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I1peauciosue

B y4ebnom nocobumn, mpejyiaraeMoM BHUMAHUIO YUTATEIsI, PACCMATPUBAIOTCSA BO-
IIPOCHI, WMeEIOINe OTHOIIEHNE K SKCTPEMAJIbHBIM 3aJadaM KOMOWHATOPHOW W BBI-
YUCIUTEHLHON NeOMETPUN U BBIUNCIUTEIBHON MaTeMaTnke BoobIe. Mbl nccienyem
HEKOTOPBIE YHCJIOBbIE XapPAKTEPUCTUKN KOHEYHOMEDPHDIX BBIMYKJ/IBIX TeJ, B MEPBYIO
o4epejib CUMILIEKCOB U KybOoB. VI3yueHne 3TuX YUCIOBBIX XapaKTEPUCTUK (OCEBBIX
JITAMETPOB, MUHUMAJBHBIX IMOJIOXKUTETLHBIX KOI(P(MUIIMEHTOB TOMOTETUN IIPU T10-
DJIOIEHUH OJIHOTO BBIIYKJIONO TeJia JPYruM u jip.) B paborax M. B. Hesckoro 6bI1-
JIO CBS3aHO C ONTHMAJBHBIM BBIOOPOM y3JI0B MPH MMOJTMHOMHUATBLHON MHTEPIOJIATINN
dyukIuMit MHOTUX TIepeMeHHBIX. TeM caMbIM reOMeTpUYecKUe 3a/a91 OKa3aJMCh TeC-
HO CBSI3AHHBIMU C MATEMATUICCKUM aHAJIN30M, (PYHKIINOHAIBHBIM AHAJTU30M U TEO-
pueii npubsmzKenus. B Kpyre aTux BOIpOCOB, OJIPOOHO OTPaKEHHBIX B MOHOTpad
IIePBOI'0 aBTOpPa, IPUMEHSIOTCsSI TaKxKe MeTO/bl JIMHEHHON aaredbpbl U JUCKPETHOM
MaTeMaTUKH, a B TOCIeHUE TOJIbl, IIPEXkK e Bcero bsrarojaps paboTe BTOPOro aBTO-
pa, — M KOMIIbIOTEPHBIE METO/IbI.

Kak mbl npejnosiaraem, ydeOHoe rocobue ¢ eaunbiM HazBanueMm "l30pannbie
3aJIa9M AHAJIM3a U BBIYUC/IATEILHON TeomMeTpun'" Oy/IeT COCTOSATH U3 HECKOJbKHIX
(KaK MHHHMYM, JIBYX) CBsI3aHHBIX MKy coboit dacteil. B mepBoit gactu BOmpo-
ChbI, CBA3aHHbBIE C ITOJIMHOMUAJIBHON UHTEPIIOJIAINEH, TOYTH HE PACCMaTPUBAIOTCI —
JUTA yJI00CTBa YUTaTeell MX MpeoiaraeTcs N3JI02KUTh BO BTOPONl YaCTH.

Tekcr macrodinell KHUTM HAIMMCAH 110 MaTepuajiaM craTeil u MoOHOrpaduun
M. B. Hesckoro, cpaBauTesbHO HeJaBHUX coBMecTHBIX crtareii M. DB. Hesckoro
n A.1O. ¥Yxanosa, a Takxke pabor yuenukos A. 0. Vxamosa. Muorue pesysibrarsi
paHee myOJIMKOBAJIUCH TOJILKO B CTATbAX, B TOM YHCJIe U MaJIoIOCTyHbIX. J[1s1 Toro
4TOOBI 3aMHTEPECOBAHHBIE YUTATETN MOIVIN TOJAPOOHEE O3HAKOMUTHCS C U3ydaeMbl-
MM BOIPOCAMU W WX HMCTOPUE, Mbl JIaéM CCBLIKM B TEKCTe W OOIIMPHBIN CIUCOK
JINTEPaTyPHI.

ABTOpBI BBIDAXKAIOT HAJEXKJY, UTO YATATE/ell 3aMHTEPECYIOT KAK PEIICHHBIE,
TaK ¥ OTKPBITHIE BOIIPOCHI, 0OCYKIaeMbIe B 3TOM KHUTE.

M. B. Hescxuti, A. FO. Yzanos
Hpocaasan, 2020 e.



I'maBa 1

HuciioBble xapaKTepUCTUKN
N-MEPHOI'0 CUMILIEKCA

1.1 OcHoBHBIE oIIpeieIeHnsI 1 0003HAYUEHMS

Betony masee n € N. Dyiement x € R™ Gyjiem 3aiCbIBATD B BUJE T = (X1, ..., Ty).
[Tox ||z|| Oymem moHUMATH €BKJIMIOBY HOPMY

n

ol = (3a2) "

i=1

[Monoxum Q,, := [0,1]", Q! := [—1,1]". Yepes ey, ..., e, 0603HATAETCS KAHOHUIE-
ckmit 6azuc R"; cauraem e := (1,...,1).

[Iycts C' — swvinyk.aoe meso 6 R™, T.e. KOMIIAKTHOE BBIITYKJIO€ ITOIMHOXKECTBO R"
¢ HelycToil BHyTpenHocTbio. Yepes oC' obosHauuM pesyiibrar romorerun C' OTHOCH-
TeJIbHO TIeHTpa TszkecTn ¢ Koadbdurmentom o. Cumposiom vol(C') Gymem 0603HAYATE
06bém C. Ecim C' — BbimyKibiit MEOrOrpaHauK, 1o ver(C') ecTh COBOKYIIHOCTH Bep-
e C. [lom mpancasmom oHUMAETCsT pe3yIbTAT TapaJsIeIbHOrO mepenoca. Takum
obpaszom, TpanciasaT C' seimykiaoro Tesa C umeer sujg C' = C 4w, rjae u € R™. Ecim
x,y € R" 10 [z,y] ecTb oTpe3ok ¢ KoHlamMu Z,Yy, a (xry) — UpsiMas, TPOXOJsiias
gepes 9TU TOYKH.

Bynem ropoputhb, 9T0 M-MEpHBII CUMILIEKC S OMUCAH BOKPYT BBIIYKJIOTO Teja
C, ecim C' C S m kaxgas (n — 1)-mepnas rpanb S cogepxut Touky C. [Ipmmvem
10 OIIPEJICJIEHUIO, UTO BBIMYKJIbI MHOTOIpaHHUK Biucan B C ecju jirobasi ero Bep-
muHa npuHa iexkut rpanute C.

Omupenermm d;(C') KaK MAKCUMAJIBHYTO JJINHY OTPE3KA, COIEPIKAIIErOCs B BBIILY K-
som Tejie C' 1 mapaliiebHoro ocu x;. Besmauny d;(C') GyieM HA3BIBATD i-M 0CE6bIM
duamempom C'. TlorsiTIe 0OCEBOTO, MM aKCHAJIbHOTO, JuamMerpa (axial diameter) Obi-
710 BBegeno Ckorrom [37], [38].



1.2. BABHCHBIE MHOI'OYJIEHBI JIAI'PAH2KA

Mgt Bemykibix ten Cp, Co uepes £(Cy; Cy) 0b6o3HAUUM MUHHMAIBHOE 0 > 1,
takoe uto C7 C 0Cy. PaBencreo £(Cy; Cy) = 1 sxBuBaienTHo Brjrouenuto C; C Co.
Besmuuauny &(CY, Cy) MBI Has3bBaeM K0IPPHUUUEHMOM NOZAOULEHUA 6BINYKAO20 MEAG
Cy svinyravim meaom Cy. Tlo onpenenenuto, a(Cy, Cy) ectb MunnManbHoe o > 0,
JIUISE KOTOPOTO BBIMYKJI0€ Te1o C] SIBISETCS MOJMHOXKECTBOM HEKOTOPOTO TPAHCIATA
Beiyksoro tesa 0Cy. Ouesnjno, Beerna a(Ch, Cy) < £(Ch, Cy). onoxum E(C) =
£(Qui C), a(C) i= a(Qu; O).

Ecmu k € Z, 1o I1;(R™) ecTh mpocTpaHCTBO MHOTOYIEHOB OT 7 [IEPEMEHHBIX CTe-
nern < k. Taknm obpasom, nox I1; (R™) mornmaercs nuneiinas 0607I09Ka MOHOMOB
1,21, ..., T,, WHAYE TOBOPsI, COBOKYIHOCTDb JIMHEHHBIX QyHKINI Ha R™.

[Iycts L u M — dbysKImy HaTypaJibHOrO apryMenTa n. 3amnuch L < M o3nadaer,
YTO CYIIECTBYIOT KOHCTAHTHI €1, Co > (0, He 3aBUCSINUE OT N, ¢ KOTOPHIME BbITIOJIHSI-
forca HepasercTsa ¢ M (n) < L(n) < coM(n).

1.2 DbasuchHble MHOrO4JieHbI Jlarpamxka

[Iycts S — HeBBIpOXKIeHHBIH cuMmiieke B R™. O0o3HaunM BepmuHBL S Uepes

20 = (xgj), . ,a:ff)) ,7=1,...,n+ 1. Marpuma
xgl) . %(11) 1
x§2) o azg) 1
A =
I§n+1) - xgln—i-l) 1

sBisiercs HeBbIpozkientoil. Ecin A = det(A), To vol(S) = %. Ob6o3na4unM yepes

Aj(as) OIIPEJIe/INTEIb, KOTOPBII mojydaercs u3 A 3aMeHoil j-fl cTpoKu Ha CTPO-
A; .
Ky (Z1,...,Zn,1). Muorounensr \;(z) := JA(x) u3 I1; (R") obramaor cBoiCTBOM
k) _ sk k .
Aj (x( )) = 6} (3mecn 6; — cmmpon Kponexepa). Kosdmmmentsr \; cocrapmsior

j-it cronber; AL, B nasnbneiimem nosaraem Al = (l;j), me.

)\](l') = llj:cl + ...+ lnjxn —+ ln+1,j~ (11)

B cuiy cpoiictBa A (x(k)) = 5;“ n060it Mmuorowren p € I1;(R™) ymosrersopsier

paBEeHCTBY
n+1

ple) =D _p () X (@), (1.2

MIPEJICTABJIAIONIEMY cOOOI aHAJIOr KJIACCHYECKON MHTePIOInOHHO# hopmyJibl Jla-

rpamxka. [losToMy B JgajibHEHINIEM MbI HA3BIBAEM A1, ..., Api1 0G3UCHOIMU MHO20-
waenamu Jlazparorca, coomeememsyrowumy cumnaexcy S. puvensig (1.2) mociie-
noBareabHo K p(x) = 1,21, ..., &y, Homyunm g x € R”

n+1 n+1

Z)\j(:c) =1, Z \j(z)2¥) = g (1.3)

7



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

Te xe paBeHcTBa MOryT ObITH MOJTydeHbl U3 hopmysn Kpamepa, corsiacHo KOTOPbIM

s R L A () T
$SJ e $g%+n An<x) B Tp
1 ... 1 )\n+1($) 1

A(x)=0

Puc. 1.1. CpoiicrBa 6a3ucHbix MHOTOWIeHOB Jlarpamxka (ciydait n = 2)

Pasencrsa (1.3) ozmavaror, uro qucia Ai(z), ..., Ayt1(x) gaBasiores bapuyen-
MPUHECKUMYU  KOOPOUNAMAMY T  OMHOCUMEAvHo cumnaekca S (em. [1, 1. 12]).
Xotst OB OZIHO U3 ITUX THCEIT IOJOKUTEILHO. Y paBHenns \;(x) = 0 3azator (n—1)-
MEpHBIE I'HIEPILTIOCKOCTH, COJIEpZKAIIe TPAHU S, & JIJIs BHYTPEHHIX TOYEK CHMILICK-
ca BBIIOJIHSAIOTCH cTporue HepasencTsa 0 < \;(z) < 1. lmeer mecto mnpejcrasienne

S={zeR": \j(x)>0,j=1,...,n+1}. (1.4)

[Tycth & — Touka rpanutpl S. MunuMaibHasg pa3sMepHOCTh I'paHu S, KOTOPOi Mpu-
HAJJIEZKUT T, paBHA 1 — k TOI/a U TOJIBKO TOLJa, KOLJa cpenu \; () mMeeTcss pOBHO
k «ucen, paBubix Hyao (1 < k < n).

Jlns crpounbix cymm Matpuibl A1 uz (1.3) nosyuatores paBeHcTBa

n+1 n+1
Y lnprg =Y X(0) =1,
J=1 Jj=1

n+1 n+1 n+1 n+1



1.3. OCEBBIE JINAMETPBI CUMII/IEKCA

n n+l

>N =0 (1.5)

i=1 j=1
Cros61oBble cymMMbI A™1) B OT/IMYME OT CTPOYHBIX, 3aBUCAT OT S :

n+1
=1

n+1
BameTnm Takxke, 9T0 M3 HeBbIpOKIAeHHOCTH AT caemyer Y || # 0 npm mobGom
i=1

1 =1,...,n+1. Kak Mbl OTMETUM HUKE, THTEPECHBI!l TECOMETPUIECKUIH CMBICJI UMEET
—1
n+1 1 n n+l
KasK/1asi U3 BEJMIHH 2 231 |Zi5] (Bmecs 1 <i<n)um 5> > |l
j= i=1 j=1

1.3 OceBble JuaMeTpbl CUMILIIEKCA,

st groboro ¢ = 1,...,n Beimykaoe Tejio C' MOXKeT OBITH IPEICTABIEHO KakK
00beIMHEHIE OTPE3KOB, apaJLIebHbIX i-if KoopanHaTHO# ocu. Ilepenecém Kazkiprit
TaKOil OTPEe30K BIO0JIb COJepzKalleil ero mpsaMoil TaKuM 00pa30oM, YTOOBI KOHEIL I10-
JIy9EeHHOTO OTPe3Ka, MPUHAJIEXKAJ TUIEPILIOCKOCTH x; = (), a caM OH pPACIoJIaraJics
B niostypoctpasctse x; > 0. O6o3naunm uepes3 R;(C') obbelnHeHNE BCEX TIEPEHECEH-
HBIX oTpe3koB. MuoxkectBo R;(C) ecth pesysbrar npuMenenns k C' omepannu R;,
BeenénHoil Paummescku [36]. Onepanus R; nepesomut C' B BhIIyKII0€ Teso R;(C),
npuaém vol (R;(C)) = vol(C).

Omnepanus R; omnpejessieTcd 1O aHAJOIMU C KJIACCUIECKOH cummempusaryuet
IHImetinepa (cm. |2, § 15]) ornocurenbho runepiiockoctu z; = 0. Pesynbrar mocse-
Heil oneparuu, npuMeHéHHON K () TaKKe eCTh 00beINHEHNEe OTPE3KOB, MOJTYI€HHBIX
nepeHocoM oTpe3koB ', mapasuiebHbix ocu x;. Ho npu cummerpuzanuu [l reitrepa
paccMaTpUBAEMOil THITEPILIOCKOCTH ITPUHAIJIEYKUT CePeINHA KayKJI0I0 TepeHeCEHHO-
r'o OTpe3Ka.

[IycTh S — HEBBIPOXKIEHHBIN N-MepHBI cumiLieke. s n > 2 obo3HadnmM depes
Vi(S) mpoeknuio cumiiiekca S Ha rumnepruiockocth x; = 0. OgeBngno, V;(S) ecthb
BBIIIYKJIasi 000JI0YKa MPOEKINii BepIimH S Ha 3Ty rHiepruiockoctb. [Tycrs ¥;(S)
ectb (n — 1)-mepa V;(S), 0;; ectb (n — 1)-mepa npoeximu (n — 1)-mepnoit rpamm S,
IIPOTHBOIOJIOKHOI Bepimuae V), Ha runepruiockocts z; = 0. Tora

n+1

2(8) = 330w (1.6)

[Tpuseném creyromnryio Teopemy u3 [10].



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

Teopema 1.1. IIycmo 1 < 1 < n. Jlaa i-20 ocesozo duamempa S 8epHO PaGeEH-

cmeo
n+1

1 1

B S cywecmeyem posro odun ompesoxr daunws d;(S), napastsesvnond ocu x;. Ilenmp
2mo20 ompeska cosnadaem ¢ MmowKot

y @ = Zmzjx(j), (1.8)
j=1

ede l
_ Il . (1.9)

ij n+1

D |l
k=1

Kaorcoas (n — 1)-mepran epanv S codeporcum no xpatinet mepe odun u3 KOHY06G
yradarnozo ompeska. Cymma padmeprocmets 06Yxr MUHUMAALHOT N0 BKAOUEHUIO
eparetds S, codeporcauuxr KoOHUv, ompeska, we npesocxodum n — 1.

Joxazameavcmeo. Ilycts cragana n = 1. Torma S = [x(l), x(Q)} ,1=1,

(2 _ _ 2
T z r—x
-z % -z — 2 _ 1)
A1 () O 0 Ao () @ L0 di(S) ==z .
Kak nerpyaao Bujerb, obe uwactu (1.7) coBnagator. Tak kak mi3 = myg = %,

10 (1.8) mmeer sug yV) = M

ITIycts Tenepp n > 2. Ilonoxum

n - vol(S)
5;(S) = —=——5—
REETES)
n+1
Hamomunm, 1o ) |l;;] # 0. YcranoBuM mociieJoBaTeIbHO PABEHCTBA
j=1
1 1 n+1
T g L lll B = (1.10)
7j=1
U3 mux u 6yger caegoBats (1.7). YunteBas (1.6), mveem:
1 2(S)  (n—1)! (n—1) 1<
5.(S) ~ n-vol(S) A (%) A2 Z"J
J=1
I3 cBsi3u onpeesuresieii u 00bEMOB CIIeyeT, ITO
1 o ... 0 0
1 x§2) a:éz) o2
) Rl I
xgn—i-l) xén—i—l) o x7(1n+1) 1

10



1.3. OCEBBIE JINAMETPBI CUMII/IEKCA

. A
= o i) — MO0 =

Anasiormaso tpu gapHom tum j = 1,...,n+ 1

N
(n—1)! UHE

[Ai(er) = A(0)] =

Al
(n—1)!

Oi5 = [Aj(ei) = A;(0)] =

(n—1)! Vgl

Takum obpaszom,

1 (-1 18 A 1R
TGN P VI PR

j=1

JleBoe pasenctBo u3 (1.10) mokazaHo, mepeiiiéM K mpaBoMy.

OcHoBanue BbIyKJI0T0 Tesa R;(S), sexalnee B rUMEPIIIOCKOCTH ¢ YPaBHEHHEM
x; = 0, ectb V;(S). Pacemorpum orpesok jmunbl d;(S), npunajexkammit R;(.S).
ITycTsb 2 ecTb ero KoHelt, He Jjiexkanuii B runepiiockocts ¢; = 0. [lomoxxum V; ,(S) ==
conv (V;(S), z) . B cuny Beimykioctu R;(S) Bomosusiercs V; ,(S) C R;(.S). Tlosromy

vol (V;.(9)) = E:(5)di(5) zld"(s ) < ol (Ri(S)) = vol(S),
OTKY/Ia
(S < " = a(s)

[Tokarkem, 910 S CONEPKUT OTPE3OK, MAPAJICTBHBI OCH X;, JJIMHA KOTOPOTO

paBHaA
2

61(5) = ol ’
> ik
k=1

[Iycrs y® ects Touka S ¢ GAPUIEHTPHYECKIME KOODPIHHATAMMA Mm;;, 3aJaHHBIMI

pasencrBamu (1.9). Pacemorpum orpesok [y(_i), yﬁ)] , TIIe

i i 1 i i
y =y — e, P =y e,

D |l D |l
k=1 k=1

DTOT OTPE30K HapasljIesieH i-it ocu u mMeeT JuHY 0;(S), a ero cepejmHa COBIAIaeT

c y. Tax xak Aj (y(i)) =mij, Tompn j =1, ..., n+1
Aj (y(_)> = (y( )) - n+1] - nil £ =0,

Yol D0 |kl
k=1 k=1
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

i i Lij Lij| + Lij
)\j (ys_)) - )\j (y( )) T n+1 : - |n—ji-|1 ’ Z 0.
Dl D2 [l
k=1 k=1

B cuy npesncrasienusi (1.4) u BBITYKIOCTH S OTPE30K [y(_i),ys_i)} [EJIMKOM TTPU-

HAJUIEZKUT CUMILIEKCY. D10 naét onenky d;(S) > 0;(S). Boime 6b110 10Ka3aHO, 9TO
BEPHO U IPOTUBONOJIOKHOE HepasencTno. [losromy d;(S) = 6;(S). Pasencrso (1.8)
cJIejlyeT U3 olpejiesieHns GAPUIIEHTPUIECKUX KOOD/MHAT.

ITpu dbukcupoBaHHOM j XOTA OBl OJIHO U3 HUHCET A; ( v ) A ( )> pasuo 0.

D710 03HAYAET, YTO COOTBETCTBYOIUIT KOHEI OTpe3Ka npuHaiexkut (n — 1)-MepHoii
rpanu .S, TPOTUBOIOJIOZKHOM 2. Ecm lij # 0, TO 9Ta rpaHb CONEPKUT POBHO OJINH
U3 KOHIIOB OTpe3Ka. B ciaydae Korga l;; = 0, OTPe30K IEIMKOM IPHHAICIKAT yKa-
3aHHOIl rpaHu.

[Iyctn 9 kgf paBHAIOTCA KojmdecTBy 0 cpein dmcesr A;j ( z) u A ( )

coorBeTcTBeHHO, J = 1, ..., n + 1. Torma §a3MepHOCTI/I JABYX MHUHUMAJbHBIX 10

BKJIIOUEHNIO IpaHeil .S, comepKalmx y( D y ¥ , paBHSHOTCﬂ coorsercrrento n — kU

un— kgf). N3 upeaplIyIero cjejiyer, uTo D 4k J:) > n + 1. IlosTtomy cymma
pa3MepHOCTell ITUX T'paHeit He TpeBoCXouT 1 — 1.

Ocrasioch JI0Ka3aTh €JIUHCTBEHHOCTH OTpe3Ka JHbI d;(.S), mapasuieslbHOro ocu
x; n npuna iexkaniero S. 3 pasencrsa d;(S) = §;(S) caemyer, aro

i(5)di(S)

n

vol(S) = (1.11)

Tak kak V; ,(S) C R;(S), To

Zi(9)dilS) _ (Vi2(5)) < vol (R;(S)) = vol(S5).

n

JleBast u npaBas BeJIMYMHBI B 9TO# 1ernovuke copnaaiot. [losromy s odoro orpes-
K& MaKCHMAaJIbHON JIJTMHBI ¢ KOHIIOM 2, He MPUHAJJIEXKAIINM THIePILIocKocTn ; = 0,
BBITIOJTHSIETCST

Ri(S) = Vi-(S). (112)

Ocraércs 3aMeTuTh, YTO €CJIM CYIIECTBYIOT J[Ba PA3JUYIHBIX OTPE3Ka YKA3aHHOI'O
BUIa, TO Kaxkaoe u3 paseHcTs (1.11)—(1.12) mapymaercs. 1o nmpoTuBOpevne 3aBep-
maeT JJ0Ka3aTeIbCTBO TEOPEMBI. U

Jlono/THUTETbHO TIPUBEIEM ABHBIE (DOPMYJIBI JIjIsi KOHIIOB y(f) u y(f) €JINHCTBEH-
HOTO B CHMILJIEKCE OTpe3Ka JINHBI d;(.S), mapasuieIbHOro OCH &;:

‘ n+1 n+1
g =3 sya, g = Zt,]x (1.13)
j=1
| — U g + 1
Sij = |n—]&-|1—]’ tz’j = | ]| i ] (114)

> ikl Z |k
k=1

12



1.4. BBIYNCJIEHNE MAKCUMAJIBHOI'O B CUMIIJIEKCE OTPE3KA

U3 pasencts (1.11)—(1.12) caemyer, uro mist 06010 S BCe BEPIINHBI BBITYKJIO-
ro MHOrorpanuuka R;(S) mpuHaIeRKaT HapaJiebHbIM THIEPIIOCKOCTAM &; = 0
u r; = d;(S), upuIéM TOCIIeHSIsT COJEPKUT POBHO OJIHY BEPIIHHY. AHAJOIUIHO
pesysbraT npuMeHenns K S cummverpusarnuu lTeitHepa OTHOCHTEIBHO THIIEPILIOC-
KOCTH &; = () €CTh BBILYKJIbIii MHOTOIDAHHUK, BCE BEPIIUHBI KOTOPOTO IIPHHAJIJICZKAT
runepiuiockoctam x; = 0, x; = @, T; = —%S) (npuuéM Kazkjiast U3 JByX HOC/Ie]I-
HUX THUIEPIIOCKOCTEH CONEPKUT POBHO 10 ojHoi Beprnuue). Ilociearee cBoiicTBo
S panee ycranosmin Mapruan u Beiiccbax. Bosee Toro, Maprtunu (32| mokasad,
4TO yKazanHoe crpoenue cummMerpusarmii lteitnepa Boimyksoro tema B R xapax-
TEPU3YeT CHMILICKC.

n+1
3 (1.7) u paBencrsa Y [;; = 0 BBITEKAET, ITO 6EAUNUHA
J=1
NOAHCUMENBHVLT INEMENMO6 i~ cmpoxu A~ u odnoepemento pacra cymme modyaet
OMPUYATMENLHDLT INEMEHTOE IMOT CIMPOKU.

1
4:(S

) pasHa CYmme no-

n+1
Ecm S C @y, o d;(S) < 1. s Takoro cumiuiekca » | |1;;] > 2.
j=1

s mob0ro HEeHyJIEBOIO N-MEPHOI'O0 BEKTOPA U CHUMILIEKC S COJEPXKUT €JIUH-
CTBEHHBI OTPE30K MAaKCUMAJIBHOI JIJIMHBL, TTapaJiiesbHbiit v. Kaxioit (n—1)-meproit
rpafu S TPUHALIE)KUT XOTdA Obl OJMH U3 KOHIIOB 9TOro orpe3ka. CyMMa pasMepHO-
cTeit IByX MUHUMAJIBHBIX IO BKJIIOUEHUIO TpaHeil S, cojep:Kamux KOHIIBI OTPEe3Ka,
e npeBocxoauT N — 1. OObéM S POBHO B N pa3 MeHBINE MPOW3BEICHUS JIJTHHBI
yKazaHHOro orpe3ka u (n — 1)-Mepwl npoeknuu S Ha (n — 1)-MepHYIO THUIIEPILIOC-
KOCTh, OPTOrOHAJIbHYIO v. JlJIsi J0Ka3aTe/ibcTBa JI0CTATOYHO BBecTH B R™ HOBYIO
IPSAMOYTOJILHYIO CHCTEMY KOODJIMHAT TaK, IYTOObI IepBas KOOpP/IMHATHAS OChb ObLIa
napaJjuiesibHa v, U 3aTeM NpUMeHUTh Teopemy 1.1 mms ¢ = 1.

B cJIeIyromeM IIYHKTE Mbl YKazKEM ABHbIC (bOpMyJ'II)I JJId BBIYMCJICHUA MaKCH-
MaJIbHOT'O B CUMILJIEKCE OTPE3KaA JIIOOOTO HallpaBJICHUA.

1.4 Bpraucjeanme MakCUMAJIbHOI'O B CUMILJIEKCE
OTpe3Ka JaHHOTI'O HallpaBJIEHUS

[Iycts S — HEBBIPOKIEHHBIN cUMILIEKC B R™ U v — HEHYJIEBOI Nn-MepHBIN BeK-
top. O6o3uaunm vepes d¥(S) MakCUMAJIbHYIO JTTMHY OTPe3Ka, IPUHAJJIeKAINEro S u
napaJuiesiboro v. Hurke npuBogsiTest hopMyiibl Jyisi Beraucaenus Begnaunbl d¥(S)
1 KOHIIOB MaKCHMAaJIbHOIO OTpe3Ka 110 KoopauHaTaM v 1 Bepiul S. B ciaydae korma
v KoJUIHHeapeH i-ii koopauHaTHoit ocu, d¥(S) coBuagaer ¢ d;(.S), T.e. ¢ i-M OCEBbIM
quamerpom S. st 9TOTO WacTHOrO Citydast HyKHbIE (DOPMYJIbI OBLIU MOJIYI€HbI B
MPEJIBIIYIIEM ITYHKTE.

13



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

IIyctb vy, ..., v, — KOOpJAMHATHI BEKTOpa v. Bbraucanm
- kjYks J T Tam g J T o :

D |l D, Imk\
k=1 k=1

B [16] mokazano, 1To
2]l
n+1

> |my]

Jj=1

d°(S) = (1.16)

KoHIIbI e1MHCTBEHHOIO OTpe3Ka MaKCUMAJIbHONW JIJIUHBI, IPUHAJIIeXKAIEero S 1 ma-
PaJLIeNbHOTO U, CyTh TOUYKHU

n+1 n+1

a= Zozjx(j), b:ZBjx(j), (1.17)
s =1

riae £) — Bepmmaer S. CepequHa MAKCHMAIBHOTO OTPE3Ka COBIAIAET C TOUKOl

Imsl
y = Z —— ), (1.18)

Ecim v = e;, To, KaKk HeTPyJHO BUJEThb, M; = l;;, a uucia o; u [3; COBIaAIOT
(%)

COOTBeTCTBeHHO ¢ anciaaMmu s;; u t;; n3 (1.14). B sTom wacrioMm ciaydae a = y._,
b= y+ , (1.16) sxBuBanentso (1.7), a (1.18) coBmamaer ¢ (1.8). ITosromy npuBenén-
Hble paBeHCTBa 0000IMAI0T hopMysIbl TeopeMbl 1.1 Ha cirydail TpouM3BOIBLHOTO 0.

Unrepecto, 9To B S CyIIECTBYeT €JIMHCTBEHHBII OTPE30K, MapaJiiebHbIi BEK-
TOPY ¥ U DPACIOJIOKEHHBII TaKUM 00pa3oM, 4To Kaxjad (n — 1)-mepHas rpanb S
COJIEPZKUT XOTsI OBl OJIMH M3 €ro KOHIOB. VIMEHHO 9TOT OTPE30K U SABJIACTCS €JIMH-
CTBEHHBIM OTPE3KOM U3 S MaKCHMAJILHOM JIJIMHBI, HAPAJIEIBHBIM v. DTa KII0UeBast
XapaKTepU3alns MAaKCIMAILHOTO OTpe3Ka IoJrydeHa B [16].

Kax ciencrsue, ormernM takoe yrBepikaerue. [lycrs (S5 v) ects (n—1)-mepHas
Mepa TIPOEKIHI CUMITIeKCa S Ha MHIEPILIOCKOCTh, OPTOrOHATBHYO BeKTopy v. Vme-
I0T MECTO PaBEHCTBA

n - vol(S det -
B(Si0) = "ee) = ,HUHZImJI (1.19)

s qacTHOTO ciIydas, KOTJa v KOJJIMHeapeH KOOPJIWMHATHON OCH, 9TOT Pe3yIbTaT
ObLIT TIOJIyUeH B IIPEJIBIIYIIEM ITyHKTE.
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1.5. BEJIMYUHEI £(C; S) U £(S)

1.5 Besmunust £(C; S) u &(S)

[Iycrs S — HeBbIpOXKIeHHBIH cuMmiuieke, C' — Boimyksoe Teo B R™. Ilpuseaém
psiyt yTBeprKieHuit o Borauciaenun seanaunel {(C;S) = min{c > 1 : C C oS}.
[Tockosbky &(C;S) = 1 Torga u Tosbko Torja, Korga C' C S, paccMOTPUM CJrydai,
korga C' He siBysiercst noamuokecTBoM S. Clie/iyroliue Tpu yTBEPKJICHUs B3sThI
u3 monorpadun [13].

Jlemma 1.1. Ilyemv C' ¢ S u 1 < j < n. Ipednoaoorcum, wmo j-a (n — 1)-
mepras  epany  cumnaerca £(C;S)S  (napaanesvhas epanu S ¢ ypasnenuem
Aj(z) =0) codeporcum moury C. Tozda

£(C;8) = (n+ 1)max(—\;(z)) + 1. (1.20)

zeC

Jloxazamenvcmeo. Tak Kak j-s rpaHb CUMILIEKCa S YIOBJIETBOPAET YPABHEHHUIO
Aj(x) =0m&(C;S) > 1, to j-a rpans cummiekca {(C; S)S ynosiaersopsier ypase-
Huto —\;(2) = p ¢ HeKoTopbIM 1 > 0. Obo3HaumM depes3 z Touky C, IpUHAIEKA-
myto j-it rparu £(C;S)S. Ilyers ¢ — nentp tszkectn S, b — obias ToYKa 0Tpe3Ka
[c, z] u rpanuner S. Onpexnenenne &(C;S) maér

_ ==l

S(C;S)_M'

(1.21)
Toukn ¢, b, z exkar Ha ofuoi mpsimoit. [Tosromy (1.21) sKBUBATIEHTHO PABEHCTBY

€(C;8) = % (1.22)

Heitcrurennbo, obosnatum & = £(C; 5). U3 (1.21) umeem

_ 2=

2 =
16— el

(b—c)+c=¢&0b—c)+c.

[Tockombky A;j(z) = 121 + ... + Ty, + L1 j, IpaBas dacTb (1.22) pasHa

Ai(2) = Ajle) A€ — ) +¢) — Aj(e) _
Aj(b) = Aj(c) Aj(b) = Aj(e)

n n

2L (§(bi — ci) +¢i) + g1y — ; lijei = lyvry €32 Lij(bi — i)
C;

=1 i=1
)

n n

> lij(bi — ¢i) lij(bi —

i=1 =1

=¢.

Tem caMbIM BBITIOJIHSAETCST paBeHCTBO (1.22).

Ocraercs npusecrn (1.22) k myzkuomy Buay (1.20). Bapurenrpriaeckne Koop/iu-

HATBI IICHTPA TAKECTH CUMILICKCA OJUHAKOBBLI I PDABHBI nL [Tostomy Aj(c) =

1
+1 n+1-
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

= 0.
—Ai(2) = p > —\;(z). Cnegosarennsio, —\;(2) ax(—A\;(x)). Ilosromy u3 (1.22)

Kpome Ttoro, A;(b) [Tockombky C' C £(C;9)S, ma x € C BBIIOTHSIETCS
=m
zeC
cliejLyeT

Jlemma 1.2. ITycmv S — nesvipoostcdennviti cumnaerc, C — vinykaoe measo
6 R™. IIpednonostcum, wmo C ¢ S. Ecau cumnaexc £(S)S onucan soxpye C, mo

max (—A(z)) = ... =max (—A,41(x)). (1.23)

zeC zeC

Jlokasamenvcmeo. Tlo ycnouio, Kaxygast (n — 1)-mMepHas rpaHb CUMILIEKCA
£(C; S)S comepxkut TouKy Bbimykoro Teia C. U3 memmer 1.1 nomydaaercs, aro (1.20)
BBITIOJIHsACTCH Ipn mioboM § = 1, ..., n+1. Ciaegosaresnnio, macg((—)\j(x)) HE 3aBHCHT

xe

or j, T.e. umeer Mecto (1.23). O
Teopema 1.2. I[Tycmo S — neswpoorcdernviti cumnaexe, C — svinykioe meno

6 R™. IIpednoroorcum, wmo C' ¢ S. Tozeda
E(C;8)=(n+1) max max(—Ag(x))+ 1. (1.24)

1<k<n+1 zeC

Pasencmeo (1.23) sxsusasernmmo momy, wmo cumnaexc £(S)S onucan eoxpye C.

Joxazamesvcmeo. OdeBuiHo, HARJIETCA HOMED j, YJIOBJIETBOPSIONINN YCIOBUIO
aemmbl 1.1. M3 (1.20) caemnyer, aro £(C;.S) me mpeBocxomut mpasoii wactu (1.24).
[TokazkeM, 9TO 9TO HECTPOrOe HEPABEHCTBO (DAKTUIECKH SIBJISIETCA PABEHCTBOM.

[Iycrb BHemHMiT MakcuMyM B TipaBoit wactu (1.24) nocruraercs Ha k = k*. B cu-
ay slemmbl 1.1 yist mokasarenbersa (1.24) mocTaTodHO yeTaHOBUTD, 9TO k*-51 TpaHb
cumiiekca &(C; S)S comepxkut rouky u3 C. [Ipeanonoxum nporusroe. O603HAUNM
yepe3 z Touky C, Ha KOTOPOH JOCTUraeTcCs I?ea(f*((_)\k*@))' Ecan Ag«(2) > 0, 1o

npasasi gactb (1.24) me npesocxomut 1; 310 nporusopeunt yeiaosuio C' ¢ S. To-
sroMy A+ (2) < 0. B 9T0M Ciiydae z JIeXKUT MEXKJly THIEPIJIOCKOCTBIO, 3a/1a0mmei
k*-to rpanb cumiiiekca £(C'; S)S, n runeprutockoctbio A\g«(x) = 0. Ilycts ¢ — mieHTp
TsizkecTn S, b — TOUYKa IMepecevdeHus IpsMoil (¢z) ¢ THIepPIIOCKOCTBIO g« () = 0.
MnteeM Ag-(¢) = =5, A= (b) = 0. Paccyziennst o cxeme 0Ka3aTenbCTBa JeMmbr 1.1
U coO0OparKeHus MoJ00usl IPUBOAAT K TOMY, 9TO

e (2) = M (0) _ M (2) — o
A (b) — Ap(c) =

n+1

£(C;8) >

D10 naér

EC;8) > (n+1) (= (2)) +1=(n+1) max max(—M.(z))+ 1.

1<k<n+1 z€C
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1.6. BEJIMYUHBI o(C; S) U oS)

Mbr nostyawmiu, 9ro jeBasi 9acThb (1.24) MpeBOCXOAUT MPABYIO YaCTh. DTO MPOTUBO-
peune JIOKa3bIBAET MEPBYIO YaCTh TEOPEMBI.

[lepeiiém K joKkazareabeTBy BTopoii yacru. [lycers Boimosnsiercs: yeaosue (1.23).
Torna kaxkmas (n — 1)-mepras rpasb cumiuterca &(C;.S)S comepxkut Touky u3 C.
eficTBuTe IbHO, €c/in [ HEKOTOPOIi TPaHK 3TO He TakK, TO, PACCYKJIasi, KaK 1 Bb-
Ie, Mbl YCTAHOBUM HEBO3MOXKHOCTB y2Ke JoKazaHHOro pasencrsa (1.24). C yuérom
aemmbl 1.2 yenosue (1.23) skBuasentao ToMy, uto cuMmiueke &(C';S)S onucan Bo-
Kpyr BoinyKJoro Tesna C. Teopema mokazana. O

Otnenpao octanoBuMcs Ha ciaydae C = Q. Muorowren u3 II; (R") npunumaer
MUHUMAJIbHOE U MaKCHMaJbHOe 3HadeHnst Ha Kybe (), = [0,1]" B BepmmuHaax Kyba.
B cBasu ¢ srum Besmanna max(—A\;) npu C' = (), MOzKeT OBITH 3aMeHEeHa Ha PABHYIO

C

Besmunny max (—A;). Pasencrso (1.24) npunuMaer BuJ

Ver(Qn)

E(S)=(n+1) max max (—Mg(z))+1, (1.25)

1<k<n+1 zever(Qn)
a ycsore (1.23) cBoauTCs K COOTHOIIEHUIO

max (—A(x))=...= max (—A,;1(2)). (1.26)

zever(Qn) zever(Qn)

1.6 Besmunubsl o(C;S) n «afS)

Ha coBokymHOCTH BBILYKJIBIX TeJI B R" MOXKHO BBECTH HEKOTOPBIE METPHKH, OIIPE-
JieJiieMble B TepMUHAX roMoreTuu ¢ Koaddurmentom o € R 1 napasuiesbHOro mnepe-
Hoca (cM. 0630p B [3]). B arom mynkTe Mbr o6parnmes K Besmanne o(Cy; Cy), KoTopast
TaKKe UCIIOJIb3yeT TOMOTETHIO U HapaJlIesbHbIN meperoc. OIHAKO B HAIEM CJIydae
KO(DDUIMEHT TOMOTETHHI TPEOIATAeTCs TTOJOKUTETHHBIM.

I[To onpenenenuto, eciu Cy,Cy C R™ — npa seinykibix Tena, «(Ch; Cy) paBHO
MEHEMAJIBHOMY 0 > 0, 1yist KoToporo C HPUHA/IIEKUT TPAHCIISATY BBIIIYKJIOTO TesIa
0Cy. Cunraem o(C) := a(Q,; C).

Kak MbI J0Kakem HUKe, JIJIs BBITYKJI0r0 Tejia C' U CUMILIEKCa S CIIPaBeJTHBO

n+1
a(C;S) =) max(—\j(x)) + 1. (1.27)
= zeC
Brecy A; € 1I1(R") — Gasucuble muorowrens Jlarpamka cumiuiekca S. B ciayqae
C' = @,, paserctso (1.27) npuBoUTCS K BULY

alS)=>" di(15)' (1.28)



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

X2

Puc. 1.2. Cummiekcer S u £(5)S

[Iycte S — HeBbIpOXKIeHHBIN cumiieke, C' — BbimykJoe Tejqo B R™. Beném
B PaCCMOTPEHHE BEJIMINHY

n+1

V(€5 5) = ) max(—A(r)) + 1.

Creyromniue JiBe JIeMMbI JOKa3aHbl B [14].
Jlemma 1.3. Jaa o >0 ut € R™ swnoanaemen (C; 05 +t) = 1¢4(C; S).

Jokasamenvcmeo. Hycrs oM, ... 2™t — pepmmnmer cummrexca S, y™, ...,
y™ Y — pepmmubl cuMiuiekca oS 4 t. Ouesmano, y*) = cr(a:(k) — c) +c+t =
ox®) — ' 3neck ¢ — nentp Taxectu S, t' = —(1 —o)c—t. Oupenenum MHOrOUIEHb

A; € II; (R™) ¢ moMoIpio paBeHcTs

+t .
Aj(x) ::)\j<xa ), j=1,....,n+1.

Torma A; (y™*)) = A; (¢®) = 6% Hosromy Ay, ..., Ay cyTs Gasucubie MHOTOUICHDE
Jlarpamxka cuminiekca 0S5 + t. Tak kak A; € 1I; (R"), To

Aj(@ +8) = Aj(@) + Ai(8) = A5(0),  Aj(x) — A;(0) = 7 [Aj(x) — A;(0)] .

18



1.6. BEJIMYUHBI o(C; S) U o(S)

Puc. 1.3. Cummiekcer S, a(S)S u tpanciar cumiutekca aS)S, comepxRarmuii Ky6

C yuaeroMm 31010

Aj(z) = >\j<x+t/> = >\j<£> + /\j<t—/> —(0) =

o o o
1 1 t 1 t 1
Takum obpasom,
n+1
PY(CroS +1t) = max —Aj(x)+1=
j=1
n+1
1 t 1
=2 max[ =5 h@ =4 (5) + Zh0] + 1=
1 n+1 n+1 Y 1 n+1
= 2 max(=4(2)) - Z%(;) +- Z)\j(o) +1=
J= J=1 J=1
1 n+1 1
= = > max(Ai(2) + — = ~w(C:S).



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

MBI BOCIIOIB30BAJIICH T€M, 9TO B cOOTBeTCTBHH ¢ (1.3)

n+1 # n+1
>N <g> => N(0)=1.
j=1 j=1

Il
JIemma 1.4. I[Tycmo p((x) = a1x1 + ... + apZy + apyq. To20a
1 1 1
— — ., =) == il 1.29
e (=p() +p(30 0 5) 32l (1.29)
Jloxasameavcmeo. Ecomm x; = 0 wm x; = 1, TO |% — x| = % [TosTomy

s x € ver(Qy,)

p(%,...,%) — p(z) :iai<%—xi> Siil|ai|

1=

1
2

1 n

Omnpenennm z* € ver(Q,) ¢ momorpio paBeHcrs: z7 = 0, ecimm a; > 0, u xf = 1,
ectn a; < 0. Jlma x = x* HepaBeHCTBO, cojepzKaliieecss B IPeIbIyIeil Mernovke,
obpalaercs B paBeHCTBO. DTO 03HAYAET, 4To uMeeT Mecto (1.29). U

Teopema 1.3. [Iycmo C' — swuinykioe meao, S — HeGuPOAHCICHHBIT CUMNAEKC
e R". Tozda

a(C;S) =¢(C;S). (1.30)
B cayuae C = Q,, umeem
nt1 noog
a(S) = 2. xervréﬁén)(—)\j(x)) +1= ; 5 (1.31)

Jloxazamesvcmeo. V3 oupenenenns o(C; S) u £(C; S) ciepyer, 94To CyImecTByOT
o> 0ut e R" a1t KOTOPBIX CUMILIEKC S1 = 05+t He comep:kuT C' 1 BBIIOJTHSIETCSI
a(C;S1) = £(C; S1). Bamernm, 9To TOra KaxKas (n — 1)-MepHast paHb CHUMILIEKCA
£(C; S1)S1 conepxut Touky uz C. (IIpeamosoxum, ato 310 He Tak. Torma HaligéTCs
qucsio 7 € (0, 1) Takoe, uro C' npuHaiekuT Tpancaary cumiiekca (7E(C;S1))Sh.
B srom cayuae 6yger mvers mecto o C; S1) < 7E(C;Sy). Ilocneanee nepaBeHcTBO
nporuBopeunt pasenctBy aC; Sy) = &(C; 51).)

Cuauasa nokazkem, 9to (1.30) BbImosHSETCS JUisi cuMIutekca S. [lycrs A —
6a3ncHble MHOTOYWIEHB! JIJIs 9TOr0 cuMIlIekca. [puvenss k S gemmy 1.1 (¢ j = 1)
u jgemmy 1.2 momyanm

a(C;8) =¢(C;51) = (n+1) I;leaé((—A’{(x)) +1=
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1.6. BEJIMYUHBI o(C; S) U oS)

n+1
= 2 Igleacx(—/\j () +1=9(C; ).
Teneps BepuéMcs K cumiiekcy S. Ouesnuno, a(C;S) = a(C; 05 +t) = %oz( ;S).
Jemma 1.3 naér ¢(C;S1) = ¢(C;08 +t) = 1¢(C; S). Mockomsky a(C;S)) =
P(C; Sy), umeem o(C; S) = (C; S). Urak, (1.30) mokazaHo.
[Tepeitném K mgokazaTebCTBY BTOpO dactu TeopeMbl. [lycts C' = @Q),. Makcu-
myM MHOTOWwIeHa u3 [T (R™) Ha BBITYK/IOM MHOIOIDAHHUKE JIOCTUTAETCS B BEPIIMHE
muororpananka. [Tosromy

max(—A;(z)) = xervgggn)(—&(w))-

N3 (1.3) caeayer, 1aTo
n+1

ZA]G, . %) ~ 1. (1.32)

j=1
[Tpumensis, kpome (1.32), ere semmbr 1.3 u 1.4, a Takzxke dopmyiy (1.7) mist oceBbIx
JIMAMETPOB CUMILIEKCA, MOJIYIUM

n+l n+1
V(QniS) = ) _max(=Aj(z)) +1= ) max (=X;(x))+1=
Jj=1 j=1
n+1 1 n+1 n
=3 e [0+ a (G g)] =5 l=
J=1 j 1 =1
n n+l

:_z;z;|ll]|_z ( )

CrenoBarenbao, paBeHCTBO a(S) = a(Qn; S) = ¥(Qy; S) SKBUBAIEHTHO COOTHOIIIE-
n

o a(S) = ; ﬁ. [Tostomy Beinosasiercs (1.31). Teopema nokazana. O

B npusenénnom Buje teopema 1.3 mokazana M. B. Hesckum B [14]. Pasencrso
(1.28), casbiBatoniee «(S) ¢ OCEBBIMU JIMAMETPAMU CUMILIEKCA, JIOKA3AHO JBYMS
criocobamu B [34] (em. Takxke [13, rur. 1]).

OrmeruM, 9To tpu ycranoBiaeHun (1.28) st IpOU3BOJBLHOTO BBIMYKJIONO TeJa
C C R" 6p1I0 JOKAa3aHO HEPABEHCTBO

<2 (1.33)

Eciu C' — HeBbIpOXKIeHHBIH cuminieke B R™, 1o, Kak Mbl okazasu, (1.33) aBiasgercs

pasencTBoM. OOpaTHOE yTBEPXKIEHNE BEPHO JIUINb B CIydae n = 1, KOraa BBIILYKJIOe
resio C' ectb orpe3ok u oC) = m. Ecmu n > 2, To nogxousiimum C, OTJIMIHBIM
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

OT CHMILTIEKCA, SBJIsieTCss MHOXKeCTBO 1 > 0, ..., x, > 0, n < > x; < 2n. B sTtom
upumepe di(C) = ... = d,(C) = n, a(C) = 1, nosromy Jsieast u npasas gactu (1.33)
oJMHAaKOBBI U paBHbI 1. /lokazaTeabcTBO U 0ODOCYK/IeHNE MHTEPECHOIO HEPpaBEHCTBA
(1.33) matorca B [12].

1.7 CaencrBus

B sTom IIYHKTE MbI HpI/IBe,ZLéM HEKOTOPbIE CJICACTBUA PAaBEHCTBaA

n

(1.34)

DTHU CJIeACTBUS, UMEIOIIIE B OCHOBHOM MeOMETPUIECKUIl XapaKTep, OTMEeJa/IiCh B CTa-
thax [10], [34], [16], [17] u monorpadun [13].
1.7.1. Ilyctb V — HEBBIPOXKJIEHHBIN IapaJiieieluie]; B H(%;@, pebpa KOTOpOro
o K2
3a1af0TCs JTHHefiHO HezaucuMbiMu BekTopamn vD . 0™ d¥" — makcmmanbHas
JUIMHA OTPe3Ka, MIPUHAJIEZKAINEro cuMIuiekcy S n mapasuienassoro v, Torma

Z d‘lff) (1.35)

JleficTBuTe/IbHO, JTIOOBIE JIBA HEBBIPOXKJICHHBIX MapaJuiesenure/a B R™ adpdunno sk-
BuBaJsieHTHBI. CooTBeTcTBYyIOMIEe adduHHOE Mpeodpa3soBaHie TMEPEBOIUT CHMILIEKC
B CUMILJIEKC U coxpaHsierT orHorenue . CienoBarebio, paeHcTBo (1.35) sxBu-
BAJICHTHO €r0 YacTHOMY BapuaHty jyist V = @,, T.e. paBerctBy (1.28).

1.7.2. OrveTnM cireyromyo BO3MOXKHOCTE BbraucaeHus «(S) depes koadhdu-
IUEHTHI [;; 6a3MCHBIX MHOTOWICHOB Jlarpanrka cHMILTeKca S

n n+l

Z > 1l (1.36)

21]1

[Tosesnast qyist Boraucsenuii hopmyna (1.36) Borrekaer u3 (1.28) u (1.7). 13 (1.36)
u (1.5) mosyuaercs, 9ro seaununa o(S) pasHa CyMme NOAOHCUMENDHHIT INEMEHMOB
seprrur n cmpox mampuyvt A~ u odnospemento pasra cymme modyaeti ompua-
MENLHOIT INCMENMOE IMUT CMPOK.

YkaxeM jBa anajora (1.36) — s kyba @), = [—1,1]" u ;g 1pon3BoIBHOTO
napaJsuiesienume/a V.

1.7.3. Bemnunna o(C; S) He MeHsieTcs P TapaJIIe/IbHOM [IEPEHOCe MHOYKECTB,
u npu 7 > 0 Bepro «a(7C;S) = 1a(C;S5). Hockompky Ky6 Q) = [—1,1]" ectb
TpaHCIAT Ky6a 20),, To npu 3ameHe (), Ha @), u3 (1.36) momyuaercsa dpopmyiia

n n+l

(@ S) =D Iy, (1.37)

i=1 j5=1

22



1.7. CJIEACTBI

1.7.4. Ecnu V' — napaJuiesnenune/1, BBeJICHHbIN B 11. 1.7.1, TO

n n+l

a(V;S):%ZZ

i=1 j=1

n

Z lkjv,(:) .

k=1

(1.38)

Pagsencrso (1.38) moxkeT 6bITh moJrytueno u3 paseHctsa (1.35), ecan mpeobpazoBaTh
senmaunsr d° (S) ¢ nomompio coornomenust (1.16) s v = v,

1.7.5. Ecm Q, ¢ S, o > ﬁ < &(S), npuuéMm paBeHCTBO SKBUBAJIEHTHO
i=1 "

KazKJIOMy U3 JABYX PaBHOCHUJIbHbIX yCJIOBHfIZ

() = ... = A, , 1.39
jnax (=i (2)) e | (= Ans1(2)) (1.39)
cumiieke £(S)S ommcan BOKpyT Q. (1.40)

ITepBas wactb caemyer u3 (1.34) n mepasencrsa aS) < £(S). s nokazaresns-

CTBa BTOPOIi YaCTH 3aIUIIEM 9Ty OIEHKY Uepe3 Oa3ucHble MHOTOWIEHBI Jlarpamxa.
Coruacnuo (1.25) u (1.31),

n+1

a(S) = 2. e (ZA@)+1 &(S) = (n+1) max = max (-A(z))+1.

Coornomenne a(S) < £(S) sKBUBAIEHTHO

n+1

ma “AMz)<(n+1) ma ma: —Az)). 1.41
= $€ver(>Q(n)< ( )) - ( )1§j§73(+1 xEVer(}én)( ( )) ( )

Pagencrso a(S) = £(S) BbIONHACTCS JIUITB TOT/A, KO/l CIPABE/JINBO PABEHCTBO
B (1.41), a umenuo npu yciosuu (1.39). Ocraércst 3aMeTHTH, 9TO PABHOCHJILHOCTD
yesosnit (1.39) u (1.40) ormeuasacs B 1. 1.5.

1.7.6. Ilycts S C @,,. Torma £(S) > a(S) > n. Ecm £(S) = n, o a(S) = n
u i oboro ¢ BepHo d;(S) = 1.

Heiicteuresnbro, Brioderne S C @, Breuér d;(S) < 1 mus Beex @ = 1,...,n.
[TosTomy

€8) 2 a(8) =3 7 (15) >,

Ecau £(S) = n, T0 Bce BeIMUnHBI B 9TOM MEMOYKe OJMHAKOBBI U PAaBHBI n. B sToM

CcJIydae U3 COOTHOIICHUH » ﬁ =nu d;(S) <1 monyuaem d;(S) = 1.
i=1 "

1.7.7. PaccMoTpuM n-MepHBIH cuMILIeKC S*, OrpaHMYIEeHHBIN TUITEPILIOCKOCTAMM
x; =0wu Y x; = n. OueBngno, Q, C S*. dna moboro i = 1,...,n cummiekc S* co-
JIEPKUT OTPE30K JIMHBL N, NapaJlieJbHblil (B JAaHHOM CJlydae — IPUHAJJIeXKAIIN)
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

1-#1 KoopaumHaTHOM ocu. OUeBUIHO, ITO HE KayKIbIil CUMILIEKC S, comepxKammit (),
UMeeT 9TO CBOMCTBO. 3aJa uMcsi BOIIPOCOM O CYIIECTBOBAHUM B S YKAa3aHHOTO OT-
pesKa XoTs ObI 711 0gHOro 7. OTBET Ha 3TOT BOIIPOC OKA3BIBAETCSI MTOJI0OKATETLHBIM.
Nmenno, nyems Q, C S. Toeda das wexomopozo i@ = 1,...,n eepno d;(S) > n.
Hnave 2060ps, 0aa Hexomopozo i cumniekc S codepotcum ompezox OaurbvL M, Na-
PAANEALHBLT T-T KOOPIUHAMMHOT OCU.

HeiictBuresnibHo, n3 BRIOYeHus (), C S ciaexyer, uro «(S) < 1. Ecim 6w
JJIst BCeX 1 BBINOJIHAIOCH d;(S) < n, TO, HAIIPOTUB, OBLIO ObI

n

[osTomy cymiectByer i, jyis Koroporo d;(S) > n.

1.7.8. 3nech n Humzke V' — mnapasuienenunel, BBeaéHubiil B 1. 1.7.1. Eciim V' C S,
TO JIjIsi HEKOTOPOTO & = 1, ..., N CUMILIEKC S COJNEPIKUT OTPE30K, KOTOPBIii mapaJi-
nenen v u mymma koroporo pasra n||v®||. Kaxmplit n-MepHbIl mapaJiieenmmes
adpurHO dKBUBaAJIEHTEH KyOy. [losTOMy 9TO yTBep:KJieHHe T0CTaTOYHO JOKa3aThb
s Vo= @Q,. Ho B TakoMm Bujie OHO COBIIaJIaeT ¢ MPeIbIIYIIUM CJIEJCTBHEM.

1.7.9. Eciiu Q,, C S, To 171 k03 urimeHToB 6a3MCHBIX MHOTO'/IEHOB Jlarpanxa

CUMILJIEKCA S BBIIIOJIHAETCA
n n+l

YD i<

=1 j=1
Caenyer u3 nepasercra aS) < 1 u (1.36). Bamerum, uro eciu S C @, TO

n n+l

i=1 j=1

9T0 SKBUBAJICHTHO orenke a(S) > n.

C npumenenneM (1.34) Gosiee IPOCTO MOJIYYAIOTCST HEKOTOPbIE DAaHee N3BECTHBIE
pesyibrarhl. YrBepxkaenus u3 mi. 1.7.10, 1.7.11 nokazanbr Jlaccakom [31]. Pesyiib-
tat u3 1. 1.7.12 npuseaén Bamra [25].

1.7.10. IIpemnonoxum, uro —+S C V C S. Torma aasa moboro i = 1, ..., n

n

cumeKe —+ S COJIEP’KHT POBHO OJIMH OTPE30K, KOTOPBIi napaiiesnen v u uma
kotoporo pasza |[v®|.

VTBepK IeHrne CBOINTCS K Ciydaio V = (), KOTOPBI MBI M pACCMOTPHUM. TaK Kak
n

—15C Qn, 10 di(—1S) < 1. Bmaunr, d;(S) <nua(S) =Y 715 > 1. Brmouenne
i=1

di(S) =
n
Q. C S maér nporuBonosokuoe HepaBeHCTBO (v(S) < 1. Tem cambim 231 ﬁs) = 1.
1=

D10 paBeHCTBO OY/IET HAPYIIATHCS, €CJIU CyIIecTByeT Takoe k, 1to di(S) < n. Ilo-
STOMY JIist JTI060r0 ¢ oceBoit quamerp d;(S) pasen n. [Toaygaem, aro di(—%S) =1.
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1.8. O TOMOTETMYECKOM OBPASE CUMIIJIEKCA

EuHCTBEHHOCTD COJIEPIKAIIETOCS B CUMILIEKCE —%S OTpe3Ka JJINHBI 1, napaJuielib-
HOT'O OCHU X;, ceyeT u3 Teopemsbl 1.1.

1.7.11. [Iycts cummieke S C V' mMmeer MakCUMaIbHbBIN 00BEM U3 BCEX CUMILIEK-
coB, npuHa exkamnmx V. Torma mjis KaxKIoro ¢ CUMILIEKC S COJEPIKUT €IUNHCTBEH-
HBII OTPe30K, KOoTophIil mapaseten v u ammma koroporo pasma [[v@ .

s mokazarenbeTBa 3ameruM, 9to V' C —nS. B mporuBHOM ciiydae HEKOTOpast
BepmmHa S Morjaa Obl OBITH IepeMereHa B V' TakuM o0pa3oM, UTO €€ PacCTOSHUE
JIO TIPOTUBOIIOJIOXKHOM I'PaHN CHUMILIEKCa YBeJIUIUI0Ch. [loyanBmmiics TakuM 1my-
Tém cumiieke S’ C V' oynosiersopsn 661 HepasencTsy vol(S’) > vol(.S). Iocaemmee
HEBO3MOKHO B CHJIy TOTrO, 9TO S UMeeT MaKcuMaJbHbIi 00béM B V. Utak, V C —nS.
O6osnauum 1T := —n.S, Torga S = —%T. Nneror MecTo BKIIIOUEHNS —%T cV cT.
OcTaércst IPUMEHUTD K CUMILIEKCY ' TpeJIbIIyInee CJIe/ICTBHE.

[Ipumensist 3T0 yTBep:KIeHUE K V = (), TIOJIyIaeM CJIeyroriee CBoicTBo. Feau S
— CUMNAEKC MAKCUMAADHO20 00BEMA 6 Yy, MO 0aa He20 Kaxcdvlll ocesoti duamemp
pasen 1. ObpaTHOe yTBEpKJIeHIe BEPHO JIUIIb Jjisd 1. < 2 (pacCMOTPHUTE 3TOT BOIIPOC
CaMOCTOATEJIBHO).

1.7.12. Tlycts S — HeBbIpOXKIEHHBIH cuminiekc, Vi, Vo — mapaJureenumnesn
B R". IIpeanosnoxum, aro V5 ecThb pe3yabrar romoreTnn Vi ¢ Koadduimentom o > 1.
Ecmu Vi C S C V, to 0 > n.
Jlocrarouno paccMmorpersb ciaydait V) = @), korma Vo ecTh TpaHCaAT Kyda 0@),.
n

Tak xak S C Vs, umeem d;(S) < o. Brutouenne Q,, C S maér a(S) = > ﬁ <1
i=1 "
[Tostomy = < > ﬁ < 1. Bnayur, ¢ > n.
i=1 "

1.7.13. Ilycte V C S ecth mapasuienenumes; MAaKCUMAJIBLHOTO 00bEMA B CHUM-
mwirekce S. Torma misa Kaxkzoro ¢ = 1, ..., n CUMILIEKC —%S COAEPKUT POBHO OJIUH
OTPE30K, KOTOpEIil mpuHa yiexkut V, napaienen v u pmma koroporo pasna |[v® ).

Kaxk mnokazano B [31], HekoTopblit TpancaaT napasuiesenurea nV cogepxutr S.
Ob6ozuaunm sror Tpauncaar depe3 U. Tak kak —U = U, To U comepKuT TPaHC/IST
cuminiekca —S. 3Ha9IuT, V' COMEP:KUT HEKOTOPBIM TPAHC/IAT CHMILIEKCA —%S. Tax
Kak V' C S, TO MOCIeIHNI TPAHCIAT COAEPKUTCSI B S 1, CIIeI0BATEIBHO, IIPEICTaB-
JisieT coboit —%S. Taknm obpazom, —+S C V C S. Tenepb JOCTATOYHO TPUMEHNTH

npe;toxkenne us 1. 1.7.10.

1.8 O romorermvieckoM odOpas3e CUMILIEKCA,
IoTJIoNIaIoNnieM KyO

Ob6o3HaunM gepe3 S, 00pa3 cUMILIEKCa S IPU FOMOTETHH C IIEHTPOM B TOY-
ke r € R" u koacpdurnmentom 0. PaccmorpuM 3aj1a4y O BBIYUCIECHUN TaKOUW TOYKHU

xr € R™, 171d KOTOPO#l ¢ MUHUMAJILHBIM BO3MOXKHBIM Kodddunuentom o > 0 s
HEBBIPOKIEHHOT'O N-MEpPHOTO CHMILIEKCa S CIpaBeJInBO BKaodeHue (), C Si,.
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

Bajlava uMeeT perenne, U IMpUIéM eIMHCTBEeHHOoe, B ciaydae a(S) # 1; upu s1oM Mu-
HUMAaJbHOE 0 KakK pa3 u paBHO «(S). Ilpueném dopmyIibl, B KOTOPBIX HEHTD & M-
HUMAJILHOH IIOJIOXKUTEJIHbHOU I'OMOTETUN IIpu IIOIVIOIIEHNN CHUMIIJIEKCOM €JIMHUYIHOI'O
Kyba BBIYHCIIAETCA Yepe3 BepImuHbl S 1 4ucia l;; — Ko3bUIuenTs MHOTOYICHOB

Aj.

U3 onpenenenus o) craeyer, 4T0 HEKOTOPbI TpaHcIAT cuminiekca oS)S omm-
caH BOKDPYT @y, T. €. KaxK/as (n — 1)-MepHasi IPaHb 9TOI0 TPAHCJIATA COIEPKUT Bep-
muny @,. osromy a(S) = 1 Torjga u TOIBKO TOT/A, KOTJIA CYIIECTBYET TPAHC/IAT

S, onucaHHbI BOKPYT (), .

n
_ 1
Teopema 1.4. Ecau o0 = § e # 1, mo cywecmsyem eduHcmeeHHas Mowka
1=

x = (z1,...,2,) makaa, wmo Q, C Sy . Umerom mecmo paserncmea

1 n+1 n )

j=1

. k=1,...,n (1.42)

n
Ecau oice 0 <0 < ) ﬁ, mo o mobot x € R™ eepro Q,  Sy.0.
i=1"

OrmeTrM GOPMYIIBI, B KOTOPBEIX YYaCTBYIOT JIUIIL BEPIIMHBI S U 9nCHaa l;;.

Teopema 1.5. Yeaosue aS) # 1 axeusarenmmo

n n+1l
SN il # 2. (1.43)
i=1 j=1
n n+l
IIyemo evmoaneno (1.43) uw o = 13 3 |l;|. Toeda eduncmeennan mowra x,

i=1 j=1
das komopot eepro exaouenue Qn, C Sy 5, MOHCEM OVIMB BHIYUCAEHA O HOPMYAAM

n+1 n .
5 ( m-r) 9 1
j=1 \i=1

1=

T —

kE=1,...,n. (1.44)

n n+l ’

> 2 gl =2

i=1j=1

Teopemer 1.4 u 1.5 mokazaner B crarbe [15]. @opmyssr (1.42) u (1.44) moryt
OBITD MOJIE3HBIMI TIPH PENICHAN PA3INIHBIX BBIUNCIUTEIbHBIX 3872, B 0COOCHHOCTI
C IPUMeHeHneM KOMIIBIOTEDA.

1.9 IIpumepsl n MWLIIOCTPAINNI
1.9.1. Ilycte n = 2, S — TpeyronbHUK ¢ Bepmmaamu 1) = (1, l) = (l 1) ,
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1.9. IIPUMEPBI 1 WJIJIKOCTPAIINN

3 = (0,0). Torma

1 11 8§ _2 _6

4 7 7 7

1 —1 4 8 4

A=l 1L 1), A =1{ -3 7 -3
00 1 0 0 1

KosddunmenTsr 6a3ucHbIX MHOTOYJIEHOB JIarpanka cOCTaBIISIOT CTOJIOIBI MATPHUITHI
A=Y, mosTomy
8 4 2 8 6 4
)\1(1’):—1'1——1'2 )\2(1’)2——1'1+—$2 )\3<$):——.I'1——Z'2+1.
7 77 7 77 7 7
B coorsercrBum ¢ (1.4) cummieke S (¢ rpaHuIieit) 3agaéTcest cUCTEMO JTMHEHHBIX
HEPABEHCTB:

6 4
?xl——xQZO, ——$1+—I2>0, —?Il—il’z%—lzo

[TycTh maHbl TOUKM 2 = (%,%), w = (i,%), h = (}L, %) . Tak xax Bce \;(z) > 0,
To 2z mpuHaIeRuT BHyTperHoctu S. Tak kak Aj(w) < 0, o w ¢ S. Haxowner,
coornorennst A;(h) = 0, A2(h) > 0, A3(h) > 0 osmaugaior, 4T0 h UPUHAIEKUAT
rpammIe S, a IMEHHO CTOPOHE, IPOTHBONOIOKHOf Bepmmae (V).

Beraucienust o dpopmyite (1.7) paror

L _1(8. 2 6y _8 1 _1/4 8 4)_38
di(S) 2\7 7 7) T dy(S) 2\7 7 7)) T

T. €. dl(S) = dQ(S) = %

Haiiiém KoopImHaThl KOHIIOB MAKCUMAJIBLHBIX OTPE3KOB PACCMATPUBACMOr0 BIA.
[Tpu i = 1 dbopmynsr (1.13)—(1.14) IpUBOAAT K CJIEIYIONMM PE3YIbTATAM:

BTSN S S G T
S11 = 6 — Y Si2= 16 _4_17 S13 = ~1g _Za
T T T

1 3 11
y(_l) = spzt) + spp2® + 5132 = 1 z® 4 1 2@ = (g, —) )

~1|00
+

8
7

t1n = =1, tip=

s

1
ysrl) = tna® + t190® + 1130 = 2 = <1, Z) .

W _

Konnpl makcumaabHOro B S OTpe3Ka, MapajiebHOr0 OCH T, €CTh TOYKH Y
1 :
(%, }L) , ysr) = (1, }1) . I[Ipm ¢ = 2 anajlorudao nosydaem

S21 = 57 512 =10, s13= 5,
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

X2

X4
X(3)
Puc. 1.4. IIpumep 1.9.1
1 1 11
y(_z) = 521x(1) + 5223;’(2) + 82330(3) = 5 M + 5 20 = (57 é) )

to1 =0, toa=1, to3=0,

1
y_(,’_z) = tgll'(l) + t22$(2) + t23$(3) = x(Q) = (5, 1) .

[TosToMy MakKCUMaJILHBIM B S OTPE3KOM, MapPaJLIeJIbHBIM OCH Tg, SBJISIETCA OTPE30K

C KOHIIaMU y(_g) = (%, é) ) yf) = (%, 1) .

Teneps maiiaém £(S) n aS). OueBnsmo,

4 2 3
—A = = —A =z, —A = —.
s (CN(e) = 5 i (Chle)) =% s (Shlo) = 2

Popmyma (1.25) gaér £(S) = 3- 24+ 1 = 2. Bermumny oS) cnadana BbIOUCIIM
c IpuMeHerneM pasencTBa (1.28), 3Hast OCeBBbIE JMAMETPHL:

1 18 8
O =gmtae -t T

Tor ke pesysbrar mpoire noJydaercs o ¢opmyie (1.36). B mannom ciyqae mosry-

. -1 16
CyMMa MOJLyJIeil 9JIEeMEHTOB JIByX HEPBBIX CTPOK A" paBHa <> — 3TO M €CTb a(S).

Bamernm, 9TO B 3TOM [IPUMepe NMEIOT MecTo cTporue HepasencTsa &(S) > a(S) > 2.
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1.9. IIPUMEPBI 1 WJIJIKOCTPAIINN

1.9.2. Ilycts n = 3, S — Terpasap ¢ seprmnamu ) = (1,0,1), 22 = (0,1,1),
3 = (1,1,0), 2™ = (0,0,0). D10 HpaBUIBLHLI TETPasIP, BINCAHHBIA B Ky6 Q3 =
[0,1] (cMm. puc. 2.2). B paccmaTpubaeMoii cuTyarmm

1oL Lot )

o1 o 7r o3z T3

S I R R B I

00 01 0 0 0 1

Basucubie MmuOrOwIeHB! Jlarpanxa —

1 1 1 1 1 1
Al(m):§$1—§$2+§$3, /\2($>:—§IE1+§$2+§$3,

1 1 1 1 1 1
)\3(1’):§$1+§l’2—§x3, )\4($):—§$1—§$2—§$3+1

[Tosromy cumiiiekce S (¢ rpanureii) 3a1aéTcst CHCTEMON HEPABEHCTB:
r1—22+w3 >0, —x+x2+ 23>0,

T1+ 29 —232>0, —x1—29—23+22>0.

Iycrs 2z = (3, 3,35), w=(1,0,0), h = (3,2,3), g = (0,5,3) . Tax kak X;(z) > 0,
TO 2z mpuHaIeKUT BHyTpeHHocTH S. Tak Kak Ao(w) < 0, To w & S. CooTHOIIEHUST
Ai(h) = 0, Xa(h) > 0, A3(h) > 0, Ay(h) > 0 osmavaror, uTo h sBISAETCS BHYT-
penmeil Toukoii rpanu, mporusononoxHoit sepimie (V. Hakonen, B cuity ycmosmit
A1(g) = 0, A2(g) > 0, A3(g9) = 0, \4(g) > 0 Touka g OJIHOBPEMEHHO MPUHAIEIKHUT
rpatsm S, nporusononokubsiM ) u 23, To ecrs npumamtexkur pebpy @z,

Beraunciium oceBbie JuaMerpbl S 1 MaKCUMaJIbHbIE OTPE3KH, apaJliebHbIe KOOP-
muHaTHBIM ocsaM. Popmyia (1.7) maér dp (S) = da(S) = ds(S) = 1. Paxr coBnajeHus
Beex d;(S) caemyer Takxke u3 (1.6) u Toro, 94To IIIOMAAN IPOEKIWI S HA KOOD/H-
HATHbIE IJIOCKOCTH OQUHAKOBEI (i pasHe! 1). Yucna s;; u t;; u3 (1.14) oxaseiBarorcs
CJIe Ty FOTTIIMU:

1
s11 =0, s12= 5 s13=10, sy = , bt =0

1
2
1 1 1
S21 = 5 S22 =0, $23=0, 524 = 5, to1 =0, t22:§, to3 = =, tau=0;
1
2

1 1 1
b p— O b p— 0 —_ - r pr— t —_ - tr —_ - t pr— O tr p— 0'
531 y 532 y 533 9 534 ) 31 9 32 9 33 ) 34

[Tosromy 1o dhopmyse (1.13)

4
1 _ GO_lo@, @y (gl
— trxl) = = — (0.2 =
yo ; 1T 2(x + z') (,2,2 :
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I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

11
(1) (3) — it
(x +x ) (1 5 2)

1 1
( )+$(4)) = (5,0,5) s

4

g =3 syyald =

j=1

Z t2;'

N | —

[\Dlr—t

MakcuMabHbIME B S OTPE3KAMHU, MapajlIeJbHBIMUA KOODIMHATHBIM OCAM, OKa3bl-
BalOTCd OTPE3KHU €JIMHUYHON JJINHBI, COeIUHLAIONINE CePeIMHbI IPOTUBOIIOJIOKHBIX
(ckpemuBaronuxcs ) pédep. Hampumep, MakcuMasbHbI OTPE30K, TTAPAJICIbHBINA OCH

) n yﬁrl) = (]_ 1 ) VYkazaHHbIE OTPE3KU IIEpEeCeKa-

1, UMEEeT KOHIIBI y(,) (0 1 1305

1212
I0TCA B IIeHTpe Kyba.
Haiiném £(S). pu Beex j = 1,2, 3,4

9

DN —

—\: —
e (=Aj())

nosromy 1o dopmysne (1.25) nomyqaem £(S) = 4 - 3 + 1 = 3. Kaxmas u3 dopmyn
(1.28) u (1.36) maér «(S) = 3. B srom npumepe coornorennst (S) > a(S) > n
npespammatorcs B paBencra: £(S) = a(S) = 3. D10, B 4acTHOCTH, O3HAYAELT, UTO
cuMILekc 35 omucaH BOKPYT Kyba ()s.

1.9.3. Ilycrs S ectb TpeyrosbuuK ¢ Beprmmaamu () = (1,0), z? = (%, 1),

= (0,0). BeraucanM MakCUMaJbHYIO JUIHHY OTpe3Ka u3 S 0TpesKa, apaJiieib-
Horo Bektopy v = (1,1). Haiiiém Tak:ke KOODJUHATHI KOHIIOB MAKCHMAJILHOIO OT-
pe3Ka.

B mannom ciygae

A =

ON—= =

Yucaa l;; cyTs snementsr AL
Beraucienust o dbopmyaam (1.15) garor



1.9. IIPUMEPBI 1 WJIJIKOCTPAIINN

Puc. 1.5. IIpumep 1.9.3

1 2
ap=ay=0, az=1, 51257 52257 B3 = 0.

Tak kak |[v]| = v/2, T0 110 bopmysie (1.16) umeenm

) 2||v 2v/2
d(5>:n+1” I L)
> Imyl

Jj=1

B coorBercrBun ¢ paBencrBamu (1.17) e MHCTBEHHBINH B S OTPE30K MAKCHMAJBHON
JUIAHBI, TAPAJIIETIbHBIA BEKTOPY U, €CTh OTPE30K |a, b, rie

1 2 2 2
=@ = (0.0 h=—M 2B = (2 2]
a=z" =(0,0), g+ g 33

Teneps naiiném (n — 1)-mepy (umade ropops, mauHy) X(S;v) OpTOroHaNbHOM
[POEKIUK CUMIUIEKCA S Ha MPSIMYI0, OPTONOHAIBHYIO ¥ (T. €. IpsaMyto 1 + T2 = 0).
Y mac det(A) = 1, nosromy o dopmyse (1.19)

|det(A - 3v2

E(Siv) = (n— 1)'||U 4

31



I'IABA 1. YNCJIOBBIE XAPAKTEPHUCTUKN N-MEPHOI'O CUMIIJIEKCA

B crpaBeiyinBoCTH Oy YeHHBIX PE3Y/ILTATOB MOYKHO YOEIUTHCS HEIIOCPEICTBEH-
HO II0 YepPTEeKY, IPOJIEIaB HECIOKHBIE BbIUYNC/ICHHS.

Hakomnern, ajis Toro ke TpeyrojbHuKa S paccMOTPUM HapaJsuieaorpamm V', oj-
Ha BepimHa KoToporo ectb (0,0), a pébpa, MCXOmsIMe U3 STOH BEPIIUHBI, 33/1a-
orca Bektopavu v = (1,0),0? = (%,1). [Tpumenenne pasenctBa (1.38) ma-
ér a(V;S) = 2. Dror pesyabraT TaK:Ke MOMKET ObITH IIPOBEPEH HEIOCPEICTBEHHO.
HeiicTBuresnbro, oboznaunm depes S’ TpeyroabHUK ¢ Bepmuaamu (2,0), (2,1), (0,0).
Herpyano Bugers, aro S’ — yaBoeHHBII romMoTeTndeckuit obpas S, npuuém S’ onu-
can Bokpyr V (r.e. V C S’ u kaxas cropona S’ cogepxkur sepiuny V). V3 s1ux
yeqoBuit u ciesyer, aro a(V;.S) = 2.
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I'maBa 2

Beaunuuna &,

2.1 HepaseHnctBo &, > n. HYucaa &, & un &3
B HacrosieM yueGHOM MOCOOUY HEHTPAILHOE MECTO 3aHUMAET BeJTUINHA
&n = min{&(S) : S — n-mepuslit cumiuteke, S C @, vol(S) # 0}.

Taxum 06paszoMm, 110 ONIpeIeJIeHHIO, &, €CTh MUHUMAJILHBIHN ITOJTOXKUTETHHBIN KO3h du-
IIHEHT TOMOTETUH, C KOTOPBIM T'OMOTETHYIECKHUI 00pa3 CUMILIEKCa, COIEPKAIErocs
B Kybe @, = [0, 1]", morormaer sror ky6. Pakrudecku &, eCTb IUCIOBAs XapaKTe-
PUCTUKA PA3MEPHOCTH M.

N3 coobpaxkenwuii 1o1006us cjeayer, YTo B olpejeeHuu &, eIuHuIHbI Ky0 (),
MOXKHO 3aMEHHUTBh Ha IPOM3BOJIbHBINA M-MepHbIii Kyb6. Bosee Toro, (), MoxkHO 3a-
MEHHUTDH BOODIIE Ha 1000 N-MepHbIN HEBBIPOKIECHHDBIN HapaJutenenumnes. leicrsu-
TeJILHO, JIIOOBbIe JBa TaKUX IapaJlIe/IelniIe a CBsI3aHbl HEBBIPOXKICHHBIM ahduH-
HBIM [TpeoOPa30BaHIEM, KOTOPOE ITEPEBOJINT TAKZKe CHMILIEKC B cuMIniekc. Ocraérest
y9ecThb, 9T0 adGuHHOE Tpeodpa3oBaHmie cCOXpaHseT OTHOIIeHne yinH. OTMeTHM Tak-
xKe, 9ro cumiuieke S C @, ¢ yeaosuem &(S) = &, MOXKHO BBIOpATh TAKUM 00Pa3OM,
YTO KaxK/asl ero BepIlnHa MMONaIéT Ha IPaHUIly Kyoa.

[IpuBeiém obIITyIO ONEHKY umcest &, CHU3Y.

Teopema 2.1. /Iy jiroboro n cripaBe i IMBO HEPABEHCTBO &, > N.

Joxaszamenvcmeo. JdocraTrouno zameTuthb, 9To ecau S C (Q,, TO BBIIOJHACTCS
£(S)>n (em. m. 1.7.6). d

Ouenka &, > n gBisercsd Hey/Iydimaemoii (TouHoii). Bosiee Toro, Kak Mbl MOKa-
JKEM B CJISJLyTIOIIEM IIYHKTE, CYIIeCTBYeT OECKOHEeIHAas COBOKYITHOCTD 1, JJIA KOTOPBIX
CIIPaBEJIJINBO PABEHCTBO &, = Nn.

[lepsbie Tpu gmcia &, u3BecTHb TOYHO. MMenHo,

3v5
S1=1, 52:T+17 §3=3.
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I'IABA 2. BEJINYIHA &y

Hngn =1, n =2 un = 3 NOJTHOCTHIO OMUCAHBI U SKCTPEMAJbHBIE CUMILICKCHI,
T. €. TaKue CUMILIEKCE S C @y, 11t KOTOphIX £(S) = &,. [IpuBeném 511 pesyibrarTsl.

Cnyaait n = 1 coBcem npoct. O4UeBUIHO, UTO B ITOM CUTyaIlUd WUMEETCsl €JIMH-
CTBEHHBIN OTPe30K (OJHOMEDHBIl CHUMILIEKC) S, MpUHAJIeXRAINA 0Tpe3Ky (1 =
[0, 1], ayst koroporo £(S) = 1 — 310 Bech orpesok [0, 1]. s sroboro jpyroro or-
peska Beimosagercst £(S) > 1. 9T1o u o3navaer, uro & = 1.

BecbMa JITOG0TIBITHO 3aMETUTh, YTO, HAYWHAA C N = 2, 33J/la9a BBIYUCJIEHUSA &,
CTaHOBUTCS BecbMa TPy/IHON. Tounble 3nadenud & u 3 aHATUTUIECKUM Ty TEM Hali-
nensl M. B. Hesckum (cMm., nHanpumep, [13, §§2.4, §2.5|, rae comepxkarcs mokasa-
TeJIbCTBA U CCBLIKK U Ha 00Jiee paHHUE CTAThU STOTO aBTOPA).

X2

(z,1)

(1,7)

X
0,0) 1 1

Puc. 2.1. Cayuait n = 2. Cumiutekcsr S* u £(S*)S*

[IycTh 7 — HaMMEHBINHI KOpeHb cKaJsgpHoro ypasHenus t2 — 3t + 1 = 0. Torzaa
T= %5 = 0.38196601 ... Yucao 7 ¢BA3aHO ¢ XOPOIIO M3BECTHBIM "30JI0TBIM Cede-

muem" orpeska [0,1], Tak kak
T 1—71
= (2.1)
1—7 1
(sTo skBuBanenTHo T2 — 37 + 1 = 0). JlokazaHo, 4To Jis J1I060r0 TPEyToJbHUKA
(nBYyMepHOTO cuMILTeKca) S, IpuHajIekKalero Kpagpary Qo = [0, 1], Bbinomsercs

TOYHOE€ HEPaAaBEHCTBO

£(8) > 3—\5/5 +1 =2.34164078 . .. (2.2)
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2.2. CJIVUAH, KOIJTA N +1 — YHCJIO AJIAMAPA

[Ipu sroM paBeHCTBO B (2.2) mMeeT MeCTO JIMINL JJIsl TPEYroJbHUKa S* ¢ BepIm-
wamu (0,0), (1,7), (7,1) u misg Tex TpEX TPEYroIHHUKOB, y3JIbl KOTOPBIX ITOJIYa-

I0TCS U3 yKa3aHHBIX MOBOPOTaMH BOKDYT' HeHTpa (Jp Ha YIJIbI, PaBHbBIC 5, T U 3r

2
s npyrux S, Kpome 5THX YeTHIDEX OTMEUYeHHbBIX, B (2.2) BBINOJIHSIETCSI CTPOroe
HepaBeHCTBO. Tem caMbiM, &y = %‘?’ + 1 = 2.34164078... DKCTpeMaJIbHBII CUMILIEKC

S* n30bpazkén Ha puc. 2.1.

Omnucanuble PACIOJIOKEHUS BEPIIHH UMEIOT KPAaCHBBbIE T'€OMETPHIECKHE CBOW-
crBa. Kaxipiii Taxoit Habop cocronT m3 BepmuHbl KBajpara () n aByx Touex x(?)
i )| npuHaIesKAIIX cTopoHaM KBajipaTa, He copepzkamum ). Touku £ n 2(3)
ocytecTBsiiorT "30/10T0€ cedenne' CcTOpOH KBajpara, Ha KOTOPBIX OHM HAXOIATCH,
UM MEHBIINH OTPE30K Hpmieraer K Ommxaiimeit aua (! Bepimmne ksajpara.
DTO MPUBOIUT K TOMY, 9TO OKA3BIBAIOTCS PABHBIME ILJIOMIA/IN BCEX TPEX TPEYTOJIb-
HIKOB, KOTOpBIe OTceKatoTcss croponamu tpeyroipinka S = r(Max®z®) or yriaos
kBajpata. st jjokazaresbersa Jocrarodno npussieds (2.1). Ho riasroe u TpymHo-
HAXO/INMOE SKCTPEMAaJIbHOe CBOMICTBO TPEYTOJIbHUKA S COCTOUT B TOM, UTO JIJIsT HETO
£(S) = & = 2.3416... JIpyrux TpeyroabHUKOB, IPUHAJIEXKAIUX ()2, C TAKUM CBOTi-
CTBOM HET.

UurepecHo, 9T0 TOYHOE HEPABEHCTBO (2.2) COMEP:KUT HOBYIO XapaKTepU3aInio
KJtaccrudeckoro "3ojiororo cedenus". 3aMeTUM TaKxKe, YTO Ha, CEIOIHSIIHUN JIeHb
n = 2 ocTaércs eIMHCTBEHHLIM 3HAYCHUEM N, JIJII KOTOPOro JI0Ka3aHO HEPABEHCTBO
En > .

[Mepeitaém k caygaro n = 3. [Ipumenssi, Kpome COOCTBEHHBIX METOJIOB, HEKO-
Topble pesyiabrarbl crarbu [31], M. B. Hepckuit jgokaszay ciejyioniee yTBEPKIe-
uue. st siro6oro rerpasjpa (TpEXMEPHOTO CUMILIEKCA) S, HPUHAIJIEKAIIErO Ky-
6y Q3 = [0, 1%, Bemosmsgercs Tounoe mepasenctso &(S) > 3. Pasencrso £(S) = 3
JIOCTUTAETCS JIAIIb JJIs TeTpasapos ¢ Beprmuamu (1 — ¢,0,0), (¢,1,0), (1,1 —1¢,1),
(0,¢£,1) npn ¢ = 0 mpn ¢ = 1, a TaKzKe TEX TETPAIAPOB, BEPIIMHBI KOTOPBIX CBOJST-
Csl K OTMEYEHHBIM C TIOMOIIBIO 3aMeHbI epeMeHHbIX. Hade roBops, ecim £(S5) = 3,
TO JInOO BepmUHBI S PACHOJIOKEHBl B BepHIMHAX KyOa ¥ 00pasyloT NpaBUIbHbIH
TeTpasp, JubO OHHM COBIIAAIOT C CEPEIMHAMHU IPOTUBOIIOJIOKHBIX PEGEp JIBYX IIPO-
TUBOIIOJIOXKHBIX T'paHeil Kyba U IIPU 3TOM He UMEIOT OOIEil TJI0CKOCTH.

Takum obpazom, &3 = 3. BaMeTuM, 9TO JIJIsi OCEBBIX JMaMETPOB JIIOOOTO TeTpa-
sapa ¢ yeaosueM E(S) = 3 B cuity cieacTBus u3 1. 1.7.6 BBINOJHSIIOTCS PABEHCTBA
di(S) = dy(S) = d3(S) = 1. dpyrumu ciaoBamu, B KazKJOM TaKOM TETPasIpe Co-
JIEP>KATCS POBHO OJIMH OTPE30K JJIMHBI 1, apaJuIe/bHbIN 000 13 KOOPIUHATHBIX
ocert.

2.2 Coayuaii, korga n + 1 — gucjo Ajjamapa

Mampuuet Adamapa nopsadka m Ha3bIBAETCS HEBBIPOXKIEHHASI (1M X M )-MaTpUIia
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I'JIABA 2. BEJIMYUNHA &y

Puc. 2.2. 9kcrpemasibabiit cumiuieke i n = 3. Coay4ait ¢t = 0

H,,, kaxp1it s;temenT Koropoit paBen 1 mim —1, u Takag 4To
1
-1 _ T
H, =—H,
m

Hekoropsie cBesiernst o MaTpunax Ajamapa cojepzkarcsa B MoHorpadum Xoswta [24].
Ecmn H,, cymecrByer, To m = 1, m = 2 mwm m KpatHo 4. /[1g GecKOHETHOTrO
MHOKECTBa, 4ncen Buja m = 4k, Bkmouas crenenn m = 2!, cymecrsopanme H,,
JlaBHO ycraHoBjieno. Hammenbiiee m, Jijisi KOTOPOTO HEU3BECTHO, CYIIECTBYET JIU
marpuia Amgamapa nopsinika m, Ha 2008 r. paBassioch 668. FEcim jaig matypassb-
HOTO M MaTpuia Agamapa CymecTByeT, TO m OyaeM Ha3blBaTh uuciom Adamapa,
WA adamapoBbimM YUCAOM.

B ciygae xorja n+ 1 — gucio Agamapa, u TOJBKO TOT/IA, CYIIECTBYET MPABIIIb-
HBIIl cuMILIekc S, BIUCAHHBIN B (), TAaKUM 0OPa30M, YTO €ro BEPIITUHBI HAXOATCS
B BepmuHax @, (cm. [29, Theorem 4.5]). B crarbe [11] u monorpadun [13, §3.2|
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2.2. CJIYYAH, KOIJIA N +1 — YHCJIO AJIAMAPA

1
2

Puc. 2.3. Dkcrpemasbabiit cuminieke st n = 3. Coyqaii t =

pasHbIMU criocobamu jiokasano, uro £(S) = n, uro gaér &, = n. [lpuseném mnoe
JIOKA3aTeJLCTBO 9TOro (hakTa, JaHHOe B [35] U HEMOCPEICTBEHHO CBA3AHHOE C MaT-
purnamu A jtamapa.

Teopema 2.2. I[Iycmv n + 1 — yucao Adamapa, n > 1. Tozda cywecmeyem
NPABUALHBLT CUMNAEKC S €O CALOYOUWUMU CEOTUCTNEAMU:

1) ver(S) C ver(Qn);

2) & =¢(8) =a(S) =n;

3) di(S)=...=d,(95) =1;

4) cumnaerc nS onucan 6oxpye kyoa Q,, npuuém xastcdas (n—1)-mepras eparo
2M0O20 CUMNAECKCA COOEPHCUM, POBHO 00HY sepuuury ().

Jloxazameavcmeo. Ilonb3ysack coobpakeHUIMI TOI00Ms, OyJIeM PeIaTh 3a/1ady
st Kyba @, := [—1, 1]". Tak kak 4ucyio n+ 1 — agamMapoBo, CyIIeCTBYET HOPMAAL-
306anHas mampuya Adamapa opsiaka n + 1, T.e. Takasi, y KOTOPOIi 1epBasi CTpOKa
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I'JIABA 2. BEJIMYUNHA &y

u 1epBblit crosber; cocroar n3 1 (em. |24, or. 14]). Bamuimem cTpoKH 9TOH MATPHUIIEL
B 00pPATHOM HOPSJIKE U PACCMOTPHUM IOJIYIUBIITYIOCS MATPHILY

—_

KoTOpast TakxKe Oyjer marpureit Agamapa nopsiaka n + 1. [lyers S" — n-mepHbrii
CHUMILJIEKC, KOOPJAMHATHI BEPIIMH KOTOPOTO 3allMCaHbl B IIEPBBIX 7 MO3UIMAX cTpoK H.
OueBu1HO, BepIIUHBL S’ COBIAJAIOT ¢ HEKOTOPBIMU BepITUHAME (), CJIE/IOBATEILHO,
9TOT CUMILIEKC BmcaH B Kyb. [Tokaxkem, uro cumiieke S’ gBJIsieTcst MPaBUIbHBIM,
npuaéM JTrHa 106010 ero pebpa pasaa +/2(n + 1). Ilyers a,b — aBe pasiumdHbie
crpoku H. Tlockombky H cocrout uz +1, umeenm |la|*> = ||b||*> = n + 1. B cuny
HOIIAPHOI OPTOrOHAJIBLHOCTH CTPOK MATPHILI Aamapa

la = bl|* = (a — b,a —b) = [lal|* + [[bl|* — 2(a,b) = 2(n + 1).

O6o3HaunM Yepes u U w BepIIUHbI S’, KOTOpbIE MOJIyYaioTCs COOTBETCTBEHHO U3 a4
u b oTOpachIBaHUEM TIOCIEIHEH KOMIIOHEHTRI, paBHOi 1. flcHO, 1TO n-MepHAas JjiuHA
BEKTOpa U — W COBHAJAET ¢ (n+ 1)-MepHOi JyIHHON BeKTOpa a — b, T. €. TaK»Ke paBHa
2(n+1).

Oboznaunm 4yepe3 \; 6asucHble MHOrowIeHsl Jlarpamska, coorsercrsytomue S'.
B cuny pasencrsa H™! = %HHT ko3dbdurenTsl MHOrowIeHos (n + 1)\, comep-
)karcst B crpokax H. CBobOo/iHbIE W/IEHBI 9TUX MHOTOYMJIEHOB IOAJIAI0T B [TOCJIEIHUM
crosber; H u mosromy pasust 1. 3nadnt, cBOOOHDIE UICHBI MHOTOWICHOB — (1 + 1)),
paBubl —1. Ilo sToit mpuunne npu jodom j = 1,...,n + 1 BbIIOJHAETCA PABEHCTBO

n+1) max (—=Xi(z))=n-—1.
(n+1) max (~X(z)

Tak xax Kosddunuenter Muorowrenos —(n + 1)A; pasusr £1, T0o mas m060T0 j
BepumHa x Kyb6a (), 11 Koropoit ciupasemnso (n+ 1)(—\;(x)) = n — 1, asiserca
equicTBennoil. Vimenno, © = (xq, . .., ,) OIpeJeIseTcs paBeHCTBAME T; = —signl;;,

rae l;; — Ko3(hhUIIEeHTE MHOTOYIEHA, A, .
Benuunna £(Q),; S') Beramcisiercs o dopmyiie, anamorngnoii (1.25):

/. AN _\. — _ —
£Q;5)=(n+1) Jax zervrﬁg%)( N(z)+1=n—-1+1=n.

[Tycrs S — BromcaHHBIA B (), TPaBUIBHBI CHMILIEKC, KOTOPKI cooTBeTcTBYeT S’
npu npeobpaszoBanuu 1mo106ust, nepesojsmem Q) B Q,. Torma £(S) = £(57;Q),) = n.
Orcroga caemyer, uro ecim n + 1 — agamaposo, 1o &, < n. las 1000ro n, Kak Mbl
3HAEM, BEpHA U IPOTUBOIOJIOKHAs OrfeHKa &, > n. [Tosromy &, = £(S5) = n. Tak kak
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2.3. JKECTKUI CUMIIJIEKC U HEPABEHCTBO &y < =3 N > 2

N—-1’

Ko durment mnogodus upu npeobpaszoBannu () B (), pasen 1 1o mmna moboro

29
pebpa S pasHa ’/TLTH'

SaMeTI/IM, 9TO U3 COOTHOIIIECHUA

n—1
max (—A(x))=...= max (—A41(x))=
zever(Qh,) ( 1( )) zever(Qh) ( +1( )) n+1

caeyer, 9ro cuMiieke nS’ ommcan BOKpyr Kyba (). Harre paccykienne takzxke
MOKa3bIBaeT, 9T Kaxaast (n — 1)-MepHast rpadb n.S’ COIEep:KUT JIUITh OJTHY BEPIIHHY
Q.. 3HaUnT, CUMIUIEKC NS AHAJOTUIHBIM 06PA30M OIMICAH BOKPYT Kyba ().

[Mockosbky nS omucan BoKpyr @, umeem «(S) = £(S) = n u d;(S) = 1. D
paBeHCTBa TakzKe ciedyior u3 omneHku n < «(S) < &(S) m roro, uro £(S) = n.
Haxowner, pasercrsa d;(S) = 1 u a(S) = n BBITEKAIOT U U3 TOrO, YTO MPABUILHBII
cuMILIeKe S, BIUCAHHBI B (), UMeeT MaKCUMAaJbHBIH 00bEM (9TO CBOWCTBO OTMeEYa-
ercs B [29, Theorem 2.4|). Kax mbr mostyumiu B 1. 1.7.11, KazKplit oceBoii quamerp
CUMILJIEKCa, MaKCHUMaJIbHOTO o0bema B (), pasen 1.

Teopema mokazana. U

n2-3
n—1"7

2.3 2KeécTkuii cuMIiieKC U1 HepaBeHCTBO &, <
n > 2

B sToMm nmyHKTE MBI ITOJTyYMM HAMJIYUIIYIO U3BECTHYIO 00IIyIo oreHky &,. Cirey-
folee yTBep:KieHne jjokasano B 11, Teopema 2.2|.

Teopema 2.3. Ecaun > 2, mo

n?—3

n—1"

€n < (2.3)

IIpu a06om n epro nepasencmeo &, < n + 1.

Joxazameavemeo. Cuagasna myctb n > 2. PaccMoTpum n-MepHBIH CHUMILIEKC
S ¢ pepmmmamu ) = (0,1,...,1), 2@ = (1,0,...,1), ..., 2™ = (1,1,...,0),

D) = 0. B sTom ciyuaae
011 11
1 01 11
1 1 0 . 11
A = . )
1 1 1 . 0 1
0 0 . 01
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I'JIABA 2. BEJIMYNHA &y

—n + 2 1 1 1 —1
1 -n+2 1 1 —1
1 1 1 -n+2 ... 1 —1
Al =
n—1 : : : : : ’
1 1 1 .o —n+2 -1
0 0 0 0 n—1

A = det(A) = (1) (n — 1), vol(S) = 1. KosbduiuenTs MHOIOWIEHOB A,
cocTaBigIoT croaomsl AL mosTomy

Aj(z) =

(—n+2)xj+2xk] , 1<j<n
Py

n—1

1 n
Ant1(z) = e [Z% +n— 1] :
k=1

[Tpu n = 2 no dopmyite (1.25) umeem
£(9)=-=3X3(1,1)+1=4.

Ecmu xe n > 2, To

ES)=—(n+ 1A (e1) +1= (n+1)(n—-2) +1:n2_3

n—1 n—1"

Tak kax &, < £(S), To s n > 2 BBINOIHSIETCS HEPaBEHCTBO (2.3).

[Ipu n > 2
2

£n§n ] <n-—+1.

BameruMm, ato & = 1 < 2, & =1+ %g = 2.3416... < 3. Tem cambIM, OIlEHKa
&, < n+ 1 cupaseguBa ipu Jobom n. Teopema JoKa3aHa. U

CumMiniekce S U3 JI0Ka3aTeIbCTBA TeOPEMBI 2.3 0018/ 1aeT CISTYIONIM HHTEPECHBIM
cBoiicrBoMm |29, Lemma 3.3|: 3amena jr060it Bepimubr S Ha JIOOYIO TOUKY Kyba .,
yMeHbIaer 00beéM cumiuiekca. [lo sroit npuumne cumiuieke S npu n > 3 Ha3BaH
orcéemmum (rigid). lpu n = 2,3,4 (1 TOJBKO B 9TUX CUTYAIUsIX) OOBEM S SBIAETCS
MaKCHUMAJIbHO BO3MOXKHBIM JIJIsI CUMILIEKCA, cojiepaKartierocs B . [lpu jobom n > 2
u3 (1.7) crenyior pasencrsa di(S) = ... = d,(S) = 1. OHr 5KBUBAJECHTHBI TOMY,
4TO CyMMa MOJLyJIeit 371eMEeHTOB KazK/I0ii 13 BepXHUX n cTPOoK MaTpuibl A ! pasna 2,
a CyMMa IIOJIOKUTEIbHBIX JIEMEHTOB JII000I U3 9TUX CTPOK, KaK U CyMMa MOJLyJIeil
OTPHIATEHLHBIX 9JIEMEHTOB, paBHa 1.

Marpuria B nopsijika n, cTpOKE KOTOPO# COjIepKaT KOOPIMHATHI HEHYJIEBBIX BEP-
mmn 20, . 2™ Bosuukaer B psie 33129 KOMGHHATOPUKHI 1 Teopuu rpacdos. Tak,
€€ NEPMaHEHM

per(B) := Zblwl b, =0l Z(_lyﬁ
w j=0 .
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2.4. CUMIIJIEKCBI MAKCUMAJIBHOI'O OB'bEMA B KYBE

paBeH YHC/Iy II€PECTAHOBOK W MOPSIKA N TaKUX, UTO w; # i JUId BceX i = 1,..., n.
DTO UHUCIIO ¢, HA3BIBACTCH “ucAom Oecnopadkos nopadka n (em. [22], [7]). Ilepsblie
snadennd paBHbl ¢4 =0, ¢o =1, g3 =2, 4 = 9, q5 = 44, qs = 265. IIpu GosbIIOoM N
¢, npubmzKénno pasto nle ' B to xe spems det(B) = (—=1)""1(n — 1).

2.4 CumMniekchbl MAaKCIMaJbHOIO 00bEMa B Kybe

Cumnaexcom makcumanrvbrozo obséma 6 xybe (), Oynem Ha3bIBATbL N-MEPHDI
cuminieke S C @, Takoit 4ro jis Jioboro n-mepHoro cumiuiekca S° C @, Bep-
HO vy, = vol(,S) > vol(S’). CuMIieKcsl MaKCHMAILHOrO 00bEMa B Kybe o0sagamor
PSIZIOM KPaCHUBBIX CBOiCTB. HekoTopble n3 HUX yKe OTMeYa/HCh Bbilre. Hampumep,
caencrsue nynkTa 1.7.11 qys ciaydas V = @, maét takoe cBoiictBo. Eciu cumriniekce
S C @, nMeer MaKCUMAJIbHBIN 00bEM, T. €. vol(S) = 1, TO JJIsl OCEBBIX JHAMETPOB
S Berosasores pasencrsa di(S) = ... = d,(5) = 1.

[Tox a/b-mampuyet Gyem TOHUMATD MATPHUILY, KazKJIbIA 9JIEMEHT KOTOPOii paBeH
oJfHOMY U3 JIByX uuncest a wian b. Yepes h, u g, 0003HaAINM MaKCHUMAJIbHbBIE BEJIUINHBI
onpenesureneit 0/1 u —1/1-marpur mopsizika n cCOOTBETCTBEHHO.

OTrMeruM, 9TO YUCTA Vp, G, U h, CBA3aHBI COOTHOIICHUAMU (pi1 = 2"h,,
hn = nlv,, (em. [29, Theorem 2.1]). Jyst Becex n € N mMe0T MecTo MomapHo K-
BUBAJICHTHBIE COOTHOIICHUS:

1 log(4/3 1
3 (1 — %) <log(2" 'h,_1) < 5 nlogn,
3 (n+1)tH2 b < (n+ 1)
4 2n " 2n ’
3 (n+ 1)("“)/2 (n+ 1)(”+1)/2
- <y < . (2.4)
4 2nn! 2nn]!

PaBencTBO cripaBa B KayKJIOM U3 COOTHOIIEHUT SKBUBAJIEHTHO KarKJIOMY U3 CJIEJLYTO-
X YCJIOBUM:

n + 1 — aucimo Anmamapa;

B (0, CyIIIeCTBYeT MaKCUMAJIbHBII 110 00bEMY CHMILJIEKC, KOTOPBIN SIBJISETCS IIPa-
BUJIHLHBIM.

poitroe rHepaBeHCTBO (2.4) 00beuHsIeT pesyabrar Agamapa [28] (mpasas oreH-
ka) n pesyasrar Kiemenrca u Jlungcrpéma [26] (eBast orenka).

[Iycts n + 1 — gmeno Agamapa. B sTom cirydae maiiaércs coBokymnHocTs n + 1
BepmH Kyba (), ¢ OMMHAKOBLIMU TIOIIAPHBIMU PACCTOAHUAME MeKIy Humu. Takast
CHCTeMa BEPIIMH B Psjie paboT HasbBaeTcsa skeuducmanmmuot. JIpyruMu cioBaMu,
B 9TOM CJIydae CyIIeCTBYeT NPABUIBHBIA Nn-MEpHBINH CHUMILIEKC, BEPIITHBI KOTOPOIO
COBIIQJIAIOT C HEKOTOPBIME 13 BepmmH (Q,,. 13 cBoiicTs MaTpun Amamapa cieryer,

n+1
2

IUIeKca U paBHa mpaBoil qactu (2.4).

9TO JauHA pedbpa S paBHA . Bennauna v,, coBnajgaer ¢ 00bEMOM 3TOr0 CHM-
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I'JIABA 2. BEJIMYNHA &y

OrMeTuM, 9YTO YKa3aHHOE CBOMCTBO SIBJISIETCS XapaKTepPUCTHIeCKuM. VIMeHHO
(em. [29, Theorem 4.5]), mst sio6oro n € N citeyroruye Tpr yCI0BHs SKBUBAICHTHDL:

1) uwmeno n + 1 — agamaposo;

2) KazKJplil CHMIIJIEKC MAKCHMAJIBLHOTO 00bEMa B (), SIBJISIETCS [IPABUIBHBIM;

3) MHOXKeCTBO Vver((),,) CONEpKUT IKBUJIUCTAHTHYIO CHCTEMY, COJIEPKAIILYIO 1+ 1
9JIEMEHTOB.

B HEKOTOPBIX cilydasx mpaBoe HepaBeHCTBO u3 (2.4) 6buto0 yayumieHo. Tak, ecin

n — 4YE€THOe, TO
n"2\/2n + 1
- 2nn) '

(2.5)

Vn
Ecimu n > 1 un = 1(mod 4), To

(n _ 1)(71—1)/2
Un < m (2.6)

st MHOTHX N 3HAYEHUSA Vy,, §p U h, u3BecTHbl TOUHO. [loapobuas nndopmariys
1o janubiM Ha 1996 1. npusojurcs B [29]. B wacrHocTH, nepsbie 12 3Havenuii v,

€CThb
1 1 1 1
v =1, 1/225, V3:§, V4:§, V5:ﬂ’
1 2 1
V6:%> V7=%7 VsZ%, VQZM,
1 9
Y07 113400 T 2464000 72T 3042407

[IpaBoe paBeHcTBO B (2.4) BBINOIHSIETCA JJIsi GECKOHETHOTO MHOXKECTBA 1, YJIO-
BJIeTBOPstoNuX yesosuio n = 3(mod 4), Bkitovast Bce takue n < 667. 13 narepsaia
4 < n < 60 pasenctBo B (2.5) umeer mecto TobKO jyist n = 4, 12,24, 40. U3 unrep-
Banma 1 < n < 109 pasenctso B (2.6) mocruraercs Toabko misg n = 5, 9, 13, 17, 25,
29, 37, 41, 45, 61, 65, 73, 81, 85, 89, 97, 101. I3BecTHBI TaKKe TOUHbIE 3HATCHUS Uy,
g n = 13,16, 20. g n = 14, 18, 21, 22, 26, 28 3nadenusd v, K 1996 r. He ObLIN Hai-
neHbl. Bostee cBexkasi madopMmarms nMeercs Ha caiite www.indiana.edu/~maxdet,
rJe IPUBOJATCH 3HAUCHUS MaKCHMAJILHBIX ompejerauTesneit h, u ¢, = 2" h, ;.

n
Kak ormeuasoch BbIIe, v, = %

2.5 DKBHUBAJEHTHOCTH &, =X n.

Cresyrolee yrBepKieHne ycraHoByieHo B |9, Teopema 4.1].

Teopema 2.4. Jlasa mobozo cumnaekca S C Qn, UMEOWE20 MAKCUMAAILHDIL
065ém, umeem mecmo nepasencmeo £(S) < n+2. Ecaun+1 — adamaposo u S —
NPABUALHBIT CUMNAEKC, 8nUcaHHbl 6 (Qp, mo &(S) = n.
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2.5. D9KBUBAJIEHTHOCTBD &y =< N.

Jloxazameavemeo. Hycrs ) — peprmmb cumiiexca S, YI0BIETBOPSIONIETo
yciaoBuio vol(S) = v,, a oupemermrenn A un Aj(x) BBOmATCA UYepe3 HAOOP TO-
wex 1) rak, kax cxasamo B 1.1.2. Torma |A| = nly, ecth MaxcHMambHOE 3HAUE-

HUe olpejienTessd nopsaaka n + 1, j-g cTpoka KOTOPOrO €CThb (ygj ), e ,y,(lj ), 1) )

0<L y,(cj) < 1. B wactnoctu, npu jodom j = 1,...,n+ 1 u gobom x € (),, BBIIOIHS-
erca |A;(z)| < |AJ. ITosromy
Aj(z)

“Ni@) 2 )l = | PR <1, e Qu

Orciofa n u3 paserctsa (1.25) mag Beraucienus £(.S) mosrydaem

S)=(n+1) max max (—X(z)+1<n+1)-1+1=n+2.
€)= (1) max | max (~\;(a)) +1< (n+1)

Bropast yacTh yTBep:KIeHus MOXKEeT ObITh JoKa3aHa pasHbiMu criocobamu. Ocra-
HOBUMCH 3/1ech Ha creaytomeM. [Iyers n+1 ectsb uncio Agamapa u S — IpaBUIbHBII
CHMILIEKC, BIIMCAHHBINA B (),,. Kak oTMedasioch BhIle, S mMeeT MAKCUMAJIbHBINA 00b-
éM B Q. [Tosromy S C @, C —nS (em. paccyxuenne u3 mynkra 1.7.11). Tomoxum

T := —S. Tak Kak IEHTP TIXKECTU S COBIAJIAET ¢ IEHTPOM Kyba, To —S C @),.
[Mosromy T" C @, C nT, orryma £(S) = £(T) < n. Ocrajnoch IpUBJIEYDL OIEHKY
£(S) > n usz nynkra 1.7.6. Teopema jokazana. O

Teopema 2.5. Umeem mecmo sxeusarenmmocms &, < n. Eeau S — océemrud
cumnaexc us n. 2.4, mo ¢ KOHCMAHMaMU, He 3A6UCAUUMU OM 1, BVINONHAECTC
£(S) < &,. To orce coommowenue cnpagedauso das cumnaerca S C Qp, umerwezo
MAKCUMANLHBUT 00BEM.

Joxaszamenavcmeo. 1o Teopeme 2.1 Beinosinsiercs &, > n, a B COOTBETCTBUU C T€O-
pemoii 2.3 umeeM &, < n+ 1. DT HEpaBeHCTBA O3HAYAIOT, UTO &, < n. Bropas gacTb
crenyer u3 oneHku £(S) < n+ 1 npu n > 2 s KECTKOIO CUMILIEKCA U U3 OIEHKH
£(S) < n+ 2 g cuMILIeKca MaKCHMATIBHOTO 00bEMA. O

Teopema 2.5 o3Ha"aeT, YTO OTHOCUTENHHO &, *KECTKUI CUMILIEKC, a TaKKe CUM-
IJIEKCHI MAKCHMAJTBHOTO O0BbEMA SBJISIIOTCS NOYMU-IKCMPEMAALHBIMU.

Jlydmmme n3 n3BECTHBIX OOIUX OIEHOK 4Hces &, MMeIOT BU/I

n®>—3

n <&, < 1

(2.7)

JleBoe HEpaBEeHCTBO BBITIOJTHAETCA TIPU BCEX N, IpaBoe — 1pu n > 2. EimHCTBeHHBIM
n, JJIgd KOTOPOTI'O HHXKHAA N BEPXHAA I'PaHUIbI COBIIAJAIOT, ABJIACTCA 71 = 33 nx
o0ITIee 3HAYEHIE B 9TOM CJiydae paBHO {3 = 3. HeMHOro yBeImvunB BepXHIOIO IT'DAHUILY,
[OJIy9aeM MPOCTYIO JBYCTOPOHHIOIO ONEHKY, CIPABETUBYIO y2Ke JIJIst JTI000r0 N

n<E& <n+l (2.8)

Hepagencrsa (2.8) o3Ha49aIOT, 9TO PA3HOCTH &, — N He BBIXOJUT 3 IPEJIEIbI MOy~
unrepsaia [0, 1).
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I'1aBa 3

YTouHeHne BepXHUX OIEHOK &,

K 2016 r. Tounble 3Ha4eHust &, ObLIN U3BECTHBI TOJIBKO JId 1 = 1, 2, 3 1 JI/isd TeX n,
J1JTst KOTOpbIX N+ 1 siBjistercs auciiom Ajamapa. B 2016-2019 rr. B paboTax aBTOpoB
ObLIM HallJIeHbl 3HAYEHUs &, ellle JJIsi HEKOTOPHIX 1. KpoMme Toro, Jijis psijia pasMep-
HOCTell ObLIN TI0JIyYeHbl HepaBeHCTBa bojiee TOYHbIE, yeM obIue oneHkn Buja (2.7).
OTH pe3ysIbTaThl N3JI0KEHBI B HACTOSAIIEN T/IaBe.

CHUMILIEKCHI, TIO3BOJISIONINE YTOYHUTD OTIEHKH, OBLIH IOy YeHbI ¢ TIOMOIIHIO KOM-
OMHAIUN YMCJIEHHBIX U CUMBOJIbHBIX METOJIOB. [[JIs1 9TOr0 NCIOIb30BAIICH CIIEITUA b
HBIC TIPOrpaMMBbl, Hanucanuble Ha g3bike Wolfram Language (cm. (6], [33], [40]).

3.1 YTouHeHHne OIEHKHU &4

s n = 4 mepasencrso (2.7) npunumaer By 4 < 4 < ? = 4.33... OxasbiBa-
eTcsl, CIPaBeIJInBO 00JIee TOYHOE HEPABEHCTBO

19 +5v13
9

4<6 < = 4.114195 . .. (3.1)

yﬂqueHHaH BeEpXHAd I'paHUIla HOﬂyqaeTCH n3 pacCMOTpeHud CUMILJIIEKCa T C Bep-
ITHHAME (%,0,0,0), (1, 1+m,0,1), (0,1,%,1), (5—¢ﬁ,0,1,1), (1,%5,1,0).

6 1272 6
Jns mero marpunsl A u A~ umeror Bu

5—+/13

G 0 0 0 1
1++v1
1 + V13 0 1 1
0 1 1
A = 0 1 - - 11,
2 2
-1
> 5 5 0 1 11
V1
1 1—|—6 3 1 1



3.1. YTOYHEHUE OIIEHKU &,

5 —2v13 L+5v13 11 +vVI13  5-2VI3 1+4+5v13

18 36 18 18 36
1+5V13 —5+2V13 11++/13 1+5V13 —5+2V13
36 18 18 36 18
Al = 1 1 0 1 1
2 2 2 2
1 1 1 1
2 2 0 2 2
19+5/13 5-2V13  7-+/13 —17+5/13 5-2V13
36 18 18 36 18

Bermmumem coorsercrBytoniue 1' 6asucHble MHOrOWIeHb! Jlarpamxka:
1
M(z) = ((10 4V13)z1 — (1 + 5V13)xs — 1875 — 1824 + 5v/13 + 19) ,
Nale) = o= ((1 +5V13)z1 + (4V13 — 10)zs — 1873 + 1824 — 4V/13 + 10) ,

Na() = % (14 VI, + (114 V), —VIB +7)
Ai(z) = % ((10 4V13)z; — (1 + 5V13) 2y 4 1825 + 1824 + 5V/13 — 17) ,

1
As() = o ((1 +5VI3)as + (4V13 — 10)as + 1825 — 1824 — 4v/13 + 10) .

Hng seraucienns (1) npumennm (1.25). Tlo sroit dopmyse Haxoamm

19 +5v13
T)=5max max (—Ap(x l=——.
5( ) 1§k§5x€ver(Q4)( k( ))+ 9
B mnociemnem paBeHcTBe jjisi K = 1 MaKCHMyM JIOCTUTraeTcs Ha BepIinmHe Kyba

(1,1,1,1), st k = 2 — nma sepmmuse (0,0,1,0), qis k = 3 — wa Bepmmaax (1,0,0,0),
(1,0,0,1), (1,0,1,0), (1,0,1,1), st k = 4 — na Bepmmne (1,1,0,0) u st k = 5
— na sepmune (0,0,0,1). Takum obpasom, yist cumiiiekca T’ BBIIOJHEHO YCIOBHE
(1.26):
xerféf}’é@( M(z) =...= xervrég)é4)( As()) -

[To Teopeme 1.2 BBITIOJTHEHUE TIOC/IETHETO YCJIOBUSA SKBUBAJICHTHO TOMY, YTO CHM-
wreke &(T)T onmcan BOKPYT Q4. DTO SKBUBAJEHTHO TaKKe BBIIOJIHEHIIO PABEHCTBA
a(T) = &(T).

Oterka cBepxy B (3.1) MOXKeT ObITH [OJIyYeHA TAKKE U3 PACCMOTPEHUs CUMILIEK-
C&RCBQpHIHH&MH(l 0,1 5= r) (1 1,1 5= f),(5 Vi3 14 1) (5 VI3 1, 1)

)92 )Ly 9 ) 90

(0, ;, ;, 0) Cupaseyuso E(R) = &(T) = 19+g\ﬁ_
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I'JIABA 3. YTOYHEHHWE BEPXHUX OIIEHOK &N

Tabmumna 3.1. YwuciaoBble XapaKTepUCTUKH cUMILIeKcoB 1 u R

S T R
det(A) | =513 = —1.891972... | 21321 = (.945086. ..
vol(S) | 2MB-L—0.,078832... | ™I-1—0.039416. ..
d(S) | L —=0.945986... | 2131 =(.945986. ..
do(S) | 231 = 0.945986. .. 1
d3(5) 1 1
da(S) 1 VIS=L — (0.945986 . ..
a(S) | VI8 — 4114195, .. | 95VI3 — 4114195 ..
€(S) | 1H5VIS = 4114195, .. | 103VI3 — 4114195, ..
IP| | 13 = 2434258... 3

YucoBble XapaKTepUCTUKU cuMiliekcoB 1 u R tupejcrasiienbl B Tadauie 3.1.
JI71s BBIMHUC/ICHUS STUX XapaKTEPUCTUK HCIIOJIB30BAJUCH (POPMYJIbI, TTPUBEICHHBIC
B itaBe 1. OTMeTuM, 9TO 9TH CHUMILIEKCHI IMEIOT pa3Hble 00beMBI U, 3HAYNT, HE AB-
JIAIOTCSA SKBUBAJEHTHBIMU, T.€. OJUH U3 HUX HE MOXKET OBITH II€PEBEJICH B JIPYTroit
¢ TIOMOIIBIO OPTOrOHAJIBHOIO IIPE0OPA3ZOBAHUSI.

Cumiuiekcel T' 1 R 6bumu ostyuensl B pabore [18]. Ormernm, uro A. FO. Vxaio-
BBIM U €r0 yYeHUKaMU HEOJIHOKPATHO IIPEIITPUHIMAJIUCH IIOIBITKH YTOYHUTH BEPX-
HIOIO Tpanuily B (3.1) ¢ MOMOIIBIO Pa3/IMIHBIX YUCIEHHBIX MeTO0B. OJIHAKO y/Iyd-
I TH BEPXHIOIO OTEHKY He yJIaJI0Ch. Bojiee Toro, Bo Beex cirydasix, KOT/ia MoJIy 9aaoch
3HavueHune, O6JM3Koe K %ﬁ, 9TO 3HAYEHHE JIOCTABJISJI CUMILIEKC, SKBUBAJIEHTHDII
ojHoMy u3 cuMiniekcos 1 win R. DTo 1MO3BOJISET BBICKA3aTh IMPEIIIOJI0XKEHUE, ITO
&4 = %ﬁ U 9TO 9KCTPEMAJILHBIMU SABJISTIOTCS TOJBKO cuMiniekcesl T u R (¢ TouHOo-
CTBIO JI0 OPTOrOHAJILHBIX TIpeobpasoBanuii). Hamomuum (em. 1. 2.1), aro mist n = 3

CYIIECTBYIOT POBHO JIBa BUJla dKCTPEMaAJILHBIX CUMILIEKCOB.
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3.2. TOYHOE BHAYEHUE &5

3.2 Tounoe 3HaudeHue &;

CHMILIEKCBI, O3BOJISIONINE BBEIIHCINTE TOUHOE 3HadeHNE {5, OBIIIN HafiICHBI B pa-
6orax [19] u [35]. Bosee To1uHO, B 9THX CTATHAX MOCTPOEHBI CEMEHICTBA CUMILIEKCOB,
Jyist KOTOpbIX £(S) = 5, 9T0 B COBOKYIHOCTBIO C HEPABEHCTBOM &5 > 5 aer

= 0. (3.2)

[Tpuseném 3Tu cemMelicTBa SKCTPEMaIbHBIX CHMILICKCOB.

Pacemorpum cummieke U = U(t) ¢ sepmmaamu (1,0,0,0,1), (1,1,¢,1,0),
(0,0,1 —¢,1,0), (0,1,¢,0,0), (0,1,1 —¢,1,1), (1,0,1,0,1). 3amerum, 910 MpH JIIO-
6OM ¢ IEHTPOM TSIKECTH CHMILIEKCA SBIeTCs ToUKa (3, 3,3, 5, 5). Marpuna A(t)
st U umeer Bun

10 0 011
11 ¢ 1 01
0 01—t 101
Alt) = 0 1 t 0 0 1
01 1-¢ 111
10 1 011

[Ipu BbIYUCTEHNE €€ Olpe e/ InTe s YI0OHO BBIYECTh U3 IIEePBO CTPOKU TOC/IETHIOK
7 Pa3JIOKUTD ITOJyYeHHBIA OpeaesMTeNb 10 IEPBO CTPOKe.

—_ = =
Il
w

10 0 011 00 -1 000
11 ¢t 101 11 ¢t 101 (1)(1)18
00 1-¢t 10 1 00 1—-¢t 10 1
dt(AED=10 1 v 00 1| |01 ¢ 001__8}(1)(1)
001 1—¢ 11 1 01 1—¢ 111 00
10 1 011 10 1 011

Takum obpazom, 00bEM cuminiekca U He 3aBUCUT OT t:

_ [det(Ar)] _ 1

vol(U) = =10

u U asisiercs HeBbIpokKieHHbIM. Ecu ¢ € [0, 1], o U C Q5.
Matrpuna [A(t)] ™! umeer Bus

3t—-1 2 -1 -1 123t
3-2 1 -2 1 1 1-3t
1| -3 0 0 0 0 3
A@)] =3
3 1-3 1 1 -2 1 3t—2
2-3t -1 -1-1 2 3t—1

2 -1 2 2 -1 -1
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HOSTOMy Oas3ucHble MHOTOUJICHBI ﬂanaH}Ka cuMIuiekca U CyTb

() %((3t— 1)@y + (3t — 2) wo — 3as + (1 — 3t) 24 + (2 — 3t) x5 + 2),

1 1
po(z) = 5(2% + X9+ x4 — x5 — 1)7 ps(x) = g(—% —2x9 + x4 — x5 + 2)7
1 1
pa() g(—xl + 29 — 2wy — x5 + 2), ps(z) = g(—xl + Ty + x4 + 205 — 1)7
1
pe(T) = 5

3((2 —3t) @1+ (1 = 3t) 2o+ 3z3+ (3t —2)zs + (Bt — 1) a5 — 1).  (3.3)
ITo dbopmymam rmaser 1 naxonnm d;(U) u o(U):

6
d,(U) = 1 =1,2,4,5; dy(R) = 1;
U =i sisp_syts M 3(F)

2 13
a(U):§(|1—3t|+|2—3t|+7).

Ilpu t € [%, %} BhInoJiHAOTCs paBerctsa d;(U) =1 (i = 1,...,5), ciemoBarebHo,

— $(U()

1' 5 —
O -

3

Puc. 3.1. 'padurn dyuxmmit o(U(t)) u (U (t))
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3.2. TOYHOE BHAYEHUE &5

Tenteps Boraucanm £(U). Samernm, 910

max (~poo(r)) = max (~pis(r)) = max (~pale) = mas (~ps(a)) = 2,

zeverQs reverQs zeverQs reverQs

2 4 2
ax (— = max (— a — 26,1 1,82t — - .
(Dax (—pn(z)) = max (—pe(x)) =m X{3 3 21—t 3}
[Tpumvenss (1.25), momydaem ciemyornee Beipazkerne s (U):

2 4 2
£(U) =6 max max (—,uk(x))+1:6max{§,§—2t,1—t,t,2t—§}—|—1:

1<k<6 xzeverQs

1 2

57 §§t§§7

=< 9—12t, t<§,
126 -3, t> 2.

Urax, npu 3 < ¢ < 2 mmeem a(U) = {(U) = 5. Bblnonnenne 9THX PaBEHCTB

o3HavaeT, 9To cuMIiuteke HU ommcan BOKpYr Kyba (5. ['padurn dyuxmmit a(U(t))
u £(U(t)) mpu t € [0, 1] npuBesens! Ha puc. 3.1.

CewmeiictBo cumiiekcoB U (t) 6b110 Briepsbie onucano B [19)].

Tenepb paccmorpum cemeficTBo cumiiekcos Vo= V(s,t) B R® ¢ Bepmmunamu
(s,1,5,1,1), (s,0,5,1,1), (s,2—-3¢t,3,0,1), (2-3s,¢0,50), (0,¢41,5,0),

(1 t, 1, ;’, O) s,t € R. Marpuna A gjst cuminiekca Vo mmeer BHL

s 1 3111
s 0 3111
s 2-3t3 011
A=A(st)= 3
(&:5) 2—-3s ¢t 0301
0 t 1301
1 t 1301

[Tpu Borancienun det(A) BeIdTEM U3 MEPBOIT CTPOKHM BTOPYIO U PA3JIOKHUM OIIpEie-
JIUTEJNIb 110 MEPBO CTPOKe. 3aTeM BLIYTEM U3 IIOCJIEAHEH CTPOKH IIPEIIOCIICIHIO0
U Pa3JI0KUM OIPEICIATEb 110 HOCTIEIHel CTPOKE.

s 1 t111 0 1 0000 X

’ X s 1111
s 0 t111 s 0 t111 X

X ’ s 1o11
s 2-3tt011 s 2-3tt011 X

X = X =—|2-3s0L01|=
2-3s ¢t 0101 [2-3s ¢t 0101 X

X X 0 1io1
0 ¢t 1101 0 ¢t 1101 ’

’ ’ 1 1lo1
1t 1101 1t 1lo1




I'JIABA 3. YTOYHEHHWE BEPXHUX OIIEHOK &N

s 3111 .
; 111 0100 .
s 3011 1 s 11
) $ 011 5011 11
=—[2-350301|=—|° =—2 =(001|= =1
; 0301 0301 01
0 1301 ; ; 101
L 0000 1301 1301

Taxum 06pa3oM, P JIIOOBIX S U T CUMILIEKC SBJISI€TCsT HEBBIPOXKICHHBIM U €10 00beM
paBeH

_ |det(A)] 1
50120
[IycTs Tenepnb é <s< %, % <t< %, torjga V C Qs. Marpuna A~ umeer Bu

vol(V)

0 0 0 0 —1 1
1 -1 0 0 0 0
0 0 0 -1 3s—1 2-—3s
At =A(s,t) =
2—-3t 3t—1 -1 0 0 0
4 4
—% % % 1 2—3s 3s—2

Bermumem s V' 6asucable MHOTOUIEHBI Jlarpam:ka:

M(z) =xo+ (2—3t)ay+ (3t — §) w5 — 2,
Xo(x) = —aa+ (Bt — D)oy + (2 — 3t) w5 + 3,

o) = —wat G5 + 3, (3.4)
M(x) = —w3 — Fus5 + 1,

Xs(2) = —x1+ (35 — Vg + (35 — 3) a5+ 2 — 3s,

Xo(z) =1+ (2—3s)w3+ (5 — 3s) x5 + 35 — 2.

OceBble JiuaMeTpbl CUMILIEKCa BbIYuC UM 110 (opmyite (1.7):

2

di(V(s,8)) = do(V(s,8)) =1, ds(V(s, 1)) =da(V(s,t)) = 35|+ 2—3s| 1 1’

2
R B R e

da(V(s,1)) = d5(V (s,1))
CiieoBaTesbHO,

a(V(s,t) = + |1 =3t +

N | —

4
1-3 2—3 - —3
<| s|+ | s|+‘3 s 3

5
+‘——35
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3.3. YTOUHEHUE OIIEHKU &g

4 5 22
2—3t|+ |z —3t|+ |5 -3+ ).
+l H’ff ‘+’3 ‘+3)

s € E,g}, € E,g} (3.5)

crpasemusel pasenctsa d;(V (s, t)) =1, 1 < i <5, nosromy a(V(s,t)) = 5.
Ob6o3Haunm

HpI/I BBIIIOJIHEHN M YCJIOBI/Iﬁ

M(s,t) = lrgggﬁzervgg@(—&(w)).

BoruncieHns HOKa3bIBaIOT, 4TO
2
M(s,t)—max{g,Z—Ss, 3s—1,2— 3t, 3t—1}. (3.6)

Bemraumy &(V (s, t)) naiiném ¢ nomormsio (1.25). Vimeem

E(V(s,t)) =6M(s,t)+1=5, s€ ;
E(V(s,t) =6M(s,t)+1>5, s¢ [ , } win t ¢ [g,g].

I'padux dynkuun & = E(V (s, t)) upu s € [3, 3], t € [3, 2] upusenen na puc. 3.2.
13 (3.7) u (3.2) BbITEKaeT, YTO TP BBIIOJHEHNH ycjoBuiil (3.5) crpaBeuBbl pa-
sercrsa (V (s, 1)) =& =5, 1. e. V(s,t) C Q5 C 5V (s.t).

Jlerko y6euThest, YTO MEHTPOM TSZKECTH JIOOr0 U3 CUMILIEKCOB V (s, t) sBis-

11111

ercst eHTP Kyba (J5, TO eCTh TOUYKa (5, 3150 3 5),

CewmetiictBo cuminiekcoB V (s, t) 6b110 onucano B [35].

3.3 YrTouHeHue oneHKHU &g

N3 obmeit onenku n < &, < 7;2__13 (n > 2) umeem 6 < & < 6.6. C momornpio
qrcaeHHoit MuHuMu3anun Gyuknun £(S) aBropaM yJIaaoch CyNIECTBEHHO CY3UTh
IPOMEXKYTOK, cofepxaruii g (cm. [19]).

Bosee Tounast onenka & cBepXy IOJIYYaeTCd M3 PACCMOTPEHHUS CHUMILIEKCA S
¢ sepmmamm (1,0.657259, 1,0,0.823603,0),  (0,0,0,0,0,0.490244),
(0,1,1,0.176397,0.657259,1),  (1,0,1,1,0,1), (0.490244,1,0,1,0,0),
(1,0.823603,0,0.342741,1,1), (0,0,0.490244,1,1,0). Boraucsienusi mo opmysiam
(1.28) u (1.25) nator 3uadenus «(S) = 6.016585. .., £(S) = 6.016587 ... I3 Broporo
paBenctBa cieayet, uto 6 < ¢ < 6.0166. /[muna noBoro npomexxyrka < 0.0166.

51
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|t
I .

-

Puc. 3.2. I'paduk dyuxuun § = £(V (s, 1))

3.4 Tounoe 3HaYeHHE &7

Tax kak 8 ecTh uncyio Agamapa, U3 pe3yJabTaToB II. 2.2 cjieayer, 9Tto &7 = 7 u cy-
ecTBYeT npaBmiIbHbI cumiuteke W C @y, takoit uro (W) = & = 7. Kax Bbisic-
HUJIOCH, 9TO CBOWCTBO BBINOJIHSIETCA U I HEKOTOPBIX CUMILIEKCOB, HE ABJISIOIINXCS
IpaBWIbLHBIMEA. B 9TOM cMbIcIe citydaii n = 7 anajoruded ciaydaio n = 3 (eM. . 2.1).

[Iycts W(t) — cummreke ¢ seprmuamu (1,0,0,0,0,0,1), (1,0,1,¢,1,1,0),
(0,1,1,1 — ¢,0,1,1), (0,0,0,¢,1,1,0), (0,1,1,1 — £0,0,0), (1,1,0,,1,1,0),
(0,1,1,1 —¢,1,0,1), (1,0,0,1,0,0,1). Ouesumro, mpu 0 < ¢t < 1 cummieke W (t)
copepxkutcs B Q7. Marpuna A (t) mmeer Bu

100 0 0011
101 t 1101
011 1-t0111
000 ¢t 1101

A= 0111-¢t 0001
110 ¢ 1101
011 1-¢t1011
100 1 0011

IIpu mo6om ¢ Bepro det (A(t)) = 8. Ilosromy cummiexe W () sBasiercss HeBbIPOXK-
JICHHBIM, [IPAYEM

A 1
_ [detA@®) _ L oissr.

vol(W (t)) o 530

W~

Ilokazem, uaro npm ¢ € [1,2] cummmexc 7W(t) ommcan Bokpyr kyba Q.
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ns cumiuiekca W marpuna [A(t)] ™! umeer Bun
pil| p

44—-1 3 —1 -5 -1 3 —13—4¢
1—4t -3 1 -3 1 5 1 4t—3
1—4t 5 1 -3 1 -3 1 4t—3
1| -8 0o 0o 0o 0o 0o o 8
8l 4—-3 1 -3 1 -3 1 5 1—4
4-3 1 5 1 -3 1 —31—4¢
3—4t -1 3 —1 -5 -1 3 4t—1
6 -2-26 6 -2 -2 -2

CToJIOIIBI 9TOH MATPUIILI COJIEPIKAT KOIDPUITMEHTHI 6a3MUCHBIX MHOTOU/IEHOB Jlarpan-
x®a pg(z), 1 < k < 8. Ilo dopmyram (1.7) u (1.28) naxomum d;(W) n a(W):

16
di(W) = , 1 FEL dy(W) =1;
W =i pa+ 7 (V)
. 7, §<t<i,
a(W) = §(3|1—4t|+3|3—4t|+50) =9 38 -3t t<i
3t+ 4, t>3
----- a(W(t))
— &(W()
i g t
0 - z 1
4 4
Puc. 3.3. I'paduxu dyuxmmit a(W (t)) u E(W (1))
Teneps Boraucanm (W), npumensisa (1.25):
7, 1<e<s,
EW)=8max max (—u(z))+1=1< 10-12¢, <1,
1<k<8 zeverQ
’ 126 -2,  t>2.
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Wrak, npu % <t< % crpaseyiuo (W) = (W) = 7. D1 paBeHCTBa 03HAYAIOT,
aro cumiieke TW onucan Bokpyr kyba Q7. ['paduku dyuknuit oW (t)) u (W (1))
upu t € [0, 1] upuseensr Ha puc. 3.3.

ABTOpaM yJIaj0ch MOCTPOUTDH €INe OJHO CeMeHCTBO CUMILIEKCOB, 00JIaIaioNuX
AHAJIOPMYHBIMU CBOMCTBAMHU, HO OT/MdHbIX 0T W (t). Ilyers Y () — cumiuiekce ¢ Bep-
mmranm (1,0,0,0,0,0,1), (0,1,1,£,0,1,1), (0,1,1,1 — ,1,0,1), (0,0,0,,1,1,0),
(0,1,1,1 — £,0,0,0), (1,0,1,¢,1,1,0), (1,1,0,1 — #,1,1,0), (1,0,0,1,0,0,1). [Tpu-
Mensst bopmystst (1.25), (1.28), momyaaem

1
a(Y(t) = S (2(]1 — 4] + |3 — 4| + 25) + |5 — 12t] + |7 — 12t]),
14 — 20t, t <1,
—12t + 12, }l<t<%7,
Y (1) = 7, %%s L< g
12¢, 17 < t < T
20t — 6, t>3

Ipacdukn dyuximit oY (t)) u (Y (t)) npusenens Ha puc. 3.4.

14

e R — a(Y(®)
— &(Y(®)

1 5 7 3
0 - = — = 1
4 12 12 4

Puc. 3.4. I'paduru byuxnuit a(Y (t)) u £(Y (1))

CewmeiictBa cummuiekco W (t) u Y (t) pasmuansl. /locTaToqHO 3aMeTUTh, 9YTO
Y 9THUX CHMILJIEKCOB Pa3/IMualoTCsd HADOPhI JJIMH PEOEP.

3.5 VYrTouHeHme oneHKHU &g

Yrounénnas OIEHKa CBEPXY i g MOJIyIaeTCs U3 PACCMOTPEHUs CUMILIEKCa S

¢ sepumuamu (0, 0.487324,0.999584, 0.000015, 0,0, 1,0.000054),
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(0,0.021247,0,0.994519,0.997612, 0.007806, 0.000049, 0.000363),
(0.994191,0,1,1,0.093607, 1,0, 0.404681),

(0.999981, 0, 0,0.320835, 0, 0, 0.99927, 1),

(0.998303, 1,0.989783, 1, 1,0.269099, 1, 0),

(0.995842,1,0,0,0.414823,0.999313, 0.018129, 0),

(0.671663,0.99946, 1,0.031503, 0.99879, 0.000322, 0, 1),
(0.00547,0.021783,0.452784,0.077069, 1,0.999996, 1,0.997195),
(0,0.99992,0.123118, 1,0.000852, 0.999914, 0.483036, 0.936099).

Beraucienus mo dopmyram (1.25) u (1.28) naor smadenus afS) = 8.1257...,
£(S) = 8.13545 ... Takum 06paszoM, crnpaBeIMBbI HepaseHCTBa 8 < &g < 8.1355.
Cumruteke S Haiijen B pabore [23].

3.6 Tounoe 3HauUeHme &

OrmernMm, 9To TOIHOE 3HaUeHMe & paBHO 9. Bosee Toro, cymecTByer 1esoe ce-
MeficTBO cumInIeKcoB S C @y, Takux 1to £(5) = 9.

[Iycrs S = S(t) — cummutexc ¢ Bepmmaamu (1,0,0,0,0,0,0,0,1),
(1,1,0,1,¢,1,1,0,0), (1,0,1,1,1—¢,0,1,1,0), (0,1,1,1,¢,0,0,1, 1),
(0,1,1,0,1 —¢,1,0,0,0), (0,0,0,1,%,0,1,1,0), (1,1,0,0,1 —¢,1,1,1,0),
(0,1,1,0,¢,1,1,0,1), (0,0,1,1,1 —¢,1,0,1,1), (1,0,0,0,1,0,0,0,1,1).

Ecim 0 <t <1, 1o S(t) C Qy. Omyckast 1opoOHBIE BBIYUCICHUS, IPUBEIEM XapaK-
TEPUCTUKH CUMILIEKCA S:

[det(A)] 5

det(A) =25, vol(S) = == = om0 = 0.00496 ...
50
d;(S) = , 1# D5 ds = 1;
) = oo ra (7 b
9, $<t<i 9, 2<t<?,
a(S)=4q & -8, t<Z §(S)=1q 25—40t, t<?2,
8t+2, t>3 40t — 15, t> 3.

Iycrs 2 < t < 2, rorga aS) = £(S) = 9. Tak xak & > 9, umeem & = 9.
U3 pasencrBa afS) = &(S) cuemyer, aro cumiieke 95 ommcan BOKpyr Kyba (Qg.
CewmeitctBo cumiiekcoB S(t) 6bLI0 BrepBble onucamo B [35.

3.7 YTouHeHHe OIeHKHu &

st yrounenust orneHkKu &g PACCMOTPUM CHMILIEKC S ¢ BeplinHamMu
(0.041047,0.037879,1,0.330575, 1,0, 1,0.048055, 1,0.291904),
(0.960780, 0, 1,0.250305, 0.999706, 0.916678, 0.014938, 1, 0.000089, 1),
(1,0.734044, 0,0, 1,0.999928, 0.204362, 0, 0.488617, 0),
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(1,0.046996, 0.920973,0.950917, 0, 1, 1,0.999620, 1,0.053571),
(0,1,0.004464,1,1,0.374532, 1, 1,0,0.006593),
(0,0,0.392400, 1, 0,0.752041, 0, 0, 0, 0.002029),
(1,0.817225,0,1,0.801914, 0, 0.019363, 0.221740, 0.782488,0.991481),
(0,0.999979, 0.017534, 0.532962, 0.581550, 1, 0.222236, 0.231594, 1, 1),
(0.992805, 1, 1,0.366910, 0, 0.644450, 1, 0.040009, 0.000828, 1),
(0.305125,0,0.004921, 0.003458,0,0.041917,1,1,0.174159, 1),
(0.051508, 0.993242, 1, 0, 0.026295, 0, 0.000001, 1, 0.928228, 0.000312).
Nmeem aS) = 10.234152, £(S) = 10.234155 . . .. Tlocseaee paBeHCTBO IAET ONEHKY
&10 < 10.2342. Cummiekce S Haiigen B pabore [23].
B Tabsmnre 3.2 npuBoggrcs HauboJiee TOUHbIE U3 U3BECTHBIX OIEHOK IEPBBIX JIe-
CATU THCeT &,.

Tabmuna 3.2. Ouenkn &, (1 <n < 10)

n &n n &n

1 1 6 6 < & < 6.0166
2 35 11 =2.3416... 7 7

3 3 8 8 < & < 8.1355
4]4<e < —g1141... | 9 9

5 5 10 10 < &9 < 10.2342

3.8 YToudHeHUe OIEHOK &, ITpu DOJBIIUX N

[IpoBeiéHHBIE aBTOPAME IHC/IEHHBIE SKCIIEPUMEHTHI TOKA3bIBAIOT, ITO JIJIs 6OJIb-
mux n (n > 10) oneHuBanue Ynces &, MyTeM YHCIEHHON MUHUMU3AINN BEJTMIHHBI
£(S) msa S C @, okasbBaeTcs BechbMa TPYIOEMKON 3ajadeii. Yucsio Bepiiun n-
MEpPHOTO CHMILJIeKCa paBHO 1 + 1, Kaxkjasl W3 HUX uUMeeT 1 KoopawHar. I[losromy
I BeIaucaenus &, Tpebyercs Haiitn MmunumyM dyskimn n(n + 1) nepeMeHHoi.

OnurreM pe3ysbraThl ONEHUBAHUA &,, HOIYyUYEHHBLIE JIPYTUM IIyTeM. DTU OIEH-
kn omybsmkoBanel B crarbe [21]. Teopema 2.5 yrBep:kmaer, uro ecim S C Q, —
CUMILIEKC, MMEOIINii MaKCUMAbHbIH 00bEM, TO £(S) < &,. Kak okasbiBaeTcs, BbI-
qucsrerne £(S) Juist CAMIITIEKCOB MAKCUMAJIBHOIO 00beMa B Psijie CJIyIaeB MO3BOJIsieT
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CYIIECTBEHHO YTOYHUTDHL BEPXHIOIO FpaHHHy’B,HBOﬁHON[HepaBeHCTBe

n®>—3

|

(3.8)
(eMm. coornomennst (2.7) u3 1. 2.5).

JI1st mocTpoeHus CHMIIIEKCOB MaKCUMAJILHOIO 00beMa B (), HAMH HCIIOIb30Ba-
JINCDH JIAHHBIE O MAKCUMAJIbHBIX —1/1-ompemesnTeisx, IPUBEJICHHBIC Ha cafiTe
http://www.indiana.edu/ " maxdet/ . Ha sToMm caiiTe mpeicTaB/ieHbl MAKCHMAJIbHbBIE
—1/1-onpenenmresnu jo nopsaka 119 riounresbao. Criegyer OTMETHTh, YTO CPen
[EPEUNCIEHHBIX OIPeIeUTeell UMEIOTCS U TaKhe, MAaKCHMAJIBLHOCTh KOTOPBIX MOKa
He JIOKa3aHa, a Jisi HEKOTOPBIX TOPSIKOB OIPEJeJIUTETH BOOOIIe He MPUBOJISITCA.
Henp3s Takzke yTBEpXKIaTh, 9TO IIPH KAK/IOM 71l U3BECTHBI BCEe HEIKBHUBAJIEHTHDIE
MAaTPHUIBI, JJIsi KOTOPBIX 3HAYEHNE OLPEIEINTe s MaKCUMAIBHO.

HawboJtee TouHbIe 13 HANICHHBIX BEPXHUX IPAHHUIL &, co/iepzKaTcs B Tabsmiax 3.3,
3.4 u 3.5. Hapsy ¢ Bepxueil rpanureit &, Mbl TPUBOJUM TAaK¥Ke CBEJIEHUS O CIIOCODe
[OJTy9eHNUsT JIAHHOW ONeHKH. [Ipr 9TOM MBI TIpUMEHsIEM CJIe/IyoIe 0603HATEHMST:

e A — onenka nostydena u3 Hepasercrsa (3.8) Vcnosp3oBanue MaKCHMaJIbHOIO
CUMILIEKCa He MTO3BOJIUJIO YIYUIIUTD 9TY OIEHKY.

e B — npuBojurcs nanmenbiiee 3aadenue £(S), MOJIyIeHHOE U3 PACCMOTDEHUS
OJIHOTO WJIM HECKOJbKUX CUMILJIEKCOB MAKCUMAJIHLHOIO 00bEMa B (). DTO 3HA-
YeHIe MeHbIe, YeM IpaBast 9acThb (3.8)

e AB — mosyuenHoe Jijist MAKCUMAJILHBIX CUMILIEKCOB 3Hauenue &(S) coBnajaer
¢ paBoii gacTbio (3.8)

e H — ugmciio n+1 aBisercs ajamaposbiM. [IpuBoures Tounoe 3nadenue &, = n.

e A" — mcnosp30BaHO HepaBeHCTBO (3.8), Tak Kak /I JIAHHOIO M Ha caiiTe
He NPUBOJUTCA HU OJIHOTO MaKCUMAJILHOI'O OIIPEIC/NTEIIA.

34018994107517188105
590424166322794597 °

Jlnsg n = 57 B TabJnIle UCIOIb3yeTCsd 00O3HAYECHHE ¢ =
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I'JIABA 3. YTOYHEHHWE BEPXHUX OIIEHOK &N

Tabsnuna 3.3. Onenku &, (11 < n < 58)

n n < n €n < n n <

11 11 H |27 27 43 43

12| 8 =12267 | B || 28| T =28.926 44 | B3 — 44.953
529 __ 5963 __ 2493 __

13| 22— 13564 | B 29| 2% —29.374 45 | 23 — 45327
193 __ 2981 __ 2113 __

14| 18 —14846 | A | 30| 28 =30.418 46 | 2 = 46.956

15 15 H || 31 31 A7 47

16 | 12 =16.300 | B | 32| 1% =32.653 48 | 2L — 48.957

— 43 _ —

17| 26 =17412 | B | 33| 38 =33.938 49 | 9 — 49.214

18| 32 =18.882 | AB || 34 | 32T = 34.454 50 | 4552 = 50.522

19 19 H || 35 35 51 51

20| 32 =20.552 | B || 36| 32 =36.458 52 | 2 = 52.961

21| 22 =21.900 | A | 37| 932 =37.288 53 | 2555t = 53.276
481 __ 2309 __ 2017 __

22| B =122905 | A || 38| 29 =38.483 54 | 2T — 54,514

23 23 H || 39 39 55 55

24| 289 =24214 | B || 40| 8% =40.178 56 | 32 =56.286
9 _ 479 —

25| 32 =25267 | B || 41| 5 = 41.361 57| q=57.618

26 | 482 = 26.665 | B | 42 | 451 = 42.544 58 | 223 — 58.358

182

945

539
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3.8. YTOUHEHUE OIIEHOK &y ITPU BOJIBIIINX N

Tabmuna 3.4. Onenku &, (59 < n < 106)

n gn S n fn S n gn S
59 59 75 75 H || 91 91 H
1985 __ 5773 _ —
60 | 152 = 60.152 76| 2 =76.973 | A| 92 | 5% =92978 | A
11219 __ 2963 __ —
61 | 422 = 61.306 TT| BB =77974 | A | 93| £2=93978 | A
21299 __ — —
62 | 2222 = 62.460 78| 1L =78481 | B | 94 | 271 =94468 | B
63 63 79 79 H || 95 95 H
4093 __ 3937 __ —
64 | 1338 = 64.968 80| 2T =80.347 | B | 96 | 283 =96979 | A
49 __ — —
65 | 22382 = 65.287 81| 282 —=81.178 | B | 97 | 152 -97232 | B
66 | 235° = 66.494 82| S50 =182477 | B | 98 | 41 =98465 | B
67 67 83 83 H || 99 99 H
4621 __ 42406 __ —
68 | 422 = 68.970 84 | #2396 = 84,643 | B | 100 | T555° = 100.537 | B
2379 __ 152113 __ 51097 __
69 | 27 =69.971 85 | 123 — g5 217 | B || 101 | 57 =101.182 | B
3313 __ — —
70 | BB = 70.489 86 | 5% =186.474 | B || 102 | 8222 =102.382 | B
71 71 87 87 H || 103 103 H
81 __ 7741 * 0813 __ *
72| 2L = 72,972 88| Tk =88.977 | A* || 104 | £82 —104.981 | A
4 _ _ * —
73 | 818 — 73254 89 | 22 =89.977 | A* | 105 | 2 =105.981 | A
74 | 258 = 74.485 90 | 1228 =90.471 | B | 106 | 2 =106.379 | B

17

99




I'JIABA 3. YTOYHEHHWE BEPXHUX OIIEHOK &N

Tabmuna 3.5. Ouenku &, (107 < n < 118)

n én < n &n <
107 107 H| 114 | 2277 =114.373 | B
109 | L2731 — 109.206 | B || 115 115 H

981

22627 3453 *
110 | 2527 = 110.376 | B | 116 | 13138 = 116.983 | A

111 111 H | 117 | 132388 — 117.226 | B

112 | 2T =112.117 |B | 118 | %51 =118.370 | B

113 | B9 —113.235 | B
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I's1aBa 4

CuMILIeKChI CIICIIN1AJIBHOI'O BN/IA

Brimme yke paccmaTpuBaliiCh HEKOTOPbIE CIIEIUAIbHBIE CUMILIEKCHI: NMEIOIINe
MaKCHUMAJIbHBI 00bEM B (), *KECTKNIT CUMILIEKC U JIp. B 9Toil rimaBe MbI OIHUIIEM
CBOMICTBa pdaja JAPYIUX 3aMedaTesbHbIX CUMILJICKCOB, & UMEHHO YIOBJIETBOPAIOIINX
BKJIIoUeHusAM S C (), C n.S, COBEPIIEHHBIX U PABHOOTCEKAIONINX.

4.1 Cumiuiekcsbl ¢ KO3 DUIMeHToOM IIOTJIOINEeHNu N

Kak ™Mbl HEOHOKPATHO OTMEYa, KOI(PMOUIIMEHT MOTJIONECHUS €JIMHUTHOTO KY-
Oa HAXOAMMUMCS B HEM CHUMILIEKCOM OTDAHWYEH CHU3Y Pa3MEePHOCTHIO MPOCTpaH-
CTBa. DTO SKBUBAJEHTHO HEPABEHCTBY &, > n. Ecam XKe 1719 HEKOTOPOr'o CUMILIEKCa
S C @, Bemomnserca £(S) = n, 1o a(S) = &(5) = n u &, = n. Kpome Toro,
Jtst Jiroboro ¢ BepHo d;(S) = 1. Haobopor, paBencTBo &, = n O3HAYaer, 4TO CyIIe-
crByer cumiieke S C @y, st koroporo aS) = £(5) = n, r.e. S C nS. Onnako
CUMILJIEKCHI, J[7IsT KOTOPBIX CIIPaBEeJINBBI BKIIOUYeHns S C (), C NS, UMeTcs He JIs
Bcex n. IlepBoe Takoe 3nadenue n paBuo 2. Nmenno, & = 1 + %5 =234... > 2
HETPUBUAJBHOE JIOKA3aTeIbCTBO TpuBoauTcd B [13]. Ipyrum myTém HepaBeHCTBO
&9 > 2 BeiBoguTCA B 1. 4.1.1.

K nacrosimemy MoMeHTY paBeHCTBO &, = n J0Ka3aHo Jjid n = 5, n = 9 u decko-
HEYHOW COBOKYITHOCTH TeX N, JIjisk KOTOPbIX n+ 1 ecTh uncsio Agamapa. B qactrHocTH,
TaKOBBIMU ABJIAIOTCA Bce HedéTHbIe N u3 npoMexxyTka 1 < n < 11. Hu oxnoro uér-
HOT'O N ¢ ycjoBueM &, = n MoKa He oOHapy»KeHo. BoJjiee Toro, ocraércss HesICHBIM,
CYIIECTBYET JIM XOTs ObI OJHO TaKOe YETHOE N.

CuMILIeKChl, I KOTOPBIX BepHBI BKIOUeHus S C @, C nS, ecau OHU Cy-
IIECTBYIOT, O0J/IAJIAIOT TEJIbIM PSJIOM 3aMedaTe/IbHbIX CBOHCTB. Takme CUMILIEKCHI
u3ydasanch B crarbe aBTopos [20]. IlpuBesém psiji pe3ynbTraToB U3 9TOH CTATHH.

Huxe 29 — Bepmmner, Nj(x) = lijxi+. .. +lpjT,+1,41; — 6a3ucble MHOrOUIE-
ubl Jlarpanka n-mepHoro cumiiekca S. Hepes ¢(G) 0603HaMaETCS MEHTD TAKECTH
BBITTYKJT0TO Teta (.
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I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

Teopema 4.1. [Iycmv S C @), C nS. Tozda svnosnaomes pasercmasa

max M(x)=...= max A,1(z)=1,
zever(Qn) 1( ) zever(Qn) +1( )
(~A(@)) (A (@) = 22
max — Tr))=...= 1max —An X)) = y
zever(Qn) ! zever(Qn) A n—+1
1 1
S) = n=1=,....= ],
() = @) = (53
n+1
dolisl=2  (1<i<n)
j=1

(1<j<n+1).

" 2n
> il = ]
=1 n+

(4.2)

(4.3)

(4.4)

(4.5)

Ananozuvnvie (4.1)~(4.2) coomuowenun umeom mecmo u 6 cayyae, ¥020a Mak-

cuMYyMmn, bepymesa no x € Q.

Aoxasamenvcmeo. Tak kax S C (), C nS, umeem £(5) = o(S) = n. U3 pa-
BercTBa £(S) = a(S) caenyer, uro cumiuiekc nS ommcan BOKpYT Q. Ilosromy
cupase o coornomtenue (1.26), oznagaromiee, 9ro max (—A;(z)) He 3aBHCHT OT j.

®opmyia (1.25) mnaér upu awobom j=1,...,n+1

n=€(S)=(n+1) max (~A(2)+1,

zever(Qn)
OTKY/I&
(@) = 2 (4.6)
max (—\;(x)) = : :
zever(Qn) J n—+1
Takum 06pazoM, BBIIOJIHSAETCs cooTHOIeHne (4.2).
B mamunx obo3nadennsx
eme?é )(—)\j(x)) = — Z lij = lnta g, (4.7)
FEveRivn i<n: lij<0
max )‘j (ZL’) = Z lij + ln+1,j. (48)
wever(Qn) i<n: 1320
[ockombky 2VY9) € Q,,, crpaBeyIMBO HEPABEHCTBO
max X (w) = A (z9)) = 1. (4.9)
reQn
Hamomunm, uro e = (1,...,1). [Ipumenss (4.6)—(4.9), umeeMm HenovuKy COOTHOIIIE-

HUIA:

| 11\ ¢
2)\]‘ <§ 6) = 2)\3 <§7 .- )5) - lew +2l”+17j -
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4.1. CUMIIJIEKCBI C KOSOOUIIMEHTOM IIOI'VJIOIIIEHUA N

= Z lij +lnyry| + Z lij + 15| =

i<n: lijzo i<n: l¢j<0
A (@) () =1t 2 (4.10)
=max \i(z) — max (=\(x — = ) .
2€Qn 7 z€ver(Qn) J - n+1 n+1
Nrak, npu KaxKjaom j
1 1
P > ) 4.11
J (2 e) “n+1 ( )

[Toxazkem, 4T0 Kazkioe coornomenue (4.11) apisercsa paBencTBoM. ncia A, (% e)
CyTb OapHUIICHTPUYECKHe KOODAUMHATHI TOUKHU T = %e, IIO3TOMY

n+1
1
7=1

Ecau ipu HekoTopoM j HepaseHCTBO (4.11) 6b110 6bI CTPOrUM, TO Ji€Basl YacTh IO-
CJIeJTHETO COOTHOIEHUs ObLja Obl cTporo OoJibine mpaBoii, a 3To He Tak. CreoBa-
TEJIBHO,

)\j(le):L, 1<j<n+1 (4.12)
2 n+1

[TepBast u noc/ie/iHsAs BeIMIuHbL B 11enovke (4.10) 0Ka3bIBAIOTCA PABHBIMHE, [IOITOMY
HepaseHcTBO B (4.10), a 3HaunT, 1 HepaBeHCTBO B (4.9) obpalnaiorcs B paBeHCTBA.
Tem campim crpaseuso coornomtenne (4.1). ITockombky A; — mneiinas QyHK-
s, Kaxkjioe u3 paseHcTs (4.1)—(4.2) 9KBUBaJIEHTHO aHAJOTUIHOMY COOTHOIIEHUIO,
B KOTOPOM MaKCHMYMBI 6epyTes 110 & € Q.

Pasencrso (4.3) caeayer uz (4.12) u onpejesennst GapUIEHTPUIECKIX KOOD/TH-

HaT:
n+1 n+1

1 4 1 . 1 1 1
S) — ()N NS D=Ze=(=...,2].
(%) n+1;x ;J<2e>x 2 \2 2

Teneps nokazkem (4.4)—(4.5). Brmogenne S C @, Biaeuér d;(S) <1 (1 <i <n).
Ho, nockosbky a(S) = n, u3 (1.28) ciemyer, uro Kaxplii oceoit auamerp d;(.S)
pasen 1. [Ipumenssa (1.7), nmeem

n+1

1
3 D il =1,
j=1

n+1
Crenosarensro, y . |l;;| = 2, T e. Bomonustorcst pasencrsa (4.4). Hakonemn, 3ame-
Jj=1
THM, 9TO 1IpHu JoboMm j =1,...,n
n
E i = E lij +lny1y | — E lij +lnt15| =
i=1 i<n: 1;;>0 i<n: 1;<0
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I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

n—1 2n
max ey +x£§%n)( i(x) =1+ e flearer,

Mer npunvernsm (4.1)—(4.2) Tem cambiM cripaBe/nBbI paBeHCTBa (4.5).
OrMmernM 37eCh APYToif cr1ocob TOKA3aTeIbCTBA COOTHOIIECHNUST

max A\ (x) =... =max \,11(z) = 1. 4.13
max A (z) max A1 (z) (4.13)
N3 pokaszamnoro pasenctBa ¢(S) = ¢(Q,) caeayer, uro —S C —@Q, C —nS.
Ho —Q, = @y, snauur, S C @, C —nS. Obosnaunm uepe3 ['; rumepiiockocTsb
¢ ypasuenueMm \j(x) = 1. 3ameTuMm, 4TO KakJas BepIIHHa CHMILIEKCa —nS IIpH

HEKOTOpoM j npuHajexur I';. Vmenuo, ecim v — Bepumua S, Jjieskamas B I'H-
neprutockoctu \j(z) = 0, To eé obpas w upu romorerun ¢ Kodbduimentom (—n)
I ¢ IeHTpoM romorerunn B Touke ¢ := c(S) npumamrexur ;. [eiicrBurensHo,
w = —n(v —c) + c. Homoxum pj(x) = Aj(x) — A;(0). Tak kak p; — agIUTHBHBLI
1 OJHOPOAHBIH (yHkImonan na R, nmeem

pi(w) = pi(—n(v —c) +¢) = —npi(v) + npi(c) + pi(c) = —np;(v) + (n+ 1)p;(c),

Aj(w) = X;(0) + (=n) [A;(v) = X;(0)] + (n + 1)[A;(c) — X;(0)].

J— . P _1 /]
BapunenTprieckue koopaunathl Toukn ¢ = c(S) pasubl \j(c) = -=5. Kpome Toro,
Aj(v) = 0. CieroBaresbHo,

1
n-+1

Buaunt, w € I';. Nrak, romorerndecknuii odpas jr000#l U3 n BepIIUH CHMILICKCA
S, npuHaIexanmx rpamn S ¢ ypasHenueM \;(z) = 0, JIEXKHUT B MHIEPIIOCKOCTH
Aj(z) = 1. l'omorernaeckuii o6pas3 OCTABIIENHCS BEPIINHBL 29 oueBmHO, npuHaIE-
JKUT TOJIyIpocTpancTBy Aj(x) < 1. ITosromy ms sroboro j cmmMiuieke —nS comep-
KuTes B nosynpocrpancrse \;j(z) < 1. Brimodenue (), C —nS o3Havaer, 4To Ky0
(2, TaKzKe MPUHAJIEKUT ITOMY MOJTYIPOCTPAHCTBY. OCTaéTCs 3aMEeTHTh, ITO B CH-
sy Britodennsi S C Q,, Bepumna 9 cumirexca S comepxutes B @Q,. ITockombKy
A (29) =1, umeer mecTo coornomenue (4.13).

Teopema MOJTHOCTBIO JIOKA3AHA. O

Ormerum HEKOTOPbIE CJIECACTBUA U3 TEOPEMBI 4.1.

4.1.1. CupaBeyinBO HEPpABEHCTBO &y > 2.

HeiicTeuresbro, & > 2. HerpyaHo nokaszarh, 9T0 MUHHMaJIbHOE 3HaueHue &(.S)
g S C Qy = [0,1]? mocturaercs na Tpeyronbauke S’ ¢ sepmmnamu (1,s), (¢,1),
(0,0), 0 < s,t < 1. Homycrum, garo & = 2. Torma £(57) = 2, smaunt, S" C Qs C 25".

ITo Teopenme 4.1 ¢(S') = ¢(Q2) = (3,1). osromy

t+1_5+1_1

3 3 2’
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4.1. CUMIIJIEKCBI C KOSOOUIIMEHTOM IIOI'VJIOIIIEHUA N

OTKyla § =t = % s rpeyronbauka S’ ¢ BepmmHaMN (1, %), (%, 1) (0,0) BBITION-

HACTCA

1 4 2 2
131 3 T3 T3
_ 1 -1 __ 2 4 2
A=z 1 1], AV=1] -5 35 —3
0 01 0 0 1
Basucubie muorouens: Jlarpamka g S’ uMeror Bu
4 2 2 4 2 2
)\1(1‘):5371—5372, >\2<x>:—§$1+§I2, )\3<$)I—§$1—§I2+1

[To dopmyse (1.25)
£(5)=3- max  (=\;(z))+1=3.

1<j<3,zever(Q2)

Urax, £(S") paBHo 3, a He 2, KAK MbI IIPEJIIOJOKUII. DTO IPOTUBOPEUNE 3aBepIaer
JokazaTebeTBO. HepaBencTBo & > 2 mostydaercs 371ech 60J1ee MPOCThIM Iy TEM, TeM
B [13].

4.1.2. Ilycts n — uéraoe. Torma He cymecTByeT CHUMILIEKCA S, JJII KOTOPOIO
OJIHOBPEMEHHO BBINOJIHSAIOTC BRIodeHust S C Q C nS u ver(S) C ver(Qy,).

IIpe/monozKuM MPOTUBHOE: CYIIECTBYeT cHMILICKC S, Beprmubl ) KoToporo
COBIAJIAIOT C BepIMHaMu (Q, u Jyig Koroporo S C ), C nS. 3 reopembl 4.1 nmeem

1 n+1 ‘ 1 1
— (C) R z
c(9) n—l—lg x (2,...,2>,

Jj=1

n+1

J=1

OTKY/Ia

[ockombky V) € ver((Q),,), KOOPJIMHATHI TOYKHU U SIBJIAIOTCS TIeJI09nCaIeHHbIMU. [1o-
STOMY TIPU YETHOM 7 TIOCJIEJIHee PABEHCTBO HEBO3MOXKHO. MBI MOJYIUIN TPOTUBO-
pevne.

4.1.3. Brmouenus S C ), C nS MoOryt ObITb IPOJOIKEHBI B 00€ CTOPOHBI
CJIEJIYIOIIUM 00Pa30M:

1 1
...CESCEQnCSCQnCnSCn2QnCn3SC...

Hocrarouno npusieds (4.3).
4.1.4. llycts S C Q, CnS. Torna qng j =1,...,n+1

n—1
> =1l >l = 1 + lny1g-

i<n: [;;>0 i<n: 1;;<0
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I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

Hoxazkem ato. Ilycrs £) — peprmmnnr S, ¢ = ¢(S). B coorsercrsnm ¢ (4.3) mveem

¢ = ¢(S) = 3 e. [lo coficTBaM GAPHIEHTPUTIECKIX KOOPIHHAT

n+1 n+1
Z \i(e)zW = e, Z \(0)z9) = 0.
j=1 j=1
Orcrona
n+1
Ai(e) +A00) )

[TosTomy M

IEHTP TsZKeCTH S, KarK7a0e U3 3TUX IUCEe PABHO n+r1 Takum obpazom,

CyTh OapUIEHTPUYECKUE KOOPJAMHATHI TOYKHU . [IoCKOIbKY ¢ —

2
Aj(e) +X;(0) = S (4.14)
U3 pasenctsa (4.14) cjieayor COOTHOIIEHUSI:
S ol— S gl 20(0) = ——
, T ! ! n+1’
i<n: [;;>0 i<n: [;;<0
Sooly— Y lyl=2 ;—/\(O) : (4.15)
' T J n+1 j
i<n: l;;>0 i<n: 1;;<0

[Tpumenum emg (4.5), 3amucaB 9T0 PAaBEHCTBO B BUJIE

n+1

i<n: 1;; >0 1<n: 1;; <0

Tak xax A;(0) = l,41,;, To cioxkenue (4.15) u (4.16) naér

Z lij=1—lns15

1<n: 1;;>0

Beranras (4.15) u3 (4.16), moxydaem

n—1
Yo lgl= nq Hlen

i<n: lij <0

CrencrBue HOKa3aHO.

4.1.5. JIna cumiuiekca S BBEJIEM B pacCMOTPEHUE N-MEPHBIE TTOJIOCH
n—1
n+1

Gj={zeR": — < \j(z) < 1%,
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4.2. COBEPIIEHHBIE CUMIIJIEKCBI

n+1
[Iycts S C @, C nS. Torna Q, C () G-
j=1
JlelicTBUTEIBHO, CIIPABEJINBO COOTHOIICHUE

n—1
min M(x)=...= min Ai(x)=— . 4.17
z€ver(Qn) 1< ) zever(Qn) +1( ) n—+1 ( )
Omo skBuBasenTHO (4.2), HOCKOIBKY min A;(z) = — max(—A\;(x)). Takoe ke coot-

HOIIIEHe BBINOJIHIETCS U B CIydae, KOrja MUHUMYMbI GepyTes 1o « € Q,. U3 (4.1)
u (4.17) BbITekaer, uro @, C G npn KaxgoM j. [Tosromy @), comepzkuTce B 1epe-
ceyenun Gj.

4.1.6. IIpeamonoxum, aro S C @, C nS. Torma cumiuiekc S ob1amaeT ciaemsyio-
UM CBOMCTBOM: 3aMeHa JII00OOM ero BEePIIMHBI Ha, JTIOOYI0 TOUKY (), He YBeTUInBaeT
00bEM cumiLtekca. [IpuBeéM oKa3aTe/IbCTBO.

[Mycrs 1 < j <n+1uy € Q, Tak kak —Z—: <A(y) <1lm /\(ZL‘(])) =1,
CIIpaBe/IJINBO HEPABEHCTBO

dist(y; B;) < dist (a:(j); Bj) ) (4.18)
Bnecy B; — (n — 1)-MepHas HIEpIUIOCKOCTD, 3aaBaeMast ypasaenuneM \;(z) = 0,

dist(y; B;) == min ly — 2|l

— paccrozuue ot y 10 Bj. O6o3natuum depe3 S’ CHMILIEKC ¢ BePIIMHAME AN
200y 20D () prage rosopst, BBITYKITy10 060510uKy Touek &F) st k # j
u Toukn y. 13 nepasencrsa (4.18) momyduaercs, 1o vol (S7) < vol(S).

[To repmunosorun crarbu [29] cumimieke S C @y, /I KOTOPOrO 3aMEHA JIO-
60l BepIIMHBI Ha JIOOYI0 TOUKY (), YMEHBIIAET ero 00bEM, Ha3bIBAETCS YKECTKUM
(rigid). B cooTBeTcTBUE € MOCIETHUM PE3YIBTATOM CHUMILIEKC S, YIOBIETBOPSIOTHIA
BKJIOUeHusIM S C (), C NS, eCTeCTBEHHO HA3BATh NOYMU-HCECMKUM (quasi-rigid).

4.2 CoBepilieHHbI€ CUMILJIEKCHI

HeBbIpoxK IeHHBII N-MEpPHBI CUMILIEKC S HA30BEM COGEPULEHHDIM CUMNAECKCOM
OMHOCUMEALHO N-MePHO20 Kyba (), ecin S C Q) C &,5 u kKyb () BIIUCAH B CUMILIEKC
&,S, T.e. rparuia &,S comepKuT Bece BepiuHbl (). CHUMILIEKC, COBEPIIeHHBI OTHO-
cuTebHO Kyba (),, Ha30BEM MPOCTO coseputeHHviM. Ha JTaHHBIT MOMEHT M3BECTHBI
JIUIIb TPU 3HAYEHUsSI 7, TP KOTOPBIX B R™ CyIIecTBYIOT COBEpITEHHbIE CUMILIEKCHI,
a UMeHHO N = 1,3, H; BO Bcex 3TUX ciaydaax &, = n.

Ham moTpebyercst ciaemayroriee yTBepKIeHue.

Teopema 4.2. IIycmv S C Q,,. Bepwuna v xyba QQ, npunadiescum j-1i epaHu
cumnaerca £(S)S mozda u moavko mozda, xozda

—\j(v) = max (=i (2)). (4.19)

1<k<n+1,z€ver(Qn)
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Jlokasamenvcmso. Tonoxxum € := £(S). Bamerum cHadasa, 9T0 ypaBHEHUE I'Hi-
HEPIIOCKOCTH, COJIepsKallell j-10 I'paHb cuMiuiekca S, uMeer BUL

_1-¢
Con+1

Aj(2) (4.20)
[eiicTBUTENIBHO, IIyCTh 9TO ypaBHeHme uMeeT Bui \j(z) = a. Pyuxuua \;(z)
— MHOTOWIEH IepBOit cTemeHn. Tak Kak IEHTD TSKECTH CHMILIEKCa S IPUHAJIIe-
_ _1 ;
AHAT THIEPIVIOCKOCTH Aj(T) = =5, & j-s1 Tpaib S NPUHAIE;KUT THIEPILIOCKOCTH
Aj(x) = 0, To cupaBeINBO COOTHOIIECHUE

a — —

n+l
O . L - 57
n+1
_ 1€
OTKYyda a = nrl”

[Tpuseném apyroe obocHoBaHue 3TOro daxra. IIycTh ¢ — HEHTP TIAXKECTH CHM-
miexca S; y — Bepumna S, orimunas or £U); 2 — 06pa3 TOUKH Y IIPH TOMOTETHN
¢ KoaduunneHToM £ OTHOCUTETBHO TOUKE ¢. Torma z—c = {(y—c) u z = Ey+(1—-&)c.
Oyuxnnonai ju;(x) := A\;(z) — \;(0) aBisgeTcsa uHEHHBIM (& IUTUBHBIM U OHOPO/-

upv) Ha R™. Tax kak Aj(y) = 0 1 Aj(c) = =, 10
Ai(2) = Ai(0) = pi(y) = pi(&y + (1 = §)e) = & (y) + (1 = Epy(c) =
= D)~ L0+ (1~ O(e) ~ 1, 0)] = ~ 5~ ,(0),

oTKyga A;(2) = i;é [TockosbKy 2z puHAIEKUT j-if TpaHu cuMmiuiekca £S5, TO ypas-
HeHue 5Toii rparn numeer Buj (4.20).
ITycts Teneps v € ver(Q),,) TakoBo, uto BeinosHgercd (4.20). Tak kak

= 1 —-A 1 4.21
§=nt1) max o (FA(@)+1, (4.21)
-1 ..
(cem. (1.25)), To npasas wactb (4.19) coBnazaer ¢ =7, NOITOMY v IPHHAIJIEIKHUT j-if

rpanu cumiriekca £S. Haobopot, eciim v mpuHaijieKuT j-it rpanu cuminiekca €S, To
—Aj(v) = % B cuy (4.21) sTo paBencTBo skBHBaJeHTHO (4.19).

Teopema jokazaHna. U

PaccmoTpuM Bomrpoc 0 cyIecTBOBaHUH COBEPIIEHHBIX CUMILIEKcoB B R™ mpu pas-
JITIHBIX 7.

1)n=1.

Dror ciyuait BecbMma npoct. st orpeska S = [0, 1] Bepao S = Q. Tosromy
&1 =1mu S — eIuHCTBEHHBI cOBepIeHHBIH cuMIiekc. PaBencrBo & = 1 cieryer
U W3 TEOPEMbI 2.2 B CHJIy TOrO, YTO 2 €CTh 4nucjao Ajamapa.

2)n=2.

68



4.2. COBEPIIEHHBIE CUMIIJIEKCBI

st m = 2 COBEpIIEHHBIX CUMILIECOB HE CYIIECTBYET. DTO CJELYeT U3 PE3yJib-
TaToB 11.2.1, rjie ONucaH €JIUHCTBEHHBIH (C TOYHOCTBHIO JI0 OPTOTOHAJILHBIX IIPEOs-
pasoBanmii) cumMiieke S*, miasg xKoroporo £(S*) = &. OueBmmgno, S* He saBisSETCS
COBEPIEeHHBIM. DTOT (aKT ycMaTpuBaeTcs u3 puc. 2.1, MOCKOIbKY HyJIeBas BEPIIH-
Ha (o He IPUHAJJIEKUT rpanuie cuMmiiekca &(S*)S*.

3) n=3.

PapenctBo &3 = 3 ObL10 ycranoBieno B 1.2.1. OTMedasioch, 9TO paBEHCTBO
£(S) = 3 BbiosHsteTcst Jyisi ABYX (C TOYHOCTBIO JI0 3aMEHbI [IEPEMEHHBIX) TeTpa-
91poB. PaccMoTpuM 3TH CJydan.

CHavaJsia 3aMeTHM, 9TO IIPH 7 = 3 BBINOJHEHBI YCIOBUA T€OPEMbI 2.2 (Tak Kak
n+ 1 = 4 ecrb unciao Anamapa). Teopema yTBepKiaer, 9ro {3 = 3 U CyIIECTBYeT
IpaBUJIBLHBINA CUMILIEKC S, BIHCAHHBIA B (J3, Ui KoToporo (3 C 35. B kadecrse
npumepa paccMoTpuM cumirieke Sy ¢ seprmuamu (0,0, 0), (1,1,0), (1,0,1), (0,1, 1).
g mero

0001 -1 1 1 -1
1101 o1 =11 -1
A_1011’A_§ -1 -1 1 1

011 1 2 0 0 0

4
ITo dopmyue (1.7) mmeem d%S) =13 |l =1, e d(S)=1(i=1,23). U3 (1.28)
i ]:1

3
caeayer, 910 a(S1) = > T ({91) = 3. Bemmmmem OasncHble MHOTOYJIeHB! Jlarpanzka:
i=1

)\1(1’) = (—271 — X9 — I3 + 2) s )\Q(ZL‘) = (1'1 + T — 1'3) s

N~ N -
NN —

A3(x) = = (1 — 22 + 23) , M(x) = = (=1 + 22+ 23) .

Besmuuny £(S1) Haiigem ¢ nomorsio dopmysbl (1.25):

€(51) =4 max max (—Mg(z)) + 1.

1<k<4 zever(Q3)

Breruncienns IIOKa3bIBaIlOT, 9YTO

1
_ == 4.22
1211?%{4 xérgé?(ég)( () 2’ (422)

orkyza £(S1) = 4 -3 + 1 = 3. Cnenosarensno, £(S1) = &. Makcnmym B (4.22)
JUIst KaQXKJI0ro k JIoCTUraeTcst TOJIbKO Ha OJJHON M3 BepIinH (3

1
“A(111) = =29(0,0,1) = =25(0,1,0) = —A4(1,0,0) = . (4.23)
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U3 Teopembr 4.2 u pasercts (4.23) cieyer, 9TO IKCTpeMaJsibHBIE BEPIIUHBI Ky0a,
T.e. Bepimnset (1,1,1), (0,0,1), (0,1,0), (1,0,0), npuHajiekaT rpaHsM CUMILIEKCA
351, IpuYeM KaKJas TpaHb COIEPKUT 110 O/iHOH Bepiuue. OcTaabHbIE YeThIPE Bep-
MIMHBI Ky0a HAXOIATCH CTPOro BHYTpH cuMminiekca 357. Takum obpa3om, cuMILIieKc
S1, X0Ts 1 yJoBJseTBopser BKodeHnsaM S C (3 C 357, COBEPIIEHHBIM He sIBJISETCSI.

MakcuMaJibHbIe TIO JJTHHE OTPE3KU U3 S, HapalIeTbHble KOOPIUHATHBIM OCSM,
[IEPECEKAIOTCS B IIeHTPe Kyba (J3. DTOT PE3y/IbTAT MOKET OBITh MMOJIyUeH u3 (hOPMYJI
(1.8) u (1.9).

Temepp paccMoTpuM cuUMILIEKC So € BEPITHHAMM (%, 0, O), (%, 1, O), (O L ),

)9
(1, %, 1). JLy1st 5TOr0 CUMILIEKCA

001 0 0 -1 1
A:§101 A Lf -1 00
1 ) 1 11 1
05 11 2l =2 =3 2 3
1 1 1
1 5 11 I 0 35 —3
4 3
[Tosromy ﬁ = 23 |l;| = 1, orxyna d;(Ss) = 1. Bmaunr, a(S,) = d~(15) = 3.
(P2 le i=1 P2
Bazucubie muorowiens: Jlarpamxka mais Sy cyTh
1
Ai(z) = —952—51‘34‘1, Ao () =TT 5T
1 1
)\3(1’) = 5(—21’14‘1'34—1), )\4(1’) = 5(23314—1'3— 1)
Nmeem
(52 =41, g, A L
W3 dbopmyn mis A, mostydaem
=A1(0,1,1) = =X (1,1,1) = =X2(0,0,1) = —X9(1,0,1) = (4.24)
—X3(1,0,0) = —X3(1,1,0) = =X4(0,0,0) = —X4(0,1,0) = 1. '

TakumM 06paszom, . ma)(iQ )(—/\k(x)) =1 orkyma (S5) =41+ 1=3. Bsroum ciy-
,rever(Qs3
"ae SKCTPEMAaJILHOMN sIBJISIeTCs KaxK/ias BepiinHa Kyba. VI3 Teopembl 4.2 1 paBeHCTB

(4.24) cremyet, 9TO BCe BepIIUHBI ()3 IPUHAJIEIKAT I'PaHIM cUMIUIEKca 355, Takum
00pa3oM, CUMILIEKC Sy, B OTJIMIHE OT CUMILIEKCa S, SBJISIETCS COBEPIITEHHBIM.

Cumriuiekcnt Sy n Sy ABJIAIOTCS MPEJACTABUTEISAME JIBYX KJIACCOB 9KCTPEMAJTHBIX
CHMILIEKCOB I . = 3, omucanubIX B 1. 2.1. Kask bt cosepmennbrii cumiiexke B R3
ogoben Ss.

Cumiutekcor St, 357, S9, 355 moKasaHbl Ha puc. 2.2 u puc. 2.3. 2KupHbIMEI TOUYKAa-
MU OTMEYEHBbI BEpIUHBI Kyba ()3, IpuHa Iexkalme cumiiekcam 351 u 355, 2Kup-
HBIMY JITHUSAMU TTOKa3aHbI OTPE3KU, COOTBETCTBYIONINE OCEBBIM JTHAMETPAM.

4) n = 5.
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Kak 6b110 mokazano, {5 = 5. Pacemorpum cummreke V (s, t) u3 1. 3.2. Bygem
[peJnoiaraTh, 9ro yciaoBus (3.5) BbimoHEHBI U, ciegoBaresnbho, E(V (s, t)) = 5.
I3 pasencrsa a(V (s,t)) = b caeayer, 9To Bce 0ceBble TuaMeTpbl cuminiekca V (s, t)
pasubl 1. [Tpu Beimosnenun (3.5) nmeem

2
1%?;(6 xervr?(és)(—)\k(x)) =3 (4.25)

MmuozkecTBo BepiiuH Kyba (Js, Ha KOTOPBIX IS JAHHOIO Kk JOCTHIaeTCss MAKCHMYM

B (4.25), 3aBucut or s u t. Pacemorpum nosesierne ko3 uimeHToB 6a3uCHBIX MHO-
rousenos Jlarpamxka (3.4).

Tabmuma 4.1. OcHOBHBIE SKCTpPEMAJIbHBIE BEPITHHBI

wno

Beprmabr Qs, 71s1 KOTOPbIX (—Ag(z)) =
t<3

npnggsg

el

4
7 <

)

1 (0,0,0,0,0), (0,0,1,0,0), (1,0,0,0,0), (1,0,1,0,0)

2| (0,1,0,0,0), (0,1,1,0,0), (1,1,0,0,0), (1,1,1,0,0)
(0,0,0,1,0), (0,0,1,1,0), (0,1,0,1,0), (0,1,1,1,0),
(1,0,0,1,0), (1,0,1,1,0), (1,1,0,1,0), (1,1,1,1,0)
(0,0,1,0,1), (0,0,1,1,1), (0,1,1,0,1), (0,1,1,1,1),
(1,0,1,0,1), (1,0,1,1,1), (1,1,1,0,1), (1,1,1,1,1)

5| (1,0,0,0,1), (1,0,0,1,1), (1,1,0,0,1), (1,1,0,1,1)

6| (0,0,0,0,1), (0,0,0,1,1), (0,1,0,0,1), (0,1,0,1,1)

Bamerum, 4YTO Tpu BbioJHeHHW (3.5) CIpaBeIMBbI CTPOrHE HEPABEHCTBA
2—3t>0,3t—1>0,3s—1>0,2—-3s<0,3s—2>0. [Ing ocraabHLIX KO-
pUIUEHTOB, 3aBUCAIINX OT § U {, UMEIOT MECTO HECTPOTHe HepaBeHCTBa 3t — % >0,
g -3t >0, 3s — g <0, % — 3s < 0, mpuyem obpallleHre B HY/Ib BO3MOXKHO TOJIHKO
B I'DaHUYIHBIX TOUKax obsiactu (3.5). Eciin koadpdunuent B Ay (x) npu HeKoTOpOM ;
oOpariaercs B HyJIb, 3HAYEHNE X; HE BJAUIET Ha 3HaYeHue Muorowiena. [lepemennas
x; mag x € ver(Qs) mMoxker npuHUMaTh 3Hadenus O win 1. CiegoBaTesbHO, THCIIO
SKCTPEMAJIBHBIX BEPIIHH st A () B 9TON CHUTyalluy yIBAanBAECTC.

[IpuBesieM CIMCKU BEPIHH, Ha KOTOPBIX JOCTUTAETCS MakCHMyM B (4.25). Dtn
JaHHble cBelenbl B Tabuinl 4.1-4.2.
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Tabmuna 4.2. /lonosHuTe/IbHbIE SKCTPEMAIbHBIE BEPIIIITHEI

Bepmmier Qs, 1715t koTopbix (—Ag(z)) = 3
k | Snadenus: napamMeTpoB s u t
TOJIBKO TIPU JIAHHBIX 3HAYEHUAX S U T
1 45 44 (0,0,0,0,1), (0,0,1,0,1),
o (1,0,0,0,1), (1,0,1,0,1)
92 4_1<8<§ t:§ (071707071)7 (071717071)7
P Y (1,1,0,0,1), (1,1,1,0,1)
5 S_Q é<t<§ (170707070)7 (170707170)7
T 99 ="=9

(1,1,0,0,0), (1,1,0,1,0)
6 8:4_1 4_1<t<§ (0707070)0)7 (0707()’]-70)7
v (0,1,0,0,0), (0,1,0,1,0)

N3 npuBeIEHHDBIX JAHHBIX U TeOPEMBI 4.2 cJIe/IyeT, 9To Ha IJIOCKOCTU ITapaMeTPOB
S, t CymecTBYeT OTKPBITBIN MPAMOYTOJIBHUK

H:{(s,t):g<s<g, g<t<g},
Takoit uto s (s,t) € Il mHoKecTBO Bepinnu Kyba pasbuBaercst Ha 6 Hemepeceka-
IOIIIXCsT KJIACCOB 9KCTpeMasbHbIX BepiuH. OOIee 9nucio S5KCTPEeMAIbHBIX BEPIIUH
paBHO umcity BepuuH (s, T.e. 32. [Ipu (s,t) € Il Bepruunbl, TpuHAIEKAIIIE OJI-
HOMY KJIACCY, SIBJISIFOTCS BHYTPEHHUMH TOYKAMU OJIHOW M TOi Ke YeThIPEXMEpPHOM
rpanu cumiiekca 5V (s, t). Takoe pasbuenune MHOKecTBa ver(()s) Ha KJIacchl OTpa-
»KeHo B Tabsunie 4.1.

Kpowme storo, mist k = 1,2,5,6 n1pu HEKOTOPBIX CIIENUAIbHBIX 3HAYEHUAX Tapa-
MeTpoB (B caydae (s,t) € Oll) sKcTpeMabHBIMI OKA3bIBAIOTCS 1 HEKOTOPBIE JIOTI0JI-
HUTEJIbHBIE BepIInHbL. Bee Takue cirydan ommcanbl B Tabmie 4.2. Ilpu ormedeHHBIX
3HAYEHUSIX TapaMeTpPOB BEPIIMHBI, [epedncaeHHble B Tabiauie 4.2, mpuHajexkar
JIBYM Das3JIYHbIM 4-MepHBIM I'paHsgM cuminiekca 5V (s,t), T.e. monajgaror Ha MpaHu
MEHbIIEN Pa3MEepHOCTH.

Ecnu 3navuenune ofHOM M3 IMEpEMEHHBIX S WIN t HAXOJUTCS Ha KOHIE MHTEpBa-
J1a [%, g], TO YHCJIO IKCTPEMAJIBHBIX BEPINUH C YIeTOM MOBTOPOB paBHO 36. Ecim
Ha TPAHUIIE STOTO MHTEPBAJIA HAXOIATCA 00€ TOYKH § U t, TO IHCI0 IKCTPEMATbHBIX
BEPINUH C yIeTOM TOBTOPOB paBHO 40.

Mo2KHO HEOCPEICTBEHHO YOEUTHCS B TOM, UTO MPH JIIOOBIX (S, 1), IpHHAIIeKa-
mux kBajpary [TUJIL, pasencrso (4.25) BbIosHsIeTCs J1J1sl BeeX BepIinuH Kyba. B cu-
7y TeopeMbl 4.2 Bce BepIUHbL Kyba ()5 TpUHAJIERKAT rpanure cumiuiekca bV (s, t).
CrenosaresbHo, cuminieke V (s, t) sBisercs coepieHubiM pu (s,t) € ITU OI1.
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B 11.3.2 onmcano emie cemeiictBo cumiuiekcos U (t), masa koropoix E(U(t)) = 5
npn 3 < ¢ < 2. MoXKHO HOKa3aTh, 9T0 IpH Takux ¢ papeHcrso (4.19) BermonHsercs
TOJIBKO 1711 16 Beprua Kyba. Suauut, cumiuieke U(t) cOBEpIIEHHBIM He SIBJISIETCSI.

B zakiiouenne ormMeTum, 9TO JJIsi YETHBIX N > 2 TOUYHbIE 3HaYeHus &, IOKa
Hen3BeCTHBI. OTKPBITHIM OCTAETCST U BOIIPOC O CYIIECTBOBAHWM JIJIsT TAKUX 71 COBEP-
IMIEHHBIX CUMILIEKCOB. TaKKe Hem3BECTHO, CYIIECTBYIOT JIU COBEPITIEHHBIE CUMILIEKChHI
IJIg HEYETHBIX 11 > D.

4.3 PaBHOOTCeKaloIne CUMILJIEKCHI

4.3.1. Onupenenenune u npumepsbl. Cumiieke S C (), OyJeM HAa3bIBATH PaG-
Hoomcexaouum, ecim Bee (n — 1)-MepHbIe MHIEPIIOCKOCTH, COjlepzKaline rpaHn S,
OTCeKaroT OT Kyba (), BO BHEIHIOI 10 OTHOIIEHUIO K CUMILIEKCY CTOPOHY PaBHBIE
10 00BEMY FaCTH. IKCMPEMAALHHLM MBI HA3BIBAEM CHUMILIEKC S C (), /1JIsT KOTOPOTO
£(5) = &n.

Ypasaenusi (n — 1)-MEPHBIX TUIEPILIOCKOCTEl, COMEPXKIMUX I'PAHU CHMILIEKCA,
mmveroT Bu \j(x) = 0. IIpu 9ToM j-51 THIEPITIOCKOCTD COEPIKUT BCE BEPIIMHBL CHM-
IJIeKca, Kpome j-if Bepmunbl. O603HaUNM depe3 v; 0ObEM Tella, 0TCeKaeMoro j-if
TUTIEPILIOCKOCTBIO OT (),, U He cojeprKalliero CUMILIEKC. TakuM obpa3oM,

v =vol(Q,N{x e R": A\j(x) <0}).

CUMILTIEKC SBJISETCS PABHOOTCEKAIOIIIM, €C/IN U] = Ug = ... = Upy1.

Hanpmwvep, paBHOOTCEKaromumM siBiisteTcst cuminieke ¢ Beprmaamu (0,0), (1,7),
(1,1), tne 7 = %5 = 0.38196601 ... (cm. pue. 2.1). Kak ormeuasnocs B 1. 2.1,
9TO €JIMHCTBEHHBI (€ TOYHOCTHIO JI0 OPTOrOHAIBHBIX TPE0OPA30BaHNIT) SKCTPEMATTh-
HBIIl cuMILIeKe i n = 2. Ilmomanp KaxK0ro orcekaeMoro TpeyroJbHUKa paBHA
%5 = 0.1909. .. HerpyaHo yoeauThest, 9T0 PABHOOTCEKAIOIIMMU SIBJITIOTCS TaKKe
U 9KCTPEMAJIbHbIE CUMILICKCHI S1 U Sy jyig n = 3, uzydennnie B 1m.4.2. lna n = 1
SKCTpeMasibHbIi cuminieke S = [0, 1] Takzke siBIIsieTcst pABHOOTCEKAIOIIIM: €10 TDAHN
orcekatoT or Kyba ()1 = [0, 1] orpesku Hys€BOI JJIHHBIL.

B cBsasu ¢ stum B padore [20] 06cy K aanach cieayrolas FIIoTe3a 0 paBHOOTCeue-
HUAW: 6CE IKCMPEMAALHBIE CUMNAEKCHL ABAANOMCA pashoomcerarouumy. Kak moxa-
3ano B |20, B mannoit hbopmysmpoBke ruroresa o pasHooTceueHun nepepua. OHaKO
0Ka3aJI0Ch, YTO Il 9KCTPEMaJIbHBIX CUMILJICKCOB OOBEMBI V; IMOJIUHAIOTCA HEKOTO-
PBIM 3aKOHOMEPHOCTAM. B HacTosdIeM IyHKTE MbI UCCJIEyeM OTCeKaeMble 00bEMBI
JUTST JIBYX CEMENCTB 9KCTPEMAJIbHBIX CHUMILIEKCOB. DTH Pe3y/IbTaThl OMyOTMKOBAHBI
B cTarbe [5].

4.3.2. Beraucijienue o0 b€éMa 4acTu n-MepHOro Kyba, orceKaeMoii Tunep-
IJIOCKOCTBIO. MBI UCIOJIB3yeM CJIe/IyIoNiee yTBep:KieHe u3 crarbu [27).

Teopema 4.2. I[lycmv n > 2, Q) = [—1,1]". Paccmompum 2unepniockocmo

H={xeR": (a,x) = b},
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ede a = (ay,...,a,) € (R\ {0})", b € R. Umeem mecmo pasencmeso

“+oo
n . t)
(O H:M-Q”‘l/ sin(at) ) e dt. 42
vol(Q, N H) = kl:[ ) eos®) (4.26)

Baecs vol(Q), N H) o3navaer (n — 1)-mepHblii 06béM cedenns Kyba ()], rumep-
wiockoctbio H. Eciu B ypasuennu runepiiockoctu |a| = 1, 1o b ectb paccrosiaue
€O 3HAKOM OT runepiuiockoctu H 110 Hauasa KoopauHat. B aToMm ciaydae mHTerpas
no b B mpejiesiax ot by 70 +00 or mpaBoii dactu dhopmynbl (4.26) paBeH o0beMy
nepecedenus (), u nosynpocrpanctea {x € R™ : (a,x) > by}. Ha npakruke Tpeby-
eTCsl BBIYUC/IUTH WHTErpaJl JIMIIb 110 HEKOTOPOMY KOHEYHOMY MPOMEKYTKY, JJINHA
KOTOPOT'O PaBHA PACCTOSHMIO OT TUIEPILIOCKOCTH H 110 HamboJiee yIaaéHHoi oT Heé
BEPIIMHBI Ky0a, JIezKalleil B Hy?KHOM [OJIyIIPOCTPAHCTEE.

Tak Kak Mbl paccMarpuBaeM Kyo @, = [0, 1]", a He ky6 Q, = [—1, 1], B pacuér-
Hble POPMYJIBI ObLIM BHECEHBI COOTBETCTBYIOMINE MOIPABKH.

[Tpu BeIUKCIEHIN 0OBEMOB HOBIHTEIPAJBLHOE BbhIpazkeHue B (4.26) 06bIYHO OKa-
3BIBAETCS JIOBOJILHO TPOMOBJIKHUM, OJHAKO HOJIYYAIONecss NHTErpasibl BCETa CBO-
JATCA K U3BECTHBIM MHTErpajaM. i BEIYUCIEHUI MbI UCIIOIB30BAIM CIIEIUAILHO
HalmcaHHble mporpamMMbl st cucteMbl Wolfram Mathematica (cm. [6], [33], [40]).
Bce Borumcienus IpOBOIMINCE B CHMBOJILHOM PEXKHUME, TIO3TOMY IIOJIyICHHDLIC BbI-
pazkeHnst It O0BLEMOB SBJIAIOTCS TOUHBIMHE.

4.3.3. CemeiicTBO 3KCTpeMaJIbHbIX cuMILIeKcoB B R°. Paccyorpmu cenedi-
CTBO KCTpeMaibHbiX cumMiutekcoB U = U(t) ¢ sepmmuamu (1,0,0,0,1), (1,1,¢,1,0),
(0,0,1—1¢,1,0), (0,1,£,0,0), (0,1,1 —¢,1,1), (1,0,1,0,1) (cm. 1. 3.2).

Vpasuenus rumnepiuiockocTeii B R®, comepsKamux rpanu cuMmiuiekca U, UMeIoT
Bug pi(x) =0,7=1,...,6, one p; — 6asucusle muorouens! Jlarpamxa (cum. (3.3)).
BaMeTHM, 9TO TOJIBKO MHOTOYICHBI [i; M jlg 3aBucAT oT t. IlosToMy oTcekaemble
0OBEMBI U1 M Vg 3aBUCAT OT T, a oCTaJIbHble 00BEMBI V;, J = 2, 3,4, 5, oT ¢ He 3aBuCAT.
Boraucsienust ¢ npuvenerneM dbopmysibl (4.26) 1aioT ceyromnme BhpayKeHus:

4860t* —8640t3+5400t%—1590t+169 _ 1
9720t%—19440t3 4140402 —4320t+480" 00 <t < -3,
486t5+15390t% —25380¢3+16380t2 —4740t+509 gl

29160t4—58320t3+42120t2—12960t+1440 3 67
—27t34+63t2 57t 417 1 1
108t2—144t+48 s <t<s3,
_ 1 1 2
Ul(t)_ 35 §<t<§,
273182 +12t—4 2 5
108t2—72t+12 3 <t<%
—486t54+17820t* —41040t34+37440t2—15870t+2645 5 <t<?
20160t4 —58320t3+42120t2— 12960t 41440 ’ 6 37
4860t* —10800¢+8640t%—2730t+199 4
([ 9720671944065+ 1404012 —4320¢+480° g <1< +00,
13 .
Uj = 4_87 J :27374757 v6(t) :U1<t)-
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4.3. PABHOOTCEKARIIINE CUMIIJIEKCBI

vi(t)

N =

509
1440

0o 1 2 4
3 3

Puc. 4.1. I'paduk dyuxmumun vy (t) s cummekca U (t)

ILnockoctu pj(z) = 0, j = 1,...,6 mepecekaiorcss ¢ KyboMm mpu Bcex t. Bbl-
pazenns s vy (t) u vg(t) onuHakosbl. IlpsaMas v = I ABIIETCH rOPU3OHTAILHOL
acuMnToroi it rpaduka Gynknun vi(t) npu t — —oo u npu t — +o00. ['padux
dbyuKIwN V1 (f) CUMMETPHYEH OTHOCUTEIBHO MPIMOii ¢ = %, T. €. JIJIst BeexX t cupaBe/I-
JINBO PaBEHCTBO U1 (% — t) =1 (% + t). ['pacduk v (t) npusenen na puc. 4.1.

Kak BuHO M3 BhIpaskeHUil j1ijisi 00bEMOB, SKCTpeMaJIbHbIE CUMILIEKCHI HE SBJIsI-
I0TCs paBHOOTCEKatomuMu. Bmecre ¢ TeM mpu KaskIoM ¢ KasKJIblil U3 00bEMOB v,
MOKET IPUHUMATE JIIIb OJHO u3 jByX suadennit. Ipn 3 < ¢ < 2, me. npu Tex
3HAYEHUAX [APAMeTpPa, KOIJIa CUMILIEKC S SBJIAETCH SKCTPEMAIBHDIM, BCE V) OCTO-
STHHBL. DTO TIO3BOJISIET MIPEJIIOJIAraTh, YTO CYIIECTBYET CBI3b MEXKJIy IKCTPEMAJILHO-

CTBIO CHMIIJIEKCA U 3HAYEHUSIME OTCEKAEMbBIX 00BEMOB ;.

Ilpu t — oo mnockoctu py(xz) = 0 n pg(z) = 0 crpemsaTcst K HEKOTOPBIM IIpe-
JIEJIbHBIM TI0JIOKEHHUSIM. UTOOBI HAWTH IIpeJIe/IbHbIE TIJIOCKOCTH, MOYKHO Pa3/Ie/uTh
9TH ypaBHEeHHs Ha ¢ M HepeiiTn K mpejaenay upu t — oo. Ilosydarca ypasHeHus
T1+2o—24—25 =0u —x1 — 29+ x4+ x5 = 0 coorBercTBeHHO. OUEBUIHO, KaK1asd
U3 TpeJIeNIbHBIX TTOCKocTell comepkut Beprmabl Kyba (0,0,0,0,0) m (1,1,1,1,1)
U, CJIeJIOBATE/IbHO, ITPOXOJIUT depe3 OOJIBbIIYIO Juaronasb Kyba. Takue IIOCKOCTH
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I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

JIeJIAT KyO Ha JiBe PaBHBIE 110 OOBEMY YaCTH, YTO CONIACYeTCs ¢ TeM (DaKTOM, UTo
1 1
v (t) = 5 mvg(t) — 5 mpu t — oo.

© lor -

Puc. 4.2. 'paduk dyuxmmu vy (t) qis cnmiuterca V (t)

4.3.4. CeMeiicTBO cOBepIIeHHBIX cHUMILIeKCcOB B R®. Paccmorpum cemeii-
cro cumiuiekcop Vo= V(s,t) B R® ¢ Bepmmmamun (s, 1, %, 1, 1), (3,0, %, 1, 1),
(s,2—3t,%,0,1), (2—3s,t,0,3,0), (0,¢,1,3,0), (1,£,1,5,0), rze s, t € R. Kax or-
Medanock B 1L 3.2, npu § < s,t < 2 pemonnsercs pasenctso £(V (s, 1)) = & = 5.
B mpempiaymiemM myHKTe MOKA3aHO, YTO MPU 9THX K€ 3HAYECHUAX IapaMeTpa CHM-
wreke V' (s,t) siBjsieTcst COBEpIEeHHBIM.

Vpasuenus runepriiockocTeit B R, cojepsKalux rpaHn CUMIUIEKca 1R, UMeIOT
Bug \j(x) =0,j=1,...,6, nae \; — 6a3ucHble MHOrOWIEHL! Jlarpamka CHMILIEKCa
V(s,t) (em. (3.4)). BameTnM, 9TO A\; U Ag 3aBHCAT TOJIBKO OT t, A3 U \q HE 3aBUCAT
OT TIAPAMETPOB, & A5 U A\g 3aBHUCAT TOJBKO OT S. AHAJOIHIHBIM 00pPA30M OT Hapa-
METPOB 3aBUCAT M OTCEKAEMbIe IJIOCKOCTAMU 00bEMBI. [IpuMensis meTost, onncanubIit
BBIIIIE, HAXOUM CJICJIYIOIINE BbIPAaXKeHUS J/isi 00bEMOB, OTCEKAEMBIX THIIEPILIOCKO-

cramu \j(x) = 0:

THeE e T~ <t<3,
—t+2n 5 i<t<s,
nlt) =4 3 Pat<?
%_’_ﬁ_%’ §<t<ga

| T temram T3 § <t < +oo,
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v4(t)

271/630

181/432
109
270

19
54

w | =
T

1

|
o

|

Puc. 4.3. I'paduk dynkuun vy (t) HA oTpe3Ke [—

Vi

271/630
181/432r.

109

270

19
54

| =

1 4 5
3 9 9

© I~N-
| coF

1
9

LU s cnvutekca V(t)

-
b

Puc. 4.4. Tpacduk dynkuuit v (t) u vo(t) mua cumviutekca V(t)

V2 (t) =

81t—26 + 1
1458t2—1296¢+270 27
t 2 7

) + 45—81¢ + 187
1
37
81t2—36t+7
162t—54
46—81¢ + 1
1458t2—1296¢+270 27

7

2
—OO<t<§,

1
<t<§,

5
<t<§,

2
<t<§,

<t < 400,



I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

1 1
g, Vg = 57
J st 06EMOB v5(S) U Vg(S) BbIpasKeHus OKa3bIBAIOTCS TAKUMU 2Ke, KaK U JIs Ua(s)
u v1(s) coorBercTBenno. Ananus BbIpaykenuil it vy (t) u vo(f) MOKa3BIBACT, UTO
va(t) = vy (t + é) Taxum 0bpaszom, nosejieHne 06bEMoB v; Juid j = 1,2,5,6 onnchbl-
BaeTCs, 10 CYIIECTBY, OJHON (PYHKITHE.

I'paduk dyuknum vy (1) cuMMeTpUYIEH OTHOCUTEILHO MPSAMOIi ¢ = g, T. €. U1 (g + t)
= (g — t) i Beex t. [Ipamas v = % SIBJISIETCS] TOPUBOHTAJIBHON ACUMIITOTOM I'pa-
dbuka ymkimit v;(t), j = 1,2,5,6 npu t - —oo u npu t — +o00. ['paduk bynknun
vy (t) npuBenén wa puc. 4.2 u Ha puc. 4.3. Ha puc. 4.4 npuseens! rpaduku yHKImi

10

v1(t) 1 vs(t) Ha orpeske [—1, 0],

IIpu s € [g,g] nte [%,g} UMeeM v; = %, j =1,...,6. 3Ha4uT, PN JTAHHBIX
3HAYEHHUAX TapaMeTPOB CUMILIEKC siBJISIeTCsS paBHOOTCeKaomuM. OTMETHM, 9TO IIPU
9THUX K€ 3HAUCHUSIX TapaMeTPOB CUMILIEKC V sBJISIeTCS COBEPIIEHHBIM.

[lo cymecTBy, HAC UHTEPECYIOT 3HAYECHHUS OTCEKAEMBIX 0OBEMOB TOJIBKO IIPU TEX
3HAYMEHUSX apamMeTpoB, koriga V C (s, T.e. npu % <s,t < % O/1HaKO oIy YeHHbIE
dopMyIIBI BEPHBI ITpH JTIOOBIX S U t. B 9acTHOCTH, U3 TPUBEICHHBIX PE3Y/ILTATOB CJIe-
JyeT, 910 mIocKocT \j(x) = 0 mepecekator Ky6 npu Beex s u t. [Ipu crpemenun s, ¢
K GeckonedHocTH I0cKoCcTH Aj(z) = 0, j = 1, 2,5, 6 IMeIoT HEKOTOPBIE IIPe/Ie/IbHBIE
oJ103KeHust. ITOOBI MOIyINTh YPaBHEHUS 3TUX MIPEJIE/IBHBIX ILJIOCKOCTEH, JJ0CTaTOY-
HO Pa3/IeJINTh [IEPBOE U BTOPOE ypaBHeHUs Ha 3t U nepeiitu K npejesy upu t — oo.
[Monyaarcsa ypaBuenns —xy + x5 = 0 u x4 — x5 = 0 COOTBETCTBEHHO. AHAJIOTUIHO
JUUTST TIITOTO W IIECTOTO YPABHEHUH MOy InM TIpeJie/IbHbIE TIIIOCKOCTH X3+ X5 — 1 = 0
n —x3 — o5 + 1 = 0. OgeBuHO, BCE ITH IJIOCKOCTH JEISIT KyO IMOIOJJaM, 9TO CO-
OTBETCTBYET OTMEUYEHHBIM BbIlle ocobeHHOCTSM byHKIui: v;(t) — % npu t — 00
g g =1,2,5,6.

vg = vs(s) = wva(s), we(s) = vi(s).

4.3.5. 3amevanus. /g npuBegéHHBIX B yHKTaX 3.4 u 3.6 3KCTpeMaIbHBIX
cumriekcos W () m S(t) (8 R” u R? cooTBeTcTBeHHO) MOBE/IEHIE OTCEKAEMBIX 00bE-
MOB aHAJIOTHIHO CJIy9al0 PACCMOTPEHHOTO BhIIIe (HecoBepIieHHoro) cumiutekca U (t)
u3 R5. DT cUMILIEKCH He SBIAIOTCA PABHOOTCEKAIOIIMMU, HO IIPHM 3HAYCHUAX Ia-
pamerpa, Jjisi KOTOPBIX OHU SIBJISIFOTCST S9KCTPEMAJIBLHBIME, BCE OTCEKAEMBIE 00bEMBI
HOCTOSTHHBI.

Takum 06pa3oM, Bce W3BECTHbIE HA JIAHHBI MOMEHT COBEPIIEHHbIE CUMILIEKCHI
SIBJIIOTCST PABHOOTCEKAIOIIUME. DTO MO3BOJIAET C(hOPMYTUPOBATH TUIIOTE3Y O PaB-
HOOTCEYEHUU CJIEYIONIMM OOPA30M: 6Ce COBEPUEHHBIE CUMNAEKCHL ABAAOMCH PAG-
HOOMCERANOULUMU.

Ormerum, 910 0OpaTHOE yTBEP:KJEHNEe HEBEPHO. JIerko IpuBeCTH IpUMEpP paB-
HOOTCEKAIOIIEro CUMILIEKCA, He SBJISIIOIIErocsl KCTpeMaJjibHbIM (1 TeM 6GoJiee co-
BepiienHbiM) B npocrpanctee R'. B pabore [4] mocTpoenbr npumeps Takoro Tuma
171 IpocTpancTBa R3,
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4.4. KOHCTAHTHI »y

4.4 KoHCTaHTHI 7,

Cravasia JoKaxKeM JBe TeopeMsl (cMm. [19]).

Teopema 4.3. /laa n106020 Heswvipootcdennozo ompesra S C Q1 6bNOAHAECTNCA
HEPABEHCTBO

£(5) — al8) < 3 (€(5) - &) (427)

¢ moyroti xoncmarmou %

Jlokasamenvcmeso. Ilycrs S = [21,29], 0 < 27 < 25 < 1. Tak kak meaTpom S
sABJIIeTCs TouKa T2 10, 10 onpegenenuio £(S), uMeem

1 — xl;xQ 0— w1-5$2
g(S) = mm{a >1: [Oa 1} - US} = max{x2 S o SNSRI 5 ) } -
2 2

max{2 — (ry + z2),x1 + X2}
Ty — X7 '

(4.28)

Tor ke pesysbrar naét u npumenerne obrmeit hopmynsr (1.25). B Hammem cayvae

A:(x11)’ A-l— 1 (1 —1)7
Ty 1 Ty — Tg \ —T2 T

—r+ 1

X1 — T2 ffl—xz'

B coorsercrBum ¢ (1.25)

£(8) = 2max{-A(0), = A1 (1), =A2(0), —A2(1)} + 1 =

) —1—|—l'2 —T1 1—1'1
= 2max , , , +1=
X1 — T2 1 — T2 1 — T2 X1 — T2

?

1—=z T maxi2 — (r1 + x2), 21 +
:2max{ 2 1 }+1_ {2 — (21 + 22), 71 + 22}
Ty —T1 T2 —T1 Ty — 71
g0 coBmagaer ¢ (4.28). 3amernm, 94TO UMCAUTENb MOCJAeIHEH apobu Beerma > 1,
a 3HaMeHaresib < 1, mpuiém onu obpartaiorcd B 1 jmmb npu xp = 0, xo = 1.
Do coorBercrByeT TOMy, uTo Beerya £(S) > 1, mpuuém £(S) = 1 TosbKo B ciydae
S — [0, 1] — Ql-

[Iycrs d(S) — ocepoit muamerp S. OdueBunno, d(S) = xy — x1, 3HAYNUT,

1 1
S) = = :
04( ) d(S) To — X1
[Tockosbky & = 1, T0 (4.27) 3anuchBacTCA B BHJIE
max{2 — (z1 + 22),z1 + 22} 1 - 1 (max{2 — (21 + z2), 21 + T2} 1
To — X1 l’g—xl_Q To — X1 '

(4.29)
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I'JIABA 4. CHUMIIJIEKCHI CIIEITNAJIBHOI'O BIJIA

DTO SKBUBAJEHTHO HEPABEHCTBY
max{2 — (z1 + x2), 21 + 22} < 2 — x9 + 27. (4.30)

Kax nerpyano Bugersb, (4.30) paBHOCHIIBHO cucTeMe HepaBeHCTB xp > 0, x5 < 1.
[TosTomy crpasemBo Kazkioe u3 HepasercTs (4.30), (4.29) u (4.27).
Ocraérest 3aMeTUTD, ITO KOHCTAHTA %, crosiiias B mpaBoii uactu (4.27), siBjisiercst

TouHOil (HeymeHbIaemoit). leiictBuresnsho, misg x; = 0,29 = %, re S = [0, %],
KaxKJ0€e U3 OTMEYEHHBIX TPEX HEPABEHCTB 0OPAIAaeTCsI B PABEHCTBO.
Teopema mokazana. U

I'pacduk dpyukiun

§(z1,72) — a(x1, 72)

§(z1,22) — &

%(.]71, mg) =

st 1, oo € [0, 1] mpuBeaéH Ha puc. 4.5.

Teopema 4.4. ITycmv n > 1. IIpednonrosicum, wmo cywecmeyem KoOHCMaHma
v > 0, makxaa 4¥mo 0as a06020 Hesuposicdennozo cumnaierca S C Qy, cnpasediuso
HEPABEHCTMEO

£(S) — a(S) <y (&(8) — &) (4.31)
Toeda v > 1. Ecau &, = n, mo mouroe snavenue vy pasro 1.
Jlokasamenvcmso. Ilycrs S — yeaosoti cumiiekc ¢ Beprmaamu (1,0, ...,0), ...,
(0,0,...,1), (0,0,...,0). st 5TOrO CHMILIEKCA
10 0 1 10 0 —1
01 0 1 01 0 —1
A= S AT = ;
00 11 0 0 1 -1

e}
e}
e}
—_
e}
=)
—_

N(x)=z;, 1<j<n; Aui(x)= —ij + 1.
Beraucinm £(S) mo dopmyste (1.25):

§8)=(n+1) max =~ max (=A(@))+1=

=—(n+DA\a(l..,)+1=m+1(n-1)+1=n
OueBnno, d;(S) = 1, mosromy




4.4. KOHCTAHTBI sy

—1 L —
X1 10 X2

£(z1,m2)—a(z1,x2)

&(z1,22)—&1 AJId Ty, T2 S [0, 1]

Puc. 4.5. lloBepxuocTb 2 = »(x1,x9) =
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[pumensig k S wepasenctso (4.31), noayunm n? —n < y(n? — &,). Ipu mobom n
BBIIOIHACTCA &, > N, II03TOMY TeM 6oJlee CIPaBeIIMBO U HepaBeHCTBO n? — n <
v(n* —n). Tak xak n > 1, To orciona ciaeayer v > 1.

UuTepecHo 3aMeTUTh, ITO 9TO PACCYKICHUE He MOJXOJUT K ciiydalo n = 1,
korga n? —n = 0. O HOMepHbIi cilydail — eJIMHCTBEHHbIH, B KOTOPOM CHMILIEKC S
COBIAJIAET C KyOOM (). DTOT ciiydaii ObLI CIleraaIbHO PACCMOTPEH BBIIIIE.

[Ipeamonoxkum tenepsb, aro n > 1 u &, = n. [Hockombky s soboro S C @),
BepHbI Hepaserncrsa £(S) > «(S) > n, To UMeeT MeCTO COOTHOIICHNE

§(5) — a(S) <&(5) —n =¢&(5) = &

Takum o6pazoM, B 910l cuTyarun HepaBeHCTBO (4.31) BBITOIHAETCST ¢ KOHCTAHTOM 1.
W3 mpeapayIero ciegayer, 9To 3Ty KOHCTaHTY, OOILYIO JJisi BCeX S, YMEHBIIUTh
Hesb3d. [losromy B cirydae &, = n > 1 TouHoe 3HaUYEHUE 7y PABHO 1.

Teopema mokaszana. O

Tenepb npuseném jge runoresbl o yncaax &(S) u «a(S), Buepsbie copmyupo-
Baunbie B [11] (mo sTomy mosojy cM. takzxke [13, §3.10], [18] u [19]).

(H1) Hycmo S C Qp — nesvipooicdermoid n-mepuoiii cumnaekce. Ecau £(S) = &y,

mo &(S) = a(S).

(H2) Jlns arobozo n cywecmeyem koncmarnma v > 0, makas wmo 0aa kascdoz2o
Heswupodtcdernnozo cumnaerca S C Q, svinoanaemes nepasercmeo (4.31).

Hna n = 1,2,3 nosiHoe omnmcanue CUMILUIEKCOB ¢ ycioueM &(S) = &, TaHO
B 1. 2.1. Jlna xkaxgoro u3 nux £(S) = a(S). Cupasemmusocts (H1) ana n = 4 mo-
Ka HesiCHA, HO BBIUNCJIEHUs, IPUBEIEHHbIE B 18|, 03HAUAIOT, YTO B YeTBIPEXMEPHOIL
CUTYaIlUK Ta TUIOTe3a, [O-BUIMMOMY, BEDHA.

Ecmu &, = n, 1o B cuny coornommennii n < a(S) < £(S) yenosue £(S) = &, cpasy
naér £(S) = a(S). Iosromy yreepxkaenue (H1) BepHo ;s Bcex pasmeprocrei,
korja &, = n. K 91oil COBOKYIHOCTH OTHOCATCS, B YACTHOCTH, T€ N, JJIs KOTOPBIX
n+ 1 — gucio Ajamapa, HO He TOJIbKO OHU. Kak 6buIo mokasaHo, {5 = 5, & = 9,
ciepoBaresibro, (H1) Bepro mmg n=5un =9.

Ouernno, u3 cupasepauBoctu (H2) cienyer cnpasemmusocrs (H1). O6o3na-
YUM Yepe3 », MUHUMaJIbHOe ¥ > 0, ¢ KoTopbiM (4.31) BBINONHSETCS JIJIs JIHOOOTO
HEBBIPOKICHHOrO cuMIuiekca S C @y,. HbiMu ciioBaMu, 3, €CTh TOYHAs KOHCTAHTA
B HEPABEHCTBE

Yreepxaenue (H2) paBHOCHIBLHO clieflyiomeMy CBOUCTBY: 0as 106020 n

= supM<oo

S ES) €, (4.32)

Tounas BepxHsisi rpab B (4.32) Gepércs MO COBOKYITHOCTH CHMILIEKCOB S, cofep-
Karmuxest B (, u Takux, 910 £(S) # &,.
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[IpuBeiéM cBeieHUsT O YHCIax ,, UMEIOIINecs Ha HACTOAIII MoMeHT. B coot-
BETCTBUU C TeopeMoil 4.3 BEepHO PaBEHCTBO | = % Hna n > 1 Teopema 4.4 maér
#, > 1. Ecm ke n > 1 takoBo, ut0o &, = n, T0 7, = 1. DTO BBIIOJIHIETC S,
o KpaitHeit mepe, korma n + 1 — unciao Amamapa, OosbIiee 2, a TakXKe JId n = 5
nn=>9.

Cy1iectBytor Jin 9ucia ,, 6oibmune 17 B crarbe [11] 66110 BBICKA3aHO HPEJI-
IIOJIOZKEHUE, YTO 3o = # = 3.1573... Ilo3nHee ¢ MOMOIIBIO KOMITHIOTEPHBIX
MEeTOJIOB OBLIO MOJITBEPIKJIEHO, YTO 9TO jeficrBuTenbro Tak (eM. [18]). Kpome Toro,
TaKKe Ha OCHOBE BBIMHCJICHUI OBLIO CAEIAHO IPEJIOJIOKEHNE O CIPABEIINBOCTH
paBeHCTBa 4 = %ﬁ = 1.5211... OgHaKo aHAJIMTHUYIECKNE TOKA3aTEJIhCTBA IBYX
HOCJICJITHUX YTBEPZKJICHAN TTOKa HE HANUJICHBI.
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I's1aBa b

3aJladd 0 CUMILJIEKCe U Iape

Iycrs B (29 0) := {z € R" : |Ja—2V|| < o} — eBKiM10B n-MepHBIt Map ¢ LeH-
tpom (%) € R™ u pagmycom ¢ > 0. Kax u panee, oy |z nommmaercs eskimiosa
HOpMa dJieMenTa x € R™:

1/2

o = v/ww) = Yo

[To onpenenennto, nonaraem B, := B(0;1).

B mHacrosiieii riiaBe IpUBOJATCA U KOMMEHTUPYIOTCsT (DOPMYJIbL JIjisl BEJIMIUH
a(By; S) u &(B,; S), oupesessieMbIx sl CHMILIEKCA 1 eJMHIIHOTO mapa B R™. 3a-
MeHa KyDa Ha Iap JiejiaeT MHOTHE pacCMaTpUBaeMble BOIPOCHI CYNIECTBEHHO 6O-
siee mpocTbiMu. OJIHAKO TeoMeTpudecKas WHTEpIpeTalus oOIUX Pe3yJbTaToB U B
9TOM YaCTHOM CJjlydae UMeeT ONpeJe/éHHbIl uHTepec. Kpome Toro, mMbl ormMerum
HEKOTOPbIE HOBbIE TIPUJIOXKEHUsT ODA3UCHBIX MHOTOYJIEHOB JlarpaHzxka, KOTOpbIe Ipe/i-
CTaBJISIIOTCST BEChMa, TI0JIE3HBIMU JIJIsl IPAKTUYECKUX BbluncjieHuil. [iaBa Hanmcana
o MaTepuasaMm cratbu [17].

5.1 Bemwuuna «o(B,;S)

Hupaduycom n-meprozo cumnaekxca S (inradius) Has3bBaeTCs MaKCHMAJIbHBIT
pajuyc mmapa, cojepzxkaiierocss B S. LleHTp 9T0ro eJInHCTBEHHOIO MAKCUMaJIbHOTO
mapa HasblBaeTcsa unyenmpom S (incenter). I'panuna MakcuMaJIbHOIO B CHUMILIEK-
ce mapa — cdepa, KOTOpas MMeeT ¢ Kaxkoi (n — 1)-MepHO# TpaHbiO CHUMILIEK-
ca eJMHCTBEHHYIO 001LyIo Touky. Ilox exewrum paduycom, uiu yuprymMpaouycom
S (circumradius), 6yjeM TOHIMATH MUHUMAJIBHBIA PaJIyC Mapa, cojepkaiero S.
['panuia 3Toro eIMHCTBEHHOIO0 MIHUMAJILHOIO IIapa He 0043aTe/ILHO COIACPKUT BCE
BEPIIMHBI S. DTO MMeeT MECTO TOTJIa U TOJBKO TOTJIa, KOTJa IEHTP MUHUMAIHLHOTO
mapa siBJIeTCsl BHyTPpEeHHEeH TOYKOi S.
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5.1. BEJIUYNHA o(By;S)

Unpasauyc r n Brentanii paguyc R cuMIuiekca S CBA3AHBL Hepasencmeom Siuiepa
R > nr. (5.1)

Pagercreo B (5.1) mMeer MecTo TOrAa W TOJBKO TOIJA, KOrjga S — MpaBUIbHbI
cuminiekc. [1o moBoy oKa3aTebCcTB N-MEPHOIO HEPaBEHCTBa Jiljiepa, a TaK¥Ke ero
ucropun u 0606meHuit em., nanpumep, [30], [41], [39].

1o noBosy HepaBencTBa (5.1) HAIOMHUM CBORCTBO HapaJuIe/IEIUIIE/IOB U3 IYHK-
ta 1.7.12. Ilycre S — HeBBIpOXKIeHHBII cuMminieke, V, V* — napasenenureab B R™
npuaém V* ecthb pedysibrar romoretnn Vo ¢ Koaddunmentom 7 > 1. Ecu Boimosms-
forcst Bodenuss V' C S C V* to 7 > n.

D10 yTBEpKIEHNE BEPHO 1 s IapoB. HerpyaHo BUIETH, YTO HEPABEHCTBO Dii-
Jiepa 9KBUBaJIEHTHO cJiejyomieMy cBoiictBy. Eciu B — map pajuyca 1, B* — map
pamuyca ro u B C S C B*, 0o nr; < ry. PaBeHCTBO BBINOIHSAETCS TOIIA M TOJIBKO
TOra, Korja S — MpaBUJIbHBIN CUMILIEKC, BIUCaHHBIM B B*, a B — map, BIucaH-
Hbelii B S. JIpyras skBuBaJjieHTHast (pOpMa ITUX yTBEP:KIEHUI — IPUBOIMMAsT HIXKE
TeopeMa 5.2 (cM. 3aMedanne mocje eé T0Ka3aTeIbLCTBA).

Iycrs M, .., 2D — pepmmmb, A1, ..., A\yy1 — OA3MCHBIE MHOTOUJICHBI
Jlarpamzka HeBbIpozkeHHOro cumiuiekca S C R™. Yepes I'; obosmaumm (n — 1)-
MEPHYIO I'HIIEPIUIOCKOCTD, 33/aBaeMyio ypasaenneM \;(z) = 0, qepe3 ¥; — (n — 1)-
MEepHYIO I'DaHb CUMILJIEKCa, cojepzKalryioca B I';, yepes h; — BBICOTY, OIIyIIEHHYTO

u3 Beprmaael V) Ha I';, wepes r — unpaauyc S. Ilycts 0; — (n — 1)-mepa ¥;
n+1
uo =y, o5 O6o3naunm a; = {ly;,...,l,;}. D10T BekTOp Oproronanen I'; u Ha-

j=1
IIpaBJIeH B MOJIYIIPOCTPAHCTBO, cojepKaee seprmny V). fcno, aro

)\j<£L‘> = lljl'l 4+ ...+ lnjl'n + ln+17]’ = (aj, l’) + ln+1’j = (aj,a;) + )\j(O)

Teopema 5.1. Cnpasedausw, pasercmasa

n 1/2

a(B,; S) g:l o, (5.2)

=1

a(By; S) = Z hi, (5.3)
a(By; S) = % (5.4)
a(B,;S) = vol(5) (5.5)
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I'IABA 5. 3AJIAYN O CUMIIJIEKCE U IITAPE

Joxaszamensvemeo. Tloyanm 3TH MoapHO SKBUBAJEHTHBIE PABEHCTBA, JIBUTASACDH
cBepxy BHu3. CHavaja 3aIlmiiemM
n+1
a(By;S) =) max(—\;(z)) + 1. (5.6)

- r€EB
Jj=1

Dopmyia (5.6) ects gacTablil cayvaii (1.27) B curyarun C' = B,,. [lo HepasencTBy
Komn mveent |(aj, )] < [l llzl, oricyaa

—llasllllzll < (aj, z) < llaglll|«]], (5.7)
=llasllliz]l = A;(0) < =A;(z) < llaslll|z]] = A;(0).
Tak KaK BepXHsisl M HUKHSIsI PAHUIBI B HepaBeHcTBe (5.7) IOCTHratoTCs, TO

max(~ A, (x)) = max (—;(x)) = [la;]| — A,(0).

TE€Bn llzll<1
[TosTomy
a1 ntl nt1 ntl [ n 1/2
B ) = Y max( =) +1= 3 sl = 2 n0+1= 3 (Z l%) -
n+1

Mer BocnosbzoBammch TeM, aro »_ Aj(0) = 1. Tlockombky A; (z)) = 1, nmeem
j=1

()
h; = dist (29;T;) = AN )] 1

la;ll il /o 1/2
2
(52)

CretoBaTesbHO,

n+1 n 1/2 n+1 1
. _ 2 _
NCEEE S 90A D oF3
j=1 \i=1 j=1""
Uraxk, mbr moayumim (5.2) u (5.3).
Hokazxewm (5.4). Illap B ecTh mOJMHOXKECTBO TpaHCIATa cuMiliekca «(B,; S)S.
1

SHAYUT, TPAHCIAT Mapa mBn comepxkuTcs B S. Tak Kak MaKCUMAJIbHBIN PAJIAYC
1

) 1
mapa, IpuHa/IIesKaIero S, paBet r, To BS) <r 1e aB,;S) > . dna nomyde-
HUsI IIPOTUBOIIOJIOKHOIO HepaBeHcTBa 0b03HadInM depe3 B’ map paauyca r, Buucad-
weiii B S. Torma map B, = %B’ COJIEPKUTCSA B HEKOTOPOM TPAHCJIATE CUMILIEKCa, %S )

[To onpenenenuo a(B,;S), sto naér a(B,;S) < % Crajio 6bITh, BEDHO PABEHCTBO

a(By; S) = 1.
Hakoner, s ycranosienus (5.5) gocrarouno npusiedsb (5.4) u dopmyrty
vol(S) = %0’7’. [Tocieamee paBeHCTBO MOJIyYaeTCA U3 OOLIMHOM (POPMYIIBL I 00bE-

Ma CHMILIEKCa Tocyie pa3ouenus S Ha n + 1 CUMILIEKC, KaxKJIblif U3 KOTOPBIX MMeeT
BEPIIMHY B IIEHTPE BIMCAHHOI'O Mapa M OIMpaeTcs Ha OJHY n3 IpaHeii ;.
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5.1. BEJIUYNHA o(By;S)

Teopema mokazana. U
OTMmeTrM HEKOTOpPBIE CJIeACTBHUsI TeopeMbl H.1. VimeeT MecTo paBeHCTBO

n+1

_Z_

Hns nokazaresbersa gocrarouno npuMenutsb (5.3) u (5.4). Tlpencrasisiercst uute-
PECHBIM, YTO 3TO KPACUBOE F€OMETPHIECKOE COOTHOIIEHNE, KOTOPOE MOXKET OBITH I10-
JIy4€HO W HEIOCPEJICTBEHHO, OKAa3bIBAETCH SKBUBAJIEHTHBIM 00IIeil  dopmyse
st aC5 S) B caryaae, Korja Beiykoe Tesio C' sIBISeTCs €BKJINIOBBIM € IMHIIHBIM
IITapPOM.

Wupagnyc r u uHIEHTp 2z cuMIuiekca S MOTyT ObITh BBIYUCJIEHBI IO POPMYJIaM

1
(£n)
j=1 \i=1
1 n+1 n 1/2

2= é(é )1/2; Z:;l"’j 20, 59

1
Touka kacanus mapa B(z;7) ¢ (n — 1)-MepHOit TpaHbio ), CUMILIEKCa S UMeeT B

n+1 n 1/2

1 A 1
y(’f) — Z Zl% V) — N (llk,’a cee 7lnk) . (5'10)

n+1 1/2 — — n
s (Es) |7 (55)
= =1 1=

Pasencreo (5.8) mememienno cienyer us (5.2) u (5.4). g nomydgenns (5.9)
3aMETUM, 9TO

A
r=dist(z; 1) = |—<>|
sl
Tak Kak TOUKa z JIXKUT CTPOTO BHYTPH S, KaxKJasd €6 OGapuIeHTpUIecKast KOOP IH-
Hata \;(2) nosmoxurensha. [lostomy Aj(z) = r|la;||. CrenosaressHo,

n+1 n+1
2= N =r) gl
=1 =1
qro coBragaer ¢ (5.9). Hakowerr, mockobKy BeKTOp a = {lig, - - - , Ik} OPTOTOHATIEH

IpaHu Yj, U HAIPABJICH OT HeE BHYTPb CHMIUIEKCA, €JMHCTBEHHAS O0IIas TOUKA II1apa
B(z;7) u 9Toit rpaHu UMeeT BHI

n+1

(k) _ r
yW =z — E ||a; Hx ——ay
[laxll” ’ || Al
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I'IABA 5. 3AJIAYN O CUMIIJIEKCE U IITAPE

[Tocnemree paBercTBo pasHocuabHO (5.10).

Dopmyay (5.2) maTepecHo cpaBHUTh ¢ dhopmynoit (1.37) s a(Q);S). Tak kak
map B, ects mommuoxecTBo Kyba @), = [—1,1]", To a(B,;S) < a(Q); S). Anamm-
THYECKH K€ 9TO HEPABEHCTBO CJIEJYeT U3 OIEHKH

n 2 n
> <3l
=1 =1

Tyt mpousoutbabix (0 u p > 0 BemumHa o (B (x(o); 0);S ) MOXKET OBITH BBIUNC-

1/

Jlera ¢ momorbio hopmya Teopembr 5.1 u pasencrsa a(B(z(?; 0); S) = oa(B,; S).
Eciu S C @, 10 Bee oceBble jquamerpbl d;(S) < 1. Kak yxke oTmMeqanoch Bbl-
e, dopmyia (1.28) mememienHo naér a(Qy;S) > n. Ecam xe miag Hekoroporo S
BoIosTHsIeTCs (@3 S) = n, To Kaxplil oceBoit auamerp S pasen 1. Cieyromiast
TeopeMa 1aéT aHAJOIM STUX yTBEPKICHU JJIsI CUMILIEKCOB, COIAEPKAIIMXCS B IIape.

Teopema 5.2. Ecau S C B, mo a(B,;S) > n. Pasencmeso a(B,;S) = n 6vi-

NOAHAECNCA M0200 U MOALKO Moz2da, Ko2da S — NPasusbHbIl CUMNAEKC, BNUCGHHDIL
6 B,.

Jlokasamenvcmso. 1o onpenenennto «(B,,; S), map B,, COIEPKUTCSA B TPAHCIATE

cumiutekca o By; S)S. Tlosromy HekoTOpSIit Tpancaar B’ mapa mBn €CTb IO/
MHoxkecTBO S. Utak, B' C S C B,,. Tak kak pajuyc B’ paBen m, TO JIJIsT UHPa-
JIAyca I U BHEIIHETo pajuyca R cuMIniekca S clipaBe l/IMBbl HEPABEHCTBA m <r,
R < 1. [Ipumensisi HepaBeHncTBO Ditnepa R > nr, 3amnuiiem
1 R 1
— <r<—-—< - 5.11
a(B;S) - T n T on (5.11)

orkyna a(By; S) > n.

Ecin xe a(B,;S) = n, 1o yeBas Bequunna B (5.11) coBnajaer ¢ upasoit, 3Ha-
YT, BCe HEPABEHCTBA B 9TOM IENOYKe 0OpaIlaloTcs B paBeHcTBa. 1o jJaér R = 1,
r = % Tak kak B 9TOM cjydae HepaseHcTBO itjiepa (5.1) obpainaercss B paBeH-
CTBO, S SABJISIETCs MPABUJIBHBIM CHUMILIEKCOM, BrmcaHHbiM B B,,. Haobopor, eciun S

— IPaBUJILHBIN CUMILIEKC, BIIMCAHHBINA B [3,,, TO JIJIs HErO, OYEBUJTHO, I' = %, IIO3TOMY

a(By; S) =1 =n. O

Urak, Teopema 5.2 cieqyer u3 HepapercTsa Ditepa (5.1). Qakruuecku ke 3Tu
YTBEP:K/IeHUsI SKBUBAJICHTHBI. [leiicTBUTE/IbHO, IIYCTh S — IPOU3BOJIbHBIN N-MEPHBIH
CUMILTIEKC, " — uHpaanyc, R — BHemHuit pajuyc S. OboznatnMm depe3 B map pajiu-
yca R, comepxkamnuii S. Torma HekoTopblii TpancasT S’ cumiuiekca %S COJIEPIKUATCA
B IIape %B = B,. Ilo reopeme 5.1 a(B,;S’) ectb BesmvnHa, obpaTHas UHPAJIUYCY
S’, T.e. paBHa %. [Ipenmnonoxkum Tenepb, 4To TeopeMa 5.2 BepHa, U ITPUMEHUM €€
K cnvmiekey S' C By, 9ro mact a(B,; S') = £ > n, e nepasencrso (5.1). Ecam
xe R = nr, to a(By;S") = n. I3 treopembl 5.2 mosrydaem, 910 B 3TOM ciaydae S’
a ¢ HUM 1 S SBJISIIOTCS PABUJIBHBIMEI CHUMILIEKCAMI.
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5.2. BEJIMYNHA ¢(By; S)

Kak ormevasocs, munnmaibioe 3uHadenne aS) = a(Q,;S) g S C @, Takxe
PaBHO N. DTO MUHUMAJILHOE 3HAYEHUE JTJOCTUIAETCS Ha T€X U TOJIBKO TeX S C (), I
KOTOPBIX KazKJIblit oceBoii ntnamerp d;(S) paBen 1. YKazaHHBIM CBOHCTBOM 00JIa/ 10T,
HAIIPIMeED, CHMILIEKCHI MAKCUMAIBHOIO 00bEMa B (), HO IIPU 1 > 2 He TOJIBKO OHH.

5.2 Bemuuuna &(B,;5)

B srom mynkTe mpuBojuTcs dopmysia i KodddUIMEHTa TOTIOMIEHUS CUM-
ILJIEKCOM €BKJIMJIOBA IIapa.

Teopema 5.3. IIycmv S — neswpoorcdenmoti cumnaerc 6 R™, (0 € R™, o > 0.
Ecau B (29;0) ¢ S, mo

2,
/f(B (x(0)3 9) ;S) = (n+1) 1<r§1<35i1 (Zl ) a Zlisz@) — lpyry | +1. (5.12)
i=1

B wacmwnocmu, ecau B, ¢ S, mo

1<g<n—|—1

1/2
£(Bn;S)=(n+1) max <Zl ) —lpt1,| + 1 (5.13)

Jloxazamenrvcmeo. [pumennm oburyio dpopmyiy (1.24) mis ciayyaas C = B (x(o); Q).
Hepasencro Komn maér

~llajllllz = 2N < (aj,2 = 29) < layllf}a — =]. (5.14)
Hna ||z — 2O < o umeem
—ollajll < (a5,2) — (a;,29) < oflay]|,

—\j(@) = —(a;, %) = lng1y < ollaj|| — (a5, 20) = Lisay.

Tak KaK BepXHsisl ¥ HUXKHsIsI IPAHUIBI B HepaseHcTBe (5.14) mocturaiorcsi, To

0
I m<%>>ﬁ<g(_A<”3)) ¢ (Z lgj) =D lw” =l
TS i=1 i=1

C yuérom 3Toro

¢(B(2;0):9) =(n+1) max (=X\j(z)+1=

1<j<n+1,lz—z®)] <o

2,
=(n+1) 1<Ijn<82(+1 <Zl ) — Z lijxgo) — 1| +1,
=1

u Mbl npunin K (5.12). Pasencrso (5.13) moaywaerca us (5.12) npn 20 = 0, 0 = 1.
Teopema gokazaHa. 0
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I'IABA 5. 3AJIAYN O CUMIIJIEKCE U IITAPE

5.3 PasencrtBo 3, = n. KommenTapun

[Ipexk e Bcero JoKaXKeM CJieIyiolnee yTBep K IeHHUE.

Teopema 5.4. Ecau S C B, mo &(B,;S) > n. Pasencmeo {(B,;S) = n 6ui-
NOAHAENCA MO020a U MOAVKO M020a, K020a S — NPasuALHbIT CUMNALKC, 6NUCAHHDIT

8 B,,.

Joxaszamensvcmeo. YTBepKIeHIE TeOPEMBI HEME IJIEHHO CJIE/IyeT U3 TeOPeMbl 5.2
u HepaserctBa &(B,;S) > a(B,;S). [IpuBeém u HemocpeICTBEHHOE JTOKA3aTE b
cTBO 6€3 IpUMeHEeHHs HepaBeHCTBa, Diljepa, ¢ IOMOIIBI0 KOTOPOIo ITOJIyYeHa OIeHKa,
a(By,; S) > n.

[Tycth cHauana S — npaBujIbHbIH CUMILIEKC, Biincanublii B B,,. Torma a(B,;S) =
N, 9TO PABHOCUJILHO TOMY, UTO MHPAIUYC S paBeH % Tax kak cumiuieke £(B,; S)S
ommcat BOKpyr By, 1o (S B,) = a(S; By,) = n u BeinosHsiercst coorrorenue (1.23),
B KOTOpOM Haj10 B3saTh C' = B,,. U3 (1.24) crenyer, uro npu jobom j = 1,...,n+1

max(—Xy(x)) = .
rz€B, n—+1
rze \; — 6a3mcHble MHOTOUJIeHHI Jlarpanrka cuMmiiekca S.

[IycThb Tenephb cuMmiLieke S coepKuTcesd B B,,, HO He sIBJIS€TCS PABUILHBIM CHM-
IJIEKCOM MJIA He BIMCAH B 9TOT map. Ero muorowsiens: Jlarpamka obo3HadnM depes
;. Haitnérea raxoil mpaBubHBIN cUMILIEKC S*, BINUCAHHBIA B B, 1 Takoe k, 910 S
npunaexut mojoce 0 < A\gy(x) < 1, k-e (n—1)-mepHble rpann S 1 S* napaJiiebHbL
1 pu 3ToM S He mMeeT OOIMUX TOYEK XOTs ObI C OJIHOW T'PAHUYIHON THIIEPILIOCKO-
CTBIO 9TOM MOJIOCHL. 37ech A; — Oa3ucHble MHOrOWIeHb! Jlarpanrka cuminiekca S™.
Bepmuaa %) cumiuiekca S* ne npuHasexur ero k-it rpamm. Ilycrs u ecTh TOU-
Ka TPaHUIb Mmapa, Hanbosee ynanéunas ot %), Torma u ecTh TOUYKa MakCHMyMa
MHOTOWIeHa —Ag (), T.e. —Aj(u) = Z—jr} PacemorpuM npamyio, coequasiontyio k)
n u. Obo3HaUMM dYepe3 ¥,z U ¢ TOYKHU TepecevdeHus ITOH MPsIMOil C MOIapHO Ta-
paJIIeIbHBIMI TUIEPIUIOCKOCTAMHA i (x) = 1, pup = 0 m A\g(z) = 0 coorBeTCTBEHHO.
BolmostHstroTest HepaBeHCTBa

lz® =) > lly — 2l It = ull < |z = ull, (5.15)

X0Ts ObI OJIHO U3 KOTOPBIX HaBepHsKa cTporoe. B cuity juHeiiHOCTH 6a3UCHBIX MHO-
rouseHoB Jlarpanzxa crpaBeInBbl COOTHOIIEHNS

pe(z) — () 2 —ufl M) = Ae(w) It = u]
pe(y) = me(2)  lly =27 A (@®) = Xe(t) - fla® =t

Iockonbky u,(y) = 1, () = 0, A (™) =1, A (t) = 0, nmeenm

le—ul _ Jt—ul n—1
= = —)M.(u) = .
=z~ @ =g = W=

— g (w)

90



5.3. PABEHCTBO By = N. KOMMEHTAPII

Mbr npumennsn mepaBencTBa (5.15) u yuim, 9T0 XOTs OBl OJHO U3 HUX SIBJISIETCS
crporum. ITo dopmyie (1.24)
£(Bn;S) = (n+1) max max(—p;(z))+1> (n+1)(—px(u)) +1>n.
1<j<n+1z€B,
BuauuT, ecaiu S He SIBJSIETCs TIPABUJIbHBIM CUMILIEKCOM, BIIMCAHHBIM B B,,, TO nMeeT
MeCTO cTporoe HepaBeHCTBO &(By,; S) > n.
Takum obpazom, mis joboro cumiiekca S C B, soimosasercs &(B,;S) > n.

PaBeHCTBO 3/1€Ch 9KBUBAJIEHTHO TOMY, YTO S — IPABUJIbHbI CUMILIEKC, BIMCAHHBIIH
B B,,. Teopema joka3zana. U

[To ananoruu ¢ Benumuusoit &, = min{&(Q,;S) : S C Q,}, oupezesnsiemoit uepe3
equHnIHLIN Ky6 @, = [0,1]", BBeJIEM B pACCMOTPEHUE YUCIOBYIO XaPAKTEPUCTHKY,
3alaBa€MyI0 €JMHUYIHBIM IIapOM:

B = min{&(B,;S) : S — n-mepuslii cumiuteke, S C B, vol(S) # 0}.

Kak ormevasioch, MHOTHE 338491 O 4yucjaax &, emeé He pemenbl. Hampumep, eann-
CTBEHHBIM TOYHBIM 3HaUeHUeM &, I YETHOTO N JI0 CUX Hop octaéres &, = 1+ %5,
Jla U OHO OBLIO HallIeHO BecbMa HempocThiM crocoboM (eM. [13, 1. 2]). Ilo cpas-
HeHeHnIo ¢ &, 3ajada O Jucjiax [3, OKa3bIBAeTCd TpUBHAIbHON. U3 Teopembr 5.4
HEMEJJIEHHO CJIJYeT, 9TO JIJIsi JIIOOOrO N CIIPABEIJIUBO (3, = n. DKCTPEMaJbHBIM
OTHOCUTEJILHO (3, cumiiekcom S C B, sBjsercs 000l NpaBUIbHBIN CUMILIEKC,
BIUCAHHBIA B B,. Ipyrux skcTpeMabHbIX CHMILIEKCOB HET.

Texuuka, cBg3aHHAS C MAPOM, TTO3BOJISIET MTPOULIIOCTPUPOBATH HEKOTOPHIE Pe-
3YJIBTATHI, TTOJIyYeHHbIe paHee jid KyOa. [ljis mpumepa JoKkaykeM HOBBIM CIIOCOOOM,
9TO ecJiu CyInecTByeT Marpuia Ajamapa nopsika n—+1, To &, = n (cm. Teopemy 2.2).

UsgectHo (M., HapuMeD, [29]), 9T0 /171 TAKOTO U TOJBKO TAKOIO 1 B (), MOXKHO
BIIMCATDH MIPABUIBHBII CHMILIEKC S TaK, 9TO BEPITUHBI CUMILIEKCA Oy/IyT HAXOIUTHCS
B BepmmHax Kyba. Obo3HaunM depe3 B map ¢ MeHTpOM B IeHTpe Ky0a U paimycoM
‘/TE. OueBnjino, Kyo (), BIHCAaH B B, MO3TOMY W CUMILIEKC S BIHCAH B 9TOT IHap.
Tak kaxk S dABJsETCH MPABUIBHBIM, TO 110 TeopeMe 5.4 U U3 coobparKeHuii 1moooms
nmeeM &(B; S) = n. Britouenne ), C B oznadaer, urto £(S) = £(Qn; 5) < &(B;9),
T.e. £(S5) < n. BemosHeHo u mpoTuBONOIOKHOE HepaBeHCTBO £(S) > n, mosToMy
£(S) = n. OgHOBpEMEHHO MOJTyYaeM, 9To &, = n.

D10 paccyxkjenne Oa3zupyeTcss Ha TOM, 9TO €CJIH S — MPABUILHBIN CUMILIEKC,
BEPIIIMHBI KOTOPOTO HAXOJSITCA B BepHiuHax (J,, TO CHMILIEKC NS TONJIOMAeT
He TOJBKO (),, HO U map B, onucanubiii BOKpyr KybOa. [Ipu stom kosadbdunment
[IOTJTOIIEHUST N OKA3bIBAETCST MUHUMAJIBHO BO3MOXKHBIM U I KyOa, U JIjIs mapa.

Ecmu S C Q,, C nS, upuaém cumIiekc S He siBJISIETCS IPABIIBHBIM, TO B ¢ n.S.
HeiicTeuresbro, Brodenne B C nS o3nauasno 6bl, uro £(B;S) = n. Torma S 6bu1
6Bl TPABUJIBHBIM CHMILIIEKCOM, BIIMCAHHBIM B map B, ogHako 910 He Tak. [lostomy B
HE SBJIAETCS MOJMHOXKeCTBOM Nn.S. Kak 1mokasaHo BbIIE, CUMILIEKCHI, HE SBJIAIOIIH-
ecsl MPaBWJILHBIMU U YJIOBJIETBOpsIONIe BKoueHusM S C (), C nS, CymecTByooT
o Kpaiineit mepe ipu n =3, n=oun =9.
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I'IABA 5. 3AJIAYN O CUMIIJIEKCE U IITAPE

Pasenctso &, = n ycranosieno npu n = 5, n = 9 u B Tex curyanusgx, Korja
n + 1 ectb unciao Agamapa. st sTux paszmepnocreit &, = [,, T.e. OTHOCUTEIHLHO
BEJIMYUHBI MUHUMAJILHOTO KO3 DUIMenTa morIomennsa HaX0IAMUMCA BHYTPU CHM-
ILIEKCOM 00a MHOYKECTBa — N-MEPHBII KyO 1 n-MepHBIi Iap — BeIyT ceOst OImMHAKO-
Bo. OTHAKO BOIPOC O MOJTHOM ONMCAHUHN TAKUX PA3MEPHOCTEH OCTAETCS OTKPBITHIM.
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3agaHns JIJId caMOCTOSITeJIbHOM
PadOTHI

1. /IaHbl BepIIMHBI HEBBIPOXKJIEHHOTO N-MEPHOTO cuMILIeKca. Tpebyercsd 3a/1aTh
9TOT CUMILJIEKC CUCTEMOI JMHEHBIX HEpaBeHCTB. PeanusyiiTe aJropuT™M peIeHusd
3a/1a91 Ha KOMIILIOTEPE.

2. CocTaBbTe U peau3yiiTe Ha KOMIIBIOTEPE aJITOPUTM HAXOXK/IEHUS OCEBBIX JHa~
METPOB JAHHOT'O HEBBIPOXKJIEHHOT'O cuMILIekca B B R™.

3. PeaymmsyiiTe Ha KOMIIbIOTEDE AJITOPUTM HAXOXKJ/IEHUs MaKCUMAaJIbHOI'O B CHM-
wiekce S C R™ orpeska JIJaHHOIO HAIIpaBJICHUsT U BbIYUCIeHUsT (n — 1)-MepHOit Meph
poeKIuu S Ha JIAHHYIO TUIEPILIOCKOCTD.

4. Jlanbl HEBBIPOXKJIEHHBINA cuMiuiekc S u BoinykJoe Tesio C' B R™. Cocrasbre
U peajm3yiTe Ha KOMIIbIOTEpe ajaroput™ Beraucienus seaunand «(C;S) u £(C;9).
Paccmorpure pasnmdHble TPUMEPBI BLITYKJIBIX TEI U CHOCOOOB UX 3a/IaHMUs.

5. Permmre npepiaynyto 3agady B ciaydae, korga C' = [0, 1]™.

6. CocraBbTe M peajusyiiTe Ha KOMIBIOTEPE AJTOPUTM BBIYUC/IEHUST O0OBHEMOB
JacTeil, OTCeKaeMbIX OT N-MePHOro Ky0a JaHHOI I'MITePIIOCKOCTHIO.

7. PeanmusyiiTe Ha KOMIbIOTEpe BBIYUCACHUE Beananubl oB;.S) st HEBBIPOK-
JICHHOT'O CUMILIeKca S U eBKJinjoBa 1apa B B R™.

8. PeasmmzyiiTe Ha KoMIBbIOTEpE BhIUUCICHNE KO3 durmenta nororenus &(B; S)
cuminiekcoM S C R™ mpousBoOIbLHOTO N-MEPHOTO €BKJINIOBA Iapa B.
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