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BBenenune

Juddepenimaibabie ypaBHEHsI ¢ 3aa3/ibIBAHIEM BU/IA
= f(x,x(t=T)) (T >0) (0.1)

BOBHUKAIOT BO MHOTHX [TPUKJIAIHBIX 3ajia4ax: B HefipojnaaMmuke [1],
nasepHoii husuke [2,3], B 3a1auax MaTeMaTaeckoit sroorun [4,5],
B OlucaHuu paboThl sijiepHoro peakropa [6], B paaunodusuke |7| u
BO MHOIUX JIPYTHX 00JacTsX 3HaHuii [8].

DazoBbiM 1pocTpancTBoM ypasaenust (0.1) ymgobno cuntarh
npocrpanctBo C 7 Henpepusubx Ha [—1', 0] dynxiuit co cran-
napTHOit HOpMoit. B srom cwmbiciie ypashenune (0.1) cyiecTBeHHO
CJIOKHEE yPaBHEHMUsT

T = f(x, ), (0.2)
B KoTopoe oHo nepexouT pu 1" = 0. O6bikHoBeHHOE JTdbdepeHIu-
asibHOe ypashenne (0.2), Kak U3BECTHO, MHTETPUPYETCsT B KBAIPATy-
pax. Ero pemennst crpemsitest 60 K COCTOAHIIO PABHOBECHS, T. €.
K peleHnto ypapaenns © = f(x), b0 HeOrpaHUIEHHO PACTYT 10
Moyatio 1ipu ¢ — 00. Permenng ypasuernns (0.1) Toxke BbIUYNCIUTD
JOCTATOYHO IIPOCTO. Tak, MOJOKUB B KAYeCTBE HAYAJIBLHOIO YCJIO-
B bynkimo p(s) € Cl_pg (r.e. x(s) = ¢(s) npu s € [=T,0]),
Ha orpeske t € [0, T npuxogum K ypaBHEHUIO

jj:f(:l?,gp(t—T)), te [OaT]a

13 KOTOPOrO, pelliag 9TO HeJHHEHHOe CKAJIsIPHOE YypaBHEHUE Tep-
BOIO OpsiJKa, mosydaeM x(t) npu t € [0, T]. Teneps, 3uast perie-
rne x(t) mpu t € [0,7], Mbr anasornyno MokeM Haiitn x(t) npn
te|T,2T) ur x

Huzxe Gysier mokasano, 4To B oTiidne ot ypasuerns (0.2) nuHa-
vuka ypasaenns (0.1) MoKeT ObITH CyIIeCTBEHHO Oorade I HHTepec-
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Hee. OCHOBHOE BHUMAHIE OYIET YeJIEHO ClIeNnaIbHbIM ACUMIITOTH-
9eCKUM MeTOJaM u3ydeHust quHaMuku ypasHenust (0.1) — meromy
HOPMAJILHBIX (DOPM U METOJIy KBA3HHOPMAJILHBIX (DOPM.

B ykazaHusx OyaeT MpOBOJUTHCS JIOKAJILHBII aHaJIN3 ypaBHe-
mng (0.1), . e. nccrenosanne noseennst perrennii (0.1) B Masoi
OKPECTHOCTHU COCTOsiHMsI paBHOBecusi. Haubosbinuit uaTepec Oyer
IPEJICTABIATE U3y IeHIe TIOBEIeHIsT PEIIeHUil 9TOro ypaBHeHUsT IIPH
YCJIOBUH, KOI'JIa 3ama3/biBanne 1’ J0CTaTOUHO BEJIKO.

CrpyKTypa ykazaHuii TakoBa. B rnmepBom maparpade npuBosT-
csi OOIIe CBEJICHUsT OTHOCUJIBHO JIMHEHHOTO aHaJjM3a ypaBHEHUS
(0.1). Beomgirest ocHoBHBIe olpejiesierust, GOPMYTUPYIOTCA U JI0-
Ka3bIBaOTCsT PE3Y/IbTATHl 00 YCTONIUBOCTH COCTOSIHUST PABHOBECHSI.
Bo BTOopoM maparpade ncciienytores ondypKaimun yeToiIuBoro co-
CTOSTHISI PABHOBECHSI; CTPOATCST HOPMAaJIbHbBIE (DOPMBI, UCCJIETYeTCsT
X JMHAMUKA, JIeJIAI0TCS BBIBOJIBI O TIOBEJIEHNN PEIIeHIT HCXOTHOTO
yPaBHEHMUS.

[Taparpadst 3 u 4 MoCBsIIIEHbI JTOKAJIBHOI JINHAMIKE YpaBHEHUIT
¢ GosbIInM 3anasjibiBanueM. B §3 npuBejien JuHeitHbI aHaIN3 Ta~
KX ypaBHenuii. [Tokazano, 910 BOZHUKAIOIINE 3/1€Ch KPUTHIECKUE
caydan MMeoT OeCKOHeUHYIo pa3dMepHocTh. Hakoner, B maparpa-
de 4 uccienyrorca oudypkalnm, BOSHIKAIOIINE B HallIEHHBIX KPH-
Trdecknux ciaydasx. C MOMOIIBIO CIEIUAJIBLHOIO METO/Ia HCXOIHOe
ypaBHEHIE CBOJIUTCS K CYIIECTBEHHO OoJjiee ITPOCTOMY — KBa3WHOP-
masibHOI opme. [IpuBogsitest pesynbrarTer u3 [9-13].



§1. OOmmme cBeneHu’s

1.1. ABToHOMHBIM Jdupheperuuanbivim YpasHeHUuem ¢ 3ana3duea-
nuem (MHOTIA TOBOPAT dudidhepentuanvro-pasHOCMHbILM YPaGHEHU-
eM) HA3BIBACTCS yDABHEHIE

i = f(a(t),z(t — T)). (1.1)

3nech T — BpeMsi 3amas/biBanus. Js8 KOppeKTHO pa3perrmmMo-
ctu 9TOoro ypasuenust nHeooxoqumo 7' > 0. Ecin € R (a Mb1 Oyiem
paccMaTpUBATh UMEHHO 9TOT CJIydait), To ypaBrenue (1.1) HasbiBa-
ercs ckaaaproim. V3Bectrast dyukims f(xq, o) mpemosaraeTcs
JOCTATOYHO IJIQJKOI 110 COBOKYIHOCTH HEPEMEHHbIX.

B kauecrBe Hauasvuvixr ycaosud mist ypasaennst (1.1) Oymem
oparb HenpepbiBayio Ha orpeske [—T, 0] dyukiuo. Takum obpa-
30M, Z,(t) aBisterca pemenueM (1.1) ¢ HauaIbHbIM ycioBHeM ¢(1),
eCc/I, BO-LIEPBBIX, T,(t) yaosiersopser pasencrsy (1.1) mpu Bcex
t > 0, a BO-BTOPBIX, yAOBJIETBOPSET COOTHOIIEHUIO

v,(t) = o(t), te[-T,0].

[Iycth 9 — 9TO cocToOsiHUE paBHOBECHUsI 9TOIO yPaBHEHHUSI, T. €.
KOPEeHb YpPaBHEHUS

0= f(x,z).

Torpma ypasuenne (1.1) umeer He 3aBucsiiiiee OT BPEMEHH DellleHne
x(t) = xy. [TocraBuMm 3aj1a1y UcCIe10BATH YCTORIMBOCTD 9TOTO pe-
IEHUS.

YeroitunBocTh OyeT necaeoBaThea B (pasoBOM MPOCTPAHCTBE
Ci_r,] — HENPEePLIBHBIX Ha oTpe3ke Amubl 1’ dynkumit co cran-
JAPTHON HOPMO#

el = mas [o(0)]

Coracho [14], 6ymem HasbiBaTh perenne To(t) ycmotuuevim,
ecan JUIsd Kaxkjaoro € > 0 jroboe pelreHne ¢ JOCTATOYHO OJIM3KIME
K Zo(t) HAYAIBHBIME YCJIOBUSIMU OCTAETCS B ,,e-Tpybe’ o(t). Bosee
AKKypaTHO, 9TO 03HAYAET, YTO JIs J100oro € > 0 Haiijercs Takoe
r = r(e), uro aua moboit Gynknun p(t) € Ci_pg), AT KOTOPOIl
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BBITIOJTHEHO n[naTX] |zo(t) — @(t)| < r, peutenne x,(t) ypaBHeHusI
te[~T,0

(1.1) yoBeTBOpPsIET COOTHOIIEHUIO
2,(8) — ()] < .

Takxke perenne x(t) ypashenusi (1.1) HasbIBaeTCS ACUMNMO-
MUYECKU YCMOTMUBHIM, €CJII OHO YCTOIYMBO U BCE peleHust T ,(t)
ypasuenus (1.1), ¢ gocrarouno OGausknMu K xo(f) HATATBHBIMI
VCJIOBUSIMU, CXOISTCS K xq(1):

lim |zo(t +5) —2,(t + ) =0.
T [ao(t +5) — ¢+ 9)

Pemerne xo(t) ypasuenns (1.1) HasbiBaeTcst neycmotiuuevim,
ecyin Hafiercs takoe 7y > 0, 9TO IPH KaXKJOM MOJOKHUTEIHLHOM
r cymecrsyer Taxkasg Gynkius @,(t) € Ci_r], yI0BIETBOPSIONIAs

IflaX] |zo(t) — ¢, (t)] < r, aTO B HEKOTOPOIT TOUKe £y > 0 perrenne
te[~T.0

z,(t) ypasrenus (1.1) ¢ HauaIbHbIM yesoBueM () OTIIHIAETCST OT
xo(t) GosibIlie, TeM Ha 7:

|zo(t0) — 2, (to)| > 7.
1.2. B ypasuennu (1.1) npoussejiem 3aMeny

nojipasymeBast, 9to y(t) HeBesmKa. B pesynbrare mosydaem

g = f(zo+y(t),z0+yt —T)).
Obo3HAYNM

of of

a = —(360,1‘0), b= a—m(woaxo)

1 BBejieM (DYHKIINIO

F($1,$2) = f(ZE() + X1, X0 + 1'2) —axy — bxs.

F F
O6parum Baumanue, aro F(0,0) = 27(0,0) = 37(0,0) = 0.
1 2

[Ipo Takyro (pyHKIMIO T'OBOPSIT, YTO OHA UMEEM 6 HYAE NOPAJOK
MANOCTNU BHIUE NEPBO20.



C yderoM cjie/laHHBIX 0003HAYEHNI, NCXOIHOE yPaBHEHIE 3alli-
CbIBAETCS B BUJIE

y=ay(t) +by(t —T)+ F(y(t),yt —T)). (1.2)

Kak j1y151 00bIKHOBEHHBIX T DepeHInaIbHbIX YPaBHEHMI, J1JIs
ypastenust (1.2) umeer mMecto Teopema JIsyHoBa 06 yeTOHIMBOCTH
o nepeomy mpubsmzkennto [14,15]. I roro aTobs1 cdopmytinpo-
BaTh COOTBETCTBYIOIINI PE3YJILTAT, PACCMOTPUM AUHEAPU30EAHHOE
MG HYAEBOM COCTMOAHUU PAGHOBECUA YDABHEHUE (OHO TOJIYIaeTCsI
3 (1.2) orbpacblBaHIEM CJIAraeMoro, MOPSIOK MaJOCTH KOTOPOTO
BBIIIIE [IEPBOTO)

y=ay(t)+byt—T). (1.3)

Huke wepes R(r) obo3Haumm Imap pajmyca r ¢ IEeHTPOM B HyJie B
npocrpanctse Cl 7], T. €. MHOXKECTBO TaKIX HEIPEPLIBHBIX (DyHK-
it p(t), 3aganubix Ha orpeske [—T1, 0], aro

t)| <.
ter?ago]lsO()\ r

VrBepxkaenune 1.1 [lycmo 6ce pewenun Aunetinozo YpasHeHus
(1.3) cxodsmesn x nymo. Toeda nyaesoe pewenue ypasnenue (1.2)
acumMnmomuiecky yemotiuueo. B wacmmuocmu, natidemes makoe
ro > 0, umo npu ecex p(t) € R(rg) pewenusa ypasnenus (1.2)
¢ navarvnvmu yeaosuamu y(t) = o(t) ecmpemames x myao npu
t — 00 pasromepro no ecem p(t) € R(ry).

YrBepxkaenue 1.2 Ecau oice aunetinoe ypasruenue (1.3) umeem
IKCNOHEHUUAADHO PACTYULEE NO MOJYA0 NPU t — 0O pewerue, mo
nyaeeoe pewenue (1.2) neycmotivuso. Hatidemea maxoe ro > 0,
umo daa Kascdozo 0 < r < 1o 6 wape R(r) natdemesa makot
anemenm p(t) u maxoe to(r, p), wmo pewenue y(t) ¢ HauasLHBIM
yeaosuem p(t) ne npunadaeotcum wapy R(rg) npu t = to(r, ),
m. e.

t > 7.
Sén[_a;fo]\y(ﬂ)l T

Takum obpasoM, JiIsd aHaInu3a PelreHnil NCXOIHOTO YpaBHEHUs
(1.2) BecbMa BazKHO CyTIECTBEHHO OoJiee TTPOCTOE JIMHEHOEe ypaB-
wenre (1.3). OTmernm, 9To ecjm y JuHeiiHOTO ypaBHenus (1.2) ecTh
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XOTsI OBbI OJIHO ACUMIITOTUYECKN YCTONINBOE pEllleHne, TO BCE ero pe-
IeHNsT ACUMIITOTHYECKH YCTONINBBI . [109TOMY 0OBITHO rOBOPAT 00
YCTOMYIMBOCTU JINOO HEYCTOWYIMBOCTU BCErO JIMHEITHOIO YpaBHEHMS,
KOTOpPOe PaBHOCUJILHO, HAIPUMep, YCTONYINBOCTH HYJIEBOTO pelle-
HUS.

Kaxk u B ciayaae OJ1Y, noBejienne penieHuil JMHEHOro aBTOHOM-
HOTO YpaBHEHUS ONPeIeIsdeTcs XapaKTepUCTUIeCKUM yPaBHEHNEM.
Jst ero HaxoxKieHus mojoxRum B (1.3)

y=¢€

1 TI0CJIe OYeBUIHBIX COKPAIIEHU TOTyInM I HaXOXKJIeHUsT Hen3-
BECTHOIO ITapaMeTpa A TaPaKmMeEPUCNUNECKUT KBA3UNONUHOM

A=a+be . (1.4)

Ormernm, aro kBazunosnnom (1.4) nmeer GECKOHETHOE THCJI0 KOP-
Hell, HO JiIst JII0OOr0 BEIIECTBEHHOI'O P B KOMILIEKCHOM HOJIYILIOC-
KOCTH ReA > p KOJIM4ecTBO ero KOpHeil KOHEYHO.

Nneer mecto crefytoree yreepxkaenne (em. [14,15]).

Yr1Bepxkaenue 1.3 [lycmv 6ce kKophu Tapaxmepucmuveckozo
ypasrerus (1.4) umernom ompuyamesvHvie 6EULCTNEEHHBLE YACTIU.
Tozda pewerus (1.3) acumnmomuuecku yemotuuso. Ecau orce xa-
paxmepucmuieckuti kKeazunosurom (1.4) umeem xopennv Ny ¢ noso-
HCUMENLHOT, BEULLCMBEHHOT Hacmvblo, Mo ypasnenue (1.3) umeem
IKCNOHENUUANLHO pacmyuiee (no mModyato) pewsenue Yy = exp Aot.

Taxum obpazoM, HEOOXOAUMO DoJIee JIeTaJIbLHO UCC/IeI0BATh 110~
BeJleHre periennii ypasuerust (1.2) B Majioil OKPECTHOCTH COCTOsI-
HUsT pABHOBECHUST JIUITh B TE€X CJIydasx, Korja KBasuroauHoM (1.4)
nMeeT KOPHH C HYJIEBOIl BEIeCTBEHHON 9aCThIo U HEe UMeEeT C I10J10-
JKUTEJIbHOIA.

1.3. Uzyunm pacnosioxkenne KopHeit XapaKTepucTHIeCKOTO KBa3n-
nojimHoMa, (1.4) B 3aBucuMocTd oT napamerpoB. Mbl orpaHnauMcst
TOJIBKO O0Jiee BayKHBIM JIJIs IpUjIoyKeHuil ciaydaeM a < 0.

[Tpu b = 0 Bce kopuu (1.4) UMEIOT OTPUIATE/ILHBIE BEIIECTBEH-
Hble yacTu. [Ipu Bcex OJM3KUX K HYJIIO0 3HAYEHHUSIX b 9TO CBONCTBO

1,HOK&)KI/IT6 9TOT CI)&KT CaMOCTOATEJILHO.
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coxpansiercs. [leficTBuresbHo, peasibhas dacThb (1.4) nmeer BuT:
Re X = a + be M cos(—Im \T).

[TepBoe ciiaraemoe oTpuIaTe/ibHO, & Jijid BToporo npu ReA > 0
CITpaBe/IJINBa OIEHKA

|be AT cos(—Im AT)| < |b],

T. e. Tpu OJIMBKUX K HY/H0 b oHO Majio (npu Re A > 0), a 3Hadwr,
ypasHenne (1.4) He MOXKeT MMeTh KOpHeH B MPaBOil KOMILJIEKCHOI
IIOJIY LJIOCKOCTH.

B cmiy mHenmpepbIBHOIT 3aBUCHMOCTH KOpPHEH OT mapamerpa
b, maitgyres takme by(7) > 0 um b_(T) < 0, uro upm
b_(T) < b < by(T) Bce KOPHH KBA3UIOJIHOMA HMEIOT OTPHIA-
TeJIbHBIE BerecTBeHHble dactu, a pu b = b, (T) wnpu b = b_(T)
KBa3unomHoM (1.4) mMeeT 4uCTO MHUMBIH KOpeHb Ag = iw. T. k.
B TO K€ BpeMs CYIIECTBYET U KOMILIEKCHO-CONPSIZKEHHBINH €My KO-
peHb \g = —iw, TO, He OrPAHMYNBAsS OOI[HOCTH, OYIeM CUHTATD,
910 w = 0.

Pacemorpum  cnagana caygait b < 0. Iomoxxkum B (1.4)
b=0b_(T) u A\ =iw. B pesysbrare moaynm

iw=a+b_e T,

BbI,[Le.HI/IM ,[LefICTBI/ITeﬂbHYIO U MHUMYIO 9aCTH:

—a = b_coswT,
w = —b_sinwT.
Orcrona
b = a®+ W’ (1.5)
w = atgwT. (1.6)

B cuny yenosus b < 0 3HadeHne w He MOXKET 00pallaThCs B HOJIb.
O6osnaunm depe3 w(1') HANMEHDBIINI MOJOKUTEIBHBIN KOPEHb

ypasuenus (1.6) (cm. puc. 1). Homoxum b_(T) = —y/a? + w?(T).

Jlemma 1.1 ITyemo a < 0, mozda npu ecex b_(T) < b < 0 sce
KopHu ypasrenua (1.4) umerom ompuyamesvrole 6eu,ecmeenie
wacmu, a npu b < b_(T) cywecmsyem xopens (1.4) ¢ nososcu-
meavHot 6euLecmeenHol 4acmsio.
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Puc. 1.

1t obocHOBaHUS JIEMMbBI HAJI0 JIAIIL [IOKA3aTh, YTO IPU KarK-
aoM b < b_(T) naiijercss KOpeHb ¢ MOJIOYKUTETLHON BeIecTBeH-
Hoit yacTbio. O6osuaunM depe3 A(b) kakoii-1mbo KOpeHb ypaBHEHNUs
(1.4). OueBumno, uto A(h) HEMpPEPBIBHO 3aBUCHT OT HapameTpa b.
YrBepzKaeHue Oyuer JI0Ka3aHo, ecju yIacTcsl OKa3aTh, YTO

(D)

Re
db A(b)=iw

< 0.

D710 Oy/IeT TOBOPUTH O TOM, YTO IpU Bo3pacTaHuu b Koperb A(b)
Yepe3 MHUMYIO OCh JIBUTAETCs BJIEBO 1O KOMILJICKCHOM TJIOCKOCTH,
T. €. IpU YObIBAHNN b KOpEHb, Mepecekas MHUMYIO OCb, JBUTAETCS
BIIPABO.

[Ipoauddepennupyem paserctso (1.4) 10 b, TOMHST O TOM, UTO
A ecTb pyHKIUS OT b:

N =e M _pTNe M,

Yuanrsisast, aro A\(b) ectb Kopenn (1.4), mveem

Hcnosb3ys 310, nojydaeM BbIpazkenue st \':
A—a
(1+T(\—a))
12
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[Togcrasum Terepsb A(b) = iw. [omyuanm, aro

w—a
b(1 —aT +iTw)

N(b) =

[Ipeobpasyem 3T0 BbhIparkeHue, 9Todbl N30aBUTHCSI OT MHUMOI Ja-
cTH B 3HaMeHaTese. B pesynbrare moydmM, 9TO

dA(b) _ wWT —a(l —aT) (1.7)
db |y\py=i (1 —al)? +w?T?) '

Re

Orcrofa u u3 yenosuit a < 0 u b < b_(T') < 0 cieayer Tpedyemoe
HEPABEHCTBO.

Takum obpaszoMm, JieMMa, JJOKa3aHa.

[Tycts Teneps b > 0. U3 ypasuennii epes (1.5)—(1.6) oueBu/iHo,
aro by (T) = —anw(T) =0.

Jlemma 1.2 ITyemv a < 0 u 0 < b < —a. Toeda sce xopHu
(1.4) umerom ompuuamenvrvie seuecmeenmvie wacmu. Ecau orce
b > —a, mo ypasuenue (1.4) umeem KOpeHb ¢ NOAOAHCUMENLHOU
BEULLCMBEHHOT YACTNDIO.

Kak n npu mokazatenbcTBe JjieMMbl 1.1, 11 T0Ka3aTeIbCTBA,
BTOPOT'O YTBEPZKJICHUA 3TOI TeOpeMbl IIPUBJICKAEeM HEPABEHCTBO

dAN(b)

Re
db A(by)=iw

> 0,

KOTOpOe ciiejyer u3 anajora (1.7) u yenosuit a < 0, by > 0.

1.4. ltak, MbI IOKa3aJi, YTO COCTOsIHIE PABHOBECHUsI IIPH OIIpEJIe-
JIEHHBIX YCJIOBUSIX MOYKET TePsITb YCTONYMBOCTH. DTO HPOUCXOIUT
JIBYMsI criocobamu: pu b = by B IIpaByI0 KOMILIEKCHYIO MTOJTYTIIOC-
KOCTb IIEPEXOJIUT OJIMH KOPEHb XapaKTePUCTUYECKOTO ypaBHEHUA
(1.4); a mpu b = b_ Yepe3 MHUMYIO OCb BIIPaBO IEPEXOJIAT J1BA
KOPHSI.

B cienyromem naparpade OyaeT nsydarbCsi HOBEJEHUE pelie-
HUIl B OKPECTHOCTU CTAIOHApaA B CJIydae, KOrja IoTepst yCToidn-
BOCTHU TOJIbKO ITpon3oiiia. HbIME cioBaMu, OyaeT udydena oudyp-
Kalllsl COCTOSIHUST PaBHOBecUs Tpu b = b

13



KoHTpoJIbHBIE BOIIPOCHI N yIIPa*KHEHUS
1. Korja periernne (He 00st3aTesIbHO OCTOsTHHOE) AudepeHtinaib-
HOT'O yPaBHEHUS C 3alla3/bIBAHIEM SIBJISIETCS YCTONIMBBIM
2. Kak MO»XKHO HCCJIe/IOBaTh YCTOMUMBOCTH COCTOSIHUSI PABHOBECHSI
nuddepeHnalibHOr0 YypaBHEHNS € 3alla3bIBaHIeM !
3. Ilpojenaiite caMoCTOATETLHO BCE HEOOXOAUMbIE BBIUNC/IEHUS
JIJIST JOKa3aTe/IbCTBa JIeMMbI 1.2.
4. Tlokaxkure, aro npu yeaosun 0 < a1 < 7/2 pemnienus: ypasHe-
1507871

= —ax(t—1T)

ACHMIITOTHYECKH YCTONUNBBI, a 1ipu a < 0 win a > 7 /2 — Heycroii-
YUBBI.
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§2. budypkamua AnaponoBa—Xomnda

B npenpiaynieMm naparpade Mbl [OKa3aJi, 9TO I[PH H3MeHe-
HUU [TapaMeTPOB, COCTOAHUE PABHOBECUS MOXKET MOTEPATH YCTOI-
YUBOCTH. 3yunM, Kak 9TO MOXKET MPOUCXO/UThD.

2.1. He orpanuumBasi OOIITHOCTH, MOYKHO CYUTATh, UYTO COCTOsIHIE
paBHOBeCHSI, B OKPECTHOCTU KOTOPOI'O UCCJEJyeTCs IOBeJeHUe pe-
IIeHNIi, paBHO HYyJI0. PaccMoTpuM ypaBHEHIE

t=ax+bx(t—T)+ F(z,z(t —T)), (2.1)

B cJlydae, KOorja 3HadYeHus napaMeTpoB a, b u T' 6J1m3Ku K KPpUTH-
YeCcKUM, T.e.

a=ay+ecay, b=by+ eb, T:T0(1+€T1).

3nech 0 < € < 1 masblii mapameTp, ag orpuiareabuo, by = by (Th)
6o by = b_(1y), rie by (T) u b_(T) onpejiesieHbl B IpeJIblLyIeM
maparpade. Vccreayem moseserne pemtennii (2.1) npu mocratodso
MaJIbIX 3HAUEHUAX € B HEKOTOPOIT MaJioif (HO He 3aBucsiieiil or ¢)
OKPECTHOCTH HYJIEBOT'O PEIIeHUSI.

Oynkins F(x,y) mMeeT ops 0K MaJoCTH Bbiiie mepsoro. s
VIPOIIEHNS JTAJbHEHIINX BbIYuCAenuii Oy/ieM CUUTaTh, YTO OHa 3a-
BICHT TOJIbKO OT BTOPOTO apryMeHTa, T. €.

F(x,y) = F(y).

Torga B OKpeCTHOCTH HYJIsI OHA PACKJ/IaJIbIBAeTCs B sy Teiisopa
CJICJIYIOITIM 00Pa30M:

F(y) = foy” + fsy° + o(y?).

st Toro 4TOOLI MCKJIIOYUTHL 3aBUCUMOCTD 3alla3/iblBaHud OT
MaJIOro mapamerpa g, mpoussejieM B (2.1) 3ameny

t = (1 + 6T1)t1.
[Tonydyennoe ypaBHenue OyjieT UMETh BUJI:

1 dx

Tgﬂd_tl = aw((l + 8T1)t1) + bx((l + €T1)(t1 — TQ))+
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[lepeobosnaunm omsats ¢y gepes t u x((1+e77)t1) uepes x(t). B pe-
3yJIbTATE MOJIyYUM ypaBHEHUe

1 dx

Tgﬂa = (CLO + 5a1)x + (bo + €b1)$(t — T0)+

+ for®(t — Ty) + faab(t — To) + ... (2.2)

Pacemorpum otnenbio ciaydan by < 0 (T.e. bg = b_) u by > 0
(T. €. bo = b_|_)
2.2. IlycTb cnagasia
by = b_(To) < 0.

13 pe3ysibTaToB MpPOILIOro maparpada cjiegayer, YTo B 3TOM CJIydae
XapaKTepUCTUIYeCKNi KBa3UIIOJINHOM

A =ay+b_e Mo (2.3)

MMeeT [apy YUCTO MHUMBIX KOpHeil A1 = =iwp, & Bce ocTajlbHble
ero KOPHU NMEIOT OTpUIlaTe/IbHble BellleCTBEHHbIE YacTu. JInuneapu-
30BaHHOE ypaBHEHUeE

& = apx + b_z(t — Tp) (2.4)

FMeeT MeprojiecKue perenne x = exp(tiwgt).

Uszsectno, uto B dasosom npocrpancrse Cp_g, o) UMeeTcd JIo-
KaJIbHOE 3KCIIOHEHIINAILHO YCTONUNBOE MHTEIPAJIbHOE MHOT000pa-
sue (cm. [14,16-18]) Cy. K sromy muOroobpasmio mpu t — 00
CTpeMsATCs Bee perenusi (2.2) ¢ J0CTaTOuHO MaJbiM (M He 3aBH-
CSITIM OT €) HadaJbHBIM ycjioBueM. TaxkuMm obpas3oM, HEOOXOINMO
JIMIIb UCCJIEJI0BATH TI0BejIeHNe peleHuil (2.2) TOJbKO Ha JIByMep-
oM MHOrooOpasun Cy. Ha Hem ypasrenne (2.2) MOXKHO 3aIicaTh B
Buze cucreMbl AByX OIY, KOTOPYIO ¢ HOMOIIBIO HEKOTOPLIX PE0d-
pa3oBaHUii MOYKHO IIPEJICTaBUTh B HamboJiee MMpocToil hopme. Drta
hopma HasbIBaeTCs HOpMaJIbHOI (cM., Hanpumep, [17,18]). B pac-
CMATPUBAEMOM CJTydae, KOTJia B JINHeAPU30BAHHOM ypaBHeHu (2.4)
peasn3yeTrcsd KPUTUYECKNil caydail napbl YMCTO MHUMBIX KOPHEN
XapaKTEePUCTUIECKOr0 KBA3UMHOIOUIEHA, COOTBETCTBYIOIIAS HOP-
MaJjibHast (popMa UMEeT BHJI OJIHOIO KOMILJIEKCHOI'O yPaBHEHMs

d
d—j = ec\z + d|z|22 + 0(82|Z\ + €‘Z|3 + ‘Z|5) (2.5)
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Nssectno (cm. [16-18]), aro B ciyuae, korma ReA; # 0 u
Red # 0, numamumdeckne cBoiictBa pemiennii (2.5), a 3Hadnt, n
ypaBHeHUs (2.2) ONpeJessiioTCsT YKOPOUEHHBIM HOPMAIN30BAHHBIM
ypaBHEHIEM

dg

_ 2
= = M€+ dlefe, (26)

rae 7 = et u z = /e§. DopmyJia, KOTOpast CBSA3LIBAET PEIIeHMUsI
x(t,€) ypaBHenus (2.2) u ero HopMabHOI (GOpMBI (2.5), UMeer Bu/I
[16-18]

2(t,e) = Ve [€(T)e™ + E(1)e ™ + ewo(t, 7) + 23t 7) + . ..

(2.7)
[Tpu sTOM Tpedyercs, YT0ObI 3aBUCUMOCTE OT € BCEX CJaraeMbIX B
(2.7) 6bL1a 27 /wo-niepuouanasi. opmyiia (2.7) gaetr oJHOBpeMeH-
HO aJITOPUTM HaXOXKJeHNs KOd(hPUINEHToB A\ (Ha3bIBaeTCs HA0-
KpumuyHocmo1o) u d (Ha3BIBACTCST AANYHOGCKOT 6eaununol). s
ompenesiennss Ay u d nogcrasuM B (2.2) dopmyry (2.7) u Gygem
coOUpaTh B IOJYUHUBIIEMCS TOXKJIECTBE KOIMDPUITUEHTHI MTPHU O~
HAKOBBIX cTerneHsx €. Ha mepBowm miare, npupaBHuBag Kodduim-
enTbl mpu €2, B Ty ompejesieHus BeAMYNH b_ M w MOTyHIM
BepHOe TOXKIecTBO. Ha BropoM Imare npugeMm K janddepeHnnalib-
HOMY YPaBHEHUIO OTHOCUTEJIBHO T'9

Ox
=2 = apTo + b_.fbg(t — T(), 7')+

ot
+ f2 5(7_)262iw0(t—T0) + 2‘5(7_”2 + E(T)QG—ino(t—To)

D710 JMHEHOE HEOTHOPOIHOE ypaBHeHNe Ha (MYHKINIO To(t) (T BbI-
crynaeT B KadecTe mapamerpa). CoriacHo obImeit Teopu JinHeri-
HBIX YPaBHEHUII, ero pelieHne 3alicbiBaeTCs B BUJIE CyMMbI OOIIEro
pelieHns OJIHOPOIHOI 3a4aU1 U YaCTHOT'O PeIleHUs] HeOIHOPOTHOI:

T2 = Tobm + ZTyacr-

OnHopogHoe ypasaenue nmeer Buj (2.4). Mer yxke ormeuasu, 9to
OHO MMeeT IeprojiniecKue perienns exp(+iwgt). x pobasenue He
MOBJINSIET Ha Jla/IbHENIIINEe BbIYUCAEHUS, TIO9TOMY Mbl OTDAHUYUMCS
TOJIBKO YaCTHBIM PEIIEHUEM: To = Lygcr-
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YactHoe permrenne, Kak u B jimHeitnbix OJ1Y, moxkeT ObITh Haii-
JIEHO UCXO/S W3 BUIa HEOIHOPOIHOCTH:

To(t,T) = 2oo(T) + o1 (7)€" + Tpy (7)™ 20",
[TojicTaB/sist 3T0 BhIpazKenue B ypaBHenne Ha Ta(t, 7), Haxo UM, 4To

raft) = ~— L fe(r)P

—21wo T
o ' fo exp( Wo 0)' §2(7’).
2iwy — ag — b_ exp(—2iwyTp)

3/2

Haxkomner, cobupasi KoapDumueHTsl Ipu €%/, MOJyIUM BbIparkKeHue

%—aoxg—b ﬂig(t—To,T):

ot

Cde
— ((1 + bTOe_WOTO)d—feWOt + k.. ) +

+ (aoTh + a1) (E(7)e™" +&(T)e™™") +
+ (b_T1 + by) (f(T)e“”O (t=To) 4 S(T)e_’w‘) (t=To) ) +

+ 2 fowo(t — Ty, 7) <§(T)€M0 (=10 4 5(7) el TO)> +
+ /3 (5(T)eiw(’(t_T°) + E(T)e_iwo(t_mf '

Heobxoumoe 1 JI0CTATOUHOE YCJIOBHE CYIIECTBOBAHUST 277 /wy-
IePHOJINYCCKUX PEIeHuil 3TOro ypaBHEHHs COCTOMT B TOM, 9TO
cymMa Beex Koadduimento mpu exp(iwgt) u mpu exp(—iwgt) B
IpaBoil YaCTH JIOJIZKHA ObITL PaBHa HyJO. 110/1CTaBIIsAsa BLIpasKeHne
JUISL To, PACKDBIBAs CKOOKH U UCHOJIB3Yst (2.3), MOJyIuM, 9TO JIist
CYMIECTBOBAHUSA 27 /W(-TIePUOMIECKIX PEIIeHUi JIOJKHO BBITIOJI-
HATLCA PABEHCTBO

d
(1 — CL()T() + Z.T’()(,d())—g = (CLl +
dr

23 412 o

— 3 wolo )

" 2uwy — b_ eXp<—2inT0) — Qy ap + b + f3 € ‘f‘ g
(2.8)

in(bl + bb_Tl) — CLQb1> 5_'_
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Anajiorndnoe ypasHenne taxxke 6yner un s €. Kak Jerko 3ame-
TUTh, TIOJIyIeHHOE PABEHCTBO B TOUYHOCTH cooTBeTcTBYeT (2.6). Ue-
0JIb3YsT BhIpaskeHue (2.3), HaJIKPUTUIHOCTb A1 ¥ JIAIIYHOBCKYTO Be-
JUYIUHY d MOYKHO 3aIlCaTh CJEYIOMNM 00pa3oM:

alb_ - a061 + in(bl + b_Tl)

P —
! b_(1 — CL()T() + iTowo) 7
2f2 42
d = . /2 . - /2 +3f5| X
2iwy — b_ exp(—2iweTy) —ag  ag+ b
in — Qg

X .
b_(l — CL()T() + iTowo)

HopmasmsoBanHoe ypaBhenne (2.8) sBisieTcsi  KOMILIEKC-
ubiM.  Ecyim komiuiekchyto  (yHKIU € NpeJCcTaBUTh B BHJIE

E(1) = p(7)expip(T), TO AIst aMILIATYABL p U 17 das3bl @ 110~
JIy UM YDaBHEHUST

d
d—i — (Re)p+ (Red)p?, (2.9)
d

% = (ImM\)p+ (Imd)p*. (2.10)

Paccmorpum ypasaerne (2.9). D9To ckaasipHOe, aBTOHOMHOE YpaB-
nenune. Kopnu ero mnpapoii 4acTu — 370 KOPHU YpaBHEHUS

(Re \M)p+ (Red)p® = 0.

DTO ypaBHEHHE BCerja nMeeT HyJeBoil KopeHb 1, ecyin Re Ay u Re d
pas3HbIX 3HAKOB, apy KOpHE *p,, Tje

o _RB)\l
P=\ "Red

Kak wu3BecTHO, pelieHns CKaJIApHBIX JuddepeHnnaibHbiX
ypaBHeHuit b0 CTpeMsTCs K MOCTOSHHON Besindnie (KOPHIO Tpa-
BOIT dacTu), OO HeOrpaHMIeHHO BO3pacTatoT. [losTomy crpase-
JINBO CJIEIyIOIIee YTBEPIKIeHNE.

Teopema 2.1 Ecau ReA; < 0, Red < 0, moada ece pewenus
ypasnerus (2.9) cmpemamen x myao npu T — 00.
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Ecau Re Ay < 0, Red > 0, moeda pewenus ypasnerus (2.9)
¢ navasvonvm yeaosuem |p(0)] < pi. cmpemames K wyao, a 6ce
OCMANBHDIE HEOZPAHUYEHHO 803PACMANM NPU T — OO.

Ecau ReAy > 0, Red > 0, mozda sece pewenus yYpasHeHus,
(2.9) neoepanuyerno 603pacmaiom npu T — 00.

Ecau ReAy > 0, Red < 0, mozda sce pewenus yYpasHeHUA,
(2.9) cmpemames aubo K pi, AUOO K —p, NPU T — 00.

B cuy Teopembr 2.1 u paBeHcTBa (2.7), KOTOPOE CBSA3BIBACT pe-
IIEHNs] HOPMAJILHON (POPMBI U PEIeHNsI UCXOAHONO yPaBHEHUs Ha,
9KCIOHEHIUAILHO YCTONYMBOM HMHTerpajbHoM MHorooopasuun Cs,
BEpHLI CJiejyonye yTreepzKaenns. MasoBble NOPTPEThl CHUCTEMbI
(2.9)-(2.10) ma muoroO6pasun Cy MOKA3aHBI HA PHC. 2.

<G

6)

an
AN

r)

\
(T

N/,
= K

Puc. 2. ®aszoBble noprperst cucteMbl (2.2) Ha MHOroobpasuu Ch
mpu ay = aog(T) < 0 B cayuagx: a) Red; < 0, Red < 0
0) ReA; < 0, Red > 0; B) ReAy > 0, Red > 0; 1) ReA; > 0,
Red < 0.

Hakomnerr, cienaeM BBIBOJBI O IOBEJICHUU PEIIEHHUII MCXOIHOIO
VDaBHEHUsI C 3ama3/biBanneM (2.2) B pacCMaTPUBAEMOM CJIydae.

Teopema 2.2 Ecau ReA; < 0, Red < 0, mo npu docmamou-
HO MAAVLT 3HAUEHUAT € peuenus ypasrenus (2.2) us nexomopot
OKPECTNVHOCTAUL HYAS CIPEMAMCA K HYA0 NPu t — 00.

Teopema 2.3 Fcau Rely < 0, Red > 0, mo npu do-
CMAMOYHO MAABLT 3HAYEHUAT € HYALE0€ peuweHue YpasHeHus,
(2.2) acumnmomuuecky ycmotiuuso, Kpome moz20, 6 OKPECHO-
CMU HYAA CYWECMBYem HeYycmotuvyusvl yuks ¢ acuMnmomurol

24 (t) = 24/eps coswpt(1 + o(1)) + o(1/2).
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Teopema 2.4 Ecau ReAy > 0, Red > 0, mo npu marvix € ny-
Ae60e pewerue YpasHerus (2.2) neycmotnueo u 6 e20 Hexomopot
(He 3asucawets om €) OKPeECMHOCTU HEM YCMOTUYUBHLT PEHCUMOS.

Teopema 2.5 Ecau ReAi > 0, Red < 0, mozda ece pewerusn
ypasrerus (2.2) u3 nexkomopoti 0KpecmHocmUu HYAl CMPEMANCA K

yemotivusomy yukay T.(t) = 24/eps coswot(1 + o(1)) + o(y/2).

Teopembr 2.2-2.5 TOJTHOCTHIO OMUCHIBAIOT JIOKAJBHYIO TTHAMIKY
ypaBHeHust (2.2) B OKPECTHOCTU HYJIsI TIPU MAJIBIX .

2.3. Ilyctpb Tenepn
by = b+(TO) > 0.

Kax 0bL10 1mokazano B §1,
b+ = —Aayp.
[Tpu Taxkux 3HAYEHUSIX APAMETPOB JMHEAPU30BAHHOE YDABHEHIE
T = apr — apx(t — Tp)

nMeeT IIOCTOsSIHHOe HeHYJIeBOe pellleHne. XapaKTepPUCTHIeCKoe
ypaBHEHIEe
A\ = ag — age Mo

nMeeT HyJIeBOil KOpeHb, a BCe OCTaJIbHbIE ero KOPHHU HMEIT OT-
punare/bHble JeficTBUTeIbHbIE JacTH. B 3ToM ciiydae B ¢ra30BOM
npocrpanctse Cl_g, g CYIECTBYET OJHOMEPHOE SKCIOHCHIIUA/HLHO
ycroiturnBoe nHTerpajibHoe Muoroobpasue C. Bee pemenns (2.2) ¢
JIOCTATOYHO MaJIbIM (HO He 3aBUCAIINM OT €) HaYa bHbBIM YCIOBHEM
cTpeMdaTcs npu t — o0 K 9roMy MHOTrooOpasuio. CiienoBaTesbHo,
HYZKHO HCCJIe/IOBATH MOBeJIeHNe perieHunii (2.2) Ha TIaJKOM OJIHO-
mepHOoM MHOrooOpaszun C7. Tak 2Ke, Kak 1 B IPEJIbLIYIIEM CIydae,
Ha 9TOM MHOI'000pa3uu UCXOJHYIO CHCTEMY MOYKHO IIPEJCTABUTH B
HarboJIee MPOCTOM BHJE — HOPMaJbHOI dpopMme. B Hamem ciryuae,
KOI'JIa XapaKTePUCTUIeCKOe ypaBHeHNe UMeeT OJUH KOPEeHb Ha MHIH-
MOiT ocr, HOpMaJibHast (hopMa MMeeT BHUJ CKAJISIPHOTO YPaBHEHUSI

t=cehz+d2* + Oz + ez + 2°). (2.11)
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B caydae obmHoCTH TOJIOXKEHUS, KOraa Aid 0, noBejieHNeE
y Y Y

pemennii (2.11), a 3uaqdutr, n (2.2) ONPEJETAIOTCA YKOPOUEHHBIM

ypaBHEHIEM

% = A& +d€x. (2.12)

Baech z = €€, T = et. AnropuT™m HaxoXKjeHusi K03 OUImeHTon
A1 1 d nostydaeTcs U3 (popMyJibl, CBA3bIBAIOIIEH pelleHns] CHCTEMbI
(2.2) u ee mopmasbHOit hopmbr (2.11):

w(t,e) = &(1) + xwy(1) + . .. (2.13)

JleiicTBys TaK ¥Ke, KaK U BbIIIE, T. €. ojicTa/iss (2.13) B (2.2) u
cobupas B II0JIyUUBIIEMCs PaBeHCTBe KO (MUIIMEHTHI IPU OJNHA~
KOBBIX CTEIEHSX €, MOJYINM, 9TO /i &(7) JOJKHO BBITOJTHSITHCST
COOTHOIIIEHUE

d_ath,. P e (2.14)

dr 1— CL()T() 1— CL()T() . '
JIlnnaMuKa, 3TOHl CUCTEMbl IIOJTHOCTBIO OIMCHIBACTCA CJIEILYIONICit
TEOPEMOIL.

Teopema 2.6 Ilycmv a1 + by < 0, fo > 0 (fa < 0), mo-
eda pewenus (2.14) ¢ HaUaIHOMU YCAOBUAMU MeHBWE (boavuwe)
—(ay + b)) fy ' cmpemamea x wyaro npu T — 00, @ 0CMAALHDLE
HE0ZPAHUNEHHO B03PACTNAIOM 1O MOYAIO.

[Iyemv ay + by > 0, fo > 0 (fo < 0) moeada pewenus (2.14)
C NOAOAHCUMENLHOMU (OMPUUAMEALHMU) HAYAADHMU YCAOBU -
MU CMPEMAMCA TO MOOYMO K OECKOHEUHOCTNU, G 6CE OCTMAADHYIE
cxodamea x & = —(ay + b)) fy ' npu T — o0o.

Ucxomst u3 9T0i TeOpeMbl, MOXKHO OIUCATH JUHAMUKY YpaBHe-
Hust (2.2) B OKPECTHOCTH HYJIEBOTO PEIIEHUSI.

Teopema 2.7 IIycmv aq1+b; < 0, mozda npu docmamouro masvix
BHAYEHUAT € Nyaesoe pewenue (2.2) acumnmomuyecku yemoti-
wuso. Bce pewenus u3 Hexomopol e20 0KpecmHocmu CTOOAMCA
K HYAI0.
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Teopema 2.8 [lycmv a; + by > 0, mozda nyaesoe pewenue (2.2)
HeYCMoTUHUBO U 6 €20 MAA0T (HO He 3a8UCAULET OMm €) OKPECTHO-
cmu cywecmeyem eJUHCMBERHOE ACUMNMOTMUYECKY, YCMOTHUBOE

pPewerHuUE

Ty = —5M(1 +0(1)).
f2

KoHTposibHBIE BONPOCHI 1 YITPaKHEHUS
1. /st gero mykHa HOpMaJibHas popMma? Kakmmu mpenMyInecTBa-
MU TI0 CPaBHEHUIO C MCXOJIHBIM ypaBHEHHEM OHa 00JiajiaeT?
2. IlocTpoiiTe yKopoueHHbIe HOpMaJIbHbIE (hOPMBI It HoJiee o0IIe-
ro 1o cpaBHeHnio ¢ (2.1) ypaBHeHust

&+ x = (a0 + &)t — To) + farx®(t — To) + faa’(t — To)+
+ fQQCCQ(t) + f321’3(t).

3. Jlna ypaBuenuns XaTdmHCOHa,
T =ax(t —T)[1+ z(t)],

rie al = w/2 + &, u3ydure BONPOC O TOBEJECHUN PEIIeHUH ITO-
ro ypaBuenud npu 0 < € < 1 B JJOCTATOYHO MaJIOlf OKPECTHOCTH
HYJIEBOT'O COCTOSIHUST PABHOBECHSI.
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§3. YpaBueHume
c 00JIBIINM 3ama3/IbIBaHIEeM

B npenbrayriem maparpade Mbl B3y UM, KaK MOI'YT BECTH CeOsT
perenust JuddepennnaabHO-PA3HOCTHBIX YpaBHEHM 1Ipu (DUKCH-
POBAHHOM 3HAUYEHNN 3ala3/IbIBanns. Ternepb Mbl I1epeiijieM K IpIH-
IUIINAAIBHO HTHOMY CJIy9alo, KOTJa 3alla3/IbIBaHne SIBJISETCsT aCUMII-
TOTUYECKU OOJILIIINIM.

3.1. Nrak, ocHOBHOE IPEJIOJIOXKEHNEe 3TOro naparpada coCTOUT B
TOM, UTO B ypaBHEHUU
dx
g ax +bx(t —T)+ F(x,z(t —T)) (3.1)
napamMeTp 7', XapaKTepu3yIomunil 3amma3/ibIBanne, IBJdeTcs J0CTa-
TOYHO OOJIBIINM, T. €.
T>1.

Oyukius F(z,y) 3/1ech IMeeT MOPsiJIOK MATOCTH BBIIIE [EPBOTO.
[TocraBuM 3a/1a9y UCCJIEI0BATD TIOBEJIEHIE DeIlleHn il ypaBHeH s
(3.1) B mauioit (HO He 3aBucsiiieit or 1) OKPECTHOCTH HYJIEBOTO CO-
CTOSIHUST DABHOBECHSI.
Yepes € obosnaunM Masbii napaMerp € = 11 Tem cambiM

I<ekl.

Y1066l 136aBUTHCST OT OOJIBIIOrO 3aas3/biBaHus, B ypasHenun (3.1)
pom3BejieM 3aMeHy Bpemern t — Tt u mepeobGo3HAUNM 3aTeM
x(Tt) — x(t) (rorma B pesynbraTe MEMOYKH MTPE0OPA30BAHMUI
x(t—=T) = x(@tT —T) — x(t — 1) noayaum u3 GOJIBIIOTO 3aIa3-
JbIBaHUsT (DUKCHPOBAHHOE). B HTOre MpuxognM K 9KBUBAJIEHTHOMY
VDABHEHIUIO

dx
ey = av+ br(t — 1) + F(z,z(t — 1)). (3.2)

DT0 ypaBHEHUe SBJISETCS CUHRYAAPHO 8o3mywernvim [19]. e-
JIO B TOM, 94TO €CJIN B HeM (DOPMaJILHO 3aHY/JIUTH MaJbIil TapaMeTp
€, TO TIOJIyYEHHOE 6bIPOAHCIEHHOE YPASHEHUE

0=ax+bx(t—1)+ F(z,z(t — 1))
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y¥Ke He sBjgercd JuddepeHnuajlbHbIM 1, BOOOIIE IOBOPs, NMeeT
MHYIO JTUHAMUKY ([IOBeJIeHIe perleHui).

st ypasaerust (3.2) cripaBe/[/IUBbI aHAJIOTH yTBepKIeHnit 1.1
1 1.2, T. e. 0 JIOKAJIbHO{T IHHAMIKe ypaBHeHus (3.2) MOYKHO CY/IUTb
10 JINHAMUKE JINHEAPW30BAHHOTO yPABHEHU S

dx
e—=ar+bx(t —1).
[TojcraBum crojia © = exp At. g A mosydaurces xapakKTepucTide-
CKOE ypaBHEHWE

eX=a+ be . (3.3)

CoracHo yTBepzKeHI0 1.3, pacrosioykeHne KOopHeil xapakTe-
PUCTHYECKOTO KBa3UIOJNHOMa (3.3) OmpejiesisieT MoBejieHne pere-
auit (3.2). OnHAKO BOZHUKAIONIAS B OMPEIETEHUSX YCTONIMBOCTH
M HEYCTONYMBOCTU KOHCTAHTA 7" 3aBUCUT OT €. B WaCTHOCTH, BO3-
MOKHa cutyarus, korna r(e) — 0 npu ¢ — 0, T. e. mosydnTcsa
PEIUTH MOCTABICHHYTO 3a/1ady B OECKOHETHO MAaJIO 10 € OKPECT-
HOCTH COCTOsIHUsI PABHOBECHUS, B TO BPEMsl KaK HEOOXO MO UCCIe-
JI0BaTh JUHAMUKY B He 3aBUCSIIEN 0T MAJIOro mapaMerpa ob/acTu.
Cdhopmyupyem OoJiee CTPOrue yTBEP:K/IEHUsI, TO3BOJIAIONINE CJIe-
JIATh BBIBOJI O TIOBEJIEHUN DeIlleHls B HEe 3aBHUCAIIEH 0T £ 001acTu
azooro nmpocrpancTsa. CrpaBeTiBbI CJICTYIONINE YTBEPZK TCHSI.
VrBepxkaenune 3.1 [lycmo cywecmseyem maxoe M > 0, wmo
natidemes makoe g9 > 0, wmo npu aobom 0 < € < gy ecmw
KOPEHD TAPAKMeEPUCmMuieckozo nosunoma (3.3) A(€), makot wmo
ReA(e) > M. Tozda npu 0 < & < gy Hyae60€e peuwenue YypasHerus
(3.2) neycmotivuso, bosee moz0, 6 HeKOMOPOU €20 JoCmMamouHo
M@0l (Mo me 3asucawet om €) OKPECHOCTIU HEM YCTOTYUBHLT
PEANCUMOB.

YT1Bepxkaenue 3.2 [lycmv cywecmeyrom maxue M > 0 u
gg > 0, wmo npu xascdom 0 < & < €9 6CE KOPHU TAPAK-
MEPUCTNUUECKO20 KBA3UNOAUHOMA (3.3) ydosaemeoparom ycaosuio
ReX < —M. Toeda npu marvir 0 < £ < €y HYyae80€ peweHue
ucrodnoeo ypasnenua (3.2) acumnmomuuecku ycmotuuso.

TakimM 0Opa3oM, HE0OXOANMO [IPOBOJIUTH JIOHOJHUTEIbHbIE HC-
CJICJIOBAHUS MOBEJICHIs DelieHnit ypaBuenns (3.2) TOJBKO B TOM
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cJiydae, Korja XapakTepUCTHIeCKUiT KBA3UIOJMHOM (3.3) mMeeT Ko-
petb A(g) Takoii, uro Re A\(¢) — 0 (npu € — 0), u He uMeeT KopHeii
B IIPaBOil KOMILJIEKCHOI MOJIYIIJIOCKOCTH, OTJICJIEHHBIX OT MHUMOIL
ocu 1ipu € — 0.

3.2. Uccnemyem pacrofioxkenne KopHeil KpasunojnaoMa (3.3) npu
MAaJIbIX 3HAYEHUSIX € B 3aBUCHMOCTH OT IIapaMeTpOB a u b.

[Ipexke Bcero ormerum, 9To ecju @ > 0, TO BBITOJHAIOTCS
ycaoBust yreepxKaennus 3.1. JleficTBUTe/ILHO, B 9TOM CIydae y ypas-
Henust (3.3) cylecTByeT KOpeHb?

a
— 24 00).
)\+ €+O()

[TonsiTHO, 9YTO NIpKU MaJIBLIX € BbINoJHsAeTCd Re Ay > M > 0, tine M
— [POU3BOJIbHAS TOJIOXKUTEIbHAS KOHCTAHTA.

Taxkum obpaszom, ipu a > 0 JuHaMuKa ypasHeHus (3.2) cra-
HOBHUTCSI HEJIOKAJIbHONH — eCTh PelleHus, KOTOPble OTXOJST OT CO-
CTOsIHMS paBHOBecHsI Ha (puKcupoBaHHoe paccrosinue. lajee Oyiem
cunTarh, YTo a < 0.

IIpu b = 0 Bce KOpHU HAXOJATCS B JIEBOI KOMILJICKCHO TIOJTY-
rtockoctu. [Tpu 6mu3KuX K HY/TI0 3HaYeHUsAX b Bee KopHHE (3.3) yiio-
BJIETBOPSIIOT YCJIOBUSIM yTBep:KIeHust 3.2 (jijist 00bsICHEHUST 9TOrO
JIOCTATOYHO ITPOBECTH PACCYZKJICHHS, AaHAJIOTMUHbIE PACCY KICHIAM
3 maparpada 1). Ilyerb 910 €BOiICTBO BliepBble HAPYIIAETCS TP
b="0y < 0mumb=10 > 0.B cuny HenpepbIBHON 3aBICHMOCTH
KopHeit (3.3) or b, mpu TaKOM 3HAYEHUN HapaMeTpa y XapaKTepu-
CTUYECKOT0 KBA3UIIOJMHOMA CYIIECTBYET KOPEHb, JeficTBUTE/IbHAS
JacTh KOTOPOro crpeMuTcsd K Hy/to npu € — 0. [IpegcraBum sror
KOpPEHb B BHU/IE

Ae) = iw(e) + o(1),
rie w(€), BOBMOXKHO, He orpaHndeHa (WIn Jaxe CTPEMUTCS K Gec-
koueuanoctn) npu € — 0. [logcraBum 510 B (3.3):

icw(e) + o(1) — a = be ) —oll),

Mo,y 1b TpaBoii 4acTh acUMITOTHYECKN OJIM30K K |b|, a jeBoit — K
VE2w?(e) + a2 Takum obpasom,

e?w?(e) +a* = b°.

QHpOBepre CyIIeCTBOBaHUE TaKOI'O KOpHA CaMOCTOATE/IBLHO.
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Haumenbiue (1o Mojty/io) 3uadennst b, Korja 9T0 PaBeHCTBO MO-
’KeT OBITh BBIIOJIHEHO, — 9T0 b = =a.

[Iyctb cravasia b = —a > 0. Torjga xapakTepucTHUeCcKoe ypaB-
HeHne MMeeT BH]T

ed=a(l —e™).

Jlerko BuJIeTh, 4TO 9TO ypaBHEHUE UMeeT OECKOHETHOEe MHOXKECTBO
KOpHeil
An = 2mni + o(1).

Ecim b = a < 0, To kBazumounHoM (3.3) IpUHIMAET BT
ex=a(l+e?).
Y Hero ecTh KOPHHU, CTPEMSIIIIECs K MHUMOMN OCH, BIJIA
A = (2n+ )i+ o(1).

Urak, npu b = Z4a peaymsyercst , IPOMEKYTOUHBINH" cJIydaii:
ypasHenue (3.3) He UMeeT KOpHEil ¢ MOJIOKUTETbHO BEIeCTBeHHOI
JaCTh0, OTJEJEHHBIX OT MHUMOI OCH, HO IIPU 3TOM €CTh KOPHH,
JeficTBUTEIbHAS YacTh KOTOPBIX CTPEeMUTCs K Hysio npu € — 0.
OTHOCUTEILHO OCTAJIbHBIX 3HAYEeHHil IapaMeTrpoB chopMyInpyeM
CJIEJTYIOILYIO JIEMMY.

Jlemma 3.1 Ecau |b| < |a|, mo cywecmsyrom maxue M > 0 u
go > 0, wmo 6ce KopHU TAPAKMEPUCTNUYECKO20 KEA3UNOAUHOMA
(3.8) npu ecex 0 < € < gy ydosaemsoparom ycaosuro Re A < —M.

Ecau |b| > |a|, mo cywecmsyrom maxue M >0 u ey > 0, umo
npu kavicdom 0 < € < gy Keazunosurom (3.3) umeem xopennv Ao,
ydosaemsoparouuti Re Ay > M.

Jljist jiokazaTesibcTBa JIEeMMbl HAM JIOCTATOYHO IOKA3aTh, YTO
npu |b| > |a| HaiiayTes M > 0 1 gy > 0 rakue, uro mpu 0 < £ < g
ypaBHenne (3.3) uMeeT KOPEHb C BEIEeCTBEHHON YacThio OOJIbIIEHT
M. O6oznaunm gepe3 (b, €) Kakoil-HUOY/ b KOPEHb, HAXOAIINIICs
B OKPECTHOCTH MHUMOI ocut ipu b = by, T. e. A(by, €) = iw + o(1).
YrBeprKjeHne OyjeT JOKA3aHO, CIH YIACTCs MOKA3aTh, Y4TO TIPH
Beex () < € < ¢ BBINOJIHSIETCS OJTHO U3 HEPABEHCTB

dA(b
_AAb2)

R db

>0 nupu b, > 0,
A=iw+o(1)
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d\(b, ¢)
e R
db A=iw+o(1)

Beraucinm 3HaveHne AefcTBUTEILHON 9aCTU NMPOU3BOJIHON, KOTO-
pas CTOUT B JIeBOI yacTn HepaBeHCTB. [loryamm

. dA(b,e)  a®+e(eRe X —a—2aRe XA+ ¢|A]?)
b ble —a+e\|? ’

[Togcrasum A = iw+o(1). Torma Boipazkenne, cTosIee B IUCIUTETE
Apobu, MpU MaJIbIX € IOJOKUTEILHO, CIeJ0BATE/ILHO, 3HAK BCeii
Jpobu coBnagaeT co 3HakoM b. UTo u TpeboBaoch JOKa3aTh.

U3 570t jieMMbl coieyer, aro 1ipu |b| < |a| JokasbHast janHa-
MuKa (3.2) IpH JIOCTATOYHO MAaJIbIX € SBJISIeTCsI TPUBUAJIBHOMN: BCe
peIeHnst U3 HEKOTOPOIi (He 3aBUCsIIeil OT €) OKPECTHOCTH HYJIEBOTO
pemternst crpemsaTes K wymo. [Ipn |[b| > |a| munavuka cranoBures
HEJIOKAJILHOI: TIPU MAJIBIX € CYIIECTBYIOT PEIIeHNsI CO CKOJIb YTOJIHO
OJM3KUMI K HYJIEBBIM HadaJ bHBIMU YCJIOBUSIMU, KOTOPBIE OTXOJIAT
OT COCTOSTHISI paBHOBeCHsI Ha (PUKCUPOBAHHYIO BEJIMUNHY.

Hakonern, npu |b| = |a| peanmsyerca kputudeckuii ciydait: cy-
1ecTByeT OECKOHEUHOe KOJMYecTBO Kopheil (3.3), BelecTBeHHbIe
JacTH KOTOPBIX CTpeMsTcs K Hymio npu € — 0. B arom cmbicse
MbI OYJIEM TOBOPUTH, YTO 3TU KPUIMUUECKUE CAYUAU UMEIOM Oecko-
HEUHYI0 PASMEPHOCTID.

R <0 1upm b, <O0.

R

3.3. asbueiiniee mccieoBamme MOBeJICHIs PEMIEHUii B CJIydasix,
OIMBKNIX K KPUTHIECKIM, KOTOPOE OyIeT MPOBEJIEHO B CJIEIYIONIEM
naparpade, OyjeT MOHATHEe, €C/T Mbl BBIITUIIIEM ACHMITOTHIECKIE
dbopmyibl it KopHeit (3.3), KOTOpble CTPeMATCS K MHUMOM OCH,
korsa € — 0.

31ecb Mbl IOJAPOOHO pasdepeM TOJIBKO ciaydait b = a, a i
caydast b = —a TOJIBKO IPHUBEJIEM NTOTOBBI pe3ysbTar (Bce pac-
CY’KJICHUST TaM aHAJOTHIHBDI).

Koperb, acuMIToTnKy KOTOPOTO MBI HITEM, MOYKHO IIPE/ICTa-
BUTL B BUJIE

Ae) = iw(e) + o(1).

[Ipriem BO3MOXKHO, 9TO w(€) He orpaHnveHa (MM JayKe CTPEeMUTCS
K OeckonedanocTn) npu € — 0.

[Tocsie mojicTanoBky B ypasaerue (3.3) moJrydaeM:

iew(e) — a + eo(1) = ae~@E o), (3.4)
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BosMoXKHbBI clieTytoniue BapuaHTh.

1 cayuait. ew(e) me orpanndeno mpu € — 0. OHAKO OCTAJIbHBIC
ciaaraembie B (3.4) OrpaHHYEHBI, CIEJ0BATENBHO, PaBeHCTBO (3.4)
HEBO3MOYKHO.

2 cay4aii. ew(e) orpanmaeno. st kaxKoit orpaHmaenHoii (mpu
e — 0) dyHKIUT MOXKHO BBIOpPATH MOC/IEI0BATE/ILHOCTD &, — 0
TAKy10, ITO £,wW(E,) CXOMUTCS K HEKOTOPOMY YACTHIHOMY IIpeie-
7y wy. Ilpupasasiem B (3.4) KBajpaTbl MO/l TIPABON 1 JIEBOI
JacTeil:

2w (e) 4 (a4 eo(1))? = a’e’W.

[lepeitnem K npeneny npu € = €, — 0, mosyanm

Orcrona
w, = 0.

3HAUNT, BCe YaCTHIHBIE Hpeesbl ew(e) npu € — 0 paBHBI HYJIIO.
CrenoBarenbho, cw(e) — 0, 1. e. ew(e) = o(1). Bosbsosasiics
9TnM, nepermmieM (3.4)

1 = _e—iw—i-o(l) T 0(1)

I3 sroro cienyer, uro w(e) = w(2k + 1), tae k € Z. Eciu BbI-
OpaTh HEKOTOpoe (pUKCUPOBaHHOE k, TO JaJjbHeiillee OCTPOEHHe
ACUMIITOTUKI 3aBepinaercs 6e3 Tpyaa. JeiicTBuTe/IbHO, TOJI0KIM

A = im(2k + 1) + edpg + 2o + 0(£7). (3.5)

B pesynbrare jeiicTBuii, omucanubix, Hanpumep, B [20], momydanm,
4TO

im(2k + 1 w22k + 1) ir(2n+1
Aklzg, A2 = — ( 5 ) + ( 5 )
a 2a a

[Iycrs reneps k 3aBucutr ot €, npudem k(e) — oo npu € — 0.
Takyio 3aBUCUMOCTD MbI TIPEJICTABUM B CJIEJIYIOIIEM BH/IE

<
2%k +1=— +0(). (3.6)
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3J1ech z — MPOU3BOJILHOE MOJIOKUTEbHOE ncio. [lapamerp «y j1o.1-
JKeH OBITh MOJIOKHUTEIbHBIM (IT00BI k() — 00), HO MemHbIe 1
(aT0bBI ew(e) — 0). Qyukrus O(e) HyKHA IS TOrO, 9TOOBI 3HA-
YeHne MPaBOi YaCTH MOJIYYAIOCh TeJIbIM U HedeTHbIM. Harpumep,
MOYKHO OTIPEJICJIUTD ee cieytomum obpasom: 6 € [0,2) Ttakoe, 910
= + 0(¢) nenoe mevernoe. Vcnombsys 1eble 4acTH, MOXKHO CKa-

3aTh, 4T0 0(¢) = 2]55[+1 — %, rae Jx[ — Gonbas nenas 4acTh —

caMoe MaJICHLKOE 11e/10€, HEe MEHbBIIIEee .
[TonsitHo, uTO @ — paspbiBHasd orpaHndeHHasd (PYHKIWUA, IIPU-

HUMaeT 3HadeHns u3 nosynntepsasa [0;2). [Ipudem mpu € — 0

KazKJoe CBoe 3HadeHnue f IpuHuMaeT OECKOHETHOE YUCJIO Pas.
BHaunT, KOpeHb ypaBHeHus (3.3) 3amncbiBaeTcs Kak

Ae) =i (g + 9(5)) 7+ o(1).
BoJsee Toro, ajs 106010 n MOYKHO ITPEJICTaBUTH KOPEHb B BUJIE
An(e) = i (5 v 9(5)) (20 + D) + o(1).
YrounuMm 51y acuMnToTuky. [logcrasum B (3.3)
A= Mi(e) = (6% 1 0(e) + 5%) (2n 4+ 1)1 + e, p,g > 0,

rae A\ 1 A9 JeficTBUTEIbHDIC.
[Tonyuaemoe ypaBHeHue Oy1eT UMeTb BIL

[z
£l <£—7 +0(e) + sq/\1> 2n+ )7+ e’y —a =
[z
= aexp [—z (57 +0(e) + 5q)\1> (2n+ 1)m — Ep)\2:| :

Ucnonb3yem cBoiictBo byHKIWN §(€) AOMOJHATDL 277 J0 HEJIOT0
HEUETHOIO IHCIIa, a TakxkKe, 910 explim (2N + 1)] = —1 npu mo0brx
1esnrx V.

im (26" +ef(e) + N Cn+ 1) + P —a =
= —aexp |[—ime?(2n + 1)\ — P Ay] .

[lepernuiiem BBIpayKeHUEe B JICBOH TACTH:
—a+irz(2n + 1)t ™7 + Pty +do(eh ) =
= —aexp |[—ime?(2n + 1)\ — P g .
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3/1eCch MbI COXpaHsieM MHOYKUTEJIb ¢ 1epe/] “o-MaJjIbiM~ ITOOBI TOKa~
3aTh, UYTO BCE MTepEMEHHBIE U KOHCTAHTHI MOTYT MPUHUMATDH TOJHKO
BeIeCTBEHHbIE 3HATEHNS.

PazjioxkuM Ternepb mpaByio 9acTh B aCUMITOTHICCKUHA s (mc-
MOJIb3YEM JIJIsT 9TOTO PA3JI0yKeHIe SKCIIOHEHTHI B st Teiiopa)

= —a+alime?(2n + 1)A\; + PXg] — (3.7)

1
—ag [ime?(2n + D)Xy + ePXo)” + o(e?, 2, P9,

Camoe 60JBITIOE TI0 TIOPSIKY MHUMOE CJIAraeMoe B JIEBOIT 9acTh mMe-
eT opsAIo0K €17, B paBoit — 4. Orciona mosydaem, uto ¢ = 1 —1,
TOr/Ia A1 HAXOJUTCS U3 PABEHCTBA MHUMBIX JacTeil

e mz(2n+1)+o(e') = ame T T 2n+ )N = A = §+0(1).
[Tocste cokpartenus —a, B (3.7) camoe GOJIBINOE TIO TIOPSIJIKY Belle-
CTBEHHOE cjaraeMoe B JIEBOII YaCT! UMeeT IHOPI0K 51’“, a B IIpaBoOIl
TaKUX cyaraeMblx gsa. Onn umeror nopsaaxu €24 u P, [Tonsarno, 4To
el*P = 0(eP), cieloBaTeIbHO, /s CYIIECTBOBAHUs Ay JOJZKHO BbI-
HOJIHATLCA PABEHCTBO p = 2 = 2 — 2. Torua ecin npupaBHITh
JIeHCTBUTENLHBIC 9aCTH, TO MOJIYyYaeTCA ypaBHeHue

1
o(e* ) = >\ + §7r252*27(2n + 1)2A\] + o(e* ).

Orcrojia mosrydaem

w222(2n + 1)
5.2 +o(1).

Takum 06pazoM, mosrydaeM acHMITOTHYECKOE [IPEJICTaBICHIe
st Kopueit (3.3) (n € Z)

Ao =

A(z,6) = im(2n+1) (5% +0(e) + 51’Y(§ + 0(1))> _
22 (772,22(271 +1)2 N 0(1)) | (3.8)

2a?

Hecmotpst Ha 1o uT0 bopmysta (3.8) 3aBUCHT OT HENPEPBIBHBIX
mapamerpos z > 0 u vy € (0,1), ypaBaenue (3.3) nmeer JIUIIb CIET-
Hoe uucjio Kopueit. IIpu ¢ — 0 Mbl Kak Obl “llepecKakuBaeMm’ U3
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OKPECTHOCTHU OJIHOIO KOPHS B OKPECTHOCTH JAPYIOT0 3a CUeT pas-
poiBHOI pynkiun 6. Takum odOpazom, MOJLYJIb KaxKJI0ro A, Heorpa-
HU4YeHHO pacTeT 1pu € — 0. Buibop 2z u v BjiMgeT JUIh Ha CKOPOCTD
1epexo/ia ¢ OJJHOIO KOPHsI Ha, JIPYTOIi.

AHaJIormIHBIM 00pa30M paccMOTpUM cuTyarnmio b = —a. B pe-
3yJIBTATE MOJIYIUM, ITO KBA3UIOJIUHOM (3.3) TaKyKe UMEET CIETHOe
YUCJI0 KOPHeli, JieiicTBUTEeIbHAsST 9aCTh KOTOPBIX CTPEMUTCA K HY-
0. st pukcnpoBaHHOTO (HE 3aBUCSIIIETO OT MAJIBIX APAMETPOB )
HOMepa KOpHdA k € Z, mojiydaeM aCUMITOTUKY

2 2,2
Comik(14 54 () — T2 (2
)\k—2mk(1+a+a2+o(€ ) 53 € + o(e”). (3.9)

11 acuMIITOTUYECKH OOJIBIINX HOMEpPOB k, ompeje/isieMbIX (hop-
MyJ10it (3.6), acCUMITOTHKA UMEeT BUJT;

A(z,€) = 2imn (;—7 + 0+ 51—7(3 + 0(1>)> -

_ (222"2 + o<1)>c.z (810

a2

31echb, B oiimane ot ciaydas b = a, © = O(z, ) € [0; 1] Takoso,
4TO BBIpaXKeHue % + O(g) ABjigercs HesbM.

KoHTpoJsibHBbIE BONPOCHI 1 yITPpaKHEHUSI
1. B yeM npuHIUNHUAJILHOE OTJINYNE YPaBHEHUS ¢ OOJILIIIIM 3alas-
JIbIBAEM OT YpaBHEHUs ¢ (PMKCHPOBAHHBIM 3alla3/IbiBaHueM !

2. Jlokaxkure cymiecTBoBaHne KopHs Buja Ay = £ + o(1) y ypas-

nenns (3.3). )

3. Ilpuseaure saBHBIT Bux (Uepe3 neable vacTn) st QYHKIAN
O(z,¢), durypupyroreii B pasercrse (3.10).
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§4. KBazunopmaJjibable (POPMBI

B § 3 MBI ycTaHOBWIIM, UTO HYJIEBOE PellleHne ypaBHEHUS

scfl—f:a:c+bx(t—1)+F(:z:,x(t—1)), 0<ex1 (4.1)
MpH Hepexojie 3HadeHus b depes +a TepsieT yCTOHINBOCTD. V3y-
IUM Telepb, KaK MPOUCXOIUT TOTEPsl YCTONIUBOCTH B OJIU3KUX K
KPUTHYECKUM CJIYIasIX.

Tax ke, Kak U B § 2, Ji/IsT yIPOIIEHNsT BHIYUCTCHUI TTPEIITOIO-
JKIM, 9TO HeJmHeliHast (yHKiws F(x,y) 3aBucuT TOJHKO OT BTO-
poro aprymenta: F(z,y) = F(y). Hakoner, T. K. Mbl mccieyem
MOBEJICHUE DEIICHUT B OKPECTHOCTU HYJIsl, IPEJCTABUM €€ B BHJIE
psiaa Teitiopa

Fy) = foy’ + fsy’ + . ..

MbI oT/ieIbHO U3yunM ciaydan b 6m3Koro Kk —a u b 6J1M3Koro
K a.

Kak ObLI0 IMOKa3aHO B IpelblaylieM mnaparpade, Ipu Takux
3HAUYCHUSIX [IAPAMETPOB Y XapaKTepPUCTHIECKOTO KBA3UIIOJIMHOMA

eX=a+be? (4.2)

HeT KOpHell ¢ oTje/ileHHo# 11pu € — 0 110JIOKUTETbHOI BellleCTBEH-
HOI 9aCThIO U €CTh CUETHOE UTHCJIO0 KOPHEH Ag(€), meficTBUTe bHAS
JacTh KOTOPBIX cTpemutcd K nymo npu € — 0. Ilpu b = a Bce Ta-
K€ KOPHI OTMCBIBAIOTCST ACUMITOTHIECKIMI paBeHcTBaMu (3.9) u
(3.10), a mpu b = —a — pasencrBamu (3.5) u (3.8).

4.1. Ilycrs cnagana b 6mm3ko K —a. Pacemorpum cirydait, Korjta
b= —a(l+ ). (4.3)

B §2 MbI paccMaTpuBa/in KpUTHIECKHE CIydan, KOT/Ia TOJIbKO OJINH

0O JIBa KOPHSI XapaKTePUCTHIECKOI'0 KBa3UMHOIOUIeHa CTPeMU-

JIICh K MHUMOI ocu. HecmoTpsi Ha TO 4UTO Tenepb TaKuUX KOpHei

OeCcKOHEYHOEe KOJTMYECTBO, BOCIOJIB3YEMCS aHAJIOTMYHBIM METOJIOM.
[Tosoxkum B (4.1)

T =’ Z Ep (TP 4 oy (ror) + .. (4.4)



rie 7 = &2t r = (14+ea "t +e%a™2)t, a bynxuus z1 (7, r) upeinoa-
raeTcs MepuoJINIecKoil 10 BTOPOMY apryMEeHTY ¢ repuojgoM 1. Tak
JKe, Kak 1 B §2, MojicTaBUM BbIpaykeHue jijist © B ypapuerue (4.1) u
oyaeM cobuparb KO3(MUIMEHTHI IPH OJNHAKOBBLIX cTereHsx €. Ha
IepBOM I BTOPOM IIarax, IpupaBHuBas Ko3(phUIHeHTH IpH €2 1
£3 COOTBETCTBEHHO, IOy UMM BEpPHBIE TOXKIECTBA. Ha TpeTbeM mare

npujiaeM K ypaBHECHNIO OTHOCHUTEJ/IIbHO I'q.

- 212 k2 d ,
0=ax;—axi(t,r—1)—a Z (a1 — > )gk(T)_g]eﬁmkr_}_

k=—0o0
00 2
+ f2 ( Z é-k(,?_)e%rikr> .

k=—00

Tak kak x1(7,7) = x(7,7 — 1), TO 970 ypaBHEHUE IPUHUMAET BU]L

a/2

s T2k2 . 00 _ 2
0=—a Z [(a1—2 ; )&(T)—Cﬁl—ik]emmﬂsz ( Z fk(T)BQMkT> :

k=—00 k=—00

OTrKyza ciejlyer, 9To JJjisl KayKJI0ro k € Z BBIIOJIHSIETCS

d 212 k>
e Rt R L) (4.5)

31ech uepes @i () obosnauen koaddunuent mpu exp(2wikr) B pa3-

JIOzKeHnn PYHKITUN
o 2
( Z §k€2m'kr>

k=—o00

B psijt Pypbe.
Cucremy (4.5) MOXKHO 3aIIICATH B BUJIE OJIHOTO MAPabOJIITIECKO-
ro ypaBHEHUsI

ou 1 0%*u fa o
E - ﬁw + aiu — Eu (4.6)

C TIEPUOJINIECKIM KPAEBBIM YCJIOBUEM
u(r,r+1) = u(r, 7). (4.7)
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JleficTBUTEIHHO, €CIi pas3sioKuTh perrerne 3agadn (4.6), (4.7) B
psan Oypobe

Z k(1) exp(2mikr),

k=—00

TO JIJIst OTIpeie/ieH st AaMITUTY 1 k (T) TTOJIYIUM B TOTHOCTH CHCTEMY
(4.5).

Permenng zajgaun (4.6), (4.7) gepes dopmyny (4.4) onpenesnsi-
for periernst ypasaenust (4.1). ITostomy MbI GyjeM roBOpHUTD, 9TO
sajiada (4.6), (4.7) aBAsiETCS KGA3UHOPMAALHOT HOPMOT I UC-
xojiHoro ypasuenust (4.1). Kak u3BecTHO, yCTONYIUBBIMU PEITICHNUSI-
MI TaKOH KpaeBoii 3a/[adi MOTYT OBITh TOJBKO IPOCTPAHCTBEHHO-
OJIHOPOJTHBIE COCTOSTHUSI PABHOBECHsI, KOTOPBIM, B CHJIY (DOPMYJIbI
(4.4), OymyT COOTBETCTBOBATDH yCTOUMBLIe perenust (4.1), 6yin3kme
K MOCTOSIHHBIM. B cuty sroro, nunamuka (4.1) B caygae (4.3) onn-
CBbIBACTCs CJICIYIONICIl TEOPEMOIi.

Teopema 4.1 IIycmv a; > 0. Toeda nyaesoe pewenue ypasHenus
(4.1) Heycmotiuuso, u 6 €20 OKPeCMHOCIU CYULECTNEYEM ACUMI-
MOMUYECKU YCMOTHUBoe CMayuonaphoe pewenue To(t, €), npuvem

zo(t,e) =¢ z(l +0(1)).

Ecau orce ap < 0, mo nyaesoe pewenue ypasnenus (3.2) acumn-
MOMUYECKY YCMOTUYUSO.

[Iepeitem Tenepb K cUTyaIun
b=—a(l+¢ePa;), 0<p<2. (4.8)

BeibepeM 1pon3BOJIbHOE IOJIOKHUTEIbHOEe 4Yucao w. Ilosoxkum

v=1—p/2. Yepe3 O, kak u B §3, 0003HAYNM TaKOe 3HAUCHUE W3

nosiynarepsasia [0; 1), aro Bbipakenne we ™Y + O sBJISETCS 1eJIbIM.
[Toncrasum B (4.1) craeayrontuii psi:

w(t,e) =" Y &)™ 4 ay(r,r) + .. (4.9)

k=—o00

rne 7 =Pt r = (we T+ O+ (a ' w+o(1)))t, a xo(T, ) nEPH-
OJINYHA 110 BTOPOMY apryMeHTy ¢ nepuojoM 1. JleiicTBysa Tak ke,
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KaK 1 BBIIIIE, T. €. coOnpast KoapDUINEHTHI ITPU OJINHAKOBBIX CTEIIe-
HAX €, TIOJIYUYUM CUCTEMY JIJIs OlpeJiesieHns aMILTATY/ L £, KOTOPYIO
MOZKHO TPEJICTABUTL B BUJIE OJHOIO ypaBHEHUs TapaOOJIMIecKoro

THIIa

ou  w? 0*u fo o
7 _ 1= 4.10
or  2a? 0r? T o a (4.10)

C MEPUOIITICCKIMI KPACBBIME YCJIOBHSIMU
u(r,r) =u(r,r+1). (4.11)

OrmernM, 9TO BBIOOP w ObLT abco/roTHO npon3BosieH. Cre1oBa-
TeJILHO, €CJIM MbI BO3bMEM JIPYroe 3HadeHune napaMeTpa w = wi, TO
nostyanM arasornanyio (4.10), (4.11) kpaeByio 3ajaty, HO KpaeBbie
YCII0BUsA OYIyT yrKe MHBIMU. TakKuMm 00pa3oM, Mbl HOJIYUUIH CPA3Y
HeJIbI KJIacC YPaBHEHUH, SBJISIIOIINXCS KBA3UHOPMAILHBIMEI (DOP-
mamu. Tak ke, kak u y cucreMmbl (4.6), (4.7), y KpaeBoil 3aja4n
(4.10), (4.11) moryT 6BITH YCTONYUBBI TOJBKO MTPOCTPAHCTBEHHO-
OJIHOPO/IHBIE COCTOSIHUSI paBHOBeCHs (KOTOpPbIE OT BbIGOpa W He 3a-
BHCST).

Teopema 4.2 [Iycmv a; > 0. Tozda nyaesoe pewenue ypasHeHua
(4.1) neyemotivueo, U cywecmsyem acuMnmMoOMuUIECky Yemotyi-
60€ CMAUUOHAPHOE PeweHUe, donycraloulee npedcmasienue 6uda

aay
eP

f2

Ecau orce ap < 0, mo nyaesoe pewenue ypasuenus (3.2) acumn-
momuuecku ycmotiuueo.

x(t,e) = (14 o0(1)).

Takum obpaszom, B pe3y/brare OWdypKaluu Mpu repexojie b
depe3 3HAYCHNE —a y UCXOMHON cucreMbl (4.1) oT HysId oTX0auT
ycroitunBoe nipu b > —a u HeycToitanBoe pu b < —a HemyJieBoe
COCTOSTHIE PABHOBECHS.

4.2. Nzyunm Tenepb nosejieHue perenuit (4.1) B MaJioit OKpecTHO-
CTH HYJIEBOI'O COCTOSIHISI PABHOBECHsI IIPU 3HAUYEHUSIX b, OJIM3KIX K
a. [Tonoxkum cHagasa

b=a(l+c%a). (4.12)
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PaccMoTpum acuMITOTHYECKUI PsiJl, aHAJIOTUIHbIH (4.4),

x(t,e) =¢ Z E(T)em BRI L 20 (1) 4+ g (T, ) +

(4.13)
rjie BCe IapaMeTphbl Takmhe »Ke, KaK W B IHPEeJIbLAYIIeM Cjydae:
T=2¢ r=(1+cat+e%aHt, a bynkuun zo(7,7) n x3(7,7)
HEePUOJNIHBI 110 7 ¢ reprojoM 1. O0o3HAUMM IS KPATKOCTH

Z 5 m 2k—|—1)

[TousiTHO, 9TO U(T, ) ABAAETCH AHTUIIEPUOUIECKOTT 110 7 (DYHKIIU-
eit, T. e.
u(r,r+1) = —u(r, 7).

[TomcraBum psig (4.13) B (4.1) u nocsenoBaTesbHO OyIeM TIPH-
paBHUBATHL KO DUIMEHTHI IPU OJIMHAKOBBIX cTenenstx €. [lpu e,
KaK JIETKO yOeIUThCsI, OJIY UM BepHOe TOXKIeCTBO. VI3 ypaBHenns,
[OJIy UM BIIErocst PH €2 M0CJIe OUeBHIHBIX COKPAIICHHUII,

0 = axy + axa(,7 — 1) + fou?,

HCIIOJIb3Yyd NIEPUOJUNIHOCTD T9, IIOJIYYHUM

fp

xo(T, 1) = — »

[IpupasnuBas kKo3pOUINEHTHI IPH €5, TTPUXOIM K YPABHEHITO

2f2 8u
— — —1) = 22, ==
axrs — axs(T,r — 1) g =

1 O*u  Ou 5

= —Q (alu + @w — E) — ZfQZI?Qu — f3u .

B j1eBoit 9acTu CTOUT reprogndecKkasi 1o 7 (pyHKINA. SHAUNT, BHIPa-
JKeHHe B IIPaBOii YaCTU TOKe IepHoAnvIecKn 3aBuUcuT oT 7. OJHAKO
byHKIUS clpaBa — aHTUIEPHOINIECKAs (T. K. COJIEPXKUT TOJBKO
HedeTHble rapMorukn). CrieoBaTe/bHO, MpaBas 4acTb PaBHA HY-
JIIO. T. €. CIIPpaBeJJINBO PABEHCTBO
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0 1 J%u 2
(9_3 = 5.25,2 + aju + (a_2 — E)u?’ (4.14)

C AHTUIEPUOIUIECKUMU KPAEBBIMU YCJIOBUSAME
u(r,r) = —u(r, 7+ 1). (4.15)

Kpaesast 3amaaa (4.14), (4.15) sBisercs KBaB3WHOPMAJILHOI
opwmoit jyist ypasuenust (3.2) npu yesiosun (4.12). st Toro aro-
OBl CHOPMYTPOBATH UTOIOBBIE PE3YJILTATHI, BBEJIEM OIPEJIeIeHIe
ACUMIITOTHYECKOTO 110 HEBSI3KE PEICHIs.

Byjiem roBoputh, 9to 4 (t, €) ABIAETCS ACUMNMOMUYECKUM TO
nesaske pewenuem ypasaerus L(x,e) = 0 ¢ TouHocThIO €7, ecim
Boinosinsercs L(x.(t, €),e) = o(e") upu € — 0.

Teopema 4.3 [lycmwv xpaesas 3adava (4.14), (4.15) umeem ozpa-
HuveHHOE nepuoduseckoe no T pewenue uy(T,r). Tozda ypasnenue
(4.1) umeem acumnmomuyeckoe no He6A3KE PEUEHUE

z.(t,e) = eu(e’, (1 + a te + a2%)t) + o(e).
Tenepn paceMoTpuM cirydaii
b=a(l+clay), 0<p<2 (4.16)

Onarb dukcupyeMm IMIPOU3BOJILHOE MOJIOKATEIbHOE w. [losoxkum

v =1—p/2. Hepes 0, kak u B §3, 0003HAUNM TaKOE 3HAUCHUE U3

nosiyuarepBasia [0;2), aro we™ 7 4 0 siBjisieTcsl TeJIbIM U HEYEeTHBIM.
[TogcraBum B (4.1) ciemyromuii psi:

w(t,e) = e’ 2u(r,r) + Pay(r,r) + ¥ Pag(r,r) + ..., (4.17)

rae 7 = ePt, r = (we™? + 0 + "4 + o(1)))t, a uepes u(rT,T)

0003HaYEHO
§ g 2k‘+1
k=—00

[Tougruo, uro u(t,r + 1) = —u(r, 7). Pyukumm xo(7,7) n x3(7,7)
ITPE/IITOTATAIOTCS IEPHOJANIECKIMI 110 BTOPOMY apryMeHTY C Tepu-
o70M 1.
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[leitcTBys Tak ke, KaK M BbIIIE, T. €. cobupas Ko3pOUINEHTHI
IPU OJINHAKOBBIX CTENEeHsIX €, MOJy9IuM Jijisi onpejeserus u(T,r)
ypaBHeHHe 11apado/IMIecKOro THIIA

ou  w? d*u 5 f3

or ~2arar Tt G (418)

C AHTUIEPUOUICCKUME KPACBBIMHU YCIIOBHSIME
u(r,r) = —u(r,r+ 1). (4.19)

Tak ke, KAK U B TPEJIBIIYINEM IYHKTE, Mbl HOJYIIIN B KAUYECTBE
KBa3sHHOPMAaJILHOT (hOpMBI cemeiicTBO KpaeBbix 3a1ad (4.18), (4.19),
3aBHCsAIIEe OT HelpepbIBHOrO napamerpa w > 0. [Ipu paznnanbix
SHAYCHUSIX TapaMeTpa JIMHAMUKA 9TOH 3aa91 MOXKET ObITh, BOOO-
I11e TOBOPS, Pa3JINIHOI.

Teopema 4.4 I[Iycmv npu xaxom-mo dukrcuposarrom w > 0 xpa-
esan 3adaua (4.18), (4.19) umeem nepuoduueckoe no T pewenue
us (7, 7). Toeda ucrodnoe ypasnerue (4.1) umeem acumnmomauie-
CKOE Mo MesA3kKe pewenue 6uda

Yo+ e2(Y 4 o(1)))1).

— -p/2 p
xi(t,e) = eVl *u, (P, (gl_p/2 -

13 910l TEOpEMBI HEJTB3sT CJIEJIATH BBIBOJI, CyIiecTByeT jin y (4.1)
TOYHOE DeIleHne ¢ MPUBEJIeHHON acuMiToTnKoil. MoxkHO yTBEp-
KJIATh, YTO €CJIU Uy HEYCTOWUIMBO, TO JIAZKe €C/IM TOYHOE pelleHue
U CYIIECTBYET, TO OHO 3aBeJ0OMO HeycroiiunBo. [losromy paccmar-
pUBATBH HYYKHO TOJIbKO ycroituuBbie perernst (4.18), (4.19).

4.3. Ilpumenum moJryuennble Pe3yabTaThl I aHAI3a, JIOKAJILHOM
JTUHAMIKH OJTHOTO W3 HANOOJIee TPOCTHIX HEeJTMHEITHBIX YPaBHEHUIT ¢
3alla3/IbIBaHueM BU/Ia,

i=—x+bx(t—T)+ fa*(t-T), x€R. (4.20)
B ciyuae, korja 3anasz/piBanne T’ 0CTATOUHO BEJIUKO, T. €.
1
T=- &K1,
£
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nepeiizem B (4.20) K 6pIcTpOMY BpeMeHH: cjenaeM 3ameny t — t7
z(tT) — x(t). B pesyabrare mosyuanm 6ojiee yiaoOHOe sl aHAIT3A
ypaBHEHe

eb = —x +br(t — 1)+ fa’(t - 1). (4.21)
Takxke Oymem cuutaTh, 910 B (4.21) BBINOJHEHO YCJIOBHE
b = —(1 4 p), tne p < 1. Ilpeacrasum g B Bugie p = elay,

0 < p < 2. OrmerumM, 49TO HAPMETPBHI @1 U P MOXKHO BbIOMpPATDH
HeeIMHCTBEHHBIM 00Pa30M.

Beirie MbI TOKa3a/I#, ITO [PU BBIIOJIHEHUN STHX YCJIOBHI JIO-
KasbHas uHamuKa (4.21) omnpejessiercst ceMeficTBOM mapabomde-
CKHX yDaBHEHHUIl, 3aBUCSIINUM OT M0JIOZKITEIBHOIO I1apaMeTpa w,

ou  w?d%u

— = +au+ fud, wu(r,r)=—ulr,r+1).  (4.22)

or 2 or? (7.7) (7, )
[Tepuomraeckomy perternio w, (7T, ) cucremsl (4.22), cormacHo Teo-
peMe 4.4, COOTBETCTBYeT aCMITOTHYECKOE 110 HEBA3KE pelleHue
T, (t) MCXOMHOrO ypaBHEHUSI (4.21) BH/TA,

. (t, €) = e’ Pu,(ePt, ( + 60— 2w+ o(1)t).

/2

Bce napamMeTpsl ObLIN OIPEJIe/ICHBI BBIIIE, B YHKTE 4.2.
PaccmoTpuM  1ocTOsIHHBIE 110 7 pelIeHusT KBa3sMHOPMAJIbHOM
opumbl (4.22). OHu onpeIeIaoTcest KpaeBoil 3a1aqeii

B | o i (r,r) = —u(r,r + 1)
alu u u(r,r) = —u(r,r :
2 dr ) 1 ) )
3aMeHoit mepeMenHoii s = w17 mpeobpasyeM 3Ty 3ajauy K BIJLY
1d2 1
— +au+ fu 0, wu(r,s)=—u(r,s+ —).

[ocneree ypapuenue npn f < 0 mMeeT MepPUOTIECKOE pellie-
HUe Uo(S; a1) ¢ HEHYJIeBBIM HAMMEHBINM TeprooM S (CM., HAIIPH-
mep [21]). Boobrmie roBopst, Takux perennii 6eCKOHETHOE KOJIMYe-
cTBo. Bribepem kakoe-un6yib. [Totoxum w = 2571 Toraa ug(s; a)
OyJleT pelleHreM KpaeBoil 3ajadn, a, 3HAYNT, KBA3UHOPMAJIbHAsI
dopma mpu TaKOM W HMeeT pelleHne uo( rS;ar). OTmernm, 91O

dug
dr

POBHO OJIH pa3 oOpallaeTcs B HOJIb Ha y9acTKe JINHBI 1.
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Jlnneapusyenm (4.22) na ug(irS;ar):

2
% = %% +ay +3fuy Ju, u(r,r) = —u(r,r +1).
Y JIMHEHOro olepaTropa, CTOSIIEero B IIPaBoil 4acTU €CTb OJIHO
HYJIEBOE COOCTBEHHOE 3HAYEHME, & BCE OCTAJILHBLIC OTPUIATE/IbLHDI
(em. [22]). B ey sroro, ug(57S;ar) sBisiercs yCTORUMBBIM pe-
meHneM KpasuHopMasibaoit dopmbl. Torma, B cuny Teopembr 4.4,
Y UCXOJIHOIO YPABHEHUSI CYIIECTBYIOT YCTONYMBLIE PEIIeHuUst, OJIn3-
K€ K

Yo(1)tar).  (4.23)

BribepeM HECKOJIBKO 3HAYEHUI a1 U JIJIsl KaXKJI0TO @1 OIPEIC UM
KaKoe-HUOY/ b perterne ug(r;a;) u 3Hadenne w. Takum obpasom,
Y HAC MOJIyqnTCsi HAOOD perieHnii (yeTORIMBBIX peleHnii) cemeii-
cTBa KpaeBbix 3a/1a4 (4.22). SareM ¢ MOMOIIbBIO Hoce [Hel hopmy-
JIBI IOCTPOMM HMPHUOJINZKEHIE PEIICHUsT NCXOIHOIO YpaBHeHust. B pe-
3yJIbTATE MbI HOJIYYUM HECKOJILKO PA3/IMUHBIX PelleHuil CXOIHOTO
ypaBHeHHs ¢ 3amnas/piBanneM (4.21).

Ha puc. 3 nokasanbl rpaduKu MOy IUBIIIXCS (DYHKIIHIA.

BosbMem 9Tu QyHKIUM B KadecTBe HAYAILHBLIX YCIOBUM JIIs
ypasHeHust (4.21) U YUCJIEHHBIMI METO/IAMHU TOCTPOUM PEIIEHUs CO-
OTBETCTBYIOIINX HAYAJILHBIX 3a/1a4. Ha puc. 4 npuseaenn rpadgpuku
IOJIyYMBIINXCs perieHnit npu 3nadenun spemenu ¢t = 3000.

Mpbl BUJUM, 9TO B MaJIOii OKPECTHOCTU COCTOSIHUSI PABHOBECHSI
ypastenust (4.21) cyIiecTByeT HECKOJIBKO YCTONUUBBIX peleHHit.
OTu pelieHust OJIM3KH K TeM, 4TO ObLIN IIpeJicKa3aHbl Ha OCHOBAHUN
aHaJI3a HopMasu3oBanHoil hopmbr (4.22) (cm. puc. 3).

Ormernm, 9To ecyim B ypaBHenun Buja (4.21) jjst napamerpa
BBIMIOJIHEHO ycjioBue |a| < 1, TO HyJieBoe pellleHne KCIOHEHI A b
HO ycToitauBo. To ectb npu a = —1 npoucxoauT OudypKamms, B
pe3y/bTare KOTOPOil, KaK Mbl IOKa3aJl, POXKIAETCA HEOrPAHUIEH-
HO BOJTBINOE KOJMIECTBO MUKJIOB (MBI IIPUBE/TH YUCICHHBIE PACTETHI
JJIS. TPEX, HO MOHATHO, 4TO Hpu € — 0 UX KOJMYECTBO HEOrpa-
HIUeHHo pacrer). Takoe siBienue, coriacHo [23], mocut HasBanue
bygpeprocmo.
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Puc. 3. I'paduku pyHKImil, mocTpoeHHbIE Ha OCHOBE PEIeHniT KBa~
3uHOpMAaJIbHOM hopMbl (4.22) o dopmyite (4.23). SHadenus mapa-
MeTpoB: a) a; =5, p=1,23,e =103, f= -1, w=4;6) a; = 1,
p=1e=103 f=-1lw=4Ba=1p=1¢ =107,
f=—-1w=3

KoHTposibHBbIE BOIIPOCHI 1 yHPaXKHEHUS
1. Ilpojenaiite caMoCTOSITE/ILHO BCE HEOOXOUMBbIC BbIUUC/IECHUS
JJIsT TIOCTPOEHUsT KBasnHOpMaJibHOT hopmbl (4.18), (4.19).
2. [ToctpoiiTe KBa3zMHOPMAJILHBIE (DOPMBI JIJIsI CIydasi, KOraa PyHK-
nust F'(z,y) 3aBUCAT TOJIBKO OT MEPBOTO APTYMEHTA, T. €. HCXOHOe
ypaBHEHIE UMeeT BT

T =ax+bx(t —1)+ F(z).
3. PaccmoTpiM KBasuinHeHOe ypaBHEHIE
ez2=—z4az(t—1)+pf(z(t —1)),

e 0 < p < 1. Ilokaxkure, aTo npu ycjioBusax ¢ = 1 mwa = —1
POJIb KBA3MHOPMAJILHON (POPMBI, ONMUCHIBAIONIEH JTMHAMUKY HCXOJI-
HOIT CHCTEMBI y2Ke He B MaJIoii, HO B ITPOU3BOJILHOM (DPUKCUPOBAHHOIT
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Puc. 4. I'pacduku HekoTopbIX perenuil ypasuerust (4.21)

OKPECTHOCTHU HYJIA, UT'PaloT, COOTBETCTBEHHO, Kpa€BbI€ 3aJa4l

ou  60*u
9 992 + fu), u(r,r)=u(r,r+1)
' u 60
u u
97 5@‘“@(“)7 u(r,r) = —u(r,r + 1),

rie obosmadeno: § = ep V2 ®(u) = (f(—u) — f(u))/2.
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