MunuctepcTBO 06pazoBaHusi U HaykKu Poccuiickoit Penepanuu
fApocnaBckuil rocynapctBeHHbld yHUBepcuTeT uM. [1.I'. [lemunosa

C. . I'me13un, A. IO. KoJecos

METO/I KBASUHOPMAJIbHbBIX ®OPM

Yuebroe nocobue

Pexomerdosaro
Hayuno-memoduueckum cogemom yHusepcumema
oas cmydenmos, obyuaroujuxcs no cneyuaiviocmam Mamemamuka u
[Ipuxkaradnas mamemamuxa u urgopmamuxa

HpocJiABJIb 2011



YIK 517.925+517.928
BBK 3 965.65 73
I 55

Pexomerndosaro
Pedaxuyuonrno-uzdamesvckum cogemom yrusepcumema
8 Kauecmae yuebroeo uddarnus. Ilran 2010 /2011 yuebroeco coda

PenieH3eHTHI:
Co6osieB B. A., nokTop (pU3HKO-MaTeMaTHYeCKUX Hayk, mpodeccop;

Kadeapa NpUKJIaLHOU MaTeMAaTUKH U BBIUMCJIUTEJbHOM TEXHUKH
fpocaaBckoro rocygapcTBEeHHOTO TEXHUUECKOr0 YHUBEPCUTETA

Inei3un, C.JI. Meton kBasuHOpMasbHBIX (DopMm: yueGHOe mocobue /

C. [I. T'nbisun, A. O. Kosecos; fpoca. roc. yu-T. um. [1.T'. Jlemunosa. —
[ 55 Spocnasas: dpl'Y, 2011. — 104 c.

ISBN 978-5-8397-0803-7

M3noxeHa Teopusi KBa3UHOPMaJbHBIX (DOPM B MPUJOKEHUH K Kpae-
BbIM 3a/a4aM MapaboJiiyeckoro U runepOoJndecKoro TUIOB U audde-
peHIIMaJbHBIM ypaBHEHUSAM ¢ OOJbIIMM 3anasfapiBaHueM. [IpuBoauTcs
3((PEeKTUBHBIK AJTOPUTM IMOCTPOEHUS KBA3MHOPMAJIbHOU (DOPMBI U BbI-
YUCJIeHUS ee KO3((PULIUEHTOB.

YuebHoe nocobue npeaHa3HAYeHO [Ji CTYAEHTOB, 00y4aloUIUXCs M0
cnenunanbHocTaM 010100 Marematuka v 010200.65 Ilpuknannasi ma-
TeMaTHKa U UHpOpMaTHKA, AUCHUIINHA «HUCTIeHHble MEeTObl aHa 13a
nuHaMudeckux cuctem» (6s0k JIC), ouHo# dopmbl 06yUeHuUs.

Puc. 4. bubauorp.: 64 HasBs.

YK 517.925+517.928
BBK 3 965.6a 73

ISBN 978-5-8397-0803-7 © HpocnaBckui
TOCYNapCTBEHHbIH YHHUBEPCUTET
um. I1.T. Ilemuposa, 2011



OruaaBJjeHnue

Beenenue 4
1. KBasuHopmaJjbHbIe (DOPMBI CHCTEM NMapadoIUYeCKOro THIA 7
1.I. ANTOpPUTMHUECKAS YACTb . . . . . o« v v e e 7
1.2. OCHOBHOH PE3YJBTAT . . . . .+ o v v ettt e e, 12
1.3. Tlpumep ypaBHeHUS XaTUHMHCOHA . . . . . . . . . . . . . . . .. 22
2. Mertoa KBa3uHOpMaJbHbIX (hOopM B 3agadyax

runep0oJIuYeCcKoro Tumna 33
2.1. BeolcokomonoBas 6ydepHocts B RCLG-nvHuu . . . . . . . . . . 33
2.2. {Bnenue 6ydpepnoctu B RC LG-TUHUM C MaJbIMHA UCKaxKeHUsIMH 39
2.3. ABtokosebanus B cucteMe Burtta mnpu

pPE30HAHCHOM CIIeKTpPe COOCTBEHHBIX YaCTOT . . . . . . . . . . . 44
2.4. 3aKJIOUWTENbHBIE 3aMEYAHHUS . . . . . . . . . . ... 51

3. Metoa KBa3suHOpPMaJbHBIX (OpPM AJSl CHCTEM
C 3ama3JbIlBaHUEM 59
3.1. TloctaHOBKa MPOGAEMBL . . . . . . . o . v v v e e 59
3.2. OCHOBHOH PE3YABTAT . . . « © « v v o e e e e e e e 62
3.3. MokasartenbcTBO Teopembl 3.1 . . . .. . . ... ... ... .. 73
3.4, 3aKJIOUEHHE . . . . . . . o 94
JIuteparypa 98



BBeneHue

B konne 19 — nauase 20 Beka A. [lyankape mocTaBus 3afayy KauecCTBEH-
HOT'0 aHanausa nud@epeHlnanbHbIX ypaBHEHUH. YCIeXH COBPEMEHHBIX MaTeMa-
TUYECKUX TEOPHUH, KaCaIOLMXCS UCC/AeI0BAHUS NTOBEEHHUS HEeJIMHEeHHbIX AUHAa-
MHUYECKUX CUCTEM, TaK WJM UHAUe CBSI3aHbl C PellleHheM UMeHHO 3TOH 3a[auH.
B pany HMHCTPYMeHTOB, pa3pabOTaHHBIX [J/5 KaueCTBEHHOTO aHa/M3a CUCTEM
HeJIMHEUHBIX NTU(ppepeHUHaNbHbIX YPaBHEHUH, BA2XKHOE MECTO 3aHUMAaeT MeTOJ
HopMaJsbHBIX QopM. KMnes metona Oblia BeickazaHa IlyaHkape B ero guccep-
TAallUU U COCTOSAJIa B HAXOXKIEHHUH TAKOIO KJlacca aBTOHOMHBIX IHHAMHYECKHUX
CUCTEM, KOTOpble MOXKHO OblJIO OBl C MOMOILBIO CMELHAJIbHBIX 3aMEH CBECTH K
JuHedHbIM. Ha aToM nmyTH OBlJIO BBeeHO MOHATHE PEe30HAHCHOCTH COOCTBEH-
HBIX 4YMCeJ MaTPULlbl JUHEHHOH 4YacTH CUCTEeMBl M JOKAa3aHO, YTO B CJyuae
OTCYTCTBHSI TAaKUX Pe30HAHCOB cBeleHHe Bo3MoxkHO. [loznHee A. [losnak Bbl-
MOJIHAJ 0000LIeHe 3TOTO Pe3yJibTaTa Ha Pe30HAHCHBIM Cydal M MoKasaJ, 4To
B 3TOW CHUTyalLHUHW NPOCTEUIUIMM BHUIOM NPe0OpPa30BAHHOH CHUCTEMBI SBJSETCS
BbIpaXKeHHe, colepxKalllee B MPABOM 4aCTH, HApPALY C JUHEHUHBIMH CJlaraeMbl-
MM, ellle U He YHUUTOXKaeMble 3aMEeHAMU Pe30HAHCHBIE YJleHbl. TaKylo CUCTeMY
Ha3blBAlOT HOPMaJIbHOU (POPMOU, U €e MOCTPOEHHE I103BOJSAET YCIELIHO IpPo-
AHAJNU3UPOBATH JOKAJbHYIO AUHAMUKY U3ydaeMOW CUCTEMBI.

OnHako MO-HACTOSILLEMY JAEHCTBEHHBIM METOA HOPMaJbHBIX (DOPM CTaJ
nocjae pador, npuHagaexamux H.M. KpeioBy, H.H. boronwo6oBy u
IO. A. Murtponosbckomy [2,43,48], B KOTOpbIX paspabaThiBaJuCh aCUMIITOTH-
yecKrWe MeTONbl HeJUHeHHbIX KosebaHuil. Hopmanuzauus nuHaMHUYeCKOH CH-
CTEMBI Ha YCTOMYHMBOM HHTErPaJbHOM MHOTOOOPA3HH MO3BOJISIET BBIIEJUTD CH-
CTEeMY MaJiOH pa3MepHOCTH, OTBEYalolllyl0 3a JOKaJbHble CBOHCTBA UCXOMHOU
cucteMbl. B Hacrosiliiee BpeMsi MeTOAy HOpPMaJbHBIX (hOPM MOCBSIIEHO 6OJIb-
I110€ YKCJIO Pa3JMYHBIX UCCJIE0OBAHUM, OTMETHM 31eCh JiHIIb [3,4,9,57,58,64].

CkazaHHOe Je/aeT akTyaJbHOHW pa3pabOTKy MO BO3MOKHOCTHU OoJiee 3KO-
HOMHOT'0 a/JiTOPUTMa MOCTPOEHUS] HOPMaJIbHOH (hOpMbl. 3aMETHUM, UTO HauboJee
MHTepeCHbIe BbIBOAbl O KaueCTBEHHOM TOBEJEeHUH MOJYUa0TCs MPU U3MEHEHUU
napaMeTpoB JUHAMUYECKOH CUCTEMbl B OKPECTHOCTH KPUTHUYECKHUX 3HAUEHUH, B
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3TOM CJyyae BeJMUYHMHA HAAKPUTUYHOCTH CJY>KUT €CTeCTBEHHBIM MaJiblM Mapa-
METPOM, MO KOTOPOMY yHOOHO CTPOUTb aCHMNTOTUYeCKHe (DOPMYJbl YCTOHYM-
BbIX pelleHUH M3ydaeMoH 3aiadd. B To ke BpeMs HOpMaJsibHas (hopMa CTPOHUT-
CSl AIMEHHO MPU KPUTHUYECKHUX 3HAUEHHUSIX MMapaMeTpoB, MO3TOMY BIOCJEACTBUU
BO3HMKAET 3aJa4ya TaKOro MaclTabHpOBaHUSA BO3MYLIEHHOM HOpPMaJibHOU (hop-
MBI, YTOOBI MTOJNIyYeHHasi CUCTeEMa MorJa ObITb yIOOHO MPOAHAJU3UPOBaHA, Ha-
MpUMep, YUCJEHHBIMH MeToiaMM. B moco6uu [7] mpennaraeTcss ajJroputM, B
XOJle BBINIOJIHEHHSI KOTOPOr0 YKOpOYeHHasi HopMaJsbHasi (opma BO3HHMKaeT W3
YCJOBUM Pa3peliuMOCTH AJS1 OLHOrO M3 CJaraeMblX HOPMHUpPYIOLLEH 3aMeHHI,
IPA 3TOM OHa YK€ OKa3blBaeTCsl MOAXOASALIMM 00pa3zoM MaclITaOHPOBAHHOU
M0 BXOASILIMM MepeMeHHBIM.

B 6o/1p110M UKc/Ie MaTeMaTHYeCKUX MOJiesIed, TPOCTPAHCTBO COCTOSHUU KO-
TOPBIX O€CKOHEUHOMEPHO, €CTeCTBEHHBIM 00pa30M BO3HHUKAeT CUTyalusl, KOraa
B 33/1a4e 00 YCTOMUHMBOCTH pelleHUH TaKoW MOAeJH HMeeT MeCTO 0eCKOHeYHO-
MepHOe BbIpOXKJAeHHe. Takas CHUTyalMs BO3MOXKHA B KPaeBbIX 3aJadax Mapa-
00JIMUECKOr0 U TUnepOoJUUeCKOro TUIOB, a TaKXKe B YPaBHEHUSX € OOJbLIUM
3anasblBAaHUEM.

OTMeTHM, UTO B cJydyae KOHEYHOMEPHOTO BBIPOXKIEHHS [aKe B CUTyalluH
ypaBHEHUH ¢ pacrnpefesieHHbIMU MapaMeTpaMyd MOXKeT ObITb 0OOCHOBAaHO IMpH-
MeHeHHe KJ/AaCCHUYeCKHX MeTONOB HeJUMHEHHOro aHaln3a — TeOpeMbl O LeH-
TpaJbHOM MHOT000pa3WM M MeTOAa HOpPMaJbHBIX (POPM, KOTOpble MPHUBOASAT
K CUCTeMaM OOBIKHOBEHHBIX IH((epeHUHaNbHbIX ypaBHeHUH. EcTecTBeHHO
MPeIOJJOXKUTh, UTO NPU O€CKOHEUHOMEPHOM BBIPOXKAEHHUH, MO0Jb3YySICh aHAJO-
THYHBIMU aJITOPUTMAMH, MOXKHO MOJNYYUTh GeCKOHEUHOMepHble CUCTEMBI YPaB-
HEHUH, a 3aTeM NIPUBECTH UX K HEKOTOPBIM KPaeBbIM 3a7a4aM, YCTOUUHUBBIE UJH
JUXOTOMHUYHbIE PEXHUMBl KOTOPBIX UMEIT COOTBETCTBHEM PEXHMbI HUCXOMHOH
CUCTeMBbl TOW K€ YCTOMYHUBOCTH.

Bo3HHKaeT 3aKOHOMEpHBIM BONPOC O TOM, MOXKHO JIM TOJYYHUTb HEKOTO-
pble MpOCTeHIlINe HeJUHEHHble KpaeBble 3a7a4d B pe3yJbTaTe Npolecca HeKOU
«(popmasbHOH HOpManusauuu». Hauunaa ¢ I'. Xakena, aTomy Bompocy yne-
Jsid GoJibllloe BHUMaHHe [54], mpuyeM 0OBIYHO @ priori CUMTANOCh, YTO pe-
IIEHHS UCXONHOW NMHAMHUYECKOH CHUCTEMBI 3aBUCAT OT «OBICTPBIX» U «MeMJeH-
HbIX» [ePEMEHHBbIX, a CaMa CHUCTeMa pacCMaTpuBaJ/jach B OKPECTHOCTH TOUKH
KaKoU-HUOYyb 6udypkauuu. [lanee npoBoaua0Ch yCcpeiHeHHe 10 ObICTPBIM Te-
peMeHHBbIM, B pe3ysbTaTe KOTOPOTO MOJYy4YasJoCh MOAEJbHOE ypaBHeHUE, 3aBU-
csilllee TOJIbKO OT MeJJIEHHBbIX NepeMeHHbIX. TakKuM crnocoOoM OblIU BbIBEJEHHI,
HanpuMep, ypaBHeHue ['mH30ypra—Jlannay

gt = %OSILE + %15 - %2|£|2£7 (1>



6 BBenenue

rae &(t,x) — KOMILJIEKCHO3HAUHAsl CKaJjsipHasi QYHKIHMS, a 3, 3, 9 — KOM-
MJIEKCHBE MOCTOSIHHbIE, YIOBJeTBOpsIolMe ycaoBuio Re(s) > 0, j = 0,1,2
(cMm. [61,62]), a Takxke ypaBHeHHe Kypamoro—CuBamuHcKoro [63], umeromree
BUJL

U + Uy + QUgy + Bumxxa: = 07 (2)

roe S > 0, a 3HaK mapameTpa a MPOU3BOJIEH.

Crporuéi mMmaTeMaTHyeCKWH BBIBOA ypaBHeHus (1) u3 ucxomHoH mapabosiu-
YEeCKOWM CUCTeMbl C MaJbIMU KO3(pPuUUeHTaMH OTUPPY3UU NPEeANpUHAT B pa-
6otax [37-39]. Ilo otHowenuo K 3Tomy ypaBHeHuwo [O.C. KosecoBbiM Obia
MpeNJioKeH TEPMUH «KBasWHOpPMaJbHasi (opMa», a caM METOM, UCIOJIb30BaH-
Hbli B YKa3aHHbIX paboTax, MOJYy4YWJ Ha3BaHUE MeTONa KBAa3WHOPMAaJbHBIX
¢opm. C momouibl0 3TOro MeToAa BMOCJAEACTBHUH YAAJ0Ch NaTb CTPOTHMU Ma-
TeMaTHUeCKHH BBIBON U ypaBHeHHUsd (2) (cm. [25]).

CyMMHpysi BCce CKas3aHHOe, MPUXOAWM K BBIBOAY, YTO OOBEKTOM MeETOAA
KBAa3WHOPMaJbHbIX (DOPM B MPUHIMIIE MOXKET CTaThb Ji00as CUCTeMa C MaJiblM
napameTpoM &, B 3agadye 00 yCTOMUMBOCTH HYJIEBOTO MOJIOXKEHHS PABHOBECHS
KOTOpoH mpu € = (0 peanusyercsd OeCKOHeUHOMepHOe BhIpokKAeHHe. CaMm xe
MeTol pa3buBaeTcd Ha ABa 3Tana. Ha mepBoM HM3 HUX K UCXONHOH CHCTEME
NpUMeHsieTcs npouenypa (popmajbHOH HOPMaNU3alMH, Pe3ynbTaTOM KOTOPOH
OKa3bIBaeTcs HeKasi MojeJsbHasi cucteMa (KBasuHOpMaJsbHast dopma). DTa CH-
CTeMa yxXKe He CONepPKUT MaJIoro rapamMeTpa U MOXKeT MPeACTaBJAsATh COO0M Kak
ypaBHEHHEe B YACTHbIX MPOU3BOJAHBIX, TAK U CYETHYIO CHUCTEMY OOBIKHOBEHHBIX
ypaBHeHUH. TunuuHble MpUMepbl TAKOTO Poja MpeACTaBJeHbl B IJ1aBe 2 U J.

Bropo#l 3Tan MeTona KBasMHOPMaJbHBIX (POPM — MOJyUeHHUE CePUU CTPO-
TUX Pe3y/NbTaTOB O COOTBETCTBUH MeXIY CHEeLHaJbHBIMU CTALLUOHAPHBIMU pe-
>KHMaMH{ KBasWHOPMaJbHOM (POPMbI M MCXONHOH CHUCTeMBI (KakK MPAaBUJIO, PeUb
MIET O UUKJIaX UJIH TOpax).

Marepunan nocodrs pa3bUT Ha TPH IVIaBbl, B IEPBOU U3 KOTOPBIX M3J1araeTcs
¢opManu3M MeToia KBAa3WHOPMaJbHBIX (DOPM B NMPHMEHEHUH K MPOCTeHIIeMy
caydaro OeCKOHEYHOMEPHOTO BBIPOXKIEHHUS — 3ajade peakUUsaI—AUPPy3us C
11U Py3UOHHBIM UYJIEHOM, CTPEMSIIUMCS K HyJqt0. Bo BTOpo#i riaBe MeTon KBa-
3MHOPMaJIbHBIX (POPM NpPHMeHsieTCsl K 3ajadaM TurnepOoJnyecKoro THUMa, pac-
CMOTPEHO HECKOJIbKO COMepKaTeJbHbIX MPUMEPOB M3 PaAUO(PU3UUECKUX TPH-
Jo)KeHUH. B TpeTbel ryiaBe o0CyxaaeTcsi ypaBHeHHe ¢ OOJbLIMM 3ana3/blBa-
HUEM, pacCMaTpPHUBaeTCs 3a4aya CBeleHUs 3TOr0 YPaBHEHHUs K KPaeBOH 3ajaye
napabosnyeckoro tuna. MssnoxxeHue BeneTcs Ha NpUMepe pagrdopU3NUeCcKOH
CUCTeMBI C OOJIBIIMM 3ana3iblBaHHUEM, KOTOPOe peasu3yeTrcs 3a CYeT AJHUHHOU
JIMHUU B LleNd 0OpaTHOHU CBSI3H.



I'naBa 1.

KBasuHopmaabHbIie (POPMBI
CHUCTE€M MapadoJnu4YeCcKOoro
TUIIA

B nepBoii riaBe moco6usi, HAMMCAHHOKM C MCIOJIb30BaHHUEM Pe3Y/IbTaTOB pa-
60T [5,39,40,42], conepKUTCs HU3JI0XKEHHE aJrOPUTMHUECKOH YacTH MeTona
KBa3WHOPMaJibHbIX (DOPM B TPOCTEHIIEM CJydyae CHHIYJISIPHO BO3MYILEHHbIX
KpaeBbIX 3ajad MapaboMYecKOro THIIA, PACCMOTPEHBI HECKOJbKO COpeprKa-
TeJIbHbIX MPHMEpPOB.

1.1. AaroputmMuueckas 4acThb

Jlns onucaHus aqropuTMHUECKOH 4acTH MeTOfAa KBa3WHOPMaJbHBIX (hOpM
U3J02KUM CHauya/jla MeTOAMKY IOCTPOEeHHsI OOBIYHOW HOPMaJibHOM (pOpMBI Ha
YCTOMYHMBOM HMHTErpajbHOM MHOro0Opasvu B CJydae KOHEYHOMEPHOIO BBHIPOXK-
neHus (cM., Harmpumep, [7]). YTouHMM cHayasa MOCTAHOBKY 3ala4yM U YCJIOBHUS,
HaKJaJblBaeMble Ha Mofe/bHYI0 cucTeMy. IlycTe 3anaHa cuctema

U = (A0+€A1)u—|—F2(u,u)—|—F3(u,u,u)—|—..., (1.1)

OOBIKHOBEHHBIX AU epeHUHa bHbIX YpaBHeHUHM B R" ¢ MasblM napameTpom
e > 0, ynoBJseTBOpAIOILAS CACAYIOLMM CTaHAAPTHBIM OU(PYPKALMOHHBIM Orpa-
HUYEHHUSAM:

1) matpuua Ay UMeeT Ha MHUMOH OCH m Map MPOCTBIX COOCTBEHHbIX 3HaUe-
HUH tws, ws > 0, s = 1,...,m (oCTaJbHble ee TOUYKU CIEKTPa MpearnoJaraem
JIeXKAlIMMH B KOMILJIEKCHOH mostymiockocTd {A : ReA < 0});
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8 I'naBa 1. KBasuHOpMaJibHble ()OpMBbI CHCTEM MapadoJM4eCcKOro THIA

2) [/ 4acTOT wg BBIMIOJHSIOTCS YCJOBUSI HEPE30HaHCHOCTH
Ws £ niw1 +nows + ++ - + Ny, Ss=1,...,m, (1.2)

rae (ny, ..., MNy,) — MPOU3BOJIbHBIN [eJ0YUCIEHHBIH BEKTOP, YA0OBJIETBOPSIOMINHA
HepaBeHCTBaM
2 < |n1\+|n2\+---+|nm| < 3; (1.3)

3) Fy(u,u), F3(u,u,u),... — KBagpaTu4yHasi, Kyoudeckast U T. 1. ()OPMBI.

[Ipu cnenaHHbIX HomylleHUsX aBToKosebaHus cuctemsl (1.1), 6udypuupy-
IOLLHME U3 ee HYJEeBOro COCTOSIHUA paBHOBeCHd IpU € > 0, OyfeM UCKaTb B BUIE
opMasibHOrO psifia MO LEJbIM CTEMEHSIM /¢;

w=euy(t,7) +cur(t, 7) + e Pus(t,7) + ..., T =et, (1.4)

rie m )
Uy = Z [fsas exp(iwst) + Esas eXp(—iwst)]. (1.5)
s=1
3nech as, s = 1,...,m — coOCTBeHHble BEKTOpPbl MaTpullbl Ajy, oTBeualiue
ee COOCTBEHHBIM 3HaUYeHHUSIM iws; U HOPMHPOBaHHbBIE YCJOBUAMHU (ag,bs) = 1,
(as,b5) = 0, s = 1,...,m, rne Ajbs = —iwsbs, a (*,%*) — €BKJUIOBO CKa-
asipHoe npousBeneHue B C"; £ = &,(7) — moka mpousBoJbHbIE (MOIJIeXKAlINe
OnpefieJIeHHI0) KOMIJIEKCHbIE aMIJIUTY/bl; Bce QYHKUUH uy, k > 1, — TpHro-
HOMEeTPUYECKHE TIOJMHOMBI TIePEMEHHBIX wit, . .., Wyt.
[ToncraBasiss cootHoenus (1.4), (1.5) B ypaBHenue (1.1) v npupaBHUBaS
c/leBa U cripaBa KO3 (HUIIUEHTHI MIPH €, IJIs1 OTHICKAHUS x TToJydyaeM JUHEHHYIO
HEOJHOPOAHYIO CHCTEMY

1,
% — Aouy = g1(t, 7), (1.6)
rae
91 = Z [Fz(as,ak)és&c exp(i(wy+wi)t)+Fy(as, ai)EsEr exp(i(ws—wp )t)+
s,k=1

+ FZ(a_& ak)gsgk eXp(i(wk - ws)t) + FQ(d& a_k:)ésék eXp(_i(ws + Wk)t) )

a mepeMeHHas T paccMaTpuBaeTcsl Kak mnapametp. M3 ypaBnenus (1.6) ¢yHk-
LMl x1 ONHO3HAYHO OMpEeJsieTCs B TOM 2Ke BHJE, YTO U HEOTHOPOIAHOCTDb ¢,
T. €. B BUJie CyMMbl HYJIEBBIX U BTOPBIX FapMOHMK TePEeMEHHBIX wit, .. . ,wnt.
[TonyepkHeM, YTO BO3MOXKHOCTb TaKOrO OMpeleseHHst obecrneunBaeT rpyrmna
ycloBUE HepesoHaHcHOCTH (1.2), oTBeuaromas caydaw |ny| + - - + |n,| = 2.



1.1. AsnroputmMuyeckasl 4acTb 9

[IpupaBHsieM 3aTeM KO3((HUIMEHTH NpU cTemeHu /2. B pesynbrate s

up TIPUXOAMM K aHasorudHomy (1.6) ypaBHeHMIO, HO C HEOZHOPOTHOCTBIO ¢o,
SIBJSIIOLLEHCS CYMMOH MepBBIX U TPeTbUX FapMOHHUK. B TakoMm xe BHIe HILEeM
1 us(t, 7). OnHaKO 31eCh BO3HMKAET HOBBIH MOMEHT: AJIl aMIUIUTYH (PYHKLUUH
Uy TIPU NEPBBIX TAPMOHHUKAX I0OJyYAKTCH BBIPOXKIEHHbIE JIMHEHHbIE HEOLHO-
poIHble anredOpavyeckue ypaBHEHHS, a yCJIOBHUS UX Pa3pelldMOCTH 3a4aloTcCs
paBeHCTBAMHU

(9275(7),63) =0, s=1,...,m, (1.7)
rue gos — KO3(QUIHMEHTH HEOTHOPOLHOCTH ¢ TPHU eXp iwst. DTH YCJIOBHUS
MPUBOJST, B CBOIO OYepellb, K CHCTeMe BUa

%:[(Aa b)+§m:d |5|2}5 s=1,...,m (1.8)
dr 1Us, Us L sk|Sk S9 PIRIEILI) ) .

IS HAaXOXKIEHHsl HeM3BECTHBIX aMIMTYL & (Ipu 3ToM &, yHOBJETBOPSAIOT
KOMIIJIEKCHO COTIPSI?)KEHHBIM yPaBHEHHSIM).

1 HakoHnew, ocTaeTcsi n006aBUTb, UTO €CJM B KauyecTBe (DUTYPUPYIOLIHUX
B (1.5) dynkumit & = &(7), s = 1,...,m, BbIOPAHO TPOM3BOJILHOE pellle-
Hue cuctembl (1.8), To MONHOCTBIO ONMpenessiTCs BCe TPU BHIMUCAHHBIX B (1.4)
cnaraeMblx. JleficTBUTe/IbHO, ONHO3HAUHYIO Pa3pelIMMOCTb JIHHEHHBIX HEOQHO-
POAHBIX anrebpaudyeckuX ypaBHeHUU MJi KOI(PDOULIHMEHTOB (PYHKLUHUH Us TPU
TPeTbUX TFapMOHMKaX 00ecreyuBaloT OCTABLIMECS YCJOBHUSI HEPE30HAHCHOCTH
u3 (1.2), (1.3), oTBeuatouue caydaw |ni| + --- + |n,| = 3.

Heckosbko oTcTymnasi oT 06IIeNnpUHATON TepMUHOJMOTHH, cucTeMy (1.8) Ha-
30BeM HopMaJbHOH (hopmoil ncxomHoro ypaBHeHusi (1.1). Tlomo6HOoe HasBaHMe
OMpaBJaHO TeM, UTO UMEHHO OHa OTBeyaeT 3a OM(YpPKALHH LIUKJIOB U TOPOB
3TOro ypaBHeHHUs. [sig Toro uto6sl cpOopMynHpoOBaTh 3[€Ch CTPOTUH pe3ynbTar,
nepetineM ot (1.8) Kk BcromoraresbHOH cucTeMe s 1, = |£,]?:

dns
dr

= [as"‘zasknk}ns; s=1...,m, (1.9)

k=1

rie a5 = 2Re(Ajas, bs), ag = 2Redg;. [pennonoxum, urto cucrema (1.9)
MMeeT HEKOTOPOEe COCTOSIHHE PaBHOBECHS

ns, =p; >0, j=1,...,p; ns=0mpu s #sj, (1.10)

rne p<m, 1 <s <8 <---<s5, < m — IPOU3BOJNBHO (PUKCHPOBAHHBIE
HaTypaJ/JibHble yucsaa. Torma HopMmasbHas dopma (1.8) nmeer, odyeBHAHO, p-
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MEPHBIM aBTOMOZEJIbHBIM TOP BUIA

&, (1) = /pjexp(ityT), j=1,...,p; & =0mpus#s;, (1.11)
rage

p
Y; = Im (Ayas,, bs,) + Zpklmdsjsk, j=1,...,p.

k=1
[ToncraByisisi, najiee, KOMIIOHEHTBI 3TOTO TOpa B INEPBblEe TPH CJaraeMbiX psijia
(1.4), moayuuM NPUOIHAKEHHBIE (C TOYHOCTBIO N0 £2 MO HeBs3Ke) HHBAPHAHT-
HBIH Top ncxonHod cucteMbl (1.1). Tem caMbiM BO3HHKaeT BOMPOC O CYILIECTBO-
BAaHUHU W YCTOWYMBOCTU COOTBETCTBYIOIIErO eMy TOUYHOI'O MHBAPHUAHTHOIO TOPA.
OTBeT Ha Hero faeT cjaenyloilee yTBepxkaeHue (cMm. [7]).

Teopema 1.1. [Tycmo cucmema (1.8) umeem p-meproiii agmomooesvHblil mop
suda (1.11), axcnoneruuarvHO OPOUMALLHO YCMOUUUBLLL UAL OUXOMOMUY-
notil. Toeda no awbomy HamyparvHomy | moxcHO ykasame makoe docma-
mouno manoe g > 0, umo npu 0 < ¢ < g, ucxoonas cucmema (1.1) umeem
p-MepHbLll UHBAPUAHMHDBLLL MOP MOU e ycmouuusocmu, 3a0aroujuLics pa-
gercmeamu

p
u=vEY  /pjlas, explip;) + a,, exp(—ig;)] + cu.(p, ),

j=1 (1.12)
d
v et + 3%, (g, €).
dt
3deco p=colon(pi,...,p,), ¥ =colon(yr,...,1,), w=colon(ws,,...,ws,), a
2m-nepuoduueckue no @ QYHKUUU Uy, Y, U UX BCEBO3MONCHBLE UACMHbLE NPO-
u3800HbLe N0 @ 00 nopadka | 8KAIOUUMENbHO 02PAHUUEeHbL PABHOMEPHO NO
e, ¢ 8 mempure R" u RP coomeemcmeerHo.

B nonosiHenue K c(OPMYJHPOBAHHOH TeopeMe 3aMeTHM, 4TO IpPOBepKa
YCTOMYHUBOCTH aBTOMOAebHOro Topa (1.11) cBOmUTCSs, OUEBHOHO, K HCCJENO-
BAaHUI0 YCTOWYMBOCTH COOTBETCTBYIOIIET0 eMy coCTOsiHUs paBHOBecus (1.10) B
cucreme (1.8), MO3TOMY KOJTMUECTBO U YCTOHUMBOCTb UHBAPUAHTHBLIX TOPOB BHU-
na (1.12) y ucxonHoro ypaBHenus (1.1) onpenesisieTcsi Mo COCTOSTHUSIM PaBHOBe-
CHs BCrioMoraTesibHOH cucTeMbl (1.9) B KOHyCe BEKTOPOB C HEOTPHULIATEIbHBIMH
KoopauHaTaMHu. [IponenaHHble BbIllle MOCTPOEHUS] UMEIOT MPO3PauHbId reoMer-
pUYeCcKHH cMbica. B camoMm nese, mpu chOPMYJTHPOBAHHBIX OrPaHUUYEHHUSIX Y
cucteMbl (1.1) B HEKOTOPOH NOCTATOYHO MaJIOd OKPECTHOCTH HYJISI CYLIECTBYET
2m-MepHOe 3KCIOHEeHIIMabHO OPOUTANbHO YCTOMUHBOE IEHTPaJbHOE MHOTO-
obpasue, a cucrema (1.8) B cusay cBoero BbIBOHA SIBJsIETCS YKOPOUYeHHOH (c
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TOYHOCTBIO JIO CJIaraeMbIX MOpPsiiKa £) HOpMaJibHOHW (hOpMOH Ha JaHHOM MHO-
roo6pasuu. Takum obpazom, Teopema 1.1 — 3To cTaHmapTHOE yTBepXKAEHHE O
COOTBETCTBUH MeXIy I'pyObIMH CTAalMOHAPHBIMH PeXHMaMH UCXONHOH CHCTe-
Mbl (1.1) ¥ ee yKOpoueHHOH HOpPMaJbHOU (DOPMHI.

Paccmorpum Teneps 3amauy (1.1), yuuThiBasi 3aBUCHMOCTb BEJHYMHBI U He
TOJNIBKO OT ¢, HO WU OT MPOCTPAHCTBeHHOW nepemeHHod x. [Ipeamosnoxum, 4To
GyHKUHS u(t, ) yOIOBJIETBOPSIET YCAOBUSM KPaeBOH 3aiauyH

Qu _ eDAu+ (Ag+eA))u+ Fo(u,u) + Fy(u,u,u)+. .., Ou

5 —0, (1.13)

o | 50

4acTO Ha3blBaeMOH ypaBHeHHEM TuMa «peakuus-nuddysus». 3aecb u € R", D
— MaTrpula, Bce COOCTBEHHBbIE 3HAUEHHUS KOTOPOU JexkKaT CrpaBa OT MHHUMOH
OCH; OTHOCHUTENBbHO MaTpuubl Ay U QyHKUUHA Fo(u,u), F3(u,u,u) 6yneM npex-
moJiaraTh BBIMIOJHEHHBIMU YCJIOBUS MYHKTOB 1)-3), MpuBeIeHHbIe BbIlle; Gyaem
CUUTATh, YTO NPOCTPAHCTBEHHAS NepeMeHHas = MPUHAJIEKUT OrPaHUYEHHOU
obaactu €2 € R™ m > 1 ¢ rpanuue# 0f) KJaacca C?* () < o < 1; v monaraem
HafpaBJeHHeM BHeIHEeH HopMaJiu K rpaHuie o).

CdopmynupyeM elile ogHo orpaHudenue (B [37] oHO Ha3BaHO YCJOBHEM OT-
CYTCTBUS 83pbl8HOL Oup@y3uUoHHOL Heycmoliuu8ocmu) Ha napaMeTpsl ypas-
Henus (1.13). Cunraem, dTo npu Bcex z > () COOCTBEHHBbIE 3HAUEHHUS] MATPHUILLBI
Ao — zD nexxaT B JIeBOH OTKPBITOH KOMIJIEKCHOH MOJYIJIOCKOCTH, TPUYeM MpH
MaJblX z 6MU3KHe K +iwy ee COOCTBEHHble 3HAUEHUST 0OLIUM 00pa3oM OTXOASAT
OT MHHUMOH OCH.

[IycTb, Kak u paHee,

Apas = iwpas, Apgbs = —iwobs, (as,bs) =1, s=1,...,m. (1.14)

Torma mnocnenHee 13 mpennosiaraeMbiX Bblllle OrpaHUUYEHUH 3SKBHUBAJEHTHO
HepaBeHCTBAM

Re(Dag, bs) >0, s=1,...,m. (1.15)

OTMeTHM, YTO MPU HAPyIIEHUH YCJOBUS OTCYTCTBHS B3PbIBHOH AUDDY-
3UOHHOM HEYCTOHYMBOCTH MepecTaeT ObITh JOKaJbHOH MpobJieMa MOCTPOeHUs
YCTOHUMBBLIX aBTOKOJieOaHWH KpaeBod 3amauu (1.13): Ha BbICOKMX MopaX (cob-
CTBeHHBIX (DYHKUMAX ornepaTtopa Jlamiaca ¢ HOMepaMH MOPsKa € ') 3KCIo-
HeHLWaNbHO PacTyT (C MoKaszaTeseM SKCIOHEHTHI MOPSiAKA eIUHHIIbI) PelleHHUs
ypaBHeHUS

ou ou
T € u+ Apu, ., 0, (1.16)
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[IpenJsio>keHHBIH BbIllIe aJTOPUTM HOPMAJU3alldH MOXKET ObIThb (POPMaJIbHO
npumeHeH u K 3amgade (1.13). [lo ananoruu ¢ (1.1) crauvoHapHble pPeXXKUMBI
KpaeBoi 3anauu (1.13) uiem B BUe

u(t,7,x) = Veuo(t, 7,z) + eur(t, 7, 1) + 53/2u2(t, T,T)+ ..., (1.17)

anasoruuHoM (1.4). 3gecb 7 = £t — Kak W paHee, MeJlJIeHHOe BpeMsi, a
m
o(t, 7, ) Z &s(7, 2)as expliwgt) + & (T, x)a, exp(—iwst)]. (1.18)
s=1

[Toncrasass (1.17), (1.18) B (1.13) u ne#cTBYs B TOYHOCTH, KakK U B CJaydae
CHCTeMbl OOBIKHOBEHHBIX Au(depeHUMnanbHbIX ypaBHeHHH (1.1), mpuxomum K
KPaeBOU 3amaue

d&s - 2 855 —
d7- (Das, )Afs + |:(A1a57 bs) + ;dsk|§k‘ }gsa O 90 9 (119)
s=1,...,m.

[lonyuyeHHyo KpaeBylo 3agady OyneM HasblBaTb K8A3UHOPMAAbHOU @op-
moti xpaeBo 3amaun (1.13). B caenyromem nyHkTe chopMysupyeM OCHOBHOM
pe3yJbTaT, KaCaloUMNCsA COOTBETCTBUS MeXAY pelleHUSIMU KBa3UHOPMaJ/bHOU
dopmMbl U McxonHOU KpaeBol 3anaun (1.13).

1.2. OcHOBHOM pe3yabTaT

1.2.1. ®opmyaupoBKa OCHOBHOU TeopeMbl. ChHopMyaUpyeM U NOKaxKeM
OCHOBHOW pe3y/JbTaT B HECKOJIbKO 0oJiee MPOCTOM CJayyae, HeKeju OMUCaH-
HBIH Bblle. Dymem cuurtath, uTo y Matpuubl Ay Ha MHUMOH OCH HaXONWUTCS
TOJIbKO OfIHA Mapa +iwy, a BCe OCTalbHble COOCTBEHHbIE YHCJ/A JieXKaT B Jie-
BOW KOMIIJIEKCHOU MOJYIMJIOCKOCTH, TOTAA B KayeCcTBe KBa3WHOPMaJbHOU (hop-
Mbl KpaeBod 3amaun (1.13) BeicTymaer He cuctema (1.19), a omHO ypaBHeHHe
napabosMYeCcKoro THIa

%3
or

_ (Da,))AE + (Aa, be +delelr, 28| —o (1.20)

oV |5

B npaBoii yactu (1.20) d — mepBasi JSANMYHOBCKasi BeJWYMHA OOBIKHOBEHHOTO
ypaBHeHus (1.1). Ee 3HaueHue ompenesnsieTcss HennHedHocTbio (1.1) U Moxer
OBITb TIpencTaBjeHo (cM., HampuMmep, [7]) B Bume
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d = (Fy(a,wo) + Fy(wo, a) + Fa(@,wy) + Fy(wy, @)+
+ F3(a,a,a) + Fi(a,a,a) + F3(a,a,a),b), (1.21)

rgpe wog = —Agl(FQ(C_L, CL) + FQ(CL, C_L)), w1 = (QZCUE - Ao)ing(a, CL).

HanomuumM, uto kpaeBasi 3anada (1.20) momosiHsieTcst KpaeBoH 3amaded aJis
€ ¢ KOMIIJIEKCHO-CONPSKEHHEIMH KO3 {OULIHeHTaMH.

Hawm notpebyeTcs caenymollee onpefeseHue.

Onpenenenne 1.1. ABToMOneNbHBIM IUKJIOM KpaeBod 3anaun (1.20) HasoBem
ee MepHOIMYECKOe pellleHHe BHA

§(7,x) = &o() exp(icpT) , (1.22)
rae £o(r) — KoMIIeKCHO3HauHasi PyHKUHSA, a ay € R — HeKoTOpast KOHCTAHTA.

Teopema 1.2. [Tycmo xsasurnopmarvras gopma (1.20) umeem epyboiti asmo-
moldenvrolil yuka £(1,x) = &(x) exp(iagT). [lycmo soinosnero cghopmyaupo-
BAHHOE BbLULE YCA0BUE OMCYMCMBUS 83pbl8HOL OUudPy3UoHHOL Heycmotiuu-
socmu. Toeda Hatldemca makoe g > 0, umo npu 0 < € < g9 Kpaesasa 3adava
(1.13) umeem epyboili yukar ¢ mem e ce0licmeom ycmouuus8ocmu, ACUMN-
MOMUKQ KOMOPO20 HA NpOMeNcymKe spement nopsaoka 1 ¢ mounocmoro 0o
sesuuun nopsoka %% 6 mempuxe C** noayuaemcs nymem yuema (1.22) 6
soipaxcerusnx (1.17), (1.18).

1.2.2. O0mue cBONCTBAa CHUCTEMbl B BapualusX Ha aBTOMOJEJbHOM
nukgae. JluHeapusys KBasuHopMmaabHyo Gopmy (1.20) Ha ee aBTOMOIEIBHOM
nukgae (1.22), npuxoguM K CHCTEMe

771 — (Da> b)Anl + (Alau 5)771 + d[2|£0(7-7 $)‘2771 + 53(7_7 37)772] )
i = (Da, b)Any + (Ara, by + d[5 (7, x)m1 + 2| (7, 2)]12],

NIOTIOJIHEHHOW YCJIOBUSIMHA HENPOHUIIaeMOCTH Ha rpanuile 0S) obmactu (). Boi-
nosuas B (1.23) 3ameHbl

(1.23)

m — mexp(iogT), 12 — N2 exp(—iagT),
I'IOJIy‘-IaeM HOCTOHHHYIO 1o 7 CI/ICTEMy

m = (Da,b)Any + di(x)n + da(x)ns,
12 = (Da, b)Any + da(z)m + di(z)ng,
re di(z) = (Aja,b) —iag + 2d|&|*,  do(z) = d&3 (). (1.25)

(1.24)
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[Tosoxum

Ly = ( (Dg’b) (Dg,z;) > A+ Ag(x), (1.26)
rjle 3JeMeHTaMH MepBOH CTPOKH MaTpuubl Ay sBasitoress pyHkuun (1.25), a
BTOpoii — (pyHKuMu dy(z), di(x). Tlo moctpoenuto onepatop Ly, 3JJUNTHY-
HOCTb KOTOpOro obecrieunBaeT HepaBeHCTBO (1.15), aHHYJIHpyeTCs Ha BEKTOP-
(GYHKLMH ¢ KoopauHaTaMu i&y(x), —i&y(x).

Hanomuum, uyto aBTOMOmenbHBIM UK (1.22) KBasuHOpMaJbHOH (DOPMBI
(1.20) nasbiBaeTcss TpPyObIM, €C/M He PaBHBI HYJIO JAEHUCTBUTEJbHblE YaCTH
HeHyJIeBbIX TOUeK crekTpa omepartopa (1.26), a HyseBoe coOCTBEHHOE YHCJIO
siBJisieTCst IPOCThIM. [Ipu 3TOM, ecsiv y Hero UMeroTcss cOOCTBEHHBbIE 3HAUYEHHS
C TIOJIOXKHUTEJbHBIMU JEeUCTBUTENbHBIMH YacTSIMH, LHUKJ Ha3blBaeTCs OAUXOTO-
MUYHBIM, B IPOTUBHOM CJjiydae — OPOUTAIbHO SKCIMOHEHIIMANBHO YCTOHUHBBIM.

Yrobbl 06BSICHUTH (PYHIAMEHTAJbHOCTb CBOHCTB cucTeMbl (1.24) mas mo-
Ka3aTesJbCTBA TEOPEMBl, CHauaja pa3depeMcs CO CBOHCTBAMM OOBIKHOBEHHOH
UacTH ypaBHEHHsI B BapUALMsIX UCXOMHOH KPAaeBOW 3a4aud Ha ero MpUOJHKeH-
HOM TepPUOJHUYECKOM MO 7 PelIeHHUH.

1.2.3. Pa3nenenne KpUTHUECKMX UM HEKPUTUYECKHUX NepeMEeHHBbIX B
OOBIKHOBEHHOU YaCTH, JIMHEAPU30BAHHOU HAa MPUOIMIKEHHOM LUKJeE Kpa-
eBoil 3agaun. O603HauuM 4epe3 u(T,x, ) NPUOIUKEHHOE TIEPHOTHUUECKOE pe-
meHue KpaeBol 3amaun (1.20), o koTopoMm uzueT pedb B HOPMYJTHUPOBKE Teope-
Mbl. B nrHeapusoBaHHON Ha HeM KpaeBOoW 3amade yIOOHO BBHIIOJHHUTbH HOPMH-
POBKY BpeMeHHU

wo

(1 + 5%> Tt (1.27)

4yTOOBl U30€XaTh 3aBUCUMOCTH nepuona oT €. OTMEeTUM, UTO B JIMHEAPU30BAH-
HOIl KpaeBoil 3ajade JOCTAaTOYHO OCTaBHThL cjaraeMble mopsiaka /2 u e.

BakHoe MecTO B aHa/M3e JIMHEAPU30BAaHHOM KpaeBOW 3alayd 3aHUMaeT
BbISIBJICHUE CBOHCTB €€ OOBIKHOBEHHOW 4acTH

dh
— = A(tz,)h, (1.28)

rage
Atz e) = Ag+ e 2 A1 (t, x) + e As(t, ). (1.29)

OTMeTHM, UTO 10 TIOCTPOEHHUIO 27 /wy-NIepHoIuIecKHe 1Mo ¢ MaTpulbl A; U A
J1aIKO 3aBUCAT OT TepeMeHHOH x, KOTopasl MoKa CYUTaeTCsl apaMeTpoM.
Beimonnum B cucteme (1.28) 3ameny

h — hexp(—yot), (1.30)
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rJie TOJIOXKHUTEJIbHAS TIOCTOSIHHAS Y BbIOpaHa Tak, uTo MaTpuusl Ag 1 Ag+ ol
MMeIOT OJMHAKOBOE KOJHWYECTBO COOCTBEHHBIX 3HAUEHHH C OTPULIATEbHBIMH
nedcTBuTeIbHBIME yacTamu. 3 (1.29) caenpyert, uTo npu Mo6bIX o € ) ¥ 1pH
JIOCTaTOUHO MaJ/blX 3HaYeHUSX € AJs ypaBHeHusi B R”

dh = [’)/()I + A(t,x,s)]h (1.31)

dt
MMeeT MeCTO 3KCIOHeHLHaJbHash OTUXOTOMHS pelleHuil. MimMeHHO, OHO HMeeT
IBYMepHO€e TOANPOCTPAHCTBO IKCMOHEHI[HAJBbHO PACTYIIUX PelleHuH U (n—2)-
MepHOe MOANPOCTPAHCTBO SKCMOHEHIHaNbHO 3aTyxamuux. Uepes P_(t, x,¢)
u Py(t,z,e), rne P- + P, = I, 0603Ha4uM CBsI3aHHble C 3THUM IOHSATHEM
27 /wy-nieproarueckre 1o t npoekTopel B R™. HamoMHuM, 4TO pelieHus ¢ Ha-
YasibHBIMU yCJIOBUSIMU U3 P_(ty, x,¢)R", 3a1aBaeMbIMH B MOMEHT BpPeMeHH {,
npu t > to npuHaniexar P_(t,z,c)R" 1 5KCIIOHEHLIHANBHO PACTYT MpHU ¢ — 00,
a pellleHHsi C HauaJbHBIMHU YCJOBUSAMH U3 P (tg, x,c)R" 3KCIOHEHIHATbHO 3a-
Tyxamor. [loguepkHeM, YTO 3TH NPOEKTOPHl IMALKO 3aBUCAT OT ¢, = U £'/2,

13 cnocob6a BeIOOpa MOCTOSIHHOM ¥y B 3ameHe (1.30) cienyer, uTo AJsl UH-
Tepecytomiero Hac ypaBHeHHs1 (1.28) npoekTopsl P_ U P, BHINOJHSIOT HECKOJIb-
KO WHYIO POJib: pellleHHs ¢ HadaJbHBIMH ycJaoBUSAMH u3 P,R" mo-npexHemy
IKCIIOHEHIHAJbHO 3aTyXxaT, a B cuay (1.29) ctpemsrcs K Hy/a0 npu € — 0
XapaKTepUCTUYECKHe MIOKAa3aTeNd pellleHni ¢ HadabHbBIMU YCIOBUSMU U3 [BY-
MepHoro nognpocrtpanctea P_R".

BBenem KpuTHyecKHe U HEKPUTUUYECKHE TepeMeHHbIe

h' = P_(ty,z,e)h, h®= P.(ty,z,¢)h. (1.32)

B cuny paBeHcts [49]
dP+
U= A(t,xz,e)Pe(t,x,e)u — PL(t,z,e)A(t, x,€)u (1.33)

ypaBHeHHe (1.28) B mepemenHbIx (1.32) 3amuchiBaeTcss B BUJE CHCTEMBI

dh! dh?

— = A(t h', — = At h? 1.34

dt ( 7$7€) Y dt ( 7'1.78) Y ( )

B KOTOPOH pasfiesieHbl KpUTHYECKHe U HEKPUTHUYECKHe NepeMeHHble. B cucreme
(1.34) BBImeNIMM TJIaBHBIE IO TOPSIAKY CJaraemble MpaBbiX yacted. Ilas 3Toro
npuMeHUM K ypaBHeHHI0 (1.28) cTraHmapTHBIH aJrOPUTM BblJeJeHHsT KpUTHYe-
CKHUX MepeMeHHbIX. PaccMOTpUM 27 /w)-NeprHogrIeCcKy0 MaTPHILY Pa3MepHOCTH
2Xn

Vo(t) = [aexp(iwot), @ exp(—iwgt)] (1.35)
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M HalileM MaTpH4HOe pelileHHe ypaBHeHHus (1.28) B Buze
V(t,xz,e)exp [(eAo(x) + *Ai(z) + ... )t], (1.36)

rie Ao(z), Ai(x),... — momJexallide onpeieseHUI0 NBYMepHble KBaJpaTHbIE
MaTpHIIb, a

V(t,x,e) = Vy(t) + Vi(t,z) + eVa(t,z) + ... (1.37)

OtmeTHM, 4To 3jaeMeHThl MaTpull Vi, Vs, ... mpeanoJsaraloTcsi TPUTOHOMET-
pudeckumu 1o t. [lopcrasasis (1.36) B ypaBuenue (1.28) u npupaBHUBas K03d-
dbunuenTH npu cTeneHsax /2, B cuay (1.35) u cBoiict MaTpuibl A; us (1.29)
NPUXOAUM K JIMHEHHOMY YPaBHEHHIO, pPa3pellMMOMYy B KJacCe TPUTOHOMeT-
pryeckux (pyHkuuii. M3 crnocoba e cocTaBJsieHHs] KBa3UHOPMaJbHOH (pOpMBI
BBITEKAET, YTO YPaBHEHHE OTHOCHUTEJbHO V5 paspeliuMo B 3TOM KJacce B TOM
M TOJIbKO TOM cCJlydae, ecau mMaTpuua Ay coBnamaer ¢ (hUrypupyolled B mpa-
BOU yacTu BeIpaxkeHus (1.26) maTpuuell. YpaBHeHHe e I/l HaXOXKOeHUs V3
CHOBA IOJYYHUM pas3pellMMbIM B KJacCe TPUTOHOMETPHUYECKUX (PYHKLHH.

[Tycts MaTpuua-cTpoka V' BbIUMCJIEHAa ¢ TOUHOCTBIO 10 £2. B craTpe [49]
OTMEeYeHO, YTO MOACYUTAHHYI 4YacTb 3TOH MaTPULBI MOXHO TaK BO3MYTHTb
c/laraeMbIMH TIOPSIAKA €2, Y4TO ee CTOJOLBI OyayT AOCTABJASATH KOMIIIEKCHO-
COTIPSKEHHBIN 27 /w)-nieproarueckuit mo ¢ 6asuc B P_R”

v(t,z,e), o(t,x,e) (1.38)

C TJIaIKOH 3aBHCHMOCTBIO OT t, x, u /2.

[IpyuMeHAs aHa/JOTHUHLIE pPacCyXKAeHWs K IpucoefnHeHHoMy K (1.28)
YPaBHEHHIO, MOXKHO TMOCTPOMTh OHopToroHasbHele K (1.38) KommaekcHO-
CONpSiKeHHble 27 /w)-TIepUOiMYecKre 110 ¢ BeKTOPHI

w(t,x,e), w(t,z,e), (1.39)

cayXkalue O0asUCHBIMHA B aHajsoruyHoM FP_R" nByMepHOM MNOANPOCTPAaHCTBE
R" npucoeIMHEHHOr0 ypaBHEeHHUS.
Wrak, nonydeHo aHaauTH4YecKoe onucaHue npoektopa P_: corsiacHo (1.38)
1 (1.39) umeem
P_(t,x,e)h = zv(t,z,e) + zo(t, x, &)
z = (h,w), Zz=(h,w).

dukcHupyeM MPOU3BOJNbHO MOJHBIA HA0Op JHWHEHHO HE3aBUCHUMBbIX BEKTO-
pOB daq,...,a4, 9 U3 KOPHEBOT'0 MOAMPOCTPAHCTBA MATPHULbI Aj, OTBEUAIOLIEr0

(1.40)
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ee COOCTBEHHBIM 3HAUEHHSIM C OTPHIATeJbHBIMU JE€HUCTBUTENbHBIMU YaCTSMH.
3atem B ypaBHeHuu (1.28) mpu momomiu paBeHCTBa

h=zv+zv+ 21Pray+ -+ 2z, oPra, o (141)

nepeiieM K KOMIJIEKCHO-COTIPSI)KEHHBIM Te€PeMeHHBIM z, Z W BellleCTBEeHHBIM
MepeMeHHBbIM 21, . .., Z,_o. [IpUXOAUM K GoJjiee NeTaJU3HPOBAHHOH peasiU3allu
cuctembl (1.34)

dhl 1 2 1
— =eMNo(z)h” + A (z, )R,
dt (1.42)

dh’ 2 | 1/2 2

e :Boh +¢€ Bl(t,x,s)h .

dt
3necb By — maTpuua JuHeHHoro omnepatopa Ay, 3aHCaHHOrO B MaTPUYHOM
BHJIe C UCIIOJb30BaHUeM Oasuca ay, . .., a,_2, JeUCTBYIOILEro B YIIOMHUHABILIEM-

Csl BbIlIIe KOPHEBOM TOATIPOCTPAHCTBE, 27 /wy-TIepPHOJHUECKHE 110 t MaTPULIBL A;
M B) rMafKo 3aBUCAT OT ¢, =, U €'/2, a 3a IPeXKHHUMH 110 CMBIC/TY TlepeMeHHbIMH
0603HaueHHs1 coxpaHeHbl. OCHOBHOE MPeUMYIIecTBO, KoTopoe nmeet (1.42) mo
cpaBHeHHIO ¢ (1.34), COCTOUT B TOM, YTO B HeH BbIJeJIeHbI TJIaBHBIE 10 TTOPSIIKY
cJaraeMble OTHOCHUTEJbHOTO MaJioro napamerpa €. [JOMOJHHUTEBHO OTMETUM,
yto B cootBeTcTBUU ¢ (1.40) mpu € = 0 umeem

P°h = (h,b)a exp(iwgt) + X.c., (1.43)

rje AJsi BeKTopa b BBIMIOJHEHO ellle OfHO ycjoBue (a,b) = 0.
[TonBoasi UTOr MpoAeSaHHBIM MOCTPOEHUSIM, CHOPMYJTUPYEM YTBEPXKAEHHE.

Jlemma 1.1. Ecau 6 ypasnernuu (1.28) soinosnume 3ameny (1.41), npuxodum
k cucmeme (1.42) ¢ pasdesrennbimu KpumuuecKUMU U HeKPUMU4ecKumi ne-
PEMEHHBIMU.

1.2.4. 'anepkrHCKUE anMpoOKCMMALMM B MPoOJjieMe YaCTUYHOTO pa3je-
JIEeHHs] KPUTUUYECKUX U HEKPUTUUYECKHX TepeMeHHbIX mpu ydete aucgy-
3uM. B siMHeapr3oBaHHOM Ha NPUOJHKEHHOM LIMKJE ypPaBHEHUU

% =eDAh+ A(t,z,e)h (1.44)
BeIOJHUM 3aMeHy (1.41). CorsnacHo semme 1.1, mosydaem cucremy
oh' 1 2 1
W = 6D11(t)Ah + €D12(t)Ah + Ao(x)h s (145)
h2
o _ eDy (t)AR' + Dy (t) AR* + BR?, (1.46)

ot
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a MaTpuuHble KO3pPUUHeHTbl AU(DPY3UH COOTBETCTBEHHO PAaBHBI:

(Da,b) (Da, b) exp(—2iwot)
Du(t) = < (Da, b) exp(2iwgt) (Dc_f), b) ) ’
_ [ (Day,b)exp(—iwot) ... (Day—2,b)exp(—iwgt)
Dra(t) = ( (Day,b) exp(iwog) oo (Dayp_9,b) exp(iwog) ) ’
(Da, by) exp(iwgt)  (Da,by) exp(—iwpt)
Dor(t) = | oo :
(Da, b, o) exp(iwgt) (Da, by, o) exp(—iwgt)
(Dal, bl) (Dan_g, bl)
Dog(t) = | oo
(Dal, bn_g) ce (Dan_g, bn_2>

[Tpu cocraBnenuu cuctemsl (1.45), (1.46), Bo-nepBBIX, YUTEHbl TOJBKO CJa-
raemble nopsaka €'/2 u . Bo-BTOpHIX, BEKTOPHI by, . . ., by_o, GUTYPHUPYIOLIHE B
3aMUCU MaTPUUHBIX KO3(pPuureHTOB NUGPYy3uH, BeIOpaHbl U3 KOPHEBOTO TMOJ-
MPOCTPAHCTBA MaTpHllbl Aj, oTBeuawlero ee coO6CTBEHHbIM 3HAUEHHUSIM C OT-
pULlaTeJbHBIMU NEHUCTBUTENbHBIMH YaCTSIMU, TaK, YTO 00Pa3yIOT C a1, .. ., dy_2
OMOPTOTOHANBHYIO CUCTEMY.

OtmetuM, uyto B cucteme (1.45), (1.46) KpuTHUeCKHe M HEKPUTHUECKHE
nepemenHbie h' ¥ h? He pasiesieHbl, OMHAKO AJS Hac OymeT AOCTaTOYHO TOrO,
4TO yAacTcsl AOOUTbCA UX YaCTUUYHOTO pasneseHus. Peanuzauus stolt upeu
CBSI3aHA C TaJIepKMHCKMMHM allpoOKCUMaLMsAMU NepeMeHHbX h! u h2.

O603HaunM depe3 my = my(e) HaubosblIee U3 TAKUX LEJbIX 71, YTO

m < Me™ Y2, (1.47)

rae MoJOXKUTEILHOH MOCTOSHHON BeJMYMHON M pacropsauMcs HHKE.

Kaxxnyto us nepemennsix h! u h? cucremn (1.45), (1.46) pacuienum Ha 1Be.
Uepes hi 0603HauumM npoekuuio h' Ha mepsbie my COGCTBEHHBIX (QYHKIIME Ore-
paropa Jlamaaca npy IpaHUYHBIX YCJAOBUAX Hemponuuaemoctu. O6o3HadeHHe
hl wucmonbayem mis Toi yacTh h', KoTopas opToroHasbHa (B cMBICIE CKaJsip-
HOTO NPOM3BENEHHSI B Ly) BCEM YKA3aHHBIM BBILIE COOGCTBEHHBIM (DYyHKIHSM.
AnanoruuHbIi CMBIC TIPUAAAMM 0603HauYeHUsM ha, h2..

Jlemma 1.2. [locae 8vinorneruss HeKomopoLx cmaHoapmHblx 3amer 60 88e-
Oernrolx nepemenroix cucmema (1.45), (1.46) ¢ mournocmoro 00 craeaemoix
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evlcuLeco l’LOpﬂdKa masrocmu no e donycrcaem Cﬂedyfomee npedcmaeﬂeﬂue:

83—}? = eD11(t)Arhy + eDia(t) Arhi + eAnihy + eAiohl,,

aa—}f = eDys(t)Arhi + Boh + €'/*Byihp + €'/*Byyhl, (1.48)
8%50 = eDy (H)ARL, + eD1o(t) AR2, + eAyyht + eAosh! |
% = eDy; (1) Ah},, + €Dy (t)ARS, + Bohi, + €'/*Buht + '/ Bash?,.

JloKa3aTeJbCTBO HOCUT TeXHUUECKHUH XapakTep, MOSICHUM JIHIlb HUCIOJb-
30BaHHble 0003HaYeHHst. Bo-1epBbIX, B ABYX NepBbiX ypasHenusx (1.48) hi, hl,
OTOXKIECTBJIEHbl C BEKTOPAMH PasMepHOCTH 2my U (n—2)mg COOTBETCTBEH-
Ho. OnHakKo TpU 3TOM [JS TNPOCTOTHI COXpaHeHbl 0003HAYEHUs MaTPUUYHBIX
Ko3(ppuurentoB nud@ysuu, noapasymeBas, 4YTo Ha CaMOM JeJjie OHH UMEIOT
0JIOYHO-MaroHaNbHbIA BUA. Bo-BTOpBIX, Apr — AMaroHaJjbHas MaTpula C ymo-
MUHaABLIMMUCS MJIAJIIMMH COOCTBEHHBIMU 3HaueHUsIMHU omnepartopa Jlamsaca.

OtmetuM otnnure ypaBHeHHH (1.48) ot (1.45), (1.46).

Bo-nepBbix, B (1.48) Tenepb umeeM

Du(t) = ( (Dg’b) (Dc‘?, b). ) ’

Bo-BToppiXx, BO BTOpoM ypaBHeHuu (1.48) oTcyTcTByeT cJjaraemoe
8D21(t)Aph1L.

O6a 3Tu ¢akTa CBS3aHBI C TeM, UTO TMOMYTHO HAMH BBIMOJHEHBI CTaH-
JapTHble 3aMeHbl, oOecreyuBalllile ycpelHeHHe COOTBETCTBYIOLIUX MaTpHLL.
Hanpumep, Bo BTopom ypaBHenuu (1.48) Oblia BhIOJHEHA 3aMeHa

t
h% — h%+e/D21(s) ds - Aphi
0

Mo3BOJISIIOLIAs yCTPaHUTh MaTpully Doi(t). Onnako matpuny Dio(t) B mepBoM
ypaBHeHHH (1.48) TakuM 006pa3oM yCpeTHHTb He yAaeTcCsl: MellaeT (PUTypUpy-
rortast B (1.48) marpuna By.

Ilnsi 3aBeplileHHsl NOKa3aTesJbCTBA OCTAETCS OTOPOCHUTH BBHICIIHE MOPSIAKH
MaJIOCTH MO €, BOBHUKAIIINUE B Pe3y/ibTaTe MPOBeIeHHUs YCPEIHSIOMIUX 3aMeH.
[
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1.2.5. PeryasipHocTh nucepeHINaIbHOIO OnepaTopa, CBI3aHHOIO C
ypaBHEHHEM B BapualuaXx. B 3TOM NyHKTe cuhTaeM, UTO B JIMHEApPU30BAaHHOW
Ha NpUOJIMKEHHOM LIMKJIe KPaeBOH 3ajaue BBIIIOJHEHA 3aMeHa

h — hexp(—eyot), (1.49)

rjie MoJI0KUTebHAsl MOCTOSIHHAs 7y BbIOpaHa Tak, 4To 10 CPaBHEHHIO C Ly y
oneparopa Lo+ 7ol yBenndnBaeTcss POBHO Ha €IHMHHILY KOJHUYECTBO COOCTBEH-
HbIX 3HAUEHHUH C MOJIOXKUTENbHBIMU 1eHCTBUTENbHBIMU YaCTSAMH.

Ilnsi cokpaleHus 3alyuCH HUXKe UCIOJb3yeM 0003HauYeHHe ||
MeBasi, 4To

, TIofpasy-

[f (&, z)| = sup \// (f(t,2), f(t,x)) dz, (1.50)
—00<t<00 Q

rie f — HekoTopas HelpepbiBHAash W OTpaHHYeHHas MO ¢ (PYHKIHS, eCcyU ee

paccMaTpPHBaTh Kak abCTPakTHYIO (DYHKIHIO CO 3HaUYEeHHSIMH B BEKTOPHOM Ba-

puaHte Lo. B ciyuae, Korma oHa OT x He 3aBHUCHT, CUMTaeM, YTO B NPaBOH

yacTtu BbhipaxkeHus (1.50) ncnosib3yeTcs eBKJAKIOBA IJHHA BEKTOPA.

Jlemma 1.3. ITycmo 8 ypasrnernusx (1.48) svinosnervr 3amerol, UHOYUUPO-
sarnble 3amenoil (1.49). [lycmo Kk ux npasvim wacmam dobasieHb. coomaem-
CMBEHHO NPouU3BoLbHbLE eAaldKue QYHKYUL

fr@®), fi@), foltiz),  folt,z)

¢ koneurnvimu Hopmamu (1.50). Toeda nosyuuswiascs HeoOHOPOOHAs Kpa-
esasn 3adaua umeem edurcmeenHoe oepaHuuerHoe no t 8 mempurxe (1.50)
pelerue h ¢ KOMNoOHeHmamu

he(t),  hp(t),  heolt, @), hou(t, @),

npuvem Halidemcs makas yHusepcarsoHas noAOHUMENbHAA NOCNMOAHHAA U,
umo

v
[A]] < g\lfH, (1.51)
ede Komnoxenmol [ onucamsl svlule.

JloKa3areJabCTBO HauHEM C HAallOMHHAHHUS O TOM, YTO MPU AOCTATOUHO MO-
IPOOHOH raJlepKMHCKOM annpokcumanuu oneparopa (1.26) nuddepenunansHoe
BeipaxkeHue (1.48), B kotopom yuTeHa 3ameHa (1.49) u BbliesieHbl ciaraeMsble,
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cozleprKallie TOJAbKO hi, MOpOXKAaeT peryJaspHbi AudQepeHnraNbHbli onepa-
TOp, IpUYEM HOpPMa 06paTHOTO oneparopa 1o nopsaaky pasHa ¢ ' [40]. Orciona
u us (1.47) cnenyet, 4to

v
IPell < v(lRel + ol + Z 1 el (1.52)

rie (kak ¥ B (DOPMYJHPOBKE JEMMbI) ¥ — HeKOTOpas YHHBepcaJsbHasi MoJo-
KuTesnbHas moctosinHas. B cuay (1.47) KoapUIMEHTH BTOPOro ypaBHEHHUS
cucteMbl (1.48) 6aM3KH K MOCTOSIHHBIM, &, 3HAUUT,

Ih2 | < we'2||Rg || + vIL A (1.53)

B tpetbem u yeTBepTOM ypaBHeHHsX (1.48) BbIMONHUM 3aMeHY

1 exp(—iwot) 0 1
e = ( 0 exp(iwot) roe

CHUMAIOLLYIO BpallleHWe, T.e. BO3BPAaTHMCH K I[OCTOSSHHOMY MAaTPUYHOMY KO-
shpuunenty nudpysun nepen nepemeHHod hl. B Tpetbem ypasnenuu (1.48).
[TonytHo hl. 1 h2. 06benMHUM B OOLIYI0 BEKTOP-DYHKLUHUKO Ao (aHAJOTHUHBIH
CMBIC/T UMeeT BeKTOp-PyHKUus f,.). B nTore u3 yc/naoBHsS OTCyTCTBHS B3pPbIB-
HOU 1U(DPY3UOHHON HEYCTOUUUBOCTH U criocoba BeIOOpa 1My BBITEKAET, UYTO MPHU

NOAXOASIEM yBeaudyeHuu M

vel/?

v 14
el < S llmb + 12+

Wﬂfoc\\- (1.54)

B ciyuae HeoOXOOMMOCTH CHOBa yBeJWYMBasi MOCTOsIHHYHO M, U3 Hepa-
BeHCTB (1.52)—(1.54) BeIBOIMM cymMmupytomryto oneHKy (1.51). lokaszaTeabcTBO
JIEMMBI 3aBepIIIeHO. [

B cratbe [40] oTmedeHo, uTO momyineHue 06 OTCYTCTBUM B3PBIBHOH MU Y-
3MOHHOH HEYCTOHUMBOCTH I103BOJISIET NMPHMEHHUTb TEXHHKY IOBBIIIEHHUS IJaj-
KOCTH OTPAHUYEHHBIX Ha BCEH BPEMEHHOU OCH pelleHUH JUHEHUHBbIX napadoJiu-
YeCKUX ypaBHeHUH (cM., Hanpumep, [52]). Coueras ee ¢ KJaCCHYECKUMH CBOH-
CTBaMH MapaboJMyecKHX CHCTeM, 3aKJioudaeM, 4YTo HepaBeHCTBO (1.51) Bieyer
MHOTO 60Jiee CHJIbHYIO OIeHKY IIayJepOBCKOTO THIa

14
hllzsenrz < IRl goerz (1.55)

rae 1o t COOTBETCTBYIOLLAasA METPHUKA pa60TaeT Ha BCeH BpeMeHHOfI OCH.
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13 (1.55), B yacTHOCTH, CJedyeT, YTO He UTPAlOT POJIM CjaraeMble, KOTO-
pBIMH TIpeHeOperanu paHee. VI3 3TOH OlleHKH TaK»Ke BBITEKAaeT, YTO NOKa3sa-
TeJbCTBO TEOPeMbI 3aBeplaeTcs Mo U3jokeHHOMY B [40] uau [51] crocoby.

CrneqyeT OTMETHTB, UTO B MEPHOAMYECKOM CJAydyae MOXKET ObITb MPUMeHEeH
6oJiee TIPOCTOH MOAXOM, Pa3BUTBIA B [D].

1.3. Ilpumep ypaBHeHnss XaT4YMHCOHA

1.3.1. IloctraHoBKa 3ajauu u ¢popMyJHpPOBKAa OCHOBHOrO pe3yiabrara. B
KauecTBe MpUMepa MOCTPOEHUS] KBAa3WHOPMaJbHOU (POPMBI pacCMOTPUM YpaB-
HeHHe XaTuMHCOHA ¢ U dysued.

YpaBHeHue XaTunHCOHA OBLIO TpenJsoxeHo B [60]

N(t - h)

N:rﬁ— - }N, (1.56)
U siBJIsieTcs 6a30BbIM /S psiia 3aau MOnyAsHOHHONW NMHAMHUKHU. 31eCh (hyHK-
uust N(t) — YHUCJIEHHOCTb TOMYJISIIUH, a MOJOXKHUTENbHblE MapaMeTpsl r, h u
k XapakTepu3yOT MaJbTy3UAaHCKUH KO3I(P(HULHMEHT JMHEHHOTO POCTa, BO3PaACT
MOJIOBO3PEJIOCTH U CPEIHUH pa3Mep MOMYJSLUH, KOTOPBIM ellle HAa3blBAIOT eM-
KOCTbIO Cpelbl OOUTaHUS.

YueT MUrpallMOHHOr0 (DAaKTOpa U HEOJHOPOAHOTO paclpefesieHUs MOmyJsi-

IIMM MO apeasly OOWTaHHUS MPUBOOHUT K KpaeBou 3anaue [37]

N N(t—h N
ON _ DAN 4+ 1—M}N, NIy (1.57)
ot k oV |5q
rie N(t,z) — yXe MJOTHOCTb MOMYJSAIUM B TOYKE = B MOMEHT BpeMeHH t.

Kak u B mpenpiaylieM NyHKTe, CYUTAaeM, YTO MPOCTPAHCTBEHHAsl MepeMeHHast
X TPUHAIJIEXXUT orpaHudeHHol obsactu {2 € R™ m > 1 ¢ rpanuueit 0€) knac-
ca C*™, 0 < a < 1; v mosiaraem HamnpaBJ/eHHeM BHEIIHeH HOPMaJd K rPaHHLe
0f). B cnyuyae ongHoponHOro apeana oOMTaHHS U MUTPALlMOHHOTO (paKTOpa Ha-
CTOJIBKO 6O0JIBLIOTO, UTO MPOUCXOAUT MOJHOE TepeMelluBaHue, KpaeBas 3anadya
(1.57) cBomutcs K ypaBHeHHIO (1.56).

YpaBuenue (1.56) umeer nBa cocrosinus paBHoBecus N = 0 u N = k,
nepBoe M3 KOTOPLIX MpH 7 > () HEYyCTOMYUBO, a4 BTOPOE€ — YCTOUYMUBO IIPHU
0 < rh < w/2 u HeycroiuuBo npu rh > w/2. [lpu rh = w/2 npoucxomut
oudypkauuss AunpoHoBa—Xornda, B pe3ybTaTe KOTOPOH OT COCTOSIHHSI PaBHO-
Becuss N = k oTBeTBJIIleTCS OPOUTA/NBHO ACUMITOTHUYECKH YCTOWUYMBBIH LIUKJI.
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Bribepem napameTpsl 3af1aud OJU3KUMU K KPUTHUYECKUM, a KOI(DPULUEHT AU-
(y3uu MaJibIM M TOKa)KeM, 4YTO K IOJYYEHHOU KpPaeBOM 3anade NMPUMEHUMBI
noctpoeHus nyHkrta 1.1.

Boimosnum B (1.57) ynpomatoiiue 3amensl N = k(1 +n), t — th u 0Oy-
JIeM CUHTaTb, UYTO rh = /2 + €, TIe € — MaJblil MOJOXKHUTEJNbHBIH MapaMeTp,
BeMUMHY Dh o603HauuM €D, torna (1.57) npeobpasyercsi K BUILY

on on
5 =eDAn — (/2 +¢e)n(t — 1,2)(1 +n), 5 89—0. (1.58)

Jas toro 4ToObl MPUMEHHUTb METON KBAa3WHOPMaJbHBIX (DOPM K 3agaye
(1.58), moctporM cHauasa 06BIYHYIO HOPMaJbHYI (HOPMY IJIS ypaBHEHHUS

n=—(m/24¢)n(t—1)(1+n), (1.59)

He 3aBUCALLEr0 OT NMPOCTPAHCTBEHHOW MEpPEeMeHHOH.
JluHeapusoBaHHasi B HyJse 3anaua (1.59)

n=—(m/2+e)n(t—1) (1.60)
UMeeT XapaKTepI/ICTH‘—IeCKI/Iﬁ KBA3MMHOI'O4YJIEH BUOA
PA) =X+ (/2 +¢e)e (1.61)

KOPHH KOTOPOTO, 338 UCKJIOYEHHeM ONHOH mapbl +i7m/2, JiexKaT B JIeBOH KOM-
MJIEKCHOHU TOJIYIIIOCKOCTH.
Brinonnsis B (1.59) HopMupyIOlLyIO 3aMeHy

n(t,7) = \/E(Z(T) exp(int/2) + Z(T) exp(—mt/Q))—F
+en(t, 1)+ Pno(t, 7))+ ..., T=c¢t, (1.62)

rnoJry4aeM cJeaylollee BeIpaKeHHe!
\/EZE(Z(T) int)2 2(r)e” m/z) + (i +enl) + -3/2 (Z/em/z i Zle—mt/2)+
+ 32 (fy + eny) (g + > [ e(2(m — )€™V 4 z(r — g)emmTD/2) 4
Fen(t—1,7—e) + ¥ ny(t — 1 T—E)] X
Je

(1+f (2(7)e™? + 2(7)e "”/2>+sn1<t,7>+s3/2n2<m>), (1.63)
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e MTPUXoM o6o3HaueHa npousBoaHas no 7. [IpupaBHuBas B (1.63) koaddu-
IIMEHTHI NIPH OJIMHAKOBBLIX CTEMEHsX €, HalJeM HOpPMaJbHYI0 (DOPMY ypaBHEHHS
(1.59). OTmeTumM, yTO

2(r—e)=z(t—¢e)—ez(1)+....

[Ipu € umeem ypaBHeHHE

Ny = —gnl(t - 1)+ ig(z2em — 22e_i”t), (1.64)
peHJeHI/Ie KOTOpOFO HUMEET BUL
Q—i o 24
na(t) ::—3;322a“f+-—é§f526ﬂﬂ# (1.65)

Ipu £3/2 nonyuaem ypaBHeHHe

L2 4 et/ |y —gnz(t 1) - g{(zeiw(t—l)ﬂ I 26—i7r(t—1)/2)n1_|_
X (zeiﬂ't/2 I Ee*mﬁ)nl(t 1) - (z'em/2 I z’emﬂ)} _
— (,zem/Q - Ze_mﬂ), (1.66)
M3 YCJOBHH Pa3pelIuMOCTH KOTOPOr0 W BBIXOAHUT HOpMaJbHash GopMma

u—3nﬂ|2

™,
(1+22)z =1z + 0 z|°z. (1.67)

I[Tepexons K MOJAPHBIM KOOPAMHATAM z = pe'¥, 118 aMILIMTYAHOH U (a30Boi
repeMeHHBIX M0Jy4aeM

2 3m — 2
! 3
= — 1.
4 T+6
g — 2. 1.69
YT iy 20’ (1.69)

AcuMnToTHYECKH YCTOHYMBOE COCTOsSIHWE paBHOBecusi ypaBHeHHs (1.68)

. 407
p"¢@wm@2+@ (1.70)

M03BOJISIET, TIOCJE MOACTAaHOBKU B (opmyny (1.62), mosyduTb acHMOTOTHKY
OpOUTaNbHO ACUMITOTHUECKU YCTOMUYUBOro KA ypaBHeHus (1.59).
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Bepuemcsi k kKpaeBoii 3anade (1.58), dopmasbHOe MpUMeHEHHe aJropUTMa
MeToJa KBa3MHOPMaJbHBIX (DOPM MPUBOAMUT B JAHHOM CJydae K aHaJOTHYHOH
(1.20) xpaeBo¥ 3amaue

El2 9z = 0. (1.71)

oV |50

T\ 0z (1—3i)m
1+i—)— =eDAz + iz + ———
( 2/ 0t 10
Ona, kak u ypaBHeHue (1.20), momoJsHsieTCss KOMIJIEKCHO-COTIPSIKEHHOH Kpae-
BoW 3anaueil. Ha ocHoBe Teopembl 1.2 MOXKHO H0Ka3aTb YTBEPXKAEHHE O COOT-
BETCTBHUHU U A/ KpaeBbiX 3amad (1.58), (1.71).

Teopema 1.3. [lycmo k8asuropmarvrias gopma (1.71) umeem epyboiii asmo-
MOOeAbHbLUL YUKA
2(T, ) = 2zo(x) exp(icyT). (1.72)

Toeda Haiidemcs makoe €y > 0, umo npu 0 < € < gy kpaesas 3adaua (1.58)
umeem epybolil UUKA C meMm KHce C80LUCMBOM YCMOUUUBOCMU, ACUMNMOMUKQ
KOMOpo2o Ha npoMesxcymxe epemeri nopsaoka €1 ¢ mourocmoto 00 8eAudUH
nopadka £3/? noayuaemcs nymem nodcmanosxu emecmo z pynkyuL 2, (7, x)
8 sovipanxcerue (1.62).

J1g noKasarenbCTBa NAHHOTO yTBEPXKIEHUS HEOOXOAUMO 0O0CHOBATH IMPH-
MEHUMOCTb OOIIMX pacCyJIeHUH TeopeMmbl 1.3 B ciydae paccMaTpHUBaeMOro
ypaBHEHUS ¢ 3amna3jbiBaHUEM.

1.3.2. Jlemma 00 oTcyTcTBUU B3pbIBHOU AU(P(PY3MOHHON HEYyCTOUYU-
BOoCTH. B nepByio ouepenb HEOOXOAMMO N0OKAa3aTh OTCYTCTBUE B NAHHOH CU-
TyalUu B3PbIBHOW AU(P(DY3UOHHOU HeyCTOMYHUBOCTH. [l 3TOro paccMoTpum
JIUHeapHU30BaHHYIO B HyJie KpaeByto 3anauy (1.58)

on on
— =eDAn — 2 —1 — = 0. 1.7
5 eDAn — (w/2 4 e)n(t ,T), e 0 (1.73)

PacknanbiBast pemienue 3anadd (1.73) mo co6cTBeHHBIM (DYHKIIUSIM OTlepa-

Topa Jlanjaca ¢ ycJOBUSIMM HENPOHHMLIAEMOCTH Ha TpaHHULe, MoJydyaeM Jis
KaXXJI0¥ U3 MO cJjenytollee nu(epeHIHaNbHO-Pa3HOCTHOE YpaBHEHHUE:

d

d—? = —zau+ (1/2+ e)ult — 1), (1.74)
rje napameTp z, > 0 MpornopiroHaJjeH COOTBETCTBYIOIIEMY COOCTBEHHOMY YHC-
ay. O6o3HauuM uepes

Qo(\) = A + =, +ge—& (1.75)
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XapaKTePUCTUUYECKUH KBa3UIMOJUHOM ypaBHeHHS (1.74) ¢ omylleHHBIM MaJibiM
napametpom e. Jlsi kBasunosrHoMa (1.75) BeIMOJIHEHO CJieiyIolllee YTBEPKIe-
HHeE.

Jlemma 1.4. Kopru ksasunorurnoma (1.75) pacnosoxcervr 8 omxpoimoti se-
80Ul KOMNAEKCHOL NOAYNAOCKOCMU, npuuem obpawjarouiuecs 8 =Lim/2 npu
z. = 0 eco KopHu A\(z.) u 5\(,2*) npu 803paAcMaHul z, obujum obpasom yxo-
dam om MHUMOU OCU.

HokasareabcTBo. [lycTh cHauana z, Majo. HuddepeHunpys no z, TOXK-
nectBo Qo(A(z)) =0 u monaras z, = 0, ybexxgaemcsi, UTo

4

N(0) = ————
ReX'(0) 7r2+4<

0, (1.76)
T. €. BBINIOJIHEHO aHajornyHoe (1.15) HepaBeHcTBO. MTak, npu mMasbix z, KOpHU
KBasunosuHoMa (1.75) HaxonsiTcsl B JIeBOH OTKPBITOH KOMIIJIEKCHOM TMOJYTIIOC-
kKoctu. JlomycTum, Ha#mercss Takoe w, > 0, uto Qu(iws) = 0 IPH HEKOTOPOM
TMOJIOXKUTEJBHOM 2,. VI3 3TOTO KOMIIJIEKCHOTO paBeHCTBa CJENYIOT 1Ba Bellle-
CTBEHHBIX COOTHOLIEHHUS

Wy = Esinw*, Z = —zcosw*. (1.77)
2 2

B cuny nmepBoro u3 Hux w, = /2. Orciona u u3 BTOporo paBeHcTBa (1.77)
BbITeKaeT, uTo 2z, = 0. JlokasaTesbCTBO 3aBEpLIEHO. O

1.3.3. PasgeneHue KpUTHYECKHMX U HEKPUTHYECKUX NepeMEeHHBIX B
OObIKHOBEHHOUW 4YacTU JHHEapu30BaHHOW Ha MNPUOJUIKEHHOM Mepuoau-
YeCKOM pemleHUM KpaeBou 3amaud. OO0OCHOBAaHHWE OCHOBHOT'O MPeIJOXKeHUs
nposeneM, MOAU(UUMUPYS Pa3BUTYIO B MNpelblAyllleM Naparpade TeXHUKY. B
YacTHOCTH, KaK M TaM, Ha4YHEeM C aHaJu3a CBOUCTB OOBIKHOBEHHOH 4acTH JH-
HeapuU30BAHHOM Ha MPUOJIUKEHHOM MEePUOJUUECKOM pellleHHH KpaeBoW 3a1aui,
B KOTOPOH MNpU wy = 7/2 mpoBeieM HOPMUPOBKY BpeMeHu (1.27), a 3arem
OCTaBHUM TOJIbKO CYILleCTBEHHbIE CjlaraeMele.

OnuiieM npouenypy paszesieHus KpUTUYECKUX U HEKPUTHYECKHX MepeMeH-
HBIX O] (pepeHInaNbHO-PA3HOCTHOIO YPaBHEHHUS

% = ay(t,x,e)h(t — &) + as(t, z,€)h, (1.78)
TJie 10 MOCTPOEHHIO
a1 = _E +€1/2a11(t7$) +€a12(t,:13), (179)

2
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as = 81/26L21(t,33) +eag(t,z), 6= L (1.80)
T+ 2eqq
Qurypupytomre B (1.79), (1.80) 4-nepuonunueckue mo ¢ (QyHKIUH TJIafI-
KO 3aBHUCAT OT TepeMeHHbIX. B pajbHeiiieM yno6HO cuMTaTh, UTO ¢y > 0, a
3HauuT, § < 1. B 3ToM csydae B KadecTBe (pa3oBOr0 MPOCTPAHCTBA ypaBHe-
Hus (1.78) MOXKHO B3fIThb yKe yINOMHHaBlIeecs paHee mpoctpaHcTtBo C[—1, 0]
HerpepblBHBIX Ha oTpe3dke —1 < s < 0 ¢yHkuuid. Ecau xe ag < 0, T0 B
KauecTBe ()a30BOr0 MPOCTPAHCTBA MOXKHO B3sATb, ckaxkem, C'[—3/2,0] . Co-
raacHo (1.79), (1.80) 4-nepuonuueckue no ¢t KoaphuHeHTH ypaBHeHus (1.78)
OJIM3KH K MOCTOSIHHBIM. [103TOMY B COOTBETCTBHM C MOCTPOeHHOU B [36] Teo-
pueil ¢aszoBoe npoctpaHctBo C[—1,0] paciienssieTcss B IpsIMyH CyMMY IBYX
MOATIPOCTPAHCTB, ONHO U3 KOTOPBIX AByMepHO. Kpome TOro, XapakTepuUCTH-
YyecKHe IMoKasaTe I pPelleHHH ¢ HadaJbHbIMH YCJOBUSMH M3 KOHEUHOMEPHOTrO
MOATIPOCTPAHCTBA CTPEMSITCS K HYJIO Npu ¢ — 0, a pellleHHs] C HayaJbHBIMH
YCJIOBUSIMU U3 €ro JIOMOJIHSOIEro 6€CKOHEUHOMEPHOTO TOANPOCTPAHCTBA TIPU
t — 00 3aTyXalT MO0 3KCMNOHEHI[HAaJbHOMY 3aKOHY C HEKOTOPbIM He 3aBHCS-
L[UM OT £ MOKa3aTeJieM KCIOHeHTHl. Iy najbHeHIIero Ba)KHoO, 4TO yKa3aH-
Hast TUXOTOMHS PEIIeHHH OCYIIECTBJSETCS MPU MTOMOIIU 4-MepHOAHUUECKHX MO
t npoektopoB P_(t,x,¢) u P, (t,z,¢), ragko 3aBucamux ot t, x, /2. Ilpu
3TOM B JAByMepHOM noanpoctpaHctBe P_C[—1,0] umeercs: 4-nepuonuyeckui
o ¢ Gasuc C TrJIafKoH 3aBUCHMOCTBIO OT t, = U £/2.
[lepeuncieHHBIMH CBOHCTBAMH, HO TIPU t — —00, 00JaiaeT MPUCOEeTHUHEH-
Hoe K (1.78) muddepeHnabHO-pa3HOCTHOE YpaBHEHHE

d
= —ait+8.2,0)y(t +0) — aalt.z,e)h, (1.81)
(asoBbIM MpocTpaHCcTBOM KoToporo siBiasietcss C(0,1).

HanomHum, 4To Ha KaxXno¥ mape (pa3oBbIX TPaeKTOpHH ypaBHeHHH (1.78)
1 (1.81) mocTosiHHA BeJHYHMHA

0
(h,y) = h(t)y(t) + / ar(t+s+9,z,e)h(t+s)y(t+s+9)ds. (1.82)
—5

[lycte P*(t,x,¢) u P} (t,x,€) — NPOEKTOPBI, CBSI3aHHBIE C YIIOMSHYTOH 1H-
xXoToMuel perneHnd ypaBHeHus (1.81). Huxke Gymer ucrnosb3oBaHO TO, 4TO B
COOTBETCTBUHU C H3JI0KEHHOU B [36] Teoprell B IByMEPHOM MOANPOCTPAHCTBE
P*C[—1,0] xoHCTpyUpyeTcsi TaKOH 4-mepHonuueckKuil mo ¢ 6asuc ¢ TIagkow
3aBMCHMOCTBLIO OT MepeMeHHbIX t, x 1 /2, KOTOpEIi 06pasyeT ¢ OTMEUYeHHLIM
Bbillle 6azucom u3 P_C[—1,0] 6UOPTOTOHAIBHYIO CHCTEMY B CMbICJE CKaJsip-
Horo npousBenenus (1.82). IlaHHoe 06CTOSITELCTBO, B YACTHOCTH, TO3BOJISIET
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BbIKCATb SIBHYIO (DOpMYJy 1Js mpoekTopa P, KoTopasi CTPYKTYPHO MoA06Ha
paBeHcTBaM (1.40).

B npenbinyiiem naparpade BaxKHYIO poJsib chirpaiu gopmyabl (1.33). Hdas
ypaBHEeHH#H C 3amas3ablBaHHeM, UTO MMOKasaHo B [36], aHaJOrHUHbIE 110 CMbIC-
Jay (hopMmyJibl yCTpoeHbl Gosiee C102kHO. UTOOBI UX MPUBECTH, YIOOHO CHadaJa
ypaBHeHue (1.78) 3anucaTh KOMMNaKTHeE:

dh
= Lt h(t+s)), (1.83)

rae l(t,*) — JuHe#HbH (yHKOHoHan B C|—1,0], SBHBIH BUI KOTOPOTO Tpen-
craBjseH B (1.78). 3mecb s MPOCTOTHl 3aMKCH €ro 3aBUCUMOCTb OT Mapa-
METPOB x W € He mopuepkHyTa. Kak okasbiBaeTcs, Ha KaXK[I0¥ HeNpepbIBHO
nuddepeHpyeModt GyHKIMU h(S) CpaBeJUBO PaBEHCTBO

%h(s) = l(t + s, P_h(s)) — P_h'(s) + P_Ey(s) [h’(O) — I(t, h(s))], (1.84)
rae LWTPUXoM oO03HaueHa MPOM3BOAHAS MO S, a KyCOUYHO HemlpepbiBHAsA (PYHK-
118%6; | Eo(s) paBHa enuHulle npu s = 0 u Hyao npu s < 0. OTmerum, uTo
NpoeKTop P_ jomyckaeT Takoe pacllMpeHUe, IPU KOTOPOM ero MOXKHO IpHUMe-
HAATb K KyCOYHO HelpepblBHBIM (PyHKUUAM. Tak Kak P_+ P, = I, U3 paBeHCTBa
(1.84) BBIBOZMM, UTO

dﬁh(s) =1(t+s,PLh(s)) — PLW(s) + W(s) = I(t + s, h(s))—

dt
— Bo(s) [I'(0) — I(t, h(s))] + Py Eo(s)[1'(0) — 1(t, h(s))], (1.85)

O603HaunM uepes
v(t,s,z,e), o(t,s,x,¢€) (1.86)

6asucHble 37eMeHTH B P_C[—1, 0], KOHCTpyHpYyeMble 10 OMHUCAHHOMY B MpPEbl-
AylleM naparpade npaBu/ay, a 0003Ha4YeHHUs

w(t,s,x,e), w(t,s,x,¢) (1.87)

ucnosb3yeM As 6asucHbiX QyHKUMU B P*C[0, 1]. Cuntaem TakKe, 4TO QyHK-
nun (1.86) u (1.87) ob6pasyroT OGHOPTOTOHAJbHBIH Gasuc B CMBICJIE YIOMH-
HaBILIErocsi paHee CKaJIsIPHOTO MpPOU3BeleHHsi. HamomMHUM, Kpome TOTO, UTO
4-nepronnyeckue no t ¢ysxuuu (1.86) u (1.87) rmagko 3aBucAT oT €72 u
OCTaJIbHBIX MepeMeHHBIX.
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Yepes h! 0603HauMM BEKTODP ¢ KOMILJIEKCHO-CONPSIXKEHHBIMM KOOPAMHATAMH
Z ¥ Z, KOTOpble BBIUMCASIOTCS 1Mo aHasoruuubiM (1.40) dopmysam ¢ npuBJeue-
aueM ¢ynkuui (1.86), (1.87) u ckansiproro npousBeneHus (1.82). O6o3nauum
yepes h? snementsl nognpoctpancta Py C[—1,0].

Jlemma 1.5. B nepemennoix h', h? dugpeperyuarvro-paznocmnoe ypaste-
Hue (63) 3anucovieaemcs 8 s8ude IKBUBANCHMHOL CUCMEMbL

1
% = eNg(2)h' + *Ay(z,€)h!, (1.88)
dh?
= L(t, 2 (t + s)), (1.89)

Joka3aTeabcTBO NpsiMo BeiTekaeT u3 paBeHcTB (1.84) u (1.85), xoTs mpo-
MEXXYTOUYHbIE BBIKJAIKHU HE OTHOCSITCS K UHCJY TPHUBHAJBHBIX.

OTmeTHM [BOHHYIO Harpysky o6osHadenus h? B (1.89): B mpaBoil yactu
h* = h%*(t + s), T.e. aBasercs anementoM P, C[—1,0], a B neBo# yactu h? =
= h%(t) — dyukuus spemenu. CtpykrypHo cuctema (1.88), (1.89) momo6Ha
cucreMe (1.42). Onnako ¢urypupyromias B (1.88) saBucsiias ot x IByMepHas
MaTpuia Ay cBsidaHa, eCTeCTBeHHO, ¢ ypaBHeHHeM (1.71).

Mrak, HamMu omucaH crnoco® pasfeseHHs] KPDUTHUECKMX H HEKPUTHYECKHUX
nepeMeHHBIX B OOBIKHOBEHHOH 4YacTH JIMHEAapU30BAaHHOH Ha MPHOJIHKEHHOM
LIMKJIe KpaeBoi 3amaud. Ero uasoxkeHue ObIJIO TOCTATOUHO KOHCIEKTHBHO, TaK
KakK OH y»>ke ObLJ OMMCAH B TpelbIAylleM naparpade, npasia, B 6ojee MpoCcTOM
ciyudae. JletasbHoe Ke H3JI0XKEHHe NAHHOTO Crocoba NeHCTBHH COmepKHUTCS

B [36].

1.3.4. ABHbIi BUA npoektopoB mpu ¢ = (0. Huxe norpebyercsi 3HAThH
SBHBIH BUI npoekTopa PY(t), B KOTOpHIH mepexomut mpoektop P_(t,x, ) npu
e = 0.

Jlemma 1.6. Cnpasedausa ¢popmyra
P°h = li(h)exp [in(t + 5)/2] + lo(h) exp [ — im(t + 5)/2], (1.90)
ede Qynkyuornarel ly u ly KOMNAEKCHO CONPANCEHDL:

h(0) exp(—imt/2) T 0
Pin/2)  2RGn/2) K

h(O)_eXp(z'mf/2) 7 0
Bin2) 2B )

li(h) = (s)exp [ —im(t +s+1)/2] ds,

h(s)exp [im(t + s+ 1)/2] ds.
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Jloka3ateJabCTBO CJelyeT U3 PACCyKIeHUH MpeablAyLIero MmyHKTa.
OTMeTHM, UTO B COOTBETCTBUH C JeMMOH 1.6

_exp(ins/2)  exp(—ims/2)

PR =R T ) .
L(PYEy) = exgé(_iijg/f)? ls(PYEy) = % (1.92)

1.3.5. KputuuecKkue U HeKpUTUUYECKHE MepeMeHHble JUHeapu30BaH-
HOU Ha NPUOJIMIKEHHOM MepUoINYeCKOM pellleHuH KpaeBou 3agauyu. Hamu
BCe MOATOTOBJIEHO, UTOOBl 00OPaTHUTbCA K YKa3aHHOW JIMHEHHOW KpaeBOH 3a-
Jlaye, B KOTOPOH YCJIOBUMCSl yIEp:KHUBAaTb TOJIBKO CYLIECTBEHHbIE CJlaraeMele.
[TocsienHee o3Hayaer, 4To OHa COCTOMT M3 ypaBHeHus (1.78), k mpaBoi uya-
CTH KoToporo nobasseHo nup@ysuoHHoe caaraemoe ¢ DAh, a Ha rpaHule Of),
oOsacTu ) mOCTaBJ/IeHBl YCJOBHUS HeNpoHHUILaeMOCTH. [lo onmucaHHOMY Bblllle
MpaBUJy TepeiieM B 3amaue K nepeMenHbiM h' m hZ. Tlpu sTom OymeM, Kak
M B IpenblayuieM naparpade, B AU(P(Y3HOHHBIX CJaraeMblX MOJYYaOLIeHcs
CUCTEMBI COXPaHATb TOJIBKO TJIaBHBIE MO € MOPSAIAKH.

[Tpu BeIBOLE ypaBHEHMs OTHOCHTENbHO hl Bocmonbayemes dhopmymoi (1.84)
u paBeHctBamu (1.92). TlpsiMmoii BbIK/IagKOH MosydaeM ypaBHEHHe

1
aait = gDH(t)Ahl + €D12(t)Ah2 + EAOhla (193)

coBnaznatiee no (opme 3anucu ¢ ypaBHenueMm (1.45), (1.46). OnHako Temnepb
B cuay (1.92) umeem B (1.93)

A pHCEN

P!(in/2 P!(in/2 P!(in/2

Dy (t)=D < e;p(m) 70 . ) , Dp(t)=D ( e;gf)(mm) > :
Pl(ir/2) B)(in/2) Fi(ir/2)

JleficTBYsl aHAJIOTHUHEIM 00pPa3oM, HO onupasch Ha gopmyay (1.85), npuxoxum
K 3aKJI0YEHHIO, YTO

oh? 1 2 T .9 1/2 2

e eDyy (t)AR™ +eDay(t) AR —§h (t—08)+e"Ply(t, h*(t+s),z,¢), (1.94)
rie siBHbIE BUA (DYHKUHOHAsA [, He WTpaeT poJi, a B CHJIy paBeHcTBa P =
= I—P° u popmynnl (1.91) nonyunum

w2 —4 w2 —4

Dan(t) = D= (exp(imt/2) exp(=imt/2)),  Danlt) = D5
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[TonuepkHem, 4to npu BeiBoge ypaBHenud (1.93) u (1.94) nepemennas h'
OblJIa HHTEPIPETHPOBAaHA KAK BEKTOP-CTOJNOEL ¢ KOMIOHEHTAMU 2 H Z.
Hrak, cuctema B Baprauusix Ha NpUOJIHKEHHOM LIMKJe Npeobpas3oBanach K

Buny (1.93), (1.94), a nocsenHve ypaBHeHHsS B 00lleM TJaHe MOMOOHBI ypaB-
Henusm (1.45), (1.46).

1.3.6. 3aBepmaromuii 3Tan J0Ka3aTeJbCTBa OCHOBHOrO pe3yibTara.
Ha nepBeléi B3rsign npencraBsaseTcs, YTO AJS 3aBEPLIEHUS [N0Ka3aTeJbCTBA
OCTaeTCs BOCIOJb30BAThCS M3J0XKEHHOM B KOHLE TNpelblayllero naparpada
TexHUKOU. OgHAaKo TaKOMy Croco0y NeHCTBUH MPensTCTBYIOT ABa 0OCTOSITE b-
CTBA.

[lepBoe n3 Hux TakoBo. B mpenpinyiiem naparpadge, oObIrpeiBasi KOHEYHO-
MepPHOCTb (ha30BOr0 MPOCTPAHCTBA OOBIKHOBEHHOH YaCTH, MPU MOMOILU 3aMeHbI
(1.41) MBI 1OOHUIMCH, YTO COCTABHOM YacThbio ypaBHeHHus (1.46) sBasieTcs ypaB-

HeHHe

dh? 5

—— = B,

dt
rie Bce coOCTBEHHble 3HaueHHs] By UMEIT OTpHIlaTesbHble NeHCTBUTEJbHBIE
YacTH, YTO OBIJIO MCIIOJNBb30BAHO MPH N0KasaTesbCTBe JieMMbl 1.3 (cM. BBIBOA
otteHKH (1.53)). B cayuae ananorununoro emy ypaBHenus (1.94) takoBo# rsas-
HOM YaCTbhIO MOKHO MOMBITAThCH CYUTATh AU PepeHIInanbHO-Pa3HOCTHOE YPaB-
HeHHe

2
A T2 ) (1.95)
dt 2

OnHako  pelieHWst  MOCJEAHEr0 €  HauaJbHBIMH  YCJOBUSMH W3
P, (ty,x,e)C[—1,0], 3amaBaeMBIMM B MOMEHT BpEMeHH tj;, He o00Jagal0T
CBOMCTBOM 3KCIIOHEHIIMaJbHOTO 3aTyXaHHUs C HEKOTOPHIM yHHUBEPCaJbHBIM
MOJIOXKHUTENbHBIM [T0Ka3aTeJeM SKCIIOHEHTHI.

Bropoe 3aTpynHeHHe CBI3aHO C TeM, YTO MO MOCTPOEHUIO HETPUBUAJIBHBIM
06pa3oM 3aBUCHUT OT x MpoekTop P_(ty,x,€), a 3HAUUT, BO3HUKAET HOMOJHHU-
TeJIbHasl CJI0OXKHOCThb MPH HCIOJb30BAHHH rajiepKUHCKUX amnmnpokcumaiui. [lo-
Ka)KeM, YTO OTMeueHHble JBe TPYAHOCTH B3aMMOCBSI3aHbI, a UX MPeOIOJeHUe
HOCHUT TeXHUUYECKHH XapakTep.

BriGepeM MpPOH3BOJMIBHO TAKyH TMOJOXKHUTEIbHYIO 4-TI€PHOIUUECKYIO TJIaj-
KY10 QYHKIHIO Vg (t) (6AMHCTBEHHOE OrpaHHUYEHHE — OHA JOJXKHA ObITh OT/e-
JIEHHOH OT HYJIs1), 4TO 1Jist audepeHIrasbHO-pa3HOCTHOTO YpaBHEHHUS

dh?

v Mo 2
7 2h (t —9) + evac(t)h (1.96)



32 I'naBa 1. KBasuHOpMaJibHble ()OpMBbI CHCTEM MapadoJM4eCcKOro THIA

MMeeT MeCTO KCIOHEHLIHabHAs TUXOTOMHUS pelleHHH, OCyllecTBseMast TpH
MOMOILM MpoeKTopoB PP¢(t,¢) u P(t,e). Hna nanbHeillero cyliecTBeHHO,
UTO B COOTBETCTBHH C pe3ysbTaTaMu U3 [36] nmpoektop P (¢, &) Mo HOpMe JIHIIb
Ha BeJIMYMHY mopsiaka € oraudaercs ot PY(t). BaxHo Takxke To, 4TO pelie-
HUs ypaBHeHus (1.96) ¢ HavajbHBIMM ycaoBHAMH M3 PP(t,¢)C[—1,0] mpu
BO3paCTaHMH ¢ 3aTyXalOT MO SKCIIOHEHLHAJBbHOMY 3aKOHY, IpUYeM MOoKa3aTesb
5KCIIOHEHTBI MOXKHO CUHTATh He 3aBUCSIIHM OT €.
B cuny nsnoxenHoro B [36] cnpaBeniviBo paBeHCTBO

P_(t,x,e) = P*(t,e) +"°Q(t, , ), (1.97)

rie HOpMa IJIafKOro Mo COBOKYMHOCTH NepeMeHHBIX JMHeHHOro onepatopa @
OrpaHMYeHa CBepXy HEKOTOPOH MOCTOSHHOH (3TO »Ke CIpaBejUBO U LJS ero
NMPOM3BOAHBIX 10 t ¥ x). Tak Kak P_(t,x,e)h? = 0, 10 cornacno (1.97)

P(t, e)h? + £Y2Q(t, z, €)h? = 0. (1.98)
[Tpumensis k (1.98) mpoekrop P™(t,¢), moaydaem
PE(t,e)h? + e /2PR(t, )Q(t, x, e)h? = 0. (1.99)
B ypaBaenuu (1.94) BBIMOJHUM TJIAAKYIO JSMYHOBCKYIO 3aMeHY
h2, = h? + Y2Q(t, x, e)h*.

Tak kak B cuny (1.99)
P*(t,e)hz. = 0,

TO HOBasi nepeMeHHass h2, B HYXXHOM CMbICJie OPTOTOHaJbHa IBYM yXKe He
3aBUCAILUM OT & (PYHKLHUSM.

B ypaBHeHuu, B KoTopoe TpaHcpopMupoBasoch ypaBHenue (1.94), HuxkHUH
WHIEKC y TepeMeHHol h2, onyctuMm. 3arem, n06aBsis U Berautas £(t)h?, Bbl-
JIeJIUM 1B CJaraeMblX, KOTOpble (pOPMHUPYIOT TpaByio yacTb ypaBHeHus (1.96).
[Tpuxonum K 3aKJ/0UYeHHIO, 9YTO COCTAaBHOHM uacThio ypaBHeHus (1.94) craHo-
BUTCs ypaBHeHHe (1.96), peleHHss KOTOPOTO ¢ HayaJbHBIMH YCJAOBHSMH H3
PP (ty,e)C[—1,0], a UMEeHHO TaKWe Haua/bHble YCJOBHSI Mbl M NOJIKHBI pac-
CMaTpUBaTh, 3KCIOHEHLIMAJIbHO 3aTyXalT C He 3aBUCALIUM OT € IOKa3aTeJseM
sKcroHeHTHl. [ToaTOMY BUIOM3MeHeHHAst yKa3aHHBIM crioco6om cuctema (1.93),
(1.94) no cBoum o6uIKMM cBoMcTBaM HaeHTHYHa cucteMe (1.45), (1.46). Tenepn
y2Ke MOXKHO BOCIIOJIb30BaThCsl Pa3BUTOM B NpeAblAylleM naparpade TeXHUKOH.
JlokasaTebCcTBO MpeioKeHUsl 3aBeplieHo. []



In1aBa 2.

MeTtoa KBa3MHOPMaAJIbHbIX
¢popMm B 3amauax
runepooJUMUeCcKOro Tumna

B nanHHO# ryiaBe, HamucaHHOH B OCHOBHOM Mo pa6otam [17,27-29], Ha
coflepKaTesIbHBIX MPHUMepax MpeacTaBJ/ieHbl 0COOEHHOCTH MPUMEHEHHUS MEeTona
KBa3WHOPMaJ/IbHBIX (DOPM B 3ajadax runepodosuyeckoro tuna. Mcnosap3oBanue
JNAHHOTO MeTOa B MaTeMaTHYeCKUX MOJeJiIX aBTOIeHepaTOpPOB C OTPE3KOM
INJUHHOH JINHUM B LeNH OOPAaTHOH CBS3U MO3BOJISIeT 00OCHOBATH PSN Pe3yJib-
TAaTOB O BBICOKOMOJOBBIX aTTPaKTOpax U Oy(pepHOCTH B 3alayax paguoPU3UKH.

2.1. BbicokomopoBas O0ydepHocts B RC' LG-nuHUMA

PaccmoTpuM aBTOoreHeparop, 0J0K-cXeMa KOTOpPOro MokKa3aHa Ha puc. 2.1.
Bynem cuutaTh, UTO €ro 3JeKTpPUUECKHe MapaMeTpbl — HWHIYKTUBHOCTb L,
eMKocTb (', aKTUBHOE COMPOTHBJEHHe R U MPOBOAUMOCTb (G — pPaBHOMEPHO
pacnpenesensl Ha oTpe3ke 0 < x < 1, a B Touke z = () cocpe1oTOU€Ha BCIIOMO-
ratesbHast eMKOCTb Cy. OTHOCHTEJIbHO HEJMHEHHOT0 dJieMeHTa (B pocTeliieM
clyuyae — KJaCCHYeCKOH JIaMITbl) MPeAnonaraeM, 4To TOK [ uepe3 Hero 3aBUCHT
OT MpUJoKeHHOro HanpsikeHust U Tak, Kak u3obpaxeHo Ha puc. 2.2. Onupasch
Ha MeTOIMKY paboThl [33], MOXXHO MoKasaTh (cM. [28]), 4To B caydae naeasb-
HOTO YCUJIUTEJIS, a TaKxKe TPH JNOMOJHUTENbHBIX MPENON0KEHUSIX O MaJOCTH
cymmapHbiX noteps € = R\/C/L+ G+/L/C u nopaBaeMod B JIMHUIO SHEPTHUH,
MaTeMaTH4YeCKOl MOJesbl0 JAHHOrO reHepaTopa CJAYKUT KpaeBas 3ajauya

33
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I
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Puc. 2.1. Puc. 2.2.
0%u ou 0*u Ou ou
o o "o aw | | T T k) 2.1

31ech u — HOPMHUPOBaHHAs MepeMeHHasi COCTABJISAIONLAs HAMPSIXKEHUST B JTUHUH;
o« > 0 — HOpMHpOBaHHasi eMKOCTb Ha KoHue r = 0; F(z) = Bz — 23, B >
> () — annmpoKCUMAaLUsl HeJUHEHHONW XapaKTepPHUCTUKU B OKPECTHOCTU pabouei
Toukd A (cMm. puc. 2.2). CunTtaem Takxke, UTO MapaMeTPsl ¢, 5 UMEIOT TOPSIIOK
eTUHULLBL.

B kauecTBe (pasoBoro mpocTpaHcTBa KpaeBod 3amauu (2.1) Bo3bMeM

(u, 8_1;> € W3(0,1) x Ly(0,1) u 3aMeTHM, UTO OIHO3HAUYHAS PA3PELIKUMOCTb

oTBevatomiei (2.1) cmelmaHHON 3aJauu ¢ HayaJbHBIMU YCJOBHSIMU U3 yKa3aH-
HOTO MPOCTPAHCTBA yCTaHaBJMBaeTcs cTaHmapTHo (cMm. [28]): urypupyoimee
B (2.1) nmuHeliHOe ypaBHEHHE UHTErPUPYETCS M0 XapaKTePUCTUKAM, a Pe3yJIbTaT
TMIOJICTABJISIETCS] B TPaHUYHBIE YCJIOBHS. B nTore npo6jeMa CBOIUTCS K aHAJIH3Y
HEKOTOPOU CUCTeMbl UHTerpo-AuddepeHralbHbIX YPABHEHUH.

O6pariaeM BHHUMaHHe, 4TO TMoJydatomasics u3 (2.1) npu € = 0 JauHelHas
KpaeBas 3ajfiadya o6JsiafaeT BbIpaXkeHHBIMM Pe30HaHCHBIMM CBOHCTBAMHU: ee Xa-
pakTepucTHueckoe ypaBHeHHe (aA + 1)ch A = 0 UMeeT OfMH BellleCTBEHHBIN

KOpeHb A = —1/c ¥ TpPyNmy 4KUCTO MHHMBIX Pe30HAHCHBIX KOpHeH \ = tiwy,
Wy = g(Qn —1),n=1,2,..., KOTOPBIM OTBEUAIOT TePUOJHUUECKHNE PelLIeHHUS
exp(Liw,t) cosw,(x — 1), n=1,2,... (2.2)

B nogo6GHOM cHTyallud MOCTPOEHHe aBTOKOJEeOAHHWHU C MOMOLIbI0 ONHOYACTOT-
HOTO MeTOJa 3aBeflOMO HeBO3MOXKHO. [I03TOMy HuUXKe A/1 X NOCTPOEHHUS BOC-
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MoJb3yeMcst MeTOI0M 6eCKOHeYHOMEePHOH HOpMaJ/u3aliy, CMbIKAIOLIMMCS B aJl-
FOPUTMHUYECKOM IJIaHe ¢ METOIOM KBasWHOpMaJbHBIX (opm [41], [40].

B nanHom ciyuae, oObIrpbIBasi CylleCTBOBaHHe Yy KpaeBod 3amaun (2.1)
npu € = () nmepuoanUecKux peleHuit (2.2), ee aBTokosebanus npu € > 0 6ynem
MCKaTh B BUJE

u=uy(t,s,z)+eu(t,s,x) + ..., (2.3)
rue s = et,
uy = Z[zn(s) exp(iwnt) + Zn(8) exp(—iwyt)] cos wy,(x — 1), (2.4)
n=1
up = Z A (z, 8) expiwnt) + A, (2, 8) exp(—iwnt), (2.5)
n=1

a KOMILJIEKCHbIE “aMIIUTYAbl” Zz, TAKOBbI, YTO CXOTUTCS PSifi C OOLIMM UJIEeHOM
w2|2,|? (B 3TOM caryuae ug € Wy no nepemennoit ). [Toncrasss satem (2.3)—
(2.5) B (2.1) u npupaBHUBass KOI(PPHUUHUEHTH MPU €, AJs (HUTYPUPYIOLIUX B
(2.5) dbyHKUMH A, mosydaeMm KpaeBble 3amaud (MepeMeHHYIO s pacCMaTpPHUBaeM
Kak TapameTp)

d*A, 5 dz,,
A =0 - | 2222 —1 2.
7 +w; A, = iwy, ( 7 + zn> cos wy(z — 1), (2.6)
dA
i :0 An — —Jn 1 ' nj :1727""
| =0 L /(1 +iaw,), n

3nech f, — kKoahuLment npu exp(iw,y) psaaa Pypbe GyHKuuu [v — v3, rae
oo
v(s,y) = Y _ zn(s) expliwny) + Zn(s) exp(—iwny). (2.7)
n=1
YcnoBus paspemnMocTH 3amad (2.6) MPUBOAAT K CYETHOH CHUCTeMe OOBIK-
HOBEHHBIX NH((epeHlHaNbHbIX YPAaBHEHUH
dz, 1

-en - — i n—1 . —
T -|-2zn i(—=D)" fo/ (L +idawy,), n=1,2,... (2.8)

IJIs1 OTpelie/IeHUs] HEM3BECTHBIX aMIIUTYI z,. [IpuBJekas, najee, QYHKIHIO
(2.7), ybexnaemcsi, 4TO MOJyUeHHass CUCTeMa ‘CBOpaurBaeTcsi” B KPaeBYyIO 3a-
nauy

0 (%Jrl ov 1
0s QU

aa—y +%—|—§U+BU(S,Q—1)—US(S,y—l):0,

v(s,y+2) = —v(s,y),

(2.9)
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KOTODPYIO CJIe[yeT paccMaTpuBaTh B (ha30BOM MpocTpaHcTBe W3 aHTHUIIEPHOIH-
UeCKHX C MepuonoM 2 GyHKUHH v(y).

CTporuil CMBIC/T OMTUCAHHBIM MOCTPOEHUSIM MpUAaH B padote [28]. A umeH-
Ho, B [28] mokasaHo, 4To y KpaeBo# 3amauu (2.1) cyuiecTByeT 6eCKOHEUYHO-
MepHOe (Kopa3MepHOCTH 1) 3KCIOHeHLIMaJbHO OPOUTANbHO YCTOHUMBOE MHBA-
pHAHTHOE MHOT000pa3ue, NBUXKEHUS Ha KOTOPOM C TOYHOCTBIO MO CJIaraeMbIX
NOPANKA €2 U € COOTBETCTBEHHO 3aJ4al0TCs OCTPOCHHBIMH BhILIE OTPE3KOM Psi-
na (2.3) u cucremoii (2.8). I1pu aTom momyTHO B [28] ycTaHOBJEHO Clenyoliee
YTBEPKAEHHE.

Teopema 2.1. [lycmo xpaesas 3adaua (2.9) umeem uuxas v = vy(§), & =
= 00s + ¥y, 09 = const, IKCNOHEHUUANbHO OPOUMANLHO YCMOUUUBLLL UAU
Juxomomuunolti. Toeda Hatidemcsa makoe €y > 0, umo npu cex 0 < € < €
8 ucxodHoli Kpaesoii 3adaue (2.1) emy omeeuaem uyuka motl xHe ycmoiiuu-
socmu ¢ acumnmomuroi (2.3)—(2.5). Ilpu amom 8 gopmyrax (2.4), (2.5)
caedyem NOAONHCUMD

0

zn(8) = v, exp(iw,00s), n=1,2,...,

2de vy, 10 — koagpuyuenmor Pypve pynxyuu vo(€) no cucmeme exp(Fiw,§),
n > 1.

CdopmynrpoBaHHasi TeopeMa CBOIUT HHTEPECYIOLLYIO HAaC pobeMy Hhcce-
JIOBaHHUsI aBTOKOJeOaHUH KpaeBod 3amaud (2.1) K aHAJOrMUHOMY BOIPOCY AJIS
ee HopMmaJsibHOU opmbl (2.9). [TosTomy nsst yno6¢TBa Moc/enyolero aHaa1aa,
BBITIOJIHSIST B KpaeBo# 3amade (2.9) momxonsiiiyie HOPMHPOBKH IMEPEMEHHBIX H
napaMeTpPOB W 3aMeHsisl s Ha ¢, y Ha x, TIPUBEJEM ee K BUIY

AN CLS IR Y 0 ) DY S )
Yor\ot ") T TV T T )TN T (210

v(t,x +m) = —v(t, ).

O603HauuM, najee, yepes (), — COBOKYMHOCTb HaGoOpPOB (v, ), MPH KOTOPBIX
KpaeBas 3ajmada (2.10) uMeeT He MeHee n PA3JUUHBIX 3KCIIOHEHIHAJbHO Op-
OUTaNbHO YCTOHUMBBIX LIMKJOB yKa3aHHOro B TeopeMe 2.1 Buna. CrnpaBenyinBo
cenymwlee yTBepxKiaeHue [28].

Teopema 2.2. Mnoscecmso ), ne nycmo npu A1060M HAMYPALOHOM N.

Tak Kak npu nokaszaresnbCTBe TeopeMbl OyleM HHTepPeCcOBaTbCS MEPUOAHU-
yecKUMHU peleHussMu 3anaud (2.10), 6ubypuUpyOIMUMA NPH YBeJTUYeHUH Ma-
pameTrpa B W mpU o <K 1 U3 HYJEBOrO COCTOSIHUS PaBHOBECHS, TO CHayaJa
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hccJenyeM mocJenHee Ha yctoduuBocTb. C 3Toél mesbio otépocum B (2.10)
HEJIMHEUHOCTb W TOJIOXKUM B TOJIYYUBLIEHUCH JHUHEHHOM KpPaeBOM 3ajaye v =
= exp(At +i(2n — 1)x). B utore yGexpaemcsi, UTO ee CMEKTP YCTOHUHUBOCTH

COCTOMT M3 UUCesd A\, \,, n =1,2,..., e
Ao = =14 (=1)"'8[a(2n — 1) +4]/[1 + a?(2n — 1)?]. (2.11)

W3 paBeHctB (2.11) caenyer, uto B ciydae o < 1 HyJieBoe pellleHHe YCTOHYUBO
(HeycToitunBo) mpu [ < 2 (> 2). [lostomy Bcrony HuXe GylneM CUHUTATh, YTO
B (2.10)

a=pl, =24~ ~v~1, v>0. (2.12)

[TockosbKy mpu ycaoBusix (2.12) y kpaeBou 3amauu (2.10) Bo3OykmatoTcs
JULIb Mokl exp(4i(2n—1)x) ¢ HeUeTHBIMK HOMEPAMHU N ~ j1~ 1, TO peub MOHaeT
0 OBICTPO OCUMJIJIHUPYIOLIUX MO T LUKJAAX, OUPYPUUPYIOLUUX U3 HYJS HA ITUX
mMonax. I/ MX MOCTPOEHHs] PaCCMOTPHUM CHadasa KpaeByio 3anauy (2.10) mpu
YCJIOBHUSIX

a=14+00u, B=2+vu, 0 <9I <0, (2.13)

rie 01 < d0y MPOM3BOJBHO (UKcHpoBaHbl. M3 paBeHcTB (2.11) crienyer, uto B

3ToM caydae Re A; ~ oH a oCcTaJibHble cOOCTBeHHbIe 3HaueHUs (2.11) umeroT

OTpHLIATE/IbHbIE NeHCTBUTENbHbIE YaCTH MOPSIAKA eIHHHIbl. TakuM 00pasoM,
3/1eCh HAaXOAMMCSI B paMKaX NMPUMEHHMOCTH KJIACCHUeCKOH OMdypKalHOHHOH
TeopeMbl AHppoHoBa — Xormda, pacnpocTpaHeHHOH Ha ypaBHEHHS C 3amas-
neiBaHueM B [35, 56]. B yactHocTH, M3 comepxkamuxcs B [35] pe3ysnbrartoB
BBITEKAET CJIENYIOIlee yTBEPKIEHHUE.

Jlemma 2.1. /{15 210boix 01 < 09 Haiidemces makoe g > 0, umo npu ycrosusx
(2.13) u npu 0 < u < py kpaesas sadaua (2.10) umeem nepuoduueckoe
peuierue

v =/, 6, p),  E=o(p)t+z. (2.14)

30ecob anarumuuecKue no COBOKYNHOCMU C80UX NepeMerHblY QYHKYUU Vg, O

4
makosol, umo vy(&, 9, 0) = ”§7 cos&, o(0) = 1.

O6patumcsi Tenepsb K 3anade (2.10) npu ycnosusix (2.12). HenocpencrseH-
Hasl TIpOBEpKa MOKa3blBaeT, UTO B 3TOM CJydyae OHa HMeeT MepHOAHUYECKHe
pelleHusl

Un = VHvo(&, 0n(p), 1), € =o(p)t+ (dn+ 1)z, op(p) =4n+1—1/p (2.15)
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C ACHUMIITOTUUYECKU OOJBbIIUMU HOMepaMI/I n, YI[OBJIGTBOPH}OHLI/IMI/I HepaBeH-
CTBaM
O <dn+1—1/p < 6. (2.16)

Tem cambIM, U 31e€Ch CTAaJKHUBaeMCs C HEKOTOPBIM aHaJI0OTOM MPUHIKIIA TOA00HS
u3 § 1.

Jlis1 uccaeioBaHUsl YCTOMYMBOCTH BBICOKOMOJOBBIX IHKJOB (2.15), (2.16)
MCII0JIb30Basach cTaHaapTHasi Metonuka (cm. [28]). Ha stom myTtu 6blyo mo-
JY4eHO CJenyrolee yTBEPKAeHHE.

Jlemma 2.2. [lycmo 61 < dy — npou3sosvHO QuKCUPOBAHHbLE YUCAQ U3 UH-
mepsasa (1-(7),1+(7)), ede

3 3
Le(y) = —gnE P+ 4 1=19/3

Toeda npu ecex docmamouro marvix p > 0 yuxasor (2.15), (2.16) akcnoren-
UUANLHO OPOUMANLLHO YCMOLUUBHL.

B nonosHeHMe K MpHBeNeHHOH JeMMe 3aMeTHM, U4TO MOCKOJbBKY
lim [y () = £o0, v — 00,

TO MPH TIOAXOASIIEM YBEJHUEHHUH Y U YMEHBIIEHUH [ KOJHUUECTBO YCTOHUUBBIX
nuKJ0B (2.15), (2.16) MoxeT OBITH CHIEJaHO CKOJIb YrogHO GoJibliuM. Teope-
Ma 2.2 noKasaHa.

B 3akjtoueHne ckaxkeM HECKOJIBKO CJIOB O TPOUCXOXKIEHUHM KpaeBOW 3ama-
gu (2.1). B cBA3K ¢ 3TM HanmoMHuM, uTO B caydae Cy = () BliepBble MaTeMaTH-
yeckasi MOfleJlb pacCMaTPHUBAEMOro aBTOreHepaTopa Ha OCHOBe pa3paboTaHHON
B [33] MeTonuku Oblia npeasnoxeHa B padore [10]. OnHako siBjeHue 6ydepHo-
ctv B HeM (ripu Cy = 0) ynajoch 06HApy>KHUTb U U3YYHTh, KaK TEOPETHUECKH,
TaK U KCIePUMEeHTa/NbHO, JIUIIb 3HaUUTebHO Mo3aHee (cM. [11,12,14], [26]).
BBeneHue xe n10MOJMHUTENbHOH eMKOCTH Cjy, ¢ ONHOH CTOPOHbI, MOTHBHPOBAHO
TeM, UTO OHO MPUBOJIUT K CHUXKEHHWI0O KPUTHUYECKOT0 3HaueHHs KO3 hHUIlHeHTa
yCUJIeHUsI, HeOOXOMHUMOT0 1151 BO3OYKIeHHsI aBTOKOJIe6aHUH B JIMHUM (HAMOM-
HuM, dto B [11, 12, 14] “noporoBuiii” KO3(pPULHEHT yCHJeHHUS Obla OJHU30K K
elMHUIlE, a B HallleM cJaydae OoH UMeeT BUA £, T.e. MaJj). C O1pyrod CTOPOHHI,
BCIIOMOTaTe/ibHasi eMKOCTb T03BOJIsIeT O0OHapY»KHTh B JaHHOH 3amauye HOBBIU
(heHOMeH — Tak Ha3blBaeMY0 BBICOKOMOLOBYI0 OydepHoCcTh. CyTh 3TOrO siBJle-
HHUSI COCTOUT B TOM, YTO B CHCTEME MOTYT ObITb YCTOHYMBBIMH TOJIBKO MepH-
OllMYecKHe peXUMbl, OGU(YpUUPYIOIIHe U3 HYJsT Ha KOHEUHOM UHCJEe BBICOKHX
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moa. Muanuive e W, HA00OPOT, CJAMILIKOM BBICOKHE MOJABI NMPHU 3TOM HE BO3-
OyxnatoTcs. [loguepkHeM, UTO UMEHHO C TAKOW CUTYallued Mbl U CTAJIKHBAEMCS
MpU yMeHbIIeHHH B (2.1) mapameTpa o ¥ TIPH yBeJHUEHHH HOPMHPOBAHHOTO
Ko3(ppuumreHTa ycuaeHus f3.

2.2. ABaenue OydepHoctu B RC LG-nmuHUM € Ma-
JbIMU UCKAXKEHUSIMHU

B 3TOM myHKTe pacCMOTPHUM TOT K€ CaMblid TeHepaTop, 4TO W BbILIE, HO B
HECKOJIbKO MHOM JHana3oHe mapaMeTpoB. A MMeHHO, Ternepb CUHTaeM MaJbiMH
y»Ke He CyMMapHble TOTEPH B JIMHMM, a MCKaxKeHUs B Hed. Torma mpu ycJo-
BuM Cy) = 0 MaTeMaTHUECKOH MOJEJIbI0 JAaHHOrO IeHepaTopa CJAYKUT KpaeBas
sagauda (cMm. [27])

Pu  Ou (o  _Ou
oz Yot T\ 1 )" T
3

—U
r=1

. (2.17)

ox

I
e

=0, u
r=1

+Bu
0

I
—_

r= x

31ech Mo-NpexXHeMYy © — HOPMHPOBaHHAasl epeMeHHas COCTaBJSAOILAs HaMpsi-
JKeHUS B JIMHUU,

a=G\L/C+ R\/C/L, €= i(R\/C/L — G\/L/C)?,

npuyeM 0 < ¢ < 1, a napametpsl a, > (0 UMeOT MNOPANOK eNWHUILB. B
ou

KayecTBe (pa30BOro MPOCTPAHCTBA B JAHHOM CJly4yae BO3bMEM (u, —) eV =

ot

o o
= W3(0,1) x Ly(0,1), rne W3 C W, — HenuHe#iHOe MHOr006pasue GyHKIHH,
YIOBJIETBOPSIIOIIMX BTOPOMY T'PaHUUYHOMY ycJjoBuio U3 (2.17). Hamomuuwm, yto
ONHO3HAYHasl paspeliMMOCTb oTBevawouled (2.17) cmemaHHo# 3amayu ¢ Ha-
YaJbHBIMU YCJOBUSIMU U3 YKa3aHHOTO (pa30BOTO NMPOCTPAHCTBA BIepBble Oblia
ycrtaHoBJeHa B [46] (cMm. Takxke [11,26]).

[ToctaBrM BOIpOC O CyLIECTBOBAHHUH U YCTOMUHMBOCTH aBTOKOJeOaHUH Kpa-
eBoU 3anauu (2.17), 6udypumpyroUX U3 HYJs NPH yBeandeHuu (. B cBsizu ¢
3TUM T0JI0XKUM B Hel

p = ch(a/2) + &7, v~ 1. (2.18)
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[lesiecoo6pasHoCTb TAKOro BhIGOpa Mapamerpa [ 00yCJ0BJIEHA T€M, YTO B ITOM
cayuae npu & = () xapakTepucTuyeckoe ypasHenue ch (A+a/2)+ch (a/2) = 0,
OTBEYalollee HYJIeBOMY COCTOSHMIO DABHOBECHSI, UMEET TPYIINY YHCTO MHUMbBIX
pE30HaHCHBIX KOpPHeH A = +iw,, w, = 7(2n — 1), n = 1,2,..., KOTOpHIM
COOTBETCTBYIOT MEPUOAUYECKHE PEIIeHHUS

exp(iwpt)hn(z),  exp(—iwyt)h, (),

hn(x):chKiwnJrg) @:-1)], n>1 (2.19)

JINHEaPU30BAHHOU KPaeBOM 3a1auyu

0%u ou a® 0*u  Ou
- T —u =

W-l— o 922 or =0. (2.20)

r=1

=0, u
=1

a
h(3)
- +c 5 U

OcranbHble e KOPHU 3TOrO YPaBHEHUS] UCUEPNBIBAIOTCS PAaBEHCTBAMU A\ =
= —a +iw,, n = 1,2,..., a oTBevatlde UM pelieHus JlsnyHosa — Pjoke
UMEIOT BUL

exp(—a + iw, )t hy(7), exp(—a — iwy )t hy(z), n > 1. (2.21)

Wrak, npu ycnosuu (2.18) u npu € = 0 B 3agave 06 yCTOHUHMBOCTH HYyJle-
BOI'O COCTOSIHUSI DaBHOBECHSI CTaJKHBaeMCs MPUMEPHO C TAaKOH »Ke CHUTyallu-
eil, 4TO W B TPEeAbIAYIIEM NMyHKTe. ENMHCTBEHHOE HeCYIIECTBEHHOE OTJIHYHE
3aKJIl04aeTcsl B TOM, UTO 3[IeCh COOTBETCTBYIOIlee XapaKTepHUCTHUECKOe ypaB-
HeHHe HMeeT B MOJYIJIOCKOCTH Re A < 0 yxXe He OIHH KOpPeHb, a CUETHOe
ux uncao. [losToMy, Kak ¥ BHIlIe, /15 HAXOXKAEHHs aBTOKOJeOaHUH KpaeBOH
3amauu (2.17), (2.18) Bocmosib3yeMmcsi MeTonOM 6eCKOHEUHOMEPHOH HOpMaJinu3a-
LIUH.

Cunenysi onmucaHHod B 1. 2.1 MeTomuke W OOBITPBIBasi CYLIEeCTBOBaHHE Y
KpaeBou 3amaud (2.20) mepuommnueckux pemeHud (2.19), noncraBum B (2.17)
PaBEHCTBO

u=zu(t,s,z)+ e ui(t,s,z) +... | (2.22)

rae s = et
Z s) exp(iw,t)hn (1) + 2,(5) exp(—iwnt) hn(z), (2.23)
up = Z B, exp(iwyt) + B, (z, s) exp(—iwpt), (2.24)

n=1
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a KOMIIEKCHbIE aMILIUTYAbl 2, TaKOBBI, YTO IIO-NPEXKHEMY CXOAMTCS PSL C
06UIMM u/JeHOM w?|z,|?. TlpupaBHuBas 3aTeM Ko3(buLHeHTH Tpu /2, 1/
urypupyromux B (2.24) koapduuneHToB B, mosyuaeM KpaeBble 3a1auu

B, dzy

2 ds
a
h(=)B,
x:O+S (2)

31ech, Kak U Bbille, f, — KoahduuueHT npu exp(iw,y) psra Pypbe GyHKUNH
yv — v3, roe v 3agaerca paBeHCTBOM (2.7).

3 ycaoBuii pa3pelinMocTH KpaeBbiX 3anau (2.25) njsi onpenesieHUs] HEH3-
BECTHBIX aMIUIUTYM Zz, NOJydaeM CUETHYI CHCTeMy OObIKHOBEHHBIX AU]de-
PEHLHAJNbHBIX YPaBHEHUH

dz, a . a
2E—zn/<§+zwn> +2fn/sh(§), n=12,..., (2.26)

KoTopasi, Kak M aHaJorH4Has ed cuctema (2.8), cBopauMBaeTcsi B KPaeBYIo
3ajauy

0%v N @ . a ( 2
9sdy  "0s @ sh(aj2)' " sh(a/2)
U(Su Yy + 1) = _U(Su y)

B (2.25)

dx

:07 Bn

rx=1

+f=0 n=12...

r=1

ov
(v — 3%~

2 dy’  (2.27)

—v3) +

st byHkuuu (2.7).

Teopema 2.3. Jlnbomy nepuoduueckomy peuienuro kpaesoii 3adauu (2.27)
suda v = vy(0gs+y), o9 = const, IKCNOHEHUUANLHO OPOUMANLHO YCMOLUUBO-
My uiu duxomomuuromy (8 mempuxe Wy), 8 ucxodnott sadaqe (2.17), (2.18)
npu scex docmamouro marvix € > 0 omeeuaem uuks moti xe ycmouuuso-
cmu, acumnmomuka Komopoeo noiyuaemcs us (2.22)—(2.24) no onucar-
Homy 8 meopeme 2.1 npasury. Kpome moeo, npu Kanoom HAMYypasbHOM
n 3agedomo He nycma cosokynxocmoe ), Habopos napamempos (a,7), npu
Komopotl kpaesas 3adaua (2.27) umeem He meHee n PASAUUHBLX IKCNOHEH-
UUAALHO OPOUMANLHO YCMOLUUBLLY LUKAO8.

OcTtaHoBUMCS CHauaJia Ha MPUYKHAX, 110 KOTOPLIM 3/1eChb OKa3bIBaeTCs Clpa-
BeIJUBBIM aHaJjor TeopeMmbl 2.1. B naHHOM ciydae OHM [OMYCKAIOT Ty XKe
CaMyl0 HarJsiIHYyl0 reOMeTPUUECKYI0 HHTepIpeTauuto, uto u B n. 2.1. las no-
SICHEHHUS CYTH eJla PAaCCMOTPUM TPYIIY JUHEHHBIX OTPAaHUYEHHBIX ONEPAaTOPOB
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T'(t), mopoxknaemyi pelieHUsIMH KpaeBod 3anauu (2.20) B rub6epTOBOM IPO-

crpanctBe Vo = W3 (0,1) x Ly(0,1), rae Temnepb

V‘o@l(o, 1) = {g(x) € W3 (0,1) : g(0) + ch %g(l) = 0}.

Jlemma 2.3. ©@asosoe npocmparcmso Vi donyckaem maxoe npedcmasierue
8 sude npamoti cymmor Vi & Vo samxnymorx noonpocmparcme V;, j = 1,2,
umo, go-nepsvix, T(t)V; C Vi, j = 1,2, npu awbom t € R; g0-smopoix,
cymcenus Tj(t) epynnot T(t) na unseapuarnmubie noodnpocmparcmea Vj, j =
= 1,2, obaadarom ceoticmseamu:

Tit+1) = ~Ti(t), [|To())|lnor, < M exp(—at), (2.28)

ede koucmanma M > 0 ne 3asucum om t.

Hoka3zateabcTBo. O6paiiaeM BHUMaHHe, UTO aHAJOTU CBOUCTB (2.28) ume-
0T, OYeBUAHO, MecTo 1Js pewienud (2.19), (2.21) kpaesoit 3anauu (2.20). Io-
3TOMY 1Ji1 0OOCHOBAHMS BCEH COBOKYIHOCTH TpeOyeMblX (paKTOB AOCTATOUYHO
TI0Ka3aTh, YTO CHUCTEMaA

1
—Ch[ (x — 1)] cos w,x, — sh [E
W, 2

Wn

(x — 1)] sinw,z, n=1,2,... (2.29)

o
o6pasyert 6asuc Pucca [8] B W3 (0,1), a npu YMHOXKEHHHU Ha w,, OyneT 6a3ucom
Pucca u B L(0, 1).
PaccmoTpum BermomoraTesibHble THJIbOEPTOBBI POCTPAHCTBA

= {g(z) € W5(0,1) : g(0) + 9(1) = 0, g(1 —2) = —g(x)},  (2.30)

= {g(z) € W3(0,1) : g(0) = g(1) = 0, g(1 - ) = g(x)}, (2.31)

o

u 3ameTHM, 4To npocrpancTteo Wi (0, 1) nuzomopdbuo Hy x Hs. JleHcTBUTENBHO,
UCKOMBIA M30MOp(hU3M ocyulecTBJasieT onepatop II, orpaHuYeHHBIH BMeCTe CO
CBOMM OOpaTHBIM M 3aJaOLIHUNUCH paBeHCTBAMHU:

IT: (g1,92) € Hi x Hy — g(w) =
= |30 = 0] on) + 51| 5o = )] alo) € W 0.1)
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I g(z) € Wy(0,1) = (g1, 92) € Hy x Hy,

0= s |70 (57) — s - 2)sh(50 -0 )]

go = —Shé) [g(az) ch @x) +g(1—x)ch (3(1 _ x))] .

A Tak Kak cHcTeMbl 4 -—cosw,z. n=1.2.... ' ulLtsinw,z. n=1.2 ...
w. n<y ) < w. n+y ’ <

rae

06pasyioT, OUeBUAHO, OPTOTOHAJNbHBIE 6a3HUChl B TPOCTpaHCTBax Hy u Hy cooT-
BETCTBEHHO, TO H30MOp(pHas UM cucrema (2.29) no onpenesneHuto 6ynet 6as3u-
[¢]

com Pucca B W} (0, 1). Ocraercsa no6aButh, uto aas Lo(0, 1) Bce paccykaeHus
coxpansiorcs, ecau B (2.30), (2.31) samennts W} (0,1) Ha Ly(0,1), oT6GpocuTh
rpaHHYHbIE YCJOBHS, 2 COOTBETCTBYIOLIME TOXKIECTBA CYUTATh CIIPABENJIUBBIMH
no4yTu Bciony Ha otpeske 0 < x < 1. Jlemma nokasana. U]

Wrak, nopnpoctpancTBo V) npencraJjsieT coOOOH 3KCMOHEHUHUAJbHO OpOU-
TaJIbHO YCTOMYHBOE HHBapHAaHTHOe MHOT0OOpasue KpaeBol 3anmauu (2.20). [a-
Jee, nipu nepexone ot (2.20) kK ucxonHow 3anaue (2.17), (2.18) ato MmHOr006pa-
3Me coXpaHsieTCs B OCTATOYHO MaJslod OKPECTHOCTH HYyJisl (ha30BOTO MPOCTPaH-
cTBa V/, B ueM MOXXHO YO€IUTbCS C MOMOIIbIO OMUCAHHOHU B [59] cxeMbl, mpHUMe-
HUMOCTb KOTODOH TFapaHTHpPyeT JOKa3aHHas JieMMa (CM. TaK»Ke aHaJIOTHYHble
noctpoeHusi B [45,46]). Y HakoHell, U3 crocoba MmoJsyueHUst cucTeMbl (2.26)
cJIe[lyeT, 4YTO OHa — yYKOpOUYeHHas HopMaJibHasl (hopMa Ha yKa3aHHOM MHOroo0-
pasuu. Takum oOpa3om, nepBoe U3 YTBEPXKAEHUH TeopeMbl 2.3 — CTaHAAPTHOE
COOTBETCTBHE MEXY I'PYOBIMH [IHKJIaMH UCXOIHOH CHCTEMBI U ee HOpMaJbHOM
(OpMBI.

JI/is1 1oKa3aTebCTBa BTOPOTO YTBEPXKIEHUS] TeOpeMbl 2.3, T. €. HEMYCTOTHI
MHOXxKecTBa (), MpH JI0O0OM HaTypaJbHOM 7, HOCTATOYHO MOJIOXKUTb B (2.27)
Y = Yoa, 7o > 0, BBIIOJHUTb HOPMUPOBKY v/y/a — v, COKpPaTHUTb Ha +/a H
nepedTH K npeneny npu a — 0. B pesynbrate mosyyum KpaeBylo 3agady

2

2
0s0y

0
=v+ 4(70 - 31}2)8_;7 U('Sa Y+ 1) = _U(Sa y)7 (232)

IJ1s1 KOTOPOH aHaJIOTUYHOe yTBepxKaeHHe o60cHOBaHO B [12,26].
OcraHoBuMCs TonpoOHee Ha cBoWcTBax 3amauu (2.32). Ilas atoro ¢ mo-
MOILIbIO MOAXOMSIINX HOPMHUPOBOK IEPeMeHHBIX s,v U 3aMeH S Ha t, y Ha T
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[npuBeaeM e€e K KaHOHH4YE€CKOMY BUOY

0> 0

81553: =v+A1— 112)%, v(t,z+1) = —v(t, z), (2.33)
rie A = 4v,. B paborax [12,26] nokasaHo, 4TO, BO-NEPBLIX, Ha HHTEepBaJe
0 <A<\, roe \g=2/(3—2In2), oHa UMeeT HeNMpepbIBHOE MO A MepHOAUYE-

CKO€ peleHune

w = wy(y, ), y = oo(A)t —x: wy(y,0) = 2cosmy, 0o(0) = 1/7%,  (2.34)

a Ha uHTepBase 0 < A < Ay, Ay = Ag/(2n+1), n=0,1,... — neproguueckue
peleHust
w = wn(y7 )‘)7 Yy = O_n()‘)t - Z, (235)

nosiydaromrecst u3 (2.34) ¢ MoMOIILbIO MPUHIIMIA TTOA0OUS:
w, = wo((2n 4+ Dy, 2n +1)A), 0,(N) = 0o((2n +1)N)/(2n + 1)%;

BO-BTOPbIX, A/ JI0O0r0 HaTypasbHoro N HaiieTcss Takoe NOCTATOYHO MaJjoe
Ay > 0, uto mpu 0 < A < Ay uukasl (2.35) ¢ Homepamu n = 0,1,..., N
9KCIOHEHLIUAJbHO OpPOUTAJbHO YCTOHUMBBI; U, HAKOHEL, B-TPETbUX, MPH yBe-
JUUYEHUU MapaMeTpa A U MPU NPOXOXKIEHUH €ro uepe3 KpUTHYECKHe 3HAYEHUS
An LMKJB (2.35) paspyiuamTcs 3a CYeT IpaJie€HTHBIX KaTacTpod, T. €. CTaHO-
BATCS Pa3pbIBHBIMH, OCTaBasiCh orpaHuyeHHbIMH B C-HOopMme. Takum obpaszowm,
pyh A > o He OCTAeTCs HU OFHOrO U3 HUX.

2.3. ABToKogebOanuga B cucteme Burra npu
PE30HAHCHOM CHEKTpe COOCTBEHHBIX YaCTOT

B usBectHoii pabote A. A. Butta [6] paccMoTpeH reHepaTop, comepKamiuni
OTPEe30K IBYXIIPOBOAHOH JIMHUM IJIMHBI [ C pABHOMEPHO paclpeeeHHbIMU HH-
LYKTUBHOCTbIO L, eMKocTbio C' U conpoTuByaeHneM R. [Ipenmnonaranocek, uto K
OZIHOMY KOHIy JIMHUH NpHUCOeHHeHa eMKoCTb C, a K IpyroMy — HeJHHeHHoe
COMPOTHBJIEHUE C MaAalolleld XapaKTepUCTUKOU. B KauecTBe mMaTeMaTH4yeCKOH
MOJIeJIM TAKOT'0 aBTOreHepaTopa B [6] mpensoxkeHa KpaeBasi 3a/aua

ou B ov ov ou

— =——, —=———¢v,
ot 381: ot a;‘?x (2.36)
V|p=o = ea(u — u’/3)] =0, p . +v = 0,
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IJie ¥ 1 v — HOPMHUPOBAHHBIE NTepeMeHHble COCTABJSOLIME HATIPSXKEHUS U CUJIbI
ToKa B JUHUM; € = [R\/C/L; p = Cy/(Cl); a > 0 — Ko3(hULMEeHT ycue-
Hus. [Ipu ycnoBHH MasocTH € B [6] mosydeHbl acUMITOTHYEeCKHe (DOPMYJIBI
IJS TIepUONMYeCKHX 10 ¢ pellleHUH 3TOH KpaeBOH 3aaud M MUCCJAef0BaHA UX
YCTOMYUBOCTD.

B nannom mnyHkte, cienys [29], 6ymem cuutath, 4To cav = p K 1, HO
p/e > 1. Torna, npeHe6peras cjiaraeMblM —ev BO BTOPOM ypaBHeHHH U3 (2.36)
(T. e. paccmaTpuBast UeaNbHYIO JUHUIO) U CHOBA 0603HAUasi MaJblii apamerp
(L 4epes €, MOJYUYHUM KpaeBylo 3a1ady

ou ov ov ou

ot oz ot oz
ov

D

(2.37)
= 0.

r=1

+uv

Vlpmo = e(u+ pu® — u*/3)],—0,

r=1

3/ecb mapameTp p, 3HaK KOTOPOTO MPOM3BOJIEH, OTBeYaeT 32 3((HeKT HeCHUM-
METPHUH XapaKTEPUCTHKH HEJMHEHHOro 3JieMeHTa, CYIIeCTBEHHBIH B paccMmart-
pUBaeMOM aBToreHepartope. B KauecTBe (pa3oBOro mpocTpaHcTBa (MpocTpaH-
ctBa HadajdbHbeIX ycqoBuH (u(0,z),v(0,z))) maHHOH KpaeBOH 3agaud BO3b-
MeM HeJHHeHHoe MHoroo6pasue Y C Wi (0,1) x W3(0,1), cocrosiuee u3
BeKTOP-(PYHKIHH, KOMIIOHEHTBl KOTOPBIX YIOBJIETBOPSIOT IEPBOMY TPAaHUUHOMY
ycsoBuio U3 (2.37).

ABTokosebaHUAMHU KpaeBoi 3anaun (2.37) GyneM HHTepecoBaThbCs MPH JO-
TOJIHUTEJNBHOM TIPEANoNoXeHnH o0 Majoctu (. Ilasi corsacoBaHHs MOPSIKOB
MaJIOCTH MapaMeTpoB [3 U € 3aMeTUM, 4TO NpU € = () CEKTP yCTOUYUBOCTH ee
HYJIEBOTO TMOJIOXKEHHSI PAaBHOBECHSI COCTOUT M3 HYJIEBOTO COOCTBEHHOIO YHCJIA
M YUCTO MHHUMBIX COOCTBEHHBIX 3HaYeHUH *0,, THe 01 < 0 < ... < 0, < ...
— TI0JIOXKHTEJIbHBIE KOPHU ypaBHEHHS tgo = —[o. 3aMeTHM, naJjee, 4TO TpH
KaXXJI0M (DUKCHPOBAHHOM 71 CIIPABENJHUBO ACUMIITOTHUECKOE MPE/CTaBJIEHHE

00 = wall = B+ B2) + (W/3 —wa) B>+ O(8Y), B0, (2.38)

rae w, = nm, n > 1. @opmynsl (2.38) HABOASAT HA MBICJb O 1L[€J€CO0OPa3HOCTH
YCJIOBUS
8= 5051/3, By = const > 0, (2.39)

Tak Kak B 3TOM cJjiydyae “0TXoA” OT Pe30HAHCHOCTHU Y COOCTBEHHBIX YaCTOT 0,
MPOUCXOAUT B MOPSIIKE £, YTO COTJIACYeTCsl C TOPSIAKOM MaJIOCTH B TIePBOM
TPaHUYHOM YCJIOBHH 3 (2.37).

O6paliaem BHMMaHHe, 4TO noJydaromiasics u3 (2.37) npu ycaosuu (2.39)
u npu ¢ = 0 JuHeiiHass KpaeBas 3ajgaua 00/aJaeT SIBHBIMH pPe30HAaHCHBIMH



46 KBasuHopMaJibHble ()opMbI B 3aja4ax rurnepOoOJHYECKOro THIA

CBOWCTBAMU — ee 00lllee pellleHHe HMeeT BUJ

o0
up = 2o + Z[zn exp(iwy,t) + Z, exp(—iwyt)] coswy,z,
n=1
o0 (2.40)
vo = —1 Z[zn exp(iwpt) — Z, exp(—iw,t)] sinw,z,
n=1
rue zg U zn, n > 1, — NPOM3BOJIbHbIE BellleCTBEHHAs W KOMILJIEKCHbIE MOCTO-

SIHHbIE, TIPUYEM CXOIMTCS Psifi C OOIIMM 4YJeHOM w?|z,|?. TlosTomy, Kak H B
n. 2.1, 2.2, njs HaxoXKIeHUs aBTOKoJieOGaHWH KpaeBod 3amauu (2.37), (2.39)
BOCIOJIb3yeMcst (pOpMaJM3MOM MeToga OEeCKOHEeUHOMEPHOH HOpMaJM3allky,
MMEIOIIMM B JaHHOM cJjlydae OINpeleseHHY0 crneuu(uky. A HMeHHO, 3/ecCh
aBTOKOJIeOaHHS HILEM B BHJIE

u = (T, s, ) + Py (1, 5, 1) + e Puy(r, 5, ) + eus(t, s, ) + . . ., (2.41)
v=1(T,s,7)+ 51/31)1(7, s, ) + 52/31)2(7, s,x) +evs(T, 8, ) + ..., '

roe
T = (1 — Boe'/? + B3, s = et, (2.42)

a (DyHKIHH ug, vy 3amatorcsd paBeHcTBaMHu (2.40), B KOTOPbIX HEOOXOAMMO ¢
3aMeHUTb Ha T ¥ CUUTATh aMILTUTYIBI 2, Z,, 72 > | HEU3BeCTHBIMH (MOJJIeXKa-
UMY OTIpefeseHH0) QYHKIUSIMU TepeMeHHOH s. OcTasbHble K€ BBIMHUCAHHBIE
Ko3(huueHTr psanoB (2.41) umeror Bua (j = 1,2, 3)

uj = Al (x,s) + Z Al (z, 5) exp(iw,T) + A (x, 8) exp(—iw,T),
=1 (2.43)

v; = Bl(z,s) + Z Bl (z, s) exp(iw,T) + B (2, 5) exp(—iw,7).

n=1

[ToncraBnsis psanbl (2.41) B 3amauy (2.37), (2.39) u npupaBHUBasi K03(-
(DUIMEHTHl NPU OJMHAKOBBIX CTENeHSIX €, HJisi ONpefeseHUs] (UTYPUDPYIOLIHX
B (2.43) dynkuuii A/, BJ mosyuyuM peKyppeHTHYIO MOCJeA0BATENbHOCTD JIH-
HeHHbIX HEOTHOPOAHBIX KpaeBbiX 3anad. OTMETHM, YTO B CHJIY CIELHaJbHOrO
BEIOOpa mompaBok nopaaka /% u €23 u (2.42) cooTBeTCTBYIOMIME KpaeBble
3ajlauv Npu j = 1,2 0KasblBAIOTCS Pa3PeIIMMbIMH W HMX pelleHHs 3a1aioTcs
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PaBEHCTBaMH

Al=Bl=0, j=1,2

A}l = ZpWwy Box sin wyx, B% = 12, Wy, BT COS Wy X;

2z
A2 = —Enwnﬁg [wn? cos wyx + 2 sin w,x], (2.44)
Bi = %wnﬁg [wp? sin w,x — 22 cos wyx].

B cayuae xe j = 3 IPUXOAMM K KpaeBbIM 3a4auam

3 dz
" 4w, B = iw,[BoBr — BBy 4+ i—— sin w,z,

dx ds
dB3 dz,
npiw, A = dw,[By A2 — BIAL] — 22 cos W, (2.45)
dx ds
dB?
B3 = f B3 — n
K =0 f ’ " r=1 60 dﬂ? =1

3nech f, — koaddunuent npu exp(iw,y) paga Pypbe GyHKUUH w + pw? —
—w3/3, rme

oo

w(s,y) = 20(s) + > 2a(s) expliwny) + Zu(s) exp(—iwny). (2.46)

n=1

YcnoBus paspemuMocTH 3anau (2.45) ¢ yuetoMm paBeHCTB (2.44) 3amuchl-
BAIOTCS B BHJI€ CUETHOH CHCTeMbl OOBIKHOBEHHBIX NH((depeHLHaNbHbIX ypaB-

HeHUuH

dz,
d_Zs =B (W /3 — w2+ fr, n=0,1,... (2.47)

IJIsl ONpele/ieHHs] HEHW3BECTHBIX aMIUIUTYH Zz,. lIpuBJeKkasi, najaee, (yHK-
nuto (2.46), ybexxnaemesi, 4To, Kak U B caydae (2.8), (2.26), cucrema (2.47)
CBOpauyMBaeTCsl B KpaeBylo 3ajnauy

ow B3 d0w ;0w ) ; B
ds 3 Oy’ B Oy +w+pw” —w’/3, w(s,y+2)=w(s,y). (2.48)

CrnenyeT OTMETHThb, UYTO B OTJHYHE OT CJydaeB, pPaCCMOTPEHHBIX B
n. 2.1, 2.2, 3nech KpaeBasi 3anada (2.48) He siBJsieTCsl HOPMaJIbHOU (hOPMOWH
s ucxomHo# 3amaud (2.37), (2.39), Tak Kak He CYILIECTBYeT KOPPEKTHO
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oTpesieJIeHHON 3aMeHbl, MPUBOASILEH TocaenHwow K Buny (2.47). Hasa mosc-
HEHMsI CyTH [eja PacCMOTPMM MPOCTPAHCTBO [ mocjemoBaTenbHOCTER BHa
2=1(21,21,- -, %n, Zny - - - ), IJI51 KOTOPBIX KOHEUHA HOPMa

00 1/2
12l = (szwzn\2> ,
n=1

M 3aMeTHM, UTO TMocTpoeHHble B 1. 2.1, 2.2 orpe3ku psinoB (2.3) u (2.22)
MHIYLMDPYIOT OTPaHHMUYEHHbIE HEeJUHEHHbIE OIepaTophbl, AeHCTBYIOLIHE H3 [
B W3(0,1). A 310, B CBOW oOuepelb, IM03BOJISET CKOHCTPYUPOBATH U3
HUX KODPEKTHble 3aMeHbl MepeMeHHBbIX, MPUBOAsILNE KpaeBble 3agaun (2.1)
u (2.17), (2.18) (Ha COOTBETCTBYIOUIMX WHBAPUAHTHBIX MHOTO0OpAa3HsIX) K CH-
ctemaM B [ Buga (2.8) u (2.26). B cayuae e MOCTPOEHHBIX BhbILIE OTPE3-
KOB psinoB (2.41) curyauus wHasi: IPH MPOU3BOJBbHO (PUKCUPOBAHHOM BEKTOpE
z € 13, xak caenyet u3 (2.44), ui,v; € Lo(0,1) no nepeMeHHOH , a PAABI AJIst
Ug, Vo U TEM OoJiee IS ugz, V3 BOOOLIE HOCAT popMaJsibHbIA xapakrtep. [loaTomy,
coryiacHo npunsTod B [41], [40] TepmuHosoruu, kpaeByto 3anauy (2.48) 6ymem
HA3bIBaThb KBA3UHOPMAJIbHOU (DOPMOH.

HecmoTpsi Ha Bce BbIlIeCKa3aHHOe, CTaHAAPTHOE YTBepPXKIeHWE O COOTBET-
CTBHUH MEXJy NMEePUOIHYECKUMH pellleHUsIMU 3anay (2.48) u (2.37), (2.39) ocra-
eTcs B cuJie. TouHee TOBOPSI, KAXKIOMY TEePUOIHUECKOMY pelleHHo w = wy(&),
£ = 0ps +y, op = const KpaeBo# 3anaun (2.48), 3KCMOHEHIIHMAJIbHO OPOUTAJD-
HO YCTOMYMBOMY MJIM JMXOTOMHYHOMY (B MeTpHKe (pa3oBoro npoctpancrsa W
MepUOIMYECKHX C MePUOIOM 2 (GYHKIHNH), TIPH BCEX NOCTATOYHO MaJsbixX € > 0 B
ucxonHou 3anaue (2.37), (2.39) cooTBeTCTBYeT LMKJ TOH Ke YCTOUYHUBOCTH, a
ero acCUMIITOTHKa noJsiydaetcs u3 (2.41), (2.42) no onucanHomy B Teopeme 2.1
npaBusy. JlokasaTesbCTBO 3TOrO YTBEPXKJIEHHUS BhHITEKAeT M3 Pe3y/bTaTOB pa-
6ot [41] u [26], [13], rne maHbl nBe pa3JHYHblE BEPCHH 0OOCHOBAHHUS MeTOMa
KBa3UHOPMAaJIbHBIX ()OPM B cjydae TUIepOONHYECKUX YPaBHEHHUH.

Beinosinsis B KpaeBodl 3amaue (2.48) sameny y — 33s — y, B pesysbrare
KOTOPOH Hcuesaer cjaraemoe —[B3s0w/dy, 3aTeM 0603Hayas s uepes t W y
yepes x, NIPUXOAUM K MOJEJbHOM KPAaeBOW 3ajaye

ow  ,Pw s W _
E—I—a%—w—l-pw — 3 w(t,x+2) =w(t, x), (2.49)

rae a® = (33/3. Bonpockl 0 CylL1eCTBOBAHUH M YCTOHYHBOCTH €€ MePUOINIECKHUX
pellleHWH Tuna Oeryuux BOJIH, T. €. BUAA

w=wy), y=nx+an‘st, n=12..., (2.50)
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noapo6HO u3yueHbl B MoHorpacduu [26]. [ToaTomy 3mech orpaHHYMMCs JIHIIb
KpaTKHUM 0630pOM cojepKaliuxcs B [26] pe3ysbTaToB.

[ToncraBasis (2.50) B (2.49), nais onpenesieHUs MEPUOAHUECKOH C MEPHOIOM
2 ¢pyHKUMH w(y) ¥ 4aCTOTHl 0 MPUXOAUM K Aud(epeHIHATbHOMY yPAaBHEHHUIO

w” + ow' = ,u[w + pw? —w3/3], (2.51)
B KOTOPOM napametp i = 1/(a’n3) nas yno6cTBa GyieM CYUTATh MEHSIOMIUMCS
HenpepbiBHO. [Ipennosaras, nanee, uto p < 1, dbyukuuu o(p), w(y, i) 6ynem
MCKaTh B BUJIE

w = wy(y) +pwi(y)+..., o= +po+... .

3nech wy(y) = ¢+ 26cosmy, a ¢ u & — TPOU3BOJIbHBIE BellleCTBEHHbIE T10-
CTOSIHHBIE, OTpeJesISIolNecss BMeCTe C TOMPaBKOW K 4acTOTe o; M3 YCJOBUH
pa3pelIMMOCTH B KJjacce 2-TepuoanyeckKuX (PyHKIUN ypaBHEHUS

" 2,/ / 2 3
wy + Tw; = —ojwy + wo + pwi — wy /3.

Hecs0:kHBIH mofcueT mokasbiBaeT, 4to o; = 0, 2 = 1+ 2pc — 2, roe ¢ —

KOpeHb ypaBHeHus1 H(z) = 0;
H(z) =2p+ (4p* — 1)z — 5pz* + 52°/3. (2.52)
CnpaBellJIUBO ciiefiyiollee yTBepKaeHue [26].

Teopema 2.4. [Iycmo mrocouren (2.52) umeem Koperv z = c,, 0451 KOMOPO2O
H'(c,) # 0 u 1+ 2pc, —c2 > 0. Toeda naiidemcs makoe g > 0, umo,

so-nepsovix, npu scex 0 < u < gy cyujecmsyem napa 0oCcmMamouHo 2Aa0KUX
no C8OUM NnepemeHHbiM QYHKYUL

(o(p), wly, )+ wly + 2, 1) = w(y, 1), w(y,0) = c. + 2§, cos Ty,

& =1+2pc.—c2, o(0)=n° o'(0)=0,
obpaujarouiux ypasuerue (2.51) 8 moacdecmso; 8o-emopuix, Kpaesas 3ada-
ya (2.49) umeem cuemrnoe uucA0 LUKAO08

w, = w(y, 1), y=nz+an‘c(u)t, p=Ia’n’" (2.53)
c Homepamu n, YyooBAeMBOPIIOUUMU HEPABEHCMBY
[a*n®] " < p; (2.54)

8-mpemoux, sce yuxavl (2.53), (2.54) axcnonenyuarbHo opoUMALLHO YCMOLL-
yusol npu H'(c,) < 0 u neycmotiuusol npu H'(c,) > 0.
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OTnesibHO OCTAHOBUMCSI Ha MCCJIEIOBAaHHUH TOBeNEHHsI KOpHeH MHOTrouJe-
Ha (2.52) npu uameHneHuu napametrpa p. C 3ToH 1e/Nbl0 PACCMOTPUM TOUKY ¢y =

=p++/(p?+1)/5 ero sokasbHOTO MUHUMYMa H TOJOXKUM W (p) = H(2)|,=,.
HenocpenctBenHo nposepsieTcs, 4o

2 .
v(0) = EVA 0, pgglw@(p) = +00,

2+1
V' (p) = 1—|—2p2—2p\/]% > ( pu Bcex p > 0.

Takum o6pasom, ypaBHenue ¥ (p) = 0 uMeeT Ha nosyocu p > () eAMHCTBEHHBIN
KopeHb p, = 0,323... . A orciona, B CBOIO O4Yepelb, CJAeIyeT, 4TO, BO-MEPBHIX,
npu |p| < p. MHOroYJIeH (2.52) MMeeT TPHU BelleCTBEHHBIX KOPHS ¢y < €1 < C3 :
H'(¢;) > 0, 5 = 0,2, H'(c1) < 0; BO-BTOPBIX, NIPH NPOXOXKAEHUHU |p| yepes
3HaueHUe P, NBa €ro KOPHs CJMBAIOTCS W UCUE3al0T; B-TPETbUX, MPH |p| > p.
OCTaeTCsl TOJbKO OAMH KOpeHb ¢ = ¢, : H'(c,) > 0. OTMeTuMm elue, 4To BO
BCeX CJydasx HepaBeHCTBO 1 + 2pc — ¢? > 0 s KopHed MHorouseHa (2.52)
BBITOJIHSIETCSI aBTOMATHYECKH.

W13 teopembl 2.4 cienyet, uto npu |p| < p. KpaeBas 3anada (2.49) ume-
eT CUeTHOe YMCJIO YCTOMUMBBIX ITMKJOB, OTBEYAIOIIUX KOPHIO ¢; MHOTOUJIe-
Ha (2.52). A orcioma ¥ W3 aHajora TeopeMbl 2.1, 0 crpaBemJMBOCTH KOTO-
pOro TOBOPUJIOCH BBbIlIE, BHITEKAET, UTO B paMKaX HCXONHOW KpaeBOH 3aja-
gu (2.37), (2.39) B aTOM caydyae HabJronaeTcsl siBjeHHe Oy(hepHOCTH: MO Jio-
6oMy HaTypa/dbHOMY N MOXKHO yKa3aTb Takoe €y > 0, uto npu 0 < ¢ < ey
OHa HMMeeT He MeHee NN pa3JUYHBIX YCTOHYMBBIX LHKJA0B. C Apyroé cTopo-
HbI, €CJH |p| > ps, To OydepHOCTh B Heil ucuesaet. [l cpaBHEHHUsI 3aMeTHUM,
uyTo B KpaeBbiX 3amayax (2.1) u (2.17), (2.18) curyanusi vHasi: KBagpaTH4-
Hasl HeJJMHEHHOCTh He OKa3blBaeT CYIIECTBEHHOIrO BJHSHHS Ha AMHAMHUKY U, B
YaCTHOCTH, MO3TOMY OHa B HUX He yuTeHa.

U1 nocnennee. [Ipu nocraToyno 60/1bINX 3HAUEHUSIX () HepaBeHCTBO (2.54)
BBITMIOJIHSIETCSI, OUEBHUIHO, IJis1 Bcex n > 1. [loaTomy B maHHOM c/aydae KpaeBas
3amaua (2.49) npu |p| < p, UMeeT MoOJHBIA Ha6Op YCTOHUMBHIX HHUKJIOB (2.50),
npuYeM (opMa KaxKI0To W3 HUX OJIM3Ka K rapMOHHYecKOH. [Ipu yMeHblIeHHH
Ke a? 3aBUCUMOCTb OT Y = nx + a’n30t 4acTH M3 3THX LHUKJOB (C MAAALIMMH
HOMepaMH n) yCJOXKHSIETCS.
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2.4. 3akKJg0unTeJbHbIE 3aMEeUaHUs

Kak mokasbiBalOT pacCMOTpPeHHble B 3TOM maparpade npumepbl, U3ydeHHe
runepOOIUUECKUX KPaeBbIX 3a4ay, COCTOSIIIMX W3 JIMHEHHOW CHUCTeMbl TeJe-
rpaHbIX ypaBHEHHWH C HeJUHEHHbIMM TI'PAHUYHBIMH YCJOBUSIMM Ha KOHLAX
KOHEYHOro OTpPe3Ka, aKTyaJbHO B CBSI3U C Te€M, YTO OHM SIBJSIOTCA Marema-
TUYECKUMH MOJAENSMU [Jisl LIMPOKOrO KJjacca aBTOTeHepaTOpPOB C OTPE3KOM
IJMHHOH JIUHUK B LeNnu oOpaTHOM cBA3U. [Ipu 3TOM HesnHeliHBle 3/1€MEHTHI,
MMeIolle MPOU3BOJIbHYI0 MPUpoLy (Kjaccudeckasi jiaMra, TyHHeJbHBIH THO
M T. 1.), B TAKUX aBTOreHepaTopax MPHUCOeTUHEHBI, KaK MPaBHJO, K KOHIAM
JIMHUU, UTO U OOBACHSIET MPOUCXOKIEeHNe HeJUHEHHBbIX IPAHUYHBIX YCJOBUH B
COOTBETCTBYIOLINX MaTeMaTHUUECKUX MOJEJSIX.

[Ipennonioxxum, 4To B 3aga4ax 00 yCTOWYHMBOCTH HYJIEBOTO MOJIOXKEHHUS PaB-
HOBECHsI HEKOTOPOU TuepOOJUYeCcKOd CUCTEMbl M3 OMUCAHHOTO BhILIE KJjac-
ca peasn3yeTcsl KPUTHUYECKUH CJAydad CUETHOrO 4MCJAa YUCTO MHHUMBIX COO-
CTBEHHBIX 3HAUEHWH, a NPU U3MeHEHUH HEKOTOPBbIX BXOASILLIHUX B 3Ty CHUCTe-
MY [apaMeTPOB MPOUCXOAUT CMellleHWe YacTH CHeKTpa yCTOWYHMBOCTH B Mpa-
BYI0 KOMIIJIEKCHYIO MOJIYIIJIOCKOCTh. Torna ecTecTBEHHBIM 00pa3oM BO3HHKAeT
BOMPOC O CYIIECTBOBAHHWU M YCTOHUYUBOCTHU ABTOKOJEOAHUN TAKOH CUCTEMBI,
oudypurpymux M3 Hyas. [lo-Buagumomy, nepBod myOauKalUed, MOCBSILEH-
HOM HnaHHOU mpobJieMe, sIBJsIeTCS yKe yIOMHWHaBiuascs ctathsi A. A. Bur-
Ta [6]. V3 ee pe3ysbTaToB, a TakXKe W3 3HAUUTEJbHO OoJiee TO3THUX pa-
6ot [16,17,21-24,26-30] cnenyet, 4TO MpU OTCYTCTBHM ONpeNeSeHHBIX pe-
30HAHCHBIX COOTHOLLIEHUH MeXKJy COOCTBEHHBIMH YaCTOTAMH CHCTeMbl yallle
BCero B Hel peanusyercsl ¢peHoMeH OydepHocTH. TouHee roBops, B 3TOM CJy-
yae MMeeTCsl HEKOTOPOe KOJMUYECTBO KBa3UTapMOHHUeCKHX (T. e. GJHU3KHX K
rapMOHHUECKHM M0 t) YCTOWYMBBIX LHKJOB, KOTOPOE 3a CYEeT MOAXOISIIEro
BbIOOpa MapaMeTpPoB MOXKeT ObITb CHEJAHO CKOJIb yrogHo OoJjbliuM. Kpowme
3TOr0, UMEIOTCH ellle HeyCTOWUYHBBble KBA3UTAPMOHUUECKHe WHBAPUAHTHbBIE TO-
pbl Pa3JIMYHBIX Pa3MEpPHOCTeH, pasfessiolire 00JaCTH MPUTAKEHUS YCTOHYU-
BbIX UUKJOB. [lonuepkHeM, UTO UMEHHO C TaKOH CUTyalHeld Mbl CTAJKHBAEMCS
B cJy4ae KpaeBbiX 3amau (2.36), (2.37) npu ycsioBuH, 4TO mapameTp [ vUMeeT
MOPSIIOK €IUHHULLBIL.

[IpennosioxkuM Temnepb, YTO CHEKTP COOCTBEHHBIX YaCTOT paccMaTpUBae-
MOH THUIepOOJMUYECKON KpaeBOH 3adauyd SIBJSETCS SKBUIWCTAHTHBIM WJH CTa-
HOBHUTCS] TAKOBBIM TPH H3MEHEHHUH HEKOTOPBIX MapaMeTpoB (3KBUIHUCTAHTHOCTD
O3HA4yaeT, YTO €CJIh 3aHyMepOBaThb BCe COOCTBEHHbIE YACTOThHl B MOPSAKE BO3-
pacTaHus, TO PACCTOSIHUSI MeXIy JIIOObIMU ABYMSI COCETHHMM M3 HUX OymyT
onvMHaKoBbl). B maHHOU cuTyanuu, Kotopas 6osiee HHTEpeCHa B MaTeMaTHue-
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CKOM IJIaHe U BeCbMa 4acTO BCTpedaeTcss B MPUMOKEHUSX, OUPYpPLUUPYIOLIUE
U3 HYJs aBTOKoJieOaHUs 00/aJal0T HEKOTOPBIMU CIelU(PUUECKUMU OCOOEHHO-
ctaMu. MMerowuiicss K HacTosilleMy BpeMeHH AO0CTaTOYHO OoraThli (pakThye-
CKUH MarepraJ, YaCTUYHO MpeACTaBJeHHBbIA B NaHHOM maparpade, mo3BoJseT
BBISIBUTh CJIeyIOlIMe 3aKOHOMEPHOCTH.

1). Paspymenne 6ydepHocty. JuanasoH napaMeTpoB, B KOTOPOM peasnu3y-
eTcsl peHoMeH Oy(hepHOCTH, CyIIeCTBEHHO Cy»KaeTCs U COOTBETCTBEHHO YMEHb-
l1aeTcsl KOJMYECTBO YCTOWYMBBIX LHMKJOB. DoJjiee TOro, mpu mNpoxoxKIeHUH
HEKOTOPBbIX MapaMeTPoB uepe3 KOHeUHble KPUTHUYECKHE 3HAYEHHS BCE LHUKJIbI
MOCJIeIOBATENIbHO Pa3pyIlalnTCs 3a CueT TPaAHeHTHBIX KaTacTpod (cM. coor-
BeTCTBYyMOlLIee MecTo B M. 2.2). Takum o6pa3oMm, THHAMHKA B JAaHHOM cCJydae
XapaKTepuayeTcs Cjelylolled CXeMOu:

bydepHocts | — | [ panueHTHBIE KaTacTpodbl | —

(2.55)

— | PaspbiBHbIE KoJebaHuUS

Otmetum, dTo cxema (2.55) peanusyercsi B OByX OCHOBHBIX CHTYallUsX.
Bo-nepBbiX, ¢ Hel cTajkuBaeMcs B HauboJiee 4acTO BCTPeyaroLIeMCsl CJy-
yae, KOrga B TUNEpPOONUYECKOH CHUCTEMe C SKBHUAMCTAHTHBIM MW OJHU3KUM K
SKBUJIHUCTAHTHOMY CIIEKPOM COOCTBEHHBIX YacTOT yBEJHUYMBAETCS HEKOTOPHIH
9HepreTHYeCKHH MapameTp, T. €. MapaMeTp, OTBEUAIOMIUN 32 CMeIlleHHe CIeK-
Tpa YCTOHYHUBOCTH B MPaBYI0 KOMIIJIEKCHYIO MOJYTJI0CKOCTh. Bo-BTOpBIX, cxe-
Ma (2.55) MoxKeT BO3HHUKHYTb IpU Tepexofie B rUMepOoUYecKOl CUCTEME OT
HEe3KBUJUCTAHTHOTO CMeKTpa COOCTBEHHBIX YAaCTOT K SKBUAUCTaHTHOMY. U Ha-
KOHEII, 4TO camoe IJIaBHOe, B c/Jyuae peasu3aluu cxeMbl (2.55) nccaenoBaHue
JI0OOW KOHKPETHOH TrIepOOJUUeCKOW CHUCTEMBbl MPUBOAUT K ONHOH U TOH XKe
MOJleJIbHOH KpaeBo 3anade (2.33) WM K HEKOTOPOH ee MOAU(MHKAILIMH, COXpa-
HSIIOILEH OCHOBHBIE CBOHCTBA (Momo6HON MomM(UKaLKUed SIBJSIETCS, HAlIpUMep,
samaya (2.27)). Takum obpasom, kpaeBasi 3ajada (2.33) mpencraB/sieT coO0U
CBOEro poja MHBAPHAHT, XapaKTEPU3YIOUIUH pacCMaTpUBaeMyr OCOOEHHOCTb.

[TepBasi U3 OTMeUeHHBbIX aJbTePHATHB, MPU KOTOPHIX HMeeM JeJi0 CO CXe-
MoH (2.55), HabaronaeTcst, HanpuMep, B KpaeBoi 3anade (2.17), (2.18) npu duk-
CUPOBAHHOM JIOCTATOUHO MaJIOM a U MPU YBEJUUYEHUH ¥, TaK KaK B 3TOM cjydae
ee IMHaMHKa ONMMCHIBaeTCs KpaeBoH 3anader (2.32). Bropas ke anbTepHaTHBa
peanusyeTcss B KpaeBoi 3amade (2.37) mpu yBesndeHuu napametrpa (. s
TOr0 UTOOBl YOEAUTLCSA B 3TOM, NOACTaBUM B Hee 371 = g7, v = const > 0. B
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pesyJibTaTe MPUXOIHUM K KPaeBOH 3ajaue

o v o
ot ox ot  Ox’

ov
_ _ .3 e
v sz_ 5(” Y /3) sz’ 8x

(2.56)
=0,

z=1

+ evyv

r=1

B KOTOPOW Il MPOCTOTHI cunutaeM p = 0.
[Ipu € = 0 crekTp coO6CTBEHHBIX YacTOT KpaeBoH 3anauu (2.56) siBaisercs,
O4YeBUAHO, SKBUAUCTAHTHBIM, TaK KaK 3TH 4acTOTBl 3aJal0TCS PaBEHCTBAMHU

T o
Wy = 5(271 — 1), n=1,2,.... IlosToMy 1J1s1 OTBICKAHHSI €€ aBTOKOJeOaHUH

BOCITI0JIb3yeMCsI B OUepeqHOH pa3 MeTonoM 6eCKOHEUHOMePHOH HOopMaJsM3alluH,
a UMeHHO, MoACTaBUM B (2.56) psigbl

u=uy(t,s,x) +eu(t,s,z)+..., v=uwvy(t,s,z)+ev(t,s,z)+...,

rae s = ct, Bce (YHKUHUHU ABJAIOTCA 4-nepuoguyecKUMu Mo t, a ug, vy 3ana-

otcsi paBeHcTBaMu (2.40), B KOTOPHIX CJEAYeT MOJOXKHUTb 2o = 0, z, = 2,(s),
s
Wy = §(Zn — 1), n > 1. B pe3ynbraTe n/s onpeleseHUs] HEU3BECTHHIX aM-

NJUTY] Z, TOJYUHM CUETHYIO CUCTEMY ypPaBHEHWH, KOTOpasi B JAHHOM CJyuae
CBOpauMBaeTcs B KpaeBylo 3a1auy

O*w 9 OW _
950y —yw + (1 —w )3_y’ w(s,y+2) = —w(s,y) (2.57)
11 QYHKUHH
w(s,y) = Z 2n(s) exp(iwny) + 2, (s) exp(—iw,y). (2.58)

n=1

Ocraetcsi 106aBUTb, YTO MOCKOJBbKY 3anaua (2.57) npuBoautes K Bumy (2.33)
npu A = 1/7, To, B CUJIy U3JIOXKEHHOTO B KOHLe M. 2.2, cxema (2.55) peanusy-
eTcsl TIPU YMEeHbIIEHHH 7y KaK B HOpMaJbHOH (popme (2.57), TaK U B UCXOAHOH
sanaue (2.560).

2). CoxpaHenue 6ydepHocTH. BecbMa MHTepecHO, UTO Tepexof B TUnepoo-
JIUUECKOH CHCTEMe OT HEeIKBHJIMCTAHTHOI'O CIEKTPa K 3KBHAMCTAHTHOMY MO-
»KeT BbI3BATb W MPSIMO MPOTHBOMOJOXKHBIE MOCJEICTBHS: YBeJUYeHHEe KOJIH-
gyecTBa COCYIIECTBYIOUIUX YCTOMUMBHIX LIMKJIOB, a TaKXe pacllMpeHHe aHamna-
30Ha MapamMeTpPOB, B KOTOPOM HabJjtopaercs camo siBjaeHue GydepHoctu. Cre-
IU(pHUKa >Ke PEe30HaHCHOCTH 3/eChb MPOSIBJSETCS B CJAEAYIOMIMX ABYX aclek-
Tax: BO-TEPBBIX, UAaCTh YCTOWYHUBBIX I[UKJIOB TepsieT TapMOHHUECKYI (opmy;
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BO-BTOPbIX, YBEJHUYUBAETCS KOJUUECTBO YCTOMUHMBBIX BbICOKOMOJOBBIX aBTOKO-
Jeb6aHui, 4TO, B CBOIO Ouepellb, MOXKET MPUBECTH K BO3HUKHOBEHHIO (DJIYKTY-
alMOHHOro xaoca (cM. 1. 3.2).

C onucaHHOH cHUTyauuel CTaJKUBaeMcsi, HallpuMep, MPU UCCJAeI0BAHHUH aB-
TOKOJIeOaHUH B JJIMHHOW JIMHHUH C TYHHEJbHBIM IHonoM [15], a Takke B pam-
Kax kpaeBod 3amauu (2.37) npu f — 0 (cm. 1. 2.3). OTMeTHM, HaKOHEI, UToO,
KaK U B MpelblaylleM cJydae, 3[eCb UMeeTCcsl CBOH MHBAapUaHT — MOJeJibHas
KpaeBas 3anada (2.49).

3). BricokomonoBas 6ydepHocTs. Comepkammunecs B . 2.1 pe3yabTaThl MO-
Ka3bIBAlOT, UTO MPH SKBUAUCTAHTHOM CIeKTPe COOCTBEHHBIX UaCTOT B CHUCTEME
MOXKeT HabJ/ofaThCs TaK Ha3biBaeMasi BHICOKOMOAOBasi 6y(pepHOCTb. DTO 03Ha-
gaeT, HAalIOMHUM, YTO YCTOMUMBBIMH B Hell SBJASIOTCS TOJIbKO T€ MEPUOIHYECKUE
pelleHust, KoTopble OU(YPLUUPYIOT HA KOHEYHOM YHCJIe BBICOKUX MOJ; MJajllne
>Ke ¥, Ha000pOT, U3JHIIHE BbICOKHE MOJbl He BO30YXKIAIOTCA BOOOILLE.

4). CunxpoHH3alusi Moa. B HeKOTOpBIX cJydasix MPH SKBUIHUCTAHTHOM
CrleKTpe COOCTBEHHbIX YaCTOT MPOUCXOAWUT TaK Ha3blBaeMasi CHHXPOHH3ALUSA
MOJ: B CACTEME peajiu3yeTcs eIUHCTBEHHbId YCTOMYMBBIM LIMKJI, HECMOTPS Ha
TO, YTO KOJUYECTBO M, BO30OYXKIEHHBIX MOJ MOXeT ObITb JIOOBIM. YBeJjuye-
HHUe Ke YUCJa N, TMPUBOIUT 3[€Ch JHIIb K TOMY, YTO 3TOT ILHUKJ CTAaHOBUTCS
peslaKCallUOHHBIM.

[IprBeneHHBIH CIUCOK CONEPKHUT BCE M3BECTHblE K HACTOSILIEMY BpeMeHH
0COOEHHOCTH TUHAMUKHW HEJMHEHHBIX Pe30HAHCHBIX TUNePOOJHYECKUX YpaBHe-
HUH. BaxkHO TakxXe, UTO UX ynaetcss 0OHApy>KWUTb MPU aHAJIU3€e MPOCTEHIINX
¢dusnueckux monesei. MckitoueHue coctaBJsieT MOKa TOJbKO UeTBEPTOE CBOM-
CTBO, KOTOPO€ 3BYUHT BeCbMa MapafoKcajbHO U, Ka3a/J0Chb Obl, TPOTUBOPEUHUT
BCEH COBOKYIHOCTH M3JI0KeHHBIX Bbille (pakToB. [loaToMy HMeeT cMmbICa ocTa-
HOBUTbCS Ha HeM OoJiee MOAPOOHO.

B KauecTBe KOHKPETHOTO PaiHO(PU3UYECKOr0 MPUMepa, B KOTOPOM HaOJII0-
naetrcs 3(Pp¢pekT CUHXPOHU3ALUK MOJ, PACCMOTPUM aBToreHepaTop u3 1. 2.1
MpU YCJOBHHU, UTO Telepb COCpPefOoTOYeHHAss eMKOCTb () HaXOAUTCS Ha BXOIe
ycusuTess, T. e. B Touke x = 1. Torma, onupasick Ha pa3BuTyio B [33] meTonu-
Ky, MOXKHO 0Ka3aTb, uTo npu G = ( ero MaTeMaTH4yeCKOW MOJAEJNbIO CJYXKHUT
KpaeBasi 3aj1adya

ou ov ov ou

o ot ox ot ox (2.59)

oz% +v ’lez 0, u ’x:O +Lu ‘z: —u? _.=0,

r=1

rae €, a, 3 > 0.
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ABToKOMEOaHUSAMHM KpaeBo# 3amauu (2.59) Oymem HHTepecoBaTbCsl TMPH
YCJIOBHSX

a=ape, =1+, 0<exl, (2.60)

roe napaMmeTpsl «p, ¥ > 0 UMET MNOpAAOK eauHHLBl. HeTpynHo yBHIeTs,
4TO B 3TOM cJydae Npu € = () CHEKTpP YCTOMYUBOCTU €€ HYJEeBOIO COCTOSI-
HUSl PABHOBECHS COCTOMT M3 YHWCTO MHHUMBIX COOCTBEHHBIX 3HAUe€HUH —+iw,,
wp, = m(2n — 1), n = 1,2,.... OnHako B OT/IHYME, CKaXKeM, OT CHTYalllH,
paccMOTpeHHOH B m. 2.1, 31ech cTaJKUBaeMcsi CO Cjaefylolleld XapaKTepHOH

0COGEHHOCTBIO: KaX/10€ COOCTBEHHOE UMCJIO w2 OrepaTopa

Lw=— — :O,w’x:0+w| 0

r=1

x:lz

JBYKPaTHO, TaK Kak Hapsily ¢ COOCTBEHHOH (DYHKIMEH cOSw,T €My OTBeYyaeT
onHa npucoenuHenHas GyHkuus (2w,) (1 —z)sin w,x. [TosToMy npu KakaoM
n > 1 okasbiBaeTCsl pa3pelinMoil KpaeBasi 3ajaua

B! + w2B, = iw, cosw,r, B.(1) =0, B,(0)+ B,(1) =0,

a ee pellleHHe HMeeT BU]L
By(x) = %(az — 1) sinw,. (2.61)

OTMeueHHasi 0COOEHHOCTb OOBSICHSET, B YaCTHOCTH, MPUUYHHY, 1O KOTOPOH
B (2.60) oTkyoHeHMe KOA(D(DULIMEHTA YCUJEHHUS (5 OT KPUTHUECKOTO 3HAUEHHS
B3ITO BEJMUMHOH nopsaka 2, a He ¢. [lo 3Toi e npuuKHe, Kak OyaeT MOKa-
3aHO HUXKe, aBTOKoJebaHHUsl KpaeBoH 3amaun (2.99), (2.60), 6udypuunpyromime
M3 HyJIsl TIpU € > 0, HMEIOT aMIIUTYLY MOPsiika €, a He /¢, KaK, HalpuMep, B
caydae 3amauu (2.17), (2.18).

s npoBeneHusi mpouenypbl O€CKOHEUHOMEPHOH HOpMaJM3alUM, CJenyst
M3JI02KeHHOH B M. 2.1 MeTonuKe, moacTaBuM B (2.59) psimbl

u = cug(t,s,r) + *ui(t, s, x) + Suy(t, s,2) + ...,

v =evy(t,s,x) + vy (t, s, x) + vyt s,2) + ...,

rae s = et, GYHKUUH g, vy 3afaloTcsi paBeHcTBaMu (2.40) mpu 2z = 0, z, =
= 2,(8), w, = m(2n — 1), n > 1. [lpupaBHuUBas 3aTeM KOI(PPHUIHUEHTH MpPH
e? W €%, NI HaXOXKIEHHUs 2-TIEPUONHUYECKUX MO ¢ (QYHKUHH uj,v;, j = 1,2,
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[IPUXOOAUM K KpaeBbIM 3agadyaM

aul (%1 _ 8u0 81)1 8u1 81}0

o = ; = - - — o,
ot ox ds Ot Ox 0s
o ) (2.62)
U1 ‘le_ _QO% 1:1’ u1 ‘x:() T ‘le )
6uz o 81}2 8u1 (91}2 o 8u2 (‘)vl v
ot  oxr 0s ot  dx 0s
- 3 (2.63)
U2 }lez _OZO% 71’ L2 ‘x:() U ‘x:lz Uy ’x:l o |a::1 )

HecnoxHblii aHanu3 kpaeBoii 3anauyu (2.62) NpUBOAUT K paBeHCTBAM

up = Z Ch(z, s) exp(iwpt) + Cy(z, s) exp(—iwpt),

= (2.64)
v = Z D, (z,s) exp(iwnt) + Dy(z, s) exp(—iwpt),
n=1
e
dz,, . .
C, = (2— + zn> By(z) + icgwy 2, sin wy,,
ds (2.65)
i [dC,  [dz, , '
D, = — — 1| — 4+ 2, | sinw, x|,
wy, | dx ds

a B, — ¢dyukuuu (2.61). IloncraBnssa nanee (2.64), (2.65) B (2.63), mo-
cJle HEeKOTOphIX MpeoOpa3oBaHUU yOexkaaemcsi, YTO YCJOBHS Pa3pelinMOCTH
B KJlacce 2-epuoguuecKux 1o t GyHKIUH KpaeBod 3amaud (2.63) uMeroT BULI

d?z, dz dz
Dy — (/A +iaw,)z, — 2icpwn— +2f,, n=1,2,... . (2.
T2 T (1/4+ iaw,)z togun— = + Jns n=1,2, (2.66)

3nech f, — KoahduuHenT npu exp(iw,y) pana Pypbe GyHKUKMH Yw — w3

w = w(s,y) onpenessieTcs paBeHCTBOM (2.58).
13 dopmyn (2.66), (2.58) oueBHIHBIM 00pa3oM BBITEKaeT, YTO CUETHas
cucrteMa (2.66) cBopaunBaeTcs B KpaeByro 3amauy

O*w  Ow 1 *w  Ow
—— —=2(y— = )w - 2w’ —ap| 2 —
952 Ds (fy S)w v &O( Js0y i (9y>’

w(s,y+1) = —w(s,y).

, TAe

(2.67)
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Brinosinsist, nasee, mpu ycJaoBud > 1/8 B Hell 3aMeHBI
s/0— s, 0V2w —w, y—agds =y,

rie 6 = 1/4/2(y — 1/8), a 3aTem o603Havasi s uepes t, y yepe3 x, MPUBELEM
ee K KAHOHUYECKOMY BHIY:

0w 5(9_ _ 282
o2 ot ox?

[IpennonoxuM, 4To KpaeBas 3anada (2.68) uMeeT COCTOsIHME PaBHOBECHS
wo(x) # 0, ABJsA0OIeeCs pellleHHeM KpaeBOH 3anadn

+w—w?, wlt,r+1) = —w(t,z). (2.68)

o d*w n 3
a‘— +w—w
dx?
Torna, oyeBunHO, oHa uUMeeT uesoe ux cemelctBo {wp} = {w = wy(z + ¢) :
: ¢ € R}, a cooTBeTCTBYyIOIIAsA CIEKTpasbHas 3a1ada

th

@2
MMeeT HyJeBoe COOCTBEHHOe 3HauyeHHe, KOTOPOMY OTBedyaeT COOCTBeHHas
GyHKuKS ho(x) = dwy/dx.

O603HauuM yepes f,, n > 1, HeHy/NeBble COOCTBEHHble 3HAYEHHUsI KPaeBOU
zanauu (2.70) u 3aMeTHM, UTO ceMeHCTBO {wy} IKCIOHEHIMATBHO OPOUTANBHO
YCTOWUYHUBO TpU L, < 0, n > 1, U HEyCTOHYUBO, ecah XOTsl Obl ONHO COO-
CTBEHHOe 3HauYeHUe [, TIOJNOKUTENbHO. [leficTBUTENBHO, JUHEAPU3ysl KPaeByio
zanady (2.68) Ha cocTosiHMM paBHOBecHs! wy(x) W MoJarasi B MOJyUHBILEHCS
JIMHEHHOU KpaeBoW 3amaue w = h(x)exp At, AJs onpeneseHus: h MPUXOAUM K
safgaude (2.70) npu p = A2 4 O\

O6pariaeM BHUMaHUe, UTO KpaeBas 3anada (2.68) He siByisieTcss HOpMaJib-
HOM (hopMO¥ IJisT MCXONHOH KpaeBo# 3amaun (2.59), (2.60) (nmo Tem Xe mnpu-
4yrHaMm, 4To U B 1. 2.3). OnHaKo cTaHAapTHOE YTBEpKIeHHE O COOTBETCTBHU
MeXJy pellleHHsIMH 3THX 3alay Mo-MpeKHeMy ocTaeTcs B cuse. ToyHee roBo-
psi, KaXKJIOMy CEMeHCTBY COCTOSIHUE paBHOBecHusi {wy} KpaeBo# 3amauu (2.68),
9KCTMOHEHLMaJbHO OPOUTAIbHO YCTOHUHUBOMY MJIM IUXOTOMHUYHOMY, B HCXOIHOM
sagaue (2.59), (2.60) cooTBETCTBYET LMKJ C TEMH »Ke CBOHUCTBAMH YCTOHUH-
BOCTH.

JluHaMHKa COCTOSTHME paBHOBecHsl KpaeBoH 3anauu (2.68) mo mapamerpy a
u3ydeHa B [26], roe mokasaHo, 4To XOTs Mpu a — (0 UX KOJUYECTBO HEOTPAHHU-
YEeHHO PACTeT, OHAKO YCTOMUYUBBIM CPeId HUX SIBJSETCS TOJbKO OJHO CeMeM-
cTBO {wy}, Toe w, = w,(r,a) — peleHue 3anaun (2.69), cyulecTByollee NpH

=0, wx+1)=—-wz). (2.69)

+[1 = 3wi(z)|h = ph, h(x+1)=—h(2) (2.70)
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0 <a<1/m u obnanatwliee CBOUCTBAMHU:

wi(0,a) =w.(1,a) =0, wy(z,a)>0 mpu 0 <z <1, 571

wy(x,0) = sign(sin 7). 2.71)
A orcroma, B CBOW oOuepeib, CJIEAyeT, 4TO NpH Bcex v > 1/8 + ain?/2
(IaHHOe HepaBEHCTBO 3KBHUBAJIEHTHO YCJOBHIO @ < 1/m) B HCXONHOH 3ana-
ue (2.59), (2.60) cemeiictBy {w.} COOTBETCTBYyeT YCTOHUMBBIN LHKJ, TPe0d-
peTallIui pesakCalMOHHYIO (HOpMY TPH v — oo (CM. MocJelHee CBOHCTBO
(2.71)). OT™MeTHM, HaKOHEI[, YTO 3TOT LIUKJ OCTAeTCs €IMHCTBEHHBIM aTTpaK-
TopoM cucteMmbl (2.59), (2.60), HecMOTpPS Ha TO, YTO MPH YBEJHUUYEHUHU 7y KOJH-
YyeCTBO BO30OYKAEHHBIX MOJ B HEeH HeOTpaHUUEHHO pacTeT.



I'naBsa 3.

MeTtoa KBa3MHOpPMaJIbHbBIX
popM 19 CUCTEM
C 3amna3JablBaHUEM

3.1. ITloctaHoBKa npodaemMbI

B nanHo#l rsnaBe mepeiineM K npobJeme NpUMeHEHUSI MeTOfa KBa3WHOP-
MaJibHBIX (DOPM B CUCTEMax C 3ama3iblBaHUEM.

PaccMoTpuM BOMpOCH CYL1eCTBOBAHUS, TOCTPOEHUSI aCUMIITOTUKH U YCTOU-
YUBOCTH MEPUOIUUYECKUX pelleHUH, OU(PYPUUPYIOIIUX U3 HYJEBOTO COCTOSTHUS
paBHOBECHSl B CHCTeMaxX ¢ OOJbLIMM 3amnasiabiBaHueM. V3joxeHHe mpoBenem
Ha YpOBHe PacCMOTPEHHUS KOHKPETHOTO COfep:KaTeJbHOro MphMepa — HEKO-
TOPOTr0 CKaJsIPHOTO HeJIMHEHHOro AuddepeHLHa bHO-PA3HOCTHOTO yPaBHEHUS
BTOPOTO MOPSiKa, SIBJASIOLIEroCs MaTeMaTHYeCKOHW MOJeJNbl0 OLHOKOHTYPHOTO
RCL-reHnepatopa ¢ 3ana3ibiBaHHeM B LieNd 06paTHOH CBSI3H.

BBenem B paccMoTpeHHe HEKOTOPBIH aHAJIOT U3y4eHHOro B paborax [26,31]
reHepatopa ¢ RCLG-pacnpeneseHHBIMU apaMeTpaMU B LeNd 0OpaTHOU CBSI3U
U C HeJUHEHHBbIM 3JIeMEHTOM JIaMIIOBOTO TUMA. TouHee TOBOPSl, HUXKe MpenJa-
raetTcs MateMaThyeckash MOJeJb HOBOTO (hU3MUECKOTo oObeKTa, MoJydarolle-
rocsi U3 YIOMSIHYTOI'O reHepaTtopa B pe3yJ/bTaTe cjeqylolinXx AeicTBui. CHa-
yasa 3ameHUM HernpepbiBHYI0 RCLG-1uHMI0O B HeM TakK HasblBaeMbIM (DUJIb-
TPOM HHM3KHX 4YacToT (CM., Hampumep, [D3]), mpencTaBJSIOUIUM COOOH IHC-
kpeTHyto RCL-uenouky. bosee Toro, octaBum B 3TOH 1LienodykKe TOJBKO OAMUH
RCL-koHTyp. B pesysbrarte npuxoauM K U3JHLIHE YIPOLIEHHOMY r'eHepaTopy,
B KOTOPOM KOJieOaHHUsI OTCYTCTBYIOT (MaTeMaTHUeCKOH MOJEJbI0 TaKOU CHCTe-
Mbl SIBJISIETCSI HEKOTOpOe CKaJ/sipHOe HeJiMHeHHoe AudQepeHLHanbHOE ypaB-

59
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IIUN(t— At)HUN(t)II

L R

_IT ATC

u
Rin

Puc. 3.1.

HeHUe BTOPOro MOPsSifKa, eNWHCTBEHHBIH aTTPAKTOP KOTOPOrO — YCTOUUUBOE
cocTosiHHe paBHOBecusi). [losToMy, msist TOro uTOObl HCTPABUThH TOJOXKEHHE,
HECKOJIBKO YCJIOXKHUM TMOJYUUBILIMKCS FeHepaTop, a UMeHHO, 100aBUM Ha BXOJ
YCHUJIUTEJIST 3JIeMEHT MOCTOSIHHOTrO 3anasfbeiBanus At (MpaKTUYecKHUe CrocoObl
peasiu3alliy TAaKOTO 3JIeMeHTa omnmucaHbl, Hanpumep, B [1]). Kak Oynmer sicHo u3
JaJbHEeHIero aHa/au3a, nogo0Hoe YCJoKHeHUe BO3BpalllaeT 3anaye Tpedyemble
aBTOKoJle0aTesibHble CBOMCTBA.

[Ipuctynum K omucaHuio ¢puaudeckoro obbekTa ucc/aenoBaHus. Paccmor-
pHUM aBTOreHepartop, 0JI0K-cXeMa KOTOpPOro npeactaBjeHa Ha puc. 3.1. Ilpen-
roJiaraeM, 4To MMeeTcs Lenoyka M3 N mocJjenoBaTeabHO coequHeHHBIX RCL-
KOHTYPOB, K OIHOMY K3 KOHIIOB KOTOPOM MPUCOEAUHEH HeJUHEHHBIH 3J1eMeHT
C MOHOTOHHOH BOJIbT-aMIEPHOH XapakTepucTHKoH i = f(u) (cM. puc. 3.2), a K
npyromy — 3JeMeHT 3anasnabiBanusi At. Kak usBectHo [H3], mis TOKOB i, H
HAMPSXKEHUH U, B TAKOHM LIENOYKe CIIPaBeNMBa CUCTeMa YPAaBHEHUH

Cduy,/dt + ips1 = ip, Rin+ Ldi,/dt =up_1—u,, n=1,...,N, (3.1)

KOTOPYIO, €CTeCTBEHHO, CJIelyeT JOMOJHUTb YPABHEHUSIMH AJS ini1 U Ug. B
NaHHOM cJlydae iy;; — 3TO TOK Ha BXOJe HEJHHEHHOTO 3JiIeMeHTa, BhbIparka-
IOIIMHCS Yepe3 BXOonHOe HampsikeHue uy(t — At) (cMm. puc. 3.1) mocpencTBom
paBeHCTBa

iN+1 = UN(t — At)/Rm, (32)

rae R;, — BXOIHOe COMPOTUBJIEHUE yCUIUTEeNS. UTO XKe KacaeTcsl nepeMeHHOH
Ug, TO B KaueCTBE TAKOBOH CJIefyeT B35ITb Hampsi>keHHe B y3aJje S (cMm. puc. 3.1).
[lepBriii 3akoH Kupxroga v 3akoH Oma A/15 gaHHOTO y3J/a NMPUBOIAAT K PaBeH-
ctBaM g = f(un(t — At)) + i1, io = (E — up)/Rouw, TH€ ig — TOK, TEKyILIHH
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yepe3 BBIXOJHOE CONMPOTHBJEHHe ycuauteasi Ry, (cm. puc. 3.1). A orciona, B
CBOIO Ouepellb, MojiydaeM Tpebyemoe ypaBHEHHE MJs g, UMeollee BHI

Ug + Routf(uN(t — At)) + Rout il = E (33)

i V3 npuBeneHHbIX (hr3UUYecKUX coobparke-
HUH cJefyeT, UYTO MaTeMaTUUeCKOU MOJEeJbIo
paccMaTpUBaeMOro reHepaTopa CJAyXKHUT CH-
cteMa IUddepeHLHaNbHO-PA3HOCTHBIX yPaB-

A Heuu# (3.1) — (3.3). [1pu usydyeHuu 3ToH CH-
| CTeMbl OTPAHUYUMCS MPOCTEHIIEeH CUTYyaLU-
| ed, KOrja HHU3KOYACTOTHBIA (PUABTP COCTOUT
, Tonbko K3 onHoro RCL-koHTypa, a ycumau-

Uy U Tesb SIBASIETC UAeAJbHBIM, T. e. R;, = oo.

YuuteiBasi B (3.1) — (3.3) paBeHctBa N =1,

Puc. 3.2. R;, = 00, u1 = u, 11 = 1 U HUCKJIOUAs Iepe-
MEHHYIO 7, B UHTEepeCyollleM Hac cJy4yae MPUXOAUM K YPaBHEHHIO

LCii+ (R+ Rou)C i+ u= E — Ry f(u(t — At)). (3.4)

Ilns ymo6cTBa mocJenylollero aHaju3a BBIMOJHUM B (3.4) 3aMeHHI
t/vVLC — t, uw = u, + x, TIe u, — eIMHCTBeHHOe (B CHUJIy MOHOTOHHOCTH
f(u)) pemenve ypaBHeHHS u + R,y f(u) = F, onpenensioliee NoJjoXeHue pa-
6oueil Touku A Ha HesnuMHeHHOU XxapakTepuctuke i = f(u) (cm. puc. 3.2). B
pesyJibTaTe MoJyyaeM ypaBHEHHe

:'13+a:i:+a::g(3:(t—9)), (3.5)

B KOTOpoM @ = (R+ Ry )\/C/L, 0 = At/\LC, g(x) = E—Ryu f(us+2) —u,.
[Ipennonoxum, nasee, 9to purypupyromas B (3.5) yHkuus g(x) 3anucoiBaeT-
cst B BUsie g(x) = F(Kx), tne K > 0 — K03 PHULHEHT yCUJIeHHUsS HeJTHHEHHOT0
s7eMeHTa, a pyHKuus F(z) € C*°(R) He 3aBucHuT ot K 1 006/1anaeT cjaeqyouy-
MU CBOHCTBaMH (NMPOIUKTOBAHHBIMH XapaKTepoOM IOBEAEHHS HEJHHEHHOCTH

i = f(u)):

F'(z) <0npuVz € R, F(x)— ¢ npat z — —o0,
F(x) — —q ipu z — +00, q1,q2 > 0; (3.6)

F(z) = —x 4+ dia® + dya® + O(z*) npu = — 0. (3.7)
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Hrak, o00beKkTOM pa/jbHelllllero aHajnusa sBJaseTcs AudQpepeHuHa bHO-
Pa3HOCTHOE ypaBHEHHE

T+at+x=FKzx(t-—0)). (3.8)

B xagecTtBe (haszoBoro mpocTpaHCTBa (MPOCTPAHCTBA HAdaJbHBIX YCJOBHH
(x,4)) aTOrO0 ypaBHEeHHs BO3bMeM, Kak o0biyHO, C[—#,0] x R u Oymem uH-
TEpPecoBaThbCsl €ro aTTPAaKTOPAMMU B YKAa3aHHOM MPOCTPaHCTBe. TouyHee roBoO-
psl, IOCTaBUM BOMNPOC O CYIIECTBOBAHUU U YCTOHUUBOCTH €ro MepuoAUUeCcKHX
pellleHWH, OM(YPUUPYIOLIMX U3 HYJS NPU yBeJUUYeHUH NapameTpa K U mpu
IOTIOJIHUTEJBHOM YCJIOBUH 6 > 1.

B HacTosel pabore chopMmyaupoBaHHas 6udypKaudoHHas npodJema mMo-
npobHo paszbupaercsi A5 ypaBHeHHs (3.8) B ciaydae OOJBIIOTO 3aTyXaHHUS
(a > +/2). Ilpu 3ToM pa3pabaThiBalOTCS HEKOTOPHIE OOIIHe MOAXOAbl K BOMPO-
caM O CYLIeCTBOBAHUM, aCUMNTOTHUKE U YCTOHUMBOCTH MEPUONUUYECKUX pellle-
HUH, MPUTOAHbIE I/ LIMPOKOr0 KJacca CUHTY/SPHO BO3MYIIEHHBIX CHCTEM C
3anas/ibiIBaHUeM.

3.2. OcHOBHOM pe3yJabTaT

3.2.1. JIuHeuHbl aHaau3. B nanbHeliiem OyneM HUHTepPeCOBATbCS aBTO-
KosieGaHUsIMU ypaBHeHHUs (3.8), 6UDYypPUHUPYIOUTUMH U3 HYJIST NIPU YCIOBUSX

/=<1, a>+2, K=1+¢c%y, ~=const>0 (3.9)

U TIpU yBeJHW4YeHUH napametpa y. [lepBbIM 3TanoMm B pellleHHH YKa3aHHOH OU-
(pypkaurOHHOH NpoOJseMbl fIBJSETCH, KaK OOBIUHO, JUHEWHBIH aHa/au3, T. €.
MCCJIeJOBAHHE PACIIONOXKEHUSI KOPHEH COOTBETCTBYIOLIEr0 HYJIEBOMY COCTOSI-
HUIO PaBHOBECHUS] XapaKTEPHUCTUUYECKOrO ypaBHEHHS

M 4 a\+1=—Kexp(—\d). (3.10)

Ha stoM myTH, B 4acTHOCTH, MPOSICHUTCS poJib (urypupytoiero B (3.9) Hepa-
BEHCTBA a > /2, a TaKXKe CTaHeT MOHATHOU NMPUUYKUHA, 110 KOTOPOU KO3 PHULIU-
eHT ycuJieHUs1 K oT/JHYaeTcss OT KPUTHUYECKOTO 3HaueHUss K = 1 Ha BeJUUUHY
nopsaaka 2.

Boimonnum B ypaBHenuu (3.10) 3ameHy A0 — A\ ¥ ydTeM COOTHOIIEHHS
(3.9). B pesysbrare oHo npeobpasyercs K 6oJiee yIoOHOMY JJIs1 TOCJIENYIOIIETO
aHaJM3a BULY

2N Fead+1 = —(1 + %) exp(—N). (3.11)
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B camoM feJsie, HeTPYQHO 3aMeTUTh, YTO BCe KOPHU I1OJYUYHUBLIEr0Cs yPaBHEHUS
(3.11) pacnagatorcsi Ha nBe rpynmnbl. K mepBo# rpymnme oTHeceM TaK HasbiBa-
eMble HeKPUTHYeCKHe KOPHH 3TOTO0 YpPaBHEHHS, KOTOpPble HAaXOAATCS B JIEBOH
KOMIIJIEKCHOH mosymiockocT {A : Re A < 0} u He mpubmukamTcss K MHUMOH
ocu npu € — 0. Bo BTOpy!o rpynny oObeAHHHUM BCe OCTaBLIMECS €ro KOPHU

M(9), M), M(0) =iw,, w,=m(2n—-1), neEN, (3.12)

SIBJISIIOILIMECST KOMIIJIEKCHBIMH U TTpU € = () oOpaliariiyrecss B COOTBETCTBYOIIHE
KOPHH TIpelesbHOrO ypaBHeHUs exp(—A) = —1. fIcHO, UTO HUMEHHO 3TH KOPHH U
OTBEUAIOT 32 YCTOMUHMBOCTb HYJIEBOI'O COCTOSIHUSI paBHOBecHs. [losTomy Harua
OauKaiias 3ajada 3akJouaeTcss B TIOCTPOEHUH JJIi HUX PABHOMEPHOH MO n
ACUMIITOTHKH.

[ToncraBum B (3.11) paBeHCcTBa A = iw, + 1, ew, = z U OylleM CYUTATh, UTO
nmapaMeTp z HeNmpepbiBHO MeHsieTcsl Ha nosiyocu z > (. B pesysibraTte npuxoaum
K BCIIOMOTATeJbHOMY YPaBHEHHIO

(iz +ep)® + aliz + ep) + 1 = (1 + e*y) exp(—p). (3.13)
CripaBel/IMBO CJleayIollee yTBepKIEHHE.

Jlemma 3.1. Haiidemcsa makoe docmamourno manoe €y > 0, umo npu 8cex € €
€ [0,e0], 2 > 0 ypasuenue (3.13) umeem edurncmsernroe pewierue = pu(z,€),
1(0,0) = 0, donyckarowee npedcmasrerue 8uoa

1(z,€) = po(z,€) +e0(z,€), po=1In(1+e*y) —In(1+idaz —2%). (3.14)

30ecv beckorneuro Jugpgpeperyupyemas no COBOKYNHOCMU NEPEeMEHHbLX Z, €
KomnieKkcHodnaunas gyukyus d(z,e) obaradaem ceoiicmeamu

ligl 10(2,€)| = 0 pasromepro no e € [0, &),
Z—+00

(2iz + a)uo(z,0)
1 +iaz — 22

5(0,¢) = —aye® + O(e*), 0(2,0) = — , (3.15)

a KomniekcHolil roeapugm 6 (3.14) onpedeser pasercmaom

1
In(1 +iaz — 2%) = 5 In ((1—2°)°+a”2)+

+ i arcsin (az/\/(l — 22)2 + a?2? ) (3.16)
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HokasareabctBo. [loncrasasis B (3.13) coortHowenus (3.14), (3.16), pas
MHTepecyIolled Hac PYHKUUU § = J(z,€) MoaydaeM ypaBHEHHe

(2iz + a)(uo(z, €) + €6) N e(po(z, €) +€d)?
1 +iaz — 22 1 +iaz — 22

Y(5,¢) = , (3.17)

rae Y(6,e) = (exp(—ed) — 1) /. HerpyaHo yBuIeTh, 4TO B TOUKe

(2iz 4+ a)po(z,0)
1 +iaz — 22
JlaHHOE ypaBHEHHe PaBHOMEPHO 1O z > () yIOBJIETBOPSIET YCJIOBHUSM TEOPEMBI O
HesIBHOH (hyHKIIMH 1o nepemeHHOH J. [ToaTomy u3 (3.17) ogHO3HAUHO ompene-
asietcst PyHKUUSA § = d(z, €), obaanarolias nepBbIMU IBYMs cBolcTBaMu (3.15).

JleficTBUTENIbHO, paBHOMEPHOE TI0 € TpefesbHOe paBeHcTBO lim [§] = 0 cmpa-
Z—r+00

BEIJINBO B CHJIY TOro (paKTa, uToO MPH z — -+00 PAaBHOMEPHO TI0 £ CTPEMSITCS
K HyJI0 KO3((ULMEHTH (DUTYyPHUPYIOIIEro B MpaBod 4yacTd ypaBHeHus (3.17)
KBaJPaTHUHOTO MHOTrOYJIeHa TepeMeHHOH §. UTo ke KacaeTcsi aCUMIITOTHYe-
ckoro paBeHcTBa AJist 6(0,¢), TO AJs1 €ro 06G0CHOBAaHHUS NOCTAaTOUHO TOJOXKHUTh
B (3.17) z = 0 v yBUIETb, UTO MOJyYaKOLIEeCs B UTOTe yYpaBHEHHE

0= — e=20

Y(6,2) = a(ln(l +£*y) +&6) +e(In(1l + &%) + 55)2

MpPH BCeX JOCTATOYHO MasbiX € > 0 uMeeT peienne § = —avye?+0(e?). Jlemma
Jl0Ka3aHa.

M3 ycTaHOB/IEHHOH JIeMMBbl CJeIyeT, UTO MHTepecymollMe Hac KOopHHU (3.12)
ypaBHeHus (3.11) momyckaroT paBHOMEpHOE MO 7 ACHMITOTHUYECKOE MpeNCTaB-
JieHue

An(€) = iwy, + (po(z,€) + £d(z,€)) ., n>1. (3.18)

Z=EWn

3ameTuM, nasee, 4To MpH a > V2 CrpaBeJIMBbl CBOHCTBA

2

d
Re jip(2z,0) < 0 mpu Vz >0, — Repp(z,0)

3 = —(a®>-2) <0, (3.19)

z=0

a B ciyuae 0 < a < +/2, HanpoTuB, y GyHKIMH Re io(z,0) cyllecTByer yua-
CTOK TMOJIOXKHTEJbHOCTH, MPUMBIKAIOLIHE K Touke z = (. Takum o6pasom, ycJo-
BHe a > /2 rapaHTtupyet, uTo npu ¢ — 0, n — oo KopHH (3.18) 3aBemomo
He MOT'YT UMEeTb IMOJIOXKHUTEJNbHBIX NeHCTBUTEIbHBIX UacTed MopsiaKka eIuHH-
1bl. BoJsiee MOApOOHBIH aHaNHU3 UX aCHMITOTHYECKOTO TOBeIeHHs] MPUBOAUT K

dhopmysam
An(g) = iwy (1 — ae + a’%) + [y — (¢*/2 — Dw;] 2+ O(e”), £ —0, (3.20)
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KOTOpble B OTMUYHe OT (3.18) yxKe He SIBJAAIOTCS PaBHOMEPHO NMPUTOAHBIMHU IO
n. B CBA3K ¢ 3TUM IpeAcTaB/sseT UHTEpeC CJelylolas

Jlemma 3.2. [To arobomy urcuposanromy v > (a*/2—1)m2, v # (a*/2—1)w?,
n > 1 moxcrno ykasamo makoe €y = £o(y) > 0, umo npu scex 0 < ¢ < g
BLLNOAHAIOMCA Hepasercmaa

ReA,(e) >0, 1<n<mny ReA,(e)<0 Vn>ny, (3.21)
2de ng = max{n € N: v > (a?/2 — 1)w?}.

Jlnsi nokazaTesbCTBA 3aMeTHM, YTO CIIPAaBENJIMBOCTD TePBOU I'PYTIbI Hepa-
BeHCTB (3.21), a Takke oueHok Re \,(¢) < 0 mpu n > ng, n ~ 1 BbITeKaeT u3
dopmya (3.20). B cayuae xxe n > 1 TpebyeMble olleHKH nosydatoTcs us (3.18)
C yUeTOM HeJIoKaJbHbIX cBOHCTB (3.19) dynkuuu Re pg(z,0) u cBoiicts (3.15)
ocTatka d(z,¢€).

Jlemma 3.2 mposicHsieT MPUUKHY crieliabHOro Bei6opa B (3.9) koadhduuu-
eHTa ycuseHns K. JleicTBUTeNBbHO, IPHU TaKOM criocoOe 3aiaHusa K U npu yBe-
JUUeHUH mapaMeTtpa 7y KopHH (3.18) xapakrepuctuueckoro ypaBHeHHs (3.11)
MOCJIeIOBATEbHO TePeXOAsiT W3 JIeBOH KOMIIJIEKCHOH TOJYIJIOCKOCTH B TIpa-
By1o. [TosTomy, B uactHocTH, npu ycaoBusx (3.9) u npu

v > (a*/2 — 1)r? (3.22)

HyJeBOe COCTOsIHHEe paBHOBecus ypaBHeHus (3.8) TepsietT ycroduuBocTb. Ta-
KUM 00pa3oM, eCTECTBEHHO BO3HUKAeT MpodJemMa OThICKAHHS BO3MOXKHBIX aB-
TOKOJ1e0aTe/NbHbIX PEXKHUMOB 3TOT0 ypaBHeHUs, OUDYPLUUPYIOLIUX U3 HYJS TPH
BBITTOJIHEHUU HepaBeHcTBa (3.22). Pemenue naHHO# mpo6JseMbl MPUBOAUTCS B
cJeylollleM MyHKTe.

3.2.2. AaroputMuyecKas 4YacThb MeTOAAa KBa3WHOPMAJbHBIX (POpM.
Crneuurka NOCTaB/JeHHOH Bblllle OU(YPKALMOHHOW 3a/ayd 3aKJ4aeTcs B
TOM, YTO OHa OJiM3Ka K GeCKOHeYHOMepHOH: mpu € — 0 K MHHUMOH OCH CTpe-
MUTCSI cYeTHOe uucsio KopHed (3.18) xapakTepucTHueckoro ypaBHeHHs (3.11).
B nono6HO# cHTyaluu He yoaeTcs HampsIMyl0 BOCIOJb30BAThbCSl U3BECTHBIMU
KOHEUHOMEPHBIMA METOJAMU HCCJeNOBAHUS NUHAMUKH, 0A3UPYIOLIMMUCS Ha
amrnapaTe WHTerpajJbHBIX MHOrooOpa3ui W HopMmaJsbHbIX hopm [47,57]. B cBs-
31 ¢ 3TUM B Hauaje 1980-x rr. s caydasi, 6/U3KOTO K H€CKOHEUHOMEPHOMY
BoipoxkaeHuto, 0. C. KosecoBblM Obln mpensioxeH crnelHabHbli aCUMITOTH-
UeCKMH MeTO[, Ha3BaHHBIM BIOCJEACTBUU METOAOM KBa3WHOPMaJsbHBIX (HOPM.
He ocranaBnnBasick moppoOHO HA HWCTOPHUH BOMPOCA, HATIOMHHUM, 4YTO K Ha-
CTOSILLLEMY BPEeMEeHH 3TOT MeTol 0OOCHOBAH B Psijie MOAENbHBIX CUTyalUUH Kak
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nns napa6osudeckux [50,51], Tak u pas runepbosndeckux [26,32] KpaeBbIX
3a/1au.

B cayuae nuddepeHLHabHO-PA3HOCTHBIX YPaBHEHHWH BTOPOro MOpsSiAKa C
60JIbIIUM 3aMa3/ibiBAHUEM AJTOPUTMHUUECKHE acleKThl MeTOfa KBAa3WHOPMaJib-
HbIX (opM paspabotanbl B ctaTbsix [19,20]. O6ocHoBaHHe pe3yJabTaTOB M3
[19,20], B npuHIKIe, MOXeT ObITh MPOBENEHO 0 OMHCAHHOH B [5] craHnmapr-
HoU cxeMe. ONHAKO B @HHOH CHUTyallUM UMeeTCsl U APYroi, ajbTepHATUBHBIH
crnoco® 0Ka3aTe bCTBa CYIIECTBOBAHUS U YCTOHUMBOCTH MEPUOIUUYECKUX pe-
IeHUH, CBOASLIMA B HEKOTOPOM CMbICJe MpoOJjeMy K KoOHeuHoMepHOH. Huxke
3TOT croco® HWJJIIOCTPUPYeTCs Ha TNpuMepe ypaBHeHHs1 (3.8) mpu ycoBUSX
(3.9), (3.22).

JL/1s1 moCTpOoeHUsT aCUMIITOTUKHY TTePUONUECKHX PellleHUH B HHTepeCyoleM
Hac cJydyae CHayaJa BbIMIOJHUM B YPaBHEHUHU

i+ ai+z=F((14)z(t—1/e)), (3.23)
nosyyatomemcs u3 (3.8) mpu yuere cootHoinenuii (3.9), 3ameHy BpeMeHU
T=co(e)t, o(e)=1+¢eo1+e’oy+eo3+.... (3.24)
B pesynbrare npuxoguM K ypaBHEHHUIO

d?x dx

)

eo°(e)—= teaole) —
() dr? () dr

BO3MOXHble TEPUOAUUECKHEe pelleHUss KOTOporo OyaeM HCKaTb B BuUAe (op-

MaJIbHBIX PSIIOB 110 LEJbIM CTENeHsIM €:

+z=F((1+y)z(r—o(e)), (3.25)

x = exo(7) + %21(7) + E300(7) + ... . (3.26)

[Ipennosnaraem, uto Bce ¢urypupymooiire B (3.26) ¢yHkuuu xi(7), k > 0 sB-
JSIIOTCS MEPUOAUUECKHUMHU C MEePUOJIOM 2, a MepBoe cJjaraemMoe UMeeT BUI

xo(7) = &o(7),  &o(T +1) = —&(7). (3.27)

3nech &y(7) — mMoKa TPOU3BOJbHAS BellleCTBeHHAs ~aMIIUTYyHa” KoJebGaHu,
nojJexaulasi ornpeieJeHUI0 BMeCcTe ¢ IPYyrUMHU aHaJOTMUHBIMU aMIJIUTYIAMU
1 KodddunueHntamu oy, k > 1 us (3.24) B Xoie HEKOTOPOTO aJrOPUTMA.

ObpaliaeM BHUMaHHe, YTO YNOMSIHYTas Bbille (YHKUMS &y(7) HOmycKaert
pasJjoxeHue Pypbe BUIA

&o(r) = Z Eo.n exp(iwnT) + &g, eXp(—iw,T), (3.28)

n=1
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B KOTOPOM TPHUCYTCTBYIOT BCe ~KPHUTHYeCKHe YacTOTHbIE KOMIIOHEHTHI,
OTBevalmIlne KOPHSIM A = =iw,, n > 1 ypaBHeHus (3.11) mpu ¢ = 0.
Takum 06pasom, CTaHOBSITCS TMOHSATHBIMH croco® BeiGopa xo(7) U Tpebopa-
HUe 2-TIePUOAMUYHOCTH BCeX OCTaJbHBIX useHOB psaa (3.26). Uro ke Kaca-
eTcsl TopsiiKa MaJIoCTH MepBoro cjaraemoro B (3.26), To, Kak U B paMKax
KJlaccudeckod 6udypkaunoHHo# teopembl AnpponoBa—Xomnda (cMm. [47,57]),
eCTECTBEHHO CYHTATh €ro PaBHBIM KOPHIO KBaApaTHOMY W3 HALKPHUTHUHOCTH

max Re An(g) = (v = (a?/2 — 1)m?)e? + O(e*). Bo BesikoM cilydae, HHXKE Mbl

OrPaHUYUMCS OTHICKAHHEM UMEHHO TaKHWX MePHOAMUYECKHX pellleHHH.

[IpycTynuM K OMUCAHUIO aJrOPUTMA HAXOXKAeHUS PYHKUUE xk(T), kK > 0 1
K03 huureHToB o), k > 1. C 370 1esbio noacTaBUM B (3.25) COOTHOIIEHHUS
(3.26), (3.27) BMecTe C TEHJOPOBCKUM pasJjokeHreM (3.7) U B MOJyUHBLIEMCS
BbIpaKeHUH OyJeM MpPUPaBHUBATH CJe€Ba U clpaBa KO3(P(UUHEHTH NPU OAHHA-
KOBBIX CTeleHsX €. B pe3ysbraTe MpUXoauM K PeKypPPEHTHOH MOCJeN0BaTE b-
HOCTH JIMHEHHBIX HEOAHOPOIHBIX PA3HOCTHHIX yPaBHEHWH BHIA

.ZEk(T)—i-iEk(T—l) :gok(T), k=0,1,..., (3.29)

aHaJM3 KOTOPBIX MPOBOAUTCS MO CJeaylolleld 00Ileld cxeMe.
Paso6bem ¢urypupyromyo B (3.29) 2-mepronnueckyr HeOIHOPOTHOCTb
¢r(T) Ha IBa cjaraemMbix

01 (7)) +op2(T): wra(T+1) = —op1(7),  wra(T+1) = pra(r),
re

pra(T) = (pr(r) —or(T +1)) /2, wra(r) = (wr(1) + @i(T + 1)) /2. (3.30)

[IpenmnosiokuM, najee, UTO CIPaBelJHMBO YCJIOBHE Pa3PEIIMMOCTH YpaBHEHHS
(3.29) B kJacce 2-mepronuyeckKux (yHKLHH, T. €.

or1(7) = 0. (3.31)
Torma us (3.29), (3.30) Haxogum

zr(T) = %@k,Q(T) + &(71), (3.32)

rae &,(T) — TPOM3BOJIbHAS AHTHUIIEPUOAUYECKAs C MEPHOAOM 1 QyHKIHS.

B cayyae k = 0 onucaHHas cxeMa NMPUBOIUT K paBeHcTBaM (3.27), (3.28).
Ecau xe k = 1, T0, KaKk HETPYAHO yBULETb, ©1(T) = — (01 + a)&4(T) + d1&5(7)
(3mecb ¥ HHXKe LITPUX O3HAYaeT MPOM3BOAHYIO MO T), a BBIMOJHEHHSI COOT-
BETCTBYIOLIEr0 YCJO0BHsi paspernumoctd (3.31) moGuBaemcsi 3a cyeT BbiGOpa
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MONpPaBKH K 4acToTe 0. B utore ybexxpaemcs, 4To

d
o= —a, 2y(r) = &) +&(7), (3.33)
rie di — K03 OUIHEHT TPH KBaapaTHYHOM cJjaraeMoM U3 (3.7).
[Ipu k& = 2 paccmorpenuto mopseXuUt ypaBHeHue (3.29), HEOTHOPOTHOCTD
B KOTOPOM C y4eTOM Y»Ke yCTaHOBJIeHHOH HMH(opmanuu (3.33) 3anucbiBaeTcs
B BHUJIE

p2(T) = (a®/2 = 1)& + (a® — 02)&5 + 7 & — (d; + d2)&) + 2d1&&r. (3.34)

[ToncraBasis, nanee, dopmyay (3.34) B (3.30) — (3.32), npuxonuM K BHIBOLY,
uTo

2o(7) = di1&o(7)&1(T) + &a(T), (3.35)

a ammiutyna &(7) ¢ HeoOXOOMMOCTBIO NOJ/KHA YAOBJETBOPSATh HEJUHEHHOM
KpaeBOH 3azaue

(@®/2= 1)) +(a> = 02)E+7 & — (di +d)& = 0,  &(T+1) = & (7). (3.36)

OTMeTHUM Cpasy, 4UToO MocJeaHsasd MO2KET KMETb HETPUBHUAJIbHBIC PEIICHNA TOJIb-
KO IpH YCJOBHHU

0'2 —= a2’ (337)

KOTOPO€ BCIOLY HU2KEe MPeANoJiaraeM BbIIIOJHEHHBIM.
[Tocsenytomas peanusanus ajiropuTMa 3aBUCHT OT BbIOOpAa KOHKPETHOTO
pellleHHs] KpaeBOU 3a1auu

(@®/2 = 1)&0 + v & — (df + d2)&5 =0, &(T+1) = =& (1), (3.38)

nosyyatoreicst U3 (3.36) npu ydyere paBeHctBa (3.37). B cBsa3u ¢ atum Gynem
CYMTATh, UTO NaHHAs 3ajaya NOMYyCKaeT HEKOTOpoe Tpyboe pelneHue &y(T) Z
% (0. lnd TNosicCHeHHS YKa3aHHOT'O CBOWCTBA 3aMeTHM, YTO TaKoe pelleHHe
MOpOXKAaeT LeJsoe ceMelicTBO pemenuil {&y(7+c),c € R}, a cooTBeTcTByMWOMIAS
eMy CTeKTpaJsibHasi 3ajaya

Th = (a®/2—1)h" + (y = 3(d; + d2)&(7))h = Ah,  h(T+1) = —h(7) (3.39)

BCerna nMeeT coOCTBeHHOe 3HayeHHe A = (), KOTOPOMY OTBedaeT COOCTBEHHas
¢yukuusa h = £)(7). [lon rpy6ocTbio ke peiteHuss &(7) OymeM MOHUMATh
MPOCTOTY HYJIE€BOH TOUKHM creKTpa 3amaud (3.39).
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HMrak, Bo3bMeM B KadecTBe (urypupytomeid B (3.27) ammautyabl Eo(7)
HeKOTOpoe rpyboe pelieHHe KpaeBod 3amauu (3.38) W ¢ MOMOIIbIO MeToxa
MaTeMaTU4eCKOW MHAYKLHH TOKaXKeM, YTO B 3TOM CJydyae aJrOpUTM HaX0xX-
neHust KoapduureHtoB psamos (3.24), (3.26) mpomoskaetcs HeOTPaHUYEHHO.
JleficTBUTEbHO, MPEANOJIOKHUM, YTO MPU HEKOTOpoM k, k > 4 nas QpyHKUHH
Tp_o(T) mosydeHa Qopmyna

xk,Q(T) = dlfQ(T)gkf3(7'> + fkfg(T) -+ Ak,g(T), (340)

B KOTOPOU MPUCYTCTBYIOT ABe MOKa HEHW3BECTHble aHTUIEPUOAUYECKHE (PYHK-
unu &g3(7) 1 &k_o(7). OctaTok xKe Ajp_o(7), HATPOTUB, MOJHOCTBIO OMpese-
JIeH, TIOCKOJIbKY OH 3aBUCHT OT (GYHKUMH &,(7), m < k — 4 u monpaBok K
qacrore o,,, m < k — 2, KOTopble cUMTaeM yxe HalmeHHbBIMH. OTMeTHM, UTO
MMEHHO C TaKOH CHTyalMed Mbl cTajkuBaeMmcsi npu k = 4 (cM. (3.35)).

Ha cnenyromem miare anroputma miasi xp_1(7) HUMeeM J[eJ0O C JIMHEH-
HbIM HEOTHOPOAHBIM PA3HOCTHBIM ypaBHeHHeM BHaa (3.29), HEOTHOPOMHOCTh
©r—1(T) B KOTOPOM 3aBUCHT OT ABYX NPENBIAYIIUX QYHKUMH xj_3(T), Tp—o(T)
Y TIONIPAaBKU K YaCTOTe 0j_1 JHUHeHHbIM o6pa3oM. TouHee roBopsi, IJsi @y _1(T)
npu k > 4 crnpaBeiJMBO MpeACTaBJIEHHE

or-1(7) = —:c'k',_3(7') +a’ (%2—3(7') + :c,:;_?,(T - 1))_

— a(wfo(7) + 2 p(r = 1)) = yara(r — 1) = - 2h (7 — 1) — o &h(7)+

+d; (Qa% (zr-s(7—1)&(T—1)) +2 xk—:&(T—1)951(7—1)_2xk—2(7—1)50(7))+
+ 3daai_s(T — DE(T) + 01 (1), (3.41)

B KOTOPOM 0CTaTOK ¢ (T), KaK 1 ocTatok Ag_o(7) u3 (3.40), 3aBUCUT TOJIBKO
oT (7)), m < k—4wuo, m<k—2, anpu k =4 — npeacrasJieHue

©3(1) = =2 (1) + a? (z1(1)+zi(r—1)) —a(zs(T) +as(r—1)) —yz1 (T —1)—

CL2

_ 7513’1’(7' — 1) —o3&)(1)+ d4 (2&%_(%(7’ — D& (r—1))+

+ ZL’%(T — 1) — 2x9(7 — 1)50(7')> + 3 domy (T — 1)58(7) + gog(T), (3.42)
rae QyHKIMs p3(7) Takke siBJsieTcs u3BecTHOl. [lasee, npu k > 4 noxctaBuMm

B (3.41) dopmynay (3.40) u ananoruunywo dopmyny ajs xx_s(7), a npu k = 4
yuteM B nipeactaBjeHud (3.42) dopmyasl (3.33), (3.35). B pesynbrate B 060uX
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cJIy4asiX ycJIOBHe PaBEHCTBA HYJI0 aHTHUIIEPHOAMYECKOH KOMIIOHEHTH y_11(T)
HeoIHOPOIHOCTH i _1(7) (cM. (3.30), (3.31)) mpuBOAMT K KpaeBoOi 3agadue BUIA

&5 — 031&0(T) + Pro11(7) =0, &s(T+ 1) = —&—3(7) (3.43)

151 onpeneseHus E_3(7). 3neck P_11(7) — HEKOTOpas y»Ke U3BeCTHAs aHTH-
nepuonuueckas ¢ nepuonoM 1 pynkuus, a Il — nuddepenunanbHbid onepatop
u3 (3.39).

Ananus mosyuuBILEHCS 3a4aud He BbI3bIBaeT 3aTpynHeHHH. [leHcTBUTEb-
HO, B CHJIy MIPOCTOTHI HYJIEBOIO COOCTBEHHOI'O 3HAUEeHHUs CIEKTPAJbHOH 3a1auu
(3.39) neomHoponHas 3anaua (3.43) paspemiiMa B TOM U TOJBKO TOM CJyyae,

KOT'Za
1

1
/@kl’l(’f)fé(’f)d’r — akl/ (56(7))2037' = 0. (3.44)
0 0

Takum o6pasom, cHayasa u3 (3.44) HaXOMUM OuepeNHYIO MOMPaBKYy K 4acTo-
Te O)_1, YTO JeJIaeT WHTepecymllylo Hac 3afauy paspemumou. [locse 3Toro
B KauecTBe &_3(7) OGepeM eIMHCTBEHHOE ee pelleHHe, YIOBJETBOPsIOIlee J0-
MOJITHUTENIbHOMY YCJIOBUIO HOPMUPOBKH

1
/fkg(T)ﬁé(T)dT = 0. (3.45)
0

YkasaHHBIH croco6 onpeneseHus o 1 ¥ {¢_3(T) AesaeT ynoMsiHyTO€ Bbllle
Pa3HOCTHOE ypaBHeHHUe ISl xj_1(T) pa3pelluMbIM B KJacce 2-TIepUOANYECKHX
(YHKIUH 1 NPUBOAMT K aHasJorHUHOMY (3.32) paBeHCTBY

1
rr1(7) = 5 or-12(7) + §1(7), (3.46)
rae ¢i_12(7) — nepropnueckas KoMnoHeHTa GpyHKUuHK (3.41), onpenensiomnias-
cst ¢ momolbio Broporo cootHotneHus (3.30), a §p—1(7), &—1(7+1) = —E&p—1(7)

— ouepenHast amnautyna. CjenoBaTesNbHO, AJs1 3aBepIIeHHs I1ara WHIYKIUH
ocrasoch yoenutbesi, uto dopmyaa (3.46) npeobpasyercs K Buny (3.40) (mpu
sameHe k Ha k + 1). JlelicTBHTEIbHO, BHOBb NpHUBJIeKass paBeHCTBO (3.41) uiu
(3.42), npuxoauM K BBIBOLY, YTO

Or—12(7) = 2d1&0(7)&r—2(T) + Pr—12(7), (3.47)

rje OCTaToK Q_12(7) 3aBUCHUT OT yKe HalIeHHbIX GYHKUUH &, (T), m < k—3
¥ BEeJIMYHH 0,,, m < k — 1. Y HakoHel, noactassis (3.47) B (3.46), nonyyaem
TpeOyeMbli (axT.
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[TonBoxnsi UTOT, OTMETHM, YTO MOCJE TOTO KaK (PUKCHPOBAHO HEKOTOPOE I'Py-
6oe pelleHHe KpaeBoH 3amaud (3.38), Bce usennl psuoB (3.24), (3.26) ompe-
NeJISIIOTCSl OHO3HAuHO (TIPH yCJIOBHH, KOHEUHO, UTO PelleHHs] KpaeBbIX 3ajau
(3.43) nHopMupytoTcs paBeHcTBaMH (3.45)). CTpOru# ke CMBICJ ONMHCAHHOMY
aJITOPUTMY TIPUIAET CJeNyIolee YTBEPKAEHHUE.

Teopema 3.1. [Ipednoroxwcum, umo kpaesas 3adaua (3.38) umeem Heko-
mopoe epyboe pewenue &(T) Z 0 u nycmv m — KOAUUECMBO NOAOHCU-
menbHblX COOCMBEeHHbLX 3HAUeHUL omeeuarouleti emy cnekmpanvHot 3adauu
(3.39). Tocoa watidemcs makoe docmamouro maroe £y > 0, umo npu ecex
0 < e < ¢eg 8 ucxoonom ypasrernuu (3.23) svibparromy peweruro (1) co-
omeemcmeyem eOUHCMBeHHbLL YUKA 8uda

r=ux(r,e), dr/dt=c¢co(e), (3.48)

ede Qpynxyuu x(1,¢), (1 + 2,¢) = x(7,€) u o(e) docmamouno eradko 3asu-
CAM OM CBOUX NepemerHblX U 00NYCKAM ACUMNMOMuU4ecKue PadioHceHus.
(3.24), (3.26). Kpome moeo, uuxa (3.48) searsemcs 3KCNOHEHUUANLHO Op-
bumarvro ycmotiuusovim 8 ciyuae m = 0 u duxomomuuroim npu m > 0 ¢
pPA3MEPHOCMbIO Heycmouuusoeo mro2o0bpasus, pasrot m + 1.

JlokazaTenbcTBO CHOPMYJHPOBAHHOU TeopeMbl OyIeT MPUBENEHO B pasje-
Je 3. 371ecb Ke OTMEeTHM, UTO COAepxKalluics B HeH pe3yabTaT AOMYyCKaeT
CJeNyIOlLYI0 HHTeprnpeTaluto. PaccMoTpuM napaboinyeckylo KpaeByto 3afady

% _ 2m 1 & 2y e _
= (@21 s - B+ R)E, LT+ =€), (349)

B KOTOPOX 7 UT'PAET POJib BPEMEHHU, a T ABJSAETCH POCTPAHCTBEHHOU NepeMeH-
HoH. PazoBbBIM MPOCTPAHCTBOM 3TOH 3ajnauu OyneM cyuTaTb 0aHAXOBO IpO-
CTPAHCTBO Fjy HeNpepbIBHBIX aHTHIEPUOAMUYECKHUX (PYHKUHUE &(7) ¢ HOpPMOH

= max |&£(7)|. Teopema 3.1 akTHUuecKH yTBep:KAAeT, YTO JIOOOMY Ce-
0<r<1 p y p y
ST

MeHCTBY cocTosiHUE paBHOBecusi {&y(T + ¢) : ¢ € R} kpaeso#t 3anaun (3.49),
9KCIIOHEHIHAJbHO YCTOMUYHBOMY HJHM TUXOTOMHYHOMY (B MeTpPHKe yKasaHHO-
ro Bbillle (Da30BOTO MPOCTPAHCTBA), B UCXOMHOM ypaBHeHHHU (3.23) mpH Bcex
JIOCTAaTOYHO MaJbiX € > 0 cooTBeTCTBYeT LHUKJ (3.48) ¢ TeMH e CBOHCTBaMH
YCTOUYUBOCTH.

Cnenys ycTaHOBUBLIeHCs TpaauLUH, KpaeByto 3anady (3.49) HasoBeM KBa-
3UHOPMaJIbHOH (hopMoii ypaBHeHHUs (3.23) WM MPOCTO KBAa3MHOPMAJbHOU (op-
MoH. B naHHOM ciyyae TepMUH "KBa3uHOpPMaJbHastw ONpaBlIaH TeM, 4TO 3ajaadya
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(3.49) X0Ts ¥ COIEPAKUT ONpesieSIeHHbIH 06beM HH(POPMAHUH 06 HCXOTHOM 00b-
eKTe, HO ee BBIBOJ, NpuBeneHHbIH B [19,20], 6asupyeTcss Ha HEKOTOPBIX CyTry60
(opMasIbHBIX TOCTPOEHHUSX.

s npunanus teopeme 3.1, Hocsillel MoKa YCJOBHBIH XapakTep, conep-
»KaTeJbHOr0 CMbICJIa OCTAHOBHMCS Ha BONPOCE O KOJHUYECTBE U YCTOMUHMBOCTU
COCTOSIHHH paBHOBeCHsl KBasnHopMasbHOH (opmbl (3.49) B HaubGosee HHTe-
PECHOM C TMPUKJIAOHOM TOYKH 3PEHHUs CJiydyae MSATKOW HeJIMHEMHOCTH, KOrna
BBITTOJIHAETCS HEPABEHCTBO

&+ dy > 0. (3.50)

[Tpu 3TOM yCs0BHM MOC/Ie 3aMeH Y1 — T, +/(d? + d3) /v & — £ uHTepecyoLLast
Hac KpaeBasi 3ajaya IPUHHUMAeT BHJ

2
%:“Q%+5_537 E(r, 7+ 1) = =&(r,7), (3.51)

rie o = \/(a%/2 —1)/7.

JluHamMuKa COCTOSIHUH paBHOBecHsl KpaeBoH 3anaud (3.51) mo mapametpy o
u3ydeHa B [26], roe mokasaHo, 4TO, BO-TIePBbLIX, NPU BceX ¢ > 1/m ycTOHYMBO
ee HyJIeBOe pellleHHe W NAPYTHX COCTOSIHWH PaBHOBECHUsI Y Hee B 3TOM CJyuae
HEeT; BO-BTOPbIX, HETPUBHAJbHbIE COCTOSIHHSI PABHOBECHS MOSIBJSIOTCS TOJb-
Ko mpu o < 1/m (maHHOe yCJOBHE SKBHUBAJEHTHO BBIMIOJIHEHWIO HePaBeHCTBA
(3.22)) u ucuepnbIBalOTCS ceMelCcTBaMH

{&(t+c0), ceR}: & =&((2n+ )7, (2n+1)0), n=0,1,..., (3.52)

rie & = &(7,0) — pelueHue kpaeBoél 3amauu (3.51), cyllecTByiollee MNpH
0 < 0 < 1/m u obnagawiiee CBOUCTBAMU:

g()(OaO-) = 50(170> = 07 50(7-7 J) >0 [IpH 0< 1< 17
E(T,1/m) =0, &(7,0) = sign (sinw7). (3.53)

[Tpu stom cemeiictBo (3.52) ¢ HOMepoM n = ( 3KCIOHEHIHAJbHO YCTOMUHBO
npu Bcex 0 < o < 1/m, a moboe ceMeHCTBO ¢ HOMepoM n > 1 Ha BceM

IPOMeXKYTKe CBOero cyuectBoBanust 0 < o < (m(2n + 1))71 JUXOTOMUYHO.
M3 nepeuncieHHbX (hakToB WM TeopeMbl 3.1 BbITEKAeT, UTO B HCXOAHOM
ypaBHeHHH (3.23) mpu ycaoBusax (3.22), (3.50) cemelicTBy (3.52) ¢ HOMepoM
n = 0 COOTBETCTBYeT yCTOHUYMBHIH LMKJ Buaa (3.48). Kak mokasbiBaloT CBOM-
ctBa (3.53), 3TOT UMK OUBYPLUUPYET U3 HYJIS TIPH MPOXOXKAEHUU TapameTpa
uepe3 HEKOTOpoe Kputudeckoe 3Hadenue v(g), y(0) = (a?/2 —1)7? u npuobpe-
TaeT peJslaKCalMOHHBIH XapakTep mpu v — co. OTMEeTHM elile, YTO TPH JI0OOM
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(MKCHPOBAHHOM a > 1/2 OH OCTaeTcs eMHCTBEHHBIM JIOKAIbHEIM aTTPaKTOPOM
IAHHOTO ypaBHEHHS, HECMOTPS HA TO, UTO MPU yBeJUUYEHUH 7y oOlllee KOJIU-
YeCTBO HEYCTOMYHBBHIX IIHKJOB, OTBeyallux cemeiictBam (3.52) mpu n > 1,
HEOTPaHUYEHHO pacTer.

3.3. IHoka3areabCcTBO Teopembl 3.1

3.3.1. CymecTBoBaHNe MepUOANYECKHX pelleHHMA. B [aHHOM MyHKTe
YCTAHOBHUM CIIPaBeIJIMBOCTb TeopeMbl 3.1 B 4acTW CYIIECTBOBAHUS W eUH-
CTBEHHOCTH 1HKJa (3.48), oTBeuaroliero GUKCUHPOBaHHOMY I'pybOMY pelleH 0
&(7) # 0 kpaeBoii 3anaun (3.38). B cBs3u ¢ 3TuM o6paTuM BHUMAaHHE, YTO B
cuny paBeHcTB (3.33), (3.37), (3.48) Hac MHTepeCylT BO3MOXKHbBIE MEePHOIH-
yeckue pellleHUs ypaBHeHus (3.23) mepuona

: (1+¢ed(e)), d(e) = a+ e, (3.54)

T(e) = B

rae 0, = 0.(e) — HekoTopasi rnagkas (QyHKUUS mapaMetpa . [l UX OThIC-
KaHHUsl BOCTIOJb3YeMCsl CIEYIOIIUM CIIellUaJbHbIM IPUEMOM, TIPEJI0KEHHBIM B
6JIM3KOM cuTyauuu B pabote [59].

[Tyctb x = x(t) — OIHO M3 TAKHX NEPHOAHUECKHX pelleHHi U y(t) = z(t —
— 1/e — 0(¢)). Torna u3 oueBHAHBIX cooTHoweHui z(t — 1/¢) = y(t + d(e)),
y(t—1/e) = z(t+0(c)) BEITeKaeT, uTo napa dyHKUMH z(t), y(t) yLoBaeTBOpsieT
CHUCTEMEe ypPaBHEHUH

i—kax’—i—x:F((l—l—s?v)y(t—Fd)), y+ay+y:F((1+62v)x(t—l—5)).

[anee, cuutas x,y He3aBUCUMBIMU NePEMEHHBIMH, BBIIIOJHUM B MOJYYHBLIEH-
CA CUCTeMe 3aMeHYy BpeMeHU —t — ¢ U MOJIOXKUM VU] = X, Vs = T, U3 = ¥,
vy = 9, v = colon (v, v9,v3,v4). B pesynbrate oHa mpeobpasyercs K OoJjee
yI0OHOMY /ISl TTOCJeAYIOUIEer0 aHalu3a BULY

U= Av+ G(v(t — 5),5). (3.55)
—1 a

3nece A = diag {Ay, Ao}, Ao = ( 0 1> ;

G(v, ) = colon {0, F((1+&y)vs), 0, F((1+&°y)u) }, (3.56)

a 3amnasnbiBaHue 0 = J(e) 3amaercss BTOPbIM paBeHCTBOM (3.54), B KOTOPOM
J, — TIOKa TPOU3BOJIbHBIA MapameTp. Takum o6pa3om, npobjaeMa HaXOXKIAEeHHS
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nepronMyeckux perteHuil (3.48) ypaBHenus (3.23), OUPYpPUUPYIOLUIUX W3 HY-
JIEBOTO COCTOSIHMSI PAaBHOBECHS MPU MaJsbixX £ > 0, CBOAUTCSA K aHAJOTHUHOMY
BOIIPOCY MJs1 BCIOMoraTesibHOM cucTeMbl (3.55). IlpenmyrnecTBo mocaenHen
rnepel UCXOAHBIM yPaBHEHHEM COCTOWUT B TOM, UTO OHa yXKe He SIBJISETCS CHH-
TYJISIPHO BO3MYIIEHHOH. A 9TO 3HAYMT, UTO K HEH 3aBeAOMO MPHUMEHHMBbI CTaH-
JlapTHBle MEeTONbl JIOKaJbHOTO aHaJK3a, CBSi3aHHBbIE C PeNyKLMeH CUCTEeMbl Ha
IIeHTPaJIbHOe MHOT000pa3ue B OKPECTHOCTH HYJIEBOTO PellleHHsI U MOCTPOeHHEM
HOPMaJIbHOU (hOPMBI HAa 3TOM MHOT00OpPasHH.

Il mpUMeHeHHUs] YMOMSIHYTBIX JIOKaJbHBIX METONOB CHauaja HeoOXOMIH-
MO H3YUYHTb CIIEKTP YCTOHYMBOCTH HYJEBOIO COCTOSIHHSI DPaBHOBECHS CHCTe-
Mbl (3.55). B cBsidgu ¢ 3TUM o6paTHMCs K COOTBETCTBYIOIEH CHCTeMe B Ba-
pHalUsiX, KoTopas B mMepeMeHHbIX v = colon (wy,ws), wy = colon (vy,vy),
wy = colon (v3,v4) UMeeT BUA

71)1 = A0w1 + Bo(€)w2 (t - (5(8)), 71)2 = A(ﬂUg + Bo(€)w1 (t - (5(6)), (357)

e 00
By(e) = (1 +€*y)By, By = (_1 0)' (3.58)

Beimonnum B (3.57) samennl wy = hy + hg, we = hy — hy , h1, hy €
€ R?, B pesy.ibTaTe KOTOPHIX HMHTepecylollas Hac CHCTeMa pachajgaercs Ha
IB€ He3aBHUCHUMble MOLCHUCTEMBI

ill = AOhl — Bo(é)hl (t — (5(8)), le = A()hQ + BQ(E)hQ (t — 5(8)) (359)
,[[a.nee, BBeJleM B paCCMOTPEHHE HX XapaKTepUCTHYECKHE KBA3WUIIOJHMHOMBI
Py(\e) = det (Ag £ By(e) exp(—d(e)A) — ),

rie I — elMHHYHAsE MATPULA, U YUTEM B ITHX KBa3HIIOJMHOMAX SIBHbIE BbIpa-
x)eHusi 1 Ag, Bo(e) (em. (3.56), (3.58)). B urore y6exnaemcs, 4To

Pi(Ae) =N —al+1£(1+ey)exp (—d(e)N). (3.60)

HecsoxXHBIH aHAMK3 MOJYyUYUBIIUXCS KBa3umoanHoMmoB (3.60) mokasbiBaer,
uto P_(A,0) umeer nByKpaTHHIH KopeHb A = 0, KoTOpoMy B cucteme (3.57)
npu € = 0 COOTBETCTBYIOT peleHus JIsnyHoBa—dioke

V.(t) = eq, vu(t) =teg+ €1, eg = colon (1,0,—1,0),
e; = colon (0,1,0,—1), (3.61)
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a JeUCTBUTEJbHbIE UACTH OCTaJbHBIX KOPHEH 3TOT0 KBAa3WUIOJHWHOMA OTJIHY-
Hbl OT HYJIl. ¥ BTOPOro ke KBasumnosunHoma P, (A,() KOpHH Ha MHHUMOH OCH
OTCYTCTBYIOT BOOOILLE.

Kak n3BecTHO (CcM., Hanpumep, [35,57]), o6Hapy:KeHHOE BbIIIE TTOBEAEHHE
CIIeKTpa YCTOHUMBOCTH BJI€UeT CYIIEeCTBOBaHHE B (ha30BOM MpOCTpaHcTBe V =
= C([-0(g),0];R*) cucremsl (3.55) ABYMEPHOr0 LEHTPANLHOrO MHOr006pa3Hst
Y, pacrnoJiaramwlerocss B HEKOTOPOH AOCTATOYHO MaJsiOM OKPeCTHOCTH U C V
TOukd v = 0 ¥ WHBApUAHTHOTrO IJs ee Tpaektopuid. [locnenHee o3Hauaer,
4To I/ J060# TpaekTopuu v(t + s), t > 0, —d(e) < s < 0 cucremnl (3.59) ¢
HauaJIbHbIM YCJIOBHEM v (t+5)|i—g € UNY BKIOUeHHE v(t+S) € X BBINOJTHSIETCS
10 Tex mop, noka v(t + s) ocraercs B U.

s reoMeTpHUYeCKOro OMMCaHHs MHOr000pasusi > paszJioKUM MPOCTPaH-
ctBo V' B mpsamMyto cymmy Vi(e) @ Vi(e) MHBapHAHTHBIX IJIs TPAEKTOPHH CHCTe-
Mbl (3.57) mognpoctpaHcTB. 31ech Vy(e) — nByMepHOe KOPHEBOE MOANPOCTPaH-
CTBO 3TOU CHUCTEMBI, COOTBETCTBYIOLIEe IBYM KOPHSIM KBazunoauHoma P_(\, g),
cTpeMsiuMest K HyJo npu € — 0, a Vi(€) — HOomoNHUTeNbHOE MONMPOCTPaH-
CTBO, OTBeyalolllee BCeM OCTaJbHBIM KOpHAM P_(\,€) U BceM KOpHSIM KBa3H-
noauHoMma Py (), e). O6o3naunm, nanee, uepes Fy(e), Pi(e): Po(e)+ Pi(e) = I,
Py(e)Pi(e) = 0 mpoekTophl Ha yKa3aHHble noanpoctpancTBa. CoraacHo obriel
TEOPUH LIEHTPAJTbHBIX MHOT000pa3uii, pacrnpocTpaHEHHOH Ha ypaBHEHHs C 3a-
nasabiBaHWeM B paborax [34,35,57], uHTepecylolllee HaC MHOroo6pasue X B
nepeMeHHbIX v(jy = Pj(e)v(s), v(s) € V, j = 0,1 3anucbiBaerca B BHIe

Y= {v(s) cV: v=uq + @/}(v(o),g), Vi) EUN V()(E)}. (3.62)

3nmech Y(x*,¢) : Vo(e) — Vi(e) — HeKOTOpBIH HENMHEHHBIH OMepaTop, 10CTaTOY-
HO rafikuit (B cMbicse Ppelie) M0 COBOKYMHOCTH MepeMeHHbIX v(gy € UNVy(e),
e € [0, 0], rme g9 > 0 moaXoAAUIUM 06PA30M MaJio, U TaKOH UTO

V(0,8) =0, ) (0,e) =0. (3.63)

'U(O

HerpynHo yBumeth, uto ToxkaectBa (3.63) BeITeKalOT M3 TOro ¢hakra, uTo
ucxonHast cucrema (3.55) uUMeeT cocTosiHMe paBHOBecHsi v = () NpU Bcex
e € [0,&0). st BbISIBIEHUS YK€ HEKOTOPBIX NOMOJHHUTEbHBIX CBOUCTB CHMMET-
pUH MHOroo0Opasusi (3.62) cHoBa o6paTUMCS K HUCXOQHOMY ypaBHeHHIO (3.5D)
1 3aMeTHUM, YTO

Sod = ASy,  SuG(v,e) = G(Syv, e), (3.64)

rage S() — JIMHEHHOe npeo6pasoBaHHe, 3ajarouieecd paBeHCTBOM

S()U = colon (U3, V4, VU1, UQ). (365)
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CoorHotenus (3.64) cCBHUAETEbCTBYIOT O TOM, 4TO cucTeMa (3.5D) He Me-
HfileTCSl TPU 3aMeHe Spv — v, a 3HauuT, SpX = X. TouHee roBops, B CHUJY
HeeTHHCTBEHHOCTH IIeHTPAJbHOI0 MHOT000pasvsi MOXKHO JIMILb YTBEPXKIaTh,
4YTO CylUleCTByeT MHOroob6pasue X, obsajgaroliee 3TUM CBOHCTBOM. JleHCTBH-
TeJIbHO, 3aMeHUM GyHKuH© F(z) B (3.56) Ha F,(z) = —z+ (24 F(2))x(z/0),
rae o > 0, a pynkuus y(z) € C*°(R) takosa, uto 0 < x(z) < 1 mpu Vz € R,
x(z)=1mpu |z| <1, x(x) =0 npu |z| > 2. B atom ciyuae, Kak cienyer, Ha-
MpUMep, U3 colepKamuxcs B [4] pe3ysnbTaToB, MpH MOAXOASIIEM YMeHbIIEHUH
o BCIOMOTATeJbHasl CUCTeMa

o = Av+Gy(v(t—96),¢), G, = colon {O, F,((1+&*y)v3), 0, Fg((1+52fy)v1)}

MMeeT eIUHCTBEHHOe TJioOa/lbHOe I[eHTpasbHOe MHOroob6pasme >,. A Tak
Kak no-npexuemy SoG,(v,c) = G,(Syv,€), TO 0TCIOAA U U3 €IMHCTBEHHOCTH
Y, 3akJjwuaeMm, 4yto Sy, = X,. OcTaercsi 3aMeTUTb, YTO B CUJy pPaBEHCTBA
Gy(v,e) = G(v,€), UMEIOLIETO MECTO B HEKOTOPOH HOCTaTOYHO MAJIOH OKpeCT-
HOCTH TOUKH v = (0, MHOXKecTBO XY, N U coBmagaeT ¢ OJHUM M3 JOKaJbHBIX
[eHTPaJbHBIX MHOr0o06pasuii (3.62) ucxonHou cucteMbl (3.59).

OTnenbHO OCTAHOBHMCSI Ha BOIMPOCE O MOMOJHHUTENbHBIX CBOHCTBAaX oOrle-
paropa w(v(o),e), BBITEKAKIIUX U3 (aKTa Sy-HHBAPUAHTHOCTU MHOTr000pasus
(3.62). CripaBenivBO cJiefyolliee yTBEpPKIEHHUE.

Jlemma 3.3. Paserncmso Sp> = X 8aeuem 8vbinoiHeHue moxcoecmsa
So (= vy, €) =¥ (vey.e) Ve €eUNVi(e), Ve el0,e). (3.66)
Jloka3areabcTBO. [lokaxkem cHayaJjia, 4To
Sobo(e) = —HR(e), SoVile) C Vale). (3.67)

C 3To# Hesblo 3aMeTHM, uTo Jobast Tpaektopus v(t+s),t > 0, —i(e) < s <0
JUHEeHHOU cucTeMbl (3.57) MoxeT ObITb MpeACTaBjeHa B BUIE

vt +5) = vt +s) + 03 (t+ s),
v/ (t+s) = colon (hj(t+s),(=1)h;(t+s)), j=1,2, (3.68)

rae hi(t + s), ho(t +s) — Tpaektopuu cucteM (3.59) ¢ MPOU3BOJBHBIMH Ha-
qalbHBIMK ycI0BUAME hy(s), ho(s) € C([—6(e),0];R?). 3amerum, ganee, uTo
1711 KoMnoHeHThl v (¢t + s) u3 (3.68) Bcerna crpaBenJiuBO BKJKOUYEHHE

vi(t +s) € Vi(e). (3.69)
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[TosTomy ecau v(t+s) € Vy(e), To aBromMaThdecku v2(t+s) = 0 u Sov(t+5) =
= Sovl(t + s) = —vl(t + s). Takum 06pa3oM, yCTaHOBJIEHO MEPBOE CBOKCTBO
(3.67).

[Ipenmnosiokum tenepb, uto v(t + s) € Vi(e). Torna B cuay (3.65), (3.69)
MMeeM

v (t +8) = v(t+s) — vt + 5) € Vi(e),
Sov(t + 5) = Sov' (t + 5) + Sov?(t + 5) = —v'(t + 5) + V2 (t + 5) € Vi(e),

a 3HAUMT, BHIMOJHSETCS ¥ BTOPOe CBOHUCTBO (3.67).

[IponenanHble MpenBapUTebHBIE MOCTPOEHHS TO3BOJSIOT yKe 6e3 Tpyna
3aBepUIUTh 0OOCHOBaHHWE JeMMbl. JleHCTBHUTENbHO, (DUKCHPYeM TMPOU3BOJBHO
3JIeMEHT v € ¥ M PasJIoKUM ero B CyMMy v = vy + va): vy € Vo(e), va) €
€ Vi(e), va) = ¥(v).€) (eM. (3.62)). TIpumeHsist 3aTeM K 3TOMY 3J€MEHTY
npeo6pasoBanue (3.65) W yuuTeiBasi cBoicTBa (3.67), MpUXOAMM K BBHIBOAY,
qTo

Sov = N(O) +5(1) : 5(0) - Vo(&“), 5(1) c Vl(a?),
5(0) = —Y(0), 5(1) = S()@/J (U(O),g). (370)

Ho nockosbky B cusy paBeHcTBa Sy = X ajieMeHT (3.70) Takxke mnpuHaje-
KHUT MHOroo6pasuio (3.62), To v(;) = @D('ﬁ(o),g) HJIM, UTO TO K€ caMoe,

So?ﬁ (U(o), 6) = ¢( — V(0); E). (371)

OcraeTcsi 3aMeTUTb, YTO MOJyUHBIIeecss paBeHCTBO (3.71) sKBHBaJIeHTHO Tpe-
oyemomy cBoHcTBY (3.66). Jlemma 3.1 mokasana.

O6paliaeM BHUMaHUe, UTO BCe MPOJe/aHHbIe BbIlle OCTPOEHUS], KacatoLlU-
ecsl MHOroo6pasus >, HOCAAT YUCTO TeOMeTpUUecKUi Xxapakrtep. las npuaanus
MM aHaJUTUYeCKOH (POpMBI BBeleM B INpocTpaHcTBe V((g) KoOpauHATH &, 7)
MOCPEeACTBOM paBeHCTBA

V(o) = §04(5,€) +Nvs(s,6), —b(e) <5 <0, (3.72)

re v.(s,€), vw(s,€) € Vo(e) — HekoTOpble Ga3uCHbBle (PYHKLUNH, 00/afa0Ine
CJIENYIOLUIMMH CBOUCTBAMHU. Bo-niepBEIX, v, (1, ), V. (t, €) ABASIOTCS pelleHUsIMH
cuctembl (3.57), obpamarmumucs npd € = 0 B (3.61); Bo-BTOpBIX, MOCe
nepexona B Vy(e) Kk mepemeHHBIM &, 1 0 popmyJse (3.72) HABHKEHUS B 3TOM
MOANPOCTPAHCTBE, HHAYLHUPYeMble cucTeMOH (3.57), 3amaroTcsi ypaBHEHUSIMH
BUIA

E=n, n=ale)é+pE)n, o0)=p0)=0. (3.73)
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AJITOPUTM  aCUMNTOTHYECKOTO BBIUHCAEHUS (PYHKUUH .(S,€), VS, €),
a(e), B(e) onucan, Hanpumep, B [44]. Kak nokazaHo B 3Toii paboTe, UX MOXKHO
BbIOpaTh aHAaJUTHYECKH 3aBUCSLIUMH OT €, UYTO U CUMTAeM CleJaHHbIM.

Wrak, noncrtaBum cooTHomeHue (3.72) B (3.9). B pesynbrare y6exxknaemcs,
4TO B KOOpAMHATax &, 1 MHOroobpasue >. nmpuoOpeTaeT BUL

Y= {v(s) eV v=_Cu(s,e)+nua(s,e)+ H(E e, s)}, (3.74)

a JBUXKEHHSI Ha HEM OMHUCBIBAIOTCSl aHAJIOTHYHOH (3.73), HO yXKe HeJUHEHHOU
CUCTEMOU

€:n+©1(€77775)7 U:a(5)§+5(5)7l+q’2(57%5) (375)

3neck ¢ € (0,50, s € [=d(¢),0], (£,m) € Q(ro), rne Qro) = {(&,m) = €+
+n? < r2}. Uro xe KacaeTcsl HeNmpepbiBHBIX 110 COBOKYMHOCTH NepPeMEeHHbIX
M JI0CTATOYHO TIaAKUX 10 (£,7,€) BEKTOP-PYHKLHH H co sHaueHusivi B R
M cKanlspHbBIX QyHKOUH @;(&,7m,€), j = 1,2, TO OHU YLOBJIETBOPSIOT BbITEKAIO-
mum u3 (3.63), (3.66) ToxaecTBaMm

H(0,0,¢,5) = H(0,0,2,5) = H)(0,0,,5) =0, SyH (=€, —1,2,5)=
~ D, D 3.76
=H(& n,e,s), @j(0,0,s)Eaa—g(0,0,s)E%—;(0,0,a)z(), j=1,2. ( )

Tepmun ”noctaTouyHo rnaakve” 31ech 03HauaeT, YTO MPHU MOAXONASIIEM YMEHb-
ILIEHUX TIOCTOSIHHBIX £¢, 79 > (0 MOXKHO rapaHTHUPOBATb CYLLECTBOBAHHE y 3THUX
(GyHKUMH M1000T0 Hanepen 3aJaHHOIO0 KOHEUHOTO YUCJ/a HelpepbIBHBIX MPOU3-
BOIHBIX 1O (&, 7, ¢€).

OcTaHoBUMCH ellle HAa OJHOM BaKHOM [/l flaJibHeH1lIero CBOMCTBE (PyHKIHUH
$;, j =1,2. B cBsI3u ¢ 3TUM 0OpaTUM BHHMaHHe, 4TO B cuJay (3.76) u nepsoro
paBeHcTBa u3 (3.67) mHOroo6pasue (3.74) He MeHsieTCS TPH ONHOBPEMEHHOM
MPUMEHEHHH NpeoOpa3oBaHusl Sy ¥ 3aMeHe & — —&, 7 — —n. A 3T0 3HaywMT,
yto npu & — —&, n — —n JOJKHA O0CTaBaThCsl HEM3MEHHOU u cucteMma (3.79).
Takum o0pazom, ¢ HEOOXOAUMOCTBIO UMeeM

(I)j(_ga _7775) = _(I)j<€77775>7 ] = 172 (377)

3akaH4YWBast oMMcaHue 0OLIUX CBOUCTB MHOroo6pasus (3.74) u HopMabHOH
dopmbl (3.75) Ha HeM, 3aMeTHM, UTO MOCJEAHIOI MOXHO HECKOJIBKO YIIpO-
cTuTh. [ledicTBUTENBHO, TepelineM B (3.74), (3.75) k koopmuHaTtam & = &,
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7 =n+®(&n,e), a sarem cHoBa 0Go3HaunM (&,7]) uepes (£,71). B wurore
MOJIy4UM MHOT00Opasue

Y = {v(s) eV v==~Cu(s,e) +nuu(s,e) + H(E n,e, s)} (3.78)

U CUCTEMY

E=mn, n=ale)l+ B+ P& n,¢€), (3.79)
HEJUHEUHOCTU H 1 ® B KOTOPBIX MO-TIPEKHEMY yIOBJETBOPSIOT BCEM TOXKJe-
ctBaM Buaa (3.76), (3.77).

[IponenaHHbIM peABapUTEJbHBIA aHAMU3 OKA3BIBAET, YTO UHTEPECYIOLIUH
Hac BOIMPOC O MEPHUOAMYECKHX peIIeHUsX CHcTeMbl (3.55), OUQYpPUUPYIOLUIHX
U3 HyJas 0Opu € > 0, CBOAUTCH K aHAJOTMYHOMY BOMPOCY MJSl €e HOPMaJbHOU
dopmbl (3.79) Ha HeHTpasbHOM MHOT00Opasuu (3.78). MccaenoBanue cHCTEMBI
(3.79), B cBot0 ouepenb, TpeOyeT 3HAHHS HEKOTOPBIX UJIEHOB TEHJOPOBCKHX
pa3JI0XKeHU!

ale) = 52b1,1 + 0(54)> B(e) = 52b1,2 + 0(84)7
(&, n,e) = b3,153 + b3,25277 + 53,35772 + 5374773 + 0(52(|f’ + |77D3)

TouHee roBopsi, B na/jibHEHIIeM HaM TMOTPeOYIOTCS SIBHbIE BbIPAXKEHUS TOJBKO
11 KO3((OULUHEHTOB by 1, b2, D31, KOTOPble BEIYMCAAIOTCSA C IIOMOLIBIO CJIeNY-
IOLIEro aJropuTMa.

dukcrpyeM MPOU3BOJBHO HEKOTOPOe peleHre cuctembl (3.79) u moncra-
BUM ero KOMHoHeHTHl & = &(t), n = n(t) B ¢opmyny nas v us (3.78). B
pe3yJsibTaTe NOJIKHA TOJNYUHUThCS TpaeKTopus v(t + S)  HUCXOAHOH CHCTEMBI
(3.55). Tlostomy, B UacTHOCTH, ee pelleHHeM OyaeT M (YHKIHS
h(t) = v(t + s)|s=0, KOTOpasi MOXKeT ObITb MPENCTaBJIEHA B BUJE

(3.80)

h(t)=h(& n,¢€) (g:g(m h(€,m, ) =E&va(0, )+ 0. (0,€)+H(E,m,€,0). (3.81)
n=n(t)

A orciona o4eBHIHBIM 06pPa30M BBITEKAET PaBEHCTBO
oh oh
- - o -
{ag (& m,e)n+ o (&, m,¢) (04(6)5 + Ble)n+ (&, 7, 6)) } L

— Ah(£(t),n(t),2) + G(h(g(t —8(e)), n(t — 8(c)), g),g). (3.82)

JlanbHedmui cnoco6 NeHcTBUE cTaHmapTeH: noactaBuM B (3.82) Telo-
poBcKue passoxeHus (3.80) BMecTe ¢ aHAJOTHUHBIM Pa3JioKeHHEM (DYyHKIIHH
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h(§,m,€), UMEIOLIUM BUJL

h=Cgeot e+ Ch i nhia+ Ehoy + Enhap trihast g o
+&h31 + N hza + En*hss + Phag + ..., '

e, HallOMHUM, €y, e; — BeKTopsl U3 (3.61), u Gymem mocjenoBaTeJbHO MPHU-
pPaBHUBATh B MOJIyYUBIIEMCS BbIpaXKEHHUU CJieBa U ClipaBa KO3(PGULUEHTH MPU

e2¢, e, €2, ..., n®. Ilpu 3TOM caeyeT YyUUTHIBATh, UTO
52(5) .
§(t—0(e)) =€ —0(e)s+— "€+,
52
n(t - 56) = - o + =2

rie BCe MPOM3BOJAHbBIE CYNTAEM BbIPaXKEHHBIMH 4Yepe3 MpaBble YaCTH CHCTEMbl
(3.79). Hampumep, { =n, n =& =a(e)é + Be)n+ (&, n,e) u 1. 1.

YKasaHHble TEeUCTBUS MPUBOASAT IJs51 OTIpe/ie/ieHUs] HEU3BECTHBIX BEKTOPHBIX
K03 puureHToB hjj € R* u3 (3.83) K JMHEHHBIM HEOTHOPOLHBIM anreGpanye-
CKUM YypPaBHEHHSIM BHJA

0 By
(A+ Bhjp =1, B= (Bo 0 ) : (3.84)
rne By — matpuna us (3.58). 3ameTrum, nganee, yTo Bce ypaBHeHus (3.84)
OKa3blBalOTCS BBIPOXKIEHHBIMU, Tak Kak (A + B)eg = 0. HeusBecTHble ke
K03 duureHTs paznoxeHud (3.80) HaXonUM K3 yCJIOBHH pa3pelinMOCTH 3THX
YPaBHEHUH, T. €. U3 PABEHCTB

(rjk, g0) =0, (3.85)

rae (*,%) — eBKJHIOBO CKaJsIpPHOE NMPOU3BENEeHHe, a BEKTOP ¢, SBJISIOMIMUCS
pellleHWeM OJHOPOAHOIrO COMPSI?)KEHHOT'0 YpaBHEHHs, 3aaaeTcsi popmyJion

go = colon (a, —1, —a, 1). (3.86)

a? — 2
[Ipn peanusauuu onucaHHOW 0O0ILel CXeMbl CyLIeCTBEHHO TO 00CTOSITeJb-
CTBO, UTO HEOOHOPOAHOCTH B (3.84) momycKaioT npencTaBJeHUs

rikx = (e1 +aBey — (a2/2)Beo) bk + 7“97,{, (3.87)

rne no6aBKH frok 3aBUCAT OT YK€ HaWJEeHHbIX paHee KO3((PULUUEHTOB pasJo-

x)enui (3.80). HOILCTaBJIHH najnee, cootHouenue (3.87) B (3.85) u yuuThBas
yCJIOBHE HOPMUPOBKH

(61 + aBel - (a2/2)360790) = 17
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KOTOpPOMY yHoBJieTBopsieT BekTop (3.86), cHauaja HaxomiuM OYepenHOH
Koapduument bjx = —(r},, go), @ 3aTem u camo peruenue hjy, (hjr, go) =0
cuctembl (3.84).

YKa3aHHBIM cr1oco0 NEeHCTBUIM MO3BOJSET ONpPeNeanuTh TpedyeMble KO3 du-
LUeHTHl by 1, b1, b31, MJIA KOTOPBIX, ONyCKasd MPOMeXYTOYHblE BBIYMCJIEHUS,
IpUBeIeM Cpa3y UTOroBble (POPMY.JIBL:

2y 2 a’
bi1 = g bio = 5 <5* +ay + Fh,l) :

b3 =

e (d? +dy). (3.88)

Bosgpaiasics kK cucteme (3.79), HalmoOMHHM, YTO Hac HHTEPECYIOT ee MepH-
onuueckue peuteHus nepuona 1'(¢) (cm. (3.54)) u amnutynsl nopsinka €. B
CBSI3U C 3TUM nepeiaem ot (3.79) K ckansspHOMY ypaBHEHHIO BTOPOTO MOpPsiAKa
aJs &, ciesiaeM B MOJYUYHUBIIEMCS] YPAaBHEHHH 3aMeHbI

T=ct/(l1+ea+e’,), &=c&(r) (3.89)

M TIOACTAaBUM B Hero siBHble opmyabl (3.88) misi HalAeHHBIX BbIlle KO3 hH-
uuenToB u3 (3.80). B pesysbraTe moc/e COKpalleHHsl Ha €° M YMHOXKEHHS Ha
a’/2 — 1 ynoMsiHyTOe ypaBHeHHe NPUMET BHIL

(@%/2 = D 47 & — (& + do) €2 = —(20 + %6 2)(a?/2 — 1)€!+

2/3- 1)\ , :
+e (5* + ‘Wég‘/g — )) ¢/ +ebe2e! +2U(E, ¢ o). (3.90)

3nech 6 = —(a+¢28,)/(1+ea+¢%3,), b = (a2/2—1)bs,, a cKanspHas QyHKLIHS
U(uq, ug,€) MOCTATOYHO TJIAJKO 3aBUCHT OT CBOHMX TepeMeHHBIX (uj,us,&) €
€ Q x [0, &9, rne {2- Mpou3BoONbHO (PUKCUPOBAHHAS OTpaHWYeHHasi 06JIaCTb U3
R?, u ynoBaeTBopsieT BhTeKaoweMy 3 (3.77) TOXKAECTBY

U(—uy, —ug, ) = —V(uy, us, €). (3.91)

Irpuxom xe B (3.90), Kak U paHee, 0603HaUeHO AU DHepeHIIUPOBAHHE TIO T.

OnucaHHasi MOCJeN0BATENbHOCTh NEHCTBUH CBOOUT HHTEPECYIOIIYI0 Hac
npo6seMy K MOUCKY MepHoIuuecKoro perneHus ypaBHeHus (3.90) mepuona
2, obpawarouerocsi npu ¢ = ( B HEKOTOpOe Hamepen 3adaHHOE pelleHHe
& = &(7) KpaeBod 3amauu (3.38), 0 KOTOPOM TOBOPHUTCSI B YCJOBHSIX T€O-
pembl 3.1. B cBsi3u ¢ 3TUM B KadecTBe 00JacTH onpefesenus €2 GpyHkuuu ¥ no
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MepeMeHHbBIM U1, Uy BO3bMEM HEKOTOPBIH IIap ¢ LIEHTPOM B HyJe, COlepKallni
LeJUKOM KPUBYIO {(u1,ug) @ uy = &(7), ug = £4(7), 0 < 7 < 2},

Kak 6yner mokasaHo HHXKe, pellleHHe ¢ TpeOyeMbIMU CBOHCTBaMH y ypaB-
Henus (3.90) npu nmogxoxsiieM BeiGope cBoGogHOrO Mapametpa o, (cm. (3.89))
NEeUCTBUTEJBHO CYIIECTBYET WU MPH BHIMOJHEHHH HEKOTOPOTO AOMOJHHTEIbHO-
ro YCJIOBHSI HOPMHPOBKH OKa3bIBA€TCSl €AMHCTBEHHBIM. TOUHee TOBOPsI, UMEEeT
MEeCTO CJIeyIolllee YTBEPXKAECHHE.

Jlemma 3.4. Hatidemca makoe €y > 0, umo npu gcex 0 < ¢ < gy cyuecmayem
eduHcmeerHas napa 0oCmamouHo eAa0KUX N0 CBOUM NepemMerHbiM PYHKYULL

(5*(7,8),5*(5)): E(T+1e)= —&(1,8), &(1,0)=E0(T),

1
/ £.(r )€Y (T)dr =0, 6.(0)=3..
0

5= - B b [geiein)ar) [ n)ar 6.9

obpawarouiux ypasrerue (3.37) 8 moacdecmso.

Hoka3zareasctBo. [ononnum ypaBHeHue (3.90) rpaHWyHBIM YCJOBHEM
E(T+ 1) = —£.(7) ¥ 3aMeTHM, UTO MOJYyYMBLIASCS B UTOre HeJUHeHHas Kpa-
eBasi 3afaua npu ¢ = () gomyckaet Tpebyemoe perierue &, = &y(7), MOCKOMBKY
B 9TOM CJIyyae OHa ¢ TOYHOCTBIO 10 0003HauUeHHH coBmanaet ¢ 3anaued (3.38).
Ecau xxe € > 0, To ee peuenue Gynem uckatb B Buue & = &(7) + €h, 410
CBOAUT MpobOJeMy K aHaJW3y KpaeBOH 3a1adyu

ay(a®/3 —1)
a?/2 —1

I = (5* ; ) £4(r) + bEANEL(T) + 2a(a®/2 — VEL(r)+

+eA(r,h,h' 1" e, 0.), h(r+1)=—h(r). (3.93)

3nech Il — nuddepenunanbubiii onepatop U3 (3.39), a mocTaTouHO ryiamkas
0 CBOUM TiepeMeHHbIM (YHKUMS A(T, uy, ug, ug, €, ;) 06Ja1aeT BHITEKAKOIIUM
13 (3.91) cBoiicTBOM

A(T 4+ 1, —uy, —ug, —us, €,0,) = —A(T, uy, us, us, €, ). (3.94)

[Tpu aHanuse 3amaum (3.93) Ham morpebyloTcss 6aHaXOBbl MPOCTPAHCTBA
E§ u EY, nepsoe W3 KOTOPbIX COCTOMT H3 HENPEPHIBHBIX aHTHIEPUOANIECKHUX
¢ nepuonioM 1 GyHKUME h(7T), YIOBIETBOPSIOUIUX NOTIOJHUTENBHOMY YCJIOBHIO
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1

[ rnigimar o

0
a sJeMeHTaMH BToporo siBasiorca ¢yHkuuu h(7) € EJ N C*(R). Hopmbl B
YKa3aHHBIX MPOCTPAHCTBAX OMpenenuM (opMyaaMu

L L / Vi
1Plleg = max |A(T)],  [Illzg = [I2l]g + A1 g + 1R -
[TpuuuHbl, MO KOTOpPBIM KpaeBylo 3amady (3.93) ymo6HO paccmaTpuBaTh

MMEHHO B 3THX IMPOCTPAHCTBAX, 3aKJ/JIOYAIOTCSA B CjaenyiolleM. Bo-mepBbix, B
cuay rpyboctu peinenus &y(7) 3amaun (3.38) oTBeuarlUi eMy JHHEHHBIN
mdepenunanbHbii onepartop I1 umeer orpanudeHHbiil o6patubii [171: E) —
— EY. Bo-BTOphIX, U3 cBOHCTBA (3.94) BhITEKAET, YTO ONEPATOP CYNEPHO3ULUH

ht) = A(T,h(7T), W (1), h"(7),€,0.) (3.995)

nedictyer U3 EY B B v siBAsieTcst JOCTATOYHO IJIAJKUM [10 BCEM CBOMM Tepe-
MEHHBIM.

Jlsi moKasaTesibCTBa pa3peliiMOCcTH 3anauu (3.93) nmpu moaxonsiiieM BbI-
6ope mapameTpa ¢, CHauajsa BBelleM B PAaCCMOTPeHHe BCIIOMOTATesNbHOe oTepa-
TOPHOE yDaBHeHMe B NPOCTpaHCTBe EY:

h=T"T —1(h)&i(T)}, (3.96)

rae uepe3 I'(7, h,h',h" €,0.) o6o3HaueHa mpaBasi yacTh ypaBHeHHus1 u3 (3.93),
a (QyHKUHOHAJ | UMeeT BUJ
1 1

I(h) = / (r. h(r). W (7). M (7). .8.) €4 (r)dr / / () dr.  (3.97)

3ameTuM, fajee, 4yTo M3 (pakTa orpaHHueHHOCTH 117! ¥ M3 OTMeueHHBIX BblLIe
CBOUCTB omeparopa (3.995) ciemyer, 4To omepaTop, MOPOKIAEMBIH MPaBOK Ya-
cThio ypaBHenus (3.96) B mpoctpancTBe EY, npeoGpasyeT B ce6s HEKOTOPHIH
3aMKHYTBIH I1ap 3TOrO MPOCTPAHCTBAa HE3ABUCSIIETO OT € paauyca ¢ LeHTPOM
B HyJIe U SIBJISIETCS CXKUMAIOUIMM (C KOHCTAaHTOM CxKaTus mopsinika €). A orciona
M M3 MPUHLHKIA CKUMAIOLUIUX 0TOOpaXKeHUH 3aKJjdaeM, yTo ypaBHeHue (3.96)
MMeeT eIUHCTBEHHOe perieHue h.(T,e,dy), hi(T + 1,6,0,) = —h.(7,€,0,), HO-
CTaTOUHO TJIafKO 3aBHCSIIEe OT BCEX CBOMX IMEPEMEHHBbIX. $FICHO Tak»Ke, UYTO
3TO pellleHHe OyIeT YIOBJETBOPSITh MCXOMHOH KpaeBoi 3amaue (3.93) B TOM u
TOJIbKO TOM CJIy4ae, KOrjia

I(h) =0, (3.98)
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rie | — ¢ynkunonan (3.97).

[Tonyuusineecsi paBeHcTBO (3.98) Oymem paccMaTpuBaTh Kak ypaBHEHHe
JLIst HAXOXK/I€HHs] HEM3BECTHOr0 napamerpa o,. HeTpynHo yBuaeTs, 4To B T0Y-
ke ¢ = 0, 0, = 04, rne 0, — moctosiHHas u3 (3.92), K 3TOMy ypaBHEHHIO
MPHMEHHMa TeopeMa O HesIBHOM (DYHKLHH M0 nepeMeHHO# 0.. Takum oGpasom,
13 (3.98) omHO3HAUHO ompenesisieM MMIAAKyl0 QYHKUIHIO 0, = d.(¢), 0,(0) = d,
napameTpa €, KoTopasi, COOCTBEHHO, U fIBJISIeTCS OLHOM M3 UCKOMBIX (DYHKLHH
(3.92). Bropasi xe u3 3TuX (GyHKIHH 3aJaeTcsi, OUeBUHO, PaBEHCTBOM

E(T,e) =& (T) + ehy(T, €, 05)

JleMMa 3.2 MOJIHOCTBIO NOKa3aHa.

[TonBonst uror, o6paTHM BHUMaHHE Ha ellle OJHO Ba)KHOe 0OCTOSITENbCTBO:
M3 criocofa mepexoma OT HCXOMHOTO ypaBHeHHs (3.23) K BCIOMOTaTebHOU
cucteme (3.55) caenyet, 4TO Hac MOJDKHBI MHTEPECOBAThb TOJBKO Te ee Ile-
puonuueckue ¢ mepuonoM (3.54) pemteHuss v = o(t,e), KoTopble 00/aal0T
NIOTIOJIHUTEIbHBIM CBOMCTBOM CHMMETPHHU

Sov(t+T(e)/2,e) = v(t,e), (3.99)

rae Sy — npeo6pasoBanue (3.65). 3ameTHM, najee, YTO B CUJY JIeMMBbI 3.2 MpH
6 = a + &20,(¢), rne 0.(e) — pyukuus us (3.92), paccmaTpruBaeMasi cucTeMa
JIONYCKAaeT eIMHCTBEHHBbIH MK

v=u(re), v(r+2e)=v(re), dr/dt=c/(1+ca+¢e(c)), (3.100)

0.=04(€)"

rae BekTop-dyHKUHst v(T,e) = colon (vi(7,€), va(T, &), v3(T, €), va(T,€)) — pe-
3y/IbTaT MOACTAHOBKH B PaBEHCTBO HJis v U3 (3.78) cOOTHOLIEHHH

s=0, &=c&(re), n=e¢l(r.e)/(1+ea+es(e)). (3.101)

Uro e kKacaetcsi TpeGyeMoro cBodctBa cummerpuu (3.99), T. e. ToxnmecTBa
Sov(T 4+ 1,€) = v(7,€), TO OHO BBITEKAET W3 AHTHUIEPHUOTUUHOCTH (PYHKIIUH
£.(T,€) ¥ U3 yCTAHOBJIEHHBIX BbIllle CBOUCTB (cM. (3.67), (3.76))

Sovx(s,8) = —v.(8,€),  Sovsx($,€) = —vss(s, €),
SOH(_ga —1,¢, S) = H(ga 1, ¢, 8) (3102)

MHOT000pasus (3.78).

Bosspaiasicb K HCXOZHOMY ypaBHeHHIO (3.23), OTMETHM, 4YTO LHKJIY
(3.100) orBeuaer enMHCTBeHHBIH ero HuKJ Bupa (3.48), rme pyHKuus x(7,¢€)
M 4acToTa o(€) onpeessiioTcs paBeHCTBAMH

x(t,e) =vi(—1,8), o) =1/(1+ea+e%(e)). (3.103)
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Ocraetcsi 100aBUTb, UTO 3TOT LUKJ obJjanaeT BceMd TpebyeMbIMU B Teope-
Me 3.1 aCUMNTOTHYECKUMU CBOHCTBAMH.

3.3.2. UccaenoBaHue yCTOMYUBOCTU. B 1aHHOM MyHKTe MPOBeNeM aHa-
JIU3 CBOWCTB YCTOHUMBOCTH TOCTPOEHHOrO Bbillle NHKAa (3.48) ypaBHeHUS
(3.23). B cBsi3u ¢ 3TUM clesiaeM cienylollee: BO3bMeM OTBedarollee YKa3aHHO-
My LMKy Nepruoauueckoe pemenue x(t,e) = o(7,€)| =y ()¢, M0N0KUM B (3.23)
x = z(t,e) + h, oTOPOCUM HeJIMHEHHble 10 h cjaraemMble ¥ B MOJYYHBIIEMCS
YpaBHEHHH B BapualUsiX BBINOJHUM 3aMeHy exp(—At)h — h, A = const € C.
B pesynbraTe npuxoiuM K ypaBHEHHUIO BHIA

ht(a+2X\)h+ (A +ar+1)h = exp(—\/e)A(z(t—1/e,¢),)h(t—1/e), (3.104)

rae A(z,e) = (14+e2y)F/((1+£*y)z), K05) ULHEHTE KOTOPOTO SBJISIOTCS IIe-
puonrueckumu ¢ nepuonom 1'(g) (em. (3.54)) npu §(e) = a+¢e%5,(¢). Samernm,
najee, 4TO HHTepecymwllas Hac mpobJjema ycToHuMBOCTH LuKJa (3.48) cBo-
IUTCSl, OUEBUIHO, K OTBICKAHHIO BO3MOXHBbIX 3HaueHUH A € C, Re A > 0, npu
KoTopbiX ypaBHeHue (3.104) momyckaer HeTpuBuasbHble 1'(¢)-TIeprogHUecKue
pemieHusi. Ecau ke Takux A\ He cyulecTByeT (KpoMme, eCTECTBEHHO, MPOCTOH
TOYKH crekTpa A = 0, KOTOPOH COOTBETCTBYeT pelieHHe h = (t,€)), TO B
TOM CJlyuyae pacCMaTPUBaeMbId LUK/ OyleT 3KCIOHEHIHAJTbHO OPOUTANBHO
YCTOUUYUBBIM.

[Ipu wuccrenoBaHUM BO3MOXKHBIX TE€PUOAMUECKHUX pelIeHUH YypaBHEHHS
(3.104) Bocmosib3yemcsi TeM Ke MpUeMoM, 4To U B 1. 3.1. A umeHHo, mpenrmno-
JIOXKHUM, 4TO 3TO ypaBHeHHe MMeeT HekoTopoe 7'(¢)-meprHonuuecKkoe pelleHHe
h(t,e) # 0. Torma, Kak HeTPyAHO yBHHAeTb, mapa (GyHKUUE hi(t) = h(t,e),
ho(t) = h(t — 1/e — d(), ) OyueT yLOBJIETBOPSITH CHCTEME

hi+ (a+2)\)hy + (A2 4 aX + 1)hy =
) = exp(—A/e)A(y(t +6(e),e), ) ha(t + 6(g)),
ha + (a4 2\)he + (A* + aX + 1)hy =

= exp(—A/e)A(z(t + (), e),e) i (t + 6(¢)),

(3.105)

rae y(t,e) = x(t—1/e—d(e),¢). Hanee, cunrast hy, hy He3aBUCHMBIMHU TI€PEMEH-
HBIMH, cfiesiaeM B (3.105) nocsenoBatesnbHO 3aMeHbl —t — ¢, exp(—At)h; — hy,
j = 1, 2 U TIOJIOXKHUM V1 = hl, Vg = hl, V3 = hg, Vy = ilg, v = colon (1)1,1)2,’03,1)4).
B pesynbrare ¢ yuetom paBencts (3.103) mpuxonum K aHasoruuHou (3.55), HO
y2Ke JIMHEMHOW 10 v CHUCTeMe

b= Av+ xB(r,e)v(t — 6(e)), dr/dt =co(e). (3.106)
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3nech marpuna A Ta xe camasi, 4To ¥ B (3.55), a 2-mepuomuueckasi mo T
Matpuua B(T,¢e) onpenensiercs GpopMmyaaMu

0 B()(T — 1, ) 00
B(t,¢e) = <Bo(7', 0 . € ) . Bo(T,€) = by(T,¢) (1 0> " (3.107)
bo(r,€) = AMaz(—7 + £d(e)o(e),€), ).

Yro kKe KacaeTcsi KOMIJIEKCHOTO MapaMeTpa 3 = exp ( — AT(E)/Q), TO B CHUJY
npenrnoJaraeMoro ycjaosusi Re A > (0 OyneM cuMTaTh ero HempepblBHO MEHSIO-
IIUMCS1 HA MHOXKECTBE

X={xeC: 0<|sx <1} (3.108)

13 cnocoba mosayuenusi cucrembl (3.106) BeITeKaeT, 4TO HWHTepeCYIOIIHe
Hac TOYKH crekTpa A ypaBHeHus (3.104) ompenessiroTcsi Mo CJeLyIOLIEMY
npaBuay. [lyctb p = p(s¢,6) — TPOU3BONBHBIA MYJbTHIIMKATOP JUHEHHOM
T'(€)-neprognyecKol CUCTEMBI

b= Av + xB(eo(e)t,e)v(t — d(e)), (3.109)

KOTOpPOMY OTBeudaeT pelleHue JlanyHoBa—®dioke

v = exp <% In ,u> o(t,e), v(t+T(e),e) =0(t,e), (3.110)

obsanariiee aHaJoTHYHBIM (3.99) mOMoJHUTEBHBIM CBOUCTBOM CHMMETPUU
Sov(t+T(e)/2,¢) = 0(t, ). (3.111)

Torna, oueBunro, A = (2/T'(¢)) In(1/5), rae » — NPOU3BOJIbHBI KOPEHb ypaB-
HEHHUS

(e, €) = s, (3.112)

npuHaAaexalnuid MHOXKecTBY (3.108).

[IpuBeneHHBIH MeTON OTHICKAHUS XapaKTePUCTUUYECKUX MOKa3aTeseld \ IHK-
na (3.48) HyxknaeTcss B HEKOTOPBLIX MosicHeHUsIX. OTMETHM, BO-MIEPBBIX, YTO XO-
151 ipu niepexone otT (3.104) k (3.105) nepemeHHble hy, ho U NpeaIosaraauch
He3aBUCHMBIMHM, HO Ha TePHOAMUYECKHX pelleHUsx cucteMmbl (3.105) moskHO
BBITOJIHSITbCS COOTHOLIEHHe hy(t) = hy(t — T'(€)/2). A 310 3HauwT, 4TO NPH
coctaByieHUH ypaBHeHui (3.112) ciemyer 6paTh TONBKO Te MYJbTUMJIHKATOPHI
cuctembl (3.109), KoTOpeIM COOTBETCTBYIOT pelieHusi JlsnyHoBa—®djoke BU-
na (3.110), (3.111). Bo-Bropeix, u3 siBHEIX (opmyn aas B(r,e) (em.(3.107))
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3akJirouaem, uto npu »x = 1 cucrema (3.109) npencraBssier coboil cucTeMy
B Bapuauusx Ha uukje (3.100) u B cuny 3TOro momyckaer MepHOAHYECKOe
pemenre v = ¥U(t,e), rae v(t,e) = v(T,€)|;—co(c)r- 3aMETHM TaKXKe, UTO 3TO
nepronrMyeckoe peleHue obsanaet tpebyembiM cBoicTBOM (3.111) (masi moka-
3aTeJIbCTBA JOCTAaTOYHO TpoauddepeHnrpoBaTh 1o ¢ paBeHcTBO (3.99)). Tem
caMmbIM, 3HaUeHHe » = 1 3aBeoMO OyeT KOPHEM OJHOTO U3 ypaBHeHHUH (3.112).
Ecau e naHHBIA KOpeHb MPOCTOM W NMOMUMO Hero B MHOXecTBe (3.108) y
ypaBHeHHH (3.112) cymiecTByerT ellle m pelleHHH (C y4eTOM HX KpPaTHOCTEH),
1o uMKJ (3.48) okasbiBaeTcs AMXOTOMHUHBIM TIpH m > 0 (C pa3mMepHOCTHIO
HEeYCTOUYUBOro MHOr006pasus, paBHOH m + 1) U SKCMOHEHLHAJTbHO OpOUTAb-
HO YCTOHYMBBIM B cjaydae m = (.

s peanu3alnuy onvMcaHHOW Bblllle OOLIEH CXEMbl UCCJENOBAHHUS YCTOM-
YUBOCTH CHayaJjia HeoOXONHMMO Pa3o0paThCsl ¢ aCUMITOTUUYECKUM IOBeleHUeM
MYJIbTHIIMKATOPOB fi( 22, £) cuctembl (3.109). Perienue stoii mpo6iemsl cylie-
CTBEHHO 00J/ier4aeT TO OOCTOSITENbCTBO, UTO KOI(DPUIHUEHTHl JAHHOH CUCTEMBI
OJIM3KU K MOCTOSIHHBIM M, B YACTHOCTH, NpU € = () OHA MepeXOAUT B CUCTEMY

0= Av 4+ »Bu(t — a), (3.113)

rie B — wmarpuna us (3.84). A orcioma cjenyer, 4To MHTepecymolHde Hac
MYJIbTHUIIIMKATOPH fi(5¢, €) MOMYCKAIOT aCUMIITOTHUECKHE TPEeACTABJIEHUS

p(se,) = exp (AT'(€)) (1 +0(1)), € —0, (3.114)

rie A = A(3)— XapakTepuUCTHYeCcKHe MoKazarteau cucteMsl (3.113), onpenens-
IOLIMeCs U3 ypaBHEHUU

M —al+1=exp(—a)), I —a\+1=—sxexp(—al). (3.115)

Onwupasice Ha dopmyabl (3.114), HETPYOHO YBUIETH, UTO €CaH A = A(x) —
KOpeHb OJHOTO W3 ypaBHeHHH (3.115), Takoil uto Re A(3¢) # 0 Vir € X, T0O nas
COOTBETCTBYIOIIETO €My MYJbTHIJIUKATOpa (s, €) npu € — 0 peanusyroTcs
TOJIBKO JIB€ BO3MOXKHOCTH: lim |u(s¢,€)| = oo uan lim |pu(s¢,€)| = 0. HdcHo, urto
B MepBOM cJydae ypaBHeHHe (3.112) 3aBemoMo He MMeeT KOpPHeH B MHOXKe-
ctBe (3.108). Bo BTOpoMm ke ciydyae mpoGieMHOU SIBJISIETCS JIMIb CUTYyallHs,
korna Re A(») — —oo npu » — 0. Cjenyer, ofHAaKO, 3aMeTHThb, UTO KOPHH
ypaBHeHu# (3.115), obyanaroiiyde 3TUM CBOUCTBOM, HMEIOT aCUMIITOTHKY BHIA

)\zlln%+0<ln(ln%)), »x — 0. (3.116)
a
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[ToncraBnsisi, manee, dopmyny (3.116) B (3.114), mpuxomumM K BBHIBOALY, UTO
OTBeUalllie MOJYyUHUBIINMCS MYJbTHIIHKAaTOpaM (s, ) ypaBHeHus (3.112)
NO-NpeXXHeMYy He UMEIOT pelleHUd B X.

[TponenanHblél MpenBapuTesibHBIA aHA/MU3 TO3BOJISIET OTPAHUUYUTBCS pac-
CMOTpPEHHEM TOJIbKO TeX KOpHeH ypaBHeHHH (3.115), medicTBUTeJbHBIE UaCTH
KOTOPBIX MPHU HEKOTOPBIX 3¢ € X MOTyT oOpamatbcs B Hy/Ab. LSl OTbICKaHUSA
TaKUX KOpHeH y mepBoro ypaBHeHHus (3.115) mosoxum B HeM A = iw, w > 0
¥ BO3bMEM MOAYJIH OT JIeBOW M MpPaBOW yacTeH MOJyUUBIIErocsi paBeHCTBa. B
pesysbTaTe yGexmaemcsi, 4to |x|? = 1+ (a® — 2)w? + w?, HO B TO Xe BpeMms
2] <1, 1+ (a? —2)w? + w® > 1 mpu Vw > 0. A 370 3HAYUT, 4TO AAHHOE
ypaBHeHHe MOXKEeT WMeTb Ha MHUMOH OCH TOJIbKO KOpeHb A = () U TOJIbKO MpHu
> = 1, IpUYeM 3TOT KOpPEeHb SIBJIsieTCsS ABYKpPaTHBIM. UTO »Ke KacaeTcsi BTOPO-
ro ypaBHeHus (3.115), To, KaK TMOKa3blBalOT aHAJOTHYHbIE PacCyXKIeHHs, AJS
BCEX ero KopHed A(s¢) BBIMOJNHSIOTCS HepaBeHCTBA Re A(x¢) # 0 Vir € X.

M3 ycTaHOBJIEHHOrO TOBeNEHHUS] XapaKTePUCTUUECKUX TMOKa3aTeseld CUCTe-
Mbl (3.113) npu n3mMeHeHuu mapameTpa » € X cjefyeT, 9YTO Pa3pelIdMbIMH B
MHOXKecTBe X MOTyT ObITh TOJIbKO NBa ypaBHeHHs (3.112), oTBevaromye aByM
OJIU3KHUM K eTUHHIe MyJbTUIIHKaTopaM cucteMmbl (3.109) mpu

w=1-v: v=u+in, veR, |y| <1, j=1,2, 2y >vi+v;. (3.117)

B pesysnbraTe mpobjeMa MOMCKAa BO3MOXKHBIX KOPHeH 3THX ypaBHEHHH CBO-
JUTCS K aCHMITOTHUECKOMY HCCJIEIOBAHUIO YIIOMSIHYTHIX MYJbTHIIJIMKATOPOB,
KOTOpble Ha30BeM KPUTHUECKHMH WU 0003HauuM depes pq(e,v), uq(e,v). [lpu
aHa/nu3e KPUTHYECKHUX MYJbTUIIMKATOPOB, OJHAKO, YHOOHee paboTaTb He C
camoii cuctemor (3.109), a ¢ pacmrpeHHoH aBTOHOMHOH cucTemol (3.106),
rie 7 pacCMaTpuUBaeTCst Kak IOMOJHHUTENbHAst MPOCTPAHCTBEHHAs] KOOPAMHATA.

Kak yxke oTmeuasoch Bbillle, MpU 3 = 1 ypaBHeHHe i v u3 (3.106)
npeacTaBasgeT co00H JMHeapusauuw cucteMbl (3.55) npu § = a + £25,(¢) Ha
nukge (3.100). A orcioma BbITEKaeT CyllecTBOBaHHe MPH » = 1 B (pa3oBoM
npocrpancte C([—d(e),0;R*) x R cucremst (3.106) TpexmepHOro WHBapH-
AaHTHOT'O0 MHOroo0pa3usi BUAa

So(r,€m) = { (v(s),7) € C([=0(), O R?) x R;
v =v'(s,T,e) + v%(s, T, 5)77}. (3.118)

3neck £,n € R, 0 <7 <2 (mod 2) — napameTpsl Ha MHOrOOOpa3nH, a Herpe-
PBIBHBIE 110 COBOKYITHOCTH MepeMeHHBIX (s, T, €) U JOCTATOUHO TJ1agKHe 1o (T, €)
BeKTOp-OYHKIMH v/ (s, T,€), j = 1,2 onpenesitoTes Mo CJAeqyoIeMy paBHiy.
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JIlns waxoxpgenus vl(s,7,¢) Heobxoaumo mnpoauddepeHuuposath no & mnpa-
BYIO 4acTb paBeHCTBa 15 v U3 (3.78), a 3aTeM MOACTAaBUTb B MOJYyUUBLIEECS
BbIpaXKeHHe BTOpoe M TpeTbe cooTHolneHus u3 (3.101) Bmecte ¢ dopmynoi
§(g) = a+&20,(g). B cayuae v*(s, 7, €) nocenoBaTebHOCTb AeHCTBUH aHaJo0-
TMYHasi, HO TOJbKO PaBEHCTBO A/s v AU(PdepeHuupyeTcs o 7.

Ykasauublfi cnoco6 noctpoenus (GyHKUMH v’(s,T,¢), j = 1,2 BMmecTe
co cBouctBamMu (3.102) mHoroo6pasus (3.78) mo3BosisieT 3aKJIUHUTh, 4TO,
BO-TIE€PBBIX,

v (s, 74+ 2,6) = (s,T,8), Sovi(s,7+1,¢)=—vI(s,T,€), j=1,2; (3.119)

BO-BTOPBIX, NBHKEeHHUSI Ha MHoroo6pasuu (3.118) onmwuceiBaoTcs cucTemoi

§=mn n=-pren—q(re), 7=eole), (3.120)

rne p = —f(e) =0®/0n, ¢ = —a(e) —02/0¢, a pynkunu a(e), f(e), ®(£,1,¢)
3auMcTBOBaHbl 3 (3.79). [IpousBogHbIe XKe 3[eCh, KaK U BhIIIE, BEIYHUC/ISIOTCS
npu 3HaueHusix &, n, 3apawouuxcs dopmynamu (3.101). Otmerum emre, 4TO
HeueTHOCTb P 1o mepemenHbIM &, 1 (cM. (3.77)) ¥ CBOHCTBO aHTHUIIEPUOIUYHO-
cti QYHKUMHU &, (T, €) NPUBOAST K paBEHCTBAM

p(t+ 1) =p(r,e), q(t+1,¢e)=q(r,e). (3.121)

[Tepeiinem Teneps K caydato (3.117) u 3ametum, uto MHOroo6pasue (3.118)
B CHJIY €ro JHXOTOMHYHOCTH MPOJOJKAeTCs Mo mapaMeTrpy v. TouHee roBops,
npu v € C, |v| < 1 oHo 3agaercs aHanoruuneiM (3.118) paBeHcTBOM

Su(r,6m) = {(v(s),7) € C([=8(2), 0 RY) x R :
v=v'(s,T,ev)E+v(s,T,¢, V)n}, (3.122)

B KOTOpOM (yHKUMM v/ (s,T,e,v), v/ (s, 7 + 2,6,v) = v/(s,T,¢,v), ] = 1,2
SIBJISIIOTCSL OCTATOYHO TJIaJKUMH MO (7,€) W aHAJUTHUYECKUMH 1o v. DBoJjee
TOro, U3 (pakTa WHBAPUAHTHOCTH cHucTeMbl (3.106) Mo OTHOLIEHHIO K 3aMeHe
T — 7+1, Sgv — v ¥ U3 CBOUCTBA CUMMETPUH Sy (T+1, =&, —n) = Xo(7,&, 1)
(cMm. (3.119)) BBITEKAET CrpaBeNJIMBOCTb aHAJOTMYHOIO CBOMCTBA

SoXu (T +1, =&, —n) = Eu(7,£,1) (3.123)

[IpHU BCEX AOCTATOYHO MaJibIX I10 MOAYJIO V.
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Co6CTBEeHHO TOBOpSi, B JaJibHeHIleM Hac OyleT HHTepecoBaTh CHCTEMa
ypaBHeHHH Ha MHoroo6pasuu (3.122), umeromas aHasoruusubii (3.120) Bun

E=mn, n=-p(re,v)n—q(r,e,v), T=co(e). (3.124)

3necb K03(hPUUHUEHTH p, ¢ 007aAI0T TEMH »Ke CBOHMCTBAMHU TJIaJKOCTH 1O T,
g, V, 4TO ¥ (YHKUMH v1, v?, a 3HAYUT, JONYCKAIOT TEHJIOPOBCKHE Pa3J/I0XKeHHs

p(7,e,v) = epi(T) + 2pa(T) + vps(T) + . . .,

3.125
q(T,S, V) :5(]1(7_) +5ZQ2(T)+VQ3(T) + ... ( )

OTMeTHM elle, 4TO JJIs1 HUX COXpaHSIOTCS aHajoruunble (3.121) ToxnmecTBa
p(t+1,e,v) =p(r,e,v), q(t+1,¢ev)=q(rev), (3.126)

TaK Kak B cuay (3.123) cucrema (3.124) He nmoJsiKHa MeHSITbCS MPHU OIHOBpE-
MEHHOM BBITIOJIHEHUU 3aMeH T — 7 + 1, & — =&, n — —n).

OTbicKaHWe BBIMTUCAHHBIX UJIEHOB pa3JjoxkeHu# (3.120) He BbI3bIBaeT 3a-
TpyaHeHui. [lefictButensHo, a5 p;(7), ¢;(7), 7 = 1,2 U3 yKa3aHHOrO BBbILIe
crnioco6a noctpoenust MHoroo6pasus (3.118) u cucremsr (3.120) BriTeKaOT hop-
MYJIbI

pi(T) =qi(T) =0, pa7) = —b1a — b3285(7),
1

= a1 (v = 3(d; + d2)&3(7)), (3.127)

q2(T)

rae by 9, bso — koapunmentsl u3 (3.80). Uro ke KacaeTcsi OCTABIIUXCS JBYX
K03 puunreHToB p3(7), ¢3(7), TO MPU HUX BBIUUCJEHHH MOXKHO IOJIOXKHUTH B
(3.106) ¢ = 0 ¥ ;s mosy4yHBIIerocss aBTOHOMHOTO ypaBHeHHus (3.113) Boc-
M0JIb30BATHCA AJATOPUTMOM IOACUeTa KOI(P(PULHUEHTOB HOPMaAJbHOU (HDOPMBI U3
n. 3.1. Ha atom nyTy npuxoaum K paBeHCTBaM

p3(1) =a/(a®/2-1), (1) =—-1/(a*/2-1). (3.128)

BepHeMcst kK uHTepecyollel Hac mpobyaeMe aCUMITOTHYECKOTO BBIUUCIEHHUS
KPUTHUECKUX MYJbTUIIMKATOPOB fi;(e,v), 7 = 1,2 cucreme (3.109). B cBssu
C 3TUM 0OpaTUM BHUMaHHE, UTO JAaHHbIE MYJbTHUIIJIMKATOPH! SIBJSIOTCS B TO XKe
BpeMsi MYJIbTUIIJIMKATOPAMU YPaBHEHHUS

p(r.e,v) ,  q(1ev)
eo(e) i e20?(e)

¢+ £=0 (3.129)
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C 2-MepuoaruUecKUMH 10 7T KO3(PPULHEHTAMHU, TONYyYAIOLIEr0Cs U3 MePBbIX IBYX
ypaBHeHUH cucTeMbl (3.124) npu nepexone k BpeMeHu 7. OnHaKO Mpexjae ueM
OpaThcs 3a aHau3 ypaBHeHHs (3.129), HeoOXOMUMO corJlacoBaTh MOPSIAKH Ma-
JIOCTH NapaMeTpoB € U v. JlesaeTcst 3TO € MOMOLLBIO CeAYIOLINX COOOparKeHHH.

3aMeTHM CHauaJ/a, YTO KpPUTHYeCKHe MYJbTHILIMKATOPHl fi(e,v), j = 1,2
B TepBOM TPHUOJMKEHUN 3aaloTcs aHasorudHeiMu (3.114) popmynamu

pa(e,v) = exp (A (V)T(e)) (1 + o(1)),

pia(e,v) = exp (A_(v)T()) (1 + o(1)), (3.130)

e Ax(v) = ++/v/(a2/2 — 1)+ O(1v*/?) - 1Ba 6.1M3KUX K HyJI0 KOPHS TIEPBOTO
ypaBHenus (3.115) npu ¢ = 1 — v. [ToaTOMy /11 pa3pelIKMOCTH COOTBETCTBY-
POIMX ypaBHeHHH (cMm. (3.112))

pile,v) = (1-v)? j=1,2 (3.131)

He0OX0IUMO, UTOOBI MOLY/JIH 3TUX MYJbTHIJIMKATOPOB UMEJH MOPSIIOK €TUHU-
nel. A orcrona u u3 (3.130) 3aknarouaem, uto npu v — 0, € — 0 TOJKHO OCTa-
BaTbCsl OrpaHUUYeHHBIM oTHOIlIeHue Re (/v )/e. Ho mockosbKy Ha/loXKeHHbIE Ha
napametp v TpedoBanus (cM. (3.117)) nckawyaoT BO3MOXKHOCTb Re (1/v) = 0,
TO OTCIOfla OKOHYATEJbHO MOJyUYaeM:

v=vpe?, vy=consteC. (3.132)

[TprucTynuM Temepb HeMOCPEACTBEHHO K HUCCJIeN0BaHUI0 ypaBHeHus (3.129).
C 2TOH 1LlesIbI0 BHITMIOJHUM B HeM 3aMeHy exp ( — 7ln(1 — V))f — &, I0MOoJI-
HUM TOJIy4YUBLIeeCss ypaBHEHUE YCJOBUEM AaHTUIEPUOAUUYHOCTH C mepuomom 1
1 yureMm (opmyasl (3.125) — (3.128), (3.132). B pesysnbraTe npuxonum K kKpa-
€BOH 3ajauve BUIA

1§ —vo€ = e(p(r,e,v0)¢" + Q1. €,v0)€), &(T+1)=—&(1),  (3.133)

rie I[1 — nuddepenunanvubiit onepatop us (3.39), p(7,e,vo), q(7,e,v9) —
HEeKOTOpBIe JIOCTATOYHO TJIaJKHWe MO BCeM MepeMeHHBIM U MepuogudecKue 1o T
c nepuonoM 1 ¢yHKUMH, a cBOOOAHBINA napameTp vy € C Oynem cunuTath Clek-
TpaJbHbIM. [IpHUKHEL XK€, IO KOTOPBIM MMeEeT CMBICJ PacCMAaTPUBATh KPAeBYIO
sanauy (3.133), mposicHsieT cJenylollee YTBEPXKIeHHeE.

Jlemma 3.5. [lapamemp » € X seasemcsi KOpHem O0O0HO20 U3 YpPABHEHUL
(3.112) 8 mom u moavko mom cayuae, Koeda on umeem 6ud »x = 1 —vye2, ede
vy = vo(e) — Hexomopoe cobcmeserHoe 3Hauerue Kpaesoli 3adauu (3.133).
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Jloka3aTeabCTBO. YCTAaHOBUM CHadaja HeoOXOAUMOCTb. B cBfi3u ¢ 3TuUM
HaTllOMHHUM, 4YTO cpenu ypaBHeHHH (3.112) paspemnMbiMu B X MOryT OBITH
TOJIbKO Ba ypaBHeHus (3.131) npu ycaoBusx (3.117), (3.132). 3ametum, najee,
4TO MYJbTHIIMKATOPHI fi;(e, Vo), j = 1,2 ypaBHeHus u3 (3.133), BeIUHCIEHHBIE
3a Mepuoj 7 = 2, CBSI3aHbl C KPUTHUYECKUMH MYJbTHIIMKATOpPaMH (e, V),
j =1,2 u3 (3.131) mocpenctTBoM paBeHCTB

fii(e,v0) = (e, voe®) /(1 = voe?)?, j=1,2. (3.134)

[Tostomy ecnn » € X — pelneHde ogHoro u3 ypaBHenu# (3.112), To aBTOMA-
THUECKH ¢ = 1 — g2, roe vy — HEKOTOpoe COGCTBEHHOE 3HaYeHHe KPaeBOM
3aiadu

[ —vgé = 8( p(1,e,v0)&" +q(T,¢, uo)g) E(T+2)=¢&(n). (3.135)

Ha crnenyroiiem stane GpuKcHpyeM MPOU3BOJIbHOE HETPUBHAJBHOE PellleHHe
£(T,v0,€) nonyurBliedcs 3amauu (3.135) U mokaxkeM, 4TO OHO SIBJISI€TCS U
pelieHHeM KpaeBo# 3amaud (3.133) mpu ToMm ke 3HaueHuu v. Ilasi 3Toro
TTOJIOXKHUM

E(t) = &(T,vp,€) exp (7' In(1 — uogz)) [——— |
n(t) =&(t), 7(t) =eo(e)t (3.136)

M PacCMOTPUM TOUYKY Ha MHoroo6pasuu (3.122) (nmpu v = v¢e?) ¢ Koopau-
nHatamu 7(t), £(t), n(t). [lo npowectBun BpemeHu 1'(¢)/2, roe, HAMOMHUM,
T(e) = 2(50(5))_1, yKa3aHHasi TOYKa, OCTaBasiCb Ha JaHHOM MHOT000pasuH,
mepefizeT B TOUKy ¢ koopauHatamu 7(t)+1, £(t+71(e)/2), n(t+71(g)/2). A rax
KakK MpU cocTaBjieHUH ypaBHeHuil (3.112) 6panuck peuenus JIsnyHoBa—dioke
(3.110), ynoBseTBOpsifOIMEe NOMOJHUTEJbHOMY YcaoBuio (3.111), To nBe 3TH
TOUKU C HEOOXOAMMOCTbIO JOJKHBI OBITh CBI3aHbl COOTHOLLIEHHEM

SoXu(T(t) + 1,E(t+T(e)/2),n(t+T(e)/2)) =
=X (T(t)v (1 - 1/082)5(15), (1 - V0€2)”'7(t))- (3137)

Ho, ¢ npyro#t croponsl, u3 (3.123) umeem

/2),n(t+T(e)/2)) =
2, (r(t), —€(t + T(2)/2), —n(t + T(€)/2)). (3.138)

A 370 3HauuT, 4yTo GyHKUUH (1), 1(t) YHLOBIETBOPSIIOT TOXKAECTBAM
(

E(t+T(e)/2) = —(1—ve)E(t), n(t+T(e)/2) = —(1—vee’)n(t), (3.139)

%Z(()+1§@+T
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13 KOTOPHIX, B CBOIO Ouepellb, BhITeKaeT TpedyeMoe CBOHCTBO &(T + 1,1, ¢) =
= —£(T,v0,€).

lns o60cHOBaHUSA JeMMbl 3.3 B UaCTH NOCTAaTOYHOCTH (PUKCHPYEM HEKOTO-
poe cOOCTBEHHOe 3HaueHHe v = vo(e) KpaeBod 3anauu (3.133) U o603HAUUM
uepes &(7,v0,e) Z 0 oTBevawllyo eMy coOCTBeHHYI (yHKuMoo. HerpynHo
YBULETh, uTo &(7, V¢, €) SBJASETCS ONHOBPEMEHHO U pellieHHeM 3anauu (3.135).
[TosTomy npu v = vy(c) obpamiaercs B eIUHUIY ONUH U3 MYJbTHIJIHKATOPOB
(3.134), a 3nauur, ucxoxas cuctema (3.109) npu s = 1 — vo(e)e? nonyckaer
myabtunaukatop 4 = (1 — vg(e)e?)?. Tem campbiM, ocTaercs JHIIb yOEAUTh-
Csl, UTO COOTBETCTBYIOIlEEe NAHHOMY MYJbTHIIMKATOPY pelileHue JIsmyHoBa—
dnoke (3.110) obnagaet cBoiictBoM (3.111).

Kak u Bblille, paccmoTpuMm aHasoruunele (3.136) ¢yukuuu £(t), n(t), no-
CTPOEHHble MO BBIOpaHHOMY pelieHu0 &(7, V¢, ) 3anaun (3.133) u 3aBemomo
yIooBJieTBOpsitolIHe ToxaecTBaM (3.139) B cuy aHTHUNEPHOAUUHOCTH ITOTO pe-
eHWsl. 3aMeTHM, Jajiee, YTO HHTepecyllee Hac cBoicTBO (3.111) 3KkBUBa-
JIEHTHO BbIMoJiHeHHI0 paBeHcTBa (3.137). [locnenHee e odyeBUAHBIM 06pa3oM
BeITeKaeT U3 cooTHoweHu# (3.138), (3.139). Jlemma 3.3 mosHOCThIO JOKa3aHa.

YcraHoBJIeHHasi JileMMa T03BOJisieT Yy»Ke 0e3 Tpyaa 3aBeplinTb 0060CHOBA-
Hue TeopeMmbl 3.1. JleHcTBUTENbHO, MOCKOJNBKY mpu ¢ = ( KpaeBasi 3ajaua
(3.133) nepexomut B (3.39), TO coryacHO CTaHIAPTHOH TEOPHUH BO3MYIEHHH
(cMm., Hanpumep, [18]) MBI MOXKeM yTBepXKIaTh CJedyoliee: JI0OOMY MPOCTO-
My COOCTBEHHOMY 3HAueHHI0 A = )\ nopoxpnawouled 3amauu (3.39) npu Bcex
JIOCTAaTOYHO MaJibiXx € > (0 COOTBETCTBYeT €JHHCTBEHHOE BellleCTBeHHOe CO00-
CTBeHHOe 3HadeHue v((e), vo(0) = A Bo3aMylieHHOH 3amauyu (3.133). Ecau
e A = \g OKasblBaeTcsi IBYKpPaTHBIM, TO €My OTBeYaloT JBa, BOOOIIE T'OBO-
psi, KOMIIJIEKCHBIX COOCTBEHHBIX 3HaueHHUsl v 1(€), voa(e): va(e) = Tpi(e),
v01(0) = v¢2(0) = Ao 3amaun (3.133). HobaBum ele, uto vo = 0 sBJIsETCS
MPOCTHIM COOCTBEHHBIM 3HAUeHHEM 3TOH 3amauu npu Becex 0 < & < 1, Tak Kak
npu vy = 0 ypaBHeHHe U3 (3.133) mpencraBJsseT coO0H JIMHeapHU3alLHIO ypaB-
Henus (3.90) mpu 0, = d.(¢) Ha aHTUNepuoguUyecKoM pellleHUH &, (T,¢) (cM.
(3.92)).

[TonBenem wutor. Ilycth KpaeBas 3amaua (3.39) vMeeT POBHO m TOJIOXKH-
TeJbHbIX COOCTBEHHBIX 3Ha4eHHMH A;, j = 1,...,m. Torna U3 yTBepxKueHUSA
JeMMbl 3.3 U K3 OTMeUYeHHOH BBIIIe CBSI3H MexXAy crekTpamu 3amad (3.39),
(3.133) BhiTekaet, uto B MHOxkecTBe (3.108) ypaBHeHus (3.112), momumo mpo-
CTOTO KOpPHSI s = 1, [OMYyCKAalOT POBHO m pelleHHH, NMPUYeM 3TH pelleHHs
uMeroT BUL ¢ = 1 — v (g)e?, tne voi(e), vo;(0) =N, j=1,...,m — cob-
CTBeHHble 3HadyeHus 3amauu (3.133). A oTcioma, Kak y»Ke rOBOPHJIOCH paHee,
CJIe[lyeT, UTO WHTepecymIud Hac UUKJ (3.48) siBJsieTCsl 3KCIOHEHLHAJNbHO
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opOUTaA/bHO YCTOHYUBBIM B cjaydae m = (0 U AUXOTOMUYHBIM 1ipu m > 0.
Teopema 3.1 mosiHOCTBIO OKa3aHa.

3.4. 3akJrouyeHue

B nepBy1o ouepenb nombiTaeMcsi B3TJISHYTh Ha MPeNJOKEHHbIE BbILIE METO-
Ibl AaCUMIITOTUYECKOTO aHaJ/n3a MePUONUYECKHUX pelleHUH ¢ HEKOTOPHIX OoJee
061ux no3uui. C 3ToH Lesnblo 06paTUMCSl K CHUHTYJSIPHO BO3MYILLEHHOH CH-
CTeMe C 3aras3iblBaHUEM BHUA

ei = C(p)x + D(p)x(t — 1) + f(z,z(t — 1), n), (3.140)

rie 0 < e < 1, ', a Mmarpuubl C(p), D(p) 1 BeKTOp-QDyHKIHS
f(@,y, 1) £(0,0,u) =0, f7(0,0,u) = £,(0,0,u) = 0 Geckonedno nudppe-
DEHIIUPYEMBI 10 CBOUM TepeMeHHbIM. OCHOBHbBIE OrpaHHUYEHHSs], TP KOTOPHIX
Oynem paccmatpuBath cuctemy (3.140), dopMynupyrTcs B TeEpMHUHAX TTOJHHO-
Ma

P(X, z, 1) = det (C(p) + AD(p) — iz1), (3.141)

3aBUCSIIETO OT 4 W OT BCIIOMOTraTeJbHOTO Tapamerpa z > 0. A uMeHHO,
MPeNrnosioXKKUM, UTO, BO-MEPBBIX, I'ypBULEBOU siBasietcss matpuua Cy = C(0);
BO-BTOpPbIX, ypaBHeHue P(A,0,0) = 0 umeeT mpocToil KopeHb A = —1, a Bce
ocTasbHble ero KopHH Haxomsatcs B MHoxkectBe A = {\ € C : |\ > 1}
B-TPeTbUX, NPH V z > 0 Bce KOpHHU nosuHOMa P (), z,0) nexar B A; u Hako-
Hell, B-4eTBEePThIX, NMPOCTOH KopeHb A(z, ), A(0,0) = —1 monnHoma (3.141),
cymecTByomUd mpu |pu] < 1, 0 < z < 1 B cusy npeiblayLIUX YCJOBHH,
00J1ajaeT CBOMCTBAMM:

a = — |A(2,0)]? >0 B =X,(0,0) > 0. (3.142)

CanenyeT oTMeTHTb, uTO K BUAy (3.140) npuBoauTCS yXKe H3yUeHHOe HaMH
ypaBHeHue (3.8), ecsqu MepedTH OT HEro K CHUCTeMe IJsl =7 = =, Ty = &,
BBITMIOJIHUTD 3aMeHy Ot — t u mosnoxuth € = 1/0, p = K — 1. B pesysnbrare
noayuutes cuctema (3.140) npu n = 2, yaoBaeTBopslas Ipyu a > /2 BeeM
repevyrc/ieHHbIM YYTh BbIlLLE YCJOBUSM, MOCKOJbKY 3[€Ch

cw=(" L) ow=(1", 0)
P\, 2z, 1) = M1+ p) +1+idaz — 2. (3.143)
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[Tpu cchopmMyTMpPOBAaHHBIX OrPAHUYEHHUSIX U TIPH
©w= poe?, o = const >0 (3.144)

HyJeBoe pelmeHre cuctembl (3.140) obnamaer TeMH e CBOMCTBAMH YCTOHUH-
BOCTH, UTO H B yacTHOM cayyae (3.143). A uMeHHO, Yy KBa3HUIOJHHOMA

Q(\ &) = det (C(1) + D(1) exp(—A) — s)\l)‘ 2

H=HoE
CYILLECTBYeT T'pyIna KOpHeH, Jexaux B noaymiockoctd {A : Re A < 0} u He
MPUOJIHKAIOIIUXCS K MHUMOH OCH TpH € — 0, ¥ TPyINa KPUTHYECKUX KOPHEH
A(€), n(€), n > 1, \y(0) = iw,, rae w, — 4yactoThl U3 (3.12), nepexoasux
MOCJIeI0BATENbHO B TPABYI0 KOMIJIEKCHYIO MOJIYIJIOCKOCTh MPH YBeJUUYEHHH
nmapameTpa fio. A oTCiona, B CBOIO OYepeslb, BHITEKAET, YTO MPU MOMOJHHUTEb-
HoMm ycaoBuu (3.144) nns cuctemsl (3.140) npakThueckud 6e3 M3MeHEHHH CO-
XpaHsieTCsl OMUCAHHBIN B M. 2.2 aJITOPUTM MOCTPOEHUS] aCUMIITOTHKU TIePHOMHU-
YyecKUX pelneHud. TouHee TOBOPS, MPH peasM3alMy 3TOTO aJrOPUTMA B JAHHOM
caydae cjenyet BhIIOJHUTDL B (3.140) 3ameny

T=o0(e)t, o(e)=1+co +c%og+03+ ... (3.145)
W IIOACTABHUTbL B IIOJIYUHUBIIEECHd YpaBHEHHE PAL 10 LEJbIM CTEIICHAM &
T :8330(7') —|—82$1(T) —|—83$2(T) + ..., .5130(7') :f()(T)eo, (3146)

rae Bce BeKTOpP-(DYyHKUUU zx(T), k > 0 gBASIOTCA 2-MEPUOIUUECKHUMU M0 T,
&(T) — Tpou3BoOJIbHAS aHTUIEPUOAMYECKasl C MepuonoM 1 ckajsipHas (yHK-
M, a eg — COOCTBEHHBbIH BeKTOp MaTpulel Cy— Dy, Dy = D(0), oTBeuaromumi
ee HyJeBOMY COOCTBEHHOMY 3HAU€HHIO.

[Tocne mpupaBHuBanus B (3.140) ko3P hULIMEHTOB NMPH OOUHAKOBLIX CTe-
neHsix € masi xp(7), k > 1 npuxomum K aHajoruuHoi (3.29) pekyppeHTHOH
MOCJIeI0BaTebHOCTH PAa3HOCTHBIX yPaBHEHHWH BHIA

Co.%‘k(T) + Dol’k(T — 1) = gOk(T), k> 1. (3147)

[TocTosiHHblE XKe 0, k > 1 u3 (3.145) 1 Bo3HMKAIOLIME HA KaXKJOM llIare aaau-
TUBHbIe 100aBKU &k (T)eg, &k(T + 1) = —&i(7), k > 0 ompenensieM U3 ycJa0BUH
pa3peluMOCTH 3THX ypaBHEHHWH B KJjacce 2-MepHONUUECKHX (QYHKLHH, T. €.
13 paBeHCTB (¢ 1(7),g0) =0, rae ¢y1(7) — aHTUNEPHOAHUYECKAs] KOMIIOHEHTa
HeonHOPOIHOCTH @i (T) (cMm. (3.30)), a BekTOp go TakoB, 4to (CF — D§)go = 0,
(Doeg, go) = 1. B uacTHOCTH, U3 yCJIOBUS pa3peliMMOCTH ypaBHeHus (3.147)
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npu k = 3 pis ¢urypupytomei B (3.146) ammautynsl &y(7) NpUXoouM K aHa-
JoruuHoH (3.38) HesMMHeHHOU KpaeBod 3amade. Jo6aBHUM, HAKOHEI[, UTO 3[€Ch
ocTaeTcs B cHJe (BMecTe ¢ 000CHOBaHHEM) U aHaJIOT HaIllero OCHOBHOTO YTBep-
XKJIeHUsT — TeopeMbl 3.1.

He npencraBnsier Tpyna onucanue anajsoruunoro (3.140) knaacca nudde-
pEeHIMaJIbHO-PAa3HOCTHBIX ypaBHEHHE HEHTPaJbHOTO THIA, Ha KOTOPBIH pacnpo-
CTPaHSIIOTCS pa3BUThIe B HacTosied pabote meTtonbl. OnHako 6ojiee MHTepec-
HBIM SIBJISIETCSI BOMIPOC 00 MX MPUMEHUMOCTH B OKPECTHOCTH JIOTMOJHHUTEJbHOIO
BBIPOXKJIEHHS, KOT[a TPH U3MEHEHHWH HEKOTOpPOro fnapameTpa BeJHUHMHA (v U3
(3.142) o6pamraercs B HyJb. 3aMeTuM, uTo B cuay (3.143) uMeHHO Takas
CUTyalluss U peasudyercs B ypaBHeHHH (3.8) mpH MPOXOXKAEHHH MapameTpa
a depe3 KPUTHYeCKoe 3HaueHHe a = +/2. [103TOMY NpH aHa/mM3e yKa3aHHOH
0COOEHHOCTH BHOBb 0OpaTHMCSl K JaHHOMY YPaBHEHHIO, CUMTasi, UTO

1/0=c<1, a=vV2+cay, K=1+¢*, ay,y=const>0. (3.148)
BoaMmokHble aBTOKOJIeGaTeNbHbIE PEXXUMbI yPaBHEHUS
e%i +e(V2+ea))t +x = F((1+&)x(t - 1)), (3.149)

nosyyatomerocst U3 (3.8) npu samene 0t — ¢t u npu ycaousx (3.148), Gynem
MCKaTh B BUJE (hOPMaJbHOTrO psiia

T = 53/2:1:0(7“, T) + 55/2x1(7”, T) + 5%2(7"7 T)+
+ 57/2,%3(7”, T) + 89/2334(7', 7_) +.. ’ (3150)

rae

T = (1 — V2 + (2 — a0)52 - 2\/5(1 - a0)53)t,
r— EBt, .170(7’, 7—) = fo(r7 7‘)7 (3151)

a &(r,7), &(rym+ 1) = —&(r,7) — HekoTopasi MoJJeXallasi onpeaeseHuo
amnutyna kosnebanuil. OcranbHble Xe Kod(ppUuueHTs x(r,7), k > 1 psana
(3.150) cuuTaem nepuoOIHYECKHMH 10 7T C MEPUOIOM 2.

[Tocne moncranoBky B (3.149) cootHomenu# (3.7), (3.150) u npupaBHuBa-
HUS KO3((PUIHUEHTOB PU OAUHAKOBBIX CTEMNEHAX £ AJS ONpefeseHus (PyHKLUHUH
zp(r,7), k > 1 NPUXOAUM K CepUU JIMHEHHBIX HEOTHOPOAHBIX PA3HOCTHBIX
YPaBHEHUH BUIA

ZL'k(T, T) + :Ek(T,T _ 1) = QOk(T, 7-)7 k= 17 Tt 74’ (3152)
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rJle epeMeHHasi r paccMaTpyBaeTcsl Kak napaMmeTtp. 3aMeTHUM, AaJjee, YTO B CH-
JIy cIiel[MaJbHOrO BIOOpa MompaBok K yactoTe B (3.151) ypaBHenus (3.152) npwu
k =1,2,3 okKa3plBalOTCH 3aBEIOMO Pa3peliMMBbIMU B KJacce 2-MepUOAUUEeCKUX
no 7 (YHKUUH, a HUX pelleHHs 3aJalTcsd paBeHCTBaMU z7 = x3 = 0,
1y = (di/2)&(r, 7). B cayuae xe k = 4 yc/oBHe pa3peliMMOCTH COOTBET-
CTBYIOLLIETO yPaBHEHUS NPUBOLUT JJiS ONpefeseHUs] HeU3BeCTHOM aMIIUTYbI
&o(r, T) K KpaeBoH 3ajmaue

08 V2 0% 0”& > 3
9 3 9.3 + ao\@ﬁ + &0 — (df + d2)&,

Eo(r,m+1)= — &(r, 1), (3.153)

TIe 7 UrpaeT poJib BpeMeHH, a T — MPOCTPAHCTBeHHOW mepeMeHHOH. [logy-
YMBLIYIOCS KPaeBYIO 3afady, KaK ¥ aHAJOTHUHYIO ed 3anady (3.49), HazoBem
KBa3WHOPMAJbHOMU (POPMOH.

Hcnonb3ys pa3BUTYyI0 HAMU METOAMKY, MOXKHO M0OKa3aTh, YTO JOOOMY Iie-
PHUOAMUYECKOMY pelleHHI0 KpaeBod 3anauu (3.153) Buna

&0 = &o.» (007”‘ + (2n + 1)7‘) o0 €R, neN, &aly+1)=—6.(y), (3.154)

9KCIIOHEHI[HAJbHO OPOUTAJNBHO YCTOMUHMBOMY HJIM TUXOTOMHYHOMY (B MeTpH-
Ke (hasoBoro mpoctpaHcTBa W3 aHTHNEPHOAMYECKHX C MEPUOAOM 1 (DYHKLHMH
£(7)), B ucxonHoM ypaBHeHuu (3.8) mpu ycsoBusx (3.148) u npu Bcex mocta-
— 2(1 +¢ed(g)), 6(0) =v2 ¢
TEMHU XKe CBOMCTBaMU YCTOMYMBOCTH. B yacTHOCTH, n8p06J1eMa CYILIEeCTBOBAHHUS
3TOrO IHMKJa, KaK U paHee, CBOIMTCS K aHAJH3y BCIIOMOTaTeJbHOH CHCTEMBI
(3.55) Ha ee ueHTpasbHOM MHOroo6pasuu Y. OmHaKO Temepb 3TO MHOTr006-
pasue OygeT y»Ke He ABYMEpDHBIM, a TPeXMepHBEIM, MOCKOJBbKY MpH a = /2
kBasunosuHoMm P_(A,0) (cm. (3.60)) umeer TpexkpaTHbil KopeHb A = 0.

B sakJiiouenne no6aBUM, 4TO, KaK CJedyeT H3 colepxKaliuxcs B [26] pe-
3ysbTaToB, MpH ycaoBuu (3.50) u mpu ay — 0 KOJHUECTBO COCYIIECTBYIOUIHX
YCTOHUMBBIX TMepUONHYecKUX pelleHHH (3.154) y KBasuHOpMaJbHOH (HOPMBI
(3.153) HeorpaHWueHHO pacTeT W MpU ay = (0 CTAHOBUTCS CYETHBIM. A 3TO
O3HayaeT, YTO B CJaydyae MITKOHW HeJMHEHHOCTH HeorpaHWUeHHOe HaKarlJjuBa-
HUEe YCTOMYHUBBIX LIMKJOB TMPH TOAXONSIIEM U3MeHEHHH napameTpoB a, K, 6
TMPOMCXOMUT U B caMoM ypaBHeHHH (3.8), T. e. HabJrOaeTCs XOPOIIO H3BECT-
HbIH (peHOMeH OydepHocTH (cm. [26,31]).

TOYHO MaJiblX € > () oTBeuaeT UUKJ nepuona 1'(e)
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