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IlpenucinoBue

ITa KHUra MOCBSIIEHA 3J€eMEHTAPHOMY H3JI0KEHUI0 TEOPUU JIUHENHbIX
PA3HOCTHBIX YPABHEHUH C MOCTOSAHHBIMHU KO3 duurentamu. Manoxenue 6a-
3UpyeTCcs Ha JUCKPETHOM OMEPAaTOPHOM UCUUCJEHUH, SBASIOUIMMCS JUCKPET-
HBbIM aHAJIOTOM OMEePAaTOPHOTO HUCUMUCAEeHUS] MUKYCHHCKOTO.

CuMBOJIMYECKHE METOJbl /sl PellleHWH Pa3HOCTHBIX YPaBHEHHH C MOCTO-
SIHHBIMU Ko3(h(pUUHeHTaMH pa3BHBaJuch ellle B 19-M Beke. OHU omnucbiBa-
totest B Kuure JIxk. Byns [1], nepBoe usnanue kotopo# Bbiio B 1860 ro-
ny. Ctporoe o60CHOBaHWE CHUMBOJHWYECKUX METOMNOB pellleHHs Pa3HOCTHBIX
YPaBHEHHUH C TMOCTOSSHHBIMU KO3((pHLMEeHTaMU OBbLIO IOJYYEHO Ha OCHOBE
Z-npeobpasoBaHusi. ATo npeobpasoBaHUe — AUCKPETHBIH aHaJOr nmpeobpa-
3oBaHus Jlanjaca. DneMeHThl TUCKPETHOTO OMEePaTOPHOr0 UCUUCIEHUS OBIIH
n3soxeHsol B paborax Moore [11] u Brand [2] (cm. Takxke [3] u [4]).

B Hacrosilieft KHMre Ha OCHOBE MMCKPETHOrO OMepaTOPHOro HCUHCJe-
HUSI CTPOUTCS oOllasi Teopusi Pa3HOCTHBIX (PeKypPEeHTHBbIX) ypaBHEHHH ¢
MOCTOSIHHBIMU KO3(pduureHtamu. MsnokeHue 3TOM TeOpUM BO MHOTHX ac-
nektax 6oJiee 1MojiHOe, ueM B pykKoBoxactBax Elaydi [5], Jordan [6], Kelley,
Peterson [7], Miller [10], Spiegel [14].

OnepaTopHble (POPMYJbI JAIOT MPeACTaBIeHHE TUCKPETHBIX (DYHKIHUH Ye-
pe3 omepaTtop obpaTHbIH K omnepatopy caBura. OH siBJsieTCS NUCKPETHBIM
aHaJorom oneparopa auddepeHIIUPOBaHHUS B OTIEPATOPHOM HUcUUCAeHUH Mu-
KYCHHCKOTO. DTO M03BOJISIET MPOCTEHIINUM MyTeM MOJYUHUThb IBHbIE (POPMY.JIbI
IJI1 pellleHNUs] OAHOPOJIHBIX U HEOJHOPOAHBIX PAa3HOCTHBIX ypPaBHEHUH.

Kuura cocTouT u3 ABYX IJIAB.

[TepBas riiaBa mocBsiliieHa MOCTPOEHHUIO orlepaTopHOro ucuucjenus. Omnpe-
NeJAI0TCsl anrebpanyeckue orepauuu AJs AUCKPeTHBIX (DYHKLMH, MpUueM
pOJIb YMHOXKEHHUSI UTPaeT CBepPTKA AUCKPeTHbIX (PYyHKIMKA. OnepaTopbl BBO-
asiTcsi Kak apobu a/b, Tme a u b — nUCKpeTHble (YHKIUH. B 3Toil ke
rjaBe BBOASTCS MPOU3BOAsIIMe (DYyHKUUU. MeToabl 0nepaTOPHOr0 UCUUCTIE-
HUSl U NPOU3BOASAIINE (PYHKUHUU NMPUMEHSIOTCH K 10Ka3aTeNbCTBY TOXKIECTB
¢ OMHOMHAJBHBIMH KO3(P(hUIIUEHTAMH.

Bo BTOpoO#i rnaBe u3/jaraetcs TeOpUs JUHEHHBIX PA3HOCTHBIX yPaBHEHUH
C MOCTOSIHHBIMHU KO3 puuneHtamu. [lepBbiii U BTOpOU paszesibl MOCBALLEHbBI
JIMHEHHBIM Pa3HOCTHBIM YpPaBHEHUSIM MepPBOrO U BTOpPOro mopsinkos. Ore-
pPaTOPHBIH METOA T03BOJIIET He TOJbKO MOJYUUTb pelleHHe KOHKPETHOTO
Pa3HOCTHOrO ypaBHEHWS, HO M U3yUUTb CTPYKTYPy PpelleHUH 0011ero of-
HOPOJIHOTO M HEONHOPOJHOI0 YPaBHEHUH BTOPOTO MOPSiAKa C MOCTOSIHHBIMH
Kos(ppuuunentamu. PaccMaTprBaloTcsl JUHEHHblE YPaBHEHHUs C MepPeMeHHbI-
MU KO3((UIIMEHTAMU U HeJMHelHble YPaBHEHHsI, KOTOpble MpeoOpa3yroTcs B



6 [IpenucoBue

JIMHEHHble YPaBHEHUS BTOPOrO MOPsAKA C MOCTOSHHBIMU KO3()(PUIHEHTAMU
UJM yPaBHEHUS MEePBOTo MOPsAKA.

B TpeTbem paspeJsie ONKUCHIBAIOTCS HEKOTOPbIE 3a1a4M TEOPUH YHUCeJ, aJ-
reOpbl U aHa/M3a, B KOTOPBIX MOSIBJSIIOTCS JUHEHHbIE PA3HOCTHBIE ypaBHe-
Hus BToporo nopsigka. [laparpad 2.3.2 MoxKHO paccMaTpUBaThb KakK BBeEHHE
B TE€OPHIO0 HENpPepBbIBHBIX APOOeH.

UeTBepTbld M NATHIM pa3fesibl MOCBSALLIEHBl JUHEUHBIM OLHOPOAHBIM U
HEeO[IHOPOIHBIM Pa3HOCTHBIM YPaBHEHHSM BBICOKOTO MOPSAKA C MOCTOSHHBI-
MU KO3 PULIUEeHTAMHU.

[TocnenHuil pasgen mocesllleH cHUCTeMaM JHWHEHHBIX Pa3HOCTHBIX YpaB-
HEHUH.

KHura comepXUT MHOr0 ynpa*KHeHHH, KOTOpble CIOCOOCTBYIOT OBJafle-
HUIO TeXHHUKOW pelleHHUs JUHEHHBIX PAa3HOCTHBIX yPaBHEHUH C IOMOLILbIO
OMepaTOPHOro UCUYUCJEHHUS.

[nsi moHUMaHus nepBod TJaBbl, paszaena 2.1 u nmaparpados 2.2.1-2.2.3
BTOPOH TJ1aBbl JOCTATOYHO BJafleTh OCHOBAMH 3JIEMEHTAPHOU MaTeMAaTHKH U
Teopuel npenenoB. [lyg 4TeHUs OCTaJbHBIX MaparpaoB XKeJaTesJbHO 3Ha-
KOMCTBO C HayaJaMU aHa/ju3a U JHUHEHUHOU aJnreOphl.

KHHra MoxeT C/y>KUTb OCHOBOW OJIHOCEMECTPOBOTO Kypca AJsl CTYIeH-
TOB MJIA[LLUHAX KYPCOB.

[T. H. HectrepoB u A.IO. ¥YxasoB 03HAKOMHJHMCb C TEKCTOM KHHUTH H
cresanu psifi UEHHBIX 3aMeuaHuid. ABTOp BblpakaeT UM 6/1ar0gapHOCTb.



I'nasa 1

JIucKpeTHOE ornepaTopHoOe
NCUYUCJ/ICHUE

1.1. CaepTKa (pyHKUMU IMCKPETHOT'O apryMeHTa

1.1.1. CpoicTBa CBepTKH

[Ipennonaraercsi, 4tTo 06/acTbiO OnpeneseHUst BceX (PYHKUHUA OUCKDPET-
HOTO apryMeHTa, PacCMaTPUBAEMBIX B HAJbHEHUIIEM, CJHYXKHUT MHOXKECTBO
HeOTpHUIATEbHBIX LebiX uncesa n = 0,1,2.... luckpetHol GpyHKUUHU f(n)
COOTBETCTBYET IMOCJeN0BATEJbHOCTh €€ 3HAYEeHUH

£(0), £(1), f(2),....

OTnpaBHBIM MyHKTOM MOCTPOEHHST AUCKPETHOI'O OMEPAaTOPHOrO UCUHCJIE-
HUs sIBJsieTCsl MOHsTHe cBepTKH. CBepTKOM (yHKuMi f(n) u g(n) HasbiBa-
eTcst pyHKUHs h(n), KoTopas onpezensercs (GopMyson

= f(n=k)g(k)=f(n)g(0)+f(n—1)g(1)+.. .+ f(1)g(n—1)+f(0)g(n).
k=0

Bynem o6o3Hauath cBepTKy QyHKUMd f(n) u g(n) uepes f(n)-g(n). O6pyu-
HOe MPOM3BeleHHe 3TUX (PYHKUMU o6o3HauaeTcs yepes f(n)g(n).
[IpuBenem npumepsl BbiuucaeHus: cBepTKH. [lyets f(n) = g(n) = a”.
Torna
~a” —Za”kk +1)a", n=0,1,2....
O6o3HaunM 4Yepe3 ¢ = e(n) AUCKPeTHYH (YHKIHIO e(n), AJs KOTOPOH

e(0) =1wuen) =0, n>1 Ilyere f(n) — npousBosbHASs AUCKPETHAS
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(pyHKUMA. Beruucaum cBepTKy

k=0
OuyeBuUIHO,
h(0) = f(0)g(0) = f(0), h(1) = f(1)g(0) + f(0)g(1) = f(1),...,
h(m) = f(m)g(0) + f(m —1)g(1) + ...+ f(0)g(m) = f(m),..., m<n.

Takum o6pasom, cnpaBeyiuBoO paBeHCTBO f(n)-e = f(n). Hanee, o6o3HauuM
uepe3 [ nuckpeTHy0 QyHKUHMIO f(n), Aas kotopod f(n) = 1. V3 npensiny-
Iero cJjaenyet, 4to [ -e = (.

Ynpaxuenus. Berancauts cBeptky f(n) - g(n), ecan

a) f(n) =1, g(n) = n*

b) f(n) =1, g(n) =n;

c) f(n) =1, g(n) =2"

d) f(n) =3", g(n) = 5"

e) f(0)=0, f(1)=1, f(n) =0,n=>2,g(0)=1, g(1) = -1, g(n) =0,
n> 2

f)f()z () =1,f(n) =0,n 22, g(n) = a".

YcTaHOBUM OCHOBHBIE CBOHCTBa CBEPTKH.
1. KommyTatuBHOCTh CBepTKH. [loKaxkeM, UTO 3HaueHHe CBEPTKU He
3aBHCHUT OT MOpsiiKa cjenoBaHusi GpyHKUUU f(n) u g(n), T.e.

f(n)-g(n)=gn)- f(n).

[IpoBepuM crpaBenMBOCTb PaBEHCTBA

> fn—k)glk) = gln—k)f(k). (1)

CILeJIaB B CyMMe CJieBa MOACTAHOBKY T — k= S, MOJIYHUM

0

Z g(n —s) Zgn—s

S=n

YTO KW NOKAa3bIBAE€T PABEHCTBO (11) ﬂOKaSaHHOG CBOMCTBO Ha3bIBAeTCsI KOM-
MYTaTHBHOCTbIO CBEPTKH. CHMBOJIMYECKHU 3alUIIeM 3TO PaBeHCTBO B BHME

f-9=g-f
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Takum o6pa3om, cBepTka oO6JanaeT CBOUCTBOM, AHAJOTUUHBIM CBOHCTBY
KOMMYTaTUBHOCTH YMHOXKEHHST YHCEJ.

2. AccouuaTuBHOCTb CBepTKHU. CBepTKa 00JiajaeT TakKe CBOHCTBOM,
AaHaJIOTUYHBIM CBOHCTBY aCCOIIMATHBHOCTH YMHOXEHHS UMCe]]

(f-9)-h=1f-(g-h).

JleHCTBUTEJBHO,

3
7
oyl

[lepecTtaBsisisi MopsAIOK CyMMHUPOBaHUS, MONYYUM

n w

(f-9)-h=> fln—w)) glw—kh(k)=f-(g-h).

w=0 k=0

3. JucTpuOyTUBHOCTb CBEPTKHM OTHOCHUTEJNBHO cJiokeHUs. Kpowme
KOMMYTAaTHUBHOCTH U aCCOLMAaTUBHOCTH, CBepTKa 00JalaeT ellle TPeTbHUM OC-
HOBHBIM CBOHCTBOM TMPOM3BENEHHS UHCE], a UMEHHO OUCTPUOYTUBHOCTBIO
OTHOCHTEJIbHO CJIOXKEHUS

f-(g+h)=f-g+fh

ITO CBOWCTBO CBEPTKH OUYEBUIHO.
4. CpepTka oOJjiafiaeT elle OJHHUM BaKHbIM CBOHCTBOM IpPOHU3BENEHHUS
ynces1, KOTopoe c(hopMy/UpyeM B BHUE TeOpPEMBbI.

Teopema 1.1. Ecau ceepmra Qynkuyuti f(n) u g(n) pasna Hyiro npu
gcex n, mo no Kpaireii mepe o0na u3 ¢pyukuut f(n), g(n) pasna Hyawo
npu ecex n.

Hoxazameavcmso. JloKka3aTenbCTBO JIETKO MOJYUaeTCs M0 UHAYKLUUU. Ecnu

h(n) = f(n)-g(n)=>_ fln—k)g(k) =0, n=0,1,...,

TO
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[Tycts nnist onpenenennoctu g(0) = 0, f(0) # 0. Torna u3 paBeHcTBa

h(1) = f(1)g(0) + f(0)g(1) = 0

cnenyet, uto g(1) = 0. Hanee, eciu g(n) =0 npu n =0,...,k — 1, To u3
paBeHCTBa

h(k) = f(k)g(0) + f(k = 1)g(1) + ... + f(0)g(k) = O
cnenyert, uto g(k) = 0. O

3amMeTHM, 4TO 0OBIUHOE MPOU3BeeHHe PYHKUUE f(n) U g(n) STUM CBOH-
CTBOM CBEPTKH He oOJiajaer.

Takum o6pa3om, Hajx MUCKPETHBIMH (DYHKLHSMH MOXKHO INPOHU3BOIHTH
NeHCTBUS CJIOKEHHUs, BBIYMTAHUS U B3STHS CBEPTKU IO TEM K€ IpaBHJaM,
UTO U apu(MeTHUECKHe NeHCTBHS CI0XKEHHUS, BBIYUTAHUS ¥ YMHOXKEHHUs Hall
OOBIYHBIMM LI€JBIMH YUCJAaMHU. DTO M03BOJISIET 3aMEHHUTD CJIOXKHbIE TTpeodpa-
30BaHHUS TIOCJEN0BATENbHOCTEH (IUCKPETHBIX (DYHKLUHH) MOYTH MeXaHHue-
CKHUMH BBIYHCJEHHUSIMH.

B nanbHefimem Gynem pasauyaTh UMCIA U AUCKPETHbIE (PYHKLHH, KOTO-
pble TIPY BCeX 7 PaBHBI OMHOMY H TOMY JKe 4HCTy. Tak, uepes {2} Oymem
00603Ha4aTh YUCI0 2, a CUMBOJ {2}, 0603HaYaeT Takyw QyHKUHIO f(n), 4TO
f(n) =2 npu Bcex n.

OueBuaHO,

{200 {3} = 3.2 x3=6(n+1) = 6({1},- {1},).

B o61iem cayuae

{atn - A{Bn = aB({1}n - {1}n)-

1.1.2. Omneparop cymMmMupoBaHus

Ham nonano6stcss 6uHoMHa bHble KO3 pULHeHThl. HanomHum, 4To 6U-
HOMHaJIbHble KO3()(PUIUEHTH — 3TO KO3((PUUHUEHTH B (opmyse OHHOMA
Herotona

(14+2)"=14+Clo+C*}* + ...+ C" 12"+ O™,
BruHoMuanbHbI# Ko3(huunent CF onpenensiercs hopmyJioi

CS:n(n—1)(7”L—2k)'...(n—k—l—1)7 I <k<n
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roe k! =1-2-3---k. bynem npennonarats, uto 0! = 1, 02 =1, 4 Cﬁ =0
npu k > n.
Jlns 6GuHOMHUaNbHBIX KO9(P(ULHUEHTOB ClpaBelJuBO ToxKaecTBo [lackasns

Cha = Ch+ 0l

ToxnecTBO HeMoCpenCTBEHHO CaenyeT U3 (HOPMYJI, OTIPeNeSIOIIAX OUHOMH-
aJibHble KO3 (PULHUEHTHI.

HasoBem omepaTopoMm CyMMHpOBaHHSI TUCKpeTHYI (yHKUHI [ = {1},.
DTO Ha3BaHHUe OMPABABIBAETCS T€M 0OCTOSITEbCTBOM, UTO AJs 000N PyHK-
uuu f(n) umeem

L f =) fk)=FO)+...+ f(n).

MoXHO BBIUHCIUTH CTeneHU onepatopa [. [Ipexne yeMm mpoBecTH 3TO BbI-
4ucJIeHrne, MOrOBOPUM 00 3JieMeHTapHBIX MeTOfaX CyYMMHPOBAHHUS (CM., Ha-
npumep, [enbdonn [18]).

Borpoc o BBIUKC/IEHUH CyMMBI

FO)+.. 4 f(n) =) (k)

MOXKHO CBECTH K cJienymolleit 3anade. Haiitu Takywo ¢ynkuuo F(n), uto
F(k+1)—F(k) = f(k). (1.2)

IleficTBUTENbHO, eciu HalneHa QyHKuus F(k), ynoBaeTBopsitoiiasi ypaBHe-
Huio (1.2), To

F(1) = F(0) = f(0), F(2)—F(1) = f(1),...,F(n+1) = F(n) = f(n).

CkJazblBasi 3T paBeHCTBA, N0JYYUM
> f(k)=F(n+1)—F(0). (1.3)
k=0
[IpuBenem npumepsl. CripaBenyiiBbEl PaBEHCTBA
ak—H _ ak: — ak<a o 1))

sina(k + 1) — sinak = 2sin % cos(ak + %),
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1 1 1

E+1 k  k(k+1)

arctg(k + 1) — arctg k = arctg [

13 popmyabl (1.3) mosyduM COOTBETCTBEHHO

n n+1 1

"l
Zk: a—1"

k=0

o) sin(n + 1)a
o By — T )7
cos(2+cv ) 5o @

k=0 2

)

1
Zarctg T EE T D) = arctg(n + 1).

OnHUM K3 NPHUEMOB 3JIeMEHTapPHOTO CYMMHPOBAHHUS sIBJIsieTCs Mpeodpas3oBa-
nue A6ens. [Tycts w(0),u(1),...,u(n) u v(0),v(1),...,v(n) — NPOU3BOJIb-
Hble MOCJIEI0BATeIbHOCTH BelleCTBEHHbIX Yuces. [1010KUM

k=0

[Ipeo6pasoBanuem AbGesisi Ha3biBaeTcst popmysia

S ukpolk) = 32 (k) — ulk + DIV + ulm)Vn) - u Vs (14
k=m k=m

(ecn m = 0, TO ycJ0BUMCS CUUTaTh, 4to V(—1) = 0).
Jlns mokaszatesnbctBa dopmyabl (1.4) 3ameTum, 4To

v(k)=V(k)—-V(k—-1).

[ToncraBum 3TO BBIpaxKeHHe B JieBYI0 uacTb (opmyasl (1.4) u crpynnupyem
caaraemble. [lToayunm npaByto yacTb dopmyssl (1.4).
[Ipy m = 0 nosyyumMm, B 4aCTHOCTH,

n—1

> ukyo(k) =) (u(k) — u(k + 1))V (k) + u(n)V(n). (1.5)
k=0

k=0
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ECJII/I MbI ITOJIO2KUM
Au(k) = u(k +1) —u(k), AV(E)=V(k+1) - V(k),

T0 (hopmyny (1.4) MOKHO 3amucaTh B BULE

—_

V(k)Au(k) = V(n)u(n) —u(m)V(m —1) = Y u(k)AV(k — 1).

k=m

n—

il
=

B kauecTBe mpumepa npuMeHeHHs NpeoOpas3oBaHus Abesiss BBIYUCIUM
CyMMYy

k ‘ ak:—i—l -1
V(k) = )=
=20 =%
B cuny dopmyssr (1.5)
n n—1 k+1 a’tl — 1 a"tl — g an
ka" =S (k- (B + 1) ——= _— |

Z ¢ Z( (k+1)) a—1 n a—1 (a—1)2+na—1
k=0 k=0

YnpaxHenue.

BBIUUCAUTE CyMMY

z”: k.

k=1

BepHemMmcs K BbluMC/eHHIO cTeneHel onepaTopa [. O4eBUIHO,

P=1-1=) 1=n+1,
k=0

n

P=1-1=) (k+1)=1+42+...+(n+1)= (n+Dn+2)

2
k=0

ATy (GopMy/aTy MOXKHO 3aMHcaTh, UCNOJb3ys ONpefeseHue OHUHOMUANBHOTO
Ko3(ppuLMeHTa, B BULE

3 _ 2

I° = Cn+2'
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[lo unAyKUMM nOKa3biBaeTcs obuias ¢popmyna

m+1)...(n+r—1) _ol s (1.6)

lr:l_lr—l —
(r—1)! "

B camom JeJie, ecJinu

n+1)...(n+r—2) CT N

l’r—l —
(r—2) o

TO
n

r r— - (k+1) (k—l—”f’—2
=i 122 (r — 2)! ch+r2

k=0
N3 toxpgecta [lackans CJIeNYET, 4TO

r—1
Cn—H" 1= Cn—i—r—? + Cn+r 2°
OHo osHauaet, yto C!'.1 , ABJAETCS pelIeHHEeM ypaBHEHHS

F(n+1) ( ) Cn—i—r 2°

HOSTOMy B CHJY (bOpMy.}IbI CYMMHPOBaHHA CIIPpaBeaJIMBO TOXKAECTBO

Fin+1)=0C"t | = ZC,HM (1.7)

Tem cambiM dopmyna (1.6) nokasaHa.
W3 dopmyaer [T = [MFTH2 cienyeT TOXAECTBO [/ GMHOMHAJIbHBIX
KO3 (pULHEHTOB

E r+m+1
Ck+m n—k+r — Cn+m+r+1

BeipaxkeHune
I"f(n)

MOYKHO, B CHJIy aCCOLMATUBHOCTH OMEpaldH CBEPTKH, HUHTEPIPETHPOBATH
JIByMsl CIoco0aMu:

1) kak (yHKIHIO, KOTOpasi TOJydaeTcsi MOCJAe0OBATEbHBIM 7"-KPATHBIM
cymmupoBaHueM ¢yHKUMU f(k) B mpenesax ot 0 mo n;

r—1
2) kak cBepTKy ¢yHkuui C) ., u f(n).
OTciona cienyet BelpaxkeHHe MHOTOKPATHOH CYMMBI Yepe3 OJHOKPATHYIO

n k1 ks
Z > Z Z f(k Z L SR, (1.8)
=0 ko=0 ko= k=0

Ipyro#t 6osee coxxHBIH BbIBOA (popmyJsibl (1.8) comepxkutcs B KHUTe [efib-

¢donna [18].
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1.2. Omneparopsi. OnepaTopHoe ucUnCIeHUE

Teneps, kak u B anre6pe, MOXKHO BBeCTH Apobu a/b, rie a(n) u b(n) —
IUCKpeTHble (DYHKIHUH, mpudeM b(n) He paBHa ToXIecTBeHHO HYyJw0. [lox
NieleHHeM MOHUMaeTCsl JeHCcTBHe, 06paTHOe CBEPTKE, T.e. CUMBOJ a/b 060-
3HauaeT TaKY JHUCKPeTHYH (YHKIHIO c¢(n), 9TO

a="b-c. (1.9)

Hanpumep, ecau a(n) = {n®}, b(n) = {n}, 10 u3s dbopmymsl

1" = (0~ k)ey

NOJy4YuUM cg = 1, ¢, = 6n, n > 1.

JLnst TOro 4T06Bl CUMBOJ /b GBI OMHO3HAUHO OMpefieieH, HYKHO, YTOOHI
TOJILKO OflHa (PYHKLHS ¢(n) yooBJeTBopsiia cooTHolneHuwo (1.9). Do Hero-
CpPeACTBEeHHO cJjenyeT u3 Teopembl 1.1. B camom nese, ecan Obl paBeHCTBO
(1.9) BeIMOMHAMOCE AN ABYX PA3JUYHBIX (PYHKUHH c1(n) U c2(n), T.e.

a=b-c;, a=b-cy,

TO Mbl UMEJHU OBl
b-(c1 —cy) =0.

Tak kak ¢yHKunHU b(n) U ¢(n) He paBHBI TOXKAECTBEHHO HYJIO, TO MOCJENHEE
pPaBEHCTBO MPOTUBOPEYUT Teopeme 1.1.

MoxXeT CJAy4uThbCsl, YTO MAJSI AaHHBIX AWCKPETHBIX (YHKUHH a(n) H
b(n) He cylIeCTBYeT NUCKPeTHOH (PYHKUHUH c(n), YIOBIETBOPSIOLIEH pPaBeH-
ctBy (1.9), T.e. nas nocaenosarenbHocted (a(0),a(l),...) u (b(0),b(1),...)
He cyllecTBYeT nocjenoBatesbHocTH (¢(0),c¢(1),...), yroBaeTBOpsIOLIEH pa-
BercTy (1.9). [Tyctb, Hanpumep, a(n) =1 = {n + 1}, b(n) = 1> — | = {n}.

Torna paBeHCTBO
{n+ 1} = {n} - c(n)

He MOJKET BBIMOJIHATHCS HU AJI ONHOH TUCKPETHOH (YHKUHHU c(n), TaK Kak
OHO O3HayaJio Obl, UTO

n

n+1= Z(n — k)c(k)

k=0

a5 noosix n > 0. [Tocnennee paBeHcTBO HeBepHO npu 1 = 0.
Yxe B apudMeTHKe Mbl BCTpedyaeMcsi C HEBBIMOJHHUMOCTbIO IeHCTBHUSA
[eJieHrs B 00/1aCTH LeJbIX YUCeJ, YTO IPUBOAUT K BBEIEHUIO PAllMOHAJbHBIX
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yrcesn (npobGed). Besikoe 1iesioe YHCIO SIBJSIETCS pallMOHAJNbHBIM, TaK Kak
NpeiCcTaBUMO B BUIE APOOH

b
C b0,

b )

AHanoruuHo, HEBBITIOJHUMOCTD AEHUCTBHS, OOPATHOTO K CBEpPTKE, TPUBO-
IUT K HOBOMY MaTeMaTH4eCKOMY TOHSITHIO, @ UMEHHO K MIOHATHIO ollepaTopa.

Hpob6b

l2
2 —1

IpefCTaBJ/sieT COOOU omepatop, KOTOPBIM He fIBJSeTCSH AUCKPETHOH (PyHK-
uved. B ofmeM caydae, ecau IJsi ABYX JAaHHBIX (QYHKUUE a(n) ¥ b(n)
He CYIIeCTBYeT AUCKPETHOH (PYHKUUHU c(n), YIOBJETBOPSIOUIEH PaBEHCTBY
(1.9), To npo6b a/b uzobpaxaer omnepatop. Jlobas HUCKpeTHast PYyHKIIHS
a(n) IBsleTCS OMEPATOPOM, TaK Kak ee MOXKHO 3alucaTb B BHJE

a-b
Ta
rae b(n) He paBHA TOXKIECTBEHHO HY.JIIO.
Boiuucsnum yactHOe NBYX omnepaTopoB cymmupoBanus [ = {1},. Tak kak
[-e=1,To
[
l
Hanomuum, uto €(0) = 1, e(n) = 0 npu n > 1. Takum o6pasom, omneparop
[/l npencraBasieT co6oil AUCKpeTHYI (QyHKUMIO e(n). Ee MoxHO mpexacra-
BUTb B BHUJe nocJenoBaresbHocTd (1,0,...,0,...), Y KOTOPOH TepBBIH 3Je-
MEHT paBeH 1, a BCe OCTasibHble 3JIEMeHTHl paBHb HY/0. PyHKIUSA € = [/]
UTpaeT TaKylo »Ke poJib B OMEpPaTOPHOM HMCUHCJIEHHH, KaK 1 B YMHOXEHUH
unces. Bynem o6o3nauath onepatop [/l yepes 1.
JlelicTBUTENBbHO, eciu a(n) — TMPOU3BOJIbHAS AUCKPeTHAas (PYHKIHUS, TO

= €.

TouHo Takxe npoOb
[
{&}Za

rae {a} — 4ucI0, UTPaeT PoJIb YKCAA v B OOBIUHOM YMHOXKEHUH:

a-{a}; = {ata
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roe a — onepatop. fcHo, 4yTo BhlllIeyKazaHHAas ApoOb 3a4aeTcsl MOCJe10Ba-
TeJbHOCTBIO (v, 0,...,0,...).
HasoBeM uucJ/I0BBIM onepatopoM Apobb

[a] = ole = al.

Jlerko npoBepuThb (HhopMyJibl

] + 8] =la+74], laf-[8] = lef]. (1.10)

YucioBBIE OMEPATOPBI CJAENYET OTJIHUATh OT AUCKPETHBIX (PYHKLHH, KOTOPBIE
TP BCeX n MPUHUMAIOT OHO Y TO Ke 3HaueHHe. 1y 3TUX PyHKIUH BMECTO
cootHoteHWH (1.10) BBIMONHSIOTCS CleayoLIHe

{atn + {8 ={a+ Btn, {a}n-{B}n= Zaﬁ = (n+ 1)ap.
k=0

Ilnst mpousBosbHOH (DYyHKUHMH f(n) UMeeT MecTo (opmyJia

T. €. YMHOX€HHE TPOU3BOJIbHON (PYHKIIMK Ha YUCJIOBOU omepaTtop [« paBHO-
CUJIbHO YMHOXKEHHIO ee 3HaueHHUH Ha UHCJO .

YuuTbBasi CBOUCTBA YMCJOBBIX OMEPATOPOB, MOXKHO OMYCTHTb KBajapaT-
Hble CKOOKH M BMeCTO [« mucath a.

IleficTBusi Han omepatopaMu OyoeM MPOU3BOAUThL TaK e, KakK M Hal
OOBIUHBIMU Apo6siMU. [[Be npobu, cCOCTaBJIeHHbIE U3 ONEePaTOPOB, PABHBI

a C
b d
B TOM U TOJIbKO TOM CJyuyae, Koraa
a-d=Db-c.

Ecin a = a1(n)/ag(n) u b= by(n)/ba(n) — nBa omepartopa, TO UX MPOU3BeE-
JeHne onpenensercs GopMyJon

JlaJiee,
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a N c a-d+b-c
b d b-d '
EcTecTBeHHO mpeanoJaraetcs, uto ornepatopsl b v d He paBHbBI TOX/1€CTBEH-

HO HYJIIO.
AHaJIOTHYHO BBOIMTCS OTepalvs IeJIeHHs] ONepaTopoB

a c ad
b 'd bc
CaienoBaTesibHO, HaJl onepaTopaMU MOXKHO MPOM3BOAUTH BCe UeThipe apud-
MeTHYeCcKHe NeWCTBUS, KaK W HaJ PallMOHAJbHBIMH uHhcaaMu. bynem roso-
pUTB, YTO OMEpaTopbl 00pas3ylT MoJie, MOoAPa3yMeBas MOA 3THUM BbIIIOJHU-
MOCTb UeTbipex apu(MeTHUUeCKUX NeHUCTBUH, KaK U B M0Je PALlMOHAJbHBIX
quceJ.
O6paTHbIM K omepaTopy c OyneM HasbiBaTh onepaTop d, yIOBJETBOPSIIO-
ILIUH PABEHCTBY
c-d=1.

Onpenenum onepatop, 06paTHBIM K OmepaTopy CyMMHPOBaHUS. DTOT onepa-
TOp 3anaetcs (POPMyJIOH

B cuny storo onpenenenus

[losTomy
u(0)=1, u(0)+u(1)=0, u(0)+u(l)+u(2)=0,...,u(0)+u(1)+...4+u(n)=0.

CrenoBateJ/ibHO, ONEpaToOp U MNpelcTaB/seT COOOH AHUCKPETHYIO (QYHKIHIO
u(n) = (1,—1,0,...). BBenem Temnepb omepatop

[—1
c=1-u=——=(010..).

OnepaTop ¢ Ha3bIBaeTCs ONEPAaTOPOM CIBHUra.
Hwmeer mecTo cienyromas Teopema.
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Teopema 1.2. Cnpaseodarusa ¢opmyira
z(n) = ox(n+ 1)+ 2(0), (1.11)
ede x(0) = (z(0),0,...).
Hokasameaovcmso. OueBUIHO,

or(n+1) = (0,1,0,...) - (x(1),2(2),...) = (0,2(1),2(2),...).

15 Hac B nanbHeHIIeM OCHOBHYIO poJib OYIeT UrpaTh omepaTop

1
o

. I
N I—1’

o6paTHbI# K omepatopy o. Hsst atoro oneparopa u3 dopmyisl (1.11) caenyer
PaBEHCTBO

z(n+1) =sz(n) —sz(0). (1.12)

Hanee, nonyynm
z(n+2) =sr(n+1) —sz(l) = s’z(n) — s*x(0) — sz(1). (1.13)
[To uHIYKUMHK JIETKO yCTaHaBJMBaeTCs obuast hopmysia
z(n+ k) = sfz(n) — sf2(0) = s" (1) — ... —sz(k - 1). (1.14)
B nanbHeiiiiem Ham MPHUIETCs pacCMATPUBATh MHOTOUJIEHBI OT OMepaTopa S
st + o 18" 4+ 4+ ags + {ao,

TOE Oy Olf—1, - - . , V], (g — TIPOU3BOJIbHBIE YUCJA. JIedCTBUSA HAl STUMU MHO-
rousieHaMH BBIMOJIHAIOTCS, KaK U B 3JeMeHTapHou anre6pe. Hanpumep,

(s—1)(s" s+ +s+1)=8s"—1.

Teopema 1.3. Ecau dsa mHocourena om onepamopa S pagHsl, mo pas-
HbL U coomeemcmeyroujue Koagguuyuernmol, m. e. U3 pageHcmaa

st + oy sF L Aas+{a} = Best+ B8t 1+ .. A+ Lis+{bu} (1.15)

caedyrom pasencmsa o; = 3, 1 =0,1,... k.
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Jlokasameavcmeo. YmHoxas obe dactu pasenctBa (1.15) ma (I — 1) u
yuuTbiBasi, uto s = /(I — 1), monyuum

apl" 4o -+l - D) (- 1) =

= Bl 4 Bl (= 1) o B - 1) Byl - 1)

13 dopmynasr (1.6) nnst creneHell omepatopa [ BBITEKAeT PaBEHCTBO ABYX
MHOT04J/IeHOB AUCKpeTHOU nepeMeHHOH n. CpaBHHBas KO3(P(ULUEHTHI MPH
COOTBETCTBYIOIIUX CTEMeHSIX 3THUX MHOIOUYJEHOB, MOJYYHUM YTBepKAeHHe
TEOpPEMHBI. [

[lepelinem Terepb K BBIBOAY ONEPATOPHBIX (DOPMYJI, CBSI3BIBAIOILUX OIle-
paTop s C HEKOTOPBIMU 3J1eMeHTapPHBIMUA (PYHKLHUSAMU OUCKPETHOTO apryMeH-
Ta, U, CJAe0BaTeJbHO, OJYYUM OllepaTOpHble N300paKeHUs 3TUX (PYHKIHUH.

Cpasy oTMeTHUM, UTO U3 OMNpeleJieHHsl orlepaTopa S cjeayeT olepaTopHas

(hopmysa

S
[=(1,1,...) = :
(11,) s—1
[Tonoxkum x(n) = a" B popmyse (1.12). ITonyaum
a"M=sq" —s-1,
OTKYZa
a"(a—s)=—s
1 S
a" = : (1.16)
s—a

[lonyuunu onepatopHoe u3obpakeHue MokasaTeJbHOH PyHKIHUH. OTMeTHM,
4YTO B IPABOM 4aCTU (POPMYJbl ¢ — 3TO UYUCJAOBOH OMEPATOP, T.€ IMOCJe[0-
BaTeJIbHOCTD (a,0,...,0). HaJee,

a"—1= —1=
s—a s—a

U, CJiefoBaTeJbHO,
a —1 1
= ) (1.17)
a sS—a
Hcnonb3ys ornpeneneHrde CBEPTKU, UMeeM

3
3

— Clan—l

n

I
S
1
oy
Yo
S
™
L
|
S|
L
N~—
I
S
S
L
S
S
L
I
S
S|
S
L
|
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Hrak,
s
na" ! = — (1.18)
(s —a)
B wactHocTH, mist gucKpeTHOH QyHKUMH f(n) = n nmoaydum
s
Jlasiee,
S S 1 a" —1
= 5 _= C}Lan_l =
(s—a)? (s—a)> s—a a
1 n
—k, k-1 1, n—1
= (Za” Cra” " —CLa" > =
k=0
n
=a"? |} _Cl-C)| =a"?(Ch, —Cp) =Cra">.
k=0
Hrak,
s
Cla"? = . 1.20
JlokakeM Mo MHAYKLHWU, UTO CIIpaBedsnBa obuias ¢hopmysa
Ckanb = 5 (1.21)
n (s — )b+l '
Ecnn nmeer mMecTo omepaTopHasi ¢popmya
s
Ck—lan—k—H _
! (s —a)*’
TO .
S s 1 _ k-l n—k+1 @ -1
(s—a)*t  (s—a)* s—a " a
1 n
_ k=1 i—k+1,_n—i k=1 n—k+1 | _
5(2;@ a "a" Tt = Cpa” )
1=
n
= a"" ( > o oft- q’;l> =a" " (Cr - O = Cra" .
i=k—1
3nech ucnonb3oBaHo ToxaectBo (1.7). CienoBatesbHO, cripaBensnBa Ghop-

myaa (1.21).
B yactHocTH, cnipaBenJiMBa ornepatopHas gopmysna

K s
Ch = (s — 1)k+1°
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CJleILOBaTeJ'IbHO, MBI MOJYUHUJIK OIllepaTOpHOE H306pa}KeHI/I€ [mocJjenoBaTelib-
HOCTH

Ch.Cr.Cl, ...
Jlasnee,
s” k k k k
m =sC, =C, . —sCy=0C) .
[lo uHAYKUMM NOKa3bIBaeTCsl Cjaeylollasi ornepatopHas gopmysna:
q+1
#:sqq’;:q‘;ﬂ, ¢>k>0.

OtmeTuM, 4TO U3 (HOPMYJIBI
n? =202 4 C1

2

cJIeflyeT, 4To orepaTopHOe M300pakeHHe DYHKLHH n’ UMeeT BHIL
o s(s+1)
(s —1)%

Haiinem Tenepb onepaTopHoe H3o0OparkeHHe MOCJe0BATENbHOCTH
Cpr = (CY,CLCE, ).
[Tonoxxum k = 1. [lonyunm nocjenoBaTesbHOCTD
Ct = (CY,C1,0,0,...) = (1,1,0,0,...).
OnepaTopHoe H3006parKeHHWe 3TOH MOCIeN0BATEIbHOCTH UMEET BHU]L

1 1
liog—14-=5T1
S S

Jlerko BHIETD, UTO MOCJAEI0BATENBHOCTD
n 0 A1 12
02 - (02702,02,0,0, . ) — (1,2, 1,0,0,. . )
MOXHO 3anucath B Buze (1 + o)CT. CnenoBaTensHo,

on (s+1)2
2 g2 :
[lokaxkeM 1Mo UHAYKIMH, YTO clipaBenJuBa Ghopmy.a

op — BFU° (1.22)

Sk
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[lyctb
Cr1=
[TocnenoBatensbrocts (14 0)C) | UMeeT BUL
(Chl 1, Ch +C 1, Cr i+ Chy, O+ O ).
Tak kak C" | + C7" ' = C, 1o
1+4+0)C; ,=C}.

Dopmyna (1.22) nokasaHa.
[Ipono/mKKUM BBIYHCJIEHHE ONEPaTOPHBIX H300pa*KeHHUH 3JeMeHTapPHbBIX

(pyHKLHH.
Ecau a KoMIJIEKCHOe YHCJI0, TO NMPEeICTaBUM €ro B BUIE

a=re"?,

rie r — MOAYJb, a ¢ — apryMeHT unca. [losyuum us dopmyanl (1.16)

preine — 5 (1.23)
S —rew¥

OTnesnsisi BEIIECTBEHHYIO U MHHUMYI0 YacCTH, HaXOIHUM
r' cosnp = S(s —rcosy) : (1.24)

s — 2rscos p + r?

" . ST sin
S = : 1.25
e 2rs cos i + 12 (1.25)
B yactHoCcTH, npu r = 1 moJayduM QOPMYJIbI
s(s — cos p)

= 1.26
cosTe s2 —2scosp+ 1’ (1.26)
sinny = SO (1.27)

s2 —2scosp+ 1
[Ipu r =1 1 ¢ = 7™ nosnyuum

s
s+ 1

cosnm = (—1)"

Otmetum, uto U3 Gopmyanl (1.24) caenyer dopmyna (1.16), ecau mosoXUTDH
0 =0, r = a. Ymuoxas (1.24) Ha sinp, a (1.25) Ha cosp U cKaaabiBas,
MOJIyYUM (HOPMYJTY

Lsin(n 4+ 1)g s

— : 1.28
" sin @ s? — 2rscos p + r? (1.28)
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Jlerko tak:ke moJsyudarotcss GopMysbl

n . S(S - ChSO)
a”chnp = s2 — 2asch o + a?’ (1.29)
h
a" shnp = ik 4 (1.30)

s2 — 2aschp + a?’

rae sh o u chp — runep6onuueckue pyHkuuu. OT™MeTUM elle GOpPMyaTy
(a+1ib)" + (a—ib)"  s(s—a)

> T (s—a2+b?

KOTOpasi HeroCPeACTBeHHO cienyeT U3 (opmyisl (1.16).

YCTaHOBUM ellle HECKOJbKO TOXKIAECTB AJS OMHOMHAJbHBIX KO3(p(PULHK-
entoB. Tak Kak [ =s/(s — 1), 10

(1.31)

E_ S S - S _ Okt — okt k
lCn - S_l(s_l)k+1 _S(S—l)k+2 _SCn n+1 ZC

BeluncanM CBepTKY

T—ZCm m S S _ g S o
n_k: k n—k_(s_l)m+1(s_1>r+1_ (S_l)m+r+2_

— Sc7rln+r+1 Cg:_—klwrl.

CJIeILOBaTeJIbHO, [TIOJIYUHUJIU TOXKOAECTBO

m—l—r—|—1
§ jc crhret

[lanee, BBIUUCIUM CBEPTKY

chcm (4" (14s) (8™,

s st gmir me

[lonyuunu 6uHOMHA/NBHOE TOXKIECTBO

zn: chonk = om

m-+r?

KOTOpPO€ Ha3bIBA€TCHA CBepTKOﬁ BaHILepMOHILa.

YnpaxHeHus.

IIOKasaTb cneﬂyfoume TOXK/IECTBa 1/ OMHOMHAJBbHBIX KO3(P(PUIIUEHTOB:
a) Cr=>"_,C~ k 5

b) ZZ:O nfk k+q Cer_Z:'_ll? n,m > 07 r>q2> 0.

n
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B tabauue 1 npuBeaeHbl MoJyuyeHHble ONlepaTOPHbIE (POPMYJIBI.

Tao6auna 1
OpuruHaJjbl U N300paKeHUs

N f(n) F(s)
S
1 a”
s—a
S
2 na" !
(s —a)’
S
3 n
(s —1)
A 2 s(s+1)
(s —=1)°
S
5 —1)"
(=1 s+1
6 Ck 5
n (s — 1)k+1
(1+s)”
7 Cr
k gk
S
8 Ck n—=k
n@ (S _ a)k—H
9 r’cosn s(s —reosy)
7 s?2 — 2rscos p + r?
ST sin
10 r’ sin ny d
sz — 2rs Cos ¢ + r?
sin(n + 1 S
11 r’ ( )¢
sin o s2 — 2rscos o + r?
12 a" chn S(s — chp)
? s2 — 2asch ¢ + a?
rssh
13 a" shnep L
s2 — 2asch ¢ + a?
” (a+1ib)" + (a —ib)" s—a
2 (s —a)*+1?

1.2.1. 3ameuanue o Z-npeoOpa3oBaHUU

YuraTesn, KOTOpble 3HAKOMBI C Z-peoOpa3soBaHUEM, MOTYT 3aMeTHTh,
gyto dopmyssl (1.16)—(1.31) coBnamaiT ¢ ornepanHOHHBIMH (DOPMYJIaMH, TO-
JYUeHHBIMH C TIOMOIIbIO Z-TipeoOpa3oBaHus (cM., Hampumep, Heu [21]),
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ecqu S 3aMeHHWTb Ha z. JTO COBMajJeHHe HecaydailHo. HamomHuMm, uto
npu Z-npeoOpa3oBaHUH NUCKPETHOH (PYHKUHH a(n) COOTBETCTBYET (PYHK-
M KOMIIJIEKCHOTO TIePEMEHHOr0 2:

Az =34

Zn

n=0

Ecau
la(k)| < Kk",

rae K,k — HeKOTOpble MOJIOXKUTEJbHBIE UHCa, TO PYHKUUS A(z) aHATUTH-
yecKasi BHe HEKOTOporo Kpyra |z| > R (R < k).

CymMe IUCKpeTHBIX (YHKUHMH a(n) W b(n) cOOTBeTCTBYeT CyMMa
A(z) + B(z) ux Z-npeo6pazoBanuii. CBepTKe AUCKPETHBIX (PYHKIIUH

n

a(n) - b(n) =Y " a(n— k)b(k)

k=0

COOTBETCTBYeT npousBeneHue A(z) - B(z) ux Z-npeobpa3oBaHui.

Bynem paccmaTpuBaTh AMCKpPeTHble (DYHKIHH, AJS KOTOPHIX 3a(UKCH-
poBaHbl noctosiHHble K U k. Torma cooTBeTCTByIOLIUe Z-NpeoOpa3zoBaHUs
MPeNCTaBJSIOT CO60H aHalWTHUYecKHe BHe Kpyra |Z| > k ¢yHxkuuu. Ote-
paTopy a/b MoCTaBUM B COOTBETCTBHE (DYHKLHIO KOMIJIEKCHOTO TepeMeHHO-
ro, Kotopasi npencrasuma B Bune A(z)/B(z), tne A(z) u B(z) aBaswoorcs
Z-npeobpaszoBaHusiMU GYHKIMH a(n) U b(n) cOOTBETCTBEHHO, npudeM B(z)
He paBHA TOXIECTBEHHO HyJ0. Torma moJiro OMepaTopoB B3aHMHO OIHO-
3HauHO OyIeT COOTBETCTBOBATD M0Je (PYHKIUH KOMIJIEKCHOTO MepeMeHHOTr o,
KOTOpBIE MpeACTaBUMEl B Bule A(z)/B(z), mprueM onepanysaM Haj ONepaTo-
paMu OyLyT COOTBETCTBOBATh apu(PMeTHUeCcKHe omnepauud Haj (GyHKLUAMH
KOMIIJIEKCHOT'O TIepeMeHHOr0.

1.2.2. IIpousBoasmue (pyHKUIUU

[TpousBopsiell (yHKUMEH MOCJAeN0BATENbHOCTH G, a1,... HA3bIBAETCS
(bopMaJ/IbHbIM CTENEHHOU Pl

o

Aty =) axt”.

k=0

[IpousBonsimas pyHKUMS ABJASETCS anrebpandeckdM 0ObEKTOM M, BOOOILe
roBopsi, He 00JanaeT (hyHKIIMOHAJIbHO-aHAJUTHUeCKUMH cBolcTBaMu. Ciie-
JI0BaTeJIbHO, Hal MPOU3BOASLIUMHU (PYHKLUHUSIMU MOXKHO TPOU3BOAUTE a/res-
panyeckue nedctBusi. Ecau A(t) u B(t) — npousBoasiuivie (QyHKIHH T0-
ciefoBaresbHOCTEd a = (ag,ay,...) 1 b = (by,by,...), To A(t) + B(t) —
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npousBosiasi GYyHKIUsS T10CJAeI0BaTeNbHOCTH ag+ by, aj + by, . . .. [Ipousse-
leHHeM TIpou3Boasiinx (PpyHKUMH A(t) u B(t) Ha3bIBaeTCs MPOU3BOASILIAS
(byHKIUA

A(t) . B(t) = agby + (a0b1 + albo)t + ...,

T.e. A(t) - B(t) — npousBonsimas QyHKIHUS MOCJeL0BATENbHOCTH, KOTOpPAs
IBJISIETCS CBEPTKOM MOCJ/e0BaTe/bHOCTEN a U b.

Jlerko MpoBepHThb, UTO BBEJEHHbIE OTEPALUH CJOXKEHHS U YMHOMXKEHHS
MPOU3BOAAIIMX (PYHKIHE 00/1a0aI0T CBOMCTBAMH KOMMYTAaTHBHOCTH U acco-
LIUATHBHOCTH.

Boiuucsnum npousBonsiyo GyHkuuo L(t) OJsi mocjaenoBaTelbHOCTH
| = (1,1,1,...). OueBunHo, L(t) = 1 + t + t* + .... 3ameTum, 4TO
tL(t) =t+t*+ ... = L(t) — 1. Orciona nosy4um, 4To

SaMeTI/IM, 4TO 3Ta (popMlea [IoJydaeTcd M3 OIEePaTOPHOro MnpeacTtaBJEeHUS

onepatopa I:
s

s—1’

ecsid MoJNoXUTh s = 1/t. Jlanee, u3 Tabauuel 1 omepaTopHBIX M300parxe-
HUM MOXKHO TOJIYYUTb TaOJUIY MPOU3BOAAIIMX (DYHKUHUH AJS 37eMeHTap-
HbIX (DYHKUHH (cM. Taba. 2).

O6paTtuM BHUMaHWe Ha popmynay 7 u3 Tabauubl 2. OHa 03HAUYaeT, UTO
CTpaBeiJINBO PABEHCTBO

l:

d ot =(1+1)", nx>o0.

k>0

Ecrectsenno npeamonaraercs, yro C* = 0, ecau k > n. [Tostomy csieBa
CTOUT KOHeyHas cyMmMma. [Ipu ¢ = 1 nosydyaem U3BeCTHOe TOXKIECTBO

> o=
k=0
[Ipn ¢t = —1 moay4yuM TOXKOECTBO
CO—Cl+ .. +(-1)"C" =0.

[IpousBonsiie PyHKIMK yNOOHO UCMOJb30BAaTh [J5 BBIYUCJIEHHUS DPa3J/ivy-
HBIX CYMM, COepKalluX OMHOMUAJbHbIe KOI(PPULHUEHTHI.
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Taoauna 2
IIpocreiimue npousBoasue (PyHKIUU

N| f(n) A(t)
1
1 1 o
1—1t
1
2 a”
1—at
5 " at
e (1 — at)?
4 t
" (1—1)
t(t+ 1
5) n? ( )
(1—1¢)
n;
6| CF
n (1— )kt
7 cy (L+t)"
(at)"
8 Ck n
n (1 — at)k+!
1
9 —1)" —
(=1 1+t
10l rtsin @
T T 00 cos © + r2t?

OTMeTHM CHauaja, 4YTo pasJ/oxKeHHe HEKOTOPOH (PYHKIUHU B CTENeHHOH
pSiL TT03BOJISIET HAUTHU MPOU3BOAAILYI0 (DYHKUHIO AJS [OCJeI0BAaTEJbHOCTH
Ko3(ppuumnenton storo psina. [Ipusenem npumepsl. M3 pasnoxenus

In(1+x) S (—1)F ,

x
= k41

caeyet, 4to ans mocaepobatesnpHoctd (—1)%/(k + 1), k = 0,1,... npo-
usBoasmas QyHkuus umeer Bun In(l + z)/x. Mcnonabays GHHOMHATbHBIN
pAA

ala—1) 5, ala—1)(a—2) 4

a
1 a_ 14 =
(1+2) +1x—|— T x° + 9.3 x4+,

rge @ — IPOU3BOJIbHOE BEIIECTBEHHOE YHCJA0, MO2KHO HaUTH npon3BoagdAIIHe
(pYHKU,I/II/I JJI1 MHOTHX HOCJIeILOBaTeJIbHOCTef/’I. [TonoxxuM B GMHOMHAJBHOM
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psaine a = —1/2, x = —4y. Ilonyynm pasnoxeHue
1 3 1 35 2m-—1
1 1 2 222 222 2
—— =1+ -4y + =4 AMy™ L
T—a; o YTttt m! yu

B xoadduumente a,, npu y" yMHOXKHUM YUCJUTE/]b U 3HAMeHaTe b HA m! U
COKpaTHUM uucanTesb Ha 2. Torna

(2m)!

P _ m
CunienoBatesibHO, (PyHKLHSA
1
1 —4y
ABJSETCH MPOU3BOAALLEH [Jis I0CJEeI0BATEJbHOCTH Cé“k, k= 0,1,2,....

AHasoTHYHO yCTaHABJIUBAETCS, YTO (PYHKIIHUS

Lo vitm)

2T

ABJIAETCA HpOI/ISBOILHLU,eﬁ JJIA 110CJ1e10BaATE€JIbHOCTH

— Y k=0,1,2,....
k+1 2k y Ly 4y

YnpaxxHeHus.
1. lokazatb crpaBelJiuBOCTb (POPMY.JI

1 1 3, 5 (2k — 1)
S S T e Qe SIS S D) il A I
Tt T Tt T O g e

e 2k — 1N =1-3-5---(2k—1), (k) =2-4-6---2k;

1—+/1—2a2 izk 3)! 2k,

)

k=1

d)
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2. Haiitu npousBoasiyo GyHKUHIO AJS 10C/Je10BaTeNbHOCTEH
a)1-2-3,2-3-4,3-4-5,4-5-6,...;
by C% |, k=0,1,2,..;
c) (~1)*Ck, k=0,1,2,....

MeTon npousBoasauMx (yHKLUWH N03BOJSIET N10KA3BIBATh PA3JIUUHbIE TOXK-
JIeCTBa, Colepxallre OMHOMHUANbHbe KO3(dhuureHTrl. [IpuBenem npoctoi
npuMep.

BeluncauM cymmy

=> Cka
k

[IpousBonsitiasi ¢hyHkuus aas f(n) uMeeT BUL
SIS D e
n>0 n>0
[lepecraBJisis MOPSiAKH CyMMHPOBAHHS, TIOJTYYUM

Z 2k Z Chonn,

n>0

[poussoasimas pynkuus aas CX2" cornmacho tadaune 2 cyTs (2t)%(1 — 2¢)F+L,
CJienoBaTeJIbHO,

1 £ \* 1 1
2k = _ = =
Z 1—2tk+1 1—2tzk:(l—2t) 1—2151 !

11— 2t

B 1— 2t 1
C(1—2)(1—3t) 13t

= 3"
Takum o6pazom, Moaydum
= Ckh=3".
k

YnpaxHeHus.
BeryucauTh cymMMmBbl

a)

k_n—k.
g Cla" ",
k

b)

> o3t
k
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[Tonpo6Hee ¢ OMUCAHHBIM METONOM BBIYHCJIEHHS CYMM, COMIEPXKaIluX
OuHOMHaJIbHbIe KO3(D(MULMEHTBI, MOXKHO 03HAKOMHUTbCS 10 KHUre Wilf [15].
B sroit kuure, a takxke B KHUrax [20] u [23] comepkutcs moapobHoe H3J0-
JKEHWe CBOWCTB MPOU3BOAAIIMX (PYHKUHUU U HUX NMPUMEHEHHUHA B PA3JHUYHBIX
00J1acTAX MaTeMaTHUKH.



I'naBa 2

JInHeHbIe Pa3HOCTHBIE
YpaBHEHUS C MOCTOAHHBIMU
Ko3(puumueHTaMu

2.1. JluHeWHbIe Pa3HOCTHbIE YpaBHEHMS
[ePBOro mopsjaka

2.1.1. YpaBHeHMSI C NOCTOSHHBIM KO3(p(PULIMEHTOM
B OXHOPOIHOM YaCTH

PaccmoTpum JiMHelHOe pa3HOCTHOE ypaBHEHHE MePBOTO MOpsiiKa
z(n+1) —azx(n) = f(n), (2.1)

rge a — TocTosiHHasA, f(n) — OUCKpeTHas (DYHKLHs, ONpeneseHHasi MpU
n > 0. B cuny dopmyssr (1.12)

z(n+1) =sz(n) —sz(0).
[ToncTaBasisi 3T0 BhipaxkeHue B (2.1), moayunm

(s —a)x(n) = f(n) + sz(0).

ITO ypaBHeHHe Ha30BeM H300pakawllUM ypaBHeHHeM. OHO obsanaer IBY-
Msl BaXXKHbIMM OCOOEHHOCTSIMU. Bo-TepBbIX, OHO fIBJSIeTCS JUHEHHBIM aJi-
re6panvyecKiM ypaBHEHHEM OTHOCHUTENBHO Z(n); BO-BTOPBIX, CONEPIKUT Ha-
yasbHoe 3HaueHue x(0). PerieHure n3o06parkatoliero ypaBHeHUs M0OJIy4aeTcs
Cpasy U HMMeeT BUJ

f(n).

S—a S—a
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Tenepy us cdopmyn (1.16) u (1.17) caenyet, 4T0 M306parKEHHIO peIIEHHUS
COOTBETCTBYET OPHUTHHAJ

z(n) = a"z(0) + a1

f(n).

Beluncasas cBepTKy, MOJTYUYUM

Perienue umeet BUI

n—1 n
w(n) = a"w(0)+Y " (k) = a"x(0)+> a"Ff(k—1), n>1. (2.2)
k=0 k=1

OtmeTuM, uTo M3 dopmynbl (2.2) caenyet, uyTo pelieHde ypaBHeHHs (2.1)
OIHO3HAYHO OMpefiesisieTCss HauabHbIM YCJIOBHEM.

dopmyna (2.2) comepKUT TPOMO3IKYIO OTepalrio — BHIYHUCJIEHHE CBEPT-
K1. Ee MoxxXHO M30exaTb, eclu ynacTcsl HAUTU OomepaTopHOe HM300paKeHue

¢ynkunu f(n).

[TpuBenem npumep. PaccmoTpum ypaBHeHUe
x(n+1) =2x(n) + 2" —1, 2(0) =0. (2.3)

M3o6paxarliiee ypaBHEHHE HUMEET BUI

s
—sx(0) =2 2 — 1.
st —sz(0) = 2x + —

Yuutsiasi, uto x(0) = 0, MOJYYHUM OMEepaTOPHOE H300paXKeHHe PelleHUs

1
r=2—" :
(s—2)2 s—2

OpuruHasa nepBoro caaraemoro B cuay dopmyssl (1.18) paen n2". Boiuuc-
JIUM OpPUTHHAJ JJII BTOPOTO CJ1araemoro

1 m_1 1< 1
I — ] == o 1) =2(2422 4 L) =927 1,
— 5 2;_0( ) =52+2+...+27)

Pemrenvie ypaBHenus (2.3) uMeeT BUI

z(n)=(n—1)2" 4+ 1.
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C/iemoBaTesbHO, MeTOJ pelleHHsl ypaBHeHHs (2.1) cocTouT B caenyio-
weM. CHayasa nepexoiuM K H300paxarwlleMy ypaBHEHHUIO, KOTOpPOe SIBJIS-
eTcsl anrebpauyeckUM ypaBHeHHeM. 3arteM, pellas M3oOpaxarollee ypaB-
HeHHe, TOJyYUM pallMOHaJbHOE BbIpak€HHe OTHOCHUTEJIbHO omeparopa s,
KOTOpOe fIBJIsleTCsl U300pakKeHHeM HEKOTOPOH NHUCKPeTHOH (PYHKUHUH. IDTa
(PYHKLHS M JaeT pelleHHe IepBOHAaYalbHON 3alayH.

[Tokaxkem, kak 3anady (2.3) MOXKHO PEIINTb, UCMOJb3Ys MPOU3BOASIIHE
¢yukuuu. [IpousBonsinyo QyHKUHIO pelieHns x(n) ypaBHeHHs (2.3) MOX-
HO NPEeICTAaBUThb B BUJE CJAEAYIOLIEro (pOpMaabHOrO psiaa

Alt) =2(0) + (D)t + 22 +... =zt +2(2)t* + ... = i x(k)tF.
k=1

Torna nmpousBonsiias GyHKIHUsS, COOTBeTCTBYOUWAsA x(n + 1), UMeeT BUL

Alt
an+x@ﬁ+um#+”.:—%l
M3 tabauubl 2 1 Npou3BOASIIMX (PYHKUMH HAXOAHUM, UTO
ontl — 2o
1—2t 1—1

Teneps u3 (2.3) mosyunum ypaBHeHHe Jis1 HAX0XKAEHHUSI TPOU3BOASIILEN (HyHK-
unu A(t):
A(t) 2 1
—= = 2A(t — .
t (1) + 1-2t 1-—t

[Tepenecem cnaraemoe ¢ A(t) u3 mMpaBoil UaCTH B JIEBYIO YacTb U CJOXKHM
npobu, crosduiye B JeBod yacTu. [loayunm

1 1

- —2) Al = :

t (1—t)(1—2t)
CJ/ienoBaTesibHO, MTPOU3BOASAILAS (PYHKLUHS pelleHUs x(n) UMeeT BUIL

t
1—6)(1— 202

Alt) =

Ocranoch HalTH AUCKPETHYIO (DYHKIHIO, KOTOPOH COOTBETCTBYET MPOU3BO-
nsiwas Gyakuus A(t). Beipaxkenue nnis A(t) mpenctaBUM B BHIE CYMMBbI
Tpex npobei co sHameHatensMu 1 —t, 1—2t, (1 —2t)? coorBercTBenHo. Ta-
KOe TMpelCcTaBJeHHe Ha3blBaeTCsl pas3JioyKeHWeM Ha MpocTedliue ApoOu. DTOo
pasJioKeHhe UMeeT BUJ

t a b c

(202 1Tt 1-2t (1202 (2.4)
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rjie MOCTOSIHHbIE a, b, ¢ MOAJIeXaT omnpeeseHHI0. YMHOXUM 06e 4acTH pa-
BercTBa (2.4) Ha (1 — 2t)% u mepefinem x npeneny npu t — 1/2. TTonyunm
¢ =1. Torna (2.4) 3anuieTcsi B BUIe

t B 1 _a n b
(1—t)(1—-2t)2 (1—-2t)2 1—t 1-2t

BreInosIHUB BBEIYUTAHHUE ILpO6€I>i B JIEBOU HaCTH, IIOJYUYHUM

B 1 _a n b
(1—-t)(1—2t) 1—t 1-2t

JLns1 BEIUKC/IEHUS TOCTOSTHHOM @ YMHOXKHM 00€ 4acTH MOCJeJHero paBeHCTBa
Ha (1—1) u mepeinem K npenesy npu ¢t — 1, a 1J1s1 BBIYUCIEHHUS OCTOSTHHON
b YMHOXKUM 00€ 4acTH 3TOr0O paBeHCTBA Ha (1 — 2t) u mepeineM K mpenesy

npu t — 1/2. [Monyuum a = 1, b = —2. CyenoBartesbHo,
1 2 1 1 2 1 —2t+2t
A t — — = — f—
O =T 1o T 1=t 1-u a—ap
1 2 1 2t 1 1 2t

T—¢ T—2t T—2 (22 1—t 1-2% (1I-20

O6painasic K Tabaule 2 npeicTaBaeHUs] TUCKPeTHBIX (PYHKIUH yepes3 Mmpo-
U3BOASILIME (DYHKLHH, MOJYYUM, YTO pellleHHe ypaBHeHUs (2.3) nMmeeT BULI

z(n) =(n—1)2" + 1.

2.1.2. YpaBHeHus, KOTOpble NMpeodpa3ylTCH
B JIHEelHble YPaBHEHUS MepPBOro nopsaka

HekoTopele pasHoCTHble ypaBHeHUSs MocJje Mnpeobpa3oBaHUsl MePeXOAsiT
B Pa3HOCTHbIe ypaBHeHHs nepBoro nopsiaka. [IpuBeneM nmprmeps.

Ananus omHOro M3 aJTOPUTMOB COPTHPOBKU IMPHUBOAUT K yPaBHEHHIO
(cm. Lueker [9])

z(n)=2zx(n/2)+n—-1, n>2 x(1)=0. (2.5)

[onoxum n = 2% u z(2%) = y(k). Torma x(n/2) = x(2"!) = y(k — 1) u
ypaBHeHHe (2.5) mepelneT B pa3HOCTHOe ypaBHEHHe MePBOro MOPSAKa

y(k) =2y(k—1)+2F—1, k>1, y(0)=0.
3anuiiemM 3TO ypaBHEHHEe B BUJE

y(k+1)=2y(k) +2" —1, k>0, y(0)=0.
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ITo ypaBHeHUe coBManaet ¢ ypaBHeHueM (2.3). [loaTomy
y(k) = (k —1)2" 4 1.
Tak kak k = log, n, To peleHre ypaBHeHUs (2.5) UMeeT BHUI
z(n) = (loggn —)n+1, n>2.
B kauecTBe BTOpPOro npuMepa pacCMOTPUM HeJTMHEHHOe Pa3HOCTHOE ypaB-

HeHue
z(n) =32%(n—1), x(0)=1, n>1. (2.6)

[Tonoxxum y(n) = logy x(n). Torna ypaBHeHue (2.6) mepexomuT B ypaBHeHUE
y(n) =2y(n—1)+logy3, y(0)=0, n>1.
3anuineM 3TO ypaBHEHHE B BHJE
y(n+1)=2y(n)+logy,3, y(0)=0, n>0.
M3o06pakarolee ypaBHeHHE UMeET BUL
(s —2)y = llog, 3.

CJienoBaTeJ/bHO,
1

S — 2

y=1 log, 3

n—1
y(n) = Z 2" logy 3 = (2" — 1) log, 3.
k=0
OTclona noJyuyuM pelieHue ypaBHeHHs (2.6)

2(n) = 2" ~Dlog3 _ 32"-1,

Uucna Karanana OIpeneJiarTCA HeJIMHEUHBIM Pa3HOCTHBIM YPAaBHEHHUEM

n

cn+1) = Zc(n —k)c(k), ¢(0)=1.

k=0

M3o06paxarliee ypaBHeHHe UMeeT BUJ
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Ortciona noayunm

s+ +/s? —4s
5 .

[Tonoxkum s = 1/t. [lonyyum npousBoasimyto GyHKIM0O AJas yucesa Karana-
Ha

c(n) =

1 —+/1—4t
ot '

3HaK «+» OMYylleH, TaK KaK pa3JioKeHWe COOTBETCTBYOLIEN (PYHKLUHU B CTe-
TIEHHOU PsiJl CONEPKUT OTpUllaTe ibHble cTerneHu. B pasnene 1.2.2 nokasaHo,
4YTO 3TOU MPOU3BOAALLEH (PYHKLUHUHU COOTBETCTBYeT NUCKPETHas (PyHKIIUSA

A(t) =

1

—0C7

CaenoBaresbHO, yucaa Karanana onpenensitorcss popmyJ/ioH

1 n
c(n) = -y 1C’2n.

YnpaxHeHus.

1. HadiTu pemeHue cnenyomux ypaBHeHUH OBYMS CIOCOOAMH, UCIOJIb-
3ysl OlepaTOPHOe HUCUMCJIEHHE W MPOU3BOASIINE (DYHKIIMH.

) z(n+1) =3xz(n)+3"n, z(0)=1;

r(n+1)=3x(n)+2", z(0)=1;

x(n+1)=5x(n)—27", x(0)=2;
d) z(n+1) =ax(n)+b, z(0)=c, rne b — nocrossHHAS.

2. Pemutb ypaBHeHUs

a) x(n) =2z(n+ 1)+ 3"x(n)x(n+1).

(YkasaHue: mepeiTH K ypaBHEHHIO OTHOCHUTEJBHO 1/x(n));

b) z(n) =2x(n/3) -1, n>2 xl)=1L1.

(Ykasanue: 1noa0xuth n = 3%);

c) z(n) =azx™(n—-1), z(0)=1, a>0, n>1;

d) z(n) = 3"z*(n — 1), 2(0) = 2.

3. Ilyctb m > 0 — nesoe uncno. JuckperHass ¢pyHKUHs z(n) Ha3blBa-
eTCsl TePHOANYECKOH ¢ mepuoioM m, ecau x(n +m) = x(n), n=0,1....
[Ipu kakoM a Bce pelueHusi ypaBHeHUs z(n + 1) = ax(n) ABASIOTCS Mepuo-
IWYECKHMHU C TIEPHOIOM m?

4. luckpetHasi GyHKUMS x(n) HA3bIBAETCS aHTUIIEPHONUUECKOU C MepH-
onoM m, ecat x(n+m) = —xz(n), n=0,1,.... [Ipy Kakux a Bce pelieHUs
ypaBHeHHs z(n + 1) = ax(n) ABAAIOTCS aHTUIEPHOAHUECKHUMHU C MEPHOOM
m? Ilpu Kakux a Bce pelleHHWs] 3TOTO YpPaBHEHHS YAOBJETBOPSIOT COOTHO-
meHuo x(n + m) = px(n), roe p — HEKOTOPOE BEIIeCTBEHHOE YHCJIO?
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2.1.3. YpaBHeHHd C NMepUOINYECKON HEOTHOPOIHOCTbIO

Bepuemcs k ypaBhenuto (2.1). Ilycts f(n) — mepuomuueckasi pyHKUIUS
c nepuonoM m, rae m > 0 — wnesoe yucsao. Takoe 4MC/I0 Ha3bIBAETCS HATY-
pasbHBIM. BbIsICHUM yCJIOBHS, MPH KOTOPBIX ypaBHeHHe (2.1) nMeeT enuH-
CTBEHHO€ NepPUOJUUYeCKOe pelleHHe Tepruoaa m.

[lyctb z(n) — pemenue ypaBHenus (2.1). Torna z(n + m) takxe 6yner
pellleHHeM 3TOT0 YpPaBHEHHMS, YTO CJefyeT U3 PaBEHCTBA

r(n+m+1)=ax(n+m)+ f(n+m) =azx(n+m)+ f(n).

YcqoBue nepuoguuHOCTH x(n+m) = x(n) o3HadaeT, 4To pemeHus x(n + m)
u z(n) coBmajaioT. B uacTHocTH, OHM coBmajalT npu n = 0, T.e.
x(0) = z(m). Tak Kak perieHHs OTHO3HAYHO ONpPEeNEeJSIOTCS HauaJbHBIMH
YCJIOBUSIMHM, TO W3 IOCJENHEr0 YCJOBHS CJEIyeT, UTO pelleHHs x(n) |
x(n + m) coBmagawT npu Bcex n. Ob6patumcs K Qopmyne (2.2). B cuny
3TOH Gopmysbl paBeHCTBO x(0) = x(m) o3HaYaeT, 4To

xz(m) = a™z(0) + Z a" Ffk —1) = 2(0).
k=1

Otctona caenyet, uto x(0) ogHO3HAUHO ompenessierTcs, ecau a™ — 1 # 0,
(hopmysion
l
1 i
z(0) = — Za Mk —1).

am™ —1
k=1

Takum o6pasom, npu ycaoBuu a™ — 1 # (0 ypaBHeHue (2.1) uMeeT enuH-
CTBEHHOE MepUOANUEeCcKOoe pelleHue, onpenesnseMoe (HopMyJon

a

() =~

- S = 1)+ S (k- 1),
k=1 k=1

13 ycaoBusi a™ — 1 # 0 caenyeT, 4TO ONHOPOJIHOE YpaBHeHUe
z(n+ 1) = ax(n)

He MMeeT MepPUOAMYECKUX pelleHud ¢ nmepuonoMm m. CjenoBaresnbHO, ypaB-
HeHve (2.1) UMeeT eNMHCTBEHHOE MEPHONHMYECKOE pellleHHe C MEePHOAOM m
TOrJ@ U TOJIKO TOTJa, KOrJa OJHOPONHOE ypaBHeHHe He HMeeT Mepuoauye-
CKUX pELUEeHUH C MEePUOLOM M.

YnpaxHeHus.
1. Ha#itu ycsioBus cyliecTBOBaHHUS €IMHCTBEHHOIO aHTHUIIEPUOANYECKOTO
pemieHusi ypaBHeHus (2.1) nepuopa m (x(n + m) = —x(n)).
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2. Haiitu ycioBUs CcylllecTBOBaHUS €IMHCTBEHHOTO pelleHUs] YpaBHEHUS
(2.1), ynoBJ/ieTBOPSIIOLIETO YCJOBUIO x(n +m) = px(n), rae p — BelleCTBeH-
HO€ UHCJIO.

2.1.4. YpaBHeHus C nepeMeHHbIM KO3(p(PULIEHTOM
B OJHOPOJHOM YacCTH

[lepelinem Tenepp K JIMHEMHOMY ypaBHEHHIO MEPBOTO MOPSAKa C Mepe-
MEHHBIM KO3 PULHEHTOM a(n)

z(n+1) =a(n)x(n) + f(n). (2.7)

[Ipennonoxkum, uto a(n) # 0 npu Bcex n > 0.
OcTaHOBHMCS CHauaJia Ha OJHOPOIHOM ypaBHEHHH

z(n+1) =a(n)x(n).

M3 nenoyku paBeHCTB

B KauyecTBe mepBOro npuMepa pacCMOTPHUM ypaBHeHHE

(n+1)

r(n+1)= -

z(n), x(0)=1.

Hcnoabsyst hopmyny (2.8), monydum

n—1
k+1 n!
z(n) = H =
k=0
PaccMoTpuM Tenepb ypaBHeHHe
rn+1) = o), 2(0) =1,
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rae r — uesoe yucyao. U3 gopmynsr (2.8) caenyer, uto

ok

o(n) = [ 55 = Chionr
k=0

YnpaxHeHus.
1. Ha#iTu pelieHus ypaBHeHUH

a)

r(n+1) = —" 1x(n), z(0) = 1;
) 2 1
z(n+1) = QZ 1 2x(n), z(0) = 1;

c) x(n+1)=e%z(n), z(0)=2;
d) z(n+1) = (cos2"a)x(n), z(0)=1.
2. Pemntb ypaBHeHHe

4 2
c(n+1) = :L c(n), ¢(0)=1.
[Tokasatb, uTO |
—_— n
C(n) n +1 2n7

T.€. ¢(n) — uncnaa Karanana.

[lepeiinem Temepb K HeomHOpomHOMY ypaBHeHuio (2.7). Bemem B pac-
CMOTpPeHHe (PYHKLHIO

1, n=0
_ n—1
20 =93 T alk), n>1.
k=0

Paznenum obe yactu ypaBHeHus (2.7) Ha pyHKUM0O 2(n + 1):

z(n+1) z(n) f(n)
perr S (O o R e & 29

3aMeTHUM, 4TO
a(n) 1

z(n+1)  z(n)
[Tonoxum y(n) = x(n)/z(n). Torna ypaBuenue (2.9) nepeiiner B JHHEHHOE
ypaBHeHHe C MOCTOSIHHBIM KO3((UIUEHTOM OTHOCHTENBHO Y(n):

f(n)

yn+1)=y(n) + m
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13 dopmynsl (2.2) caenyer, uyto

[TosTomy peleHue ypaBHeHHs (2.7) vMeeT BHUJ

v(n) = 2(0)2(n) + Yy 2D
o alk) [#(0) + i sl s | = (2.10)

k:1 Zm,:() a(m)

®opmyna (2.10) mokasbiBaeT, UTO pellleHHe OTHO3HAUHO OMNpenessieTcs Ha-
YaJIbHbIM YCJIOBHEM.

Haiinem pemenue ypaBHenus (cm. [20])

n+1 3

( )x(n)+—(n+1)!, z(0) = 5.

2 2

Mbi He OyneM M0J1b30BaThCst TOTOBOH (HOPMYJIOH, a HEMOCPeICTBEHHO POBe-
lleM 3aMeHy INepeMeHHbIX. JIerko BHIeThb, UTO pelleHHe OIHOPOAHOIO ypaB-

HEeHHUA

z(n+1) =

1
z(n+1) = (n; )w(m
MMeeT BUI ‘
z(n) = iy
2n

BBenem HOBy10 mepemeHHy®0 y(n) 1Mo popmyJe
n!
#(n) = 2y(n)
BhinosiHsisi 3aMeHy MepeMeHHbIX, TPUXOAHUM K yPaBHEHHIO
yin+1)=y(n)+3-2"

Otmetum, uto y(0) = x(0) = 5 (mbl osaraem 0! = 1). Pemenune nocientero
ypaBHeHHs] HMeeT BHUJ

y(n) =y(0)+3) 2" =543(2"-1)=3-2"+2.
k=1

HO9TOMy peleHrne UCXO0AHOro ypaBHEeHHA HUMEET BUL

x(n) = %[3 2" 4 2.
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nl
I/IHOI‘ILEI roBopdaTr, 410 — — CYMMI/IPYIOLU,I/II/I MHOXKHWTeJIb OJId HCXOAHOTO

ypaBHEHUS. 2

YnpaxHenus.

Haiitu peLHeHHe ypaBHeHUH

2 oln 1) =2 )+ 27, 2(0) =3
z(n + )—nx()+3n —n, n>2
z(n+1) = (z}/2)+2 2(0) = 1;
r(n+1) =3""(n), (0)=2.

2.1.5. YpaBHeHUSd c MepuOANUYECKUMHU KO3 PuimeHTamu

PaccmoTpum ypaBHeHue (2.7)

z(n+1) = a(n)x(n) + f(n),

rie a(n) U f(n) — DUCKpeTHBIe MepHOAHUecKHe (PYHKLUHH C MEPHOIOM 1M
(m — HatypasbHOe uHc/0), T.e. a(n + m) = a(n), f(n +m) = f(n),
n = 0,1,.... BeIsicCHUM, KOTla 3TO ypaBHEHHe HMeeT eIUHCTBEHHOEe MepH-
OIIMYECKOe pellleHHe C MepPUoNoM m. YpaBHeHHe (2.7) MOXKeT UMeThb elHH-
CTBEHHOE MepHOINUYECKOe PellleHHe TOJNBKO B TOM CJIydyae, KOTa OMHOPOAHOE
ypaBHeHHe x(n+ 1) = a(n)x(n) He UMeeT MePUOANYECKHUX PELIeHUH C MepH-
0lIOM M, KpoMe HyJeBoro perienus (z(n) =0, n > 0). B camom nene, ecau
Obl ypaBHeHHe (2.7) UMeJIO Ba MEPUOINUYECKHX PelleHus z1(n) U za(n), TO

ri(n+1) —xa(n +1) = a(n)(z1(n) — z2(n))

U, cJefoBaTesbHO, PyHKUUSA y(n) = x1(n) — x2(n) Obla OBl HETPUBHAJD-
HBIM MEPUOJHUYECKUM pelleHHeM OIHOPOIHOr0o ypaBHeHHs. M3 mepuomuuHo-
cTH QyHKUHUH a(n) U f(n) caenyet, 4To BMecTe ¢ PyHKIUHEH x(n) U QyHKIUS
x(n + m) sBasieTcsl pellleHUeM ypaBHeHHUs (2.7). DTH pellleHUs COBMAAAIOT,
€CJIM OHM COBMAJAIOT B HAYaJbHBIH MOMEHT, T.€. MEPUOAUYHOCTD pelIeHUS
(x(n +m) = x(m)) cnenyer u3 pasenctna x(m) = z(0). [Tocnenxee pasesn-
CTBO JaeT BO3MOXHOCTb OMNpeNesUTh HauaJbHOE YCJIOBHE MePUOAHYECKOTO
pewenus. U3 ¢popmynst (2.10) caenyer, uto

m—1

m—1 l
=[] atk)z0) + [ [ a(k) > # = 2(0).

k=0 =13 a(m)

[Tonyuunu snuHeliHOe asnreGpanueckoe ypaBHeHHUsi nJist onpenesenus: z(0).
m—1

OtmetuM, uto yucyao L = [] a(k) He paBHO 1. B camom nene, ecau u(n) —
k=0
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pellieHHe OHOPOIHOrO YpaBHEHHUS
u(n+ 1) = a(n)u(n),

10 u(m) = Lu(0). Eciu L = 1, To omHOPOAHOE ypaBHEHUE HUMEET HeHY-
JIeBO€ TIepHUOIMUecKoe pellleHHe nepuopa m. Mbl NPeANnooKUIU, UTO Of-
HOPOIHOE ypaBHEHHe He MMeeT HeTPUBUAJbHBIX MEPUOAHUYECKHX pelleHHH.
CrenoBaTesibHO, HayasibHOe ycjoBue x(0) MepHoIHUecKOTo pelleHHs] ypaB-
HeHHUs (2.7) ONHO3HAYHO OMpEMeJsIeTCSl.

Ynpaxxuennue.
Halitn nepruonuueckoe pelieHue ypaBHeHUS

z(n+1)+ (=1)"z(n) = 3(-1)".

2.2. JIuHelHble Pa3HOCTHbIE YpaBHEHUS
BTOPOTO TopsaKa

2.2.1. OmnepaTopHblii MeTO[ pelieHUS

PaccmoTpum HeomHOPOAHOE Pa3HOCTHOE ypaBHEHHE BTOPOTO MOPSIAKA
z(n+2)+ax(n+ 1)+ bx(n) = f(n), (2.11)

rae a, b — BellecTBeHHble yncaa, b # 0, f(n) — nuckpeTHas QyHKIHS.
Haiinem cHadaJsia onepatopHoe H3o0pakeHue pellleHus1 ypaBHenus (2.11).
13 popmyn (1.12) u (1.13) monyuum H3obpakaroliliee ypaBHeHHe

s’z(n) — s°2(0) — sz(1) + a[sz(n) — sz(0)] + bz(n) = f(n),

(s* + as + b)z(n) = (s* + as)x(0) + sz (1) + f(n).

[Tonoxum p(s) = s> + as + b. Torna peleHre W300paxKaloIIero ypaBHeH st
MMeeT BUJ
s’ + as S 1
x(n) = x(0) + —xz(1) + —f(n). (2.12)
=0 Ot e e ™
YToObl MONYyYHUTh OPUTHHAJ pelleHUsl, HaM HeoOXOAMMO CHayaja paccMoT-
peTb OIHOPOIHOE Pa3HOCTHOE ypaBHeHHe, T. €. ypaBHeHHe (2.11) mpu f(n) = 0.

J171s1 OHOPOHOrO0 Pa3HOCTHOIO ypaBHEHHS BTOPOro MOpPSAKa

z(n+2)+ax(n+1)+bx(n) =0 (2.13)
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orepaTopHoe H300paKeHHe pelleHHUs] UMeeT BU[

_ s(s+ a)x s
x(n) = O (0) + (1). (2.14)

MHorousieH p(s) Ha30BeM XapaKTePUCTHYECKHM MHOTOYJIEHOM OTHOPOIHO-
ro ypaBHeHnus (2.13). Takxe roBopsitT, 4To ypaBHeHHe p(s) = (0 siByseTcs
XapaKTepUCTUYECKUM ypaBHeHHeM It ypaBHeHus (2.13).

IIpocThie KOpHU XapaKTepUCTUUYECKOTO0 MHOTOYJieHa

[IpennosioXXuM cHayasia, 4YTO KOPHH S; M So XapaKTePUCTHYECKOTO MHO-
rousieHa p(s) pasnuunbl. Toraa p(s) = (s — s1)(s — s2).

Kaxxnoe ciaraemoe mpaBo#t yactu (2.14) npencrasssieTr co6oii n1poOHO-
palHoOHaNbHYI0 (YHKLHIO, 3HaMeHaTeJlb KOTOPOH €eCTb TpOM3Be/leHHe
(s — s1)(s — $2). ATy DYHKUMIO MOXKHO TPEACTABUTh B BHJAE CYMMBI ABYX
IPOOHO-PAllMOHABHBIX (DYHKIIMH, B 3HAMEHaTeJ e KOTOPbIX CTOUT JIMO0 S — 1,
160 s — so. Takoe passioKeHHe HA3bIBAETCS Pa3JioKeHHeM Ha MpoCTeine
opoou.

Paznoxum Kaxpoe ciaaraemoe npaBoi yactu (2.14) Ha mpocTeiiiine apo-
6u. [lsg nepBOro cjaaraemMoro moJay4um

s(s+a) _ As Bs
(s—s1)(s—s2) s—8 S—89

Koadhduurentot A u B HaxomsiTes caefyoIIUM oOpa3oM. YMHoOxKas o0e
YaCTH paBeHCTBA Ha (S — s1), MONYUUM

s(s+a)(s—s1) st (s s Bs
(s —s1)(s — $2) = As+( 1)5—52'

B 3TOM paBeHCTBe mepeiieM K npefeny npu s — sp. [loayuum

S1+a
81—32'

A:

YMHOXKast 06e 4YacTH paBeHCTBA Ha (S — Sy) W Mepexoist K Mpenesy Mpu

S — So, MOJYUYHUM
So+a

B = )
S9 — 51

AHaJoTHYHO 1151 BTOPOTO CJaraeMoro npaBoé yacTt (2.14) monydum

S 1 S 1 S
_|_

(s—s1)(s—82) S1—838—8 Sy—581S— Sy
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[TosTomy U3 omepaTopHbIX (POPMYJ CJedyeT, UTO

x(n) = ( S1ta sy + S21a s§> z(0) + D:p(l)

S1 — 82 S2 — 851 S92 — 51
YuuThBIBasl, YTO @ = —S1 — S9, MOJIy4YHUM qJOpMyJIy JlJIs1 pelleHusl OMHOPOAHOrO
YpaBHEHHUS
n n n n
z(n) = 22122 000) + 22— "Ly(1).
So — S1 S2 — 81

Takum obpasom, perieHHe onHOponHOrO ypaBHeHus (2.13) Bblparkaercs ye-
pe3 mokasartesjbHble (PYHKUUH S U s§ ¥ HadajdbHble ycaoBus x(0) u z(1).
Yro6Bl MOJTYYUTb pelleHHe HeOAHOPOAHOro ypaBHeHHs (2.11), Hy»XHO BBbI-
UHUCJUTb CBEPTKY

s dopmynnl (1.17) caenyer, uto

11 1 1]
p(s) sy—s1|s—sy s—s1|
_ 1 {33 -1 st - 1] 1 5185 — so87 N 1

S9 — 851 S9 S1 S92 — 81 81— 82 8182.

ﬂﬂﬂ CBEPTKH MOJYYHUM BbIpazKE€HHUE

Lf(n):[ 1 3133—323?+ 1]f(n):

s) Sg — 81 S152 5152
n—1 p_k-1 n—k—1 n—1 p_k n—Fk
S — S S — S
= 2 ———f(k) =Y 2———f(k—-1).
S9 — S1 S92 — 81

31ech y4TeHo, YTO cjaraemMoe Npu k = m paBHO HYJIO.
Takum ob6pasom, peienue ypaBHeHus (2.11) B ciydae, Korma xapakre-
PUCTUYECKUH MHOTOYJIEH UMeeT MPOCThle KOPHHU, ONpeaeaseTcs (popMyJaoun

n __ n n__ on n—l1 nk  n-k
:U(n) = wx(o) + ux(l) + Z uf(k — 1). (2.15)

S2 — 51 S2 — 51 — 52795

Hasosem ¢yHKLHIO
sy — 81
gn(sh 82) —
S§2 — 81
¢yukuued Kowmu uau pynkuueit I'puna nHauanbHoil 3agaun. OueBUIHO, PYHK-
uus g,(S1,S2) — 3TO pellleHHe OMHOPOAHOTO ypaBHeHHs (2.13) ¢ HadasbHBI-

My yeaosusimu z(0) = 0, z(1) = 1. Popmyny (2.15) MoxHO 3amucath B
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z(n) = —bgn-1(s1, 52)2(0) + gn(s1, 32)x(1)+zgn—k(31; s2)f(k—1). (2.16)
k=1

CuienoBaTe/ibHO, ecau HakineHa ¢QyHKuMs Komiu, To pelleHHe ypaBHEHHS
(2.11) onpenensiercss popmynoit (2.16).

OTMmeTHM ellle, YTO B CJydyae KOMIJIEKCHBIX KODHEH Si, So XapaKTepH-
CTHUYeCKOro ypaBHeHHUsl QpyHKUMIO KoM, a cienoBaTesbHO, U BCe pelLleHHe
MOXHO MpeNCTaBUTb B BeLleCTBEHHOH TpPUroHoMeTpuuecKoi copme. [leil-
CTBUTEJIbHO, KOMIIJIEKCHbIE KOPHHU BelLleCTBEHHOI0 ypaBHeHHUsl 0053aTeJsbHO
SIBJSIIOTCH KOMIIIEKCHO CONpsiKeHHBbIMU. [105TOMY MOXKHO NOJIOXKHUTH

si=a+ib=re ¥, sy=(a—ib) =re?,
roe r =Va?+ 0%, o = arctang. Torna

r(emY —e M) sinng

In(s1,82) = (2.17)

r(elv —e=iv) sing

KpaTHble KOpHU XapaKTepUCTUYECKOTO0 MHOrouJjieHa

[lepeiinem Tenepn K cayudaro, KOrga KOpHH XapaKTepUCTHUECKOTO MHOTO-
yJleHa KpaTHble. Torna

a a\ 2
s1=152= 3, b:Z’ p(s):(s+§).

[IpencraBum npobb

B BUJE CYMMBbI IBYX ApoOel

s+a A B

= + )
(s+8)° st5 (s+9)’

2
YMHOXKast Ha (s + %)” 00e 4aCTH IOCJENHEr0 PAaBEHCTBA U yCTPEMJSS S K
—a/2, nonyuum B = a/2. Beiuuras us

S+ a
N2
(s+35)

ApoOb
a/2

(s+8)°
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Haxonum, uto A = 1. [lostomy dopmyna (2.14) nis perieHHst OMHOPOAHOTO
ypaBHEHHUsI B CJydyae KPAaTHbIX KOPDHEH XapaKTepUCTHYECKOTO MHOTrouJieHa
PUHUMAET BUJ

a:(n)( > — + 28 2) :L‘(O)—l—%a:(l).
1 o) ey

13 popmyn (1.16) u (1.18) cmenyer, uto

r(n) = (=5)" 11— e (0) +n (—g)”_l (1), (2.18)

OueBunHo, yHkuus Kouu nmeer BUL

B a n—1
gu(s1) =ns ™t =n (—5) .

[ToaTomy oOliiee pelleHHe HEOOHOPOAHOTO YpaBHEHHS 3allUCBIBAeTCS CJely-
IOLLIUM 00pa30M:

r(n)=(~5)" -nle(0)n (~5)" x(1)+i(n— (9" )=

= —bgn_l(sl)aj(O) + gn(81)£€(1) + Zgn—k(sl)f(k - 1)'

B mpakThueckuMXx pacueTtax MoJy4eHHble 371eCb (POPMYJbl He IOJXKHbI
NPUMEHSATHCS: BMECTO 3TOTO CJeAyeT KaXXIbld pa3 BHOBb BBIMOJHATH YyKa-
3aHHbIe BbIlIe OTAEeJbHBIE 1IaTU pellleHusi. BoluncieHue nmocjenHero cJjara-
emMoro — cBepTkd QyHKuuu Komwu u ¢pyukuuu f(n) — npeacrapJsieT co6oi
rPOMO3JIKYI0 omnepanuio. Ee M0oXHO M30exxaTb, €ClU yoacTcsl NPeaCTaBUTh
f(n) B omepatopHoél hopMe W HAUTHU OPUTHHAJM [Jsi OMEPaTOPHOro U300pa-
JKEHUS CBEPTKH.

2.2.2. Ilpumepbl HEOTHOPOAHBIX YPaBHEHUN

[IprBeneM nmpriMepbl HEOOHOPOAHBIX YPaBHEHUH.

PaccmoTpum HeomHOpOAHOE ypaBHEHHE
z(n+2) —3x(n+1) 4+ 2z(n) =n. (2.19)

Haiinem perienve ypaBHeHus (2.19) ¢ Haya/bHBIMH YCJIOBUSIMH
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XapakTepucTUyeckoe ypaBHEHHe HMeeT BUJ
p(s)=s"—3s+2=(s—1)(s—2)=0.
OmnepatopHoe H300paKeHHe pelleHHUs

s(s — 3) s 1

) =G e-2 T Go0e-2 s-DE-2 "
Y4uuTeIBas, 4TO <
TT oY
MOJTyUYUM
2(n) = s(s — 2) N S _ s N S

s—1(s—2) (s—=13s—-2) s—1 (s—1)3s—-2)
Pasnaraem BTOpoe cnaraemoe Ha mpocrefiiine 1po6u

1 R n b n & N d
B 2 (s—1)3 s—2

(s—1)3(s—2) s—1 (s—1)
YMHOxkas o6e yactu paBenctBa (2.20) Ha (s — 1)® u mepexons K mpenesy
mpu s — 1, noayunm ¢ = —1. 3arem meperocuM caaraemoe —1/(s — 1) B
JeByto yacTb paBeHcTBa (2.20). [Tonyuum

1 1 _a b d
G-1P(6-2) (-1P s—1 (s—1P s—2

(2.20)

Hanee, cioxxuM 1poOH B JIEBOW YaCTH TMOCJAEHETO PaBEHCTBA

1 a b d
(5_1)2(8—2):s—1+(s_1)2+s_2- (2.21)

YMHoxkas 06e uyactu (2.21) Ha (s—1)% u nepexons K npenesy npu s — 1, mo-
ayunm b = —1. Tlepenocs ciaraemoe —1/(s —1)? B JIeBy10 yacTh paBeHCTBA
(2.21), nonyuum

1 Lo 1 _ o, d
(s—1)%(s—2) (s—12 (s—1)(s—2) s—1 s—2

YMHoOKas nocJiefiHee PaBEHCTBO Ha s — 1 U Mepexons K npeneay npu s — 1,
HaXO4MUM, UTO a = —1. AHaJIoruyHble BHIUUCJEHUS NAIOT 3HauyeHue d = 1.
Hraxk,

5-1P(s5-2) s—1 (s5-1¢ (s-1¢ s—2
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[loaTomy

s s s s .8 _
s—1 s—1 (s—12 (s—1)3 s—-2
s s S n(n—1)

p— - — _—— 2”:
3+S_2 n 5 +

2
n°-+n
- +2" = —C2 4+ 2"
MoxHo pemuTh ypaBHeHue (2.19), ncnosbaysi mpou3Boasiiie GyHKIHH.
Hametum stoT myTh perieHust 3amauu. Pemienuto x(n) ypaBHenus (2.19)

COOTBETCTBYeT NPOU3BOAALLASA (PYHKLHUS

A(t) = 2(0) + to(1) + (2) + ... = L+t + Y _tFa(k).

Torna muckperHo# GyHKUMH x(n + 1) COOTBETCTBYET NMPOU3BOASILAS (PYHK-
Usi

Ai(t) = iaz(k + D" =a(1) +tx(2) +... =1+ iaz(k + 1)t
k=0 k=1

a z(n + 2) COOTBETCTBYeT NMPOU3BOASAIILAS (PYHKIUS
As(t) = 2(2) +2(3)t + 2(4)t? + .. ..

JIerko BUAETDb, UTO

Ay(t) = %, Ag(t) =

Aty —1—t
12 '

Hanee, nuckpeTHoll GyHKUUHU f(n) = n COOTBETCTBYeT NMPOU3BOAsIIAS (PYHK-

oud
t
Z (1 _ t)2'

k=0

YMHOXaeM o6e yacTh ypaBHeHus (2.19) na t* u cymmupyem psap nas k > 0.
[Tonyuum anrebpandeckoe ypaBHeHUe [J15 ONpeaeseHUsI TPOU3BOASILEH (DYHK-
unu A(t):

At) —1 t

At) —1—-t +2A(t):(1—t)2'

t2
M3 storo paBeHCTBa CJeayeT, 4To

22 — 3t +1 1+t 3 t
Juﬂ( ): ——+

3

t? t2 t o (1—1t)%
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B Buae ynpaxkHeHUsl NpeAJaraeM UYMUTATeNl0 MPOAesaTh NajbHEHIIHe Bbl-
UHCJIeHUSs, HAUTH BblpaxkeHue A(t) B BHIEe CyMMBl NPOCTEHIINX ApPOOell H
MONIYYUTh (HOPMYJY IJs1 pellleHHs] ypaBHeHus (2.19).

Haiinem pelieHue ypaBHeHUs
z(n+2) — 22(n + 1) + 4x(n) = n?2" (2.22)

¢ HavyasabHeIMK yeqoBusaimu x(0) = 0, (1) = 1.
XapakTepucTHYeCKMH MHOTOUYJIEH OIHOPOIHOTO ypaBHEHHS

r(n+2)—2x(n+1) 4+ 4x(n) =0

MMeeT BUI
p(s) =8 —2s+4=(s—2)°

[TpencraBuM dyukuuw n’2" B omeparoproi dopme. M3 dopmyasr (1.21)
cJedyeT, uTo

0721271 s 1 Cézn B s
47 (s—2)3 2 47  4(s—2)%
[Tostomy
n2on — M
(s —2)°
M3obpaxarliee ypaBHeHHe s (2.22) vMeeT BUJ
2s% + 4
s2z(n) — s — 2sx(n) + 4z(n) — (z_—+2)§

OTcrona mosyyuM npeicTaB/ieHHe pelleHHsl B OllepaTOPHOH (opme

S n 2s? + 4s
(s—2)2 (s—2)%

x(n) =

13 dopmyasl (1.21) mosydyum opUTHHAJ pelleHUs]

1 1
z(n) = 5712” + 1 (Cp+Criy) 2™,

Halinem pelenue ypaBHeHHUS

z(n + 2) + 4z(n) = 2" sin n77r (2.23)
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¢ HauajbHbIMH ycqoBusMH x(0) = 2, (1) = 1. B cuny dopmyasr (1.25)
orepaTopHOe MpeNCTaBJeHHe TPABOH YaCTH UMeeT BHI
nm 2s
2"sin — = ———.
2 s244
[Tostomy usobparkarwiiee ypaBHeHHe s (2.23) BHITISOUT CJAEAYIOIIAM 00-

pasom:
2s

s24+4
YuuTbiBasi HayasbHble YCJOBHUS, MOJYUUM OMepaToOpHOe H300paKeHHe pellle-
HUS ypaBHeHHUs (2.23)

s’z — sz(1) — s*x(0) + 4 =

2s? N S N 2s
T = .
s24+4  s2+4  (s?2+4)?

(2.24)

OnpenesyM OpPUTHHAJBI AJsSI Ka)KAOTO0 W3 TpeX cJjaraeMblX NPaBoOHd dacTH
ypaBHeHus (2.24). Ilas mepBoro u BTOpOro cjaraeMbix U3 gopmya (1.24) u
(1.25) monyuyum

2s2 nmw S .onm
— ol os —.  —— —onlgip —

s? 44 27 s244 2

TpeTbe ciaraemoe pasz/yoxKuM Ha npocTeiinre 1pobu. PasnoxeHune ¢ Heomnpe-
JeJIeHHbIMU KO3(PULUEHTaMH HUMeeT BU]L

2 A N B N C N D
(s24+4)2  (s+2)2 s+2 (s—2i)2 s—2i

(2.25)

Haiinem kosdpduument A. YmHOXMM o06e uyacTh pasjoxkeHusi (2.25) Ha
(s + 2i)%. Toayuum

C N D
(s —2i)2 s—2i]

2

[lepexonst x mpepmeny mpu s — (—2i), HaxoouM, uto A = —1/8. AnHaJo-
ru4Ho, ymHoxas (2.25) Ha (s — 2i)? u mepexoisi K npenesny Ipu s — 2i,
nosmyuum C' = —1/8. Paznoxenue (2.25) Tenepb MOXKHO Nepenucath B BULIE

2 1 1 B N D
(s2+4)2 8(s+2i)2 8(s—2i)2 s+2i s-—2i

Breruncasist [IpaByIlO 4daCTb 3TOI'0 PAa3JI0OKEHHA, MOJYUYHNM

> _ B D
s2+4 s+2 s—2i
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YMHOXkKasi 3TO pasJioKeHHe Ha S + 27 U Mepexofs K mpeneny npu s — (—2i),
nosyuyuM B = —1/2i. Ananoruuno Haxomnum, 4to D = 1/2i. CaenoBatesib-
HO,
2 1 1 L1
(s2+4)2  8(s+2i)2 2i(s+2i) 8(s—2i)2 2i(s—26)

VuuTeiBasi, uTo 2i = 2e?%, U3 dopmya (1.18), (1.24) u (1.25) mosyuum

i = —1712”_16@ — 1?’LQTL_le_w — le% + le_mTﬂ —
(s +4)2 8 8 2i 2

n—1)r nw

— 271—3 ( _ 2n . -

n Cos ———— sin
Pemienue ypaBHeHus (2.23) vnMeeT BUJ
z(n) = 2" cos e + 2" 1sin P pon=3sin 28 _ongin 21—
2 2 2 2
n n n
= 2" cos ; — 2" gin % — n2" 3sin %

2.2.3. OOmee pemeHre OJHOPOJHOTO yPpaBHEHUS
OnHoponHOe ypaBHeHHe C epeMeHHbIMU Ko3(uumeHTaMu

M&bI cHauana paccCMOTPHUM HEKOTOpble 00L1Me CBOWCTBA OAHOPOAHOTO YpPaB-
HEHHUsl BTOPOTO MOPsIiKA C MepeMeHHBIMU KO3((PUIHEeHTaMH

L(z)=z(n+2)+an)z(n+1)+b(n)x(n) =0, n=01,..., (2.26)

rae b(n) # 0 npu Bcex n. Ecau x1(n) ¥ x9(n) — ABa pelleHUs ypaBHeHHUS
(2.26), To dyHKIHS

y(n) = Crx1(n) + Coxa(n),

rage Cl, CQ — IIPOU3BOJIbHBIE YHCJIA, TaKxKe ABJAAETCA pPeLlIeHUEM 3TOTO
YpaBHEHHA. T0 cjaenyer M3 OUEBUAHOI0 paBEHCTBA

L(C’lxl + CQIUQ) = ClL(xl) + CQL(SUQ)

Takum o6pa3om, perieHus: ypaBHeHHs (2.26) MOXKHO YMHOXKAThb Ha MPOU3-
BOJIbHBIE MIOCTOSTHHBIE W CKJIA[BIBATh, MOCJIE STUX ONepaluil CHOBA MOJyda-
IOTCSl PeLIeHHS.

Ecnu 3anath 3HaueHus peinenusi x(n) npu n =0 u n = 1, T.e. 3aaTh
uncna x(0) u z(1), To peweHne ypaBHeHus (2.26) onHO3HAUHO OTpeaeseTcs
M3 LETNOYKH PaBEHCTB

2(2) = a(0)z(1) + b(0)z(0), x(3) = a(1)a(2) + b(1)z(1),. ...
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OueBunHo, ypaBHeHHe (2.26) umeeT HyJeBoe perieHue z(n) = 0, Ko-
TOPOMY COOTBETCTBYIOT HyJeBble HauasbHble ycjoBus z(0) = xz(1) = 0.
B nanbHelilem OGyneMm paccMaTpuBaThb pelleHust ypaBHeHHs (2.26), oTiny-
Hble OT HYJIEBOTO pelleHHsl.

[Tycte 21(n) u x2(n) — nBa pemeHus ypaBHeHus (2.26). Bemem B
paccMOTpeHHe ONpeeUTeNb

A(n) =

R | @2.27)

ITOT onpenesuTe/]ib Ha3blBaeTCsl Ka30paTUAHOM B YECTb HTAJbSHCKOTO Ma-
tematrka 19 Beka Kasopatu (Casoratti), rimy6oko oco3HaBlIero aHaJjorHio
Mexny nudgepeHlnaNbHbIMA U PA3HOCTHBIMH yPaBHEHUSIMU.

Beruncnum onpenenutens (2.27). B onpenenurene

A(n+1) =

r1(n+1) xo(n+1) |

3aMeHUM 3JIeMEHThl BTOPOH CTPOKH WX BBIpaXKEHHUSIMU U3 ypaBHeHHs (2.26).
[Tonyuum onpenenurenb

r1(n+1) xo(n + 1)

A(n+1) = —a(n)ry(n+1) = b(n)xi(n) —a(n)xa(n+ 1) — b(n)xe(n)

D/ieMeHThl TIePBOH CTPOKH 3TOT'O OINpPEeNesNUTe/s YMHOXKHUM Ha a(n) U MpH-
6aBUM KO BTOPOH cTpoke. [lonmyuum

Aln+1) = = b(n)A(n).

ri(n+1)  xo(n+1) ‘
—b(n)xi(n) —b(n)wa(n)

CuienoBaTe/ibHO, Ka3opaTHaH sIBJSETCS pelleHUeM JIMHEHHOr0 OJHOPOAHOTO
YPaBHEHHS MEePBOTO MOPSAKA U ONpeneasercs (pOpMyJiou

An) = [ ] b(k)A(0). (2.28)

Tak xak b(n) OTIMYHO OT HYyJs NpPU BCeX m, TO Kadopamuar A(n) uiu
moscdecmeernno pasen Hyasto (ecau A(0) = 0), uau He pager HYyAO HuU
npu 00OHOM M.

IlBa pewenusi z1(n) ¥ x2(n) ypaBHeHus (2.26), OTJIHUHbIE OT HYJEBOTO,
Ha3bIBAIOTCS AUHELUHO He3A8UCUMbBIMIU, €CJTH U3 COOTHOIIEHHS

01331(71> + CQSUQ(TL) = O, n = O, 1, ceey (229)



54 [JIABA 2. JluneiiHble pa3HOCTHBIE YDaBHEHHS . . .

rne Cy, Cy — mnocTosiHHble, caenyeT, 4yto C; = Cy = 0. Ecau ke co-
oTHolleHHe (2.29) uMeeT MecTO ¢ HeHYJeBHIMU MocTossHHBIMU (', Cy, TO
perienus x1(n) U x2(n) Ha3bIBAOTCS AUHELUHO 3A8UCUMbIML. 3aMETHM, UTO
npu Cp = 0, Cy # 0 u3 (2.29) caenyer xo(n) = 0. [TosToMy ecTecTBEeHHO
npennonoXxutb, uro Cy # 0, Cy # 0. Y3 nuHelHON! 3aBUCUMOCTH pelleHUuH
x1(n), wo(n) cremyer cooTHolleHHe xo(n) = Cxy(n), rae nocrosiHHas C
He paBHa HYJIO. M3 3TOTO COOTHOIIEHHS HEMOCPENCTBEHHO BBITEKAET, UTO
Kasopamuar 08YX AUHEUHO 3Q8UCUMbLY peuleHull moxiOdecmseHHo paseH
HYAIO.

[TycTh Temepb KazopaThaH IJsi pellleHUH x1(n) U x2(n) TOXKAECTBEHHO
paBeH HyJ0. Torna, B 4aCTHOCTH,

A(0) =

Ortciona caenyet, uTo lUl(O)LUQ(l) xQ(O):cl
332(1) = 05171(

rie C' = x9(0)/x1(0). Pemenne y(n) = x9(n) — Cx1(n) ypaBHeHus (2.26)
— 3TO pellleHWe C HYJeBBIMH HadajbHbIMH ycaoBusiMu (y(0) = y(1) = 0).
[Tostomy y(n) — HyneBoe perienue. CyefoBaTeNbHO,

y(n) = z3(n) — Cz1(n) =0

u pemieHust x1(n) U x2(n) nuHeldHO 3aBHCHUMBL. [IpenocTaBssieM dHTaTes IO
M3y4YUTb CJIydau, Korjga repBasi uiad BTopasi cTpoka ompenenutens A(0)
COCTOUT U3 HYJIEH.

MBI MONYYUNH Cllenylollee YTBEPKIEHUE: pABEHCMBO HYAO KA3opamu-
ana A(n) asarsemcs HeobXo0umoim U OOCMAMOUHbIM YCAOBUEM AUHELIHOL
3asucumocmu peweruil x1(n) u xo(n). Takum obpasom, dsa peuterus x1(n)
U x9(n) AUHEUHO He3as8UCUMbL moe0a U MOoAbKO mo2da, Koeda Kasopamu-
QM dMUX pellerull omauier om Hya.

[Tyets x1(n) u x9(n) nBa JUHEHHO HE3aBUCHMBIX pelleHHs ypaBHEHHUS
(2.26). Torpma s06oe pemienue x(n) ypaBHeHHs (2.26) MOXKHO MpPENCTABUTh
B BUIIE

)
1). Ecom x1(0) # 0, TO
)

z(n) = Ciz1(n) + Coxz(n), (2.30)
rae noctosiHHble C7 ¥ Cy OMHO3HAYHO ONpPENEJSIIOTCS M0 HayasbHBIM YCJI0-
BusaM z(0), x(1) pemwenus x(n). B camom nene, cucrema ypaBHeHHH

C’lzcl(O) + CQCEQ(O) = .17(0),
011'1(1) + ngg(l) = x(l)
OTHOCHUTEJIbHO Cl, CQ HMeeT €IWMHCTBEHHOE pelleHHe, TdK KaK OIIpeaeJiu-

TeJb 3TOH CUCTEMbl OTJHYeH OT HyJs. ['oBopsT, uto dopmyna (2.30) naet
ofllee perieHHe ypaBHeHHs (2.26).
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MuHuMaJjabHOE pECUICHHUEC OJHOPOAHOI0O YpaBHCHUA

HenyneBoe pemenue x(n) ypaBHeHusi (2.26) HasblBaeTCs MUHUMANb-
HbIM, €CJTH CYIIeCTByeT pelleHue y(n) ypaBHeHUs (2.26) Takoe, 4TO

1m M =
Sy

Pewenvie y(n) HasbiBaeTcs domunanmuoim. Pemenuss x(n) u y(n) JauHed-
HO HE3aBHUCHMbI, TaK KakK BCe pellleHHs, uMmemlide Gopmy cx(n), rae ¢ —
HeHYyJIeBast MOCTOSIHHAS, SIBJASIOTCS MUHHUMAaJbHBIMU.

Jlemma o MmuHMMadabHOM pemeHun. Ecau x(n) u y(n) aunetino He3a-
sucumole peulenus ypasuerus (2.26) u cyuwecmeyem npeden

lim —= = R,
n—o y(n)

mo ypasrenue (2.26) umeem muHumarbHoOe peuieHue.

B camom pene, ecin R = oo, To pelieHue y(n) MUHUMaJdbHOe. Ecuu
R # oo, To pewenust z(n) = x(n) — Ry(n) U y(n) TUHeHHO HE3aBUCHUMBI U

lim 20 _

—

CnenoBatesbHO, pemienne z(n) = x(n) — Ry(n) 6yneT MUHUMAJbHBIM.

YpaBHeHUe
r(n+2)+2z(n) =0

JOCTaBJIsSIeT NMPUMEpP YpPaBHEHHUS, KOTOpPOe He KHMeeT MHUHHUMAaJbHOTO pellle-
Husi. B aTom Jsierko y0enuTbcsl, €CAU yuyecTb, YTO OOllee pelleHhe 3TOro
ypaBHEHHUS MpPeACTaBJSETCS B BUIE

x(n) =cre'® +cpe T,

YpaBHeHHe ¢ MOCTOSAHHBIMU KO3(ppULHeHTaMU
r(n+2)+ax(n+1)+bx(n) =0

MMeeT MUHHMMaJbHOE pellleHHe B TOM W TOJIbKO B TOM CJydae, KOrja KOpHH
Al M Ay XapaKTepPUCTUYECKOro ypaBHeHHs p(s) = s? + as + b = 0 pasauyHbl
no monyswo. lokaxxure 37o!
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OmHopoxHOe ypaBHEeHUE C MOCTOSSHHBIMU KO3 puimeHTaMmu

OnepaTopHbIil MeTO 1aeT BO3MOXKHOCTb [TOCTPOUTDH 0OLlee pellleHHe Of-
HOPOJHOTO YPaBHEHHS C MOCTOSSHHBIMU KO3(p(pHULIUeHTaMU

r(n+2)+ax(n+1)+bx(n) =0, b#0, (2.31)

T. €. pellieHHe, 3aBUCSILee OT ABYX MIPOHU3BOJbHBIX MOCTOSIHHBIX, U3 KOTOPOTO
Joboe pellleHHe MoJNydyaeTcs MPU ONpeiesleHHOM BblOOpe MOCTOSHHBIX.

[IycTb cHauasa KOPHH XapaKTePUCTHUECKOT0 MHOTOYJeHa p(s) pas3jnd-
Hbl. Pasnoxum onepatopHoe n3obpakeHue pelleHUs: ypaBHeHus (2.31) Ha
npocTediide ApoOU, He BBIUMC/ASA KOI(DPUUUEHTH MPU MPOCTEHIIUX APO-
6ax. [Toayuum

_s(s+a)x S )= s s
z(n) = p(s) (0)+p(s) (1) Cls—sl+028—32’

rae uyducaa Cy u Cy 3aBUCAT oT HauvadbHbIX yenoBu# z(0), x(1) u koahdu-
MeHToB a, b ypaBHenus (2.31). [lepexonsi K opuruHa am, MoJyduM

ZL‘(’IZ) = 018711 + 0233. (232)

Pelnenus si u sy JMHEHHO HE3aBUCHUMBI, TaK KaK Ka30paTHaH 3TUX pelleHUH

N N I I
A(n)=| nt1 _nt1 | = 518

otauueH oT HyJas. CjenoBatenbHo, nocTossHHble C U Cy ONHO3HAYHO OIpe-
[eJII0TCS 10 Ha4aJIbHBbIM YCJIOBUSIM.

B cnyuae kpaTHBIX KOpHe# XapakTepHUCTHYeCKOr0 MHOTOuJeHa p(s) mo-
JYUUM

o) = G ;+ 02@ = (-5)" + 0 (-%)”_1 |

[lonyyeHHyo opmysy MOXKHO 3amucaTh B BUIE

a\™ , a\"
z(n) = C) (--) +Cin (--) , (2.33)
2 2
rae CY) = —%C’Q. Jlerko nokaseiBaetcsi, uto noctosinHelie C7 1 Cf OMHO3HAUHO

omnpenessitoTes Mo HadasabHbIM yeaoBusiM z(0), z(1).

Ynpaxnenue. [lokazars, uTo PyHKUUHU a” U na” JUHEHHO HE3ABUCUMBHI.
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Ecnn KopHH s1, So — KOMIJIEKCHBIe, TO dhopmysa (2.32) naeT KOMIJIeKC-
HOe TpelcTaBjeHHe pelleHUs1 x(n). UToObl MONYyUHUTb pelleHHe B Bellle-
CTBEHHOH (hopme, HYKHO B35ITb MPOU3BOJIbHBIE MocTosiHHBIE ) U Cy KOM-
MJIEKCHO COTIPSI)KEHHBIMHU:

z(n) =(A +iB)r"e™ + (A —iB)r"e "¢ =

2.34
= 2Ar" cosnp — 2Br" sinne. ( )

Eciu s1 = a+if8, s = a —if, To r = yJa?+ %2, ¢ = arccos
\/0424-52

[ToaTomy mpenpiayuiyo popMy/ay MOXKHO 3anucaTb B BUIE

z(n) = 2(a’+5%)"? <A COS T ATCCOS ————— + B sin n arccos L) :

13 dopwmyn, onpepensiomiux oblliee pelleHHe OJHOPOLHOrO ypaBHEHHUS,
CJIe[lyeT, 4YTO B CJyuyae, KOT/la KOPHH XapaKTePUCTUYECKOr0 MHOTOUJIeHa p(S)
Mo MOMyJi0 MeHblle 1, oOulee peuienue x(n) — 0 npu n — oo. Ecau xe
XOTs Obl OAMH U3 KODHEH XapaKTepHUCTHYECKOro MHOrodjeHa Mo MOIYJIO
Gosblie 1, To x(n) — o0 MpPH N — Q.

OTmeTHM, UTO Ka3opaTHaH AJs ABYX pelleHuil ypaBHeHus (2.31) ompe-
neJseTcss popMmyJion

A(n) = b"A(0).

Ynpaxuenus

1. HaliT pelienusi cjenymolnX OJHOPONHBIX YPaBHEHUH ABYMs CIIOCO-
6aMu:

1) ¢ momoIIbio Mepexoaa K OMepaTopHOMY H300pakKeHHI0 U TPUMeHEHHI0
onepaToOpPHBIX (POPMYJI,

2) natitu dynkuuto Komn U 3amucaTh pellieHHe ¢ ee MOMOIIBIO.

CpaBHUTb MOJyueHHble (POPMYJIBL.

) r(n+2)+z(n)=0, z(0)=2, z(1)=1;
z(n+2) 4+ z(n+ )+az( )=0, z(0)=1, z(1) =1;
z(n+2)+2zx(n+1)—2x2(n)=0, z(0)=1/2, =(1) =3/4;
z(n+2)+6x(n+1)+9%((n)=0, =z(0)=3, z(1)=-1,
r(n+2)—5z(n+1)+6x(n) =0, =z(0)==z(1)=1,

f) z(n+2) —V3z(n+1)+z(n) =0, z(0)=z(1)=2
2. Ha#itu obliee pellieHre OXHOPOAHOIO YpaBHEHHS
a) x(n+2) +vV2zx(n+1) + z(n) = 0;
z(n+2)+3x(n+ 1)+ 6x(n) = 0;
z(n+2) —6zx(n + 1) + 9z(n) = 0;
z(n+2) + sz(n) = 0.
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3. Haiitu pelieHusi HEONHOPOAHBIX yPaBHEHHH
) r(n+2) +x(n) = cosny, x(0)=z(1) = 0;
v(n+2) —a(n) =n, 2(0) = (1) =0
r(n+2)—xz(n+1)—6z(n)=4", =z(0)=1, z(1) = 0;
d):z:(n—l—2)—a:(n—|—1)+9:( )=cosna, x(0)=1, z(1)=1;
e) z(n+2)—T7z(n+1)+122(n) =n? —n, 2(0)=2(1)=2.
4. HaliTu pellleHHe ypaBHeHUS

z(n) = 3z(n/2) — z(n/4) +n? x(1)=0, 2(2) =0, n>3.

2.2.4. Hexkoropble ypaBHeHHUS C epeMEHHbIMU
Ko3(p(pumeHramMu

Mbl onuiemM HeKOTOpble KJacChl YpaBHEHWH BTOPOro MopsiiKa ¢ Iepe-
MEHHBIMU KO3((PULUHUEHTAMHU, [Js1 KOTOPBIX MOXKHO IIOCTPOUTDH B SBHOM BHJE
pelleHHe.

MHorna ynaercs MOHU3WTb MOPSAOK PAa3HOCTHOrO ypaBHEHHsI BTOPOTO
MOpsiiKa C MepeMeHHBIMU KO3(ppULIMeHTaAMHU.

Paccmotpum ypaBHenue (cum. [14], [19])
r(n+2)—(n+2)z(n+1)+nz(n)=n, n>1L. (2.35)
Omnpenenum QyHKUHIO z(n) ypaBHEHHEM
z(n+1) — z(n) = n. (2.36)
Torna, Kaxk JIerko BUIETH,
z(n+1) —nz(n) = z(n). (2.37)

Pemienue ypaBHenus (2.36) B cusny dopmysisl (2.2) uMeeT BUI
z(n) = z(1) + Zk =z2()+C% n>1.

[Tostomy ypaBHenue (2.37) mpuHUMAaeT BHUJ

z(n+1) — nz(n) = 2(1) + C?

n’

z(n+1) —nz(n) = 2(2) — (1) + C>. (2.38)

n
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Pemenvie ypaBaenus (2.35) B cuay dopmyssl (2.10) umeer BUA

o +ch1+x )x(l)].

[TocnienHioo Gopmyny MOXKHO 3anucath B BUJE

2(n) = (n— 1) [(12%) (1) +22) S %% ; %] (2.39)

npuueM noJaraem 0! = 1.
CnenoBatesibHO, Gopmyna (2.39) naer pemieHue ypaBHeHHs (2.35) mpu
n > 3.

z(n) = (n—1)!

[ToHn3uTh Mopsinok ypaBHeHHs (2.35) ymajoch MOTOMY, UTO 3TO ypaBHe-
HYe MOXKHO 3alucaTh B BHJIE

A(xz(n+1) —nz(n)) = n,

rie Af(n) = f(n+1) — f(n). CnenoBare/bHO, TPUXOAUM K PA3HOCTHOMY
ypaBHEHHIO MePBOro MOpsiiKa

Az(n) = n.
Takum ke mMeTonoMm pemiaetcss U OoJsiee o0llee ypaBHEHUE
v(n+2) = (F(n+1) + Da(n+ 1) + f(n)a(n) = g(n).
rae f(n),g(n) — nuckperHele pyHkuuu. (IIpoBeprpre 370!).
B kauecTBe cjenyrollero npuMepa pacCMOTPUM ypaBHEHHe
(n+2)z(n+2)—(n+3)z(n+1) 4+ 2z(n) = 0. (2.40)

[TosoxuM
z(n) = (n+Dzx(n+1) —2x(n).

Torna ypaBuenue (2.40) nepeiiner B ypaBHeHHE
z(n+1) —z(n) =0.

Pemtenue sroro ypaBHenus z(n) = B, rne B — nocrosinHasi. CienoBaTesb-
HO, TOJIyUHUM ypaBHeHHe TepBOro Mopsiika

(n+ Dxz(n+1) —2x(n) = B,



60 [JIABA 2. JluneiiHble pa3HOCTHBIE YDaBHEHHS . . .

UJIH
2 B

x(n) = .
n+1 (n) n+1
Jlerko BuaeTh, 4TO pelleHHe OJHOPOLHOIO ypPaBHEHUS

r(n+1)—

1) — =0
z(n+1) - 1x(n)
MMeeT BH[ on
z(n) = AH,

rie A — mocrosinHas. [ToaTomy obuiee pemienve ypaBHeHus: (2.40) nmeet

B
=
A+BY |
k=0
B kuure Kelley, Peterson [7] peuienue ypaBHenus (2.40) mosydeHo ¢ mo-
MOILIbI0 METOAa MPOU3BOASALINX (DYHKIHH.

2n
x(n) = )

[ToHn3nuThe NOPSANOK ypaBHEHHS BTOPOro MOPSAKA YAAeTCS B TOM CJyyae,
KOTZIa U3BECTHO YacTHOe pellleHUe. PaccMoTpuM ypaBHeHHe

z(n+2)+a(n)x(n+ 1)+ bn)x(n) =0. (2.41)

[lycts Y (n) — pemenue ypaBHeHust (2.41), KOTOpoe OTJIHUHO OT HYJS TpU
BCEX paccMaTprBaeMblX 3HaueHUsAX n. CjiefoBaTesNbHO, CIPaBEANUBO TOX-
LEeCTBO

Y(n+2)+an)Y(n+1)+bn)Y(n)=0.

Bynem nckatb perienue ypaBHeHus (2.41) B Bune x(n) = Y (n)z(n). [ox-
CTaBUM 3Ty QopMmyay B ypaBHeHue (2.41) u yurtem, 4TO

a(n)Y(n+1)=-Y(n+2)—bn)Y(n).
[lonyunum
Y(n+2)(z(n+2)—2(n+1)) —bn)Y(n)(z(n+1) —z(n)) =0.
[Tonarast u(n) = z(n+1) — z(n), IPUXOOUM K ypaBHEHHIO NEPBOTO MOPSAKA
Y(n+2)u(n+1)—b(n)Y(n)u(n) = 0.
YnpaxHeHus.

1. Ha#iTu pelueHue ypaBHeHUH
a) r(n+2) — (2" + Daz(n+ 1) + 2"z(n) = 4", 2(0) =1, z(1) = 0;
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b) z(n+2) — (C2., + Dx(n+ 1)+ Clz(n) =n? z(0) =xz(1) = 0;
c)

(YkasaHue: MpeaCcTaBUTh ypaBHeHHe B BUIe
A%*z(n) = z(n 4+ 2) — 2z(n + 1) + z(n) = 2");
d)
(n+3)z(n+2) — Gn+ Da(n + 1) + dnz(n) =1, 2(0) = (1) = 1;
e)
x(n+2)— (n+Daz(n+1) +nz(n) =3", z(0) =2, z(1) = 1;
)
nz(n+2)+ (1 —n)z(n+1) —2z(n) =0, =2(1)=1, z(2) =0.

(YkaszaHue: ypaBHeHHe UMeeT pelieHue Y (n) = n);

g)
rn+2)+nx(n+1)—Bn+9z(n) =1, =z(0)=1, z(1) =3.
(YkasaHue: OfHOPOHOE ypaBHEHHe HMeeT peleHHe Y (n) = 3").
PaccMoTpuM Tenepb ypaBHeHHe
z(n+2) —3nz(n+ 1)+ 2n(n — 1)z(n) = nl.

CneﬂaeM 3aMeEHYy MepeMEHHbIX

[lonyuum ypaBHeHUE
nly(n +2) —3n(n — Dly(n +1) 4+ 2n(n — 1)(n — 2)!ly(n) = nl.

Pasnenum o6e yacTu storo ypaBHeHusi Ha n!. [lonydyum ypaBHeHHe c moO-
CTOSIHHBIMH KO3(p(PULHEHTaMH

y(n+2)—3y(n+1)+2y(n) =1.
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Jlerko BHIETh, UTO YaCcTHOE pellleHHe HEOJAHOPOJAHOrO ypPaBHEHHS — 3TO
y(n) = —n. YuuTbiBasi, 4YTO XapaKTEPUCTHUECKUH MHOTOUJIEH HMEET BHI
p(s) =8> —3s+2=(s—1)(s — 2), mony4um obliee pelieHue

y(n) = C + C2" — n.
CanenoBaresbHO, o0llee pellleHHe HUCXOOHOTO ypaBHEHHUS UMeeT BHUJL
z(n) = (n—2)1(C1 + C2" —n),n > 2.
Takum xe cnocobom pemtaetcs 6oJee obllee ypaBHEHUE
z(n+2)+af(n)e(n+1) +af(n)f(n —1)z(n) = g(n),

rue ay,a; — 4ucaa v QyHKuus f(n) oTIMYHA OT HYJS MPH BCeX n. IDTO
ypaBHEHUE MPUBOAUTCS K JUHEHHOMY YPaBHEHHIO C MOCTOSSHHBIMU KO3 Pu-
LIUEHTAMHU, €CJIU CleJaTh 3aMeHy

z(n) = f(n=2)f(n=3)--- f(2)f(Dy(n).

[locsie 3amMeHBbl MOJy4YHM HEOQHOPOAHOE YpPaBHEHUE C MOCTOSSHHBIMH KO3(-
(buLLMeHTaMHu

g(n)

yn+2)+ayn+1) + ay(n) = i =1) 70

YnpaxHeHus.
Pemiuth ypaBHeHUS

a)
z(n+2)—3-2"(n+1)—4-2""1x(n)=1, 2z(0)=xz(1)=1;
b)
z(n+2)+2-5"%x(n+ 1) + 5" Y2z(n) = (1), x(0)=0, z(1)=2;
c)

z(n+2) + (cos n%) r(n+1)+ (cos ng cos(n — 1)—) z(n) =0,
z(0) =1, z(1)=—1.

PaccmotpuM ypaBHeHUe

(n+1)(n+2)z(n+2)+a(n+1)x(n+1) 4+ bx(n) = f(n),
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rae a u b — HEKOTOpbi€e YHCJAa. CILGJIaeM 3aMEHY MepeMeHHbIX

r(n) = —y(n).

BBIOIHUB 3aMeHYy, MOJy4YUM

(n+1)(n+2)
(n+2)!

yin+2)+a n y(n+1)+ b%y(n) = f(n).

(n+1)!

[TpousBenem cokpallleHHs U JOMHOXKHM JIeBYIO W npaByto yacTb Ha n!l. Tlo-
JIyUUM ypaBHEHHE C MOCTOSHHBIMU KO3(P(hULUEHTAMU

y(n+2)+ay(n+ 1)+ by(n) = nlf(n).
B kauecTBe mprMepa paccMOTPHUM ypaBHeHHe
(n+1)(n+2)x(n+2)+8(n+1)x(n+1)—9%(n) =0, =z(0)=2, z(1)=-3.

[Tocsie 3aMeHBl .

#(n) = —y(n)
MOJIyYUM ypaBHEHHe

yin+2)+8y(n+1)—9y(n) =0, y(0)=2, y(l)=-3.

KopHu xapakTepucTHdyecKoro ypaBHeHusi s> + 8 — 9 = 0 paBHb 51 = 1,

s9 = —9. M3o0pakeHue pelieHuss 3TOr0 ypaBHEHUS UMeeT BU[
B 2s? + 13s
v= (s—1)(s+9)

Pasnaraem n3obpakeHue Ha MpocTelllne Apodu

25413 s 25413 s

Yy
S1—S2 S— 851 S1 —S9 S— 89
CJieoBaTeJibHO, -
— 24 Z(—9)"
y(n) =5 +5(=9)
Orciopa caenyet, 4To
1+ -0y
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YnpaxHeHus.
Pemiuth ypaBHeHUS

a) (n+1)(n+2)z(n+2)+9x(n) =0, =z(0)=-1, z(1)=-1/2

b)

(n+1)(n+2)z(n+2)+ (n+Dz(n+ 1)+ 1/4x(n) = 1/nl(n* — 2n),
2(0) =0, (1) =2;

c)

1
(n+1)(n+ Z)x(n+2)_n+ 1

(Cnenate 3ameny z(n) = nly(n)).

2.2.5. HexkoTopblie HeJIMHENHbIEe YpaBHEHUS

K YPaBHEHHUIO BTOPOTro nopdaakKa € NoCTOAHHBIMHU KO9(1)(1)I/ILLI/I€HT3MI/I HHO-
rga yapaeTcd NpuBeCTH HEKOTOpPhbIE HeJIMHeHHble YpaBHeEHHUS.

PaccmotpuM ypaBHeHUe

(n+1)=1 !
x(n =1-—
z(n)

B 3TOM ypaBHeHUU cliesiaeM 3aMeHY, MOJIOKUB

1
z(n) = M
y(n)

[Tocie 3aMeHBI MOMYYNM JIHHEHHOE ONHOPOIHOE ypaBHEHHE
y(n+2) —yn+1)+y(n)=0.
XapakTepuctuueckoe ypaBHeHue s> — s + 1 = () ©UMeeT KOpHH

1 3
512 = §i§ :cosg+ising.

[losTomy oOlee pellleHUe JIMHEHHOTO ypaBHEHHUS UMeEeT BU

y(n) = C cos gn + (s sin gn,

rne C7,Cy — NpOH3BOJIbHBIE TIOCTOSIHHBIE. PellleHHe MCXONHOTO HeJMHEHHO-
roO ypaBHEHUS HMeeT BUJ

_ CicosE(n+1)+ Cysing(n+1)

x(n) =

(' cos N+ (5 sin In
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Takum o6pa3oM, Bce pellleHHS HEJHHEHHOTO ypaBHEHUs SIBJSIIOTCS TepPHO-
nudeckuMu ¢ nepuonom 6 (IlposepbTe 3T0!).

ana)KHeHI/Ie. HpI/I KaKHX 3HaY€HHUAX IMapaMeTpa a BCE€ pEHIEHUS ypaB-

HeHUA
a

r(n+1)=a—
OyAyT MepUOAUYECKUMU?

K nuHeliHOMY ypaBHEHHIO MPUBOAUTCS U CJeAylollee HeJUHEHHOe ypaB-
HeHue

~azx(n) +b
z(n+1) = cx(n)+d’
rae ¢ # 0, D = ad — bc # 0. IIpoBepbTe, 4TO 3aMeHbl
B d _z(n+1)
z(n) =y(n) — o’ y(n) = W

MPUBOIAT UCXOJHOE YPABHEHUE K JIMHEMHOMY Pa3HOCTHOMY yPaBHEHHIO BTO-
poro mnopsiika.

Ynpaxxnenus.
Haiitu pelenve ypaBHeHUH

a)

3x(n)

1) = .

b) nmpu Kakux a,b,c,d Bce pelleHUs ypaBHEHHS
ax(n) +b
)= 2~/ 17
z(n+1) cx(n)+d

OyoyT NepUoAUYeCKUMH;
c)
_2%(n+1) B B
r(n+2) = n) z(l) =1, z(2) = 2.

rne o U [ — BellleCTBEHHbIe UMC/A.
(YkazaHue: mpoJsiorapu(MHUpOBaTh UCXONHOE YpPaBHEHHE);
d) Ilpu Kakux o U [ BCce pellleHus] YpPaBHEHHS

z%(n+1)

z(n+2) = 27()

OyAyT MepUOIUYECKHUMU.



66 [JIABA 2. JluneiiHble pa3HOCTHBIE YDaBHEHHS . . .

2.3. Hexortopsbie npuiioKeHus

PaccmoTpuM HeKkOTOpBIE 3afayd TEOPUM YHCe], aHa/du3a U ajareOpel, B
KOTOPBIX MOSIBJSIOTCS JIMHEHHble OJHOPOAHbIE PA3HOCTHBIE YPAaBHEHHUS BTO-
pOTO TOPsIIKA.

2.3.1. Ywucaa PudoHauun

PaccMoTpuM ypaBHeHUE
z(n+2)=xz(n+1)+ z(n) (2.42)

¢ HauagapHBIMU yeaoBuamu x(0) = 0, z(1) = 1.

Pemienue ypaBHeHus (2.42) ¢ 3agaHHBIMUA HAauaJbHBIMH YCJOBHUSIMH OTIpe-
[eJsieT MocJ/en0oBaTeabHOCTb F), uncen @uboHayun. DTH YKCJ/a BIepBble MOo-
siBUAKCh B Bollenied B 1202 rony «Knure ab6aka», UTaabssHCKOro MaTeMa-
tTuka Jleonapno ®uboHauyu. PuboHAUYM BBeJ MOCJAE0BATENbHOCTD UHCEJ
duboHauuu, pelias 3afadyy o pasMHOKeHUH KposaukoB. Uncna PuboHayuu
BO3HUKAIOT B pa3HooOpasHbIX 3ajgadax. Hanpumep, (ppaHuy3ckuil maTema-
TUK dnyapa JIioka, ucno/b3yst HeKOTopble cBOMCTBa yuces PuboHayuu, n0-
KasaJj, 4to 4ucao 227 — 1 gpasercs mpocTeIM (T.e. He MMeeT JeJuTeseH,
Kpome 1 u camoro cebs).

[IpuBeneM 3HaueHHs] HECKOJIbKHUX MepBbIX yuces PruboHaYUU

0,1,1,2,3,5,8,13,21,34,55,89, 144,233, . . ..

Haiinem Bbipaxkenue yucesn PuboHauuu anas jawbdoro n. Pelraem ypaBHeHHe
(2.42). XapakTepuCcTHUECKOE YpaBHEHHE

p(s)=s’"—s—1=0

UMeeT Pa3JIMYHble KOPHU

o= P35
[TosTomy
s(s—1) s B
= emae- "V smae-n Y
. S —A S +B S
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JIerko BUAETDb, UTO
1 1 1
a—f 5 B—a 5

CaienoBatesibHO, MOAYYUM (HOPMYJTY

A:

1 1 [(1+v5\  [(1-vB\
o) = Fo = (ar— g = 2 [[222) _(122) |
Vb Vb 2 2
rie n = 0,1,.... Popmyna (2.43) naet npexncraBjeHre unces PuboHAUUH

st aro6oro n. OHa HasbiBaetcsi (opmysnoi bune. @opmyna (2.43) npen-
cTaBJjsieTcss TpoMo3akoi. OnHaKO ¢ ee MOMOLIbIO MOXHO YCTaHOBUTb PSif
3akoHOMepHocTel nJsg uncen PuboHauuu. Popmyna buHe naet oTBeT Ha
BOMPOC, KaK ObICTPO Bo3pacTaioT yuciaa dubonayuu. HeTpynHo nokasats,
yto yucsao Pubonauun F,, ecTb OaMKaiillee LeJoe YUCIO K

1 (145
V5 2 '

10 YTBEpP2KACHHE CJEAYET U3 HEPABEHCTBA

1 1—+5 <1
NG 2 2’

Caenyrouiee cooTHolleHHe A5 yucea PuboHayuu

n

Fn+1Fn—1 - Fg - (_1)n

Ha3blBaeTcs 3akoHOM Kaccunu. M3 popmynel bune caenyer, uto 3akon Kac-
CUHU — 3TO CJIeAyIollee COOTHOLIEHHE

1
+1 +1 -1 -1 21

g[(an _671 )(an _571 )_(an_ﬁn)} _(_1)71

BbIHOJIHHH aJII‘e6paI/I‘—I€CKI/Ie ,U,el'/JICTBI/IH B KBaﬂpaTHbIX CKO6KaX, [TIOJIYUHM,

YTO BbIpaKeHHe€ B KBAaAPATHLIX CKOOKax MOXKHO 3alucaTh B BUE

1
n—1an—1 2
—-a" " a = B)%.
5
YuuteBas, uto af = —1, a — 8 =+/5, noJiydyuM cooTHolleHue KaccuHu.
Beluncaum elle npened
. Fn+1
lim

n—oo F,
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Hmeem
Fop _ [(L+V5)/2]" — (1= V5)/2]" !
I, [(1+V5)/2]" = [(1 = 5)/2]"
A+ V)2 - [ - VE)/(L+VE)Y
[(1+v5)/2]"{1 - [(1 = v/5)/(1 + V5)]"}
_ {1-[(1—=V5)/(1+V5)]"""}
= A T s vy
Tak kak
(1—+/5)
(14+/5) <b
h I Foi o 1++5
whee F 2

C nowmortbio hopmynbl bruHe yno6HO cyMMHPOBaTh PSifibl, CBSI3aHHBIE C UHC-
JaMyu ©UOOHAUYUH.

YnpaxHeHus.
1. BelUMCIUTD CyMMY

sp(x) = Flo + Foa?+ ...+ F,a"

YKasaHue: npuMeHUTb hopMyny BuHe v cyMMUpOBaThb IBe reOMeTpUUYecKHe
MPOrPeCCHUH.
2. Haiitn cymmy Ky60B nepBbix n yuces PudoHauyun

FP+F)+...+F.
3. BHIYMCAHUTB CyMMy
Fs+ Fs+ Fy+ ...+ F3,.

4. Tlokasatb, uto uucyao Fj, nenutcs Ha F,, (kK — HaTypaJbHOe UMCIIO).

n
5. Beiuucautb cBeptky »  F, i F}.
k=0
6. Hucna @uboHayuu BTOPOro mopsinka J, OnpenessiioTcss Pa3HOCTHBIM

ypaBHEHHEM
Jrn:fn—l'i_]:n—Q"i_Fn; nZL

npudyeM Fy =0 u F; = 1. Haditu popmyny nas uucen F,,. Beipasuth yucaa
F, uepe3 uncna PuboHauuu F,, u F,.q.
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7. B nocnenosatenbHocT PruboHauuu oTOpOCHM TepBbIH djeH 0, a 3a-
TeM BblUepKHEeM KaKJAblid BTOPOH 4JjeH mocJenoBatesnbHocTH. [lomyuum mo-
CJ1e10BaTeJbHOCTh

1,3,8,21,55,144, . ...

[Tokazarb, 4YTO useHbl 3TOH MOCIENOBATENbHOCTH yIOBJETBOPSIOT Pa3HOCT-
HOMY yPaBHEHHUIO

H(n)=3H(n—1)— H(n—2).
Haiitu dpopmyny nass H(n).

Yucna ®uboHAYUW MOTYT MOSIBUTHCS W MPU PELIEHHUH HEKOTOPBIX HeJu-
HEHHBIX PAa3HOCTHBIX ypaBHeHUH. PaccmoTpum ypaBHeHHe

z(n+2)=xz(n+1z(n), x(0)=1, z(1)=2.

[Iposorapudmupyem 3To ypaBHeHHE, UCIIO/b3YS JOTApU(M MO0 OCHOBAHUIO 2.
[Tonyuum

logy x(n 4+ 2) =logy x(n + 1) 4+ logy z(n), log,x(0) =0, logy z(1) = 1.

ITO pasHOCTHOe YypaBHeHHe omnpeaeaser uyucaa Pubonayuu. [losTomy
log, z(n) = F),. CnenoBarensHo, x(n) = 2, n=0,1,.. ..

Mpel BHaesH, YTO OmepaTopHOe H300pakKeHHe MOCJelI0BaTeJNbHOCTH [,
UMeeT BUJL

S
s2—s—1
YacTo BMeCTO Moc/ieoBaTe/IbHOCTH F), paccMaTpUBAIOT MOCJAEN0BATENbHOCTD
F,+1, n=0,1,.... Ee onepaTopHoe u3o0OpakeHue UMeeT BU]
g2
s2—s—1

[Tonarasi s = 1/t, mosiydum Npou3BoAsiLy0 GyHKIUI0 A5 yucea Pubonay-
un F,.q.

F(t tk

ATy NPOU3BOASLLYI0 (PYHKIIUIO MOXKHO HAaHUTH U HENOCPEeACTBEHHO, eC/u 3a-
METHUTb, UTO

(t +t)F(t) = F(t) — 1.
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[Tokaxkem, Kak ¢ MOMOLIBIO POU3BOASALIMX (PYHKLUHMH MOMKHO IMOJYYHUTD
npenctasaeHre uncen PuboHayuu yepes OGUHOMHUAJIbHbIE KOI(PGHHULHUEHTHI.
PaccMoTpUM IHCKpeTHYI0 (PYHKIIHIO

fn)=>"Ch, n>o0.

k>0

Boiuncsnum  mpousBopsimiyto ¢yHkuuio F(t) mocienoBaTesbHOCTH f(n).

HMmeem
F(ty=> "y CF,.

n>0 k>0

[lepecTaBnisisi mopsAiKH CyMMHPOBaHUS, MOJTYYUM

F(ty=> ") tch,.

k>0 n>0

JIOMHOXXHM W pa3feNuM BHYTpeHHIol cymMmy Ha tF. Torma F(t) MoXKHO

3amnucaTb B BUJE
F(t)y=> _t"> "t *Fck .

k>0 n>0
Bo BHyTpeHHel cymMMe moJioxkuM 7 = n — k. Torna

Sk, = ek

n>0 r>0

[Ipouseonsas GpyHKuus 3Toi cymMmmbl paBHa (1 + t)*. CiemoBaTenbHo,

F(t)y=> t"1+t)F=> (t+1)

k>0 k>0

k _ 1
1—t—1t%

[Tonyunau, yto F'(t) siBasieTcs Mpou3BoAsiiied pyHKunel ynces PuboHauun
F, 1. Urak, nalinena gopmyna

Fop=)Y Ch, n=0.1,... (2.44)
k>0

YnpaxHeHue.
Jlokasatb cooTHolieHue (2.44) ¢ MOMOIIbI0 MeTOJa MaTeMaTHUeCKOH HH-
OYKIHH.
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Yucaa JIwoka

Pewtenue ypaBaenus (2.42) ¢ HadasnbHeiMU yeqoBusivu x(0) = 2, z(1) = 1
OTpefesisieT TMoc/ae10BaTebHOCTh L, uuces Jlioka. BoT HeckonbKo mepBBIX
ynces Jlroka

2,1,3,4,7,11,18,29,47,76,123,199, . . ..

YnpaxHeHus.
1. Haéitu popmyny bune nnas uucen Jlwoka.
2. Boiuncenutb cymmy

Ly+ Lo+ ...+ L,.
3. [lokasats, uto 3akoH Kaccunu ams ducea Jlioka uMmeer BUL
2 n—1
Lyl — L; =5(—1)""".

4. Ha#itu npenen

I; Ln+1
11m .

n—oo n

5. Haiitu npencraBnenue uucen Jlroka yepes 6uHOMUAJbHBIE KO3(DhH-
LIUEHTHI.

[Iyete P u (Q — ueable uncna. [locnenoBatenbHoCTH
u(0) =0,u(l) = 1,u(n) = Pu(n — 1) — Qu(n —2), n > 2,

v(0)=2, v(1) =P, v(n) =Pv(n—1)—Qu(in—2), n>2

Ha3bIBAIOTCS MEPBOM W BTOPOM NOCJeNOBaTebHOCTAMH JIIOKa ¢ mapamerpa-
Mu Pu Q. Ilpu P =1, () = —1 nepBas nocJ/enoBaTe/IbHOCTb MpeBpallaeTcs
B 1ocJ/enoBaTesbHOCTh yuces PuboHayuM, a BTOpas — B MOCJeN0BaTeb-
HOCTb yuceJs JIoka.

Ynpaxxuennue.
Haiitu dhopmynbl bune niis nepBoil v BTopo# nocJjenoBartesnbHocTeld JIo-
Ka.

MHorue cBoiicTBa yuces PruboHauyuu ONMUChIBalOTCs B KHUTe BopobbeBa
[17]. O posau uncen Pubonayuu u JlIoka B TEOPHUH YKUCEJ MOXKHO MPOUYUTATH
B KHure Ribenboim [13].
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2.3.2. HenpepbiBHbIE 1podU
KoHeuHble HenpepbiBHbIE APOOU
KoHeuHol HenmpeprIBHOH NpoObl0 HAa3blBaeTCsl BblpaKeHHe BHIA

a
by + !

a
by + 2

Mbel 6ynem 3anucbiBaTh Takylo ApoOb CJAedyOLIUM 00pa3oMm:

ap ap ap—1 Aan
bo + s dn.
O bt byt b, 1+ b,

(2.45)

Hapsny ¢ 3To#l npo6blo paccMaTpuBaeTCsl MOCJEe10BATENbHOCTb HENPepPhIB-
HBIX Apobei

bob
o ¢ b1 by
bo(b1b b
r2:@:b0+ a1a2: 0(b1b2 + ag) + a1by
Q2 bl+g biby + az
e — ]2 _ b 1 ﬂ&% _ bg(boble + bQCLQ) + Clg(bobl + al)
3 qs 0 b1+ bo+ b3 bg(blbg + CLQ) + asby T
Pk aj ay;
=gy ALy
o bt b

KOTOpble Ha3bIBAIOTCSl TOAXOASIIUMH POOSIMH [IJISi HeNpepbiBHOH OpoOH
(2.45). VI3 dopmyn nns nmoaxonsdiiux ApoOed BUIHO, YTO YUCJUTEb H 3Ha-

MeHaTeJib BTOPOW U TpeThbed MOAXOASlled ApPoOU YOOBJIETBOPSIOT PeKyp-
PEHTHBIM COOTHOLLEHUAM

p2 = bap1 + aspo, @2 = baqi + aaqo, p3 = b3pa +aspi, gz = b3qa + asq:.

OtmeTuM, 4TO MBI IoJjaraeM py = by, qo = 1. Ecam nmonoxuts p_; = 1,
qg-1 =20, T0

p1=bipo +a1p_1, q = biqo + aiq_1.

JlokakeM MO MHAYKUHUU CIPaBeJHUBOCTb OOLIeH 3aKOHOMEPHOCTH

Pr = brpr—1 + agpr—2, (2.46)



2.3. HekoTopbie Mpu/OKeHUS 73

Qe = bkQr—1 + apqr—2, k> 1. (2.47)
13 cTpyKTyphl Apobu

ai az Ap Qp41
Tpt1 =by +——-++—
by by by, by

cJenyeT, 4To Apobb 7,1 MoJaydaeTcs U3 ApoOu r, 3aMeHOH a, Ha a,b,. 1 U
b, Ha b,b, 1 + a,.1. ClenoBaTesbHO,

Pi+1 = (bebr+1 +ap+1)pr—1+arbpr1pr—2 = b1 (bepr—1+axpr—1) + apr1Pp-—1 =

bk+1Pk + Qkt1Pk—1-

AHanoruuHo NOKa3biBaeTcsl peKyppeHTHoe cooTHolleHue (2.47).
Mexny AByMs TOCJeI0BATEIbHBIMU TMOAXONSIIMMH APOOSIMU HUMeeTCs
MPOCTOE COOTHOLIEHHE

Prr-1 — @1 = (=) ayay - - - ay. (2.48)

Urobbl nokasath (2.48) Bocrnosb3ayeMcst peKYPPeHTHBIMH paBeHCTBaMHU (2.46)
u (2.47). Ymuoxum (2.46) Ha q_1, a (2.47) Ha p;_1 ¥ BBIUTEM M3 NEPBOTO
paBeHcTBa BTopoe. Mbl MoJyuuM

PeQk—1 — QrPk—1 = —k(Pr—1Qr—2 — Qr—1Dk—2)- (2.49)
[TonoXXUM 1), = prqr—1 — qipr—1. Toraa (2.49) MoxXHO 3amucaTh B BHJE
U = —ApUE—1-

YuuteiBasi, 4T0 ug = —1, moayuum dopmyay (2.48).

HenpepbiBHyt0 1p00b (C MOMOIIBIO TOCAEI0BATENBHOTO IeJ€HUS Ha YHC-
JIUTEJIb) BCETNa MOXXHO MPUBECTH K TaKOH, B KOTOPOH BCe UYUCIUTENH a;
paBHbl 1. B aToM BuIe MBIl U OyneM paccMaTPHUBATh B AaJjibHEHIIEM Herpe-
PBIBHYIO N1p0o0b U 0003HAYaTh ee

1 1 1 1

by + R 2.50
O b1t byt byt by (2.50)

st npo6u (2.50) pasHOCTHbIE ypaBHEHUS AJiS UUCJUTENEH U 3HaMeHaTe el
MOAXOISAIIMUX Npobell HUMEIT BU

Pr = bpPr—1 + Pr—2, Q@ = bpQr—1 + qr—2, (2.51)

npudeM p_1 =1, g1 =0, pg = by, qo = 1. Popmyna (2.48) nnis HenpepwiB-
HOH npo6u (2.50) mpuHUMaeT BUJ

Pkqk—1 — QkPk—1 = (—1)’"”1, k>1. (2.52)
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[lycte umcaa b;, @ = 0,1,... — HaTypaJibHble, T.e. LeJible TOJOXKHUTENb-
Hble yucaa. M3 popmynsl (2.52) caenyer, 4To 4ucCaa pr U qp B3aUMHO MPO-
CThbie (He UMEIOT OOIIUX NeuTesel), Tak Kak OOLUIMH JeJHUTeNb STHX YHUCEJ
B CBOIO O4epelb MOJIXKeH ObITh fesnTeseM equHULb. Popmyny (2.52) MOXHO
rnepernucaTh B BUIE

VR4
pe P (EDTT o (2.53)

dr  qk—1 Qk—19k o

O6paTtumMcsi CHOBa K PeKypPpeHTHBIM COOTHOIIeHUsM (2.51). YMHOXKas 3TH
COOTHOILIEHHSI COOTBETCTBEHHO Ha Pj_o U (i_o U BBIYMTAsl U3 MEPBOrO COOT-
HOLLIEHUs] BTOPOE, MOJYUHUM

PeQi—2 — QrPr—2 = br(Dr—1qk—2 — Qe—1Pk—2 = (—1)kby.

Orcroga noayunm

Dk P2 )k, k> o (2.54)

k. qk—2
M3 nonyuyeHHbIX (DOpPMYJ JIETKO CAeJaThb 3aKJ/JHUeHHS O B3aHMHOM pacIio-
JIO)KEHUH TOAXONALMX ApoOeld NaHHOHU HempepblBHOH npodu. M3 dopmyssl
(2.54) BBITEKaeT, YTO MOAXOISIINE NPOOH UETHOrO Mopsifka o6pasyroT BO3-
pacTamwILy MOCAeA0BaTebHOCTh, a MOAXOASALIHME APOOU HEUeTHOTrO MOpsa-
Ka 00pasyioT yObIBAIOIIYO MOCAe10BaTeNbHOCTb. M3 dhopmysbl (2.53) caeny-
eT, 4YTO Kaxkaasi 1poOb HEYETHOTO MopsiiKa 00Jbllle 1POOH HENOCPeACTBEHHO
cjenytoulero yetHoro nopsinka. CiaenosatesibHo, Jitobas noaxoasuias Apobb
HEYeTHOro nopsiaka OoJblie JIOOOH MOAXOAALIEed APOOU YETHOrO MOPSAKA.
B uvacTHOCTH, /11 KOHEYHOU HempepbhlBHOM NPOOH «v KaxKaasi MoaXoAsiiias
NpoOb YETHOTO MOPSiKa MeHblIe v, a KaxK1as NoAXoasias 1poOb HeYeTHO-
ro nopsinka 6oJibiie « (MocsenHsis moaxonsiiass Apodb paBHa «). OTciona
CJelyeT, UTO CIpaBelJIuBO HEPABEHCTBO

1
<

| Dk
oa——| S —.
qrqr+1

qr

Tak kak moc/sieqoBaTe/bHOCTh 3HAMeHaTeJ el ¢ MOAXOAAIIMX ApoOed BO3-
pacTaet, TO UMeeT MeCTO HEPABEHCTBO

1
<5

| Dk
a— —
P

qk

Ecan uucaa b; pauroHabHble, TO KOHEUHAsl HelpepbliBHAs APOOb Mpen-
cTaBJisieT co60H palMoHa bHOe ync/ao. CripaBeauBo U 00paTHOe YTBepKIe-
Hue. Kaxknoe pauuoHasbHOE YUCJIO MOXKHO NMPEACTABUTh KOHEUHOH Hermpe-
PBIBHOH 1poObl0. DTO yTBEPXKAEHHE MOSICHUM Ha npuMepe. [ls npeacrasJe-
HUSl PALlMOHAJNBbHOTO YUCJA KOHEYHOW HeNpepbiBHOH APOOBI0 HCIMOJb3YyeTCs
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M3BECTHBIM anropuT™M EBK/IHAa HaxoXKaeHUsT HaWOOJblero oOLIero naesu-
TeJsl JBYX HaTypaJbHBIX yuces. (cM., Hampumep, [sseHmnopt [22]). Mul
HalOMHHUM, Kak paboTaeT aiaroputMm EBksanaa Ha npumepax. Hailinem Hau-
OosblIMKA OOWKK AenuTesnb uducea 153 u 69. IlepBblli war anaroputma —
neauM OoJblilee 4yHCJ0 Ha MeHbluee. [loanyunm

159 =269 + 15.

3areMm neaum 69 Ha OCTATOK:

69 =4-15+09.
[Ipononxkaem nenenue

15=1-9+6,

9=1-6+ 3,

6=2-3.

Brruucaenue HauboJbliero oo1iero aenntes 3asepiieHo. OH paBeH 3. Bosb-
MeM Tenepb uucaa 51 u 20. [loayuum

51 =220+ 11,
20=1-11409,
11=1-9+2
9=4-2+1.

[locnennu#t ocratok paBeH 1. Ilostomy umcsa 51 u 20 He WMerOT 0OOLIKX
pesnuteJsied, kpome 1.

[IpenctaBuM B BUie HenpepblBHOU aApobu uucao 11/31. [lpumeHsiem aJj-
roput™ EBkaupa k uucaam 31 u 11. HUucao menbwe 1. [losaTomy mepsoe
HEroJIHOe YaCTHOEe PAaBHO HYJIO U Mbl €r0 OMYCKaeM.

[TocnenoBaresibHBIE IArU aArOPUTMA:

31=2-11+409,
11=1-9+2,
9=4-2+1.

[locnennuit octatok 1 ykKaseiBaeT Ha TO, 4TO yucaa 31 u 11 B3auMHO mpo-
cThl. [IpeacTaBuM ypaBHeHHUs 11aroB ajiropuTMa B BUOe ApoOeil:

31 9 11 2 9 1

— =24+ = — =14, =4+

11 117 9 9 2 2
[locnennsis npoOb KaXKI0ro U3 ypaBHEHHWU oOpaTHa MepBOH APoOH ciemy-
olero ypaBHenusi. Mckitouas Bce mpomMeXyTO4yHble ApoOH, TpPencTaBUM
npo6s 11/31 B BUIE

2+ 1+442
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Beruncnum nopxonsuide apo6u, mogaras pp = 0, gy = 1. 3ameTum, uTO
p1 =1, g1 = 2. VI3 peKyppeHTHBIX cOOTHOLIEeHUH (2.46) u (2.47) nmosyuum

p=p1+p=1 @=qa+qp=3, ps=4p2+p1 =5, @ =4¢p+q = 14,
Py =2p3+pe =11, q4=2q3+ q = 31.

Takum oOpazom, nocnenoBaTeNbHOCTb NOAXOAAIIUX APOOEH HUMeeT BUL

]2_1 ]2_1 ps 5 pg 11

@ 2 @ 3 ¢ 14 q 31

B kauecTBe BTOpOro npuMepa Bo3bMeM 4uCJI0 3.1415, KOoTOpoe siBJsieTCS
NpUOJMKeHHBIM 3HayeHueM 1Jid yucnaa 7. [locsenoBaTtesbHele Waru asnaro-
putMma EBkauna:

31415 = 3 - 10000 4 1415, 10000 = 7 - 1415+ 95, 1415 = 14-95 + 85,
95 =1-8+10, 8 =8-10+5, 10=2-5.
[lonyuum HenpepbiBHYIO APOOH

11 1 11
T+ 144+ 14842

3+

JIBe mepBble moaxoasiiine ApoOH

31 22 314 31
777 799 997
OTmeTuM, uto ApoOb 22/7 Kak MPUOJMIKEHHOEe 3HaueHHe uucjaa 7 Obljia
rnosiyueHa eue Apxumenom.

Ecau KoHeuHas HemnpepbiBHasi ApoOb HMeeT BUJL

1 1 11

by + ,
O bt byt b, 1

TO 3Ty ILpO6b, KaK JIETKO BHUAETb, MO2KHO 34allUCAaTb B BHJE

. 1 1 1
! b1+ Do+ b1+ 1

b

Takum oOpa3oM, palMOHa/NbHOE UYMCJIO HMeeT €QUHCTBEHHOE IpeacTaBJle-
HUe B BUJIe KOHEUHOH HeNpepblBHOW NPOOU, €CJIM UCKJUUTh HelpepbiBHbIE
OpoOH, y KOTOPBIX MOCJAEIHUHN 3JeMeHT paBeH 1.

YnpaxHeHus.
1. TlpencraBuTh cienytolive palMoOHa/NbHble YMCJA B BHUJAE KOHEUHOU
HenpepbIBHOM NPOOU KU BBIUUCAUTH MOAXOASIINE NPOOH:
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a) 17/58,;

b) 3/44;

c) 31/113;

d) 79/200;

e) 115/67.

2. HalitTu nepBble Tpu nmoaxonsilne apodu ajs yucnaa 3.14159265.

beckoHeuHble HelpepbIBHbIE APOOH

PaccmoTpuM Tenepb 6eCKOHEUHYIO HEMPEPLIBHYIO NPOOb

by + L1
O bt byt

s 310l 1poOH MOXKHO NMOCTPOUTH NOCJAEA0BATENbHOCTD MOAXOAALIUX A PO-
6e#t r, = pn/qn. Ecau mocsenoBaTeIbHOCTD TOAXOASLIUX APOOEH CXOAUTCS
K KOHEUHOMY IIpeliely, TO ee Ipefies Ha3blBaeTCsl 3HaYeHHeM OeCKOHeUHOH
HenpepblBHOW ApoOU. [0BOpAT, 4TO GecKOHeuHasi HelpepbiBHAs APoOb CXO-
nutcsl. Ecan nocsnenoBateibHOCTb MOAXOASAILMX APOOEH He MMeeT KOHeYHO-
ro npenesa, TO FOBOPAT, 4YTO O€CKOHEYHAs HelpepblBHAsA APO0b PACXOAUTCS.

[Iyctb

1 1
@:a0+—_...
a1+ as

6eckoHeuHasi HenpepbiBHasi ApoOb. OCTAaTKOM «v, 3TOW HeNpepbIBHOW ApOOH
Ha3blBaeTcsl OeCKOHeUHasi HelpepbiBHAsA Ap0o0b, HAUMHAWOLLASACS C dJIeMeHTa

Qp, T.€. Yy & YIAJAIOTCA II€PBbIE N 3JIEMEHTOB ap, a2, ..., 0y 1.
1
an — an _|_ e
An+41

Takum o6pasom,
1 1 1
o = Qg + oo [
a1+ Ap—1 Oy

Ecnu B 310l popmysie oT6pocuTh 1/ay,, TO MOJYYUM MOAXOASIIYIO APOOH
Pn-1/qn-1. B cuny dopmyn (2.46) u (2.47) noayuyum

Pn—1 _ Pn—2Qn—1 + Pn—3
gn—1 gn—20n—-1 + dn—3

Eciu B 3TOM paBeHCTBe 3aMeHUM a,_1 HA G,—1 + 1/q,, TO TOC]E MPOCTHIX
npeoOpasOBaHUH MONYUUM

o = Dn—10p, + pn—2. (255)
Gn—10ipn + n—2
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Cxopsiasics 6ecKkoHeuHasi HempepbiBHasi npobb ¢ 3ajemMeHTamMu b; > 0,
1 =1,2,... objafaeT MHOTUMH CBOWCTBAMH KOHEUHOW HeNpepblBHOH APOOH.
B uyacTHOCTH, 3HaueHWe « cXofslleicss 0eCKOHEUHON HeNpepbiBHOH Opo-
6u Gosblie Ja0O0H MOAXOASALIEH NPOOH YEeTHOr0 MOpsSAKa U MeHblle JI000H
noaxonsiiiel 1pobu HeueTHoro nopsinka. Ms dopmyasl (2.53) cienyet Hepa-
BEHCTBO

1
a-Pl o~ k>o. (2.56)
dk 4kqk+1
PaccMoTpuM HemnpepbiBHYIO Ap00Ob, Y KOTOPOH 3JeMEeHTHI by, by, . .. SABJS-

IOTCSl HAaTypaJibHBIMU uucaamu. O4eBUIHO, NJis TAKOH HENpepbiBHOH ApoOH
3HaMeHaTeJ M MOAXONSAIMX Apobel ¢ mpu k — oo CcTpeMsiTC K OecKo-
HedyHocTH. O mopsiike pocTa 4YMCes ¢ MOXKHO BbICKasaTb 0OoJiee TOUHOE
yTBepXKAeHHeE.

YnpaxHeHue.
Hna k > 2 cnpaBensnBO HepaBEHCTBO

g >27.

13 HepaBeHcTBa (2.53) cienyer, uTo GeCKOHeUHast HeMpepbiBHAS NPOOD,
3JleMEeHTaMH KOTOPOH SIBJISIIOTCS HaTypaJibHble 4YHCJa, OymeT CXOMsILencs.
Ee 3HaueHueMm GyneT vppamuoHaJbHOE YHUCJO.

Kakmoe uppaunoHanbHOe YUCJO (v MOXKHO TPEACTaBUTb B BUIE O€CKO-
HeuHOU HempepbIBHOU Apobu. [Tokaxkem 3To. [1ycTh a; — HanboJIbIIEE LIE/TOE
qyucJgo, comepxkauleecs B «. [losoxxum

1
a=a +—.
T
Torma r > 1 u r; — uppauuoHasbHOe 4yucJso. Jlasee, ¢ YUCJOM 71 MOCTY-
MmaeM Tak e, Kak ¢ 4ucjaoMm «. [IpencraBssiem ero B BHle
1
= as + -,
T2
rie as — IleJasi 4acTb uYucaa rij. DTOT MPOIecC MPOMOIKUTCS OeCKOoHed-
HO, TaK KaK Ha Ka)KJOM Iiare OyHeT MoJydaTbCs WPpallMoOHAIbHOE YHCJIO
r, > 1. B pesysbraTe mosydyuM NpeicTaBJeHHe UHCJIA o B BUIEe OECKOHeU-
HOHM HeINpepbIBHOU NPOOH
1 1
a=a +——....
a9+ az—+

[Tonxonsiine Apoby MAHHOTO YHCJA SIBJASIOTCS OJS1 HETO «HAWUJYUITHMH

MPUOJIHKEHUSIMHU» B CJIEAYIOUIEM CMBICIE.



2.3. HekoTopbie Mpu/OKeHUS 79

p
Teopema 2.1. Ecau “* — nodxodsuwas 0pobs uucia o, mo A0bas
P dn
dpobov —, 3Hameramenrb KOmopou q < q,, omcmoum O0aibule Om 4UCAA Q,
Pn
uem —.
dn

Joxkasameavcmeo. Tloka)keM cHauasa, UTO MPEALIECTBYIOIAS MOAXOSIIAS
1pobb P, _1/qn_1 NEXHUT AaJsbliie OT «, 4eM APobb p,/q,. Tak Kak moaxoms-
wast 1pobb Pri1/qni1 JEXKUT MEXIY Pp_1/¢n_1 U @, TO

Pn—1
Gn—1

Pn+1 Pn—1

dn+1 dn—1

Q{_

BeIMo/IHUM BelYMTaHUE OpoOeld B MPaBOW YAaCTH HEPABEHCTBA U B IOJy4YeH-
HOe BbIpaKe€HHUe MOACTABUM BMECTO Ppi1, (n+1 UX BBIPAXKEHUS U3 PEKyp-
PEHTHBIX (POPMY.I

Dn+1 = Qp+41Pn + Pn—1,  Gn+1 = Qn+1Gn + Qn—1-
[Tonyuum (ucnosib3yem HepaBeHCTBO (2.56))

. An+1 > 1 =

qn—19n+1 qndn+1

DPn+1 Pn—1

Gn+1 Gn—1

CnenoBatesbHO, OPOOb pp,_1/¢n—1 OTCTOMT AaJblle OT «, YeM p,/q,. Ecan
p/q = Pn-1/qn-1, TO Teopema nokasana. [1yctb p/q # pn—1/q,—1. Torna

1
> >

- q4dn—1

Dn Pn—1

dn dn—1

‘g_m4
q n—1

::‘an—l_'qpn—l
qdqn—1

M3 3Toro HepaBeHCTBa clelyeT, 4YTo APOOb p/q JIeXKHUT BHE MHTepBasa

(Pn-1/4n-1,Pn/qn), B KOTOPOM JIEKHUT 4yrca0o «. CrenoBaresibHO, Ipodb p/q
JIEXKUT JIMOO CripaBa cripaBa oT APo6H p,, /¢y, 1160 caeBa OT IPOOU Py —1/Gp—1-
[TosTOMY OHa OTCTOUT JAaJblle OT YHCHAA v, YeM APOOb Py, /qy. ]

Ilepunonnueckue HenpepbIBHBbIE APOOH

[TprBeneM npriMepsl BEIUKCAEHHS NTOCAE10BATENBHOCTH MOAXOASIIUX PO-
Oell 111 OECKOHEUHOH HempepbelBHOU APOOH, 3JieMeHTaMH KOTOPOH SIBJSIOTCS
HaTypaJibHblE YHUCJIA.

Hawm yno6Hee pasHocTHBle ypaBHeHHSs (2.51) 3amuchiBaTh B BUJE

Pn+2 = bn+2pn+1 + Dn; dn+2 = bn+2Qn+1 + dn-
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PaccMoTpuM HenpepbiBHYIO ApOOb

1 1 1

2+ 2424 7
Takas HenpepriBHas ApoOb Ha3bIBaeTCsl NeproarudecKor ¢ nepuonom 1. [nd

MOAXOAALIMX ApoOel moJjiydaeM ypaBHEHUS

Pn+2 = 2pn+1 + Py Qn+2 = 2(]n+1 + qn-
OueBugHo, py =1, ¢ =2 1 p1 = 2, ¢1 = 5, TaK KakK
D1 1 2

Q1_2+%_5.

OmnepartopHoe H300pakeHHe MEPBOrO yPaBHEHHUS

(s = 2s — 1)p, = (s* — 28)py + sp; = s>

CJienoBaTeJIbHO,

_ s 342V 3-2V2
P 2 s 1 T 2 A — 1= vR) | —2v2(s — 1+ v2)
_34+2V2 . 3-2V2 o V2 (11— V2

OmnepartopHoe H300pakeHWe BTOPOTO ypaBHEHUS

(s = 2s — 1)q, = (s* — 2s)qy +sq; = 2s* +s.
Ortciofa noayunm
_ %4s T2 7—5V2 B
e s 1 2V2(s—1—v2) —2v2(s—1+2)"

—7+—5\/§ n_7+—5\/§ B n_(1+\/§)n+3_(1_\/§)n+3
Y2 (1+v2) v V"= 2v/2 2v2

Takum o6pasom,

(VD)2 1=y

Pn _ o 22
In O (14V/2) 3 _ (1=v2)nt3e
2v2 22

Boiuncasist rnpenes 3Toro OTHOWeH!d, IOJYyYUM

n 1
limp—:

=v2-—1
n—00 (, 1_|_\/§
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CJ/lef0BaTeIbHO, YHC/I0 /2 MpeicTaBJseTcs B Bue cXofslleiics 6ecKoHeu-
HOW HempepbIBHOW APOOH

1 1 1
— ... 2.57
+2+2+2+ (2:57)

OTMeTHM, YTO HaWTHU 3HAUEHHe 3TOU HemNpepblBHOH NPOOH MOXKHO, HE BHI-
YUCJSAS TIpefiesl oCAe0BaTeNbHOCTH NOAXOAAUX Apobei. [TycTh o — 3Ha-
YyeHHe HenpepuiBHOH npo6u (2.57). Jlerko BUOeTb, YTO « yIOBJIETBOPSET
yPaBHEHHIO

a=1+

14+ a

2 = 2. Tak kak 3HayeHue Apo6u (2.57) mosoKu-

Orciofga MoayuuMm, 4To «
TeJIbHO, TO @ = \/§

PaCCMOTpHM TEnepb NepruoanvE€CKYI0 HEIIPEPBIBHY IO Il,p06b C rIepruoaoM 1

CJIeYIOLIero BUaA:
1 11

I+ 1+ 1+
3HaueHue o 3TOU NPOOU YIOBJIETBOPSIET YPABHEHHIO

1
o =
1+«

, CJIeI0BaTeJbHO, PABHO (\/5—1)/2. JI1s1 BBIUKC/IEHU S TTOAXOASAIINX Apobei
MOJIyUUM Pa3HOCTHBIE YpaBHEHHs

Pn+2 = Pn+l + Doy Qn+2 = Qn+1 1 Qn-

ITo ypaBHEHHUS], KOTOpble onpenestoT uncaa PrubdoHauun. Beibepem Hayasb-
Hble YCJIOBUSI:

p():O, CIO:L p1:17 Ch:l
Torna p, = F,, g, = F,.+1. CnenoBartesnbHo, noaxofasiias Apodb MpeacTan-
JSleTCd B BUJE OTHOLIeHUd yuces PuboHayuu

P Fu

an Fn—&—l.

OTCIOILa CJIENAYET, 4TO

1 | (1+V5)" (1—/5)"

P . Py R [ 2 T2 V5 —1

lim — = lim —— = lim = .

n—00 (y, n—o0 [y 14 n—oo 1 (14-1/5)n+1 . (1—/5)n+1 9
V5 2 2
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DTUM NpeacTaBJeHUEM MOAXOAAIINX ﬂpo6ef/’1 Hepe3 OTHOLIEHHE YHCeJ du-
60HaY4YM MOXKHO BOCII0JIb30BaThCS JJIsA HpI/I6JII/I}KeHHOFO BbIYHCJIEHUSA YHUCJIA

a = (v/5 — 1)/2. Hanpumep,

Fy, 34

— = — = 0.6182
Fip 55 ’

a o = 0.6180 (¢ TOYHOCTBIO [0 MSTOrO 3HAKA).
M3 paccMOTpeHHBIX MPUMEPOB CJIEYeT, UTO JJs1 HEMPepbIBHOH APOOH

1 11

b+ b+ b+

npy BeIOOpe HaudaJJbHBIX 3HaUeHUd py =0, py =1 u gy = 1, ¢ = b nocaeno-
BATeJJbHOCTb MOAXOAALIMX ApoOel onpenensieTcss (hopMyJoH

n n

Pn ST — 89
T n+l n+1?

n  Sp T Sy

rhe s; U So — KOPHU KBaJPaTHOTO YpPaBHEHUS
s2—bs—1=0.

Jlokaxkute 370!

Bonpoc o BeluKC/AeHUH MOAXOAAIIUX ApoOel /5 NepUOAUUEeCKUX Herpe-
PBIBHBIX ApoOed ¢ mepuonom OOJbLIKMM, yeM 1, OyfeT pacCMOTpPeH MO3JHee.
B stom cayyae yno6HO HCMONb30BAaTh CUCTEMbI PA3HOCTHBIX yPaBHEHUH.

YnpaxHeHus.
Haiity nocsenoBaTe/ibHOCTh NOAXOASAIINX APOOEH U BBIUUCAUTH Mpefel
3TOHM MOCJIeOBATEJNBbHOCTH [JIs CJAEAYOUIMX HeNpPepPbIBHBIX APOOeN:

a)
1111

4 .
+8+8+8+8+

° )

b)
111

A4+ 4+

)
111

646+ 6+

OTMeTHM, uTo uMcaa V2 u /5 MpUHAAIeXKAT K KJaccy KBajpaTHUHEIX
UppauroHaJbHOCTeH. KBaapaTUUHOH HppalMOHANIbHOCTBIO HA3bIBAETCS Hp-
palrOHa/IbHOE YHUCJIO, KOTOPOE SIBJSETCS KOPHEM KBaJAPAaTHOTO ypPaBHEHUS

apx’ +ax+as =0, ag#0,
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rage agp, a1, @ — LEJble YHUCJIA. M3 astoro ornpeneJieHus CjaeayeT, 4To KBaapa-
THUYHAasA UPPALHOHAJTBbHOCTb ABJAAECTCA YUCJAOM BHOA

p+qVD,

TIe p U ¢ — paurOHaJbHble YUCJ/IA, a ) — HaTypaJ/JbHOE UYUCJ0, KOTOPOe He
SIBJISIETCS TOYHBIM KBaJpaTOM.
CBsi3b MeXIy KBaJpaTHUYHBIMHA HPPAIIMOHANBHOCTSAMHU U HENPEePbIBHBIMU
npo6siMmu Oblyia u3ydyeHa ditsiepom u Jlarpanxewm. [IpuBenem ux pesysbTaThl.
[lepuonnueckoi HenmpepblBHOW NPOOBI0 Ha3biBaeTCsl O€CKOHeUHass Hernpe-
pbiBHasi 1poOb, B KOTOPOH C HEKOTOPOro MecTa MOBTOPSieTCs rpymnna uudp.
Hanpuwmep,

111111
V19 =14
M TS T W T

24—\/15_1+ 11111
17 54243+2+ 3+

[pynna uudp 2,1,3,1,2,8 B 3HaMeHaTesiAX NepPBOH HENPepbIBHOH ApoOH
noBTopsieTcsl. [0BOPAT, UTO 3TO YUCTO MEepPUOANYECKas HenpepblBHAs APOOb C
nepuonoM 6. KpaTko ee MoxkHO 3anucath B Bune [4,213128]. Bropas Hempe-
pbiBHasi npoOb Ha3blBAaeTCsl CMeLIaHHOW mNepuoauueckod apooObio. [lepuon
3TO¥ Apo6H paBeH 2 ¥ OHa 3amuchiBaeTcs B Buae [1,5,23).

DiJiep 10KasaJjl, YTO 3HaUeHUe MepPUoIUUYeCKON HelpepblBHOM ApOOU eCcThb
KBaJpaTU4YHasl UPPALUOHATBHOCTD.

OTMeTHM, UTO AJS YHCTO MepUONHYeCKOH HempepbiBHOHW ApoOU yTBep-
XKJeHre Dijiepa HEMoCpeaCTBeHHO cienyeT U3 dopmysnl (2.55). Ilokaxure
sTo!

YTBepxkaeHue JlarpaHxka COCTOUT B TOM, YTO

\/N = [a’())alaa?a SR 7a27a172a0]’

rne N — HaTypaJibHOe YHCJO, KOTOpPOe He SIBJSeTCS TOYHBIM KBaApPaTOM.
Orciopa caenyer, UTO KaxKaas KBaJpaTHyHAash WPPAlLlMOHANbHOCTb BblpaxKa-
eTcs MepPUOANUeCKO HelpepblBHONW NPOObIO.

Kputepuili cxoquMoCTU HenmpepbIBHOU ApoouU

M310XHUM KPUTEPHil CXOMUMOCTH 6€CKOHEUHOM HelpepbiBHOU APOOH, MPHU-
Hannexamui [Tuakepsie (Pincherle).

MBI 31ech HCIOJIb3yeM MOHSITHE MHHUMaJbHOIO pelleHHs], BBeIeHHOe
B nmyHKTe 2.2.3. HanomHuM, UTO HeTpUBHa/NbHOE pelleHHe x(n) JUHEHHOTO
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Pa3HOCTHOTO ypaBHEHHsI BTOPOTO MOPsiKa Ha3biBaeTCsl MUHUMAJIbHBIM, €CJIN
CYILIeCTBYeT TaKoe pelleHHe y(n) 3TOr0 YpaBHEHHS, UTO

15 HenpeprIBHOU ApobH

by + ——
O bt byt

YUCJUTEIU U 3HAMEHAaTesJd MOAXOASLIUX NpoOel yIOBJETBOPSIOT Pa3HOCT-
HbIM ypPaBHEHUSM

Pk = bkDr—1 + pr—2, @ = brqp—1 + qp—2, k=1,2,...

C HaudaJIbHBIMU YCJOBUAMHU pg = by, qo = 1, p_1 =1, ¢-1 = 0. Ilyctp X} u
Y, JMHeHHO He3aBUCHMBble pellleHUs] ypaBHEHUS

2z = bpzi_1 + zZp_o. (258)

[Iycte pemenue X ypaBHeHus (2.58) saBasiercs MUHHMaJ bHBIM. [logxoms-
masi Apodb 7 = pi/qr UMEeT BUL

Xk
_ Pk _ o X + Yy 1yt Qo

_ _ | 259
a L1 Xk + B2k Xy (2:59)
517k+ B

T'k

roe ag, o, 1, o — MOCTOsSIHHBIE, OMpelessieMble HauaJbHBIMH YCJIOBUSIMH.
Torpa cyuiectByet npenesn

. Pk %)

lim — = —,

k—o0 qp; Ba
TaK Kak %
: k

lim — = 0.
k—o0 Y},

Ecan [y = 0, To Heobxonumo B1 # 0 u s # 0. Torma rp, — oo.
Tenepsr mMoxkHO copmynupoBath kputepuil [lunkepse (cm. [5,8,12]).

Teopema 2.2. Henpepoisras dpobo

b +—1 1
0

b1+ ba+
cxooumcs K KOHeuHomy uiu b6ecKkoneunomy npedesy moeda u MOAbLKO
moeda, Koeda ypasuerue (2.58) umeem murumarvHoe peutenue X,. Ec-
au X_1 # 0, mo Henpepovigras Opobb cxodumcs K KOHeuHoMYy npedeny,
komopolil pager by — Xo/ X _1.
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Hokasameavcmso. B caydae, Korna CyllecTByeT MUHHUMaJbHOE pelleHHe y
ypaBHeHHs (2.58), cylllecTBOBaHHe MpejeJsia Mocaea0BaTeJbHOCTH TTOIXO/s-
UUX Apobedl 1, = p,/q, yXke ObLJIO NOKa3aHO, MPUUEM 3TOT Mpeles paBeH
/.
[Ipennosioxxum Tenepp, 4YTO HempepbiBHASA APOOb CXOAUTCH K KOHEUHOMY

UM 0€CKOHEYHOMY Mpefedy, T.e.

lim 22 = R.

n—oo qn
Tak kak p, ¥ ¢, — pelieHus ypaBHeHHUs1 (2.58), TO B CHJy JIeMMbl O MH-
HUMaJIbHOM pellleHUH, 3TO ypaBHEHHe HUMeeT MUHUMaJbHOe pelleHue. Ecaun
R = 00, TO MUHUMaJbHBIM pelleHHeM sBjaseTcs PyHKuusa X, = q,. [loato-
My B 3ToM caydae X 1 = ¢_; = 0. Ecan R < 0o, TO MUHHMaJbHOE pelleHre
X, = p, — Rq,. CnenoBatenbHo, X 1 =p_1; — Rq_1 = 1. Boipasum R depes
3HaueHHUs] MUHUMaJbHOro perieHusi. M3 paseHctBa (2.59) mpu k = —1 u
k = 0 nonyyum

p-1=1=o X 1+ Y 1, py=by= a1 X+ axY)

-1 = 0= X1+ BY_1, q=1=p5Xy+ (Y.

Pemas ABE TI0JIYYEHHbIE CHUCTEMBI JIMHEHUHBIX ypaBHeHHﬁ, HaxoguM, 4To

Vo—boYo  boXo— X

~-Y
o oA = X0 _
A 0 2 A ’

ﬁl_ Aa

52 A)

a1 =

rne A = X 1Yy — XoY_1 # 0, Tak kak peuieHuss X, u Y, JUHeHHO He3aBU-
cumbl. OTcrofa cienyer, 4To

O, Xo

=y — ——.

I X_1
OtmetnmM, 4TO BesauunHa Xo/X | onpenessieTcss ONHO3HAYHO, TAaK KakK JIO-
6oe MHHMMaJbHOE pellleHWe ypaBHeHHs (2.58) mpomopruoHaabHO X,. []

3ameuaHus K Teopeme 2.2,

1. MoxHo 6blJI0 C(HOPMYIUPOBATb TEOPEMY, HCIOJb3YS PeKyppeHTHbIe
COOTHOLLUEHUS OJI YUCJAUTEJed U 3HaMeHaTeJ el OAXOAAIMX Apo0ei B cJie-
AyoLIeM BUJE:

DPk+2 = biroprs1 + Pk Q2 = bpvoqe1 +q, kK=0,1,2,.. .,
po="bo. p1 =bob1 +1, qo=1, q1 = 0b1.
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Tosnbko B 3TOM caiyuae moJsiydaroTcsi Apyrue 3HaUeHHs I/l MOCTOSTHHBIX (v,
oo, P1, Po. Bynem nmpennosarate, 4to by = 0. I3 paBeHcTB (2.58) npu ko u
k =1 Haxogum

po=0=0o1 Xy + aYy, p1=1=a1Xq+ )],
qo =1 = 1 Xy + BYy, q = b= X1+ Y,

Pewias 3Tu cucteMbl ypaBHEHUH, MOJYYUM

X 3 b1 Xo — X3
oy = — S i ——
2 A 17 2 A ) )
roe A = XoY1 — X1Y) # 0, tak kak peuieHus X, u Y, JUHEHHO He3aBUCHU-

Mbl. CyiefioBaTesbHO, ¥
Qa2 1
— = 2.60
B2 b1 Xo— Xy (2.60)
13 popmynnl (2.60) BeITEKaeT, yTO HempepbiBHAS APOODH

1 1
bi+byt+

cxonutes K 6eckoHeuHomy npenedny, ecau by Xo— X1=0. Ecau b; Xy — X170,
TO 3Ta HelpepbiBHAS APOOb CXOAUTCS K KOHEUHOMY Mpefieny, KOTOPbIH paBeH
apobu
X
b1 Xo— X1
2. Jlerko BuaeTh, uTo Teopema [InHKepJe crnpaBennuBa AJs HeMpepbiB-

HOU Apobu
a; a9 as
bp+ ———...,
" byt byt by
roe ar # 0 nns Bcex k. Mubl npuBenem ¢opmyny (2.60) nas 3Tod apobw,

npennoJsaras by = 0. @opmy/aa uMeeT BUJ,

a9 . CL1X0
Bo b1 Xo— X1

Takum ob6pazom, HempepbiBHAS APOOb

a; a9 as

bi+bot+ b3
B CJydae CylleCTBOBAHHMA MHHHMAJbHOTO pelleHHdA Yy COOTBETCTBYIIOLIEIro
Pa3HOCTHOIo ypaBHEHHA CXOOAHUTCHA K 6eCKOH€‘-IHOMy npeneJsay, ecJjau

b1 X9 — X1 =0, 1 K KOHEUHOMY Tpeneny

a1 Xy
b Xo— X
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ecan by Xy — Xq # 0.
B kKauecTBe mpumepa pacCMOTPUM HeNpepbiBHYIO APOoOb

2.3b 3-4b  (n+2)(n+1)b
3a+ 4a+ (n+ 2)a+

(2.61)

rie a, b — HeHyJieBble BellleCTBeHHbIe YHcaa. BbISICHUM yC/I0BHSI CXOAUMOCTH
3Tod npo6u. COOTBETCTBYOIEe PA3HOCTHOE YpaBHeHHE HMeeT BH]

r(n+2)=(n+2)ar(n+1)+ (n+2)(n+ 1)bx(n). (2.62)

B stom ypaBHeHuu nosoxum x(n) = nly(n). [locne 3ameHbl moay4um ypas-
HeHuUe

(n+2)ly(n+2) — (n+2)lay(n+ 1) — (n + 2)!by(n) = 0.

Pasnenus Ha (n + 2)!, IpUXOAUM K ypaBHEHHIO C TOCTOSTHHBIMH KO3(h(hHUIIH-
eHTaMH1

y(n+2) —ay(n+1) —by(n) =0. (2.63)

XapakTepucTuiueckoe ypaBHeHHe s (2.63) vMeeT BUL
s> —as—b=0.
Ero kopuu s15 = (a & v/a% + 4b) /2. Ec/iv BBINONHEHO HEPABEHCTBO
a® 4 4b > 0, (2.64)

TO ypaBHeHHe (2.63) nMeeT MUHUMaJbHOe pelileHHe. [1py BHIOJHEHHUH CTPO-
roro HepaBeHCTBA KOPHU XapaKTEPUCTHYECKOTO ypaBHEHHS Pa3JUUHBI 110
monyso. IlycTb |sy| < |s1|. Torna MuHuMa/nbHOE pelleHue Y, = sy. Jlerko
BUIETb, uTO 2aYy — Y7 # 0. OueBHIHO, HUCXONHOE ypaBHeHHe (2.62) nmeeT
MHUHHManbHOe peleHue X, = nlsy u 2a Xy — X; # 0. CnenoBaresibHO, MpU
BLINIOJIHEHMH HepaBeHCTBa a’ + 4b > 0 mempepbiBHas apobe (2.61) cxopurcs
K KOHEUHOMY Tpefieny.

[Tycts Teneps a® + 4b = 0. Torma a" u na” — JIMHEHHO He3aBUCHMBbIE
pelieHust ypaBHeHus (2.62). OueBuaHO, ¢ — MUHHUMAJbHOE PelIeHHe 3TOr0
ypaBHeHHus, a X,, = nla"” — MHUHUMaJbHOe pellleHWe ypaBHeHUs (2.62),
npudyeM 2a Xy — X; = a. CnenoBaTesbHO, U B 3TOM CJydyae HenpepbiBHAS
npo6b (2.61) cxonuTCcs K KOHEUHOMY MpeneJy.
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YnpaxHenue.
HccnenoBaTb CXOOUMOCTb HEMpepPbIBHOW APOOH

1 1 1

6 12 (@+1l)@n+2)
“r ot — |
3 4 n+ 2

rpe a — KOMIIJIEKCHOE€ YUHCJIO.

Bosibiie cBeneHUE O HeMpepbIBHBIX NPO6SX U UX POJIK B TEOPUH UHCEJ
MOXKHO TIOYeprnHYyTb W3 KHUT XuHuuHa [28], IsBennopra [22] u Byxuira-
6a [16] u cratbu XunHuuHa [27]. Posb HempepbiBHBIX ApobGell B aHa/HM3e
onuchiBaeTcst B KHurax Lorentzen, Waadeland [8] u XoBaHckoro [29].

2.3.3. Omnpegenurenu TpexauaroHaJbHbIX MAaTPUILL

TpexauaroHanbHOW UM SKOOHMEBOW MaTpHLIeH HA3bIBA€TCS BellleCTBEH-
Has KBaJpaTHas TpexAHaroHaJ/JbHas MaTpHlla

aq bl 0 ... 0 0
C1 Q9 bg “e 0 0

J = 0 Co as ... 0 0 ,
0O 0 0 ... Ch—1 Qp

Yy KOTOpPOH BCe 3J1eMeHTHl, He TpHHa/exalllie [MIaBHOH AuaroHaJju, nepBoH
HaJJHaroHa/ay U NepBod MOAAHArOHaJ/NH, PaBHBI HYJIIO.

Bbluncsum onpenenntesb TpexAHaroHa bHOW MaTPHILbI TOPSAKA 1, €CJIH
a; =a,1=12,....n, b, =b,1=1,2,...,n, ¢, =c¢, 1 =1,2,...,n— 1.
O603HauuM onpenenTe b 3ToH MaTpulsl 4yepe3s A(n). Takum o6pasom, Mbl
OyZleM BBIUMCJATH ONpPeNeNUTeNb

b 0 .00
c a b .0 0
An)=10 ¢ a ... 0 0 (2.65)

0O 0 0 ... ¢ a

Bynem npemnonarath, uto a? — 4bc # 0. Pasnaras onpenenutens (2.65)

Mo MOCJeAHEeH CTPOKe, MOJNYYHM PA3HOCTHOe ypaBHEHHe /51 BBIUHUCJEHUS
OTpefiesIuTeNs

A(n) = aA(n —1) — bcA(n — 2),
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KOTOpOe 3aluilieM B BHJE
A(n+2) =aA(n+1) —bcA(n). (2.66)

Mer nonaraem A(0) = 1. OueBunno, A(1) = a. Torna us ypaBHenus (2.66)
caenyet, uto A(2) = aA(1) — beA(0) = a® — be. Onpenenutens A(2) erko
BBIUMCJ/ISIETCS] HENOCPENCTBEHHO U 1aeT TO e 3HadeHHe. CJieqoBaTe/bHO,
nns BerancaeHus A(n) pemaem ypaBHeHHe (2.66) ¢ yKa3aHHBIMH HauaJjlb-
HBIMH YCJIOBUSIMH.

OmnepaTopHoe H300pakeHHe paccMaTPUBAEMOr0 YpaBHEHHUS UMeeT BUJ

sz — as as s2

A(0 A(l) = .
s?2 —as + be ()+52—as+bc (1) s? —as + bc
KopHH XapakTepuCTHUECKOro ypaBHeHHs s° — as + bc = (0 paBHBI

a4+ va? — 4bc
5 .

Hcnonb3ys passioxeHre Ha MPOCTeHlue 1podu

A(n) =

S1,2 =

S S1 1 S92 S

s?2—as+bc /a2 — 4bcs — Sy —\/a2—4ch—82

M Tepexofisi K OpUTHHAJaM, TOJyUuM 3HadeHHe omnpenenanTtess (2.65)

1

= a+ v a2—4bc)" — (a — \/a2—4bc ”H} . (2.67
T )= (= Va—abe) L (2.67)
[Ipu a = 1, be = —1 popmyana (2.67) naet uucno PuboHauuu F, 1. Caeno-
BaTesbHO, uncia PuboHAUUM MOXKHO MPEACTAaBHUTb B BHIE ONpeeuTesel
KOOUEBOM MaTpPULLbI

A(n)

1 -1 0 ... 0 0
1 1 -1 ...0 0
Foi=|0 1 1 ...0 0
00 0 ... 1 1

dopmyay (2.67) MOKHO BHIPa3UTh yepe3 GUHOMHAJbHbIE KO3(D(PHULHEHTHI.
[onoxum C* =0 mpu k >n u C* =0 npu n < 0. Cnpaeniusa hopmyJia

1
_ 2 n+l . 2 n+l| __
An)= e (a+ Va2 = 4b0)"! — (a— Va2 — dbe)"!| =

= Z CF_,a" % (=bc)*. (2.68)
k=0
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Hoxaxem 3Ty dhopmysy ¢ momolbio HHAYKUHU. PopMysa cripaBefsnBa MpH
n=2un=3:

A(2) = CYa* + CL(=bc) = a®> —be, A(3) = CYa® + Cla(—bc) = a® — 2abe.

[Ipennosoxxum, yto popmyna cnpaBenauBa npu n = j—1 un = j. Jlokaxewm,
4YTO OHAa CHpaBelJuBa NMpu n = j + 1. B cuny pekyppeHTHOH (Qopmyibl,
cesisbiBatoinedl 3HadeHuss A(j — 1), A(y) u A(j + 1), nonyuum

A(j+1)=aA(j) —bcA(j — 1) =

j—1
Z a0 (—be)* 4 (—be) Z Cf_l_kaj_zk_l(—bc)k.
k=0

Bo BTOpo# cyMMe chesiaeM 3aMeHy MNepeMeHHBbIX, MOJOXUB m = k + 1.
[lonyunm

J—1 J
k j—2k—2 ko m—1_j—2m+1 m—1
Ciq_pa (—bc)® = g Cira (—be)
k=0 m=1
CJienoBaTeJ/IbHO,

J
AGG+1) =Y CF a " (—bc) +ch"1;§aj—2m+l(—bc)m=
k=0

J
Z Ck k+0f “Had T (—be)k =
k=0

J+1

_ k j—2m+1 k
= E Ci_pna (—be)".
k=0
31ech yuTeHO paBeHCTBO
k k-1 k
Cip+ 0 =Cf g,

KOTOpOe TIPOBEPSAeTCs HeMoCPeACTBEHHO, U coriamenue, 4yto C* paBHsercs
HyJq0 pu k >n un < 0.
Takum o6pasom, popmysa (2.68) nokasana.

YnpaxHeHue.
BBIUUCIUTE

Z a Qk bC)k,
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HUCII0Jb3yd MPpOU3BOAALINE (bYHKLLI/II/I .

[TpuBenem nBe hopmysibl, BhITeKawIne U3 Gopmyasl (2.68). Ecau moso-
X)UTb B hopmyJsie (2.68) a = 1, bc = —1, TO MBI MOJYYHUM BbIpa’KeHHE UHCEJT

duboHauun yepe3d GUHOMHUAJbHbBIE KOI(PPHUIIUEHTB

k
7H-1 § ,Cn k-

Ipennonoxum, uto a’> — 4be < 0. [onoxum a = 2+v/be cos §. Torna

a+ Va2 — 4be
2

= cosf £ sinf.
Hanomuum ¢opmyny Myaspa

cosnf + isinnh = (cos + isinf)".
B cuny 3Toil hopmyJibl

be)™/? si 1)6
(be)"” sin(n + ), 0 = arccos ¢

An) =

sin ¢
Ecau a = 1, be = 1, To u3 ¢popmysasl (2.68) BeITekaet, 4To

(n+1)m

sin
A 3
(n) = sin % Z
KoHTHUHYaHTBI
BenuuuHa onpenenutens

ap 1 0 0 0
-1 ay 1 0 0
0 -1 a 0 0

(araz...a,) = 3
0O 0 O an—1 1
O 0 O -1 a,

CBsI3aHa C HEMpPepbIBHOU APOObHIO

1 1 1 1 1

1 -

a1+ as+ as ap—1+ ap

2/be

(2.69)
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dta HenpepbiBHAsA ApoOb paBHA OTHOLIEHUIO ONpefenuTeselt

(arasy . .. ay)
(a2a3 cen CLn).

1 aijas+1 (arao

B camowm peJge, a; + == (a2))' Jlasee,
- 1 ajasaz +ay +az  (ajazas)
1 p— p—
as + aig asaz + 1 (asas)

JlokaxeM 1Mo UHAYKIHH, UTO

CL1+ M o (a2a3...a/n)'
(a3...an)

CJIGI[OBaTeJIbHO, HaM HY2KHO II0Ka34aTb, UTO

ai(asas . ..a,) + (azay ... a,) = (a1as . . . ay).

[TocnenHee paBeHCTBO MpencTaBJ/sieT COoOOH peKyppeHTHOe COOTHOIIEHHE
IJIST BBIYHCJIEHHS] TIOAXONSIIUX ApoOed HenpepblBHOH apoou (2.69) u pe-
KyppPeHTHOe COOTHOIIeHHWe MJs BblUMCJeHUs onpeneautessi. Ciaenyer ToJb-
KO y4ecTb, 4TO (a1as...a,) = (anan_1...a1). TakuM o06pa3oM, KOHEUHYIO
HenpepbiBHYIO Apo6b BUAa (2.69) MOXHO MpeacTaBUTb B BHUJE OTHOIIEHHUS
NBYX ONpenesUuTeNeH.

MHorouJsieHsl (aias . . . a,) OT epeMeHHbIX a1, dg, . . . , 4, HA3bIBAKOTCS KOH-
THHyaHTaMu. FIx cBoiicTBa ndyuana ditnep. HeTpyaHo BEIYKCAUTD YUCO YJle-
HOB KOHTHHYaHTBI. Ec/iM UHC/IO U/IleHOB KOHTHHYaHTH (aq,as, ..., a,) 060-
3HauuM uepes u(n), TO

u(n) =u(n —1) +u(n —2).

O61iee pelleHUe 3TOrO ypaBHEHHUS

145\ 1-5
LS o (152

u(n) = Cy
YuuteiBast, uto u(l) =1 u u(2) = 2, noayyum
u(n) = Fo41,

T. €. UACJIO YJIEHOB KOHTHHYAHTHI MOPSiIKa 1 COBManaeT ¢ (n + 1)-M unucjaom
dubdoHayyu.
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YnpaxHeHus.

1. BeruucauTb onpenenvtesny

a)

b)

c)
a4+ [
1
0
0

d)
3 1
2 4
0 3
0 O
0 0

D
2
0

0

2a

0

— 3

o

a

a 2a

0

a

af
a+p

—_

1

0

0

0 .0 0
q 0 O
p 0 01,
0 P q
0 .1 p
0 0 O
a 0 0
2a 0 0 |;
0 a 2a
0 ... 0 0
af ... 0 0
a+p8 ... 0 0 :
0 1 a+p
0 0 0
0 0
0 0
n—1 n+1 1
0 n n-+2

2. Beuncauts onpepenurens (2.65) npu a® = be.
3. IlpencraButh uncaa Jloka B Bune onpenenurtens. HanucaTb Bbipaxe-
HUe ynces JIoka yepe3 GMHOMHA/bHBIE KOI(DPULHUEHTHI.

2.3.4. MmuorougeHbsl YeObIileBa

PaccMmoTprM ypaBHeHHe

x(n+2) —2px(n+1)+x(n) =0, (2.70)

roe p — BellleCTBeHHOe uMc/ao. HalineMm pelneHde 3TOro ypaBHEHHS C Ha-

HaJIbHbIMH YCJOBUAMHU

L, z(1)=p. (2.71)
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KopHHU XapakTepuCTUUECKOTO ypaBHEHHUS
p(s) =s"—2ps +1=0

paBHBI
si2=pEp*—1

[Ipennonoxkum, uto |p| < 1. Torma KopHHU s1, So KOMIIJIEKCHO COIPSI2KEHHBIE,
npuueM |s1| = |s2| = 1. [loatomy

__8(s—2p) ps _ S(s—p) 1, 1,
G0 s ywarns e sy b s yere S L S 2

CuoieqoBaTeJibHO,

rn) = 2 [0+ VA1 + (o= /F 1) (2.72)

[Tonoxum p = cosp. U3 popmynsl Myaspa caenyet, 9to (2.72) MOXHO
3amucaTh B BHIE
x(n) = cos n arccos p.

YpaBHenune (2.70) ¢ HayaJ bHBIMH ycaoBUSMHU (2.71) 3KBUBAJIEHTHO TPHUTO-
HOMETPUYECKOMY TOXKIECTBY

2 cospcos(n+ 1)p = cos(n + 2)p — cosnp, @ = arccos p.
MHorouneH n-ro nopsiaka

T, (p) = cosnarccos p

oTHOCHTENBHO p (|p| < 1) Ha3bIBaeTcsi MHOroUJIeHOM YeObileBa MepBOro po-
na. DTH MHOTOUJIeHbl OblM BBefieHbl UebwiieBHIM B 1855 romy. Ero pa6ora
OblJla MOTHBUpPOBaHa aHaJsorued ¢ psgamu Pypbe, TeoprHeld HenpepbIBHBIX
npobell U Teopred NMPUONTUKEHUH.

UToOBl MONYUYNUTh pasyokKeHWe MHOrousieHa YeObilleBa Mo CTeNeHsAM p,
packKpelBaeM MpaBylo 4yacTb (hopMysbl MyaBpa ¢ MOMOLLbIO (OpPMYJibl OUHO-
Ma HbloToHa. 3aTem npupaBHHBasi BelleCTBeHHble YacTH CJieBa U CIIPaBa,
MOJyYUM MPU UETHOM N = 2m

cosnp = cos™ ¢ — C2 cos" 2 psin? g+ Ctcos" * psin p—. ..+ (—=1)"sin" .
[Ipn HeweTHOM n = 2m + 1 nocJenHee ciaraemMoe 6yneT paBHO

(—=1)™C™ ! cos psin™ ! .
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Takum obpazom,
Ta(p) = p" = Crp" 2(1 = p*) + Cop" (1 = p*)* —
BoT nepBbie nsiThb MHOrouJeHOB YeOkilieBa MepBOro poaa

To(p)=1, Ti(p) = p, Ta(p)=2p" — 1, Tx(p)=4p> — 3p, Tu(p)=8p" — 8p* + 1.

Hrak, mHorousnen Yeobniesa T, (p) sBJsieTCs pellleHUeM Pa3HOCTHOTO ypaB-
Henus (2.70) ¢ HauaJ bHBIMU yCJOBUSAMH (2.68).

BosbmeM Tenepb HauambHble yeaoBus x(0) = 1, x(1) = 2p. U3 popmyibl
(1.28) mpu 7 = 1, p = cos ¢ MoJyUnM

(s — 2p) 28 s
L0 ey S Sy e S o B
sm(n., + 1) arccos p = ! sin(n + 1) arccos p.
S11 arccos p 1 — p?
MHuorouJien
Un(p) = ! sin(n + 1) arccos p

V1 —p?

Ha3blBaeTCs MHOTOYJIeHOM HeObIlIeBa BTOPOTrO pofa.

YnpaxHeHnue.
Hailitu passnoxeHnue MHOrouseHoB YeOblllleBa BTOPOro popa Mo cTere-
HSIM p. BbIUMC/IUTD TepBble MATh MHOrOUYJIeHOB HeObllIeBa BTOPOTO PoAa.

OueBUIHO, HYJISIM QYHKIHUH COS ng B MpoMexyTke [0, 7] 0TBevyaroT HYJIH
MHorousieHa Ye6biesa 7, (p) B mpomexyTke [—1, 1]. Hynu dysxuuu cos np
B [0, ] onpenensitoTest popmysioi

(2k — 7

gﬁk:T, ]f::l,...,n.

[Tostomy Hynu 7),(p) uMerOT BUA

(2k — 1)m
2n

W13 stoit opmysel caenyet, yTo MHorousieH Yebwimesa 7, (p) umeer n pas-

JIUYHBIX HYJIeHd B mpoMexyTke [—1, 1], T. e. Bce Hy/M MHOrousieHa YeOblieBa

SIBJISIIOTCS TIPOCTBIMH.
J1g GyHKUUK cOosny 3JeMeHTapHO MPOBepsieTCs COOTHOLLEHUE

Pr = COS E=1,....,n.

™

/ cosmep cosnp = 0 (2.73)
0
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npu m # n. Mbl cKaxeM, 4TO PYHKIHUU cosnp, n = 1,2,... OPTOrOHAJbHBI
Ha npomexyTke [0, 7|. Ecaut B (2.73) cuenaTb 3aMeHy & = cOS @, TO MOJYYUM

1
dx
cos(m arccos ) cos(n arccos r) —— =
“1

VIi—a?
1
= /Tm(x)Tn(x)(l — )2z =0, m#n.
“1
[oBopsiT, 4To MHOrousieHsl UeOblllleBa MepPBOro POAa OPTOTOHAJIbHBI Ha TPO-

MexkyTke [—1,1] oTHocuTenbHO Beca (1 — 22)~1/2,

YnpaxHenus.

1. Hafitu Hynu mHorousieHa U, (p) B mpomexyTke [—1,1].

2. Ilokazarb, 4TOo MHOrod/eHbl HeobblllleBa BTOPOrO poJa OPTOTOHAJbHBI
Ha npoMexxyTke [—1,1] oTHocuTesnbHO Beca (1 — z2)Y/2,

[Ipu |p| > 1 mHorousen YeOblllleBa MepBOro pojia onpenessiercs Gopmy-

JIOU
To(p) = % [(p VPR ="+ (p— Vp?— 1)"} .

Ilnst MHOrOuNIeHOB UeObblllieBa BTOPOro poia mpH |p| > 1 mosaydum

s? S S

= B
sz —2ps + 1 s—sl+ S — S

si=p+Vpr—1, sa=p—+/p—-1

Boiuncasisg koasppuumneHTsel A U B, noaydum

Un(p) = ;1 {(pJF [ — 1™ 4 (p— \/ij)nH} |

p2_

Un(p) =

rage

Jlerko BupeTh, uTo peleHue ypaBHeHHs (2.70) ¢ MpoOU3BOJBHBIMU Hadyajlb-
HBIMU YCJIOBHUSIMH HMeeT BH]

2(n) = [T(p) — pUnr(p))2(0) + Una (p)2(L).

YnpaxxHeHus.
1. PaccMoTpuM 6ecKOHEUYHYIO HeNpepbiBHYI0 APOOb

1 1 1
Sy P

flp)=p—
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[TokaszaTb, 4TO n-s noaxoasiasi 1podb f,(p) UMeeT BUI

T(p)
fn p) = )
=70
rae 1,,(p) — mHorousieH UebrieBa mopsinka n.

2. Tlokasatb, uto MHorousieH YeObiieBa 7),(p) MOXKHO MpPEACTAaBUTH B
BUJIe ONpeNeNnTe s TPeXAUaroHaJbHOW MaTPULbI MOPSAKA 1.

p —1 0 O ... 0 O O

-1 2 -1 0 ... 0 0 0

0O -1 2p =1 ... 0 0 O
Tn(p) =

o 0 0 0 ... -1 2p —1

o o0 0 0 ... 0 —1 2p

3. Beipazute uncaa PuboHauun yepes MHOrousieHbl YeOrllleBa nepBoro
poza.

4. JlokasaTb CNpaBedJJMBOCTb TOXIECTB

a) Tn(To(p)) = Tu(Tn(p)) = Tinn(p);

b) Tonin(p) + Trn(p) = 2T ()T (p);

¢) Ton(p) = 217 (p) — 1;

d) Ur(p) + Us(p) + - .. + Uzn-1(p) = tn(p)Un-1(p);

e) 2T,(p)Un—1(p) = Uzp—1(p);

D Ti(p) + Ts(p) + - - - + Ton-1(p) = 5U2n-1(p).

5. MHorousieHbl YebbilieBa TpeThero pona V,,(p) onpenesnsitoTcs: Kak pe-
LIeHHs1 pa3HOCTHOro ypaBHeHus (2.70) ¢ HauasbHbIMU ycaoBusiMu x(0) = 1,
x(1) = 2p — 1. MHuorousensl YebbimeBa yetBeproro poua W, (p) — petie-
Hus ypaBHenus (2.70) ¢ HavanbHbiMU ycqaoBusiMu z(0) = 1, z(1) = 2p + 1.
[lonyuuTh npencTaB/jeHre MHOTOUJeHOB YeOblllleBa TPETHETO U YETBEPTOTrO
pona B TPUTOHOMeTpUUYeCKOH (opme. BrimucaTb ycJOBHSI OPTOTOHAJNBHOCTH
MHOro4J/1eHoB HeOblllleBa TPeTbero U 4eTBEPTOro Poja.

OTMeTHM, YTO ypaBHEHHE
z(n+2)—2px(n+1)+x(n) =0

npu 0 < p < 1 sABJsAeTCA OUCKPETHBIM aHAJOTOM ypaBHEHHUS TapMOHHUYe-
ckoro ocuuanstopa. [lonarasg p = cosa, nojayunm oblllee pelleHHEe 3TOTO
ypaBHEHUS

z(n) = Cycosna + Cysinna = /C} + CF sin(na + ¢),

rae tan p = Cy/Cs.
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2.3.5. KpaesBbie 3ajauu ajis1 pa3HOCTHBIX ypaBHEHUU

Jlo cuXx mop MBI MCKa/JM pelleHWe HayaJbHOH 3anayu, T.e. HAXOAWJU
pelleHue, I KOTOPOrO 3aJaBaJjiMChb HauyaJ/bHble YCJIOBUS — 3HAYEHUS pe-
weHUd B Toukax O u 1. dta 3agmaua Bcerma umeet peulenue. Ceiiuac Mbl
paccMOTpUM IIpUMep KpaeBOH 3aJayH, KOT[a 3aLaloTcs ABa YCJIOBUS, CBA3bI-
BaIOLIWe 3HAUEeHMS pelleHHs B IBYX Pa3/JMUYHBIX TOUKax. B kauecTBe mpu-
Mepa U3yYHMM KpaeBylo 3axady

z(n+2)—2—-XNz(n+1)+z(n) =0, (2.74)
z(0)=xz(b—1), x(1)=x(b), (2.75)
roe A — BellecTBeHHOoe uucyo. [lpepmosmaraem, uto —1 < n < b — 1.

XapakrepucTuueckui MHoroused p(s) = s? — (2 — \)s+ 1 ypaBuenus (2.74)

HUMeeT KOPHHU
2 A+ /AN 1)
: .

[Ipu A > 4 u A < 0 xKopHH BeulecTBeHHble, IpU 0 < A < 4 KOPHU KOMILJIEKC-
uole. [Ipu A = 0 peruenuem KpaeBoi 3amauu Oynet GyHkuus z(n) = 1. I[lpu
A >4 n A < (0 KOpHU BellleCTBeHHble, pa3juyHble. B 3TOM caydae kpae-
Basi 3ajaua He uMeetT pelneHni. [lokaxkem 3710. Obllee pellleHHe ypaBHEHUS
(2.74) umeet Bun x(n) = Cys]+Cysh. [loncraBasist sty popmysny B KpaeBble
YCJIOBHSI, TIONYyYUM CHUCTEMY YpPaBHEHUH MJis ONpeleseHusi MOoCTOSTHHBIX ('
)51 CQZ

S12 =

(8P =101+ (s51 = 1)Cy = 0,
81(81{_1 — 1)01 + 82(8?_1 — 1)02 = 0.

dTa cUCTeMa UMeeT pelleHHe, eCJIM ONpelesIUTeb CUCTEMBI pPaBeH HY.JIO.
Otciona cienyer, 4To S; = So, YTO TMPOTUBOPEUUT TOMY, UTO S; # So. [lpH
0 < A < 4 KOpHH XapaKTePUCTHYECKOTO MHOTOUJIeHA KOMIIJIEKCHO COTpsi-
eHHble. OblIlee pelieHHe ypaBHeHHUs (2.74) MOXKHO 3amucaTh B BHIE

x(n) = r(Acosny + Bsinngp).
[ToncraBJisisi 3TO BbIpaKeHHe B KpaeBble YCJIOBHS, TONYYHM

A(cos(b—1)p — 1) + Bsin(b — 1)¢ = 0,
A(cosbp — cos ) + B(sinby — sinp) = 0.

JTa cucTeMa UMeeT HeTpPUBHAJIbHOE pelleHHe OTHOCUTeabHO A u B, ecau

cos(b—1)p—1 sin(b—1)p
cosbp —cosy sinbp —sing |
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PackpeiBas onpenenntesb U NPOU3BOAS NPOCThIE MPe0OPA30BAHUS, MOJYUHUM
sin by = 0.

CuiemoBaTesibHO, KpaeBasi 3amada (2.74), (2.75) uMmeeT HeTpHUBHAJbHOE pe-
eHue, ecnu ¢ = km/b. Ecin b — 4eTHOe 4KCJI0, TO Mbl MOJOXKHUM b = 21+ 2,
ecsand b — HedeTHOe 4YUCJO, TO MOJOXKUM b = 2] 4 1. Torna npu

A:Q—QCOS%TW, 1<k<]

GyHkuun cos2kim/b v sin 2klw /b SBAAIOTCS pelIeHUSIMU KpPaeBOH 3amauH.
Ecin A = 4 u b — 4yeTHoe uMCJO, TO (DYHKIHS COSNT TaKXKe SBJSETCS
pelueHUeM KpaeBOW 3aJayH.

Takum 06pasom, TOJNBKO A/ KOHEYHOTO YUCJA 3HAYEeHWHU A MpH 3ahaH-
HOM 3HaueHWH b KpaeBasi 3amaua (2.74),(2.75) umeeT pelieHHe. 3HaUeHHs
A, TIPU KOTOPBIX KpaeBasi 3ajaya UMeeT pellleHWe, HAa3bIBAOTCS cOOCMEeH-
HolMU 3HAYeHUAMU KpaeBOM 3anadd. HeTpuBHua/bHblE pelleHHsI KpaeBOU
3a/la4u Ha3bIBAIOTCS COOCMBEHHbIMU QYHKYUAMU KPAEBOH 3a1aul.

YnpaxHenue.
[Ipy Kakux 3HaueHUAX MapameTpa A KpaeBas 3anaya

rn+2)+A—=2)z(n+1)+2z(n)=0, x(0)=0, 2(4) =0

uMmeeT pelleHde. HalTu co6cTBeHHBle PYHKIIMM KPaeBOH 3a4ayH.

2.4. OpHoponaHblie ypaBHeHUS k-TO MOpAIKa

PaccMOTpHM OHOPOIHOE PA3HOCTHOE ypaBHEHHE k-T0 MopsiaKa
L(z) =z(n+k)+az(n+k—1)+... +a1x(n+1) +arz(n) = 0, (2.76)

rae ai,...,a — BelleCTBeHHblE MJIHM KOMIIJIEKCHBIE UHC/a, mpuueM ay # 0.
Eciu Bce HavanbHBle yenoBus z(0), ..., x(k—1) pelenus ypaBHeHus (2.76)
paBHBI HYJIO, TO CYIIECTBYeT TOJbKO TpHUBHA/bHOe pelileHne x(n) = 0,
n=201,....

OTMeTHM HeKOTOpble OOIHe CBOHCTBA pellleHWH ypaBHeHHUs (2.76).

Ecnu z1(n) u z9(n) — nBa pemieHusi ypaBHeHus (2.76), To UX cymMa
r1(n)+x2(n) TakKe siBAseTcs pellleHHeM. B camoM nese, Tak Kak L{z] =0
u Lixo) =0, 10 L[z1 + 29] = L]x1] + L[z2] = 0.

Eciu z(n) — pemuenue ypaBHenus (2.76), TO AMCKpeTHast (PyHKIUS
Cz(n), rne C' — TPOM3BOJbHOE YHCJO, TAKXKe SBJSETCS pelleHHeM. IDTO
c/leflyeT U3 paBeHCTBA

L|Cz] = CLl[z].
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Takum o6pasom, ecaut x1(n), ..., zr(n) — pelleHUs] ONHOPOIHOTO YPaBHEHHS
(2.76), To DyHKIHS

Cixi(n) + ...+ Crzi(n),
rae C1, ..., C; — HeHyJIeBble UNCJIA, SBJSETCS pellleHHeM ypaBHeHus (2.76).

[lyete x1(n),z2(n),. .., x(n) — pewenns ypaBHeHus (2.76). Caenyio-
[IU{A ONpeneIUTe b

A(n) = z1(n+1) ro(n+1) ...  ap(n+1)
rin+k—1) zo(n+k—1) ... xp(n+k—1)
Ha3bIBAETCS Ka30paTHAHOM pelieHui x1(n), x2(n), ..., xx(n). Beruncanm ka-

sopatHaH. [lyisi 3Toro paccMotpum onpenenuteab A(n + 1):

ri(n+1) z(n+1) ... xp(n+1)
Aln+1) = r1(n+2) z9(n+2) ... xp(n+2)
DyieMeHTBl NOC/efHeH CTPOoKH x;(n+ k), @ =1,...,k 3aMeHUM HUX BbIpaxe-

HUSIMH U3 ypaBHeHUs (2.76), T.e.
ri(n+k)=—axi(n+k—1)—asz;(n+k—2)—...—arx;(n), i=1,... k.

3aiimeMmcs npeobpa3oBanueM onpenenutess A(n+1). [IpubaBum K mocsen-
Hel CTpoKe 3JeMeHTHl (k—1)-# CTPOKH YMHOXEHHOH Ha a;, 3aTeM NpUOaBUM
3J1eMEHThI (k — 2)-1‘/’1 CTPOKH YMHOXKEHHOW Ha ao U T.HA. BesnunHa onpene-
JINTEJI TIPU 3TOM He uaMeHHUTcs. [losyuum onpenenuresib

ri(n+1)) zon+1) ... zx(n+1)
An+1)= r1(n+2) x2(n+2) ... xp(n+2)

—apri(n) —agre(n) ... —agzr(n)

[lepecraBasiem mocsefHO0 k-0 CTPOKy omnpepenautens ¢ (k — 1)-i, 3aTem
¢ (k—2)-it u 1. 1. [lepecraBssieM o Tex Top, MOKa MOCJEIHSIS CTPOKA He
CTaHeT nepBod cTpokoH. [losyunm onpenenutesb

—agr1(n) —apra(n) ...  —aprr(n)
z1(n+ 1)) zo(n+1) ... x(n+1)
An+1)= (D" z(n+2) zo(n+2) ... x(n+2)

ri(n+k—1) zo(n+k—-1) ... zp(n+k—1)
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Torna

A(n+1) = (=) (—ap)An).
Peliasi nonyyeHHOe pa3HOCTHOE YpaBHEHHE MEPBOTO MOPsAKa, MOJyduM (op-
MYJy, KoTopasi HasbiBaeTcsi hopmysioi Abesis

A(n) = (—=1)"aTA(0).

W13 stoii dopmynbl cienyer, uTo KazopaThaH ypaBHeHus (2.76) qubo npu
BCEX 7 paBeH HYJI0, JKUOO TPU BCeX m OTJIUYEH OT HYJIS.

[Tepefinem K mocTpoeHuIo perieHus ypaBHeHus (2.76). Bynem nckatb pe-
lIeHWe,  YIOBJETBOPSIOIlee  MPOU3BOJBHBIM  Haya/JbHBIM  YCJIOBHSM
z(0),...,x(k —1). Ucnonb3ys ¢opmyny (1.14), nonyuum wnzobpaxaroiiee
ypaBHeHMe
sFa(n)—st2(0)— ... —sa(k — 1)+ai(s" Lo (n)—s""12(0)— ... —sz(k — 2))+

+ ...+ ag-1(sx(n) —sz(0)) + arz(n) = 0.

Ero peuienue
sh=1 4+ alsk_2 + ...+ ag_28S
p(s)

@x(k - 1)7

_sk + alsk_1 + ...+ ag—1S

p(s)
s + a;s

z(n)

x(0) +

x(1)+

(2.77)

e
p(s) = s¥ +as" M+ apgs + ap

XapaKTepUCTUYECKHUH MHOT0YJIeH ypaBHeHHus (2.76). Kaxxnoe ciaraemoe npa-
BoM yactu (2.77) siBasieTcss 1POOHO-PallMOHANBbHOR (DYHKIIHMEH omepaTopa s.
[TosTomy nocJsie pasnoxeHust Kax/I0ro cjaaraeMoro Ha npocTedine qpodu 1
rnepexoia K OPUrMHaJNy OHO MPHUBOAUTCS K MHOTOYJEHAM, NMOKa3aTeJbHbIM U
TPUTOHOMETPUYECKHUM (PYHKLUSAM AUCKPETHOrO apryMeHTa.

Takum o6paszom, kKaxkaoe pelieHHe ypaBHeHUs (2.76) ecTb HeKoTopas
KOMOMHAIMSI MHOTOYJIEHOB, MOKAa3aTeJbHBIX U TPUTOHOMETPUUECKUX (PYHK-
MU OHUCKPETHOIO apryMeHTa.

UToOBl BBIYUC/AUTH pelleHHe, eCaU MOPSIAOK Pa3HOCTHOrO ypaBHEHUS
(2.76) BBICOK, yIOOHO BOCIMOJb30BATHCS CJENYIOIIUM CIIOCOOOM.

Bo3bMeM HayaJsbHbIE YCJAOBUS

2(0)=...=x(k-2)=0, z(k—1)=1.

Torna dopmyna (2.77) npuHUMaeT BHUJ
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O6o03HauuM yepe3 g(n) TUCKPETHYIO (PYHKIIMIO, KOTOPAs SIBJISIETCS OPUTHHA-
JoM 17151 u3obpaxkeHus s/p(s). Pynxuus g(n) HaspiBaercs pyHKUKeld Kouru
unu pyHKuue# [puHa HayasnbHOU 3anauu 1 ypaBHeHus (2.76). OTMeTum,
uTo

g0)=...=9g(k—2)=0, glk—1)=1
M3 paBeHcTBa
}% = g(n)
MOJTy4YUM
ps—s) = sg(n) = g(n + 1) +s9(0) = g(n + 1),
ST P(n) = g(n +2) + 5%9(0) + sg(1) = g(n + 2),

el s"gn) = gn+k—1) +s1g(0) +s"2g(1) + ... +
+s%g(k —3) +sg(k —2) =g(n +k —1).

CJ/ienoBaTesIbHO, OPUTHHAJ PELIeHHS] MOKHO COCTaBUTb U3 (PYHKUHUH g(n) U
dyukuuid g(n+1),...,9(n+k—1).
B pesynbTate nosydum

z(n) =z(0)[gn+k—1)+argln+k—2)+...+ap_2g9(n+1)+ar_19(n)]+
+z(1)[gln+k—2)+argln+k—3)...+ arog(n)] +...+
+z(k —2)[g(n + 1) + a1g(n)] + z(k — 1)g(n). (2.78)

ILnsi BbluMceHns g(n) HY»KHO Pa3JIoXHUTh ee U300pakeHue Ha MPOCTei-
e n1pobu, a 3aTeM HAUTH OPUTHHAJbI AJs 3TUX Apobeil. Ecau, Hanpumep,
BCe HYJH (v, ..., MHOTOUJEHA p(S) PasjUuHBL, TO

k
L:Z A (2.79)

Koadduunentst dy, . . ., di MOryT ObITb HalIeHbI CJAEAYIOLIHUM 00pa3oM. YMHO-
KHUM paBeHCTBO (2.79) Ha s — o1 U mepeliieM K Tpenesay s — ay. lorma B
IPaBOM YaCTH OCTAHETCs TOJbKO Koa(ppuuueHT d;. [ToaTomy

S — . 1 1

do=lm = = M e T ey
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AHaJIOTHYHBIM 06pa30M HauJgeM BCe OCTaJbHbIe KOBq)(pI/IU,HeHTbI

CJienoBaTeJ IbHO,

k k
=y ,al o Zp, (2.80)

llp =1

B xayecTBe nmpruMepa pacCMOTpPUM ypaBHeHHe
z(n+6)+4x(n+4) —xz(n+2) —4x(n) =0 (2.81)
C Ha4YaJbHbIMU yCJIOBUSIMH
z(0)=z(1) =z(2)=2(5) =0, z(3)=1, z(4)=-1. (2.82)
XapakTepuCTUUECKHH MHOro4JjeH ypaBHeHus (2.81) umeer BUA
p(s) =% 448t —s? —4 = (s* — 1)(s* + 4).

Ero kopHu s1 =1, so = —1, s3 =1, s4 = —1, S5 = 21, S¢ = —2¢. Oneparop-
HOoe M300parkeHue pellleHHUs ypaBHeHHs (2.81) nmeer BUA

sV 48t —§? s? +4s% — s s4+4szx
x(n) = p(sg z(0) + o5 z(1) + —p(s) (2)+
s? + 4s s2 S

YuuTbiBasi HadyaJbHBIE yCa0BUs (2.82), mosyunm
s3 —s? +4s

05) (2.83)

z(n) =
Haiinem dynxuuto Ko g(n). Tak kak

p,(l) - 207 p,(_l) - _207 p,( ) -
J(20) = 60, p/(—2) = —60i,

To o opmyJie (2.80)

( ) 1 s 1 s 1 S n 1 S n 1 S
n _ — _— —_— J— J—
g 20s—1 20s+1 12is—13 12is+17 60is— 2
I s 1 1= (=1)] 1 s n 1 s
60is +2i 20 6s2+1 15s2+4
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13 dopmyast (1.25) npu r =1, p =7/2 u r =2, p = /2 caenyer, 4to

S —sinnz L—2”_1simnz
s2+1 2" 244 2’
[TosaTomy
1 on-1 1 T
— 1 —(=1)" — Z|sinn=.
o) = 5511~ (=1 | Z = 5 s

13 ¢opmynbl (2.83) mosydyuM mpencTaBjieHHe pellleHHs 4yepe3 (DYHKIIHIO
Koin

x(n) = — + =gn+2)—gn+1)+4g(n).

JIerko BUAETDb, UTO

1 2" 1 T
1)=—[1+4+(-1)" — — = —
a +1
1 2" 1 T
2)=—[1—-(-1)" — — —| sinn—.
gtn-+2) = 3511 (-1 = [ Z = 5 s
[TosTomy
1 3 1 T 2 v
=—-——(—-1)"—=sinn-+ |- — — —.
x(n) i 10( ) 281nn2+ [6 15] cosng
OTmeTHuM, UTO MpU n = 2m
1 [r 22
2m) = ——+ |- — —| (=)™
v(2m) =~ 15 [6 15] (=0
anpun=2m+1
r(2m+1) = - ——(-1)"

YnpaxkHeHus.

Haiitu pelenve ypaBHeHUH

a) x(n+3) —4x(n+2) +6x(n+1) —4z(n) =0, x(0) =0,
z(l) =x(2) =1,

b) x(n+5)+xz(n) =0, z(0)=1, z(1) =2, 2(3) =z(4) =0;

c)z(n+4) —2x(n+3) —x(n+2)+2x(n+1)+z(n) =0,
z(0) =z(1) =x(2) =0, z(3) =1.

(Ykazauue: p(s) = (s> —s —1)?);

d) x(n+5)—6z(n+4)+11x(n+3)+10z(n+2)—12x(n+1)—4x(n) = 0,
z(0)=2(1) =0, z(2) =1, z(3) =2, z(4) =0.

(YkazaHue: KOPHU XapaKTEPUCTHUECKOTO MHOTOUJIEHA SIBJISIOTCS LIEJBIMU
YHCJaMH, eCJId OHU JeJUTeNH Uucya 4).
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2.4.1. IlocTpoeHue 00IEro pemeHus
Cayuail mpoCTBIX KOPHEN XapaKTePUCTUYECKOTO ypaBHEHUS

[TycTb KOpHU a, g, . .., (v XapaKTEPUCTHUUECKOTO MHOTOUJIEHA SIBJISIOT-
csl mpoCcThIMU. UTOOHI MOSyUUTh 06lilee pellleHHe ypaBHeHHUs (2.76), HY»KHO
IPOBECTH pas3JioXKeHHe Ha NpocTedliue ApoOM B MPABOH 4aCTH PaBEHCTBA
(2.77), HO TIPH 3TOM He HYXKHO BBIUHUC/SATH KOI(P(PHUIHUEHTHl, CTOSILIHE MPH
NPOCTEHIINX APOOSAX, & AOCTATOYHO B3SITb 3TU KOI((PULHEHTH B KayeCTBe
IPOU3BOJIBHBIX MOCTOSIHHBIX. TaKUM 00pasoMm, MOJy4YHUM

k
z(n) = x(0) Z A o - Z Al o +.

k k
+a(k—2) Y AR an 4ok — 1)) Al an,

m=1 m=1
CobepeM KO3 PHUIMEHTH TTPH PyHKIUAX ', (m =1,... k) u 0603HaYUM
ux uepes C,,. [Tonyuum dopmyny
z(n) = Cial + Coay + ... + Cray. (2.84)

Perienue, onpenenennoe gpopmysnoi (2.84), siBnsieTcst 0OLIMM B TOM CMBICJIE,
4TO KaxkKJ0e pelleHre ypaBHeHHUs (2.76) MOXKeT ObITh MOJYyUeHO U3 (HOPMYJIbI
(2.84) mpu HapsexaiieMm BbiGope mocTosiHHBIX Ch,Cy, ..., Cy. TlocTosiHHBIE
C1,Cs, ..., C) OMHO3HAYHO OTPENeNSIOTCS AJs1 KaXKIOoTo pelleHUs x(n) IMo
HayaJIbHBIM 3Ha4eHUsiM 3Toro perneHus. [Tokaxewm 3to. M3 dopmyasr (2.84)
CJIelyI0OT paBEHCTBaA

SIT(O) =C1+Cy+ ...+ Cy,
513(1) = Chlag + oo + ... + Cray,

z(k—1)=Ciay '+ Coas ™ + ...+ Craf ™

OnpenenuTtesb 3TOH CUCTEMbI THUHEHHBIX HEOAHOPOAHBIX YpaBHEHUH

1 r ... 1
a1 a2 Ce Q. (2 85)
o ol ol
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Otcroma caenyet, 4TO OH OTJIMYEH OT HYyJsl, €C/IM BCe UHCIa i, ..., Q) Pas-
JuuHbl. [lo3TOMY CylIlecTByeT eJUHCTBEHHOE PeLICHHEe 3TOHW CHUCTEMBL.

OtMmeTuM, 4TO Kaxkaas U3 GyHKuui of, (i = 1,2, ..., k) sBasgercs pelie-
HueM ypaBHeHus (2.76). [logcraBasis «; B JieByto 4acTb ypaBHeHHSs (2.76),
OJTY4YHUM

L(@z) = Q; (Oé + aq Ckk 1 + ...t a0 + ak‘) = p(az)a? = 0.

CunenoBatesibHO, hopmyna (2.84) mpencraBisieT co60il pelieHHe ypaBHEHHUS
(2.76) npu JI06BIX KOMIJIEKCHBIX MOCTOsIHHBIX C1, Cy, ..., Cy.

Ecnn koappuuenTs aqi,as, . .., a, ypaBHeHus (2.76) BellecTBEHHBI, TO
KaXkKJ[0e pellleHHe 3TOT0 YPaBHEHUS MOXKHO MpPeNCTaBUTb B BelleCTBEHHOH
dopme. B 3TOM ciydyae xapaKTepUCTHUECKHH MHOTOUJIEH p(S) UMEeT KOM-
MJIEKCHO COTIpsi>KeHHble KOPHHU. [IycTb p(s) UMeeT 2m KOMIJIEKCHBIX KOpHeH

S1=Y14+101,...,80 = Ym +O0m, Smi1 =1 —101,...,8m = Ym — 10

(k — 2m) BellecTBEHHBIX KOPHEH (i1, .., ;. PyHkuus Kowmwn g(n)
onpeneasiercs GopmMyJon

g(n) = Z

=1

k

1 S 1 S
S—Sl_|_Z /(55)8—§l+ Z

Ml p(si)s—si’

P(

rue S; KOMILJIEKCHO COMpsiKeHO ¢ s;, a p'(s;) — TpousBogHasi MHOTOYJ/eHa
p(s) B Touke s;. OueBupHO, mocTosiHHble 1/p'(s;) W moctosiHHbe 1/p/(S))
KOMILJIEKCHO compsizkeHbl. [looxum

= a; + 10y, = q; — 1b;.

1
v (51)

p'(s1)
Torna

Z[al—{—lbl;‘i—(al_ibl) -

—1 s—m—zél s—%+i51
Z a; + Zbl 87 + B5Z)n + (CL[ - ibl)(’}/g — 25l)n
=1

[IpencraBum v; + id; ¥ y; — i0; B TPUTOHOMETPUUECKOU (hopme
Y+ 10 = e,y — 10 = re” Y

[Tonyuum

m m

Z [(ar + ib)r e +(a; — iby)rj'e”"?'] = Z [2a;7]" cos ng;—2byr] sin ngy] .
=1 =1
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Takum o6pasom,

m k
1
g(n) =2 g i (a; cosny; — bysinneg;) + E ——ay'.
=1 o P'(00)

13 popmynsl (2.84) cienyet, 4To U pellleHHe UMeeT TaKylo ke Gopmy. DTa
(opMa pellleHHs] MOKa3blBaeT, YTO Kaxkjaasi MHHUMasi 4yacTb §; # 0 KOpHS s
NpUaaeT pelleHH0 KoJebaTebHbIA XapakTep NMpyU n — 00, a Kaxaas Belle-
CTBEHHAsl 4acThb ; KOPHS JaeT pelleHuto aubo poct, ecau |y > 1, aubo
yObIBaHHe, ecau || < 1. VI3 Bcero Bbllllecka3aHHOTrO CJiedyeT, UuTo 0Ollee
pelieHre ypaBHeHHs (2.76) B paccMaTprBaeMOM Cjyuae MOXKHO 3aluCcaTh B
BHJIE

m k
z(n) = Z ' (Cycos ng; + Dy sinngy) + Z Ara,
=1 {=2m+1

rage

)
r=1\/7+ o= arctan;ll.

Jpyroii myTb NpencTaBJeHUs pelleHUs] B BelleCTBEHHOM (OpMe COCTOHUT
B caenytwoiieM. B obuieit popmyne (2.84) B3siTb KO3(DPHUIUEHTHI MPU KOM-
MJIEKCHO COMNPSI>KEHHBIX peLIeHHUSX KOMIJIEKCHO COMPS2KEHHBIMU. TpeTui
NyTb MOJYUYEHHUS pelleHHs B BelleCTBEHHOH (popMe OMHUpaeTcs Ha JeMMYy.

Jlemma 2.1. Ecau x(n) — KomniekcHoe peulerue
z(n) = u(n) +iv(n)

ypasrernus (2.76) ¢ sewecmeennoimu Kodagduyuenmamu ay,...,a, 2o0e
u(n) u v(n) — sewecmaennvie duckpemuoie yHukyuu, mozda u(n) u v(n)
ABASIOMCSL BeljecmBerHbimu peulernuamu ypasHerus (2.76).

JleMMa cjenyer U3 paBeHCTBA
Llu(n) +iv(n)] = Lu] + iL[v].

N3 nemMbl BBITEKAET, YTO KaxKIAOMY KOMIIJIEKCHOMY p€IIEeHHUIO BHUO4A

(@ + ib)" = r"e™¥ COOTBETCTBYIOT IBa BEIIECTBEHHLIX PEIIEHMS ypaBHe-
Hus (2.76)

u(n) =r"cosnp, wv(n)=r"sinne.

Hape KOMIIJIEKCHO COIpPSA2XKEHHbIX KOpHeﬁ XdpPaKTEPUCTHUHECKOI'0 YpaBHEHHUS
COOTBETCTBYET OBad BECLIECTBECHHbIX PELICHHUSA YKA3dHHOI'O BbILIE BHA.

PaccMoTpuM ypaBHeHUE

r(n+3) —2zx(n+2)+x(n+1) —2z(n) =0.
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XapakrepucTuueckuil MHorousieH p(s) = s® —2s> +s—2 = (s — 2)(s* + 1)
UMeeT KOPHU s; = 2, So = i, s3 = —i. OOlllee pellleHHe B KOMIIJIEKCHON
(bopme MMeeT BUL

x(n) = CIQn + 02(2)71 + Cg(-l)n — Cl2n + Czeiﬂﬂ' + Cge—inﬂ.
B BewecTBeHHOH (opMe oOliee pelleHHe HUMeeT BHU[

z(n) = C12" + Acosnm + Bsinnm.

OcTtaHoBUMCS ellle Ha BOMpPOcCe O JUHEWHOH HEe3aBUCHMOCTU (DYHKLMH
zi(n)=ao, i=1,... k.

Onpenenenne. Pynxyuu x1(n),x2(n),...,xr(n) Hasviearomes runel-
HO He3a8UCUMbIMU, eCAU MO*Oecmao

Cixi(n) + Coxa(n) + ...+ Crxr(n) =0, n=0,1,...

BbINOAHAEMCA 8 MOM U MOALKO MoM cayuae, koeda nocmosannsie Cy, Cy,. . .,
Ck pasHsL HYAIO.
B npotuBHOM cjiydyae 3TH (hyHKIIMHM HA3bIBAIOTCS JIMHEHHO 3aBUCUMBIMH.
Borpoc 0 JMHeHHOH He3aBUCUMOCTH (QyHKUMH o, ¢ = 1,... k cBO-
IUTCS K BOMPOCY 06 OTJIMYHMH OT HYJS onpenenutessi Banmepmonna (2.85).
(lokaxkute 3To!).

Cayuyail KpaTHbIX KOpHEH XapaKTepUCTHUECKOT0 ypaBHEHUS

[Ipenmnosio:kuM Temnepb, 4TO XapaKTEePUCTUUECKHE MHOTrOUJeH p(s) uUMe-
eT KpaTHble KopHHU. [lycTb aq,...,qy,, — COBOKYNHOCTb BCEX Pa3JUYHBIX
KOpHEH MHOrousieHa p(s), MpUueM KOpeHb «v; UMeeT KPaTHOCTb 7°j, TaK 4TO

ro T, =k

Tenepb mpaBylo yacTb OnepaTOPHOro MpeacTaBJeHHs: pemieHus (2.77) pas-
JaraeM Ha npocrtedwmue apo6u. [Ipu 3ToM KO3 (HULHMEeHTH B MPOCTEeHIINX
npoOsix BelOepeM B KayecTBe MPOU3BOJBbHBIX MOCTOSHHBIX. [losyunm onepa-
TOPHOe U300paxKeHue OOLIEero pelleHus:

S S S

= A A2 A ——
eln) = A sa? T s ay
S S S
A—— A — 4 AR—
F A A A
S S
+ Ay, ———— + A? +. ..+ A
s — "(s —am)? (s = o)
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13 popmyan (1.16) u (1.21) caenyet, yto

$(TL) :Ai@?—i—AlCl n—l Arlcrl 1 n r1+1+
+ Ajad + ASCral ™ + A’"QC’“Q Loty
+A1 a,, +A%C}L o 4 + AmCimT Lo~ T’”“ (2.86)

Pemenve, onpenenenHoe dopmynoi (2.86), siBaseTcss 0oOLIUM pellleHHEM
ypaBHEHHUS

Lzl =z(n+k)+aiz(n+k—-1)+ ... +apz(n) =0 (2.87)

B TOM CMBIC/IE, UTO KaxK/l0€ pelleHHe 3TOr0 ypaBHEHHsS MOXKeT ObITb IMOJIY-
yeHo o QopmyJse (2.86) npu Hansexaulem BbiGope moctosiHHbIX A7, [lpu
3TOM TOCTOSIHHbIE Ag OJIHO3HAUHO OMNpeNesIoTCsl 10 HauaJbHBIM YCJOBUSIM
pellIeHus.

Kaxnpaa us ¢pynkuuid C)a” ", BXomsulas B NPaBYy 4YacTb (DOPMYJIBI
(2.86), cama siBasieTcsl pellleHWeM. B caMoM JeJjie, eCJIM UHUCJIO (v SIBJISIETCS
KOpHeM ypaBHeHHSs p(s) = 0 KPaTHOCTH 1, TO OHO SIBJISIETCS] TaK¥Ke KOpPHEM
YPaBHEHUH

P(s)=0,p"(s) =0,....,p" V(s) =0,

rae p*)(s) — npoussonHas nopsigka k MHOrouseHa p(s). JIerko BUAETb, 4TO
Lla"] = p(a)a”. Hanee,

1o ] 1o L0 .

L[Cn& }: L [ﬁ@of - ﬁ@oﬂ"L[a J= rldar

[Ipumensis gopmyny JleliGHUMLA 0/ BBIUMCJ/AEHHST TPOU3BOAHOM MPOU3BeEJie-
HUS (PYHKLHU, TOJYYUM

L[Cga"’_r]:% {p(r)(oz)oz”—kCﬁp(T_l)(oz)na”_quCfp(r_Q)(oz)n(n — 1)+
+.. +C Y (@)nn—1)--(n—r+2)a"" 4
+pla)n(n—=1)---(n—r+ 1)04”_’“]
Orcropa caenyer, 4to
LiCla" " =0, r=0,...,m—1
Tem cambIM [0Ka3aHO, UTO (DYHKLHH

i VG ; — —
CgOé q) z-O,l,...,m, qi—O,l,...,Tz;l
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BJIAI0TCA pelleHUsAMH ypaBHeHHs (2.87). CiemoBaTesbHO, dopmyaa (2.86)
faet peleHue ypaBHeHus (2.87) mpu J0ObIX KOMIIEKCHBIX MOCTOSHHBIX A7.
OueBnpuHo, BMecTo (pyHKUMH C)a”~" MOXHO B3fTb JIMHeHHble KOMOWHA-
UMU PYHKLIUU
nn—1)---(n—r+1)a""
UJIH
nn—1)---(n—r+1)a",

KOTOpble TaKKe SIBJSIOTCS pellleHUsiMH ypaBHeHHs (2.87).
MHO0XecTBO JIMHEHHBIX KOMOMHAUMK (PYHKLUHN

a",na",nn—1a",....nn—1)--- (n—r+1)a"

COBMAaJaeT ¢ MHOXKecTBOM (QyHKUHUH P,.(n)a”, rne P,(n) — Npou3BOJbHbIN
MHOTOUJIEH CTeleHH 7. DTO CJefyeT U3 TOro (pakTa, UTo KaxkKaAbli MHOrouJieH
CTeNeHU 7 MOXKHO OJHO3HAYHO INPENCTABUTh B BUIE

P(n)=A+An+Amn—-1)+...+A4_nn—-1)---(n—r+1).
[loaToMy BMecCTO pellieHUH
zo(n) =a", x1(n) =na",...;z,(n)=nn—-1)---(n—r+1)a", (2.88)

OTBEYAILIHNX KOPHIO XapaKTePUCTUUECKOTO YPaBHEHUS (v KPATHOCTH 7", MOXK-
HO B35ITb (PyHKLUH

z1(n) = a", 3(n) = na”, x3(n) = n*a", ..., z.(n) = n""ta". (2.89)

MoxkHO mokasaTh, UTo Kaxnas (GyHKUUs U3 cucteMmbl (2.89) siBnsieTcs pe-

mieHueM ypaBHeHus (2.87) (kaxkpast u3 GyHkuuit cuctemsl (2.89) sBuasiercs

JUHeHHOH KoMOuHauued GyHKIuH u3 cuctembl (2.88)). Uacrto BBIGOD CH-

crembl (2.89) BmecTo cucteMbl (2.88) siBsieTcsi 60Jiee YIOOHBIM.
[Tokaxkem, uTo peleHUs

r1(n) = af, zo(n) =naf,..., . (n) =n""taf,
Tr41(n) = F, Tp40(n) =nad, ..., Ty, (n) = 0" ad, (2.90)
Ty trgtotry, +1(n) =ty .., zp(n) = n'™1al

ypaBHeHus (2.87) siBASIOTCS JUHEHHO He3aBUCHUMBIMH. [Ipenmosioxkum mpo-
ThBHOe. Torna cyuecTByeT Takoid Habop uucea C4,Cy, ..., C}, U3 KOTOPBIX
no KpaiiHell Mepe OQHO OTJIWYHO OT HYJISl, UTO CIPABEAJNUBO TOXKIECTBO

(Cl +Con+ ...+ Cﬁnrl*l) al + ...+ (Cr1+7‘2+---+’r’m71+1+

Tm—1 n o __
+Cr rptotr g2+ o+ Cpn™ ) Ay =
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HJTH
m
ZPi(n)oz? =0, n=0,1,..., (2.91)
i=1

rae P;(n) — MHOTOUJIEHBI O 1 CTeMeHH He Bhile, yeM 7;,—1 (i = 1,2,...,m).

Bes orpaHuueHus OOIIHOCTH MOXKHO MPEANOJOXKHUTb, UTO B MHOTOUJIEHE
P,,(n) no xpaiine#t Mepe onuH KO3((HHUIUEHT OTIHUEH OT HYJIS.
3anuieM ToxaecTBo (2.91) B Buze

Pi(n)a} + ) Pi(n)a) =0. (2.92)
O‘-IeBI/IILHO, ClipaBeaJrBO TO2KAECTBO

P(n+1)ai™ +) Pi(n+1)af = 0. (2.93)

1=2

YmuHoxKHUM ToxaecTBO (2.92) Ha oy v BbhuTeM ero us (2.93). [Monyuum

(Pi(n+ 1) = Pi(n))asaf + Z[R(n + Doy — P(n)ag]a =0.  (2.94)

ToxnectBo (2.94) anasoruuHo ToxzaecTBy (2.92), HO MHOTOUJIEH TpPU «f
MMeeT CTelleHb Ha eQWHHIY MeHbllle, yeM MHoOrouseH Pj(n), a crapuui
KO3(PpHULMEHT MHOroYJeHa MpU «), OTJAHUYeH OT HyJasi. MHorouseHsl npu
af,...,a0 | UMEIOT Ty »Ke CTeleHb, 4YTo U B ToxkaecTBe (2.92). [Ipomoi-
Kasi Takue TpeoOpa3oBaHust ToxiaectBa (2.94), Mbl mo6beMcsi TOrO, UTO

MHOT'O4JIEH IIPHU Oé? CTaHET HYJIEBbLIM. HOJIy‘—II/IM TOXKAECTBO

m
Y Qi(n)a} =0, (2.95)
=2
rjie CTerneHu MHOTOUJIEHOB (Q2(n), . .., Qy(n) COBNANAIOT CO CTEMeHsIMH MHO-
rouneHoB Py (n),..., Py,(n) coorBercTBeHHO. [Iponoskas Takue xe mpeob-

pa3oBaHus ToxkAecTBa (2.95), mpumemM K TOXKIECTBY

Ryn(n)ar, =0, n=0,1,..., (2.96)

n
m

rie R,,(n) MHOTOUJIEH MO 7, y KOTOPOTrO MO KpaiHe# Mepe OXUH KO3(PPH-
IUeHT OTJWYeH oT HyJsd. M3 Toxnmecra (2.96) cienyet, uto

R,(n) =0.
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OTctoma BbITEKaeT, 4TO MHorouseH R,,(n) obpalaercss B HyJb MPH BCeX
n = 1,2,.... [loryyaeM npoTHUBOpeYHe C MPEANOJOKEHHEM, UTO (DYHKIHH
(2.90) nuneiino 3aBucumMbl. CaenoBatesnbHo, pyHkuuu (2.90) auHeliHO He3a-
BUCHMBI.

Kak ¥ B ciaydae MmpOCTBIX KOpPHEH XapaKTepUCTHYECKOrO YpaBHEHHs
p(s) = 0, ecat KOIPPULUHUEHTH ay, ..., a; ypaBHeHHUs (2.87) BellleCTBEeHHHI,
TO JIMHEHHO He3aBUCHMbIE PellleHUs] MOXKHO 3aMucaTh B BellleCTBEeHHOH (hop-
Me. [lape KpaTHBIX KOpHEH «i, iy = (; KPaTHOCTH I COOTBETCTBYET 27 Be-
IIECTBEHHBIX pelleHUH

r" cos nyp,
r’ sin ne.

" cos ny, nr' cosne, ..., n" 1
rsinne, nrsinne, ..., n"

B kauecTBe nprMepa paccMOTpUM 3anauy. HalTu pelieHue ypaBHeHUS
r(n+4)+2x(n+3)+3x(n+2)+2x(n+1)+x(n) =0, (2.97)
YAOBJETBOpPAOLILEEe HAaYaJbHBIM YCJIOBHUAM
z(0)=2z(1)=2(3)=0, z(2)=1,

B 4aCTHOCTH, BeraucauTh 2(100) (9Ta 3agaya 3auMcTBOBaHa U3 KHUrH Map-
KoBa [24]).
XapakTepucTUyecKUi MHOro4JseH ypaBHeHus (2.97) umeet BUA

p(s)=s'+28%+38+2s+1=(s>+s+1)>%=

< 2 2 2 27T+, 27 2
= — COS — — 1 8In — S —CcoS— +2sin— | .
3 3 3 3

CaoenoBatesibHO, 0o0lllee pellleHHe ypaBHeHHS (2.97) BHIIVISIUT CJEAYIOLUIUM
o6pasom:

2 21\ " 2 21\ "
z(n) = (C1+Cyn) (cos ?ﬂ + i sin ?ﬂ) +(C3+Cyn) (cos ?ﬁ — i sin ?ﬂ) :

[IpencraBnsig pellileHUe B BellleCTBEHHOU (opme, MOJTYUUM

2nT o 2nm
z(n) = (g1 + gn) cos 3 + (g3 + qun) sin 3

BeliecTBeHHBIE TIOCTOSIHHBIE 1, G2, (3, (4 OTPENEJSIOTCA U3 CUCTEMBl YEThI-
pex ypaBHeEHHUU

z(0)=q¢ =0, z(1)= (g1 + ¢) COS%7r + (g3 + qu) sm%7r =0,
r(2) = (q1 + 2q2) Cos%7T + (g3 + 2q4) sin%7T =—1, z(3)=q +3¢=0.
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Pemas stu YPpaBHEHHUA, HAXOOUM

1 1
= = 07 = — — p —_ .
q1 = q2 q3 = 44 sin T \/§
CJieoBaTeJ bHO,
2(n—1) . 2nm
z(n) = sin :
V3 3

Orcropa caenyet, uto z(n) = 0 npu n = 3m (m — HaTypaJbHOE YHCJIO),
z(n)=n—1npun=3m+1, z(n) =1—n npu n=3m — 1. [losTomy
198 . 2w

100) = —=sin — = 99.
x(100) \/5511’13

YnpaxHeHus.

Haiitu o61ee peleHue ypaBHeHUH
a) z(n+3) —z(n) = 0;

b) z(n+4) — 4z(n + 2) + 4z(n)

c) x(n+4)+4x(n+2) +4x(n) =

d) x(n+6) —z(n+5)+x(n+1) —x(n) =0;
e) x(n+5)+ 2x(n) =0.

0;
0;

2.5. HeogHoponHble ypaBHeHHUS k-T0O MopsaKa

PaccMoTpuM HeonHOpPOAHOEe JIMHEHHOe PAa3HOCTHOe ypaBHeHWe k-ro Io-
paaka

Liz] = z(n+k)+ax(n+k—1)+.. . +ap1z(n+1)+arz(n) = f(n), (2.98)

rie f(n) — nuckpeTHast (pyHkuus, onpenenenHas npu n = 0,1,.... [lycts
(GYHKUHHU v1(n) U v9(n) SBASIOTCS pellleHUsIMH ypaBHeHHUs (2.98), T.e.

Ll = f(n), Llva] = f(n).
Orcrona cJenyer, 4To
L[Ul] — L[Ug] = L[Ul — UQ] = 0,

T. €. QyHKIHS u(n) = vi(n) —ve(n) ABAsETCS pellleHHeM OJHOPOMHOTO YpaB-
Henus. CJienoBaTesibHO, 00llee pellleHHe HEOMHOPOAHOTO ypaBHeHHs (2.98)
MpencTaBJ/sieT cCOO0H CymMMy OOILIero pelleHUs OJHOPOAHOIO YPaBHEHUS H
HEKOTOPOTO (4acTHOTO0) pellieHUs] HEONHOPOAHOTO YpaBHEHHS.
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2.5.1. PemeHne HEOZHOPOAHOTO YpPaBHEHMS C HYJIEBbIMU
Ha4YaJbHbIMHA YCJIOBUAMH
M3/105KMM METOIBI HAXO0XK I€HHUSI YACTHOTO PEIIeHHsT HEOLHOPOIHOTO YpaB-
HeHus (2.98).
Haunem c onpeneneHusi peuieHusi ypaBHeHHs1 (2.98) ¢ HyJseBBIMH Ha-
yanpHbiMU yegoBusimu. Ecan x(0) = (1) = ... = x(k — 1) = 0, To uzobpa-
Xarlllee ypaBHeHUe OyleT UMeThb BU]L

shz(n) + ais*a(n) + ...+ apz(n) = p(s)z(n) = f(n).

Ero pelenue onpeneJsiercs hopmyJiou
(n) = < f(n)
x(n) =——f(n).
p(s)

Hanomuum, uro ¢pyukuus Kown g(n) — 3To peleHre OXHOPOIHOTO ypaB-
HeHMs ¢ HadaspHbBIMH ycqoBusimu ¢(0) = ¢g(1) = ... = gk —2) = 0,
g(k —1) = 1. OneparopHoe u3obpaxkeHuve PyHKUHUU g(n) UMeeT BUA s/p(s).
[ToaTomy U3 Gopmy.ibl

g(n) =sg(n —1) —sg(—1) = o5)

CJIeNYET, 4TO

CJieoBaTeJ bHO,

r(n) =[g(n —1) = g(=1)]f(n) = > _gln =1 =1)f(I) = g(=1)f(n)

HJTH ,
r(n) =) g(n—1-1)f().
1=0
YuuteiBas, uto g(0) = ... = g(k—2) = 0, OKOHYATEJBHO MOJTYIUM POPMYITY
IJIs1 4YaCTHOTO pelleHus ypaBHeHus (2.98)

n—k+1

z(n)= Y gn—1f(1-1). (2.99)

[IpakTHYecKoe OTBHICKaHHWe YacCTHOTO pellleHHs ypaBHeHHs (2.98) pasbuba-
eTCsl Ha CJleflyIollue Ornepaluu:



2.5. HeonHoponHble ypaBHeHHS k-TO Mopsigka 115

1) BeruKCIeHNE HYyJeH QYHKUHH p(S);

2) passoxkenue ¢GyHKUUM 1/p(s) Ha mpocTeiimne APOOH;

3) ompenenenue opurnHana GyHkuuu Komwu ¢(n) mo pasioxeHuio ee
1M300pakeHUsl Ha MpocTeline npodu;

4) BeluncaeHHe cyMmbl (2.99).

[locnenneit onepaunu MoXKHO U36eXKaTh, €CJU HAUTHU B IBHOM BHUJe U300-
paxkeHue f(s) dbyHKUMU f(n), a 3aTeM HAUTH OPUTHHAJ JJIsI H300paXKEeHHSs

f(s)/p(s).

YnpaxHenus.
Haiitu yacTHoe pelueHue HEOTHOPONHBIX ypPaBHEHHH C HYyJEeBHIMH Ha-
YaJbHBIMU YCJIOBUSIMU
) z(n+ 3) — 8x(n) = 2"
n+4) — 2x(n +2) + x(n) = sinng;
v(n+4) - a(n) = (~1)"3"
)
)

—1)"n;

n+3)+x(n+2)+xn+1)+xzn)=
3+ n.

x(
0
e) z(n+5) —xz(n+3)+ax(n+2) —x(n)

2.5.2. BbluucjieHHe YaCTHOrO pelleHUs, KOrjaa InpaBas
YacThb ypaBHEHHS SABJAETCH KBAa3UMHOTOYJIEHOM

Boiuncsienue perienus ypasHenus (2.98) ¢ HyseBbIMH HaYaIbHBIMU YCJIO-
BUSIMH OBIJIO NPOBENEHO 6e3 KaKUX-JUOO MPeAnooKeHUH 0 BUae PyHKIIUH
f(n). Cefiuac MBI pPacCMOTPHUM METONbl HAXOXKIEHHsS YACTHOTO pelleHHs
ypaBHeHusi (2.98) B npexamoJiokeHuu, uto f(n) MUMeeT HEKOTOPBIH CIelH-
AJIbHBIMA BUJ.

KBasumHorousieHom GyneM HasbiBaThb (PYHKIHIO F(n), KOTOPYH MOXKHO
3anucaTb B BUIE

F(n) = filn)oy + fa(n)ay + ... + fin(n)ag,

rae «ai,as,...,Q, — HEKOTOpble KOMILJIEKCHble 4ucaa, a fi(n), fa(n),. ..,
fm(n) — mHOTOUNEHH MO n. O6paTUMCs K Pa3HOCTHOMY ypPaBHEHHIO

Liz] = (n+k)+az(n+k—1)+...+ap_1z(n+1)+apz(n) = F(n). (2.100)
OTtMeTuM cHayaJsa cjenyoulee. Ecau 3agaHo pa3HOCTHOe ypaBHeHHe
Llz] = fi(n) + fa(n),

TO €ro pellleHHe SBJASEeTCS CYMMOH pellleHUH Pa3HOCTHBIX yPaBHEHUH

Llz] = fi(n), Llz] = fa(n).
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[Tostomy pemienue ypaBHenus (2.100) mosyuaetcss Kak cymMMa pelieHUH 1Jist
npaBblx yactedt Buma F'(n) = f(n)a". Bymem npennosarats, 4to f(n) —
MHOTOUJIEH CTENeHH 7, T. €.

f(n) = byn" + bmr_l + ...+ b_1n+b,.

UToOBl MOJYUYUTh OMepaTOpHOE U300pakKeHWe MHOroYJieHa, HaM HY>KHO BbI-
pasuTh cTemneHu n* yepes GuHOMHAJbHBIE KO3(DdHULKeHTH. COOTBETCTBYIO-
e GopMysbl UMEIOT BUJL

k
n* = Z S(k,m)C'm!, k>0,

m=1
rne S(k,m) — uucna Crupaunra BToporo poma (cM., Hampumep, Puop-
nan [26]). CaengoBaTesbHoO,

n* = S(k, )n+S(k,2)C22! 4 ...+ S(k,q)Clq! +. ..+ S(k, k)CFE!. (2.101)

13 dopmyasr (2.101) cnepyer, uto S(k,0) = 0 u S(k,k +m) = 0, ecau
m > 0. Ilonaras B dopmyne (2.101) n = 1, noayuum S(k,1) = 1. BoiBe-
JIeM PeKypPEHTHOe COOTHOIIEHHe, CBsi3biBatolee yucaa CTHPJIUHTA BTOPOTO
pona. YuuThiBasi, uTo

C™ m + 1) = (n —m)C™m!,

MOJTy4UM
k+1
ZS (k4 1,m)C™m! = nnF —nZSk m)C)'m
m=1 m=1

[TocsienHee BblpaxkKeHHe MOXKHO MPENCTABUTb B BUJIE
k
Z S(k,m)[C™ Y (m 4 1) + mC™m!].
m=1

CpaBHuBast ciaraembie npu C, MOJYYUM PEKYPPEHTHOE COOTHOIIEHHE
S(k+1,m)=S(k,m—1)+mS(k,m),

M03BOJISIIOLIEE MOC/EN0BATENbHO BHIUUCAUTD Yncaa CTHPJHMHTA BTOPOrO PO-

na. Tenepb QyHKIHIO f(n) MOXKHO MPEACTaBUTb B BHUIE

r—1
f(n —bOZSrmCmm'—l—bler—l m)C'm! 4 .. —|—b7n_1C7}L—|—bT.

m=1
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13 dopmynsl (1.21) caenyer, uto

a"(@""C) = o™ °

[ToaTomy, cobupas koapduuuenter npu C)"*, m = 1,2,... 7, HOJy4UM oOIe-
paTopHoe u3obpakeHue GyHKUIUH f(n)a’:

f(n)a™ =bea"r1S(r,r) +a" (= D)(beS(r,r — 1)+

(2.102)

(s —a)rtt
+b15(r —1,r — 1))ﬁ+of_2(r — 2)1(byS (7,7 — 2)+b1S(r — 1,7 — 2)+
+bQS(T - 2,7" — 2))(5——5;074_2 + ...+ Oé(boS(?", 1) + bls(T’ — 1, 1) 4+ ...+
S S
+br—1)m + bra-

Oob1ee pellieHre HEONHOPOAHOTO ypaBHeHHSs (2.98), KoTopoe cKJ/aabIBaeTCs
13 00I1Iero pellieHusi OMHOPOIHOTO YPAaBHEHHSI U YACTHOTO pellleHHs HEONHO-
POIHOTO ypPaBHEHHsI, B OTMePAaTOPHOM H300pakKeHHH BBITJISIIUT CJENYIOIIHM
00pa3om:

Al S 2B L AL
z(n) 1S—a1+ 1(S—a1)2+ +A4; (s—a1)7“1+ + ms—am+ +
farn S s — S S| (2.103)

m (S_Oém)rm p(S) 0 I .(S—Oz)r‘f'l TS—O( ) .

rae Az — HpOI/ISBOJIbeIe ITIOCTOAHHBIE U
p(s) =(s—a1)"(s—ag)? - (s — )™

ABJSAETCA XapaKTEPUCTHUYECKUM MHOI'OYJ€HOM OAHOPOAHOI0 ypaBHEHH.
PaCCMOTpHM OTHOEJIbHO ABa CJjyydad.

Yucso o He ABJISETCS KOPHEM XapaKTePUCTHYECKOT0 MHOTOYJIeHa p(s)

B stom cayuae p(a) # 0. Pasznaraem nocjienHee caaraeMoe mpaBod 4yacTH

Ha TpocTefilide ApoGH. 3aTeM BBIOMpaeM MPOM3BOJbHbIE MOCTOSHHBIE A

TaKUM 00pa3oM, uToObl 06PATHJIHUCh B HYJIb BCe KOA(PMOUUHUEHTHl TPU APOOSX
s

m, 1=1,2,...,m, 7=1,2,...,7;.

[Tpu Takom BhIGOpe MocTOsIHHBIX A! H300paxarliee ypaBHeHHe UMEET BUJL

S r—1 S
> >
(5 o)l + ara”(r ) 5= a)r+

S S S
W—F...—l—arfl 2+ar

(s —a)

z(n) = apa’r!

+aga” (r — 2)! :
s—q
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O6pamasicb cHoBa K ¢opmyne (2.102), mosyuum, 4yto ypaBHeHHe (2.98)
MMeeT 4acTHOEe pellleHHe

#(n) = (aorlCy + n(r = DIC; ™ 4+ 1Ch o+ a,) o,

rjie 3Ha4eHUs MOCTOSHHBIX ay, . . . , @, 3aBUCAT OT uuces CTUPJUHTA BTOPOTO
pomna S(r,j), j = 1,...,7r 1 KO3((UIHEHTOB pa3JOXKeHHUs Ha TMPOCTeHiIre
npobu mnocnenHero cjaaraemoro B (2.103). Cobupaem Ko3(h(OUUHEHTHI TPH
crenensax n™, m = 1,2,...,r. Torna nosy4dum, 4to ypaBHeHHe (2.98) umeer
4acTHOe pelleHue

z(n) = (qonr +qgn . 4 qgon+ QT) .

Yucao o — KpaTHbI KOPeHb MHOTOYJIEHA P(S)

[lycTb nJsi ompenesieHHOCTH « = v H, CJIl0BAaTeNbHO, o — KOPeHb
KPaTHOCTH 71 MHOrousieHa p(s). B aToMm ciydyae passiokeHHe MocJeqHero
cnaraemoro npaBod dactu (2.103) Ha mpocreiiiivie 1po6H UMeeT BUL

1

(s—a)(s—ag)m - (8 — )™

r S
[boalS(r,r)r!m—i—
—f—Oé?{_l(r — 1)!(605(7",7” — 1)' —+ blS(T — 1,7” — 1))ﬁ + ...+

— ]
S

S S
b 1——m b—}:B1 4 Bt
+or 1(5—051)2 + TS— Ckl) 1S — 1 + + ! (S— &1)T1+T+1+
S S S
Bl ...+B?)——+ .. . +B"—«—.
i 25—042Jr T (s—ozg)’"zJr i (s — )™

[TosTomy, BeIGHpaeM noctosiHHble A] TaKUM 06pa3oM, YTOOBl 0OPATHIIOCH B
HYyJIb HauboJblllee YUCA0 KO3(PUUUEHTOB MPU APOoOsAX

s
(s — ;)

B BeipaxkeHHH (2.103). Torma nzoOparkarliee ypaBHEeHHe MPUMET BH[L
S

ri+1 ri+r
‘f’Bl —(S—Oq)rl+2+.“+B1

S

z(n) = By’ (s — oy )itr+l

(s —aq)ntl

Kosdduuuentsl B/, j=0,1,...,r onpegensiores hopMyaaMu
ri+j __ J -

B = cjmjl,

rie c; BelpaxkaoTcs yepes yncaa CTUPJIMHTa BTOPOro poja U K09((ULUEHTh
pasJioXKeHHsI Ha mpocTedide apodu. [lepeiineM K opUrHHAJIaM, HCIOJb3Ys
dopmyay (2.102). IToayuum, uto ypaBHeHUe (2.98) UMeeT yacTHOe pellleHHe

z(n) = (erlCt + e (r = DICT 4 Lo O 4 0Ol ) o T
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CobupaeM ko3(ppuLHeHTHl NpU cTeneHsax n™, m = 1,2, ..., r. Torna nony-
guM, UTO ypaBHeHHe (2.98) MMeeT yacTHOe pellleHHe

x(n) = ’n,rl (qon"" + qlnT—l 4+ ...+ qr—1Mn + QT) a?
Mbl noIyuHsIH caeayromui pesyastat. HeogHoponHoe ypaBHeHue
Lzl =z(n+k) +azn+k—1)+ ...+ az(n) = f(n)a",

B KOTOPOM f(n) €CTb MHOTOUJIEH CTENeHU 7 10 N, @ o« — KOMIJIEKCHOE HJIH
BelLleCTBEHHOe UHCJI0, HMeeT YacTHOe pellieHHe

z(n) =n"y(n)a", (2.104)

rae y(n) — MHOTOYJIeH CTENeHW 7 MO 1, M — KPAaTHOCTb <@ KaK KOpHS
XapakTepucTHieckoro MHorouseHa p(s) (ecau p(a) # 0, To m = 0). Ko-
3(pdUIHEHTb MHOTOUJIEHa y(n) MOXHO HAUTH Memodom HeonpeodereHHblLx
Koagguyuenmos, T.e. uckatb petierue B Bune (2.104). HyxxHo nmoncraButh
3Ty QopMy/ly B ypaBHEHHe U AJ5 onpeneseHUss Ko3(PHUIHEHTOB MHOTOYJIe-
Ha y(n) MPUPABHATb HYJII KO3(PQPHUUHUEHTH NMpU cTeneHsx n”, m=1,...,r
B TIOJYYEHHOM BBIPaXKEHHH.

B kauecTBe mpuMepa pacCMOTPUM ypaBHEHHE
x(n+4) — 8x(n + 2) + 16x(n) = n2".

XapakTepuctuueckuil MHorousieH p(s) = s* — 8s? + 16 = (s? — 4)? umeer
KOPHHU 512 = 2 KpaTtHocTH 2. [Io3TOMY 4acTHOe pelleHHe 9TOr0 ypaBHEHHS
HILEM B BHIE

z(n) = n*2"(A + Bn) = 2"(An* + Bn?),

rae noctosiHHble A U B HyxHO onpenenants. [lonctaBum nocnenHee Bbipa-
JKeHHe B ypaBHeHHe U pa3fenuM ob6e yacTd paBeHcTBa Ha 2". [losyuum

16[A(n+4)*+ B(n+4)%] —32[A(n+2)*+ B(n+2)*]+ 16(An*+ Bn*) —n = 0.

[TpupaBHuBaeM Hy/I0 KO3(MUIKEHTH TpH cTenedax n,n’ (ko3QdUIUeHTH

npu n®, n? paBubl Hya0). [losyyum cucTeMy ypaBHEHHH

128A+ 7688 — 1284 — 384B =1, 256A + 10248 — 128A — 2568 = 0.

Otcrona caenyer, uto A = —1/64, B = —1/384. UacTHoe pelleHHe HUMeeT
BU/L
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YnpaxHeHus.
HaiitTi yacTHOe pellleHHe HEOTHOPOIHOTO ypaBHEHHS
a) z(n +2) —x(n) = n%
z(n+3) —6x(n+2)+ 12x(n+ 1) — 4x(n) = n2%
z(n +4) — 6x(n + 2) + 9z(n) = 3%
r(n+2) —z(n+1) —x(n) = nd"
r(n+2)—2x(n+1)4+x(n) =5+ 3n,

[lyctb mpaBast yactb ypaBHeHHsi (2.98) umeer Bunm f(n)a” cosnf3 uau
f(n)a"sinng, roe f(n) — MHOrOYJIeH CTeNeHH r, o U 3 — BelleCTBEHHbIe
ypcsa. JTOT Caydald NMPUBOTUTCS K MpeabiayiieMmy. Ils 3TOro 3aMeTuM,
4TO (PYHKUHHU " cosnf U o' sinnf NUHEeHHO BblpaxKawTcd dyepe3 (PyHKLUHN
(a4+1ib)" u (a —ib)", rme a = awcos 3, b= asinf.

Tak Kak cosnf3 ¥ sinnf BblpaxKarTCs 4yepe3 OAHU U Te Ke M0oKa3aTeJb-
Hble (YHKLHH, TO €CTECTBEHHO pacCMaTpUBaTh MPaBylo 4acTh 6oJee 00LIEro
B!

a"[fi(n) cosnfB + fo(n)sinnf], (2.105)

rie fi(n) u fo(n) MHOrousensl no n. [locse 3aMeHbl TPUTOHOMETPUUYECKHX
(YHKILHE MOKa3aTeJbHbIMH MOJYYUM BblparkKeHHe

1 n . 1 \n :
la+ib)"(fi(n) —ifa(n)) + 5(a — )" (filn) +ifz(n)).
[TosTomy yacTHOe peleHue ypaBHeHHS (2.98) HYKHO HUCKaTh B BHUJIE

(a+ib)"Q1(n) + (a — ib)"Qa(n), (2.106)

ecsid uucsa a + b He SIBJASAIOTCS KOPHSIMH XapaKTepUCTHYECKOr0 MHOTOUJIe-
Ha p(s). 3mecb Q1(n) U Qo(n) — MHorouseHsl nmo n. Ecau yucna a + ib
SIBJISIIOTCST KOPHSIMM XapaKTePUCTUYECKOT0 MHOTrouJieHa p(s) KPaTHOCTH m,
To BhipaxkeHue (2.106) mo/mxHO OBITH YMHOXKeHO Ha n'™. M3 cnocoba ompe-
fesieHnst KO3((UIIMEHTOB MHOT04/eHOB (Q1(n) U (Q2(n) JIErKo cjenyeT, 4To
KO3(PPHULMEHTB MHOTOUJNEHa (Jo(n) KOMIJIEKCHO COMpsiKeHbl KO3 HUIHEeH-
TaM MHorouseHa (J1(n). [TosTomy

Qi(n) = Q1(n) +iQ1(n), Qa(n) = Q1(n) —iQ(n).

[ToncraByisis 3TH MHOTOUJIeHB B BhipaxkeHue (2.106) u mepexomsi cHOBa OT
MoKa3aTeJbHBIX (DYHKUHUH K TPUTOHOMETPUYECKHUM, MOJYUHUM, YTO YaCTHOE
peienue ypaBHeHus (2.98) ¢ mpaBo#t yacteio (2.105) MOXXKHO HUCKaThb B BHIIE

" [2Q7(n) cosnf — 2Q7(n) sinng],
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ecsi @ + tb He SIBJIsIeTCS KOpPHEM XapaKTepPUCTHYeCKOro MHOrodseHa p(s).
Ecan a &+ ib KOpHH XapaKTepHCTHUECKOTO MHOrouJeHa KPaTHOCTH M, TO
Mpenblaylilee BbIpayKeHWe HYy»KHO YMHOXHTb Ha n'.

YacTHoe peienue ypaBHeHus (2.98) ¢ mpaBo# 4acThbio

a" [Pi(n) cosnf + Py(n)sinnf]
MOXHO HCKaTh B BHJIE

n"a" [Q1(n) cosnf + Q2(n)sinnf],

rae MHOrouseHsl Q1(n) 1 (Q2(n) TOH Ke CcTemeHH, UTO U MHOro4seHbl P (n)
n Py(n) (unn HanGosblliell CTENEeHH, eCJM CTeleHW MHOrouseHoB Pi(n) u
Py(n) pasnuunbl), a m > 0 eCTb KPAaTHOCTb KOPHS @ + ib XapaKkTepUCTHUe-
cKoro ypaBHeHus p(s) = 0, rae

a=cacosf3, b= asinp.
YacTo Bce ke yI00HO MPEACTABUTh MPABYI0 UaCTh
" [Pi(n) cosnf + Pa(n)sinnf]

ypaBHeHHs (2.98) B BUIE

" |5P0) — iR+ LA ) + i

U HaUTH YaCTHble pelleHHUs ypaBHEHUU

3 (Al — P

Llz] = o [

Liz] = a" B(Pl(n) + z’Pg(n))e_mﬁ- ,

4 3aTeM CJIOXKHUTDb ITOJYHYEHHBbIE PELIeHUA.

B kauecTBe [IpuMepa HaWIeM 4acTHOe peleHne ypaBHeHue

2 2
r(n+2)+z(n+1)+axn) = cos%—%sin % (2.107)

KopHu xapakTepucTHyeckoro ypasHeHust p(s) = s? + s+ 1 = 0 UMeIOT BUJ

2T . 2w
S12 = COs — L 18ln — = et
3 3

P27
L33
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[IpaByto uactb ypaBHeHus (2.107) MOXHO 3anucaTh B BHJE

e’ 3

2 i 2

_s2nm
e s

CHayaJsia HaiileM yacTHOe pelleHHe ypaBHEHHUS

z(n+2)+xz(n+1)+ax(n) = 1;i6i2?T. (2.108)

HMuiem yacTHOe pellieHue 3TOr0 ypaBHEHHUSI B BHIeE
x(n) = AneiznTﬂ, A = const, (2.109)
TaK KaK ¢ 3 — KOpeHb XapaKTepHCTHUYECKOr0 YpaBHEHHS KPaTHOCTH 1.

[ToncraBnsisi Boipaxkenue (2.109) B ypaBHenue (2.108), monyuum

Aln+ 2™ 4 Ao+ D)™ 4 Ane™ = L
YuuTbIBasi, UTO
624% — eiﬂe%ﬁ — —6%, 62% _ 6”6_% _ —6_25,
MOJIyYUM |
An (€5 475 +1) + A (265 +e7'3) = 1 ; v
Jlerko BHIETb, YTO BbipaXkeHHe B MepPBOH CKOOKe paBHO HYJ. DTO CJel-

CTBHE TOrO (PaKTa, YTO YHUCJO COS 2?” +4sin 2° AB/seTCA KODHEM XapaKTepH-

3
CTUYECKOTO YPaBHEHUS.
Bropoe ciaraemoe naet BO3MOXKHOCTb OTPENENUTh MOCTOSSHHYIO A:

1—
3+iV3

[Tostomy yacTHOe peuenue ypaBHeHus (2.108) umeer BUI

A=

x(n) = —ﬁneizgﬂ. (2.110)
AHajioruHble BBIUHCJIEHHUS AJIs1 YPaBHEHHUS
Pn+2) +aln+ 1) +(n) = e
[al0T ero YacTHOe pelleHue
z(n) = —ﬁneﬂa%. (2.111)
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CkaanbiBast pemenusi (2.110) u (2.111), monydum yacTHOe pellleHHe ypaBHe-
Hus (2.107):

2nm

n 2nm .
z(n) = 5 (3—\/§)COST+(3—|—\/§)SIDT

YnpaxHeHus.
HaiiTu yacTHOe pellleHre HEONHOPOAHOTO YPaBHEHHUS
)(n+4y+mmrwﬂ+3an+2y+mww+n+x()_ch?—sm%?

r(n +2) + 4x(n) = n2" sin &F;
z(n +4) +2(n) = n(=1)".

d) x(n+3)—3x(n+2)+3x(n+1) x(n) = n;
z(n +2) —4x(n) = 3(-2)".

2.5.3. BbruucieHne KOHEYHbIX CyMM

[IpuMeHHMM mOJIydYeHHBIE Pe3YJbTAaThl K BBIYHUCJIEHHIO KOHEYHBIX CYMM.
Kak wmbl Bumesau (cm. ¢opmyay (1.3)), Bompoc 0 BBIUHC/JIEHHH KOHEUHBIX
CYMM CBOJIHMTCS K 3ajaue O pPaspeliuMOCTH HEeOAHOPOAHOTO DPa3HOCTHOTO
ypaBHEHHS

r(n+1) —a(n) = f(n),

npuyeM

f(k) =z(n+1) —x(0).

k=0
PaccMoTpuM nprMepsl.
n—1
1. Boryucaum cymmy > k. Tlonoxum f(n) = nt. PaccmotpuM ypasHe-
HUe =
z(n+1) —x(n) =n'. (2.112)

[IpaBasi uyacTp 3TOro ypaBHEHHsS €CTb KBA3WMHOTOYJIEH C [OKasaTeJseM
a = 1. XapakTepucThueckoe ypaBHeHUe uUMeeT BUL s — 1 = 0, T.e. 1 —
KOpPeHb XapaKTepUCTUUeCKOro ypaBHeHUs KpaTHOCTH 1. [loatomy uyacTHoe
pelenue ypaBHenus (2.112) umem B BUze

z(n) = n(Cy 4+ Con + Csn? + Cyn® + Csn), (2.113)

rne Koapduuuentol C;, ¢ = 1,...,5 nonnexat onpenenenuto. [loacrasasis
dopmyay (2.113) B ypaBHenue (2.112), mosyduM ypaBHEHHS HJisl OMpejesie-
Husl Koa(ppuunentos C;, ¢ =1,...,5:

5Cs =1, 10C5+4+4C4y =0, 10C5+6C,+ 3C5 =0,
5Cs + +4C, +3C53+2C, =0, Cy+Cy+C5+Cy+C =0,
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OTKYyda HaXOOHUM:

1 1
- C,=0 C = ——.
3 2T 30

Oo6uree pemeHue ypaBHeHus (2.112) nmeer Bup

1 1
Cs==, Ci=—=, Cy=
5 57 4 27 3

n5 n4 TL3 n

x(n):C()—{—g—?—i—g—%.

Tak kak z(0) = 0, To Cy = 0. CenoBarebHO,

< 5ot ol 6n® — 9n? 1) n(n -1
Zk4:”——"—+”——£:(n nitntl)n(n—1) (2.114)
2 5 2 3 30 30

Jlpyro# myTh BbIUKCJEHHUS pellleHUs1 ypaBHeHHUs (2.112) cocTouT B caenyo-
meM. BeimumeM npencTabieHde (GYHKIMHM n depe3 6GMHOMMA/NbHEIE KO3(-
¢uureHTHl ¢ nomoulbio yuces CTUPJAUHTA BTOPOro poaa

n' = C! + 70220 + 6C33! + CH4! = O} + 1402 +36C3 + 24CF.  (2.115)
15 ypaBHeHUS

z(n+1) —ax(n) =C*

n

nzobpaxalollee ypaBHeHHe UMeeT BUJ
S

Orcrona
S S

CER GRS

CaenosarenbHo, x(n) = C*! 4+ 2(0). [Tostomy perenve ypasHenus (2.112)
¢ mpaBo# yacTbio (2.115) umeer BUL

z(n) = C? + 14C3 4 36C + 24C?,

x(n) =

4To faeT Ty Xke dopmyay (2.114).
2. Tlepeitnem Temeps kK cymme > (—1)Fk. Paccmotpum ypasHeHue
k=1
z(n)—xz(n—1)=(-1)"n, n>1. (2.116)
Hatinem perenue sToro ypaBHeHHs ¢ HaudajbHbIM yciaoBueM z(0) = 0. Tak

Kak —1 He sBJsieTCS pellleHHeM OIHOPONHOTO ypaBHEHHS, TO YACTHOe pe-
ieHue ypaBHeHus (2.116) uiem B BuIe

z(n) = Ci(—1)" + Cy(—1)"n.
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[ToncraByisisi 3T0 BeIpaXkeHHe B ypaBHeHue (2.116), mosyunm
Ci(=1)" + Cy(—=1)" = C1(=1)" ™ = Cy(n — 1)(=1)" V) = n(—1)".
Otclona cjaenyer, 4To
—2C1+Cy, =0, 20y =1.

CJienoBaTeJ bHO,

1 1
Ci=-, Cp=-.
1 47 2 9

[TosTomy o61iee perieHue ypaBHeHHus (2.116) umeeT BUI

z(n) = Cy+ i(—l)” + %n(—l)”.

Tak kak nomxHo 6biTh x(0) = 0, TO

1 1 1
x(n) = -1 Z(—l)” + §n(—1)”.
Mbl nosnyuunu gpopmysy
- 1 1 1
-1 k — “(=1)" “n(—=1)"
D (D k= =2+ 2 (=1)" + 5n(-1)

3. Boiuncaum cymmy > (—1)*k3. PacemoTpuM ypasHeHHe
k=1

z(n) —z(n—1) = (=1)"n?, 2(0)=0.
YacTHoe pellleHHe 3TOr0 ypaBHEHHs HIIEM B BUIE
z(n) = C1(=1)" + Cyn(=1)" + C3(=1)"n? + Cy(—1)"n>.
[ToncrasJisisi 3TO BbIpaXKeHHe B ypaBHEHHE, MOJYyUHM

C1(—=1)" + Con(—1)" + C5(—=1)"n% 4+ Cy(=1)"n>—Cy(—1) Y —
—Cy(n — 1)(_1>(n—1)_03(n _ 1)2(_1)(n—1)_04(n _ 1)3(_1)(71—1):(_1)71”3.

OTCIOILa BbIBOJAHMM PABEHCTBA

—2014Cy—C3+Cy=0, —209420C5—-3C4=0, —205343C;=0, —-2C4;=-1.
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N3 stux ypaBHEHHfI HaxoaguM, 4To

1 3 1
Ci=——, Cy=0, C3=~-, Oy = -.
1 87 2 ) 3 47 4
CJienoBaTeJ bHO,
_ 1 n 3 n, 2 1 n._3
z(n) = Cy 8( 1) +4( 1)n+2( 1)"n°.

Tak kak z(0) = 0, To Cy = 5. Iosyunm dopmy.y

1 1
> (—DkE = g tgy” [4n® + 6n* — 1] .

k=1
I_Iepef/’uLeM Ternepb K CyMMaM, CcoAepKallkuM TPUTOHOMETPHUYECKHE CPYHK-

LIUH.

4. Beruncaum cymmy > kcos k3. PaccMoTpuM ypaBHeHHe
k=1

z(n+1) —x(n) = ncosnpf. (2.117)

B CHJY H3JIO2KEHHOI'0 BbIlI€ YACTHOE pEHIEHHE I3TOro ypaBHEHHUA 6y,[l,eM HcC-
KaTb B BHUE

z(n) = (A+ Cn)cosnf + (B + Dn)sinnf.
Kosapduunentnt A, B, C, D onpenensitoTcss U3 CUCTEMbl ypaBHEHUH

C(cos 8 — 1)+Dsin =1, A(cosf — 1)+C cos f+B sin f+D sin =0,
D(cos B —1)—C'sin f=0, —Asin3—C'sin f+B(cos 5 — 1)+ D cos f=0.

Pewras 3Ty cucreMy, nojydum

1 sin 3 1
2’ 2(1 —cosB)’ 2(1 —cos 8)’
CJienoBaTeJ bHO,

(1 — 2nsin? g) cosnf +nsinfsinnf — 1

. 2[3
4 sin 5

n—1
x(n) = Z kcoskf =
k=1

5. Boiuncaum cymmy

> " 2rk cos k), (2.118)
k=1
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rme r ¥ 6 — BelleCTBEHHbIe YHCJAa. YUHUTHIBasi, uTo 2cos kf = ek? 4 ¢—ik0
HaugeM QOpMyJibl IJs CYMM

n n

rkeih?. ikt
k=1 k=1
Pemaem ypaBHeHHe
z(n+1) —z(n) =r"e™, x(1) =re?. (2.119)
Nuewm pemenue ypaBHenus (2.119) B Bune
x(n) = Cy+ Cyre™.

[ToncraBasist aty dopmyny B ypaBHeHue (2.119) u npupaBHUBasg Ko3)PHUIIH-
eHThl npu 7"e™? | monyunm

1
Cl = 0.
re — 1
CuJieoBaTeJILHO, .
7qnemﬁ
z(n) =Cy+ ———.
(n) ret — 1

YuuteiBasi HayasnpHoe 3HaueHue (1), HaxomuMm Cy. B pesysnbraTe mosyuum

160 n ,ind
0 re r'e

z(n) = re” - e R

CJienoBaTeJ/IbHO,

ret? N T(n—i—l)ei(n—Fl)H
re — 1 ret — 1

n+1) pi(n+1)0

—re? =

n
Zrkeike —z(n+1) —z(1) = re” —
k=1

ret I

N 4+ :
re¥ — 1 re¥ — 1

Cymma

n

E :,rne—me
k=1
KOMIIJIEKCHO COIIpsA2KeHa CyMMe

n

E : 7nnemﬁ.

k=1
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[loaTomy

n re—i0 T(n+1)e—i(n+1)9

n _—inb
re = - + -
kz_; re= —1 re= —1

Hnst cymmer (2.118) mosmyunm dopmyty

n n n i0 (n+1) Ji(n+1)
, » re r e

E 21 cos kb = E rkeik? 4 E rhe—ik0 — - + = +

— — — rew — 1 rew — 1

re " 7l e

re=i — 1 + re—0 —1

nt1) ,—i(n+1)

CkJagpiBasi epBbId U TPETUH YJeHbl 3TOH CyMMbl U BTOPOH MU UeTBEPTHIH,
MOJIYYUM

i 0k cos kil —2r2 + 2r cos 6 N 2r("*2) cos nf — 2r("+Y cos(n + 1)
r¥coskf = .
P r2 —2rcosf + 1 r2 —2rcosf +1

Orciopa noayuum Gopmy.ay

1—r? N 2r("+2) cos nf — 2r"* cos(n + 1)0
r2 —2rcosf +1 r2 —2rcosf + 1

1+ ZQchoskG =
k=1

(2.120)
[Ipennonoxum, yto |r| < 1. B dopmyne (2.120) nepeiinem K npeneny npu
n — oo. [loayuum dopmyay

1— 72
r2 —2rcosf + 1

1 +22rkcosk:9 =
k=1

Ata dopmyaa HasbiBaetTcs: popmysoi [Tyaccona.

HpellJIaI‘aeMbIﬁ B 3TOM IIYHKTE METOJ ITO03BOJISAET TAK2KE BbIHUCJIATL HEKO-
TOpbIE KPAaTHbIE CYMMBI. B kauecTBe [npuMepa pacCMOTPUM CYMMY

n—1 nq

L

ni=1 k=1

13 3To#t nBykpaTHOU cyMMBbI ¢ momolibsio Gopmyasl (1.8) mosyuaem omHo-
KpPaTHbIE CYyMMBI

n—1 n—1

Co el =+1)Y K= K

1 k=1 k=1

i
L

i
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YnpaxHeHus.
1. BBIUUCUTD CyMMBI
a)
n—1
(_1)kk57
k=1
b)
n—1
k(k+1)%
k=1
c)
n—1
(—1)F cos 2k3;
k=1
d)
n—1 kq
> 2 (1R
]{51:1 k’gi].
e)
n—1
NER
k=1
)
n—1
( 1)k’k23k‘7
k=1
2)
n—1
Z 3% cos? ka.
k=1
2. Tlokasatp, uTo crnpaBenarBa Gopmysa
n—1 . (1 — 2n sin? g) sinnf — nsin S cosnf
Z ksinkf = —7 :
1 4sin” 5
2.5.4. MeToa KOMMJIEKCHBIX aMILJIMTY]
PaccMoTpuM oTHeNbHO cayuail, Korjia B ypaBHEHUH
Liz] = f(n) (2.121)
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Gynkuus f(n) = rcos(nw + «), roe r,w, @ — BellleCTBEHHble YHcaa. Pere-
HUe ypaBHeHHs (2.121) ¢ Tako# mpaBoil 4acTbl0 MOXKHO HCKaTb, HCIOJB3YS
METOM, OMHCAaHHBLIH B MyHKTe 2.5.2, TaK Kak 3Ta (YHKLHUS MPeACTaBJsET
co00H KBa3UMHOIOuJeH

’I“COS(?”LCU + Oé) _ g (ei(nw-i-a) + e—i(nw—i—a)) .
OnHako B ciydae, Koraa Ko3d(h(ULHWEHTH Pa3HOCTHOro ypaBHeHHs (2.121)
BelleCTBeHHbBl, MO?KHO BOCIOJIb30BATbCS METOAOM, KOTOPBIH 1151 0OBIKHOBEH-
HbIX NU(depeHHaNbHBIX YPaBHEHUH HOCUT Ha3BaHUe memod KOMNAeKcC-
HbLX amnaumyo.

Hapsiny ¢ BelectBeHHO# QyHKuMe# f(n) = rcos(nw + «) paccMOTpUM
COOTBETCTBYIOILYIO €l KOMIUJIEKCHYIO (DYHKIIHIO

F(TL) — pemw7

rae p = re'®. BemecTBeHHAs 4acTb 3TOH KOMIIJIEKCHOH (OYHKUHUHU COBMANAET
¢ f(n). UacTHoe pellleHHe ypaBHEHHs

Llz] = pe

HIleM B BUIe
x(n) = oe.
[ToncraBasis 370 BbIpakeHHe B ypaBHeHue (2.121) u cpaBHHBast Ko3ppuuu-

eHTHI TIPU €, TIOJyUrM
P

p(e)’
Yrto6bl mocsenHsist hopMysia HMeJsa CMBIC, HEOOXOTUMO MPENIONOKUTD, YTO

p(e™) #0,

T.€. UMCJI0 € He JOJKHO ObIThb KODHEM XapaKTePUCTHUECKOrO MHOIOUJIeHa
p(s). Ecam 310 ycsoBHe BBIMONHSETCS, TO UYACTHOE pelleHHe YypaBHEHHS
(2.121) umeer BULI

o =

p .
x(n) = ——e™*. (2.122)
) p(e)
Jlerko BUIETh, YTO BellleCTBeHHas 4yacTb pelieHus (2.122) siBasiercs pe-
uieHveM ypaBHeHusi (2.121) ¢ ¢yHkuuel f(n) B KauecTBe NMPaBOH YacCTH.
[IpencraBum KommiekcHoe uucao 1/p(iw) B BUIe
L _ 1w
pliw)  |p(iw)|
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Pemenve (2.122) 3anuceiBaeTcs CaeIyOUIAM 00pa3oM:

_ iw) T i(nwtatip(w))
Tr\n) = - & = - & .
") = o)) ()]

Torma wuactHoe pewenuve ypaBHeHus (2.121) ¢ npaBo#i  YacTbio
f(n) = rcos(nw + «) umeer BUL

~ Jp(iw)]

cos(nw + a + P(w)). (2.123)

z(n)

[Tocnennsisi popMysia UHTEpPeCHA TeM, YTO OHA MO3BOJISIET ONpPeNeUTh YacT-
HOe pellleHHe HeMmoCPeICTBEHHO M0 XapaKTePUCTHUECKOMY MHOTOYJIEHY p(S).
Hanomuum, yto dopmyna (2.123) nonyyena mpu ycaoBuu p(e™) # 0.
[Tocnennee ycnoBue OyneT, HampuMep, BBHIIIOJHEHO, €CJM BCe KOPHH Xa-
PaKTEPUCTHUECKOT0 MHOrOYJieHa Mo MoAy/ioo MeHbie 1. OObiiee peleHue
ypaBHeHHs (2.121) ¢ yKa3aHHOMH BbIllle MPABOH YaCTbI0 UMEET BH]

[p(iw)]

z(n) =y(n)+ cos(nw + a + Y (w)), (2.124)

rae y(n) — obllee pellleHHe OIHOPOAHOrO ypaBHeHHs. Eciu KOpHH xapak-
TEPUCTUUECKOI0 MHOTOUJIEHA M0 MOAYJI0 MeHblie 1, To oOllee pellieHHe
OZIHOPOJIHOTO YPaBHEHHUS CTPEMUTCS K HyJI0 npu n — oco. [loatomy kaxpoe
pemenue ypaBHenus (2.121) ctpemutcs K pemenuto (2.123) npu n — oo.
Pemennto (2.123) cooTBeTCTBYeT yCTAaHOBUBILEECS COCTOSTHHE CHCTEMBI, K
KOTOPOMY CHCTeMa MPUXOIHUT Uepe3 NOCTATOYHO OOJBIIOH MPOMEXKYTOK Bpe-
MeHHU TiocJjie BOo3Oy»kaeHHs. MoxKHO cKasaTb, 4To pelieHue (2.123) omuchi-
BaeT ycTaHoBHBIIMMcCS mpouecc. Pemenue (2.124) omucbiBaeT mepexomHOH
mpoiiecc, T.e. MOBeleHUe CUCTEeMbI TIPH HeOOJIbIIUX 3HaYeHUsIX n. OTMeTUM
emle, 4to pemtenue (2.123) — 3TO eNWHCTBEHHOE MEPUONUUECKOE pelleHHe

2
ypaBHeHus (2.121) ¢ nepuonom [, eciu w = Tﬂ al >0 — uenoe yucJo.

B kauecTBe mpumepa pacCMOTPHM ypaBHEHHe
z(n +2) — 2(acos B)x(n + 1) + a’x(n) = Hycos(nw + ), (2.125)
rae «, 3, Hy,w, gy — BellleCTBeHHbIe MocTosiHHbe. [Ipeanonaraercs, 4To
O<a<l1, cosfB>0.
B nanuom ciyuae p(s) = s* — 2ascos 3 + a? u, ciienoBaresbHo,

s12 = a(cos f 4+ isin ).
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Peuienvie ofHOPOIHOTO ypaBHEHHUS] UMEET BHJ
x(n) = a"(Ajcosnf + Aysinnf),

rae Al, Ag — IIPOH3BOJIbHBIE TOCTOAHHBIE. HpI/I o = 1 Bce pemeHnd 0aHO-

27
POOHOTO ypaBHEHHS OyAyT MEPUOAHUYECKUMH C MEPUOAOM [, ecau [ = - I/I

[ > 0 — 1eJioe 4ucCJIO.
Hailinem uacTHoe pellleHMe HEOJHOPOAHOTO YPaBHEHHUS C MOMOUIbIO OMU-
caHHOTO BhILIe MeTona. Mimeem
1 1

p(e) T e2w — 2q.cos Be + a2’

(2.126)

Bripaxkenue (2.126) MoxKHO 3amucaTh B BUJE

1
(cos 2w — 2 cos S cosw + a?) 4 i(sin 2w — 2accos )

ﬂOMHO}KaH YUCJIUTEJb U 3HAMEHAaTeJb Ha YHUCJ0, KOMIIJIEKCHO COIpPsSA2KEHHOEe
3HaM€HaTeJ 10, MMOJYyYHUM

(cos 2w — 2accos Bcosw + a?) — i(sin 2w — 2a cos 3)

: 2.127
(cos 2w — 2a cos f cosw + a?)? 4 (sin 2w — 2a cos 5)? ( )
Bripaxkenue (2.127) npencraBum B hopme
1
cos Y (w)+isinYP(w)),
v/ (cos 2w—2a cos B cos w + a2)2+(sin 2w—2a cos 5)2( V) b))
rae
cos 2w — 2a cos B cosw + a?
cos P(w) = ;
v/ (cos 2w — 2a cos B cosw + a2)? + (sin 2w — 2a cos ()2
sin (w) = —sin 2w — 2« cos B sinw

v/ (cos 2w — 2acos B cosw + a2)? + (sin 2w — 2 cos )2

KomniekcHoe pelieHHe, KOTOPO€e MOJIYUYaeTCsl C MOMOILIbIO Pa3HOCTHOTO aHa-
Jlora MeToJla KOMIJIEKCHBIX aMIJIUTY/, UMeeT BUJ

Hyeilnr+a+i(@))

v/ (cos 2w — 2arcos B cosw + a2)2 + (sin 2w — 2a cos §)%
[TosTomy "acTHOe pelieHue ypaBHeHUs (2.125) mpencraBJssieTcss B BUIe

Hycos(nw + a + ¢ (w))

V/(cos 2w — 2a cos B cosw + a2)? + (sin 2w — 2arcos Bsinw)?

(2.128)

z(n) =
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Breluncaum MaKCHMYM aMIIJIUTYIObI

Hy

N(w) =
() v/ (cos 2w — 2 cos B cosw + a?)? + (sin 2w — 2« cos B sinw)?

pemtenust (2.128) kak (pyHKUUH OT w. Dynem npeamnosarare, 4To BBEIMOJHEHO
HepaBeHCTBO

7r
<w< —.
2

bo|

Ham noctaTouyHO HaUTH MUHUMYM (DYHKUHU
f(w) = (cos 2w — 2arcos cosw + a?)? + (sin 2w — 20 cos Bsinw)?.

Beluncass peleHnsi ypaBHeHUS

B
-5 — Y
dw
HaXxOIWM, YTO TPH BHIMOJHEHUH HepaBeHCTBA
14 a?
cosfp <1
20
MaKCUMyM aMIJIUTYIbl TOCTHUTAeTCs MPH
1+ a?
cosw = cos 3
o
U paBeH
Hy

Nmaa: -

V(1 —a?)? + (3a2 — 1) cos? B

B 3Tom coyuae kpuBasi N(w) nMeeT XapaKTepHblil MUK. Ecau xe

1+ a?
2

cos 3 > 1,

10 KpuBas N (w) He MUMeeT NMUKa (HEeT TOYKH JIOKAJbHOTO MaKCHUMyMa).
[Ipy § = 7/2 MakcUMyM OOCTHTaeTcsi B TOUKe w = 7/2 U paBeH

Hy

N =707

[Ipu a = 1 noayuum N,q, = 00. 3aMeTum, uto mpu = w = 7/2, a =1
ypaBHeHue (2.125) mpeBpaiiaetcss B ypaBHEHHe
nw

z(n+2)+x(n) = Hy COS(7 + o). (2.129)
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Tak kKak yucJao
el

SE

=1

SIBJISIETCS KOPHEM XapaKTePUCTHYECKOrO MHOro4seHa p(s) = s+ 1 ofxHOpos-
HOTO ypaBHEHUS

r(n+2)+xz(n) =0,

TO YacTHOe pellleHHe ypaBHeHHs (2.129) uiiem B Buae
x(n) = Ancos (n%r + gO) + Bnsin <n77r + 90>,

roe noctosiHHele A, B nopgexar omnpepneneHuto. [loacraenasisg 3ty dopmy-
Ny B ypaBHeHue (2.129) u cpaBHuBas Ko3(pdUUMEHTHl NpH cos(g + @) U
sin(%4F 4 ), nonyunm

A=-= B=o

[TosTomy yacTHOe pelenue ypaBHeHus (2.129) nmeer BUA

H,
x(n) = —7071 Cos (n%r + g0>.

B kauecTBe BTOpOro nprvMepa BO3bMeM ypaBHeHHe

z(n+4) —2x(n+2) 4+ 2x(n) = 3sin nf (2.130)

[TpaBasi yacTb 3TOro ypaBHEHHUs SIBJsIETCS MEPUONUYECKOH (DyHKIIHeH C me-
puonom 8. Hapsiny ¢ ypaBHenuem (2.130) paccMOoTpuUM ypaBHEHHe

inm

z(n+4) —2x(n+2)+2zx(n) =3e 1. (2.131)

XapaKkTepUCTHUECKMH MHOrOYJIEH 3TOro ypaBHeHHs p(s) = st — 2s® + 2.
[Tostomy

p(e%):em—Qe%—kZ:l—Zi#O.

CuienoBaTe/ibHO, METOZ KOMIIJIEKCHBIX aMIIUTYN MPUMEHUM [Jis BblUMCIe-
HUS Tiepuoauueckoro peuteHus ypaBHeHus (2.130). Uuiem pemienue ypas-
Henus (2.131) B Buge

inm

xr(n) =oe 1.
[Tomyuum, uto mepuonnyecKkoe perneHre ypaBHeHus (2.131) umeer BUI

3 3 inm

inm - 6 4
p(eT) 1—2:

x(n) =
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MHuMasi yacTb 3TOTO pellleHHs MpeacTaBJseT cobol MepruogruuecKoe perie-
HUe ¢ nepuonoM 8 ypaBHeHus (2.130):
6 nm 3 . nw

z(n) = 5 COS —~ + w sin—-.

YnpaxHeHus.

Ha#itu nepuonuueckoe pellieHHe C MOMOLIbI0 MeTOAA KOMILJIEKCHBIX am-
MJUTYA AJIS1 CJAEeYIOLINX YpaBHEHHH:

a) z(n+2) — 2x(n + 1) + 2x(n) = cos T,

b) z(n +3) + 2x(n) = 1 + sin 5,

¢) x(n+5) +x(n+1)+2x(n) = 2cos g — sin F;

d) z(n +8) +x(n+4)+x(n+ 1)+ x(n) = sin 4.

2.5.5. HekoTopble ypaBHeHHSI BLICOKOTO MOpPsAKa
C IIepeMEeHHbIMHM KO3 (puuueHramu

PaccmotpuM ypaBHeHHe

z(n+k)+af(n)xn+k—1)+af(n)f(n—1zn+k—2)+
+azf(n)fin—1)f(n—2)z(n+k—-3)+...+
+apf(n)f(n—1)--- f(n—k+1zx(n) =g(n). (2.132)

3nech ay,as,...,ap_1 — TMOCTOSIHHbIE, a f(n) — W3BecTHas (HYHKLHS, KO-
Topasi He obpallaeTcss B HyJb TPH Bcex n. YpaBHeHUe (2.132) MoxeT ObITH
npeoOpPa3soBaHO B ypaBHEHHE C MOCTOSHHBIMU KO3(P(UIHEHTAMU, eCJHU Cle-
JIaTh 3aMeHy

z(n) = fln=k)f(n =k =1)--- fF2)f(Dy(n).

BBINOHAS 3Ty NMOACTAHOBKY, MOJYYHUM

z(n+k)=f(n)f(n—=1)--- f(Ly(n+ k),
zn+k—1)=fn=1)--- fDyn+k—1),...,
z(n+1)=f(n—k—1)---f(1),

z(n) = f(n—Fk)--- f(1)y(n).

[ToncraBum 31U (hopmysbl B ypaBHeHHe (2.132). 3arem pasmesnum Bce cJa-
raemble Ha npoussenenue [[,_; f(k), mosyuuM HEOZHOPOIHOe ypaBHEHHE C
MOCTOSIHHBIMU KO3 (PULHEeHTaAMU

yin+k)+ayn+k—1)+ayn+k—2)+...+ar1y(n) =
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B paccmaTtpuBaemblil KjiacCc ypaBHEHHH BKJIOUAIOTCS YpaBHEHHS (HOPMBI
z(n+k)+ab"z(n+k—1)+ab* z(n+k—2)+. . +abz(n) = ¢(n), (2.133)
e ay, as, . .. ,ar — NOCTOsIHHBIE. B camoMm neJie, mosoxum f(n) = b". Torna
ypaBHeHue (2.133) MOXKHO 3amUcaTh B BUJE
r(n+k)+af(n)e(n+k—1)+adf(n)f(n—1)z(n+k—2)+
+asb" 2 f(n)f(n—1)f(n —2)z(n+k—3)+...+
+ ak_1b1+2+3+...+(k—1)x(n) _ c(n) (2134)

3amMeHa

(n) _ b1+2+3+...+(n—k)

x y(n)

nepeBoAUT ypaBHeHHe (2.134) B ypaBHeHHe

z(n+k)+azrn+k—1)4+adbr(n+k—2)+
+agbPr(n+k—3)+ ... 4+ ab T Nen) =0

C MOCTOSHHBIMH KO3((PULUEHTAMMU.

YnpaxxHeHus.
Haiitu o61uee peleHue ypaBHeHUH
a) x(n+3) + 3"x(n) = 0;

1
b) z(n+4)—2-2"x(n+2)+ 6 212 (n) = n.

PaccmoTpuM Tenepb ypaBHeHHe
n(n+1)(n+2) - - - (n+k—1)x(n+k)+an(n+1) - - - (n+k—=2)x(n+k—1)+... +
ap—1nz(n+ 1) + apz(n) =0,

rue ai,das, ..., — nocrosiHable. Cnenaem 3ameny y(n) = (n — 1)lx(n). Io-
JY4UM ypaBHeHHe

yim+k)+ayin+k—1)+ayn+k—2)+...+ar1y(n+1)+ary(n) =0
C MOCTOSAHHBIMH KO3(D(hULIUEeHTAMH.

Ynpaxxuennue.
[IpeoGpazoBarb ypaBHeHUe
1 1
k
n(n+1)(n+2)--- (n+k—1)x(n T )+n(n+1) o (n+k—2)

1
+... 4+ Eak_lx(n + 1)+ agz(n) =0

r(n+k—1)+

B ypaBHE€HHE C INOCTOAHHBIMHU KOS(p(pI/IU,I/IeHTaMI/I.
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2.6. Cucrembl pa3HOCTHBIX YPaBHEHUU

2.6.1. Cxema nmpuMeHeHHUS ONEPATOPHOTO MeTOAA
IJis pelleHUsl CUCTeMbl Pa3HOCTHBIX YPaBHEHUU

M3naraemMblid onepaTopHbIi MeTOH yNPOLIAeT BBIUUCAUTEJbHYIO PaboTy
HaX0XJeHHUsl pelleHusl B caydae JIMHEHNHOTO Pa3HOCTHOTO YPaBHEHUS BbICO-
Koro nopsinka. OnHako B MOJHOH Mepe MpeUMYyLIecTBa 3TOr0 MeTona Mpo-
SIBJISIIOTCS MPU pelleHUH CUCTeM JIMHEHHBIX PAa3HOCTHBIX YPaBHEHUH C MO-
CTOSSHHBIMH KO3(P(HUIIMEHTAMHU.

[lns scHoro mpencrtaB/eHUs 0 (POPMaJbHOH CTOPOHE MeTOia MBI pac-
CMOTPUM CHUCTEMY TpeX Pa3HOCTHBIX ypaBHeHUH mnepBoro nopsiaka. Creno-
BaTeJbHO, PACCMOTPHUM CUCTEMY

(a11y1(n+1)+bi1y1(n))+(a2yz(n+1)+biay2(n))+(a1zys(n+1)+bizys(n))=f
(a21y1(n+1)+ba1y1(n))+(azzyz (n+1)+baay2(n))+(azsys(n+1)+basys(n))=f2(n),
(az1y1(n+1)+bz1y1(n))+(az2yz(n+1)+bsay2(n))+(assys(n+1)+bssys(n))=;

[Ipennonaraercs, 4To onpenesuTeNn MaTPULL

a1 Q12 ais b1 bio 513
A=\ axn axp ay |, B=1| bu by by
as1 Gs2 as3 bs1 bsa bs3

OTJIMYHBI OT HY.JIS.
M3o6paxarlinas cucteMa ypaBHeHUH MMeeT BU

[a11(sy1(n) — sy1(0)) + buyi(n)] + [ar2(syz(n) — sy2(0))
+[ax3(sys(n) — sys(0)) + b13y3(n))] fi(n),
laz21(sy1(n) — sy1(0)) + baryr(n)] + [aze(sy2(n) — sy2(0))
+ [azs(sys(n) — sys(0)) + bzsy:a(n))] fo(n),
lazi(sy1(n) — sy1(0)) + byrya(n)] + [aza(sya(n) — Syz( )
+ ass(sys(n) — sys(0)) + basys(n))] )-

BBe,U,eM OJisd COKpallleHUd 3allnCH 0003HaueHHUs

||
§

airs + bir, = pir(s), 71i(s) = ai1sy1(0) + aioy2(0) + a;3ys(0).

Torna crucremy uzoOpakawUUMX ypaBHEHUH MOXKHO 3alMUCaTh B BUJE

puyi(n) + paya(n) + pisys(n) = fi(n) +ri(s),
P2ay1(n) + paya(n) + pasys(n) = fa(n) + ra(s),
pa1y1(n) + psaya(n) + pasys(n) = fs(n) +rs(s).
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[Tonyunau cucteMy JIUHEHHBIX aJreOpaHuecKUX ypaBHEHHH OTHOCHUTEJbHO
byHKUHE 31 (n), y2(n), y3(n). OnpeneauTenb 3ToH CUCTEMbI

p1i(s) pia(s) pis(s)
D(s) = | pa1(s) paa(s) pas(s)
p31(S) P32(S) p33(5)

B PaCKpbITOM BH[E MpeacTaBJjseT coO0H B 00lleM cjaydyae MHOrodJjeH Tpe-
Thero nopsiika no s. Ilpumenss npaBuso Kpamepa, Mbl nosydum ¢popmyiisl,
KOTOpble TMPEeNCTaBJSAIT H300paKeHHe perieHud y;(n),ya(n), ys(n). Octa-
HOBHUMCSI TOJIbKO Ha BBIUMCJIEHHUH M300paxkeHHst PyHKUMHU y1(n). [IpumeHuB
npasusao Kpamepa, noayuynm

1 filn) +7r1(s) p12(s) ps(s)
yi(n) = Dis) fa(n) +172(8) paa(s) pas(s)
f3(n) +1r3(s) ps2(s) ps3(s)

Pasnaras 3ToT onpenesnnTesib Ha CyMMY UeThbIpeX OMpeAesUTe ed, NoJydYuM

1 f1(n) p12(S) p13(S) ail Plz(S) p13(S)
yl(”):w f2(n) paa(s) pas(s) | +sy1(0)| a1 paa(s) pas(s) |+
f3(n) p32(S) p33(S) asi P32(S) p33(S)

a2 p12(S) ) a3 p12(S) p13(S)
+ sy2(0) | az2 p22(s) pa3(s) | +sy3(0) | ass p2a(s) pas(s)
a32 p32(S) ) aszs p32(S) p33(S)

Kaxxaplil U3 3TUX onpenesuTeseld NpU PaCKPbITUU NaeT MHOTOUJIEH BTOPOTO
nopsiika mo s. [leJquM COOTBETCTBYIOIIME Bbipa)keHuss Ha D(s) u pasJna-
raeM Ha INpocTedlive ApoOU. 3aTeM INpPHUMeHsieM OlepaTopHble (hOPMYJBl U
noJydyaeM pelleHHe B SIBHOM BHJE.

OTmeTUM NpeuMyllecTBa U3JaraeMoro Metoaa. Bo-mepBhiX, aas pelie-
HUSl CUCTEMbl PA3HOCTHBIX YPAaBHEHHWH HYXKHO PeLUUTb TOJBKO OAHY CHUCTe-
My ajreOpanyecKMX ypaBHeHWH, BO-BTOPBIX, HayaJbHble yCJOBHS BXOASAT B
3Ty CUCTEMY U MO3TOMY YUHUTBIBAIOTCS aBTOMATHYeCKH, B-TPETbUX, KaxK1as
HeU3BeCTHas (PYHKLHs MOXKeT ObITh BBIYMCJEHA caMa 1o cebe, He3aBUCHMO
OT BBIYMCJIEHHUS OCTAJbHBIX HEHU3BECTHBIX (PYyHKIMUH.

2.6.2. PemeHue cuctembl IBYyX Pa3HOCTHBIX ypaBHEHUU

B kauecTBe npumepa HalaeM pellleHHe CHCTeMbI IBYX Pa3HOCTHBIX ypaB-
HEHUU
z(n+ 1) +azx(n) + by(n) = fi(n),

y(n + 1) + cz(n) + dy(n) = fa(n), (2.135)
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rae a,b,c,d — BelleCTBeHHblE MOCTOSIHHbIE, YAOBJETBOPSIOLLNE HepaBeH-
ctBy ad — be # 0, fi(n), fo(n) — nuckperHsle dyHkuuu. M3o6paxatomias
JIMHeWHasl cucTeMa ajrebpanuyeckKUx ypaBHEHUH HMeeT BUJ

(s +a)x(n) +by(n) =sz(0) + fi(n),
cx(n) + (s + d)y(n) = sy(0) + f2(n).

Beruucsisisi onpenesintesnb 3TOH CHCTEMBI, ONYYUM
D(s) = s>+ (a + d)s + ad — be.
[IpennosioxXuM cHauaja, UTO KOPHHU S1, So ypaBHeHus D(s) = 0 passiuu-

Hel. CaegoBatesnbHO, D(s) = (s — s1)(s — s2). UTOOB NPUMEHHUTH MPABHJIO
Kpamepa, BBIUHCIUM ONpenesuTeNu

(s +d)

M3o6paxenue peleHus z(n) UMeeT BUJI

D1(s) s(s +d) bs
r(n) = = x(0) — 0)+
S S B P s A Ry e Lo
s+d b
n) — n).
(S—81>(S—82)f1( ) (S—Sl)(S—82>f2( )
[Be npobu passaraem Ha MPOCTeHLIHe
s+d s1+d 1 so+d 1
— -+ ,
(s—s1)(8s—82) S1—S28S—81 S92 — S1S— 89
1 1 1 1 1
(S—Sl)(S—SQ) S1 — 898 — 51 S9 — 818 — 8§29
HMcnonb3ysi onepatopHbie (GOpMYJbl, MOJTYYUM pelieHue x(n):
| st d n So +d n b
o) = | 25 25 g a0) - (st - a0+
1 O st —1 sy —1
d)——— — d) 22— k)—
e D L e LU
b “ofsth—1 iR
— Z [ 1 22 ] fZ(k)
S1 — S92 S1 59

k=0
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Aty dhopMysy MOXKHO 3aMUCcaTh B BUIE

o) = —— (o1 + d)st = (52 + sl (0) — —— [sF — s3] y(0)+
o D o — Gt ] 1)

_ b Z [S?_k o Sg—k] fQ(k . 1)’

roe n > 1.
M3o6paxenue pelenus y(n) uMeeT BUJ

_ . S . s(s+ a) B
y(n) - (S—Sl)(S—Sg) (O) + (S—Sl)(S—Sg)y<0)
e i)+ — L ).

(S — 51)(8 — 82) (S — 81)(8 — 82)

Pasznaraem nzobpaxkeHue Ha MpocTelllne ApoOU U MepexoauM K OpUruHa-
JlaM C MOMOILbI0 onepaTopHbIX (popmyJ. [Tosyurm npu n > 1

y(n) = - (s1 — 53) 2(0) + [(s1 4 a)sy = (s2+a)s3] y(0)—

81—52 S1 — 52

51_322 F ) Al = 1) 3 [(sr st
k=1
—(s9 + )s;“k} fo(k—1).

BBeneM B paccMOTpeHHE MaTpHUILY

_ (i s+ d)st = (sa+d)sh] — 2 (st — sh)
G = ( —as (81— 83) sliSQ [(s1 + a)st — (s2 + a)s3)] ) '

HazoBem matpuny G(n) dyHnameHTa bHON MaTpulel ajsi cucteMbl (2.135).

Beenem Bektopnl z(n) = (x(n),y(n)) u f(n) = (fi(n), fo(n)). Peuwenue
cucteMbl (2.135) MOXHO 3anucaTh B BEKTOPHOM BUIE

2(n) =G(n)z(0)+ > Gn—k)f(k—1), n>1
k=1

HpeI[HOJIO}KI/IM TEMepb, UTO KOPHHU XaAPAKTEPHUCTHYECKOIO0 MHOIrO4YJeHa

s’ + (a +d)s + ad — be
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ABJSAIOTCA KPATHBIMH, T. €. S1 = Sa. Jlerko BHUIAETDb, YTO B 9TOM CJydae

a—+d
S1 = S9 = — 9 .

PaccMoTpuM cHauasa OIHOPONHYIO CUCTEMY, T. €. MOJOXKUM fi(n)=fo(n)=0.
[lepeiinem K u3o6pa)Karwllell CUCTEMe U Pa3JI0KUM COOTBETCTBYIOLIHE 1PO-
6u Ha npocrteine. [Tonyunm

s(s+d) _ s Gs

G st e

s(s+a) s adg
)

+ i
(s + atd)2 s%—%Z (s—|—%l)2

3anuiemM ¢ ydyeToM 3TUX (QOpMyJa H3oOparkawlive ypaBHeHHs IJs z(n) U
y(n) W mepelieM ¢ MOMOLIbIO OMEPATOPHBIX (HOPMYJ K OpUTHHAJaM (Tmpoje-
Ja#iTe cooTBeTCTBYIOUIHe BhiukcaeHus!). [Toaydum

s | (D) (Yt (222
vz e <M>H w0+ (@) +”a;d <_(a2+d))n1] y(0).

2
OTMeTHM BaxKHbIH YacTHBIH caydail. Ecan b = ¢ = 0, To KopHU OyAyT Kpart-
HBIMUA TIPU yCJOBUM, UTO a = d. [Ipyn BBIMOJHEHUU 3TUX YCJAOBUH pelleHHe
He OyZeT COfepKaTb CJaraeMblX C MHOXUTEJIEM 7.
dyHnamMeHTaNbHast MaTPULla UMEET BUI

n n—1 n—1
() s (252) ] o (25)
n—1 n n—1
—on () [(m;@) +ntt (<L) ]

C nomotbio pyHAAMeHTaNAbHOH MaTPHULbl pellleHHe HEOAHOPOAHOH CUCTeMBbI
3aMyCbIBAeTCSl B BUJE

G(n)=

2(n) = G(n)z(0)+ > _Gn—k)f(k—1), n>1,

rie z(n) = (z(n),y(n)) u f(n) = (fi(n), f2(n)).

Ynpaxuenue. [IycTb KOpHU S1, So XapaKTepPHUCTUUECKOTO YPaBHEHHUS SB-
JIIIOTCS KOMIIJIEKCHBIMU. B cu/ly BelecTBeHHOCTH KO3((PUIIUEHTOB CUCTEMBI
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3TH KOPHU OYIOyT KOMILJIEKCHO compsikeHHbIMU. [IpenctaBuTh pelieHue of-
HOPOJHOU CHCTEMBI B BeLIeCTBEHHOU (hopme.

Paccmotpum cuctemy

u(n+1) =u(n) + 3v(n),
o(n + 1) = u(n) + oln). (2.136)

[lepexonsi K U300paxKeHHUIO, MOJYUUM CHUCTEMY

su(n) — su(0) = u(n) + 3v(n),
sv(n) —sv(0) = u(n) + v(n).

3anuileM MoJaydyeHHYI0 CUCTEMY B BHJE

(s — Du(n) — 3v(n) = su(0),
—u(n) + (s — 1)v(n) = sv(0).

Beryucssiem xapakTepucTHYeCKHH MHoOroujeH cuctembl (2.136). [Toayunm

s—1 -3

. S_l‘:@—mf—3:§—as—2:0

CaefoBaTesbHO, 51 = 1+1/3, sy = 1 — /3. BeluncanuM onpenesuTesnu D1 (s)
u Ds(s):

Dy (s) zﬁgsii‘:s@—1mmy+%mm,
Ds(s) = ?;}Z%g‘zs@—lwmy+wm)

Orcrona cienyet, uTo H300pakeHHe pellleHUH UMeeT BUI

u(n) = %u@ e 500)

s s(s—1)

S —— — 2(0).
v(n) S2—28—2u< >+S2—2S—2U( )
Pasnarasi Ha npocTeiiiine 1poO6U BbIPAKEHHUS

s—1 1
s2—-2s—2" §2—-25s—2’

NOJIy4UM

s—1 1 1 1 111 1
s2-25—2 2|s—8 s—5| s2—25—2 2\/3|s—5 s—s9|
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Takum ob6pazom, hopMyJbl /51 pPellleHUH CUCTEeMBbl UMEIOT BUJL

w(n)= [(1 VB (1 \/5)”} u(0)

1 3 . .
5 to (1+V3)" = (1= v3)"| v(0),

v(n):% (143" — (1= V3| u(0)+5 [(1 4+ V)" + (1~ V3] ().

[Tonoxum u(0) = v(0) = 1. Torna peleHue NpUHUMAET BHUI

utn) = (5+ 55 ) 0+ VA + (5 505 ) - VAP,

2 23 23
v(n) = <% + %) (1+V3)" + (% — %) (1—V3)"
JIeFKO noaCyYuTaTb, 4TO | u(n)
fm Sy = V3

Takum o6pasom, cucrtemy (2.136) MOXKHO HCMONBb30BATH AJIsS TPUOTHKEHHO-
ro BBIYMCJEHHUS v/ 3, TaK KaK MocaenoBaTenbHOCTh u(n)/v(n), n=0,1,2,...
cxomutest K /3. Jlerko momcuutaTh, uto u(5)/v(5) = 1.733, a v/3 = 1.732
C TOYHOCTbBIO 10 YeThlpeX 3HAKOB.

Teneps BMecTo omHOpomHOU cucTeMbl (2.136) paccMOTPUM HEOTHOPOM-
HYIO CUCTEMY

u(n + 1) = u(n) + 3v(n) + n,

v(n+1) = u(n) + v(n) + n (2.137)

CDYHILaMeHTaJ'IbHaH MaTpHlLa OILHOpOILHOﬁ CHUCTEMbI UMEEeT BHU]

P [A+V3)" +(1=V3)"] 5 [+ v3)" = (1= V3)"]
o3 (L V3)" = (1 =v3)"] 3 [(1+V3)"+ (1 - V3)"]
(2.138)

[losToMy yacTHOe pelleHHUe HEOJHOPONHOH CUCTEMbl MOXKHO 3aMHCaTh B BU-
ae

S

G(n) =

L}

z(n) :zn:G(n—kr)f(k—l), n>1, (2.139)
k=1

rae z(n) = (u(n),v(n)), f(n) = (n,n%).
J1y1s1 BBIUKCJIEHUS] KOMIIOHEHT BeKTOpa z(n) HaM HeoOXOoUMO HalTh (op-
MYJIbl /11 CyMM

n n

Y aFk-1), > a"F(k-1)%

k=1 k=1
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roe a =1+ \/§ nima=1-— \/§ 7151 mepBOM CyMMBI OJly4aeM

n n

Zan—k(k )_Z n— k]{? Z n—k Zan—kk_;an—k.

k=1 k=1 k=0

YuuTbeiBasi KOMMYTaTUBHOCTb CBEPTKHU, MOCJeIHEE BbIPAXKEHUE MOXKHO 3aIU-
caTb B BHUJE

n

Z(n_k)ak_znk_nz Z an

k=0 k=1

Breluncnenue INOCJEAHUX TpeX CYMM MIPeaoCTaBJ/JIdeM HUTATEJIO. AHaJsoruyHo

Xn:an—k(k . 1)2 _ Zn:an—kk,Q . QZan_kk . Zn:an—k.
k=1 k=1 k=1 k=1

Jlasiee,
n n n
E an—kk2 — E an—ka — E (n . k)2ak:.
YnpaxHeHus.

3aKOHUHTb BBIYMCJIEHUE CYMM M TOJYUUTb SIBHblE BbIPaXKeHUS IJ51 KOM-
noHeHT BekTopa (2.139).
a) HAUTH pellleHWe CHUCTEMBbl YPaBHEHHUH

u(n+ 1) = 3u(n) + v(n),
v(n+1) = —4u(n) + Tv(n),

¢ HavyasabHeIMK yeqoBusamu u(0) = 1, v(0) = 3;
b) HaliTH pellleHHe CHCTEMBI

u(n+1) =3u(n) +v(n)+5", u(0)=
v(n+1) = —4u(n) + 7v(n) — 3, v(0)

C) PaCCMOTPHUM CHCTEMY

u(n +1) = au(n) + 3v(n), u(O) =
v(n+1) =u(n)+av(n), v(0)=

[TokazaTb, yto npu a > 0 mocjemoBatesbHOCTb u(n)/v(n) mpu n — oo
CXOIUTCH K \/3;

d) paccMOTpHUM cHCTEMY

u(n+1) =u(n) + No(n), u(0)=1,
v(n+1) =u(n)+v(n), v0)=1,
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raie N — HaTypaJdbHOE€ YHCJIO. HOKa3aTb, 4qTo

lim u(n) = \/N;

n—oo ’U(?’L)

e) HaUTH pelleHHe CHCTEMBbI

z(n+1)

y(n+1)
z(n+1)

2x(n) + 4y(n )—52( ) —cos,  x(0) =1,

y(n) +z(n) +n, y(0)=3,
—y(n) + 3z(n )—3” 2(0) = 1L;

f) HaUTH peureHrue CUCTEMbl M HCCJAEN0BATL IIOBEACHHE peﬂleHI/Iﬁ [IpH

n — 0o
r(n+1) = —z(n) +y(n) + 2(n), 2(0) = -1,

y(n+1) = =3y(n) + 2(n), y(0) =1,
z(n+1) = —4y(n) + z(n), 2(0

g) HaliTH pelleHHe CUCTEMBI

o(n+2) +2(n) +y(n) =0, 2(0) = (1) =2,
y(n+2) —a(n) +y(n) =0, y(0) = -1, y(1) = L

h) paccmotpum cucremy

z(n+1)=2x(n) —y(n), z(0)=-1
y(n+1) = 13z(n) — 2y(n), y(0)=3.

Haiitu x(100).

2.6.3. Bbruucaenue marpunbl A"

PaccMmoTpuM nonpoOHee CBOHCTBA pelleHUH OLHOPOAHOHM CHCTEMBI

z(n+1) = ax(n) + by(n),
y(n+1) = cx(n) + dy(n),

KOTOPYIO MO2KHO 34IIMCATb B BEKTOPHOM BH]E

z(n+1) = Az(n), (2.140)

A:<i2>.

[Ipennonaraercsi, uto omnpenenvdTesnb Matpuubl A He paBeH Hyiqw. [lycTb
z1(n) = (x1(n),y1(n)) 1 22(n) = (x2(n),y2(n)) — pewenns cucremsl (2.140).
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Torna HemocpencTBEHHO TMpoOBepsieTCs, UTO JIMHeHHass KOMOWHAIUsI
c121(n) 4 co29(n), TOE ¢1 U co — MPOU3BOJbHBIE YHCJIA, SBJSETCS pelleHHeM
cuctembl (2.140).
Pewenust 21(n) ¥ 29(n) Ha3bIBalOTCS JIMHEHHO HE3aBUCHMBIMH, €CJIH U3
paBeHCTBa
c1z1(n) + ca22(n) = 0,

rie O — HYJeBOH BeKTOp, cJenyeT, 4yTo ¢; = ¢o = 0. Cucrema (2.140)
MMeeT NBa JIMHEHHO He3aBUCUMBIX pellleHUs. DTUMU PELIeHUSIMU SIBJISIOTCS
cTonbubl u(n) U v(n) QyHmameHtanabHoil MaTtpuubl G(n). B camom nede,
MepBbI CTOJOEIl — 3TO pellleHHe ¢ HadajbHbBIMU ycjoBusMu z(0) = 1,
y(0) = 0. Bropoii cronbery — 3TO pelleHHe C HAYaJbHBIMH YCJIOBHSIMH
z(0) = 0, y(0) = 1 (IIlpoBepbTe 3710!). Peiienue z(n) cucremsr (2.140) c
HauaJbHBIMH ycaoBUAMHU (0) = ¢y, y(0) = ¢y TpencraBisieTcss B BHIE

z(n) = cu(n) + cv(n).

CanenoBartesibHO, Kaxkmoe pelieHue cucteMbl (2.140) sBasercs JUHEHHOH
KOMOWHAlMeld JTMHEMHO He3aBUCUMBIX PeLIeHHH.

HenocpenctBeHHo mpoBepsieTcsi, uTo peleHue cuctembl (2.140) moxHO
3amucarthb B BUJE

z(n) = A"z(0),

rae z(0) — BeKTOp HavyasbHBIX ycaoBUH. C/ienoBaTesNbHO, (PyHIAMEHTaNbHAS
Matpuia cucremsl (2.140) onpenensietcss popmysion

G(n) = A™.

[Tostomy BeluMcaUTb MaTpuuly A" mo matpulle A MOXHO CJAeIyIOLIHUM 00-
pasoM. 3amnucaTtbh COOTBETCTBYIOLLYIO 3TOH MaTpHlLEe CHCTEMY Pa3HOCTHBIX
ypaBHeHUH. HaliTW pellleHHe cHCTeMBI C MOMOILbID ONEPATOPHOTO METOAA.
dyHpaMeHTanbHas MaTpuUa U OyneT nNpeacTaB/siTh cobod martpuly A”.

Hanpuwmep, nyctb
13
a=(17)

COOTBGTCTBYIOLH&H CHCTEeMa HUMeeT BU

u(n+1) =u(n) + 3v(n),
v(n+1) =u(n) + v(n).

Bbhllle Mbl MOKa3asi, uto (pyHAaMeHTa bHasi MaTPHUIla STOH CHUCTEMBI OIpe-
nenasiercst popmysoi (2.138). [Toatomy

IO+ VE + (1= VE] S [0+ VA = (1= V)]

3

A= 0 var—a—var] T var s - var]
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YnpaxHeHus.
1. Beiuucauts A", ecau

1 2
a) A= ( 15 )

2 —1
b%4:<1-4>’

-2 -7
C)A:(1M 1)'

50 2 -1

2. Boiuncauts A°Y, ecan A = .

o —2

2.6.4. BpbruncieHne NogxoadamMX aApoden
AJiSl IepruoAUYECKON HempepbIBHOM Apodu
¢ mepuoaom [ > 2

PaccMOTpUM neproiuyecKylo HeMpepblBHYIO APOOb C MEePUOAOM 2

1 11111 _ @
2t 4+ 24+ 44+ 2444+ '

3nech (24) o603HayaeT, YTO HempepbiBHAs APOOb MepHOAUYecKast C MePHO-
oM 2 u nostopsitotes yncesaa 2 U 4. [lycte o — 3Hauenue 3Toél npodu. Torna
YMCJIO (v ABJSIETCS PellleHHeM yPaBHEeHHUS

1 1
o= —
244+«
WUJIU
4+«
o= .
9+ 2«
Orcroga nosy4yum, 4to o = —2+ V6. [TocTpouM mocsieoBaTeNbHOCTD Py, /Gn

NOAXOASAMX Npobel AJsi 3TOW npobu. PeKyppeHTHble ypaBHEHUS [Jis UUC-
JIUTeslel U 3HaMeHaTeJ/ed MOAXOASAIIUX NP0oOed UMEIT BUJ

DPont2 = 20241 + P2ns  Pon+1 = 4pan + Dan—1,
Gon+2 = 2Qon+1 + @2n,  Qn+1 = 4G2n + Q1.

[Tonoxum u(n) = pa,, v(n) = popr1. Torma nepBbie ABa PeKYPPEHTHBIX
ypaBHEHHUsI PUHUMAIOT BUJ

u(n+1) =2v(n) +uln), ov(n)=4u(n)+vn—1).
Bropoe ypaBHeHHe MOXKHO 3amucaTb B BHIE

v(n+1) =4u(n+ 1) + v(n) = 4u(n) + Yv(n).
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3amerum eite, uto u(0) = p(0) =1, v(0) = p(1) = 4. CnenoBaTenbHO, A5
OTBICKAHUSA (PYHKLUHUHU P2, Popt1 MOJYUHM CHUCTEMY YPaBHEHUH

u(n+1) =2v(n)+uln), ovn+1)=4un)+9(n), u0)=1, v0)=4.

AHanoruuHo, IJs1 OTbICKAHUSI PYHKUMH u1(n) = Gon, U1(N) = Gopy1 TOJTYIUM
CHCTEMY ypaBHEHHH, KOTOpasi OTJHUAeTCsl OT MpPeAbIAyllel TONbKO Hayasb-
HBIMH YCJIOBUSIMU

uy(n+1) = 2v1(n)+ui(n), vi(n+1) = duy(n)+9v1(n), ui(0) =2, v1(0) =9.

Pemaem nepByto cucteMy ypaBHeHMH. M3o0parkaruias cucrema ypas-
HEHUU UMeeT BUJ
(s — Du(n) — 2v(n) = s,
—4u(n) + (s — 9)v(n) = 4s.

Breluncasiem XapaKTepI/ICTI/ILIeCKI/Iﬁ MHOTI'OYJIEH

s—1 =2

A(s) = det 4 s—9

‘:s2—10s+1.

CaienoBatesibHO, KOPHU XapaKTEPUCTUUECKOT0 MHOTOYJIeHA PaBHbI
s1=5+2V6, s9=>5—2V6.

Borancaum onpenenurenu Di(s) u Dsy(s). Tlomydum

s =2 ] ls—=1 s | o
D1(s) = As 8_9‘—8 —s, Dy(s) = 4 us | T
Takum o6pasowm,
s(s —1) 4s*
U =g T "W g Ts 1
Pasnaraem Ha npocTteiiine npobu
s—1 S1 — 1 1 S1 — 1 1

(S—Sl)(S—SQ)_Sl—SQS—Sl S9 — 818 — S9
C24+V6 1 2—v6 1
2\/6 S — S 2\/6 S—Sg,

4s 481 1 481 1

S— S1)IS — SS9 _31—828—81 SS9 — 8518 — S
( )( )
C54+2v6 1 542V6 1
\/6 S— 81 \/6 S_SQ.
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[ToncraBasisi 3TH BBIpa)kKeHHs1 B M300paxeHUs: GyHKUMH u(n) U v(n) U me-
pexost K OpPUTHHAJaM, MOJyYHM

_2+\/6 n 2_\/6 n
u(n) = Vi (5+2v6)" — N (5 —2V6)

 5+2v6 . 5—2V6 0

M3o6pakeHue HyHKIUU u1(n) UMeeT BHUI

252
s2—10s+1°

ur(n) =

Pasnaras Ha HpOCTeI'/JIH_II/Ie ILpO6I/I H 1epexond K OpurruHaJaM, IoJgyduM

5+ 26 . 5-2V6 0
ul(n)— 2\/_ ( +2\/6) —W(5—2\/6)

Beluncaum npenen

2+4/6 2—6 n
T ORI e (P 2VE)" - TR (5~ 2V0)
noveeug(n) - nmee SEBI(5 4 9 /G)n — 2228 (5 — 24/6)"

Paspmenus Ha (5 + 2v/6)" u yeTpeMisis n — 00, NOJYUHM

un) _ 246 _ VOG-0 _ e

lim =
n—00 U1 (n) 5+ 2\/6 25 — 24

C/ienoBate/ibHO, MOCJAEI0BATENBHOCTD MOAXOAAUINX APOOEH poy, /G2, TOCTPO-
eHa.

YnpaxxHeHus.
1. Haiit v1(n) 1 nokasaTb, 4TO

i 2 _ o0 G

n—00 Uq (n)

2. TlocTpouTh moc/enoBaTeIbHOCTb NMOAXOASAIUX Apobel /s cjenyo-
IIUX HelpepbIBHLIX ApoOel

a)
1111 _

o= (36):
3+ 6+ 3+ 6+ (36);
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) 1 1
2 o3,
2+ 3+ (23);
% 1 1
Eﬁm:(m);
d)
1 1 —
Eﬁ'”_(ab)’

roe a ub — pa3arudHble HATypaJbHbIE YHCJIA.

PaccmoTprM nepuoarMyeckyro HENmpepblBHYI ApoOb ¢ MEePUOAOM 3

1 11 —
a=———...=(122). (2.141)
1+ 2+ 2+
BeluncauM cHauasa BelUM4YuHy «. M3 paBeHCTBa
11 1

o =
1+24+ 24«

HaXOOUM, UTO
o5+ 2«
o= .
7+ 3a

CuaenoBaTeJibHO,
302 + 50 —5=0.

[TosokUTENBHBIM KOPEHb 3TOrO ypaBHEHHUSI U aeT 3HAYEHHUe
-5+ V85
5 .

[TocTpoum mocsienoBaTeIbHOCTD MOAXOASILUX APOOei p,/q,. PekyppeHTHbIE
ypaBHEHUS [/ MOAXOASLINUX NpoOed UMEIT BUJL

«

P3n+1 = P3n + P3n—1, A3n+1 = G3n T 43n—1,

Pan+2 = 2P3n+1 + D3n, Bn+2 = 2G3n+1 + Bn,

P3n+3 = 2D3n+2 + P3n+1, G3n+3 = 2q3n+2 + @3n+1-
[Tonoxkum

r(n) = psn—1,  Y(n) = p3n,  2(n) = Pan.
[lonyuum cuctemy ypaBHeHHM
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[ToncraBsisiemM 3HaueHue z(n) M3 MEPBOrO ypaBHEHHS BO BTOPOe U TPeTbe
ypaBHenus. [lonyunm cucteMy M3 IBYX YpaBHEHHH

z(n+ 1) = 2x(n) + 3y(n),
y(n+1)=5z(n)+ Ty(n).

Hawm yno6Ho B KauecTBe HauaJbHBIX YCJOBUH B3siTh 3HaueHus (1) = py = 2,
y(1) = p3 = 5. [Moatomy nosmoxum u(n) = z(n + 1), v(n) = y(n + 1).
[lonyuum cucremy

u(n + 1) = 2u(n) + 3v(n),

v(n+1) =5u(n) + 7v(n), (2.142)

u(0) =2, v(0)=>5.

Nzobpaxaroias cucrtema s (2.142) nmeeT BUA

(s —2)u — 3v = su(0) = 2s,

—5u+ (s — 7)v = Bs. (2.143)

XapakTepUCTHUECKHH MHOrodsieH 3Toi cucteMbl p(s) = s> — 9s — 1. Ero

KOPHH
9485 ~9—&5
= —2 , S9 = —2 .
Pewas cucremy (2.143), nonyuum usobpaxkeHue GyHKUUE u(n) U v(n):

S1

s(s —7)2+ 15s
s2—9s—1 "~

s(s —2)5 — 10s

u(n) = s2—90s—1

v(n) =

[Ipomo/mxuM BbIYHCIeHHe TONBKO (PyHKUUH u(n). PasnoxeHnne Ha mpocred-
e ApoOU UMeeT BUJ

(5-72+15 _(51=7)2+15 5 (2-T72+15 s
s2—-9s—1 N S1 — S92 S — 51 S9 — 81 S—Sl.

u(n) =s

[lepexonst K opuruHaJam, MNOJyUYUM

10 + /85 10 — /85
2/85 21/85

[TpoBonst aHa/OrMUHbIE BBIUMCAEHHS CO 3HAMEHATeJsIMH TOAXOASIIUX APO-
6el, MoJay4uM

(9+V/85)" — (9—V/85)".

u(n) =xz(n+1) =pBn+1) =

3(9 + v/85)

1 L 3(9—/85)
Gn+1 = 5 | = = = N
2| 2V85

(9 + v/85) N

(9 —V/85)"] .
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OTCIOILa CJIeNYyEeT, 4TO

11m = .

=00 (3n41 6

CJ/ieoBaTesIbHO, MOCJAEN0BATENbHOCTD OAXOASAMIMUX APOOEH P3y,i1/G3n+1 TO-
CTpOeHa.

YnpaxHeHus.

1. Haéitu ps,io, @302, P3nt3, (3nes AJS HENIPepBIBHOM npodu (2.141).

2. TlocTpouTh MOCJEM0BATENBHOCTH TOAXOASAIINX NPOOEH NJs Clenylo-
IIUX MEePUONUUECKHNX HEMpephiBHBIX APOOeH ¢ mepruoaom 3

a)
111 __

— ... = (211);
24+ 14+ 1+

b)
1 1 1 __
442+ 1+

c)
1 1 1 _
___...:(12);
24+ 1+ 2+

d)
1 1 1 S
.= (ab
a+ b+ c+ (abe).

roe a, b U1 ¢ — HaTypaJbHble YUCJA, IPUUEM MO KpalHeHd Mepe ABa 4HUCJa
pa3JIMUHBI.
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