB (2.124), (2.134)
1151 KOMIIOHeHT pernenns 3anadn Komw (2.89), (2.114) npuxonum K acHMIITO-
THYECKUM IPEe/ICTABJIEHUSIM

y;(t,v,d) zlné —In(t—h)+In(rog+1—75)+ O(dmin(lf‘;‘“m),
g=1...,10

yi(t,v,d) = — h% +1n(t — h) — In(j — ro) + O(d™n01=%0:30y = (2 135)
j=ro+1,....m—1;

y;

50 (t,v,d) =O(d™n=0000)) - 5g =1 m —1.
S

OtmetumM ere, 4yTo octaTkd B (2.135) MMeOT yKasaHHbBIE MOPSIOK MaJoCTH
paBHOMEPHO 110 ¢ U3 J1000r0 KOMMAaKTHOro nogMHoxectsa A C (h, ty + hj.

Ha ouepentom otpeske to+ h < t < Ty + h B cuny paBercts (2.135) u
UMIYAbCHBIX COOTHOLIEHUH B Touke ¢ = fy + h (cm. (2.90)) uccienoBanuio
nofseXut cucreMa (2.89) ¢ HauaNbHBIMM YCJIOBHSIMHU

1 1 (1) min(1—0dg, d; y :
yj|t:to+h+o - _(Tolng +o; 7 +0(d Ubod)) g =1, (2.136)
| . 1 1 1 (1) 10) dmin(lf%,(sl) — 1 —1 .
y]t:to+lz+0_;0ng+v,j +0( ), J=rotl,....m=1,
rae
v;n =(1+1/ap)In(ty — h) —Intg — (1/ag) In(rg + 1 — 5),
=1,...,70;
. J o (2.137)
v, == (14 1/ag)In(ty — h) +Intg + (1/ag) In(j — 7o),

j=ro+1,...,m—1.
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u cBoiictBa (2.81), 3ameuaem, 4TO U3 HepaBeHCTBa
t
g(t,)] < [el(k+ Dh- 0.2+ [ | ls — ho)ldst
(k+1)h—oq
t
+/ [B(s,e)| - |g(s —1,e)|ds, t>(k+1)h— oy
(k+1)h—0¢

M M3 yKe MOJyYeHHbIX OlLeHOK BHaa (2.82) Ha oTpe3kax ¢ HOMepaMH j =
0,1,...,k — 1 BeiTekaeT TpebyemMas OolleHKa Ha k-M OTpe3Ke U3MeHeHHs t.
Bosgpaiasics K onepatopy Il. ¥ yunThiBasi yCTaHOBJIEHHOE BbIllle HEPABEH-
ctBO (2.79) B (2.77), IPUXOAUM K OLIEHKe

sup |01 (9)]| ey, < M exp(—q/e).
v €S(00,q1,q2)

Ocraercsi 100aBUTb, YTO 3Ta OLEHKA OOecleulBaeT KakK CKHUMaeMOCTb Olle-
patopa II. (a 3HaUUT, eAHHCTBEHHOCTb €0 HEMOABHIKHOH TOUKH ¢ = ¢.(t,¢€)
B MHOXeCTBe S(00, q1,¢2)), TaK H SKCIIOHEHL[HAJNbHYIO OPOUTANbHYIO YCTOHUH-
BOCTb COOTBETCTBYIOLLEr0 LUHKJA ,(t,€). Teopema 2.1 nosHOCTbIO 1OKa3aHa.

B nomosiHeHMe K yCTaHOBJEHHOH TeopemMe OTMETHM, UTO pesaKCcalUOHHbIH
LLHKJI

u(t, \) = exp (ZL‘*(t,E)/E) |5:1/)\ (2.83)

ucxopHoro ypaBHeHHs (2.1) obsamaer TpeGyeMBIMH acCHMITOTHYECKHMH Xa-
paKTepHUCTHKaMH, T.e. siBJsieTcsl bursting-unkmaom. JleficTBUTENBHO, IS €ro
nepuozpa T.(\) cnpaBennuBa BbiTeKawas u3 (2.73) dopmya

T.(A) =Ty — ani1/A+ O(exp(—g))), ¢ =const >0, A\ — +ooc.

Kpome toro, Ha orpeske Bpemenu 0 < ¢ < Ty(\) uuka (2.83) momyckaer
n + 1 noapsii MAYUIMX aCUMITOTHYECKH BBICOKHX (mopsinka exp(Ah)) Bemiec-
Ka. DTUM BCILJIECKAM COOTBETCTBYIOT HWHTepBanbl k1y < t < ty + kT,
k = 0,1,...,n nonoxurenabHoctd (yHkuuu (2.22). Ecau xe t (ukcupona-

n
HO W mpuHamiexut MHoxectBy [0,7i]\ U [kTb,to + kTp], To B ykasaHHBIH

k=
MOMEHT BpeMeHH (PYHKUHKS u,(t, \) HMeeT MopsiioK exp(—Aq), ¢ = const > 0.
B saxsioueHne pasgesna 106aBHM, UTO MPHU YMEHbIIEHUH 3amasiblBaHus h
LJIs CIIPAaBEeIUBOCTH TeopeMbl 2.1 HeoOX0OMMO HalJsexKalluM 00pa3oM yBesH-
YHBaTh MapaMeTp A (CBSI3aHO 3TO C TeM, YTO B paMKax Hallell acHMITOTHYe-
CKOH TEOpHH JIOJKHO BBIMOJHATbCS yeaoBue Ah > 1). Ecan ke, HanpoTus,
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h = ho/\, hg = const > 0, To cuTyalus NpUHUHNHAIBEHO MeHseTcsi. Hampu-
Mep, B 3TOM CJyyae MOXKeT OKa3aThCsl YCTOHUYHUBBLIM COCTOSIHHE DPaBHOBeCHSI
u = up > 0 ypaBHeHusi (2.1) (cyuiecTBOBaHHe TAKOrO COCTOSIHHSI PaBHOBe-
cust obecreunBatoT ycaoBus (2.2), a npy BIOJHE €CTECTBEHHBIX TPEOOBaHHUSX
f(u) < 0,¢'(u) >0 Vue R, oHo enuHCcTBeHHO). Kpome ToOro, Mcrosbays
TaK Ha3blBaeMbli MeTOJ KBasWHOpPMaJbHBEIX (GopM (cM. [24], [25] ), MoxHO mO-
Ka3aTb, YTO TMPU HEKOTOPBIX TONOJHUTENbHBIX MPEANON0XKEHHSIX U3 COCTOSHHUS
paBHOBecHsl u = uy OHQYpLHpyeT M060e Hamepen 3aJaHHOE UHUCJO COCYIIe-
CTBYIOLIMX YCTOMYMBBIX LIMKJOB, T.€. peajl3yeTcsi XOpOLIO H3BECTHbIH (heHO-
MeH 6ydepHocTH. COOTBETCTBYIOIME aHAMN3 U3JI0XKeH B pasfese 2.3 NaHHOTO
nocoous.

2.2. JIucKpeTHbI€ aBTOBOJIHBI
B HEMPOHHBIX CHCTeMax

Bo BTOpoH wacTH BTOPOH I/1aBbl paccMaTpuUBaeTcs OLHOMepHasi Lielloyka
IU(PPY3HOHHO CBA3aHHBIX OCLMJJISATOPOB, KaXKIbld M3 KOTOPLIX INpeACTaBJs-
eT coOOH CHHIYJSPHO BO3MYILEHHOE CKaJisipHOe HeJuHelHoe AuddepeHLU-
aJbHO-PA3HOCTHOE ypaBHEHHe ¢ ABYyMs 3amas3iplBaHusAMHU (2.1). YcraHaBauBa-
eTCsl, UTO B CHUCTEMaX TaKOro THMa HabJ/IofaeTcss W3BeCTHOe siBjeHHue Oydep-
HOCTH. A HMMEHHO, TpPH COIJIACOBAHHOM YBEJHUEHHH YMC/A 3BEHbEB LENOYKH
U yMeHblIeHUH KoaduureHTa AudPy3un NPOUCXOAUT HeOTPpaHUUEHHBIH pOCT
KOJIMUECTBA e€e COCYLIECTBYIOUIUX YCTOHUUBBIX MEPUOAUUECKUX IBUKEHHH.

2.2.1. BBeneunue

Kak mn3BecTHO, aBTOKoJeGaTe/IbHBIM IIpolleccaM B HEHPOHHBIX CHCTeMax
TMIPUCYIIH [Be XapaKTepHble 0COOEHHOCTH, MOJYUHBIIHE CIelHalbHble Ha3Ba-
Hust: bursting-addekt u ¢penomen Oycdepnoctu. [lepBas U3 ykaszaHHBIX 0CO-
OGeHHOCTEel 3aKJ/IYaeTcsi B YepelOBaHUU IAKETOB HMIIYJIbCOB (HaGOpPOB M3
HECKOJIbKUX TMOAPSIA MAYLIMX MHTEHCHBHBIX BCIJIECKOB) C OTHOCHTEJbHO CIIO-
KOHHBIMH YYacTKaMH H3MeHeHHs] MeMOpaHHBIX MoTeHIHanoB. O BTOpoil ke
MPUHSATO TOBOPUTDH B CJIydyae, KOTAa B HEKOTOPOH NHHAMHUYECKOH CHCTEMe MpH
MOAXOJSIIEM BbIOOpE MapaMeTpPoB peasnayercs Ji06oe Hamepes 3aflaHHOe KO-
HeyHOe YMCJIO COCYLIECTBYIOLIUX aTTPAKTOPOB.

Hccnenosanuio “bursting behavior” mocssinieHa 1ocTaTouHo 06MWIKpHAS JH-
teparypa (cm., Hanpumep, padoTsl [21] — [23] u uMeromyocs B HUX OUOJIHO-
rpaguio). Kak npaBuio, 1/ MaTeMaTHYeCKOro MOJENUPOBaHHs 3TOr0 3 dek-
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1 o6o3HauuM udepe3 Il omeparop, MOpPOXKAEHHBIH ero NMpaBoH uYacTbiO B INPO-

crpanctee C(J;R™~1) HenpepbiBHBIX BeKTOp-QyHKUMH w(T), 7 € J ¢ Hop-

Mol ||| = ma;<||@(7')\|. W3 ouenok (2.125), (2.129) BbITekaet, 4TO 3TOT
TE.

orepaTtop npeoOpasyer B ce0si HEKOTOPbIH 3aMKHYTBHIH LIap MPOCTPAHCTBA
C(J;R™ 1) ¢ uentpoM B Hyse pamuyca r = M;d u SIBJSETCH B HEM CXKH-
MaoILIUM C KOHCTaHTOH cxkatusi ¢ = Mod, tne My, Mo = const > 0. A or-
CIO[Ia U U3 MPUHIIKIA CKUMAIOLIUX OTOOPAXKEHHH 3aKJ/I0UaeM, YTO ypaBHEHHe
(2.130) umeet B ynoMsiHyTOM IlIape eTUHCTBEHHOE pellieHHe. TakuMm o6pasom,
yCTAHOBJIEHA TepBasi IPyTna acCUMITOTHUECKHX paBeHCTB u3 (2.121).

Jlist nokasaTesbcTBa BTOPOH TPYIIbBl aCHMITOTHUECKHX (opmys (2.121)
¢ukcupyem HatypasibHoe s, 1 < s < m — 1, u npoguddepeHypyem 3agauy
(2.116) mo kommoneHTe vs. B pesysabrate mist w = (Qw /00, .. ., Qw1 /O0s)"
noJsyyaem 3agady Koruu

do A1, d)w, wlr=0 = e, (2.131)
dr
rie es — €IMHHYHBIA OPT ¢ HOMepoM s, a marpuua A(r,d) B cuay (2.110)
- (2.112) u yxe ycTaHOBJEHHBIX aCUMNTOTHUeCKHX (opmyn nas w;(7, v, d),

j=1,...,m—1 gonyckaeT aCUMITOTHYeCKOe NpeACTaBJIeHHe
M
A(r,d) = A7) +d B(r,d), [[B(r,d)l| < —, 7€ (2.132)
T
TNanee, nonoxum B (2.131) w = wy + @, rae wy = (Ow) /vy, ..., 0wd,_, /v,

— peweHue 3anaun Komu, nosmyyatomeiics us (2.131) npu d = 0, 1 nepeiinem
K aHasoruyHomy (2.130) JuHeHHOMY HEONHOPOJAHOMY HUHTErpaJbHOMY ypaBHe-
HHUIO

5(r) =d / K(7,0)B(0, d)(w(0,7) + 3(6) ) db. (2.133)
0

Ananus ypaBuenuns (2.133) onupaercs Ha HepaBeHCTBO (2.129), oleHKy U3
(2.132) u BoiTekatowme us (2.120) acumnroTnyeckre GopMysbl (paBHOMEpHbIE
no v € §2)

owy .
a—;(ﬂv):O(l/T), T— 400, j,s=1,...,m—1. (2.134)
Vs
O6benunsisi nepeyucseHHble (GakThl U MPOBOLS Te Ke PACCYKIEHHs], UTO U B
HenuHeHHOM caydae (2.130), y6exaaeMcsi, UTO 3TO ypaBHEHHe HMeET eIuH-
crBenHoe pemenre W(T,0,d) € C(J;R™), ||©||c < Md. Jlemma 2.2 mosHo-
CTHIO JIOKa3aHa.
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. 1 2 1 1 2 2
te Ay = diag{A{", APV}, A = (af)), AP = (@)oo

a) =

@)
L

Ompu j <inj>i+2, aly = —(ro+1-i), al¥,, =ro—i;

0,0
. 2 L@ .
=0nmpu j>1uj<1i—2, a,z(-_’i)z—z, aivi)flzz—l,

(2.127)
a

a 6ykBamu M, M; u T. A. 31ecb U HUKe 0003Ha4aeM HEKOTOpble YHUBepCaJb-
Hble (He 3aBHUCSAIKE OT T U U) TOJIOXKHUTEJbHbIE OCTOSIHHBIE, TOUHbIE 3HAYEHHUS
KOTOPBIX HECYIIECTBEHHBI.

Onupasice Ha npenctasgenue (2.126), nas K (7,0) nonydaem HHTerpasb-
HOe ypaBHeHHe

1) | [ T4l
K(7,0) = exp (A01n9+ 1> +/exp <A()hl0_+ 1)A(U)K(U7 0)do. (2.128)
0

Yuutbias, nanee, B (2.128) HepaBeHcTBo 171 A(7) 13 (2.126) H BbITEKAOLLYIO
u3 (2.127) oueHky

T+
0+

1 0+1
Ayl <M——, 7>0>
exp(gn 1>H_ T+1,T, >0,
nast pynxuuu y(7,6) = ((7+1)/(0+1))||K (7, 6)|| npuXonuM K HHTErpajJbHOMY

HEPaBEeHCTBY BHIa
T

(7, 8) < M; + ]\/[2/
0
M3 KOTOPOTo, B CBOIO Ouepellb, B CHJY JieMMbl I poHyosna-bessmana umeem

v(a,0)
1+ 02

do,

I,
’7(7_, 9) S Ml exp { /Wda} S Mg.
0

Yro xe Kacaercss McXoaHOH Marpuusl K (7,6), To Al Hee Ha 3TOM IYTH
BBIXOJUT OLEHKa

0+1
K < M-—- >0>0. 2.12
Kol < M2, 72620 (2.129)

[Mocnenyromuii cnoco6 medctBuit cranmapred. [lepeimem ot (2.122) x k-
BHBAJICHTHOMY HWHTErpaJbHOMY ypaBHEHHIO

w(r) = / K (,0){Wo(0,@(0)) + d*0, (0, @(0)) +d Ty }do  (2.130)
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Ta MPUBJIEKAIOTCS CUHTYJISIPHO BO3MYIIIEHHbIE CUCTEMbI OOBIKHOBEHHBIX AU (e-
peHLMATbHBIX YPAaBHEHUH C OIHOH MelJIeHHOU U IBYMsI OBICTPBIMU MepeMeHHbI-
MH, B KOTOPBIX NPH OMNpeleseHHBIX YCJIOBHSIX MOTYT CYIIECTBOBATh YCTOHUH-
Bble bursting-uuk/abl (nepuonuyeckue nBrkeHus ¢ bursting-addexrom). On-
HaKO BO3MOXKeH W JPYyroH MoAXond K pelleHHI0 TaHHOH MpoOJeMbl, CBSI3aHHBIN
C YUETOM 3amas[blBaHUi [0 BPEMEHH.

B cayuae ¢eHomena GydepHocTH cuTyalusi HecKoJbKO HHasi. Hecmotps
Ha TO 4TO JaHHOe SIBJIeHHe INpeAcTaB/sieT co00H OIUH U3 (PyHAaMeHTaJbHbIX
3aKOHOB (PYHKLMOHHUPOBAHHS HEJHUHEHHBIX CHCTEM H3 pPas3juuHbIX objacTteil
ecrecTBo3Hanust [15], [16], oHO 1O CHX TOP HE MOJYYHJIO HOJKHOTO OCBelle-
HUsl B HeHpOIHHAMHUYECKON JuTepaType. B To Ke BpeMst 10CTaTOYHO SICHO, UTO
Oy(epHOCTb BeCbMa aKTyasJbHa MMEHHO [/ HEHPOHHOH TeMaTUKH. JleHcTBH-
TeJIbHO, OHA OTPAXKaeT KOHKYPEHTHOe B3aUMOAEHCTBUE PA3JUUHBIX KOHLEMIHH
U Ulell B HEOKOPTEKCe UeJOBEUeCKOTr0 MO3Ta, a TaK¥Ke MOXKET ObITh UCIO0Jb30-
BaHa AJis1 0OBbsSICHEHHUS MeXaHH3Ma PaboThl aCCOLUATHBHON MaMSITH.

Hrak, Bo3HHKaeT mpoOjemMa OfHOBPEMEHHOH peau3yeMOCTH OMUCAHHBIX
(heHOMEHOB B paMKax HeKOH elWHOH MaTeMaTHueckod Momend. OnHa U3 TakKUX
MoZeJIell MpefJiaraeTcsl B HACTOSILIEH CTaThe.

Crenyst metonuke u3 [14], 6yaem cuuTaTh, UTO 3JEKTPUUECKAsi AaKTHBHOCTh
OTHeILHOTO HelpoHa onuckiBaeTcsl [ depeHLna bHO-PA3HOCTHBIM YPaBHEHH-
em (2.1). B atom pasnesne Ham motpebyercss Gosbliasi TIaaKoCTb (DYHKIHH
f(u), g(u) € C*(Ry), Ry = {u € R : u > 0}, B CBA3H C 3THUM 3aMEHHM
ycaoBus (2.2) Ha caenyioiiye:

f0)=1, g(0) =0; f(u)=—ao+O(1/u), g(u)="by+O(1/u),
uf'(u) = O(1/u), ug'(u) = O(1/u), (2.84)
u?f(u) = O(1/u), u?q"(u) = O(1/u) npu u — +oo0,

rie ag, by — TOJOXKHUTENbHBIE KOHCTAHTHI. THIOBBIE MPUMEPHl TaKUX (DYHK-
uuil pawot gopmydsl (2.3). Kax mokasano B mpeablaylineM MYHKTE, M0 J06OMY
(UKCHPOBAHHOMY HATypaJbHOMY 7 MOXKHO Tak MOH00paTh (pUTypHUpYIOLIMe B
(2.1), (2.84) napametpsl h, agp, by, YTO MPH BCEX AOCTATOYHO OOJBIIMX A ypaB-
Herue (2.1) Oymer UMeTb IKCMOHEHLHANbHO OpPOMUTANBHO YCTOUUHBBIA LHKJ
u = u(t,\) neprona Ty(\), rme T.(\) mpu A — oo CTPEMUTCS K HEKOTOPOMY
KoHeuHomy npezneny T, > 0. Cama ke QyHKUHS u.(f, A) Ha OTpe3Ke BpeMeHH
JUTMHBL TIEPHOfia JOMYCKAeT POBHO 1 MOAPSA MAYLUIMX ACHMITOTHUECKH BBICO-
kux (mopsinka exp(Ah)) BemieckoB mpomosxkurensHoctd At = (1 + 1/ap)h,
a BCe OCTajibHOe BpeMsi OHa aCHMITOTHYECKM Masa. VIHBIMH c/oBaMH, MpH
yKa3aHHOM BbIOOpe MapaMeTpoB wu.(t, \) siBasercs bursting-unkaom.
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HarnsinHoe mpepctaBieHne 0 pesakCalHOHHBIX CBOHMCTBaX bursting-uuk.a
ux(t, \) naer ero rpadguk Ha maockoctd (t,u) (cm. puc. 2.1), MOCTPOEHHBII B
macwirabe 25 : 1 pas caydas h = 1/26, A = 130 u aas ¢yHxkunit (2.3) npu
(G 05, Cy = 4.

Kak y»xe Obl10 cKa3aHO Bblllle, ypaBHeHHe (2.1) cayKUT MaTeMaTH4ecKoh
MOJIEJIbI0 M30JMPOBAaHHOr0 HekipoHa. [Ipearno/soxuM Ternepb, 4TO paccMaTpu-
BaeTCsl OfHOMepHasi LeMoyKa W3 m, m > 2, TaKUX HEHPOHOB, KaxKIblH M3
KOTOPBIX B3aHMOJEHCTBYeT ¢ ABYMs OJMXKAHLIMMH CBOMMH cocelsiMH. B 3Tom
cayuae BMecto (2.1) WmeeM feJ10 C CHCTEMOH BHIA

ﬂj =d (u]'+1 — QU]' + u]-,l)—&—
+ Alf(uj(t —h)) —g(u;(t —=1)u;, j=1,...,m, (2.85)

THE Uy = Uy, Umsl = Uy, @ HapaMeTp d > 0 nopsifika eIMHHUIbl XapaKTepHuayeT
rayOUHY CBSI3W MEXIY HeHpOHaMH.
Cucrema (2.85) momyckaer, OUeBHIHO, TaK HA3bIBAEMbIH OMHOPOMHBIA HJIN
CUHXPOHHBIH LHKJI
U= = Uy = it N), (2.86)

rae u.(t,\) — ycroiuuBoe MepHomHuecKoe peleHue ypaBHenus (2.1). Ham
OCHOBHOH pe3yJbTaT COCTOUT B TOM, UTO IPH MOAXONSIIEM YMeHbIIEHUH d U
IpU BceX A >> 1 y 3TOH CHCTeMBI Hapsily ¢ YCTOHYMBHIM LUKJIOM (2.86) cyle-
CTBYET He MeHee M 3IKCIOHEHIMAJbHO OPOUTAJNBHO YCTOHUUBBIX HEONHOPOI-
HBIX TepuoaudyecKux ABuKeHuit. [locienHue GymeM HasbiBaTb TUCKPETHBIMU
ABTOBOJIHOBBIMHU NPOLIECCAMH HJIM TPOCTO aBTOBOJHAMHU.

3aberasi Brepen, OTMETHM, 4TO cucTeMma (2.85) W sBJseTCs MHTEpecyio-
el Hac MaTeMaTHUeCKOH MOJe/blo, B KOTOPOH OTHOBPEMEHHO HaO/I0faloTCs
(heHomeH OydepHocTH U bursting-addekr. JlelcTBUTEbHO, KaK MOKA3bIBAET-
csl HH2KE, BCe ee YCTOHUMBBbIE aBTOBOJIHBI, OOHAPYXKEHHble AaHAJTUTUUYECKUMHU
MeTOoNAaMH, MpPeACTaBsA0T coboi bursting-nuk/abl. DTO 03HAUaeT, HAMOMHUM,
UTO Ha OTPe3Ke BPEeMeHH [JIMHBI epHoja MX KOMIOHEeHTH uj, j = 1,...,m
JIEMOHCTPHUPYIOT TO 2Ke CaMOe acHMITOTHYeCcKOoe MOBeleHHe, YTO U (PYHKLHS
u«(t, \), @ UIMEHHO, IOMYCKalT POBHO 1 aCUMITOTHYECKH BBICOKHX BCIJIECKOB,
Tle HATypaJbHOE 1 3aBUCHUT OT BbIOOpA MapaMeTpoB ag, by, h ¥ B MpPUHLHUIE
MOXKeT OBITb JIOObIM.

2.2.2. OcHOBHbIE pe3yJbTaThbl

O6patumcs Tenepb K cucteMe (2.85), cuutas, UTo mapaMeTpsl ag, by, h mo-
MpeXXHeMY yI0BJAeTBOPsioT ycaoBusam (2.7), (2.8). Ee ananus 6ymem npoBoauTth
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o~ - - T
w = (W1, ..., Wp—-1)" TpEXOAUM K 3anaue Koruu

dw

U AT+ () + N (1) 4 O, T =0, (2122
T
rue
A(T) = H{(w)|w=w”('rfﬁ)a
Uy(r,w) = Hy (wO(T, v) + IT)) — Hy (wO(T7 5)) — A(T)w, (2.123)
\111(77@) :HQ(WO(T,;J)‘F@) \I’Q:Hg.

?

O6patuM BHHUMaHHe, YTO 3ajgada (2.122) cHUHTY/spHA B TOM CMBICJE, UTO
ee TPUXOAMUTCS PacCMaTPUBATh HA ACUMIITOTHUECKH OOJBLIOM MPOMEXYTKe
BpeMeHd 7 € J. Tem camblM HeOOXOAMMO 3HaTb MOBeleHHE MPU T —> +00
matpulbl A(T) u Bektop-QyHkuu# Wy, Wy. Ilpu pelneHud 3To# mpob/embl
HaM moTpebytores BuiTeKamoiue U3 (2.120) acuMnToTHYecKre MPeACTaBaeHHUSsT
(paBHOMepHbIe 110 ¥ € ()

w?(r, v)=—InT+In(rg+1—7)+0O(1/7),

T— 400, j=1,...,70;
2.124
w?(T,m =lnT —1In(j —ro) + O(1/7), ( )
T—400, j=r9g+1,...,m—1.

JleficTBUTe/IbHO, Y4HTBIBasi cooTHouleHus: (2.124) B sBHBIX QopMy/Iax
(2.110) - (2.112) u (2.123), npuxomAuM K BBIBOLY O CYLIECTBOBAHHUH TaKHX
HEeMpepbIBHBIX Ha mojayocd r > 0 dyHkuuid My = M(r) > 0, s = 1,2,3, urto
pst mo6bix Bektopos WM, W), @ € R, yl0BIeTBOPSIOINX HePaBEeHCTBAM
[[@D|], ||[@®|],||@]| < r (3mechb u nanee ||+ || — eBkaugoBa HOpMa B R™ ! s
UHAYLMPOBaHHAs el MaTpUuHasi HOpMa), U [Jist Jo6oro 7 € R, crnpaBenuBel
OLIEHKH

S0y _ s < M) ) e
1%o(r, @) — Wo(r, 7)]| < ZED ) - 52,
101 (7, @) = Uy (7, @P)|| < (7 + D) My(r)||a) — ],
[ (r, @] < (7 + 1) Ma(r).

(2.125)

O6patumcst Tenepb K JuHelHON cucteMe dw/dT = A(T)w 1 0603HaUUM Ye-
pe3s K(7,0), K(0,0) =1, 7> 6 >0 ee Mmarpuuy Kowu. M3 acumnrornueckux
paBeHCTB (2.124) u u3 sBHbIX dopmya (2.110), (2.123) BeiTeKkaert, 4To

Ao

Ar) = 2+ A, 1AW <

57 TER. (2.126)



114 2. PestakcalimoHHble aBTOKOJIEOAHHUSI B CJy4dae JABYX 3ana3ibIBaHUH

ponyckatoiive nuddepenunpopanue mo v. JlobaBuM elle, 4TO MepeMeHHas T
B (2.116) MeHsieTcs Ha aCHMNTOTHUYECKH 60JblIOM oTpeske .J = [0, tod 1]

Jis yno6¢TBa moc/enyollero aHaausa OyneM CYUTaTh, YTO BEKTOpP U B
(2.116) He 3aBUCHT OT d ¥ mpoGeraeT HEKOTOPOE KOMIMAKTHOE MHOXKECTBO
Q C R™ 1, a KOMIOHEHTHI pelueHusi moJyuuBliedcs 3agaun Komwn o6o3Ha-
uuMm uepe3 w;(7,v,d), j = 1,...,m — 1. [anee, nonoxum B (2.116) d = 0.
B pesysbrate mpuxomum K 3anade Kouu

dw:
% =expwji1 —expw;, j=1,...,1790—1;
dw;,
Pro — eXP Wyy;
dcg (2.118)
de = exp(—Wry+1),
dw:
% = eXP(_wJ) - eXp(_wjfl)a j =70+ 27 sy M — 11
-
wj‘7:0:5j, j:].,...,m—l. (2119)

Uro xe KacaeTcs pellleHWsi ToJayduBlieiics 3amaud (2.118), (2.119), To,
KaK II0Ka3blBaeT HeCJOXKHasi MPOBEPKa, IJis ero KOMIOHEHT w?(T, v), j =

=1,...,m — 1 BBINONHSAIOTCS PAaBEHCTBA

-1 s—{
Zw’11+’7—v hl{ | Z% Xp(zﬂl‘u+j>}7 5:17'“7777‘_1_7‘0;
5 (=0 j=1
s—1 -5 sl s—{
z<>1{zg (S50 E—
To=0 " j=1

r=0
(2.120)
CTpOI‘I/Iﬁ CMBICJI OTUCAHHBIM IMMOCTPOEHUAM MpPULAET CJAEAYIoLIee YTBEPKAE-
HUe.

Jlemma 2.2. Pasromepro no T € J, v € Q cnpasedausel acumnmomuueckue
npedcmagienus

w;(7,0,d) = w?(T v) + O(d),
o, O (2.121)

~ o 7 _
aﬁs(T’U’d)73~ (r,0) +O(d), j,s=1,...,m—1

JlokasarenbcTBO. Boinosnum B cucteme (2.116) sameny w = w’(7,0) +w,

rae w'(7,0) = (wi(7,0),...,wl_(7, 'ﬁ))T. B pesynbrate 115 BeKTOP-DYHKLHN
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B HOBBIX Me€PeMEHHBIX &, Ui, . .., Ym—1, TIE

j—1
w = exp(x/e), u; =exp (a:/&? + Zyk)
k=1
j=2,...,m, e=1/]A<k1. (2.87)

[Toncrasasisi, nanee, cooTHowenus (2.87) B (2.85), mpuxoouM K pesiakcalHuoH-
HOU cucTeMe

& =ed(expyy — 1)+ F(x(t — h),e) — G(z(t — 1), ),

yj =d[expyj1 + exp(—y;) — expy; — exp(—y;-1)]+
+ Fj(z(t —h),yi(t = h),....y;(t — h),e)— (2.88)
—Gji(x(t=1),y(t—1),...,y;(t —1),¢),
7=1...,m—1,

rae yo = Ym = 0, pyukuuu I, G te xke cambie, uto H B (2.1), a pyHkuuu F},
Gj MMerT BUJL

Fi(z, g1, 0y5) = 1[<6XP<5’3/5+Z%)) <exp<x/e+2m>>]

Cilwsyr, . vyy) = i{g(exp <x/5+;yk>) —g<exp (m/s—l—iyk))}

k=1

Kak u B npeneiayiiem pasnese, (GuUKcHpyeM MOCTOSIHHYIO oy > 0, Moayu-
HeHHY10 ycgoBuio (2.21). Hanee, Ha otpeske —og < t < T, —oy, rne 1. — Besu-
unna us (2.20), o6osnauum yepes y) (¢, 2), ..., yo (¢, 2), 2= (21, .., 2m_1) €
€ R, KOMMOHEHTBI peleHnst UMIYIbCHOR CHCTEMBI

yj = dlexpyj+1 + exp(—y;) — expy; — exp(—y;-1)], (2.89)
j:17..-7m*1> y():ym:O; .

yi(h+ KTy +0) = y;(h + KTy — 0) — (1 + ao)y;(KTo),

yj(to+ h+ kTo +0) = y;(to + h + kETy — 0) — (1 + 1/ao)y;(to + kTp),

y;i(1 4+ ETy 4+ 0) = y;(1 + KTy — 0) — boy; (KTh), (2.90)
yi(1+to+kTh +0) = y;(1 + to + kT — 0) — (bo/ao)y;(to + kTp),
k=0,1,....n, j=1,...,m—1,
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JIOTIOJTHEHHOH HadaJbHbIM yCJIOBHEM

(yla o aymfl)}t:_ao = (Zla cee aszl)~ (291)
W1 nakonern, paccMOTpUM OTOOpakeHHe
def
2= 0(2) S (G0 2)s g2 g, (2.92)

neiictBytomee us R™~! p R™~!. Cnpasenauso ciefyollee yTBepKaeHHe.

Teopema 2.2. Jirwboui HenodsuscHoll mouke z = z, omobpascenus (2.92),
IKCNOHEHYUANbHO Ycmouuusoll uiu ouxomomuurot, 8 cucmeme (2.88) npu
scex docmamouno mareix € > 0 coomeemcmsyem pesakCAUUOHHbLL YUKA
(x(tye),m(t,e), ..., ym-1(t,€)), x(—00,) = —og nepuoda T(c) ¢ memu e
csoticmeamu ycmotiwusocmu. Kpome moeo, cnpasediuso. COOMHOULEHUS

lirr(ll T(e) =T, max |z(t,e) — z(t)| = O(e),
e— 0= —0o0

i max Jy;(t,€) = y;(t 2)[ = 0, (2.93)

i(t <M, j=1,....m—1
70’(]§12;I%%}((6)700 |y]( 7E)| — ) .7 ’ , M )
ede x,(t) — Qpynkyus (2.22), M = const > 0, a mroxecmso () npedcmas-
asem coboii ompedok [—ag, T (e) — 0g] ¢ 8bI6POULEHHBIMU UHMEPBALAMU

(h+kTy — % h+ kTy +€°), (to+h+ETy — €%, to+ h+ kT + €°),
(L+ KTy — e, 1+ KTy +£°), (1+ty+ KTy —€°, 1 +to+ kTp +€°),
k=0,1,...,n, ¢ =conste (0,1).

JlokaszaTeqbCTBO NAHHOHM TeOpeMBl OMYCTHM, MOCKOJBKY B aHAJOTHYHBIX
CUTYalHsIX OHO MOAPOOHO H3JI0XKEHO BO BTOPOH YacTH MepBOH IaBbl (CM.
TakxkKe cTaTbio [26]).

Teopema 2.2 HocuT 6a3oBEIE XapakTep, TaK Kak OHa CBOLHUT HMHTepecy-
IOIyI0 Hac TPo6JeMy HAXOXKAEHWsS AHCKPETHBIX aBTOBOJHOBBIX IPOLECCOB
cucteMbl (2.85) K MOMCKY YCTOHUMBBIX HEMOABHXKHBIX TOUYEK OTOOpaXKeHHs
(2.92). Iocnennee xe njst yno6C¢TBa AabHeHIIero aHaiu3a rnepenuiieM B HH-
BapUaHTHOH (opme, He 3aBHUCSIIeld OT BeiOopa mapamerpa oy. C 3TOH Lesbio
o603naunm uepes P(z), = € R™"!, P%z) = = onepatop ciBura no TpaekTo-
pusim cucrembl (2.89). HerpynHo yGenuTbesi, uto nocje 3ameHsl P7(z) — z
UHTepecylollee Hac 0ToOpakeHUe NpUHUMaeT TpeOyeMbld MHBapUaHTHBIA BUJ

2= @o(2) E (Wt %), Y (6 2)] s (2.94)
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H173:71, Hj,;;:(), ]:2,,m72, Hm,_lﬁgil. (2112)

Ananus mosyuunBiueiics 3agauu (2.109) TpuBnaseH. JleficTBUTEbHO, TaKk
KaK ypaBHEHHE /ISl w PETyJsiPHO 3aBHCHT OT MaJjoro napamerpa d W pac-
cMmaTpuBaetcs Ha KoHeuHoM oTpeske () < ¢ < h, TO CrpaBeisIMBO CJedylollee
yTBEpKIEHHE.

Jlemma 2.1. Pasromepro no t € [0,h], v € Q daa pewenus w = w(t,v,d)
sadauu Kowu (2.109) umerom mecmo acumnmomuueckue npedcmasiers

ow

w(t,v,d) = v+ 0(d™"), o=
v

(t,v,d) = I +O(d"™), (2.113)

ede I - edunuunas mampuyaq.

[Tepeinem K paccmorpenuto otpeska h <t < t;+ h. [IpuBnexas paBeHCTBa
(2.113) 1 npaBuia mepecueTa HauaJbHBIX YCJIOBHE B Touke ¢ = h (cMm. (2.90)),
ybexxaemcsi, 4To

1 1-00\
yj|: = (bp —ap)In= —apv; + O(d"™™), j=1,...,7¢;
e L (2.114)
Yil,po = —(bo — ao) lng —aguj + O(d*™®), j=ro+l,...,m—1.

Takum 06pas3oM, B AaHHOM CJydae MocJe BhIMOJHEHUs aHaJoruuHbiX (2.108)
3aMeH TepeMeHHbIX

Y = (bo—ao)lné—ﬁ-wj, j=1,...,10
yj:—(bo—ao)ln%—i-wj, j=ro+1,....,m—1, (2.115)
T=d(t—h), 6 =by—ay—1>0

noJy4aercs 3afada Komu
dw 2428 146 ~
E:Hl(w)—&—d VHy(w) + d ™ Hy, wl|r—9 = 0. (2.116)

3mech, kKak u B (2.109), w = (wy, ..., wy_1)", dyskunu Hy, k = 1,2,3 3ana-
oTcsl paBenctsamu (2.110) - (2.112), a nna komnoHent v;, j =1,...,m—1
Ha4yaJbHOrO BEKTOPa U CIIPaBEMJUBLI (hOPMYJIbI

Uj = —agu; + O(d"™), j=1,....m—1, (2.117)
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2.2.3. loka3areJbCTBO TeopeMsl 2.4

Hrak, npexnonoxkum, uto (ag,by) € U;. Beibepem 3aTeM HeKoTopoe Liejioe
ro, 0 <1y < m —1, u B COOTBETCTBHH C OXKHAaeMbIMH paBeHcTBaMu (2.104)
nornosHuM cuctemy (2.89), (2.90) HayaJbHBIMH YCJIOBHSIMH

bo—ao 1 .
yj‘t:o:_ o lng—}—vj., j=1...,70
bo—ag. 1 (2.106)
yj‘t:ozTolnngvj’ g=ro+1,....m—1,
rie v; = const € R, j = 1,...,m — 1. Jajee, QUKCHpyeM NPOHM3BOJIBHO

KOMNaKTHoe MHOXKecTBO ) C R™~! u 0603Haunm uepes
<y1(t7v7d)7 s 7y7n—1(t7v7 d))Tv 0 S t S T07 v = (’U1> o 7U7n—1)T S Q (2107)

petuenune noJyuuBiieics 3agaun Ko (2.89), (2.90), (2.106) (3mech u Hike

uepes (k,...,*)" 0603HAUAETCS OMepalys TPAHCIIOHUPOBAHHUSA).
CorsacHo paBeHcTBaM (2.106) Ha oTpeske 0 < ¢ < h mocJse mepexoma K
HOBBIM TepeMeHHbIM w;(t), j = 1,...,m — 1 mocpencTBoM (opmya
Yj = _boa)ao lné +wj, j=1,...,70;
b — c;o 1 (2.108)
Yyj=——"n-+w;, j=ro+1,....m—1

an d
nMeeM neJqio ¢ 3anadeit Komu
W = d" T H (w) + d% Hy(w) 4+ d Hs, wli—g = v. (2.109)

3peck w = (wy, ..., Wy-1)", 0 = (bp — ap)/ap < 1 (B cuny npeanosaraeMoro
yeqoBust (ag, bo) € Uy), Hi = (Hig, ... Hyno1)™, k= 1,2,3, 2 KOMIOHEHTHI
Hj 3apaioTcsi paBeHCTBAMH

Hjy =expwjpr —expw;, j=1,...,10—1;

Hy1 = —expwy,, Hy111 =exp(—wr41); (2.110)

Hj, = exp(—w;) —exp(—w;_1), j=ro+2,...,m—1;

Hy o =exp(—wi), Hjo = exp(—wj)—exp(—wj_1), j =2,...,70— 1;
H,y 2 = expwyy+1 + exp(—wy,) — exp(—wy,—1),

H,y112 = €XP W2 — €XP W11 — €XP(—Wy, ), (2.111)
Hjy =expwjp1 —expwj, j=r9+2,...,m—2;
Hm—l,Q = — €XPp Wp—1;
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rne (y9(t, 2),..., 90 1(t,2)) — pewenue umnymbcHoi cuctembl (2.89), (2.90)
¢ aHasornuHbiM (2.91) HavyaJbHBIM yCJOBHEM (Z1, ..., Zn,—1), 3a0aHHBIM MpH
t=0.

HccnenoBanue artpakrtopoB orobpaxeHus (2.94) HauHeM ¢ aHasu3a
CBOWCTB YCTOHUHMBOCTH €ro HEMOABHXKHOH TOUKH 2z = ().

Teopema 2.3. Haiidemcsa makoe docmamouno manoe dy > 0, umo npu ecex
d € (0,dy] Hysresas Henodsuscras mouka omobpaxcerus (2.94) sxcnowner-
UUAAbHO yecmotiuusa.

HdokasateabcTBo. Hec/0XKHBIH MOACUET MOKA3bIBaeT, YTO OTBeYarollas
Touke z = 0 marpuua fxodu P((0) ecTb omepaTop CABHra MO pelIeHUSM
UMITYJIbCHOH CHCTEMBbI

}.lj = d(hj+1 — th + hj—1)7 ho = hm, = 0, ] = 1, e, — 1, (295)

h]'(h + kT() + 0) = h](h + kT(J — 0) — (]. + ag)hj(kT0)7
hj(to+h+kT0+0) = hj(to+h+kT0—0) — (1 + 1/a0)hj(t0+k‘T()),

h](l + kTO + 0) = h](l + kTO - 0) - b(]hj(k‘TQ), (296)
hj(1+to+/€T0+O) = hj(l-i—t()-‘rkTo—O) — (bg/ao)h]‘(t0+kTg)7
k=0,1,....n

3a Bpemsi ot t = 0 no ¢t = T,. [Hanee, npumenum K (2.95), (2.96) meron
®dypbe Mo COOGCTBEHHBIM BEKTOPAM Pa3HOCTHOTrO orepaTtopa Jlamiaca, a ToyHee
FOBOPS, MOJOXKHUM

m—1

. . .
hj:;gr(t)sm <mj), j=1,...,m—1. (2.97)
B pesysbrate y6expaeMcsi, 4ToO KOMIOHEHTHI g,.(t), r =1,...,m —1 u3 (2.97)

ABJIAKOTCA peU_IeHI/IﬂMI/I HMHyJIbCHOﬁ CHUCTEMBI
g=—sg, glh+kTy+0) =g(h+ KTy —0) — (1 + ao)g(kT),
g(to + h+ kT + O) = g(to +h+ kTy — 0) — (1 + 1/ao)g(t0 + k’Tg),
g(14+ kTy+0) = g(1 + kETo — 0) — bog(kTh), (2.98)
g(l +to+ KTy + 0) = g(l +tg+ kT — 0) — (bg/ag)g(to + k‘To),
k=0,1,....n

npu 0 <t <T,, s=s,, rne

sr:4dsin2<ﬂ), r=1,...,m—1. (2.99)
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Ha cnenytouem stane pononHum (2.98) HauajbHBIM yCJIOBHEM gli—g = 1,
MPOUHTErpUpyeM MoMydHBLIyiocs 3agady KowH W MOM0KHUM f, = gli=7, s—s,,
e s, — NUCKpeTHble 3HaueHus (2.99) mapametpa s. B utore mosyyaem Habop
quces pp, 7 =1,...,m—1, KOTOpbIH, KaK HETPYAHO yBUIETb, 00pa3yeT CIeKTp
uHTepecyomed Hac Matpuisl P((0). Bosee Toro, crnpaBeiuBL COOTHOLICHHUS

pr = pa(8)|szs,, T=1,...,m—1, (2.100)
rae

p(s) = Ulp, 8)’11:#0(8)’
po(s) = ((1 + ag) exp(sh) — 1) ((1 + 1/ag) exp(sh) — 1) exp(—sTp),

Ul,s) = [u exp(—s(1 — Ty)

+bo(1+1/ag)(exp(sh) —1) Z ¥ exp(—s(n—k)Ty) | exp(—s(T, — 1 —nTy)).
k=0

OcraHoBHMCS Ha HEKOTOPbIX CBOHCTBaxX (YHKUMH po(s) U Uy, s). Hemo-
CpPeLCTBEHHas NIPOBEPKa NOKA3bIBAET, UTO

1o(0) =1, 1h(0) =0, pi(0) <0, U(1,0)=1, UL(1,0)=0,
UZ(1,0) < 0, UL(1,0) > 0.

A orciona oueBHAHBIM 00Pa30M HMeeM
1(0) = 1, p,(0) = 0, pl(0) = UL(1,0) + UL(L0)4(0) < 0. (2.101)

U nakonen, o6benutsist cootHomenus (2.99) — (2.101), npuxoaumM K BHIBOLY,
yTo npu V d € (O,do}, rae dyp > 0 10CTaTOYHO MaJjo, CIpPaBeAJHBbl BKJIOUEHHS
w €(0,1), 7 =1,...,m — 1. Teopema 2.3 nokaszana.

B cucreme (2.88) HemonBHKHOH TouKe z = () OTBEUaeT LIUKJ C KOMIIOHEH-
TaMu x = z.(t,€), y; =0, j =1,...,m — 1, rme z.(t,e) — nepuoanyeckoe pe-
weHue ypaBHeHus (2.1), nocraisemoe Teopemoii 2.1. B cucreme xe (2.85) eii
COOTBETCTBYET OMHOPOAHBIN UK (2.86), rie u,(t, \) — dyukuus (2.83). Teo-
peMbl 2.2, 2.3 TPUBOASAT K BBIBOMLY, YTO TOT ILIUKJI SIBJASETCS IKCIOHEHI[HAIbHO
OpOUTAIbHO YCTOMYMBBIM MPH JI000M (uKcHpoBaHHOM 3HaueHuu d € (0,dp| u
TIPY BCEX JOCTaTOYHO OOJIbIIMX A.
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Kak u Bblllle, OTBICKAHWE HEHYJIEBBIX YCTOHUYHMBBIX HENOABHKHBIX TOUEK
otobpaxkenus (2.94) Gynem NMPoOBOANUTH B MPEANOJIOXKEHHH O MaJoCTH d. B 3TOM
cIydae ynaeTcss acHMITOTHYECKH MPOMHTErpupoBath cuctemy (2.89), (2.90)
npu 0 <¢ <7, v npu

(ao,bg) e U Uy UlUs, (2.102)

rue

Z/{l = {(Cl(),b(]) LoQop > 1, ago + 1 < b(] < 2(1(]}7 Z/IQ = {(aO’bO) ap > 17 b(] > 2(],(]}7
Us = {(ap,bp) : 0<ag<1, by>ag+1}.

B pe3yabTaTe NPpUuxXoAuM K CJAEAYIOLIEMY YTBEP2KIACHHUIO.

Teopema 2.4. [Tycmov napamempor h, agy, by puxcuposarvl u ydosiemsops-
rom ycarosuam (2.7), (2.102). Toeda npu scex docmamourno marvix d > 0
omobpascerue (2.94) umeem m IKCNOHEHUUANLHO YCMOUUUBLLX HENOOBUMNC-
HbLX moueK

O (d) = (21.49(d), 224, (A), . ., 2100 (d)), To=0,1,...,m—1, (2.103)

Komnonenmol komopuix npu d — 0 6 cayuae (ag,by) € Uy donyckarom acumn-
momuxy

by — 1
Ziry = — 0~ 4 In-+0(1), j=1,...,rp
o, 1d (2.104)
Zjrg = an Olna—FO(l), j=ro+1,...,m—1,
a 6 cayuae (ag,by) € Us UlUs — acumnmomuxy
1 .
Zjro = —1118—}—0(1)7 j=1,...r0;
] (2.105)
z]-,m:lng—i—O(l), j=ro+1,....m—1

JloxasaTesqbCTBY 3TOH TeOpEMBl NOCBATHM CJEIYIOIHE pasies, MpUdeM
orpannunmcst caydaem (2.104) (acumnroruueckue pasencta (2.105) o6oc-
HOBBIBAIOTCSl aHAJOTMYHO). 31eChb K& OTMETHM, YTO B COBOKYITHOCTH Teope-
Mbl 2.2 — 2.4 rapaHTHUpPYIOT HaJH4He Y UCXONHOM cucTeMbl (2.85) He MeHee m
YCTOHUMBBIX IMCKPETHBIX aBTOBOJIHOBBIX MEPHOIMYECKHX PEKHMOB, COCYILE-
CTBYIOIIUX C YCTOMYMBBIM OJHOPOAHBIM LIHKJOM (2.86) (cTporasi (popMyanpoB-
Ka COOTBETCTBYIOLLErO YTBEPKAEHHsS OyHeT nprBeleHa B 1. 2.2.4).



